CHALMERS

UNIVERSITY OF TECHNOLOGY

Flux Backgrounds and
Generalised Geometry

Type |l supergravity compactifications, exceptional generalised geometry
and generalised G-structures in exceptional field theory

Master’s thesis in Physics and Astronomy

MAGDALENA ERIKSSON

Department of Physics
CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2019






MASTER’S THESIS 2019

Flux Backgrounds and Generalised Geometry

Type II supergravity compactifications, exceptional generalised geometry
and generalised G-structures in exceptional field theory

MAGDALENA ERIKSSON

CHALMERS

UNIVERSITY OF TECHNOLOGY

Department of Physics
Division of Theoretical Physics
CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2019



Flux Backgrounds and Generalised Geometry

Type Il supergravity compactifications, exceptional generalised geometry and generalised
G-structures in exceptional field theory

MAGDALENA ERIKSSON

© MAGDALENA ERIKSSON, 2019.

Supervisor: Martin Cederwall, Department of Physics
Examiner: Martin Cederwall, Department of Physics

Master’s Thesis 2019

Department of Physics

Division of Theoretical Physics
Chalmers University of Technology
SE-412 96 Gothenburg

Telephone 446 31 772 1000

Typeset in IXTEX
Printed by Chalmers Reproservice

Gothenburg, Sweden 2019

iv



Flux Backgrounds and Generalised Geometry

Type II supergravity compactifications, exceptional generalised geometry and generalised
G-structures in exceptional field theory

MAGDALENA ERIKSSON

Department of Physics

Chalmers University of Technology

Abstract

In this thesis we study aspects of compactifications of mainly the type II supergravity theories.
We begin with the study of classical approaches with a Kaluza-Klein compactification of the type
II supergravity theories on a Calabi-Yau 3-fold, followed by a presentation of their orientifold
variants, mirror symmetry, and the effects of allowing background fluxes on the moduli in the
4D effective field theory. The moduli fields can be stabilised by the presence of non-trivial
background fluxes, perturbative corrections to the 10D theory and non-perturbative corrections
to the 4D scalar potential. These corrections can be used to construct toy model de Sitter vacua
as in the KKLT and large volume scenarios. We also introduce a compactification with so-called
non-geometric fluxes, whose presence makes the metric of the internal manifold ill-defined. This
is followed by a discussion of double field theory, which treats geometric and non-geometric
fluxes on equal footing by extending spacetime in order to covariantise the T-duality group
O(d,d). We briefly discuss consistent truncations in the context of the generalised Scherk-
Schwarz ansatz. This is followed by an introduction of exceptional field theory, which is also an
extension of supergravity which covariantises the exceptional U-duality groups. This brings us
to the formalism of exceptional generalised geometry where we formulate supersymmetric flux
backgrounds as torsion-free generalised G-structures. The notion of generalised G-structures is
then interpreted as generalised differential forms in exceptional field theory and used to describe
vacua. The application to find consistent truncations to 4D is also discussed. This construction
is believed to play an important role in the classification of supersymmetric backgrounds.
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1

Introduction

During the past half century a huge success for theoretical physics has been the construction
of the Standard Model, which is a framework that unites the electromagnetic, strong and weak
forces. The Standard Model describes how particles interact via these forces using the formalism
of quantum field theory, which follows the laws of quantum mechanics and special relativity. The
Standard Model has been extensively experimentally checked to surprising levels of accuracy,
and is regarded as the most complete theory of fundamental interactions.

An open question in theoretical physics is how to include the fourth fundamental physical
force — gravitation — into this theory. The failure of incorporating gravity is to a large extent
due to the fact that it can not be renormalisable, i.e. the procedure of adding a finite number
of counterterms to an action that cancel divergences does not work for gravity, but does for the
Standard Model.

The most studied and arguably the most promising candidate for a uniting theory, a quantum
theory of gravity, is string theory. This theory is based on vibrating one-dimensional objects
called strings, and the discrete vibration modes of the quantised string viewed from large dis-
tances correspond to particles. The theory is regarded to incorporate gravitation in the sense
that there is always a vibration mode of the closed quantised string that is massless and has
spin two, which is interpreted as the graviton. The other fundamental forces are encoded as
massless states corresponding to gauge bosons.

The spectrum of the quantised string also contains vibration modes that have negative mass,
known as tachyons, and they imply an instability of the spacetime. These states can be removed
using the notion of supersymmetry, which relates bosons and fermions, and result in what is
called the superstring theories which by conformal invariance are forced to be ten-dimensional.
There are five different superstring theories; Type I, Type IIA /B and two heterotic string theories
with ten-dimensional gauge groups SO(32) and Eg x Eg, and they are all related to one another
via two types of duality, namely S- and T-duality. It was found that these superstring theories
could be seen as different formulations of a more fundamental theory, called M-theory. The
low-energy limit of the superstring theories are known as supergravity theories, and a common
feature of all ten-dimensional supergravity theories is the presence of higher-rank gauge fields; the
NSNS and RR fields, whose origin will be discussed later. The supergravity theories themselves
are non-renormalisable but are viewed as effective field theories of the original string theory. As
we will see, the supergravity theories can be extended to include T-duality by way of double
field theory, and T+ S = U-duality by way of exceptional field theory.

In order to connect the supergravity theories to the 3+41-dimensional world we experience
every day, we turn to the concept known as compactification. This is based on assuming that
spacetime can be viewed as having four large spacetime directions and the remaining six are
wrapped together to form a very small compact space. This space is so small that we are unable
to experience its presence. The interest is then in supergravity solutions which have topology

M=M4 XMG s (1.1)

where My is the four-dimensional external Lorentzian spacetime and Mg is a compact Rieman-
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nian internal manifold. As we will see in this thesis, the effect of the extra dimensions can still
be seen in the four-dimensional effective field theory. For instance, when compactifying, the
effective four-dimensional theory contains a large number of massless scalar fields that would
give rise to long-range forces that are not experienced. These fields are called moduli and will
be unrestricted unless stabilised, i.e. fixing their expectation value and giving them a mass, by
mechanisms which will be presented in this thesis. In particular we will consider general string
backgrounds in which the NSNS and RR fields take non-trivial expectation values, known as
fluxes. As we will see, these can be used to stabilise the moduli fields.

Further, the spacetime solutions taking the form of eq. (1.1) should preserve some degree of
the original supersymmetry, and in order for the four-dimensional theory to have supersymmetry
the internal manifold must support supersymmetry spinors. Supersymmetry is naturally incor-
porated in string theory, and how much supersymmetry that is preserved in the effective action,
i.e. the number of N supersymmetry spinors admitted on My, is important for phenomenologi-
cal reasons. Namely, it is desirable to preserve a minimal amount of supersymmetry, i.e. N' =1,
as that is compatible with minimal extensions of the Standard Model. Central to this thesis will
be how the conditions of supersymmetry translate into topological and differential conditions on
the internal manifold, which will strongly constrain its geometry. A powerful tool to use is an
extension of differential geometry called generalised geometry which will be introduced in the
context of flux compactifications.

1.1 Outline

This thesis is devoted to the study of supersymmetric compactifications with non-trivial fluxes.
The thesis is organised as follows. In chapter 2 we introduce the basic notions of supersymmetry
and supersymmetric Lagrangians as well as Kaluza-Klein compactification. In chapter 3 the type
IT superstring theories are constructed. Chapter 4 discusses type II backgrounds with N' = 1
with and without fluxes as well as introduces the formalism of complex generalised geometry
used in describing the internal geometries of A/ = 1 vacua. In particular we show how the
G-structures are conveniently used to describe fluxless compactifications, but how they fail to
capture all the information when fluxes are present. In chapter 5 we study the four-dimensional
effective theories obtained from Calabi-Yau and Calabi-Yau orientifold projections of both type
IT theories. Flux-generated scalar potentials and their corresponding superpotentials are dis-
cussed and in the final section we also discuss mirror symmetry. In chapter 6 we derive the
classical type II no-go theorems for compactifications with fluxes and discuss how they can be
circumvented. In chapter 7 we study moduli stabilisation by fluxes on four different orientifold
backgrounds. Chapter 8 is reserved for introducing corrections to the low-energy effective action
which may be used to stabilise moduli as well as obtain classical toy models of de Sitter vacua.
The structure of chapters 4-8 is heavily inspired by the fine review of [1] but aims to be more
explicit. In chapter 9 we broaden the concept of the internal space by allowing non-geometric
fluxes, i.e. fluxes that make the metric of the internal space Mg globally ill-defined. We show
how these fluxes are naturally incorporated in double field theory, which is an O(d,d) covari-
ant extension of supergravity. In the final section we discuss consistent truncations of double
field theory. In chapter 10 the construction of exceptional field theory is reviewed, a theory
that covariantises U-duality by extending spacetime such that one completes the fundamental
representation of Fyg) with extra coordinates. The supergravity theories can then be recovered
by solving the so-called section constraint in two different ways. In chapter 11 we introduce
exceptional generalised geometry, which is an extension of complex generalised geometry which
"geometrices” all the type II supergravity fluxes. The G-structure will be generalised to elegantly
encode flux compactifications. In chapter 12 we use the notion of generalised G-structures to
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describe half-maximal supergravity obtained from exceptional field theory, and how consistent
truncations can be formulated. Conclusions and discussion on future work are found in the last
chapter 13. In Appendix A some of the conventions used throughout the thesis are stated. In
Appendix B some basic concepts of differential geometry and topology are introduced. Appendix
C complements some calculations in chapter 4, and Appendix D complements chapter 5 with
an explicit computation of type IIB supergravity theory compactified on a Calabi-Yau manifold
with and without fluxes. Finally, Appendix E contains some explicit calculations from chapter
9 relating to double field theory.
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2

Basics of Supersymmetric Lagrangians and
Kaluza-Klein Theory

In this chapter we review some important aspects of supersymmetry and how one constructs
supersymmetric Lagrangians. In section 2.3 we review a classic method of dimensional com-
pactification which was formulated in the early 1900’s by Kaluza and Klein.
A supersymmetry transformation transforms a bosonic state into a fermionic one and vice
versa;
@ |fermion) = |boson) , @ |boson) = |fermion) , (2.1)

where Q is a spinor, and together with its Hermitian conjugate Q' it makes up the generators
of the supersymmetry algebra. The supersymmetry generators are special in that they do not
form a Lie algebra with ordinary commutation relations, but with anticommutation relations.
They therefore fulfil a graded Lie algebra, the supersymmetry algebra;

{Qa.Ql} = 20" P, , (2.2)

{Qa @} = {QL,QI} =0, (2:3)

(Qa. P =[QL. P" =0, (2.4)

[Qas M| = (0)Qy (2.5)

[Qa, gauge symmetry| =0, (2.6)

where Q,/ Q:[l is a right/left-handed spinor, P* are the translation generators, M*" are the gen-
erators of Lorentz transformations, and o, = %(J#(_f” —a¥at), ot = (1,0") where o*=123 are
the Pauli matrices. Particles in a supersymmetric theory fall into irreducible representations
of the supersymmetry algebra called supermultiplets. These contain both fermions and bosons
which are said to be superpartners to each other. There are traditionally two types of super-
multiplets; the chiral supermultiplet and the vector supermultiplet. The chiral one consists of a
Weyl fermion and a complex scalar field. The vector multiplet consists of a Weyl fermion and a

massless vector boson.

2.1 The Wess-Zumino model

The simplest supersymmetry model contain a single, non-interacting chiral multiplet, consisting
of a complex scalar field ¢ and a left-handed 2-component Weyl fermion . The spinors are
assumed to be 4D. The simplest action contain only the kinetic terms of the fermion and scalar;

Esca ar = —0"9*0,
S = /d4x (Lscalar + Ltermion) s Where { : O O0ud (2.7)

Ltermion = iT,Z)TC}“a/ﬂﬁ

This is called the massless, non-interacting Wess-Zumino model. We wish to study the super-
symmetry transformations of this theory. The action of eq. (2.7) above should be invariant
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under a supersymmetry transformation;

Slg 4] = Slp+0ch, v + 0] & S = S[0edp, 0] =0, (2.8)

where € is the supersymmetry parameter. The transformation should also turn the scalar boson
field into something involving the fermion field ¢, and vice versa. The simplest possibility for
the transformation of the scalar field is

Sep=ep,  Opt =€yl (2.9)

where our supersymmetry parameter € is an infinitesimal, anticommuting 2-component Weyl
object. For a global symmetry, €* is constant, and so d,e* = 0. The relation between this
parameter and the supersymmetry generators is 5. X = (eQ + ¢’ Q) X, with algebra [eQ, ¢’ Q1] =
2ectel P* since e anticommutes. Transforming the scalar part of the Lagrangian, we get

5€£scalar = 56(_6M¢*8,u¢)
= 059" 0 — 0" 0,09
= —lOMpTD,p — €M Db . (2.10)

Our goal is that this is cancelled fully, or up to a total derivative, by d¢Lfermion. For this to
happen d.1) must be linear in € and ¢, as well as include a spacetime derivative;

detba = —i(0¥e)aBudr ,  Setbf = i(ea™)yDug” . (2.11)
With this guess the transformation of the fermionic part of the Lagrangian becomes
5e£fermion = 55 (in6#8/L¢)
= i0 11,0 + i15H 0,04
= —ec0,0 "0 + wT6”(‘)yU“6T8M¢
= —€e0"50,0* 0 + €15 49,0, .
The Pauli matrices satisfy the anticommutation relations
ohGY + oV5t = Gha¥ 4 GVat = 2 (2.12)

which may allow some simplification. The product ¢”0#9,,0,¢ of the second term above can be
rewritten using the fact that the double derivative on ¢ is symmetric; 0,0, = 0,0,. We may
divide ¢¥c* into a symmetric and antisymmetric part respectively as ¢V = %(6”0“ —ota”) 4+
%(5” ot — ota¥). A purely antisymmetric tensor X*#” contracted with a symmetric tensor Z*”
will vanish as X* 2, = -X"'Z,, = -X"'Z,, = — X" Z,,, where in the last step we simply
renamed the indices n — n — p, and g — m — v. We end up with X*2Z,, = —X*7Z,,
meaning that X#”Z,, = 0. Thus only the symmetric part of 6”o* contracted with 9,0, will

survive, a part that also may be simplified with the Dirac anticommutation relations:
o’ot — %(6”0“ +ota”) = %(—27)“”) = -y .
Thus our expression becomes
OcLrermion = —€0"5" 96" 0yt — €'919,0"9 (2.13)

where we have contracted an index using the metric n*¥. Again, we wish to write this on a form
which cancels the scalar part of the Lagrangian up to a total derivative. This is done by

S Liormion = € 0"10,¢ + €0 ¢*0u1h — 9, (0" T 1pD, ™ + expdp* + T pTo" ) | (2.14)
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which we see matches our earlier expression:

e'0 10, 4 0" D
— 0 (0”50, 6" + o™ + elplorg) = corpdET + corpla.e
— e0”d" 0,10, 0" — ea THbELOL P
— D, T — VDRELT”
— Toplarte — 19,0t
= —eo”d" 010, 9" — e“ﬂ@u@”qb
= —eot0" 0,0 Op — 6T¢T8M8“¢ )

Here terms crossed out in the same way cancel. The trick for 0”0#9,0, has been used in the
double line or ”X” cancellation. We have seen that

5e£scalar + 6e£fermion = a,u (6O—V&Mwau¢* + €¢5“¢* + ETwTau(b) ) (215)

and so we arrive at

555 == /d4$(5eﬁsca]ar + 5e£fermion) = 0 N (216)

In order to complete our proof that the theory of eq. (2.7) is supersymmetric, our last thing
to check is that the supersymmetry algebra closes. That is, to check that the commutator
of two supersymmetry transformations with different supersymmetry parameters form another
symmetry of the theory. The commutator acting on the scalar field results in that

[5617562]¢ = 561 (562 ¢) - 662 (551 ¢)
= 561 (62¢) - 552 (61¢)
= —ieza"e{aﬂgb + ie1ote T8H¢
=1 ( 620’“61 + 610“62) oud

where we have used the transformation relation of eq. (2.9) on the second line and the trans-
formations of eq. (2.11) on the third line. Now turning to the fermion field ¢, we have that

[Oeys Oes b = ey (=il €)ay) — by (=il e])a8)
=i (~(o"eh)acr + (0"c])ac2)
:z‘(—eQa“ T+€1O"u€2> Optha + i (( 2)a eJ{&“ (€1)a 620”) o,

where on the last line we have used the Fierz identity (A),BC = —(B),AC — BA(C),. The last
two terms vanish on-shell, i.e. when the equation of motion 60,19 = 0 is satisfied. Then the
remaining terms is exactly the translation as for the scalar field.

The supersymmetry algebra only seem to close on-shell, but one usually would like for it
to hold quantum mechanically as well. Because of this, one usually introduces a new complex
scalar field F', which has no kinetic term. This field is referred to as an auxiliary field, whose
only purpose is to allow the algebra to close off-shell. The Lagrangian density is given by

£auxiliary =F'F s (217)
with equations of motion being F' = F* = 0. This takes us to the free Wess-Zumino model;

L=—0"¢*,0 + "o, + |F|? 2.18
(7 o
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which is invariant under the supersymmetry transformations
0cp =0,
0etha = —i(0"€)a0udp + (€)al" , (2.19)
0 F = —ielghd,1) .
Hence, whenever we are on-shell the equations of motion /9,1 = 0 and F' = 0 are fulfilled, so
F only comes into the picture when off-shell to close the algebra. The supersymmetry algebra
closes for the auxiliary field as well;
[Oer 0es ] F' = O, (—i€ha"0th) — bey (—i€) 5 0,)
= —ieé&“@u(—z’al’ei&,d) +eaF)+ ie{&“@u(—ia”e;aﬂb + e F)
= —i(egaueJ{ - 610“65)8MF - e%&“a”ei@u&,gb + 615“0”6£8M8,,¢

— —i(egotel — 610’”6;)8#17 .
So for the fields X = {¢, ¢f, 1, ¢!, F, F*} we have that
[0ey,0c,| X = —i (620"“61 - €1O"LL€£> X , (2.20)

and we have shown that the theory is supersymmetric.

2.2 Superfield formalism

One may construct more complicated supersymmetric Lagrangians with the same method as in
the previous section, but it would quickly become very complicated. There are also interactions
that can not appear in a supersymmetric Lagrangian. To resolve these issues, a new formalism
can be introduced where superpartners are treated as a single field; the superfield. The scalar
and fermion related via supersymmetry are then considered as different components of this
superfield, much like the spin up and down states of a single fermion.

2.2.1 Superspace and supersymmetry transformations

To develop the formalism of the superfield, one introduces the concept of the superspace, where
an equal number of commuting and anticommuting coordinates are added to the ordinary space-
time coordinates. In 4D the coordinates are {z*,0%, 04}, where 04 = (f,)* and fulfil the anti-
commutation relations

{00,05} = {60,05} = {04,031 =0 (2.21)

The integrals over the superspace are

/d&:/dé:/déé:é@:o, /deaeﬁzag,
B ) - , (2.22)
/ d?06? = / d?66? / d*60%0%> =1 , / d646° = &7

defined as in [2], where the double differentials are given by

0= —lepdode®,  d20=-1Wagde,,  d'0=d%0ad%. (2.23)
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Any supermultiplet can be expressed as a single superfield which depends on the superspace
coordinates. A superfield with lowest component being a scalar field, i.e. a scalar superfield,
can be Taylor expanded to take the general form of

S(xH,0n,05) = p(z) + 0(x) + 0x(x) + 00M (z) + 00N (z)

- - il - 2.24
+ 0510V, () + 000N (z) + 000p(x) + 0060D(x) . (2:24)

Note that the expansion in power series terminates at order 6262, which is common to all
functions of superspace coordinates. To see that there are no other contributions, one can note
the identities

0u0p = Seasl9 ,  0aly = 300, 0a0; = 0" (05,0) , (2.25)

which can be used to rewrite any term into the forms given in eq. (2.24). In order to formulate
the supersymmetry transformations in superspace, one defines the differential operators

Q= irae — (" Bala s Diom i+ (60M)al)
00« 00« 92.96
Q __287+(90- ) s Q ’L%—(U ) (T3

With these definitions, the anticommutation relations are given by
{Qa,ég} = QZ'UZB(?M = _QUZBP“ , {94, 95} = {94, Qs =0, (2.27)

where P, = —i0, is the spacetime translation generator. The differential operators of eq. (2.26)
obey the graded Leibniz/product rule, which acts as the normal product rule for derivatives
but adds a minus sign for anticommutation through a Grassmann-odd object. That is, for two
superfields S and T we have that Q,(ST) = (QuS)T + (—1)°S(QaT) with (—1)° = +1 if S
is Grassmann even or odd respectively. The supersymmetry transformations parameterised by
the infinitesimal € for any superfield S are then given by

V26,8 = —i(eQ + €Q)S

0
— - p i
_<e 89a—|—ea—|—z(ea 6+ éo «9)8)5 (2.28)

= S(z" +ieo”f + i05"0,0 + €,0 + €) — S(z*,0,0) ,

where the factor v/2 is chosen by convention and the last line is obtained by Taylor expansion to
first order in € and €. The last line of eq. (2.28) tells us that a supersymmetry transformation
can be viewed as a translation in superspace according to

M — zH + iect O + ieato
0 = 0% + € (2.29)
éa — éd + €4 -
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The supersymmetry transformations of all of the components in the scalar superfield of eq.
(2.24) become [3]

Sex’ = (2€dN + (") (V, — i@m)) ,
6. M = 1 (A — e o,0) |
0N = 5 (ep — fe0"dux) (2.30)
SV = 25 (60“5\ —éot'p — LeaVd" O, + 565”0”8»2) ;
(
(

0D = 5 (=50 Bup — §e0" D)

In order to construct Lagrangians in superspace with superfields, one will need derivatives with
respect to the superspace coordinates. The derivative 9/00% is however not appropriate since it
is not supersymmetrically covariant, i.e.

95 , 0(5.5)
56(89a)7é et (2.31)

and the equivalent applies for 9/004. As a consequence, the derivative of superfields are not
superfields themselves since they do not have the right transformation properties. To resolve
this issue one defines the supersymmetric chiral covariant derivative

_0 +i(05")*9,, (2.32)

0 _
= 7 (oM
Do = = —i(0"0)a0u , Da a0,

which then do fulfil the transformation propertiy d.(DaS) = Dq(dcS). The anti-chiral covariant
derivative can for Grassmann-even superfields be defined to obey DyS* = (D,S)*, so that

9
Oa

— i(&“@)é‘au , Dd i + i(@a“)dﬁ# , (2.33)

D% = -
00

and hence 0.(DgS) = Dg(0:.S). All supersymmetric covariant derivatives anticommute with the
Os;

whereas the chiral and anti-chiral covariant derivatives fulfil
{Dao, Dy} = 21’0558“ , {Da, D} ={Ds, D3} = 0. (2.35)

The superfield S is not an irreducible representation of the supersymmetry algebra, and so
some components may be eliminated with S still being a superfield. Smaller superfields that are
irreducible and fulfil different properties are for example the chiral ® superfield where Dy ® = 0,
the anti-chiral ® where D,® = 0, the vector (or real) superfield V' = V*, and the linear superfield
L such that DDL =0 and L = L.

10



2.2. Superfield formalism

2.2.2 The chiral superfield

To describe the Wess-Zumino model we may use the chiral and anti-chiral superfields ® and P.
In order to solve the chiral superfield constraint Ds® = 0 it is convenient to define

T (2.36)

changing the superspace coordinates to the set {y*,0% 64}. In terms of these variables, the
chiral covariant derivatives become

0 ~ 0 0 - 0
Dy = —5— —2i(0"0), - | Do = — 2 L oi(garye L 2.
500 i(c"0) g7 a0, + 2i(0ct) g7 (2.37)
pi— 2 Dy=_2 (2.38)
00, 004

By eq. (2.38) it is clear that the chiral superfield constraint is solved by any function of y* and
6 but not by 6. Hence, the chiral superfield can be written on the form

® = ¢(y) + V20£(y) + 00F (y) (2.39)

and similarly for ®. Here ¢ is a complex scalar field, £ a 2-component fermion and F an auxiliary
field. Expanding this superfield in terms of the anticommuting coordinates, and rewriting it in
terms of the original coordinates {z#, 0%, 74}, we arrive at

® = ¢(z) + 10500, () + £00000,0"(x) + V20¢(x) — %eeéffﬂaug(as) +60F(z) . (2.40)
Comparing the terms with the general superfield of eq. (2.24), we have that
p=0¢, Ya=b, M=F, y*=0, N=0,

V=04, pa=0, I\'= —%(waug)d , D=19,0'¢,

(2.41)

and the supersymmetry transformations can then be shown in the same manner as before to
give us
0cp = €€,
0ela = —i(0"€)a0ud + o F (2.42)
deF = —ied”0,€ .

These are in agreement with the variations of eq. (2.19).

Our next interest is to write supersymmetric Lagrangians. The supersymmetry transforma-
tion of the auxiliary field F' in eq. (2.42) is a total derivative. Hence, the 4D spacetime integral of
the F-term, i.e. the one involving the 2 component, of any chiral field is invariant under super-
symmetry. The product of chiral superfields of the same chirality gives another chiral superfield,
so the 4D spacetime integral of the F-term of an arbitrary polynomial of chiral superfields is
also invariant under supersymmetry. The most general renormalisable supersymmetric couplings
involving chiral superfields ®; have the form

Ly = / 20W (®;) + hc. (2.43)
where the W(®;) is an analytic function of chiral superfield, known as the superpotential, and
the integration over d26 selects its F-term. The superpotential allows us to introduce a broad set

of supersymmetric interactions. Since the 62 component of W does not involve any spacetime
derivatives, it will not lead to any kinetic terms of the theory. By the total derivative variation

11
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of the 6.D term in eq. (2.30), one can conclude that the 0262 component of a real function of
chiral superfields is also a supersymmetric invariant upon integration over 4D spacetime. This
term, called the D-term, gives rise to canonical kinetic terms and is a component of the real
function called the Kdihler potential denoted KC(®;, ®;). Its simplest variant it is the product

K=Y o9, (2.44)

of chiral and anti-chiral superfields. The corresponding term in the Lagrangian shows the kinetic
terms

Lx = / 20020k = 3 (10,1 + 0,06 + |F[) (2.45)
A general Kihler potential K(®;, ®;) leads to more complicated terms as
Lx D K (8Mg5i8“¢j + z'{zﬁ“@#fj + Fle) R (246)

where K = 02K/ 8<i>iac1>jy¢:¢ is a Kéhler metric which depends both on the fields and param-
eters of the theory. Note that K is not uniquely defined, but only up to Kdhler transformations

K(®,®) = K(®,®) + f(®) + f(D), (2.47)

where the fs are arbitrary analytic functions. Since [d*@f(®) = [d*0f(®) = 0, the quantity
[d*0K(®, @) is conserved.

Now, having discussed the invariant terms upon integration over 4D spacetime, the general
form of the Lagrangian in an interacting theory of chiral superfields can be written

L= / d*OK(D;, @;) + / d2OW (®;) + / 40w (@;)

2.48)
- o _ 1 0*°W W (
= KY (au¢i8“¢j +1i&0"0,6 + FiFj) — (2 95,00, & — F +h.c ) cee
with the ellipsis denoting higher order terms. By solving the F-term equations of motion
_ ow
F=- ) 2.4
09; (2.49)

the F-term contribution to the scalar potential of the theory is given by

oW .
VF_Zacb wé@ Z" : (2.50)

In general the Kéhler potential is assumed non-singular, and so the extrema of the superpotential
correspond to the supersymmetric ground states of the theory.

The Wess-Zumino model is constructed with the simplest choice of Kahler potential and
superpotential. It consists of the Kéhler potential in eq. (2.44) and a superpotential containing
only a single chiral field with general expression

W =a+p0+ 2% + 103 . (2.51)

The reason for these choices being the simplest is a consequence of dimensional analysis. For
the theory to be renormalisable we know that [£] = 4 and [®] = [¢] = 1 as well as [{] = 3/2
for the fermions. Hence the expansion of eq. (2.40) implies that [#] = —1/2 and [F] = 2. The
Lagrangian depends linearly on the D-term Kéhler potential and the F-term superpotential,

12



2.2. Superfield formalism

so we must have the conditions Kp € K < 4 and Wr € W < 4. Then as [626%] = —2, the
D-term of the Kéhler potential contributes with dimension —2 to the total Kédhler potential, so
that [K] < 2. For the superpotential, [#?] = —1 so that [W] < 3, and the polynomial of ® in
eq. (2.51) follows as the superpotential must also be holomorphic. The Kéhler potential should
depend on both chiral and anti-chiral fields and the first combination with dimension 2 that
comes to mind is K = ®®.

With « = 8 = 0 in the general superpotential in eq. (2.51) above, the interacting Wess-
Zumino model is realised by the Lagrangian

Lwz = |0,0> +id,a"¢ + |F|* + <mF¢ +gF¢? —me? g¢§2> . (2.52)

In many cases, Lagrangians obtained from superpotentials are invariant under U(1) global su-
persymmetries, which act differently on the fermionic and scalar components of chiral multiplets.
This can be encoded as an U(1) charge assignment to the superspace coordinates 6 via

0—e 0, B -0, O e P, (2.53)

with v and a being real numbers. These continuous U (1) symmetries are called R-symmetries.
The R-charge R is the sum R = > ;a;. The superspace coordinates have R(#) = 1 which
implies that R(d?0) = —2 and R(d*0) = 0 which makes the Kihler potential invariant under
R-symmetry transformations, however the superpotential is restricted to interactions that fulfil
R(W) = 2. The R-symmetry can be equivalently expressed regarding the supercharges, i.e. the
superalgebra has an U(1) automorphism fulfilling @ — e~**Q and @ — €¢**Q with o € R, which
in turn reproduces the results for the superspace and superfields.

2.2.3 The vector superfield

As mentioned earlier, a vector (or real) superfield V' is obtained by imposing the constraint
V = V*. This constraint forces the terms of the general superfield in eq. (2.24) to satisfy

v=¢", x=¢, N=M", V,=Vi, A=p, D=D". (2.54)

It will later prove convenient to define
Pa = Ao — 2(0"0u)a . Vu=A,, D=1D+10,0". (2.55)
With these definitions, the component expansion of the vector superfield takes the form
V(z",0,0) = o+ qwfr éy? + 00M + ééy + 05+0A, + 000(\ — L"0,0) (2.56)
+000(\ — 50" 0,0) + 9099(%D - %@L@“gy) .

Again, the supersymmetry transformation is obtained from v/26.V = —i(eQ +€Q)V or by using
the transformation results in eq. (2.30) from the general superfield but for the fields in egs.
(2.54), (2.55). Either way, the results are

detp = %(ﬂﬂ —€),
55 a — L (QECXM - (ng)&(A,u + 28H90)) ’

V2
6 M = L (eN —ieat D)
S AM = P o '—gﬂ b+ ot X — et A (257)
p —ﬁ(ze W — €0 + eat' X — eat'N)

o = J5(€aD + 5(0"5"€)a(OuAy — 0,A4)) |

deD = %(—iea"@u)\ — ieatO,N) .

13
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Note that by comparing the vector constraints in eq. (2.54) and the chiral ones of eq. (2.41), one
can conclude that a superfield can not be chiral and real at the same time unless it is a constant,
i.e. independent of z*,6,6. The vector superfield is used to represent a gauge supermultiplet
which contains a gauge boson A,, a gaugino A and a gauge auxiliary field D as components. As
seen in eq. (2.56) there are additional auxiliary fields; the real scalar ¢, the 2-component fermion
1o and complex scalar M. These can however be removed by a gauge transformation, using
the fact that the massless vector field has an U(1) gauge invariance. Consider the ”supergauge”
transformation

V =V 4i(A*—A), (2.58)

where the gauge transformation parameter A is a chiral superfield with components as in eq.
(2.40). For the components of the vector field, this transformation corresponds to

o= p+i(o" =),
%—>%—i\f2€a,

M — M —iF, (259)
A#%AM+8#(¢—|—¢*), .
Ao = A,

D—D.

The supergauge transformation for a vector superfield in eq. (2.58) makes the superspace La-
grangian invariant in the Abelian case. Imposing this gauge choice and eliminating the extra
auxiliary fields ¢, ¥4, M, the vector superfield takes the form

Vivz-gauge = 05104, + 000X + 000X + $0000D (2.60)

which is said to be in Wess-Zumino gauge. When imposing Wess-Zumino gauge on the vector
superfield, one must remember that it is no longer consistent with the general supersymmetry
transformations of eq. (2.57). Namely, the supersymmetry transformations are proportional to

V26 Vivz-gauge ~ 051 €A, — 00"€A,, + O0EN + 00 (2.61)

and so the supersymmetry transformations is not in Wess-Zumino gauge themselves. However,
a supergauge transformation can always restore dcViyz-gauge to Wess-Zumino gauge.
Continuing with the Abelian case, the gauge invariant field strength is defined as

Wa = _%DDDQV ) Wd = _%DDDO"V ’ (262)

with covariant derivatives defined as earlier and the vector superfield as in eq. (2.56). The field
strengths are chiral and anti-chiral by construction, since any chiral and anti-chiral field can be
written ® = DDS and ® = DDS for any superfield S. In the non-Abelian case they read

Wa=—1DDeVDac” | Wa=—1DDe "V Doc” | (2.69)

where now the vector superfield is V = T,V with T, being the gauge generators. The field
strengths arise in the kinetic terms for gauge bosons and gauginos as well as their interactions,
which comes from

L=1tr / 2OW W, + he. = tr (—%FWF’“’ — iAd" Dy + %D2> : (2.64)
This term is invariant under the gauge transformations

(2,0) = e ND(2,0) , eV — emiheV it , (2.65)

where ® transforming in some representation of the gauge group.

14



2.2. Superfield formalism

2.2.4 The F-term N = 1 scalar potential in supergravity

In the last part of this section we will comment on some results from the generalisation to
supergravity. We have seen that a superfield transforms like

5P =i(eQ+EQ)P (2.66)

and when going to supergravity one turns the constant supersymmetry parameter € into a
function of the local spacetime coordinates e(z*), thus extending to a local symmetry. We are
interested in the scalar potential of supergravity, which will be central in later chapters. Hence,
we turn our focus to the chiral scalar part of the supergravity Lagrangian in superspace, which
can be written ,

L= _32 /d49Ee*?’C + /d45W +he. , (2.67)
K

where K = 87G = 1/Mpy, and E is the determinant of the supervielbein, i.e. the vierbein
vV/—g = e = e superspace generalisation, which corresponds to a superspace density. & is
defined by 2RE = E with R being the curvature superfield. Note that one can make the
K-expansion

w2

2
e TR =1 - %IC +O(rY) (2.68)

where the flat space limit corresponds to k — 0, [ d?0€ — 1 and E — 1 which reproduces
the supersymmetric action in terms of K and superpotential W. For any finite value of x the
fact that IC appears explicitly in the pure supergravity part of the Lagrangian implies that the
coefficient of the Einstein term, which is the effective Planck mass, depends on the chiral matter
fields. In order to go to the Einstein frame, which has constant Mpj, a rescaling of the metric
needs to be done. However, in turn one needs to rescale the fermionic fields of the theory which
will complicate the derivation of the action of each component. To avoid this one can introduce
compensator superfields ¢, known as Weyl compensators, which indeed are unphysical and hence
required not to propagate. They are introduced such that the action is invariant under scale
and conformal transformations [4]. After having calculated the component actions, the Weyl
compensator field is fixed to a value that makes the Einstein term, i.e. the first one in eq. (2.67),
canonical. This breaks the imposed scale invariance and reproduces the searched-for component
actions. The Lagrangian above is then modified to

L=-3 / dYORCCe /3 4+ / d9ECW + hec. | (2.69)

which is invariant under the metric rescalings E — e2®*®E and £ — €5%& for some chiral
superfield ® when ¢ — e 2®(. It is clear that we must fix the Weyl compensator so that
CCe X3 =1 /Mpi. Now, to obtain the scalar potential it is sufficient to consider only flat
spacetime, so that we may take the limit IE = 1 and [ d20€ = 1, so that the Lagrangian in eq.
(2.69) takes the form

L=-3 / d*0cCe ™/ + / d20C3W +hee. (2.70)

where the covariant derivative reduces to global covariant derivatives. If we ignore the fermionic
components we can integrate over half the superspace, so that the Lagrangian of eq. (2.70)
becomes

L=-3 / 420 (fe_’c/?’FC - %C_Ce_’c/3KiFi) + 3C2FSW + C3FW; + / d2003W |
= —¢ K3 (3F5< — (KGFIFS — CKGFFC — (CKgF F) + %C_CKZ-FiKJ—Fj) (2.71)
+ 3C2FW + C3F'W; + 3C2FW + CFW; .
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From this we get the equations of motion for the auxiliary F-fields;
—3¢ ™5/ (FC — JCKFT) 4 3CW =0,
CWi — 3™ /3 (—LCRGFC — LCCKFT + SCCKRGFT) = 0

=) (2.72)
CW; + CWEK; + e *3¢CK;F7 =0
CDW + e XK FT =0 .
Solving this for F' we get that . B
Fi = fPMe gD (2.73)
and then plugging it into the Lagrangian again, the result will be of the form
L=+ KID,WD;W —3|W %) . (2.74)

In order to determine the value of the Weyl compensator field we demand that the Einstein
term has constant Planck mass, i.e. cancels the varying effect of the Kéhler potential in the

exponent. Therefore we may take ¢ = ¢ = ¢X/6, s0 the potential term in eq. (2.74) becomes
K/M i s
Vi = e/ KYDiW D;W — 3-——5 ) (2.75)
Mg,
with covariant derivatives given by
1
Mg,

The F-type parameters for supersymmetry breaking now involve covariant derivatives F; =
D;W. With F-terms being auxiliary fields, their equations of motion should vanish, and so in
supersymmetric vacua one must have D;W = 0. Supersymmetry breaking occurs when this
identity does not apply, i.e. when eq. (2.73) does not equal zero. As seen by eq. (2.75),
the vacuum expectation value of the scalar potential, i.e. the cosmological constant, can (only
including the F-term) be either zero or negative depending on the vacuum expectation value of
w.

Note that in the limit Mp; — oo gravity is decoupled from the theory and we are left with
Vr = KYD;WD;W corresponding to the F-term scalar potential in eq. (2.50) with global
supersymmetry.

2.3 Kaluza-Klein compactifications

In 1921 Kaluza in [5] showed that general relativity in five dimensions contained both a four
dimensional theory of gravity and electromagnetism. Kaluza imposed a restriction, known as
the cylinder condition, as to effectively make any effects from the fifth dimension to not appear
in our common 4D physical laws. Namely, without anything implying a fifth dimension, he
suggested that derivatives with respect to the fifth dimension vanish, thus effectively avoiding
the question of the extra dimension. In 1926 Klein suggested [6] compactification of the fifth
dimension as a more natural restriction for it not appearing in our 4D laws of physics. He
justified Kaluza’s condition with two main conditions on the fifth coordinate. First, if the fifth
coordinate had a circular topology. Fields could depend on it periodically, allowing for them to
be Fourier expanded. Second if the scale of the circular topology was small enough as to make
the energies of the Fourier modes above the ground state be so large they be unobservable, the
theory would become effectively 4D.
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2.3. Kaluza-Klein compactifications

2.3.1 General features of the Kaluza-Klein mechanism

Starting with a theory in dimension D = d 4 n, the first assumption made in KK theory is that
the n extra dimensions which are to be compactified have positive signature. This is done in
order to avoid ghosts (fields with negative kinetic energy density) and tachyons (potential fields
without minimum) in the theory. The next step is to consider ground state solutions of the
field equations for the metric (gasn) and collective matter fields (®) which exhibit spontaneous
compactification. In this case the metric takes the form of a product space Mp = Mg H M,,,
whose ground state can be written

(0) (. .d
giin (@ y") = (g“”é ) g,(SQLO(y"))’ (2.77)

where the spacetime My are spanned by coordinates z? and M, is a compact space with
coordinates 4" and Euclidean signature. In order to obtain the spectrum of the d-dimensional
theory, we consider fluctuations of the D-dimensional fields around their ground state values to
linear order, i.e.

gun(@,y) = g\in (@, y) + Sgnn (2,y) |

2.78
O(z,y) = (2, y) + 60(z,y) | (27

which we may use in the equations of motion. With the internal manifold being compact, one can
expand the fields in terms of eigenfunctions of the corresponding mass operator M2Y (1) = ZY(’)
such that

=3 OB,

dgu(x,y) Zh Y() (y) ,
(2.79)
Sgm = Y- AP @Y L)

This results in a theory which has an infinite tower of massive modes, known as the Kaluza-Klein
tower. The masses are inversely proportional to the scale of compactification m; ~ R™!, where
R can be seen as the size of the compact manifold M,, [7]. For small R, the n extra dimensions
need not conflict with every-day life (given d = 4) and its inverse square gravitational law. The
masses of the extra dimensional fields would become so large as to put them beyond the reach of
experiment, so only the finite zero-modes independent of extra dimensions would be observable.
The massless mode eigenfunctions, being harmonic forms, will play an important role as internal
metric deformations of a Calabi-Yau 3-fold which admits a finite number of them. After finding
a spontaneous compactification one should also control that the vacuum is stable, i.e. that
the massive tower states have positive energy. For Minkowski vacua this simply corresponds to
ml2 > 0, but the conditions for other type of vacua are more subtle.

Choosing My to be Minkowski and M,, to be a Ricci-flat manifold, the mass operator for
the bosonic eigenfunctions E® (y), Y (y) and Y(l)( ) will be a Laplace operator. If instead

E(i)(y) is fermionic then the mass operator is a Dirac operator. The mass operator of YT,(IZ% (y)
is a so-called Lichnerowicz operator and gives the Lichnerowicz equation for a field, which will
return in chapter 5 when performing metric deformations.
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2. Basics of Supersymmetric Lagrangians and Kaluza-Klein Theory

2.3.2 Some examples in 5D

In this section we review some of the simpler examples of Kaluza-Klein compactifications in
order to develop some intuition for the mechanism.

The massless scalar field. We start with a simple example in D = 5 where a massless scalar
field has action

So=-1 / 2oy ¢dN o | (2.80)

where M,N = 0,...,4, OM = nMN9y, and nyny = n™V = diag(—1,1,1,1,1) is a flat space.
The equation of motion, found by the principle of stationary action, is

onoMp=06=0, (2.81)

i.e. the massless Klein-Gordon equation. Setting the 5D space M5 to be a product space
Ms = My x St is still consistent with a flat metric. My is a 4D Minkowski space and S*
is a circle of radius R. The coordinates of this space can be written as z); = (a*,y), where
p = 0,...,3 and the circle coordinate is y € [0,2wR]. The equation of motion may now be
written as

oM = 0,0+ 92 =0 . (2.82)

Since y is a periodic coordinate ¢(z*,y) = ¢(a*,y+ 2w R), we may Fourier expand the field such
that

o(a,y) — ¢2173 S ) () (2.83)

Using this expression of ¢ in eq. (2.82), the equation of motion now takes the form
() n’
00"\ () — ﬁqb(x“) =0. (2.84)

This is the Klein-Gordon equation for scalar fields ¢, (z*) with masses n/R, which are 4D as
p=0,...,3. With usage of eq. (2.83) in the action of eq. (2.80) and integrating over y using
the orthonormality of the eigenfunctions \/ﬁei"y/ R of 85 [8], the action can be written

2

So=-33 [ dla(0u6m0ngn - 2o g (2.85)

It is clear that there is one massless scalar ¢(©) and an infinite amount of massive scalars ¢("7#0)
with masses 2n/R, i.e. the tower of massive Kaluza-Klein modes. We have now obtained the
effective 4D action from the original 5D action. At energies lower than the 1/R scale, only
the zero mode is kept as the massive modes become infinite in mass as R — 0. The massive
modes are truncated, and the physics become four dimensional. This is known as dimensional
reduction, or Kaluza-Klein reduction. Would we keep the massive modes, we say that we have
compactified the 5D theory, as the extra dimension is compact and its existence is taken into
account as long as the Fourier modes are included.
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2.3. Kaluza-Klein compactifications

The Maxwell vector field. Our next example is the 5D Maxwell action, whose fifth dimen-
sional term we write explicitly for later convenience, i.e.

S:/dx5 — PN Y]

— / da®| — L1F,, P — %FMF“‘*]

— / da® [ — LF P — 1(8, A1 — 01A,) (0" A" — 0" 47|
| = 1Ew M = 5(0,A0" A — 0,410 A — 0, A, 0M AT+ 04,0 AV

((0pA2)? + (01A,)? — 0, As0* A — D,A,0"A%)] . (2.86)

N[

= / d2®| — LF,, FH —

Once again compactifying the fifth dimension on a circle, we have that A(z) = A(z*,y) =
A(z*,y + 27 R) which allows for the Fourier decomposition

Az, y) = TﬂRZA(” (at)em/ R
1 = n
:Jﬂ[ (z") + Z @)™/ 4 ce)] . (2.87)

Our dimensional reduction would be rather simple could we choose an axial gauge A4 = 0,
however it is not possible to remove the zero mode Aflo) of the expansion above. The closest we

get to axial gauge is therefore Ag(z*,y) = Aio) (z*). Making use of our expansion and choice of
gauge, we insert it in the action of eq. (2.86), which becomes

1 P 1 w1 (0)v2 1 2
S = ﬁ/dx / dy[_ 1w " = 5(0,A57)" — 3(044,) } (2.88)

= [t [ AEDPO 30,00+ 3 (- 398 - 0,40+ T APP)]

n=1

On the first line the cross terms from the fifth dimension have been integrated over e/ to
zero. After integration the term (8MA510))2 remains unchanged, and (94A4,)% becomes a mass
term %22|A£n)]2
The zero mode part vanishes since 84A§L0) = %AELO) (x#) = 0.

Thus the 5D Maxwell theory has been compactified to a 4D Maxwell theory, a scalar field
Aflo), and an infinite set of 4D gauge fields Aff) and Afln)* with masses 2n/R.

as the derivative can be replaced by 0 — in/R under Fourier decomposition.

Pure gravity. Another example is that of 5D pure Einstein gravity with one spatial dimension
compactified on a circle of radius r with coordinate y € [0, 27r]. The corresponding action, the
Einstein-Hilbert action, is given by

S = %/d‘lxdy\/—gg,Rg, , (2.89)

where g5 = detgpyy with M, N =0,...,4 is the 5D metric and Rj5 is the 5D Ricci scalar. With
no matter terms, the corresponding equations of motion are just

Ryn =0, (2.90)
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2. Basics of Supersymmetric Lagrangians and Kaluza-Klein Theory

which tell us that the metric is flat. We may compactify the five dimensions into a 4D Minkowski
and circle according to My = My x S!, as in the previous example. In this case the metric is
of the type

ds® = 1y, dat dz¥ + dy? | (2.91)

so that the metric gy is given by
_ (M O

where p,v = 0,...,3. Note that a compactification M5 = M3 x S! x S! is equally valid.
To study the dynamics and spectrum of this theory we start by considering linear fluctuations
around the ground state in eq. (2.92). The metric can then be written as

gun = ¢~ /3 (91“/ ijjuAv ¢2u> , (2.93)

which is known as the Kaluza-Klein ansatz. Here ¢(2*,y) is a scalar field and A, (z#,y) a vector
field. Any 5D metric can be written in the form of eq. (2.93). As the metric and added fields
depend on the periodic coordinate y we may Fourier expand them, so that

g (', y) = ngﬁ? (z)emv/m (2.94)
oz, y) Z o™ (x)emv/T (2.95)
L7, y) Z AP (z)emvlT (2.96)

with ground state values according to the original metric;
9 =, 60 =1, AP =0. (2.97)

The complete dimensional reduction is achieved by keeping only the zero mode of gy, which
gives us the action

, 9,0 grp0)
/d4 \/_—94(35) 1 ()Fum_éW), (2.98)

Except for the 4D pure gravity action, we have also obtained the Maxwell action of electromag-
netism as well as a massless scalar field ¢.
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3

Superstrings and Supergravity

Bosonic string theories are unsatisfactory in two aspects. First, the spectra for both closed and
open strings, contain tachyons. The second feature is of course that it does not contain any
fermions. It turns out that the incorporation of fermions in string theories requires supersym-
metry and the resulting theories are called superstring theories.

3.1 The low-energy effective action of the bosonic string

In this section we describe some important properties of the bosonic action which will extend
to the type II superstrings central to this thesis.

3.1.1 The massless bosonic spectrum and symmetries

Strings sweep the 2D worldsheet spanned by the coordinates o along the string and 7 along its
perpendicular direction. The evolution of the worldsheet is given by the Polyakov action in D
flat dimensions as

1

4o/

s / do A7/ P n0a X MO XN | (3.1)

where v*# with «, 8 = {0, 7} is the worldsheet metric, ny/n is the Minkowski metric, and XM
with M =0...,D — 1 are the functions defining the embedding of the worldsheet in spacetime.
The string tension T is related to o via

1 1 M?

_ M 3.2
2o/ 2ml2 27 (32)

T —

where [ is the string scale whose inverse gives the string mass M. Before quantisation of the
theory it is important to be aware of some global and local symmetries held by the Polyakov
action, namely

e D-dimensional Poincaré invariance; a global symmetry acting on the worldsheet theory
which leaves the coordinates 7, o invariant while acting on the XM fields according to

XM(T, o) — A%XM(T, o)+ a™ | ’}/QB(T, o) — ’}/aﬁ(T, o). (3.3)

o Invariance under local worldsheet reparametrisations, for which the XM (1,0) behave as
scalars and 7*? as a 2-index tensor. Given ¢® = (7,0) we have
% — U/a(aa) ’ XM N XlM(J/a) — XM(Ua) 7

a / roy do* do’ (3'4)
'704,8(0 ) - aﬁ(a ) ~ 90’ 9o'B Mo s

e Weyl invariance, i.e. invariance under local rescalings of the worldsheet metric;

XM(T, o) — XM(T, o), ’}/aB(T, o) = Q(r, 0)70"3(7', o). (3.5)
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3. Superstrings and Supergravity

In order to quantise the system one needs to gauge fix the local invariances. The local symmetries
of 7 and o can be used to remove degrees of freedom from v*? by imposing what is known as
conformal gauge

OB =B (3.6)

This is always possible to do locally on the worldsheet and even globally for an infinite cylinder
topology. In this gauge the Polyakov action may be written

1 M N
S = m/dT dO”I?aBaaX GBX NMN - (37)
The equations of motion obtained from varying this action is the 2D wave equation
(02 - 2)XM(1,0)=0. (3.8)

Closed strings satisfy the boundary conditions X™(7,0) = XM (7,27) and 9, XM (7,0) =
0y XM (1,27). Imposing these conditions enables the mode expansion

XM(r o) =XMo™)+ XM(och), (3.9)

where

Xi(o7)

1,.M oM o— ] 0‘% —2ino~
s +apto +1 —Z—e ,
2 v n
(3.10)

M, _+ 1,.M PM o Y g
Xp(o") =52 +a'proT +i —E e
2 n
n#0
and & = 7 + o are left-moving (0%) and right-moving (¢~) worldsheet coordinates, the x
and pM are the centre of mass position and momentum respectively. For the solution to be

real one may further impose the conditions o™ = (a})* and &M, = (&M ))* on the mode

—n
expansion coefficients. Another constraint comes from the vanishing of the energy momentum

tensor, obtained by varying the worldsheet metric, resulting in that

N \/7767015 o/

which in turn results in the constraints

(0°XM07 Xar — 3P, P XM Xpr) =0 (3.11)

uNOs + X0y + XN = nundy — XMy — XN =0. (3.12)

Note that with left- and right-moving coordinates o&, the conformal metric gauge in eq. (3.6)
can be written ds? = —dot do~, which is unchanged by the change of coordinates

ot — ff (o™, o = f(o7), (3.13)

in combination with a suitable Weyl rescaling. Reparametrisations of the type in eq. (3.13)
preserve the conformal structure, are known as conformal transformations. In the case of the
2D worldsheet the conformal structure corresponds to its angles. Conformally invariant theories
like the Polyakov action are known as conformal field theories.

Quantising the action in eq. (3.7) results in the commutators

(M o] = [aM, &N = ndpymon™™ ,  [2M,pN] = MV, (3.14)
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3.1. The low-energy effective action of the bosonic string

so that «y,, &, can be interpreted as annihilation operators and a_,,, &_,, with n > 0 as creation
operators. The modes annihilate or create a left- or right-moving excitation at the level n, which
carries an energy proportional to the level. The mass of each state is given by

n=1

with —2 being a normal ordering contribution to the zero-point energy. The left- and right-
moving sectors are related by the level-matching condition

(Lo — Lo)|¢) =0, (3.16)
where

00 )
Ly = %OZO + Z Am—n " Qn , LO =500+ Z Qm—n * Qn ) (3'17)

n=1 n=1

N[

for some physical state |¢). The states are invariant under translations in o when requiring that
an equal amount of oscillators are excited on the left and right, i.e. N = N. The massless states
|éarv) for instance will then have one left-moving and one right-moving excitation

Enn) = Eménar’ar |0) (3.18)

as well as a centre of mass momentum k™ with k- k = 0. It is clear that for the norm of the
state to be positive, £ and §~ must be space-like vectors. The condition of eq. (3.12) implies that
€k =¢- k=0, meaning that the polarisation vectors must be orthogonal to the momentum.
By choosing the frame in which & = (k, k,0...,0) then the &€, &M must belong to the space
with M =2,..., D —1 and so these states are classified by their SO(D — 2) representation. The
tensor £)sn can be combined with the metric to create a scalar, a symmetric and antisymmetric
tensor by

& =5V, Eun = 3(Eun +Envm — 26mun) Eun = 3(E&un — Evm) 5 (3.19)

so that the &7y can be written as

Emun = Eun + &N + Eun - (3.20)

The state corresponding to the scalar & is known as the dilaton, the one created by the symmetric
tensor {3, is the graviton with spin 2, and the one based on the antisymmetric tensor &%,
is the B-field. In the next section we will consider the effects of having a curved background
instead of the flat ny/n.

3.1.2 Conformal invariance and the Einstein equations

There is an obvious generalisation of the Polyakov action to describe a string moving in curved
spacetime, namely

1
So = / do dry/ 7 grrnOa X MO XN (3.21)

with gy n being a general metric. This is also known as the sigma model action. While a
flat metric had one graviton in its spectrum, a curved background can be viewed as a coherent
state of gravitons, which can be seen by first considering a small deviation from the flat space;
guN = MmN + han. Using this perturbation in the path integral, the corresponding partition
function reads

Z = /Dxme—s = /DXnye_(SOJFV) = /DXnye_SO (1 —V+iviy ) , (3.22)
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3. Superstrings and Supergravity

where the vertex operator associated to the graviton state is given by

v —

/ do A7/ 7 P harn e X MO X N (3.23)
4ol
A single copy of V in the path integral corresponds to the introduction of a single graviton state,
and the inclusion of e~V results in a coherent state of gravitons.

In conformal gauge, the Polyakov action in flat space reduces to a free theory, but in a curved
background this is no longer true. Imposing conformal gauge of the o-model in eq. (3.21), the
worldsheet theory is described by an interacting 2D field theory, namely

S = / do drgnnda XM XN | (3.24)

4ol
having raised the second derivative index. The interactions can be more easily considered by
expanding around a classical solution in which the string sits at a point 2™, so that

XM(r,0) = 2™ + Va'YM(r,0) , (3.25)

where YM(7,0) are dynamical fluctuations around ™ that are assumed to be small [9]. The
Lagrangian will then take the form

gMN(X)aaXMé?O‘XN = Ck, [gMN(a:) + WangN(m)YP ( )
3.26
+ $Oploaun (@)Y Y2+ oy Moy N

Here each of the coefficient terms dpgarn, OpOggumn, - . . are coupling constants for the interac-
tions of the Y's, and it is clear that there is an infinite amount of them.

Classically the action in eq. (3.24) is conformally invariant, although not necessarily when
quantising the theory. A UV cut-off is usually introduced to regulate divergences, and after
renormalisation the physical quantities generally depend on the scale of a given process u, thus
breaking conformal invariance. The Yang-Mills theory is a typical example of such a theory in
which conformal invariance is broken quantum mechanically. The S-function is an object which
describes how couplings depend on a scale u. In our case with the metric gpsn, the S-function
is rather a functional of the form

Ogmn (X, 1)

Brun(g) ~ on

(3.27)

For the theory to be conformally invariant the S-functional is required to vanish. Hence it is in
order to study what the condition Sy;n(g) = 0 imposes on the coupling. The usual strategy is
to add a counterterm to the UV divergence in the action in eq. (3.24), and the S-functional will
then vanish when the counterterm does. Around any point x one can always choose Riemann
normal coordinates such that the expansion in eq. (3.25) becomes

gun(X) = dun — S Rupng(@)YPYQ +O(Y?) . (3.28)
Using this expression in the action, it will, up to quartic order in the fluctuations, take the form
1 /
=— /dT do (VMY Noary — & RurpngY Y0y Moy N) (3.29)
T

Treating this as an interacting 2D quantum field theory, the quartic interaction gives a vertex
with Feynman rule giving a contribution ~ Ryspng (p™-p") , with pM being the 2D momentum
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3.1. The low-energy effective action of the bosonic string

for the scalar field Y™, The divergence in the theory comes from the 1-loop diagram, which can
seen by considering the scalar propagator in position space

(YP(e)YQ(r, o)) = —%5PQ In|o® — o’? (3.30)

which diverges as 0* — ¢/®. A scalar running in the loop have its start and end coincide. To
isolate this divergence we use dimensional regularisation, where we have that

2+€ ip(c®—o’®) PQ
(VP (0 Y 2 (') = 2672 / p e . (3.31)

27‘(‘ 2+e 2 o —o'a €

In the action we may replace YY? with (YFY®?), and so having isolated the divergence we
may add a counterterm such that

1
RupngYPYQOYMYN = RypngY PYQoYMYN — —RyvoyMoy™ . (3.32)
€

This change can actually be absorbed in a renormalisation of the fluctuations Y™ — YM —
%RM ~YN in combination with a renormalisation of the coupling constants

a/
gun = gun + — RN (3.33)
With this expression of the metric, the condition of vanishing g-functional results in that

Bun(g) ~o'Ryn =0 . (3.34)

Hence, the requirement that the o-model is conformally invariant implies that the background
spacetime must be Ricci flat.

3.1.3 The non-linear sigma model

In the previous sections we have seen how strings couple to the background metric g;;n and also
that the bosonic string has massless states associated with an antisymmetric tensor and scalar,
known as the Kalb-Ramond field B,y and dilaton ¢ respectively. In this section we will study
how the inclusion of these fields in spacetime affects the theory.

Starting with the B-field, one needs to construct an action to describe the interaction or
coupling. The vertex operator Vp for the field is of the form

Vg ~ / drdo : e**dXMIXN : 3y (3.35)

with (j;y being the antisymmetric part of a constant tensor (y/n. In the same manner the
vertex operator for the gravitational field looks the same as the one in eq. (3.35) but with (%,
replaced by the traceless symmetric part (3§, of the same constant tensor. For the dilaton field
one would have that

Vy ~ / drdo : e**dXMPX ) : C (3.36)

with ¢ = ¢V . Exponentiating the B-field vertex operator of eq. (3.35) results in an expression
which describes how strings propagate in a B-field background, whose action is then given by

/ dr doy/=7 (iBun (X)0a XM 95 XN e (3.37)

47ra
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3. Superstrings and Supergravity

where €*? is the Levi-Civita 2-tensor normalised such that \/—ve'? = 1. Adding this contribution
to the action of eq. (3.24), we have

1
SorB = / drdoy=7 (v gun (X)X M5 XN — iByn (X)X M5 X NeX) |, (3.38)

where it can be shown that this new addition still retains invariance under worldsheet reparametri-
sations and Weyl rescalings.

Proceeding to the dilaton field, the same incorporation method as for the B-field can not
actually be used. Since the vertex operator is not a primary, it is not possible to obtain the
coupling by simply exponentiating the vertex operator. Instead it turns out that the correct
expression for the action describing the coupling is given by

/ drdoy/ =7 (/d(X)R™) (3.39)

47ra

with R™® being the Ricci scalar on the worldsheet [10]. The dilaton coupling will therefore vanish
on a Ricci flat worldsheet. Remarkably, the dilaton coupling is not generally Weyl invariant.
An exception being if the dilaton is constant, i.e. if ¢(X) = ¢9 € C. In this case the dilaton
coupling action becomes

S0 /dT dov/=v (&'¢poR™) = ¢ox , (3.40)

47ra

with x = 2 — 2¢g being the Euler characteristic and is related to the genus g of the worldsheet.
The coupling implies that the constant mode of the dilaton (¢) determines the coupling constant
Js, 1.e.

gs = €9 (3.41)
Hence the string coupling is the expectation value of a field rather than a parameter. The full
action including the graviton, B-field and dilaton then becomes

7 (790a XM 95X N grin + iBarn (X)0a XM 95 XN e 4 o/ g(X)R™) .

(3.42)
Again, the presence of o’ allows for a loop expansion in the non-linear o-model of eq. (3.42). The
broken Weyl invariance in the dilaton coupling may be compensated for by a 1-loop contribution
arising from the couplings to gasn and Bjsy. The S-functions for the theory in eq. (3.42) would
show this explicitly. The three S-functions from the three different fields add three contributions
to the stress-energy tensor such that

S:4

(T%,) = — %mm( 7P XM XN — S5 Bun(B)eP 0, XMog XN — L8(¢p)R™ ,  (3.43)

where each S-function is given by
O/
Bun(9) = 'Ry +20'Vy Ve — ZHMPQHNPQ )

O/
Bun(B) = _EVPHPMN + VP eHpyN (3.44)

B(¢) = —*quﬁ + ' VypVMe — ﬁHMNPHMNP

These were derived in [11] where again Hs = dBj is the field strength of the B-field. In order
to preserve Weyl invariance we must then have that

Bun(g) = Bun(B) = B(¢) =0. (3.45)
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3.1. The low-energy effective action of the bosonic string

These equations can be viewed as equations of motion for the background in which the string
propagates. A D = 26 dimensional background which reproduces these equations of motion for
the S-functions is the low-energy effective action of the bosonic string;

1
S = 5.7 /dQﬁXHe_2¢ (R — SHynpHMNE 4+ 43M¢5M¢) +0(d), (3.46)
0

where KZ% = 8m(G9g. Varying this action with respect to the gravitational, B- and dilaton fields
will indeed reproduce the results of eq. (3.44). To obtain the the conventional Einstein-Hilbert
kinetic term, i.e. the one without the dilaton factor, the action of eq. (3.46) is transformed from
the string frame to the Einstein frame via a Weyl rescaling gs — €2?gg. This results in

1 _
=52 / A X =g (R~ fye Hynp MNP + 10000M ) + O() | (347)

where now the new g = gg denotes the Kinstein frame metric. This is called a low-energy
effective action as one takes the energy to be much smaller than o/, which is equivalent to fixing
the energy and letting o/ — 0. In this limit massive modes decouple, leaving the only importance
to the massless ones and so the higher order terms of o may be neglected.

3.1.4 Open strings and D-branes

So far we have discussed closed strings, and in this section we will make a brief comment on
open strings. With boundary conditions o € [0, 7] and 9, XM (7,0) = 9, XM (7, 7) = 0 imposed
on the equations of motion in eq. (3.8), the coordinates X can be mode expanded according
to v
XM(r,0) = 2™ + 2d/pM 1+ ivV2a! Z On_g—int cos(no) . (3.48)
n#0 n
The corresponding mass operator is given by

2 1 C-
M == dan a1, (3.49)
n=1

where we see that the vacuum state has negative mass; o/M? = —1, which is a state known as
a tachyon. The massless states are given by

Enr) = Eprad? |0) (3.50)

where then &) is a 1-form gauge field. Denoting this field by Ajs, the o-model action for this
field correspond to an interaction with the boundary

Sy :/ dr Ay 0. XM . (3.51)
oM

Its corresponding equations of motion can be derived from the spacetime low-energy effective
action for open bosonic strings, namely

1
= —/d%X\/—g (~3e?FunFYY) (3.52)

S =
2,‘60

in string frame and where FF = dA. This action is the Yang-Mills action with field-dependent
coupling constant which is the square root that of closed strings.

Open strings have degrees of freedom at their endpoints which are encoded in Chan-Paton
factors. The endpoint dynamics can be seen in a dual picture of hyperplanes on which the open
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string endpoints can end, i.e. D-branes. The Chan—Paton indices are labels for the different
D-branes on which the open strings can end. With N D-branes stacked on top of each other,
the gauge group represented by the open strings is U(NN), making the action in eq. (3.52)
non-Abelian. The low-energy action in eq. (3.52) is the low-energy limit o/ — 0 of the Dirac-
Born-Infeld action, which is given by

Sp1 = —T, / dp+1§6*¢\/det(gab + Bap + 210/ Fyp) = —T,, / dp+1§e*¢\/det(gab + 21/ F) .
(3.53)
This action describes open string dynamics to all orders in /. The quantity .% is gauge invariant
in the worldvolume. The coefficient T}, is the Dp-brane tension given by T}, = (27) P (/)= (P+1)/2,
and the fields are pulled back on the D-brane metric, i.e. g = %XTT%E;V GMN -

D-branes in bosonic string theory are not stable as they decay by tachyon condensation, but
they are so in superstring theories which are introduced in the next section. The D-branes
couple to gauge potential fields in the superstring massless spectrum. The topological coupling
to these fields adds a Chern-Simons term to the action, which reads

Scs = iT, /Z tr(e? ™ B (3.54)
p+1

where the (p 4 1)-form gauge potential C)11 from the superstring spectra couples to Dp-branes
and X,y the Dp-brane world volume.

3.2 The type II superstrings

One of the basic approaches to incorporate supersymmetry into string theory is known as the
Ramond-Neveu-Schwarz (RNS) formalism, which is supersymmetric on the string worldsheet.
In the RNS formalism bosonic fields X#(o,7) are paired up with fermionic partners (o, 1),
where the fermionic fields are two-component spinors on the worldsheet. The action is given by

=L / A0 (80X, 0 XH + PP 0at) | (3.55)
where p® with o = 1,2 are 2D Dirac matrices

6 3) ()

satisfying the Clifford algebra {p®, p®} = 2n°#. The two-component spinor Yy with A = + can
be written

o
= (@ L e = @O EyY), (3.57)
where we define the Dirac conjugate of the spinor as
P =ipTp° . (3.58)

Both X* and ¢* are spacetime vectors and transform under the vector representation of the
SO(D—1,1) Lorentz group. While X* is simply a scalar on the worldsheet, the 1" is a Majorana
two-component spinor, i.e. a real two-component spinor which fulfils ¥} = ¢4. The action in
eq. (3.55) is invariant under the supersymmetry transformations

5. XM = e (3.59)
0t = pY 0 XFe | (3.60)
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3.2. The type II superstrings

where € is a real spinor and € = ief p°.
_ Introducing light-cone coordinates o, the differential operators become 04 = %(80 +0;) and
Y =i p® =i(1p, —1p_), so the action for the fermionic fields in light-cone coordinates reads

Sy = [0t 0ui +110-0) (3.61)

where the Lorentz index p has been suppressed. The equation of motion is the Dirac equation,
which for the two spinor components takes the form

6+1[J, =0 5 87’¢+ =0 5 (362)

as there is no mass term in the action. The equations describe left- and right-moving waves,
and are in two dimensions better known as the Weyl conditions. The spinors ¢4 are therefore
sometimes called Majorana-Weyl spinors. The different sectors of the RNS formalism arise when
considering the boundary terms in the variation of the fermionic action in eq. (3.62). They read

85 ~ [ dr(sbs —p-0vo)| = (Wabs —vospo)| (3.63)

O=T o=0

and must vanish. There are several ways for them to do so, depending on whether the string
is open or closed. For open strings the two terms in eq. (3.63) represents the two ends of the
string, so they must vanish separately. This is achieved if both string ends fulfil

P =9t (3.64)

where the sign is a matter of convention. Say we choose ¢! |,—o = ¥ |,=¢ at one end, then we
still have two choices for the other end. Whether the two ends have the same choice of boundary
condition, or with a relative sign, will become meaningful. The cases, or sectors, correspond to

« Ramond boundary condition: ¢/ |,—r = ¢"|,—z. The mode expansion in the R sector is

V* (0, 7) Z dhe=mr=o) (3.65)
nEZ
Y (o, 7) Z dhemim(ro) (3.66)
neZ
e Neveu-Schwarz boundary condition: MHU:W = —9"|,—x. The mode expansion in the
NS-sector takes the form
Wor)=—= > bleTrTo) (3.67)
\/5 reZ+1/2
Y (o, T) ST pemirro) (3.68)
\/i reZ+1/2

The Fourier modes d¥, b¥ are Grassman numbers which anticommute. For the closed string, on
the other hand, there are two possible periodicity conditions;

(o) = £l (o + ), (3.69)

each of which makes the boundary term disappear. A positive sign describes a periodic boundary
condition and a negative sign an antiperiodic boundary condition. The fermionic fields ¥* are
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3. Superstrings and Supergravity

either right- or left-moving, and the type of state they will represent depends on which type of
periodicity that has been imposed. That is, for the right-movers, one can choose

= Z dle= (=) or Yt (0, 7) = Z b= 2ir(r=0) (3.70)
nez reZ+1/2
while for the left-movers the choice is
i (o, 1) Z dle=2m(rto)  op Vi (o, 7) Z he=2r(r+o) (3.71)
nez reZ+1/2

Now, depending on which combination of right-and left-movers one chooses the states will cor-
respond to spacetime fermions or bosons. States in the NSNS and RR sectors are bosons, and
NSR and RNS are fermions, summing up to four distinct closed-string sectors.

As for the bosonic part of the action, X#(o, 7) is strictly periodic on a closed string; X*(0,7) =
XH(m,7), so it may also be Fourier expanded according to

XMoo mr=Y ane ™70 - XMo, 1) =Y dpe 2MTH) (3.72)
neZ neL

The Forier modes of the bosonic and fermionic parts fulfil the commutation and anticommutation
relations

[04513 O‘Z] = m"luy(strn,O ) {dﬂ d, } = "7“1/511+m,0 ) {bu by} = nMV6T+S,O . (3-73)

ny»'m TYYS
The fact that the spacetime vectors X* and " are real implies that the modes satisfy
() =a_n, (dn)=do, (b)) =b_y. (3.74)

Now, promoting the Fourier modes to operators that fulfil the conditions in eq. (3.73) and eq.
(3.74), they may now be used to construct the states of the theory. For all parts, operators
with positive-valued subscripts are annihilation operators and operators with negative-valued
subscripts are creation operators. The ground state |0) in each sector is defined as the state
that is annihilated when an annihilation operator acts on it, i.e.

an|0) =dn [0) =b,]0) =0,  Vn,r>0. (3.75)

The quantised open string states have masses

(NS) o' M Z ol ol + Z md',.d\, +a , (3.76)

(R) Za_n ol Z b’ b +a (3.77)

r=1/2
where o is the string constant and a is a normal ordering constant which is

—% , for NS modes,

o= (3.78)
0, for R modes.

The closed string states includes left- and right-movers, where the mass operators are given by

(NS)  o/M?= Z ol a4 Z md ,d, + > & a0+ kd d +at+a,  (3.79)
= k=1

(R) Za_n ol + Z rb b4+ YAt Ak, + > rbt b (3.80)

r=1/2 m=1 s=1/2
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3.2. The type II superstrings

The normal ordering constant for the NS sector can be calculated via

1 > > 1 1 1 1
=ans = =(d—2 E — E =—d-2)| —-——— ) =——=(d—-2 3.81
and we see that for ang = —1/2 the critical dimension is d = 10. For the R sector on the other

hand, all modes are integer modes, so the bosonic and fermionic parts cancel and we are left
with ar = dR = 0.

Considering the mass term of the NS sector in eq. (3.76) it is clear that if there are no
excitations then the ground state mass is given by o/ Mg = —%. That is, the ground state is a
tachyon. Since there is no anomaly in eq. (3.77) the ground state of the R sector is massless.
The massless state of the R sector is also degenerate, as the ground state |0) has the same
mass as dp |[0). This is not the case in the NS sector as there are no fermionic oscillators with
zero-valued subscripts (r € Z+1/2). The modes dj also satisfies the anticommutation relations
in eq. (3.73), which is a Clifford algebra up to a factor, and so the ground state modes dy may
be identified with gamma matrices. The gamma matrices in turn are a set of tensor operators
and transform according to the d-dimensional representation of SO(d — 1,1). Therefore the
degenerate R sector ground state transforms as a spinor of SO(d — 1, 1). Since we have D = 10,
the R sector ground state is a 10D spinor which has 2P/2 = 25 = 32 components.

In order to make RNS string theory a consistent theory that eliminates the tachyon, the
spectrum can be truncated, or projected, in a specific way by a mechanism known as the GSO
projection. To do so, we start by introducing an operator G called G-parity. In the NS sector,
it is given by

Gns = (1) | where F= > b,bL (3.82)

—-r-r
r=1/2
F' is the number of b-oscillator excitations, i.e. the worldsheet fermion number. The G-parity
operator thus specifies if a state has an even or odd number of worldsheet fermion excitations.
In the R sector we have that

Gr=Tu(-1)", with E=> d .d (3.83)

n-n
n=1

and I';; =T'g...Ig is the 10D analogue of v5 in four dimensions. Similar to v it also satisfies
{I'11,T*} = 0 and (T'11)? = 1. In 10D the chiral projection operators are defined as Py =
%(1 +T11). Note that a spinor fulfilling I'11¢) = 41 are said to have positive/negative chirality,
and a spinor with a definite chirality is known as a Weyl spinor.

As for the GSO projection, it consists of only keeping the states with positive G-parity in the
NS sector. That is, we keep only the states satisfying

(-D)f' =41 & (-D)f=-1, (3.84)

and eliminates those with negative G-parity. This mean that we require an odd number of b-
oscillator excitations. For the R sector we may choose to project onto state of either positive or
negative G-parity, depending on the chirality of the ground state spinor. The choice is a matter
of convention.

Since the open string tachyon has negative G-parity, i.e. G|0)ng = — |0)yg, it will be elim-
inated from the spectrum. The first excited state, the massless vector boson bil /2 |0)ng, has
positive parity and survives the projection, hence it becomes the ground state of the NS sector.

In order to analyse the closed string spectrum we need to consider left- and right-movers
again. Thus there are four different sectors; NS-NS, NS-R, R-NS, and R-R to consider. We have
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3. Superstrings and Supergravity

concluded that a GSO projection onto states with positive G-parity eliminates the tachyon.
For the R sector we choose a projection onto either states with negative or positive G-parity
depending on the spinor ground state. The choice of whether the G-parity of the left- and
right-moving R sectors is the same or opposite gives rise to two different theories.

In type IIB theory the left-and right-moving R sector ground states have the same chirality,
chosen to be positive. Thus the two R sectors, each denoted |+) p, have the same G-parity. The
opposite applies for type ITA, where the left- and right-moving ground states in the R sector
have the opposite chirality. The massless states in the spectrum of each theory is summarised
in table 3.1.

1A 1B
=R ®[+H)r [+Hr @ )R

b1z 10)ns @O 5 [0 | B2 12 10)ng ® By 15 [0)ng
5i—1/2 0)xs © )R Bi—l/Q 0)xs @ [+) g

=) R @b/ [0)xs [+) R ® b5 10)xs

Table 3.1: Massless states of the type II theories. The sign + denotes the chirality of each
state. It can be seen that the RR and RNS sectors have different chiralities in type ITA and IIB,
while the states in the NSNS and NSR sectors are the same for both theories.

The massless states of the two theories are very similar, only difference being that in type ITA
the fermionic states come with two different chiralities. There are 64 states in each of the four
massless sectors, adding up to a total of 256 states in each theory.

The massless string states transform under the little group SO(8), which is a subgroup of
the 10D Lorentz group SO(9,1). The 8D representations of SO(8) are given by a vector repre-
sentation 8, and two spinor representations 8 and 8.. These are related to each other by the
triality automorphism group. From them the whole closed massless type II superstring spec-
trum can be built. The R sector is built out of spinorial representations and the NS sector from
the vector representation. The RR/RNS/NSR/NSNS sectors are each built by tensoring the
different representations, and a following decomposition of the tensor product into irreducible
SO(8) representations gives us the constituents of each sector. The NSNS sector is the same for
type ITA and IIB, and consists of

8, 8, =1D28®D 35, =D Byn D gun » (3.85)

where the scalar ¢ is called the dilaton, the 2-form field By is a gauge field, and gy is a
symmetric field known as the graviton. The irreps are obtained by decomposing a second rank
tensor (8, ® 8y) into a trace, an antisymmetric part and a symmetric traceless part respectively.

We have seen that the type ITA theory is a chiral theory on the worldsheet and non-chiral in
spacetime, while the opposite applies for the type IIB theory. This means that they will each
be built by spinors of opposite and equal chirality respectively, so that for the RR sectors they
are given by

IIA : 8 R8 =8, P56, =CpyDCuynp, (3.86)
IB: 8,®8 =1028®35.=Cyo®Cun®Cyiypg (3.87)

where the C's are gauge fields of different degrees (0, ...,4), referred to as the RR gauge fields.
The scalar Cj is called the axion. The plus superscript on C4 denotes that it is Hodge dual to
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| 1A | 1B
Sector H Quantity ‘ Fields H Quantity ‘ Fields
1 dilaton ¢ 1 dilaton ¢

NSNS 28 2-form gauge field Bs 28 2-form gauge field Bo

35 graviton gy n 35 graviton gy v

112 gravitinos ¥} 112 gravitinos ¥}

RNS and RNS 16 dilatinos A4 16 dilatinos A4

1 axion scalar Cj
RR 586 ;jgii gZEgE EEE gl 28 2-form gauge field Cs
gaug 3 35 4-form gauge field Cy

Table 3.2: The massless closed string spectra of the type IIA and type IIB theories.

itself. As for the mixed sectors NSR and RNS, the decomposition is as follows:

8, D8 =8.056. =\ @yl , (NSR)

IIA 5 5
8s D8 =8;D56s =\ DYy, (RNS)

(3.88)

8, ®8 =8, @56 =\ @), , (NSR)

IIB : .
8 B8, =856 = @1l , (RNS)

(3.89)

where the fermions in the 8 representation, A*, A = 1,2 are called dilatinos, and the fermions
1/;1‘?4 in the 56 representation are known as gravitinos. The complete massless spectrum of each
of the theories are summarised in table 3.2. The NSNS sector is the same for the two theories.
In the NSR and RNS sectors the gravitinos have the same chirality in the IIB case, and the
opposite chirality in the type ITA case. By tensoring a pair of Majorana-Weyl spinor the RR
sector states obtained are bosonic.

As a final remark we reconnect with section 3.1.4, and note that Dp-branes of odd p couple
to the even potentials of type IIB superstring theory, while those of even p couple to the odd
potentials of type ITA. These stable D-brane configurations are BPS states, which conserve half
of the supersymmetry.

3.3 Type II low-energy effective actions and supergravity

The low-energy effective actions of the superstring can be obtained in a similar manner as for the
bosonic string, but is a lot harder to do. Nevertheless, it turns out that the resulting low-energy
effective actions are equivalent to the 10D supergravity theories, which are supersymmetric
extensions of Einstein gravity. Hence the supergravity theories are low-energy limits of string
theories, which we will briefly review in this next section.

3.3.1 The type 1l supergravity theories

The 11D supergravity theory was first formulated in 1978 by Cremmer, Julia and Scherk [12].
The 10D type II supergravity theories can be derived from 11D supergravity by a Kaluza-Klein
compactification of the 11*" dimension on a circle, which was first done in [13] in 1985. The
11D supergravity theory has two bosonic fields; the metric Gy 5, with M,N =0,...,10, and
a 3-form potential Ay; 55 = Az with field strength Fy = dA3. The bosonic part of the action
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reads [14]

1 1
Sy =— [ d'lzvV-G (R - %\F4|2> - = /dnxAg ANFyAFy, (3.90)
2K11 6

where k17 is the 11D gravitational coupling constant. To dimensionally reduce this the starting
point is writing a general metric that is invariant under translations in the 11*" direction, namely

ds* = Gg\;]%(xM) dz™ 4z
2
= G}\9[N(:BM) dazM dgVN 4 e20@™) (dxlo + AN(xM) de) , (3.91)

where 0 = 2¢/3. The 11D metric thus reduces to a scalar o and a 1-form gauge field A;. The
potential Az will reduce to potentials A3 and As where the Ay comes from components with

one index along the compact 11*" dimension. In summary the three terms in eq. (3.90) become
respectively
1
S1= 5 /dl%\/—G ("R - 3 |RP?) (3.92)
K10
1 N
So= -1 /dl%\/—G (e 1B + e Faf?) (3.93)
K10
1 1
S3 = - /lexAg NFyNFy = - dlo.%'A3 ANFs A Fy (3.94)
4K, 4K

where we have compactified the theory on a circle of coordinate period 2w R so that /1%0 =
k%, /2mR. Note that the normalisation of the kinetic terms is canonical for 2x%, = 1. The
p-form field strengths are generally defined as the exterior derivative of a (p — 1)-form gauge
potential, according to F), = dA4,_1. In eq. (3.93) we have defined

Fy=dAs — A, A Fy . (3.95)

Terms like the one in eq. (3.94), i.e. with appearing p-form potentials rather than their exterior
derivatives, are known as Chern-Simons terms. To make contact with string theory, we redefine
the metric as

Gun = 6_¢GMN(DGW) , (3.96)

and reintroduce the dilaton ¢ in standard form into the theory. Some of the fields will be
redefined as to match the ones appearing in the string worldsheet o-model action. The fields of
the reduced theory will then be the same as those of 10D type ITA string theory. The action of
the type IIA supergravity theory is given by

Stia = Snsns + Srr + Scs (3.97)

where the action is grouped according to whether the fields belong to the NSNS sector or the
RR sector. The Chern-Simons action contain fields from both these sectors. The constituent
actions of eq. (3.97) are

1 B
SNSNS = By /dlow —Ge % (R + 400 ¢0M ¢ — %’H?)’Q) ; (3.98)
10
1 i
Sp = _%/dl%\/—e (1Bl + 1Eal?) (3.99)
1
Scg = ——5 [ d0zBy AFyANFy | (3.100)
4/1%0
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where F), = dC,_; with C being the familiar RR gauge potential from the previous section,
Hs = dBs for the NSNS sector, and Fy=dCs; — C; A Fs.

The 11D supergravity action is dimensionally reduced to the type IIA supergravity action,
but the type IIB supergravity cannot be obtained in the same way. Type IIA and IIB string
theory are related by T-duality, so in principle the type IIB supergravity action could be obtained
by T-dualising the type ITA string theory and thereafter taking the low-energy limit. It is not
however an easy task because of the self-dual 5-form. Due to the presence of the self-dual 5-form
field strength, there is no standard manifestly covariant action for this theory, but the following
action comes close:

Sup = Snsns + Srr + Scs (3.101)
1
SNSNS = ~—5- / 02y ~Ge 2 (R + 40360™ ¢ — §|H[?) | (3.102)
2K
1 _ _
Sir =~ [ d02V=G (IB? + [ B2 + 3|F5P) (3.103)
4k
1
Scs = -5 d10$C4 ANHs A Fy | (3.104)
K7y
where
Fy=F3—CyA Hy (3.105)
Fy=F5—JCo ANHs+ 3By A Fy . (3.106)

Note that the NSNS sector actions are the same for both theories, as should be expected from
the field content in table 3.2. The self-duality of the 5-form field-strength, i.e. 5 = xFy, must
be added as a constraint to the equations of motion of the action in eq. (3.101). Imposing the
constraint directly onto the action would result in the wrong equations of motion.

3.3.2 Type IIB SL(2,R)-invariance and S-duality

The type IIB action can be rewritten in a form which clearly shows that it is invariant under
an SL(2,R) symmetry transformation. Rewritten in Einstein frame, it is invariant under the
transformations

o= =0, By — —Cy Cy — By, (3.107)

and the axion Cj, the 4-form C}4 and the Einstein frame metric left as they are. Such a symmetry
maps the string coupling according to gs — 1/g¢s, which in the limit g — oo relates the strong
and weak coupling regimes. The RR and NSNS 2-forms in eq. (3.107) have a sign difference
as to make the 10D Chern-Simons coupling invariant. This symmetry is called S-symmetry, a
name motivated by its formal analogy with the perturbative T-duality R — 1/R and by the fact
that it acts on the dilaton ¢ (which is sometimes denoted S). Since it relates the strong and
weak coupling regimes it is also sometimes called the strong-weak duality.

The type IIB action has a larger SL(2, R) symmetry. By combining the axion and the dilaton
to the complex axion-dilaton

T=Co+ie ?, (3.108)

this symmetry acts on the axion-dilaton and the 2-form potentials according to

at +b Bz a b B2
L () () (3. 100
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where ad — bc = 1. The S-duality is then given as a specific SL(2,R) transformation with
a=d=0and b= —c =1, reproducing eq. (3.107). Quantum mechanics requires the charge,
with respect to the NSNS 2-form of the basic object of string theory — the fundamental string —
to be quantised. This breaks the continuous group SL(2,R) symmetry to the discrete subgroup
SL(2,7), which is conjectured to be a symmetry of the full type IIB string theory. It is generated
by the actions 7 — —7 and 7 — 7 + 1. In later chapters we will see that this is a version of
a so-called axionic shift-symmetry, which in general is a continuous symmetry that is broken
to a discrete subgroup by non-perturbative effects. As a consequence, SL(2,Z) has also been
conjectured to be the symmetry group of non-perturbative IIB superstring theory, and is also
formally identical to the 2-torus modular group.

As a final note we note another common rewriting of the IIB action. With G3 = F3 — 7Hj3
the type IIB action in eq. (3.101) can, after a Weyl rescaling to Einstein frame, be rewritten as

1 10 jor|? Gsl* |E5)P /04/\G3/\G3)
= —g(R- - g 11
Stp K3 d x”(R 2(Im7)%?  2(Imr)? 4 4K3, Im7 » (3:.110)

where the field strengths are defined as earlier and with F5 as in eq. (3.106). The SL(2,RR)
transformation is then given with 7 as in eq. (3.109) and G3 — G3/(cT + d).

3.3.3 The democratic formulation

In this section we will describe a uniform formulation of the two type II supergravities in 10D in
a way which is symmetric between IIA and IIB and utilises all RR forms as well as their duals,
which was first introduced in [15]. It also applies to the massive type ITA theory by including
the 9-form field Cy as well as its dual field strength Fy = m equal to the mass. The extended
field content is then

ITA : {gmn,Bun, ®,C1,Cs,Cs,Cr,Co,pr, A},

(3.111)
IIB : {gMN7BMN7¢7C[)7CQ7C4ac67C87¢M7A} 5

where ITA has fermions of both chiralities while in IIB we have that T'™y; = 937 and THA = —\.
The uniform bosonic action may be written

59
1 2
S=55 /dww\/—g(ew [R — 4(0¢)* + %|H|2] +1 Y B FQH) : (3.112)
o nzo,%
where n is summed over integers 0,...,5 in ITA and half-integers %, e ,% in IIB. All of the
potentials and field strengths may be grouped together as
55 55
C= > Couwma, F=)> Fy, (3.113)
n:O,% nzO,%
where the NSNS and RR field strength are given as
H=dB, F=dC—-HAC+me’. (3.114)

Again the last term in F' above exists only in massive type ITA theory. Self-duality conditions
are imposed to reduce the degrees of freedom to the physical ones, and are in this formulation
given by

Fop = (—DM s Fig_g,, | (3.115)
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with [n]| being the integer part of n and x the 10D Hodge star. The Bianchi identities for the
NSNS flux and the RR fluxes are

dH=0, dF-HAF=0, (3.116)

respectively. The democratic formulation will for instance be used in the next chapter expressing
the supersymmetry transformations of the type II fermionic fields.
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4

Type II Supersymmetric Backgrounds with
Maximal Spacetime Symmetry

The cosmological principle states that on large enough scales, i.e. about 500 Mpc, the universe is
homogeneous and isotropic. By homogeneity we mean that the properties of the universe are the
same at every point in space, i.e. it is translation invariant. Isotropy is being in a given point,
in every direction we look at, the properties of the universe look the same. This means that
it is invariant under rotations. A space that is both homogeneous and isotropic is maximally
symmetric. In this chapter we will discuss compactifications from 10D to 4D in which the vacuum
external geometry is maximally symmetric. There exist three different possible spaces that are
so; the Minkowski, anti-de Sitter (AdS) and de Sitter (dS) spaces. These spaces have Poincaré-,
SO(1,4)- and SO(2,3)-invariance respectively. The most general 10D metric including a 4D
maximally symmetric space is

ds? = eQA(y)gu,, dz* dz” + g dy™ dy" , m,n=1,...,6, (4.1)

where A is a function of the internal, or compactified, coordinates called a warp factor, g, is
our 4D Minkowski, AdS or dS metric and g, is an arbitrary 6D metric.

The first requirement of maximal spacetime symmetry is usually said to be that the vacuum
expectation value (VEV) of the fermionic fields is zero. This is because of the supersymmetry
requirement .1 ~ Jpr, i.e. that a fermionic supersymmetry transformation is proportional to
the derivative of a scalar field, which, in a maximally symmetric spacetime, has to be constant.
Hence only a vacuum configuration (¢, 1) = (¢o,0) with a constant scalar field ¢ is allowed in
a maximally symmetric space to conserve supersymmetry. The background must therefore be
purely bosonic.

In 10D the type II supersymmetry variations for the fermions, i.e. the two gravitinos wﬁ
with A = 1,2 and the two dilatinos A in the democratic formulation of the RR fields, are

Sethar = Vare + FH yPe+ €2 Fo T aPre (4.2)
SA = (96 + JHP) e+ §e 3 (=1)"(5 — 2n)Fy Prc . (4.3)

Here the RR field strengths F' are given in eq. (3.114), and the slash is defined according to
¥y, = ﬁFpl,”PNFPL"PN. The 3-form field H3 is contracted according to f ,; = %HMNPFNP
and the P’s are given for type ITA and IIB respectively as

TTA: P=Ty, P = (['11)"0t (4.4)

» :{01 n—i—%odd

11B: P=—03, : (4.5)

ioc? n+ % even

where the o’s are the Pauli matrices. The vanishing of the fermionic supersymmetry variations
will guarantee the background to be maximally symmetric and supersymmetric. Given a metric
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

of the form in eq. (4.1), one can show that the supersymmetry variations in combination with
the Bianchi identities of the NSNS and RR fields will imply all other equations of motion. Hence,
the supersymmetry variations will be central in our study of supersymmetric backgrounds.

4.1 Supersymmetric backgrounds without flux

We begin our analysis with the simplest case in which we take all fluxes to vanish. With no
fluxes present, demanding a vanishing VEV for the gravitino variation in eq. (4.2) reduces the
equation to

Vyme=0, (4.6)

i.e. the requirement that there is a covariantly constant spinor € on the manifold. The covariant
derivative on a spinor acts like

Vv — 0O+ %WMMNFMFN =0y +wyp , (4.7)

where the barred indices M, N denote locally flat coordinates and wMM N is the spin connection

given in terms of vielbeins eyM as

wyMN = %eNM (8M6NN — 8N6MN) — %eNN (8M6NM — 8N6MM) (4.8)
- %GPMBQN(GPGQR - aQGPR)eMR ; (4.9)
and the vielbeins satisfy
gMN:eMMeNNnMN , eMMeMN:M—Z , FM:eMMFM . (4.10)
The 11D gamma matrices I'™ are given by

" ~0,...,3,
™ — (II:m> , where {51:4 0 (4.11)

With the metric of eq. (4.1), the vierbeins and gamma matrices are defined by

_ Ay v
Mo [eten 0 i
ey = ( 0 eAém”> ) (4.12)
v —Aen, 0 v r#
e e —_A
™ =M™ = ( 0 e Aém£_> <r€> =e (Fm> . (4.13)
We are now ready to calculate the spin connection wys. Starting by noticing that
o (eAWe,7) 0
N __ M m
aMeN = ( 0 aM(eA(y)émﬁ)

_ ((OmA)ee,” 0\ (etOme” 0
0 (O A)elen,” 0 eAOném”

the calculation of wp; can be split according to wy; = @y + @, with @Wps being the spin
connection of the 4D metric §,,, not including the warp factor A(y™), and the @y of the
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4.1. Supersymmetric backgrounds without flux

internal manifold ¢,,,. Hence directing our attention to the wpys, which has only derivatives of
m, the spin connection becomes

(I}%N — %€NM(8M6NN o 8N€MN) . %CNN(aMeNM o 8N€MM)
— %ePMeQN(apeQR — aQePR)eMR
= %(eNMaMeNN — 6NN8M€NM) + %( — 6NM8N€MN + eNNaNeMM)
— %epMeQN(apeQR - 8Q€PR)6MR
O — OpA = %(8mA) (eNMeNN — eNNeNM) + (- emMeMN + emNeMM)
(T e pons T PN o Y

_ %(67”14) (_ emMeMN _|_€mN€M]\_4) . (emMeQNeQéeMR . ePMemNepReMR>]

(O A (= e ey N 4 emN gy M1y _ (emM(;RzyeMR _ emN(;ﬁ\_%/IeMR)}

|
N[

:%(amA) (_emMeMN+emN€MM)_(emMeMN_emNeMM)]
_ (8mA)(—emM€MN+€mN€MM) 7

where the first of the three terms inside the big parenthesis cancel as eV MeyN — NNy M —
nMN _pNM — 0 since ™V is symmetric. Adding the gamma matrices to this, some simplifica-

tions can be made:

LD]\]\;JINFMFN = (8mA)( — emMeMN + emNeMM)FMFN
2@ ATy .

Thus we have shown that &y = %(DMMNFMFN = —%(GmA)FmI‘M. Notice that I'"™T), =
e~ AT eAT = rmr i1> but from here on we will drop the bar on the indices. Using a decom-
position of the gamma matrix I'™ = 5 ® v we may write

oy = =57 @7 (Om AT = =57 @ (DA (4.14)
so that the covariant derivative on the spinor € can be written

Ve = (aM + wM)e
= Opre — %(75 ® AT pr)e + Dpre
= Ve — 1(v5 @ @AT 1 )e . (4.15)

The covariant derivative with the hat is the one related to the 4D metric. Considering only
at the exterior 4D maximally symmetric space I'y; — I';;, we may use another gamma matrix
decomposition I';, = v, ® 1, so that

@Me + 3 ® @A) =0, (4.16)
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

A

where we used that 57y, = —v,75. With this result we may express the commutator [@M, V.]e
according to

[V, Vile = 1 (05m75 @ YAY A — 195775 © YAV A)e
=370 + 1) © YAY Ae

= _%'Y;WWAWAe

= (VA (417)
where we have used that ., = 4 (7,7 — 77,) and PP = P2. The condition in eq. (4.17) is

known as an integrability condition. On the other hand, we know from general relativity the
definition of the Riemann tensor

A A

[@Ma vu]€ = iRuuAp’}’)\pf (418)
= g'}/,uue ) (4.19)

where we have used that the Riemann tensor of a maximally symmetric space is just

R;w)\p = k(gu)\gup - gupgw\) . (4.20)

As familiar k is negative for AdS, zero for Minkowski and positive for dS. Combining these facts,
our integrability condition can now be expressed as

k4 Vi AVTA =0, (4.21)

since 7., is non-zero. The only possible constant value of (VA)? on a compact manifold is
zero, because the warp function A will have a minimum on a compact manifold where VA will
vanish. As a result, the warp factor has to be constant and the external 4D space can only be
Minkowski.

To study the internal component of the same supersymmetry variation, we split the super-
symmetry spinors into 4D and 6D spinors. Without fluxes the gravitino variation is

Sebiy = Vet = 0. (4.22)

In type IIA the gravitinos have opposite chiralities, and in type IIB the chiralities are the same.
The type IIB spinor can therefore be decomposed as

p=clon +f o, (4.23)

where ¢4 is the 4D spinor and 7 the one in 6D. For type IIA the chirality makes the spinors
decompose according to

e =& o+l o, (4.24)
=& ®n +& o, (4.25)

where the spinors fulfil ¢4 = (¢4)* and n_ = (n4)*. Inserting these definitions into our gravitino
variation in eq. (4.22), the condition for the internal component reads

Vimne =0 (4.26)

This means that the internal manifold has a covariantly constant spinor. This requirement forces
the manifold to have a reduced geometry. Generally 6D manifolds have holonomy group SU(3)
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4.2. Conditions on the internal manifold with fluxes present

or a subgroup of this, and are known as a Calabi-Yau manifolds, which admits one covariantly
constant spinor.

In our decomposition of the supersymmetry spinors € we have only used a single spinor for
the internal manifold, but two for the external 4D space. The reason for this is that one in-
ternal spinor is the minimum requirement for decomposition, and gives the minimum amount
of supersymmetries preserved. Having more than one covariant constant spinor the holonomy
group of the manifold should be smaller than SU(3), which results in a larger number of super-
symmetries preserved. Thus assuming more internal spinors mean assuming a higher degree of
supersymmetry. In the 4D external space we have two supersymmetry parameters ¢! and €2,
corresponding to eight conserved supercharges and N = 2 supersymmetry.

In conclusion we have seen that the only solution of supersymmetric compactifications with-
out fluxes, while requiring the external manifold to be maximally symmetric, is an external
Minkowski space with a Calabi-Yau manifold as internal space. These compactifications pre-
serve N' = 2 in 4D. The internal manifold should admit at least one supersymmetry parameter.
In later sections we will see that fluxes can break the N' = 2 supersymmetry down to N’ = 1, or
break the supersymmetry completely, in a stable way.

4.2 Conditions on the internal manifold with fluxes present

In the absence of fluxes we have seen that supersymmetry requires a spinor to be covariantly
constant on the internal manifold. This condition can be seen to be two-fold; first the very
existence of a non-vanishing globally defined spinor, and second; that it is covariantly constant.
The first condition can be viewed as a topological requirement on the internal manifold, while
the second on the metric, or rather its connection, is a differential condition. We will analyse
these conditions separately, starting with the first one.

4.2.1 Implications of the existence of a globally well-defined spinor

A spinor that is globally well-defined and non-vanishing exists only on a manifolds that have a
reduced structure, i.e. a reduced structure group. Riemannian manifolds have structure group
SO(n), where n is the dimension of the manifold. All vectors, tensors and spinors on such a
manifold can therefore be decomposed in representations of SO(n).

Let us turn back to our 6D internal manifold. In 6D the structure group G is that of SU(3).
The spinor representation 4 of SO(6) can be decomposed in representations of SU(3) according
to 4 — 3 + 1. The fact that there is a SU(3) singlet in the decomposition means that there is
a spinor which depends trivially on the tangent bundle of the manifold, and is therefore well-
defined and non-vanishing. Other SO(6) representations such as the vector 6, the 2-form 15
and the 3-form 20 can be decomposed under SU (3) according to

6 —>3+3, (4.27)
15—+8+3+3+1, (4.28)
2056+6++3+3+1+1. (4.29)

There are singlets in the decomposed 2-form and 3-form as well, so there is a globally well-
defined real 2-form J and complex 3-form 2. There are no singlets in the vector decomposition,
so there are no invariant vectors. There is also no 5-form, so we know that the wedge product
of J and € is zero. The 3-form (2 is also related to the volume form of J. Namely, the J and 2
fulfil the compatibility constraints

JAQ=0, JNINT =3QN0. (4.30)

43



4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

By raising one of the indices of J an almost complex structure is obtained, i.e. a (1,1)-form fulfill-
ing J,PJp" = —6,,". The eigenvalues of a real-valued matrix that squares to minus identity are
+4. An almost complex structure allows us to introduce local holomorphic and antiholomorphic
vectors 0,i, 0,7, with 4 = 1,2, 3, which act as the local eigenvectors with eigenvalues +i and —i
respectively.

The integrability condition of the almost complex structure can be restated as the vanishing
of the Nijenhuis tensor, i.e.

Non? = 2(Jn 0¥ g Jy? — Jn TV g Jy?) = 0 . (4.31)

The antisymmetrisation in the above equation actually allows for the covariant derivative to be
replaced by an ordinary derivative. The structure group SU(3) of our 6D manifold is determined
by our invariant spinor n, or by J and €. J and €2 can be defined in terms of 7 as

Jmn = qZQiUTi'ymnni , Qnp = —Qini’ymnpn_k . (4.32)

where Qy,p,p is a (3,0)-form and Jp,, a (1,1)-form with respect to the complex structure .J,,".

4.2.2 Implications of a covariantly constant spinor

We proceed to the second condition stating that our globally well-defined spinor is covariantly
constant and consider the implications of this. A manifold with SU(3)-structure with an SU(3)-
invariant spinor that is also covariantly constant is the Calabi-Yau 3-fold. By 3-fold, we mean
that the Calabi-Yau manifold has three complex dimensions, corresponding to six real dimen-
sions. The Levi-Civita connection of the metric is said to have SU(3) holonomy. The holonomy
group of a connection consists of all possible changes of direction a vector makes when being par-
allel transported on a closed loop on some manifold. It is a subgroup of O(n). The Levi-Civita
connection is an affine connection (V) that preserves the metric; V,,gpn, = 0 and is torsion-free;

where V), is some vector and T5,,, the torsion tensor. A connection fulfilling the first condition
of Viugnp = 0, but that is not necessarily torsion-free, is sometimes referred to as a metric
compatible connection.

In general on some manifold with SU(3)-structure, there is always a metric compatible con-
nection which has SU(3) holonomy and covariantly constant spinor V,,n = 0. In the case
when the connection is also torsion-free (Levi-Civita), the manifold is a Calabi-Yau. Therefore,
there are other possible manifolds with torsion to fulfil our demands of SU(3)-structure with
Vmn = 0, which we ought to investigate. The torsion tensor is a natural starting point. It is in
the following space:

Trn? € A @ (su(3) @ su(3)*) (4.34)

where the index p spans the space of 1-forms A! and the indices m, n span the space of 2-forms.
The space of 2-forms is isomorphic to, i.e. have the same form as, the Lie algebra so(6) of the
group SO(6). However here we have used the decomposition s0(6) = so(3) @ so(3)*. As the
torsion tensor is acting on SU(3)-invariant forms, the su(3) piece may be dropped. The torsion
tensor can now be called the intrinsic torsion, containing the following five representations:

TP € M@ su(3)t = 303) 2 (1®333)
=191)2(828)®(636)2(303)d (3@ 3) (4.35)
EW1@W2@W3@W4@W5.
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4.2. Conditions on the internal manifold with fluxes present

The Wh,. .., Ws are five intrinsic torsion classes, and appear in the covariant derivative of the
spinor 7, 2-form J and 3-form 2. The Wy and W5 look the same but come from different spaces.
In terms of forms, the torsion class

W1 is a complex scalar,

W5 is a complex primitive (1,1)-form,
W3 is a real primitive (2,1)+(1,2)-form,
Wy s a real vector,

Ws is a complex (1,0)-form.

If some class W; is primitive it means that W; A J = 0. These classes can be used rewrite d.J
and d€). In order to do so we first need to have a look at how the exterior derivative acts on a
(p,q)-form A, , € X, ,(M). It will decompose in form-spaces on the manifold according to

dAp7q € Xp_:,_g,q_l(M) U Xp+17q(M) U Xp7q+1(M) U Xp_17q+2(M) R (436)

where X, (M) is the space of (p,q)-forms on the manifold M. We know that the exterior
derivative acting on some p-form results in another (p + 1)-form, and so this decomposition is
a natural extension of that. The exterior derivative of our fundamental (1,1)-form J will thus
decompose according to

dJl,l S X370(M) U XQJ(M) U X172(M) U X073(M) . (437)

The (3,0)-form and (0,3)-form parts of dJ are described by W; and transforms in the 1 & 1 of
SU(3). The (2,1)-form transforms under SU(3) according to

303=(393)s®(393)4=603, (4.38)

and the (1,2)-form results in 6 ®3 in the same way. In total, the (2,1)-form and (1,2)-form parts
transform as (3 ® 3) @ (6 ® 6). Out of this, the (3 @ 3) part is described by Wy and (6 & 6) by
W3. To remove the (3 @ 3) part W3 must satisfy the primitivity condition

WsAJ=0. (4.39)

Moving on to the fundamental (3,0)-form €, the same method as for d.J results in that d§2
consists of a (4,0)-form, a (3,1)-form and a (2,2)-form. The first one is described by W in the
same way as the (3,0)-part of d.J, but the (3,1)-form transforms as 3 and is described by Wi.
The (2, 2)-form transforms according to

303=8+1, (4.40)

where the 8 is described by Wa, which is primitive: Wo A J = 0, and again W; describes 1. This
may be summarised so that

dJ e Wi e W3 Wy, (4.41)
dQe Wi @ Wy @ Wi . (4.42)

Knowing this, one can make the definition [1]

dJ = 3Im(W1Q) + Wa A J + Wi, (4.43)
dQ =WiJ?> + Wo AT+ W5 AQ . (4.44
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

The pieces in d) that contain W7 and Wy are (2, 2)-forms, while Q itself is a (3,0)-form. On a
complex manifold, the exterior derivative acting on a (p, ¢)-form results in (p + 1, ¢)-form and
(p,q + 1)-form pieces, which result in d©2 having (4, 0)-form and (3, 1)-form constituent. Thus
it becomes clear that for the manifold to be complex the (2,2)-forms must vanish, i.e. we must
have Wi = Wy = 0. Note that this condition is equivalent to requiring that the Nijenhuis tensor
in eq. (4.31) vanishes, since we then are dealing with a complex manifold.

In a symplectic manifold the fundamental 2-form J is closed, i.e. dJ = 0. This results in that
W1 = W3 = W, = 0 in accordance with eq. (4.43).

The Kahler manifold is both complex and symplectic, so it must have W7, = Wy = W3 =
W4 = 0 and only Wy # 0. The Calabi-Yau is a type of Kéhler manifold with, as stated earlier,
has vanishing torsion; Wy = Wy = W3 = Wy = W5 = 0. These and some other manifolds are
collected in table 4.1 as stated in [1].

Manifold ‘ Vanishing torsion classes
Complex Wi=Wy=0

Symplectic Wi=Ws=Wy=0
Half-flat Im(Wy) =Im(Wy) =Wy =W;5=0

Special Hermitian

Wi=Wa=Wy=W5=0

Nearly Kéahler

Wo=Ws=Wys=W5=0

Almost Kahler

Wi=Ws=Ws=W5=0

Kahler Wi=We=W3=W;=0
Nearly Calabi-Yau Wi =Im(Wy) =W =W, =W;=0
Calabi-Yau Wi=We=W3=W4;=W5=0

Conformal Calabi-Yau | W7 = Wy = W3 =0, 3W, —2W5 =0

Table 4.1: Vanishing torsion classes for some manifolds with SU(3)-structure.

4.3 Generalised complex geometry descriptions of the internal
manifold

To attain a geometric description of the internal manifold, we begin by introducing the basic
concepts of generalised complex geometry, which will be used in the later sections of this chapter.
It will also provide us with a foundation for geometric descriptions in the extended formalism
of exceptional generalised geometry, to be introduced in chapter 11.

4.3.1 Basic formalism of almost complex structures

This section is devoted to introduce the basic formulations and ideas of generalised complex
geometry that are useful in the context of flux compactifications. Generalised complex geometry
was originally formulated by Hitchin [16] and developed by his student Gualtieri [17].

In ordinary complex geometry one usually deals with the tangent and cotangent bundle of
a manifold separately. The bundle of interest in generalised complex is the sum of these two,
i.e. TM @ T*M, which is called the generalised tangent bundle. The sections (see Appendix B)
of the tangent bundle are vectors X, and the cotangent sections are 1-forms £. The generalised
tangent bundle then have sections X consisting of a vector plus a 1-form X = X + &.

The generalised almost complex structure J is the generalised complex geometry equivalent
to the ordinary almost complex structure I,,,". It is defined as a linear map from the generalised
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tangent bundle to itself, i.e.

J:TM&T*M —-TMa&T M (4.45)
and fulfils 72 = —144, where d is the dimension of the manifold. Note that the ordinary almost
complex structure fulfils I? = —1,. Moreover, J respects the bundle structure

(JIX) =7(X), (4.46)

where 7 is the projection operator and preserves the natural inner product of two generalised
tangent vectors X and Y =Y + ¢ according to

(IX,JY)=(X,Y)=1T, (4.47)

i.e. the metric is Hermitian. The inner product can be seen as the natural metric on the
generalised bundle, and is given by
0 1
I= (1 O) . (4.48)

The condition for J then translates into JZ.J = Z. A generalised almost complex structure has

the form [18]
J P
J = (L K) ) (4.49)

where the constituents maps the tangent and cotangent bundle according to

J:TM —TM ,
P:T*M —TM ,
L:TM —T*M ,
K :T*M — T*M .

(4.50)

The Hermiticity condition JZ.J = T leads to the constraints K = —J7, P = —PT and L = — L7,

so that J now reads
J P

where P and L are antisymmetric matrices. The condition J? = —154 imposes J2+ LP = —14.
The ordinary almost complex structures are naturally embedded in the generalised ones, so we

may construct
(I 0
Ji = <O —IT> , (4.52)

which fulfils j12 = —1lyq and J1ZJ1 = Z. Another example of a generalised almost complex
structure built with a non-degenerate 2-form w,,, is

0 —w!
Jo = (w 0 ) . (4.53)

The projection operators on an ordinary almost complex structure [ is given by 7y = %(Ildiif ),
where the plus sign represents a holomorphic projection and the minus sign an antiholomorphic
projection. For a generalised almost complex structure the definition of the projection operators
follows rather naturally as 1L = %(]lgd + iJ). The integrability condition for an ordinary
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almost complex structure is the vanishing of the Nijenhuis tensor. The same condition can also
be written in terms of the projection operators according to

m[me X, Y], =0, (4.54)
where [, ‘|1, is the Lie bracket. This bracket acting on some function f is defined as
(X, Yef = X(Y(f)) - Y(X(F)) - (4.55)

When X and Y are smooth vectors they can be seen as differential operators, so for a smooth
function f : M — R then X f and Y f are again smooth functions that maps as M — R. The
commutator of any two derivations is again a derivation, which is the case of the Lie bracket. The
bracket is skew-symmetric [X, Y], = —[Y, X] and satisfies the Jacobi identity. The Lie bracket
can also be viewed in terms of flow. Namely, [X, Y]}, can be seen as the derivative of Y along
the flow generated by X. The Lie derivative L is a generalisation that allows differentiation of
any tensor field along the flow generated by X. In terms of this derivative the Lie bracket can
be defined as [X, Y], = LxY.
For the generalised complex structure the integrability condition is defined as

MM X, 11 Y]e =0, (4.56)
where the Lie bracket has been replaced by the Courant bracket [-,-]c. It is defined as
X, Y]e=[X+&Y + (o= [X, Y]+ LxC— Ly — 3d(ex( — wr€) (4.57)

where ¢x is the interior product, or interior derivative, which is defined as the contraction of
a differential form with a vector field X. With X being a vector field on the manifold then
Lx: QP(M) — QP~1(M). From its antisymmetric properties it follows that txiy A = —1y1x A.
It is also nilpotent; 3 = 0, just as the exterior derivative d. Introducing the notation ., a
p-form A can contract a (p + n)-form B into a n-form such that

(ALB) = L Alir B,

iyeensin = Lieordpyilseemin 3

and the interior product is then written tx( = X 1. The interior product is related to the
exterior derivative and the Lie derivative via Lx A = d(txA) + tx dA.

Returning to the examples of J; and Jo, the integrability conditions on [J; and J2 impose the
corresponding integrability conditions on its building blocks, i.e. the ordinary almost complex
structures I and w. That is, integrability of J; enforces I to be an integrable almost complex
structure on T'M which is equivalent to I being a complex structure, and thus the manifold is
complex. For [Js, integrability implies that dw = 0, making w a closed almost complex structure.
These are the conditions put on symplectic forms, so the 2-form w and its corresponding manifold
must be symplectic.

These are just examples. More general types of generalised almost complex structures are
partially complex and partially symplectic. It is worth noting that the introduction of the
generalised tangent bundle and the exchange of the Lie bracket to the Courant bracket are
perhaps the two most fundamental points of generalised complex geometry.

4.3.2 Conditions on the defining SU(3) forms as pure spinors

There is an algebraic one-to-one correspondence between generalised almost complex structures
and Clifford(6,6) pure spinors. Spinors on the generalised tangent bundle transform under
Clifford(6), which has algebra {y™,7™} = 2¢™". There is also a representation of this algebra
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in terms of forms with 4™ = da™ A +¢™"¢,,, which satisfies a Clifford(d) algebra. The algebra
for Clifford(d, d) is in turn given by

{mern} =0 ) {Frmrn} =0 ) {Fm’ Fn} = Imn ) (4'58)

where the I and I, are completely independent of each other, i.e. the index cannot be raised
or lowered with a metric. Therefore the number of gamma matrices is twice the dimension of
the manifold, which in our case is twelve. Z™,, is the (6 4+ 6)-dimensional natural metric of the
generalised bundle defined in eq. (4.48). The representation also exists in terms of forms, given
by

' =dz"nA, Lo =tm - (4.59)

A pure spinor is a spinor that is annihilated by a space of half the dimension of the algebra
it lives in. Specifically a pure Clifford(6,6) spinor is one who is annihilated by two 6D gamma
matrices I, T, (or linear combinations of them) out of a total of four 6D gamma matrices
"™ 'y, '™, T'y, which build the Clifford(6,6) algebra. On a manifold with SU(3)-structure there
are two natural pure spinors. The first on is the 3-form 2, which is annihilated by I'* and I';
according to

Q= d2' A (Qjud2?d Ad2P AdeY) =0,

since the index i has to be either j, k or [ and dz* A dz* = 0 for any choice of i since the wedge
product is antisymmetric. For the I'; we have

150 = (U dzd Ad2P Ad2) =0,
where ¢j dz®t A ... Adatr = péj[-il dz® A ... Adatl. As for the other gamma matrices, we have

0,0 = (i dzd AdzP A del) = 3Qu A d2P Ad2 (4.60)

I'Q = d2" A (Qjp d2? AdzP Ad2!) = Qi de? Adzd Ad2P Ad2! (4.61)
where wee see that I';Q2 in eq. (4.60) have no restrictions on the holomorphic indices and could
be any 2-form. The same applies for the I"Q) in eq. (4.61) which is some (3,1)-form. Thus
we have seen that () is indeed annihilated by half of the gamma matrices and is thus a pure
Clifford(6,6) spinor. Acting with different combinations of the creation operators I'; and I'* on
), it is clear that the result can be forms of all possible degrees. Therefore we may say that
Clifford(6,6) spinors are equivalent to (p, ¢)-forms.

As for the second pure spinor on a SU(3)-structure manifold, one might guess it to be the
other invariant 2-form J, however it is actually given by

e =1+iJ—LINT—LINTAT . (4.62)

It is annihilated by the linear combination I';,, — iJ;, I'™ = 1y, — 2 dz™ A, which can be seen,
term by term, from

(b, — i d2"A)1 = —idpyy, da”
i(tm — 1 Jmn d2"N)J = i da” + T dz™ A J
—Lm = 1T A" NV T AT = =320 d2" AT + 2T da™ AT AT
— &t = 1T dz" ANV T AT AT = =E3 T da™ AT AT

where we see that the first term cancels against the first term on the second line, and so on.
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

The Clifford map can map a Clifford(6,6) spinor (form) to a bispinor, i.e. a spinor that

consists of two other spinors, via
N Lo ; Rl PN B
k ’ k ’

As we have established in previous sections, a space with SU(3)-structure has a nowhere van-
ishing SU(3)-invariant spinor 7. This spinor is also a Clifford(6) spinor as it is annihilated
by 7* and ~; in a similar fashion to the Clifford(6,6) spinors. From 7 we may construct two
SU (3, 3)-invariant bispinors, by tensoring 7 with its dagger. That is, we may construct two
bispinors

i =nion) . (4.64)

This tensor product can be written, using Fierz identities, as

11 o
Oy =n, @l = 1 > gnl%l...ikmﬁ“‘“”” : (4.65)
k=0 """

Now, using the Clifford map in eq. (4.63) backwards, the bispinors can be identified with regular
forms. The subscripts plus/minus in ®1 denote the Spin(6,6) chirality; plus denote an even
form, and minus an odd form. The Clifford(6,6) spinors in terms of the fundamental forms
defining the SU(3)-structure can be obtained using the expression of J and  in terms of 7
according to eq. (4.32), and combining it with the Fierz arrangement in eq. (4.65). This results
in

¢, =n, @n} =g, (4.66)
o_=n o =-10. (4.67)

It it clear that these spinors are pure and annihilated by I'y, — ¢, '™ as there is only a sign
difference in the exponent from the pure spinor e/ in eq. (4.62). The one-to-one correspondence
between a pure spinor and a generalised almost complex structure stated earlier, is given as

o, =1 R, (4.68)
o_=-1 - T, (4.69)

where J; and J> was defined in eq. (4.52) and eq. (4.53) respectively.

Imposing the integrability condition on the generalised complex structure J corresponds for
the spinor ® that there exists a vector v and 1-form ¢ such that d® = (vL+£A)P. A manifold
that fulfils this condition is the generalised Calabi-Yau, as it has a closed pure spinor, i.e. 3P
pure such that d® = 0. Unlike an ordinary Calabi-Yau the generalised Calabi-Yau need not
have vanishing torsion. For example it may be a complex (or symplectic) manifold with a trivial
W torsion class, say W5 = df, then ® = e~ /Q and d® = 0.

A closed 3-form flux H may "twist” the generalised Calabi-Yau. Adding such a form modifies
the Courant bracket by adding a term txty H to the normal Courant bracket, i.e. so that it is
now defined as

[X—Ff,y—f—C]HE [X,Y]C—f—LxLyH. (470)

This in turn changes the integrability condition so that d® — (d — HA)®, i.e. the spinor
integrability condition now reads

(d— HA)® = (0L +EN)D . (4.71)

50



4.4. Consequences of imposing N' = 1 on the background

A twisted generalised Calabi-Yau has a pure spinor such that it fulfils
(d—HAN® =0, (4.72)

and hence H can be seen as to have "twisted” the integrability condition. Would one decompose
the pure spinor into forms according to ® = )", ¢, then this twisted generalised Calabi-Yau
condition would read d¢y — Hs A ¢_o for all k. Note that a twisted exterior derivative condition
such as this one appeared in the definition of the democratic RR fields in eq. (3.114) and in
their corresponding Bianchi identity in eq. (3.116).

4.4 Consequences of imposing N = 1 on the background

In this section we will collapse the NV = 2 supersymmetry of our Minkowski background to N = 1,
and see what consequences that follow. Our two 4D spinors £%2 in the spinor decomposition
of eqs. (4.23)—(4.25) are the ones preserving the N' = 2 supersymmetry in the 4D external
space. In order to have N' = 1 we need a relation between &' and ¢2, a relation which maximal
symmetry demands to be trivial, i.e. to be proportionality. We may therefore decompose the
spinors according to

& —aéy & — bey

&L —ag & —be,

where a and b are some complex functions of the internal space. This means that instead of our
supersymmetry spinors €"? consisting of two different 4D spinors ¢12 (with chiralities +), they
now consist of a single spinor ¢ and some complex functions a and b. Hence, for the different

(4.73)

type II theories, the supersymmetry spinors €2 now look like
eira = &+ @ (any) + & @ (an-) , etg = &+ ® (any) + & © (an-) (4.74)
eiia = &+ ® (bn-) + &= @ (bny) | e = & ® (b)) + €@ (b-) -

In this section we will use these N’ = 1 spinor decompositions in the type II supersymmetry
variations, and relate them to torsion via the NSNS flux, from which one obtains conditions on
the internal manifold.

4.4.1 Supersymmetry equations in terms of pure spinors

Using the decompositions of the supersymmetry spinors in eq. (4.74), the gravitino and dilatino
supersymmetry conditions of eq. (4.2) and eq. (4.3) may be expressed in terms of 4D and 6D
spinors separately. In the next our interest lies in the SU(3)-structure internal manifold, which
admits the spinor n, and so we may neglect the 4D ( spinor part. The procedure of rewriting
the supersymmetry conditions as differential conditions on pure spinors in the context of flux
backgrounds was first done in [19], whose results are reproduced in this section 4.4. In section
4.4.1 the necessary constraints on the background are obtained and are then solved in the next
section 4.4.2.

We begin by turning to the supersymmetry transformations, where the gravitino variation
for type ITA reads

5
dethm = (DM + LW T+ %e‘b Z an(Fll)n01FM> e=0, (4.75)
n=0

and the two supersymmetry parameters have different chirality according to

F11€1 = €1 , F11€2 = —€2 . (4.76)
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

The fluxes in eq. (4.75) can be chosen to be purely internal as FQ(iO) = Fy, + volyFhy_y by
4D Poincaré invariance and Fy,_4 = (—1)L”J *6 F19_92, by self-duality. The tilde denoting the
internal fluxes may then be dropped. The external type IIA gravitino variation is then reduced
to

Dye+ te? (Fo + Fol'n + F4F%1) o'Tyue=0, (4.77)

where we take H,, = 0 and use the self-duality condition of the fluxes. The Pauli matrices effect
on the supersymmetry parameter via the Ps in eqs. (4.2) and (4.3) are summarised here for
clarity as

€= <61> , ole = <€2> , io%e = < 2 ) , —03e = <_61> . (4.78)
€9 €1 —€1 €2

where again ¢! appear in type IIA and the other two in the IIB theory. Inserting these in the
gravitino variation of eq. (4.2), the type IIA variations read

(D + i a)er + 2e®(Fo — By + Fu)T e =0, (4.79)
(DM— iHM)eg—i-%ed)(Fo—i-Fg-i-le)PMq =0. (4.80)

Next we will consider the external and internal space variations separately. Starting with the
external, relevant expressions are Dye = [V, @ 1 + 3(7,75 ® #A)]e as in eq. (4.16) and T, =
Yu ® 1. Using the spinor decompositions in eq. (4.74) and considering the external space to be
Minkowski, then @ue = 0 and eq. (4.79) is divided into two equations according to

0= 2vu75¢+ @ JAany + 37,75¢ @ JAan_ + Le?(Fo — Fo + Fa)vus @ b
+ 2e®(Fo— Fo+ Fa)vul- @bny

. L _ (4.81)
0=9.(+® [iaAaTPr + g€ (Fo—Fo+ Fy)bn-]
e @ [~y Aan- + ge?(Fo — Fy + Fa)lbns
using v5(+ = (4 and v5¢(— = —(_. We see that the above equation can be written as a sum of

two terms that are in the product space of vy, (4 respectively 7,,(—. These must vanish separately
as the 4D spinor ( is arbitrary, i.e. we must have that

PAan, + %eqb(Fo —Fy+Fy)bn_ =0, (4.82)
PAan_ — je?(Fo— Fa+ Fy)bn, =0 (4.83)

In the exact same manner the es-variation of eq. (4.80) results in the two equations

A + 1€ (Fo+ Fo+ Fy)an, =0, (4.84)
PAbn, — 3¢ (Fo+ Fo+ Fy)an- =0 . (4.85)

By making a linear combination of eq. (4.82) and eq. (4.85) we have that
(4.82) +1i x (4.85) = adAn; + Le®Fan- =0, (4.86)
where o = a + ib, § = a — ib, and the flux is given by

—Fa1 = (a+ib)Fy + (a — ib)Fy + (a + ib) Fy

. . . (4.87)
=["Fy+a ' Fy+ [*Fy .
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4.4. Consequences of imposing N' = 1 on the background

The linear combination (4.82) — i x (4.85) corresponds to making the exchange a — / and
Fa1 — Fao in eq. (4.86), where

Fao = o*Fy + B*Fy + o*Fy . (4.88)

Eq. (4.86) is the ITA external gravitino variation we will use in later analysis. Continuing to
the supersymmetry variation of the internal space, we have that 'y, = 75 ® 7, and egs. (4.79),

(4.80) become respectively
o {Dm(aUJr) + tH any + 3 (Fo — Fo+ Fy)ymbn- =0,
Dpy(an-) + JH an- — 86¢(F0—F2+F4)7mb77+—0,
62.{Dm( n— ) 1Hm1_977—+%€¢(F0+F2+F4)’Yma"7+ :Oa
m(0ny) = jHman- — 5e®(Fo+ Fao+ Fy)yman- =0

Like the external gravitino variations, adding the first €;-equation in eq. (4.89) and the last
eo-equation multiplied with ¢, we get for the internal supersymmetry variation that

(4.89)

(aDyp + O — %,6’)5‘]771)774r + ée‘z’FAlfymn_ =0. (4.90)

This one has the equivalent symmetry o <+ 8 and Fa; <> Fao as the external variation in eq.
(4.86).

Further, it will be useful to combine the gravitino and dilatino variations eqgs. (4.2), (4.3) so
that the RR flux terms cancel. This is achieved by the combination

Cardipns — A= (I — ¢+ HP) e =0, (4.91)

which we refer to as the modified dilatino equation. Again for ITA we have P = I'11, so the two
equations for each € become

{(12 P + H)an+ 0,
(D — d6+ 1H )a
i

(D —dp — 3 H)
The second €j-equation is the complex conjugate of the first one and the first €5 equation is the

complex conjugate of the last one. Hence we need only consider the first and last equation in
eq. (4.92). Combining them in the usual manner give us

(a) +ad(2A— ¢+ Ina)+ 18H)ny =0, (4.93)

I

an-—
(4.92)
n— )

b’l7+ =0.

where we have expanded the derivative and used that da = a/In a.
We are now ready to proceed to the IIB case. The gravitino variations reads

(Dn — %HM)El + §6¢(F1 + F3+ F5)Tyea =0,
(D + 1H ez + %ed)(_Fl +Fs—F5)Tyer =0,

where the spinors are given in eq. (4.74). The analysis is equivalent to the ITA case so we only
list the results as

(4.94)

(@A + £6¢F31)n+ =0,
(@D + O — 1 8H )0y — §e®Fiymny =0, (4.95)
(@) + ad(2A — ¢ +1na) — 1ML =0,
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

the first equation being the one coming from the external variation, the second from the internal
variation, and the third one is the modified dilatino equation. The combined fluxes are given by

Fg1 =aF), — BF5+ ofF5 . (496)

As in the ITA case, another set of equations can be found by the exchange a <> § and Fgy <> Fna
where —Fgo = F) — aF3 + SF5.

The equations can be written in a basis n4,vyn+,¥y"n+ since anything else in the Clifford
algebra acting on 74, say ™" can be re-expressed in this basis. However, since ny is a
Clifford vacuum, we have that v'n, = 7'n_ = 0, so we are left with 7+ and y"n.. Out of these
the pair {n4,7™n-} have positive chirality and {7"ny,n-} have negative chirality. In these
bases, the supersymmetry conditions will then take the form

0V, =85n-+ (Sm+An)y"n: =0, (4.97)
Wy = i(Qm + Rn)nt +i(Qmn + Rmn)y"n- =0, (4.98)
TM§ppr — 6N =Tn_ + Tppy™nye =0, (4.99)

where the ¥ denotes the appropriate linear combination of supersymmetry variations of each
theory, e.g. 0W,, = (d¢ + @0 )by in IIA, ete.

Next, we are to derive the expression of each term in eqgs. (4.97)—(4.99) in terms of the two
pure spinors ¢/ and Q. To do so we start by using the Fierz rearrangement in eq. (4.65),
restated again as

6 .
ne @, = % > %nhil...z-mﬂ““"'“ - (4.100)
k=0 "

Using this, pure spinors can be constructed from tensor products of the standard SU(3) admitted

spinor 7, so that
1 .
Nt @ 771 = gf/:g{’
i
Ny @nl = - (4.101)

7 =
n-@nl = oA

where the slash denotes the spinor equivalent rather than form in the Clifford map of eq. (4.63).
We begin our analysis with the type IIA case, where we wish to rewrite egs. (4.86), (4.90)
and (4.93) on their respective form in eqgs. (4.97)-(4.99). Starting with the external gravitino
variation in eq. (4.86), the goal is to find Sa1, Sam and A,, such that

adAns + Le®Fain— = Sain— + (Sam + Am)y ™04 - (4.102)

These can be obtained by multiplying the gravitino variation with 77:T,E and nlfyn from the left.
For instance, multiplying by 5 from the left on both sides of eq. (4.102), the first term on
the left-hand side and the second one on the right-hand side both vanish. With normalisation

77;771 = %, we are left with %S ‘a1 on the right-hand side. The left-hand side is evaluated to

N Fan- = el Fans) = Le(Fad?) = SF 7)o (4.103)

where in the first equality a trace was inserted since the left-hand side is a constant and in the
second equality we have inserted the first identity from eq. (4.101). In the last equality we
used that the trace of products consisting of antisymmetric gamma matrices vanish, and so all
products of gamma matrices in J' Apejl vanish, leaving only a single product that is proportional
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4.4. Consequences of imposing N' = 1 on the background

to identity rather than a gamma matrix. Higher dimensional gamma matrices are [N x N matrices
where N = 2l2/7") = 8 in n = 6 dimensions, but since the spinors 7 are chiral the associated
gamma matrices reduce to 4 x 4 matrices. Hence we get a factor tr(1) = 4, and the subscript
(...)o denotes the term in the Clifford product that does not contain any gamma matrices. In
conclusion we have determined

Sa1 = %ed)(FAlﬁM)o , (4.104)

where F'5; and &7 are contracted by the 6D metric.

In order to determine Sa1,, and A,,, we return to eq. (4.102) but this time we multiply with
UL’Yp from the left on both sides. This will make the term containing Sa; vanish, and the RR
flux term can be evaluated as in the previous case, where now

M = el an-) = —itr(@ypFar) = —5(Faidh), | (4.105)

where we used eq. (4.101) and the (...), denotes the term that gets multiplied with 4* in the
gamma, matrix products. The right-hand side with Sa1,, should be thought of as P,"S,,, which
projects onto antiholomorphic coordinates, where the projector is defined as

B = 16, 41,7 (4.106)
Gathering all the expressions, the type ITA spacetime gravitino variation of eq. (4.86) now reads
e (Fard)on- + (§e?(Farfl)m + adnA) 4™y =0, (4.107)

form which one may read off the expressions of Sa1,Sa1m and A,,. There is also another
equation like this one but with exchanges o — 8 and Fa1 — Fas.

To rewrite the internal gravitino variation in eq. (4.90) on the form of eq. (4.98), we multiply
them with nT_ and UT_’}/p from the left on both sides. This will give terms of the form %Rm and
P,PR,, in eq. (4.98), where P, = %(5nm —iJ,™) is the projector onto holomorphic indices.
The procedure is the same as for the external variation, but in order to rewrite the RR flux term
we make use of the identities

anAl’anf = _%(ﬁFAl)m )

. . , 4.108
Ui%FAﬂm??— = _(FAIM)p + %(FAI)QJJ)Ogmp + (FAIBM)mp ) ( )

where g is the internal 6D metric. These will contribute to the R-terms in eq. (4.98), as they
are related to the RR flux. The @s can be related to the NSNS flux and torsion, as we will
describe next.

As familiar, a manifold with SU(3) holonomy has a covariantly constant spinor D,,n = 0,
which may be translated into the closure of the forms J and €2, and where the failure of this
closure is measured by torsion. The J and ) are given in terms of 1 as in eq. (4.32). In spinorial
basis we may express the covariant derivative as

Dy = (Gm + i@my + 1qmny" )7 (4.109)
where ~ is the 6D chirality operator. By choosing the normalisation of 7 to have constant norm,
one can set ¢, = 0 [19]. The g¢s here are in fact another definition of torsion. In particular, the
qm is a vector, i.e. part of the (3 @ 3) representation, and so g, lies in

Be3)aBae3)=(623)a6a3)aB@al)e(B8al). (4.110)
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

Hence we see that all representations of the Ws are present. Comparing eq. (4.109) with the
exterior derivatives of J and  in eqs. (4.43)—(4.44), it was first found in [19] that the coefficients
of eq. (4.109) can be written in holomorphic/antiholomorphic indices as

g = 5(Ws — W) , Gij = — s Wi Q" — QWY Gy = —Wa+ 1Wigi; . (4.111)

In relation to J and Q = Qr —iQ; then ¢, = %Vmequqn. There is reason to involve the NSNS
flux Hs to these equations since, as will be discussed in later chapters, some torsion and NSNS
flux are exchanged under mirror symmetry. It is therefore customary to add Hs to the covariant
derivative in eq. (4.109) to behave better under mirror symmetry. The addition changes eq.
(4.109) to

Dfin =i(Qmy + Qmy")n , (4.112)

where the most suitable derivative turns out to be DX = D,, + éHmnp’y”p [20]. The new
coefficients are then given in holomorphic/antiholomorphic indices according to

Qi = 5(Ws =Wy —iH®)) |
Qij = —&(Ws +iH®)y; — §Quu(Wy +iHP)* (4.113)
Qij = —i'WQij — i(Wl + 32];’(1))9@'5 .

The addition of H essentially complexifies the torsion like W — W +iH. To have supersymmetry
with only NSNS flux we have from eq. (4.109) that

Df'ny =iQmy +iQijv'n—,  Dffny =iQmy +iQu'n- (4.114)

where again it is enough that one chirality is annihilated by D¥. The Q;7 and Q77 disappear
from D7, as n_, being a Clifford vacuum, is annihilated by +*.

Using these identities, the ITA internal gravitino variation can be written

1[5 )ogmp + (F st mp = (Farm#)p| 171

+ (O + LT (W5 — Wa)n + SBHP )y

+ iRe| 5 (W1 + 3iBHM) Prup — 1 (aWa + iBH )P (4.115)
— HaWs +iBHO),,, + gaﬁmpwg,m} APy

+ éed)(ﬁFAl)mn-I— =0.

The same procedure can be done for the modified dilatino equation, which will gives

[iQQm + %QQnrQnrm + éﬁ(ﬂf/_%{)m + Oéam(2A —¢+In Oé)] 7m77+

, (4.116)
+ {ZiaPm”qmn — iﬁ(HQ)o} n-=0.

Hence, the three type ITA supersymmetry variations of eqs. (4.86), (4.90) and (4.93) can be
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4.4. Consequences of imposing N' = 1 on the background

written on their respective form in eqs. (4.97)—(4.99) where the coefficients are given by

A = adpA
S = ﬁe‘ﬁ(FAlﬁM)o ;
S = ke"Re((Fa,M)m) ,
Qm = —i0ma + 3J," (aW5 — aWy),, + %5va§)
Qun = Re((aW1 + 3iBHW) Py — 1 Quunp(aWy +iBHO) — L(aWs +iBHW ), + LPPaWayy,)
Rm:—ge YSFAl Jm
R = §e"Re(—(Fa,m# )+ 3(Fa 8 Yogn + (Fa# o)
T = 3(iaW; — HWY) |

T = a0 (24 — ¢ +1n Q) + a(Wim + ST (Ws — Wa),) — 2 Jnn BHSP
(4.117)
The same analysis applies to the type IIB case. In this case one uses the following identities for
the RR flux terms:

UiFBm = *%(FBVZ)O )
N ymFens = $(Fpe” )m |
N Feymne = 577 Fp)
N s ymie = —i(Fpnf)

(4.118)

m

p + %(FBm)Ong + Z(FBQ)mp 5

with Fg = Fy + F3 + F5. The type IIB supersymmetry variations in eq. (4.95) can thus be
written on the form of eqgs. (4.97)-(4.99) where the coefficients are given by

A = O A |
S = %ed)(FBlm)O 9y
Sm = Le’Re((Fp,e”)o)
Qm = —i0ma + 21" (aWs — aWy) — 3BHS)
Qmn = Re(3(@W1 — 3iBHV) Py — 1Qunp(aWy — iBH®Y — L(aWs — iBH®), + LPyPaWo,,) |
Rm = _% ¢( ZJFBl)m )
Rmn — ie(bRe(i(FBlmQ)n - Z(FBlm)mn - %(FBlm)Ogmn) )
T = 3(iaW; + BHWY) |

T = a0 (24 — ¢ +1n Q) + a(Wam + ST (Ws — Wa)y) + L Jnn BHP
(4.119)
One can write the explicit expressions of the Clifford products in eq. (4.108) and eq. (4.118),
i.e. in terms of J and Q as well as the SU(3) representations of the fluxes, and use them to
obtain the matrices S, R, @ in terms of SU(3) representations. While this alternative form of
the matrix expressions is informative, it is not necessary for our analysis in the next section but
may be found in Appendix C.

4.4.2 N =1 constraints on fluxes and intrinsic torsion in Minkowski vacua

In order for the supersymmetry conditions in eqs. (4.97)—(4.99) to be satisfied, the coefficients
in each representation must vanish separately. These equations will then give us a relation
between the intrinsic torsion, fluxes, and warp factor in each representation. The results, as first
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

ITA | 1IB
QZ'E?) R, €3 Si,TZ',AZ'E?) QiES R, €3 Si,Ti,Ai€3
Qij€6@3 — — QUEGEB?) RUEGEB?) —
Qi €108 | R;j€1®8 SSTel || Q; €18 - S,Tel

Table 4.2: Matrices of eqs. (4.97)—(4.99) in their corresponding decomposed SU (3) represen-
tation. Columns with @s represent the NSNS sector and are the same for each theory, and the
RR sector equivalent are given by the other two columns.

obtained in [19], are summarised in table 4.3 and 4.4, which give all possible N’ = 1 Minkowski
vacua for the type ITA and IIB theories respectively. In the next we start by discussing to which
representation the coefficients in eqs. (4.97)-(4.99) belong.

Again, the NSNS flux and torsion contribution lies in the () matrices and the RR contribution
in the R and S matrices. The type IIA RR sector consists of a 0-form, a 2-form, a 4-form and
a 6-form. The O-form and 6-form have one component each whereas the 2- and 4-forms have 15
components each, summing up to a total of 32 components. Under SU(3) C SO(6) the 0- and
6-forms are singlets and the other two decompose according to 15 - 1©® 3 ® 3 & 8.

In type IIB we naturally also have 32 components but they are distributed among a 1-form,
3-form and 5-form. The 1- and 5-form decompose as 333 and the 3-form as 1$3®6+conjugates.

By switching to holomorphic indices we need only analyse half of the components. While
the NSNS @ matrices are the same for both theories, there are no general R matrices as the
representations are different, i.e. there is no 6 in IIA and no 8 in IIB. The representations of
each type of matrix is summarised in table 4.2.

Turning to the supersymmetry conditions of eqs. (4.97)—(4.99), we are to analyse solutions
to these equations using eq. (4.117) and eq. (4.119) (or eq. (C.9) and eq. (C.10) in Appendix
C with holomorphic indices). The solutions give necessary constraints on any type of NV = 1
Minkowski background, as Bianchi identities still need to be imposed. Before proceeding a quick
comment on the phase freedom in the 3-form €2 is in order. The SU(3)-structure requirements
JAQand iQAQ = %J 3 are left invariant by the redefinition Q — Q). This definition shifts
the torsion W5 — W5 + i dg and the spinors n4 — e'?ny or simply a — «e® and 5 — [e'?. To
avoid false solutions with W5, we fix it by setting arg(a) + arg(5) = 0.

In the following we start analysing the supersymmetry conditions in each representation of
the type IIA theory.

ITA scalars. By the vanishing of the supersymmetry variations, the scalars must vanish on
their own according to

s=0, QY+RY = T=0, (4.120)

from each of the supersymmetry equations of eqs. (4.97)—(4.99). Remember that there is a
second set of equations obtained by the exchange o — 3, and so T' = 0 results by eq. (4.117)
in the equations iaW7 — BH®M = 0 and ifW; — aHY = 0. If # 4 then we must have
W, = HY = 0, which in turn renders Q%) = 0 by eq. (4.117). We are then left with the two
other conditions § = ngl) = 0 on the RR fluxes. When o # £ the four resulting equations
for the four RR fluxes Fél), Fz(l), F4(1) and F6(1) are independent of each other, and hence must
vanish separately.

The T = 0 equations allows for non-zero H") flux and torsion W; when a = 4+, in which
case Wi, FiHW = 0. Combining the o and 3 variants of the equation QS) + R% ) = 0 such
that the RR part vanishes, one gets W & 3iH(!) = 0, which can only be satisfied at the same
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4.4. Consequences of imposing N' = 1 on the background

time as the T = 0 equation if W; = H® = 0. Hence both cases of &« = +8 and a # +73
leads to that W, = H1) = 0. However with o = 43 the RR scalar equations are dependent of
each other, leading to that they can be allowed if they are equal among themselves according to
FV =+FY = FY = +F".

ITIA 8 ® 8. According to table 4.2, the QZS?) and Rg’) lie in the 8 representation. Hence the

relevant supersymmetry equation for this representation is Qg) + Rg-;) = 0, which by eq. (4.117)
becomes
wm(8) | 2 .
e?(a F2(fj) + ZBFMJ.,;ZJM) +iaWy; =0,

ed)(B*FQ(%) + mFMchlel) +ifWa =0,

(4.121)

for each choice of @ and 5. Considering the real and imaginary parts of these equations,
and using Wy = W2+ — W5, the result is a system with four equations with four real un-

knowns FQ(S),}74(8),1/1/;r and W5 . The determinant of this equation system is proportional to
Re(a3)Re(a? + $?) and with the phase fixing mentioned before, the determinant can only van-
ish for o = ik3 with k being some real constant. If so, there are solutions

B ¢Im(o¢2)

W e Re(aQ)F(g)
2 |af?

(8)
F2 ‘a‘g 2

, Wy =e¢f

(4.122)

For the special case of & = 1 there is an independent solution W2+ = F 4(8)J . For any other
relations between « and [ the solution is trivial, i.e. all of the fields in this representation
vanish.

IIA 6 ® 6. By table 4.2 there is only Qi; in the 6 representation in ITA, hence eq. (4.98) is
reduced to QE?) = 0 which corresponds to (a«Ws+ S H (6))ij = 0, as well as another equation with

a — (. Hence we have non-trivial solutions W3 £ iH©®) =0 or W3 = £ %¢ H® when a = +4
and vanishing components with a # +/.

ITIA 3@ 3. As in the previous case we only have a @) as matrix contribution, and so Qg’) =0
results in that aWy +BH®) = 0 with Wy = +iH®) for a = +8 and W, = H®) = 0 for a # +5.
The vector contributions result in that we have equations S; + 4; =0, Q; + R; = 0 and T; = 0.
In the case a = £ we get solutions 2W, = 2 & 2iH®) = W5 = 20¢. When « % 4+ we have
that Wy = H® =0, F¥) = 0, F§ = 29, W5 = 10¢ and dA = —13.

It is clear that the solutions are highly dependent on the normalisation of o and 8 of the two
spinors, since it is by this choice the set of equations coming from the exchange a <+ 3 become
either dependent or independent. The results obtained are summarised in table 4.3. Next, we
proceed with the same analysis for the type IIB case.

IIB scalars. Requiring S = 0 immediately sets Fél) = 0. The remaining equations T' = 0 and
Q7 = 0 result in the linear combinations aiW7 + BH M) =0 and aW; + 3iBHM = 0 which are
only fulfilled simultaneously when W; = H() = 0.

IIB 8 @ 8. The single equation Qg) = 0 results in Wy = 0. This can be also be seen by the
fact that there are no components of H or of the RR fluxes in the 8 representation.
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

IIA [ (A): a=0o0rb=0 | (BC): a = be's
) W =H{ =0 Wy =H{" =0
A — 25 = £ — ) A o

Wy = {e(ﬁFég) L B#0

8 Wy =FY = F® =0 R (50 2 R0 o L |
Wy =0

6 Wi = F %6 H Ws=HY =0

g | Ws=2wi =52 = b0 Wa=0

A = da =0 2iWs = FyY) = —2i0A = 2d¢

Table 4.3: Relations between intrinsic torsion W, fluxes F, H, warp factor €24, dilaton ¢ and
complex functions a, b for type IIA N = 1 vacua. Conditions A, B, C on the complex functions
yield different results in each representation 1,8, 6,3 of the space containing the torsion.

IIB 6 & 6. The relevant supersymmetry equation in this representation is Qg?) + RE?) =0,
which gives two (complex) equations from « <+ 5 which depend on the three complex variables

Wi, F§6) and H 3(,6). These can be rewritten as three connected equations

(o = B*)W; = 2aﬁe¢F§6) ,
(0® + B W5 = —2aB %5 HO | (4.123)
(02 = B)HO = (a® + 2)e? x5 F* |

from which one sees that the variables vanish from the following choices of o, 8: W1 =0< a =0
or =0, F?S6) =0 a==18,and H® =0 < o =if.

IIB 3®3. This representation contains a large amount of components, and unlike the previous
cases there are no equations that directly imply a specific relation between o and 5. However,
using the previously common used relations, we may impose by hand three different cases a = £
(A),a =0o0r =0 (B), or « = +if (C) and see what the solutions look like. There is also
the possibility to use the phase fixing arg(«) + arg() = 0 mentioned earlier, in which case one
obtains F} = 0 and the rest proportional to 98 according to

4(a?® + )20

VTS B R e 8ad3 . 2e®- 5908
e 2607+ )05 T 5@+ 5
IR D op® _ 2 HB08 5 160°805
@ Sialo? +4)08 C T BGa)  T B el )

(07 = (307 + %)
(4.124)
The complex functions o and 3 are also related to the warp factor via A = In(|a|? + |3]?), and
can be seen as an interpolating solution between case A and B. We also note that the ratios
between the fields above, say Wy /H (3) are singular in case A and B.

All type IIB solutions that are summarised in table 4.4 have been re-expressed in the original
variables a and b for each relation A, B and C between them. Some of the solutions does not fit
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4.4. Consequences of imposing N' = 1 on the background

IIB [[(A): a=0o0rb=0 |(B): a=4ib  |(C): a=+4b | (ABC)
1 W, =R = 1Y =0
8 Wy =0
WgZi*H§6) W3 =0 W3=:|:6¢*F?E6)

6 © 5 (6) © | .6 (4.127)
—_ B . . (3) . —

g | Ws=2Wa=F2ilz" =209 (4.125) (4.126) (4.128)
0A=0a=0

Table 4.4: The type IIB analogue of table 4.3. The relations A,;B and C between the complex
functions are slightly different from type IIA, and the last column with "ABC” conditions
corresponds to intermediate, or mixed, solutions which are specified in eq. (4.127).

the table. For instance, eq. (4.125) in the type IIB table 4.4 is divided into two possible cases;

201, — 4 .0 (3):_ AA_ 4B
Case 1: 3 W5 =Wy = e”F3 2i0A 4i0lna ,
96 =0,

_ - o (4.125)
iWs = iWy = e¢F) = 20 R = idg |
Case 2: 3)
) =H® =0.
Eq. (4.126) too is a bit long to fit into the table, but is given by
2iWs = £e?F®) = —2i9A = —4idlna = —ide . (4.126)
The "intermediate” ABC solution of eq. (4.127) reads
e 2, (6)
Wg——(a —l—b)* F3 ,
2ab ) (4.127)
gO — € (2 _p2\p©
3 2ab( b ) 3 ?

and is intermediate in the way that one of the three complex variables Wy, F3(6) or H§6) vanishes
for one of the conditions A, B or C. With condition A with a = 0 or b = 0, we see that F§6) =0,

for B when a = £ib then W3 = 0, and for condition C then a = +b and so H:)(,G) = 0. Now for
the final cell in table 4.4, eq. (4.128) is given by eq. (4.124) which in the original variables read

3 —4iab(a®+b? 5
W — 2(a?—b2)? Ja ed)FB( )= a4—2ia3b(-i-2iab3)-i-b4 da . —4(ab)? da
4 = 43214301 2iab3 1 b3 0 F(é) _ __ —diab(a®—b?) da  af-2ia%b+2iab3+51 T (4.128)
WS _ 42(a‘%—4a2b‘2+b4) _a 5 a4721a3b+21ab3+b4 Aa — 2(a2+b?)2 8(1
a*—2ia3b+2iab3+b4 —2i(a2+b2)(a2—b?) 3 a*—2ia3b+2iab3+bt

Y =

aT—2ia3b+2iab3 11 9@

Again, in this case the conditions A, B and C do not separate into giving three distinct equations.
Namely, condition B cannot be separated from the other two. One might instead turn to the
gauge fixing condition arg(«) + arg(8) = 0, with a = a + b, 8 = a — ib, which reproduces eq.
(4.128).

Even though the condition BC in table 4.3 for type IIA implies interpolating parameters in
the same sense as the ABC solutions of type IIB, the solutions do not depend directly on the
“interpolating” parameter . This means that the solution is not intermediate in the same sense
as those with ABC conditions in type IIB. The type A solutions of type IIA corresponds to NS
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

flux only. Using table 4.1 of the previous section we can classify the manifolds for each type of
theory. For condition A in ITA the vanishing torsion classes are W7 = Wy = 0, so the manifold is
complex. For the type BC solutions of ITA the vanishing torsion classes are Wi = W3 = W4 = 0,
so the manifold is symplectic. Opposite to the case A solutions, the BC solutions has only RR
fluxes.

Proceeding to the type IIB table 4.4, we see that W; = Wy = 0 for all types of solutions. The
first column with type A solutions is the same as the type A solutions of the type IIA theory.
Type C has only RR flux and the same vanishing torsion classes as type A. The type B solutions
have one RR 5-form flux, i.e. Fég) or F5(3), one RR 3-form flux F3(6) and one NSNS 3-form flux

H§6). The 3-form RR and NSNS fluxes are related by a Hodge duality, and is usually expressed
in terms of a complex 3-form flux

Gs=F; —ie ®Hy = Iy — 7Hs | (4.129)

where 7 = Cp + ie~? is a complex combination of an axion and a dilaton, usually referred to as
the axion-dilaton. Gj is imaginary self-dual meaning that xGs = iG3. It also does not have a
singlet or vector (0,3) representation, so it must therefore be a (2,1)-form and primitive with
respect to 2, i.e. GQ = 0. In fact there is always a complex flux combination that is a (2,1)-form
and primitive for type A and C solutions. They are given by

A:  dJ+iH;s,
B: F3Tie %Hs, (4.130)
C: d(e™?J) +iF3

where the £+ comes from the + in the relations between a and b in each condition A, B and C.

4.5 N =1 flux vacua with generalised Calabi-Yau manifolds

In the previous section it stood clear that all the type IIB solutions described a complex internal
manifold. For ITA the solution of type A also involved a complex internal manifold, while for
the BC type it was symplectic. A single geometric description of the allowed internal manifolds
that unifies the two would be practical, and is indeed possible, using generalised geometry with
the pure Clifford(6,6) spinors ®4 defined in eq. (4.66) and eq. (4.67). In this description both
the complex and symplectic manifolds are special cases of generalised complex manifolds in a
generalised complex geometry.

So far we have seen that demanding vanishing supersymmetry variations of the gravitino and
dilatino fields, 6.y = 6.\ = 0, set differential conditions on the internal SU(3) admitted spinor 7.
In generalised complex geometry these conditions may be translated into differential conditions
on the pure spinors ®. We saw that this procedure explicitly illustrated how torsion, fluxes
and scalars must balance against each other in a N' = 1 vacuum. For A/ = 1 the differential
conditions on &4 will translate into integrability conditions for an SU (3)-structure, as was first
shown in [21] and which we will reconstruct in this section.

Previously we worked with the case of a 4D Minkowski vacuum mostly because it simplifies
calculations while still illustrating the main principles. As we will see, the differential conditions
on the pure Clifford(6,6) spinors ®4 results in equivalent constraints but with less indigents, and
so we may include the possibility of an AdS vacuum. In doing so, we may choose a particular
basis of 4D spinors (4 which satisfies

ViGr = b (4.131)
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4.5. N =1 flux vacua with generalised Calabi-Yau manifolds

so that the cosmological constant becomes A = —|u|?>. Showing the IIB case (type IIA works
analogously) we let our starting point be the gravitino variations in eq. (4.94). Using eq. (4.131),
one of the external variations become

Sunt + fetdAnt — Lt opn? =0. (4.132)

Here we have used that D, = @# Q1+ %7#75 ®RPA = e*AVH 1+ %7#75 ®@A. The ny-equation
will not be needed in the analysis of this section. The internal variations can be written

(Dm — %H )77+ + €¢F7m77+ =0, (4.133)
(D 3 Hor? — ety =0

The modified dilatino variation will also prove useful when evaluating the exterior derivatives
of the pure spinors. Including the contribution from eq. (4.131), the n'-equation reads

2uent + Pt + ($(2A4 —¢) — 1H)nt =0 (4.134)

Starting with the ® spinor, we use the Fierz identity in eq. (4.65) so that its exterior derivative
is conveniently written as an anticommutation relation according to

4@ = {y™, Dim(n} ® )}
=Dl ®n T+7"‘77+<§9Dm77+ + Do @ 3™ + 0} @ P!
= (= 2pe™ "t = P2A - ) + {Hn}) ©nd + ) © (4172THm + 3"y F)
+ (A Hpnt — L Prmn?) @ ™ 4k @ (= 2pe 40 — 3T P24 — ¢) + i)
= —4Re(ie @) — {24 - ¢), 8.} + T({H, b1} + ymP L H™ + Hp ™)

2
+ Lty — L Pt y™

2%

(4.135)
where 7! ® Dmnffym =nl® an_QJ and the expressions for Dmn_ls_Tr come from eq. (4.133) and
ani’QT from eq. (4.134). It is possible to simplify the H and RR flux parts. In treating the
H flux term, it will prove convenient to use some Clifford(d, d) techniques, in particular the

formulas
A = (dz™ 79, ) A, |
V" = (e Ay 75 A, (4136)
A" = (~1)P(da" A —g" 15, ) A,

for some p-form A,. The slash denotes the bispinor equivalent of a form according to the
Clifford map. To shorten notation we may define A™ = dz™A and 1, = tg,,* so that fymAp =

(A 45A, and A,y™ = (—1)P(A"™ —+"JA,,. Hence, for any form of even degree, the H flux

terms take the form
{H, Aoy} + 3" Moy Hon + Hyp Ay V™ = oy (1[0 +0)* + (A = )]

mnp
A+ =+ A+ 02N =0]) Ay
= Hpnp (32 4+ X2 + X — X2) Ao,
= %HmnpkmnpAev
=8H ~r A,

where we have used the identities in eq. (4.136) for all three gamma matrices contracted with
H in the {{, A.,} term. In eq. (4.135) the terms with H reduce to 8H A7 .

(4.137)

!The contraction operator on a p-form acts according to ¢, dz™ A ... A dz™r = p6£fn1 dz™2 A ... Ada™el.
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

Proceeding with the RR flux terms, it is useful to rewrite the product spaces with 77};2 using
the 6D chirality operator «. Namely, the chirality projector (1 —)/2 can be rewritten as

I—n
5 =@ nt+ 37" @nlm (4.138)

which can be seen by multiplying both sides with the complete basis of spinors {n+,y™n+} [21].
With this form it is useful to temporarily write the spinors with norm one, i.e. by making the
substitution 77_1|r — ani and ni — b?ﬁr. Using eq. (4.132) we can rewrite the e? J-terms so that
the RR flux part of eq. (4.135) becomes

Le[lal? (1 =) — 20 0™ F — BRER((1 ) — 202 0%)]
= [lalPe? (1 ) F —2-4-an' (e~ 0 — b A)
— b2 +7)F+2-4- (adAnt — aﬁefAni)bnﬂ (4.139)
Le?[(lal? = B2)F — (laf? + b2y F] + ab{diA, 8}
— 2Re(jie Aab®_) ,

where we used that F'y = —vJ'. Re-absorbing the factors of ab and ab into the pure spinors we

regain the original unnormalised ones with ||n!|| = a and ||n?|| = b. For the product vF one
can use the formula Ay = iA(xA} where W = (—1)l/2 A, denotes the self-duality relation
and results in that vF' = —ixM#J. When evaluating the complex conjugation on the pure

spinor we recall that the gamma matrices are chosen to be purely imaginary, and so complex
Conjugatlon and slash commute on even forms and anticommute on odd ones. Hence we have that
nten’l = b, = B, and ®7]2Jr = —&_. This also results in that Re(ud_) = ilm (P 7).

Inserting these alternative expressions of the H and RR flux terms into eq. (4.135), the
equation for d® now reads

e 2T (d — HA) (A0, ) = —3ie m(ad_) + dA A &,

4.140
+ e (ol = BRYF +illeP + Ry acey] .

This equation can be rewritten slightly using the fact that eq. (4.132) and eq. (4.133) can be
found to give the relations

dig'> =[n*?dA,  dp’P=In'?dA. (4.141)

Since |7!|> = |a|? and |n?|? = |b|? this results in that
laf? + |b*> = et la> = b? = c_e™™ | (4.142)
where the ¢4 > 0 and ¢_ > 0 are two integration constants. Using them in eq. (4.140), we get

e AT (d — HA) (A9, ) = —3ie Mm(ad_) + dA A B

4.143
+ & {c,e‘i’_AF +ic e®T & )\(F)} . ( )

The total norm of the pure spinor becomes ||®|> = £||n!|[?|[n?||* = 5 (c%e?! — Ze™24).
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4.5. N =1 flux vacua with generalised Calabi-Yau manifolds

We may now proceed to calculate the exterior derivative of the negative chirality pure spinor,
which by the same Fierz arrangement in eq. (4.65) can be written as a commutator:

2
497 = [y, Dy (1t @ ")
— Dot @2t mpl @p2iam D pl g p2am Lo 2t
= Dol @n? +4mnL @nly mh @02 y™ —nt @ P
_ 2 2 1
= (—2ue™ L —J2A - o)t + Lint) @ n?T w0t @ (AP H, 4+ Lty )
2 — 2 2 2
— ({Hunl = §Fymnt) @ 2™ —nf © (2pe 0l = 02924 - ¢) + In2' )

= —dpe “Re(®y) — [§(24 - ¢),$ 1+ [ (H, ¢ ] +ym® H™ — Hnb ") .
' (4.144)
The RR flux terms cancel since ’ymninifvm = 0 which follows from the fact that

YAy = (=1)P(6 — 2p) 4, , (4.145)

and ®_ is a 3-form for an SU(3)-structure. Hence, we need only evaluate the H flux term to
obtain an expression similar to the previous one. Again using eq. (4.136) one has for an odd
form Aodd that

hS]

[H, Aoaal + 7" AoaaHm — HinAoaa?™ = Hyn (%[()\ +0)? + (A= 0)7]
+ 3+ DA =07+ A+ 07 (A= )" Aoaq
= Hynnp (X% + 2% + 3% = \e?) foaa
- %Hmnp)‘mnpAodd

= 8H AAcdd

which is the same as for the previous case. This adds up so that eq. (4.144) becomes

=

(4.146)

e AT (d — HA) (e 79D _) = —2ue “Re(D,) . (4.147)

The next and final task is to prove how the obtained equations eq. (4.141), eq. (4.143) and eq.
(4.147) imply the supersymmetry equations in eqs. (4.132)-(4.134). First, we know that the

pair of pure spinors ® defines the two Weyl spinors 77_1;2 since the ® s define an SU(3) x SU(3)-

structure and the ni’Q each define an SU (3)-structure. The next step is to expand the left-hand
. e o : I 12 .

side of the supersymmetry variations in terms of a spinorial basis consisting of these 1" spinors.

Specifically, the basis can be written as a ”"pure spinor Hodge diamond”, defined as

Dy
D" Yoy
Oy S TR VP
o VIP_nP YD _nyd2 o,
YD VD AP o 4"
7Py D72
)
where we denote holomorphic and antiholomorphic indices i1, j1,... and 71, 71, . .. with respect
to the almost complex structure I; defined by ' and analogously i, jo, ... and %y, J, ... with
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4. Type II Supersymmetric Backgrounds with Maximal Spacetime Symmetry

respect to the almost complex structure I of n%. In this basis the RR flux F' = F| 4+ F3 + Fj is

written 0 ) ol s
F fz ¢+71 +fil Zlq)Jr
+f0b_ + 2L AP+ f mfy“duvj? + f93¢_ (4.148)
+f32 “(I)Jr + f5 (I)+’Yi2 )

where the fs are coefficients. The left-hand side of the supersymmetry variations can then be
written

(P — $H)m' = (Tp™ + TL + T y)n'
(E - 1H)772 (T2A™ + T2 +iT2y)n? (4149)
(D = 3Hn)1" = (iQppy" + Om ln\alﬂQ '
(D + lH ) = (1Qn " + O In b + Q5 7)7?
Now, by expanding eq. (4.143) and eq. (4.147) in this basis, we get components
- zQ2 =—-0,(2A—¢+1n|b|) + ¢|a\ z1 , T! = —3,ue_A - %e‘ﬁ]aPRO?’ © (4150)
Ze¢|b| Ri1 :&A, szl 4e¢\b] Jm
respectively
T = —2ue™, L +iQE = —0,2A— ¢+ Inb)) , i =0. (4.151)

There is also another set of these identities obtained by letting 1 <+ 2, a <> b and f01 — —f23
in the above equations. The content in the supersymmetry equations expanded in this basis is
recovered by making some appropriate linear combinations of eq. (4.150) and eq. (4.151) above
as well as eq. (4.141), to obtain

i =0, QL 4e¢>|b| 12, QL + Oy Inla| = iQ}, + O, Ina + Le?BP £ =0,
pe” + 3PP =0, FelblPf) =3
e+ T =0, Tl +08,24-¢)=0,

(4.152)
as argued in [21]. Again there is another set with 1 <+ 2, a > b and f°' — —f23. Since these
equations have the same content as the supersymmetry variations of eqs. (4.132)—(4.134), the
proof is finished.

In this chapter we have seen the fundamental geometric descriptions of supersymmetric back-
grounds and how present fluxes must balance against the intrinsic torsion of the internal mani-
fold, the warp factor and the assumed complex functions a and b. It is clear that the formalism

of complex generalised geometry provides a simple but powerful description of the internal man-
ifold.
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4D Effective Theories

In this chapter we review the 4D effective theories arising from compactifications of 10D type II
supergravity theories on Calabi-Yau 3-folds and orientifolds. In section 5.3 magnetic and electric
fluxes are allowed to be present and we will discuss some of their effects on the fields in each
theory. Section 5.4 discusses how the 4D theories can be written in terms of superpotentials, and
section 5.5 makes some comments on the effects of fluxes on general SU(3)-structure manifolds.

5.1 Calabi-Yau compactifications of type II theories

In this section we discuss the compactification of the type II supergravity theories on a Calabi-
Yau 3-fold and its orientifold variants. The 4D effective action is obtained by a Kaluza-Klein
reduction, where we only keep a finite number of massless modes and discard all the massive
ones. The massless modes for each field correspond to harmonic forms on the internal manifold.

5.1.1 The moduli space of Calabi-Yau manifolds

Being in the low-energy limit of type II string theory and considering internal manifolds of string
scale sizes, it is natural to consider only the massless modes. The massless modes of the internal
eigenfunctions correspond to a set of harmonic forms admitted by the manifold. The elements
of the cohomology groups are forms, and they may be chosen to be harmonic because of the
isomorphism between the space of harmonic p-forms and the p'" cohomology class.

The Hodge numbers of the Calabi-Yau manifold are rather simple. See Appendix B.4. The
fact that (10 = 0 tells us that all closed 1-forms are also exact — they are “trivial in coho-
mology”. The h(29 tells us the same thing about 2-forms. The Hodge number (3% =1 has a
representative {2 — the holomorphic 3-form known from earlier.

A Calabi-Yau manifold M is characterised by the Hodge numbers AY) and A1) which
denote the dimension of the Dolbeaut cohomology group HY and HZY respectively. The
H®Y group is Hodge dual to H®?2). The elements of H11) are (1,1)-forms, and we may choose
a basis of H')) to consist of harmonic (1,1)-forms, denoted w, with a = 1,...,R(LY. The
same can be done for H(??) whose basis then consists of harmonic (2,2)-forms @* which may
be defined in relation to the w, to fulfil

/wambzag, /wa/\wb:/ DA’ =0. (5.1)
M M M

The tilde of @* is there to make explicit the difference to w,, as no metric can raise or lower the
index a into the other form.

For real 3-forms the elements are denoted ac and € with C = 0,...,h3ZD and lie in the
spaces of H®Y ¢ H12) and HGO0 g HO3) respectively. They are chosen to satisfy

/Mozc/\ﬁD:5g, /Mac/\aD:/MﬁC/\BD:(). (5.2)
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Cohomology group Basis Index span
H(©0) 1
HID Wa a=1,...,hED
H@D Xe c=1,...,h&D
H?2) oo =1,...,h0D
HG3) vol(M)
H®) (ac,B9) | C=0,...,nED

Table 5.1: Cohomology groups of a Calabi-Yau 3-fold and a corresponding bases of harmonic
forms.

One can also choose a basis of complex forms, which are only in H®V and denote them by xe.

Finally there is also a (3, 3)-form, which is the volume of the Calabi-Yau space, denoted vol(M)
or V. In table 5.1 we summarise all the non-trivial cohomology groups on M and their basis
elements.

In the next section these harmonic forms will be used to expand the 10D supergravity fields
in order to obtain 4D massless fields, which correspond to the zero-modes of these expansions.
However, there are also additional massless modes arising from deformations of the metric of
the manifold. The Calabi-Yau is Ricci flat; R,,,(g9) = 0, and one might ask what deformations
of the metric can be made that preserve Ricci flatness. That is, what dg fulfils

Rmn(g + 59) =0, Rmn(g) =07 (5'3)

If g is a Ricci-flat metric, then so is every metric related by diffeomorphism, i.e. a coordinate
transformation. To search for deformations dg beyond those generated by a coordinate transfor-
mation we impose a coordinate condition in order to achieve a diffeomorphism invariance. This
is analogous to fixing a gauge in electromagnetism. The appropriate choice is demanding

V" Gmn =0 . (5.4)

A 0g that satisfies this will also satisfy
[ A g (Tone + V) = 0. (5.5)

for some vector field &,, [8]. This means that dg is orthogonal to any change of the metric
induced by a diffeomorphism generated by the vector field &,,. Now expanding eq. (5.3) to first
order in dg and using R,,,(g) = 0 as well as the coordinate condition of eq. (5.4), one obtains
a differential equation

VPV 6Gmn — 2Rm”170gps = 0 , (5.6)

called the Lichnerowicz equation for a metric deformation. Here we used that the manifold is
compact, so a term V,,V,tr(dg) vanishes.

Since the Calabi-Yau is a Hermitian manifold the metric components with two holomorphic
or antiholomorphic indices vanishes; g;; = g7 = 0, see Appendix B.4. Therefore the metric
deformations will be on the form g;35, so eq. (5.6) becomes

VPV ,09i7 — 2Rik]j5gkj =0, (5.7)
where now p = (k, /2). With the definition of a Laplacian action acting on a form, see eq. (B.13),

eq. (5.7) is equivalent to
(Adg)iy = 0. (5.8)
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5.1. Calabi-Yau compactifications of type II theories

The metric variation dg;; may be seen as components of a (1,1)-form. This means that we may
view harmonic (1,1)-forms as metric variations of the type dg;; and thus to cohomologically
non-trivial changes to the Kéhler form J = ig;;dz" A dz7. Expanding dg;; in the basis w, of
harmonic (1,1)-forms, the deformations to the Kéahler structure on the metric has the form of

g+0g=—iJ =v%0, , (5.9)

where a = 1,... A and v are real scalars, known as Kéihler moduli. In order for 9i7 + 09i7
to be a Kéhler metric the moduli v® has to be chosen such that the deformed metric is still
positive definite. Positive definiteness of a metric with associated Kéhler form J is equivalent
to it fulfilling the conditions

/J>0, /J/\J>O, /JAJ/\J>0, (5.10)
c S M

for all curves C and surfaces S on the Calabi-Yau manifold M in question. The subset in RH
spanned by the parameters v* such that eq. (5.10) is satisfied, is known as the Kdahler cone.
The B field present in both type II theories can also be expanded in A1) real scalars b®.
Using these it is customary to ”complexify” the Kéhler cone, by defining the complex scalar
fields t* such that
Bij + ’iJij = (ba + iva)(wa)ij = t“(wa)ij . (511)

One usually calls this the complezified Kihler form J = B+iJ and the dimension of ¢* is h(1:D).
In addition to finding metric deformations dg;; which fulfil eq. (5.3), there is actually another
type of deformations that can be made. The purely holomorphic and antiholomorphic metric
components g;; and g;; vanish on a Calabi-Yau, although we may consider deformations to non-
zero values. This will change the complex structure of the manifold, thus bringing us to study
variations of the complex structure. With each such variation one can associate the complex

(2,1)-form
Qijkgkl(Sglfm dzt Adz? A dE™ (5.12)

which is harmonic if eq. (5.3) is fulfilled. €2 is the familiar unique holomorphic (3,0)-form.
Turning to the space of complex structure deformations of the metric, we use the (2,1)-form of
eq. (5.12) to introduce another set of (2,1)-forms that later will be associated with the metric
deformations. These (2,1)-forms are

. . - B 789,,
Xe = 5(Xe)ijrdz' Ad2? Ad2" where  (Xe)yz = —3%" azkcl : (5.13)
and the 2¢, ¢ = 1,...,h%! are local coordinates for the complex structure moduli space, known

as complex structure moduli. Indices are raised and lowered with the Hermitian metric, so that
for example gleijk = Qijl. Like the (2,1)-form in eq. (5.12) which the x. were constructed
with, they are also harmonic. Inverting the relations of eq. (5.13), we obtain a formula for the
metric deformations, namely

L Sm 2 _ 1 Aijk
O = e Oz, where |0 = 5207 (5.14)
The total moduli space of the metric deformations can be seen as a sum of the parameters t®
and z€. It has a natural metric defined on it, which is given as a sum of two pieces corresponding

to the deformations Kéhler structure and complex structure, in turn generated by t* and z°.
The metric can be written [22]

1 T
ds® = v /dx6\/§g”gkl (6gikégﬂ+ (09,7997 — 5B¢Z(SBkj)) , (5.15)
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5. 4D Effective Theories

where V' denotes the volume of the Calabi-Yau. This diagonal form of the metric implies that
we may write the moduli space on the product form

M= M=o MK (5.16)

where M is the complex structure moduli space and MX® the Kihler structure moduli space.
These spaces will be described in a little more detail in the next two paragraphs.

The complex structure moduli space. The metric of the complex structure moduli space
can be written in terms of the local coordinates z¢ according to

ds® = 2G,762°07" . (5.17)
With the aid of eq. (5.15) and eq. (5.14) this can be rewritten such that the metric is given by
— 9 /\ N, — —
G os55d — [ LIXAXa) 5ocgzd (5.18)
i [QAQ

A change in the complex structure will make the (3,0)-form Q transform into a linear com-
bination of a (3,0)-form and a (2,1)-form since dz becomes a linear combination of dz and dz.
More specifically, we have a formula found by Kodaira stating that

o0
0z¢

= K.+ Xe (5.19)

where K, is a coefficient which depends on the coordinates z¢, but not on the coordinates of the
Calabi-Yau manifold. Recalling that G _; = 0.0;K for a Kéhler space and combining eq. (5.18)
and eq. (5.19), it becomes clear that the complex structure moduli space is a Kédhler manifold
with the Kéhler potential

K® = —1In (Z/Q A Q) : (5.20)

Combining this equation with eq. (5.19), K, is determined to K, = —9K/0z°.

It is useful to introduce another basis now consisting of 3-cycles A and B¢ with C' = 0, ..., h!
in order to describe the complex structure moduli space in more detail. The 3-cycles are chosen
so that their intersection numbers are

271)

A°NBp=-BpnA®=65, and A°NAP=BcnNBp=0. (5.21)

They are related to the cohomology basis {ac, 8¢} introduced earlier via
/ aD:/ ap A BY =65 and ﬁD:/ BP Nac =—-dE . (5.22)
AC M Be M

With this notation we may define coordinates Z¢ on the complex structure moduli space using
the A periods of 2 such that

7= Q, (5.23)
AC

with C' = 0,...,h3D. Note that the number of coordinates defined like this is one more than
the number of moduli fields. To compensate we define the quotient space

ZC’
ZC = F y (524)
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5.1. Calabi-Yau compactifications of type II theories

where again ¢ = 1,...,h(3Y. For the B periods of Q we have that

Fc E/ Q, (5.25)
BC

where F can be taken as a function of the Zs; Fo = Fo(Z), since they span the same number
of coordinates. With these coordinates {2 can be rewritten as

Q= 2% ¢ — Fo(2)5° . (5.26)
Using eq. (5.19) it is straightforward to see that

/Q NI =0, (5.27)

since there are only three holomorphic and antiholomorphic coordinates each. This may be used
to show that

0Fp
Fo =275 =30c(2"Fp) . (5.28)
which is equivalent to writing
Fo=0cF, with F=1zFq. (5.29)

This is useful because now all of the B periods can be expressed as derivatives of a single function
F, called the prepotential. Since 2F = Z¢9oF, F is homogeneous of degree two meaning that
a coordinate rescaling Z — \Z yields F(A\Z) = A2F(Z). The prepotential is only defined up to
an overall scaling, so technically it is not a function but rather a section of a line bundle over
the moduli space.

The Kéhler potential can be rewritten in terms of this prepotential, so that the prepotential
effectively determines the metric of the moduli space via G_; = 0.0;K. This makes M a special
Kdhler manifold. For closed 3-forms {a, #} there is a general rule stating that

/Ma/\ﬁz—/Aca/Bcﬁ—/Acﬁ/Bca, (5.30)

where summation over C' is implied, which enables us to rewrite the Kéhler potential in eq.
(5.20) according to

K =~ [i(2°Fo - 2°Fc)| . (5.31)

Note that Q in eq. (5.26) is only defined up to complex rescalings by some holomorphic function
e~/ which via eq. (5.20) also allows for changes to the Kéhler potential according to

Q — Qe ") =  KS S KS+f+f. (5.32)

This is known as a Kéhler transformation. This is the reason we may choose the gauge Z" = 1,
Z¢ = (1, 2°), since the rescaling symmetry of (Z) renders one of the periods Z¢ unphysical.

The Kihler structure moduli space. We start by looking at the inner product of the space
of the (1,1) cohomology class H(1Y) | which is given by

1 7:7 = 1
Glo.0) = 377 [ Covapuog's = 55 [ pase (5.33)

where p and o are real (1,1)-forms [23]. This metric can be rewritten entirely in terms of the
cubic form

k(p,o,7) = /Mp/\a/\T . (5.34)
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Recall that V = % Sy J A J A J s the volume of the Calabi-Yau manifold. There is also the
identity

3k(o,J,J)

=—JNo——=——=JAN

*O JANo Qﬁ(J’J’J)J J

1

——J/\O"“WH(O',J,J)J/\J, (535)

which enables us to write the metric as
1 1
G(p7 U) = _Wﬁ(pv g, J)+ W’i(/% Ja J)Ii(0-7 J) J) : (536)

Using the earlier defined cohomology basis w, of harmonic (1,1)-forms together with the com-
plexified Kihler form J = B+14.J = t%w, where a = 1,...,hD | the metric on the moduli space
is given by

o 0
_1 _ Ks
Gag = §G(wa,w5) = %ﬁ S s (537)
where the Kéhler potential of the Kihler structure moduli space CK® is
4
ICKS:—IH(/ J/\J/\J). (5.38)
3J/m

Thus we have just shown that the Kéhler structure moduli space is a Kéhler manifold. Similar
to the previous case of the complex structure, we may introduce new intersection numbers for
the Kéhler structure moduli according to

HEK(J,J,J)E/J/\J/\J, nazﬁ(wa,J,J)E/wa/\J/\J,
M M (5.39)
Kab = K(wa,wp, J) = / W ANwp A J Kabe = K(Wq, wp, we) = / Wa A wp A we
M M
so that the K&hler potential in eq. (5.38) becomes
KR = = In (Ekane(t” = E)(# = )" =) = —In(4r) . (5.40)
With this Kéhler potential, the metric of eq. (5.37) can be written
3 (Kap 3 RgRKp 3
Gal; = 8taat7;]C = —5 (IZ — 5 :2 ) = ﬂ /wa N *Wwyp . (541)

Developing the analogy to the case of the complex structure moduli space, we define
- 1 Kapet®t®tc 1

f(t) 1 Rabe _

6 6t0

which is analogous to the prepotential F of the complex structure moduli space. The additional

coordinate t° has been introduced in order to make F(t) a homogeneous function of degree two.
Finally, we reach the Kahler potential expression

/ TINTINT, (5.42)
M

OF _, OF

Ks [, A A

K™ =—In z(t 9A 81‘/4) , (5.43)
where t0 is included in the summation over A = 0,...,A1Y but evaluated at t° = 1, as it is

customary to take t4 = (1,t%). Note that this Kihler potential is the analogue of the complex
structure Kéhler potential in eq. (5.31), but with Kahler coordinates ¢4 instead of complex
structure coordinates Z¢ = (1,2°) and different prepotentials F versus F. The manifold MXs
is also special Kéhler, since the Kéhler potential in eq. (5.40) can be derived from its prepotential
in eq. (5.42), thus determining the metric.
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5.1. Calabi-Yau compactifications of type II theories

5.1.2 Dimensional reduction to 4D

In this section we will apply the tools developed in the previous subsection in order to compactify
the type II theories on Calabi-Yau manifolds. The type II supergravity theories are maximally
symmetric in 10D and are naturally obtained as the low-energy limit of the type II superstring
theories. The low-energy limit omits all massive modes so in the corresponding supergravity
theories the spectrum only consists of massless string modes. The fermionic massless string
modes are the gravitinos and dilatinos, which are in the NSR/RNS sectors. In type ITA the
gravitinos have different chiralities and in type IIB they have the same chiralities. The bosonic
massless fields common for both type II theories are the dilaton ¢(!?), the graviton ¢!®) and
the 2-form field ng)j which all come from the NSNS sector. Here the superscript (10) denotes
10D, and will be dropped when reaching the corresponding fields in 4D.

In type ITA 10D supergravity, the bosonic RR sector contains the form fields Cflo) and C’élo).
Defining the field strengths of the different fields in type ITA according to

HYY =4, B0 =acy”, " =ac{” - " AH]Y, (5.44)

the 10D action in the Einstein frame is given by [14]

51(11/2) _ /_%R(IO) «1 — idé(m) /\*d¢>(10) B ie*‘ﬁ(m)Héw) /\*H?Elo) B %63¢(1o>/2F2(10) A *F2(10)

B %e¢(10)/2F4(10) /\*Fim) B %Bélo) A F4(10) /\Ffo) '
(5.45)
The unique field strengths for type IIB, i.e. the ones constructed out of the axion C'(()w), 2-form

C’ém) and 4-form CSO), are defined as
F=acl®,  F"2=acy? -c{Onm",  FM =acl? -l B . (5.46)

The type IIB action in 10D is given in the Einstein frame by

SI(Illg) _ /_%R(IO) <1 — idqb(lo) A*d¢(10) _ %e,d)(w)Hém) A *Hélo) B ieww)ﬂ(m) /\*F1(10)

_ i€¢(1o>F3(1o) /\*Fg(m) _ éFélO) /\*Fém) _ iCL(lm) AH§1O) A F3(10) ’
(5.47)

10 _ *Féw) is imposed at the level of the equations of

where the self-duality condition F5(
motions.

The resulting 4D theory after compactification also has N = 2. For the zero mode fields in
the Kaluza-Klein compactification this means that they have to assemble into massless NV = 2
multiplets. The zero modes are in a one to one correspondence with harmonic forms on the
Calabi-Yau manifold M, and thus their multiplicity is counted by the dimension of the non-
trivial cohomologies on M.

For the Kaluza-Klein compactification one chooses a block diagonal 10D background metric
according to

ds? = N () dz* dz” + gi7(y) dy' dy’ . (5.48)

Some of the 4D fields arise as variations around this background metric. The fields in question
correspond to the 4D graviton and the geometric deformations v*(x) and z¢(x) defined in eq.
(5.9) and eq. (5.13). Variations of off-diagonal entries in the metric in eq. (5.48) must vanish
since a Calabi-Yau manifold does not admit harmonic 1-forms.

73



5. 4D Effective Theories

| ITA | 11B
gravity multiplet 1 {9, A} 1 {90, V°}
vector multiplets || A0 | {4 v e} | AZD {Ve z¢}

hypermultiplets || A3 {2¢,£% &} RED [ {0® 6%, ¢%, pa}
tensor mUItlplet 1 {B27 d)v 607 50} 1 {B27 025 ¢’ CO}

Table 5.2: The 4D moduli fields of the compactified type IIA and IIB supergravity theories on
a Calabi-Yau, arranged in N/ = 2 multiplets. The middle column denote the dimension of each
multiplet.

Now, the next step is to expand the 10D NSNS and RR fields in terms of harmonic cohomology
basis defined in table 5.1. The NSNS sector is the same for type IIA and IIB, with expansions

¢! (z,y) = ¢(z) , (5.49)
O

011 () = iv%(2) (wa)is(y) » ggo)ziz%x)(Q”ﬂgﬁ?>(y), (5.50)

B (z,y) = By(z) + b*(2)wa(y) - (5.51)

For type ITA, the RR gauge potentials C{lo) and C’élo) are expanded as

Cflo) _ Ao(x) , (5.52)
C§' = A%(x) Aw, + €9 (@)ac(y) — Ec(@)B(y) (5.53)

where againa = 1,...,h(5Y and € = 0,..., A2, Here b2, €€ and £¢ are 4D scalars, A°, A® are
1-forms and B is a 2-form. The AY in the expansion of CFO) is only 4D as a direct consequence
of the Calabi-Yau not admitting harmonic 1-forms. As for the A/ = 2 multiplets, they will be
built from the geometric deformations v® and z¢ as well as the fields in the expansions of egs.
(5.51)~(5.53). First, the graviton g,, and 1-form A° form a gravity multiplet {g,,, A°}. Then
there are h(\Y vector multiplets { A*,v%, b}, a number of A3 hypermultiplets {2°,£°, €.}, and
one tensor multiplet { B, ¢, €0, éo} with only bosonic components. The N’ = 2 multiplets for the
type II theories compactified on a Calabi-Yau are summarised in table 5.2. The multiplets in
table 5.2 consist of more than the coordinates t* and z¢ of the Calabi-Yau 3-fold’s moduli spaces

MXs and M respectively. Therefore, the ' = 2 moduli space is said to be of the structure
Mo MQ, (5.54)

where M5K is the moduli space of the vector multiplet, i.e. a special Kéhler manifold with
MEs € MSK The MQ is a special quaternionic manifold spanned by the scalars in the hyper-
multiplet, where M e MQ.

The low-energy effective action in 4D is usually displayed in a "standard N' = 2 form” and
to obtain it we need to define the 4D dilaton D as [23]

6
D=./=¢e. 5.55
e Ke ( )

Here ¢ is the direct 4D equivalent of the ¢(1%) in 10D, and & is as defined in eq. (5.39) where
we again have combined the real scalars b* and v® into the complex fields t* introduced in eq.
(5.11). The v* is evaluated in the string frame, and because of this, so are J = v%w, and

k= [y J ANJ A J. In the string frame the Einstein-Hilbert term takes the form %e‘Q‘f’(lO)R* 1,
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5.1. Calabi-Yau compactifications of type II theories

so to obtain an action in the Einstein frame a Weyl rescaling Js = ¢®/2Jg needs to be done.
Inserting the expansions of egs. (5.51)—(5.53) into the 10D action in eq. (5.45) and integrating
over the Calabi-Yau manifold, then using the dilaton definition and Weyl rescaling, the 4D
action becomes

Sl(fl/)x:/ —%R*ﬂ—%RGNABFA/\FB—F%IIH/VABFA/\*FB
Ma (5.56)
— Gap dt® A *di? — hyp dg™ A *dq” |

as first obtained in [24][25]. Here the indices span A, B = 0,...,h(bY) and a,b = 1,..., 0D,
The field strengths are F4 = dA4 = (dA°,dA?%). Gy is the metric on the Kihler structure
moduli space defined in eq. (5.37) which depends only on the coordinates t* of MXS. The
metric G, together with N4p encode the couplings of the vector multiplets in the action of eq.
(5.56). The complex matrix N is known as a gauge coupling function, and is given in terms of
the prepotential F according to

= ,Im]}ACIm]?BDtCtD
Nap = Fap +2i ImfpctCtD

: (5.57)

with A, B,C,D = 0,...,h:). Inserting the expression for the prepotential in eq. (5.42) into
Nag, the real and imaginary parts of the matrix is determined to

1 arbpe 1 brc
o _*Habcb b°b §/<vabcb b
ReNAB_< Do e | (5.58)
=t (Fap = 755 ) 0D (Kb — 3757 ) B
ImNap = ( L rurs )b ( . WZ : (5.59)
(“ab_ZT)b Rab = 3 %

Here the (0,0), (0,1), (1,0), and (1,1) matrix elements correspond to the (0,0), (0,a), (a,0) and
(a,b) components of N, so that for instance ReNyg = —%nabcbabbbc, etc.

The couplings of the hypermultiplet are encoded in the quaternionic matrix h,,, obtained
from the Kaluza-Klein reduction as [25]

huw dg* dg” = (AD)? + G ;d2¢ dz* + LeP(da — (§0 de¥ — €7 dée))? (5.60)
— $e?P(ImM) 1P (déc — Mcp dEP)(dép — Mppdeh) ,

where G 7 is the metric of the moduli space of complex structure deformations, defined earlier
in eq. (5.18). The complex coupling matrix M¢p is the complex structure equivalent of Nyp,

which can be determined by eq. (5.57) using the complex structure prepotential F and metric
Geq of M ie.

— ,ImeEImeFZEZF
= 2 .61
Mecp = Feop + 2i T ForZEZF (5.61)
It can also defined in terms of the H®) cohomology basis [26] according to
/ BYA*BP = (ImM) 1P
M
/ o pxa? = — (ImM + (ReM)(ImM) ™ (ReM)) (5.62)
M CcD

/M ac A+BP = — (ReM)(ImM) 1) P
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We proceed to the case of type IIB theory compactified on a Calabi-Yau. For clarity an
explicit calculation of this case is found in Appendix D, but here we only present the main
steps. The procedure for type ITA is analogous.

The NSNS field expansions for type IIB are the same as the ones for type IIA, i.e. egs.
(5.49)—(5.51) for the dilaton, metric and Bélo) field. The RR fields however will be expanded
according to

'V = o) + ¢ (@)waly) . (5.63)
O = D§(x) Awaly) + VE () Aacly) — Uclz) A BC(y) + pa(2)@(y) - (5.64)

In the field expansions for type IIB the 4D fields that appear are the scalars b%(x), c¢*(z), po(x),
the 1-forms V¢ (z),Uc(x) and the 2-forms Bs(z),Co(x), D§(z). The self-duality condition
Féw) = *Félo) eliminates half the degrees of freedom, which will allow us to drop D§ and
U, in favour of V¢ and p, in the expansion above.

Inserting the expansions of eqgs. (5.63), (5.64) into the action in eq. (5.47) and integrating
over the Calabi-Yau manifold, the resulting 4D action, see Appendix D or [27][28], is

St = /—%R* 1+ 1ReMepFC A FP + MmMopFC A «FP
— Gogdz® Axdz? — G dt* Axdt® —dD AxdD — 2e*PrdCy A xdCy
— 12PKG g (de® — Cp db™) A *(dc” — Cp db?)
- i e*P G oa(dpa — Kapee dbc) A*(dpg — Kgepc® dbT) (5.65)
46 4P dBy AxdBy — gre”*Pk(dCy — Cp dBs) A*(dCy — CydBy)
— 1d0y A (po b — b dpg) + 3 dBa A ¢ dpg — Lkapec®c® dBy A dbE .

Here F¢ = dV°, the G4 is the metric of M and G the metric of M8, This action is usually
written in a ”standard N = 2 form” which does not include the 2-forms Bs and Cs. In order to
obtain it, these fields are dualised to scalar fields, which is allowed since they are massless and
possess gauge symmetries By — By + dAg and Cy — Cy + dAy [29]. The C; field, with field
strength dCs, is dualised to a scalar field ¢® by introducing a Lagrange multiplier %co d(dCs)
and adding a term %dC’g A dc® to the Lagrangian. The terms in eq. (5.65) that contain Cs,
including our newly added term, are

Lo, = —4(dCy — CodBz) Ax(dCy — CodBy) — 1dCa A Jy + 5dCy Ade” (5.66)

where we have abbreviated g = ée_QD k and J; = pg db* — b*dp,. The equation of motion for
& implies dCy = dC5 and the equation of motion for dCs reads * dCy = é(dc0 - %Jl). Inserting
the expression for xdCy into the Lagrangian in eq. (5.66), it reads in terms of ¢

Lo = —7:(d” = 5J1) Ax(de” = 3J1) = 5CodBa A (de? = §.7h) (5.67)

The same method is used to dualise By to another scalar field °, and we refer to Appendix D
for the details. The type IIB compactified action can then be written
SG = / —1Rx 1+ ReMepFC A FP 4+ HImMepFC A «FP
My (5.68)
— Gegdz® Axdz? — hpy d@P A xdg? |
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where the @ denote the coordinates for all A(tY) 4 1 hypermultiplets, and the quarternionic
metric is given by

hpg dGP d@? = (AD)? + G dt* A’ + 55e*Pk(dCp)?
+ 1P kG (A — Cp db®) (dcb — G, dbb)

+ 8%eQDG“d (dpa — KapeC dbc> (dpd — KdefC’ dbf) (5.69)

2

+ e (de” = 3(pa db — b dpa))

+ 1efP (db“ +Codc” + ¢ dpg + 1Co(pa db™ — b dpy) — Kapec™c® dbC) :
The to the 2-forms Cy and By dualised scalars ¢? and % are functions of 2¢. See also [30][31]. In
type IIB the moduli space MSK @ MO is a little different from ITA. The ¢P span the quaternionic
manifold M® which now contains MX5. The prepotential F of MXS can be chosen so that M®
is special quaternionic. The complex structure manifold is now in the special Kéhler one, i.e.
M € MSK.
5.1.3 Mirror symmetry

In this section we are to briefly review mirror symmetry in Calabi-Yau compactifications. The
mirror symmetry is a duality between the moduli space of different Calabi-Yau manifolds. It
states that given a Calabi-Yau M, there exists a mirror Calabi-Yau M such that

H®D (A1) = HG=P9(N]) | (5.70)

Note that there are however a few special cases where this fails; there is still a mirror manifold,
but it is not a Calabi-Yau. In particular, eq. (5.70) implies that

RO = D), and ROV (T) = KD (M) (5:71)

so for for example when M has hZD = 0, then h(1:Y) of M should vanish, but a Calabi-Yau
always has R(D > 0, so M can not be a Calabi-Yau. Eq. (5.71) corresponds to a reflection
along the diagonal of the Hodge diamond, see Appendix B.4. Thus mirror symmetry relates the
even and odd cohomologies of two topologically distinct Calabi-Yau manifolds via

Heven(M) ~ HOdd(M) , Heven(M) ~ HOdd(M) , (5‘72)
where the even and odd cohomologies are defined by

Heven H(O’O) ® H(l,l) o) H(272) @ H(3:3) , (573)
Hedd — gB.0) o g1 g g(1.2) g g(0.3) (5.74)

It also implies an identification of the moduli spaces of deformations of M and M. The dimen-
sions of the complex structure and Kéhler structure moduli spaces introduced in the previous
section are exactly h(21) and k(1Y) respectively. Thus eq. (5.71) implies that

MES(MY = MS(MT),  MSS(M) = MS(M) . (5.75)

This statement is highly non-trivial since the Calabi-Yau manifolds M and M in general are
very topologically different. This can be seen from their Euler characteristics, which are related
according to

(M) = —x(T) . (5.76)
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5. 4D Effective Theories

Recall that the geometry of M®(M) is encoded in the variations of the holomorphic 3-form
Q of M. As seen earlier as in eq. (5.26) it can be expanded in a basis of H®3) (M) according to

Q= 2% ¢ — Fo(2)8°, (5.77)

where Fo with C' =0, ..., h(ZD is related to the prepotential F via F; = 9;F. The coordinates
2¢ are related to the Z¢ via 2¢ = 7¢)7° where ¢ = 1,...,h%!. Under mirror symmetry, these
coordinates are identified with the complex Kéhler coordinates ¢ on the Kéhler structure moduli
space MIA%S of the mirror manifold M. This also implies that the prepotential on these spaces

should be equivalent, i.e. that Fys(2¢) = F7(?). However, MXS and M should still obviously
have different structures even if they are defined on different manifolds, so this can not be the
full truth. In fact, one expects corrections to Fs(2¢) and F7(*). When mirror symmetry is
embedded into string theory, these corrections gain a physical interpretation as string wrapping
2-cycles in M, called worldsheet instantons. Schematically we have that

Fulz) =2+ 0(e ) = Fg(D),  Fult)=12+0( ") =Fyl3) . (5.78)

If one turns the argument around, you could instead use mirror symmetry to calculate the
worldsheet instanton corrections O(e™?) and O(e™!). This has been done in [32]. Such a
calculation is usually simpler than a direct calculation of the contributions from worldsheet
instantons.

The multiplets of the compactified theories are mapped via mirror symmetry as well. In fact,
the moduli in the effective actions experience the exchange

{¢9,éc} «— {c*, pa} ={Ca,¢", Co, pa} - (5.79)

The reasoning of mirror symmetry between moduli spaces can be expanded into perhaps the most
prominent conjecture based on mirror symmetry. Namely, that the type ITA theory compactified
on a manifold M is equivalent to type IIB theory compactified on a mirror manifold M, and
vice versa. This can be seen explicitly by specific redefinitions of the type IIB hypermultiplet
scalars in terms of the IIA vector multiplet scalars, namely

Co — €Y, Cob® — ¢ — ¢,
" 4 Thapeb B0 — LC0Rapcb b — & | Pa + 3CoRabcb’b" — Kapec’b® — &q (5.80)
200 + Co® 4 p(c® — Cob®) = a,  dpa — Kgpec” db® — d€, + ReN,g de? .

Using these redefinitions in the effective action of the type IIB theory, we can compare it with
that of type IIA. It becomes clear that we can go from the type IIA to the type IIB compactifi-
cation on a Calabi-Yau 3-fold by allowing the moduli space mapping

2¢ =t G — G5,  Nap— Mcp, (5.81)

where the quantities are defined as earlier.
T-duality is perhaps the most simple example of mirror symmetry. When the bosonic string
is compactified on a circle of radius R, the perturbative string spectrum is given by

K\? [/WR\?
O/MQ:a'l(R> +(o/)

where Ny, Ng are the total number of oscillators of the left- and right movers, W is the winding
number and K the number of momenta on the string. They fulfil the modified level-matching
condition

+ 2N, 4+ 2Ng — 4, (5.82)

Np— N, =WK , (5.83)
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and T-duality denotes the invariance of the above equations under the interchanges

W« K, R+ (5.84)

= RN

which must be imposed simultaneously.

5.2 Effective actions of type 11 Calabi-Yau orientifolds

The subject of this section is the 4D low-energy effective supergravity theory obtained by com-
pactifying type IIA and type IIB string theory on Calabi-Yau orientifolds. Similar to D-branes,
orientifold planes are hyperplanes in the 10D background.

5.2.1 The type II orientifold projections

Orientifolds are generalisations of orbifolds which in turn are generalisations of manifolds. In
short, an orbifold ("orbit-manifold”) is defined as the quotient space I' = M /G of a manifold
M and a discrete group GG which acts on M. Orientifold theories are unoriented, i.e. contain
unoriented strings, strings that have no "arrow” and whose two opposite orientations are equiv-
alent. So far we have only dealt with oriented strings, since a left to right direction of the
string has been unambiguously defined by parameterising the spacelike coordinate with o. The
simplest example of an unoriented string theory is the type I theory, which can be obtained by
orientifolding type IIB string theory.
A Calabi-Yau orientifold can be written as the quotient space

M

505, (5.85)

where M is a Calabi-Yau manifold and Sy, Sy are some discrete isometry (distance-preserving)
groups. €2, is the worldsheet parity operator and acts on o, which again signifies the position
along the length of a string, such that €2, : 0 — 09 — 0. For closed strings o9 = 27 and for open
strings 09 = w. This means that the parity operator exchanges left- and right-moving fields,
which leaves the two o-directions equivalent, thus resulting in unoriented strings. Note that if
So is empty, the quotient space is an orbifold.

The locus where the orientifold action reduces to the change of the string orientation is
called the orientifold plane. In type II theories, Op-planes couple to the (p + 1)-form RR gauge
potentials Cp, 1. Type ITA and IIB have different gauge potentials, so they will couple to different
Op-planes accordingly; type IIA couples to O0-, O2-, O4-, O4- and O8-planes while type IIB
couples to O(—1)-, O1-, O3-; O5-, O7-, and O9-planes. However, for the orientifolds to be
consistent with supersymmetry in a Calabi-Yau, not all of the available O-planes will be viable.
Namely, for type ITA only O6-planes and for type IIB only O3-, O5-, O7- and O9-planes, are
allowed by supersymmetry [1].

It is important to note however that while the theory is unoriented on the O-plane, away
from the fixed O-planes the local physics are those of the oriented string theory [33].

Calabi-Yau orientifolds are constructed by dividing, or modding, out a discrete symmetry
S1 U 5202, that includes the worldsheet parity €2, and spacetime fermion number in the left-
moving sector (—1)¥L. This division of symmetries in the groups of Sy U S2), are referred to as
orientifold projections and, depending on their actions, they will project out parts of the spectra
given in table 5.2. The Sy group in eq. (5.85) for a Calabi-Yau is generated by an involution
Oinv, With the subscript ”inv” to distinguish from the string length parameter o. It acts only
on the Calabi-Yau and thus leaves the external 4D space invariant. The involution is of course
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5. 4D Effective Theories

Table 5.3: Symmetry transformations of type II massless bosonic fields. The actions of (—1)
and €2, on the fields leave the type IIB supergravity action invariant but not the type IIA. The
table should be read according to (—1)FLBQ = +DB», 1,8y = — B3, etc.

involutive; o2 = 1, but also isometric and holomorphic or antiholomorphic depending on the
theory. It acts on the complex structure (1,1)-form J and the holomorphic 3-form Q according
to [34]

IIA : ohed =—J, ol =0Q, (5.86)

mv mv

IIB: ofJ=J, o ,0=+Q. (5.87)

mv mv

From the involution’s action on €2, we see that the involution is antiholomorphic in type ITA
and holomorphic in type IIB. The two possible actions on the 2 for type IIB splits the viable
choices of O-planes. The plus sign leads to O5- or O9-planes and the minus sign leads to
03- or OT7-planes. Allowed symmetry operations will be different for the two cases as well.
With the O5/09-planes the simplest symmetry transformation of Sy is a target space symmetry
Mig — Mg, but for the O3/O7-planes there is an additional operation (—1)fZ, where Fy, is
the spacetime fermion number in the left-moving sector. Under this action the RR and RNS
states are odd and the NSNS and NSR states are even. Another symmetry of type IIB is €2,,.
Both symmetries are summarised in table 5.3. Depending on the transformation properties of
(2, there are two possible symmetry operations O = S5, that are possible [35][36]:

01 = (_1)FLQ])01HV 9 and 02 - Qpainv . (588)

Modding out with Oy, i.e. having M /O, leads to the possibility of having O3/O7-planes, and
modding out with Oy allows for O5/09-planes. In summary we have that

03/07 : ol Q2 =-0 — 01 = Oo3/07 = (1) Qpoiny (5.89)
05/09 : O'i*an =40 — Oy = 005/09 = QpUinv s (590)

i.e. the different actions of o,y on € lead to different possible symmetry operations O = S2(2,,.
As for type ITA, the symmetry operation O; also allows for O6-planes [29].

Wishing to compute the effective 4D action for type IIB supergravity on our orientifold planes,
we proceed with the same methodology as for the compactification on Calabi-Yau manifolds.
Having established some symmetry operations which are modded out from the Calabi-Yau man-
ifold, the next step is to determine the massless spectrum after this projection has been taken
into account. In the 4D compactified theory only states invariant under the projection are kept,
so the massless states that survive the orientifold projection are the ones that are even under the
actions of eq. (5.88). For example, By is odd under the action of £, and also under (—1)f2Q, so
in the presence of any O-plane the only surviving components of By are those that are odd under
Oinv- Generally the actions of o, on the fields of table 5.3 will be different depending on which
O-plane setup we use. For O3/07-planes the invariant states are even under the transformation
of Op3/07, and invariant states on 05/09-planes are even under the action of Ogs/09. Using
table 5.3 and egs. (5.89), (5.90), there are three fields that transform according to

o+ (10) — 4(10)

’

g1 = g1, (5.91)
o B0 =
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O-plane setup H Cohomology group H Basis H Dimension
03/07 g geo Wa Wa (D pD
and H(2 1) s x * hf’l) PRCRY
05/09 Hil T g0 o " pET [T
03/07 HY | HY | (008 | (ap8h | 2087 [20n%9 4
05/09 BHY | HY | (0 8Y | (a8 | 203V 12 2n® i

Table 5.4: Cohomology groups and their corresponding bases for orientifold setups of type I11B
supergravity.

for both the 0O3/07 and 05/09 setups. For the other fields however, the actions of Og3,07 and
Oos,/09 Will force oiny to act on the RR fields of type IIB (i.e. Cp, C2, and Cy) according to

03/07 05/09
oinCy ) = O8] o Cf ) = =g
ot 0 _ o0 | gx o010 _ o10) (5.92)
o L) _ C(m) ot 0 10

Furthermore, we seek a to expand the fields and metric deformations in terms of harmonic
forms, which turns our attention to the relevant cohomology groups. Since oiyy is holomorphic
for type IIB, the action of oy, on H®? and with it the harmonic (p, ¢)-forms, will split into
two eigenspaces;

oi HP) = HP) g g9 (5.93)
The cohomology eigenspaces have eigenvalues +1 and —1, as well as dimensions hgf’q) and

h(_p’q), respectively. The involution oj,, respects the orientation and metric of the Calabi-Yau,

which mean that the action oj,, and the Hodge-x operator commute. This means that the

Hodge numbers will obey h(1 D _ h(f 2, Furthermore, the holomorphicity of oy,, implies that

hg D h$ %) and the fact that o2 = £Q leads to that for the different O-planes we have
03/07 05/09
R3O = p03 — o | PO = 0% —1 (5.94)
a0 _ 00 _ |l b
The volume form ~ QA is invariant under o7, and so hg?’o) = hf’g) = Tand h%0 = @3 = 1.

The non-trivial cohomology groups and basis elements can be constructed in the same way
as for the Calabi-Yau 3-fold, and they are summarised in table 5.4 taken from [29], where
7S = g @ gD,

Now, the 4D invariant type IIB spectrum is found by using the Kaluza-Klein expansion of the
Kahler structure and complex structure metric deformations given earlier in egs. (5.9), (5.14),
as well as the field expansions in egs. (5.63), (5.64), where only fields obeying eq. (5.92) are
kept. However, some modifications of these expansions will be needed. For starters, ojny leaves
the volume form invariant and, since Q A Q ~ J A J A J, J has to be invariant as well. As
can be seen in the first equation in eq. (5.87), J transforms evenly under the action of iy,
therefore only the even h(\1) Kihler deformations v® can remain in the spectrum. Thus for the
orientifolds we must expand the Kéhler form as

J = 1%, , (5.95)
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witha =1,..., hg_l’l) where w, is the basis of H J(rl’l). The complex structure metric deformations
depend on 2, and so because of how the involution acts on it in eq. (5.87), deformations will
depend on the orientifold setup. For O3/07 the deformations kept in the spectrum are elements
in H_(:’z) and for O5/09 they are elements in H (_1’2). In summary, the complex structure metric
deformations of eq. (5.14) will be replaced by

03/07 . 692’]’ = ||§;||22k(xk)ﬁjgijj N k= 1, ey hg’Z) 5 (596)
. _ b ok 7 _ (1,2)
05/09 : 59@']’ = Wz (Xﬁ)igjg ) k= 1, ey h+ 5 (597)

where xj and x, denote the basis of H (12) and HJ(FM) respectively. See table 5.4 for all bases. As

for the Bém) expansion we know from eq. (5.91) that only odd elements can be kept. Therefore

the original Bélo) expansion for Calabi-Yau manifolds will for orientifolds be replaced by

B8 =,  a=1,...,n%Y . (5.98)

Turning to the RR sector fields, it is clear from eq. (5.92) that they will be expanded differently

as they transform with opposite signs under oi,,. For O3/07, the axion C’élo) is even, Célo) is

even and C’ilo) is odd. The opposite applies to the O5/09-planes. This will be reflected in the

harmonic basis. For the O3/07 setup, the RR fields are expanded according to
" =y,
03/07: {19 = ¢, | (5.99)
C1 = DY Awg + V5 A ay + Ug A B+ paic® .
Note that both the 4D 2-forms By and C5 have been projected out and only the scalars ¢* and
b® remain. For the O5/09 setup, the field expansions read
cs” =o,
05/09: ' = ¢y + w, | (5.100)
C{'"” = Dy Awa + VE N g + Uy A B* + pa® .
The axion C(glo) is projected out, but is then replaced by the 4D tensor Cs to form a linear

multiplet {¢, Ca} [29]. Again the self-duality of Félo) eliminates half the number of degrees of

freedom in the 0410 expansion, where one can choose to eliminate the pair {D$, p,} or {V* Uy}

It is clear that the orientifold projection splits the dimension of the moduli space, and with
it the N' = 2 supersymmetry spontaneously breaks down to N' = 1. The IIB multiplets are
summarised in table 5.5.

5.2.2 The 4D effective orientifold theories

Before performing dimensional reduction, we need to make an important note about the 10D
metric. With localised sources, such as orientifold planes and D-branes, the metric structure of
eq. (5.48) is no longer entirely valid. In fact, the supergravity theory with sources, as well as
fluxes, does not have the metric of eq. (5.48) as a solution [37][38][39]. Instead a warp-factor
e~24 has to be included in the metric such that

ds? = eQA(y)nW(:E) dz# dz¥ + e_QA(y)gij(y) dy’ dy? . (5.101)
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1B | 03/07 |  05/09
gravity multiplet 1 G 1 T
vector multiplets hf,l) Vr h(_2,1) vk
RED Sk hf’l) o

h(+171) {Ua,pa} h(+171) {UQ,CQ}
h(_l’l) {b%, %} h(_l’l) (6%, pa}
1 {9, Co} 1 {9, Ca}

Table 5.5: The 4D moduli fields of compactified type IIB supergravity theory on Calabi-Yau
orientifold setups 0O3/07 and 05/09 arranged in A/ = 1 multiplets.

chiral multiplets

However, one may work in the large radius limit where A(y) — 0 so that the metric of eq.
(5.101) coincides with the unwarped metric of eq. (5.48) [39]. In this case the metric of the
moduli spaces agree and the effective actions will be the same.

The effective 4D actions for type IIB orientifold planes are found by using our harmonic
metric and field expansions and inserting them into the type IIB supergravity action of eq.
(5.47), integrate over the Calabi-Yau and evaluate the multiplet sectors separately. We refer to
[29][40] for details and give the actions for the O3/07 and O5/09 orientifold setups as

58:2/07 /*%R* 1 - Gpdz" Axdz — Gag dv® Axdv” — Gop db® A xdb”

—dD A*dD — £e*PrdCy A *dCy

— 1P kG (de® — Codb®) Ax(de” — CodbP) (5.102)
- 8% DG (Ao — Kaapc® db?) A x(dps — Kgeac® db)
+ MmM\F* A%F> + 1Re M\ F* A FY

respectively

S(()45)/09 = /_%R* 1— G, 5dz" A%dZ — Gop dv® Axv”

— Gab db® Axdb’ — dD A xdD — te*PkGog de™ A xdc?
— 22 (dh + (dpab” — pa db“)) A (dh+ 3(dpab™ — pa db®)) (5.103)
- 8?; PGP (dpy — Kaca® Ab) A x(dpy — rpage® db?)
ZIkale A xF + iReMlek AFL.
Here F* = dV* and F* = dV* with the rest of the definitions the same as in the previous
section, but expressed in the appropriate bases.
Turning to the type IIA case, the NSNS sector fields transform in the same way as for type

IIB under the action of the involution oj,y, given in eq. (5.91). As for the RR fields, they
transform according to

ot 1 = 0 (5.104)
o0 = o0 (5.105)

IIlV

in accordance with eq. (5.86) and the action O; of eq. (5.88). The Kéhler form J is odd under
the action of o,y according to eq. (5.86), so J must be expanded in a basis of odd harmonic
(1,1)-forms:

J =v4(x)w, , (5.106)
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where a =1,..., hg’l) again using the basis defined in table 5.4.

The number of complex structure deformations are reduced in a similar fashion. The pro-
jection in eq. (5.86) for the holomorphic 3-form €2 sets constraints on the deformations. The
can also be expanded in a basis of H®) = HJ(E) @ H(,g) with dimensions hf) =hB) = pED 41
and basis elements a¢c € H (3), WP eH (3), so that

Q(2) = Z%2)ac — Fpz)b?,  C.D=0,...,A%D (5.107)

This is just like the  expansion in the previous section with A/ = 2 Calabi-Yau manifold
compactifications. Again the z¢ with ¢ =1, ... ,h(Y are coordinates on the complex structure
moduli space. Generally eq. (5.86) for Q reads o7, Q = €*%Q with 0 being some arbitrary phase,
though we have previously chosen ¢ = 0. Including this phase invariance in the action of o on

Q and using the expression in eq. (5.107), the involution’s action on 2 implies
Im(e ®2z%2) =0,  Re(e®Fp)=0. (5.108)

The first equation sets k(1) +1 constraints on only h(1 scalars. The extra equation is redundant
and due to a scale invariance of Q. The first equation in eq. (5.108) implies however that h(3)
scalars are projected out, which is half of the complex structure deformations. The involution’s
action on Q in eq. (5.108) also reduces its complex rescaling freedom Q — e~ to a real
rescaling freedom; Q — e R Q. This affects the Kéihler potential so that K — K + 2Re(h)
when in M. This freedom can be used to set one component of Re(e™Z%) equal to one, so
that Q depends only on h(2Y real deformation parameters. It can however be more convenient
to leave this gauge freedom intact and instead define a "compensator field” C' which transforms
like C — CeRe(t) and fulfils CQ — CQ. Then CQ depends on h(31) + 1 real parameters and
may be expanded according to

CQ =Re(CZ%)ac — ilm(CFo)b . (5.109)

The expansion of the ¢(19), ¢(19) and BSO) fields are the same for type IIA as for IIB as they
belong to the NSNS sector. Under the action of oy, they transform according to eq. (5.91). For

the scalars the expansion is again simply ¢(19) = ¢ and ¢19 = ¢g. The Bélo) field is odd under
the action of o,y so the 4D field By does not survive the projection, but we are left with the
scalars b® expanded in the odd basis wg;

B8 =bow, ,  a=1,...,n"Y . (5.110)

Differences appear in the expansions of the RR sector fields. The C’flo) field is odd under
Oiny according to eq. (5.104) and, combining the fact that a Calabi-Yau does not support any

harmonic 1-forms and that oy, acts trivially on the flat 4D dimensions, the entire Cflo) field
is projected out. This leads to that the ' = 2 multiplet {g,., A’} in the Calabi-Yau 3-fold
reduction is being reduced to an N’ = 1 orientifold multiplet containing only g,,. As for the

C’éw) field, which is even under oy, according to eq. (5.105), it is expanded as
(" = Cy(z) + A%(x) Awa + Cac (5.111)
where C3(z) is the 3-form RR field in 4D, A% with o = 1,.. .,h(j’l) are 1-forms and £ are

C =0,...,h2D real scalars. The A = 1 multiplets of ITA O6 compactifications are summarised
in table 5.6, where N¢ = %(fc + 2iReZ%); a field combination we will return to in section 5.4.
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ITA | 06
gravity multiplet 1 v
vector multiplets h(j’” A“

h(lvl) ta
chiral multiplets h(zi) 1 NC

Table 5.6: The 4D moduli fields of compactified type ITA supergravity theory on an O6
Calabi-Yau orientifold arranged in N' = 1 multiplets.

The effective 4D action for type ITA orientifolds, which only allow O6-planes by supersym-
metry, is found by inserting the expansions into the type ITA supergravity action of eq. (5.45)
and integrating over the Calabi-Yau. The resulting action reads

s — /—%R* 1 — Gop dt® AxdE® + 3TN, F® AFP + JReN,5F® A% FP (5.112)

—dD A*dD — Gea(q) dg° Axdg® + 2e*PTmMcp ¥ A x€P

with F* = dA® and was first obtained in [41]. Here the first line, except for the Einstein-Hilbert
term, arises from the projection of the N' = 2 vector multiplets’ action. The second line arises
from the reduction of the A/ = 2 hypermultiplets’ action which is determined by the quaternionic
metric in eq. (5.60).

5.3 Implications of allowing background fluxes

In the type II theories it is possible to allow background fluxes on the Calabi-Yau manifold.
When sources are present, there is no globally well-defined potential, which means that the
integral of the field strength over a cycle is not necessarily zero. When this is the case one talks
about a non-zero flur. A flux with a standard Bianchi identity' for either NSNS or RR fluxes

should be a real number, i.e.
1

—_— E, €7, 5.113

@rva)r-1 s, P (5.113)
for some p-cycle ¥, and p-form field strength F},. The fluxes for a Calabi-Yau manifold are
constructed from the 3-cycles A and B. In order to keep track on from which cycle they come
from, the fluxes from the A-cycles are called magnetic and the ones from B-cycles are called
electric. For each field strength, they are defined as

1 1
—— | Hy=mC 7/ H; = ¢¢ C=0,...,hY
(2m)%c/ /Ac =T 2m)2a/ Jpe P € AR g
1 (10) C 1 / (10)
s | Py = — Fy =
(27)2a/ /Ac 3 MRR > 2m)2a’ Jpe '3 €RRC (5.114)
1 (10) _ 1 (10) _ 1,1
zm/a/AaF? =i e fp B S e, o= B

written in terms of o/ for clarity. In the basis (a¢, 5€) of H®) introduced earlier the ac and
€ are Poincaré duals to the cycles. The same goes for w, and @* with respect to HH1) and

! An example of a non-standard Bianchi identity is that for a field strength of a 3-form in 4D, where no 5-forms
exist, since a Bianchi has normally the form D(dA,) = 0 with D being a covariant derivative.
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H22) g0 that again;

/aD:/aDAﬂczég, /ﬂD:/ﬁDAaC:—éé?,
Ao M BC M

Aqg M a M

where M is the manifold in question. The field strengths can be expanded in terms of the
magnetic and electric fluxes as well as the basis defined above according to

(5.115)

1 1 10
(nyar = m®ac — ecf”, (2m)2a F'” = mfrac — errchC
1 (10) 1 (10) N
Fy"/ = mR{pwa » ————F,; = —eRrr®” ,
27‘_\/(? 2 RR"a (27{_\/07)3 4 RRa (5116)
1
oVl F{O = mly | —_F19 _ erpvolg .

(2mVal)p

It is conventional to pick units in which (27)%a/ = 1.

We will start by considering the N' = 2 compactifications of Calabi-Yau manifolds. Turning
on fluxes while still keeping the same massless spectrum of the Calabi-Yau compactifications
will correspond to simply rewriting the fields in terms of a magnetic or an electric flux in the
appropriate cohomology basis. In type IIA, turning on RR fluxes amounts to performing the
replacements

dCy — dCy + maRRwa ,

B (5.117)
dC3 — dC3 + egra@® .

With these extra terms, the 10D reduction to 4D will result in an additional term in the type
ITA 4D effective action in eq. (5.112), namely [27]

Sip = /_32 AJy — LM2By A xBy — LM2By A #By — VER | (5.118)

written in the Einstein frame, where the constituents are given by

Jo = —enpaF" + milg (mNapF? + ReNapF?) |

M? = —mARImNApmER (5.119)
M7 = —mirReNapmig + MARERRA |
ViR = —1e*? (€RRA - NACng) (ImA) AP (eRRB - NBDng) '

Here we have again F4 = dA4 and N given as in egs. (5.58), (5.59). The RR fluxes introduce
terms B A Js known as Green-Schwarz type couplings, which make By massive! There are now
regular as well as topological mass terms m and myp for the By field. The fluxes also produce
a potential V' which depends on the complexified Kéhler deformations ¢*, which belong to the
vector multiplets.

In type IIB, the RR fluxes are introduced by the replacement

dCy — dCs + ngOzC — €RRCBC , (5.120)

which will result in the addition of an extra action term with the same form as the one in eq.
(5.118). The difference is the definitions in eq. (5.119) where A is replaced with M and the
indices A4, B, ... with C, D, ... which span h(3') 41 terms. The introduction of the RR fluxes of
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5.3. Implications of allowing background fluxes

type IIB thus results the same new physics as RR fluxes in type ITA. Namely, the Green-Schwarz
couplings, a massive By field and a potential.
The NSNS fluxes are common to both type II theories and are introduced by modifying the
B» field according to
dBy — dBy + m%ac — ec € . (5.121)

The fluxes will in general give gauge charges to scalars in the tensor and hypermultiplets for
both theories. That is, the ordinary derivatives of the effective 4D actions in eq. (5.56) and eq.
(5.68) will become covariant derivatives of the form

0" = Dyuq" = 9uq" — k4 X, . (5.122)

Here the kY are Killing vectors, or gauge charges, which are directly proportional to the fluxes,
and the X ;? are the vectors in the vector multiplet that participate in the gauging. For type
IIA, the scalars that get a charge are the ones dual to the B field (belonging to the tensor
multiplet) and the {£¢, &0} of the hypermultiplet. The gaugings are given by
~ C cC

Ko=mCc —ectC | K =2mpre, ki =mC5T kS =ec, (5.123)
where b denotes the appropriate duals to Be and 5u€“ is the delta function. The only vector
field participating is the graviphoton A°, which as a consequence acquires a mass. The fluxes
also generate a potential for the scalars {¢, 2¢, £, £c} in the hyper and tensor multiplets, which

is given by
2¢

. -
S 2 o ) B o+ )
7 2 (5.124)

+ o (mKéK —extf + 60) 5

where M rather than A enters. Note that out of all combinations of the axions {éc, €%} only the
linear combination mC&x — ec€C gets a potential. This will be important in the next chapter.

In type IIB, the electric NSNS fluxes gauge the scalars in the tensor multiplet, namely the
dual b° of By and ® of Cs. In contrast to the IIA case, the vectors present that will gauge these
scalars are the ones in the vector multiplets, i.e. V¢ and z¢, rather than the graviphoton V0.
One combination of these vectors will therefore acquire a mass. The magnetic fluxes give a mass
to Cy. The electric fluxes also generate a potential for the scalars in the vector multiplet as well
as the axion and dilaton, which is given by

VNSNS — _e¥ c? - e ec(ImM)“Pep (5.125)

The Killing vectors for RR and NSNS fluxes are
K = 2eppe +ece®, K =ec . (5.126)

The effect of introducing the different kinds of fluxes are summarised in table 5.7 as first obtained
in [42]. In Appendix D.2 we perform a Kaluza-Klein compactification of type IIB supergravity
on a Calabi-Yau with fluxes turned on, which for instance illustrates how the By field becomes
massive.

Orientifold compactifications in the presence of fluxes are studied in a similar manner. In
the O-plane compactifications of type II, the 4D Bs field is projected out of the spectrum, so no
massive tensors will arise from the introduction of fluxes. However, the flux part of the B field
in eq. (5.121) will still be there, i.e. we have

dBy — m ay — e 8F | (5.127)
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Introduced flux 1IA 1IB
€RR Green-Schwarz coupling | Green-Schwarz coupling
TMRR massive By massive By
€o massive AY one massive V¢
mo massive A° massive Cy

Table 5.7: The effect of introducing electric and magnetic RR fluxes (egr resp. mgr) and
NSNS fluxes (e resp. m) on the type IIA and IIB theories.

with A®) = B(D 4+ 1 real NSNS flux parameters {m*, e;}. The RR fluxes may be turned on in

the usual sense but with indicesa =1,..., h(,l’l), which results in potential terms for the scalars
v® and b* with the form of the one in eq. (5.119). One can combine both the NSNS flux and
the RR fluxes into a potential of the form [41]

9e2¢

Vog = 7 {Im/\/l,i,\m m* + (e — ReMpam™) (ImM) (¢, — Re/\/lp\m)‘)}
(5.128)
181 :
— 5 [(erra — ReNaemir) (ImAM) ™ (érm; — ReNjmi)]

where the fluxes égra = (erro + Exm™ — fkek, €RRa) and m?{R = (moRR7 m%p) are written in the
bases wg of HJ(rl’l) (with the dual @) and w, of H @b (with the dual ©®). The indices run as
a=1,.. " witha=1,... A% and a =0,...,h{"" with & = 0,..., A"V, as stated in
table 5.4.

In type IIB, 03/07 setups project out not only By but Cy and A? as well. With both NSNS
fluxes and RR fluxes turned on, a combined potential can be obtained as [43][26]

ob o A "
Vosjor = —97 [ (M) gl + (e = (mReM);) (M) (& — (mReM);)| . (5.129)

2
In O5/09 setups the C; field is not projected out from the spectrum and will therefore acquire
a mass in the presence of with NSNS magnetic fluxes. Like in the case of O3/07, a truncated
version of the potentials in eq. (5.119) and eq. (5.125) for the RR and NSNS fluxes respectively,
can be found to be [40]

Vos/09 = —%:j {m’%F(ImM)R;\m§ + (e§7 — (mFReM),g) (ImM)*lf%X ( f (mpReM); )}
9:; [l (M)l + (eff = (maReM)y) (TmM) ™ (eff — (myReM) )| .

(5.130)
Here the indices F' and H of the fluxes denote the field strengths corresponding to the 3-form
fluxes in dC5 and dBs respectively, i.e.
_ — mbag — P g7
=dCy = mpai — e B N (5.131)
= dBy = mYay, — el
oA (2,1) B (2,1) . .
with # = 0,...,h"7 and k = 1,...,h". All scalar moduli that get a potential for both
type II theories are summarised in table 5.8. It has been showed that the potentials in egs.
(5.128)—(5.130) can be derived from a superpotential, which will be the subject of the next
section.
A final note is that in type IIB there are 4h(Y moduli in the hypermultiplets, or 2!
complexified Kéhler moduli in the orientifold cases, that do not get a potential from fluxes.

171)
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5.4. Flux-induced scalar potentials from superpotentials

| 1A | 1B
SUSY N =2 N =1 (06) N =2 N =1(03/07) | N =1 (05/09)
RR flux {v?, b*} {v*, b*} 2" 2" k
NSNS flux {Zkvgoa(b} {Nkvfo} {zkv¢7 CO} {zcv¢7 CO} z¢

Table 5.8: Scalars that get a potential in the presence of background fluxes in Calabi-Yau
compactifications.

In type IIA, 2h(2Y scalars in the hypermultiplets (or h(ZY for orientifold compactifications)
do not get a potential. However, on a rigid manifold we have h(*Y = 0, so there might be
a possibility that fluxes may be the only ingredient needed to stabilise all moduli in type ITA
compactifications. In type IIB on the other hand this is not the case, as A"} > 1 since there is
always the volume modulus.

5.4 Flux-induced scalar potentials from superpotentials

In the previous section we saw that background fluxes induce a potential for certain moduli in
type II compactifications on Calabi-Yau manifolds and Calabi-Yau orientifolds. In the orientifold
compactifications yielding N' = 1 actions, the potential can be fully derived from a so-called
superpotential. The effective action for both type II orientifold compactifications can be written
on a common "standard NV = 1 supergravity form” which includes the superpotential and result
in different potentials for type ITA and IIB.

The effective action in question is given by

S}ﬁ)zl - _/%R*HKUDMIA*DMH%RefmF“A*FM%ImfmFﬁ/\Fuvu , (5.132)

where M7 collectively denote all complex scalars in the chiral multiplets and K 17 is a Kéhler
metric which satisfies K;; = 815le(M , M) with K being the Kihler potential. The gauge
coupling matrix f.) is a truncated version of its N' = 2 counterparts Nag and M¢cp. They
give the couplings of the gauge fields A% with a = 1,..., hsrl’l) for type ITA. For type IIB the
fxx encodes the couplings of the hf’l) fields V* in O3/07 projections and the h(_2’1) fields V*
in 0O5/09 projections. The V' is a scalar potential given in terms of the superpotential W and
"D-terms” Dy by

V = KK DWD;W —3|W %) + L(Ref) """ D, Dy, (5.133)
with Kéhler covariant derivatives DiW = ;W + W07 K. The D-terms are defined by
K, ;X{ =i0/Dy, , (5.134)
where X7 is the Killing vector generating the U(1) gauge transformations, where
oMt = AExTa;MmT (5.135)

In order to write the Kéhler potential I of all the scalars in the chiral multiplets, we must
first identify their complex coordinates M!. We have seen that the scalars which survive the
orientifold projection are a subset of the scalars in the A/ = 2 vector multiplets, namely t% =

b* 4+ w®* with a = 1,...,h(_1’1) in type IIA, 2F, k = 1,...,h%1 for IIB 03/07 and 2" with
Kk = 1,...,hi’1 for IIB O5/09. Their Kéahler potentials have the same form as the ones in
N = 2 but with the new indices a and k, x respectively. For chiral multiplets (not vector) this
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5. 4D Effective Theories

is more complicated. In type IIA, the A(2D+! real scalars €€ have to combine with the A%V

real complex structure deformations z¢ and the dilaton ¢ to form chiral multiplets. It has been
shown in [41] that appropriate complex fields — the new "Kéhler coordinates” M I of the chiral
multiplets — are encoded in the expansion of a complex 3-form field

Qc = £%(x)ac + 2iRe(CQ) . (5.136)

Changing the basis from ac € Hf) and ¢ € H® to (g, B) and (o, B*) respectively, eq.
(5.109) becomes CQ2 = Re(CZ*)ay, +ilm(CZM ) ay — Re(CFy) B — ilm(CFy) ¥ and €€ (2)ac —
&ray, — €,8>. The 3-form Q. then becomes

Q. = (& + 2iRe(CZF)) oy + (&) + 2iRe(CFy)) B

5.137
= 2NFay, + i3 | ( )

where Ny = 3¢ + iRe(CZ*) and Ty = i, — 2Re(CF,) are the new Kihler coordinates. Here
C is the field compensating the scale invariance of ) as introduced in the previous section. The
ITA Kahler potential is then given by

Kos = —In {g / JNJ N J} —2In [Q/Re(CQ) A*Re(CQ)| , (5.138)

which is the sum of the Kihler potentials of MX$ and M. The Kihler coordinates consist of
the t* as well as N and T).
The type IIB Kéhler coordinates depend on the orientifold setup. For O3/07 projections
they consist of the complex structure moduli z* and three other, namely
T=0Cy+ ie”? ,

G =c" — 1", (5.139)

Ta = %Iia + Zpa — ﬁﬁachb(G — é)c 5
with the xs defined as in the N’ = 2 case but with an appropriate basis. The Kéhler potential
is given by

Kosjor = —1In [—i/ﬂ(z) A Q(E)} —In[—i(r — 7)] — 2In[}k(7,G,T)] , (5.140)

where k = /{amvo‘vﬁ v7 should be expressed in terms of 7, G and T,,. However, such an expression

can only be done explicitly for a single v, i.e. for & = A1)+ =1, in which case there is only one

T, = T. If there in addition are no Gs, i.e. a = h(_l’l) = 0, s has a particularly simple form as

—2Ink = -3Wn[T +T]. (5.141)
The two last terms in the Kéhler potential of eq. (5.140) satisfy a no-scale type condition
0K KK =4 (5.142)

with summation over I = (1, G, T,). With a non-trivial superpotential this will cancel the term
—3|W|? in eq. (5.133) by contributing a +4|W|? term, so that the resulting scalar potential V'
will be positive semi-definite. For the O5/09 orientifold projections the Kéahler coordinates
consist of the complex structure moduli z* and
1 = e %™ —ic™
Ay = Oub® +ip, | (5.143)
S = %6_¢1€ +ic? — i(ReG_l)“bAa(A + Ay,
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5.4. Flux-induced scalar potentials from superpotentials

with ¢? again being the dual scalar field to Cy and we have defined © (1) = Kqpat® and [ Cg =
A+ %pab“. The 0O5/09 Kaéhler potential is given by

Kosjo9 = —In |:—’L/Q A Q} —1In {é/ewe]/\ J N J] —1In {%ef(bﬁ(to‘,Aa, S)} , (5.144)

where the first term depends entirely on 2", the second one on t“ and the last one solves for k
in terms of {t*, A,, S} using eq. (5.143).

We will now turn to the flux-induced superpotentials for the different theories. In type ITA
the scalar potential of eq. (5.128) can be shown to come from a superpotential of the form

W, _/H A Qe+ FUO A BHY
o0 ’ (5.145)

= —2NF*e, —iThm> + erro + errat® + %/ﬁ;abcm‘ﬁRtbtc + %m%Rﬁabct“tth

where Fy = Fy + F + Fy and F,11 = dC). See [41][44][45] for more details. It is clear that the
superpotential depends on all O6 moduli, just as the corresponding scalar potential V.

The type IIB superpotential for compactifications on both Calabi-Yau manifolds and Calabi-
Yau O3/07 orientifolds is given by

Wos/or = /G3 A Q = (errc — iTeC)ZC — (ng — Z'Tmc)]:c . (5.146)

This superpotential depends on the z¢ complex structure moduli through €2 as well as the axion
and dilaton via the definition of G'3 as

Gz =F3—TH3, (5.147)

with F3 = dCy and Hs = dBy. The Ké&hler moduli v%, p, and b%, ¢* coming from B and
C3 however do not appear in the superpotential. The corresponding scalar potential Vos 07 is
obtained via eq. (5.133) where one needs to calculate the Kéhler covariant derivatives. They
depend on the Kahler coordinates M’, i.e. the chiral multiplets in O3/0O7 compactifications,
and are given by

. _ 2
DW= %e¢/G3 AQ+iGab DWW Drw =2y
R (5.148)
DGaW = QZGabbbW 5 DzCW == /G3 A Xe »

where Kodaira’s formula % = k4 x has been used. Using this and the fact that the D-terms
in this case are zero, the scalar potential obtained is

Vos _ _18ie? GsAQ [ GsAQ+ G [ G3 A Gs A X (5.149)
/07 ENTYNY 3 3 3\ Xk 3NXL) - .

It can be rewritten to exactly match the scalar potential in eq. (5. 129) given earher by expandmg

(i3 in the basis of H( ) as Gs=mhF Qg —ej Bk Here m* = m];ﬂ —Tm]jéls and mF = m’fy —Tmlfqg are

linear combinations of the magnetic and electric fluxes belonging to the expansions of F3 = dCs
and H3 = dB». It is also clear that the potential is positive semi-definite, as expected from the
no-scale condition. The potential contains both RR and NSNS fluxes and depends on the axion,
dilaton and complex structure moduli.

A superpotential can be validated using supersymmetry conditions. For example, a Minkowski
vacuum should have vanishing superpotential and vanishing first derivative of the superpoten-
tial, i.e. W =0 and /W = 0. From Wo3,07 in eq. (5.146) we see that the first requirement
implies that

Wosor =0 = /Gg/\on, (5.150)
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and the demand on the derivative implies via eq. (5.148) that

D.W=0 = /c‘;gAQ:o,
(5.151)
D W =0 = /Gg/\xkzo.

These equations imply for G, in order, that it has no (0, 3)-, (3,0)- or (1,2)-components. The
only remaining option is that G3 is a (2, 1)-form, and when this is the case it is clear that the
scalar potential in eq. (5.149) is zero. Again there are no non-trivial 1-forms on a Calabi-Yau,
so (3 is automatically primitive. Hence G3 satisfies the supersymmetry condition of type B in
section 4.4, table 4.4, and the supersymmetries preserved in a type B solution are the same as
the ones of O3/07 orientifolds.

At last the superpotential for the O5/09 orientifold setup is given by

Wo5/og — /Q/\Fg . (5152)

Unlike the O3/07 case, this superpotential does not generate the corresponding scalar potential
on its own. With fluxes in the O5/09 case, the dual scalar field c? to Cy becomes charged under
U(1) gauge transformations and as a consequence there is a non-vanishing D-term in the scalar
potential. The Kéhler derivatives are given by [40)]

bbb ba
DtaW:g (]Ca_i_ed)/z’iaa’l)) W , DAQW:_BTei(b/ZW ,
K

5 (5.153)
DgW = Ee_d’/ZW , D W = /F3 A X s

where IC,, is the t“-dependent part of eq. (5.144). The resulting scalar potential is given by

18ie? - . _
VO5/09:KW2</Q/\F3/Q/\F3—|—GA/xn/\Fg/x)\/\Fg) (5.154)

- iej [ b (ImM) 'y + (ekH - (mHReM)k) (ImM)~HH (efq - (mHReM)z)} ,

where the first term can be rewritten to exactly match the first term given in eq. (5.130).
Imposing the same Minskowski supersymmetric vacuum conditions W = 0 and 9;W = 0 on this
setup imply that F3 should have no (0,3) or (1,2) parts. It can be shown that O5/09-planes
preserve type C supersymmetric solutions as discussed in chapter 4.4.

A final remark is that while the O6 superpotential and scalar potential depend on all moduli,
the corresponding type IIB orientifold potentials do not. This will be central in the next chapter
when discussing moduli stabilisation.

5.5 Note on fluxes effects on general SU(3)-structure manifolds

In this section we will briefly discuss the effect fluxes have on general manifolds with SU(3)-
structure, their general superpotential, and the mirror symmetry on such manifolds.

In the case of manifolds with SU (3)-structure it is possible to perform a consistent truncation
to a finite set of massless modes. These modes are obtained by expanding a set of p-forms of
which some are not closed. The non-closure of these forms is proportional to the torsion which
has been shown to play a very similar role as the fluxes. In fact, some of the torsion classes
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5.5. Note on fluxes effects on general SU(3)-structure manifolds

defined earlier in eq. (4.35) are mirror to NSNS flux. The torsion is encoded in the non-closure
of the forms in the basis

dwa = maCaC’ - eaDﬁD 5
do* =0,
dag = —eaois® (5.155)
dpe =mla®
where the indices span a = 1,...,by where by is the dimension of the finite set of 2-forms, and
C,D=1,...,bg with bq is the dimension of the set of 3-forms. The spectrum has been shown

to be analogous to the one of Calabi-Yau manifolds in table 5.2 but with different index spans.
Namely in ITA the h(:Y) is replaced with by and the A1) is replaced by bg. In type IIB the two
dimensions are exchanged. In [42] it is shown that in the type IIA N = 2 action, the presence
of both electric and magnetic torsion e,c and m¢ results in a massive A field. In type IIB
fluxes make some moduli in the CSO) expansion of eq. (5.64) massive. Namely e, generates a
massive V¥ and m¢ make the tensors D$ massive.

The N = 1 superpotentials of the O6-, 03/07- and O5/09-planes given in eqs. (5.145),
(5.146) and (5.152) respectively, can be obtained from the supersymmetry transformation of the

gravitino in 4D. The generic form of it reads [46]
Sethy = V€ + i€ 2y 60 (5.156)

with ¢ being the 4D supersymmetry parameter, K the N' = 1 Kéhler potential, and W the
superpotential. Namely, starting from the 10D supersymmetry variation of the gravitino in
eq. (4.2) and inserting the spinor decomposition in eq. (4.74) as well as using the Ké&hler
potentials for the different O-plane theories in eqs. (5.138), (5.140), (5.144), their corresponding
superpotentials can be obtained. In the spinor decomposition of eq. (4.74), one must relate the
complex functions a and b such that a = ib for the 03/07 setup, a = b for O5/09 and a = be'?
for O6-planes.

Hitchin showed in [16] that there is a special Kéhler structure on the space of generalised
almost complex structures. In the case of ordinary almost complex structures, this bundle is
known as the twistor bundle. The space of generalised almost complex structures consists of
stable?, real, even or odd forms, i.e. {Re®,} and {Re®_}. For SU(3) this corresponds to the
spaces of J and Re{2. The spinor ®; can be complexified by adding the B field, so that

oy =L BHD =10, (5.157)
The Re®; and Re®_ are Spin(6,6) representations where Im®, = xRe®y. They are the
constituents of our pure Clifford(6,6) spinors since 1 = Re®4 + ilm®,. For the space of
generalised complex structures the Kéhler metric is obtianed from the Kéhler potential and
given by

Ki:—mP/@b¢g}, (5.158)
where the bracket is a scalar product between spinors, called the Mukai pairing, defined as

<\I/+,q)+>E\Ifﬁ/\(I’o—\I/4/\q)2+\I/2/\‘I)4—\I/0/\(I’6,

(5.159)
<\I/_,q)_>E\If5/\q>1—\113/\\1/3+\:[/1/\¢’5,

where the number subscript denotes the degrees of the component form. An interesting note is
that the Kahler potential is very similar to the A/ = 2 Calabi-Yau counterparts as seen in eq.

2 A stable form is a real form ® whose neighbouring elements are equivalent to ® under GL(6,R) transforma-
tions.
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(5.20) and eq. (5.38). The ®4 do however not have to be closed forms, which means that they
need not correspond to an integrable structure, which the Calabi-Yau structures must do.

The spinor formalism above can be used to understand superpotentials. The general N' =1
superpotentials for unwarped compactifications of manifolds with SU(3)-structure in each the-
ory, are given by

WIIA:/a2e—¢ <<1>+,d<i>,>—/z32€—¢ <q>+,dci>,>+2/a6<q>+,FHA> , (5.160)
Wit — / e (B_,dd,) + / B2e~% (®_,dd,) — 2i / ab (d_, Firg) (5.161)

where again Fiip = Fy + Fo + Fy and Fiig = Iy + F3 + F5 are the sums of the RR fluxes in each
respective theory. If we insert a = ib into Wyg in eq. (5.161), the result will match exactly with
the O3/07 superpotential in eq. (5.146). If one inserts a = b then the obtained expression will
consist only on the RR part of eq. (5.152) for O5/09. To compensate for this the superpotential
gets modified by adding a torsion piece

Wos/60 = /(e*‘b dJ + F3) A . (5.162)

With a = 0 in either Wirp or Wirg, the superpotential for the heterotic string is obtained as
Whet = / e ?(dJ+iH)AQ . (5.163)
Last but not least, with a = ib for Wi, the "torsional” O6 superpotential is obtained as
W = / e ?(dJ 4+ iH) AReQ +1i / Fiia A ePH (5.164)

where the NSNS part has been integrated by parts. The superpotentials have the right holo-
morphic dependence on the respective chiral multiplets.

We will now proceed to the topic of mirror symmetry again, but this time with fluxes present.
Does mirror symmetry survive the presence of fluxes? An important aspect is that from eq.
(5.70) one should expect that fluxes in even cohomologies are mapped to fluxes in odd co-
homologies. Fluxes in the RR sector agree with this, since type ITA contains fluxes in even
cohomologies while the ones in type IIB are odd. The NSNS fluxes however all belong to an odd
cohomology, so its mirror should be an even NSNS "flux”. It turns out that this mirror NSNS
"flux” in an even cohomology corresponds to torsion [47]. As a consequence it is suitable to
study mirror symmetry in the presence of fluxes in the setup of compactifications on manifolds
with torsion, i.e. manifolds with SU(3)-structure. More precisely, it has been shown [47][48]
that the mirror of the NSNS flux Hj is the torsion of half-flat manifolds, i.e. ReWW; and RelVs.

As for the defining objects of the complex structure, i.e. J and €2, it can be shown from
the T-duality rules for the supersymmetry parameter that there is an exchange of the pure
spinors 14 and n—. These are the same spinors that build the &1 ones via ¢, = n; ® 77_T|r and

P =71 ® nT,. It is therefore natural to conjecture that mirror symmetry is an exchange of the
pure spinors, i.e.
B =2, (5.165)
eBJrZ'J —ol ’

where the last symmetry is specific to SU(3)-structure manifolds. Now, introducing fluxes on
such manifolds, it is clear that the RR fluxes map amongst themselves, i.e the even ones of type
ITA map to the odd ones of type IIB. The NSNS fluxes will be mixed with metric components via
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5.5. Note on fluxes effects on general SU(3)-structure manifolds

T-duality. The explicit maps involving NSNS fluxes and torsion of SU(3)-structure manifolds
are [20]

i(Ws + iH®); + Qup(Wa + i HOW s —2iW7, — 2g,5(W + 3iHD) |

(5.166)
(Ws = Wy —iH®); «— (W5 — Wy —iH®)); |
which are often written in a more compact way as
(VJ + H)ijk — (VJ + H)ijfc . (5.167)

This short hand notation comes from the fact that the @s in eq. (4.98) have mirror symmetries
Qij <+ Qi; and Q; —Q; as a consequence of the exchange of the 14 and n_ under T-dualities.
In fact, all the matrices in eq. (4.98) have the same mirror symmetries as @ if in addition the
RR fields satisfy

Fiia +— 1B - (5.168)

The mirror symmetry of eq. (5.166) and eq. (5.168) can be understood as the result of mirror
symmetry which exchanges the SU(3) representations according to 6 + 3 <> 8 + 1.

In a final remark we turn to mirror symmetry in the N/ = 2 effective actions from compacti-
fications of SU(3)-structure manifolds with fluxes. The Kéhler potential of the vector multiplet
moduli space in SU(3)-structure compactifications are spanned by the pure spinors @ for type
ITA and ®_ for type IIB. From the Kéahler potential defined in eq. (5.158) it is clear that these
Kahler potentials will be mapped to each other. The N' = 2 version of the superpotential has
been shown to respect the mirror symmetry maps. For instance, in the presence of RR and only
electric NSNS fluxes (which include torsion), the N’ = 2 superpotential is symmetric under the
exchange of complex structure and Kihler coordinates; Z¢ = (29, 2°2°) < t4 = (1,t%) and
prepotentials; Fo <+ F4 given that the fluxes are mapped according to

{errc, M&R} < {errRA, MAR}
CAC S ECA -

(5.169)

Here the NSNS electric flux combines flux and torsion as e4c = (ec, €,C). This is true for both
the ITA and IIB N = 2 superpotentials. These potentials are however not mirror symmetric in
the presence of magnetic NSNS fluxes.
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No-Go Theorems for Compact Manifolds
with Fluxes

In this chapter we will review a set of general no-go theorems for type II compactifications to 4D.
For instance we will see that integrability conditions on the type IIB flux equations of motion
in combination with a warped metric rule out compactifications to Minkowski and de Sitter
vacua. In section 6.1 we reconstruct a no-go theorem coming from the 10D Einstein equation
and discuss the need to include localised sources. In the remaining sections 6.2 and 6.3 we
discuss conditions on the solutions of the Bianchi identities.

6.1 A no-go theorem from the 4D Einstein equation

In this section we review the results of [49] which show that the contribution from fluxes to
the stress-energy tensor is always positive, which in turn rules out compactifications to compact
internal manifolds. The starting point is the trace reversed 10D Einstein equation

Ryn =Tun — sgunT" L . (6.1)
Given the metric ansatz of eq. (4.1) the 4D components R, of the 10D Einstein equation read
R — 4u(VPA+2(VA)?) =T, — 1?49, T . (6.2)

Contracting with g"” on both sides results in that
R—4(V2A+2(VA)?) = e2A1r, — Le2ATh ) (6.3)

where R is the Ricci scalar of the 4D metric 9w Here we have used that T#, should be contracted
with the raised 4D metric component, i.e g" = e~ 245" so that " Ty = e2A ghv T = eQAT“M.

Rearranging eq. (6.3) to
R4 (=11, + 171 ) = 4(V2A +2(VA)?) , (6.4)
and defining
T=-Tr, +i7F = L1, +T™,) , (6.5)

as well as rewriting the right-hand side of eq. (6.4) as 4(V2A + 2(VA)?) = 2e724V2e24 ) eq.
(6.3) becomes R 5
R+ T = 2¢7 2424 (6.6)

The energy-momentum tensor coming from fluxes may be investigated by using the general
expression for the energy-momentum tensor in terms of some n-form field, which is given by

1
Tun = Fup,. p,_ FNPomt %9MNF2 . (6.7)
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6. No-Go Theorems for Compact Manifolds with Fluxes

This can be compared with the energy-momentum tensor in electromagnetism, where
Ty = F,'Fy; — 19, FUF; | (6.8)

and F' is the 2-form electromagnetic field strength. Given this expression, eq. (6.5) takes the
form

1

Y 1
T ) (Flu‘Pl-"Pan'uPI‘“Pnl -

1 1
N F2 - F2 _F F,U‘PIH-Pnfl _ m F2)
B 2n9 n > + 9 (( whPr.. Py ) Qng m
n—1

5 F% . (6.9)

- - ,LLPl‘..PnleMPI.“Pnil +
When rewriting the T, part we used that g, = ¢"”g,, = 4 in the external spacetime,
9"m = g™ gmn = 6 in the internal and the fact that

F2 = FMP1...Pn,1FMP1mPn_1 — FMPl...Pnleupl.”Pn_l + FmP1...Pn,1FmP1mPn_l ) (610)

In order to preserve maximal symmetry in the external space, there can either be no non-zero
flux components (legs) in any of its four directions, or legs in all of the four directions. We
will therefore consider these two cases separately, as they will give different contributions to the
traced energy-momentum tensor T. In the first case, there can only be fluxes in the internal
space Mg. We do not demand that this internal manifold is maximally symmetric, so the fluxes
can be in an arbitrary number of dimensions within the Mg manifold. In this case the first term

of eq. (6.9) is zero, so that

Y n—1
CZ1int:

F?2>0, (6.11)

n

since F'2 > 0 in the purely spatial 6D space with positive signature.

In the second case, the fluxes have to be in the all of the four dimensions of the external space
My, and may in addition have legs in some arbitrary number of the remaining six dimensions.
The first term of eq. (6.9) can then be rewritten as

4
Fuplmpn_lFuPL..Pn—l — EFQ , (612)

which we use to simplify eq. (6.9) to

Y n—9
ext+ — m

F? . (6.13)

With fluxes in the time direction, it is natural to assume the fluxes to be time-like, which implies
that F2 < 0 in this case. Inserting eq. (6.12) into eq. (6.9), Texss+ Will then be larger than zero,
i.e.

y 9
e n”F2 >0, (6.14)

where 4 < n < 9 and F?2 < 0. It is therefore clear that whether the fluxes are only internal,
or propagate in at least the four external directions, their contribution to the traced energy-
momentum tensor is positive semi-definite in both cases of eq. (6.11) and eq. (6.14). For
example, the 9-form flux Fy has vanishing contribution in eq. (6.14), and fortunately its purely
internal dual flux F vanishes in eq. (6.11).

If one multiplies eq. (6.6) with >4 and integrates over the internal manifold Mg, the right-
hand side of eq. (6.6) will vanish. Since the internal manifold is assumed to be compact, it does
not have a boundary, thus eq. (6.6) becomes

/ AR+ MT =0, (6.15)
Mg
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6.1. A no-go theorem from the 4D Finstein equation

The integration will not change any signs on the left-hand side, and we have just showed that 7' >
0 for all fluxes, so we see that for the equality to be true R can not be positive. This is referred
to as a no-go theorem which was first found in [49]. It implies that without including localised
sources or higher order derivative corrections to the equations of motion, a compactification to
a de Sitter vacuum is not allowed. Anti-de Sitter spaces with R < 0 may cancel the contribution
from fluxes to the energy-momentum tensor, however Minkowski spaces with R=0 only allow
1-form fluxes.

As mentioned earlier an inclusion of a localised source may cancel positive terms on the left-
hand side of eq. (6.15). The inclusion of such a localised source adds an extra term in the trace
reversed Einstein equation of eq. (6.1), so that

Ryn =Tun — sgunT L + Tify — sgunT% . (6.16)
This adds another term to eq. (6.3), which then reads

R 2 (T 4 Tloc) = 907247224 (6.17)

with 719 defined as in eq. (6.9). The energy-momentum tensor of the sources is given by

2 0Sloc
V=909un "’

where Sioc is the action describing the sources and gpsn is the same 10D metric as before. For
a Dp-brane that wraps a (p — 3)-cycle ¥ in Mg the localised source action is [22]

loc
TMN

(6.18)

S]OC = —/ dp—Hf\/—g Tp + Mp/ C(p+l) s (6.19)
MyBE MydE

to leading order in o/ and with fluxes vanishing on the brane. Generally there are other terms
of higher order in o' that contribute to g = detgy/y under the square root. T}, is the brane
tension, or energy density, given in Einstein frame by

Ty = ppeP =304 (6.20)

where p, = (2rvVo! )~ (»+1) is the Dp-brane charge and Cp+1 is an RR field which couples to the
Dp-brane. The action of eq. (6.19) gives us the energy-momentum tensors [39]

Ty = ~Tpe*§,,0(8) , T = —T,11%,.5(%) , (6.21)

where 0(X) is the delta function of the (p — 3)-cycle 3 which is also dual to the cycle and the II
is the projector onto the cycle ¥. Using this, it was found in [39] that

. 7—

T = — L I (6.22)
This implies that Dp-branes with p < 7 also give a positive contribution to the Einstein equation
in eq. (6.17) and a vanishing contribution for p = 7. To allow for compactifications we therefore
need to include objects with negative tension. String theory does however have such objects,
namely orientifolds, which will be discussed in later chapters.
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6. No-Go Theorems for Compact Manifolds with Fluxes

6.2 Tadpole cancellation conditions from Bianchi identities and
flux equations of motion

In this section we introduce the no-go theorem from the integrated Bianchi identity or equations
of motion with fluxes and source terms present. The Bianchi identities for the NSNS flux and
the democratic RR fluxes are given in eq. (3.116), repeated here for convenience as

dH =0, dF —HAF=0. (6.23)
The RR fluxes are constrained by the Hogde- or self-duality relation eq. (3.115), i.e.
E, = (=) sy Froy . (6.24)

As a consequence of this self-duality, the Bianchi identity also contains the equation of motion
for the fluxes, which read
d(*lan) +HAFg ,=0, (6.25)

where we use the plus sign for type IIA and minus sign for type IIB. This equation can be
written in a simpler form of [1]

d(*lan) + H Ax1oFp42=0, (626)

for both type ITA and IIB. Throughout this thesis we wish to study flux backgrounds that
preserve maximal 4D symmetry. This can be translated into a condition on the fluxes according
to

F(0) = B, 4 voly AFy_y (6.27)

where F}, denotes internal fluxes, i.e. fluxes inside the compact manifold Mg, ﬁ’4_n denotes the
external fluxes in My and voly is the 4D volume. The duality relation in eq. (6.25) allows us to
relate the internal and external components by

A

g = ()" s Fro_,, | (6.28)

where g denotes the 6D Hodge star. Now, using the decomposition of eq. (6.27) and eq. (6.28)
as well as the metric defined in eq. (4.1), the Bianchi identities and the equations of motion for
the internal RR fluxes become

(d—HAN)F =0, and (d—HA)(e* % F)=0, (6.29)

respectively. In the presence of localised sources a source term will be added to the equations
of eq. (6.29) so that the Bianchi identity takes the form

dF, = H3 A F_o + p, | (6.30)

where pg’_cn is the dimensionless charge density of the (8 —n)-dimensional magnetic source for F,,,

containing a delta function 6"+ (#— ;). Integrating this identity over cycles wrapped by branes
results in a type of charge conservation equation or tadpole cancellation condition. In type IIA,
the D-branes that can give tadpole cancellation conditions are the D4-, D6- and D8-branes that
are extended along spacetime. Since Dp-branes wrap (p — 3)-cycles in the internal manifold, the
D4- and D8-branes will wrap 1- and 5-cycles respectively. However, taking the internal manifold
to be a Calabi-Yau, these cycles are not allowed since a Calabi-Yau manifold does not admit 1-
or 5-forms. Hence, for type IIA, the only relevant D-brane that can give tadpole cancellation

conditions is the D6-brane. The D6-branes are electric sources for Fg(m) and magnetic sources
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6.3. Special type IIB solutions to the Bianchi identities

for Félo), which is the dual field of Fs(lo). With localised sources consisting of D6-branes and
O6-planes that extend along spacetime, they will wrap 3-cycles >3 in the internal manifold. If
one now integrates the Bianchi identity of eq. (6.30) over the dual cycle 33, the type ITA tadpole
cancellation condition becomes

15 Npg(23) + p5 Nog(Z3) + MEFO/E H3=0. (6.31)
3
Here Mgl? is the Dp-brane charge and the Op-plane charge density is
p =250 (6.32)

The Npg and Nog are the number of D6-branes and O6-planes wrapped on the cycle X3, which
is dual to 3. With p = 6 the O-plane charge is determined to _2”1133 so that the above equation
takes the form

NDG(Eg) — 2N06(23) + F()/2 H;=0. (6.33)
3

In type IIB, the tadpole conditions come from D3-, D5- and D7-branes. In the previous
section we saw however that D7-branes do not contribute to the energy-momentum tensor, and
neither does the Fl(lo) flux for which they are magnetic sources. A wrapped D7-brane does on
the other hand have induced D3-charge if one takes into account the first o’-correction to its
action, so it will therefore contribute to the D3 tadpole.

The D5-branes extended along spacetime are wrapped around an internal 2-cycle 5 and are
electric sources of F7(10) and magnetic sources of the F?fw) fields. The 4-cycle X4 is dual to the
2-cycle, so an integration over the Bianchi identity in eq. (6.29) over these cycles results in that

ND5(22) - No5(22) + A HsANF1=0. (634)
4
D3-branes are electric sources of F; and magnetic sources of the Fy which are 6D Hodge
dual to each other according to eq. (6.28). In the internal space the D3-branes are point-like
objects and therefore the integration will be over the whole internal space, so that the tadpole
cancellation condition becomes

Nps — +Nos + /H3 ANF3=0. (6.35)
Here the integral fluxes can be written as
_ _ C C _ T
Niux = /H3 A F3 = (ecmgg — m”~errc) = NNsns?Ngg (6.36)
. 0 1
with n = 1 o)

As for the branes that are sources to NSNS fluxes, i.e. NS-branes, they are the same in type
ITA and IIB. The NS5-branes are magnetic sources of the Hs flux, whose Bianchi identity in the
presence of fluxes is

dHs = pnss - (6.37)

6.3 Special type IIB solutions to the Bianchi identities

In this section we will review some constraints on type IIB solutions of the Bianchi identities for
the fluxes. We consider the type IIB action in eq. (3.110) with the addition Sy, from localised
sources. Again, we consider the warped metric

ds? = eQA(y)ﬁw, dz* da” + e 2AWg,., dy™ dy™ | (6.38)
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6. No-Go Theorems for Compact Manifolds with Fluxes

with warp factor e24(W). Poincaré-invariance in 4D and the Bianchi identity restrict the allowed
components of the flux. Namely, the self-dual 5-form flux should be of the form

F' = (1 4 %10)[da A da® A dat Ada? Ada® A da?] (6.39)

or equivalently
Fy = e xg d(e?) | (6.40)

where o = a(y) is some function of the internal coordinates. The 3-form flux G3 is only allowed
to have components along Mg. With the reversed Einstein equation of eq. (6.1) and the stress
tensor of the sources given in eq. (6.18), the non-compact 4D components of the Ricci tensor
take the form

G émnp 67814
Ruu = _eQAg,UJ/ ( Zg:;m’r + 4 amaama> + ’%%0 (TIIAOVC - égﬂl/TlOC) : (641)

With the metric in eq. (6.38) the external Ricci components are computed to

R, = —gm,e4A@2A

~ (6.42)
_ _%gw <V264A . 674Aame4Aame4A) :

where the tilde denotes the use of the internal metric gp,,. Combining this equation with eq.
(6.41), we arrive, after tracing both equations, at

GrnpG™™? | &=64 :
~24Gonnp ©  omadma + oA _puee (6.3)

o
Vid=e ASImr T4 8

This is equivalently written using the second line of eq. (6.41) as

52 4A 2A Gmnpémnp —6A m 4A qm 4A H%o 2A (m loc
Ve =e ~Tomms T [Omad™ o+ Ope* 0™ e + —=e (T, — TH))

2 2
— 62A+¢>|Ci:;| + 676A(|8a‘2 + ‘664A|2) + %€2A(Tmm - T,u,u)loc '

Would one integrate eq. (6.43) and eq. (6.44) over the internal manifold Mg, the left-hand side
vanishes as long as the internal manifold is assumed compact. The flux and warp factor terms
are positive semi-definite, and so these equations serve as stringent constraints on flux/brane
configurations for warped type IIB compactifications. It is clear that without any localised
sources, G5 flux must vanish and the warp factor must be constant.

Giddings, Kachru and Polchinski (GKP) [39] was first to show that a condition on the source
terms determines the form of the solution completely. See also [50]. The condition in question
is that for all localised sources one assumes that

™, — T+, > T3p° (6.45)

which resembles a BPS condition. With D3-branes and O3-planes present, which have integrated
p3 equal to +1 and —1/4 respectively, the stress tensor is

T =T " =T% =T% =-T3p¥°, T™,=0, (6.46)

which saturates the inequality of eq. (6.45), i.e. makes it an equality.
Again, the Bianchi identity/equations of motion for the 5-form flux is

dEs = Hy A Fy + 263, T305° (6.47)
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where an integration over the internal manifold results in the tadpole condition

2%10713/1%, ANF3+Q¥° =0, (6.48)
with Q¥ being the total charge coming from D3- or D7-branes and O3-planes. The charge
density of the O-planes is again given by eq. (6.32), so for instance with only D3-branes and
O3-planes it is given by Q¥° = uz(Np3 — %Nog). Using the expression of the 5-form flux in
eq. (6.39) and inserting it into the Bianchi identity in eq. (6.47), an expression for a can be
obtained as

Gmnp *6 Gmnp

20 — 24
a=re 12ImT7

+ 2¢7649,,00™e* + 2k3,e* A T3 pl0C (6.49)

This is very similar to the Einstein equation constraint of eq. (6.44) and, subtracting eq. (6.49)
from it, one obtains

2A
TeM — ) = o [iGs — we Gl + e (M — ) (6.50)
+ 2r7e*4 G(Tmm —TH,)"° — T3pgoc> '

Integrating over the internal compact manifold, the left-hand side vanishes. With the assumption
of eq. (6.45) regarding the sources, the right-hand side of eq. (6.50) is positive semi-definite. As
a consequence the three terms must vanish on their own, namely we must have

o a self-dual 3-form field strength x¢G3 = iGj,

« a 4-form function related to the warp factor via a(y) = e*4®),

 saturated the inequality in eq. (6.45).

In light of these conditions we may review the field equations and Bianchi identities. Starting
with the 5-form field strength, firstly it is self-dual by construction. Its Bianchi identity in eq.
(6.49) is consistent and determines o and A provided that the total D3 charge vanishes in eq.
(6.48). As for the 3-form field strengths, one must impose their Bianchi identities

dF; = dH; =0 . (6.51)

With these conditions, the equation of motion takes the form
1A : i 1A :
d (e *6 Gz — zaGg) 4+ —dr ARe (e *6 G'g — zaGg) =0, (6.52)
Im7

which is satisfied by x6G3 = iG3 and a(y) = e**®). The Ricci tensor equation for the internal
coordinates and the axion-dilaton 7 must satisfy the two conditions

7 9 OmTOnT + OnTO0mT
=K
i 10 4(Imr)?
o2, _ V7 -Vr B 4k3o(Im7)? 6Spy

ilm7 V=9 ot
which are written in Einstein frame. Summarising, given that all localised sources satisfy eq.
(6.45), the necessary and sufficient conditions are that the internal metric fulfils eq. (6.53), that
we have a 5-form flux given by eq. (6.39), an imaginary self-dual (ISD) complex 3-form flux
and that the inequality of eq. (6.45) is saturated, i.e. has vanishing total D3 charge. Note

+ ’{%0 (Tg; - %gmnflw) ;
(6.53)
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6. No-Go Theorems for Compact Manifolds with Fluxes

that the first three of these requirements correspond to the type B solutions of chapter 4. The
reasoning in this section does not however impose supersymmetry at all. The ISD condition on
(3 is less restrictive than what a supersymmetric type B solution requires, since it allows for a
non-primitive (1,2) component as well as a singlet (0,3) term. The type B solutions demand that
G’ is purely a primitive (2,1)-form. However, one may consider our compact internal manifold
to have SU(3)-structure where there can be no non-trivial closed 1-forms, thus forbidding the
non-primitive (1,2)-form. If there further would not exist a (0,3) singlet piece then the above
solution is exactly of the type B form. Without any D7-branes, the internal manifold is a
conformal Calabi-Yau, i.e. with torsion classes 2W5 = 3W, and a constant dilaton. With D7-
branes present, the internal space obeys the condition in eq. (6.53) and has V7 # 0. In this
case the internal space is no longer conformal Calabi-Yau but has W4 = Wy = 9¢.

In type B solutions, F3 is the relevant field for the Bianchi identity, and the above anlysis
can be thought of as a type B solution. As a final remark we will briefly comment on the IIB
type A and C solutions. In type A solutions, the relevant Bianchi identity is the one with NSNS
flux. Choosing the positive sign relation in table 4.4, the NSNS field strength Hj is related to
the fundamental form by

Hs =i(0—0)Js, (6.54)

with O being the holomorphic exterior derivative [51]. The Bianchi identity of eq. (6.37) will
then result in that -
dH3 = —2’i83J2 = PNS5 - (6.55)

As for the type C solutions, they are S-dual to the type A solutions, so the corresponding Bianchi
identity becomes [1]

dF3 = 2i00(e 24 J3) = H3 A Fyy + (2nVa!)2p° . (6.56)

In the next chapter we will discuss moduli stabilisation on different Ricci flat geometries, but
not always with SU(3)-structure as we will consider tori geometries.
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Moduli Stabilisation by Fluxes

In order to stabilise moduli a common recipe is to consider a specific geometry and introduce
fluxes on it in ways conveniently entwined with the geometry at hand. In this chapter we
illustrate this by working through some of the most common examples of moduli stabilisation
in the literature.

7.1 Moduli stabilisation in type IIB Calabi-Yau orientifolds on
the deformed conifold

In this section we review the main mechanisms in the stabilisation of type IIB moduli on orien-
tifolds using the setup of a deformed conifold to describe some singular points in the Calabi-Yau
manifold which may be related to moduli.

A striking result is that the moduli spaces belonging to completely different Calabi-Yau man-
ifolds touch at some points in their boundaries. It is possible to move between the moduli spaces
which correspond to topologically distinct Calabi-Yau manifolds, and it has been shown that a
large number (perhaps all) of the moduli spaces of simply connected Calabi-Yaus together form
a connected web [52]. In the regions where the different moduli spaces meet, called phase- or
geometric transitions, the respective metrics of the Calabi-Yau become singular. As a conse-
quence Calabi-Yau manifolds are actually not entirely smooth, but contain conical singularities
for special values of their moduli fields. The most generic manifold with singular points is a
conifold. The local area around a singular point is generically described by a quadric in €4,
which spans the space of a cone, such that

wWwitwitwitwi=0, (7.1)

where the ws denote the local complex coordinates. The singular point is at (w?, w3, w?,w?) = 0.
This is a cone since for any w fulfilling the above equation, so does Aw with A being some
constant function, hence the space is made up of complex lines through the origin.

In order to determine the base of the cone it is useful to decompose the ws into their real
and imaginary parts. Viewing w as a four-component vector; w = (w1, ws, w3, ws), the conifold
singularity of eq. (7.1) is written w? = 0. In terms of real and imaginary parts; w = £ + i, eq.
(7.1) can be written as the pair

E-n*=0, &n=0. (7.2)

The base is then the intersection between the cone and a sphere with its centre at the singularity.
If the sphere has radius r so that £2 + n? = 72, the base is described by

=142, =12 E-n=0. (7.3)

It is clear that the space of &s is an S® and taking this as a starting point it is also clear that
for each point on it, e.g. & = (r/1/2,0,0,0), then by the second equation in eq. (7.3) the
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n = (0,m1,m2,73) is effectively a three-vector. This makes 2 = r/2 to be an S2. The base of
the cone is therefore a fibre bundle with base S and fibre S2. Since all S? bundles over S® are
trivial, the base of the cone must be topologically equivalent to the product space S? @ S3.

The conifold singularity can be repaired, or smoothed, in two different ways. The first one is
by a small resolution in which eq. (7.1) is rewritten by a linear change of variables into

XY -UV =0, (7.4)

and then making a small resolution in which eq. (7.4) is replaced by two equations

X U\ ()M
R

where A\, \y are not both zero. This equation is equivalent to eq. (7.4) away from (X,Y,U, V) =
0. The solutions of the As are determined up to an overall multiplicative factor, i.e. (A1, Ag) ~
A(A1, Ag) with A € €. Thus all variables of eq. (7.5) belong to C* @ P! with P denoting
the complex projective space. The matrix on the left of eq. (7.5) has either rank one or
zero, although it is only zero at a singularity where all elements X,Y, U,V vanish. Because
of this, eq. (7.5) determines a unique ratio A;/\2 and hence a unique point in P'. When
(X,Y,U,V) # 0 in eq. (7.5) the space is the same as the singular conifold. However, since
(X,Y,U,V) = 0 at the singularity, A\; and A2 are completely unconstrained so that the space
they span, i.e. P!, is projected down to each node of M. Thus in passing from M to the resulting
smooth manifold M” each conifold singularity is replaced with a copy of P! = S? generated by
AM/Ae = =U/X = —=Y/V. It is not obvious but nevertheless true that the resulting smooth
manifold M” is a Calabi-Yau [53].

The other way of ”desingularising” the conifold singularity is by deformation. Namely, eq.
(7.3) is deformed, or perturbed, into

2 =¢, n=0, (7.6)

where € is a non-zero constant. This space describes an S2, so the conifold singularity has been
replaced by an S3 and the resulting smooth space is a Calabi-Yau manifold denoted M#*. Thus
by smoothing the conifold singularity of M by either doing a small resolution or a deformation,
it is possible to pass continuously from one Calabi-Yau to another via [54]

M® s M +— M* . (7.7)

The smoothed Calabi-Yau manifolds M and M?* are perhaps not too surprisingly topologi-
cally distinct since the singularities of the original conifold M have been replaced by the different
spheres S? and S3 respectively. However, it can nevertheless be seen from the Euler numbers of
the two manifolds. The Euler number of an S% vanishes; x(S3) = 0, for an S? it is x(5?) = 2
and for a point it is y(point) = 1. For each singularity, or node N, in M there is an S° in M*
and an S2 in M”, so their Euler numbers are related via

X(M) = x(M®) = x(point)N — x(S>)N = N —2N = —N , (7.8)
X(M) = x(M*) = x(point)N — x(S*)N =N —0= N, (7.9)

or more compactly;
X(Mb):x(M)-i-N:X(Mﬁ)“‘QN' (7.10)

The geometry of the deformed conifold can be used to stabilise moduli. Recasting eq. (7.6)
into the original complex local coordinates w, it takes the form

Wwitwitwitwi=2, (7.11)
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where the complex parameter z controlling the size of the S3 can be taken to be our familiar
complex structure modulus. While we only work with one complex structure moduli, it can be
naturally generalised to include several. Recalling the 3-cycles AC and their duals BC defined in
eq. (5.114), there are 2h(21) 12 such cycles on the manifold which intersects each other pair-wise
once according to A’ N By = 5§. The complex structure moduli is again related to them via
2¢ = 7%/7° where Z¢ = [,; Q and the dual cycle F;(Z) = Jp, SV is related to the prepotential
via Fiy = 0y F. In the vicinity of the conifold singularity we may have two cycles present, namely
one of the A cycles and one of the B cycles, say A' and By. If one for example takes the ws and
z to be real and positive, then the A cycle will intersect the dual B cycle exactly once if the B
cycle is constructed with imaginary wq 23 as well as a real and positive wy.

At a conifold singularity Z' — 0 the A' cycle will shrink to zero volume. The A cycle circles
this point, but all we know of the B! cycle is that it intersects with the A' cycle once. Because
of this one might say that the dual cycle will go as

By — By + A, (7.12)

around Z! = 0. This is known as a monodromy transformation. For the corresponding period
it is F; — Fy; + Z' while Z! — Z' which in our case is close to Z' = 0. Monodromies are
however not always related to shrinking cycles, but may arise because the complex structure
moduli space of a Calabi—Yau manifold is usually a quotient of a larger space, known as the
Teichmiiller space [55]. The monodromy of eq. (7.12) implies that the F; can be written

1

Z
F(2) = Tmanl + const , (7.13)

near the singularity. The Ké&hler metric of the complex structure moduli space M defined in
eq. (5.31) is around this point equal to K% = —In[i(Z'F; — Z'F})], which using eq. (7.13)
becomes proportional to

K ~ | Z?1n | ZY| + const . (7.14)

Since G;7 = 010;K, it follows that the metric of M is singular in Z! = 0. Since the curvature
is also divergent at this point, there is a real singularity, i.e. not a mere coordinate singularity,
in the complex structure moduli space.

As in the works of Klebanov and Strassler in [56], who first found solutions with fluxes which
generate smooth supergravity solutions in the vicinity of conifold singularities, we define that
M units of F3 flux will go through the A cycle and —K units of Hg flux through the dual B
cycle;

/ Fy=M, Hy=— —K . (7.15)
Al By
This allows us to rewrite the O3 superpotential of eq. (5.146) in the vicinity of the conifold
singularity according to

W= /G3 AQ = —MF(Z)+ K7, (7.16)

where again G3 = F3 — 7H3. For supersymmetry to hold we require D,W = 0, where the
covariant derivative of the superpotential is defined as in eq. (5.148). By setting Cyp = 0, it
follows that 7 = i/gs where gs is the string coupling constant. The leading terms in the equation
D, W =0 in the limit K >> Mgy are

M K
DW~——InZ' +i—+0(1)=0. (7.17)
27 Js

It follows that Z' and with it the complex structure moduli z' must stabilise at an exponentially

small value of
2~ e 2K/ Mgs (7.18)
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The corresponding equation for 7 and the dilaton reads [39]

D W ~ %(—Mﬂ +7KZY) =0, (7.19)
and can not be satisfied. The second term in the parenthesis containing Z' is exponentially
small by eq. (7.18), however the first term with F;(Z) is not. The coordinate F;(Z) is generally
non-vanishing, namely F;(0) ~ O(1). This problem arises because at z! = 0, the superpotential
of eq. (7.16) is independent of 7. The remedy for this is therefore to consider a configuration
with additional 7-dependence, which may be added by turning on additional fluxes. Keeping
for simplicity the case of a single complex structure modulus z!, there will be 2h21) 4+ 2 = 4
3-cycles. We have worked with two of these until now, i.e. the pair {A', B}, so we may add
the last two and denote them {A?, Bo}. Turning on an additional —K units of H3 flux through
the By cycle, the superpotential becomes

W=-MF(Z)+7(KZ'+ ZK) , (7.20)

where Z(Z') is a generally non-vanishing function at the conifold singularity; Z(0) ~ O(1).
Fixing z! = 0, eq. (7.16) becomes

1 -
D W ~ — (-MF1(0) +7TKZ) =0, (7.21)
T—T
which then fixes the dilaton at ME (0
;= MAO) (7.22)
KZ

With this value the complex structure modulus z! will stabilise at

o o ZE I (F(0)/2(0)) (7.23)

Hence we have fixed the dilaton and with it stabilised the complex structure modulus. However,
the Kéhler moduli is not stabilised by these fluxes. There are interesting phenomenological
consequences for the complex structure moduli being stabilised at a small value. Close to the
KS throat, i.e. the singularity, the warp-factor which solves eq. (6.44) will be very small. This is
because the warp-factor scales like e*4 ~ r* for D3-branes, with r denoting the radial coordinate
from the brane. The resolution of the conifold cuts this off at r o« w?/3 23, so that there is
a minimum for the warp-factor at

62Amin ~ 22/3 ~ 6747TK/3Mg5 , (724)

which generates a large hierarchy of scales.

7.2 Moduli stabilisation in type IIB on T°/Z, orientifolds

In this section we will review moduli stabilisation of type IIB on tori. One of the first examples
of this was done by Kachru, Schulz and Trivedi [57] who compactified on a T%/Zs orientifold
with NSNS flux Hs and RR flux F3. More precisely, the orientifold is given by the quotient
space

T T
a G1 UG - Zio

with G1 = {@} being empty and the cyclic group Zs effectively being equal to Zs = Q(—1)2 R,
where R reflects the six internal coordinates, i.e. y™ — —y™.

M (7.25)
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In the case of Calabi-Yau O3 orientifold compactifications the moduli are given in table 5.5.

The T°/Zs is however not a Calabi-Yau and a torus has trivial structure group so that besides

B2 hgrm) (L) _ ,(20) _ ;31 _ ;32 _ 3 .09

= 9 there are additional cohomologies h' = hy o=
N = . =3).

their conjugates (h>

An essential difference between the T and a Calabi-Yau 3-fold is that for the latter Yau’s
theorem implies that a complex structure or Kéhler deformation corresponds to a non-trivial
deformation of the Ricci-flat metric. This is not the case for the torus or 7°%/Zs. Instead, as
will be described next, only three out of nine complex structure parameters will correspond to
metric deformations.

The complex structure of a 70 is described by nine complex coordinates. Introducing six real
coordinates z*,y’ with i = 1,2,3 on the torus which are periodic; ' = 2 + 1, ¥* = v* + 1, we
define the holomorphic 1-forms to be

dz = da® + 07 dy . (7.26)

Here v¥ is the period matrix specifying the complex structure of the torus. In these coordinates
the holomorphic 3-form is
Q=dzt Ad2? Ad2? . (7.27)

The coordinates are conveniently expressed in the H®) cohomology basis (ac, BC), with C =
0,...,8, as

ap = dzt Adz? Ada? B0 =dy! Ady? Ady? (7.28)
Qg = %eilm dz! Ada™ A da? B4 = —%ejlm dy! Ady™ A da? '
and 7,7 = 1,2, 3. In this basis the holomorphic 3-form can be written
Q = ag + a;;v7 — BY(cofv);j + fdet(vV) (7.29)
where
(cofv);; = det(v)(v") 1T = %eikmequvkpvmq , (7.30)

and T denotes the transpose. We now turn on fluxes. Fluxes present after the orientifold
projection must be even under the action of the symmetry group Zs. As can be seen in table
5.3, the By and C, fields are both odd under the intrinsic parity action Q(—1)fZ. The 3-form
basis of eq. (7.28) does however transform oddly under the Zy action; (z¢,1y%) — —(a%, ).
Since the Bianchi identities of their field strengths imply that they be closed; dF5 = dHs = 0,
it is possible to describe them as linear combinations in the basis of (7.28). This can be done
according to

Fsy = m{rao + mygaij + errij 87 + errof®

— 0 P 3t 0 (731)
Hz =m"ag+m azy"‘@jﬁ +eof

where again {mgg, err,m,e} are all integers. With these fluxes, the superpotential in eq.
(5.146) becomes

W = (mig — 7m°)det(v") — (ng — 7m")(cofv);; — (errij — T€ij)v" — (erro — Teo) - (7.32)

The superpotential depends on the complex dilaton field 7 as well as the nine components of
v¥, adding up to a total of ten complex variables. In type B solutions G3 is a (2, 1)-form and
when that happens one must have W = 0 and D;W = 0 by egs. (5.150), (5.151). Demanding
supersymmetry along the Kahler moduli, i.e. Dp W = 0, forces W = 0 according to eq.
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7. Moduli Stabilisation by Fluxes

(5.148). When W = 0, the Kéhler covariant derivatives can be replaced by ordinary derivatives;
DiW — 9;W. Using
8UijQ = kijQ + Xij » (7.33)

and the O3 superpotential W = [ G3 A Q, the Kéhler derivatives for the complex structure and
the 7 are
0yis W = ki;W + /Ga A Xij 5
1 B (7.34)
87—W:—H3/\Q:77/(G3—G(3))/\Q.
T—T

Now, requiring W = 0 in addition to 0,;W = 0 and 0;W = 0 results in eleven complex-
coupled non-linear equations for ten complex variables. Since all equations are independent,
there are generally no solutions to them, and as a consequence the supersymmetry is broken.
Some equations of motion arising from these conditions are

W — 87—W =0 = m%Rdet(’UZj) - ng(COfv)i]’ - €RRijvij — ERRO — 0 s (735)

0,iiW =0 = midet(v) — m(cofv);; — e;v" —eg =0, (7.36)
W =0 = (mlg— Tmo)(cofv)z-j — (ng — Tmij)Gikajanmn

— (erRij — Teij)(sjidlj =0, (7.37)

where in the last equation we have used the relations det(vij ) = %eikleﬂnvzj pklymn

3€ikm€jin0 U™
In [57] there are several examples of supersymmetic solutions. Let us look at an example
where the flux matrices are taken to be diagonal. In this case the fluxes are written

and (cofv);; =

(mKR, eRrRij, MY, €i;) = (MRR, €RR, M, €)5ij - (7.38)
The period matrix v* will then also be diagonal according to
v = v . (7.39)

With a diagonal period matrix the torus factorises as 7¢ = T2 @ T? @ T? with respect to
the complex structure. With this "flux diagonalisation”, the supersymmetry conditions of eq.
(7.35)—(7.37) take the form

Pi(v) = m%RU?’ — 3mprv? — 3eRrU — €rro = 0 , (7.40)
Py(v) = mPv3 — 3mu® —3ev —eg =0, (7.41)
(m%g — m®)v? — 2(mrr — 7M)v — (err — 7€) =0 . (7.42)

Assuming v to be complex, one can show that the cubic polynomials P; and P» can be written
Py(v) = (Av+ B)P(v) , Py(v) = (Cv+ D)P(v) , (7.43)

for some
P(v)=FEv*+Fu+@, (7.44)
where {A, B,C,D, E, F,G} € 7Z. The coefficients are related to the fluxes via

AF+BE:—3mRR, CF—{—DE:—3’I7L,

(7.45)
AG + BF = —3¢RR , CG+ DF = —3e,
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7.2. Moduli stabilisation in type IIB on T /7y orientifolds

so that one has modulo 3 consistency conditions. As a concrete example, we may take

P(v)=13-1=0, (7.46)
Py(v) =02 +302+3v+2=0, (7.47)

where both polynomials share a common factor
Plw)=v*+v+1. (7.48)

The cubical polynomials can then be expressed as

Py (v)=(v—1)P(v)

0, (7.49)
Py(v) = (v+2)P(v)=0.

Now, solving P(v) = 0 with the condition of Im(v) > 0 results in that
v =e¥/3 (7.51)
With this value, eq. (7.42) solves for the axion-dilaton, which is
== e2Ti/3 (7.52)
Comparing the polynomials of eqs. (7.49), (7.50) to eqgs. (7.43), (7.44), the coefficients read
(A,B,C,D,E,F,G) = (1,-1,1,2,1,1,1) . (7.53)

The fluxes can then be read off eq. (7.40) and eq. (7.41) by comparing with eq. (7.46) and eq.
(7.47) respectively, and be determined to

(m?{Ra MRR, €RRO; €ERR > mO’ m,eéq, 6) = (17 07 17 Oa 17 _17 _27 _1) . (754)

Most of the flux integers are odd, which can lead to complications. Namely, apart from the
3-cycles present on the T, there are additional 3-cycles on the orientifold T/Zs which can be
seen as “half cycles” on the 7. If the flux integers are odd it is necessary to allow fluxes from
the additional 3-cycles in order to meet the quantisation condition (i.e. the condition that the
integer flux is indeed an integer). It is however not trivial to turn on these additional fluxes so
that they fulfil the charge conservation (tadpole cancellation) condition. This can be avoided
by simply assuming the integer fluxes on 7% to be even. A discussion on this can be found in
Appendix A of [57].

Hence, to simply avoid any complications we may instead simply multiply the flux integers
by two, which will ensure all fluxes to be integers. Thus we have

(m(l]{Ra TMRR; €ERROs ERR» mO’ m,ep, 6) - (27 07 27 07 2) _27 _47 _2) )

7.55
(A,B,C,D,E,F,G) =(2,-2,2,4,1,1,1) , ( )

where the coefficients can be worked out by comparison.

For the fluxes in eq. (7.55), the complex structure modulus v and the axion-dilaton 7 are
fixed according to eq. (7.51) and eq. (7.52). We will now turn to the Kéhler moduli. In the
Calabi-Yau orientifold case, there are no 1-forms allowed which means that for type B solutions,
the (2,1)-form G3 must be primitive. The manifold 7°/Zy is not a Calabi-Yau and does in
fact allow three 1-forms since h(_l’o) = h(_o’l) = 3 which means that G3 need not be primitive.
However by imposing G5 to be primitive, i.e. by demanding

J2NG3 =0, (7.56)
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some of the Ké&hler moduli v* in J; can be stabilised. Since G is a (2,1)-form and J a (1,1)-

form, Jo A G3 must be a (3,2)-form. On a T%/Zy there are h3% = 3 non-trivial such forms, so
eq. (7.56) above will give three complex or six real equations. The number of Kéhler moduli is
h(j’l) =9, so generically six of these nine Kéhler moduli are fixed by eq. (7.56), leaving three
unfixed "flat” directions that are unchanged by the G3 flux. With the diagonal flux of eq. (7.38)

at hand, the explicit forms of F3 and Hj in torus coordinates are explicitly

F3 = mORR dz! A dz? A da?® + mgg (dx1 A dz? A dy? + cycl. perm. of 123)
— €RR (dxl A da? A dy? + cycl. perm. of 123) + erro dy' A dy? A dy? (7.57)
Hs =m®da! Ada?® Ada® +m (dml A dz? A dy? + cycl. perm. of 123)

—e (d:cl A dz? A dy? + cycl. perm. of 123) +egdyt Ady? Ady? . (7.58)

The three moduli in Jo that are not fixed by eq. (7.56) are the diagonal elements, which are of
the from

3 3
Jdiag = Z r2dzt Adz ~ ZZ r?dzt Ady' (7.59)

i=1 i=1
where in the last expression one uses the fact that the complex structure v = €2™/3 of all the
three T2s are equal. It is clear that Jdiag A G3 = Jaiag N (F3 — TH3) = 0 is fulfilled without any
constraints on the three moduli 7;, since the dz? A dy® will hit another dz® or dy’ in each term
of F5 and Hs. Generically eq. (7.56) will set constraints on the other constituents of J apart
from the diagonal parts. However, in this example there are an additional three moduli apart
from the r; that remain unfixed after imposing primitivity of G3 in eq. (7.56). This is because
the G35 flux in this example is particularly simple and non-generic. The three extra moduli that
remain unfixed can be seen in the form of the components J,5 + J7, and analogous terms with

indices {1,3} and {2, 3}, since they have the form

Jis + Jig ~dzt A 224 d22 A2 ~i(dat Ady? + da? Ady?) . (7.60)

It is straight-forward to check that indeed (Jy5 + Ji5) A G3 = 0, and so any coefficients in eq.
(7.60), i.e. moduli, would not be constrained by this primitivity condition.

This example has N' = 1 supersymmetry. A higher degree of supersymmetry requires that
additional choices of complex structure are possible, wherein G is still (2,1) and primitive. For
example N = 2 and N' = 3 would require one respectively two additional choices of complex
structure. The solution to the example above have 76 = T2 @ T2 @ T? and there is a complete
permutation symmetry between the three 2-tori. This fact ensures that Gg must have the form

Gy ~dz' Nd22 AdZ2 + d22 Ad2 AdE + A2 Adet AdZ? . (7.61)

One could in fact make other choices of complex structure, e.g. by letting 2z — z* for some or
all T%s. However, this would not preserve the imposed nature of Gs to be (2,1) and primitive,
which as a consequence would leave all Kdhler moduli unfixed. Because of this our example has
N =1 supersymmetry.

The number of units of flux is constrained by the tadpole cancellation condition. In a T /Zs
there are Nos = 26 O3-planes present which give a negative contribution of —272Ng3 = —16
units of D-brane charge to the tadpole of eq. (6.33), leading to the condition

%/TGHgAF3+ND3:16. (7.62)
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Here the factor 1/2 in front of the flux contribution term comes from integration over T rather
than T°/Z,, since T® has twice the volume. The flux contribution in this case is given by

Nﬂux = /TG H3 A Fg = (eRROmO — m%Reo) + 3(€RRm — mRRe)

— —L(AD — BC)(F? — 4EG) (7.63)
=12,
using the numbers in eq. (7.55). With this result it follows from eq. (7.62) that the number of
D-branes present must be Npg = 10.
Conclusively, we have seen an example of moduli stabilisation in type IIB on 7°/Zy with
N = 1 supersymmetry, where the complex structure moduli and axio-dilaton could be fixed. As
for the Kéhler moduli we have seen that six out of nine could be fixed, while the other three

remain unconstrained. In the next section we consider moduli stabilisation in general type ITA
Calabi-Yau (O6) orientifolds.

7.3 Moduli stabilisation in type IIA Calabi-Yau orientifolds

The O6 superpotential is given in eq. (5.145) where its proper Kéhler coordinates are the
Kihler moduli t* as well as N* and Ty defined in eq. (5.137). Repeated here for convenience,
the superpotential is given by

Woﬁz/Hg/\Qc+/F(A)/\€B+iJ

:—2Nkek—iT)\m>\—}—eRRg+/F4/\j—%/Fg/\j/\j—%m()RR/j/\j/\j (7.64)
= —ep&" + mPEy + 2i(—erRe(CZF) + m*Re(CFy))

+ €RRO + €RRat” + SRabeMERt"t — EMARFabt T

with N¥ = %fk +iRe(CZ*), Ty = i€y — 2Re(CFy) and Hs = m ay — epf*. As usual, super-

symmetric vacua are characterised by the vanishing of the F-term conditions
DyeW = D, W = Dy W = 0. (7.65)

Two of these, namely Dyx«W = 0 and Dy, W = 0 become respectively [58]
er + 2ie?PWIm(CF,) =0 , (7.66)
m* + 2ie?PWIm(CZ*) =0, (7.67)

where 2P = €% /vol = 6e2?/k = 6e2?/([J A J A J) is a function of the dilaton and Kihler
moduli ¢* in J. The real and imaginary parts of the equations must vanish separately. Given
that C and D are real, the vanishing of the imaginary parts of both eq. (7.66) and eq. (7.67)
requires that the real part of the superpotential vanish, i.e. that

ReW = —ec® +m*é\ + Re (eRRo + eRRat® + SHKapemERt — %mORRﬂabct“tbtc> =0. (7.68)

The coefficients e;, and m” are again real numbers. This equation is the only condition that
involves the axions &* and &), or one specific combination of them. The axions constitute real
parts of the superpotential. Hence, the vanishing of the real parts of egs. (7.66), (7.67), leading
to an equation involving ImW, does not involve £¥ and &,. There are thus h(®1) axions left that
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are not fixed by the fluxes, which have to be stabilised by other mechanisms. The real parts of
eq. (7.66) and eq. (7.67) do however result in equations which constrain the complex structure
moduli. Namely, with non-zero NSNS flux, the real parts of these equations must fulfil

ey — 22 PTmWIm(CF,) =0 , (7.69)
m* — 2e2PITmWIm(CZ*) =0, (7.70)
where the imaginary part of eq. (7.64) is
ImW = —2¢,Re(CZ") + 2m*Re(CFy)
(7.71)

+ Im <€RRO + errat® + %Habcm%{Rtbtc — %mORRHabctatbtc> .
From egs. (7.69), (7.70), we may factorise 2e2PImW from both equations so that the complex

structure and NSNS fluxes are related via

ek m?

Im(CF,) Im(CZ>)

(7.72)

These are h(Y equations that, for certain values of flux, fix the complex structure moduli in
Z*. Both of them are also equal to 2¢2PImW; a term which includes the dilaton. Defining the
compensator field C as C' = e~ P+K*/2 which fulfils the transformation properties of Q discussed
in section 5.2.2, and using for example the left-hand side of eq. (7.72), we have that

92¢2P1 _ €k — _%  D-K=/2 .
Y e DR T A (7.73)

With e2P = 6e2? /K we obtain for the dilaton ¢ the expression

e =—"—/—¥—-¢€ )
ek\/E
which is fixed when the complex structure as well as Kédhler moduli are fixed. The complex

structure moduli are fixed via eq. (7.72), and it remains to investigate the Kédhler moduli. To
do so, we consider the last supersymmetry condition DwW = 0, which takes the form

(7.74)

ataW + Watalc == 0 . (775)

The first term in this equation affects only the Kéhler part of the superpotential which depends
on t®. Because of this we may write O W = 0, WKS with the O6 Kéhler superpotential

WS = erRro + erRat” + SKabeMBRE L — EMAR Kbt 1, (7.76)

being the last line of eq. (7.64). The total superpotential W in the second term of eq. (7.75)
may actually be rewritten assuming that the complex structure supersymmetry conditions in
eq. (7.66) and eq. (7.67) are fulfilled. Multiplying eq. (7.66) with Re(C'Z*) and eq. (7.67) with
Re(CF)y) and then subtracting eq. (7.67) from eq. (7.66) results in that

exRe(CZF) — m Re(CFy) + 2ie*P W [Im(CFj,)Re(CZ*) — Im(CZM)Re(CFy)] =0 .  (7.77)

—D+Ke5/2

Again C =e where the complex structure Kahler potential is given by

K = —1In (2 / QA Q) — _In[2(ImZyReFy — ReZyImFy)] (7.78)
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where in the last equality we have used the earlier stated relation
CQ = Re(CZF)ay, — ilm(CF) B +ilm(CZ )y — Re(CFy) 5> . (7.79)

The large parenthesis in eq. (7.77) is very similar to the last equality of eq. (7.78). Pulling out
C? from this parenthesis and using the Kéhler potential, we have that C? = e=2P [2(ImZ\ReF)—
ReZiImF;)]~! and so

_op ImFrReZ¥ — ImZ*ReF)

Im(CFi)Re(CZ*) —Tm(CZ)Re(CFy) = =—1e?P (7.80
m(CF)Re(CZ7) —Im(CZ7)Re(CF) = e 2(ImZ ReFy — ReZpImFy) 20 (7.80)

Reinserting this expression into eq. (7.77), it simplifies to
exRe(CZ%) — m Re(CFy) = iW . (7.81)

The left-hand side of eq. (7.81) is minus half the imaginary part of the complex structure part
of the superpotential, i.e.

W = —eph + m e\ + 2i(—exRe(CZ%) + m* Re(CFy)) , (7.82)
where W = W 4 WKs, Eq. (7.81) is thus equivalent to
— IImW =W . (7.83)

With W = W + WX we have that 2ilmW® = iImW® + {dmWXs, or —IImW = ImW*s,
which by eq. (7.83) becomes equivalent to

W = —iImW¥ks (7.84)

Using this expression for the superpotential in the second term in eq. (7.75), and where only
WS is left for the first term, eq. (7.75) takes the form

O WES —iImWE9kC =0 . (7.85)

The Kéhler potential is K = — In(§kapcv®®v¢) — 21n[2 [ Re(CQ) A ¥Re(CQ)] as given earlier in
eq. (5.138). Taking the derivative 0 of this potential, the only ¢* dependence is in v* = Im(t%),
and since Oe = ORe(te) — 1Om(ta) = Opa — 10pe, it is clear that the second part of eq. (7.85) is
purely real. Thus eq. (7.85) is with advantage written as

O WES — ImWES9, K =0 . (7.86)

As in the case of Dy« W = D, W = 0, it is useful to consider the real and imaginary parts
of the Di@aW = 0 condition in eq. (7.85) separately. With the second term being real, the
imaginary part of eq. (7.85) vanishes according to

Im (9 W) = kgpev® (Mg — magb®) =0, (7.87)

according to eq. (7.76). With v # 0, the real part of the Kihler moduli stabilises at

C
b = TRR (7.88)
MRR

Note that the case of m%R = 0 is not really interesting as it by eq. (7.87) would require either
v® = 0 or vanishing RR fluxes; m§y = 0. Considering the real part of eq. (7.85), we hope to get
a condition for the other Kéahler moduli v*. The vanishing of the real part of eq. (7.85) reads

Re (9 WES) — ImWX59,.K =0 | (7.89)

115



7. Moduli Stabilisation by Fluxes

which results in that
3(m{R) 2Kapcv®vC + 10mEgerRra + Shapemirmay = 0 - (7.90)

Just like the b* Kahler moduli in eq. (7.88), the v® Kéhler moduli in eq. (7.90) contain
a=1,..., h(_l’l) equations for h(_l’l) moduli v®, thus stabilising both Kéhler moduli. One can
show using eq. (7.90) that the superpotential becomes
9
W = —iImW¥s = ém%Rnabcvavbvc , (7.91)

which is non-vanishing as long as the volume K0 0P0C ~ JJANJAJ does not vanish. As
a consequence, this type of vacuum can not be Minkowski. If one does not avoid the no-go
theorem of section 6.1 by taking perturbative effects into account, the vacuum has to be AdS.

With both the complex structure and Kéahler moduli stabilised, by using eq. (7.74) and eq.
(7.91) for the expression of ImW, the dilaton is fixed to

eiqs o 4\/6 m%RﬁImfk eK:cs/2

=15 o ) (7.92)
with & = Kapev®?v¢. Again the complex structure moduli are stabilised by
er=0 = Im(F)=0, my=0= Im(Z")=0, (7.93)
and eq. (7.72) for e, my # 0. The axion combination in eq. (7.68) reduces to
ent® — m éy = ReW™® = eppo + ERRaMRR i “abcmaRleﬁRmcRR (7.94)

m%R 3(m0RR)2 7

where the terms involving the v moduli have cancelled and the b* are stabilised from eq. (7.88).

In conclusion we have seen that fluxes in type ITA O6 compactifications generally stabilise all
the Kihler moduli {b%,v?}, all the complex structure moduli via Re(Z¥),Im(Fy), the dilaton
¢, but only one combination of axions {£¥, 3 A} while h(2Y) axions remain unfixed. The moduli
have been fixed under the assumptions that v® # 0 and kepev®0v® # 0. The resulting 4D
vacuum must then be AdS. In general we need that mORR = 0 and at least one of eg or my to be
non-vanishing for a stabilised vacuum. Otherwise, would one of these conditions fail, all fluxes
must vanish and the moduli would go unstabilised. The minimum set of fluxes to stabilise the
moduli always includes m%R, one egrq or miy for each Kahler modulus, and one ey, or my for
the geometric moduli.

7.4 Moduli stabilisation in type ITA on 7%/(7Z3 ® 7Z3) orientifolds

In this section we review moduli stabilisation in type IIA on O6-planes created from a T%/(Z3 ® Z3)
orbifold, which was first carried out in [58]. This orientifold is a particular case of the general
class of N/ = 1 supersymmetric orientifolds of type ITA Calabi-Yau compactifications. As a
consequence the mechanisms of moduli stabilisation in the previous section will be used here as
well.

Let us start by with a look at the orbifold. The torus may be parameterised by the three
complex coordinates dz’ = dz® + idy’, which differ from the torus in the IIB example since
the action of Z3 leaves no freedom of choice for the complex structure. The coordinates have
periodicity conditions

dad i~ ta, (7.95)
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where a = /3. The Zs have two symmetry actions 7" and @, which act on the coordinates as
T: (24,22 23) = %24, 22, 2%) (7.96)

which make T have 3% = 27 fixed points, three for each 72. There is also an additional Z3
symmetry () which transforms the 2-torus coordinates according to

Q: (zl,zQ,z?’) — <a2z1 + 1+°‘ cat2? 4 1+°‘ 20+ HTO‘) , (7.97)

and which has no fixed points. The additional action of ) on the coordinates reduces the
number of fixed points to nine. These fixed points are singular points which have to be resolved
in order for the orientifold to be smooth. This procedure can be done by a conifold deformation
or resolution as outlined in section 7.1. Since a 6-torus has no complex structure moduli, i.e.
1 = 0, such a singularity resolution will not stabilise these moduli. Since we also have
h(1) = 0 there are no harmonic 1-forms, which implies that the moduli spaces and moduli fixing
mechanisms work as in Calabi-Yau manifolds.

The orientifold is constructed by taking the orbifold T°/(Z3 ® Z3) and modding out by the
orientifold action for O6-planes O = Qp(—l)F Lo, where the involution ¢ acts on the complex
coordinates according to

oz —Z . (7.98)

The O6-plane fills the non-compact 4D space and wraps 3-cycles on the 7. Table 5.3 gives
the action of the worldsheet parity , and the left-moving fermion number (—1)Z on the fields
present in the type IT theories. The combined action of Q(—1)f2 makes the NSNS field By odd,
the ITA RR fields C; and Cj are odd while Cj3 is even.

As usual we are interested in the moduli that survive the orbifold and orientifold projection.
The resulting metric of the orbifold should be invariant under the Zj3 actions 7" and @ in egs.
(7.96), (7.97) above. Under the T transformation z* — ' = a?z* the metric transforms as g;; —

k . . . . . = o
gz - g; g = at gzg # gij- With an antiholomorphic coordinate we have instead z* — z' = « 27

so that g;; — az . g; g = a2 9i7 = gi7» Thus a metric invariant under 7" must be off-diagonal.

Turning to the ) action, which the resulting metric should be invariant under as well, we may
use that Q : dz’ — o?"dz’. This means that a metric transformation will result in different
factors of a depending on the value of ¢, namely with the same analysis as for the T" action, the
@ action would transform the diagonal components according to g;; — I 95 = gi7 & 1 =].
Thus the metric is not only diagonal but the metric of each T? is diagonal. We may therefore
parameterise the metric of the compact space as

ds? —anz A dz —Zr [(dz®)? + (dy')?] . (7.99)

There are three radial Kéhler moduli r; which determine the radius of each 72. We have
concluded that the only 2-forms invariant under both actions 7" and @) must be of the form
dz’ A dz'. These may be used to construct a basis w; for other 2-form fields, such that

wi = (V3)Y3idz AdZ = 2(V3)3da' Adyt (7.100)

which we choose to satisfy the normalisation fT6 J72 W1 Awy Awsg = 1. It will prove useful later

to introduce the dual basis @° of even 4 cycles, where

o' =3Y3(id2? AdF)(id2F A dER) / wi A& =87, (7.101)
T /73
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7. Moduli Stabilisation by Fluxes

with 4,4,k = 1,2,3. The 2-form basis w; is odd under the action of ¢ in accordance with eq.
(7.98), which means that the NSNS potential By, expressed as

3
B2 = Z bl-wz- s (7.102)
=1

is even under the orientifold action O = Q,(—1)20 and is thus non-zero on T%/(Zs ® Zs).
The real b* combine with v* = r/[2(v/3)/?] to form the Kihler moduli # in its familiar form
t' = b’ + iv'. The dual basis @* is even under o.

The 3-forms invariant under 7" and @ are the holomorphic (3,0)-form

Q=34 dz' Ad2?2 AdZ? (7.103)

and its complex conjugate Q. They are normalised as i Jrs /22 QA Q = 1. Decomposing € into
real and imaginary components we have

Q= %ao +i8° (7.104)

where o and its dual 8° are given explicitly as

ap = (12)1/4 (dy1 Ady? Ady® — L€ da’ A dad A dyk> , (7.105)

B0 = (12)%/4 (dml Adz? A da® — Leg dy' Ady! A dxk) : (7.106)

The involution acts on them like o : ag — +ag and o : fg — —fp so that o : Q — Q. With only
the 3-cycle ag being even under the involution one can conclude that the O6-plane is wrapped
around the aq cycle.

Since h(!) = 0 there are no moduli associated with the RR 1-form field Cy. There is the
dilaton ¢ modulus and its axion partner £° which come from the C3 field in one chiral multiplet,
and another chiral multiplet {b?,v'} with a total of six Kéhler moduli. This adds up to eight
real scalar moduli. See table 5.6 for comparison with the general case.

The next step is turning on fluxes on this orientifold. Since the NSNS field Bs is odd under
o, its field strength flux H3 will be so too. It is therefore convenient to take the flux to be along
the B° cycle. The mass parameter of ITA, i.e. Fp, is even under the involution, and so is Fj.
The other RR fluxes F5 and Fg are odd and so we may express their values in the appropriate
basis as

Hy = —eof° Fo = mYg , Fy = —mhgpwi , Fy = egri@’ Fs = erro - (7.107)

With D-branes present, the type ITA tadpole cancellation condition of eq. (6.33) will enforce
that

migeo = —2 . (7.108)

With this condition the NSNS flux and mass parameter are fixed to the four possible choices
of (mkg,e0) = £(1,-2) or (m{g,e0) = (2, 1), since the fluxes are integers. The tadpole
condition does not however set any constraints on the other fluxes present.
From the DioW = 0 supersymmetry condition we saw in the previous section that the Kéhler
moduli b° are stabilised at ‘
7
b= RR (7.109)
MRR
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As for the Kihler moduli v?, determined by eq. (7.90), the indices i = 1,2,3 together with the
fact that k;; is symmetric in its indices results in three equations for each egrr; flux;

6(mYr) k1230°v° + 10mPgerr1 + 10k123mErmpg =0 ,
6(mORR)2/1123v1v3 + 1Om0RR€RR2 + 105123m%{Rm3f{R =0, (7.110)
6(m%R)2/<1231)11)2 + IOmORReRRg + 10”123m1RRm%{R =0.

A single closed expression for the solution to v* can be obtained as

, 1 —5éRR16RR2€
|eRR;| 3MmpRK123
where we have defined A i
J
A K123M m
éRRi = €RR; + —— S BR (7.112)

0
MRR
with j, k being the other two values than i. In the hypermultiplet sector A2 = 0, so we only
have one index k = 0 with no A indices since there are no complex structure moduli. As such,
there is only one unique electric NSNS flux ey and the moduli are simply the dilaton and its

single axionic partner £°. Eq. (7.94) then determine the axion moduli to

1 1 ERRiM. 6K193mE pmEams

0 ”rK RR 123

é- — . Re s _ . <€RRO ’LO RR 3(1;{711:{0 13{21:{ RR 7 (7113)
0 0 MRR RR

with the factor 6 coming from the 3! ways to arrange the numerator in the last term. The
dilaton is stabilised according to eq. (7.92) which in this case has K = 0, which in turn gives
ImFy = —1/\/§ so that

ot 74\/3 mAr VK

= 7.114
15 €0 ( )
where k is calculated to
10 —be é eRR:
o — 5 eRRéeRRQGRRS ) (7115)

The above analysis has considered only the cycles not in the vicinity of any singular point.
When resolving or "blowing up” the singularity there will be blow-up modes which have associ-
ated Kéhler moduli. Locally, each blow-up looks like a resolution of C/Z3 and is parameterised
by a scale modulus and a corresponding B field modulus. Cycles on the blow-ups are referred to
as twisted cycles, and the cycles in eq. (7.107) with associated fluxes eRRi,mﬁR are untwisted.
The F, and Fj fluxes associated with the twisted cycles are ny and f4, i.e.

Fy=—ntdy, Fy= fa0™, (7.116)
which should be compared with the untwisted fluxes mﬁR and ergr;. The blow-up Kéhler modes
are denoted tga with A =1,...,9, and the volumes vp, satisfy

3(m%R)2/€AAAU%A + 10m%RfA + 5/€AAATL124 =0, (7.117)

for each blow-up mode A. The solutions for the complex blow-up Kéhler moduli are then

—10f
B = 1A g, Ja_ (7.118)
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where e
? RAAATV
fa=fat—5 (0 ) (7.119)
RR
With this inclusion the the total volume becomes
10 [~Bénniérnaet C—10fa \
= RR%) RR2€RR3 ¥ Kada Z A ’ (7.120)
Imzg| 3mprk123 3KAAAMYR
and to the axion there will be additions so that
1 eRRmi + fATLA 6/431237)11 m2 m3 + KAAA E nA 3
f=—|erro+ —— 28 + HR—RRRE AT (a2
€o MRR 3(mzgr)

The solution obtained is valid as long as the moduli v* and vB" are large enough to be able
to neglect o/-corrections, and as long as the string coupling is small enough so that quantum
; A
corrections can be neglected. With v% in eq. (7.111) and 2" in eq. (7.118), these moduli are
large when
errl® > Imigl, 1fal > [migl - (7.122)

In order to have the Kéahler moduli remain within the Kéhler cone, the untwisted volumes must
be larger than the blow-up volumes;

|erri| > |fal > |m&g| . (7.123)

Unlike m%R and eq, the 4-form and 2-form fluxes are not constrained by the tadpole condition,
we have freedom to scale them as large as we wish and may always choose fluxes such that
eq. (7.123) is fulfilled. Assuming eq. (7.123) to be satisfied, the Kéahler moduli will scale like
Vb~ VerRri by eq. (7.111). Taking the 4-form flux to be some large value égr; ~ N, then the T2
radius scale like R ~ Vv ~ N1/4 In the same manner the volume and dilaton scale according
to

¢
k=vol~ N3/2 e N34 oD = /Re?tK /2 = \‘% ~ N73/2 (7.124)
K

so that for large N the 10D respectively 4D string couplings are indeed small.
Since W # 0 for these type of vacua they are also AdS. The 4D cosmological constant can
be found by inserting the stabilised moduli in the superpotential, resulting in that

A = =38 K 2 o NTI/2 (7.125)
where & = —2 ln [f Re(CQ) AxRe(CQ)] = 4D having used the definition of e” in eq. (7.124)
and that K = —In [i [ QA Q] = —In [2(ImZ)\ReF) — ReZ,ImF})] for the surviving fields.

It is clear that moduli stabilisation in type ITA works very differently from type IIB. In
summary, the two main differences are that in IIB the fluxes which stabilise the moduli are
constrained by the tadpole cancellation condition, stripping us of the freedom to make them as
large we want. Secondly, the Kéhler moduli are not stabilised in type IIB orientifold models at
all. In the case of a torus some of them may however be stabilised by the primitivity condition
JAG = 0, but the volume modulus is always unfixed. In type ITA there is only one of the axionic
partners that is fixed (apart from the other moduli that are fixed), although in manifolds with
rigid complex structure there is only one axion, hence all moduli are fixed. In the examples
covered in this chapter the 4D geometry of both the type IIB examples is Minkowski, while for
the type ITA it is AdS. All examples have N’ = 1 supersymmetry.
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3

Moduli Stabilisation with Corrections and
de Sitter Vacua

In the previous chapter it became clear that fluxes are generally not enough to stabilise all
moduli. For instance, in the previous section we saw that in type IIB, NSNS and RR 3-form
fluxes can in general stabilise the dilaton and complex structure moduli but leaves the Kéahler
moduli unfixed. However, more moduli can be stabilised by considering perturbative and non-
perturbative corrections to the Kéahler potential as well as the superpotential, which we are
to discuss in this chapter. Considering these corrections, we review their effect on moduli
stabilisation and how they may be used to construct de Sitter vacua in section 8.3. The focus
will lie on type IIB Calabi-Yau O3/O7 orientifolds.

The perhaps most important effect in stabilising the Kéahler moduli is the breaking of the
Kaéhler potential’s no-scale structure. As discussed in chapter 5, the O3/07 Kéhler potential is
given by

K=—In(t+7)—2In(V) —In (—i Q/\Q) : (8.1)

Me
where we used the relation —3In(T'+ T') = —2In(3x) = —2In(V) in eq. (5.141). Again, this
Kahler potential fulfils a no-scale structure condition (c.f. eq. (5.142))

> 0KOKKT =3, (8.2)

1,j=Ta,G*

with proper Kéhler coordinates T,,G?® defined as in eq. (5.139). In combination with the
flux-induced GVW superpotential of eq. (5.146), i.e.

the corresponding scalar potential is demonstrably positive semi-definite according to

V= e’C(Z K®D,WoDyWo — 3|W0\2> — e’C(Z KCJDCWODdWO> , (8.4)
a,b c,d

where a,b = 7,T%, G, contain all moduli and ¢,d = 7, G*. This cancellation can be seen as an
effect of the Kéhler moduli not being present in the GVW superpotential, which only depends
on the dilaton and complex structure moduli. With 3-form fluxes present, the supersymmetry
conditions of vanishing Kéahler covariant derivative of the GVW superpotential fixes the moduli,
given that G3 is imaginary self-dual. In chapter 5 we saw that these conditions for the dilaton
and complex structure moduli forces Gz to have (2,1)- and/or (0,3)-form pieces, while the
Kéhler derivative with respect to T' further forced G3 to be (2,1). In this case the superpotential
automatically vanishes and results in a AN/ = 1 Minkowski vacuum. In this chapter we will see
how the loss of no-scale structure opens up to alternative vacua.
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8.1 Perturbative corrections to the low-energy action

Corrections to the low-energy effective supergravity action are governed by the Planck scale,

which in string theory is given by
1
M3 =
T gt

Perturbative corrections consist of the double series expansion of the o/ and gs parameters in
the 10D effective theory. The o/-expansion of this action can be written on the form

(8.5)

S = S(O) + 0/35(3) +...+ O/nS(n) .+ S%g; QS%% , (8.6)

where S(g) is given by eq. (5.47) including the Chern-Simons terms and the So¢ are localised
p-brane actions. The subscript indicates the degree of o/-dependence.

After compactification, corrections of the 10D action leads to corrections of the 4D Kéhler
potentials. The perhaps most famous perturbative correction to the Kéhler potential originates
from an o’® curvature correction, i.e. the quartic invariant R*, in the 10D Einstein-Hilbert
action of type IIB. This action can be written [59]

M, £B3)
_ 10 p
Sg —/d TN —g <2R+ 3.95 M6R4 ) s (87)
where Mp is the Planck mass in 10D, the ( is the Riemann-zeta function where ((3) =
S° . 1/k3 =~ 1.202, and M denotes the mass of the first excited level of the type II super-

string;
4
M? = = (8.8)
The omitted terms are subleading in 1/M and/or the string coupling gs. The quartic invariant
R* arises via a 4-loop correction to the 3-function in the worldsheet o-model [59]. In the next

we will review how this correction comes about, following its discoverer in [60].

8.1.1 The a*-correction to the Kihler potential

’3_corrections

The metric of Kahler deformations on the Calabi-Yau 3-fold receives perturbative «
from higher derivative terms appearing in the type II 10D effective action. At tree level these
terms are the same in type IIA and IIB. The relevant terms for this correction of the Kéhler

moduli space in the metric are given by

_ / a2/ ~ge 2 (R+4(0)° + aerly) (8.9)

2/@10

where ¢; = 3( ) [59] and the higher order term Jy is defined as [61]

Jo=3- 28 (RHMNKRPMNQRHRSPRQRSK + %RHKMNRPQMNRHRSPRQRSK) . (8.10)
The equation of motion for ¢ up to order O(a’?) is then given by
R+4V%p — 4(Ve)? + a1 Jy =0 . (8.11)

Note that Jy does not contribute to the above equation as it has the property of vanishing on
Ricci flat Kéahler metrics. If one introduces the complex coordinates

2= Lyt iy (8.12)

&\H
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8.1. Perturbative corrections to the low-energy action

with @ = 1,2,3 on the internal manifold, it has been shown [62] that the metric S-function for
the N/ = 2 non-linear o-model in 2D up to four loops is given by

1 1
Bap = 5-Rup + 5-CB)VaV5Q - (8.13)
Here 2o’ = 1, and Q is defined as
1
Q= WRIJKLRKLMNRMN” — 2R ERM N Ry (8.14)

which is a generalisation of a 6D Euler density; [, dﬁx\/gQ = X. By demanding 3 = 0 and
using eq. (8.13) in eq. (8.11), the dilaton equation of motion is satisfied up to order O(a’3)

when 5

¢=¢0+C1(6)Q, (8.15)
where ¢q is a constant and the second term comes from perturbative quantum corrections on
the worldsheet. Hence, a higher order term in eq. (8.9) can not result in a constant dilaton as
a solution.

After compactification of the 10D theory to 4D on a Calabi-Yau 3-fold, the interactions of
eq. (8.9) (and an additional term which will show up later) give the perturbative correction to
the metric on the moduli space of the Kéhler deformations. The prepotential F for these Kéhler
deformations, or hypermultiplets, receives both perturbative and non-perturbative corrections
on the worldsheet. These corrections have been calculated in [32] using mirror symmetry, and
the perturbative corrections has been identified with the o/-corrections determined in [59][63].
Since the Kahler deformations lie in N' = 2 hypermultiplets, a truncation needs to be done in
order to obtain the A" = 1 theory, which is of primary interest. Including the a/3-correction, the
prepotential has been shown [32] to change so that it takes the form

F(X) = énach“Xch (X092 (8.16)

where ¢ is some constant and t* = X*/XY are the Kéhler deformations with a = 1,..., JACOR

where we may take X% = 1. Since the Kihler potential is also given by
K=-In[X'F(X)+ X'F(X)], (8.17)

inserting the prepotential in eq. (8.16) into the Kéhler potential of eq. (8.17) gives the corrected
Kahler potential for the Kéhler moduli t* as

K = —In[— & hape(t® — E) (8 — ) (t> — ) + 4] . (8.18)

In the next we turn to determine the constant . This constant is independent of the Kéhler
moduli which allows us to choose a single Kéhler modulus u to work with. We start by making
the following ansatz for the metric:

ds® = 1, dat da” + e* G dy™ dy™ . (8.19)

For simplicity we choose the volume of the Calabi-Yau § by setting (27a’)? = 1 so that x4 = k10,
and then normalising so that V = %/ﬁ;abcvavbvc = ¢ The constant ¢ may be determined by
after dimensional reduction of the metric in eq. (8.19) to 4D.

In the action of the hypermultiplets in type IIB compactifications the Kéhler metric is the
coefficient of the kinetic terms of the Kéhler moduli t*. Hence, with the Ké&hler potential of eq.
(8.18) this Kihler metric K j = 02K/0t20t" gives us the following action for the kinetic term:

S = Kli / d'zy/=g |- (3 - 6€e™)Dudu] + ... . (8.20)
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This will be used for comparison with the kinetic term of the resulting 4D action in eq. (8.9)
after dimensional reduction. In the process of doing so it is useful to re-express Jy such that [64]

1

S=-sr /dl%\/we*%a%z (122 — RS + 12R\nSMY + B?) + .., (8.21)
10

with the constant ¢z = ¢(3)/(3-2%), Z = Z;59'/ and S = S;;9'/ where

Z17 = RigLrRyun" (RKPMQRNPLQ - %RKNRQRMLPQ) ; (8.22)
Sty = —2RMELR P KORLpyg + %RIMKLRJMPQRKLPQRIKJLRKMNQRLMNQ . (8.23)
S =12(27)°Q + R* . (8.24)

The @ is defined as earlier in eq. (8.14). In order to evaluate eq. (8.21) for the metric in eq.
(8.19), the non-vanishing parts of the Riemann tensor are needed. With the usual conventions

RMypg = aPFg[N — TPy + FSNF% - FgNFgR )

(8.25)
TNp = 199 (Ongpg + Opgon — dognp) |

one can find that the non-vanishing components of the Riemann tensor are

R™ iy = =6, (0,udyu + 0,0,u) ,
Rumun - _gmn(auuauu + (‘L@“u) 5 (826)
kanp = kanp + auua'uu (5£gmn - 5§gpm) »

and all other components, which are not related to any of the above ones by symmetry, vanish.
The non-vanishing components of the Ricci tensor is in turn given by

R, = —6(0,ud,u + 0,0,u) ,

8.27

Ry = —9mn(60,u0"u + 0,,0"u) ( )
where ~the contribution of the background metric has been discarded as it is proportional to
VaV3;Q ~ B,; and thus vanishes as 3,; = 0. The Ricci scalar is given by

R = —420,ud"u — 120,,0"u . (8.28)

Turning our attention to eq. (8.21) again, it is clear by the components of eq. (8.27) and eq.
(8.28) that the RS and R,,,S™" terms contribute to the kinetic terms of u, while R, S*" and
R? do not. As for the first term that is proportional to Z, it can be seen by the definition of Z
in eq. (8.23) that only the internal components of the Riemann tensor contribute to a kinetic
term of u. Using the results on the last line of eq. (8.26), the expression of Z that contributes
to the kinetic terms of u can be written

Z = 0,0 120270 + Ry (2R R — Ry R — R/ R9)] . (8:20)

This expression may be simplified further. Again using the complex coordinates in eq. (8.12)
on the manifold, it is true that on a Kahler manifold, the only non-trivial independent Riemann
tensor component R%, ; possesses the symmetry

R g=R"5 . (8.30)
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8.1. Perturbative corrections to the low-energy action

Hence we have that for the first term in eq. (8.29) that

12(27)30 = 4 (RQBCJRCJefRefaB _ Racbdécedféeafb)

. - - - . . - (8.31)
_ qulr (2RipnTRnplq . Rinernlpq _ Ripnqunlp) ,
which reduces the expression of Z to
Z = 24(27)%e" %0, ud"uq . (8.32)

Now performing the dimensional reduction of the metric eq. (8.19), where we use the dilaton
¢ = ¢o + c@Q with ¢ = ((3)/16 as before. It has been argued that the Ricci tensor Rj/y in
eq. (8.21) actually appears in the form Ra/ny + 2V V n¢, which would result in the additional
terms

1
S=-5+ / V—g(10e™200"3 ¢y (—2(V29) S + 24(Va Vo) SMN) | (8.33)
10

to the action. Here the second term does not contribute in the dimensional reduction, and the
first extra term does not modify the equations of motion but it is necessary to get the right form
of the resulting 4D action. Without it one would get unallowed cross terms involving ¢(*) and
u. With this addition to the 10D action it becomes to order O(a’®) in perturbation theory

1

S=-
21y

/ AP0z /=ge2? [(1 —2¢Q) (R<4> — 420, ud"u — 128,0"u + 4aﬂ¢oaﬂ¢o)

— 48¢QpodHu — 48¢2Q0,, 0" P + 12¢2Q(—RW — 68Mu8“u)] :

(8.34)

Using the fact that 6¢c2 = ¢ and integrating over the internal coordinates, one gets that

1 _
S = —5,.2 /d493\/—ge 2¢0 [(66“ — 4ex)RW 4 (5 — 2¢x)(—420,udtu — 120,,0"u)
1 (8.35)
+ (% — 4ex) 40,600  po — 48¢x Dy poO*u — 126)(8#118“14 .
The coefficient of R™® tells us that the 4D dilaton is given by

20 = =200 (e — 4ey) . (8.36)

By performing a partial integration of the term (—420,u0"u—120,,0"u) in eq. (8.35) we simplify
the expression of the action to

1
S = s /d4x\/—ge_2¢(4) [%Ru) + 28M¢(4)3“¢(4) -3+ 480X6_6“)8#u3“u} . (8.37)
4

Here a Weyl rescaling does not change the coeflicient of the w kinetic term, so by comparison
with eq. (8.20), the constant ¢ is finally determined to

QX

5 (8.38)

E=—-8cxy=—

With a Weyl rescaling gs = e!/2%0gp, the 4D dilaton in eq. (8.36) can be rescaled to Einstein
frame via u
2 = =200 () 4 16) = e M2y 4 1) (8.39)

with & = £e3/2%0 and V' formed by v* = v%e~%/2 g0 that V' = %/{abcvavbvce_?’/wo.
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8. Moduli Stabilisation with Corrections and de Sitter Vacua

The N = 2 action for the hypermultiplets is given in eq. (5.68) and eq. (5.69). By performing
an orientifold projection of the N' = 2 action, in which the antisymmetric 2-form fields are
projected out and using the v'* and eq. (8.39), the N' = 2 supersymmetry breaks down to
N = 1. The quarternionic geometry of the hypermultiplet is then reduced to a Kahler geometry.
With the Kéhler coordinates defined in eq. (5.139) (where G* = 0 may be taken as there is only
one radial Kahler modulus u), the corrected Kéhler potential takes the form

)3/2] —In [—z‘ -~ QAN Q] 510

=¢o —2In[V' + %5673%/2] - ln[—i/ Q A Q] + const. ,
M

T—T

K=—-In[—i(tr—7)] —2In l—i(Ta — T, + ¢ <—i

¢B3)

5027 X With normalisation 2ma’ = 1 such that 2x3, = (2m)7a/* = (27)3.

where again £ = —

8.1.2 String coupling corrections to the Kahler potential

There are also perturbative gs-corrections arising from loop-effects in spacetime, i.e. from higher-
genus string worldsheets, which generally break the Kéhler potential’s no-scale structure as well.
Some explicit results of such loop corrections have been found for the 7°/(Zs ® Z3) orientifold
with /=2 and N =1 in [65][66]. The calculation of such corrections is out of scope for this
thesis, although we may provide a qualitative picture of their effect. The loop corrections to the
Kaéhler potential of eq. (8.1) can be divided into two different contributions;

5Kg, = OICE + 0KC) (8.41)

where JKKK arises from the exchange of closed strings with Kaluza-Klein (KK) momentum
between D3- and D7-branes (or O3- and O7-planes), while K" comes from the exchange of

closed strings with non-vanishing winding (W). The 5IC§<SK has the form [67]

3 KK >
EM (2, 2)
KK 3 ;
6ICQS Z

i=1

: 8.42
Py (8.42)

where the Kahler moduli ReT = o and o; is the Kahler modulus associated to the volume of the
4-cycle wrapped by the i'" D7-brane (or O7-plane). The XK have a complicated dependence
of the complex structure moduli z* and the dilaton modulus is related via the string coupling.
The winding contribution has the form

3 8Z~W(z, Z)

w _
KW = (8.43)

it A0k

where both functions ££K(z, z) and &V (z, z) are found in [65][66]. Despite the complicated
dependence of these functions on the complex structure moduli, the corrections have a simple
scaling with the Kéhler moduli o; which can be used tho stabilise the Kéahler moduli.

8.1.3 The superpotential receives no perturbative corrections

While the A/ = 1 Kahler potentials receives perturbative corrections at every order in perturba-
tion theory, the superpotential only receives non-perturbative corrections. This is largely due to
a so-called Peccei-Quinn type shift-symmetry to be explained next. The classical 10D type IIB
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8.1. Perturbative corrections to the low-energy action

action is gauge invariant and there are pseudo-scalar fields of the gauge potentials that inherits
a continuous shift-symmetry of an arbitrary constant according to

a — a + const . (8.44)

These pseudo-scalar fields are sometimes referred to as axions, which in IIB O3/07 setups
refers to not only Cy but also to the b%,c?, p, and the scalar duals b°, ¢ of By, Cy respectively.
Again, the duals are b° = Js., B2 and A= Js,, C2 with X being a 2-cycle of the internal space.
In a background with vanishing fluxes, the type IIB action is independent of the potentials
Cp, Cy, Cy, By and only involves the associated field strengths of each field, thus preserving the
shift-symmetry of these fields. This may be illustrated with an example using the Bs field and
its scalar dual b. The worldsheet coupling of By in the non-linear o-model action, i.e

Sy > —1 | 09, XM X" Byn(X) , (8.45)
P!

can be written equivalently as
Sy D> — [ By=-1, (8.46)
P!
where the integral runs over a worldsheet wrapping a 2-cycle ¥5. Eq. (8.46) can be recognised
as a topological coupling. Now, expanding the By field around some point Xg = 0 gives us

Bun(X) = Bun(Xo) + XP0pBun(Xo) + ... , (8.47)

where the first term is constant and give rise in eq. (8.45) to a worldsheet total derivative;

~1 s 0, (XM 9,XN Barw (X)) - (8.48)
It is clear that this term must vanish in order to preserve the axionic shift-symmetry . At any
order of o-model perturbation theory the 2-cycle is trivial, so that eq. (8.48) is integrated to
zero. However, it is non-vanishing if either the worldsheet wraps a topologically non-trivial
cycle,or has a boundary. The second term in eq. (8.47) involving the spacetime derivative of
By is in general non-vanishing, but will in this case be proportional to a spacetime derivative
of an axion and will therefore preserve the axionic shift-symmetry.

The axion p, in the Kahler coordinate T, defined in eq. (5.139) is as familiar included in the
Kihler potential of eq. (8.1). However, since K ~ In(T + T), the p being the imaginary part of
T will cancel and thus preserve the shift-symmetry of the Kahler potential. The superpotential
however is holomorphic and hence only dependent on T, rather than T, + T, but there are
no non-trivial polynomials in T, that are invariant under the shift of the axion. Since the
gauge invariant action is related to the superpotential via the scalar potential as in eq. (5.132),
the superpotential should be invariant under axionic shift-symmetries as well. As a result, the
superpotential can only depend on T, non-perturbatively. The corrections in the o/-expansion
must change in magnitude as the T,s are varied since

§

2In|V+ —=>— |~ -2InyY —
( 293/3>

§

LS (8.49)
g%y

The shift-symmetry of the superpotential forces it to be independent of the T,s to any order in
perturbation theory, and as a consequence it will not receive any perturbative o/-corrections.
Turning to the string loop expansion, the argument can be based on R-symmetry and PQ-
symmetry. Again, both R- and PQ-symmetry can be seen as subgroups of SL(2,R). For
R-symmetry one chooses the following 1-parameter family of SL(2,R) transformations:

b=—|r|, c=—, d=0, (8.50)
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8. Moduli Stabilisation with Corrections and de Sitter Vacua

e

which satisfy ad — bec = 1 V7. These choices also have the property that cr +d = 7/|7| = e~

where a = —argr. Under R-symmetry the G5 field then transforms as G — cf—id = eTieGs.
The GVW superpotential transforms in the same way as Gs; Woyw — VCVSLViV For the PQ-
symmetry one has

a=d=1, c=0, T—=T+0b. (8.51)

The PQ-symmetry is preserved to all orders in perturbation theory and the R-symmetry to all
orders in gs to leading order in . Hence, in leading order of o/, both PQ- and R-symmetry sur-
vives to all orders in the string coupling expansion. Note that only non-perturbative corrections
break the SL(2,R) symmetry to SL(2,7). The result obtained for the string loop corrections
to leading order in o is easily extended to all orders in o/, since we earlier in this section argued
that the superpotential can not receive any o’-corrections.

Using these symmetries one can derive a non-renormalisation theorem for type IIB. To start
one considers how the field content of the 4D theory transforms under global symmetries of the
10D action. To do so two kinds of fields are good to keep track of. The first kind consists of
fields that describe light degrees of freedom whose masses are smaller than the KK scale, which
are then fully described by the 4D A = 1 theory. These scalar fields, denoted ¢, transform
under supersymmetry as chiral matter. Our friends the Kahler moduli and complex structure
moduli are included here.

The second kind of fields are called spurions and describe the transformation properties of
the background flux VEVs under the symmetry transformation of interest. These fluxes lie in
the background value of the G3 field and may be regarded as the VEVs G" of the collection
of 4D scalar fields obtained when (3 is dimensionally reduced. These VEVs transform under
SL(2,R) transformations (or R/PQ-transformations) like G's.

The supersymmetry transformation parameter € has R-charge ¢. = +%, and so it follows from
R-invariance of the IIB action that the superpotential must carry R-charge qiw = +1. The G3
field also has R-charge gy = +1, so we are free to take W to be proportional to one of the G"’s,
say GY. Then we may write a general superpotential as

I
W(o'7.G,) = G°A <¢', go) , (8.52)
where A is some function that can not depend explicitly on 7 as it must be PQ-invariant and
the ¢’s do not shift under a PQ-transformation. The G” on the other hand do depend on 7, but
the overall 7-dependence of A is cancelled in the fraction G"/ Ggo.

Earlier we have treated the string coupling constant gs = e® as the loop-counting parameter

of the low-energy effective action. This is in fact technically not true in IIB, since its low-energy
effective Lagrangian contains different powers of e®. It is true in the heterotic case however,
where the dilaton appears in an overall factor =2 in the string frame heterotic low-energy
Lagrangian. As a consequence of the IIB case, it is convenient to organise the loop perturbation
series by the rescalings
Cp
N
and Fp, Gz (hence G") transforming the same way as Cp. With this rescaling the total IIB action
scales like S — S/A2. After rescaling one expands the observables and low-energy effective 4D
action in power series of A, after which one takes the limit A — 1. The orders of A is then
understood as the string loop expansions, which however go hand in hand with e?.

Considering type IIB 03/07 setups, the ordinary GVW flux superpotential is taken to be
the lowest-order superpotential in the A, or string loop, expansion. The lowest-order result
corresponds to the function A in eq. (8.52) being linear in the arguments G"/G°. Hence it may

e? = Ae?,  Cp— (8.53)
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be written

( ' QT) TA( D) (8.54)

Al =) = A (p .
7 0 0 T )
g 09

which inserted in eq. (8.52) makes the lowest-order superpotential take the form

Wevw = Y G A, (¢") . (8.55)

r>0

With this form, we see that would one expand the superpotential in powers of A, the fraction
G"/G% — G /GO is left invariant. Hence if W in eq. (8.52) is the general form of the superpoten-
tial for any power of A, this fraction is the same as the lowest-order superpotential Wgyw and
transforms like W — W/A. As such, we see that higher order loop corrections do not change
the lowest-order approximation.

Conclusively, the non-renormalisation theorems for the flux superpotential leads to that it
does not receive any perturbative corrections. A nice argument for this can also be found in [68]
covering both the o’-expansion as well as the string loop corrections. Including both perturbative
and non-perturbative effects, the Kéhler potential and superpotential can therefore be written
on the forms

IC:IC0+ICP+ICHP ,
W =Wy + Wnp .
In the next section, we will review the non-perturbative effects on these potentials, which for
Knp typically stems from string worldsheet instantons, and for Wy, from D-brane instantons or
gaugino condensation on D-branes.

(8.56)

8.2 Non-perturbative corrections to the superpotential

In this section we review the main contributors to non-perturbative corrections to the superpo-
tential, namely instantons and gaugino condensation.

8.2.1 Worldsheet and D-brane instantons

Apart from string theory, instanton effects are already present in the setup of field theory. In-
stantons are semi-classical configurations providing saddle points in the Euclidean path integral
of the spacetime fields of the theory. They are classical solutions to the Euclidean equations
of motion in field theory, where the prototypical example is given by instantons in 4D gauge
theories. In this case the gauge field configurations obey the self-duality condition in Euclidean
space, i.e.

Fu=1tcwplw © F=xF. (8.57)

For the SU(2) gauge groups an explicit solution of the gauge potential A, is given, in the gauge
@LAZ =0, by

(x —z0)v p?

(x —20)? (x — x0)? + p?
Here the z¢ and p are the position respectively the size of the instanton. The 7y, are ¢’Hooft
symbols, which realise the a'® SU(2) generator of the SO(4) ~ SU(2)? rotation group. Generally
an instanton configuration can be characterised by providing a map from S at infinity in R*
to the gauge group G, and is therefore classified as the homotopy group II3(G). If G is a simple
group, then II3(G) = Z, thus implying that the instanton configurations are labelled by an
integer winding number, or topological charge, known as the instanton number

_ 8%2 AD t(F A F) . (8.59)

A =25, (8.58)
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8. Moduli Stabilisation with Corrections and de Sitter Vacua

It is said that anti-instantons realise negative values of k£ and satisfy an anti-self-duality relation.
With the self-duality of eq. (8.57), the classical action for an instanton configuration is given by

2
Su= 2 g (8.60)
2
9yMm

with gyy being the 4D Yang-Mills coupling. Also familiar from quantum mechanics, the saddle
point approximation to a tunneling process in the theory is described by a classical solution to
the Euclidean equations of motion. The strength, given by e=5% ~ e k/ Q%M, is clearly a non-
perturbative contribution to the theory’s path integral. There is a discrete shift-symmetry is
visible here as well, since an angle ¢ in the gauge-theory contributes to the instanton amplitude
as

_ 82
e Y =¢ k(g%M“@) . (8.61)

The 27w-periodicity then breaks a continuous shift-symmetry of the 6 parameter to a discrete
one; § — 0+ 2m. The factor ¢ in the exponent arises because of the theory being Euclidean [69].
Since the low-energy limit of string theory contains field theory (coupled to gravity), it is not
surprising that there are also non-perturbative effects from Euclidean instanton configurations.
As discussed before, a fundamental non-perturbative contribution in the o-model is a worldsheet
wrapping a non-trivial cycle 3o, which is also referred to as a worldsheet instanton. These
instantons are BPS states when 4 is a holomorphic 2-cycle and their topological charge is the
2-homology class [£2]. The classical instanton action is given by the volume of the internal
cycle. The cycles are usually complexified into chiral multiplets so that the instanton strength
is given by
edinst — o fzz(‘]+i32) ~ el ’ (8.62)
where J is the Calabi-Yau Ké&hler form. We see that the axionic shift-symmetry which was
originally continuous is broken to form a discrete shift-symmetry a — a 4+ 27 , as in the case of
the gauge theory parameter 6.

The strength of the worldsheet instantons depends on the 2D worldsheet area, and the pre-
ceding discussion needed no assumption about the genus of the worldsheet, so it must hold to
any order in string loop expansion. There arises however a new possibility in that the closed
string worldsheet may break open on a D-brane, corresponding to a gs non-perturbative effect.
Hence, while the worldsheet instantons are non-perturbative in o', they are perturbative (tree
level in fact) in gs. Instantons that are non-perturbative in o’ and in g5 must therefore have
tension of inverse powers of gs. In string theory, branes have this property. Hence in 4D string
compactifications there may be brane instanton effects from possible branes localised in the 4D
spacetime that are wrapped around different cycles in the internal manifold.

Another type of instanton is Euclidean Dp-branes, i.e. D-branes that are not spacetime filling.
The conditions for a wrapped Euclidean brane to define a BPS instanton are the same kind of
supersymmetry conditions as for ordinary D-branes. In type IIA with D6-branes wrapped on 3-
cycles, BPS instantons arise from special Lagrangian! 3-cycles with suitable phases. In type IIB
orientifold setups with D3-branes at points and D7-branes wrapping 4-cycles, the BPS instantons
are given by D(—1)-branes at points in the Calabi-Yau and Euclidean D3-branes wrapped on
some 4-cycle. With D5/D9-branes the BPS instantons come from D1-branes on holomorphic
2-cycles and Euclidean D5-branes wrapped on the whole Calabi-Yau, which may have gauge
backgrounds on its world-volume. It is interesting to note that the mirror symmetry between

LA special Lagrangian cycle Il is a volume-minimising cycle on which the 2-form Kéhler form J and holomorphic
3-form Q3 satisfies J|n = 0 and Im({a*“pﬁg)h-[ = 0 for some fixed phase ¢. The volume of the special Lagrangian
cycle is given by vol(II) = fn Re(e™*¥Q3).
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ITA and IIB orientifold models also extends to the instantons involved. In particular, the fact
that all BPS instantons of type IIA are Euclidean D2-branes may be used to simplify some type
IIB analysis.

A Dp-brane wrapped on a (p + 1)-cycle ¥,1 has strength e~ PBI. Similar to its strength,
the contribution from a Euclidean D3-brane wrapping a 4-cycle to the superpotential is

Weps = Ae 2™ | (8.63)

where the coefficient A4 can depend on complex structure moduli, the axion-dilaton and D-
brane positions, but is independent of the Kéhler moduli 7. Some conditions necessary for
non-vanishing ED3-brane superpotentials was found by [70]. Namely, in order for the Euclidean
D3-brane contribution to the superpotential not to vanish, its associated 4-cycle ¥4 should be
a projection of some 6-cycle 3¢ such that

3

X(OEG> = Z(_Dihmi(z‘l) ) (8'64)
=0

where Oy, is the trivial line bundle defined on the 6-cycle and x(Oyx,) the holomorphic Euler
characteristic of 3. A sufficient condition for a non-vanishing ED3-brane superpotential is that

O — p0.2) _ 1(03) _ 7 (8.65)

i.e. that the 6-cycle Xg is rigid, since the Hodge numbers count the independent deformations
of 26-

8.2.2 Gaugino condensation

Rather than Euclidean D3-branes wrapping the 4-cycle ¥4, we may also consider the same cycle
being wrapped by a stack of N D7-branes. The worldvolume theory of the D7-branes includes
a Yang-Mills action for 4D gauge fields A, of the form

1
S = 22 d4a\/gmde_4A(y) '/d4:m/—gtr[FWF’“’] , (8.66)
97 JX4
where gi,q is the induced metric on the D7-brane, g,, is the unwarped metric and g7 is the
gauge-coupling of the Yang-Mills theory in 741 dimensions;
g2 =2(21)°()? . (8.67)

The gauge coupling of the Yang-Mills theory in 4D is given by

T

G 82’

with V4 being the volume enclosed by the 4-cycle ¥4, defined as

Vs E/E d40\/ginde_4A(y) . (8.68)
4

As in the case of the Euclidean D3-branes, a topological condition is that 34 should have no
deformation that corresponds to charged matter fields, which implies that the arising 4D gauge
theory is that of pure glue N' = 1 Yang-Mills. At low energies, this field theory generates a
non-perturbative superpotential from gaugino condensation;

2

5 T3Vy

|W)\)\‘ ~ e Ng%’l\/l ~ e_ N . (8-69)
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Gaugino condensation [71] is a strong coupling effect where a product of gaugino fields acquire
a vacuum expectation value. This vacuum expectation value (A\) adds to the superpotential,
where (A\) = A3, A ~ pe=1/ 9*() and 1 is the scale at which one matches the couplings of high-
and low-energy theories. In short, the gaugino condensate superpotential may be written

Wiy = Ae 27TV (8.70)

much like the case of the ED3-brane with A independent of the Kéhler moduli.

Conclusively, we have seen that non-perturbative effects like strong gauge dynamics on D7-
branes, like gaugino condensation, and instanton contributions from Euclidean D3-branes gen-
erate superpotential terms including the Kéhler moduli. Whichever source, the contribution to
the superpotential leads in combination with the constant flux superpotential, to the general
structure

h{Y
W=Wo+ > Age %l (8.71)

=1

assuming that there is a non-perturbative effect for all Kéhler moduli involved. The ellipsis
denote higher-order non-perturbative terms. With an arbitrary Kéhler potential, this superpo-
tential leads to the scalar potential

Vip = K7 @i Ajag Age™ (T (g, e T 9K + a]A]eaJTJW&-IC” . (872)

Having gathered perturbative and non-perturbative corrections to the Kéhler and superpo-
tential, we are interested in whether their effect can result in a stable, or at least metastable,
vacuum. A very general problem including these corrections which may stabilise flat directions
is known as the Dine-Seiberg problem [72]. The problem is sometimes summarised as "when
corrections are important they are not computable and when they are computable they are not
important”. We elaborate this by first considering some modulus p, such as the volume V or the
inverse string coupling, which both have the property that the limit p — oo corresponds to the
weakly coupled region where we may trust our tree level effective action. Including quantum
corrections, they may induce a potential V(p) in the 4D effective theory. This potential must
however have the property lim, oV (p) — 0, because of our assumption that at p — oo we
can trust the tree level effective theory which by definition has zero potential for p, as it is a
modulus. As p — oo there are then two possibilities, either the potential goes to zero from
above, i.e. V(p) > 0, or we have that V' (p) < 0, which makes the p go to stronger coupling from
the p — oo limit in order to minimise the scalar potential. A local minimum can only arise
if higher order corrections are included; one needs two more corrections for the first case and
one more for the second case. However, since we are including corrections important enough
to cause a significant departure from the first order shape of V(p), we can longer be in the
weakly coupled region. Not being in this region implies that higher order corrections must be
significant too, although without extended supersymmetry, i.e. A/ > 2 in 4D, there are generally
not enough tools available to compute more than a few orders in perturbation theory [73]. As
a consequence one looses control, and so Dine and Seiberg concluded 1985 that our own string
vacuum is probably strongly coupled.

In the next section we will review the two leading ideas for Kédhler moduli stabilisation in the
type IIB theory; the KKLT scenario and the large volume scenario, where the resulting vacua
come from competition between known corrections.
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8.3 The KKLT setting

By using the non-perturbative corrections to the superpotential discussed in the previous sec-
tion, one can show that all moduli in type IIB Calabi-Yau orientifold compactifications can be
stabilised. The construction was first carried out by Kachru, Kallosh, Linde and Trivedi (KKLT)
[74], where they also showed it possible to obtain a metastable de Sitter vacuum by adding a
small number of D3-branes. In this section we will review both these topics, starting with the
moduli stabilisation.

8.3.1 Kaihler moduli stabilisation by non-perturbative effects

The KKLT procedure is based on type IIB flux compactifications on O3 Calabi-Yau orientifolds,
where they assume an arbitrary number h(*>1) of complex structure moduli but only a single
Kaéhler modulus T such that hsrl’l) =1 and h(_l’l) = 0. The real part of the Kéhler modulus
is given by eq. (5.139) as ReT = %mw 3 which makes it scale like ReT ~ R* with R being
the radius of compactification. Would G3 be a (0,3)-form, supersymmetry would be broken as
DrWevw # 0, and the superpotential would not vanish as Wgyvw = Wo.

As we move on to add a non-perturbative contribution to the superpotential, the no-scale
structure will break and open up to new possible vacua. Only including a single Kéahler modulus,
the non-perturbative superpotential of eq. (8.71) reduces to

W =Wy + ce 2L (8.73)

where again Wy = Wgyw is the superpotential contribution coming from the fluxes, a is a
positive model-dependent quantity and ¢ a holomorphic function depending on the complex
structure fields. Since it is possible to stabilise the complex structure moduli and dilaton of
type IIB O3/07 setups by mechanisms reviewed in the previous chapter, we may assume them
stabilised in this analysis and focus wholly on the Kéhler moduli. Hence, the ¢ can be regarded
as a constant in the following analysis and we may consider only the Kahler moduli part of the
Kaéhler potential

KE = 3Wn(T+1T) . (8.74)

At the supersymmetric minimum, all Kéhler covariant derivatives of the superpotential in eq.
(8.73) vanishes, including DpW = 0. Using the expression eq. (5.148) for the Kéhler derivative,
we have that

3
_ —2maT —2maTl\ __
DyW = —2race T F (Wo +ce?T) =0, (8.75)
using only the T-dependent part of the Kéhler potential in eq. (8.1) for simplicity. The other
parts of the Kéhler potential will contribute with a constant factor in eq. (8.75), since the
complex structure and dilaton moduli are assumed to be fixed. If further one sets Im7 = 0 and
ReT = o, the supersymmetric minimum satisfying eq. (8.75) is found at

4
W = — ( ”g”o + 1) ce~2ma0 (8.76)

with o being the value of ¢ which minimises Wy above. With this value of the constant W, the
superpotential of eq. (8.73) is Wiy = —4”%06*2”" at the minimum. According to eq. (8.4),
the resulting vacuum has minimum scalar potential, i.e. cosmological constant, at

2m2a?c?

— g~ dmao (8.77)

Viin = _36K|I/Vrnin‘2 = T >
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Figure 8.1: [Purple| AdS scalar potential of eq. (8.78), and [orange| supersymmetry-breaking
dS scalar potential of eq. (8.80), as a function of Kiahler moduli o = ReT'. Parameter choice in
accordance with KKLT with 27ra = 0.1, c = 1, Wy = —10~% and D = 3 - 10~?. Both potentials
are multiplied with a factor of 10'°.

which makes it a supersymmetric AdS;. With the superpotential of eq. (8.73) and only including
the Kéhler moduli, the scalar potential of eq. (8.4) is given by

_ 1 9 2 2
V=" (KTT\DTW\Q - 3|W|2) = << o) <27race_2mw + ;W) - 3W2>
o

(20)3 3
race 27 [ 2racoe” 2" 9 (8.78)
= = 3 + Wy + ce” Tao ,

with Kéhler metric K77 = 9T9TKX. The behaviour of this scalar potential as a function of
the volume modulus o is illustrated in fig. 8.1. A final comment is that it is clear that the
stabilisation only works for Wy # 0, and as a consequence there must be a (0,3)-form piece of
the G5 flux which will result in a non-zero Wy. The above reasoning have showed that this will
result in a 4D A/ =1 AdS vacuum.

8.3.2 Uplifting to de Sitter vacua

Not only do observations imply a universe with maximal spacetime symmetry, but data also
seems to require a small positive cosmological constant [75] which suggests our universe to be
(asymptotically) de Sitter. A dS vacuum can be constructed by a mechanism often referred to
as uplifting, in which additional tension sources are added to the supersymmetric AdS vacuum
constructed in section 8.3.1. In the previous AdS case, we assumed that the tadpole condition
of eq. (6.35) with D3-branes, fluxes and O3-planes was saturated. If we choose to increase
the amount of flux, additional D3-brane sources may be added to keep the tadpole condition
fulfilled. The addition of these branes adds some energy to the system, namely they add to the
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scalar potential the contribution

D’ D
= = (8.79)

D3 (T4+T)
where D = D’'/8 is proportional to the number of added D3-branes and warp factor e*4 at the

position of the branes [74][76]. This addition however breaks the supersymmetry explicitly. By
fine tuning the value of D, the potential

—2maoc —2mac

Tace 2macoe
2 3

D
+ Wo + ce‘Q’m‘f> + =, (8.80)
g

V:

g

can become positive. It is clear from fig. 8.1 that the dS minimum value of g is only slightly
shifted from the one of the AdS vacuum and the overall shapes of the potential minima are very
similar. Note that the dS vacuum is only metastable, as there is a probability of tunnelling,
i.e. a runaway behaviour at infinite volume. With the reasoning of the Dine-Seiberg problem
discussed above, this may also be expected from any string theory. Nevertheless KKLT showed
that the lifetime of the dS vacuum may be large in Planck times and can be longer than the
cosmological time scale of ~ 10'° years. Possible decay channels of the KKLT dS have been
studied in [77], whose results are in agreement with the ones of KKLT.

8.4 The large volume scenario

A drawback of the KKLT setting is that it requires Wy to be very small. Although achievable
by suitably tuned fluxes, this raises the question if moduli stabilisation for generic values of
Wy is possible. The large volume scenario (LVS) [78] combines both the a/3-correction to the
Kéhler potential in eq. (8.74) as well as the non-perturbative corrected superpotential of eq.
(8.71). By combining Wy with the a’3-corrected Kihler potential the scalar potential receives
the correction A A R

E+TEV+V 5 3w
v-aev+er "t a8

5V = 3€eX” (8.81)

where f =¢/ gg’ /2 and ¢ is defined as in eq. (8.38). The scalar potential is given by the sum of
the non-perturbative contribution V;, of eq. (8.72) and the addition of eq. (8.81) above, i.e. by
3EWR
43

V = K KT aiAiajAje_(aiTri_ajTj) — (aiAie—aiTiI/T/'@]—IC + aj./zl]—e_ajTiWaiK:) } + . (8.82)
In general the perturbative contribution of eq. (8.81) dominates over the non-perturbative
terms, although competition between the two contributions can occur if one or more cycles are
exponentially smaller than the largest cycles. In the LVS, the main mechanisms can be illustrated
with two Kéhler moduli Ty and T, where T} controls the overall volume of the Calabi-Yau and
the T controls the volume of a 4-cycle wrapped for example by ED3-brane instantons. These
will be shown to stabilise at very large (big) and moderately large (small) values, as indicated
by the subscripts.

LVS provide an explicit example with the Calabi-Yau (DIPA(LLLLGB)’ which is a hypersurface
of degree 18 with defining equation being a quintic polynomial set to zero, specifically

248 4 238 + 238 + 23 4 22 — 182120232425 — 30282828 =0 . (8.83)

Here the 1 and ¢ are two complex structure moduli which are invariant under the Zg ® Zi3
action. Flux compactifications on this manifold have been studied extensively in [79]. The
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volume given by this surface, in terms of 2-cycle volume moduli ¢; with ¢ = 1,...,5, is given by
[30]

1
V= (3£3t5 + 184223 + 3613 . (8.84)

By defining o4 = t? and o5 = (1 + 6t5)?/2, the volume may be written as

1 3/2  3/2
v_97§(a5 ~ai?) . (8.85)

o4 and o5 are 4-cycles, and the idea is to choose o4 to be small and o5 to be large. In the LVS
this distinctive diagonal form of the volume in terms of a single "large” 4-cycle and a number
of "small” 4-cycles is typical. Hence, by defining o, = ReT}, and o3 = ReTs the Kéhler potential
with volume of the form of eq. (8.85) and including the a/3-correction, reads

L 32 3 3
KK = —21 7R PN N 8.86

With this Kihler potential and W = Wy + Age~ %75, the scalar potential for the Calabi-Yau
volume V ~ ag/ % and with TmT, s = 0 has the structure

V ~ Aa§|AS|2\/ 0-86_2aso-s _ BG’SWOASO’SeiaSUS +C§’WO|2 , (887)
Y V2 3/2V3
gs

where A, B and C are O(1) constants. Note that the first two terms are analogous to the ones
appearing in eq. (8.80). Now, taking the limit

op — 00 , with asos =1nV , (8.88)
the scalar potential in terms of V will go like V' ~ —V:}?/ — I]I}—;f + %, so that the second term
will dominate, making V' approach zero from below when V — oco. For smaller ¥V however, the

other terms dominate and are positive given that é > 0. Hence, the scalar potential must have
a local AdS minimum. This minimum must occur at intermediate values, specifically at

52/3
Yo e®% > 1, 05 X o (8.89)

The Kéhler moduli are stabilised at the values that minimise this minimum. However, by the
form of the scalar potential in eq. (8.87) it is also clear that at this minimum, the F-terms do
not vanish, and consequently supersymmetry is spontaneously broken.

Conditions on the LVS minimum have been studied in [80]. A result for the small cycles is
that at least one of them should be a rigid exceptional divisor arising from blowing up a singular
point. Some background will be provided in the next. In a complex manifold M of complex
dimension n, a point p € M can be replaced with a copy of P"~! known as the exceptional
divisor. If p is a singular point, the exceptional divisor can be more general. If the blow-up of
M itself is a Calabi-Yau 3-fold, then the exceptional divisor is a 4-cycle of size parameterised by
one of the Calabi-Yau’s Kéhler moduli [81]. Further, when the exceptional divisor satisfies the
rigidity condition of eq. (8.65), the Euclidean D3-brane superpotential term is non-vanishing.
The 4-cycle volume moduli are related to the 2-cycle volume moduli which encodes for the overall
classic volume. Again, the classic volume is given by

V= %/MJ NI AT = grirttt” (8.90)
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where the Kéhler form J can be written in the base {D;} € H(: (M, Z) with D; being the 2-
cycle divisor such that J = Z?“’l) D;tt. D; is Poincaré dual to the 4-cycle divisor D; € Hy(M,7),
so the 4-cycles o; are related to the 2-cycles t* via

o; = 8tzV = %/M ﬁz ANJNJT = %Iiijktitj . (8.91)

Manifolds which are capable of supporting an appropriate structure of small and large cycles
with volume
Vot -3 0l (8.92)
i

are termed Swiss cheese, where the holes have the volumes (7? /2. There are more possibilities

of Swiss cheese type manifolds, and a manifold with volume modulus like eq. (8.92) are called
strong cheese [82]. In the GIP?LI,L&Q) example above, the o4 and o5 are the volume moduli of
the 4-cycles, i.e. divisors, Dy, D5 € Hy(M,Z). 1t is clear that this is a single-hole strong Swiss
cheese. The (DIP?LLL&Q) has Hodge numbers hY = 2 and h(31) = 272, which makes the Euler

characteristic for a Calabi-Yau manifold y(M) = 2(h(D — p(21) < 0, so that indeed € > 0 as
required.

In final, we may summarise some differences between the LVS and KKLT senarios. For in-
stance, in the LVS some cycles are exponentially larger than others while the KKLT scenario
does not have any strict hierarchy between the sizes of the cycles. The classical flux superpo-
tential Wy has to be fine-tuned to be exponentially small in KKLT, while it is of O(1) in the
LVS. The vacuum of KKLT is a supersymmetric AdS4, while it is non-supersymmetric in the
LVS, however both scenarios can be uplifted to a non-supersymmetric dSy.

8.5 Critiques of de Sitter scenarios in string theory

A first remark is that the above models are obviously not constructed as general solutions
describing a de Sitter space. The setting is minimal in the number of moduli present and does
not include all quantum corrections. There is also difficulties in stabilising moduli in a controlled
manner and a fine-tuning of D is required in order to make it sufficiently small in order to create
a long-lived vacuum.

However, while there is a vast amount of de Sitter vacuum constructions, the KKLT and
LVS setups are arguably the most well-understood. They are examples of a class of models
that make up the vast majority of de Sitter vacuum constructions. In general these consist of
classical flux compactifications with orientifold sources to which one adds quantum corrections.
The corrections comprise virtually everything but the supergravity action and eventual localised
sources at the two-derivative level, i.e. higher-derivative corrections, string loop corrections, non-
perturbative corrections in the string coupling, and so on. In general these corrections are hard
to calculate and, what is more troubling, non-perturbative corrections to the 4D scalar potential
are not generally well-understood at the 10D level. Other more recent uplifting scenarios can
be found in [83][84][85].

The uplifting mechanism of KKLT, i.e. the inclusion of D3-branes, has been subject to a
lot of study. In particular, there has been concerns regarding the anti-brane backreaction on
the internal geometry. This critique mainly regards the consistency of the probe approzimation
which is most often used in describing the uplift by D3-branes. When calculating the uplift
energy and perturbative stability of the anti-branes the probe approximation corresponds to
assuming that these calculations can be done in a background that is unaffected by the presence
of the branes. Without this approximation one would need to consider the branes backreaction
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on the internal geometry, which is a hard task as there are no known Calabi-Yau metrics. To
solve this it has been customary to assume a simpler background with known metric, in many
cases the Klebaov-Strassler throat, to study these effects. In this discussion the seminal work
was done in [86] and the discussion has been ongoing since.

Further, as first pointed out in [87], there have been concerns regarding the branes backre-
action on the 4D moduli fields. That is, how much the moduli will shift after the uplift. The
concern is essentially based on the possibility of an interplay between the gaugino condensation
which stabilises the moduli and supersymmetry breaking. This has however been defended by
proponents of a refined version of the KKLT in [88], and the debate is still ongoing. See also
[89][90].

An alternative to the quantum correction approaches is what is called the classical de Sitter
vacuum models. They are constructions at the two-derivative level of 10D supergravity and do
not include any extra effects, the initial hope being to obtain a model that might be simple
enough to allow fully explicit 10D solutions. However, trouble was experienced as new no-go
theorems arose on top of the classical ones described in chapter 6, which excluded a large class
of type II compactifications. Specifically the no-go theorems could only be avoided by adding
orientifold planes, including RR fluxes and having a negatively curved internal space. So far de
Sitter vacuum constructions have had tachyonic directions [91], but progress has been made.

Another class of de Sitter vacuum constructions are the ones that include non-geometric
fluxes, i.e. fluxes whose presence make the internal metric globally ill-defined. These are the
subject of the next section. Recent work on this theme include [92][93][94], however their uplift
to string theory and consistent use in 4D supergravity has not been sufficiently understood so
far. Out of the models which obtained a metastable de Sitter vacuum, none of them seemed to
be locally geometric and hence lack a geometrical interpretation [95]. A more thorough review
on the problems of de Sitter vacua constructions can be found in [95] and references therein.

The very existence of de Sitter vacua has also been questioned in [95], and recently it was
suggested in [96] that all de Sitter spacetimes belong in the swampland. The swampland is the
set of phenomenological models which cannot be derived as a low-energy effective theory of a
quantum gravity, or as the set of apparently consistent effective field theories that cannot be
completed into quantum gravity in the ultraviolet regime. One might think that the de Sitter
conjecture stating that the de Sitter vacua are in the Swampland is ruled out by observation,
since there is observational evidence of the universe experiencing acceleration most likely due
to a positive cosmological constant. However, the inflation era of the early universe can be
largely explained based on a scalar field in rolling down a potential, and so there may be a
possibility of a similar mechanism describing the current phase of acceleration. The most well-
known such model is known as quintessence describing a type of dynamical dark energy, see [97]
for a review. The Swampland de Sitter conjecture has spurred new action in the field, where
both refined conjectures of this kind have been proposed as well as counter examples have been
researched. See [98] for a review of the Swampland.
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9

Non-Geometric Fluxes and Double Field
Theory

All fluxes previously considered have been defined on a manifold, but there is nothing that says
that the target space in a compactification needs to have a conventional geometric description.
In this sense non-geometric flux compactifications can mean all string compactifications except a
set with a well-defined geometric background. In this chapter we will set the stage by considering
how T-duality acts on a classically geometric background with Hs flux.

9.1 Non-geometric fluxes on the twisted torus

In this section we introduce the notion of non-geometric fluxes using the canonical example of
T-duality on a torus with NSNS flux. This knowledge can then be used in formulating a common
superpotential of the effective field theory after compactification for both type II on a torus.

9.1.1 T-duality on a 72 with H; flux

As is familiar, T-duality relates a string theory on a circle of radius R to string theory on a circle
of radius o//R. If we consider say a bosonic string on a circle, parametrised by 6, but with a
more general metric, the action can be written

1 _
[ / 42200905 . (9.1)
27
If one introduce a Lagrange multiplier  we may write the action as
1 _ - _
Szig/ﬁdwwmw+9@@m—a@mu, (9.2)

with d®z = d7 do and where L]0 = 0(d) —0(08) = 0 restores the original action in eq. (9.1).
The constraint 9L/09(06) = 0 results in that 90 = 06/Gyp, which gives the action

L

9oo (9.3)

1 o
§=— / 4220000
2
and it becomes clear that two conformal field theories with target space metrics (ggg respectively
1/gp9) are classically equivalent. Here we used that the metric is independent of 6, i.e. that
there is an isometry in this coordinate, since we assumed the string to be on a circle.

This procedure can be repeated when including a B field and dilaton, which was first done
by Busher [99]. T-dualising in say the z-direction the resulting Busher rules transform the fields
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9uv, By and ¢ into new ones according to

1 B g
Goz —>— Gzpu - = gl”ﬂ ) Bxp — _gwi,u
xT T T
gas,u,gmzl - BzuBa:V ga:,qul/ - Bwug:vu
g,LLI/ — g,ul/_ Gz ) Buu - Buu - Gra ) (94)
¢
et

Gz

The T-duality rule for the dilaton can not be calculated by the above described procedure, but
requires a 1-loop calculation. Note again that the procedure producing the Busher rules requires
that there is an isometry in the z-direction; otherwise they are not valid. First consider a twisted
simple torus in 3D with coordinates (z,y, z). Its metric is given by

ds? = (dz — e ? dy)? +dy? + d2?% . (9.5)

This space can be compactified by making the identifications x ~ x+1 and y ~ y+ 1, which does
not change eq. (9.5). The same can not be said about the z-coordinate; identifying z ~ z + 1
makes the metric ill-defined. To compensate for this we can shift the z-coordinate by f;, dy in
combination with the shift in z. Hence, this space may be compactified with the identifications

<x7y7'z) ~ (l'—i- 17.%2) ~ (way—i_ 172) ~ ($+ fgzyvyvz—i_ 1) ’ (96)

which keep the metric globally well-defined. The metric is topologically distinct from a T2 it
is a twisted torus. It can be viewed as a T2 parametrised by (x,y) which is fibered over an S!
base in the z-direction. Circling the S! the T2 fiber shifts its complex structure as v — v + Jy=-
After one lap around S* the fiber should be the same, and hence the shift should be an SL(2, %)
transformation so we must have f;, € Z. A good way to think about the f; is by first defining
globally invariant 1-forms such that

ne=dz—fp.dy, n'=dy, n°=dz, (9.7)
where obviously dn¥ = dn® = 0, but for the z-form we have that
dn® = fy,dy Andz = f.nY An® . (9.8)

We see a clear similarity with Cartan’s structure equations, to which the f, are components of
the spin connection. If the manifold is a Lie group, then the f7, are structure constants. This
is easy to generalise to any manifold with globally defined 1-forms e®, such that

de® = foeb Ae (9.9)

where all f. being constants puts a non-trivial constraint on the manifold. Another constraint
comes from d? = 0, i.e.

d*e® = 25 fielede =0, (9.10)

which is fulfilled when fl?[c f(ll)g] = 0. This is a Jacobi identity which indeed all structure constants
of a Lie algebra should satisty.

We are now ready for our example of the 7% with Hs flux. The Busher rules may be applied
to this setup, which was first illustrated in [100]. To start, we declare the coordinates of the T
as (z,y,z) ~ (x+ 1,y + 1,2+ 1) and introduce N units of Hs-flux on the torus;

H; =N, (9.11)
TB
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where N € Z. We may choose the gauge B;, = Nz. The T3 space can also be viewed as a T2
in the (z,y) directions that is fibered over an S* in the z-direction. When z — z + 1 the Kihler
moduli T of the T2 will then go as T'— T + N.

With our chosen gauge for the B field it is clear that nothing depends on the (z, y)-directions,
hence we are free to T-dualise in those directions. The metric of the 72 is ds? = da? +dy? +dz3.
T-dualising the a-direction, we have that given B,, = Nz, the Busher rules in eq. (9.4) gives
gry = —N2z, gyy = (1 + (Nz)?)dy and all other diagonal elements unity. Hence the metric
becomes

ds? = (dz — Nzdy)? + dy? + d2? , (9.12)

and the B field vanishes. This metric is that of eq. (9.5) with f;, = N, i.e. a twisted torus. The
coordinate identification for the metric to be well-defined is (z,y,2) ~ (x + Ny,y,z + 1). As
with the twisted torus in ITA, encircling the S! base the 72 fiber makes a shift in the complex
structure 7 — 7 4+ N, and thus the T-duality transformation has switched the Kahler modulus
to a complex structure modulus. Conclusively we denote this T-duality transformation in the
x-direction by the transformation

Hyye 25 f2 (9.13)

and we may now proceed to T-dualise in the y-direction. The Busher rules on the metric of eq.
(9.12) and B = 0 give us

ds? (dz? 4 dy?) +dz? (9.14)

14 N222
and By, = HéVTzZ)Q There is no apparent coordinate identification that makes z ~ z + 1
well-defined on the metric. However, it is clear from the metric that the Kéhler modulus has
transformed to 1" = ﬁ, and so the identification z — 2+ 1 then takes it to % — %—F N. Since
this is an SL(2, Z) transformation it corresponds to the 72 Kihler moduli changing as the z goes
around the circle base space. Since the new Kéhler modulus now includes flux, it is no longer
a geometric quantity. We have seen that while the metric and flux are defined at every point,
running around the z cycle mixes the metric and H flux through an SL(2,7) transformation.
Extending the T-duality rule of eq. (9.13) to include the T-dualisation of the y-direction, we
write

Haye 5 f2, 15 QU (9.15)

where Q7Y denotes the new non-geometric quantity. Since we have no isometry in the z-direction,
we cannot perform another T-dualisation using the Busher rules. There is however reason to
believe that this T-duality exists in some kind of sense, as we will motivate in the next section.
Denoting this quantity by R*¥?, one completes the so-called T-duality chain for non-geometric
fluxes;

T,
Hyyo 5 f2, =2 Qv 12 R7YZ (9.16)

which is an important result. This will be used in the following two sections where it will be
applied on two different type II tori.

9.1.2 Superpotentials of IIB on tori and ITA on twisted tori

To establish some notation we recall the moduli stabilisation of type IIB theory on the T /Zs
orientifold analysed in chapter 7. The superpotential as well as the included fluxes will be of
primary interest. The IIB superpotential on this orientifold is given in eq. (7.32), and is for a
diagonal torus 76 = T? x T? x T? equal to

Wig = (m%Rvg — 3mgrrv? — 3errv — erro) + (=m0 + 3mou® + 3ev + )

= S1(v) + 752(v) , (9.17)
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flux integral H Faﬁv ‘ Fw,y ‘ Fij'y ‘ Fijk ‘ Haﬁw ‘ f_llﬂ”/ ‘ Hij'y ‘ Hijk
flux integer H m%R ‘ TMRR ‘ m?

[ m | e [ e

Table 9.1: Fluxes in the IIB T°%/Zy superpotential of eq. (9.17).

flux integral | Fo | Fai | Faipj | Faigior | £k | Higk | Hapr | fio | Fo | 150
|

flux integer H mOg ‘ mRR‘ €RR ‘ €RRO ‘ € €o ‘ €0 ‘ €1 ‘ é1 ‘ €1

Table 9.2: Type ITA fluxes in the twisted 7°/Zy superpotential of eq. (9.20).

where 7 is the axion-dilaton, v is the complex structure modulus and the coordinates on each
torus i = 1,2,3 have been defined as z' = z* + U&ijyj . The integer flux is as defined in eq.
(5.114), the subscript RR corresponding to the flux of F3 and the ones without subscript to
Hs. In section 9.1.3 we will see that the superpotential constructed which is invariant under
T-duality also incorporates the potential in eq. (9.17).

It will later prove useful to indicate which cycles on the T give the different flux integers,

and hence we may redefine the 2!, 2%, 23 coordinates each parameterising a T2 according to

2t =2t +ovx® 2 =2 +vi?, 23 =2k 4oz, (9.18)
with Latin and Greek indices, as in [101][102]. With this notation the integer fluxes in eq.
(9.17) correspond to the 3-form fluxes trough certain 3-cycles spanned by the coordinates z%/*
or z*87. For example the mpgr flux is

FiB’Y = / F3 = MRR , (919)
iy

where Y5, is a 3-cycle spanned by the coordinates z',2” and 27 in the six-torus. The integral
fluxes with the corresponding integer fluxes in eq. (9.17) in this notation is gathered in table
9.1. As the T?s are identical it is only necessary to write one combination of Latin and Greek
indices, e.g. the integer flux through the i8vy cycle is equivalent to the flux through the jay or
kap cycle. As usual the fluxes satisfy the tadpole condition of eq. (6.30).

Proceeding to the ITA case, we consider again the T°/Zs, but twist it by adding some of
the fi. to the orientifold. This adds a rigid structure to the background metric and makes it
different from the diagonal form 72 x T? x T2, The f{s that survive the orientifold projection
are fﬁ,fék,fjv and fgv’ i.e. the ones with an odd number of Greek indices. To find the
superpotential for this setup, the same analysis as for the IIB case of chapter 7.2 has been
carried out in [103][104], who obtain the superpotential for the type IIA twisted torus as

Wia = (mErv® — 3mrrv® — 3eRrv — erRro) + T(3ev + eg) + 3T (ef + v(é1 + é1 + €1)) , (9.20)

with 7" denoting the Kéhler moduli. Using the notation of eq. (9.19), the corresponding flux
cycle to the flux integers given in eq. (9.20) are given in table 9.2. These fluxes also need to
satisfy some constraints. For instance, in the IIB case dH = 0 was satisfied, however this will not
be satisfied in this case as the fluxes are written in a basis of 1-forms such that F» = Fype® A €,
etc, where the 1-forms are not closed by eq. (9.9). Hence this condition becomes non-trivial
and gives the constraint Ha[bc fc‘llg] = 0 after integration over the (a,b,c,d, g)-cycle. In addition

we have seen that the fj.s must satisfy the Jacobi identity fl?[ . f(li) o = 0. For the RR sector the
Bianchi identities are of the form (d + H) A Fa = 0, Fa being any of the IIA RR fluxes. The
terms dF> and dFy results in non-trivial constraints, which after integration over the relevant
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9.1. Non-geometric fluxes on the twisted torus

cycles take the form
Fa[bfgd] + FOHbcd =0 ;

~ i o (9.21)
Fx[abcfdg] + FabHcdg] =0.

Again supersymmetric vacua are found by imposing fluxes which satisfy the above constraints
of the two NSNS and two RR fluxes, and then solving for D;WW = 0 for all moduli i = {7,v,T'}.

9.1.3 A T-duality invariant superpotential

The relation between the ITA twisted tori and the IIB tori can be seen by T-dualising one leg
in each of the T2, in all of the Greek indices. This chain of three T-dualities will take the IIB
O3-planes into ITA O6-planes. The T-duality rule in question for the RR fluxes is given by

p— Tz -
Fray.ap < Fay.ap - (9.22)

While there are generally other moduli-dependent terms in the T-duality rule [105], we choose
to focus only on the topological part of the fluxes.

A superpotential which incorporates both superpotentials of eq. (9.17) and eq. (9.20) and is
invariant under T-duality was first constructed in [102]. To do so we use these superpotentials
and relate them via coordinate symmetry and T-duality. Following their reasoning, we start by
taking the ITA theory on a twisted torus through the following steps. First, performing a T-
dualisation on the three Greek indices, we arrive at IIB with O3-planes. Next, as the O3-planes
in IIB are parallel to the compact space, i.e. they do not extend in any of the directions of
the T, there is no geometrical distinction between the Greek and Latin indices. This may be
interpreted as a rotational symmetry in these indices, and so we are allowed to rotate according
to

%+ vt «— 2’ + oz (9.23)

effectively exchanging the Latin and Greek indices. In the superpotential this amounts to the
exchanges 1 <+ v3 and v <+ v2. Finally, we may T-dualise the Greek directions again to get back
to type IIA. From this one obtains the flux integer which the flux cycles of both type ITA and
IIB correspond to, as is summarised in table (9.3). A superpotential for the symmetric torus in
both the ITA and IIB theories is then given by

W = (m{rv® — 3mrrv? — 3errv — erro) + 7(—m 0> + 3mu? + 3ev + eg)

(9.24)

+ 3T(U3€g + ’U2(é2 + é9 + é2) — U(él +é1 + él) — 66) .
As usual all fluxes in table 9.3 are antisymmetric in both upper and lower indices. The RR
fluxes in type ITA which survive the orientifold projection have legs in both dimensions of each
T2, and hence a mixed pair of Greek and Latin indices. The fact that f and R fluxes do not
appear in type IIB is due to that all the dimensions of the 76 are odd under the orientifold
projection, so the f and R would require an even number of odd indices to survive. While this is
impossible on this geometry, it is still possible to have f and R fluxes in more general orientifolds.
Conclusively, starting from the ITA superpotential on a twisted torus and using T-duality and
rotational symmetry, the superpotential in eq. (9.24) could be obtained. As a final remark we
briefly comment the constraints these fluxes must satisfy from the Bianchi identities. For the
NSNS sector we have that dH = 0 implies that in a geometric compactification we have

fipHeaiz =0 - (9.25)
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9. Non-Geometric Fluxes and Double Field Theory

By simply T-dualising this equation, and T-dualising the obtained one and pursuing in this
fashion, one obtains a set of Bianchi identities for each flux. They are given by

Hx[ab ccd] =0,

Fowlea + HapeQaf =0,
40 A 0 020

QU Q" + fiyRr =0,

QL:abRcd]x =0,

and since the f and ) fluxes should be T-dual to the H flux one further requires that
fr = Qe 0. (9.27)

As for the RR fluxes, in the absence of localised sources the tadpole/Bianchi condition is given
by (d+ H)F =0, or . o
dF; = FigpeHgey) = 0 . (9.28)

T-dualising in the same manner as before, various versions of this Bianchi identity containing
each type of T-dual flux is obtained as

F[abcf{def] =0,
Fafabe g — FiavHege) = 0,
ny[achZf/ — 3F b [y — 2F g Hyea) = 0,
Fryolabd B™* = 9,y Qf — 18Fyj frg + 6F0Hpgpg =0, (9.29)
Fryelan) B™ + 6Fy0 Q) — 6Fufioy =0,
Fryza R™* — 3F, QY =0,

Fuy R = 0.

In the presence of a localised source the right-hand side would be non-zero. In the next chapter
we will see how the non-geometrical fluxes can be treated on an equal footing with the geometrical
fluxes.

9.2 Double field theory

In order to naturally incorporate non-geometric fluxes, there was a development of the so-called
double formalisms with the goal of finding a covariant description of geometric and non-geometric
backgrounds. The two leading formalisms that aim to incorporate T-duality in this manner are
generalised geometry and double field theory (DFT). In general T-duality relates winding modes
and momentum of a closed string moving on some torus 7'? via the group O(D, D), which for this
reason is referred to as the T-duality group. DFT assembles the NSNS sector of supergravity
into a T-duality invariant formalism. In constructing the DFT it is central to rewrite the
symmetries of the bosonic supergravity, i.e. diffeomorphisms and gauge transformations, in an
O(D, D)-covariant way. Again, the diffeomorphisms, or change of coordinates, are parametrised
by infinitesimal vectors A\ with i = 1,..., D, which transforms the NSNS field content according
to

9ij = 9i5 + L2935 Lrgij = N'Orgij + grOiN" + g0 X" |
Bz‘j — Bij + ,C)\Bij , ,C)\Bij = )\kakBij + Bkj(‘)i)\k + Bikaj/\k , (9.30)
¢ = &+ Lo, Lrp=N0ig .
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ITA flux integral | IIB flux integral | flux integer

Fo Fapy MER
Fai Figy MRR
Frigj Fijy ERR
Foigjvk Fiji, ERRO
ROPY Hop, mY
gﬁ Higy m
jo;{ Hajk €
H;jy, H;jp, €0
Hag Qy b
Flo P 15, QY.Q0.Q7 | a6
lea Q'Zyﬁv Z] Q?yﬁv lea ZJ é2a é2a é2
R Q¥ A

Table 9.3: Occuring fluxes in the T-duality invariant superpotential of eq. (9.24).

where the action of the Lie derivative amounts to diffeomorphism transformations, which leave
the NSNS action in eq. (3.98) invariant. This means that the physics described remains un-
changed under these coordinate changes. Further, the B field enjoys the gauge symmetry

Bij — Bij + @S\j — 815\1 , (9.31)
parametrised by the infinitesimal 1-form );. For a general vector we have

LAVFE =NV —VIgN . (9.32)

9.2.1 The double field theory action and its symmetries

T-duality is turned into a manifest symmetry by doubling the coordinates at the level of the the
effective 4D action of a string theory. In DFT every conventional coordinate ! associated to
the momentum modes is paired with the T-dual coordinate Z; associated to the winding modes,
combining the coordinates to a O(D, D) vector XM = (#;, 2%) of dimension 2D. The index M is
raised and lowered using the O(D, D)-invariant metric

0 &
NMN = (67 0]> ; (9.33)

and the partial derivative is given by oM = (8;,0°). An O(D, D) coordinate transform is
XM 5 pM XN with WM € O(D, D), hence mixing the coordinates x' and ;.

While there are several formulations of DFT, the earliest variant constructed in [106] used
the combined field &;; = g;; + B;; with background independent form found to be

S = /d:r dze 2 [ — ig"k’gﬂDl’&chp&j — i(Dj&kDisz + ﬁjgkiﬁi&j) ( )
9.34

dxt — Ozt
invariant and the metric g;; is responsible for raising and lowering indices. This action is gauge
invariant under transformations

with covariant derivatives D; = 2. — gija%j and D; = -2 + Sija%j. The action is O(D, D)-

8¢5 = DiC; — Di¢j + (MomEij + DiC € + DiCF e o ¢t = =20 M + Mowg', (9.35)
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9. Non-Geometric Fluxes and Double Field Theory

with gauge parameters (M = ({7, CNZ) In order to make gauge invariance more apparent, another
action was constructed in [107] consisting only of objects transforming in linear representations,
as opposed to eq. (9.34). The fundamental objects consist of the generalised metric H s n which
combines the graviton and B field according to

Kl k;j
_ (95 — Big" Bij  Birg™
HMN - ( _gzk,’Bk] gm ) (936)

and the so-called dilaton density
e 2 = /Zge 2, (9.37)

which combines the metric and dilaton. Then the O(D, D)-invariant action is written
5 — / AP X 2R (9.38)

consisting only of covariant quantities, where the generalised Ricci scalar is given by

R = AHMN 9110/ On ¢ — OnpONHMY — aHMN 9110/ On ¢ + 400 HM N Oy o'

9.39
+EHMN onH P OnH L — SHM N ONHE PO Hvk (9-39)

Note that when the fields in eq. (9.34) or eq. (9.38) are independent of the dual coordinates &
the DFT action reduces to the NSNS supergravity action of eq. (3.98), which we will show in
section 9.2.2. The generalised metric in combination with the O(D, D)-invariant metric fulfils
the relations

HMN o HEE — g NE YMN _ g NM (9.40)

As for the O(d, d) transformations, we have that Hyn(X5) — hyPhnQHpo(hE L XT). For
instance if h would correspond to a T-duality in some isometry direction, then the O(D, D)
transformation of H s (X ) result in the Busher rules of eq. (9.4). Further, the level matching
condition of eq. (5.83) implies that the metric of eq. (9.33) should satisfy the constraint

nMNoyon(A) =0, (9.41)

where A is some arbitrary field. This is known as the weak constraint of DFT.

We now turn to the diffeomorphisms of DFT. From eq. (9.30) and eq. (9.31) we know that
the diffeomorphisms of the field content are generated by a vector A’ and the 2-form gauge
transformations are generated by a 1-form );. Having combined the metric and B field into the
generalised metric H, it is then natural to combine the gauge parameters into a generalised one;
the O(D, D) vector €M = ()\;, \) of generalised gauge parameters. Using this, one can construct
the generalised Lie derivative

ﬁgAM = fNaNAM + (6M§N — 8N§M)AN , (9.42)
acting on arbitrary field AM. It will then act on the generalised metric and dilaton according to

LeHmn = EP0pHMN + (0mE" — 0T ) Hpn + (OnET — 0V En)Hurp

Le(e72) = ap(EMe) O8)

From this it is clear that the generalised Lie derivative acting on the invariant metric vanishes,
as

Lonn = P 0pnun + (0" — 0P enr)npn + (OnEF — 0T én)nup =0, (9.44)
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and hence we have that E}AM = pMN ﬁfAN. In order for the symmetry group to close, two
consecutive transformations with parameters £ and &, should equal another transformation with
parameter {3 = £3(£1,&2). To this end we may use the commutator of two gauge transformations
and investigate whether

(Lo, Le] AM = L AM (9.45)

By plugging in eq. (9.42), the commutator results in that
[Le,, Ley]AM = Lig, 1o AM + Far(61,6, A) (9.46)
where the transformation parameter is
&' =6, 610 = one)" — 2 noMel — (one! — LeonoMel) . (9.47)

The C-bracket [-,-]c is the O(D, D)-covariant extension of the Courant bracket for doubled
fields. The extra term F); is given by

Fy = 36 0P &nopAM — Ll o e nop AM — (OnEM OV €ap — ONEY OV E1p) AT . (9.48)

An explicit calculation of this can be found in Appendix E. For the algebra to close we must
have Fj; = 0, which implies what is known as the strong constraint of DFT;

nMNoyAdNB =0, (9.49)

for any fields A, B. This is a stronger form of the weak constraint in eq. (9.41).

The strong constraint is solved trivially by setting 0° = 0, which then recovers the supergrav-
ity frame. In this case the generalised Lie derivative of the component H¥ in eq. (9.43) reduces
to

LeHT = NFOHYT — NHM — NH* = L3g7 | (9.50)

i.e. the ordinary Lie derivative of g/ along the vector field A’. In the same manner the generalised
Lie derivative of the component H;; becomes

LeMij = LaBij + 0iXj — 0j\; (9.51)

when & = 0. Since the action of eq. (9.38) consists only of covariant quantities it posses a
manifest global O(D, D) symmetry. An interesting trait of the algebra in eq. (9.47) is that it
does not in general satisfy the Jacobi identity. This can be seen by first noting that from the
definition of the C-bracket, we have

LLe & — Loty = 6,608, Lo+ Le,eM) =M (el ep) , (9.52)

and so by eq. (9.45) we see that

A

{[ﬁfl’ﬁ&]?ﬁ&} + Cyd' perm. = £[£1,£2]C+Cycl. perm. - (953)

This implies that the Jacobiator becomes

JacM (1, €9,63) = [[61, &), &Y + cyel. perm.

9.54
= 1M ([&1, &8¢ + cyel. perm.) . 959

Peculiarly, this means that the generalised diffeomorphisms do not form a Lie group. However,
since the Jacobiator is proportional to a total derivative, it will not generate a gauge transfor-
mation on fields fulfilling the strong constraint in eq. (9.49). Hence it is still consistent with the
Jacobi identity for gauge transformations of physical fields, which always fulfil it.
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9. Non-Geometric Fluxes and Double Field Theory

Apart from generalised diffeomorphisms, the DFT action possesses another local symmetry,
namely it is invariant under double Lorentz transformations. The invariance under a local
double Lorentz transformation is conveniently written using veilbein formalism. The vielbein
formalism was first developed in [108] and used in the context of DFT in [109]. The starting
point is expressing the generalised metric in terms of the frame fields as

HMN = BAyNsgEB | (9.55)

where Nap is the flat generalised metric, given by

b
n* 0
Nyp = , 9.56
AB < 0 77ab> ( )

where 7,5 and inverse n? is the usual Minkowski metric in D dimensions. The indices A, B, . ..
and M, N, ... are flat respectively curved. In terms of the generalised vielbeins the O(D, D)-
invariant metric of eq. (9.33) is given by

0 &
NN = EAMT]ABEBN , where naAB = <5a 61> s (957)
b

the flat metric n4p being equivalent to the ny/n in curved indices. Having established veilbein
notation, we consider the local double Lorentz transformation of the generalised veilbein, which
may be written

EAy — TAREB ), . (9.58)

For this transformation to leave the generalised metric in eq. (9.55) invariant, the transformation
has to satisfy

TAGNCPTE, = N4B (9.59)

Further it also has to fulfil the condition of eq. (9.57) for the O(D, D)-invariant metric, which
requires that

TAcnCPTB o =18 | (9.60)

The next step is to find transformations T4 5 of eq. (9.58) that fulfil the conditions of eq. (9.59)
and eq. (9.60), which the DFT action would then be invariant under. To do so it will prove
useful to rewrite the O(D, D)-invariant metric on a diagonal form, such that

: _ = [—ns: 0
SA ABSB p — pAB _ ( 'gab nab) : (9.61)

where the coordinate transformations S are

i st o §a ab
A 1 a Nab _B 1 b n
S B = ﬁ (nab 51(? ) y 54 ﬁ <776_Lb 5(2 ) . (962)

a

The bared indices differentiate between the different representations of the O(D, D)-invariant
metric 745. The bared variant of the flat generalised metric N45 is given in the same manner
by

i : 15 5 0
SAUNABSE p — NAB — (”Sb 77“5> : (9.63)
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9.2. Double field theory

With this diagonal form of the O(D, D) metric in eq. (9.57), the constraints of eq. (9.59) and
eq. (9.60) can be written simultaneously as

0y 0\ (Ta® Tac) (Emg 0 (T3¢ T
0 ndb Tac Taé 0 776d TI;J TbJ

_ (ETa Ty + Taon®'Tyg - £ Taneg T + Taen™T";
j:TaCTIEJTEd 4 TaEnCdTBJ :ETG’C??EJde 4 TaéTICdTbJ ’

(9.64)

the positive sign corresponding to eq. (9.59) and negative to eq. (9.60). This can be solved with

T—E — T(_ll; =0 , :tTﬁET]EJT[;J — :l:na[; , TaEnEdTBJ — ab . (965)

a

Note that since there is no metric to raise and lower the indices of the barred coordinate transfor-
mations, T,” and T are unrelated objects. Hence before writing the unbarred transformation

T4 5 we rename them according to T5b = ugb and Tag = vag, so that

Tp =541 585 = ( 5%1@ %a) <uab 0 ) <5§b _?Z;Eb> = < uabbJr vabb e +vab> :
-n 0g 0 v%/) \n o7 —u® + v u 4+ v
(9.66)
Conclusively, we have identified a local double Lorentz transformation of the form of eq. (9.58)
satisfying egs. (9.59)—(9.60), which leaves the DFT action invariant.

The vielbein of the generalised metric naturally also combines the metric and B field. As
an element of O(D, D) it has D(2D — 1) independent degrees of freedom, however if we gauge
fix the local double Lorentz transformations there will only remain D? independent degrees of
freedom. From the antisymmetric B;; field and metric vielbein e?; where eainabebj = gij, @
possible parameterisation of the generalised vielbein is given by

A eq’ eaij~
E%y = (0 et ) ) (9.67)

If the e®; has the form of an upper triangular matrix, then the double Lorentz symmetry is
completely fixed by this form of E4™. If we do not gauge fix the double Lorentz symmetry, a
general O(D, D) vielbein can be written as

M _ eq' eq’ B
EA - <€aj,8ji€ai eajB]kBki ) (968)

where e%; can take any form and B is an antisymmetric bi-vector. Under generalised diffeo-
morphisms the generalised vielbein will transform according to

,CgEAM = fpapEAM + (8M§P — 8P§M)EAP . (9.69)

We will now proceed to the equations of motion for the DFT action. They are obtained by vary-
ing the DFT action in terms of the generalised metric. However, since the metric is constrained
by eq. (9.40) we start by varying the generalised metric of this equation first, resulting in that

SHEMUE yp + HE s HEM =0 . (9.70)

By using HMEH  n = 5]]\\;[ we have that SHMYN = —HME§H jer HEN . The most general variation
that satisfies eq. (9.70) is given by

SHMN = PME§ My PEN 4 PME§ M e PEN (9.71)
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where

PMN = MN —l—HMN) , PMN _1

+(n = 1MV —HMN) (9.72)

and My is some arbitrary symmetric variation not subject to any constraint. As such, the
variation of the action can now be written as

5SpET — / 2P X QYN 535y = / d2P X Ry SMMN | (9.73)
where R s is the generalised Ricci tensor
Run = Py QX Pry + Py Q5 Py . (9.74)

The equation of motion for the generalised metric is therefore given by Ry ny = 0. A common
expression for QMY is obtained by varying the action with respect to the generalised vielbein,
to give rise to

OuN = %GM’HKLaN?lKL — 20 - 2010 ) (HEL O Harn) + 200 0N ¢

(9.75)
— S00H PO H Ny i + 3(01 — 2008 ) (HE L O H vy i + HE Ok HE wy) -

Note that the indices in both Qu/n and Rpsn is symmetric since the indices of Hjsny are
symmetric.
9.2.2 Reduction to supergravity

Letting the starting point be the old DFT action in eq. (9.34), we assume that no field depends
on the dual winding 2 coor_dinate, which effectively sets 0° = 0. This implies that D; = D; = 0;
and as 9' = ¢"79; = D' = D' the action takes the form

S

o= [ e L= A G OnEOnE s — DiimiEim — OEmiDiEnk)
+20'¢' 0 gij + 40'¢' 09|
= /dﬂ?e_w [ — igikgﬂgmn(amgmangij — 20;91m0j9kn + OmBriOnBij — 20; Biy0j Biyp)
+20'¢' gij + 4(0¢')°]
(9.76)

where we have rewritten in terms of g;; and B;; on the last line. Next, we turn to rewrite the
B;; terms according to

— 1™ g7 g™ (O BOn Bij — 20; B0 Bin) = —39" 97 g™ 0 Bri(0i Bjn + 0; Bni + 00 Byj)
= — 59" """ Hijm Hyn
_ _ 12
= -LH?,
(9.77)
permuting indices and using H;jx = 30); B}y, which leaves us with

S

o= [ e [ g O G001 + §g™ D g s + 206D gy + 406~ ]
(9.78)

Instead of further massaging this equation it is more convenient to rewrite the wanted NSNS
action of eq. (3.98), i.e.

S = / dzy/—ge 2[R + 4(9¢)* + L H? | (9.79)

150



9.2. Double field theory

and show that eq. (9.79) is equivalent to eq. (9.78). To do so we use the dilaton redefinition of
eq. (9.37) to write its derivative as

8i¢/ = anb — %FZ‘ y with FZ' = %gkl&-gkl y (9.80)
and use in eq. (9.79) to obtain
SNSNS = / dze 2[R+ gUDT; + 4T,0'¢ + 4(0¢)? — 5 H? . (9.81)
The final step is simplifying the Einstein and Christoffel symbols. The Einstein term is
R = g" (0pT%; — 015, + Tk = T5)
=20'¢(—Ts + ¢/"Tiji) + 0,9 T — Opg"TF; + g (UL — THI%) (9-82)
= —40'¢'T; + 20'¢'® gij + 9;9"T; — g TF; + g (TETy, — TLTH) |
where I';j, = gilFé-k and we have used the dilaton derivative on the last line. Inserting this in
the action of eq. (9.81), the 4T;0°¢' terms cancel and we get

SnsNg = / dze 29 [0;9"T; — Opg"TE; + g (DKL), — TLTR) + ¢TI
+ 28i¢’8jgij + 4(8d)/)2 — %Hg] .

(9.83)

The last step is to evaluate the first line of eq. (9.83), which evaluates to

9;9"Tj — Oy T, + g" (TETe — TLTH) + gD T = Lg% g7 0™ g, 0m g + 590" gm0 gni
(9.84)
as all terms of the form g% Okgij cancel against each other. Hence, we see that eq. (9.83) is
identical to the DFT action in eq. (9.79) up to total derivatives.
9.2.3 Non-geometric fluxes in double field theory

It is possible to identify both geometric and non-geometric fluxes to DFT background fields and
combine them into a single O(D, D) tensor. Using the frame formalism, fluxes can be defined
covariantly via the C-bracket and vielbein inner product according to

Fapc = [BEa",Ef]cEct
= BEANONEp"Ecy — YEANOERN Ecr, — EgNONEA"Ecy, + $Epn0"EAN By, (9.85)

_ 1 1
= Qapc + 3048 — QBac — 5QcB4 ,

using the definition of the C-bracket in eq. (9.47), the vielbein of eq. (9.67) and where we have
introduced the generalised Weitzenbéck connection

Qapc = Ea™ouEs" Eoy (9.86)

as is customary. The expression in eq. (9.85) can be further simplified as 24 p¢ is antisymmetric
in its last two indices, which can be seen from

Qapc = EaAMoyERNEcy = —EaMoyEcY Epy = —Quacs (9.87)

since nap = EaAMEpy = EaAMnynERY has Onynap = 0. As such, eq. (9.85) reduces to a fully
antisymmetric tensor

Fapc = Qapc + Qpca + Qoas = 3Qapo) (9.88)
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which, having three flat indices, are subject to double Lorentz transformations. The DFT action
of eq. (9.38) can be rewritten in terms of two types of generalised fluxes, the first one being
Fapc in eq. (9.88), the second one being

Fa= —€2¢/£AEA€_2¢, = O pa +2E4M0p¢ . (9.89)

In terms of these the original DFT action of eq. (9.38) can be shown to be equivalent to

g /dXe_2¢’ [fABc]:DEF (iNADnBEnCF B %NADNBENCF B %nADnBEnCF> 00
_i_}-A}-B(nAB . NAB)} .

The Fapc consist of eight D x D x D blocks but, due to its antisymmetry, only four of these
are independent from each other. The four independent components Fype, F%e, F%. and Fobe
correspond to the fluxes H®°, f%.. Q%. and R®° respectively. In order to calculate them one
may use the "overparameterised” generalised veilbein of eq. (9.68), which includes both B;; and
the bi-vector 9. It is overparameterised in the sense that physical fields are parametrised by
either B;j or BY. In light of this we rearrange the overparameterised veilbein of eq. (9.68) to
be given by

(9.91)

a4 et BIkB. 0.3
E M = EB NM = eZ J ! " .
A NAB NT] eaiji eq!

Inserting this expression into the Q. definition of eq. (9.87) enables us to evaluate Fpp. =
3Qape)- The relevant component is calculated to

Qabc = EaMaMEbNEcN
= EamamEbnEcn + EamémEbn en t EamamamEbnEcn + EamémElmEcn
= eamam(eb")echjn + eakém(eb")echjn + eamﬁm(ebijn)eC" + eakBkmgm(ebijn)ec”
= eamam(eb")echjn + eakém(eb”)echjn + eamam(ebj)Bjnec" + eamebjﬁm(Bjn)eC"
+ eakBkmgm (ebj)BjneC” + eakBkmebjém(Bjn)eC"
= eaiebjeck[ai(Bjk) + Blmém(B]k)] .
(9.92)
Antisymmetrising this expression we obtain the H. flux in flat indices;

Fabe = 3ea'en’ e (03B — Byi0'Bjyy) = Hape - (9.93)

Next we move on to calculate F%,.. The explicit calculations of the ingoing components
0%, Q.0 and Qg,° are slightly messy, and they are therefore exiled to Appendix E, as well
as the components of the other flux terms. Stating the results here, the for the F%,. relevant
components of €2 are

% = e“ier’ e 10" By + 8"l |
Qabc = eaiaiebjecj + eaiBijéjebkeck + eaiebjeckﬁjlgilk ’ (994)
QabC = _Qacb )

for which the covariant fluxes the F%. = Q% + Q% + Qpg® = Q%[ + 29" become
Fhe = e“iey) e (0" By + B Hyji) + 2(ep ' 0ie% e’ + eq’ By  evec™) = fye . (9.95)
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The equivalence between the geometric fluxes f%,. becomes apparent when choosing a frame in
which 9 = 0 and 8% = 0, i.e. choosing a physical gauge for the vielbein, which reduces F%,. to

F = 2ep'0ie%jeq’ = fhe - (9.96)

This can be compared to the structure constants of eq. (9.8) in our previous torus example.
Proceeding to the @ flux equivalent, we have that

fabc — Q[ab]c + Qc[ab} + Q[bca] — QQ[ab}c + Qc[ab} , (997)
where the components are given by
Qabc = eaiéiebjecj + eaiebjeckﬁilgljk ,
Q" = eq'e;’er (087" + Byd' 7 + B BF " Q] (9.98)
Qabc — _Qacb )
With these components eq. (9.97) becomes
Fe =260 je + eilee [0, + Bud' B9 — B (2007 + B Qan)] = Q. (9.99)

which is equivalent to the non-geometric () flux in flat indices. As with the previous f flux we
may choose a physical gauge 0" = B;; = 0 so that the @ flux takes the form

F, = e;%; e,k (0,87 — Bl 1] = Q. . (9.100)
Last but not least, the R flux equivalent only includes one component of 2, namely
00 = e%e’ ek [0' 70 + " (9.101)
which gives us the flux
Fabe — Be“iebjeck [5[iﬁjk] + plitg, 7K+ gl By, on 57k + ﬁilﬁjmﬂkn}_lmn] . (9.102)
With 9" = B;; = 0 we get that this reduces to

fabc — 3€ai€bj€ck6[ilalﬁjk] = Rabc . (9103)

9.2.4 The geometrical meaning of non-geometric fluxes

In this section we discuss the geometrical meaning of the non-geometric (- and R fluxes, as
they are not well-defined in terms of the metric and B field. It has been extensively proven in
[110] that the DFT action is invariant under the field redefinition (g, B, ¢') — (g, 3, ¢) classically
characterised in terms of the generalised metric as

2 MN _ (93— Bikglelj Bikgkj _ g7 — /Bilgl‘kﬁkj —B3"G; (9.104)
—g"* By o Gir 3N Gij ’

which was inspired from generalised geometry. This new metric also reproduces the NSNS
supergravity action of eq. (9.79). This form of the generalised metric has been proven useful
when investigating the geometrical meaning of the non-geometric Q and R fluxes, as they are
not well-defined in terms of the ordinary field variables (g, B, ¢).

In DFT gauge symmetries are spanned by ¢M = (fi,é) which acts on the original field
&ij = gij + b;;j according to

55@']' = ﬁgc‘:@'j + 61-5]- — 8]-5} + Eggij — Z‘k(ékfl — élfk)glj . (9.105)
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The ordinary Lie derivative with coordinate parameter ¢ and dual winding coordinate & are
given by
Le&ij = P 0kEij + 0:6FE1; + 0,6 En

> o 7 (9.106)
Le&ij = E.0REj — O"EEL; — "€

respectively. The sign difference between these expressions reflects the fact that &;; is a covaraint
tensor with respect to the diffeomorphism group, but a contravariant tensor with respect to the
dual diffeomorphisms with lower indices #; — #; — &. While not apparent in this form, the
gauge transformations in eq. (9.105) are O(D, D)-covariant. The transformation properties for
£ are then obtained by the exchanges 8; — 9" and £ — &' so that

0T = LT +0'C — DI + LT — EM(016 — 01€r)EY . (9.107)

It is clear that the transformation is linear in & while it is non-linear in &. The gauge transfor-
mation is covariant if it is equal to the Lie derivative. Le, considering only the & transformations,
one has ;A = LA, VA. Expanding £ = g 4+ B we have for the ¢! transformation in eq.
(9.107) that

5" = Lei? B = 0 — HIE 1 LY = LU+ A, (9.108)

where Agﬁij = 0¢7 — 9I¢" denotes the non-covariant part. It is then natural to look for a
connections 9° — V* that make the momentum diffeomorphisms covariant. To do so we also
consider the gauge transformation of the dilaton scalar ¢, which transforms covariantly as

5ed = E'0i0 . (9.109)
Its winding derivative d'¢ however does not, since
5:(0°) = ' (569) = B (€0c) = F€i0, + §0,(59) (9.110)

This transformation can be written in terms of the Lie derivative by adding the terms
— 0,60 p— 9,0 =0, (9.111)

which vanish by the strong constraint in eq. (9.49) and may so be added on the right-hand side
of eq. (9.110). This results in that the transformation becomes

5(0'9) = £0,(8'0) — (0, Pé + (€ — Deoy o)
= Le(0'0) + (08 — 07€")0;0 -

The non-covariant part V¢(0°¢) = (0°¢/ — 87¢7)0;6 is then seen to have the same form as V¢ 3%
in eq. (9.108). Hence, these terms may be cancelled by introducing the covariant derivative

D'=9' - B9, , (9.113)
such that o o
0¢(D'¢) = Le(D'9) (9.114)

The R flux derived in the previous section, given by eq. (9.103), can be written in curved indices
via R = e%;e? e, R7* so that RVF = 38019, 87¥]. The covariant derivative given by eq. (9.113)
can be shown, using the strong constraint in eq. (9.49) and definitions of the R and @ fluxes in
eq. (9.103) and eq. (9.100), to fulfil the commutation relation

[D!, D] = —RU*g;, — Q.9 DF | (9.115)
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where again RYF = 3Dl gikl = 3(5[%7]“] + ﬂp[iﬁpﬁjk}). The R flux can be shown to be covariant
under eq. (9.108). To see this we determine the non-covariant terms of both terms in R, such
that
vg(g)[iﬁjk}) — 57’6[”81,5]“} + apﬁ[ijgk’]ép + 25[i8p5j6kh?
Vg(ﬁp[iﬁpﬁjk}) — apﬂ[ijlgpglk] _ apﬁ[ijgk]gp _ 25[1‘(9])51/376]:0 7

which combine into

(9.116)

Hence we see that the RV* flux is a covariant tensor and can viewed as the field strength of 5%,
since by comparison the NSNS Hj flux is given by Hjr = 30;Bj;) and Rk = 39187k when
taking the alternative supergravity limit 9" = 0. To learn about the interpretation of the @Q in
this formulation, we proceed our consideration of covariant derivatives. For a vector V' we may
define in a common manner a covariant derivative that acts like

ViVi = D'VI —T,9vk (9.118)
and since the D derivative of V? transforms non-covariantly as
Ve(D'VI) = —Digpelvk | (9.119)

we have that for eq. (9.118) to transform covariantly under gauge transformations, we must
have that
Vel = =D'0p& . (9.120)

In order to determine the connection I';” in terms of the fields present it should satisfy some
constraints. For instance the covariant derivative on the metric should vanish, i.e. metric
compatibility implies that

Vight = Dight — gt — gt =0 . (9.121)

With the metric being symmetric in its indices this condition will only be able to determine
the symmetric part of the connection I'y”. The symmetric part can be written in terms of the
antisymmetric part by writing eq. (9.121) as three equations by cycling each of its three indices,
and then adding two of these equations and subtracting the last one. This gives us

so that

r,,09) = le(ngjl + Digh — D'gy — gkl(gpipp[jl} + gpjrp[il]) 9.123)
=7 — gu (g T + 7T, M) '

To determine the antisymmetric part we consider the commutator of the covariant derivative
acting on ¢, where we get

V', ¥)6 = (1D, D] - T, D* + T/ D¥) ¢

. [ (9.124)
= — (R0, + (Qi7 + 21,9 DF) 5,

using eq. (9.115). We know that R¥¥ transforms as a tensor, and so we may demand that this
commutator transforms only in terms of R¥*, so that a covariant condition is given by

Vi, V¢ = —RU*p,, | (9.125)
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which is then solved by
Il = —3Q" . (9.126)

Hence the connection in eq. (9.118) is given by
Ty =T + gug™ Q)" — 3QiY . (9.127)

As such it is clear that the @ flux can be regarded as a momentum covariant derivative. This
precisely matches the dual situation for the geometric fluxes where H is a 3-form flux and f
is related to the Levi-Civita spin connection. The covariant derivative and connection derived
above can also be used to define invariant curvatures and Bianchi identities, as done in [110]. In
turn, the curvatures can then be used in constructing a new action in terms of Ricci scalars and
torsion which depends on the the non-geometric R and @) fluxes. This action is then proven in
Appendix A of [110] to equal the DFT action in terms of § and /3.

Note that since in all above examples we have seen that the geometrical fluxes can be T-
dualised into non-geometric fluxes, the converse also applies. The fluxes are said to be on the
same O(D, D) orbit. By turning on more fluxes, say one geometric and one non-geometric, these
fluxes can not be transformed T-dualised into geometric fluxes at the same time, and so such a
background is said to be purely non-geometric. See for instance [111] for an example of this.

9.2.5 Consistent truncations

The consistency of Kaluza-Klein compactifications, i.e. the matching of equations of motion of
the original theory to the effective one, is in general very hard to establish. In this section we will
briefly discuss the notion of Scherk-Schwarz compactifications [112][113] as well as generalised
Scherk-Schwarz compactifications which are used in DFT, largely following [114].

In a Kaluza-Klein compactification on a T% torus, the truncation of massive modes leaves an
Abelian U(1)%¢ gauge symmetry of the resulting effective action. A more general reduction that
does not have an Abelian gauge symmetry is provided by the Scherk-Schwarz compactification
procedure. As usual, the first step is to split the external and internal coordinates as z' =
(xH,y™) with spacetime indices g = 1,...,d and internal indices m = d + 1,...,n. The next
step is to split the fields into external, internal and mixed components according to

9ij = (guu + gqup,quV Aqupn)

gmpApu Imn (9 128)
B — By — %(Apuvpu - Apvvpu) + AP A1 Bpg Vi — Brp APy,
" _Vmu + BmpApu an ’

with some vectors AP,,,V,,,. The form of these blocks corresponds to the most general layouts
needed to perserve the symmetric/antisymmetric properties of the fields. Now, for each compo-
nent the SS reduction ansatzes specify the dependence of the external/internal coordinates and
are given by

gMV(m) = gul/(x) y Buu(x) = Buu(-r) s
A" =u" A () Vinp = 0 (y)Vau(x) , (9.129)
Imn = U m y)ubn(y)ﬁmn(x) ) Bmn = uam(y)ubn(y>an(x) + Vmn(Y)

N

as well as ¢ = ¢(z) for the dilaton. Here the objects u(y) and v(y) are called twists, and
after the truncation procedure is complete, there is no dependence on the internal coordinates
but the twists will remain in the form of structure constants which parameterise the possible
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deformations of the effective action. The new effective fields consmts of the d-dimensional metric
Guv (), 2-form Bw/( ), 2n vector fields A u(2), Vau( r) and n? + 1 scalars gab,Bab,qb

As for the gauge transformations there must first be a split A’ = (e#, A™) and i = (€u, Am),
which upon the SS ansatz takes the form

No= ((2),uaA @), A = (), umha(2)) - (9.130)

The gauge transformations of the supergravity fields are given in eq. (9.30) and eq. (9.31) for
the metric and 2-form field and eq. (9.32) for general vectors. Using the expansion of eq. (9.130)
in these transformations, the gauge transformations of the effective theory can be obtained. For

instance, for a vector field V* splitted as V* = (9(x), ua™(y)0*(x)) the Lie derivative becomes

LAVH = &8, — 070, = Lot (9.131)

for the external part of the vector, and corresponds to the d-dimensional Lie derivative of the
effective theory. For the internal component we have

LyV™ = u" L0 + Fpe® AV = u" Lio? (9.132)
where
Fop® = ug" Oy u’n, — up™ Ompuig"up (9.133)

are the structure-like constants mentioned earlier. They correspond to metric fluxes, as will
become more apparent soon. Performing the same procedure one can obtain the new Lie deriva-
tives of the metric and B field in the effective action. It is then convenient to combine them
into parameters and fields of the effective theory. Specifically, for the gauge parameters we have

€= (¢, & Ay, At = (N, 1), (9.134)
and for the vectors one sets
AL, = (Vo A% (9.135)
and finally for the scalars
vab vac 1
~ g —9g Bcd
Map=| <" .4 . o . 9.136
B <Bacg b GJab — Bacd dBdb) ( )

Notice that this is same the form as the generalised metric in eq. (9.36). Using these expressions,
the gauge transformations of all the fields are given as

O¢9uw = Leguv
0B = LeBuy + 048, — 008,
55141““ = LeAN, — 9,A + Fpc*APAC, |
55/\;1AB = L:Map + FacPA° Mpp + Fpe? A Map .

(9.137)

From these transformations we can read off what type of transformation each parameter corre-
sponds to in the effective theory. Namely, we see that the €é* are diffeomorphism parameters,
the €, are gauge parameters of the B field and the A4 are the vectors’ gauge transformation
parameters. The F45¢ are referred to as ”gaugings” or "fluxes” which consist of the components
d

Fape = 3(a[avbc} + F[ab Uc]d) )

Fop© = " Omup" uy — up™ Opua"uy

Fabc =0,

Fe = .

(9.138)
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As a final point the d-dimensional supergravity action is obtained by plugging in the SS reduction
ansatz into the supergravity action, which results in

S = / A/ —ge2® (R +40"$8, 6 — AMApFYEFE,,, — LG, GHP

(9.139)
+ 1D MapD'MAB + V) :
where R is the d-dimensional Ricci scalar and the fields are combined according to
FA,, = 0,A%, —9,A", — Fpc AP A, 9.140)
Gyup = 30, B,y — Fapc A AP A\ + 30, A%, Ay 4
The derivative D,, acting on the scalar matrix is given by
DyMap = 8,Map — Fap® AP ,Mcp — Fpp© AP ;Mac , (9.141)
and the potential is given as
V = —1Fpa“FopP MAP — LFscPFpp" MABMOP Mpp — tFapc FAPC . (9.142)

The consistency of this type of compactification is not obvious, and we refer the interested reader
to [115] for a nice discussion on this and related topics. The action of eq. (9.139) obtained via SS
reduction is an example of a gauged supergravity theory. By gauged one refers to the fact that
the gauge transformations of the theory are not Abelian. For instance, if the global symmetry
group is O(6,6), an "ungauged” theory would have gauge transformations generating the Abelian
group U(1)'2. If (to)a? with a = 1,...,66 and A = 1,...,12 are O(6,6) generators, then the
gauge group generators are given by © 4%(t,) 5" where © 4 is called the embedding tensor and
encodes the possible gaugings of the theory.

Another important property is that SS reductions preserve all supersymmetries of the original
theory. For instance, starting with a 10D theory with A/ = 1 preserving 16 supercharges, in a
reduction to d = 4 the effective theory still has 16 supercharges and is therefore N' = 4. This
corresponds to half of the maximal amount of supersymmetry, and so the effective theory is
referred to as a half-maximal gauged supergravity. See [116] for a thorough analysis on these.

A full review of gauged supergravities is out of the scope for this thesis, but for self-consistency
it will be useful to point out some of the basics of its bosonic sector. In 4D, the bosonic field
content of a half-maximal gauged supergravity is given by a metric §,,, 12 vector fields ]1‘4#,
and 38 scalars that are usually embedded in two objects. Two of the scalars, @ and the scalar
By dual to the EW in 4D, combines into 7 = e 2% + iBy and the other 36 scalars parameterise
the coset space 6.6)

- 0(6,6
Map = 0(6) x 0(6)

There is also a possibility to couple some N vector multiplets, however to do so the global
symmetry group would has to be extended to O(D, D+ N), and it would also contain an SL(2)
factor related to S-duality. This factor is not captured by DFT, however S-duality can be
incorporated, which results in what is called exceptional field theory, to be reviewed in the next
chapter.

Next, we will discuss the interpretation of the SS ansatz in terms of a compactification
and connect it with the previous example of the twisted torus in section 9.1.1. Indeed, we
have already performed an SS compactification. By eq. (9.128) the internal metric is given
by gmn = um () dar(2)u,(y). The §up can be then viewed as perturbations on the metric

(9.143)
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of the compact internal space which encoded by the twists u%,,. When this ansatz is used in
the supergravity action one will then obtain an effective theory of these perturbations which
is deformed by objects depending on the internal metric. If the perturbations are fixed, say
Jab = Oap, then the metric of the background on which the compactification happens is given by

Imn = Uam(y)(sab(x)ubn(y) > for Gab = Oab - (9-144)

Similarly for the 2-form field, if we fix the perturbations at Bg(x) = 0 then the B field in the
internal space is given by

B = Umn(y) for Bap(z) =0. (9.145)

From this we draw the conclusion that the u%,,(y) can be regarded as vielbeins of the interal
metric, and the vy, (y) as the B field in the internal space.

Turning to the fluxes in eq. (9.138), using the SS ansatz and imposing the Busher rules
in eq. (9.4), the metric and B field components are exchanged and the Fyj. can be seen to
transform into the F;,°. The non-vanishing flux components in eq. (9.138) are then identified
as the geometrical fluxes discussed in section 9.1.2, i.e.

Habc = Fabe fabC = I?a,bc . (9146)

Recalling the first step in the compactification on the T3 torus example, the components in the
SS reduction are given as

9mn = 5mn 5 323 = Nyl 5 g uma = 5am 5 V23 = Nyl . (9147)

The corresponding flux components are then obtained by inserting these values into eq. (9.138),
to obtain

Hiss =N, f128 = fas = f312 =0, (9.148)

and so an H flux has been turned on in the effective action. Now, performing a T-dualisation in
the yo direction by use of the Busher rules gives us the metric of eq. (9.12) as well as a vanishing
B field, which corresponds to

1 0 0
ds? =dyf +dys + (dys + Ny1dy2)®*, B =0, & um=|0 1 0|, vp=0.
0 Ny1 0
(9.149)
The flux components are then given by
Hiog = fos' = fn?=0,  fi?=N. (9.150)

which is consistent with the T-duality chain. From our previous example we know that an
additional T-dualisation in one of the yo or ys3 directions leaves the metric ill-defined. However,
we will now see how this is easily incorporated in DFT. For the twisted torus the generalised
metric is given by

1 0 0 0 0 0
0 1 —Ny1 0 0 0
—_qg™PB 0 —Ny; 1+(Ny1)2 0 0 0
Hun = gmnpn J - =10 o0 0 1 0 0 (9.151)
Brupg Imn — BmpgP!Byn 0 0 0 1 0 0
0 0 0 0 1+(Ny1)* Ny1
0 0 0 0 Ny 1
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Acting with a T-duality, or O(D, D), transformation on this metric we have that

10
p @ 01+(Ny1)2 0 0 0 Ny §o0000
P 20— 2
Harw = hof Uhiy PHeg = | 0 0 TR 0 [ h® = 008900 ]
A (I 330989
0 Nu 0 0 0 1
(9.152)
which give us the metric and B field
1 Ny
ds® = gmp dz™ da" = dyf + ———— (dy3 + dy3 Byg=—— s 9.153
s Gmn AT Z Y1+ 1+ (Nyl)g( Y2+ yS) ) 23 1+ (Ny1)2 ) ( )

which are associated to the @ flux.

In DFT the Scherk-Schwarz compactification is generalised to incorporate both geometric
and non-geometric fluxes. In the double space we have coordinates ™ = (2%, ;) and they are
further split according to z* = (z#,y™) and &; = (¥, U ). From this the double external space
can be denoted X = (2¢,%;) and the double internal space Y = (y™, ). The vielbein and
dilaton are then expanded as

EMy(X) = BN OU (YY), ¢/(X) = F(X) + A(Y) | (9.154)

where M, N = 1,...,2D are curved indices in the original theory and I,J = 1,...,2D are
curved indices in the effective theory. If this ansatz is plugged into the formula of generalised
fluxes in eq. (9.88) and eq. (9.89) one finds

Fapc = Fapc + Fryx EA'Eg7 Ec™ |

. . (9.155)
Fa=Fa+FE4s
where the X and Y-dependent quantities are respectively given by
Fapc = 3Q[ABC] ) Fa=Fa+FEa", Qapc = Ea'01Ep"Ecy | (9.156)
Frok =3QKk) Fr =97 +20Mou N, Qrix =UMonUNUky

This coordinate splitting into X- and Y-dependent quantities is only possible if one requires for
the twists that
UMong =019 U™ 0mg =0, (9.157)

in order to preserve Lorentz invariance in the external dimensions. Further, in order to ob-
tain a Y-independent effective action the generalised fluxes F ;55 and F; should also be Y-
independent. Their possible Y-dependence can only come from the ”gaugings” Fr;x and F7,
and so we must take them to be constant, i.e.

Fy 7 = const. Fr = const. . (9.158)

This will in turn imply that the twists are globally defined, and the internal space is then called
paralellisable. The condition in eq. (9.157) can be rewritten in terms of these gaugings as

Fri%0xg=0, Flojg=0, (9.159)

and by the second condition we notice that 0;§ can only be non-vanishing in the external
directions, and hence the fs can not have any legs in these directions, otherwise Lorentz
invariance would be broken. This again enforces the exclusive Y-independence of the gaugings.
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Now, using generalised fluxes of eq. (9.155) in the flux formulation of the DFT action eq. (9.90),
and taking F7 = 0 for simplicity, one would eventually obtain

SeprT = / dYe 2 / axe [ -

(Frx™ + FieB) (Fp X + Fr Kynt

|- Rl=

(Er 5 + Fr ™) (Frp® + Fog®) H' P H T H e

Frix + Frog)(FT7E + PIEY (717 — nIJ)F[FJ} .
(9.160)

This corresponds to a gauged DFT. If we cancel the gaugings according to Frjx = 0 then one

would recover the usual DFT action in eq. (9.90).
As for the gauge parameters, the reduction ansatz reads

= =
—~ N

MX) = UMY, (9.161)
and the gauge transformations are generated by the generalised Lie derivative
LM =UMLVT LV =LV = FlydVE, (9.162)

which generates a deformation due to the gaugings. The algebra closes when imposing two con-
straints, namely the strong constraint in the external space but also given a quadratic constraint
on the gaugings;

Vo'W =0,  FgysFxp™ =0, (9.163)

for arbitrary vectors V,W. With a specific parameterisation of the metric nry and taking
Frjx = Fapc, the generalised fluxes can be rewritten and inserted into the gauged DFT action
of eq. (9.160) to eventually give the gauged supergravity action in eq. (9.139). From this
one might think that the SS and generalised SS compactifications result in the same gauged
supergravity action, but there are important differences. We have seen that the ordinary SS
procedure only allows for geometric fluxes, i.e. the geometric gaugings are generated by u%,,
and v,,, which can be combined into the twist matrix

UAy = (“" ta “"m> . (9.164)

a
0 U,

The u%,, corresponds to the metric, the vy, to the B field and U4, to the metric vielbein as
in eq. (9.67). A T-duality transformation would break the triangular form, and so backgrounds
are then only allowed to transform as monodromies up to u/v-transformations, corresponding
to the geometric subgroup of O(n,n). The generalised SS compactification allows for generic
O(n,n) transformations, so the twist may be expanded as

UAM:< ta ta Unm > . (9.165)

uy, BN uly, + uanﬁnpvpm

This corresponds to the generic DFT vielbein of eq. (9.68), which accounts for both geometric
and non-geometric fluxes as seen in section 9.2.3. Conclusively, the generalised SS compactifi-
cation allows for backgrounds that are globally ill-defined from the usual geometrical point of
view.
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10

Exceptional Field Theory

The double field theory generalisation of type II supergravities which incorporated T-duality can
be generalised further to also incorporate S-duality. Exceptional field theory is an extension of 10
and 11-dimensional supergravity that makes S+ 71T = U-duality manifest. In 1979 Cremmer and
Julia [117] found that compactifications of 11D supergravity on tori 7" give rise to exceptional
symmetries E, ) in D = 11 — n dimensions. In particular they found that the moduli of
the effective theory parameterise the symmetric space Ey,(,)/K(Ey(,)) where the E, ) is the
split real form of the complex Lie algebra e; and K(FE, ) its maximal compact subgroup.
While the E,,(,) are global symmetries, the maximal compact subgroups are generalisations of
Lorentz symmetry. Table 10.1 summarises the global E,, .,y and local K(E,,) symmetries for
D=11,...,3.

The work of extending or embedding string/M-theory in a way to make these exceptional
symmetries apparent eventually resulted in a formulation known as exceptional field theory,
which was formulated rather recently in 2013 in [118]. As the resulting symmetries depend on
the number of compactified dimensions according to table 10.1, the exceptional field theories are
usually constructed separately for each exceptional group. There is however current research
aiming for a unified formalism known as extended geometries [119]. In this chapter we describe
the general ExFT construction for the group FEr(7) largely following [120]. See [121] and [122]
for the corresponding Eg) and FEg(g) theories respectively.

Dimension ‘ U-duality group ‘ Global symmetry ‘ Local symmetry

11 1 1 1

10 (ITA) 1 SO(1,1,R)/Zs 1

10 (IIB) SL(2,7) SL(2,R) SO(2)
9 SL(2,7) x 7o SL(2,R) x O(1,1,R) SO(2)
8 SL(3,7) x SL(2,7Z) | SL(3,R) x SL(2,R) U(2)
7 SL(5,7%) SL(5,R) USp(4)
6 O(5,5,7) 0(5,5,R) USp(4) x USp(4)
5 FEe(6)(Z) Eg(6)(R) USp(8)
4 Eqr) (%) By (R) SU(8)
3 Eg)(7) Egg)(R) Spin(16)

Table 10.1: Symmetries present after compactification of M-theory on a T™.

10.1  Ey) generalised diffeomorphisms
The smallest fundamental representation of the FEy7) group is the 56. The approach, being

similar to DFT, is based on an extended spacetime consisting of 4456 dimensions. The external
four dimensions are accompanied by 56 “internal” coordinates Y™ with M = 1,...,56 which
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10. Exceptional Field Theory

transform in the fundamental representation. The adjoint representation of the FEr) group
is 133 and so its Lie algebra has dimension 133 and generators t, with a = 1,...,133. The
exceptional group is embedded in the symplectic group FEr) C Sp(56), which implies the
existence of an invariant antisymmetric tensor w™, with M, N being fundamental indices.
This invariant tensor fulfils wMXwyx = dyM and is used to raise and lower fundamental indices;
AM = MN Ay and Ay = ANwpyy. As for the adjoint indices, they are raised and lowered
using the symmetric Cartan-Killing form Cup = (o) N (ta) M. The (to)aY are the gauge
group generators in the fundamental representation. The invariance of w™® make the (to)rn
symmetric in their fundamental indices.

The ExFT variant of the strong/weak constraints of DFT are referred to as section constraints
and are written in terms of the E7(7) generators (to)MN as well as the invariant symplectic form

wMN according to

(ta)MNﬁMaNA =0,
(ta)NoyAdNB =0,  wMNOyAONB =0,

for any fields or gauge parameters A, B. Note that the first line corresponds to the ExFT
equivalent of the weak constraint and the second line to strong constraints.

(10.1)

10.1.1 The generalised Lie derivative and E-bracket

An ExFT is uniquely determined by its bosonic gauge symmetries which consist of the gener-
alised diffeomorphisms in its coordinates (x*,Y ™). We will start by considering the internal
coordinates. As in the case of DFT, the diffeomorphisms take the form of a generalised Lie
derivative IL¢ with parameter {. The action of a generalised Lie derivative with respect to a
vector parameter £ on a vector A of weight \ is written as

5 AM = Le AM = NNy AM — 12PM (P oopeQ AN + NoweN AM
= NoNAM + (A = §)oneN AM — oM AN — 12(t*) MV (1%) pon €T A
— %wMprQE)N{PAQ ,
(10.2)
where the first line is the general form of a general Lie derivative [123] with PM ¢ being

a projector from fundamental onto adjoint indices. On the second line we have written out
explicitly the projection operator for an E7(7) tensor, which is given by

PY NP o = (ta)NM ()"

o (10.3)
= NG + HORY + (ta)na ()P — Fungw”

and satisfies PM yN; = 133. The invariant tensor wM¥ is constant so that dpw™Y = 0, and

has weight A = 0. With a gauge transformation of a tensor with n fundamental indices the Lie
derivative of eq. (10.2) is generalised by having n projectors. Since w™?¥ is antisymmetric in its
indices and the projector is symmetric in its top and bottom indices, we have that

LewMYN =0, (10.4)

This also implies that w can lower indices in the ordinary covariant manner as Ay = wy yAN.
Given the form of eq. (10.2), there are some choices of gauge parameters ¢ which make the
Lie derivative vanish as a consequence of the section constraints of eq. (10.1). Hence they do
not generate a gauge transformation. These ’trivial’ gauge transformations must have gauge
parameters of the form

M= tYMNonX,, or M =uMNoyx | (10.5)
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10.1.  Ey(7) generalised diffeomorphisms

for arbitrary fields X, X. There is also another type of trivial parameter more general than eq.
(10.5). This type is defined by
M= MN Xy (10.6)

with X being a field which satisfies the same section constraints as the dj; do in eq. (10.1),
i.e. combinations like

(t)MNXpAONB =0,  (to)"VXyAXNB=0,  (toa)MVXyXnA=0,...

10.7
WMN X OnA =0, wMN X AONB =0, WMN Xy AXNB=0,... (10.7

The classical trivial parameter of eq. (10.5) is a special case of eq. (10.6) with Xy = OnX.
In DFT or Ege) ExFT there is no real analogue of the more general trivial parameters of eq.
(10.6). The reason for including them is that they will come in useful when checking the Jacobi
identity later.

Moving on to the gauge algebra generated by eq. (10.2), the gauge transformations close
according to

(06,5 0¢,] = Ole, o » (10.8)
where the so-called E-bracket [, -|g is given by
(€1, &l = 265 ONEN + 12(ta) N (%) poehope] — 1M Pwndp(5ER) - (10.9)

The last term in this expression is of the trivial form of eq. (10.6), i.e. it can be written
prﬁp(wNQgévf?) - prﬁp(wNQ)ﬁévﬁ? which indeed vanishes by eq. (10.7) according to the
section constraint in eq. (10.1). There is however reason to keep this term, as will become
apparent soon. Before checking that the E-bracket satisfies the Jacobi-identity, it is useful to
introduce some notation, namely a Dorfman type product for vectors of weight 1/2;
(VoM = LyWM = vNoyWM — WNoNVM —12(t, )MV (t%) poon VEW?
— %wMprQaNVPWQ
= [V.WIg —6(t*) "V on((ta) W V)
+ LMo (VNP + WNopV @) |

(10.10)

The last term on the second line in eq. (10.10) can not be written as a total derivative as
opposed to the DFT (and Fgg)) case. It is however of a trivial form like in eq. (10.7) which
vanishes due to section constraints. The same applies more clearly for the —6(t*)M¥ term in
eq. (10.10) above. Hence these extra terms generate trivial gauge transformations and so

Lvow = Liyw)y - (10.11)

The Dorfman product of eq. (10.10) is also antisymmetric and can be shown to fulfil a Leibniz-
like identity, so that for each property we have that

VoW -—WoM =V, Wi, (10.12)

Uo(VoW)=UoV)oW+Vo(UoW). (10.13)

By the first identity [V1, Va]g = [Vj1, Vy]E, and so using both these identities we have that the

Jacobi identity is not closed;

(Vi V2, Vale) g = [Via, Va o Vgl = (Vi 0 (Va0 Vi) = (Vig 0 V) 0 V)
= 5((Vin o Va) o Vg + Vg o (Vi 0 V) — (Vig 0 V3) o V)
=—3Vo(VaoVy),

(10.14)
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10. Exceptional Field Theory

where we used the antisymmetric properties of the indices in the last step. From eq. (10.10) we
also identify another expression as

[V, [Va, Vailel g = [V, Ve o V|, = Vi o (Va 0 V) + 6(t%)MN O ((ta) po[Va, VAIEVL)

(10.15)
— 10PNV op Ve, VAIE + [Va, Vil 0p VA7) |
and so comparing this expression with eq. (10.14) we have that
3[Vi, V2, Vglely, = 6(t") 0 ((ta) pa Ve, VAIEVY®) (10.16)

— J0MPung(ViNop[Va, VIR + [Va, VAIR 0pV/) .

Defining the Jacobiator, i.e. the failure of the E-bracket to fulfil the Jacobi-identity, as J =
3[[Vi, Valg, Vap, |y = —=3[Vin, [Va, Vy)JE] g, We have that

J = =5tV on((ta) polVa, VAIEVY® + cyel)

(10.17)
+ %WMPWNQ(VlNaP[V% V3]CE2 + [Va, ‘@]galeQ + cycl.)

writing out the total antisymmetrisation.

Now, having seen the action of the generalised Lie derivative on vectors with fundamental
indices, we turn to the ones within the adjoint representation. With an adjoint vector V,, of
weight A, the projector in eq. (10.2) is replaced with structure constants fog” of E7(7) so that

8eVe = ENONVi + 121057 (17) 0 0pEV,, + AOPETV,, (10.18)

10.1.2 Covariant derivatives

Since the gauge transformations introduced in the previous section depend on both external and
internal indices, constructing covariant external derivatives will therefore require an associated
gauge connection AHM . Covariantising in the usual manner we then have

8, = Dy=08,—La, . (10.19)
Acting on a vector BM | we have by eq. (10.2) that
D,BY = 0,BM — ATonBY + (5 — NN A BM + oy A BY
+12(t)MN (%) poon Al B9 + $0MNwpgoy Al BY (10.20)
= D,B" — XoyABY

introducing D,, for later use. Requiring that the covariant derivative transforms covariantly, i.e.
L¢(D,BM) = 6D, Le¢ BM, enables us to obtain the gauge variation of 4, as

6 AM = 0,eM + NoyAM — oneM AN
+ 12(ta)MN(ta)anN§PAMQ + %WMNWPQaprAMQ
= DM — SN AN
=DM,

(10.21)

which shows that the gauge parameter ¢M is a vector of weight 1/2. As for the corresponding
field strength

F/WM = 28[/M4u]]\4 - [Auv Al/]g[

(10.22)
= 205, 4™ = 241,V on A M — (12(ta) M7 (%) g — 3™ Pwng) AN OpA?

166



10.2. Covariant Ey7) exceptional field theory

it has gauge transformations of the general form
¢ Fu™ = 2Dy, 0¢ AM — On AN 0e Ay ™ — 12(ta)MP (%) noOp (AN 6: AL 9)

— %WMPCUQN (A[MNap(SgAV]Q — 8PA[MN(S§AV]Q) .

(10.23)

The field strength is however not covariant under gauge transformations in the same manner
as A,M in eq. (10.21). The non-covariance of the field strength is a consequence of the failure
of the E-bracket to fulfil the Jacobi-identity, i.e. J # 0 in eq. (10.17). In order to construct a
covariant FWM it is customary to add a term to it, namely

f,uz/M = F,uuM - 12(ta)MNaNBuua ) (10'24)

where B, is a 2-form in the adjoint representation. The hope is that the transformation
properties of this field may render .FWM covariant under gauge transformations. It turns out,

however, that this addition will not be enough. While this works for the g case [121], the

wMPuwgn terms in eq. (10.23) will not be absorbed by the transformation properties of By,

and so another term must be added to compensate for this. The result is obtained [120] as
-Fp,z/M = F,uzzM - 12(ta)MNaNB,uya - %WMNB;WN ) (1025)

where the B, v is of the form eq. (10.6), and hence constrained in the same sense as XN in eq.
(10.7). With this new form the general gauge transformation of .FWM becomes

6£‘FMVM = QD[u(szy]M — 12(ta)MN8N ((ta)pQA[uP(szy]Q + 5§B,u1/a) (10.26)
— %WMP (wNQ(A[MNﬁp(SgA,,]Q — 8PA[MN(5§AV}Q) + (5§Blﬂ,p) .
Defining the ¢ B, and d¢ By, p such that
A¢Buva = (ta) Po A" 0¢ 400 + 6 Buva = (ta) o€ Fu?
Ang/P = WNQ [A[“Nap(sgAy]Q — 8PA[#N5£A1,]Q] + 5§Bu,}p (10.27)
= _WPQ[‘FMVP(?M{Q - anMfuuQ] )

we may use these expressions, eq. (10.21) and the fact that ]LFW§M = lwagM to find the
covariant transformation

SeFu™ = OnFuMeN — 12PM NP 00pe9F, N + LaneN FL M (10.28)

Hence the field strength also transforms as a vector of weight 1/2. The ABs will come in useful
later. As in the case of the previous section we have that F, WM and FWM differ by terms that
are trivial under gauge transformations, hence L.y, = Lz,,. The Bianchi identity is given by

3D[u~7:up]M = _12(ta)MNaNHuypa - %WMN’H“ypN > (1029)

where the 3-form field strengths H are defined by this equation up to terms that vanish under
the action of (t*)MN9y.

10.2 Covariant Fy;) exceptional field theory

The action of the Er;) ExFT is proposed to be

S = / dat dYFe( R+ &g DMV D, Mary = EMun P M Fu N + e Liop = V(g Mary) )
(10.30)
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10. Exceptional Field Theory

with e denoting the vielbein determinant. The form of this action is similar to the ones of gauged
N = 8 supergravities in 4D [124]. In this section we will discuss the ingoing terms of this action.
The ExFT field content is

{euav AuM7 B,u,you BMVM 3 MMN} 5 (1031)
and the gauge fields fulfil the self-duality relation
‘FMVM = _%eeuypawMNMNP‘FpUP ) (1032)

which upon dropping the internal indices is known from D = 11 supergravity reduction to 4D.
The ExFT construction will reproduce the 11D supergravity dynamics of these fields.

10.2.1 Kinetic and topological terms

The 4D vielbein e,* is a scalar-density under gauge transformations with weight A = 1/2, and
hence the action of a covariant derivative on it leaves us with

Dye,” = e, — e, AN — Loy A, Me, (10.33)
The Einstein-Hilbert term in eq. (10.30) is
Lrpy=eR = eea“eb”f%w,“b = ee e’ (Rw,ab + .FWMe“”OMePb) , (10.34)

and has the property of being Lorentz invariant. RW“b is the curvature written in terms of the
spin connection, where the ingoing derivative takes the form of eq. (10.33). The additional term
]-"WM e“paMepb in the above action is due to the non-commutivity of the covariant derivative
D,,. This results in that the corresponding covariant Riemann tensor does not transform as a
tensor under local Lorentz transformations 5501#‘”’ = Dufab, and the addition above has been
shown [125] to compensate for this. Under internal generalised diffeomorphisms it transforms
as a density of weight 1 with the vielbein determinant contributing with 2 and the inverted
vielbeins with —1/2 each.

Both the scalar and Yang-Mills kinetic terms include M sy, which is a symmetric 56 x 56
matrix describing the coset space Er7)/SU(8) parametrised by the scalars of the theory. The
inverse matrix is obtained as usual with the fundamental indices being raised with the Fr
invariant form w™¥
kinetic part

, ie. MMN — wMPwNQ/\/po. The covariant derivatives in the scalar

Lscalar = ﬁegMVDuMMNDVMMN ) (1035)

is given by eq. (10.20) for which the matrix My transforms as a tensor of weigth A = 0.
Further detM sy = 1 and with e having weight 2 and g"” having —1 the total weight of the
scalar action (10.35) is 1, as required by gauge invariance.
The covariant field strengths F#*M transforms by eq. (10.28) as vectors of weight 1/2, and
so the Yang-Mills term
»CYM = —%GMMNF”VMfMVN N (10.36)

also have the required weight of 1. The field equations from this term are of second order, for
all 56 vector fields A,*. This is resolved with the first order self-duality relation in eq. (10.32)
which leaves us with 28 independent propagating fields.

Moving on to the topological terms, they exist as a countermeasure to eq. (10.36), so that it
does not yield inconsistent field equations. It is useful to build the term as a 5D boundary term
of a manifestly gauge invariant form as

Siop = — & /Z & / SV T FMDFor = [ dta / Y Lo (10.37)
5 5
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10.2. Covariant Ey7) exceptional field theory

The gauge transformation of Ly, is given by
0¢Liop = —Letpo [5514#1” Dy Fport + Frunt (6 NONA¢Bpyo — LMV AL B,, N)] . (10.38)

with the ABs defined as in eq. (10.27).

Combining the two Lagrangians Lynm and Lo, gives parts of the self-duality equation in
eq. (10.32). Namely, varying with respect to B, result in eq. (10.32) up to what vanishes
under (%)M see eq. (10.29). Varying them with respect to By, s results in eq. (10.32), but
then one also must remember that B, is constrained by eq. (10.7). In the same sense as
the democratic formulation of the type II supergravities, the actions Ly + Liop needs to be
complemented with the self-duality relation of eq. (10.32).

The second order field equations of the vector fields can be obtained by using the Bianchi
identity in eq. (10.29) and taking the exterior derivative of the self-duality equation in eq.
(10.32), which results in that

DV(GMMN]:'LWN) = *2€#Vpg(ta)MNaN/H,uupaa + %EquUHVpO'M . (10'39)

This can be contrasted with the field equations obtained by varying the Yang-Mills and topo-
logical Lagrangian of eq. (10.36) and eq. (10.37), which turn out to be

Dy (eMunF*N) = 2e(J v + Joar) — 3P Dy Forr (10.40)
where Jj is the gravitational current and Jo the matter current defined by
SaLen = J{ o AM 0Lsc = T4 pdAM (10.41)

e.g.

Ty = e Lon (eD* MNP Mygp) — L DFMELO My, (10.42)
Now, combining eq. (10.39) and eq. (10.40) we will obtain a relation between the scalar and
tensor fields as

e(J{'n + T ar) = =267 (1) N On Hopoa + 1567 Huport - (10.43)

Using eq. (10.42) in this expression and multiplying with (t*)N@y, it can be split into two
equations

—5(ta) " (eD* MEP Mpp) = 7P Hygpe -
With this we finish our discussion on the kinetic and topological terms and we proceed to the
potential term in the next section.

(10.44)

10.2.2 The potential and external diffeomorphisms

The potential in the ExFT action of eq. (10.30) consists of combinations with the internal
derivative Oy on the external g,, and scalar metric My n such that

V(9w Mun) = =5 MMN oy MPLONMpg + A MMN 9 MPLOgMup — 9" Ot g OnMMY
— MM G 901 G0 9" On Gy — T MMV 01 g ON G
(10.45)
where each coefficient has been determined by ¢M gauge invariance. This is shown more explicitly
in [121] for the FEg(6) case which works analogously. However in the next we will briefly describe
how this comes about. An external derivative djy which acts on a Ey 7y scalar s adds a density

169



10. Exceptional Field Theory

weight —1/2. It will transform under gauge transformations as d¢(9ars) = Lg(Ops) with A =
—1/2, where the gauge variation of the single scalar is d¢s = &M9ys. In the same manner
the My have weight zero, and so dyyMpg has weight —1/2. In the action the potential
term is multiplied with the vierbein determinant of weight 2, and so should be combined with
other products of weight —1/2 to give the total weight of 1 in the action as required by gauge
invariance. However, unlike the partial derivative of a scalar, 9M can contain terms that are not
covariant. Hence there is need for an explicit check of covariance for each of the terms. Starting
with the first one, we have that since M~19M have values in the Lie algebra, the projector will
work as an identity operator: IPMNPQMQRGSMPR = MME9s My r. Hence, calculating the
variation of eq. (10.2), the result is

55(—4%/\/1MN8MMPQ8NMPQ) = e@MﬁprMMQMRNaQMpR , (10.46)
up to boundary terms. The second term is calculated in the same manner, for which we have
e (3MMNOMPCOGMyp) = —ednOnE” MMEMEN G Mpr
+ e onE Op MMY + ey OnEN Op MM
— 12ed OnET (1) (t0) prMES MMT 95 Mg
— %€3M(9N§PwQNwPRMRSMMTasMTQ
= —edpONEE MMCMEN 9o Mpr
+ eaMaprapMMN + eaMaNgNap./\/lMP .

(10.47)

The terms on the third and fourth line vanish because of the section constraint. Namely, the
current term (jg)™ g = MMT9gMrg on the third line is Lie algebra valued so we may expand
it in terms of ¢, and then contract the adjoint indices according to

2(j5)M o (1)@ = 2(j5)B(ts)M o (t*)VP = (js)® faa () MV (10.48)

Then the term on the third line will be contracted with 9y;0n¢F which by the first section
constraint in eq. (10.1) vanishes. In a similar manner the current term on the fourth line in
eq. (10.47) is contracted with 0yOnEF after w@N raises one of the current indices, which then
also vanishes by the section constraint. As for the surviving three terms, the first one clearly
cancels with the one in eq. (10.46), and the two last ones can be shown straightforwardly to
cancel against the resulting variations of the three last potential terms in eq. (10.45). This then
proves the full gauge invariance of the potential.

We end this section by a final note on external diffeomorphisms. While the various terms in
the ExFT action of eq. (10.30) are determined by the internal ¢ generalised diffeomorphisms,
its relative coefficients are determined by the external generalised diffeomorphisms with param-
eter ¢(* = (#(x,Y). The theory is manifestly gauge invariant for ¢* = (#(z), i.e. Y-independent
parameters, the gauge transformations of the Lie algebra valued vectors with general external
parameters are given by

ocen” = C"Dye,” + Due”
5CMMN = (M'DHMMN , (10.49)
¢ Ay = C"Fuu™ + MMN g, 0N ¢

This is the general form of covariantised diffeomorphism apart from the M term addition in
6CA#M . As for the 2-form tensors we have

ACBWa = CPHWW )

W A (10.50)
ACB;U/M = Cp/HuupM + 2€€mfp0'g Dp(ngaMC ) )
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The second term in A¢B,,, 5 is non-covariant but required as to make the equations of motions
of the theory gauge invariant. By the definition of the field strength in eq. (10.25), the variations
of eq. (10.49) and eq. (10.50) results in that

8¢ Fuw = LeFu™ 4+ 2Dy MMN g, — 6(t) MY H i pa ) On CP

(10.51)
QMMND[#(gV}p&VC”) — equpUgUTwMNDp(gT)\aNf)\) )

with L, = (?D, being the standard transformation under covariantised diffeomorphisms. This
expression can be rewritten using the self-duality relation of eq. (10.44) and assuming an on-shell
condition so that the current terms are positive, we have

5(.7'—W,M = KC}—AW + 2D[M(MMNgV]p0NCp) — ee#,,pgwMNMNpD[p(MpRgo}’\ORQ) . (10.52)

From this we can see that when calculating the variation of the self-duality relation in eq.
(10.32), the non-covariant terms of the variation of F,,,* will vanish, which leaves us with

5c(Fu™ + Seeupo™ N My pFP) = Lo(Fu™ + Seeupo™N My pFror) . (10.53)

Hence the self-duality relation in eq. (10.32) is also duality covariant. This also confirms that
the extra terms in the second variation of eq. (10.50) are necessary for this covariance. The
exact form of eq. (10.44) relating the scalars and tensors is needed to fix the coefficients in the
ExFT action of eq. (10.30).

10.3 Embedding of M-theory and type IIB supergravity

Having discussed the covariant E7(7y ExXF'T theory, it remains to see how the D = 11 and type
IIB supergravities fit into it. The embedding of M-theory and type IIB supergravity theories
in exceptional field theory corresponds to two different solutions to the section condition. The
fact that there are only two solutions can be seen from the Fr dynkin diagram. The solution of
the section constraint relates to different splitting of coordinates under two different maximal
subgroups of Er).

Starting with D = 11 supergravity, the relevant maximal subgroup in question is GL(7) C
E7(7), under which the E7(7) fundamental representation decomposes according to

56 — 713+ 271+1 +21_1+ 7,3 , (1054)

where the subscripts are the GL(1) weights in the sense that GL(7) = SL(7) x GL(1). Barred
numbers correspond to conjugate representations. The corresponding internal coordinate split-
ting is then defined as

YM S y™ 4 Yn + Y™+ Y (10.55)

for each representation, where the m,n = 1,...,7 label the vector representations of GL(7)
and the double indices are antisymmetric: y™ = ylmnl 4 = Yimn)- As for the adjoint
representation, it decomposes according to

133 — 7+4 + 3542 + 19 + 480 + 35 o0+ T_4. (10.56)

mn

Considering (t,)™", its weight should be 3 + 3 according to the corresponding indices in eq.
(10.55), but from eq. (10.56) we see that there is no representation with GL(1) weight +6, and
therefore we must have that

(ta)™ =0 (10.57)
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This also means that the section constraint in eq. (10.1) is trivially fulfilled for all derivatives
Om. Hence, we may truncate the coordinate dependence of Y™ to only include the coordinates
of the 743, i.e. we may choose

YM oy, 0™ =0, O —0, 9" —0. (10.58)

By doing so all fields will depend on the seven coordinates as ¢(z*, YM) — ¢(a*,y™), for
instance B, is kept but B,,"", B,ymn and B,,™ are set to zero. The AuM is split in the
same manner as eq. (10.55) and B, as eq. (10.56). In D = 11 supergravity the scalar matrix
is parametrised with the group valued vielbein V as My = (VW) 1w, where

mnpqrst

V) = €910 Yyt (v o emnarsteay (10.59)
Here the {(g) is are the generators of the 1o and 48 representations in eq. (10.56), V7 is an
element of the SL(7) subgroup, the ¢ is a generator of the 35,2 and similarly the ¢4 term is
associated to the 7,4 representation. Keeping only the positively graded terms can be thought
of as a gauge choice.

Choosing an explicit representation of the (t,)as in terms of SL(7) invariant tensors, split-
ting the coordinates and fields in accordance with eq. (10.55) and eq. (10.56) and truncating
the coordinates according to eq. (10.58), the field equations can be mapped into the ones of su-
pergravity. To do this some redefinitions of the 3-form and 6-form fields of D = 11 supergravity
are required, but we will not go into the specifics here, merely illustrate how the decomposition
of the fundamental representation can give the coordinate reduction needed. In [126] this is
done explicitly for the Eg(g) case, resulting in the full action.

For the type IIB solution we have that the relevant maximal subgroup is GL(6) x SL(2) C
E7(7y. The decomposition of the fundamental and adjoint representation under this subgroup is

56 — (67 1)+2 + (67 2)+1 + (207 1)0 + (67 2)—1 + (67 1)—2 )
133 — (1,2)43 + (15,1) 40 + (15,2) 41 + (35 4+ 1,1)g + (15,2) 1 + (15,1) 2 + (1,2)_3 ,
(10.60)
where the left-hand side in each parenthesis corresponds to the GL(6) representation decompo-
sition and the right-hand side to the one for SL(2). As before the subscript is the GL(1) weight,

as it acts like a scaling factor to the maximal subgroup. As before the coordinate split is
yM - ym + Ymm + Ymnp + ymm + Ym - (1061)

Here m,n,p =1,...,6 mark the fundamental representations of GL(6) and m = 1,2 the funda-
mental representation of SL(2). Coordinates and fields are again antisymmetric in their internal
indices; Ymnp = Ypmnp)- 1t is clear that as before there is no (¢*)™" in the decomposed adjoint
representation, and so the same argument as before allows us to keep 9, and let ™™, ™" O,
and 0™ go to zero as well as the associated fields.
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Calabi-Yau Structures in Exceptional
Generalised Geometry

There is a natural extended geometry in which supersymmetry for a generic flux background
corresponds to integrable and globally defined G-structures. In chapter 4 we studied flux back-
grounds using complex generalised geometry, where the central object is the generalised tan-
gent bundle TM @ T*M admitting an O(6,6) metric. We saw that the symplectic form J
and holomorphic form Q could be generalised to a pair of O(6,6) pure spinors ®* defining an
SO(3,3) C O(6, 6) structure, although their compatibility conditions JAQ = 0 and J3 = 3:QAQ
implied the structure to be SU(3) x SU(3). With only NSNS fluxes, the supersymmetry varia-
tions result in the conditions d®* = 0, called integrability conditions. Admitting RR fluxes was
shown to partially break this integrability. This language is convenient in classifying backgrounds
and has other applications related for instance to the AdS/CFT correspondence, marginal de-
formations of conformal field theories and holography. The NSNS fluxes were incorporated, or
"geometrised”, in the O(6,6) pure spinor formalism. In this chapter we will consider Eq) % R*
or exceptional generalised geometry which incorporates both NSNS and RR fluxes and provides
an extension to M-theory. A lot of the analysis will be built upon the fine paper [127].

11.1 Generalising the Calabi-Yau structure

As we know from chapter 4, a Calabi-Yau manifold admits a single covariantly constant spinor
under the action of the subgroup SU(3) of Spin(6) ~ SU(4). The two corresponding invariants
are the symplectic (1,1)-form J and holomorphic (3,0)-form €, which satisfy the compatibility
conditions

JAQ=0, J=3I0AQ. (11.1)

If the internal manifold had an integrable torsion-free SU(3)-structure, the invariant forms
satisfy dJ = d2 = 0, which is also equal to the supersymmetry conditions without fluxes.
Individually the 2-form J is in fact invariant under Sp(6,R) C GL(6,R) and the 3-form 2
under SL(3,C) C GL(6,R), so the structure groups embed according to

GL(6,R) D> Sp(6,R) for J
U U . (11.2)
SL(3,C) for @ D SU(3) for {J,Q}

When extending this result to include the B field and dilaton, we saw that complex generalised
geometry effectively describes this using the bispinors ®*. They can also be defined as &+ =
e~ (B+d)e™ and &~ = ie~ (B2 and fulfil the compatibility or consistency conditions

(T, 07) = (0,07 (T V-0 )=(dT V- &) =0, (11.3)

for all sections V =&+ A € I'(TM & T*M) of the complex generalised tangent bundle. The
Clifford action is defined as V - ®* = VAT 4o+ = L§<I>jE + AA ®*. The scalar product, or Mukai
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11. Calabi-Yau Structures in Exceptional Generalised Geometry

pairing, is defined as
(@,0) => (-2, A v, (11.4)
2
with @, labelling the p-form component of ®. The integrability conditions were shown to read

de* =0, (11.5)

which defined a generalised Calabi-Yau metric. Using this formalism and turning on RR fluxes
we saw that the supersymmetry variations in terms of pure spinors then broke integrability.
Central to complex generalised geometry is the generalised tangent bundle T'M & T* M, which
admits an O(6,6) metric n. The pure spinors ®* are separately invariant under two different
groups SU(3,3)+ but together they define a SU(3) x SU(3)-structure;

0(6,6) x Rt > SU(3,3), for &+
U U . (11.6)
SU(3,3)_ for = > SU(3) x SU(3) for {®+, &}

It is now natural to ask how complex generalised geometry is in turn generalised to also include
RR fluxes, and in the next section we will describe the structures of exceptional generalised
geometry that generalise the structures in eq. (11.2) and eq. (11.6).

11.2  Er7) x RT-structures

In our analysis of the exceptional structures we will describe the structure group dynamics as
well as the generalised tangent bundle which admits an action of the exceptional group.

11.2.1 Generalised G-structures

In ordinary differential geometry the typical structure group of the tangent bundle T'M of a
d-dimensional manifold M is GL(d,R). If there exists a G-structure it means that the structure
group reduces to a subgroup G of GL(d,R). A G-structure on a manifold is also equivalent to
it admitting globally defined tensors or spinors that are invariant under the group action of G.
In generalised geometry one considers an extended tangent bundle that admits the action of a
larger group than GL(d,R). The factor R™ encodes what is called the trombone symmetry,
which can be thought of as the supergravity equivalent of the conformal rescaling symmetry in
relativity. In complex generalised geometry we have considered the extended tangent bundle
E = TM & T*M that admits the action of the group O(d,d) x R*. In what is known as
exceptional generalised geometry the tangent bundle is extended further, as will be specified in
section 11.2.2, and the admitted group is Er(7) x R*. In 4D N = 2 backgrounds there are two
generalised G-structures known as the

hypermultiplet structure J, , G = Spin*(12) , (11.7)
vector multiplet structure K, G = Ep(9) '

where Spin*(12) is the double cover of SO*(12) which in turn is a particular real form of the Lie
algebra so(12,C). The index o = 1,2 is a fundamental SL(2,R) index and Eg (o) is the quasi-
split form of Eg. These will from now on be referred to as the H and V structure respectively.
Together they can be defined as an exceptional Calabi-Yau structure given that their common
stabiliser group! is Spin*(12) N Eg9) = SU(6), i.e. G = SU(6) for {Ju, K}. We can now write

1Given an action of a group on some space, and say a point, then the stabiliser group of that point is the
subgroup whose action leaves the point fixed, or invariant.
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E ‘ Gframe ‘ Ghyper ‘ @hyper ‘ Gvector ‘ @vector
M GL(6) Sp(6,R) | J | SL(3,C) | ©
TM & T M 0(6,6) x R* | SU3,3); | ®% | SU®3,3)_| &
TMOT MOANTM&...| ExnxRE | Spin*(12) | Ja Eo) K

Table 11.1: Tangent bundles E in ordinary, complex generalised and exceptional generalised
geometry for type IIB supergravity. The group Ggame acts on the (generalised) frame bundle,
the objects Onyper and Oyector are invariant under the action of the reduced structure groups
Ghyper and Glector Of the corresponding hyper- and vector multiplet structures. Note that the
choice of IIB (rather than ITA) is only relevant for exceptional generalised geometry.

the corresponding embeddings for the exceptional Calabi-Yau metric as

Erxy xRY D Spin*(12) for J,
U U . (11.8)
E6(2) for K D SU(G) for {Ja, K}

This then generalises the embeddings of eq. (11.2) and eq. (11.6) as well as the symplectic and
complex structures on Calabi-Yau manifolds. This is summarised in table 11.1 for the case of
the IIB tangent bundle and hyper- and vector multiplet structures. For IIA the tangent bundle
is slightly different and the generalising situation is opposite; the H structure generalises the
symplectic structure J and pure spinor ®*, and the V structure generalises € and ®~.

11.2.2  Er7 x R" generalised geometry

The generalised geometry of Fjg) X R describes structures on its generalised tangent bundle
E, which admits an action of the Ey) group. The generalised tangent bundle is built from the
decomposition of the coordinate representation, which corresponds to the fundamental repre-
sentation, under different subgroups. For D = 11 supergravity one uses the decomposition of
the 56 under GL(7,R);

56 - 7+7+21+21, (11.9)

where each term corresponds to a vector, 1-form, 2-form and 5-form respectively. Hence for
D = 11 supergravity on a (d < 7)-dimensional manifold the generalised tangent bundle is

Eyx~ TM @ A*T*M @ A°T*M & (T*M @ ATT*M) | (11.10)

where A* denotes the space of k-forms. In type II theory on a (d — 1)-dimensional manifold M
one decomposes the fundamental form under the subgroup GL(d — 1) x SL(2), which makes the
generalised tangent bundle take the form

Enc~TM&T M & ATT*M & AST*M & (T*M @ AST*M) | (11.11)

where A* labels the space of even/odd-degree forms for type ITA/IIB respectively. The type
ITA is a direct dimensional reduction of the D = 11 case, see details in Appendix B of [128],
however in this chapter we choose to focus mainly on the type IIB theory. Both generalised
tangent bundles of eq. (11.10) and eq. (11.11) are Ey4 x R* vector bundles which for d = 7
transform in the fundamental 561 representation, the subscript 1 denoting the R* weight. For
type IIB the generalised tangent bundle can be rewritten in a way which shows the SL(2,R)
symmetry as

Eup~TM ®&T*M & (T*M & AN3T*M & AST*M) & AST*M @& (T*M @ AST* M)

\ . . (11.12)
~TM & (T*M ® S) & A*T*M & (A°T*M ® S) & (T*M @ AST*M)
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having expanded A~T*M in odd forms and S is an R? bundle which transforms as a doublet of
SL(2,IR). In this formalism, generalised tensors are defined to be sections of the vector bundles
associated with different Ey(q) X R representations. The sections V' of the IIB bundle in eq.
(11.12) can be written as

V=v+X+p+to +71, (11.13)

where each term is a section of a bundle component; v € T(TM), X' € T(T*M ®S), p € A3T*M,
o € T(AST*M ® S) and 7 € T(T*M ® A®T*M). Another bundle that will be used later is the
generalised adjoint bundle created from the decomposition of the adjoint representation under
the appropriate subgroup. The frame bundle F is an Eqa) x R principal bundle constructed
from frames of E. The adjoint bundle adF is then a generalised frame bundle that is associated

to the adjoint representation of Ejg) X R*. The adjoint representation decomposes under
GL(d,R) according to

133 51948370 7® 35935, (11.14)

to which the corresponding adjoint tangent bundle is given by
adF ~ R @ (T*M @ TM) & A*T*M & A°T*M @& A>TM @& ASTM . (11.15)
In type IIB we have that

adF ~R @ (RO ATM @ A°T*M) @ [(TM @ T*M) ® A*T*M & A*TM] & (AYTM @ ATT*M)
~RE(TMRT*M)® (S®S5*)0® (S®A*TM) @ (S®A*T*M) ® ATM @ A*T*M

O (S ®ATM) @ (S ®AT*M) ,

(11.16)
where (S ® S*)p denotes the traceless part. The type IIA adjoint bundle reads as the first line of
eq. (11.16) but with A~ — A™. In d = 7 this bundle transforms in the 1¢ + 1330 representation
of Erepy X R™, where the singlet term is the one generating the R™ action. The sections of this
adjoint bundle can be written

R=l+r+a+pf +B +y+C+a'+a, (11.17)

where as l}sual l € R", r e I(TM @ T*M), etc. The adjoint action of the adjoint section
R € T'(adF') on the tangent section V' € I'(E) is defined as V' = R -V, where each component
of V! =o' + Nt + p + 0" + 7/ is given by

vV=lw+r-v+yip+ eijﬁi_:)\j + eijozi_:aj ,

Ne=IN 47 N 4 a' )N — Lol +vaB + Blap —alur
p=lp+r-p+viC+ eijﬁi_naj + eij)\i A B 4+ ~ar (11.18)
o't :loi—i-r-ai—kaijaj —CAN+pAB + Biar+viat,
T,:lT+T-T+€ijj)\i/\C~Lj7jp/\07€ijj0'i/\Bj.
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In turn, the adjoint action of R on another adjoint section R’ is defined as the commutator
R" = [R, R'], whose components are

"= L(y2C —+'120) + 1€;;(B'2B” — B"1B7) + 3¢;5(a’0a7 — o' La) |
= (ror' =1 1) + e (i B — jB" 1jBY) — {1ei;(B¥2BY — B LBY)
+ (j72iC" = j7' 5§ C) = §1(72C" — ' 10)
+ € (ja’sja’? — jol yjal) — ej(alna — o' Lal)

a//ij _ (a, cad —d - a)ij + ij<5iJB/k: o IB/i_‘Bk) o %yjekl(,BkJB/l _ B/k_nBl)

+ ejp(alna™ — /@) — 16t e (of a"t — o L) | (11.19)
"= -B"=r"BY)Y+(a-p' —d - B) - (yaB" —v1B") — (a'2C" — " .C) , '
B" = (r-B"—¢ -B) 4+ (a-B —d-B)'+ (B2C" — p".C) — (yad —4'2a") ,
V' =y =1 y) i A BT + el LBY — /LB
C" =(r-C" —7v"-C)—e;B"ANBY + ¢;;(8'2a" — ") ,
o = (ol 1’ ad) 4 (a0l — ) — (F Ay~ A9
"= (r-a"—r-a)+(a-d —d-a)+(B'ANC'"-B"NC).

The generalised tangent bundle is defined together with some patching rules. For the overlap of
two local covers U,y NUg) of M, a generalised vector or section V' € ['(E) is patched by

Vig) = e Mon T8hen) Ly (11.20)

where A’('a 3) and A(aﬁ) are a local 1-form and 3-form respectively and - denotes the adjoint action
defined in eq. (11.18). The twisted and untwisted structures are then related according to

V=eBTCV | R=BHCReBC (11.21)

where the corresponding 3-form and 5-form field strengths are defined as

%
F'=dB', F=dC—-3}e;F'AB'; B'= (122) : (11.22)
2

and the B field is written as an SL(2,R) doublet so that F! = dBy = H and F? = F3 = dCs,
i.e. the usual IIB supergravity fields. Comparing the action of eq. (11.20) with eq. (11.21), one

has that

BEQ) - BEIB) + dAZ(CYﬂ) ’ ) (11 23)
Clay = C(g) + dA(ag) + g€ij dA{o) A Blg) -

While the potentials are defined locally, their corresponding fields strengths are globally well-
defined.

The generalised Lie derivative in exceptional generalised geometry takes the form
Ly V' = VNONV™M — (0 xq V)M VN | (11.24)

similar to the O(d, d) generalised case. The derivative operator dyr = (O, 0, . ..,0) is embedded
in the 1-form component of the dual generalised tangent bundle E* via the map T*M — E*.
The x,q denotes a projection to the adjoint according to

Xad ! B* @ E — adF . (11.25)
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The projection operator part in eq. (11.24) acts on a section according to
OXaaV=0®v+d\ +dp+do’, (11.26)

and so 0 Xaq V € F(adl*:'). As such, the last term in eq. (11.24) can be expanded using the
adjoint action in eq. (11.18). The generalised Lie derivative acting on a generalised vector V' is
then ‘ ‘ ‘ )
Ly V' = L0 + (LA — 0 dX') + (Lop" — v dp + €5 AN A XY)

+ (Lyo" = 1y do® +dp AN —dN A ) (11.27)

+ (Lo — €ig N Ada? + jp' Adp + €550 AdN)
the £ denoting the ordinary Lie derivative. Similarly, the Lie derivative acting on a section of
the adjoint tangent bundle is given by

LyR = (Lol + 372dp + 1€ 2dN + 2607 1do?)
+ (Lyr +jw’ dp — 31vadp + €558 0j AN — 1€ 8'5dN + 550 1j do? — 3150 1 do?)
+ (Lpa +6UBZ_| d\ — 5i'eklﬁk_| d\! + €’ ' do® — 752 JERIOY _nda)
L8 —y1dX\ — alLdp)
L,B" +r-d\ +a'jdN + B'Ldp — yado?)
oY+ ejal adN)
L,C+71-dp+e;dN' A B+ €8 1do?)

+(
(
(
(£
(
(Loa) 4+ (L&' + 7 - do' 4+ a'jdo? — AN AC + B Adp) .

N
N
n
n
N

(11.28)

The hypermultiplet structure. In ordinary geometry the reduction of the structure group
to a subgroup G, i.e. a G-structure, provides an elegant way to describe geometries that preserve
some amount of supersymmetry. We saw this in chapter 4 with the reduction SU(3) ~ SO(4) C
SO(6). In the exceptional generalised case we again search for invariants of reduced structures,
but this time for subgroups of E7(7). As usual, the G-structure invariants correspond to singlets
after having decomposed FE7(7y representations under a subgroup G.

Starting by considering the adjoint representation 133 of Ey), a subgroup is for instance
SU(2) x Spin*(12) C Ey(7) under which the adjoint representation decomposes as

133 — (1,66) + (2,32) + (3,1) . (11.29)

The hypermultiplet structure is defined as the three tensors invariant under Spin*(12) which
have the highest weight subalgebra of su(2), i.e. the last representation in eq. (11.29). The
H structure thus corresponds to the triplet denoted J, with a = 1,2, 3, and transforms in the
1331 representation of Er(7) X R, hence realising a Spin*(12) C Er7y X R*-structure. They
are sections of the weighted adjoint bundle

Jo € T(adF @ (detT*M)Y?) | (11.30)

where a = 1,2,3 label the Spin*(12) invariant triplet. Further, the hypermultiplet structure
satisfies the su(2) algebra
[Ja, J8) = 2K€qpydy (11.31)

where the commutator is the commutator of the adjoint representation defined in eq. (11.19),
and x € I'((detT*M)/?). The norm of the J,s are calculated using the Killing form, which for
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€4+1(d+1) is given generally as

tr(R, R') = %[;—dtr(r)tr(r’) + tr(rr’) + tr(aa’) +v2C' ++'2C

S o (11.32)
+ El'j(,Bz_lB,] + ﬁ’UBJ) + eij(o/_,d“ + a”_,&J)] ,
and which for the H structures reduces to
tr(Jodg) = —K20up - (11.33)

The x? is the Eq41(a+1) invariant volume form, which for compactifications of the form g9 =

eQAglo_d + g4 takes the form
k= e 20D g0 (11.34)

including a dilaton dependence.

The space of all H structures is infinite, and has been proven to admit a hyper-Kéhler metric.
Since the J, at all points z € M are Spin*(12) invariant, they can be seen to span a homogenous
space Ere7y x RY/Spin*(12). Out of this space one can construct a fibre bundle Zy = F/G
as the quotient of the generalised frame bundle F and structure group G = Spin*(12). An H
structure is then a section of this bundle, and E77) x R /Spin*(12) its fiber. The infinite space
of H structures Ay are then given by the space of smooth sections Ay = I'(Zp).

The vector multiplet structure. There is also another type of G-structure admitted, the
vector multiplet structure or V structure. In this case one decomposes the fundamental repre-
sentation under Ep(9) so that

56 —27+27+2-1, (11.35)

where we find two singlets which also transform in the 56; representation of Er(7y x R*. Naming
these two singlets K and K, they are almost generic tensors except that they are required to
fulfil

q(K) >0, (11.36)

where ¢ is the quartic invariant of Er 7y, which is a certain symmetric quadratic polynomial that
is preserved. The Ey(7) group can be defined as the group preserving a symplectic invariant s
and a symmetric quartic invariant ¢ whose explicit form will not be necessary here. The second
singlet K can be defined in terms of the first one K according to
N 2
S(V, K) = (V. K K K) (11.37)

VK, K, K, K)

for some V € I'(E). The invariant tensors K and K are often combined to form the complex
object

X =K +ik , (11.38)

which will be used later. The vector multiplet is defined by a section of the generalised tangent
bundle, i.e.
KeTl(F). (11.39)

Analogous to the H structure, the V structure K|, at point & € M stabilises a point in the
homogeneous space Fr7) X R* /Eg(2)- AV structure is then a section of the fibre bundle
Zy = F /G with G = FEg(), and the infinite-dimensional space of V structures is given by
Ay =T'(Zy) which it turns out admits a rigid special Kéahler metric.
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11.3 Exceptional Calabi-Yau structures

Having introduced generalised structures that give extensions to the symplectic and complex
structures of Calabi-Yau manifolds for generic flux solutions, we now turn to the constraints
they must fulfil in order to describe a supersymmetric background.

The compatibility conditions between the invariant tensors ensure that their structure groups
have the overlap SU(6) = Spin*(12)N Eg(9). An exceptional Calabi-Yau structure is an SU(6) C
Eq7 7y % R structure. As such, the H and V structures are required to fulfil

Jo- X =0,  tr(Jads) = —24/q(K)6as , (11.40)

where in the first condition one uses the adjoint - action on 56 x 133 — 56 as defined in eq.
(11.19). They are equivalent to requiring

Je-X =0, 1s(X,X) =k, (11.41)

where s(X, X) denotes the symplectic invariant which can be written in terms of the generalised
tangent bundle section of eq. (11.13) according to

s(V, V') = -1 [(LUT, —tyT) Feij (N AT = N AT — p A p’} . (11.42)

Next, we will see how the familiar Calabi-Yau and generalised Calabi-Yau structures can be
incorporated into this formalism.

11.3.1 Embedding of type IIB Calabi-Yau structures

As familiar the Calabi-Yau admits a covariantly constant spinor 7 defining an SU(3) C Spin(6) ~
SU (4)-structure, or equivalently it admits the 2-form J and 3-form €2 which should be compat-
ible. Choosing a frame {e“} on the metric of M we may set the invariant forms to be

J=el? 43 4% and Q= (el +ie?) A (e3 +iet) A (e +ief) | (11.43)

in a short notation with €™ = ™ A €. It is clear that these forms fulfil the compatibility
conditions of eq. (11.1) by construction. The almost complex structure of M is then as familiar
obtained by raising one index of the symplectic 2-form;

Iy = —J", = L™ — Q™00) . and I9,Qgnp = i Qnp - (11.44)

In terms of G-structures each of the two invariant forms J and €2 define Sp(6, R)- and SL(3, C)-
structures respectively. The compatibility conditions imply their common subgroup to be
Sp(6,R)NSL(3,C) = SU(3).

In terms of exceptional generalised geometry, the H structure is defined as the symplectic
form J. The decomposition of the adjoint bundle is as in eq. (11.16) and the H structure triplet
Jq is defined in [127] according to

Jy = 2/mJ 22f<m gt 4 13ikn CTINT AT+ 13 nnJ#/\J#/\J#
J_ = tkn'J + Jikn' J* — Likn T AT AT+ eal Tt A TN JF (11.45)
J3: %IQT%*%IQJ/\J%’%J#/\J# y

which we will prove to recover the familiar Calabi-Yau structures as well as their respective

compatibility conditions. Here Jy = Jy & iJo, n' = (—i,1)" € T'(S) is an SL(2,R) doublet,
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T = —ioe € T'((S ® S*)g) with oy being the second Pauli matrix and x? = volg = %J NJNAJ s
the volume form of the Calabi-Yau.
As for the V structure it is simply given as

X=Q, (11.46)

and the decomposition in tensors of the tangent bundle is as in eq. (11.12). We may now check
that these HV structures satisfy the constraints of eq. (11.31) and eq. (11.33). Starting with
the normalisation condition of eq. (11.33), we identify the components of R in eq. (11.17)

with the components of J; in eq. (11.45), where we have ' = —%irmiJ#, B! = %f@n"ﬂ],
al = %fmi,]# NJFNJTF A = %ikmiJ/\ JAJandl =r=a=~=C =0. Using the formula

in eq. (11.32), we have that for J; and J_ the Killing form becomes
t(Jy, Jo) = § e (BTaBY + B71B7) + €5(alaa + o)
= %[eij(—%inniJ#_%nﬁjJ%— %inﬁiJ#J%man)
+ e (Hrn' JEN TN T — Liknd T AT A J)
+ it JE N TE A TF S Liknd J AT A J)} (11.47)
o e (—n'nd + nind) J# |

+5 [ﬁfiy‘(—n"ﬁj +atnd)JFANTENTFIT AT A J}

= %2[%(22'+2z’) 3+ g (20 + 21) - 36] = —2x7

where we used that e;;n'n’ = —2i, J#,J =3 and J# A J# A J#.J AJ A J = 36. This verifies
the H structure normalisation condition in eq. (11.32).

Continuing with the su(2) algebra condition in eq. (11.31), we begin with the commutator
J" = [J4,J-]. The components are identified in the same manner as before and the J_ have the
same components except for the change in complex conjugation ¢ — —i, n* — n*. The resulting
J" = [J4, J-] will then have components

" = %qj (Bi_lB/j — Bli_lBj) + %62‘]' (Ozi_lfllj — Oz/i_lflj) ~ €j (niﬁj + ’I_linj) =0,
" =€ij(jF'ajB7 — jB" 1 B’) — {le; (B LB — B B7)
+€ij(jalaja? — ja yjal) — 3ej(alna@? — /@) ~ €(n'R! +n'n) =0,
a//ij _ Ejk(BiJB/k _ B’i_an) _ %y]’ﬁkl(ﬁkJBd _ ﬁ’k_nBl)
+ Ejk(ozi_@/k - O/i_ldk) — %5ij6kl(ak_|dll - O/k_ldl)
= —ir*(JT 0T + gy T NTFN TSI AT A Dejp(n'n® +a'n®) = —2irr";
B//i — 0
B//’i — 0
V' =€ A B+ eij(at B — o uBY)
= 12T N T em'nd + Sk TH N JE N TH Jei(—n'nd + aind) = —ik? J# A JF
c" = EijBi A B + Eij(ﬁin/j — ﬁli_l&j)
= LT AN Jen'n! + S5k I LT AT A Je(—n'id + atnd) = ik? T AT,
a//’i — O
a//i — O .

(11.48)
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Hence by comparing with Js in eq. (11.45), which has components a"j = %HTij, v = i/ﬁJ# A J#

and C' = —%/@J A J, it is clear that J” = —4ikJ3. This verifies the corresponding su(2) algebra
condition of eq. (11.31). The other combination that should be checked is J” = [J,, J3], and
with the same identifications used before, the components of J” become

5/&‘ _ _( 1/8)1 —I—’y,_nBi _ ai_‘C/
= 11/1271 nd J* 4 3/<52n’J# + 412/12niJ# ANJFNT = r2ntT7
B = —( . ) +ﬁ’JC —’YI_IELZ

= —2k%7nd T+ 3R TF DTN T — ik TN TF LT AN TN T = ik*n'T (11.49)
iz
7 =0,
C”—O,
O/li:—a,- )i—ﬂi/\’)/
2112/€7' nd TN TN T + an#/\J#/\J#— an#/\J#/\J#

d//i:_( .~> —|—Bl/\C,

= g2 I TN TN T = P T ANT AT = L6’ TN T AT,

using 7%;n/ = —in'. Comparing with J; in eq. (11.45), we see that indeed [J,J3] = 2ikJ,.
The equivalent applies for J_.

Proceeding to the normalisation condition in eq. (11.41) for the V structure, the symplectic
invariant in eq. (11.42) is straightforwardly calculated to

5(2,Q) =1aAQ, (11.50)

Bl

as the V structure only has one component which we identify as Q = p € T'(A3T*M) and
v =M =0 =7 =0 in the expression of eq. (11.13). Since volg = +J% = LQ A Q it is clear that
%S(Q, Q) = k2 = volg; thereby satisfying the normalisation condition.

Having checked the separate conditions on the H and V structure, the last thing to do is
to check the compatibility conditions of eq. (11.41). In doing so we use the adjoint action on
X = Q, with the same identifications of {2 and J; as before. The resulting components of the
adjoint action Q' = J; - Q are then

V=0,

Nt = —%i/ﬁniJ#JQ ,

p=0, (11.51)
= %mniﬂ/\J,

7 =0.

It is clear that J, - Q = —%i/ﬂniJ#_nQ + %H?’Liﬂ A J vanish only if
JANQ=JAQ=0, (11.52)
and as such the compatibility conditions of eq. (11.1) are recovered.

182
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11.3.2 Embedding of type II generalised Calabi-Yau structures

In this section we will see how the structures of exceptional generalised geometry incorporate
the O(d, d) generalised geometry case, which was first done in [129]. The H structure is given
by the pure spinors ®* each of which define SU (3,3)+ structures, where the minus sign applies
to the type ITA case and the plus sign to IIB. Recall again that the NSNS B field is included in
the definition of the pure spinors.

The type II tangent bundle is given in eq. (11.11), to which we define sections

Vii=v+E{+c+o+T1, (11.53)

where v is a vector v € T'(TM), € a 1-form ¢ € T(T*M), the ¢t € T'(ATT*M) is a sum of
even/odd forms, o € T'(AST*M) is a 5-form and 7 € T'(T*M ® AST*M) is a 1-form density.
Considering the decomposition of E7(7y under SL(2,R) x O(6,6), we have that the adjoint
representation becomes
133 — (3,1) + (1,66) + (2,327) . (11.54)

In the adjoint bundle, as given on the first line in eq. (11.16) and which includes both type II
theories, i.e.

adF ~ R@®[R®ATM @ AT M@ [(TM @T*M)® A*T*M & A*TM| @ [ATTM @ AFT*M]

(11.55)
the three representations in eq. (11.54) correspond to the three terms in brackets. The first term
R is the singlet (1,1) which generates the R* action. Since the general section R in eq. (11.17)
applies specifically to the type IIB adjoint bundle, we need to introduce another section of the
adjoint bundle in eq. (11.55). From the three decompositions of the adjoint representation in eq.
(11.54) corresponding to the last three bundles in eq. (11.55) we define the section p € T'(adF)
as

po=ply+ptp = (11.56)

where pf; € T(R @ ASTM @ AST*M), pp € T((TM @ T*M) & A?°T*M ® A*TM) and
w'F € T(ATTM @© ATT*M). The SL(2,R) indices i = 1,2 label the specific bundle compo-
nent according to u'y = —p?s € R, ply € AST*M and p?; € ASTM, as well as p'T = ATT*M
and p>F = ATTM. The indices A, B = 1,...,12 are the fundamental O(6,6) indices.

The pure spinors ®T lie in the u'F, i.e. they are sections;

®F € T(ATT*M) , (11.57)

which may be seen as sections of Spin(6,6) x R* spinor bundles with positive and negaitve he-
licity. The R™ factor acts by rescaling. The spinors are pure in the sense that they are invariant
under a common subgroup SU(3,3) C Spin(6,6) and satisfy the compatibility conditions of eq.
(11.3). The generalised almost complex structures J+ € I'(adF') depend on the pure spinors
according to -
(DT, TARDT)
JFAg=i—2— 2~ 1 11.58

b (e -
where T4 with A, B = 1,...,12 are the O(6,6) gamma matrices. As such it belongs to the
p? g section above, i.e. JT transforms in the (1,66) representation of eq. (11.54).

By defining a determinant bundle section

u' =3 (:'f) € T((detT*M)"? @ (R @ A°T*M)) , (11.59)
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11. Calabi-Yau Structures in Exceptional Generalised Geometry

where €;; raises and lowers indices according to e,-juj = u; and ulu; = —i /2, the H structures
can be defined as ,
J+ = Ul(b¥ 5
- iy ) (11.60)
Js = k(u'uj — u'uj) — eI T .
The almost complex structure J is given as in eq. (11.58), and the volume is
K2 = L (0%, F) . (11.61)

In order to check that these H structures work, it is necessary to check the su(2) algebra of the
H structure in eq. (11.31) and the normalisation condition in eq. (11.33). To do this we use
the adjoint action and Killing form as first given in [129] for each respective check. The adjoint
action is p = [u, ¢/] where the components are

WG = iy s 4 Se [F ) — (T )]
W' = pton®s — Won s + ey (WF T ) (11.62)
Ml/z:F — szlu/jq: _ .LL/Zij:F + %,U,ABFABM/Z:F _ %M{AB]‘—‘AB/J“’L:F )

The su(2) algebra is satisfied when [J1, J_] = —4ixJ3. The Ji consist purely of the sections
p'* = u'®F and so the adjoint action [J,.J_] must have components

W = Se [ W) — (0 )| = S (ulah —aab) (97, 0F) = S(ul; — ') (@F, 8F)
M//AB _ %eij <,ui$7FABM/j$> — %Gi]’uiﬂj <‘I):t,FAB‘i)i> _ _i' <(I)i,FAB(i)i> 7
Iu//iq: =0.
(11.63)
From eq. (11.60) we know that for J; we identify p'; = k(u'tij + @'u;) and pp = -2k JF45

and so multiplying each component with —4ix and using the form of 7745 in eq. (11.58) we
have that ‘ ‘ ‘ -
— dirJy = —4ix? (u'u; + a'uj) — (T, TA50F) . (11.64)

It is clear that this exactly corresponds to the obtained expressions in eq. (11.63). For the

second condition [J4, J3] = 2ik.J one obtains u"'; = 0, 45 =0 and
p" = T = gD T
= —k(u'a; — w'u)w ®F — I(-1)kT T Pu' DT (11.65)
= L' ®F 4+ k' ©F = 2ikJy |
where we have used that u‘u; = 0 and the property
1T T80T = 3i07 | (11.66)

To check the normalisation in eq. (11.33), we use the Killing form
tr(p, 1) = Sp'ipds + dut puBa + Seig (WF 0T (11.67)

It is clear that tr(J4, J1) = euin’ (®F, ®F) = 0 from uiu; = 0, and for tr(J4, J_) = —2k2 we
indeed have that

tr(Jy, J_) = e (W' OF, W &F) = —1 (9T, 0F) = —2x7 . (11.68)
As for J3, by eq. (11.33) it should fulfil tr(.J3, .J3) = —«2, which is proven by

tr(Jz, J3) = k2 (ult;—utuy) (w i —wu) + (- D2 TTART TP A = —1k2-3k% = —k% . (11.69)

=~
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11.3. Exceptional Calabi-Yau structures

We are now ready to proceed to the V structure, we first need to define sections of the
fundamental representation decomposed under SL(2,R) x O(6,6) according to

56 — (2,12) ¢ (1,32) . (11.70)
We may name the elements transforming in these representations
A=A E (11.71)

where A\ transforms in the (2,12) and AT transforms in the (1,32) as a 32-dimensional Weyl
spinor with positive/negative chirality +. Again the chirality depends on each type II theory as
follows: (A1, ™) for ITA and (A, p*t) for IIB. Now, the V structure can be defined as

X =t (11.72)

and its corresponding normalisation condition in eq. (11.41) is checked with the symplectic
invariant

sOLN) = 1 (emapA N8 4+ (N5 X)) (11.73)

with n4p being the O(6, 6) metric. The V structure in eq. (11.72) is then defined by the sections
M = ®F and A = 0, so the normalisation condition in eq. (11.41) becomes

1s(0F, 0F) = L (0F, 0F) = &7, (11.74)

which is expected.
Finally, the compatibility condition Jy - X in eq. (11.41) is checked using the adjoint action
on a section of the fundamental representation X' = - \ as

)\/iA — /.LZJAJA + IMABAiB + <[Li:F,FA>\i> ’
+_ 1 ABy+ iA j (11.75)
NF = 2uaBT P NT 4 € A T/ T .
With the same section identifications for Ji as before, the only remaining component is
N = (T TANE) | (11.76)
and hence the compatibility condition results in that
Ji - X =4 (@T, T4 | J_ . X =dt (&T, T4eT) | (11.77)
Hence, for the H and V structures to be compatible, we have

(®F 14e*) =0, (11.78)

which indeed recovers the compatibility equations in eq. (11.3) above and so {®*,®~} define
an SU(3) x SU(3)-structure.

11.3.3 Type IIB on Mgy x R? with RR flux

Having seen how our familiar type IIB Calabi-Yau structures and type II generalised Calabi-
Yau structures are embedded in this formalism, we now turn to our final example. While
the former example had no fluxes, and the latter NSNS flux, it is interesting to see how RR
fluxes may be incorporated on the same footing. To do so we turn to a space that can be
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11. Calabi-Yau Structures in Exceptional Generalised Geometry

written M = Mgy (2) X R?, where Mgy (9) is a 4D hyper-Kdihler space which has SU (2)-structure.
Including a warp factor and RR 5-form flux F5 we write the metric as

ds® = d&*(Mgp(2)) + e 24 (dz? + dy?)

11.79
= d8*(Msp ) + ¢+ G5, ( )

with d3?(M su(2)) being the metric on the SU(2)-structure space. This hyper-Kéhler space is
determined by three 2-forms w, and the 1-forms {; and (3. Given some frame {e®} on M we
may choose them to be

wy = et 4 e | wo = '3 — 2| wy =e'? + e, G=¢€, G =2¢5%, (11.80)

with the same short notation €™ = €™ A €™ as before. The corresponding three complex
structures are given by (I,)™, = —(wq)™n, and the volume form is given by

%wa Nwg N G NG = 5&BV016 . (11.81)
The integrability conditions for this structure are given in [127] as
d(e?¢) =0, d(e*w,) =0, dA=—-1xF;. (11.82)

With this geometry we proceed to defining the exceptional structures. As we include the
5-form RR flux we work with twisted /untwisted structures. The untwisted H structure, which
does not include any flux, is defined as

Jo = —%Kfa — %/iwa ACL A G+ %wa N Q# N Cf ) (11.83)

where now k2 = e24volg. The 5-form flux consists of the 4-form RR potential Cy and 2-form

potentials B’ like eq. (11.22) which "twists” the J, to
Jo =Bt j e B0 (11.84)
As for the V structure, we define the untwisted V structure as
X = ate (¢ —iGy) + in'e’ (C1 — iC2) A voly (11.85)

where again n’ = (—i,1)* and %wa Awg = (apvoly is the volume of Mgy (o). The present fluxes
twist the V structure to .
X =eP0X (11.86)

From this we are ready to check the compatibility condition
Jo- X ~ =i Iy (G —iCo) —in(wa ACE ACT ) S((Ci—iCa) Avoly) —in' Iy-((CL—iCa) Avoly) = 0, (11.87)

which is satisfied when I, - voly = 0 and Ci# Jwe = 0.

11.4 Integrability as vanishing of moment maps

In previous sections we have dealt with the algebraic conditions of HV structures, and we are
now to turn to differential conditions on these invariant tensors. The conditions are necessary for
the supersymmetry spinors to satisfy the supersymmetry variations, in turn preserving super-
symmetry. We have seen before that in the absence of fluxes, the vanishing of intrinsic torsion
preserved supersymmetry.
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11.4. Integrability as vanishing of moment maps

In order to define integrability conditions for the H structure one can introduce moment
maps. A moment map is a map from the symplectic manifold M to the dual of the Lie algebra
of the group acting on it, and can be viewed as a geometric generalisation of the classical
linear and angular momentum. The moment maps for the action of the group of generalised
diffeomorphisms, i.e. diffeomorphisms and form-field gauge transformations, on the infinite-
dimensional space of H structures is reasoned in [127] to be defined as

Ha(V) = —Leas, /M tr(J(Ly ) - (11.88)
The H structure J, is then said to be integrable, or torsion-free, if it fulfils
a(V) =0, YV eT'(E), (11.89)

with p, as in eq. (11.88). The integrability condition for the V structure is simpler since
K € T'(E), so we need only consider the generalised Lie derivative along K. As such, the V
structure is integrable or torsion-free when fulfilling

LxkK =0 = LxX =0, (11.90)

where again X = K + iK. This is equivalent to saying that the V structure should be invariant
under generalised diffeomorphisms generated by itself. We are now ready to describe the inte-
grability conditions for the combined HV structure, or exceptional Calabi-Yau structure, defined
by the compatible pair {J,, K}. Firstly, both J, and K should be integrable on their own, and
secondly they should satisfy the combined action

LxJo=0, (11.91)

i.e. the J, should also be invariant under generalised diffeomorphisms generated by K, K.

In the next subsection we return to the examples of the previous section 11.3, and see what
their integrability conditions look like. The integrability conditions of eqs. (11.89), (11.90),
(11.91) are satisfied in each example. In order to show this, it is convenient to first start by
rewriting the moment map of eq. (11.88) in terms of {J, J3} according to

/ r(J_(LyJs)) =0 . (11.92)
M

Extending the generalised Lie derivative to act on generalised tensors rather than just vectors
as in eq. (11.24), we have using the adjoint action in eq. (11.25) that it can be written

LyA=L,A—P-A, P=d\N+dp+do’. (11.93)

MEH

e = —i /M tr(Js(LyJy)) =0, 3 =

Here P € F(ad]*:'), the - is the adjoint action, v is the vector component of V' € I'(E) and L,
is the ordinary Lie derivative. Using this form of the Lie derivative, the moment map in eq.
(11.88) can be rewritten to

(V) = eas [ 6e(s(Lud, = [P.13])

= —%Eaﬁ,y/ tr(Jﬁﬁq)er) - 2/ K,tl'(P, JOC) )
M M

where on the second line we used the identity in eq. (11.31) and cyclicity of trace tr(A, [B,C]) =
tr(B[C, A]). Hence the moment maps of eq. (11.92) become

(11.94)

s = —i/ tr(Js, Lo J4) —1—2/ ktr(P, J4) , (11.95)
M M

13 = %/M tr(J-, Lo Jy) — 2/M Ktr(P, J3) . (11.96)
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11. Calabi-Yau Structures in Exceptional Generalised Geometry

We are now ready to check the integrability conditions in each example. Later in section 11.5,
we will show that these integrability conditions are equivalent to the existence of a generalised
torsion-free connection that is compatible with the SU(6)-structure defined by J, and K.

11.4.1 Integrability conditions on type IIB Calabi-Yau

With the general section V' € I'(E) as given in eq. (11.13), one can consider the moment maps
of each of its components since the map is linear. Given the H structure in eq. (11.45), we
identify the components of the J, as well as P in eq. (11.93) above with the components of
the general form of the adjoint section in eq. (11.17). Thereafter we calculate the components
of the moment maps using the explicit form of the Killing form in eq. (11.32). Since J3 and
J+ have components of different forms, all components of tr(Js, £,.J+) vanish. Evaluating the
second term in eq. (11.95) for the A\*-component, we get the first integrability condition

e (NY) ~ / eiirnd JF AN ~ / ein? T A J A AN ~ / e dAIANTAN =0,  (11.97)
M M M
using k% ~ J? so that k?J# ~ J A J. For the o’-component the same analysis result in that
(o) ~ / w2end JE N JE N T do ~ / eijn? ado’ =0 . (11.98)
M M

All other components vanish. As such we turn to the ps map, where it is found for the p-
component, the second term in eq. (11.96) becomes

,ug(p)w/ RZJ#/\J#_Ide/ J/\dpw/ dJAp=0. (11.99)
M M M

The last non-vanishing component is the one for v, which gives a non-vanishing contribution
from the first term in eq. (11.96), that is

13 (v) = /M R (T#SLo(RT) — Lol #)am] + wT# N T#E N TE ALy (5T AT )
= Lo(sJ* A TENTF)mT AT AT ) (11.100)
~ %/ (JATALT + LT NTAT) =0,
M

where the fourth term on the second line vanishes. With this last expression one may use the
fact that £,J = ¢, dw + dipw to integrate by parts, so that this expression vanishes if dJ = 0.
This is also required by the vanishing of most of the other moment maps above.

We now proceed to the integrability conditions of the V structure given in eq. (11.90). The
generalised Lie derivative acting on a vector as given in eq. (11.27) becomes particularly simple
with the Calabi-Yau V structure in eq. (11.46). The only non-vanishing component corresponds
to the second last term in eq. (11.27), i.e.

LxX =jQAdQ=0. (11.101)

As for the final integrability condition of eq. (11.91), using the expression for the generalised
Lie derivative acting on an adjoint section eq. (11.28), we find

LxJy ~in'J#1dQ —niJ AdQ =0, (11.102)
LxJs~ —SJ# A J#2dQ — jJ#F A J# 5 dQ+ 31T A J#.d0=0. (11.103)

As such we see that the familiar Calabi-Yau integrability conditions dJ = 0 and d€2 = 0 are
recovered, as expected.
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11.4.2 Integrability conditions of generalised type II Calabi-Yau

The generalised tangent bundle in eq. (11.11) essentially corresponds to a decomposition of
the fundamental 56 under GL(6,R) C Ey7). This embedding corresponds to the action of
diffeomorphisms on the exceptional tangent space of eq. (11.11) in the exceptional generalised
geometry [129]. The same applies to the adjoint bundle in eq. (11.55) and the decomposition of
133. There is a subgroup of the adjoint bundle consisting of the p-form elements; B € A2T* M,
B € AST*M and CF € ATT*M. Together they form an algebra [B + B + C¥, B', B + C'F| =
2(CF,C"F)+ BAC'T — B" ACT. These fields are in one-to-one correspondence with the form
fields of type II supergravity. Specifically, the B is the internal NSNS B field, the B is an internal
6-form field corresponding to the 10D dual of the external By, and CT are the odd/even RR
potentials of type ITA/IIB. The fields are also encoded in the SL(2,R) x O(6,6) decomposition
of 133 in eq. (11.54). The embedding GL(6,R) C SL(2,R) x O(6,6) C Er(7) can be shown
to break the SL(2,R) symmetry, so that its elements are described by another SL(2,R) vector
v' = (1,0). The fields B, B and CT can then be identified with the elements X in eq. (11.56) as

uij = Bvivj , B e AN*T*M |
A 0 0 D, 6k
uw'p = , B e N°T*M |, (11.104)
B 0
i =0'CF | CTeANTT*M .

When there are non-trivial field strengths of these form fields the potentials B, B and CF are
defined locally. On each patch U,y on the manifold we have

ey = ClortBe =By (11.105)

so that on U(,) N U(g the patching is given by gauge transformations

+ _
Aoy = e3S(ap) Td0(p) df(am)\(ﬂ) ) (11.106)
This implies for the potential fields on the patch that

Ba) = Bg) + d(ap) »
B(ay = B(g) + doag) + (dsog) e e CF) (11.107)

Cloy = Clay T dsap) He” EICh

which makes the field strengths Hs = dBy and F = P dCT gauge invariant. Given the section
V11 of the type II generalised tangent bundle in eq. (11.53), the twisting e~ B+B+CT implies that
P in eq. (11.94) will take the form

P = d¢ + dov'v; +v'ds™ . (11.108)

The moment maps are again evaluated term-wise. Starting with eq. (11.95), the only non-
vanishing component is the one for ¢* since J; = u'®¥. Using the Killing form in eq. (11.67),
we have that

,u+(§i) =-2 /M ktr(PJy) = — /M Kéij (v* dgi,uj<I>jF> =— /M <dqi, OT) = /M (gi,d(IfF} =0,
(11.109)

using that v'u; = x~! and partial integration in the second last step. We see that this is fulfilled
when d®F = 0. Next, the moment map for J3 = given by eq. (11.96) is evaluated term-wise.
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Starting with the vector component £ of the section P in eq. (11.108), only the second term of
w3 in eq. (11.96) remains, and again using the Killing form in eq. (11.67) it takes the form

p3(€) = —2/ wtr(P,J3) = —2/ ki dep(- DRI T = —é/ detp (0T 18 ,0F) =0 .
M M M
(11.110)
Here we have used the form of JT as in eq. (11.58) and x* as in eq. (11.61). Using the Clifford
map this expression can be written

pal€) = —3 [ (@7 Aen®T) = [ (00T, €A 87)+ (@760 D7) =0, (1L11)

where in the second step we have again used partial integration. This recovers the familiar
integrability conditions d®T = 0. For the 5-form component o we have analogously that

us(o) = —2/ wtr(dov'v;, w(uli; — wu;)) = —/ k2do(k 2 —Kk72) =0, (11.112)
M M

using that viu; = k=1, Lastly we turn to the v-component. Only the first term in eq. (11.96)
remains and becomes

1s(v) = %/Mtr(J_,EUJ+) - g/M (@ F, Lo (DT = i/M (@F, L,0F) =0,  (11.113)

using u'u; = —i/2 and partial integrating where £,(u’) = 0. With £,®F = 1, d®T + di,®T in
the above expression and partial integrating the second term we find that eq. (11.113) becomes

pa(v) = —1 /M (®F, 1, d®F) + 1 /M (dDF,1,®F) =0. (11.114)

From this we again recover the expected integrability conditions d®F = 0. As for the integrabil-
ity conditions on the V structure given in eq. (11.90) and compatibility condition in eq. (11.91),
we use the generalised Lie derivative in eq. (11.93) to satisfy both conditions simultaneously.
Since X = ®* does not have a v-component, we have that eq. (11.93) becomes

Ly=-P-A=—'dd*- - A=0, (11.115)

having identified the section ¢* = ®% in eq. (11.108). Since d®* = 0 and A can be any
generalised tensor, the conditions in eqgs. (11.90), (11.91) are satisfied.

11.4.3 Integrability conditions on Mgy (2) X R? in type IIB with RR flux

With a non-vanishing RR flux F5 we need to use the modified moment map and twisted gen-
eralised Lie derivative in eq. (11.93). The moment map is given by eq. (11.94) where we take
P as given in eq. (11.93). Starting with the p-component of P, the H structure is given in eq.
(11.83) where we identify the 4-form rw? A C# A (f as v in eq. (11.17), hence

fa(p) = —2/ ktr(R, Jo) = —/ 2w ACE AT Ldp
M M
~/ e*ws A dp (11.116)
M
~ / d(e*Awa) Ap=0,
M

again using the Killing form in eq. (11.32) and that x? = %eQAwa A wo A (1 A (2. From this
vanishing component of the moment map, we recover the integrability condition d(e*4wq) = 0
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as given in eq. (11.82). As for the 9-component the calculation of the moment map is messier as
it involves (4 F' in P as well as the first term in the moment map of eq. (11.94). One eventually
finds that

o (D) ~ /M <e2Awa A1y Fs + 2€2A6a,37 dA AN wa A tpwy A G A Cg) =0, (11.117)

which is fulfilled given dA = —%Fg,. Continuing with the V structure, from eq. (11.93) we have
that )
L¢A=-P-A=0. (11.118)

The V structure is given in eq. (11.85), and its components are identified as A! = ffe?(¢; — (o)
and 6% = in‘e?(¢; — ia) A voly where )\, & are components of a generalised vector eq. (11.13).
Hence, with the form of P in eq. (11.93), eq. (11.118) is fulfilled when

P=r'd [GA(Cl — ZC2:| +intd [GA(Cl —il2) A VOI4} + fbie’A(Cl — i) ANF5=0. (11.119)

The previously attained integrability condition can be rewritten as d(€4AV014) = 0, which sim-
plifies the second term in eq. (11.119) according to

d [e (e (G — i) A etvoly)| = d [ (e (G~ io)] Avoly (11.120)

From this the two other integrability conditions can be recovered. With d(eAQ) = 0 we see that
the first term in eq. (11.119) vanishes and the second can be written

d(e?(¢1 —i¢2) A voly) = d(e (e (¢1 — i¢2) A e*tvoly))

= —de M dA NG —iG) A etvoly (1L121)

so that eq. (11.119) becomes
—4idA N (¢ — i) Avoly + (G — i) A Fs =0 . (11.122)
This is solved with dA = —% x Fy since generally A\# _Jpvolg = p A %), and so we recover all three

integrability conditions of eq. (11.82).

11.5 Generalised intrinsic torsion

Like in the case of ordinary geometry, integrability is defined as the existence of a generalised
torsion-free connection that is compatible with the G-structure, or equivalently as the vanishing
of the generalised intrinsic torsion. A G-compatible connection is a connection that preserves
tensors that are invariant under G, i.e. that preserve the ones that define the G-structure.

A general definition of generalised intrinsic torsion was constructed in [130], which we will
formulate here. In order to define generalised intrinsic torsion, we start by defining a covariant
derivative D acting on a vector V' € I'(E) according to

Dy - VN = o VN + Ty pNVE (11.123)

with connection I'y;p" € T(E* @ adF) and 9y = (9, 0,...,0). The generalised covariant
derivative should preserve the Er(7) x R*-structure and also satisfy a Leibniz condition which
states that given a function f and V € I'(E), then

D(fV)=f(DV)+df)eV, (11.124)
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with df being the 1-form in T*M C E*. This property implies that the action of the covariant
derivative can be extended to sections of any FEgg) X R* vector bundle, i.e. to any other
generalised tensor field. The generalised torsion of the connection in the generalised derivative
is then defined in the same manner as for ordinary geometry, i.e.

T(D)-V' = LEW — Ly V', (11.125)

where V' is some generalised tensor and Ll\? is the generalised Lie derivative with respect to the
covariant derivative D rather than 0. That is, eq. (11.24) is changed to

LoV = (V-D)V' — (D x,q V) - V' . (11.126)

Denoting W C E* @ adF as the space of generalised torsions, in [131] one classified which
representations of Fyg) X R groups that appeared in W. For Ery R the torsion lies in

W C56_1®912 4, (11.127)

again with subscript denoting the R™ weight. One can also define the generalised G-structure
in terms of a principal bundle Py C F of the generalised frame bundle F. One talks of a
connection such that G is compatible with Pg, which can always be found but will in general
not be torsion-free. Given a G-compatible connection in D, any other G-compatible connection
can be written as D' = D + 3 where

Y=D'-D, Yecl(E*®adPg). (11.128)

To consider:uhe corresponding torsion of these connections, we may define a map 7 such that
T: E*®adPgs; — W so that
r(X)=T-Tel (W), (11.129)

as the difference in generalised torsions of the corresponding connections. If imr7 C W is the
image of 7 that corresponds to the space of torsions contained in 7, the intrinsic torsion is
defined as the space of torsions not spanned by imT;

Wint = E . (11.130)
imr

The map im7 does in general not fill all of W. The generalised intrinsic torsion is hence defined
as the part of a torsion that can not be removed by a change ¥ of our G-compatible connection
D. As such, the presence of intrinsic torsion is an obstruction to finding a G-compatible and
torsion-free connection. In the next section this rather abstract concept will be applied to the
H and V structures in our E7(7) X R generalised geometry, which will hopefully clarify these
concepts.

11.5.1 Intrinsic torsion for hyper- and vector multiplet structures

Starting off by considering the H structure, we know that it is defined as a Spin*(12)-structure.
Decomposing the torsion representation under the SU(2) x Spin*(12) subgroup gives

W =56 +912 — 2(2,12) + (1,32) + (3,32) + (1,352) + (2, 220) . (11.131)

The space of Spin*(12)-compatible connections is constructed as the product space of the fun-
damental representation decomposed under SU(2) x Spin*(12); 56 — (2,12) + (1, 32), and the
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adjoint representation that is invariant under SU(2) which by eq. (11.29) is (1,66). As such,
we have the following representations

E* ® ad Pgpin-(12) = ((2,12) 4 (1,32)) x (1,66)

(11.132)
=(2,12) + (2,220) + (1,32) +(1,352) .

By comparing this equation with the allowed torsion representations in eq. (11.131), we see
that all representations of £* ® ad]—:’spm*(lg) also appear in W, and so the Spin*(12)-compatible
torsions must be W5Pin"(12) C (2,12)+(1,32)+(1,352)+(2,220). This corresponds to im7(X)
in eq. (11.129) above. Now taking the quotient of W and WSPin*(12) - the intrinsic torsion is
determined to

worn(12) _ (2.12) + (3,32) . (11.133)

int

To prove the connection to the moment maps, we will now show that the H structure moment
map will set constraints on the very same representations as the intrinsic torsion. With D being
Spin*(12) compatible, then by definition we must have D.J, = 0. Given the moment map in eq.
(11.94), the Lie derivative in eq. (11.93) can be re-expressed in terms of D using eq. (11.125)
and eq (11.126). The moment map then takes the form

fa = —%€apy /M te|J5((V - D)Jy = [(D xaa V), J5] = [T(V), J3])|
_ _2/ i [t0(Ta(D %aa V) + tr(JuT(V))] (11.134)

== [ R v) =2 [ e P ),
where the first term on the first line we partial integrate to get DJ, = 0 cancelling the term
on the second line. On the third line we use the fact that the choice of compatible connection
is arbitrary, so we may choose one that leaves only the intrinsic torsion. The first term on the
third line is obtained by considering the torsion of D when doing an integration by parts. The H
structure is defined as the (3,1) component under the decomposition of SU(2) x Spin*(12), and
so the moment map in eq. (11.134) can only vanish if the intrinsic torsion does not have a (3,1)
component. This must hold for all values of V', which transforms in the 56 — (2,12) + (1, 32)
representation. By eq. (11.133) the intrinsic torsion also transforms in this representation, hence

the (3,1) component of Tlifm (12)(V) vanishes if both (2,12) and (1, 32) vanish. Then it is clear
that for a Spin*(12)-structure the moment map vanishes only if the intrinsic torsion vanish.
Proceeding to the V structure, the same analysis is made for the decomposition under Egy).

The torsion representations decompose as
W=56+912=1+2-27+4+78+ 351 +c.c., (11.135)

and the space of of Eg)-compatible connections is constructed like the product space of the
fundamental representation decomposed under Eg); 56 — 1 + 27 + c.c. as in eq. (11.35) and
the adjoint representation 133 — 78. Hence the space is

E* ®adPEb<2) (14274c.c.) x 78

(11.136)
— 27+ 78+ 351+ 1728 +c.c.

which implies that W6 C 27 + 78 + 351 + c.c.. The intrinsic torsion is then what remains of
W after quoting out W6 | which is

WEe®) =1 427 + cc. . (11.137)

int
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As in the case for the H structure, we will now prove the equivalence between the V structure
integrability condition of eq. (11.90) and the existence of a torsion-free Fgy)-structure. Using
eq. (11.125) and eq. (11.126), we have that

LK =LPK —T(K) K = -T-°®(K) - K | (11.138)
where DK = 0. We know that K is a singlet under Eg;) and Lx K is a generalised vector that
transforms in the 56 — 1 + 27 + c.c. representation. In order for the above equation to equal

E
zero then the 1 + 27 + c.c. part of T}, ) must vanish. Since these are the same representations
as the intrinsic torsion in eq. (11.137), we conclude that the V structure integrability condition

Lk K =0 is equivalent to requiring a torsion-free Eg(s)-structure.

11.5.2 Intrinsic torsion for ECY structures and supersymmetry

In this section we will show the equivalence of integrability and N' = 2 supersymmetry with the
usage of generalised intrinsic torsion.

In Eyq) x R generalised geometry, a generalised metric is invariant under H,; C Eq) x
R™ transformations. In complex generalised geometry we have Hy; = O(d,d) x R which
encompasses a generalised structure group G C Hg, which in this example is G = SU(3) x SU(3).
A generalised metric can be viewed to define a Hy sub-bundle P C F of the frame bundle F,
where H, is the maximal compact subgroup of G. This is a generalisation of ordinary geometry,
where a metric can be defined as a O(d) sub-bundle of the GL(d,R) frame bundle for TM.

In d = 7 a generalised metric on a spin manifold, i.e. a manifold that admits spinors, is
invariant under the double cover of the maximal compact subgroup H;, = SU (8). Its spinors, or
fermionic degrees of freedom, will then be SU(8) representations. In [130] it was shown that the
fermion supersymmetry variations can be written in terms of an SU(8)-compatible connection
D, so that

De=0. (11.139)

The supersymmetry parameter can be seen as a section of a spinor bundle S which transforms
in the 8 representation of SU(8). The internal gravitino variation can be seen as a section
of a bundle J which transforms in the 56 of FE7), hence the supersymmetry variations will
transform in S @ J. For a single element in 8 the stabiliser group of SO(8) is SU(7), and for
two elements the stabiliser group is SU(6). This means that two supersymmetry spinors define
a global SU(6)-structure. Generally in d =7, D = 4 the structure group is SO(7 — N) with N/
being the number of supersymmetry parameters preserved. Note that this only applies for d = 7,
other values of d have different Hy as well as structure groups G, as specified in [130]. Since the
spinors define an SO(6)-structure, a SO(6)-compatible connection D can be found if De = 0,
which is also equivalent to the intrinsic torsion of the connection vanishing. This is what we
will show in this section and, as it turns out, the intrinsic torsion will be found to transform in
the very same representations as S @ J, thus showing an equivalence between vanishing intrinsic
torsion and preserved supersymmetry.

Starting with the latter, the representations of the supersymmetry variations S @ J of de-
compose under SU(2) x SU(6) according to

S@®J=8+456=(21)+2(1,6)+(2,15) + (1,20) . (11.140)

These are thus the representations in which the supersymmetry variations transform. Turning
to the torsion, a decomposition under SU(2) x SU(6) gives us

W =56 +912 = (1,1) +2(1,15) + (1,21) + (1,35) + (1,105) + 3(2,6)

+(2,20) + (2,84) + (3,1) + (3,15) + c.c. . (11.141)
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The space of SU(6)-compatible connections is formed as the product space of the fundamental
form decomposed under SU(2) x SU(6); 56 — (1,1) + (2,6) + (1,15) + c.c and the adjoint
representation that is invariant under SU(2), i.e. 133 — (1,35), so

E* ® adPsye) = ((1,1) + (2,6) + (1,15) + c.c) x (1,35)
= (1,15) + (1,21) + (1,35) + (1,105) + (1,384) + (2,6) (11.142)
+(2,84) + (2,120) +c.c. ,

and hence WSV = (1,15) 4 (1,21)+(1,35) + (1,105) 4 (2, 6) + (2,84). The intrinsic torsion
is then given by

WoVO) € (2,1) x (S + J) + c.c.

int (11.143)
=(1,1)+(3,1) +2(2,6) + (1,15) + (3,15) + (2, 20) + c.c. .
Note that the equality here holds given that there are no kernels in the map
T Kgy(e) = B ® adPgprg) = WO | (11.144)

which is checked by constructing the explicit maps, as was done thoroughly in Appendix G of
[127].

Now, decomposing the H and V structures under SU(2) x SU(6), the same analysis as above
will result in the intrinsic torsions

WwSpinT(12) _ (2,6) +(3,1) + (3,15) + c.c. ,

int

W™ = (1,1) + (2,6) + (1,15) + c.c. .

int

(11.145)

It is clear that the sum of these torsion does not equal the one in eq. (11.143), as the (2, 20)
component is missing. From this we draw the conclusion that the H and V structures being
integrable separately is not enough to ensure that there is an integrable SU(6)-structure. This
is solved by the compatibility condition LxJ, = 0. From eq. (11.125) and eq. (11.126) and
using DK = DJ, = 0 we get
LixJo = LxJo — — [TV ) -

xdo =LxJy — [T(X), o] = —[Tipy (X),Ja] =0 (11.146)
With X being a singlet and Lx.J, transforming in 133 which under decomposition of SU(6)
includes the missing component (2,20), which by this condition must vanish. This proves the
one-to-one correspondence between N' = 2 supersymmetry and vanishing intrinsic torsion of the
exceptional generalised G-structure.

As a final note we remark that while this analysis is made for a Minskowski vacuum, the same
formalism and analysis has also been applied to the AdS case, see for instance [132][133]. This
differs from our Minkowski case in that the momentum maps are non-vanishing. This formalism
has also been used in the context of AdS/CFT duality in [134], where deformations of the CFT
are compared with deformations of the H and V structures. In the next chapter we will see
how to make use of the notion of intrinsic torsion of the generalised G-structure in the context
of exceptional field theory, and see how it can be used in formulating a consistent truncation
ansatz.

195



11. Calabi-Yau Structures in Exceptional Generalised Geometry

196



12

Half-Maximal Supersymmetry in 4D from
Exceptional Field Theory

In this final chapter we will connect results from the previous chapter to Er¢;) ExFT and see
how the language of exceptional generalised G-structures can be used to construct vacua in
exceptional field theory. In particular, in [135] this is done by interpreting the G-structure in
terms of the ExF'T analogue of differential forms, and describing the intrinsic torsion in terms
of generalised tensors of the E;(7) representations. The vacua will then be defined in terms of
compatibility and integrability conditions. These can then be used when constructing consistent
truncations of exceptional field theory to 4D, or any other D > 4 background.

A lot like in the case of DFT, a consistent truncation in ExFT is also a type of generalised
Scherk-Schwarz truncation made from twist matrices which requires globally well-defined gen-
eralised frame fields. This implies that all supersymmetries are preserved in the truncation.
In attempting to construct more realistic models in the formalism of exceptional field theory
it is of interest to construct models which do not preserve all supersymmetries. Half-maximal
backgrounds were first constructed from SL(5) ExFT in [136], and used to construct consistent
truncations to half-maximal gauged supergravities in 7D. In [135] these results were extended
to half-maximal supersymmetry in D > 4 dimensions. In this chapter we discuss results of the
D =4 case.

12.1 Half-maximal G-structures in terms of generalised differ-
ential forms

When compactifying on an internal manifold, a half-maximal theory will admit a half-maximal
amount of spinors on it. In d = 7 with the group of the exceptional tangent bundle being
E7(7), we recall that the spinors transform under SU (8). The G-structure is the stabiliser group
of SU(8), which from the previous section 11.5.2 we recall as SU(8 — N), with N being the
amount of supersymmetry spinors preserved. In the half-maximal case N' = 4 we thus have
that the corresponding G-structure is Gpar = SU(4). In turn, the half-maximal commutant of
SU(4) € SU(8) is SU(4) x U(1), which happen to correspond to the R-symmetry group for
half-maximal supergravities in four dimensions.

A lot like in the previous chapter one will need constraints on the Gyai-structures in order
for the compactification on M to result in a 4D Minkowski or AdS vacuum. Again, there is no
attempt to circumvent the no-go theorems required to construct a de Sitter vacuum.

As familiar by now, the G-structures can be defined in terms of a number of nowhere vanishing
tensors which are stabilised by the group . Such generalised tensors can be thought of as
generalised differential forms which in turn can be connected to the sections of exceptional
vector bundles appearing in the tensor hierarchy of exceptional field theory. This is what is used
in [135] in order to describe the G-structures. The exceptional vector bundles R; have fibres R;
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corresponding to the representations of Er(7), where
Ry =56, Ry =133, R3 =912 (12.1)

are the representations that are used. With the three exceptional vector bundles R1, Ro and R3
which have fibres Ry, Ry and R3 respectively, a type of wedge product A is defined according to

R1/~\R1 — Ry s R1/~\R1 — Ro s
R17\R2 — Rg s R1/~\R2 — Rg s (12.2)
R1/~\5R1 — 1 s R1/~\5R1 — 1 s

where 1 is the singlet representation. For elements A1, A3 € R; and B € Rs, the wedge product
in eq. (12.2) acts like
(A1AA2)* = AM AN () i
(AjAA) = AM ANy (12.3)
(AAB)M* = (Pg12)M Ns AN BP |
where again M, N = 1,...,56 are the fundamental indices of Fr7) and a = 1,...,133 are indices

of the adjoint representation. The t* are the Er(7) generators and wy/y the symplectic invariant.
The projector IPg32 onto the R3 representation is given by

(Po12) s = 3 (—12(ts) p(t")n" + A(ta)n (¢ ™ + 335 (12.4)

using the same conventions as in chapter 10. Having introduced some notation, we turn to the
description of the Gpai-structure. In d = 7 we have

Ghair = SU(4) ~ SO(6) . (12.5)
This is embedded in the SO(6,6) group which in turn lies in E77) x R*, i.e.
Ghar = SO(6) C SO(6,6) C E7(7) xRt . (12.6)

It will prove useful to start by describing the SO(6, 6)-structures before reducing the structure
group to SO(6). A manifold with SO(6, 6)-structure admits the following:

o a scalar field k of weight 1/2 |
e a section J of the Ry bundle .

The maximal commutant of SO(6,6) C Er ) is SL(2), i.e. SL(2) is the largest subgroup whose
generators commute in Fr7) with generators of SO(6,6); [A;, B;] = 0 if A; € SO(6,6) C Er(y
and B; € SL(2) C Er(7). In constructing the section J the SL(2) commutant needs to be taken
into account, namely since SL(2) has three generators one will need to construct an SL(2) triplet
of sections on the Ro bundle. From eq. (12.1) we see that Ry is the adjoint representation of
FE7(7), and so the Rz bundle corresponds to the adjoint bundle. The SL(2) triple sections on the
bundle will single out the SO(6,6) dependence; specifically the sections are fields J;;* = R
where 7,j = 1,2 are the fundamental SL(2) indices and a the adjoint indices of E7(7). This
leaves the degrees of freedom in the SO(6, 6)-structure. Decomposing the adjoint representation
of E7(7y decompose under Er 7y — SO(6,6) x SL(2) according to

133 — (66,1) ® (32,2) @ (1,3) , (12.7)
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the sections J;; correspond to the (1, 3) representation. These SO(6, 6)-structure defining fields
should satisfy the compatibility conditions

(Jij © Tki)1539 = 0,
(Tijs Tl = =262 (€ieTyj + €506Thyi) (12.8)
tr(Jij Ti) = Jij® Teia = 126 €i.60)5

where €;; = €[;;) is the SL(2)-invariant tensor which is also used when raising and lowering SL(2)
indices and fulfils eikekj = 5; As probably has been noted by now, these J;; structures are very
similar to the H structure in the previous chapter. They respectively define SO(6,6)- and
SO*(12)-structure groups, both of which are different real forms of SO(12) and hence related by
analytic continuation. The [J;; does not extend or generalise the H structure; would one extend
N =2to N =4 the SO(6, 6)-structure does not embed the SO*(12)-structure.

Proceeding to break the structure group down to SO(6) C SO(6,6) C Er(7y X R, we first
have that the fundamental representation 56 is decomposed under SO(6,6) x SL(2) according
to

56 — (12,2) + (32/,1) . (12.9)

Decomposing the SO(6,6) — SO(6) x SO(6)r where SO(6) is our wanted structure group and
SO(6)R its R-symmetry group, the (12, 2) becomes a singlet under SO(6). That is, decomposing
under SO(6) x SO(6)g x SL(2) C SO(6,6) x SL(2) C Er(7) we have that

(12,2) = (6,1,2) & (1,6,2) . (12.10)

The vector transforming in the singlet (1,6,2) under SO(6) is named K,; where u = 1,...,6
are SO(6)r fundamental indices and i = 1,2 are the SL(2) indices. Hence there are twelve such
vectors, which can be seen to fulfil the compatibility conditions with the [J,;s according to

JuilMg =0, (12.11)
Jm'/\JUj = 5uvKij + EijJuv .
The first condition is a consequence of that under SO(6, 6) x SL(2), the J;; transform in the (1, 3)
whereas the ICy; transform in the (12,2). The second equations encodes for the decomposition
in eq. (12.10). The J;; are then seen to break the E;(7y to SO(6,6), which in turn is broken
to the SO(6) by the ICy;s. Combining the conditions in eq. (12.8) with those of eq. (12.11) we
have that
Jij = ¢K"jAJui ,
Kuo = K" Adu; (12.12)
ICuif\SICvj = *6’{'251“161']' )

i.e. so that the J;; and Ky, are actually completely determined by the KCy;s. Further the J;;
and /C,, act on the Jy; as SL(2) and SO(6)g transformations respectively, so that

Tij - Kuk = 267 €1, Kuyjy

12.13
Koo+ Kt =~ (12.13)

where the adjoint action is defined as
(T - )™ = Tig® ()M Tugen (12.14)
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12.2 Intrinsic torsion of the SO(6)-structure

Instrinsic torsion is the obstruction of having a Gpa-compatible connection, which in turn
implies a measure of supersymmetry breaking by the internal manifold. In our case, a Gpai-
compatible connection is defined as a connection of the covariant derivative D such that

DJ=DJ =DK=Dk=0. (12.15)

The corresponding torsion of this connection is given by the ExFT analogue of the ordinary
definition, namely
(L —Le)VvM =TV ype" VP (12.16)

with L¢ being the generalised Lie derivative as defined in eq. (10.2) acting on the generalised
vector field VM, ]L? is the Lie derivative with all ingoing derivatives replaced with covariant
derivative D and T is the torsion. The space of torsions W liesin W C R} ® P = 56 ® 133.

12.2.1 Intrinsic torsion of the SO(6,6)-structure

Turning to the intrinsic torsion of the SO(6)-structure, we are to first find the instrinsic torsion
of the SO(6, 6)-structure. With the same analysis as in the previous chapter, we decompose the
torsion of E;(7y under SO(6,6) x SL(2) where it has been found that

W =56®912 = (32",1)® (352/,1) ® 2(12,2) @ (220, 2) ® (32/,3) . (12.17)
The space of SO(6,6) connections is given by

Kso(6,6) = ((12,2) ® (32',1)) @ (66,1)

(12.18)
=(32',1)® (352',1) & (1728',1) & (12, 2) @ (220, 2) & (560,2) .

Out of these, only the last four representations transform in the same representations as the
torsion, as we see by comparison to eq. (12.17). Hence, the image of the torsion map im7go g 6) :
KSO(6,6) — W is

im0 = (32,1) @ (352/,1) @ (12,2) ® (220,2) . (12.19)

The subset of W that is independent of the choice of Gy.¢ is defined as the intrinsic torsion and
hence given by
W

— =(12,2)® (32/,3) . 12.20
reony (1222 (32,3) (12.:20)

ng(e‘,(s) =
Given two connections D created from two different Gy aj¢-structures, their difference D — D’ lies
in the space of compatible connections K¢, = R} ® ad(Gpair) and is tensor valued. Eq. (12.16)
then defines the torsion of this tensor. The next task is to find an expression of the intrinsic
torsion in terms of our different structures. From eq. (12.16) we see that the intrinsic torsion
is a generalised tensor that has one derivative in it which by definition is independent of the
Ghale-structure.
To find an expression of the SO(6, 6) intrinsic torsion one considers derivatives of the (J;;, k)
structure. It is natural to combine

(A7) = —12(ta)MN0NJS — MW, (12.21)

where the W;; s are three compensator fields. These were introduced in chapter 10, where given
any tensor that is a section of the Ro bundle, a covariant derivative can be constructed as in
eq. (12.21) where the compensator field W must fulfil

(ta) " Wron = MV Wiy = (ta) "Wy Wi =0 . (12.22)
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It is generally not clear how to construct an explicit compensator field associated to a completely
general tensor fulfilling eq. (12.21). However, since we have information about the triplet J;;
from its compatibility requirements in eq. (12.8), an appropriate compensator field is found in
[135] to be

Wiint = — 52 Te(* O T jya (12.23)
which makes eq. (12.21) take the form
(AT)M = =12(ta) "N ON TG + 720" T O T* o - (12.24)

12.2.2 Reduction to the intrinsic torsion of the SO(6)-structure

Turning to the intrinsic torsion of the SO(6)-structure, decomposing Er7) — SO(6) x SO(6)r x
SL(2) will give the space of torsion
W =56 ¢ 912
= (15,6,2) ®(6,15,2) @ (10,1,2) @ (10,1,2) ® (1,10,2) @ (1,10, 2) (12.25)
©2(6,1,2) ®2(1,6,2)d ... ,
where the dots are representations that only contain spinorial representations of SO(6) and will

not be needed here as they will vanish in a half-maximal background. The space of SO(6)
connections is given by

KSO(G) = ((67 17 2) S (17 61 2) D.. ) ® (157 17 1)

=(64,1,2) @ (15,6,2) @ (10,1,2) @ (10,1,2) ® (6,1,2) @ ... , (12.26)
so that the image of the torsion map becomes
im7g06) = (15,6,2) & (10,1,2) & (10,1,2) ® (6,1,2) & ... . (12.27)
Hence, the intrinsic torsion is given by
Wé%((j) = (6,15,2) ®(10,1,2) ® (10,1,2) ® (6,1,2) ® (1,6,2) @ ... . (12.28)

In constructing an explicit expression for the intrinsic torsion, one considers derivatives of the
SO(6)-structure combined with different tensors. For instance we can use the expression for
dJij in eq. (12.24). Similarly as for dJ;;, one can define a derivative of the Iy, generators of
SO(6)R such that

d/Cm,M = —12(ta)MN8N/Cm,a — %wMNOJMN’C[uiKaN’Cv]iL , (12.29)

which can be understood in the same way as for I, with the second term being a compensator
field. Further, it is convenient to label the occurring tensors transforming in the SO(6) x
SO(6)r x SL(2) representations according to

™€ (6,1,2) , Toui € (1,6,2) , (1230
Riw™ € (6,15,2) , Rowswi € (1,10,2) & (1,10,2) , '
which implies that

In order to find the possible tensorial combinations of SO(6)-structure derivatives, one begins
by combining the compatibility conditions in eq. (12.8) and eq. (12.11) with the derivatives in
eq. (12.24) and eq. (12.29) which yield

ILICM-K:vj -+ IL]CUJ.ICM' = 5uv d‘jzj -+ €ij d/Cm, . (12.32)
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We also know that the J;; can be expressed in terms of Ky;, and so L, Jjx would not be inde-
pendent of the terms in eq. (12.32). Hence, these are then the only independent combinations
of SO(6) derivatives. In terms of the representations of eq. (12.30), they are given by

AdJij = —5Ti5 - Ty — Ky Ty + - .
dKus = 262 Riuy — KR2uvwK™ — o0, " Ko + - ..
Lic,.Koj — Licy, Kui = —26RouuuiK" j) + T35 - Riuw + £Top, " Kyp, — £T0uiK)u)j

— 2H€ijT2(uk:IC,U)k — %HduvﬁijTkaka + %H(suveijl-iQTl + ...

(12.33)

However, since x2 also transforms in (6,1,2), these extra representations can be set to vanish
by assuming that L, .x? = 0. So together with the conditions in eq. (12.33), these equations
define the intrinsic torsion.

12.2.3 Half-maximal flux vacua

Having identified the intrinsic torsion of the SO(6)-structure, we know from the previous chapter
that the vanishing of the intrinsic torsion is required by a Minkowski vacuum preserving a half-
maximal amount of supersymmetries, i.e.

dTij = Auy = Lic,,, Kui = Li,,6° =0 . (12.34)

The Minkowskis vacuum is then defined by an integrable SO(6)-structure. A half-maximal
AdS,4 vacuum can be obtained in a similar manner by identifying in which representations the
supersymmetry variations transform. It turns out that in an AdS4 vacuum, only the (1,10, 2)
component will vanish, so by eq. (12.33) we must have that the defining equations are given by

dJij = L,.x* =0, (12.35)

and
dlcuv = _KRQuUwiK:Wl ) ]LICui,Cvj = _/iRquwi,ij ) (1236)
with KRoyowi = —%ewwmyz&j/@R;yzj being a constant. Since the intrinsic torsion does not

vanish completely, the above structure can be called weakly integrable.

12.3 Application in consistent truncations

When studying half-maximal consistent truncations it has proven useful to reformulate the E7)
ExFT in terms of the SO(6)-structure instead of the generalised metric. In doing so the ExFT
will have manifest N' = 4 before truncation. The scalar potential is of particular interest, and it
may be found by comparing its general form with the established 4D half-maximal supergravity,
to find that

V = =3 (3130763 — g TV T Ty (ta) M0 + § Rouwns RY™ 567 12.57)
- ﬁRluvMR?vN(ta)MNLZ‘?éij - %RquwiRnyzjeuvwzyzeij) +....
Again the ellipsis refers to the spinorial terms that vanish in the truncation.

The truncation ansatz is given by expanding all ExFT fields in terms of a background SO(6)-
structure, which is defined by sections of three bundles;

ni; €T(RY), Q4 €T(RY), TYeI(s"), (12.38)
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where as usual i, j are SL(2) indices and A =1,...,6 — N are SO(6 — N) indices. The N will
encode the number of vector multiplets in the theory. The R and S are bundles defined over
the internal space on which the truncation happens, hence they depend only on the Y™ internal
coordinates. The sections in eq. (12.38) have compatibility on their own, given by

(nij @ ngg)|1539 =0,

(g, ) = =20 (e36m0)5 + €50m01)
tr(nijngy) = 1274 (k€D > (12.39)
O4; A njr =0,

©4i ANOBj =napnij + €;OaB ,

which ensures that the background has SO(6 — N)-structure. The truncation ansatz is then
given as the expansion of the SO(6)-structure in terms of the background SO(6 — N) fields as
follows:

Tii(2,Y) = a"(x)a;! (@)nu(Y)

Kui(2,Y) = b, (@)ai (@)maj (V) | (12.40)
K(x,Y)="(Y),

G (2,Y) = G ()T (Y')

As usual the coefficients g, (), a;*(z) and b,*(z) will become scalar fields in the 4D effective
theory. The expansion of k(z,Y) does not have a scalar coefficient as it would simply be a
rescaling of Y(Y') and be independent of Y. The compatibility conditions of J;; in eq. (12.8)
and /Cy; in eq. (12.11) impose the conditions

aikajlekl = €5 , buAbvBUAB = 5uv N (12.41)

on the ingoing scalar fields. From these scalar fields one can construct combinations that are
invariant under R-symmetry, namely

7_[1] — aikajl(skl ’ Ple — b AbuB %( AB HAB) , (1242)

which will be useful later. The H% and HAP parametrise the coset spaces SL(2)/U(1) and
SO(6,N)/(SO(6) x SO(N)) respectively, which makes the scalar manifold parametrise

S0(6, N) SL(2)
50(6) x SO(N) U

This is equivalent to the scalar manifold of half-maximal gauge supergravity with N vector
multiplets. Further, in order to have a consistent truncation there are three conditions that
need to be imposed on the intrinsic torsion of the SO(6 — N)-structure. First, it should not
include any spinor representation of SO(6 — N), and secondly we should be able to expand
the intrinsic torsion in terms of a finite number of fields that define the SO(6 — N)-structure
background. The second condition implies that the vector representation of SO(6 — N) should
vanish. With these conditions the SO(6 — N) intrinsic torsion can be written on the general
form

Mcalar = (12.43)

dn;; = _WA(ifAj) )
dOnn = —fapci® — f14'Oyi
Lo, X?=0, (12.44)

Leo,,O5; = —fapci©%) + 1 (f ( @©alj) — fa@©nlj) — anB@C(ifcj))
—eij (fa(Opyi + tnapfoi07 = L f4'Op;)
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12. Half-Maximal Supersymmetry in 4D from Exceptional Field Theory

for some fields fapci; and fa;. The third requirement is that these fields are constant. The
f become the embedding tensors in the effective 4D gauged half-maximal supergravity, and
have the most general form possible. As in the DFT case, the gaugings f also have to satisfy
some quadratic constraints. In this case they will follow from the closure of the generalised
Lie derivative, which in turn is fulfilled as long as the section constraint is fulfilled by our
SO(6 — N)-structures. This implies that the quadratic constraints are satisfied automatically.
From the conditions of eq. (12.44) one can calculate the components of the intrinsic torsion
to find that '
Ty =Y2PPfi'0p ,
Towi = Y ai?b, A faj
R =07%0,0," PL“P fapp'Oci
Ryywi = T_1buAbvawCaijfABC’j )

where the other (spinorial) components vanish. Using this in the potential of eq. (12.37), as
well as the formula

(12.45)

{PleP?E(%PE‘F + PJE‘F) _ 1712HAD7_[11_%33,_[(3}7 + i/HADnBEnCF _ %TZADUBET]CF] AupcAper =0,

fulfilled by any antisymmetric tensor Aapc = A[apcy), the potential reduces to 240
V= —%T‘l [fABCifDEFjHij (lezHADHBErHCF _ iHADnBEUCF + %UADnBEnCF) .
— $fapcifppriedHAPCPEE 4 %fAifBjHiijAB} ; 47

where we have defined
4/ABCDEF _ euvwmyzbuAbvawaxDbyEsz ' (12.48)

The scalar potential in eq. (12.37) agrees with the scalar potential in half-maximal gauged
supergravity in 4D with N vector multiplets [116]. The only Y dependence is found in the
conformal factors T, which guarantees a consistent truncation [135].

Connecting this with our previously found SO(6)-structures, we have found a consistent
truncation to any half-maximal Minkowskis or AdS4 vacuum of type II or D = 11 supergravity
which only have the gravitional supermultiplet. The tensors J;; and K,; define an SO(6)-
structure, which is integrable in the Minkowski case and weakly integrable in the AdS case, can
be used in the truncation ansatz eq. (12.39) as

ni;(Y) = Ti;(Y) , Oui = Kui(Y) TY)=~r(Y). (12.49)

The components of the intrinsic torsion are then given by

dnij = ]LQM.TZ =0 s
dOyy = _’QRQM)wi@M ) (12.50)

Lo, Kuwj = —kR2uwwi®"j ,

in the AdS case, and with vanishing right-hand side for Minkowski. By comparing with eq.
(12.44) we see that this indeed fulfils the conditions to be a consistent truncations. In this case
the obtained 4D half-maximal supergravity obtained has embedding tensor fiy,wi = KR2uvwi-
With this we end our discussion on consistent truncations in ExFT. This is an ongoing field of
research. The tools regarding half-maximal G-structures has recently been used to construct
supersymmetric warped AdS; vacua of massive IIA and AdSg vacua of IIB supergravity which

include vector mutiplets [137][138]. Further, there have also been recent development in the
discussion of orbifold and orientifold planes in the context of ExFT [139].
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13

Conclusions and Outlook

The principal aim of this thesis was to study flux backgrounds. It is clear that the area of flux
compactifications in string theory is a vast and varied field that has been very fruitful.

In this thesis we have covered a large scope, introducing basic notions of supersymmetry,
Kaluza-Klein compactification and algebraic topology concepts, to explore various aspects of
flux compactifications and duality-covariant extensions of supergravity. We have seen that com-
pactifications of the two type II theories on Calabi-Yau manifolds result in effective actions with
moduli fields, and how their solutions are related via mirror symmetry. Orientifold solutions
project discrete symmetries, which mod out parts of the type II fields, and result in effective
theories with a lower amount of preserved supersymmetry. Including a non-vanishing expecta-
tion values of the type II fields, i.e. flux, in the compactification, some moduli can be stabilised.
In most cases the fluxes are not enough to stabilise all moduli, although there are examples
of type ITA with all moduli fixed, for example on the orientifold T°/(Zy ® Zs). Further, the
inclusion of fluxes breaks supersymmetry partially or completely in a stable way which in turn
generates warp factors that are used in finding large hierarchies of scales. Quantum corrections
can be introduced to fix remaining moduli, however their incorporation is not always under
theoretical control and is still a current area of research. Non-geometric compactifications are
available but their geometrical interpretation is not always understood, and they are by this
reason often neglected. Though vast progress has been made, it remains to be seen whether a de
Sitter vacuum can be constructed using quantum corrections and if the underlying difficulties
largely come from computational hardness or an underlying reason.

When considering moduli stabilisation by fluxes, their back-reaction on the geometry of the
internal manifold is usually neglected, since all non-trivial flux backgrounds are manifolds with
torsion. This is however neatly formulated in complex generalised geometry, which is a differ-
ential geometric description of the allowed internal manifolds where the back-reaction to the
fluxes is taken to account by unifying complex and symplectic geometry. This provides a simple
but powerful geometrical formulation of supersymmetric string backgrounds. In this formula-
tion bosonic degrees of freedom are "geometrised” in the way that they are packaged into a
generalised metric which is equivalent to a G-structure on the generalised tangent bundle. A
geometrical interpretation of generic flux backgrounds in both type II and D = 11 supergravity
with Minkowski spacetime was constructed using the language of E7(7) x R generalised geome-
try. Integrability of the G-structure is then defined as the existence of a generalised torsion-free
connection that is compatible with the G-structure, which is equivalent to the vanishing of the
generalised intrinsic torsion. The integrability was then shown to be in one-to-one correspon-
dence with the Killing spinor equations, due to the fact that G is the stabiliser group of N
Killing spinors. This defines what is called exceptional Calabi-Yau spaces, incorporating the
usual compatibility conditions found in both ordinary and complex generalised geometry.

In the final chapter we studied half-maximal supersymmetric backgrounds in ExFT in 4D
using the formalism of exceptional generalised G-structures. These backgrounds admitted glob-
ally defined nowhere vanishing tensors that are viewed as the ExFT analogue of differential
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forms, where the intrinsic torsion of Gpa-structures could be written in terms of derivatives of
these tensors. Using them, integrability or weak integrability conditions could be written down,
implying a 4D half-maximal warped Minkowski or AdS vacuum.

The exceptional Calabi-Yau backgrounds, as well as their corresponding AdS solutions de-
scribed by exceptional Sasaki-Einstein structures, both preserve N/ = 2 supersymmetry. AdS
backgrounds with A/ = 1 have been described in exceptional generalised geometry [140]. Maxi-
mally symmetric backgrounds are described by parallelisations in both exceptional generalised
geometry and ExFT. We have seen descriptions of half-maximal backgrounds in ExF'T, though
the corresponding picture in exceptional generalised geometry remains to be seen. A natural
extension for future work is then to find a description of supergravity flux backgrounds in terms
of both exceptional generalised geometry and ExFT preserving any amount of supersymmetry.
The ultimate goal should be a classification of all supersymmetric backgrounds. Such a clas-
sification should also provide information on new examples of consistent truncations. Further,
when structures preserving different amounts of supersymmetry are identified, the next task
should be to classify them and find a coherent structure which describes them.

Further, these areas are also relevant in holography, field theory and pure mathematics as it
covers various fields of algebraic geometry and topology as well as group theory. A fun thought
regarding the recent developments in describing orientifold planes in ExFT, circumventing no-go
theorems, is that it would be interesting to see if a de Sitter vacuum in ExFT could be con-
structed. It remains to be seen what the U-duality covariant approach of ExFT and exceptional
generalised geometry might reveal, so that maybe one could better understand the geometrical
nature of dualities in string theory. As such, generalised geometry and ExFT in this context are
well-worth further studies.
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A

Notation and Conventions

We gather some conventions used in this text even though they should be stated when used.
Some clash of notation between chapters is unavoidable but their mening should be clear from
statement and context.

o ¢ = h =1 and when factors of o’ are not explicitly stated we take 2ra’ = 1.

o The following index notation is used:

(e]

(e]

(e]

- p,v,...=0,...,3 are external spacetime indices,

- m,n...=4,...,9 are real internal space indices,

- M,N,...=0,...,9 label all spacetime coordinates,

-4, 4,...=1,2,3,%,7,... = 1,2,3 are holomorphic internal indices, though in chapter
9 4, 7 label all doubled coordinates, and in chapter 11 ¢, j,... = 1,2 are fundamental

SL(2,R) indices.

The wedge products and contractions are as defined in Appendix B, i.e.

C (AN APt = DR Alprepn glPnst-uy

(ANA) = ) Ay pn AL
PlePngn/ = “aln/T M P1-Pn g1 Dy

- (ASAPE Pt = L APl Prnt AL 0 n' <n,

— 1 "
+ (AaA)p,.. P = AT A:n “GnP1ePpl —p n<n,
- (GAGAYG = Gt )Alp1 P Ay
. / — !
: (JAvA)p,pl---pd = (n— 1)'(d+1 n)! Ap[m -Pn— lAp .pd]”

A x denotes the Hodge operator, whose dimensionality is given by context if not explicitly
named %19, *g, etc.

The superscript (10) of the 10D flux field strength F(19) is not to be confused with the
superscripts denoting specific SU(3) representations, i.e. F @), F@W FO) or F®) as used
in chapter 4 and Appendix C.

In a decomposition of 10D gamma matrices '™ = (T*, T™) = (" ® 1,75 ® 4™) we have
Y11 = Y57 where v5 = ﬁewp,\vw’))‘ and v7 = — g €mnpgrsY™ P,

A slash is defined by F,, = %Fpl,,,prpl"'PN where TP1--Pn = 1P EN]
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B

Mathematical Preliminaries

In this appendix we collect some definitions and results in order to be self-contained. More
rigorous definitions and explanations are for example found in [141][142].

B.1 Differential forms

In the generalisation from differentials to differential forms, as well as the associated vector
calculus, three new operators will come to use: the wedge product, the exterior derivative, and
the Hodge dual.

Definition: wedge product. The wedge product is an antisymmetrised tensor product. It
is defined as to give differential elements the proper sign. For instance in 3D we have

dr ANdy = —dy Adx .
This automatically gives the right orientation of a surface. A volume element becomes
V=dxAdyAndz,

which changes sign if any pair of the basis elements are switched. This is an example of a
differential form, more precisely a volume form, which is a 3-form. There are other types of
forms, such as a line integrand:

Agdr + Aydy + A.dz

and a surface integrand:
Ade Ndy + Aydz Ade + Apdy Adz .

Line elements are 1-forms and surface elements are 2-forms and O-forms are functions. In more
than 3D there is a generalisation to p-forms, where p ranges from zero to the dimension D of
the space. The wedge product is associative and obeys the usual distributive laws. The wedge
product of a p-form with a g-form is a (p + ¢)-form.

Definition: exterior derivative. The exterior derivative d is an operator which when applied
to a p-form gives an (p + 1)-form. Consider a 1-form A = A;dz?, we define

dA = d4; A da’
= (9;A;da?) A da’
= @Aidxj A dz
=1(0;4; - 9 Aj)dx? Adat (B.1)
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since the product dz’ A dz’ is antisymmetric. Now suppose we are in 3D and we consider a
2-form expressed as

S=AdeANdy + Aydz Adx + Ady Adz .
Applying the exterior derivative gives us

dS =dA, Adz Ady +dAy ANdz Ade 4 dA, Ady Adz
= 0. A, dz ANdx Ndy + 0yAydy Ndz Ada + 0, Axdx Ady Adz
= (0yAy + OyAy + 0, Az)dx ANdy Adz (B.2)

so we see that the exterior derivative can produce the divergences for the corresponding form
fields. For a general p-form field A, = ﬁAmmup dz#t A ... Adat?, the exterior derivative is
defined as

1
dA,=dANA4,= E&,AM_“%dx” AdzH AL A datr

1
= Ea[VAﬂlmﬂp]de AdzPt AL Adatr

resulting in a (p + 1)-form. An important property that follows from this definition is that the
exterior derivative is nilpotent, i.e. d*> = 0. This can be shown by applying d? to a 0-form;

ddAg =d ((;AO dx “)
B 9% Ao
- Qztox
=0,

dz* A da”

which vanishes as the wedge product is antisymmetric and the double derivative is symmetric
in its indices. A p-form is called closed if it satisfies

dA, =0, (B.3)

and exact if
Ap=dA,_1, (B.4)

given that the (p — 1)-form A,_; is globally well-defined. A p-form may be written as eq. (B.4)
locally but not globally, so a closed p-form need not be exact, but an exact p-form is always
closed. A p-form A, is said to be co-ezact if A, = dl A1 ;.

Definition: Hodge dual. Taking the curl of the forms in eq. (B.1) and eq. (B.2) corresponds
to turning the 2-form into a 1-form and the 3-form into a 0-form respectively. To accomplish this
one introduces the Hodge dual, or star, operator; . In our examples with Cartesian coordinates
we have that

*(dz ANdy) =dz

*(dy Ndz) =

*(dz Adx) =
*(d:L‘/\dy/\dz) = 1 .
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In Cartesian coordinates the Hodge dual is its own inverse, so that +x = 1. The Hodge operator
acting on a p-form is defined as

eH1---HpHp+1.--Hn

where € is the Levi-Civita symbol, transforming as a tensor density, and ¢/,/g is a tensor. Thus
the Hodge operator acting on a p-form gives a (n — p)-form, with n being the dimension in
question. For a general p-form, a double Hodge dual satisfies

* (datt AL A datr) = o G APTEA LA dE™ (B.5)

*xAy = (1P (B.6)

for a Lorentzian signature and x « A, = (—1)P(""P) A, for a Euclidean. The inner product for
real p-forms is also defined using the Hodge-x operator, as

1
/Ap Nrdy= /Am,,,upAfﬂ---Hp 1, (B.7)

where x1 = d"y/—G is the n-dimensional measure.

B.2 Some homology and cohomology

Denoting the space of closed p-forms on a compact manifold M as C(p)(M ), and the space of
exact p-forms as Z®) (M), then the p'* de Rham cohomology group HP)(M) is defined as the
quotient space

HP) (M) =P (M) /2P (M) (B.8)

A quotient space Y = X/ ~ is a set of equivalence classes of elements of X where ~ is the
equivalence relation on X. For example let X = R! and # € X be a coordinate on the R! real
line. Let x ~ z 4 27 be the equivalence relation. Then the quotient space will be the sum of all
possible lines of length 27 defined to start at some point € R'. In the same way, H (p)(M ) is
the space of closed forms in which two forms which differ by an exact form will be considered
equivalent.

The dimension of our de Rham cohomology group H®) (M) is called the Betti number b.
They are topological invariants and characterise a manifold. Informally, the Betti number is the
maximum number of cuts that can be made without dividing a surface into two separate pieces,
and the k'™ Betti number by, refers to the number of k-dimensional holes on a manifold. For
example, by is the number of connected components, b; is the number of 1D holes, or "circular
holes”, by is the number of 2D cavities, or voids. The sphere (S2) is one connected component,
so bp = 1, it does not have any "circular holes” so b; = 0, it has however one cavity enclosed
within the surface, so by = 1. For a T? torus it has one connected surface component, two
circular holes; one external and one internal, and one cavity: the space embedded inside the
torus. Thus the torus has Betti numbers (bg, b1,b2) = (1,2,1). Another topological invariant is
the Fuler characteristic x, which can be expressed as an alternating sum of Betti numbers;

d
X(M) =3 (=1)'b(M) . (B.9)
1=0

The Betti numbers of a manifold does not only give the dimension of the cohomology groups,
but also the homology groups, which are defined in a similar way. Instead of using the exterior
derivative d in its definition, the analogous boundary operator ¢ is introduced. The § acts on
submanifolds of M, e.g. if N is a submanifold of M then N is its boundary. The ¢ is also
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nilpotent as the boundary of a boundary is an empty set, so 62 = 0. Linear combinations of
p-dimensional submanifolds are known as p-chains. A chain that has no boundary is called
closed, and a closed chain z, is known as a cycle, thus fulfilling

52y =0 . (B.10)

A chain that s a boundary is called exact. Thus the simplical homology group is defined in the
analogous way as the quotient space H(,)(M) of equivalence classes of p-cycles;

Hy) (M) = Cp) (M) /Z) (M) (B.11)

where C,)(M) is the space of closed chains, and Z,)(M) the space of exact chains. Thus two
p-cycles are equivalent if their only difference is a boundary. As for the Betti numbers, the
formal definition is that the k' Betti number by is the rank of the ™" homology group of a
manifold.

B.3 Harmonic forms and Hodge decomposition
The Laplace operator acting on p-forms in n-dimensional space is written
A, =dld+dd" = (d+d"H?, (B.12)

although a metric is needed to specify it. For example df = (—1)™*+"+1 % dx for a metric with
Euclidean signature, i.e. (0,n) or as df = (=1)"7" x dx for a Lorentzian signature (1,n — 1).
Minkowski space for example is Lorentzian with the signature (1,3). Generally the action of A
on some p-form A is given by

AApy oy = —V'VoAu oy — PR AY ) — %p(p = DRyl pn A ) (B.13)
where R is the Riemann tensor.
A p-form A is said to be harmonic if and only if
ApA=0. (B.14)

Harmonic p-forms are in a one to one correspondence with the elements of the cohomology group
HP(M), which can be seen by taking the scalar product

(A, AA) = (A|A]A) = (A|(dTd 4+ dd")|A) = (dA|dA) + (dTA|dTA) >0, (B.15)

since (A|dfd|A) = (dA|dA). For (A, AA) = 0 then we must have dA = 0 and df4 = 0. A
p-form that satisfies dfA = 0 is said to be co-closed. In terms of the space of p-forms, Q. the
operators map according to

d:QF — QPth
- or — et
A:QP — QP

The Hodge theorem states that any p-form X, can be decomposed uniquely into a harmonic,
a (globally) exact, and a co-exact piece;

X, =A,+dBy_1 +d1Cpy1 , (B.16)

212



B.4. Manifolds

where AA,, = 0. This is known as Hodge decomposition. When X, is closed, then we must have
Cpt1 = 0, since
dX, = dA, +d’By_; +dd'Cp1 =dd'Cpi1 =0,

where dA, = 0 since A, is harmonic, dQBp_l = 0 since d?> = 0, thus forcing Cpt1 = 0. If
X, is closed then it must also have the same cohomology class as A, having the same form.
Each cohomology class therefore has precisely one harmonic form, which one can take to be a
representative of the corresponding cohomology class. Thus the space of harmonic p-forms is
isomorphic to the p'* cohomology;

0P

harm

~ H®) (M) . (B.17)

B.4 Manifolds

A manifold is a topological space which locally looks like R™, but not necessarily so globally.
In this section we will list some of the appearing types of manifolds in this document.

Definition: complex manifold. The complex manifold of dimension n is a topological space
M with a holomorphic map. A complex function f = f; + ifs is said to be holomorphic if it
satisfies the Cauchy-Riemann relations for each complex coordinate 2% = z® +iy*, a =1,...,n;

O0h _0fr O0fr _ Of
oxe  Oy* ' Ox° oy

(B.18)

We let 2% be local complex coordinates with complex-conjugates z%. A complex manifold admits
a tensor J,* which has one covariant and one contravariant index (a respectively b). With our
complex coordinates, the tensor components take the values

=it , Jb=—ist, Jb=Jt=0. (B.19)

These tensors are invariant under a holomorphic change of variables, so they describe a globally
well-defined tensor J.

When given a real manifold with D = 2n dimensions and wishing to determine whether the
manifold is really complex, the first requirement is the existence of an almost complex structure,
which is a tensor that satisfies

I TP = =6t (B.20)

which is preserved under a smooth change of coordinates. The second condition is of course that
the almost complex structure is really a complex structure. This property is determined by the
vanishing of the Nijenhuis tensor:

NP .. = quﬁ[qJn]p — ana[qu]p =0. (B.21)

When eq. (B.21) is satisfied, it is possible to have complex coordinates on the manifold an so
that J takes values as in eq. (B.19) with holomorphic mappings.

On a complex manifold a (p, g)-form can be defined with the complex coordinates, so that it
has p holomorphic indices, and ¢ antiholomorphic ones;

1

Ay g = —
Psq p|q|

wroanbd, G2 A A A AL AdE (B.22)
In this formulation, the exterior derivative can be decomposed into an holomorphic and anti-
holomorphic part, so that

a9 — aa —&a

(B.23)
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The new holomorphic and antiholomorphic derivatives are called Dolbeault operators, and map
(p, ¢)-forms to (p+1, g)-forms and (p, ¢+ 1)-forms respectively. They are nilpotent: 0% =0%=0,
and they anticommute: {9,0} = 0.

Definition: Hermitian manifold. A Hermitian manifold is a special case of the complex
Riemannian manifold. In terms of the complex coordinates introduced earlier on the complex
manifold, the Riemannian metric can be written as

ds? = g dz®dzb + 9,5 42" Azt + gap dz® dzb + gpdz® dzb . (B.24)

Since ds? is real, then 9a5 must be the complex conjugate of gq,, and g ; the complex conjugate
of gap. Now, a Hermitian manifold has metric condition

9ab = gz5 =0 . (B.25)

These conditions are globally well-defined as they are invariant under holomorphic changes of
variables.

The Dolbeault operators defined earlier form the Dolbeault cohomology group H5(M) on
a Hermitian manifold M, in the same way we have seen for the de Rahm cohomology group. It
consists of equivalence classes of d-closed (p, ¢)-forms, where two such forms are equivalent only

if they differ with an exact d-exact (p, ¢)-form. The dimension of H (,%p ’Q)(M ) is called the Hodge

number hP? (to be compared with the Betti number).

Definition: Kahler manifold. The Kéahler manifold is defined as a Hermitian manifold on
which the so-called Kdhler form J;

J =g dz® AdzP (B.26)

is closed:
dJ =0. (B.27)

The Kahler form actually comes from the complex structure we saw defined on the complex
manifold, which on a Hermitian metric can be turned into a (1, 1)-form, the Kéhler form, defined
as in eq. (B.26). The metric on Kéhler manifolds satisfies Jqgpe = Opgac and 0ug;. = Opgac, SO

locally it applies that

o 0
o (s 5 B.2
9ab = Ha agblc(z’ z), (B.28)

where IC known as the Kdhler potential is a real-valued function. This allows the Kéhler form

of eq. (B.26) to be rewritten as
J =i00K . (B.29)

In the overlap of different coordinate charts, Kahler potentials may be related with additions of
arbitrary holomorphic and antiholomorphic functions f(z) and f(Zz);

K(z,2) = K(z,2) + f(2) + J(2) . (B.30)

However they will still lead to the same metric. On Kéhler manifolds the different cohomology
groups, based on d, 9 and 9, are identical:

Hg)’q)(M) _ H{()P,q)(M) = HPI (M) . (B.31)
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This can be seen as the various Laplacians become identical. As a consequence, the Hodge and
Betti numbers are related via

k
b= hlPk=r) (B.32)
p=0

If A is some (p, ¢)-form on a Kéhler manifold of dimension n, then the complex conjugate form
A* is a (g, p)-form. Therefore we have that

R0 = plep) (B.33)
on a Kéhler. In a similar sense, xA is a (n — p,n — ¢q)-form, so we have that

h(nfp,nfq) — h(qu) . (B34)

Definition: first Chern class. The Ricci tensor on a hermitan manifold has, in local complex
coordinates, only mixed components that are non-vanishing. One can therefore define a (1,1)-
form known as the Ricci form, as

R =iR,;dz" Adz" . (B.35)

On a Hermitian manifold the exterior derivative of the Ricci form is proportional to the torsion.
Since dJ = 0 on a Kéhler manifold, the torsion vanishes, so the Ricci form must also be closed
dR = 0. Because of this, the Ricci form is a representative belonging to the cohomology class
HYY(M). This class is known as the first Chern class

1
o

[R] . (B.36)

1

Definition: symplectic manifold. A symplectic manifold (M, w) is a manifold M equipped
with a non-degenerate closed 2-form w, known as a symplectic form. In local coordinates ™ on
M we have that

W = W (z) dz™ Adz" | dw=0. (B.37)

The condition of being non-degenerate means that the symplectic form is invertible, i.e. one can
define an inverse w™" such that

W™y =6y (B.38)

Since any invertible antisymmetric matrix has an even number of rows and columns, symplectic
manifolds must therefore be of real and even dimension. This is equivalent to requiring that the
n'™ wedge product is nowhere vanishing;

W'=wAWwA...ANw#0, (B.39)

or that the determinant of the symplectic matrix is non-zero; detw,, # 0. An example of a
symplectic manifold is R?". Since we may write R?” = R" x R", with coordinates z’ and y;
on each product space respectively, the 2-form is given by w = dz’ A dy;. This 2-form is clearly
globally defined on R?", closed, and non-degenerate. As a matrix it can be written

W = Wy dz™ A da” = <_(]]ln 1()”) . (B.40)
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Definition: Calabi-Yau manifold. A Calabi-Yau n-fold is a compact Kéhler manifold with
vanishing first Chern class. A Calabi-Yau manifold admits a Kéhler metric with SU(n) holon-
omy. In turn, a manifold with SU(n) holonomy admits a covariantly constant spinor field,
which results in the manifold being Ricci flat. This is only valid for compact manifolds. For
non-compact ones, additional boundary conditions at infinity need to be imposed. The converse
is also true. A compact Ricci flat Kéahler manifold of real dimension 2n has its holonomy group
contained in SU(n). This can be seen by considering the tangent vector V = V*9, € T,M,
which we parallel transport along an infinitesimal parallelogram of area da™" with edges that
are parallel to the vectors 0,, and 0,,. This transforms the tangent vector like

VE S VP4 6a™ Ry V. (B.41)

The matrices 6{“ +8a™ Rynp®; are infinitesimally close to being identity and are elements of the
holonomy group. For a Kéhler metric the matrices 6a™"R,,,,*; are in the Lie algebra of U(n).
Close to the identity we have that U(n) ~ SU(n) x U(1) with the U(1) being generated by the
trace

0a™ Ry = —40"" R, . (B.42)

Hence we see that for a Ricci flat manifold the U(1) part vanishes leaving us with SU(n).

Hodge numbers of the Calabi-Yau n-fold. As we have seen earlier the Betti number
b, is the dimension of the p'® de Rahm cohomology H (P)(M) of the manifold M, and are
topologically associated with the manifold. When the manifold has a metric the Betti numbers
count the number of linearly independent harmonic p-forms on the manifold.

For Kéhler manifolds the Betti numbers can be decomposed in terms of Hodge numbers as
by = Z];:o h(Pk=P)  The Hodge numbers in turn count the number of harmonic (p, ¢)-forms on
the manifold. A Calabi-Yau is characterised by the values of its Hodge numbers. Note that they
are not defined by it, as different (inequivalent) Calabi-Yaus can have the same Hodge numbers.
The Hodge numbers of a Calabi-Yau n-fold satisfy

BPO) — (n=p0) (B.43)

which follows from the fact that the spaces HP(M) are isomorphic to H" P(M). This can be
proved by contracting a closed (p, 0)-form with the complex conjugate of the holomorphic (n,0)-
form and using the metric to make a closed (0,7 — p)-form. As established earlier in eq. (B.33)
and eq. (B.34), the Hodge numbers of a Kéhler manifold also fulfil

RP9) = plap) (B.44)
pPa) — p(n—an—p) (B.45)

A compact connected complex Kéahler manifold has h%? = 1, which corresponds to the manifold
having constant functions. A simply connected manifold is a connected manifold and every path
between two points can be continuously transformed into any other such path while preserving
the two endpoints in question. For example defining a loop on a space and then contracting
into a point the point should still be on the space in question. A space is simply connected if
it is connected and has vanishing fundamental group, i.e. the first homotopy group, which holds
information about the basic shape, or holes, of a topological space. Because of this the manifold
will also have vanishing first homology group, as a direct consequence of its definition, and thus
resulting in

A0 = RO — ¢ | (B.46)
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Considering a Calabi-Yau 3-fold, which is an important case, the only Hodge numbers left to
specify are A(Y and h(31). Because of the symmetry of egs. (B.43)-(B.45), the Hodge numbers
are often displayed in a Hodge diamond, which for the case of n = 3 is given by

h(3:3) 1
K(3:2) R(2:3) 0 0
RG3.1) R(2:2) R(13) 0 R(L1) 0
1 (3.0) B2 B(1,2) p03)  — 1 R(2.1) R(2.1) 1
1 (2,0) B(L1) K(1:3) 0 L1 0
R(1,0) h(O:1) 0 0
£,(0.0) 1

where h(1:2) = h(21) according to eq. (B.44) and h(>?) = h(1D gince h(22) = p(3-23-2) = p(L.1)
according to eq. (B.45). The Euler characteristic for a Calabi-Yau 3-fold is thus given by

v = 3 (~1)Pb, = 2D — h2D) (B.47)
where the Betti numbers have been calculated using b, = Z];ZO h(P-k—p)

B.5 Fibre bundles

By introducing a chart on a manifold, a local Euclidean structure is created, enabling us to use
conventional calculus of multiple variables. A fibre bundle looks a lot like a topological space
consisting locally of a direct product of two topological spaces. For clarity we start off by having
a look at the tangent bundle, which is a specific type of fibre bundle.

Definition: tangent bundle. A tangent bundle TM over an m-dimensional manifold M is
a collection of all the tangent spaces of M;

™™ = | T,M . (B.48)
peEM

The manifold M over which T'M is defined is referred to as the base space. T, M is the tangent
space at a point p. If {U;} is an open covering of M, and = = ¢;(p) is the coordinate on U,
then an element of
TU; = |J T,M
peU;

is specified by a point p € M and a vector V = V“(p)%tﬂ € T,M. U; is homeomorphic
to an open subset ¢;(U;) of R™ and each T, M is homeomorphic to R™, so TU; is identified
with R™ x R™. By homeomorphic we mean possessing intrinsic topological equivalence. Two
objects are homeomorphic if they can be deformed into each other by a continuous, invertible
mapping. The T'U; itself is a smooth manifold whose dimension is 2m. There is a projection
7 : TU; — Uj, so that for any point u € TU;, w(u) is a a point p € U; at which the vector V is
defined. The projection 7 can also be defined globally since m(u) = p does not depend on any
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special coordinate. Thus w : TM — M can be defined globally without any reference to local
charts.

The section is an inverse map to the projection. The section s of TM is a smooth map that
maps s : M — TM and fulfil 7s = 1,,. It may also be defined locally on a chart U; such
that s; : Uy = TU;. Given two charts U; and U; such that U; N U; # @, let y* = 1)(p) be the
coordinate on U;. Now a vector V € T, M, p € U; N U; has two coordinate presentations;

0
. 7
V=V BT

-0
S VT
V By

)

p

p

so that V¥ = (dy/dx*),V*. Tn order to have a functioning coordinate system with {2}
and {y”} the matrix (G¥,) = (9y”/0z"), should be non-singular; (G",) € GL(m,R). So
that whenever we change fibre coordinates they are being rotated by an element of the group
GL(m,RR), which is known as the structure group of T M.

Definition: cotangent bundle. The cotangent bundle

"M = ] T;M , (B.49)
peEM

is defined very similarly to the tangent bundle. In this case the coordinates on a chart, or patch,
U; are given by x#. The basis of T,y M is then taken as {dz!,...,d2z™}, which is dual {9/0x}.
If y* are coordinates on U; with U; N U; # @, then the coordinates are related via

Ay — da” (gi’:)p . (B.50)
A 1-form w can then be written as
w=w, =w,dy", (B.51)
so that 9
B = G (P = ( 8:5#)?% . (B.52)

G."(p) then corresponds to the transition functions ¢;;(p). Just like the sections of tangent
bundles are vector fields, the sections of the cotangent bundle are co-vector fields, i.e. 1-forms
on M. The set of sections on T*M therefore corresponds to the set of all 1-form fields on M,
ie. D(T*M) = XM (X).

Definition: fibre bundle. A (differential) fibre bundle is defined by the elements (E, 7, M, F, G),

where

is a differentiable manifold known as the total space.
is a differentiable manifold known as the base space.

is a differentiable manifold known as the fibre.

5y < iy

is a surjection known as the projection, whose inverse image W_l(p) = F}, is called
the fibre at p.

G is a Lie group known as the structure group, which acts on F from the left.

There is a set of open coverings {U;} of M with a diffeomorphism ¢; : U; x F — 7~ 1(U;) such that
wi(p, f) = p. Here the map ¢; is called the local trivialism. A diffeomorphism is a differentiable
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map between manifolds whose inverse is also differentiable. With ¢;(p, f) = ¢; ,(f) then the map
Gip : F' — F, is a diffeomorphism. In U; N U; # @ one requires that ¢;;(p) = gb;’plgbj’p :F — Fis
an element of G. Then the smooth map ¢;; : U; N U; — G relates ¢; and ¢; by

¢i(p, tij(p)f) = ¢;(p, f) -

The maps {t;;} are known as transition functions. It applies that ¢;(p), p € U; is the identity
map, t;;(p) = tji(p)~t, p € UiNUj, and t;;(p)tjr(p) = ti(p), p € Ui NU; N U. A fibre bundle
whose transition functions all can be taken to be identity maps is called a trivial bundle. A
trivial bundle is just a direct product M x F.

The section s is defined as a smooth map from the base space to the manifold s : £ — M
and satisfies ms = 1,,. It is clear that s(p) = s|, is an element of the inverse image F,, = 7~ 1(p).

Definition: vector bundle. A vector bundle E 5 M is a fibre bundle whose fiber is a
vector space. Given a m-dimensional manifold M and fibre F = R” it is customary to call the
fibre dimension dimFE = k even though the total space is m + k-dimensional. In this case the
structure transition functions (similar to coordinate transformations between patches U;) are
elements of the structure group G = GL(k,R) as it preserves the vector operations of addition
and multiplication. Hence it maps a vector space isomorphically onto another vector space of
the same dimension. With F = R* being a real vector space the vector bundle is real, and if
rather F' = C¥, the structure group is G = GL(k,C) and one obtains complex vector bundles.

Definition: principal bundle. A principal bundle P 5 M is a fibre bundle whose fibre F'
is identical to its structure group G. It is therefore commonly called a G-bundle over M and
denoted P(M,G).

As usual the transition functions belongs to the structure group G, which then acts on the
fibre F' = G, i.e. on G itself, from the right. On a principal bundle there is also a left action
of G on P, which is a map P x G — P according to (u,g) — ug for some v € P and g € G.
It commutes with the projection according to 7(ug) = 7(u). Given an open covering U; of M,
a point p € U;, and local trivialisation ¢; : U; x G — 7~ 1(U;) such that ¢~1(u) = (p,g;) with
7(u) = p and g; € G. The right action of G on 7~ 1(U;) is then defined as

¢ ' (ug) = (p,gig) ,  ug=¢i(p,gig) - (B.53)

Hence, the right action of g translates a point on the fibre to a new point on the same fiber. In
a patch overlap we have that

ug = ¢;(p, 959) = ¢ (P, tji(p)gig) = ¢i(p, 9i9) (B.54)

and so the left action of G commutes with its right action. For two different elements uy,us €
7~1(p) there is a unique element g € G such that us = wuig, which makes the right action
transitive, and allows for a whole fibre to be constructed from an element of 7=!(p) and the
right action of G via 7~ 1(p) = {ug|g € G}. Further, the right action on G is said to be free if it
fulfils ug = g for any u = ¢;(p, g;) since g then has to be the identity element e of G.

Given a section s1(p) over U; there is a preferred local trivialisation ¢; : U; x G — 7~ 1(U;)
defined as follows. With u € 771(p) and p € U; there exists a unique element g, € G such that
u = 5i(p)gu. If one defines the local trivialisation ¢; as ¢; Y(u) = (p, gu), the section s;(p) is
given by

si(p) = ¢i(p, e) , (B'55)
for which ¢; is called the canonical local trivialisation. If p € U; N Uj, the two corresponding
sections s;(p) and s;(p) are related by the transition function ¢;;(p) according to

si(p) = ¢i(p,e) = ¢j(p, tji(p)e) = ¢j(p, tji(p)) = dj(p, €)tsi(p) = s5(P)tji(p) - (B.56)
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B.6 Holonomy groups

The holonomy group of a manifold of dimension n describes the way various objects, such as
tensors or spinors, transform under parallel transport around a closed curve. The most general
transformation of a vector for example, is rotation, which is an element of the group SO(n). For
spinors on the other hand, their corresponding transformation is an element of the group Spin(n).
A spinor € being being parallel transported in a loop undergoes some sort of transformation

e > Ue,

where U is an element of Spin(n) in the spinor representation appropriate to e. Now say that
the spinor takes two consecutive closed but different paths and returns to the same point, then
it will have transformed as

e = U Use .

Thus the U matrices build a holonomy group, usually denoted H(M). As stated earlier, the
generic holonomy group of a manifold that admits a spinor is Spin(n). However, depending on
the type of manifold, the holonomy group can be reduced to be only a subgroup of Spin(n).
Such manifolds is said to be of special holonomy. Some cases of interest in this thesis are

H(M) CU(n/2) & M is Kahler ,

) < )
H(M) C SU(n/2) & M is Calabi-Yau ,
H(M) C Sp(n/4) < M is hyper-Kéhler ,
H(M) C Sp(n/4) - Sp(1) & M is quaternionic Kahler .

where the dimension n has to be even.

B.7 (-structures on manifolds

In this section we will reuse much of the definitions of section B.5 but in a slightly different way
in order to describe G-structures and provide an alternative view of previous definitions. Let M
be a manifold of real dimension d and T'M its tangent bundle. An arbitrary vector v at some
point p € M can be written in a local basis as v = v{ e((la). This vector is defined on a chart
Uy over M, and defining an other vector from the chart Ug, the coordinates of the two vectors

are related by the local coordinate change
oy = Mag“s0(s) » (B.57)

where the transformation M, € GL(d,R). Since this is the case for an arbitrary point p € M,
the transformation matrices M, can be seen as maps from the manifold to GL(d, R);

p — Mus(p) , Mg : M — GL(d,R) . (B.58)

The transformation matrices M,g are transition functions and contain information about non-
trivial topologies in the tangent bundle. They are required to fulfil M,sMg, = M,, and
M,gMpg, = 1, which corresponds to the closure and eristence of identity axioms of a group. As
familiar the group of transition functions GL(d, R) is the structure group of the tangent bundle.

A frame bundle on M is a principal bundle whose fibers at some point p € M are an ordered
basis (frame) of the tangent space T,M. That is F' = Upen F), with F, = {(p, {e.})lp € M}.
Identifying the fibre with the group GL(d,R), it acts freely and transitively on each fibre on the
right to result in another frame on the fibre. Hence, the right action of GL(d,R) can be seen
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as a way of changing frames while keeping the point p € M fixed, limiting the transformation
to the fibre only. If the frame {eéa)} is globally defined over the entire manifold M, it is said to
be parallelisable, which is a property of all Lie groups.

A manifold admits a G-structure if it is possible to reduce the structure group GL(d,R)
of TM to a subgroup G C GL(d,R). In this case the transition functions takes values in the
subgroup G and so the G-structure is a principal sub-bundle of the frame bundle P C F'. Equally,
a manifold M has a G-structure if and only if there exists globally defined tensors or spinors that
are invariant under the group G. The equivalence between globally defined invariant tensors
and G-structures also extends to other types of vector bundles. For instance, spin bundles and
spin structure groups admits globally defined invariant spinors.
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C

Supersymmetry Equations in Terms of SU(3)
Representations

In the calculations of the section 4.4.1 and in section 4.4.2 it can be convenient to use SU(3)
representations and holomorphic indices in the supersymmetry conditions of eq. (4.97)—(4.99).
To start off, it is convenient to write out explicitly the expression for the Clifford products
encountered so far;

(Fad)o = Fo — 8F® Ty — 5P T g + 5 FS JopJodey |
(Faf)m = =5 FQupmn + $F 0 Qape
BFA)m = S FPQupn — LF0 Qe
(F am@ )0 = 2FpPa? + iJap F Py PP — Y Ty Jea FO, 0 PP (C.1)
(Fa€)mn = SF0Tmn + 3 Fun + iF  Jnja + 3F Tap Ty — SF® Jam o
_ ﬁ' " aby. % Fabc[m oy he — 1% Fobedy o4 i’ Fobedy g

+ %Fadeanachd )
where Fa = Fy+ F» + Fy + Fg. The Clifford products for the NSNS 3-form flux Hj3 are given by

(H%)O = _éHabCQabc ;

(Hﬂ)m = iJaanamen 5 (02)

and is common for both type ITA and IIB. In terms of SU(3) representations the NSNS flux is
defined in the same way as the type IIB 3-form RR flux F3, namely

Hy = —3tm(HQ) + B A T+ B (C.3)
Here the components are explicitly given by

Hél) _ _%Hz’ijijk ’

Hg) = HY (i) -

The rest of the RR fluxes decomposes in SU(3) representations according to

Fy = LAY 4 Re(FP L0y + BV
Fy=2F I AT+ Re(FP AQ)+ FY | (C.5)
Fo=iFVgnanT,

223



C. Supersymmetry Equations in Terms of SU(3) Representations

where each component is given by

Y = L, = Fpg . BV = LF9Q.

" Y = Lpmmears g T . (C.6)
Fyy) = SFRQ Fy) = LRI

The occurring Clifford products for I1IB are

(FB%)O - _%Fabcgabc ’
(Fpe™ ) = 2, Py + iJapy F0 P — Y Ty Jog FOO4, P

(2B m = 2Fn Py + iJap F 0 Pr™ — Y Ty Jea FO, Py (C.7)
(FBm ) = 1Fab mSnab — *Fabcanabc )
(P mn = 1 F Qumn — 3F0 Q0 — 15 F ™ mn Qe

where the F3 flux decomposes analogous to Hs in eqgs. (C.3), (C.4) and the 5-form flux is
decomposed as

F=FYnrnjng, FY

(5)i — 167" TmnTpq - (C.8)

Using the above identities, the matrices S, ), R can be written in terms of SU (3) representations.
In the ITA case the coefficients of the supersymmetry conditions in eq. (4.97)—(4.99) obtained
in [19] become

A; = ag;A 5

§=—ic? (8 Fy —ia" B — ' F( 4 i B

Si=set (PP + 5 FY)

Qs = —itha — § (a(Ws — W) +iH{Y) |
Qij = —3 (Qijk(aw4 +iBH)F + S (aWs + iﬂHéﬁ))ilej“) ’
Qs =% ((aW1 = 3iBHW)g;; +iaWay;) | (C.9)
Ri=Ry=0,

R; = 3'6‘Zﬁ (a*Fég) — B*le(g))i ,

—ge (9235 895 (BFM — a FY) — 204*F(8 — 2 5F— Jkl) ;

T =3 (iaWr - BHG))
T; = ad;(2A — ¢ —Ina) + % ( (Wy+ Ws) — iBH?ES))E )

where g is the 6D internal SU(3)-structure metric, and all fluxes come from the Fa; variant.
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For IIB we get
A= adA
= 3ige? Py |

Si=1e? (A +2ip B — 207 "))

S; = te? (aFY — 2ipF{Y) —2a ")

Qs = —itha — & (a(Ws — W) —ipHY) |
Qij = —3 (Qijk(aW4 —iBHPY + i(aWs - iﬁH§6)>ilejkl> :
Qu = & ((aW + 3iBHW)g;; +iaWay;)

Ry = —4e? (aF{? = 2iBFY - 20FY)
Ri=Ry; =0,
Rij = —fse? (aFOrQ — BRG] + 20740y )

(C.10)

=3 (iawy + ) |

where the fluxes are of the Fg; version.
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D

Compactification of Type IIB Theory on a
Calabi-Yau

In this chapter we make explicit the compactification of type IIB supegravity on a Calabi-Yau
3-fold. Section D.1 illustrates the classical Kaluza-Klein compactification as described in section
5.1.2. In section D.2 we allow non-trivial integer fluxes trough cycles on the Calabi-Yau, whose
effects are discussed in section 5.3.

D.1 Compactification on the Calabi-Yau 3-fold

We start by considering the Einstein-Hilbert term, whose metric which upon imposing the
Kaluza-Klein ansatz can be written

500 _ /dlox — g1 RA0) /dlox [_g10) — /d4ac =N (D.1)

The 10D Ricci scalar can be expanded according to
R = gMN Ry = g™V Ry py”

=R+ gWRuivi + gij(Riufu + Rikik + Ril‘cjk) + ginz‘;u‘u (D.2)

where here R can be shown to only be of 4D spacetime components, hence it is the true 4D
Ricci scalar. Expanding the metric in terms of harmonic forms as given in eq. (5.50), i.e.

gi =% by (D.3)

g7 = —=2°(be)iz9" 9",
where (be)ij = ﬁ(xc)iﬂgﬁjkj and the metric has been expanded as gi; — giz — 10*(wq)z; and
g = g —iv(w,) j]—gij ¢7*. Using these new metric deformations we are to evaluate the expression
of the Ricci scalar in eq. (D.2). To do so we calculate the non-vanishing Christoffel symbols to
second order in the moduli fields, with the results

F{” - _%(wa)gaﬂva + %(wa)jj (wa)ifva ;ﬂ)b - %(bc)kj (Bc)ikzcauzd + O(mOdUIi3) 5
[, = (5070, + 4 (0 (B) 0" 0,7 + (wa) (5 20,0" + Omodult)
I = —5(be)ij0"z + O(moduli®) ,

Il = §(wa)ij0"v® + O(moduli®)

(D.4)

and the indices are raised and lowered with ¢”. Using these, the second term in eq. (D.2) is
determined to

9" Ruiv' = $(wa)] (wp)50,0°0"0" — 1 ()] (ba)58,,2°0" 2 + §(wa) (wp) 50V 0" 0"

, ’ 1 (D.5)
— $(wa)i7g"7 — 3(be)! (04)2°V .02 + O(moduli®) .
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This expression can be simplified by partial integrating the terms which includes the covariant
derivative V. Introducing the short notation (wewp) = (wa)](ws)}, (beba) = (be)](ba)} and
(wag) = (wa)izg”, the third term in eq. (D.5) in the integral of eq. (D.1) becomes

/dwx\/—g(lo)(%(w wp)v"V 0" 0) /d10 2 (wawp) V(1) —g(100*) 90
= /d10 V=919 (wawp) 800" v° + O(moduli®) |

(D.6)
where in the last step we used that

Vi) =919 = V(v =94v/96) = V—=920,\/96 = V=92(5/969™" 0 Gmn)
=\ =919(9" 0ugij + 97 0ugi7 + 297 9u9i7) -
(D.7)
Proceeding to the fourth term in eq. (D.5), a partial integration gives us

/dlo —g(10)( %(wag)vﬂa"v“) = /dlo x(wag) % —g(10) (24" . 937) + O(moduli®)
B /d10 10) (w 9)(9 + v (Wa)mg 9]Z>8u<gii_wa(wa)ﬁ>

=3 /dlox\/ 919 (w,9) (wpg) 8, v 0" 0" 4+ O(moduli®) .
(D.8)
The fifth term of eq. (D.5) is very similar to the third term, and so using the results in eq. (D.6)
we have that

/dlo %(b bd) YV, oHzd /d10 10 )(b, bd)a LCoPzd —I—O(moduh ). (D.9)

Gathering these results, the second term in the Ricci scalar expression of eq. (D.5) takes the
form

9" Ry’ = 3 ((wag)(wbg) 1(wawb)) v 0" v? + L(bobg)0,2°0" 2% + O(moduli®) . (D.10)
The remaining terms of eq. (D.2) are evaluated in the same manner, with the results being

9 Ry =4 ((wag)(wbg) - %(wawb)) O 0’ — L(bebg)0,2°0" 2% + O(moduli®) |

”Rikj = —i (wpg) — (wawp)) @m“@“vb + O(moduli3) ) (D.11)
”Rzkj = — H(wagwpg) v 0" v® — L(bobg)8,2°0" 2% + O(moduli®) ,
99 Ryt = L (bebg)9,z°0" 2" + O(moduli®) .
The very last parenthesis in eq. (D.2) takes on a simple form since
gij(Rik] + le] ) = ginimjm = ginij . (D.12)

Since a Calabi-Yau is Ricci flat, i.e. R;; = 0 in the internal indices, there will only be space-
time dependent components. These components are found in the I'? terms which are of order
O(moduli?), hence the combination with g¥/ will result in third order moduli terms and will
therefore not contribute. As such, the final expression for the Einstein-Hilbert term in eq. (D.1)
can be written

St = [ 4%/ =900 (R + (wag)(wn) — bwasn) 900" + H(bba)d,z02") . (D13)
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Further, if one defines

Vo= [ Vasllwag)og) ~ Jwwar) s Zg=3% [ Valda) . (D14)

CY3 CY3

and uses that volg = [ d®z,/gs the action of eq. (D.13) can be written
S0 — / d*zy/=ga(volgR + Vijd,v "o’ + Z,50,2°0,7%) . (D.15)

The triple intersection number of eq. (5.39) becomes

Kap = Wa Nwp N J
CY3
= We N\ wp A VW = Kgpet© (D.16)
CYs
= oy @(_(Wag)(wbg) + (Wawb)) .
3

We now move on to consider the rest of the fields in the 10D type IIB supergravity action,
where we expand the ingoing fields in terms of the harmonic forms admitted by a Calabi-Yau.
The 10D action in string frame is written

S0 = / e (—1R1D 1 +2dp10 A xdg1®) — LHS pwHS)
~4 / (aC5 A+CE + B ARB + JESO Ax S — SO0 A H A dci?)
(D.17)
where Fém) = dCélO) - CélO)Hélo) and Félo) = dC’ilO) - Héw) A 0510)' As stated in egs. (5.51),
(5.63) and (5.64), the field expansions of type IIB are given by
B = By +b* Aw,
Célo) =Cor+ " +w, , (D.18)
C' = Dg Awa + pa A& +VE Nae —Ue ABC
where again w, € HUD(CY3), @, € H??(CY3), and ac, 3¢ € H®)(CY3) where C = 0,1, ..., 2D,

The D§ are spacetime dependent 2-forms, the V¢ Uc are 1-forms, and b%, ¢%, p, are scalars. As
for the field strengths the expansions read

HY' = Hy + db* Aw,

dcélO) _ ng + de® Awg (Dlg)
AC§"" = dD§ Aw, +dpa A& + FC Aac — Ge A B

where we define
FC=dv®, Ge=dUc. (D.20)

Using these, the field strengths take the form
F{' = dCy + de® A wg — Co(Hs + db® A wg) |

F' = (Dg — db® A Cy — ¢“Hs) Aw, + FC Aac (D.21)
—Go ABY +dpa NG — P db® A wa A wy .
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D. Compactification of Type IIB Theory on a Calabi-Yau

As discussed in chapter 5.1.2, the self-duality condition Féw) = *Félo) of the 5-form flux implies
CSO) in eq. (D.19) that only half the degrees of freedom are physical
and that the occurring fields in F5(10) consists of Poincaré dual pairs. Specifically D§ are 2-form
duals to the p, scalars, and V¢ and Uc are magnetic/electric duals. Since we know that the
self-duality condition can not be obtained from the action in eq. (D.17), it must be imposed in

the expansion of eq. (D.21) for the equations of motion to be correct. Imposing the self-duality

for the 4-form potential

constraint using F. 5(10) in eq. (D.21) results in the two conditions

dpa — Kape dBPct = 4volgg™ x (DS — db® A Cy — ¢*H3) |

D.22
Gc:ReMCDFD—i—ImMCD*FD , ( )

each of which illustrates the duality of D§/p, and V¢ /Uc respectively. Keeping all the fields for
now, we turn to the integration over the CY3 space, after which the conditions of eq. (D.22) will
emerge again from adding Lagrange multipliers. Using the above field expansion we integrate
the terms in eq. (D.17) over the Calabi-Yau one at a time. For the d¢19_terms we get that

g1 A xdp(0) = volg dg A xdg | (D.23)
CY3

whereas for the NSNS field strength H?Ew) we have

H:glo) A *Hélo) = volg(Hs A xHg + 4gq, db* A *dbb) . (D-24)
CY3

The integral of the axion-term becomes

ACS A dC{" = volg dCy A % dCy (D.25)
CY3

and the terms including the 3-form and 5-form RR field strengths are

F{* A = volg [(dCs — CoHy) A%(dCs — CoHs) + 2ap(de” — Copdb®) Ax(de” — Codb?)]
(D.26)

CY3

respectively

FO A SFM = 9v0lgga,(dDS — db® A Cy — ¢ dBy) A*(ADS — db? A Cy — ¢? dBy)
CY3

7gab(dpa — KgedC’ dbd) A *(dpg — Kgepc” dbf) (D.27)
8volg

— L{(ImM) P (Ge — MepFE) Ax(Gp — MorFF) .

The integral of the final term in eq. (D.17) is evaluated to

O A HEO A dC? = kgpeDS A A A et + pa(dBy Adc® +db* AdCy) . (D.28)
CY3

Gathering everything, including the expression for the Einstein-Hilbert term in eq. (D.15), the
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D.1. Compactification on the Calabi-Yau 3-fold

resulting 4D type IIB action is given by

S = /e_2¢<10>[ LyolgR % 1 — 1V dv® Axdv? — 1Z_d2® A+ + 2dg A xdop
— iVOlﬁHg A *xH3z — volggap db® A *dbb}

—|—/ [— %dCO A *Coy — VOlﬁ(dCQ — C()Hg) A *(dCQ — C()H3)

— volggap(c® — Codb®) A *(c® — Cy db?)
— volggap(dDg — db® A Co — ¢ dBo) A +(dD4 — db® A Co — ® dBy)
L gab(dpa — KaedCt dbd) A *(dpp — Kpefc® dbf)

6V016

1
+ H(MmM) P (G — MepFP) A(Gp — MDFFF)}

(D.29)

— % / {nabcDg A db® A dcf + pa(dBy A dc® 4 db® A d@)} )

Now, in order to obtain the traditionally written action, it is customary to add a total derivative
term to the above action, specifically

@

s, addition

= L(FOANGc +dD5 A p,) (D.30)

The self-duality equations in eq. (D.22) are then recovered by varying SiP + S2P ... with

S,
respect to G¢ and dD$. Using these and re-expressing G¢ and dD$ in terms of V¢ and pq,
then the action takes the form

S = /e_2¢<10>[ LyolgR % 1 — 1V dv® Axdv? — 17 d28 A %2 + 2dg A xdop
- %VOIGHg A *xH3 — volggap db® A *dbb}

—|—/ [— %dCO A *Coy — %VOIG(dCQ — C()Hg) A *(dCQ — C()H3)

D.31
— volggap(c® — C db“) A x(c® — Cpdb®) (D-31)

— 509" (Apa — FHacac® AbT) A x(dpy — Frpesc” dbT)

LReMepFC A%FP + TmMopFC AxFP)
—2dpy A (db* A Cy + ¢ dBa) — FdBy A (Kapec™c” dbF)] .

To obtain the corresponding action in Einstein frame, we perform a Weyl rescaling which ef-
fectively removes the dilaton factor in front of the Einstein-Hilbert term as well as the volume
factor. Complexifying the Kahler moduli as t* = b® + v, the resulting action in the Einstein
frame becomes

ggﬁ:/[—%R*ﬂ—égabdt“mdtb 1g.dz° A% dz? — dp Axdg — Le " Hy A xHy

— lVOI(; (€2¢ dCy A%xdCy + 6_2¢(d02 — C()Hg) A *(dCQ — C(]H3))

8v016 e2¢gab(dpa — KgedC” dbd) N *(dpp — Kpefc® dbf)

+ L(ReMepFC A«FP + ImMepFC A +FP)
+ (dpa — Kapec” db) A (db® A Co + ¢* dBa) + Kapec®c® dBy A db°
— 2volge? gap (de — Codb) A+(de” — Codi)] -

(D.32)
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D. Compactification of Type IIB Theory on a Calabi-Yau

A final thing to do in order to obtain the standard N' = 2 action is to dualise the 2-form fields
By and Cy into corresponding scalars % respectively ¢?. This dualisation is done by adding
total derivative terms to the above action which contain these fields as well as their dual scalars.
Starting with C5, one adds the term

Sad / dCy A dc® . (D.33)

Gathering all Cy-dependent terms in the action of eq. (D.32) as well as the addition of eq.
(D.33), we have that

502 = / [ — %V016€_2¢(d02 — C(]H3) AN *(dCQ — C()Hg) —dpg AdC2" + de® A d02:| . (D.34)

The dualisation is made by varying the above action and thereafter re-expressing C5 in terms
of °, so that Sc, — S.o where

S.o = / [ sos= €7 (dc” — b dpa) A #(d® = b dpy) + CodBa A (dc® — b dpa)] . (D.35)
The same procedure should be made for By. The term to add is analogous to Cs, namely
Sxid / dBy A db° (D.36)
so that all terms containing By with the above action are

Sp, = / { — L™ Ha A xHs + (dp, — KabeC db®) A (¢ dBs)
’ ! (D.37)
+ Shanec®c? dBy A b + CodBy A (de — b dpy)| |

the last term coming from the Cy dualisation. Varying the above action and thereafter re-
expressing Sp, — Spo so that

Syo = / —€*(Code” + db® + (¢ — Cob®) dpa — Lhapecc” db°) (D.38)

A*(Codc® + db® + (¢ — Cob®) dpg — L kgpec®c® db°)

With these expressions, the 4D action for type IIB supergravity compactified on a Calabi-Yau
3-fold in Einstein frame, can finally be written down as

51(34) — / [— FRx1— %gca;dzc/\*d?i— 2gap dt* Axdt’ — dg A xdg

— %volge% dCy A xdCy — 8\%16 62¢gab(dpa — KaedC’ dbd) A x(dpg — %ﬁbefce dbf)
— 2volﬁe2¢>gab(dca — Codb®) A x(de® — Cpdb?)
— 5o € (dc” — b* dpa) A x(d — b dpy)
—e®(Code® + db® + (¢ — Cob*) dpg — LKapec®c® db°)
A *(Codc” + db® + (¢ — Cob™) dpg — 2hepgcc! db9)
+ 3 (ReMepFC A*FP + ImMepFC A+FP)| .

(D.39)
In summary, there are 4 x (h(11) 1) ingoing scalars {¢, Co, v®, %, b%, ¥, ¢*, p,} which are grouped
up to form Y 41 hypermultiplets. As for the fields, the graviton 9w and V0 are grouped up as
the gravity multiplet and the complex structure moduli 2¢ and vectors V¢ are grouped together
to form (1) vector multiplets. The vector multiplets span a 2h(%1)-dimensional special K&hler
manifold and the hypermultiplets span a 4 x (h(*!) + 1)-dimensional quaternionic manifold.
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D.2 Turning on fluxes

We are now to turn on magnetic and electric flux as given in eq. (5.114) and perform the same
analysis as in the previous section to illustrate the effect of the fluxes. Starting with purely
NSNS fluxes on the Calabi-Yau, the Hs takes the form

H" = dBy + db* Awe + mCac — e8| (D.40)

where m, e again corresponds to h(ZY 4+ 1 units of quantised flux each. The original string frame
action in eq. (D.17) will again serve as a starting point. This will also change the 3-form and
5-form field strengths in eq. (D.21) so that

F{' = dCp + de Awy — Co(Hs + db® Awy + mCac — ecfO) |

F' = (Dg — db* A Cy — Hs) Awa + FC N ag — Ge A B +dpa Aa® — ¢ db Awg Awy |
(D.41)
where we have defined

FC=F°—mCCy GY =G —ecCy (D.42)

with F¢ G defined as in eq. (D.20). We are now in a position to investigate how this flux

addition in Hélo) affects the terms in the action of eq. (D.17). The kinetic term for Hélo) will

for instance become

H{ A %H™ = volg dBy A xdBy + 4volyge, db® A+ db?
CYs (D.43)
— (ec + N&pmP) (lmM) )P (e + Mppm”) .

The kinetic terms for the 3-form and 5-form field strengths become

F3(10) A *Félo) = volg(dCy — CoH3) A x(dCs — CoH3)

cY
3 + 2volggap(de® — Co db®) A x(de® — Co dbP) (D.44)
— Ci(ec + N&EpmP) (M) ™) F (e + Mppm”) |
respectively
cY Fém) " *Félo) = volggap(dD§ — db® A Cz — ¢* dBz) Ax(dDj — db” A Cy — " dBy)
3 + vl 9°*(dpa — Kacac® db?) Ax(dpy, — pepc® dbl) (D.45)

— %((ImM)_l)CD(éC — MCEFE) A *(G’D — MDFFF) .

The last term in eq. (D.17) also contain a H §10)7 which now becomes

CyY AHS A ACS = kupeD§ A AW A e + po(dBa A de® + db® A dCa)
CY3 (D46)

+ Cy A (FCCC — Gcmc) .

Conclusively these changes re-inserted in the action in eq. (D.17) amounts to that it effectively

adds a potential term Ss(w) — Ss(w) + VNSNS “wwhich is given by

VNSNS = 3(e"CF + gty ) (ec + Mepm®)(ImM) ™) (e + Mprm®) . (D4T)
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The next step is again to add a total derivative term like in eq. (D.30). Adding the first term
in eq. (D.30) and varying with respect to G 4 will result in the self-duality condition

GC = RGMCDFD +IH1MCD*FD . (D.48)

However, the second term in eq. (D.30) will not alter any condition. As such, it is possible to
eliminate G¢ in favor of F¢ via

%FCAGC—%CQ(FCGC—GCmC) — %RGMCDFC/\*FD—{—IHIMCDFC/\*FD—%(F060+Fcec)/\02 .

(D.49)
By the last term it is clear from eq. (D.42) defining F that there is now a mass-term for C.
The dualisation of Cs is however generally done for a massless field, hence one may neglect the
magnetic flux and set m = 0. As such, there will only be electric flux and Fo = Fir. The terms
in the action containing Cy terms are given by

Se, = / ~ Lyolge=29(dCy — Co H3) A%(dCa—Co Hy) —dpa AddCab®+ e FC ACy +d®AdCy , (D.50)

and by comparison with eq. (D.34) we have that dc® — v*dp, — dc® — b*dp, — ecVC. The
dualised action then takes the form

S0 = / L_e29(dc® — b dpg) A *(d® — b° dpy) — CodBy A (dc® — b dpy — ecVE) . (D.51)

" 2volg

The analogous procedure for Sp, results in the dualised action

Sy = — / e*(Codc” + b’ + (" — Cob™) dpa — 2Rapecc® db® — CoecVE) (D.52)

A*(Codc” + db® + (" — Cob") dpy — Skdepcc® db’ — CoepV'P) .

If we now consider turning on RR fluxes for the odd degree form field strengths of type IIB,
we recall again that a Calabi-Yau does not admit harmonic 1-forms or 5-forms. Hence it is only
possible to turn on fluxes for the 3-form RR field strength dCélo). This will change Félo) so that

now
F{" = dCy + de® A w, — Co(Hs + db® A wg) + mCac — e fC (D.53)

and the 5-form to
F' = (D& — db" A Cy — ¢*Hz3) Awg + FC Aae — Go A BC +dpa A — ¢ db® Awg Awy , (D.54)

where now
Fo=F"4+mPCy, Ge=GY+ecCy . (D.55)

The affected kinetic terms in the action will then become
/ F{M A« FM = volg(dCy — CoHs) A +(dCy — CoHs)
CY3

+ 2volggap(dc® — Co db®) A x(dc® — Co db®) (D.56)
— (ec+ Mepm®)(ImM)™)F (e + Mepm”) |

FUO A S F1 = 9v0lgga,(dDS — db® A Cy — ¢ dBy) A*(dDS — db? A Cy — ¢? dBy)
CYs

+ g g®(dpa — Kacac Ab?) A x(dpy — kpepc? dbT) (D.57)

8V016

— L(ImM) " HP(Ge — McpFP) Ax(Gp — MprFT)
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10 A HIO A dC? = ke DS A dBP A de® + pa(dBy A de® + db® A Cy)
CYs (D.58)
+ (Fcec — Gcmc) A Bsy .

Effectively this will result in the addition of a potential in the action, namely

VIR = —1e% (e — MepmP)(ImM) )P (eg + Mppm®) . (D.59)
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I

Double Field Theory Calculations

Double field theory was introduced in chapter 9 and here we give details to some calculations
discussed in the main text.

E.1 Closure of generalised diffeomorphisms
In this section we prove the form of the commutation relation of the generalised Lie derivative
in eq. (9.42). Our starting point is eq. (9.45), repeated here for convenience as
Aoop M _ p M
(Lo, LoV = L VT (E.1)

where the commutant acts on some generalised vector VM and €3 = £3(£1,&). The right-hand
side of this equation is given by the definition in eq. (9.42) as

Le, VM = eNoy VM 4 (0Megy — aned VY . (E.2)
The left-hand side of eq. (E.1) is evaluated using the same formula, so that
[Le,, Le, VM = Lo Le, VM — Loy Lo, VY
= Le, (& 0nVM + (M &y —on&g VM) — (14 2)
= (&0 op&y + (0N &p — 0pEl )5 )ON VY
+& (ﬁgaP(aNVM)) + (Oné — 0"an)opV Y + (0M&p - 8PE{V[)8NVP)
+VvF (§{V<9N(3M€2P) + (&N — onel) (Y eap) + (OpET — 3N§1P)(3M52N)>
+(@Mep) (& NV + (0" y — OngD)VY)
— VP () onoped! + (0p&) — ONerp)(OnEd") + (0 &1y — Onel)(0pE3"))
— (0p&3") (ffVaNVP +(0%6N - 3N€f)VN> —(1+2)
= (&70p&y — &0pe YoV
+ VP (N onoM ey + 0pel 0V eon — V&1 pM e — €1 OnOPEY!
+ OnEM opel N onoM e p — Ope oM e N + 0N & pdM &y
+ NG pdM e N + & ON0OpE — OnE OpE
— NG ONop + 5N§§45N§1P)
= (&70p&) — &/0pE ) oV
+ M (G N0V eap — EanONeip — aNOPE) + 3EandpEin)VT
—Op(eno™ e — noN e — JandME + sendM NV
— (NN G p — OnEY N p) VT
(E.3)
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Now, adding and subtracting the terms %( NoPen — Y0P ¢ n)0pVM to the above expression,
we have that

[Le,, Le]VM = (e oned — &' onel — 360 e + 360 eaw ) on v
+M(ENONEp — onONEp — 16 NOPEY + SeanOpEin)VT
—Op(einONE — NN — Le oM el + L oM ) VT
- (01\/5{‘431\[5213 - aNféwaNflP) VP 4+ 2ol e nopV M — el ol ¢ nop V™
(E.4)
Hence, by the definition of the C-bracket it is clear that the parameter &3 should be

&M = (g1, &)Y . (E.5)

There is also terms in eq. (E.4) that does not fit the C-braket, namely the above calculation
shows that
[Ley, L )VM = Ly VM + FM (E.6)

where
FM = 1eVoP e nopvM — LeloP e NopV M — (o Onéap — OnEY 0N p)VE . (BT

In order for this algebra to close, i.e. in order fulfil eq. (E.1), we must have FM = 0 which
implies the strong constraint of double field theory.

E.2 Covariant fluxes

In this section we derive the expressions of the geometrical and non-geometrical flux components
of Fapc as they were stated in chapter 9.2.3. In DF'T the covariant flux is defined as the scalar
product

Fapc = [Ea", ERlcEcr = 3Qasc (E.8)
with
Qapc = EaMoyEpN Ecn (E.9)
The flux calculation uses the non-gauge fixed vielbein of eq. (9.91), i.e.
ExM = napEP yp™M = (6%1 +eijﬁ.]ik3ki eaejﬁw> ; (E.10)

The H-flux calculation is as in chapter 9.2.3, and using the above vielbein the single component
Qupe becomes

Qube = EM0n By Ecn
= By 0 Ey" Ecn + Eam0™ Ey"Een + Eo" 00 Epn B + Eqm0™ Epy B
= a0 (e")e! Bin + e 9™ (e )e! Bjn + €™ Om ey’ Bjn)ec" + €a" Brmd™ (e’ Bjn)ec"
= €0 Om(ev")e! Bjn + € 9™ (e")e! Bjn + €™ Om ey’ ) Bjnec" + ea™ ey O (Bjn)ec"
+ eakBkmgm(ebj)Bjnecn + €akBkm€bj5m(Bjn)ecn
= eaiebjeck[@'(Bjk) + Bimém(Bjk’)] . (B.11)

Antisymmetrising this expression we obtain the Hgp.-flux in flat indices;

Fabe = 3ea'es’ e (9 By — Byi0' Bjy) = Habe - (E.12)

238



E.2. Covariant fluxes

Continuing with the f%, flux, it is given by
F%e = Q%c + Q" + Qe = e - (E.13)

As Qapc is antisymmetric we have that Qp.* = —%., so we need only calculate 9%, and Q,°..
Starting with the former, we have that

0% = ™o BN Ecn
= B0 By Eep, + B, 0" Ey" Evy, + B0y, By B + E%,,0™ By E."
= % B (Omer’ Bin)e" 4 (€%m + €% Bjn)0™ (ep™)ee” Bra
+ (€"iB8"™) O (e’ Bjn)e" + (€%m + €“i87 Bjm )™ (eb" Bin)ec"
= % 8" Omep" e By; + e’ m0™ ey e Bry, + €89 Bjyd™ey" e Brn (E.14)
e“iﬁimﬁmebijnecn + eaiﬂimebjamBjnecn + €%, 0" e Brned
+ €% mer 0™ Brpe + eaiﬁiijmémekaknec” + eaiﬁiijmebkélBklec”
= e%eper <(§iBjk + B (O Bjk — BlmélBjk))
= e%epler (5iBjk + BimDmBjk> :

For the other component Q,°, we get that

Qe = E,MOME™ Ecy
= Ey"0mE" Eep + Eqm0" E" Eep + Eq" 0m E'yEc™ + Eqm0™ E'y E."
= eamam(ebjﬁj")(eckBkn) + eaiBimg(ebjﬁj")eckBkn
+ eamc')m(ebn + ebjﬁjkB,m)ec” + eaiBimém(ebn + ebjﬂjkB;m)eC"
=e," mebjﬁj"eckBkn + eamebjamﬁj”eckBkn + eaiBimémebjﬁj”eckBkn
+ eaiBimebjémﬁjneckB;m + e Omel ne + e,™ mebj,é’jkB;meck
+ eamebjamﬁjkBkneC" + eamebjﬂjkﬁmB;meC" + 4" BimO™elpe
+ €' Bim0™ e 7" Brnec" + eq' Bime ;0™ 3" Bine" + €q' Bime”; 375 0™ Byne.
= eaiaiebjecj + eaiBimémebjecj + eaiebjﬁjk(ainn + BimémBkn)ec”

= ea’DiebjeC] + ea’ebjBJkDiB;meC” .

(E.15)

From this the f%,. flux is then obtained as

fabc = Qabc + Qcab - Qbac
= e“iebjeck (5lBjk + /BimDmBjk) + eCiDieajebj + €ci6aj,3jkDinnebn
— ebiDie“jecj — ebie“jﬁjkDiB;mec"

= 2€[CiDi€aj€b]j + e“iebjeck (élB]k: + /BimHmjk> .

(E.16)

Quickly proceeding to the Q-flux, again it is defined as
Qabc — Qabc + cha + Qcab ) (E17)
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However, since Q4p¢c is antisymmetric in its indices, Q¢,> = —Q,, and we need only evaluate
two components. Starting with Q,%, we get

Qb = B,MoM EbN pe

= E,"0"E"E°), + B0 E"E¢), + B0 E' B + Eg, 0™ E', B

= eamam(ebiﬁm)(ecn + ecjﬁjkB;m) + eaiBimém(ebjﬁj")(ecn + eckﬁleln)
+ €40 (€’ + %8 By ) (e“kBF™) + eq' Bim 0™ (€%, + €5 87% By ) e 8"

= € Ome"iB" e n + € Ome” i 87 Bry + €0 €"i0m B €%
+ eamebiamﬂmecjﬁjkBkn + eaiBimémebjﬁj”ecn —+ eaiBimémebjﬁj”eckﬁlem
+ eaiBimebjémﬁj"ecn + eaiBimebjémﬁj"eckﬁlem + €™ Omel ek B
+ e, mebiﬁiijneckﬁk” + eamebiﬁmﬁiijneckeckﬂk” + eamebiﬁijﬁmBjneck/Bk”
+ eaiBimgmebjeclﬁl" + eaiBimgmebjﬁjkBkneclﬁl” + eaiB,-mebjémﬁjkBkneclﬁl"
+ eaiBimebjﬂjkémBkneclﬁl"

= ea'e? e (08" + Bind™ 7% + 70, Byn B + B Byl B 5™

= eaiebjeck (Diﬁjk + ﬁijianﬁk") )

(E.18)

The other component becomes

Q% — EMa, EPN .y

= E"9,,E""E., + E*,,0"E"E,,, + E*"0,,E*,E." + E*,,,0"E",,E."

= €% Om ("33 ec" Bin + (" + €18 Bjm) 0™ (€".8" e Bin
+ eaiﬁimam(ebnebjﬂjkBkn)ecn + (eam + eaiﬁiijm)gm<€bn€bk6kl)€cn

= e“iﬁimamebjﬂj"eckBkn + e“iﬁimebjﬁmﬁj”eckBkn + €%,,0M el 85 e L By,
+ eamebkémﬁk”ecl&n + eaiﬁiijmémebkﬁk"eclBln + e“iﬁiijmebkglmealBln
+ €% B Omel e + €% B Oel i B7F Brnet + €8 e? ;03 37F Brpe
+ eaiﬂimebjﬂjkamBknec” + €20 el e + €20 el BF Bryel (E.19)
+ e’ 0™ BF Bet + € el B O™ Bet + e“iﬁiijmémebnec”
+ %8 Bj1n 0™ e’ B Binel + €8 Bjne’k 0™ B Bipe
+ €% 8Y Bj e’ 8M 0™ By e

=e%elt (5iebn + B0l + ﬁiijmémebn + 5iijm5mebkﬁlem>
+ e%ejeck (8™ 70 B + 50" By,

= e%e’je B D' By, + e%ie.” (Diebn + 5iijm(5m€bk5leln)) ;
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where D' = 9% + B9;. With this, the Q flux is given by
Qabc — Qabc + Qcab + cha
=Q bc_ch _ch
- a a a
= eq'e’je% (Dzﬂjk + B9 D; By 8 + B¥ DI By; — ﬁlekBli>
+ ey’ (DIefi + B By (97" + O™e 1 B By) ) (E.20)
— ¢ eai ([)jebi + /ijBpm (5mebi + 5meck5leli)
=eq'eje% (Dzﬂjk + 7™ B8R D, By, + 28K DI Bli)
+ 2e4" (e[bijec]i + el 6P B, M e + e[bjﬁjpomémec]kﬂleh) .
Lastly, we turn to the R-fluxes defined by
R = 3Qlabel (E.21)
The single component is calculated to

Qabe — gaM g, pbN pe
= E“"0,,E"E°, + E*,0™E"E°, + E*"0,, E*, E" + E*,,0"E,, E"
= € B Dy (?87) (e, + €8P By,
+ (% + €% B B ) 0™ ("1 85) (€% + €18 Byn)
4 eaiﬂimam(ebn i ebjﬂjkBkn)ecl/Bln
+ (% m + €%B7 Bjm )™ (€% + "k By ) e, 87"
— eaiﬁimamebjﬂjnecn + eaiﬁimebj amﬁjnecn + eaiﬁimamebjﬁjneckﬁleln
+ eaiﬁimebjamﬂjneckﬁleln + eamgmebkﬁknecn + eamebkgmﬁknecn
+ eamémebkﬁk"eclﬂlpon + eamebkémﬁk”eclﬁlpon + e“iﬁiijmémebkﬁk”ecn
+ €% 39 Bjme®, 0" B el + €% 8" B 0™ ey 871 8" By,
+ €aiﬁij Bjmebkémﬁkneclﬂlpon + eaiﬁimamebjeclﬁln + eai,ﬁimamebjﬁjkBkm€clﬁln
+ eaiﬁimBjmﬁmﬁjkBkneclﬂl" + eaiﬁimebjﬁjkamBkneclﬂl" + e“mémebnecpﬁp”
+ e“mémebkﬁlelnecp,Bp” + eamebkgm,BMBlnecpﬁpn + e“mebkﬁklémBlnecp/Bp”
+ eaiﬁij Bjmémebnecpﬁpn + eaiﬁiijmémebkﬁlelneCpon + eaiﬁij Bjmebkémﬁlelnecpﬁpn
+ €aiﬁij BjmebkﬂklémBlnecp,Bpn
= ey (DB 4 B0 8% + B By 57 + 37 850, By + B 550 By
+ gimpdt B’“”BmpébBln)

_ eaiebjeck (Diﬁjk + ﬁimBmlglﬂjk + /BimﬁjlﬁkanBln + /leﬁlméiBln) .
(E.22)

Hence, we have
Rabe _ 3eaiebjeck (D[iﬁjk} + IB[i|mBml5l/8\jk] + 5imﬁjl/8knD[mBln} + l@[jlﬁk}néiBln) 52
_ geaiebjeck (B[z’ﬁjk} + ﬁ[i|mBmlélﬁ\jk] + %ﬁimﬁjlﬁanmln + B[jlﬂk]néiBln) . .
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