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Abstract

Engine modelling is an important task in today’s engine industry since simulation is a
powerful tool in order to optimize engine functionality. The two-stroke engine has not
been modeled to the same extent as the four-stroke engine even though it is widely used
in for example large ships, pumping stations and power plants. This report documents
the first steps in the process of developing a generalized two-stroke engine model in
Simulink. Focus is on defining physical and mathematical relationships which describe
the engine’s dynamics in order to enable the making of a potent Simulink model and
also to lay the foundation for future development.
The project have resulted in relevant models for the different engine parts, but there is
still work to do before being able to run one big model consisting of all parts connected
together.
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1 Introduction

Engine modelling is an important tool for engine manufacturers in their quest towards
optimizing engine performance since it offers efficient testing and simulation possibili-
ties. The existance of good testing procedures is a vital part in all engine developement,
particularly when designing engine control systems to cope with tightening restrictions
on emissions and fuel consumption.

When testing, models have substantial advantages compared to real, full-scale pro-
totypes, especially when it comes to availability and minimizing costs. A model has
the drawback of decreased accuracy but depending on application demands this is not
always a problem.

Four-stroke gasoline engines are by far the most common type of engine regarding
produced quantity as well as modelling effort, the latter which has been an item in the
car industry for decades. This gives the existing four-stroke engine modelling knowl-
edge an advantage compared to that of the two-stroke engine. Not said that there is
no modelling done on two stroke engines, but during project pre-studies no complete
model with the characteristics needed was found.

What is needed is a model implementing only the most vital dynamics in order to
be easily implemented in a bigger environment where simulation speed is more impor-
tant than accuracy. This project will use the fact that a lot of the knowledge from the
four-stroke engine can be applied on the two-stroke engine.

1.1 Purpose

In the process of making engine control systems, there is a great need of having good
validation possibilities. It is also important that the validation process is time and
money efficient in order to keep up with deadlines and customer demands. A generalized
model of the engine is an asset and necessary tool to be able to prove one’s theories and
models in a reasonable way. At first hand this kind of models are useful when testing
control strategies and general behaviour, rather than when calibrating control systems.
A model that is made for calibration purposes has to be a lot more accurate and precise
in order to provide useful information and take today’s tight emission restrictions into
consideration.

1.2 Specification

The engine type modeled in this project is a two-stroke large-bore natural gas lean
burn engine with turbocharger. The model consists of a number of different sub-parts
where each part has specific features being counterparts to the dynamics found in a
real engine. Modeled phenomena are air-fuel ratio in combustion, turbo charge and
engine torque. The sub-parts are, in order of flow direction, the compressor, the intake
manifold, the combustion chamber, the exhaust manifold and the turbine. Beyond these
blocks there is also a turbo shaft block, connecting the turbine and the compressor, and
an external load block to simulate external load. The parts shall be possible to put
together forming a bigger system that renders the most vital dynamics of a real engine
and provides amount of fuel, waste-gate, turbo jet-assist and external load as control
signals.

1.3 Limitations

Emphasis of the modelling will be on taking care of the most important dynamics and
not so much on making a model as perfect as possible. The project will not consider
developement of control strategies in order to optimize the engine, but strictly consider
developement of a Simulink model with sufficient features and dynamics to meet the
project specifications.
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1.4 Method

The first step is to look at what is already done in the field and see what material that
might be useful in closely related fields. Then border how deep into the engine dynamics
to investigate whereupon the compilation of mathematical and physical relationships can
begin. When having enough information on an engine part, those relationships makes
the foundation for implementing the model in Simulink. When a sub-model is imple-
mented, its parameters needs to be adjusted in order to better fit its real counterpart
and to eventually work together with the other sub-parts as one big model.
The validation method when simulating the blocks one at a time is very much based
on the common sense of the simulation operator who needs to predict the expected
behaviour of the simulation in every separate case. This has to be the method until real
engine simulation data can be accessible and used as validation. For more information
on simulation read chapter 3.
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2 Engine modeling

This chapter will focus more on the derivation of the relationships which are the foun-
dation of Simulink implementation than covering the actual making of the Simulink
blocks. Every sub-chapter from the compressor and on will more or less have the same
structure, where the aim always is to present each block’s output signals in terms of the
input signals and parameters specified.

2.1 Theory

Large bore two-stroke engines are not suited for vehicle propulsion but are most com-
monly found in large boats, pumping stations or in powerplants, generating electricity.
Engines used in ship environments are usually diesel fueled ([4] p.883) and natural gas
fueled engines are rather found in the other two before mentioned applications. The
fuel type distinction is not vital for this project since the fuel is given as an external
parameter but this context information could still be interesting for the reader.
In many senses the four- and two-stroke engines are similar in their constitution. There
are a multitude of different types within both families, but in main structure the most
differring engine sub part is the cylinder house, the combustion chamber. Another
feature that is important to consider is the high inertia in large bore engines due to
larger mechanical components, for instance larger turbine wheel. One of the control
signals, the jet-assist, is needed in order to get the turbo going at start-up since the
exhaust gases themselves will not initially have enough energy to overcome the turbine
inertia.
There are different types of combustion chamber design and also different ways of mod-
elling the mixing of gases in the two-stroke engine. The design used in this project is
called cross-scavenging ([4] p.235) which uses inlet and exhaust ports in the cylinder
walls. The ports are uncovered and open when the cylinder reaches its bottom position
and closes as the piston moves upwards. The mixing model resembles the isothermal
three-zone model of Maekawa ([5] p.127) which separates gases in the combustion cham-
ber into three zones; fresh gases on top, gas from previous strokes in the middle zone
and short-circuiting gas that never engage in combustion running directly from intake
to exhaust manifold.
For more in-depth information on the two-stroke engine, good sources are [1] and [5].

2.2 Simulink

Simulink is a Matlab application which provides a way to implement differential equa-
tions in an intuitive way, where blocks are used to represent everything from simple
additions to integration of time derivative variables. Pre-defined blocks can be used
just as well as self-defined functions where bigger block systems preferrably are put
together in bigger blocks as sub-systems.

2.3 Overview

In order to get a manageable Simulink model, different parts of the engine are separated
into smaller pieces referred to as blocks and sub-blocks. This structure is adopted in
the report as well, since it provides a well separated and intuitive way of describing the
engine. Figure 2.1 gives a view of what the assembled engine model finally might look
like. The assumed flow direction starts in the compressor and continues through the
intake manifold, the combustion chamber, the exhaust manifold and finally the turbine.
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Figure 2.1 – Simulink system overview

2.4 Compressor

Following the flowchart of the engine, the first encounter is the Compressor. There exist
different compressor structures but its basic element is a propeller, driven by the turbo
shaft connected to the turbine. The compressor consumes the torque generated by the
turbine by shoving air from outside the engine into the intake manifold where pressure
builds up in order to satisfy the combustion with enough air. The derivation of the
compressor dynamics is to a large extent influenced by Lars Eriksson’s MVEM library
([2] p.8).
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Figure 2.2 – Inputs and outputs of compressor Simulink block

In the compressor model, there are four input signals and three output signals, see figure
2.2 and table 2.1.

Table 2.1 – Input signals, output signals and parameters of compressor

INPUTS

ωtc rad/s Turbo shaft rotational speed

pus Pa Pressure upstream: ambient pressure

pds Pa Pressure downstream: intake manifold pressure

Tus K Temperature upstream: ambient temprature

OUTPUTS

Tqc Nm Compressor load on turbo shaft

ṁc kg/s Air mass-flow out of compressor

Tc K Compressor out-air temperature

PARAMETERS

cp J/(kg·K) Air specific heat

ηc — Compressor efficiency
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The compressor torque is the torque that is holdning the turbine back, or in other words,
the torque that the turbine has to overcome in order to run in forward direction. It
can be described as a load on the turbo shaft. Using a slightly indirect way, this load
can be found through the compressor power which itself is originally derived from an
expression for compressor efficiency.

Pc =
ṁc cp Tus

ηc

(

(

pds

pus

)
γ−1

γ

− 1

)

(2.1)

The compressor power is by definition positive, meaning that this expression does not
take into consideration net flows in negative direction. Having the compressor power,
the torque is found by using its relationship with the turbo shaft rotational speed.

Tqc =
Pc

wtc

=
ṁc cp Tus

ηc ωtc

(

(

pds

pus

)
γ−1

γ

− 1

)

(2.2)

Just as in the case with the flow, the rotational speed is not allowed to be negative and
it can furthermore not be equal to zero. The resulting temperature of the air flowing
out of the compressor is a function of ambient temperature and depends on the pressure
difference over the compressor.

Tc = Tus









1 +

(

pds

pus

)
γ−1

γ

− 1

ηc









(2.3)

The massflow through the compressor is a function of pressure difference and turbo shaft
rotational speed. The compressor will shove air into the intake manifold proportional
to how fast the turbo shaft rotates depending on how much torque the turbine provides.
That is the source to forward flow in the compressor. But there is also a backwards flow
that appears proportional to the pressure difference over the compressor. A pressure
that builds up because of the forward flow. The total flow is modelled as downstream
flow subtracted by upstream flow where k1 > 0 and k2 > 0 are proportionality constants.

ṁc = ṁf − ṁb = k1 ωtc − k2

(

pds

pus

− 1

)

(2.4)

For the flow not to become negative

ωtc >
k2

k1

(

pds

pus

− 1

)

(2.5)

One thing that might need to be reconsidered about the compressor dynamics is the
massflow impact on the torque calculation. If the pressure quotient is big enough
making the total flow equal zero, the torque will also equal zero. An investigation of
the difference when only forward massflow is considered in the torque calculation would
be relevant.

2.5 Intake manifold

The intake manifold is the cavity between the compressor and the cylinder where pres-
sure builds up due to compressor activity. This component is important from a model-
ing point of view since it provides both the block upstream (compressor) and the block
downstream (combustion chamber) with inputs. The determining equations are derived
from the laws of mass- and energy conservation and are inspired by Eriksson’s MVEM
library ([2] p.5). The intake and exhaust manifold share constitution and are modeled
identically with the exception of a few differing parameter values. They are passive
engine parts since what they receive and give away is solely controlled by other engine
parts and they are thus sometimes called receivers.
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Figure 2.3 – Inputs and outputs of intake manifold Simulink block

In the intake manifold model, there are five input signals and two output signals, see
figure 2.3 and table 2.2.

Table 2.2 – Input signals, output signals and parameters of intake manifold

INPUTS

ṁin kg/s Air mass-flow from compressor

ṁout kg/s Air mass-flow towards combustion chamber

Tin K Temperature of compressor air

Tout K Temperature in intake manifold (same as output T)

Q J/s Heat-flow into the system (optional)

OUTPUTS

T K Temperature in intake manifold

p Pa Pressure in intake manifold, also pim

PARAMETERS

κim — Ratio of specific heats

Vim m3 Volume of intake manifold

Tinit,im K Initial temperature of intake manifold

pinit,im Pa Initial pressure of intake manifold

R J/(kg·K) Gas constant

The energy balance in the intake manifold is defined as

Wim = mim cv Tim (2.6)

and its time derivative is

Ẇim = ṁim cv Tim + mim cv Ṫim alt. Ẇim = Ḣin − Ḣout + Q̇in (2.7)

where Ḣ = ṁ cp T , ([2] p.5), represents enthalpy flow. The left equation in (2.7) ex-
presses the energy flow in terms of intake manifold mass, temperature, mass flow and
temperature flow. Since the objective is to find an expression for intake manifold tem-
perature it is troublesome if there is nothing else to work with than the intake manifold
temperature. It is a causality dilemma. By expressing the energy flow through the
right equation in (2.7) it is possible to also use the intake manifold inputs, which are
known entities. By using both equations in (2.7), equalling the right hand sides of both
equalities, it is possible to solve an expression for the intake manifold temperature time
derivative as a function of either already known signals or signals that can be feedbacked
with an intital value to avoid non-causality.

Ṫim =
1

mim cv

(

Ḣin − Ḣout − ṁim cv Tim + Q̇in

)

=
1

mim

(

κim ṁin Ṫin − κim ṁout Ṫout − ṁim Tim +
Q̇in

cv

)

(2.8)

The external heat-flow into the system is represented by Q̇in and is sometimes ignored.
Passing the signal through a Simulink integrator block and defining an initial condition
means that Tout can be known from Ṫim, because Tim = Tout. The only unknown
parameter in equation (2.8) is the intake manifold mass mim and its derivative ṁim.
The air-mass in the intake manifold is decided upon the amount of input and output
air, and the time derivative of the intake manifold mass is

ṁim = ṁin − ṁout (2.9)
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Integrating this signal will give mim and the ideal gas law gives the initial condition for
the integration.

minit =
pinitVim

R Tinit

(2.10)

When knowing the intake manifold temperature there is no problem finding the intake
manifold pressure which is the other output signal from this block. All that is needed
is an implementation of the ideal gas law.

pim =

(

mim R Tim

Vim

)

(2.11)

2.6 Combustion chamber

This is the core of the model and, in the end, the purpose of all the other blocks. The
combustion chamber is a complex modeling object with the main task of providing
torque to the driveline shaft. Torque generation through combustion takes fuel and
gives high temperature exhaust gases. An interesting output signal in an engine control
perspective is the λ-value which is the quotient between the amount of air and the
amount of fuel in the combustion. To describe the dynamics in the combustion process
of a two-stroke engine it is also required to study the principles of scavenging which is
one of the biggest differences between two-stroke and four-stroke engines.
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Figure 2.4 – Inputs and outputs of combustion chamber Simulink block

The combustion chamber Simulink block consists of five inputs as well as five outputs,
see figure 2.4 and table 2.3.

Table 2.3 – Input signals, output signals and parameters of combustion chamber

INPUTS

pim Pa Pressure in intake manifold

pexh Pa Pressure in exhaust manifold

mfc kg/cycle Injected fuel per cycle

ω rad/s Resulting engine rotational speed

Tim K Temperature in intake manifold

OUTPUTS

Tqe Nm Engine produced torque

Te,out K combustion chamber out temperature

ṁe kg/s Air mass-flow through combustion chamber

λ — Air/fuel-ratio in combustion

PARAMETERS

ηig — Indicated gross efficiency

qLHV J/m3 Fuel, lower heating value

Vcyl m3 Maximum cylinder volume

Vt m3 Cylinder volume at top position

n — indicating 2- or 4-stroke engine

N — indicating how many cylinders in engine
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Torque

When calculating the engine torque, consumed work is subtracted from produced work
([3] p.84) as

Tqe =
Wig − Wf

n 2π
(2.12)

The input signals that have immediate impact on the engine torque are the engine
rotational speed, ω, and the injected fuel per cycle, mfc. The produced work should be
seen as the energy from the delivered fuel and can be defined

Wig = mf qHLV ηig (2.13)

Since mfc is delivered fuel per cycle it is multiplied by ω 1
2π

N to receive delivered fuel
per time unit.

mf = mfc ω
1

2π
N (2.14)

The gross indicated efficiency, ηig is a factor combining many different kinds of losses
([3] p.85) but it is modeled as a constant, user set value 0 ≤ ηig ≤ 1. The consumed
work, or the load, is due to friction in the engine and is related to the engine speed as

Wf = k1 ω + k2 ω2 (2.15)

where k1, k2 are proportionality constants. The indicated gross work in equation (2.13)
drives the engine external load. The engine rotational speed depends on how big the
inertia of the external load is.

Scavenging

The scavenging dynamics of the two-stroke engine decides the relationship between
fresh and old gas in the combustion chamber and is thereby a measurement of how
well-circulated the air is in the cylinder house. In the cylinder volume there can be
assumed to be three different types of gas; fresh air from the intake manifold, trapped
air/fuel mixture (residual gas) from previous strokes and ‘short circuit’ air that runs
directly from the intake manifold to the exhaust manifold without ever engaging in the
combustion. Speaking of scavenging, the two most vital relationships to discuss are the
scavenging ratio SR and the scavenging efficiency SE, defined as

SR =
massflow through engine (= ṁe)

trapped massflow (= ṁcyl)
, SR > 0 (2.16)

SE =
trapped mass/cycle

theoretical mass/cycle
, SE < 1 (2.17)

The value of SE tells how much of the cylinder air that is exchanged in every cycle. A
value of 1 equals the situation where all air from the previous stroke is being replaced
by new air from the intake manifold. Scavenging ratio and scavenging efficiency are
related to eachother as

SE = 1 − e−(SR kSE) (2.18)

where kSE is a constant design parameter. The scavenging only considers the mixture
in the cylinder and not the total air flow. The air flow through the combustion chamber
is a result of pressure difference between the intake manifold and the exhaust manifold
and must be known in order to calculate SR. Here, it is modeled as

ṁe = ke

(

pim

pexh

− 1

)

(2.19)
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which is an equation describing mass flow per time unit where ke is a proportional-
ity constant. The theoretical mass/cycle is the air mass contained in the combustion
chamber at the temperature and pressure conditions of the intake manifold.

mtheoretical =
pim Vcyl

R Tim

(2.20)

The trapped massflow in the combustion chamber depends on the theoretical mass/cycle,
the engine rotational speed, ω, and the number of cylinders, N .

ṁcyl = mtheoretical ω
1

2π
N (2.21)

Since ω is measured in rad/s, it has to be multiplied by 1
2π

to be converted to cycles/s.
Everything needed for an implementation of equation (2.18) is thereby obtained and
SR and SE are defined in known entities.
Left to discribe are the three different fractions of gas in the combustion chamber. First,
the fresh air into the chamber is defined as the air that is not either passing straight
through (short-circuit) or is retained in the chamber between the combustion cycles.
The relationship defining the quotient between fresh and retained gas is the scavenging
efficiency why the airflow into the combustion chamber can be written

ṁa,im = ṁcyl SE (2.22)

Since ṁa,im is the fresh air massflow into the combustion chamber from the intake
manifold at each cycle, there has to be an equally large flow of burnt gas out from the
combustion chamber into the exhaust manifold,

ṁch,exh = ṁa,im (2.23)

Finally, there is a massflow not taking part in the combustion at all, short-circuiting
through the combustion chamber directly into the exhaust manifold. This flow is found
by subtracting the total engine massflow by the fresh gas into the cylinder.

ṁshc = ṁe − ṁa,im (2.24)

A good source for finding more detailed material on scavenging modeling is ([5] Ch.4).

Lambda

The most commonly used reference term for mixtures in internal combustion engines is
the air to fuel ratio (AFR) which is a measure of how the amount of air and fuel are
related to each other during combustion.

AFR =
ma

mf

(2.25)

When air and fuel appear in quantities combining all the fuel with all the free oxygen,
the AFR represents chemical equilibrium and is defined as the stoichiometric AFR,
AFRstoich or AFRs. The stoichiometric ratio is depending on the fuel type and for
natural gas, AFRs = 14.5 ([4] app.D). This condition is the reference point when
defining λ since λ describes how far from stoichiometric conditions the air-fuel mixture
is.

λ =
AFR

AFRs

(2.26)

At stoichiometric mixture in the combustion chamber the lambda value equals 1, when
there is excess air (lean mixture) the lambda value is greater than 1 and when there is
excess fuel (rich mixture) the lambda value is less than 1.

Assume that, for each combustion cycle, the total mass in the combustion chamber
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is ma, the mass of fresh air from the intake manifold is ma,im and the mass of air in
the residual gas from previous strokes is ma,r.

λ =
ma,im + ma,r

mf AFRs

(2.27)

The scavenging efficiency defines the relationship between retained and fresh gas and can
be used to rewrite the air mass of the retained gas as ma,r = (ma−AFRs mf ) (1−SE).
Giving

λ =
ma,im + (ma − AFRs mf ) (1 − SE)

mf AFRs

=

=
ma,im + ( ma

AFRs mf
− 1) (1 − SE)AFRs mf

AFRs mf

=

=
ma,im

AFRs mf

+ (λ − 1)(1 − SE) =⇒

λ =
ma,im

SE

AFRs mf

−
1

SE
+ 1 (2.28)

The quotient
ma,im

SE
represents the total mass ma and can be rewritten using the ideal

gas law

λ =

Vcylpim

R Tim

AFRs mf

−
1

SE
+ 1 (2.29)

For λ not to become negative, there has to be a restriction on the fuel.

1 +

Vcylpim

R Tim

AFRs mf

>
1

SE

mf <
SE

AFRs

(

1 +
Vcylpim

R Tim

)

(2.30)

Temperature

The two-stroke spark ignited combustion process can be described in terms of an Otto
cycle in a p-V chart. The temperature dynamics are closely connected to the scavenging
process since the retained gas after each stroke has a higher temperature than the intake
manifold input. The scavenging efficiency is hence used when specifying the relationship
between retained and fresh gas at the intake of each combustion cycle. First defining
the residual gas fraction,

Xr = 1 − SE (2.31)

makes it possible to write the combustion cycle intake temperature expression

T1 =
cVin

Tim (1 − Xr) + cVex
Te,out Xr

cVin
(1 − Xr) + cVex

Xr

(2.32)

If the specific heats for intake and exhaust gases are assumed to be equal the expression
can be simplified

T1 = Tim(1 − Xr) + Te,outXr (2.33)

The two-stroke cycle runs in four steps. Applying the ideal gas law and some basic ther-
modynamics on these steps will eventually yield in an expression of exhaust temperature
as a function of intake manifold temperature.

• 1 → 2: Compression

At intake, the cylinder reaches its bottom position letting the intake and exhaust
valves open. Since the intake valve is open and directly connected to the intake
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manifold, the pressure at step 1 in the p-V chart equals that of the intake manifold,
p1 = pim. The volume in step 1 (and step 4) is the combustion chamber max
volume V1 = Vcyl. In step 1, using the ideal gas law, the air mass in the combustion
chamber is

ma =
p1 V1

R T1
(2.34)

Between step 1 and 2 the gas that is trapped in step 1 undergoes compression as
the cylinder moves towards its top position. As the volume decreases the pressure
increases. This is assumed to be an adiabatic process where combustion chamber
external heat transfer is neglected, which gives the expression

p2 V γ
2 = p1 V γ

1 ⇐⇒ p2 = p1

(

V1

V2

)γ

(2.35)

Due to the ideal gas law the pressure p is a function of T
V

mulitplied by two
constants (the mass, since m1 = m2 and the gas constant R). Using equation
(2.35) together with this knowledge results in a relationship between T2 and T1

T2

V2
V γ

2 =
T1

V1
V γ

1 ⇐⇒ T2 = T1

(

V1

V2

)γ−1

(2.36)

• 2 → 3: Combustion

In step 2 the compressed gas is ignited which results in increased temperature
and pressure, ending up in step 3. The volume during this process is constant,
V2 = V3 = Vt. The increase in temperature between step 2 and 3 is dependant on
the mass of fuel in the compressed gas, hence

mf QHLV = (ma + mf ) cV (T3 − T2) ⇐⇒

T3 =
mf QHLV

(ma + mf ) cVin

+ T2 (2.37)

• 3 → 4: Expansion

After the moment of ignition the cylinder begin the process of returning to its
bottom position, meaning that the combustion chamber volume increases while the
pressure decreases. Similar to the transfer between steps 1 and 2, the temperature
is assumed to remain constant.

p4 V γ
4 = p3 V γ

3 ⇐⇒ p4 = p3

(

V3

V4

)γ

(2.38)

Using, like in step 1 − 2, the fact that the mass and gas constant are constants
gives a relationship between T4 and T3

T4 = T3

(

V2

V1

)γ−1

(2.39)

• 4 → 1: Exhaust

In the final step the burnt gases are released out into the exhaust manifold. To
calculate the temperature of the burnt gases, the temperature of previous steps
are combined

T4 = T3

(

V2

V1

)γ−1

= [use equation 2.37 and 2.36] =

=

(

mf QHLV

(ma + mf ) cV

+ T1

(

V1

V2

)γ−1
)

(

V2

V1

)γ−1

= [simplify] =

=
mf QHLV

(ma + mf ) cV

(

V2

V1

)γ−1

+ T1 = [use λ−relationship] =

=
QHLV

(λAFRs + 1)cV

(

V2

V1

)γ−1

+ T1 (2.40)
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Now, this is T4 as a function of T1 which is close to a useful expression. There is
one issue left though; T1 is a function of Tim and T4, so the last step is to combine
equations (2.33) and (2.40) to get T4 as a function of Tim

T4 =
1

SE

QHLV

(λAFRs + 1)cV

(

V2

V1

)γ−1

+ Tim (2.41)

Now, T4 is only the temperature of the burnt gases in the combustion chamber and
can not be used as the combustion chamber output temperature without some slight
modification. The issue here is the short-circuit air through the combustion chamber,
which has a temperature considerably lower than the burnt gas temperature T4. The
combustion chamber output temperature has to be a weighted average between these
two massflow’s (equation 2.24) temperatures respectively.

Te,out =
ṁch,exh T4 + ṁshc Tim

ṁe

(2.42)

2.7 Exhaust manifold

The exhaust manifold is, just as the intake manifold, a receiver and there are no major
differences in their modeling. It is more common to consider external energy flow, Q,
in the exhaust manifold and some of the parameters are naturally different.
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T _ ut 

Q 

T 

p 

Figure 2.5 – Inputs and outputs of exhaust manifold Simulink block

Table 2.4 – Input signals, output signals and parameters of exhaust manifold

INPUTS

ṁin kg/s Air mass-flow from combustion chamber

ṁout kg/s Air mass-flow towards turbine

Tin K Temperature of combustion chamber air

Tout K Temperature in exhaust manifold (same as output T)

Q J/s Heat-flow into the system (optional)

OUTPUTS

T K Temperature in exhaust manifold

p Pa Pressure in exhaust manifold

PARAMETERS

κem — Ratio of specific heats

Vem m3 Volume of exhaust manifold

Tinit,em K Initial temperature of exhaust manifold

pinit,em Pa Initial pressure of exhaust manifold

R J/(kg·K) Gas constant

2.8 Turbine

The turbine is connected to the compressor through the turbo shaft as mentioned before.
Just like the compressor the turbine consists of a rotating propeller device which is here
given momentum by the exhaust manifold air. Parallell to the turbine is a device called
the waste-gate which can be opened to release pressure in order to decrease the rotational
speed of the turbo shaft and thereby lower the pressure in the intake manifold.

It ususally takes a while for the turbine to start rotating at engine start up. Which
is not hard to believe. Actually the turbo is an non-causal process, meaning that the
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compressor needs the turbine to rotate in order to provide the combustion with air so
that the exhausts can maintain the turbine speed. So, for the turbine to start rotating
at all there is an external device added, called the jet-assist. This will make the turbine
rotate during the start up process until there is a big enough exhaust air flow for it to
rotate without external help.
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Figure 2.6 – Inputs and outputs of turbine Simulink block

The turbine Simulink block consists of five inputs and three outputs, see figure 2.6 and
table 2.5. The turbine output massflow, ṁt, is the same signal connected as an input
to the exhaust manifold block, also representing the exhaust manifold output massflow.

Table 2.5 – Input signals, output signals and parameters of turbine

INPUTS

ωtc rad/s Rotational speed for turbine and compressor

pem Pa Pressure upstream: from exhaust manifold

pes Pa Pressure downstream: ambient pressure

Tem K Temperature upstream: from exhaust manifold

uwg — Control signal, wastegate

OUTPUTS

Tqt Nm Turbine generated torque on turbo shaft

ṁt kg/s Air mass-flow out of turbine

Tt K Turbine out-air temperature

PARAMETERS

cp J/(kg K) Air specific heat
dwg m waste-gate diameter

Massflows

There are two ways for exhaust gases to pass the turbine, either through the turbine
wheel to feed the turbo shaft and compressor with torque or through the waste-gate
in order to release pressure built up in the exhaust manifold. When the waste-gate is
fully open, a reduced amount of exhaust gases will flow through the turbine while the
remainder will bypass the turbine through the waste-gate directly out in the exhaust
system. The waste-gate is controlled externally and can be opened and closed indepen-
dently of other signals. When it is open the flow is restricted by the intersection area
and to some extent by sonic restrictions. The actual area of the waste-gate opening is

Awg = π

(

dwg

2

)2

(2.43)

which is multiplied by the discharge coefficient, Cd, and by the effective waste-gate lift,
lwg,eff , to constitute the effective area. The discharge coefficient has a value between 0
and 1 and could be described as the relationship of actual versus ideal mass flow through
the waste-gate opening. The waste-gate lift is a function of the waste-gate control signal
and waste-gate diameter ([2] p.13) as

lwg,eff = uwg min

(

lwg,max,
dwg

4

)

(2.44)

constituting the effective area.

Awg,eff = Cd lwg,eff Awg (2.45)
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The turbine and waste-gate are both modeled as flow restrictions which gives a situation
for the flow somewhat similar to that of the current in an electrical circuit. The massflow
corresponds to electrical current, the pressure difference corresponds to voltage and
the flow restrictions correspond to resistances. The turbine and waste-gate flows are,
respectively ([2] p.7,13),

ṁt =
pem√
Tem

C

√

1 −
(

pes

pem

)K

(2.46)

ṁwg =
Awg,eff√

Tem R
pem Ψ

(

pes

pem

)

uwg (2.47)

where C and K are adjustable constants and the sonic restriction is

Ψ

(

pes

pem

)

=















√
γ
(

2
γ+1

)
γ+1

2(γ−1)

, pes

pem
≤
(

pes

pem

)

crit
√

2γ
γ−1

[(

pes

pem

)

2
γ −

(

pes

pem

)

γ+1
γ

]

, pes

pem
>
(

pes

pem

)

crit

(2.48)

The critical pressure ratio determines when choking of the flow occurs.

(

pes

pem

)

crit

=

(

2

γ + 1

)
γ

γ−1

(2.49)

In the mass flow equations, everything that is not related to pressure is lumped together
forming the ”conductance” G which is inverted to form the ”resistance” Q

Qt =

√
Tem

C
(2.50)

Qwg =

√
TemR

Awg,eff

(2.51)

Current division then gives the weigthed mass flows

ṁt =
Qwg

Qt + Qwg

pem

√

1 −
(

pes

pem

)K

(2.52)

ṁwg =
Qt

Qt + Qwg

pem Ψ

(

pes

pem

)

uwg (2.53)

It should be said that there might be other, more efficient and/or easier, solutions to
the turbine and waste-gate massflows. At least for a model that is as generalized as the
one developed in this project.

Temperature

There is a temperature drop in the air that passes the turbine that has to be taken
into consideration (no temperature reduction over waste-gate). The expression for the
turbine efficiency ([2] p.13)

ηt =
1 − Tt

Tem

1 −
(

pes

pem

)
γ−1

γ

(2.54)

leads to the expression for the difference in temperature

∆T = Tem − Tt = Tem

(

1 −
(

pes

pem

)
γ−1

γ

)

ηt (2.55)

There are different ways to estimate the efficiency ηt, but since this model is quite
generalized the efficiency is set to a constant value < 1. For other ways of modeling
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the turbine efficiency see for example ([2] p.13) where use of the so called Blade Speed
Ratio is covered. The temperature difference is later used to form the turbine torque
expression, but it is also needed to form the output turbine temperature

Tt = Tem − ∆T (2.56)

Observe that this is only the temperature for the turbine, the waste-gate not included.
For a correct post-turbine temperature a weighed sum of the turbine air temperature
and the waste-gate (no temperature loss assumed) air temperature should be made.

Torque

This section covers only the torque produced as a result of the air flow from the exhaust
manifold. The sum of turbo shaft impacts are treated in section 2.9.

The massflow from the exhaust manifold is splitted between the waste-gate and the
turbine but only the flow through the torque will result in torque to the turbo shaft.
The expression for the difference in temperature before and after the turbine was de-
rived in the previous section. Those variables together with the air specific heat are
what is needed to form the turbine power

Pt = ṁt cp ∆T (2.57)

The resulting turbine torque is calculated by dividing the power by the turbo shaft
rotational speed

Tqt =
Pt

wtc

(2.58)

2.9 Turbo shaft

The turbo shaft is the shaft connecting the compressor and the turbine. The shaft is
assumed to be stiff with no dynamics of its own.
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Figure 2.7 – Inputs and outputs of turbo shaft Simulink block

Three inputs parameters are effecting the resulting turbo torque; the massflow from the
exhaust manifold over the turbine, the massflow originating from the jet-assist and the
braking torque from the compressor. The jet-assist is modelled as a user maneuverable
variable with an appropriate gain applied.

Table 2.6 – Input signals, output signals and parameters of turbo shaft

INPUTS

Tqt Nm Torque generated by turbine
TqJA Nm Torque from Jet-Assist
Tqc Nm Torque consumed by compressor

OUTPUTS

wtc rad/s Rotational speed for turbine and compressor
PARAMETERS

Jtc kg m2 Inertia of turbo system

The angular velocity of the shaft is calculated using Newton’s second law for rotational
systems

ẇtc =
1

Jtc

(Tqt + TqJA − Tqc) (2.59)
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2.10 External load

The external load originates from whatever the engine is supposed to drive. In the
model it is an external parameter which can be adjusted independently of the system
as a whole.

 

Tq _ e 

Tq _ load 

w 

Figure 2.8 – Inputs and outputs of external load Simulink block

Table 2.7 – Input signals, output signals and parameters of external load

INPUTS

Tqe Nm Torque generated by engine
Tqload Nm Torque from external load
OUTPUTS

w rad/s Rotational speed for engine shaft
PARAMETERS

J kg m2 Inertia of engine shaft

The angular velocity of the shaft is calculated using Newton’s second law for rotational
systems

ẇ =
1

J
(Tqe − Tqload) (2.60)
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3 Simulation results

This chapter includes simulation results for the biggest three Simulink blocks of the
two-stroke engine; the Compressor, the Turbine and the Combustion chamber. The
simulations are designed to resemble real conditions as well as possible. Parameters are
chosen either from literature or through qualified assumptions in cases when no good
reference is to be found. No real engine has been used in the process. Similarity to a
real engine is restricted by the fact that each of these three sub-models are simulated
separately, which disable possibility to look at interaction between blocks. Though, it
is still possible to investigate if they behave in correlation with reasonable assumptions.
A brief overview of the largest assembled model unit that does not produce Simulink
errors will be presented as well.
The simulation cases are designed to highlight basic dynamics of the simulated com-
ponent which is done by altering one or two input signals per simulation and looking
at the output signals. The test input signals are fitted to be a somewhat good rep-
resentation of what could appear in reality. Analyzing the input-output relationships
in this way will give graphical data and thus provide more intuitive explanations and
interpretations of the equations in Chapter 2.

There are some parameter values that stay unchanged throughout all the simulations
and that are not component specific; ambient temperature and pressure, gas constant
and ratio of specific heats:

• Tamb = 300 [K]

• pamb = 101 e3 [Pa]

• R = 287 [J/(kg K)]

• γ = 1.3 [−]

When looking at the signal values, bear in mind that many constants and parameters
are quite roughly estimated which inevitably leads to slight inaccuracies. Look instead
for overall trends and typical behaviour.

3.1 Compressor simulation

The compressor specific parameter values are k1 and k2 from equation (2.4), estimated
to.

• k1 = 0.1 [kg/rad]

• k2 = 1 [kg/s]

This section provides two simulations with different inputs of the compressor, simulation
1 and 2, respectively. The governing equations and relationships deciding the outcome
of the compressor simulations are to be found in chapter 2.4.

Simulation 1

One of the most fundamental parts of the compressor is the propeller which is connected
to the turbine and described by rotational speed. Therefore, varying the rotational
speed of the turbo shaft will result in valuable information on compressor performance.
Typically, a high rotational speed of the turbo shaft will result in higher pressure in
the intake manifold, downstream of the compressor. This effect will not be visible in
this simulation, since both rotational speed and downstream pressure are input signals
and therefore not feedbacked to each other. The downstream pressure will be changed
separately, uncorrelated to the rotational speed.
Expected behavior following an increase in rotational speed would be increased torque
(turbo shaft load) and massflow. The temperature is not directly a function of rotational
speed but is a function of the pressure quotient which on the other hand is affected by
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the rotational speed. An increase in the pressure downstream should give increased
torque and temperature but decreased massflow.

Inputs

The turbo shaft rotational speed varies from 10 to 1000 rad/s. The pressure before the
compressor is equivalent to ambient pressure, pamb while the pressure after the com-
pressor is 1.5 times the ambient pressure at time zero. The steps have amplitude of 5
and 10 times the amplitude at time zero. Downstream pressure is altered uncorrelated
to the rotational speed which provides a good feeling for how these two signals interact.
The temperature before the compressor is equivalent to ambient temperature Tamb.

To get a good look at trends, the downstream pressure step magnitudes are set to be
higher than what could be expected from reality.
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Figure 3.1 – Inputs and outputs of compressor when increasing turbo shaft rota-
tional speed at constant rate while changing the pressure in intake manifold in three
different steps

Outputs

The compressor torque is the load on the turbo shaft, having the opposite direction of
the turbine torque and is affected by both rotational speed and downstream pressure.
For small ωtc the torque is increasing rapidly but for large ωtc it saturates. It seems
that at high enough rotational speed with unchanged pressure the torque will not in-
crease further meaning that an increase in rotational speed does not necessarily imply
increased turbo shaft load. Now, this is slightly hypothetical since increased compressor
speed will result in increased downstream pressure. At the downstream pressure steps,
the saturation level of the torque increases for large ωtc and the slope towards negative
torque is steeper for small ωtc.
Negative torque would imply a flow in the backwards direction which is resonable if the
pressure is much higher downstream than upstream. An increased downstream pressure
gives an increased resistance for the flow.
The compressor temperature is not affected by rotational speed but highly correlated
to downstream pressure. The higher the quotient between downstream and upstream
pressure, the higher the temperature.
The result corresponds well to expected behaviour in most aspects. The torque satura-
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tion phenomenon might need to be reviewed and investigated further.

Simulation 2

Changing the pressure before the compressor is basically the same thing as changing it
after the compressor since upstream and downstream pressure usually appear in quo-
tients. The effects of this were partly covered in simulation 1. When changing upstream
temperature, the downstream temperature is naturally expected to change proportion-
ally.

Inputs

The turbo shaft rotational speed is constant 500 rad/s.
The pressure before the compressor is raised at constant rate from ambient pressure to
6 times ambient pressure.
The pressure after the compressor is constantly 1.5 times the ambient pressure.
The temperature before the compressor starts at ambient temperature and increase at
constant rate after half the simulation time.
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Figure 3.2 – Inputs and outputs of compressor when first increasing upstream pres-
sure and then increasing upstream temperature at constant rates.

Outputs

When upstream pressure increases, less torque is braking the turbo shaft since the pres-
sure gradient does the job itself. The flow out from the compressor is not affected by
the upstream temperature, but when upstream pressure increases, so does the flow.
Increased upstream pressure implies decreased outlet temperature.
Compared to expected behaviour some things are worth looking deeper into, for exam-
ple the connection between upstream temperature and compressor torque is not that
intuitive. In chapter 2.4 the relationship between compressor torque and massflow is
discussed.

3.2 Turbine simulation

The turbine specific parameters are Kwg and Ct in equation (2.46), ηt in equation (2.55),
CD in equation (2.45) and dwg in equation (2.43), estimated to,
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• Kwg = 0.01 [−]

• Ct = 0.001 [−]

• ηt = 0.5 [−]

• CD = 0.8 [−]

• dwg = 0.1 [m]

Following are three simulations with different inputs of the turbine, simulation 1, 2 and
3, respectively. The governing equations and relationships deciding the outcome of the
turbine simulations are to be found in chapter 2.8.

Simulation 1

One of the major features in the turbo system is the waste-gate. The waste-gate by-
passes the turbine when opened and force the flow to pass only through the turbine
when closed. When closing the waste-gate while keeping everything else constant, the
torque is expected to increase and the total turbine output massflow is expected to
decrease since the turbine will be the only way for the air to flow through.

Inputs

In this simulation, all input parameter values are kept constant except the waste-gate
control signal. The turbo shaft rotational speed is constant at 500 rad/s. The exhaust
manifold pressure is assumed to be six times the atmospherical pressure. The exhaust
manifold temperature should be higher than ambient temperature and is here assumed
to be 600 K. The waste-gate control start at value 1 which corresponds to a fully opened
waste-gate and decreases at constant rate down to a fully closed waste-gate over 100
seconds.
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Figure 3.3 – Inputs and outputs of turbine when turning a fully opened waste-gate
down to fully closed at constant rate.

Outputs

A successively closing waste-gate implies less flow through the waste-gate and hence
increased flow through the turbine. The total flow, as shown in the figure, will be
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slightly reduced though due to there being only one valve to run through instead of
two. Intuitively, a larger flow through the turbine increases the turbine output torque,
driving the turbo shaft. The output temperature is not directly influenced by the waste-
gate but is decreased to a lower constant level compared to the input temperature. If
closing the waste-gate results in less total massflow it should be expected that the flow
through the turbine would increase if not having reached saturation, and thereby also
result in a change in temperature. This is probably an incompleteness in the model and
a matter of future investigation. The other outputs go well with expected behaviour but
the changes in torque and massflow are very small and probably not perfectly correct.

Simulation 2

The upstream pressure of the turbine is the exhaust manifold pressure, which decreases
when the engine slows down. The waste-gate is shut, thus pushing all flow through the
turbine. When the upstream pressure equals the downstream pressure there can not be
any flow through the turbine, with the effect of zero torque and massflow. When there
is no flow, there should be no temperature losses.

Inputs

All input parameter values are constant at the same values as in Simulation 1, except
for the upstream pressure which decreases from twice the ambient pressure down to
ambient pressure at constant rate.
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Figure 3.4 – Inputs and outputs of turbine when decreasing exhaust manifold pres-
sure at constant rate.

Outputs

It is interesting to see what happens when the pressure gradient is zero, that is, when
exhaust manifold pressure equals ambient pressure, in this simulation at time 100 s.
First of all, there should be no massflow which fortunately is the case. The turbine
torque also follows the massflow down to zero which is also expected. When the turbine
output flow is zero, there is no output temperature to speak of since the temperature is
a feature of the gases that are not transported. At non-zero flow the gas releases energy
when passing the turbine (but not the waste-gate) decreasing the output temperature.
Maybe the temperature equations needs to be adjusted to give proper outputs at low
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turbine speed.

Simulation 3

The turbo shaft connects the turbine and compressor and transfers the torque generated
by the exhaust manifold pressure over to the compressor to increase the pressure in the
intake manifold.

Inputs

The setup is similar to Simulation 2, but exhaust manifold pressure is now constant at
double ambient pressure in order to get a pressure gradient in positive flow direction.
The turbo shaft rotational speed is increased at constant rate from 1000 to 2000 rad/s.
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Figure 3.5 – Inputs and outputs of turbine when increasing turbo shaft rotational
speed at constant rate.

Outputs

In the fully assembled and simulated engine model, a change in torque would imply a
change in turbo shaft rotational speed. When simulating the turbine separately this
feedback is gone. What is seen in the output turbine torque is the effects of equation
(2.58), an inverse proportionality relationship between rotational speed and torque when
massflow, temperature and pressure are constants.

3.3 Combustion chamber simulation

The combustion chamber specific parameters are k1 and k2 in equation (2.15), ηig and
qHLV in equation (2.13), n in equation (2.12), kSE from equation (2.18), N from equation
(2.21) and ke from (2.19), estimated to,

• k1 = 1e − 6 [−]

• k2 = 1e − 6 [−]

• ηig = 0.75 [−]

• qHLV = 3.4e7 [J/m3] ([4] app.D)
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• n = 1 [cycles per combustion]

• kSE = 0.5 [−]

• ke = 1 [−]

• N = 1 [−]

Following are three simulations with different inputs of the combustion chamber, simu-
lation 1, 2 and 3, respectively. The governing equations and relationships deciding the
outcome of the combustion chamber simulations are to be found in chapter 2.6.

Simulation 1

The intake manifold temperature tells at what temperature the massflow enters the
combustion chamber.

Inputs

All input parameter values are kept constant while increasing intake manifold tempera-
ture at constant rate, from a slightly unrealisticly low temperature up to a little above
room temperature.
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Figure 3.6 – Inputs and outputs of combustion chamber when increasing intake
manifold temperature at constant rate.

Outputs

A rise in input temperature results in a rise of output temperature which is expected.
The lambda value increases when decreasing the input temperature. It might be a bit
surprising that input temperature has such a large impact on lambda, but in reality
temperatures below 300 K is not that interesting. When reaching very low temperatures
the density of the gas will be considerably lower making place for a larger mass of gas
per amount of fuel. Theoretically, that is. The temperature change not having any
impact on the torque is a bit unexpected and should be investigated.

Simulation 2

The intake manifold pressure depends largely on the compressor activity. Changing the
pressure quotient over the combustion chamber will result in altered mass flow through
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the combustion chamber.

Inputs

The input parameter value setup is much the same as in Simulation 1 but with the
intake manifold temperature held constant at 300 K and the intake manifold pressure
increased at constant rate originating at double the ambient pressure.
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Figure 3.7 – Inputs and outputs of combustion chamber when increasing intake
manifold pressure at constant rate.

Outputs

A higher intake manifold pressure leads to a higher pressure quotient over the combus-
tion chamber. At least it does in this case when the exhaust manifold pressure is not
affected by pressure changes upstream. As expected the increased pressure quotient
gives an increased mass flow output and more air through the combustion also implies
larger λ-value. The combustion chamber output temperature is affected by increased
mass flow since there will be more air to heat, hence decreased temperature.

Simulation 3

The amount of fuel per time unit depends upon the engine rotational speed since the
input fuel parameter sets fuel per cycle.

Inputs

The setup of Simulation 3 is similar to previous simulations but now the engine rota-
tional speed is increased at constant rate and fuel per cycle is doubled as a step function
after half the simulation.
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Figure 3.8 – Inputs and outputs of combustion chamber when making a step increase
in fuel per cycle while increasing rotational speed of engine at constant rate.

Outputs

Both engine torque and output temperature increase with increased rotational speed.
The temperature increases because the amount of fuel increses with the rotational speed,
and more fuel per combustion cycle means more energy released, thus a higher temper-
ature. The same reasoning goes for the output torque. The output mass flow should
depend on the rotational speed, since the parameter ke in equation (2.19) in reality
depends on rotational speed, but this is not implemented. The air-fuel ratio decrease
with increased amount of fuel as expected.

3.4 Largest no-Simulink-error model unit

When making a Simulink model consisting of more than a few separate blocks, the
complexity of the assembled system increase with every added block. This is particu-
larly obvious when trying to put together a system where every block in some way have
impact on all other blocks, directly or indirectly.

Figure (3.9) presents the largest unit of assembled Simulink blocks that runs in Simulink
without errors. This model leaves the turbine out, forcing constant values to be con-
nected to ṁout of the exhaust manifold and to Tqt of the turbo shaft.
Actually, not only the turbine is removed, there is one more restriction implemented.
The pressure from the exhaust manifold is disconnected and replaced by a constant
value where it should have been input to the combustion chamber. And this seems
to be the crucial matter. When the exhaust manifold output pressure is connected to
the combustion chamber input (or the turbine input), Simulink will not run the model.
Though, more thorough testing and validation is needed in order to verify this guess.

However, even though this model runs without any Simulink errors, it is very hard
to give a relevant interpretation of the result since the model is mutilated. Following
are the global input values together with input/output plot for the combustion chamber.
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Figure 3.9 – The largest model unit that does not produce Simulink errors

Inputs

The inputs used for running the Simulation resulting in figure 3.10 are; compressor
upstream pressure, pus = pamb, compressor upstream temperature, Tus = Tamb, exhaust
manifold pressure into combustion chamber, pem = 2 pamb, amount of fuel per cycle,
mfc = 1e−8 kg/cycle, external load torque, Tqload = 500 Nm, exhaust manifold output
massflow, ṁout = 50 kg/s, turbine torque, Tqt = 100 Nm, Jet-assist torque, TqJA = 10
Nm.
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Figure 3.10 – Inputs and outputs of combustion chamber at simulation with the
above stated inputs.
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4 Conclusions

Looking at the project specification, most of the pre-defined goals are fulfilled. Serious
attempts to describe the dynamics of each component have been made, and have re-
sulted in a number of Simulink blocks that each are generalized models of actual engine
dynamics. Individually and taken out of context, the three main blocks - the compres-
sor, the turbine and the combustion chamber - show a behaviour that is relevant and
reasonable, but the output signal magnitudes of each block are not properly scaled and
is one of the greatest challenges to overcome in order to obtain a useful model of the
engine.

4.1 Discussion

It has been harder than expected to assemble all separate blocks into one well-functioning
unit mainly because of the complexity of such a system. The complexity combined with
a slightly ineffective assembling strategy, connecting the blocks together at a too early
stage, has proven to be time-consuming. Ideally each block would be completely vali-
dated and tested before connected together.
This kind of modeling work is always a question of re-considering your solutions and
refining your strategies. Since the model only is put into limited function there are most
likely good alternative solutions to many of the modeled dynamics.

4.2 Future work

In order to complete the construction of the two-stroke engine model there are issues on
different levels that should be looked into. There are high level issues such as making all
blocks work together in a simulation giving relevant output. There are low level issues
such as choosing accurate and correct physical relationships to describe the dynamics
in the engine. It is also a question about refining parameter values which now, in some
cases, are quite roughly estimated.
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