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Symbolic solution of Emerson-Lei games

Christopher Larsson, Nils Jakobson Mo

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg

Abstract

Emerson-Lei games have received a lot of focus in recent research. It was only
recently that the first symbolic solver algorithm for these games was introduced. As
such there has not yet been any implemented game solvers for such games. In this
thesis we introduce the first symbolic solver for Emerson-Lei games based on Genie
and FairSyn, two game solving tools for Rabin games. We evaluate the performance
of our game solver for different types of games, and compare it to FairSyn for
Rabin games specifically. Further, as to motivate the practical use of such a solver,
we revisit reductions from alternation free p-calculus to Biichi games and give a
reduction formulated using the notation we give for Emerson-Lei games. Based on
this reduction we define certificates which we used to argue the correctness of the
reduction.

Keywords: Computer science, Algorithms, Logic, Emerson-Lei, Thesis, Games, Game
solving, Reduction, Certificates.
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1

Introduction

Many problems in theoretical computer science can be reduced to the analysis of
two-player infinite-duration games. Examples of areas where such reductions can be
made include model checking, logical reasoning [1], and reactive synthesis [2]. One
example which we will explore in this project is model checking. In the context of
games, this entails creating a game to verify if a model satisfies some specification.
This can be done in a game with two players, one who tries to verify the specification
and one who tries to refute it.

Since these games are connected to many different aspects of computer science, they
have been subject to ongoing research. A prominent goal in this field is to find ways
to analyze formal games in an efficient way. There is therefore also large interest in
the development of efficient tools for game solving.

One of the more interesting types of games in recent research are Emerson-Lei
games [3], first introduced in 1987 [4][5].

In this project, we implement a symbolic solver for Emerson-Lei games. Further, in
part to prove the usefulness of such a solver, we revisit reductions from p-calculus
models to Biichi games (for the definition of Biichi games, see Section 2.1.2), but
from the perspective of Emerson-Lei games, meaning they can be solved by our
implementation.

1.1 Formal games

A formal game in theoretical computer science can be informally defined as a game
arena consisting of a graph with directed edges, and a winning condition for two or
more players [6]. The game arena consists of vertices, which describe states and are
marked according to players, and edges between the vertices, which represent moves
in the game. These game arenas are effectively identical in structure for all games
that we intend to consider in this project. What separates different types of games
is the structure of their winning conditions. The winning condition is represented
as one or more accepting states in the graph for a particular player, which should
be visited for the winning condition of that player to hold. The winning conditions
can be comprised of subconditions which have to be satisfied at different rates, some
finitely often and some infinitely often.

A winning strategy is a function which tells a particular player where to go in order
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to win the game, this can also be seen as a subset of the graph’s edges. A path (i.e.
a sequence of edges in succession) in the arena is called a play. A winning play is a
play that satisfies the winning condition.

Consider the small example game in Figure 1.1, there are two players: universal
and existential. The nodes from which the universal player decides the next move
are marked with a square, and circles are for the existential player. The existential
and universal players have different goals in this game. The existential player wants
to reach the accepting state, thereby winning the game, and the universal player
wants to keep the game going indefinitely. If the accepting state is never visited, the
existential player loses the game since the winning condition is never fulfilled.

1 2 3

—0O

start —

N

O

4 )

Figure 1.1: State diagram for example game.

The winning strategy for the respective players can be seen in Figure 1.2. Red edges
represent the winning strategy for the universal player and green edges represent
the winning strategy for the existential player. Winning strategies, specifically for
reachability objectives, are subsets of edges which eventually lead the player to its
goal state. The plays which satisfy the winning strategy are called winning plays,
and can be seen as a path directed by the edges in the set given by the winning
strategy. Note that some edges are not colored even though they are part of a
winning play. This is because each player’s strategy is only defined for winning
nodes which the player controls.

If the universal player moves down and then right, it becomes the existential player’s
turn to move and it can only go back to the left. This cycle can repeat indefinitely
because the universal player can, and will, continue to move back and forth from
this state.

On the other hand, if the universal player were to move up, the existential player
could move to the right. In this state, the universal player has no other choice than
to move right and into the accepting state.

In this example, the winning condition is a reachability objective i.e. the existential
player is required to reach the accepting state only once. However, as previously
mentioned, games in general can have conditions which require reaching certain
states infinitely often. Another type of winning condition involves avoiding certain

4
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start —

N

Figure 1.2: Winning strategy for universal and existential players.

4 )

states forever or from some point in time and onward. An example of this is the
winning condition for the universal player.

From this example, we can see that some games are reasonably simple to solve
by hand, but games in general can be arbitrarily complex and difficult to solve.
Therefore, there is a demand for game solving tools. In this thesis we develop such
a tool in C++. This was done using a newly presented game solving algorithm [3].

1.2 Reduction to games

This thesis presents a game solving implementation for Emerson-Lei games, see
Section 3.1.3, and also what it can be used for. Model checking is a known problem
in computer science and we will therefore present a reduction from model checking
to games in Section 3.3.1. A reduction in this context is a transformation from one
problem to another. This kind of reduction will make it possible for us to analyze
model checking problems with our game solving method.

The reduction that we propose reduces model checking problems of the alternation-
free fragment of p-calculus [7] into Biichi games, expressed using the notation we
give for Emerson-Lei games.

1.3 Emerson-Lei games

Emerson-Lei games are a specific type of formal games in which the vertices have
colors and the winning conditions are given as Boolean combinations of liveness
constraints, called Emerson-Lei conditions [8]. Informally, the winning conditions
are logical formulae depending on the colors of the set of visited vertices. For a
complete definition of these games, see Section 2.1.

A property of Emerson-Lei games which makes them different from other kinds
of games, such as Biichi, Rabin and Streett, is that two (or more) Emerson-Lei
conditions can be joined together to create a new Emerson-Lei condition. This
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property does not necessarily hold for other kinds of games. Emerson-Lei games are
in fact a superset of the aforementioned kinds of games, as their winning conditions
can be encoded using Emerson-Lei conditions.

1.4 Game solving and strategy extraction

Game solving and strategy extraction are two closely related topics, and as such
have some overlap. Game solving involves computing the winning region i.e. the
set of vertices from which a player has a winning strategy. Meanwhile, strategy
extraction involves defining a function that for each vertex gives the edge which the
player should move along to get closer to fulfilling the winning condition. These two
concepts, winning regions and winning strategies, are naturally closely related, with
game solving (i.e. extracting the winning region) often being the simpler task.

1.5 Genie, FairSyn, MascotSDS

Genie [9], FairSyn [10], and MascotSDS [11] are tools and libraries part of a toolchain
developed to symbolically solve Rabin games [12]. Genie is a library for generating
experiments on Binary Decision Diagrams (BDDs) and also supplies the virtual class
for Rabin fixpoints which FairSyn and MascotSDS implement with case-specific pre-
decessor operators. FairSyn is a tool for solving fair-adversarial and 2%—player Rabin
games [12]. MascotSDS, meanwhile, is a tool for solving abstraction-based control
problems [12]. These tools also support both sequential and parallel computation
of fixpoints via its BDD frontend which has built-in support for CUDD [13] (for se-
quential execution) and Sylvan [14] (for parallel execution). In this project we aim
to modify Genie to instead support a symbolic fixpoint algorithm for Emerson-Lei
games [3] and then use Fairsyn to solve Emerson-Lei games using this new backend.
MascotSDS, while part of the toolchain, will not be used for our ends as it is simply
out of the scope of this project.

1.6 Research questions

With this project we explore the following questions after implementing the game
solver:

e Does our implementation produce the correct results?
e How well does our implementation perform?

« How can one efficiently evaluate (model check) formulas of the alternation-free
fragment of p-calculus?
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1.7 Thesis outline

The rest of this thesis in divided into four more chapters. Chapter 2 gives the
necessary theoretical background that is needed to understand the rest of the thesis.
Concepts which are used later on are also defined here. In Chapter 3, we present
and explain the work we have done. Chapter 4 presents the outcome of our work,
such as testing and benchmarking. Lastly, in Chapter 5, we discuss the results
from Chapter 4, possible improvements to our work and limitations we have faced
throughout this project. At the end of this chapter, we conclude the thesis as a
whole.
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Theory

In this chapter, we present formal definitions for the concepts discussed throughout
the thesis.

2.1 Emerson-Lei games

Emerson-Lei games, as defined in [8], are two-player infinite-duration games with
winning conditions represented as Boolean formulae over the vertices of a game
arena. The two players being the existential player 3 (also commonly referred to
as circle player, () and the universal player V (also commonly referred to as box
or square player, (). In general, the existential player wants to satisfy the winning
objective and the universal player wants to prevent the winning objective from being
satisfied.

A game arena A is defined as a directed graph A = (V, V3, V4, E) with V' being
partitioned into two disjoint sets of nodes V5 and V4 from which opposing players
can move from, in other words, V' = V3 U V4. The set of edges is defined as E C V xV
and given as a function E(v) = {v' € V | (v,0’) € E} for v € V. We also define a
play m = vgvyvs... in the arena as a sequence of vertices v; € V' where (v;,v;41) € E
for all ¢ > 0. The set of all plays in the arena A is subsequently labeled plays(A).

A game G is consequently defined as G = (A, «), an arena A and a winning objective
a C plays(A). In an Emerson-Lei game, G = (A4, ), a coloring function v : V' —
2¢, where C is a fixed set of colors, is also given. It assigns the set v(v) of colors to
each node v € V. Additionally, the objective o, also depends on the finite Boolean
formula ¢ € B({Inf c}.cc) over atomic statements Inf ¢. This formula describes the
colors which are to be seen infinitely often, and similarly, colors ¢ to be seen finitely
often are described by —Inf ¢ = Fin ¢. A play m € plays(A) is then winning if and
only if the set of colors visited infinitely often in 7 satisty ¢. More formally, let D
be the set which contains all colors which are visited infinitely often in play .

D, ={ceC|Vi.3j>icey(v)}

If D; = ¢ then play 7 is a winning play. Conversely, the game objective .,
contains all winning plays, and is formally defined in terms of D as

Q. = {m = vov1... € plays(A) | Dr = ¢}
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2.1.1 Strategies

A strategy o : V* - V3 — V [3], where V* is the set of sequences of vertices, for the
existential player is defined such that

Vr e V*. Yu € V3. o(mv) € E(v)

A play 7 is compatible with strategy o if for all vertices v; € m N V3 we have that
Vit1 = O'(’Uo...’UZ'>.

From this definition, the winning region W3 C V is the set of vertices v such that
every play m that starts at v and is compatible with ¢ is won by the existential
player.

2.1.2 Other types of games

Formal games are differentiated by the structure of their winning objectives. Emerson-
Lei games are, as mentioned in Section 1.3, a superset of some known types of games.

That is, Emerson-Lei conditions directly encode combinations of other winning ob-

jectives. Some of the encodable objectives [3] are the following:

Biichi( f) s Tnf f
Generalized Biichi(fy, ..., fx) — N fi
1<i<k
Rabin(ey, fi, ..., €k, fx) — \/ (Infe; AFin f;)
1<i<k
Parity(p1, ..., pox) — \/ (Infp; A A\ Fin p;)
i even 1<j<2k
Streett(r1, g1, ..., Tk, ) — /\ (Infr; — Inf g;)
1<i<k

2.2 Zielonka trees

A Zielonka tree [15] is a tree structure for a boolean formula ¢ over a set of colors
C defined as Z, = (T, R,l). Here T is a set of nodes, or vertices, and R C T x T
is the set of directed edges between the nodes. The labeling function [ is defined as
[: T — 2¢. It takes a node t € T as input and outputs the set of colors C, € 2¢ for
the given node. This set of colors corresponds to the colors ¢ for which In fc holds.

Zielonka trees are defined with a total ordering < which gives each node t € T an
ordering depending on their placement in the tree, for example, giving the root node
ordering 0 or 1.

The root node r of a Zielonka tree has the label I(r) = C. This means that it
contains every color ¢ € C'. At every branching level in the tree, a minimal amount
of colors is removed to alternate the satisfaction of formula . This means that if the
label of a non-leaf node in the tree satisfies ¢, its children will not. The nodes are

10
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partitioned into sets of nodes T' = T\~ UT; where nodes in Tt; have labels satisfying
¢, and nodes in T~ have labels which do not satisfy the formula.

All of the child nodes with the same parent node in the tree are incomparable in the
sense that they are not subsets of each other.

2.3 Fixpoints

Fixpoint algorithms, as we refer to them in this paper, are algorithms which aim to
find a given solution to a formal game (which we previously denote G = (A, «)) via
fixpoint iteration. More precisely, the algorithm iteratively applies itself onto the
input until a fixpoint is reached, that fixpoint being the solution.

The general structure of fixpoint equations [3] is given by:
Xi =y, fi(Xq, ..., Xi)

for 1 < i < k, with n; € {GFP,LFP} and f; : (2")* — 2Y. Here, GFP and
LFP stand for greatest and least fixpoint and f; are monotone functions. The
monotonicity of these functions means that if A; C B, for all j € {1,2,....k} then

fi(A1, ..., Ax) C fi(Ba, ..., B).

2.4 Genie

Genie, the tool we use as a base for our implementation, provides most of the infras-
tructure we need for implementing our Emerson-Lei game solver. Most importantly
it provides the infrastructure for symbolically handling sets via the use of BDDs and
implements this in its fixpoint algorithm for Rabin games.

2.4.1 BDDs

Genie provides an abstract class for interfacing with BDDs called UBDD (”Universal
Binary Decision Diagram”). They also provide two implementations of this class
in the form of CuddUBDD and SylvanUBDD which allows for the use of the two BDD
libraries CUDD [13] and Sylvan [14] respectively. These are usable for our purposes
as is, and as such provide an excellent framework for the implementation of symbolic
algorithms.

2.4.2 Fixpoint algorithm

Genie provides the abstract class for its implemented Rabin games fixpoint algo-
rithm, which implements most of the functions leaving context dependent functions
as virtual functions. Actual implementations for these functions can be found in
FairSyn (and MascotSDS, although, we will not be dealing with MascotSDS).

The fixpoint algorithm implemented in Genie is in many ways similar to the one
we implement, but, because of the differences between solving Rabin Games and

11
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Emerson-Lei games, it also differs in a number of ways. One of the major differ-
ences, mentioned in Section 2.5, is the structuring of the algorithm with regards
to least/greatest fixpoint. For Rabin games these fixpoint iterations follow a set
pattern. For Emerson-Lei games however, the fixpoint equations depend on the
winning status of nodes in the Zielonka tree and branching can happen at either a
winning or losing node.

Genie’s implementation also includes a number of features which are not necessarily
of interest for our implementation, one of these being acceleration. Acceleration is
essentially a method for reducing the amount of duplicate computations by intro-
ducing a sort of "memory” to the algorithm. Since this is strictly an optimization
feature we have chosen to overlook it for this project. For similar reasons we are
also focusing solely on sequential execution by only supporting the use of CUDD

via their UDBB framework.

2.4.3 Rabin games algorithm

Genie implements an algorithm for solving Rabin Games symbolically [12], it is
reproduced here in Algorithm 1.

Algorithm 1 Symbolic Rabin games solver algorithm [12].
The symbolic fixpoint algorithm for solving Rabin games with R =

{(Q1,R1), ..., (Qr, Ry)} and K = [1; k]:

k
V}/ZDO./”’LXPO' U VYZIH':“XIH' U VYPQ'IMXM" o U VYZDk'uXPk' |:U CP;‘] )

peK p2€K\{p1} p€K\{p1,....pK—1} J=0
where

Cy, = (MR ) N [(Qu, N Cpre(Yy)) U (Apre(Y,,, X)) |
and the definitions of Cpre and Apre are problem specific.

2.5 Emerson-Lei games algorithm

The symbolic algorithm for Emerson-Lei games, as proposed by Hausmann, Lehaut,
and Piterman [3], is reproduced here in Algorithm 2. This algorithm forms the
basis of the implemented game solver for Emerson-Lei games. Further, Hausmann,
Lehaut, and Piterman proved the correctness of this algorithm in their paper.

Theorem 1: The existential player wins a node v in an Emerson-Lei game with
objective ¢ if and only if v is contained in the solution of the variable X, of the
equation system obtained for the Zielonka tree Z, (where r denotes the root of the
tree).

Theorem 2: Algorithm 2 (specifically Solve(r,[])|) computes the solution of the
variable X, of the equation system obtained for the Zielonka tree Z,.

12
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Theorems 1 and 2 are proven to be correct in [3] and the correctness proofs are not
reiterated in this thesis.

The algorithm’s input parameters consist of a node in the Zielonka tree s € Z, and
a list [s of subsets of nodes from V. As output, the algorithm gives a subset of nodes
from V which is the winning region of the given game.

Algorithm 2 Emerson-Lei game solver algorithm (Solve(s,ls)) [3].

if s € Ty then X, < () else X, + V > Initialize variable X for lfp/gfp
W+ V\ X,
while X, # W do > Compute fixpoint
W+ X,
if R(s) # 0 then > Case: s is not a leaf in Z,
for t € R(s) do
U + Solve(t,ls: W) > Recursively solve for t

if s € T then X, < X, UU
else X, X, NU
end for
else > Case: s is a leaf in Z,
Y+ 0
for t < s do
U « anc! N CPre((ls : W)(t)) > Compute one-step attraction w.r.t. s
Y+« YUU
end for
X, <Y
end if
end while
return X, > Return stabilized set X, as result

Note that the solver algorithm for Emerson-Lei games has a conditional for deciding
if it should calculate the greatest- or least fixpoint. Meanwhile, the solver algorithm
for Rabin games always calculates the fixpoints in a fixed order: greatest then least
then greatest and so on. This is because a Zielonka tree for a Rabin objective only
branches from the losing nodes, see Figure 2.1. This predictable behaviour arises
because there are r» ways to make a set losing by removing a color, where r is the
number of remaining complete pairs in the set of colors. There is however only one
way to make a node winning by removing one color.

Furthermore, in Algorithm 2, T represents nodes ¢ € T which have labels [(¢) that
satisfy the condition ¢ given by Z,. Similarly, T~ represents the nodes ¢ € T with
labels {(t) that do not satisfy the condition.

The Controllable Predecessor [3] (CPre) function is defined as follows:
CPre:2" =2V, CPre(X)={veVa| E(v)NX £0}U{ve V| E() C 0}

Another important function is anc [3], it is defined as:

anc; = 7&1(3) N ngzl(sm s,teT, s<t

13
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Here, 7 = {v € V | 7(v) > D}, for some set of colors D C C and operator

e {C,Z}.

The initial call to Algorithm 2 is given by Solve(r, (), where r is the root node of
the Zielonka tree.

Below we reproduce, as shown in [3], the system of fixpoint equations, S, which
Algorithm 2 implements. The system relates to the winning objective ¢ and nodes
in the Zielonka tree s € Z, as follows:

Uter(s) Xt R(s) #0, se Ty
Xs =n. § Neer(s) Xt R(s) # 0, s € Th
US/SS(anczl N CPre(Xy)) R(s)=10

This definition is for s € T" and X, refers to X; where 7 is the index of ¢t in the total
ordering of the nodes in the Zielonka tree. LEFP is used if t € T and GFP is used
if t € 1.

{61, f17 veey €Ly fk}

{61762"'76k7fk} X[fl] X[fk] {617f17"'76k}

—

{62,f2,---,€k,fk} @ % {617f1,~-->€k—1,fk—1}

@ © - O ©

Figure 2.1: Zielonka tree of a Rabin objective V/;<;<;(Inf e; A Fin f;).

2.6 The alternation-free p-calculus

In this section we give the necessary definitions for formulating the reduction from
model checking to Biichi games, which we present in Section 3.3.
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2.6.1 Model checking

Model checking is a concept in computer science that involves checking if a model
M satisfies some specification ¢. This can also be written as M = .

Given a model M = (S,7,V) where S is a set of states and 7' C S x S is a set
of state transitions, model checking wants to answer if specification ¢ is fulfilled in
the model or not. The model also includes a valuation function V to valuate which
atomic statements are satisfied in each state.

2.6.2 Reduction

A reduction in this context of model checking and games is a translation from one to
the other. From a fixed set of rules, a reduction converts a given model into a game
which deconstructs the model into smaller pieces. The correctness of a reduction is
the requirement that an instance of a problem has a positive answer if and only if a
reduced instance of the problem also has a positive answer.

2.6.3 Syntax and semantics

We formulate a syntax for the alternation-free fragment of p-calculus [7], where
Props is a set of propositional variables and Vars is a set of fixpoint variables. This
grammar and syntax is defined in a standard way that, for the most part, resembles
the formulation Leucker gives in his paper [1].

pu=T | L|P|loiAhps | o1V | Op | Op | vXp | uXp | X

Where P € Props and X € Vars. We also define the function Sub(y) in a standard
way:

Sub(T) ={T}
Sub(L) ={1l}
Sub(P) ={P}
Sub(X) ={X}
Sub(p1 A 2) = {1 A w2} U Sub(pr) U Sub(ps)
Sub(p1 V @2) = {p1 V o} USub(pr) U Sub(ps)
Sub(Op) = {0} U Sub(y)
Sub(Cy) = {0} U Sub(y)
Sub(vX.p) = {vX.p}USub(y)
(

(
Sub(uX.¢) = {uX.o} U Sub(p)

The Sub function recursively deconstructs different formulas into their constituent
parts, down to and including their atom statements.

Following the syntax of our fragment of p-calculus, we defined the semantics of
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satisfaction for model M = (S,T,V) at state s € S as follows.

M,skE=y T

M, sy L

M,sEy P iff s € V(P)

M,s =y X iff s € V(X)

M, s =y o1 Ay iff M, s =y o1 and M, s =y ¢

M, sy o1 Vs iff M s =y o1 or M, s =y ¢

M, s =y Op iff It € Ey(s) : Mty @

M, s |y Oy ifft Vi € Ey(s) : Mty @

M,sEyvX.p ff3UC25 seUandVteU: M,t By ¢

M, s =y pX.o iff VU C 27, if s U then At eS:t¢U and M,t =yixu) ¢

Here, V : Props U Vars — 2° is the valuation which maps variables X to subsets
of S, V(X) C S. The valuation map V has a substitution syntax V[X /U] which
replaces all occurrences of X with U at valuation of a formula.

The function ©(X) takes a fixpoint variable X as input and outputs the formula
which the variable is bound to. This definition requires cleanness, which means that
X can only be bound to at most one formula. The formulation we use also requires
alternation-freeness, which disallows greatest and least fixpoints to be nested.

Syntax M, s =y ¢ means that model M satisfies ¢ at state s under the valuation
V.
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Methods

This chapter describes the reduction we proposed and implementation details of our
game solver. It is based on the game solving tool FairSyn [10] which uses Genie [9]
as a backend.

The main programming languages we use are C++, Python and Bash. These three
languages work well in tandem. C++ is used as the main driver and performs
all computationally demanding tasks. Python is used for visualisation of graphs
and statistical presentation. Bash is used as a scripting language for execution and
testing.

Make and CMake are used to simplify the compilation and execution of our various
programs.

3.1 Genie-EL

This section presents the changes we have made in our fork of Genie, which we have
decided to call Genie-EL.

3.1.1 Zielonka tree

The Zielonka tree is a structure closely related to the solving of Emerson-Lei games.
This section describes the behaviour, methods and structures developed and used
during the implementation process.

3.1.1.1 Data structures

To maintain a good structure for the implementation of the Zielonka tree, we created
a class ZielonkaTree which in turn contains a member variable named root of type
ZielonkaNode*. We implemented it this way to encapsulate data easily and with
efficient use of space.

The ZielonkaNode struct is what creates the tree structure of the ZielonkaTree
class. Each instance of this structure contains an array children of directly linked
child nodes. This array is empty at initialisation but is then populated during the
execution of the method generate(), belonging to the ZielonkaTree class.
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Along with the array of the child nodes is an array containing the set differences
of the current node and its directly linked children. This is used for the fixpoint
computations in Listing 4.

The ZielonkaNode struct, see Listing 1, also contains the following: a pointer to
its parent node, the ordering of its parent node, a label of colours, a field level
which represents the depth of the node in the tree, the order of the node in the tree
and the boolean value winning which is true if the node satisfies the given winning
condition and false otherwise.

struct ZielonkaNode {
std: :vector<ZielonkaNode*> children;
std: :vector<std: :vector<bool>> child differences;
ZielonkaNode *parent;
size_t parent_order;
std: :vector<bool> label;
size_t level,;
size_t order;
bool winning;

Listing 1: Definition of the ZielonkaNode data structure.

3.1.1.2 ZielonkaTree class

The Zielonka tree is implemented as its own class, see Listing 2, instantiated with an
integer argument representing how many different colours are given in the formula
for the winning condition. It has two member variables root and phi. The root
variable, of type ZielonkaNodex*, contains the highest level node in the tree structure
and phi is the Emerson-Lei condition.

The constructor function has the behaviour shown in Listing 3. It takes two ar-
guments, colors and conditionFile as input. Parameter colors is a positive
integer which represents the number of colors in the Boolean formula phi. Param-
eter conditionFile holds the path to the file from which phi is generated. From
colors, the member variable root is instantiated with empty arrays children and
child differences. The parent node is set to be nullptr. The order of the root
node is 1, and therefore the parent of this node has order 0. The array label of
colors is declared as an array with length corresponding to the constructor argument
colors and all elements are set to true. Since a Zielonka tree’s root node contains
all colors, the winning field is set to true or false depending on the evaluate_phi
function, see Section 3.1.2.
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class ZielonkaTree {
private:
// Private Variables
ZielonkaNode *root;
// Emerson-Lei condition in tokentized postfiz format
std: :vector<std::string> phi;

// Private methods

void generate();

void generate_parity();

void generate_phi(const charx);

bool evaluate_phi(std::vector<bool>);
void displayZielonkaTree();

void graphZielonkaTree();

public:
ZielonkaTree(const char*, size_ t);
~ZielonkaTree() {};
ZielonkaNode* get_root();

};

Listing 2: Definition of the ZielonkaTree class.
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ZielonkaTree: :ZielonkaTree(const char* conditionFile,
size_t colors) {
generate_phi(conditionFile);
std: :vector<bool> label(colors, true);
root = new ZielonkaNode {
.children = {3},
.child differences = {},
.parent = nullptr,
.parent_order = 0,

.label = label,

.level = 1,

.order = 1,

.winning = evaluate_phi(label)
I
generate() ;
graphZielonkaTree() ;
std::cout << "leaves: "<< leaves << '\n';
std::cout << '"nodes: " << total nodes << '\n';
displayZielonkaTree();
graphZielonkaTree() ;

Listing 3: The constructor function of the ZielonkaTree class.

The method generate(), see Listing 6 in Appendix A, is what populates the whole
tree. The way it works is the following: keep a queue initialized with only the root
node and create a powerset from all colors. Sort the powerset in descending order
in terms of how many elements in the array are true. Keep a local counter of the
current node’s order and a nested array of colors which have been used in connection
to the same parent node.

While the queue of nodes is not empty, pop the next node off the queue and mark
it as the current node, z. Check for every set ¢ in the powerset if ¢ is a strict subset
of label(z). If it is, check that ¢ is not a subset of any of the current children of z.
If it is not, check that ¢ has the opposite winning status as z. So if label(z) satisfies
the condition, then ¢ should not.

If all of these conditions are met, add a ZielonkaNodex* to the array of children of z
and initialize it accordingly. Finally, add the set difference of ¢ and label(z) to the
child _differences array of z and push the new node onto the queue.

When the queue is empty, all of the branches of the tree have been generated and
the Zielonka tree is ready to use.

In the case that the Zielonka tree is supposed to be generated from a Parity objective,
another function called generate_parity can be used. This function uses the fact
that Zielonka trees from Parity objectives always only have one way to convert
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a losing state to a winning state and vice versa. The generate_parity function
therefore just iterates over the set of colors and removed one in each step. This way
of generation gives a drastic speedup to the generation and runs in linear time. It
is however just a prototype and has not gone through thorough testing.

3.1.2 Condition evaluation

To perform Zielonka tree generation, a way to evaluate if a subset of colors satisfies
the given winning objective is required. In this section, we present the methods we
have used to achieve this condition evaluation.

3.1.2.1 Colors

In this implementation, the concept of a set of colors is represented as an array of
boolean values. For example, assume that the following condition with three colors
is given:

¢ = Fin a A (Inf b V Inf ¢)

In our parsing we have the following input grammar, with colors c:

a,b ::=c | !c | Inf ¢ | Fin c | alb | a%b

and therefore the condition would be given as:

10 & (11 2)

or alternatively as:

Fin 0 & (Inf 1 | Inf 2)

We get 3 distinct colors a, b, ¢, which get their own index in an array of boolean
values, index 0 represents a, index 1 represents b and index 2 represents c. The
element at index ¢ in the array represents the presence of color ¢; from the input
formula in a node’s label, indicating that it satisfies Inf ¢;. At a node which has
label {a, c}, the array would therefore look like the following:

{true, false, true}

This set would not satisfy the condition because color a is supposed to only appear
finitely often.

3.1.2.2 Evaluation function

The first evaluation function we implemented used a Python script which read the
condition from a file and then created a C++ header file with a hard-coded inline
function. This function would then be used to evaluate the condition from a specified
array of Boolean values. We identified a considerable practical downside to this:
since the file with the generated evalution function was imported by Genie, we
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would have to re-run the Python script then re-build Genie and FairSyn every time
we wished to run a test using a new condition.

Because of this, we opted to implement a replacement, written entirely in C++,
for the Python script and its generated function. This instead lets us test different
conditions by simply changing the input to FairSyn. This new implementation takes
the same kind of input as the previous solution, tokenizes it and then translates it
into postfix notation, which is how it is stored. This postfix expression is stored
in the ZielonkaTree structure and is, similarly to our previous implementation,
evaluated by calling an evaluation function which takes a vector of Booleans as
input. This way of implementing the evaluation is linear in time complexity, which
makes it scale well with respect to input size.

3.1.2.3 Visualization

One way to test that the Zielonka tree generation works as intended is to graph out
the tree visually. For that reason, we created a simple terminal based tree graphing
function. As an example, given the Rabin objective with 2 Rabin pairs:

¢ = (Fin a A Inf b) V (Fin ¢ A Inf d)

the graphing function outputs an ASCII Zielonka tree representation, as seen in
Figure 3.1.

abcd L

— abd W
L—ab L

L— b w
L— o L

— bcd W
L— cd L

L—dw
I_QSL

Figure 3.1: ASCII representation of Zielonka tree from Rabin objective with 2 Rabin
pairs.

In this representation, the first string of characters represents a node’s label of colors
¢ which satisfy Inf c¢. If @ is shown, then there are no colors satisfying Inf ¢. L (losing)
and W (winning) represent the winning status of the node, that is, if the node’s label
satisfies the condition or not.

Two slightly larger examples are included in Figures A.2 and A.3.

3.1.3 Algorithm implementation

The extension that we have made to Genie includes the Zielonka tree functionality,
presented in Section 3.1.1, and the solving algorithm for Emerson-Lei games, see

22



3. Methods

Algortihm 2. The algorithm implementation is included in our fork of Genie, which
makes it easily accessible and keeps the previous functionality of Genie intact.

Before this function is called, a Zielonka tree is generated from the given objective
and set of colours. The EmersonLei function then takes a node from the generated
Zielonka tree as input when called. In the initial call, the node argument is the root
of the Zielonka tree.

UBDD EmersonLei(ZielonkaNode *t,
UBDD term) {
UBDD right = term;
UBDD U, Y, YY;

if (t->winning) {
Y = base_.zero();
YY = base_.one();
} else {
Y = base_.one();
YY = base_.zero();
}
UBDD terml = base_.one();
for (size_t i = 0; i < t->label.size(); ++i){
if (! (t->labell[i]))
terml &= (color_UBDDs[color_UBDDs.size()/2 + il);
}
for (int j = 0;
Y.existAbstract (CubeNotState()) !=
YY.existAbstract (CubeNotState());
j++) {
Y = YY;
if (t->children.empty())
YY = right | terml & cpre(Y);
else {
if (t->winning)
YY = base_.one();
else
YY = base_.zero();
for (auto s : t->children) {
UBDD term2 = base_.zero();
std: :vector<bool> diffst = ELHelpers::label_difference(
t->label,
s—>label
);
for (size_t i = 0; i < diffst.size(); ++i){
if (diffst[i])
term2 |= color_UBDDs[i];
}
UBDD term3;
term3 = right | (terml & term2 & cpre(Y));
U = EmersonlLei(s, term3);
if (t->winning) {
YY &= U;
} else {
YY |= U;
}

}
}

return YY;

Listing 4: Implementation of the Emerson-Lei game solving algorithm presented in
Algorithm 2.
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Listing 4 shows the final version of the implementation. The Emerson-Lei func-
tion is a method of the genie::BaseFixpoint<UBDD> class. It takes as input a
ZielonkaNode* and a UBDD.

The function starts off by defining fixpoint variables U, Y, YY and preparing Y and
YY for either the greatest or least fixpoint iteration. After this is done, a loop over
the colors in the label of Zielonka node t is done. For every color which is marked 0,
the terml accumulates the negated version of that color’s BDD. In the end, terml
contains the intersection of the color BDDs for the colors which are not contained
in the label of t.

After this process, the fixpoint computations are carried out according to if the
Zielonka node t is winning or not. The looping behaviour continues until the greatest
or least fixpoint is obtained. In the beginning of each iteration, Y takes the value of
YY to keep track of any changes which might occur during the current iteration.

During iteration, if the Zielonka node t is a leaf node, YY receives the value of a
union between the accumulative BDD term, which is taken in as a parameter, and
the negated color intersection termi. This union is then intersected with CPre(Y).

If t is not a leaf node, for every direct child node s € R(t), the BDD term2 is
intersected by the colors in ¢ \ s. BDD term3 is then defined as the union of term
and the intersection between termi, term2 and CPre(Y). In the recursive solution
call, term3 is passed as the accumulative argument.

If t is winning, YY is intersected with the recursive solution and otherwise the inter-
section is relaced with a union.

After all of the iteration is done, YY is returned, describing the stabilized winning
region of the game.

Important to note is that our implementation does not correlate fully to Algorithm 2.
Rather than computing CPre only in leaf nodes, we compute CPre in all nodes
which are not leaves. As a result of this, there are in essence two main differences
between our implementation and the algorithm as it is given in Section 2.5. The
first difference is that our implementation avoids having to use ancl,. The second
difference is that when leaf nodes are reached the algorithm simply continues with
YY as the accumulated result. Another difference is that we precompute the inverses
of the color BDDs and put them at the end of the color_UBDDs vector. This is to
reduce the amount of computations needed during the runtime of the solution.

3.2 FairSyn-EL

FairSyn-EL, our fork FairSyn, is the tool that we decided to use as a front-end for
the game solver. Since FairSyn is already capable of solving Rabin games with some
fairness constraints, we did not need to modify a lot of the code.

The first thing we did was to add a separate executable for generating a Zielonka tree
and calling the EmersonLei function. This new executable, called main__ fairsyn_FL,
is generated from the source file main_ fairsyn_FEL.cc. To be clear, the file called
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main__fairsyn__EL.cc is very similar to the original source file main__fairsyn.cc, but
only includes code necessary for solution of Emerson-Lei games. In this file, an
array of color BDDs is also introduced and passed to the Fixpoint class defined as
a subclass of Genie’s BaseFixpoint class.

Also introduced in this file is a configuration parser which not only parses nodes and
transitions, but also reads the label of each node.

Parsing is done by reading the universal nodes, existential nodes, colors and lastly
transitions. Each line in the arena configuration file is terminated with —1 and each
set, such as the colors or transitions, is terminated with —2.

Listing 5 shows what an arena configuration file might look like, annotated with
comments. Figure 3.2 shows the arena specified in the configuration file.

// Arena configuration 1

12 -1 // Vy={v,vs} {er}

0-1  // Vy={uv}

1-1 /7 v Heo) = {oi}
5 _1 7/ v Yer) = {vs) start—( 0 ) 0

-2

12 -1 // E(’l,‘o) = {171.’1,’2}

0 -1 // E(’U]) = {’U()}

0 -1 // E(vy) = {uo} fea}

_2 2
Listing 5: An example of an arena con- Figure 3.2: An example of a game
figuration file. arena.

3.2.1 Usage

Since the tools which form the basis of our implementation, Genie and FairSyn, are
open source we decided to make our forks open source as well. In this section we
describe how to set up and run the game solver.

Firstly, clone the Genie-EL [16] and FairSyn-EL [17] repositories from GitHub.

git clone git@github.com:chrilars/genie-EL.git
git clone git@github.com:chrilars/fairsyn-EL.git

After this, follow the installation guides included in the README.md files for the
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respective repositories and verify that the projects compile without any errors. Note
that Fairsyn-EL depends on Genie-EL, so Genie-EL needs to be compiled first.

When this is done, the project is ready to use. The only thing left to do is to
create files specifying objective and arena. To run the solver, execute the following
commands from the fairsyn-EL root path.

cd build/bin/

./main_fairsyn EL \
<info-file-path> <winning-region-file-path> \
<arena-file-path> <objective-file-path>

When the program has finished running, the <info-file> will contain the following
information:

afp ofp wrfp n t rt mu

These fields are in order and are defined as follows:
o afp: Path to given arena configuration file
o ofp: Path to file with winning objective
o wrfp: Path to file which stores the winning region
e n: Number of nodes in the arena
e t: Number of transitions in the arena
o rt: Runtime of the game solution
o mu: Maximum memory usage during the game solution

The file specified as <winning-region-file> stores the winning region. The non-
negative numbers represent the nodes which are in the winning region and the
negatives ones represent the rest of the nodes in the arena.

3.3 Reduction from p-calculus to Biichi games

Here we present our reduction from p-calculus models to Biichi games, the definition
of certificates, and a correctness argument for the reduction building on this notion
of a certificate.
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3.3.1 Reduction from p-calculus to games

We define the starting node in the game as (sg, ps) € S X Sub(p) where sq is the
starting node in the model and ¢y is the specification in its entirety. We then define
a function Eg(s, ¢) which defines the successors of (s, ¢) in the game arena. The rest
of the game nodes are then defined recursively by applying Eg(s, ¢) to the starting
node, then its children and their children and so on, until all branches have either
reached a leaf node (per the rules for ¢ = T | L | P) or looped back to an already
defined game node (per the rule for p = X).

We also define the following sets: V3, which contains all nodes belonging to the
existential player, and V4, which contains all nodes belonging to the universal player.
They are defined as follows (where ¢, 1, and ¢, are all elements of Sub(ys)):

Vo = {<8790) | NS {—L>Q01\/902a<>¢}}u{(87p) | RS V(P)}
Vo ={(s,90) | o € {T, 01 Ao, O, v X0, uX.0, X} U{(s,P) | s ¢ V(P)}

The definition of E;(s), a function which takes a state and subformula and outputs
successor nodes in the reduction, is as follows (where E)(s) gives the successors of
state s in the model):

Ec((s,T)) ={(s,T)}

Eq((s, 1)) ={(s, L)}

Ec((s, P)) ={(s, P)}

Ec((s, 1 N p2)) ={(s,9:) | i € {1,2}}
Ec((s,01V@2)) ={(s,9:) | i € {1,2}}

Ec((s,09))  ={(t,p) |t € Eul(s)}

Ea((s,00¢))  ={{tp) [t € En(s)} if En(s) # 0
Ea((s,0¢))  ={(s,T)} if Ea(s) =0
Ec((s,vX.0)) ={(s,9)}

Ea((s, X)) ={(s,9)}

Eq((s, X)) ={(5,0(X))}

For the alternation-free fragment of p-calculus we define the winning condition as a
Biichi condition, Inf p (p can be seen as the "winning” color), such that for all nodes
n:

l(n) =A{p}iftne{(s,¢) |pe{T,vXP}} U {(s,P)]scV(P)}

I(n)= 0 otherwise

The reduction we are proposing could visually be represented by Figures 3.3 and 3.4.
There, an example model checking graph is given along with a formula ¢. This
formula is formulated in both Computational tree logic (CTL) and p-calculus, and
the semantics of ¢ is "there exists a path in the graph for which p eventually holds™.
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EFp=uXpV_oX = ¢
@
a b c

Figure 3.3: Example model and specification.

Figure 3.4: Reduction of an example game represented by a graph. Here, some
nodes are left out because of redundancies.

3.3.2 Certificates of model satisfaction

To further argue for the correlation between reduction games solutions and model
satisfiability, we define a certificate cert, : S x Sub(p) — 29*5%() for a strategy
o8 x Sub(p) = S x Sub(p).

Given a specification ¢ and a model M = (S,T,V), where S is a set of states and
T C S x S are edges, we construct a reduction arena A = (V, V5, V4, E) where
VS x Sub(p), V3 U Vyand E CV x V. The construction of A is according to the
reduction rules and winning condition described in Section 3.3.1.

Application of strategy o on every node v € V yields the next node in the path
7w which satisfies the condition . Similarly, application of certification cert, on a
node in A outputs a set of nodes, excluding nodes and edges not given by o.

We can calculate the certificate cert,, W being the winning region of the reduced
game, (Viy, Ew) being the nodes and edges in the winning region, respectively, as
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follows:

Viw = Vipy U Viys
W =V, Ew)
E, = U (wo(v)
veViy
Ewo = {e = (v1,1) | e € By, v; € Vipy}
certy, = (Viy, Ewv U E,)

Note that this resulting graph, cert,, is a sub-graph of the winning region W such
that all possible plays in cert, are plays which satisfy the winning strategy . How-
ever, this only holds as long as the strategy o is memory-less.

The reason we introduce this notion of a certificate, and why we named it as such, is
because the certificate shows why the given specification holds for the given model.
It does this by giving all the nodes which, through their inclusion, says that the sub-
formula of the node can always be fulfilled from the state in the node. Consequently
the set of all these nodes, as given by cert,, form a complete proof for why ¢ holds.
It is important to note, though, that this proof is not necessarily unique. If there
exists another strategy oo # o then the proof constructed by cert,, will differ from
the proof given by cert, but both will be valid proofs.

Why this proof might be useful from a practical viewpoint is because it can be used
to manually verify that the specification holds. Computing a winning region in the
reduced game shows that the specification holds, but does not show why. A strategy
shows how the existential player wins in the reduced game, but by itself it does not
show why the specification holds. The certificate uses the strategy in the reduced
game to show why the specification holds for the model.

3.3.3 Correctness of the reduction

We will here argue for why the reduction we present in Section 3.3 is correct, that
is (Vi being the winning region in the game):

M, s piff (s,0) € Viy

The argument will be structured on a per-rule basis, where we will first argue that
for each rule we have defined for the reduction, we create a game node (s, ¢) from
which existential player has a winning strategy iff the formula ¢ is satisfied in state
s. Second, we will argue that if the existential player wins the reduced game then
the formula is satisfied.

The principle behind the construction of our reduction is that the reduced game
shows that a specification holds for a given model by, for every game node, making
claims about parts of the specification for a specific state in the model. Consequently,
the existential player winning the game (should) correspond to a play that at some
point reaches a node (s, T) or (s, P) where s € V. If such a node is never reached,
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the play should instead visit a node (s,vX.p) infinitely often instead. All plays
which do not fulfill either of these conditions are (and should be) losing for the
existential player, and consequently, they fail to show that the specification holds.

3.3.3.1 Existential player has a winning strategy iff ¢ is satisfied in s

Here we will argue in the first direction: assume that, for game node (s, ), the
formula holds, and as such there is a winning strategy for the existential player from
that node. We will then construct this strategy, o, and argue for why all plays
following it are won by the existential player.

The assumption that the formula holds is the basis for all below arguments, except
for cases 1-3 where the formula is simply T, L, or P.

Case 1: (s, T)
In (s, T) we have M, s =, T and as such the strategy gives: o((s,T)) = (s, T)

Case 2: (s, 1)

Nodes (s, L) are owned by the universal player and as such the strategy does not
apply.

Case 3: (s, P)

For nodes (s, P) we have M,s =y, P iff s € V(P). If s € V(P) then the node is
owned by the existential player and as such the strategy gives: o((s, P)) = (s, P).
Otherwise it is owned by the universal player and the strategy does not apply.

Case 4: (s,p1 A p2)

Nodes (s, p1 A o) are owned by the universal player and as such the strategy does
not apply.

Case 5: (s, @1V p2)

For nodes (s, p1 Vo) we have M, s |=y ; for some i € {1,2}, therefore the strategy
gives: a((s,1V p2)) = (s, ;).

Case 6: (s,0p)

For nodes (s, Q¢) we have Mt =y ¢ for some t € Ej(s), therefore the strategy
gives: a((s, 0p)) = (t,¢).

Case 7: (s,0¢p)

Nodes (s,0g) are owned by the universal player and as such the strategy does not
apply.
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Case 8: (s,vX.p)

Nodes (s,vX.p) are owned by the universal player and as such the strategy does
not apply.

Case 9: (s, uX.p)

Nodes (s, uX.p) are owned by the universal player and as such the strategy does
not apply.

Case 10: (s, X)

Nodes (s, X) are owned by the universal player and as such the strategy does not
apply.

Now that the strategy ¢ has been defined we will argue for why all plays following
o are winning: Let 7 be an (infinite) play following o. 7 can follow only one of two
patterns:

The first pattern entails 7 eventually reaching a leaf node ({(s, T), (s, L), (s, P)})
thereby infinitely visiting just that node. In this case, per the definition for the
labeling function, the existential player wins iff M, s =y ¢ (corresponding to either
(s, T) or (s, P) where s € V(p)). Therefore for this pattern M, s =y ¢ implies that
player 3 wins the play 7.

The second pattern entails 7 infinitely avoiding such a node, consequently visiting
a node containing a fixpoint infinitely often. In this case, again per the definition
of the labeling function, the existential player wins iff the node visited contains
a v-fixpoint (i.e. a node (s,vX.p)). Only v-fixpoints allow for infinite unrolling,
therefore for this pattern M, s =y, ¢ implies that the play 7 is won by player 3.

3.3.3.2 If existential player wins (s, ) then the formula ¢ is satisfied

Here we argue in the second direction: We assume that the existential player wins,
from which we know that the existential player has a winning strategy, o. Since we
know that there is a winning strategy we know that it is possible to compute the
certificate and from that certificate show that the formula is satisfied.

All below arguments depend on the assumption that the existential player wins the
node, and as such a certificate, as defined in Section 3.3.2, can be extracted. More
specifically, the argument presented is inductive and based on walking along a given
certificate to extract the sub-formulae that hold. The exception to this are cases
1-3 where there is no assumption of the existential player winning because of these
nodes being directly winning or losing.

Since the argument we present is based on induction, we will here define the base
cases and the inductive hypothesis. The base cases consists of cases 1-3 and case 10.
The induction hypothesis, then, is that from any given winning node (s, ) in the
reduced game it is possible to show why M, s = ¢ by walking along the certificate
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starting in that node. We define walking along the certificate as following all paths
in the certificate from v until a base case is reached. When a base case is reached,
it is possible to backtrack whilst recursively reducing each node to a node of the
form (s, T). When the backtracking returns to the original node this walk along the
certificate has then shown why ¢, along with all the sub-formulae contained in the
nodes in the certificate, hold.

Case 1: (s, T)

This node is winning and the formula holds, therefore there is nothing to show.

Case 2: (s, 1)

This node is, per the definition of the reduced game, losing. As it is losing it is
not part of the certificate which suggests that the formula does not hold, which is
correct.

Case 3: (s, P)

If s € V(P) then this case is semantically identical to case 1, otherwise it is seman-
tically identical to case 2.

Case 4: (s,p1 A @2)

For the case where the formula is a conjunction one must show that M, s =y ¢1 Aps.
As per the semantics, see Section 2.6.3, one must show that both M, s =y ¢; and
M, s |= pa. Per definition of the certificate the successors of (s, 1 A ¢q) in the
certificate are (s, 1) and (s, p2). By the inductive hypothesis, M, s =y ¢; for all
i € {1,2} as required.

Case 5: (s, 01V p2)

For the case where the formula is a disjunction one must show that M, s =y 1V @s.
As per the semantics, see Section 2.6.3, it suffices to show that M,s |y, ¢ or
M, s = ¢o. Per definition of the certificate the successor of (s, 1 V p2) in the
certificate is either (s, 1) or (s, ). By the inductive hypothesis, M, s =y ¢; for
some i € {1,2} as required.

Case 6: (s,0p)

For the case where the formula is of the form (¢ one must show that M, s =y Op.
As per the semantics, see Section 2.6.3, it suffices to show that Mt =y ¢ for some
t € Ep(s). Per definition of the certificate the successor of (s, Q) in the certificate
is (t,p) for some t € Ep(s). By the inductive hypothesis, M.t =y ¢ for some
t € Ep(s) as required.

Case 7: (s,0yp)
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For the case where the formula is of the form Oy one must show that M, s =y Op.
As per the semantics, see Section 2.6.3, one must show that M,t =y, ¢ for all
t € Ep(s). Per definition of the certificate the successors of (s, Q) in the certificate
are (t, ) forallt € Fy(s). By the inductive hypothesis, M, t =y ¢ for all t € Ey(s)
as required.

Case 8: (s,vX.p)

For the case where the formula is of the form vX.p one must show that M, s |y
vX.p. As per the semantics, see Section 2.6.3, one must show that 3U C 2%, s € U
such that M,t =yix/u) @ for all t € U. We define U to be the set of all nodes
(t,) where t € S and (t,¢) is contained in the certificate. Then, s € U since
the successor of (s,vX.p) in the certificate is (s, ). For this definition of U we
must now show that M.t |=yx/u) ¢ for all t € U. This can be shown by a walk
along the certificate where cases 1-7 hold per the inductive hypothesis, and for
nodes encompassed by case 10, (¥, ¢) we must show that M, t' =yx/p) X, that is
t" € U. Since (¥, X) is contained in the certificate then its successor, (t',vX.p), is
contained in the certificate and the successor of that node, (¢, ¢), in turn is also in
the certificate, as required. Therefore, in case 8, M, s =y v X.p as required.

Case 9: (s, uX.p)

For the case where the formula is of the form pX.¢ one must show that M, s |y
pX .. As per the semantics, see Section 2.6.3, one must show that VU C 2% if s ¢ U
then 3t € S : ¢t ¢ U and M, t =yix/u) . Let U be any such set, then s ¢ U and
we must find some suitable ¢. Let ¢ = s, we must now show that M, s = ¢. This
can be shown by a walk along the certificate starting in (s, ). Since the strategy,
o, used to define the certificate is a winning strategy this walk will encounter nodes
encompassed by case 10 only finitely often. That is, at some point during the walk
a part of the certificate will be reached where it is no longer possible to reach a node
corresponding to case 10. Once such a part is reached then the walk is guaranteed to
finish without seeing a node corresponding to case 10, that is to say, the induction
will terminate in either a node corresponding to case 1 or case 3 (if case 3 is in the
valuation). Thereby M, s =y ¢ and consequently M, t =y, uX.p, as required.

Case 10: (s, X)

Case 10 only occurs in cases 8 and 9, where we already handle it. Therefore, there
is nothing more to show here.
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Results

This chapter presents the results achieved during development. These results will
include testing and runtime benchmarks of our game solver and Zielonka tree gen-
eration.

4.1 Zielonka trees

In this section we present the results from the implemented Zielonka tree structure
and its generation.

4.1.1 Correctness

Correctness testing for the generation of Zielonka trees has been performed by com-
parison to known patterns and verification by hand. For example, the Zielonka
trees for Parity, Biichi and generalized Biichi objectives branch in predictable ways,
making them simple to verify by hand. Furthermore, Rabin and Street objectives
have also been tested by hand and have given the correct results.

Since this thesis has a focus on Emerson-Lei games in particular, we also tested the
general form of Emerson-Lei objectives to generate Zielonka trees. As the general
form of Emerson-Lei objectives can be any kind of formula built from the allowed
operations, we tested some arbitrary formulae for correctness. As an example, we
tested generating Zielonka trees for the following formulae:

1 = (Inf a — Inf b) A (Inf ¢ A Fin d) A Inf e
@2 = (Inf a — (Inf bV Inf ¢)) A ((Inf d V Inf €) — Inf a)

The generated Zielonka trees from the formulae can be seen in Figure 4.1, for ¢y,
and Figure 4.2 for 5. These Zielonka trees generated by our implementation match
the structures that we expected, indicating that they are correct.
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Figure 4.1: Zielonka tree for Emerson-  Figure 4.2: Zielonka tree for Emerson-
Lei objective ;. Lei objective ¢s.

4.1.2 Generation performance

The performance of Zielonka tree generation can be benchmarked using various
known types of conditions. We have chosen to benchmark with Rabin, Parity, Gen-
eralized Biichi and Streett objectives. These conditions can be scaled easily and give
a rough estimate of the time it takes to generate Zielonka trees for different input
sizes.

Figures 4.3 and 4.4 present the runtime performance of the Zielonka tree generation
and the number of nodes that the Zielonka trees have for different types of conditions.
These conditions are generated using a simple script which takes a number of colors
or pairs n as input and produces a formula corresponding to it.

4.2 Genie-EL

In Genie, we added the implementation for condition evaluation, the Zielonka and
the Emerson-Lei game solving algorithm.

Some slight changes to the CMakeLists.txt file were also made to include our addi-
tions in the building process of the project.

4.3 FairSyn-EL

FairSyn-EL is the name of the fork of FairSyn that we have made additions to.
Since most of our contributions were to Genie however, the only things we added
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Figure 4.3: Graph showing the runtime of the Zielonka tree generation for Rabin,

Parity, Generalized Biichi and Streett conditions.

to FairSyn-EL were our arena parsing functionality and a separate executable used
to run games with Emerson-Lei objectives using our implemented game solving
algorithm. The main entry point to the game solver is in FairSyn-EL, thus, this is

the tool we have tested the most.

4.3.1 Testing

This section presents the general testing of features added to FairSyn-EL, such as

solving correctness and runtime benchmarks.

4.3.1.1 Correctness

To test that our implementation, presented in Listing 4, is correct, we have run the
algorithm on various arena configurations. We have also compared the results from
running the Rabin game solver, given in FairSyn, to our implementation. To ensure
that not only Rabin games are being solved correctly, we have computed winning

regions of games by hand and compared the results to those of our implementation.
Some of the objectives we have tested include Biichi, generalized Biichi, Parity,

Rabin and Streett, and all of them give correct results for the game arenas of limited

sizes we have used.
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Figure 4.4: Number of nodes in the Zielonka tree with Rabin, Parity, Generalized
Biichi, and Streett conditions.

4.3.1.2 Hardware specifications

Benchmarking of the game solver was performed on a laptop with the hardware seen
in Table 4.1. This hardware specification is not optimal for high performance, but
since the benchmarks were done on the same machine the results are relative to each

other.
Model HP ZBook Studio G4
Memory | 16GiB SODIMM DDR4 Synchronous Unbuffered 2400 MHz (0.4ns)
CPU Intel Xeon E3-1505M v6 (8) @ 4.000GHz
GPU NVIDIA Quadro M1200 Mobile
OS Manjaro Linux x86_ 64
Kernel 6.6.26-1-MANJARO

Table 4.1: Benchmark hardware specifications
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4.3.1.3 Benchmarks

This section presents the benchmarks we have run to test the runtime performance of
the solver. The differences in performance compared to FairSyn with Genie are also
given. In the end we present the runtime performance for some general Emerson-Lei
objectives. All of the arenas we chose to benchmark our solver on were created by
hand, except for the arena in Figure 4.5, which was taken from the Wikipedia page
for Parity games [18]. The arenas we created test the runtime of the game solver
for both increasing amount of colors and game nodes.

For the Parity game with arena seen in Figure 4.5, taken from [18], it takes the
solver approximately 32 seconds to solve the game.

Figure 4.5: Example arena for benchmarking with Parity condition [18].

In Figure 3.2 we can add two more colors and get the arena in Figure 4.6. We tested
this arena with Rabin, Streett and Generalized Biichi conditions and the results can
be seen in Table 4.2. Tests on other arenas were also done, see Figures 4.7, 4.8, 4.9
and 4.10. These tests used the same objectives and the results can be seen in
Tables 4.3, 4.4, 4.5 and 4.6.

The performance difference between our implementation and FairSyn throughout
the different tests can be seen in Table 4.7. Benchmarks of general Emerson-Lei
conditions can be seen in Tables 4.8 and 4.9, for arenas in Figures 4.11 and 4.12
respectively. The objectives tested in those tables have their Zielonka trees depicted
in Figures 4.1 and 4.2 respectively.

39



4. Results
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Figure 4.6: Benchmarking arena Aj.

Objective Formula Runtime
Rabin Viegi,2y(Inf B; A Fin Gj) 0.31s
FairSyn (CUDD) -||- 0.10s
FairSyn (Sylvan) -||- 0.09s
Streett Niegi,23(Inf R; — Inf G;) 0.42s
Generalized Biichi | A;eq23(Inf Ry A Inf G;) 0.04s

Table 4.2: Benchmarking for arena A; in Figure 4.6.
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R1 G1

Figure 4.7: Benchmarking arena As.

Objective Formula Runtime
Rabin Vieqi,2,3y(Inf B; A Fin Gj) 3.39s
FairSyn (CUDD) -||- 1.75s
FairSyn (Sylvan) -1|- 2.46s
Streett Nieg1,2,33(Inf R; — Inf G;) 7.21s
Generalized Biichi | A;eq1 25y (Inf B; A Inf G;) 0.06s

Table 4.3: Benchmarking for arena A, in Figure 4.7.
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Figure 4.8: Benchmarking arena Aj.

Objective Formula Runtime
Rabin Vieqi,2,3y(Inf B; A Fin Gy) 7.65s
FairSyn (CUDD) -||- 1.55s
FairSyn (Sylvan) -||- 2.38s
Streett Nieg1,2,33(Inf R; — Inf G;) 14.8s
Generalized Biichi | A;cq105)(Inf B; Anf G;) 0.06s

Table 4.4: Benchmarking for arena As in Figure 4.8.
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Figure 4.9: Benchmarking arena Aj.

Objective Formula Runtime
Rabin Vieq1,2,3,4y(Inf B; A Fin G) 6.75s
FairSyn (CUDD) -||- 1.35s
FairSyn (Sylvan) -||- 0.77s
Streett Nieg1,2,3,4y(Inf R; — Inf Gj) 6.70s
Generalized Biichi | A;eq1.25.4) (Inf R; A Inf GY) 0.06s

Table 4.5: Benchmarking for arena A4 in Figure 4.9.
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Figure 4.10: Benchmarking arena As.

Objective Formula Runtime
Rabin Vieq1,2,3,4y(Inf B; A Fin G) 80.43s
FairSyn (CUDD) -||- 18.49s
FairSyn (Sylvan) -||- 3.63s
Streett Nieg1,2,3,4y(Inf R; — Inf Gj) 79.73s
Generalized Biichi | A;eq1.254) (Inf R; A Inf GY) 0.15s

Table 4.6: Benchmarking for arena As in Figure 4.10.
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Arena Ay Ay As Ay As
Implementation runtime 0.31s]339s|765s|6.75s|80.43 s
FairSyn (CUDD) runtime 0.10s | 1.75s | 1.55 s | 1.35 s | 18.49 s
FairSyn (Sylvan) runtime 009s|246s|238s|0.77s| 3.63s
FairSyn (CUDD) speedup 309% | 194% | 494% | 500% | 435%
FairSyn (Sylvan) speedup 344% | 138% | 321% | 876% | 2215%
FairSyn (CUDD) mean speedup 386%
FairSyn (Sylvan) mean speedup 779%%

Table 4.7: Performance difference for Rabin objectives between our implementation

and FairSyn for both CUDD and Sylvan.

Figure 4.11: Emerson-Lei benchmarking arena Ag.

Formula

Runtime

(Inf a — Inf b) A (Inf ¢ A Fin d) AInf e

0.61 s

(Inf a — (Inf bV Inf ¢)) A ((Inf d V Inf €) — Inf a) 0.11s

Table 4.8: Benchmarking for arena Ag in Figure 4.11.
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Figure 4.12: Emerson-Lei benchmarking arena As.

Formula Runtime

(Inf a — Inf b) A (Inf ¢ A Fin d) Alnf e 1.19s
(Inf a — (Inf bV Inf ¢)) A ((Inf d V Inf €) — Inf a) 0.13 s

Table 4.9: Benchmarking for arena A7 in Figure 4.12.

4.4 Reduction

In Section 3.3 we presented a reduction from the alternation-free fragment of u-
calculus to Biichi games. We then defined certificates in Section 3.3.2. Using this
definition we then presented an argument for the correctness of our reduction in
Section 3.3.3.
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Discussion and Conclusion

In this chapter we discuss the results of this project, the improvements to be made,
limitations that we have encountered, and lastly we present our conclusions.

5.1 Discussion

From the testing and benchmarking presented in Chapter 4 we can conclude that
the game solving functionality works but with suboptimal efficiency when it comes
to runtime performance. Solving Emerson-Lei games in general is of exponential
time complexity with respect to |C| and without any memoization it is a reasonable
result. If some kind of memoization were to be used, it would reduce the number
of duplicate computations, and the runtime would subsequently decrease. Genie
has a form of this memoization, it keeps an array of a specified number of previous
computations. If a problem is precomputed, Genie will use it straight away and
otherwise it will be computed and put in the array.

The generation of Zielonka trees is of exponential time complexity with respect to
|C| and is therefore slow for color sets of large caridinality. Zielonka trees for known
types of objectives, such as generalized Biichi or Parity, can be generated from a
template, which reduces the time complexity. For the general case of Emerson-Lei
objectives however, there are no fixed templates to use and they will therefore always
be relatively slow to generate.

The benchmarks which can be seen in Section 4.3.1.3 give a good understanding
of how our implementation compares to FairSyn. With the same configuration
performing the same task, FairSyn is on average almost 4 times as fast as our
implementation. Comparing the runtime to the parallel behaviour of FairSyn with
Sylvan, we see that the difference is even larger; almost 8 times faster on average.
Although our implementation is not as fast as FairSyn and Genie, these results are
still reasonable. Without optimization and parallelism, we could not expect to have
as good performance as that of an established tool. Genie and FairSyn are also
created for the sole purpose of solving Rabin games, and because of that they can
have a hard-coded behaviour in their fixpoint algorithm. For our implementation,
the fixpoint ordering has to be decided at runtime depending on the nodes in a
Zielonka tree. This makes our algorithm less efficient and that is also possibly a
reason why our implementation is slower.

47



5. Discussion and Conclusion

One thing that was interesting was that, for some arenas, our implementation out-
performed FairSyn when the M parameter, which specifies the maximal amount of
memory to use, was increased. Our assumption is that when the parameter is in-
creased, the algorithm uses an unnecessary amount of memory to solve the game,
thereby increasing the runtime. Setting M to 12 actually crashed the benchmarking
machine for one arena. This is most likely due to it attempting to allocate too much
memory.

We created the benchmarking arenas, see Section 4.3.1.3, to test out how many
colors our implementation would be able to handle in a reasonable amount of time.
The increased amount of nodes and colors are also interesting to analyze. Looking
at how our implementation performs for an increased amount of nodes we can see in
Tables 4.5 and 4.6 that the runtime for the Rabin objectives are very different. This
result suggests that the amount of game nodes has a quite large impact. Increasing
the amount of colors also increases the runtime of course, this can be seen in the
benchmark results.

Another thing which is interesting regarding the runtime of different objectives is
that Rabin objectives seem to be somewhat faster than Street objectives in some
cases. This might be due to the Rabin objectives not having solutions for that
particular arena.

When it comes to benchmarking the runtime of game solution for general Emerson-
Lei objectives, we did not have any solvers to compare against. This fact made it
difficult to draw conclusions regarding the performance. We did however include
benchmarks for two arenas and two objectives in Tables 4.8 and 4.9. Since Emerson-
Lei objectives are a superset of the other objectives we tested, their benchmark are
as relevant as for the general Emerson-Lei objectives.

The reduction that we give in Section 3.3.1 and argue for in Section 3.3.3 was
brought forth independently but has a similar formulation to the reduction given by
Martin Leucker [1]. While we knew that this reduction had already been given, we
wanted to see what differences would arise in comparison to the original reduction.
Therefore, we defined the reduction independently from Leucker’s work and argued,
also independently, for its correctness.

One notable difference between our reduction and the one Leucker gives is that our
reduction was developed with Emerson-Lei games in mind, and as such the resulting
game is directly given in the notation we defined for Emerson-Lei games. One benefit
of this is that manually entering these games as input to our game solver would be
quite easy. It would also be relatively easy to implement a tool for automatically
performing this reduction.

Another difference is that Leucker’s reduction applies to a more general form of
p-calculus than ours. In his reduction he included actions @ [7] which in turn led
to the use of additional terms, such as (a)¢ and [a]p. For our purpose it was good
enough to leave out the actions from the notation. Semantically, this would mean
that all edges from a certain node in the model encode the same action. In terms
of expressiveness this is slightly restrictive since it excludes the possibility of edges
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encoding a different action compared to another edge from the same node.

5.2 Improvements and future work

As can be seen in Figures 4.3 and 4.4, the runtime of the generation of a Zielonka
tree increases drastically with an increase in the number of colors, but the number
of nodes does not necessarily follow this same pattern. The number of nodes for the
Parity and Generalized Biichi objectives increases linearly in relation to the number
of colors, while the Rabin and Street conditions have a more drastic growth. Since
both parity and Rabin games have known Zielonka tree structures, we want the
generate method to have an additional parameter mode which specifies a known
game condition and generates the tree from such a template. For the Parity objec-
tives, we already have a prototype, which after a small amount of testing looks very
promising in regards to decreasing the runtime of generation.

This change will greatly increase the efficiency of the generation because there will
not be any need to repeatedly look through the powerset of colors, which is the part
of the generation which most likely contributes the most to the slow down.

Another change that could be made is to reduce the number of iterations over the
powerset of colors for each node. At this moment, the whole powerset is iterated
over for each node to check for a valid child node from the parent node. One way
we might improve this is to only loop over the set difference C'\ C, where C'is the
set of all colors and C) is the set of the colors which have already been removed.
We could change the ZielonkaNode to not only include which colors were removed
from the parent node but also from the root node, which includes all colors. After
that, we could add another loop in the generation function to skip all the subsets
which contain already removed colors.

The way we store the colors in each node in the Zielonka tree is probably also
suboptimal. As colors are represented by vectors of Boolean values, the cardinality
of these vectors is always fixed to |C|, where C' is the set of all colors. This leads
to increased iteration runtime and memory use. Changing the format of the colors
to include only the boolean values representing colors which satisfy Inf ¢, for ¢ € C,
would significantly reduce this runtime. This would however demand that we change
the structure of the evaluation functionality.

Something which would likely have a major impact on performance, would be imple-
menting parallelism using Sylvan. As we can see in Section 4.3.1.3, Sylvan gives a
drastic speedup compared to CUDD, and would therefore, most likely, produce simi-
lar results for our implementation. For even further speedup, memoization could be
used to reduce the amount of duplicate computations. This could be implemented
in a similar way to how Genie already does it.

We implemented Algorithm 2 in a way which was not based on any correctness
proof. To completely verify that the behavior in [3] is achieved, a correctness proof
of our implementation would be needed. We deem the implementation to be good
enough from the testing described in Section 4.3.1.1, but as a future improvement,
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a correctness proof should be provided.

One useful future endeavor, once our implementation is proven to be correct and
optimized, is for the functionality we have developed to be integrated into Genie.
This would make our implementation as easily accessible for game solving as Genie
is at the moment.

An improvement that we would like to see in the future is the implementation of an
automaton to create the games, instead of using the arena input format described
in Section 3.2. Genie and FairSyn already have a way to do this, which makes it
possible to read game inputs from the HOA [19] (Hanoi Omega-Automaton) format.
Since there are a lot of existing game inputs in this format already, it would make
thorough benchmarking more easily accessible.

5.3 Limitations

Something we should have noticed early on in the project was that MascotSDS was
not the most suitable program to use for our purpose. It solves Rabin games but
in a way which does not help us much. After consultation with the contributors
of Genie, FairSyn and MascotSDS, we realized that Genie and FairSyn were more
suitable for us to use. Due to this mistake, we lost some time researching MascotSDS
in the beginning of the project which could instead have been used to understand the
mechanisms of Genie for example. However, when we were informed of our mistake,
the pace picked up as we were able to make better use of our time.

In the beginning of this thesis project, we predicted that the game solver would take
less time to implement and that it would leave more time to investigate strategy
extraction. This prediction was however too ambitious and we realized that strategy
extraction would be too complicated to dive further into.

Parallel solution was also something that we wanted to do from the start, but as men-
tioned, trying to understand the regular behaviour of Genie and FairSyn required
more effort than predicted. Parallelism became a lower priority for that reason and
is now an idea for future work as an optimization.

When developing the generation for the Zielonka trees, we aimed for an implemen-
tation which worked in the cases which we were to use. This meant that we did not
prioritize any formal correctness proofs for the algorithm. We therefore mark this as
an improvement for the future to give more confidence in the implementation itself.
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5.4 Conclusion

As a conclusion of this project we can say that we succeeded in developing the
first symbolic game solver for Emerson-Lei games. Through testing we managed
to verify that the solver produces correct results for various game configurations.
The runtime performance, however, is suboptimal but can be improved with a few
optimizations.

We revisited reductions from model checking of the alternation-free fragment of -
calculus to Biichi games, using the notation we gave for Emerson-Lei games. With
this we showed how one could solve these model checking problems using our solver.

From these conclusions, we have successfully answered the research questions we
stated in Section 1.6.
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Figure A.1: Visual representation of the construction of game nodes for the u-
calculus game reduction.
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void ZielonkaTree::generate() {
std: :queue<ZielonkaNode*> q;
q.push(root);
std: :vector<std::vector<bool>> ps = ELHelpers: :powerset(root->label.size());
std: :sort(ps.begin(), ps.end(), cmp_descending_count_true);
size_t order = root->order + 1;
std: :vector<std::vector<bool>> seen_from_parent{};
while (!q.empty()) {
seen_from_parent.clear();
ZielonkaNode* current = q.front();
q.popQ);
total_nodes++;
for (size_t i = 0; i < ps.size(); ++i) {
std: :vector<bool> color_set = ps[i];
if (!ELHelpers: :proper_subset(color_set, current->label))
continue;
bool seen = false;
for (const auto& s : seen_from_parent) {
if (ELHelpers: :proper_subset(color_set, s)) {
seen = true;

break;
}
¥
if (seen) continue;
if (evaluate_phi(color_set) != current->winning) {
ZielonkaNode #*child_zn = new ZielonkaNode {
.children = {},
.child_differences = {},
.parent = current,
.parent_order = current->order,
.label = color_set,
.level = current->level + 1,
.order = order++,
.winning = !(current->winning)
}s
current->child_differences.push_back(
ELHelpers::label_difference(current->label, color_set)
);
seen_from_parent.push_back(color_set) ;
current->children.push_back(child_zn);
q.push(child_zn);
}

}

if (current->children.empty()) leaves++;

Listing 6: The generate method of the ZielonkaTree class.
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abcdef L
— bcdef W
L— cdef L
cdf W

[m]
[«
-

Figure A.2: ASCII representation of the Zielonka tree generated from the Rabin
objective with 3 Rabin pairs.

abcdefghijklmnopgqr W
L— abcdefghijklmnopq L
L— abcdefghijklmnop W
L— abcdefghijklmno L
L— abcdefghijklmn W
L— abcdefghijklm L
L— abcdefghijkl W
L— abcdefghijk L
L— abcdefghij W
L— abcdefghi L
L— abcdefgh W
L— abcdefg L
L— abcdef W
L— abcde L
L— abcd W
L— abc L

L—abw
L—alL

L—aw

Figure A.3: ASCII representation of the Zielonka tree generated from the Parity
conditions with 18 colors.
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