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Abstract
Real-time systems are commonly found in the modern world, ranging from aerospace
control systems to health-care equipment. Real-time systems operate under strict
timing constraints, meaning each program (i.e. task) must complete before a given
deadline. Thus, a Real-time scheduling algorithm needs to schedule each task such
that all deadlines are guaranteed to be met. Due to the sophistication of many
modern real-time applications, the workload of real-time tasks are ever increas-
ing. This creates a demand for multiprocessor platforms that can distribute the
workload among several processors. Furthermore, many multiprocessor platforms
are heterogeneous, meaning they include processors of different types that offers
different capabilities to different task. This allows hardware to be specialized for
different types of tasks. An example of such a platform is the ARM’s big.LITTLE
architecture, which combines high-performance processing unit with power-efficient
processors.

However, scheduling real-time tasks on multiprocessors is a difficult problem. One
approach to this problem is federated scheduling, which divides tasks into two cate-
gories, light or heavy. Light tasks can meet their deadline using only one processor,
while heavy tasks need more than one processors to meet their deadline. Thus,
federated scheduling assigns a cluster of processors to each heavy task. The light
tasks are then assigned to the remaining processors. This assignment problem is
an intractable problem since every possible task-to-processor assignment need to be
considered in order to find the optimal solution.

The current state-of-the-art in federated scheduling on heterogeneous platforms
has a limitation. Namely, each task takes its preferred processors disregarding
whether these processors were critical to other tasks. We fills this gap by pro-
viding a social-aware processor assignment algorithm. This algorithm gives each
processor to the tasks that needs it the most. Our social-aware processor assign-
ment algorithm is empirically evaluated through simulation. The performance of
our algorithm is compared with the current state-of-the-art. The simulation show
that our social-aware algorithm performs better in most cases.

Keywords: real-time scheduling, resource allocation, social-awareness, federated
scheduling, bin-packing, heterogeneous platforms, unrelated platforms, computer
science.
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1
Introduction

Real-time systems are commonly found in the modern world, ranging from aerospace
control systems to health-care equipment[1]. What they have in common is that the
correctness of the system does not only depend on the result of the execution but also
the time at which this result is available, hence the system must live up to certain
timing constraints. These timing constraints are usually defined by deadlines, which
specify the latest possible time that the programs must finish its execution for the
result to be considered correct. The consequences of a missed deadline can range
anywhere from a minor inconvenience to complete system failure. For instance,
consider an autonomous vehicle that needs to make a left turn. It will may have a
few milliseconds to perform that left turn. However, if it performs the turn after one
minute it would likely crash, and the behavior of the system would not be considered
correct. Such delays can occur when the system needs to perform several tasks using
limited resources.

A real-time system consists of tasks which are independent program. These tasks
compete for the same resource, namely the processor(s). Therefore, these systems
require a real-time kernel (from e.g. an operating system) that employs a scheduling
algorithm that schedules all the tasks such that none of them miss their deadline.
This scheduling algorithm decides which tasks get to execute at what time. Fur-
thermore, timeliness guarantees can be provided by feasibility tests. A feasibility
test is a mathematical condition that, when true, state that all task are guaranteed
to finish within their deadline.

Most modern applications require the use of multiprocessors to ensure that all
tasks meet their deadlines[1]. This is because many application has a large number of
tasks that need to run in parallel to ensure that all deadlines are met. In addition,
it is common for applications to include parallel tasks. Such tasks have a high
workload and therefore need to be split into several parts that can be executed in
parallel. However, the use of multiprocessors introduces the additional problem of
determining which tasks should run on which processor.

There are different approaches to the multiprocessor scheduling problem, one of
them being federated scheduling. The federated scheduling technique categorizes
each task as either heavy or light. Heavy tasks correspond to parallel tasks that
require several processors to meet their deadline. However, light tasks can execute
sequentially on a single processor. Each heavy task need to be assigned a unique set
of dedicated processors to execute on, in isolation from all other tasks. We denote
this problem as the clustering problem. On the other hand, each light task must
be assigned to some processor which it shares with other light tasks. We call this
the partitioning problem. Thus, a federated scheduling algorithm need solve the

1



1. Introduction

clustering problem as well as the partitioning problem.
There is much published work considering federated scheduling on homogeneous

platforms (i.e. platforms where all processors are identical). However, federated
scheduling on heterogeneous platforms (i.e. platforms where not all processors are
identical) has been explored to a much lesser extent. Most work that does consider
heterogeneous platforms only does so for specific types of heterogeneous platforms.
However, Voudouris et al. provided a federated scheduling algorithm for a gen-
eralized heterogeneous platform model called unrelated platforms [2]. Our work
improves upon the federated scheduler in [2] by introducing a new processor assign-
ment algorithm.

1.1 Contributions
In this thesis we consider the federated scheduling problem on heterogeneous plat-
forms. This problem consists of two sub-problems, namely clustering and partition-
ing. Both of these problems can be reduced to the classical bin-packing problem,
which consist of packing a set of items into a set of bins such that all items fit
inside some bin. The bin-packing problem is NP-hard[3], meaning every assignment
combination need to be tested to reach the optimal1 solution. Thus, the optimal
solution has an exponential time complexity which is intractable for large systems.
Therefore, heuristics that provide approximate solutions are required to provide
practical solutions. Our solution is a processor assignment algorithm for heteroge-
neous platforms that executes in polynomial time. It utilizes a novel bin-packing
heuristic that posses a property we call social-awareness. This heuristic is applied
to the clustering problem on heterogeneous platforms. Furthermore, the assignment
algorithm includes a partitioning algorithm that plays a supportive role in the sense
that it removes tasks that don’t need to be considered for clustering.

The scheduler in [2] solves clustering by giving each processor to the first task that
wants it. This is social-unaware in the sense that a task may unknowingly deprive
another task of a critical resource. In contrast, our social-aware algorithm assigns
each processor to the task that needs it the most. More importantly, this is done
while also considering the processing capacities of all the other remaining processors.
Furthermore, the social-aware heuristic can be applied to other applications outside
the scope of federated scheduling and real-time systems. More specifically, this thesis
provides the following contributions:

• Provides a formal definition of social-awareness, with respect to an assignment
algorithm, that considers the demands of each task for each processor.

• Provides an assignment algorithm with social-aware clustering and supportive
partitioning, that provides a heuristic solution to the federated scheduling
problem.

• Illustrate the effectiveness of the social-aware assignment algorithm through
simulation. The performance is compared to the current state-of-the-art [2]
and measured in acceptance ratio, which provides the percentage of systems

1A solution S is optimal iff, if there exist an assignment that allows all tasks to meet their
deadlines, then S will also find a valid assignment
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1. Introduction

(task sets and platforms) that are successfully assigned by the algorithm. A
system is successfully assigned when all tasks are given enough processing
capacity to meet their deadlines.

1.2 Thesis Outlook
The remainder of this document will begin by providing the relevant background
in the research area of real-time systems. Next, a formulation of the problem is
provided which details its connection to the bin-packing problem. This is followed
by the theoretical contributions which consist of the definition of social-awareness as
well as a description of our algorithm that adheres to this definition. Subsequently, a
description of the experimental setup is provided which details how the algorithm is
simulated. Following, the simulation results of our algorithm is compared to that of
the state-of-the-art[2]. Finally, the theory and the simulation results are discussed.

3
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2
Background

This chapter presents the background required to understand the problem that will
be solved by this thesis. Section 2.1 provides the elementary background for analysis
of real-time systems used in this report. Section 2.2 describes previous work on
federated scheduling including the current state-of-the-art.

2.1 System Model
In this section, the task model that is used in this report is first introduced. After,
different types of processor platforms are introduced along with a motivation to why
we consider unrelated platforms. Then the role of assignment policies and run-time
scheduling policies are explained. Finally, feasibility tests are explained.

2.1.1 Sequential task model
A real-time systems need to schedule a set of n tasks Γ where each task τi ∈ Γ
is an independent program. Task τi is said to arrive when it is ready to execute.
A task is defined by a worst-case execution time (WCET) Ci and a deadline Di

which is relative to the tasks time of arrival. Most work considers recurrent tasks
where several instances of a task can arrive for a potentially infinite time duration.
A recurrent task τi can be periodic, where the time duration between the arrival of
each instance is consistent and defined by its period Ti. A task can also be sporadic
where the time duration between arrivals is Ti or more. The utilization of task τi

measures how much of a processors capacity is utilized by τi, which is defined as
Ci/Ti. Finally, a task τi can have a deadline that is implicit (Di = Ti), constrained
(Di ≤ Ti) or arbitrary (Di is unrelated to Ti).

2.1.2 Multiprocessor platform models
There are three primary distinctions made between different types of multiprocessor
platforms.

Firstly, homogeneous platforms are systems where each processor is identical to
one another. Analysis of such platforms is simpler since the completion times of a
task does not depend on which processor it is assigned, but only how many processors
a task is assigned.

Secondly, heterogeneous uniform platforms allow each processor to execute at
different speeds. In a uniform platform all tasks experience the same speedup from

5



2. Background

the same processor. This can be seen as identical processors running at different
clock frequencies. This means that analyses of these platforms require a speed factor
for each processor. Even though this is a common classification of heterogeneous
platforms it is limited in its applicability in practice. This is because increasing the
clock frequency is unlikely to give an equal speedup on all tasks. One reason for
this is that different tasks need to access memory to different extents. This often
provides a bottle-neck to the speedup, the extent of which vary between tasks[2].

Finally, in heterogeneous unrelated platforms each task runs with an arbitrary ex-
ecution time on each processor. This means that two tasks may experience different
speedups on the same processor. Therefore, each task have a unique WCET for each
processor. This makes the analysis of these systems considerably more complicated.
One example of an unrelated platform is the ARM big.LITTLE architecture. It is
a heterogeneous platform which consist of a set of high performance processors and
a set of energy-efficient processors. Even though both processors types are of the
same architecture, the speedup provided by the high performance processor varies
greatly between different tasks[4] which illustrates the limitation of the uniform plat-
form model. Furthermore, unrelated platforms can model systems with processors
of different types and architectures.

In our work we are considering a platform M of m heterogeneous unrelated pro-
cessors µx ∈ M , since it is a general model which also covers uniform and homo-
geneous platforms. This gives it a wide applicability but also provides a greater
challenge when constructing processor assignment heuristics. Most previous work
on federated scheduling covers the case of homogeneous platforms or special cases
of heterogeneous platforms. This leaves a significant gap in the literature regarding
federated scheduling on unrelated platforms.

2.1.3 Parallel task model
Many modern applications benefit from internal task parallelism. This is achieved
by dividing the task into several parts that can, to an extent, execute in parallel.
These partial tasks, referred to as subtasks are typically scheduled globally on a
set of processors. The Directed Acyclic Graph (DAG) is a powerful model of the
internal structure of parallel tasks (see figure 2.1a). Moreover, DAG tasks can be
modeled by run-time libraries such as OpenMP[5]. In the DAG model each task is
represented as a collection of nodes and edges in a graph. Each node represents a
sequential subtask τj,i with its own WCET Cj,i.

Every DAG has a start node, which has no ingoing edges, and an end node, which
has no outgoing edges. An edge between two nodes marks a precedence constraint.
For example in figure 2.1a subtask τj,2 and τj,3 cannot begin its execution before
τj,1 has finished. Thus, all subtask must be scheduled on the available processors in
an order that respect the precedence constraints. In a DAG there exists a critical
path which is the path with the largest total WCET. Thus, the total WCET of the
task would be equal to the WCET of the critical path if the task is executed on
a platform with an infinite number of available processors. Therefore, the critical
path can be seen as a bottle-neck to the completion time of the task.

Note, on unrelated platforms each subtask τj,i has a unique WCET Cx
j,i for each

6



2. Background

processor µx. Thus, the WCETs of a parallel task can be represented by a table.
An example of such a table can be seen in figure 2.1b. Figure 2.1b shows that each
WCET can be entirely arbitrary. Furthermore, the sequential WCET on a particular
processor can be provided by the total WCET of the corresponding row. Thus, the
DAG model is a generalization of the sequential task model.

τj,1

τj,2

τj,3 τj,4

τj,5

(a) Example of task j with 5 sub-
tasks and precedence constraints be-
tween them (e.g. τj,3 precedes τj,4).

τj,1 τj,2 τj,3 τj,4 τj,5

µ1 4 2 6 12 9

µ2 8 5 3 10 2

µ3 16 25 2 4 3

(b) Example of a table of WCETs for
task τj in a platform with three pro-
cessors.

Figure 2.1: Example of a DAG with its corresponding worst-case execution times
for each node

2.1.4 Assignment policies
Processor assignment policies determine the manner which tasks and processors are
assigned to each other. There are primarily three different ways that assignments
can be determined.

Global scheduling is when all tasks share all the processors. This means that
tasks are allowed to migrate (i.e. move from one processor to another) during run-
time. Global scheduling is theoretically the most efficient assignment since any task
could be scheduled on any processor. But due to migration, global scheduling need
to consider the interference of all other task in the system when calculating the
finishing time of a task. The extent of the interference is difficult to analyze offline
which leads to an overestimation of the completion times. Hence, global scheduling
tend to lead to an overestimation of the required resource.

Partitioned scheduling, on the other hand, assigns each task to specific processors
to execute on, which eliminates migration. This reduces the scheduling problem to
uniprocessor scheduling on each individual processor. Since analysis of uniproces-
sor scheduling is a more developed area of research, partitioned scheduling provides
better timing guarantees on each individual processor. However, since migration is
not possible there is no possibility for tasks running on different processors to share
unutilized processor capacity, which tends to result in processor under-utilization.
Thus, partitioned scheduling needs to solve the problem of assigning tasks to pro-
cessors (i.e. the partitioning problem) which is NP-hard.

Federated scheduling is a paradigm that split the tasks into two groups, heavy
tasks and light tasks. Light tasks can finish its execution sequentially on a single
processor before its deadline. Therefore, a subset of the available processors are

7



2. Background

assigned sets of light tasks to execute sequentially without migration. This is equiv-
alent to partitioned scheduling. On the other hand, heavy tasks cannot finish its
execution on a single processor as a sequential program, but need to utilize paral-
lelism to finish in time. Such tasks are therefore assigned dedicated sets of processors
called clusters, where global scheduling can be used inside the cluster to schedule
all the subtasks. Clusters are isolated from one another in the sense that only one
parallel task can execute on a cluster. Thus, parallel tasks can not be interfered
by other tasks. This allows for more precise analysis within the cluster than can
be provided by global scheduling. Federated scheduling is sometimes regarded as a
generalization of partitioned scheduling to include tasks that can not meet its dead-
line when executing sequentially. It has also been shown to be a good alternative
to global scheduling since it can provide better timeliness guarantees[6]. Therefore,
this work considers federated scheduling which includes the problem of assigning
light tasks to a set of processors as well as assigning a cluster of processors to each
heavy task (i.e. the partitioning problem and the clustering problem).

2.1.5 Run-time Scheduling Policies
Real-time schedulers needs to determine at which time instant each task should ex-
ecute. This is most commonly done in run-time using priorities. The task with the
highest priority gets scheduled first. These priorities are determined by a scheduling
policy. Such policies can enforce fixed priorities or dynamic priorities. Fixed priori-
ties are set offline while dynamic priorities are set during run-time by the scheduler.
Furthermore, a run-time scheduler may or may not be preemptive. A preemptive
scheduler will stop a running task whenever a higher prioritized task arrives.

Under global scheduling the run-time scheduler also need to decide which pro-
cessor the next task should execute on. On a homogeneous system each task is
often scheduled on the first available processor. However, on a heterogeneous sys-
tem which processor a task is scheduled to can have a high impact on its execution
time. Therefore, greater care need to be taken by the scheduler when deciding where
the tasks should execute.

2.1.6 Feasibility tests
In many real-time applications timing predictability is highly important. This is
the ability to determine offline (before run-time) whether a system will meet all
its deadlines or not. Within the industry of real-time systems 48% of practitioners
describe timing-predictability as very important to their products [1]. For certain
industries this number is considerably higher, such as the avionics industry which
report up to 78%. One way of achieving timing predictability is by feasibility test.
These test states whether or not a certain scheduler can schedule a specific task set
on a given platform. Feasibility tests are mathematical conditions that are formed
from heuristics. This allows system designer to quickly determine the feasibility of
a task set without testing each possible schedule.

A feasibility test can be exact, in which case it returns ’true’ if the task set is fea-
sible and ’false’ if it is not feasible. However, since exact analysis of many scheduling
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2. Background

algorithms is unknown, researchers provide pessimistic analysis for such algorithms.
As a consequence many feasibility tests are not exact, instead they are often suffi-
cient. A sufficient test may return ’false’ even when the task set is feasible. In other
words, the test provides a condition that is sufficient to guarantee the feasibility of
the task set, but a feasible task set does not necessarily satisfy the condition. Such a
test is said to be pessimistic since it underestimates the capabilities of the scheduler.
The pursuit of providing tests that reduces or eliminates the pessimism of different
schedulers on varying types of systems is a vast area of research.

Several different techniques are used to provide feasibility tests. Some tests pro-
vide an upper-bound on the utilization. As long as the total utilization of the task
set does not exceed this bound the task set is feasible. Another method is to analyze
the makespan of each task. The makespan is the time it takes for a task to finish
its execution, which depends on many factors. For instance, the makespan of a
sequential task on a non-preemptive scheduler (i.e. the task can not be interrupted)
is equal to its execution time. Under a preemptive scheduler the makespan needs
to take into account all the possible interference from other tasks. Furthermore,
makespan is often applied to determine the feasibility of parallel tasks under global
scheduling. However, this requires rigorous analysis that considers the interference
between the subtasks in the analyzed task. Furthermore, if the scheduler is preemp-
tive then the interference from other task need to be considered as well. Determining
the makespan of a parallel task is an NP-hard problem[7]. Thus, pessimistic upper-
bounds of the makespan are used to establish feasibility tests. Such a test states that
if, for every task, the upper-bound of the makespan does not exceed the deadline,
then the task set is feasible.

2.2 Previous Work
In this section we present some of the most significant findings in the study of
real-time systems in general and for federated scheduling in particular.

2.2.1 Uniprocessor scheduling
Real-time scheduling on uniprocessors is a well established area of research going
back many years. Perhaps the biggest contribution in this field was by Liu & Lay-
land in 1973 [8]. They introduced the preemptive uniprocessor scheduling algorithms
Rate-Monotonic (RM) and Earliest Deadline First (EDF). RM is a fixed priority
policy where tasks with shorter periods are given higher priorities, while EDF dy-
namically prioritizes tasks that are closer to their deadline. EDF was shown by
[8] to be an optimal priority policy on uniprocessors. Furthermore, they provided
an exact utilization-based feasibility test for EDF. This test states that EDF can
schedule a task set on a single processor if the total utilization of the tasks is no
more than one. On the other hand, RM was shown by [8] to be an optimal fixed-
priority scheduler, meaning that no other fixed-priority policy can schedule a task
that RM can not. However, RM only has a sufficient feasibility test, meaning if the
total utilization is lower than n(21/n−1) then all tasks are guaranteed to meet their
deadlines under RM. If the utilization is larger than this bound then feasibility can
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not be concluded.

2.2.2 Partitioned scheduling
Partitioned scheduling has been a popular paradigms since it can transfer the
rich theoretical framework of uniprocessor scheduling on to multiprocessor systems.
However, it needs to solve the problem of assigning tasks to processors. Since this is
a bin-packing problem there are several known heuristics that can be used for this
allocation problem. One of them is the First-Fit (FF) heuristic which assigns each
task to the first processor that can feasibly schedule it. Dhall & Liu [9] applied FF
to Rate-Monotonic in their Rate-Monotonic-First-Fit (RMFF) algorithm. Whether
or not the task fits in a processor is determined by the sufficient feasibility test from
[8]. Later, Dhall & Liu [10] gave a sufficient utilization-bound feasibility test for
RMFF, which states that if the total utilization of the task set is smaller than or
equal to m(21/2 − 1) the task set is guaranteed to be feasible by RMFF. However,
this bound only allows a total processor utilization of approximately 41% , which is
wasteful of processor resources.

In [11] López et al. considered several bin-packing heuristic for EDF on homo-
geneous platforms. Among them was First-Fit, but also Best-Fit(BF) and Worst-
Fit(WF). Best-Fit gives each task to the processor with the smallest remaining
available utilization that is no smaller than the utilization of the task. On the other
hand, Worst-Fit gives each task to the processor with the most available utilization.
López et al. provided utilization bounds for each of these heuristics under EDF.
They showed that the utilization bound for EDF-FF and EDF-BF were ⌊1/α⌋m+1

⌊1/α⌋+1 ,
where α is largest utilization of all the tasks. Additionally, the showed that the
utilization bound for EDF-WF is smaller, namely m − (m − 1)α. Thus, EDF-WF
was concluded to be worse than EDF-BF and EDF-FF. Furthermore, they showed
that for any possible heuristic the utilization bound can be no greater than ⌊1/α⌋m+1

⌊1/α⌋+1
and for any reasonable heuristic the utilization bound can never be smaller than
m− (m− 1)α.

However, Baruah et al. [12] noted that utilization-bounds are flawed when used
as a metric to compare the performance partitioned schedulers since it only looks
at the total utilization. Therefore, he introduced the speed-up factor. The speedup-
factor of a scheduler S is how much faster a processor platform need to be if S
schedules a task set compared to if an optimal scheduler schedules the task set.
Thus, the speedup factor is a measurement of how far a scheduler is from being
optimal. Baruah showed that speedup-factor for EDF-BF and EDF-FF is at least
2 − 2/(m + 1), while the speed-up factor for EDF-WF is at least 2 − 2/m. Thus,
in the worst-case EDF-WF was shown to be closer to an optimal scheduler than
EDF-BF and EDF-FF.

2.2.3 Makespan
Scheduling a set of tasks under precedence constraints on a multiprocessor system
is a class of problems (known as makespan problems) that have been considered for
many years. Many instances of these problems has been shown to be NP-hard [7].
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Furthermore, it has long been known that global scheduling a set of tasks on a multi-
processor system can give rise to certain types of anomalies. These are unexpected
behaviors that occur from changes in the system. For instance, the time it takes to
schedule a set of tasks can increase if a processor is added to the platform. This is
counter-intuitive yet possible due to the fact that changes in the system can alter
which processor each task is scheduled to. In [13] and [14], Graham provided upper-
bounds to how much certain anomalies can increase the makespan of a parallel task.
He considered a non-preemptive list scheduler which schedules a set of subtasks on
a homogeneous platform in a partial order. He showed that, under such a scheduler,
the makespan of a parallel task can increase no more than 1 + (m − 1)/m

′ as a
consequence of increasing the number of processors from m to m

′ . Similarly, he
showed that the equivalent bound (2 − 1/m) with a fixed number of processors m
was true when applying changes to the task set. Furthermore, this bounds was
shown to be tight, meaning no smaller bounds can be constructed for these changes
on similar systems. It follows from this that no non-optimal non-preemptive global
DAG scheduler can guarantee that it gives a makespan that is less than 2 − 1/m
times larger than the makespan provided by an optimal non-preemptive schedule.
In addition, in proving the bounds in [13], Graham showed that the makespan of a
DAG on a homogeneous system is upper-bounded by W ∞

j + (W tot
j −W ∞

j )/m where
W tot

j is the sum of the execution times of all tasks and W ∞
j is the execution times

of all tasks in the critical path. This bound has been used extensively in subsequent
work and the list scheduling technique forms the basis for a large range of work that
considers the makespan problem on homogeneous platforms[15, 16].

2.2.4 Federated scheduling
Federated scheduling is a relatively new scheduling technique first introduced by Li
et al. in [6]. They considered a set of sporadic parallel tasks with implicit deadlines
running on a homogeneous platform. Tasks with a utilization greater than one was
characterized as heavy tasks, while the remaining tasks where considered as light
tasks. Each heavy task was assigned a fixed number of processors while the light
tasks were assigned the remaining processors. Li et al. showed that the speedup-
factor is 2 for federated scheduling of sporadic tasks with implicit deadlines. In
addition, they showed that the speedup factors for Global Earliest Deadline First
(GEDF) and Global Rate Monotonic (GRM) were approximately 2.618 and 3.732
respectively. Federated scheduling was therefore shown to have a better speedup
factor establishing it as a good alternative to global scheduling.

Federated scheduling on homogeneous multiprocessor platforms was improved in
a few ways. Baruah extended it to arbitrary deadlines [17]. This assignment algo-
rithm assigns a minimum number of processor to a task by estimating its finishing
time with the tasks. It was shown that this algorithm has a speed-up factor of
3 − 1/m. On the other hand, Dihn et. al. [18] created a federated assignment
algorithm that creates one possible schedules for the dag while respecting all the
precedence constraints. The dag is then allocated ⌈Ci

Di
⌉ processors since this is the

least amount of processors needed to schedule the dag. Then, during each iteration
of the algorithm a new schedule is created and one processor is also added. The
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algorithm then continues to iterate until the dag is schedulable.
Typed DAGs has also been considered for federated scheduling. Han et. al. [19]

proposed an algorithm for single typed DAGs. In single typed DAGs every processor
is of a certain type and each subtask can only execute on a single type of processor.
This algorithm was shown to experimentally outperform GEDF.

Recently, Voudouris et al provided a federated scheduling algorithm that consid-
ers heterogeneous unrelated multiprocessors [2]. The scheduler is divided into two
parts namely an inter-task scheduler and an intra-task scheduler. The inter-task
scheduler implements an assignment algorithm that assigns clusters of processors
to each heavy task while assigning light tasks to single processors. The intra-task
scheduler is a runtime scheduler that globally schedules each individual subtask
within a heavy task on the assigned cluster. The light tasks are scheduled using
EDF on each partitioned processor. The work in [2] is, to the best of our knowl-
edge, the first to provide a federated scheduling algorithm for parallel DAG tasks on
unrelated platforms. This thesis build upon [2] by providing an improved processors
assignment algorithm (i.e. an inter-task scheduler).
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3
Problem Formulation

This work introduces a novel algorithm that solves the processor assignment problem
for federated scheduling. Our algorithm is a new federated scheduling algorithm that
utilizes the run-time scheduler in [2] to schedule each heavy task on their respective
cluster. Similarly, our scheduler use the EDF run-time scheduler from [8] to schedule
the light tasks on each partitioned processor. A major limitation of the assignment
algorithm in [2] is the fact that it is not social-aware, in the sense that when a task
is assigned a processor it does not regard the fact that it is possibly depriving a
resource (i.e. processor) from another task. This is problematic since this processor
could be crucial for some other task to meet its deadline. Therefore, we provide
an assignment algorithm that considers the resource requirement of all tasks. This
algorithm utilizes our novel social-aware bin-packing heuristic to solve the clustering
problem. Furthermore, partitioning is done through a supportive heuristic, meaning
each partitioned processor takes on as many tasks as possible.

Our algorithm solves two sub-problems, namely it assigns disjoint sets of light
tasks to individual processors and it assigns disjoint sets of processors (i.e. clusters)
to individual heavy tasks. These two problems will be referred to as the partitioning
problem and the clustering problem respectively. Both problems can be reduced to
the classical bin-packing problem which is defined as the following: Consider a set
of items I that are to be packed into a set of bins B. The size of a subset of items
Ix represents how much space the items in the subset occupies inside a bin, and is
defined by the function S(Ix) > 0. Each bin by ∈ B has a limited amount of space
Ly > 0. Each item must be packed in some bin that has enough remaining available
space. In other words, for each bin by ∈ B, the total size of its assigned items Iy must
be S(Iy) ≤ Ly. The bin-packing problem is solved when all items i ∈ I have been
packed in a bin while respecting this condition. An example of a bin-packing problem
can be seen in figure 3.1a, where each bin has been assigned some set of items such
that their total size never exceed their respective limit. However, the bin-packing
problem has been shown to be NP-hard[3], meaning that there exist no general
optimal solution that can be computed in polynomial time unless P = NP . The
optimal solution requires that each possible combination of item-to-bin assignment
is tried, which is an exponential-time solution. Since bin-packing is an NP-hard
problem, heuristics are required to solve the problem in polynomial-time.

Note, the partitioning problem on a homogeneous platform can be reduced to
a bin-packing problem by considering tasks as items and processors as bins, as
seen in figure 3.1b. The size of a set of items represents their total utilization.
Each processor can be utilized to no more than 100 %, which gives Ly = 1 for all
processors by. Thus, all tasks need to be packed into the available processors such
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that the total utilization does not exceed 1 on any processor. In other words the
condition S(Iy) ≤ 1 need to be true for all processors by. Note, this condition is
equivalent to the utilization-based feasibility test for EDF from [8].

In addition to the partitioning problem, federated scheduling also need to solve
the clustering problem. The clustering problem on a homogeneous platform can be
reduced to a bin-packing problem by representing tasks as bins and processors as
items (note, the reverse of partitioning). An example of this can be seen in figure
3.1c. The size of a set of items then measures the processing capacity of the set of
processors. The problem can thus be reduced to packing enough processors into each
task such that all tasks receive enough processing capacity to meet their deadline.
Thus, the limit Ly represents the minimum capacity required by task by to meet its
deadline. This gives the converse of the classical bin-packing problem since the size
of the assigned processors should not be smaller than Ly. This gives the condition
S(Iy) ≥ Ly for all bins by, which is reflected in figure 3.1c by all bins being overfull.
This problem is also in general NP-hard. However, unlike partitioning, clustering on
homogeneous platforms is a special case of bin-packing that has an optimal solution
with a polynomial time complexity1. This is because all processors provide the same
processing capacity and thus have the same size. This simplifies the problem since
it is only relevant how many processors each task gets, but not which ones.

However, when clustering a heterogeneous uniform platform each processor pro-
vide different capacities, thus a scheduler needs to consider which processor is as-
signed to which task. This gives an NP-hard problem. Furthermore, in an unrelated
platform each task may execute with different speeds on different processors. Thus,
the capacity that a processor is able to provide depends on which task it is assigned
to. Meaning, that the clustering problem on unrelated platforms is a generalization
of the reversed bin-packing problem. Similarly, partitioning on unrelated platforms
is also a generalization of the bin-packing problem. Such a generalization does not
increase the time-complexity of the optimal solution, since it is already NP-hard.
However, it increases the difficulty of finding good heuristics and adds an additional
dimension to the problem. Namely, the size (capacity/utilization) of an item (pro-
cessor/task) depends on which bin (task/processor) it is assigned. Therefore, the
size of any set of items Ix on bin by will be denoted Sy(Ix).

We introduce a novel property that can be applied to a bin-packing heuristic. We
call this property social-awareness. Despite the novelty of this property, it aims to
solve a familiar problem. Namely, that some notion of fair distribution of items is
desirable, since this increases the likelihood that the bin-packing is successful. Such
a fair distribution is different from an equal distribution since fairness entails that
processing resources are assigned to the tasks that needs them the most. In this
work a social-aware heuristic is developed and applied to the clustering problem for
unrelated platforms. Here clustering is considered the main focus of our algorithm
since has not been previously explored to the same extent as partitioning. Nonethe-
less, the heuristic can be equally applied to partitioning as well, with only minor

1Even though the clustering problem on homogeneous platforms can be solved optimally in
polynomial time in terms of bin-packing, it is not the case for the application of federated real-
time scheduling. This is because estimating the capacity is in itself an NP-hard problem in this
application.
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Figure 3.1: Different resource assignment problems

modifications. Furthermore, the social-aware heuristic can potentially be applied to
a wide range of resource allocation problems. In this work we specifically apply it
to federated real-time scheduling.

3.1 Limitations
The main contribution of this work is the novel bin-packing heuristic and its ap-
plication to the federated scheduling problem. Even though we provide a complete
federated scheduling algorithm, our contribution is limited to the processor assign-
ment algorithm. The run-time schedulers and associated feasibility tests are con-
tributions made from others, namely Voudouris et al [2] and Liu & Layland [8].
Furthermore, the work only considers task sets with implicit deadlines since this
is a necessary condition for the utilization-based feasibility test for EDF from [8].
Furthermore, this work considers sporadic task sets since this is a limitation of the
run-time scheduler in [2]. However, note that our assignment algorithm does not
provide these limitation which means that the main contributions of this thesis are
not limited by these factors.
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4
Social-Aware Algorithm

In this chapter our Social-Aware Processor Assignment (SAPA) algorithm is pre-
sented. First, the run-time schedulers from [2] and [8] are detailed along with
their feasibility tests, since they are used by SAPA . Later, the property of social-
awareness is formally defined, explained and motivated in terms of bins and items.
Then, this is applied to the clustering problem of real-time tasks on heterogeneous
platforms. Finally, the SAPA algorithm is presented, which implements social-aware
clustering and supportive partitioning to provide a federated scheduling algorithm.

4.1 Run-time Schedulers
This section details the run-time schedulers and their associated feasibility test used
in this work. The entire content of this section consist of contributions made from
other work, namely [2] and [8]. Both of these run-time schedulers are the state-of-
the-art in their respective field. These run-time schedulers are treated by SAPA as
black-boxes, meaning they can easily be replaced by other schedulers that solve the
same scheduling problems. However, they are provided here for completeness.

4.1.1 Heavy Tasks
During run-time heavy tasks are scheduled on their assigned cluster in isolation
from other tasks. This is equivalent to global scheduling of all the subtasks on the
cluster, where each subtask must respect the precedence constraints defined by the
DAG. Voudouris et al provides a global scheduler for parallel tasks on unrelated plat-
forms in [2] which is named the Greedy Unrelated Minimum-speed-preference-index
(GUM) scheduler. The GUM scheduler has a greediness property which ensures that
subtasks will always migrate to a faster processor whenever one is available. The
algorithm maintains two queues, ReadyQ and RunQ. ReadyQ stores all the subtasks
that has not started executing yet while RunQ stores the currently executing sub-
tasks. Furthermore, a list of speeds is stored for each subtask τj,i. Each list contains
the speed δx

j,i of a subtask τj,i for each processor µx in descending order. The speed
δx

j,i is defined as Cmin
j,i /Cx

j,i where Cmin
j,i is the WCET of subtask τj,i on its fastest

processor. Thus, the processor which provides the ith speed entry in the list will be
referred to as the ith speed-preference of that subtask.

The GUM scheduler performs a new scheduling decision whenever the parallel
task arrives or one of the subtasks completes. It is only in these instances of time
that new processors will become available. The algorithm updates the schedule by
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first iterating through the RunQ. It will find the subtask with the biggest speed-
preference for any of the idle processors. The selected task will migrate to its pre-
ferred processor, thus making its current processor idle. The RunQ is continuously
iterated until no more of the running subtasks can migrate to a faster processor. If
there still remains processors that are idle and the ReadyQ is not empty, then the
first subtask is removed from the ReadyQ and dispatched to its most preferred idle
processor. This is done continuously until either all processors are occupied or until
the ReadyQ is empty. The schedule will remain until the next subtask completes
which triggers a new scheduling decision.

Associated with the GUM scheduler is the feasibility test in Theorem 1 which
determine if the scheduler can guarantee feasibility on its given cluster. It is based
on an upper-bound of the makespan since finding the exact makespan is an NP-hard
problem. Furthermore, throughout this thesis, whenever the makespan is computed
this bound is used.

Theorem 1 (Corollary 2 from [2]). An upper bound of the makespan of τj sched-
uled with GUM on an unrelated platform Mj with m processors is given by equation
4.1. Task τj is feasible on Mj if the upper-bound does not exceed the deadline of τj.

χj
Mj
≤

W tot
j,Mj

+ (m− 1) ·W ∞
j,Mj

ζj,Mj

≤ Dj (4.1)

An upper-bound on the makespan χj
Mj

of τj when executing on its assigned cluster
Mj is computed in equation 4.1. It relies on the notion of workload which represents
the amount of work the platform needs to perform to complete the task. The work-
load is divided by the capacity of the platform to compute the makespan. However,
each processor provides a different capacity to different tasks in an unrelated plat-
form. Therefore, equation 4.1 introduces the the minimum capacity ζj,Mj

that the
cluster Mj can provide to tasks τj. Note, the greediness property ensures that for
each speed-preference i there is at least one processor that executes at a speed no
slower than its iith speed. In other words, in the worst case, one subtask executes on
the processor that provides its first speed-preference, one subtask executes on the
processor that provides its second speed-preference etc. Therefore, the minimum ca-
pacity of the platform is provided when processors execute at the slowest speed for
each speed-preference. Thus, a lower-bound of the capacity is the sum of the slowest
speed for each speed-preference. This lower-bound captures the heterogeneity of the
platform.

The total workload W tot
j,Mj

is the workload that a platform would experience if
all the subtasks were executed sequentially on its fastest processor. If subtasks
were independent the total workload could be divided by the minimum capacity to
compute an upper-bound on the makespan. However, since the task is a DAG with
precedence constraints there may be time instances where some processors are idle
even though there are unexecuted subtasks. This can be regarded as the processors
doing additional idle work (i.e. work that does not belong to any subtask). Thus,
the pseudo-workload is defined as the work that these idle processors would have
performed if they weren’t idle. To find an upper-bound on the pseudo-workload
equation 4.1 use the workload of the critical path W ∞

j,Mj
. The critical path is defined
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as the path with the largest workload if all subtasks execute on their preferred
processor. Since, in the worst case, all but one processor is idle during execution
of the critical path, an upper bound on the pseudo-workload is (m − 1) · W ∞

j,Mj
,

where m is the number of processors in the cluster. Thus, the upper-bound of the
makespan is defined as the total workload and the pseudo-workload divided by the
minimum capacity. Finally, a sufficient feasibility test is established by checking
that this upper-bound does not exceed the deadline.

4.1.2 Light Tasks
The partitioning in our assignment algorithm assumes an EDF run-time scheduler
which was introduced by Liu & Layland in [8] and its feasability test is presented in
Theorem 2. Such a scheduler has a ReadyQ of sequential tasks that have arrived but
are yet to be executed on the processor. Whenever the ReadyQ is not empty and
the processor is idle the first task in the queue is dispatched on the processor. The
order in the ReadyQ is determined by the priorities of the tasks which are dynamic.
Whenever a task is added or removed from the ReadyQ it is sorted in ascending
order with respect to the absolute deadline. The absolute deadline of a task τj is its
relative deadline D added to the time instant which the task arrived. The task in
the ReadyQ with the shortest absolute deadline is dispatched on the processor.

Theorem 2 (Theorem 7 from [8]). For a given set of tasks Γx that are assigned
to processor µx, the EDF scheduling algorithm is feasible if an only if

UΓx
=

∑
τj∈Γx

∑
τj,i∈τj

Cx
j,i

Tj

≤ 1 (4.2)

Theorem 2 checks that the total utilization of all tasks Γx that are assigned to
processor µx are not larger than 1. The utilization is defined as the WCET of the
task divided by its period. However, in this work each task is represented as a DAG
with multiple WCETs per node. Thus, the sequential WCET of a DAG task on µx

is the sum of all subtasks WCETs on µx.

4.2 Social-Awareness
Social-awareness aims to provide a fair distribution of items to each bin. If one
considers an assignment algorithm that assigns items one by one, then this algorithm
should assign each item to the bin that gives the most fair outcome. For partitioning
this means to give the item to the bin that is least burdened by it. For clustering this
means to assign the item to the bin that needs it the most. The need that a certain
bin has for a certain item can be quantified by measuring the cost of removing that
item from the bin’s assigned set. Similarly, for partitioning the burden of a certain
item can be quantified by measuring the cost of adding the item to the bin’s assigned
set. In order to compute these costs we introduce the Augmentation Cost Function.
A social-aware clustering algorithm should assign each item to the bin with the
largest augmentation cost. In contrast, a social-aware partitioning algorithm should
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assign each item to the bin with the smallest cost. Since the algorithm provided
in this work is only social-aware with respect to clustering, definition 1 defines the
Augmentation Cost Function for a clustering algorithm. Furthermore, figure 4.1
provides an illustration of all the elements used in equation 4.3. The corresponding
definition for partitioning can be found in appendix A.1.

Definition 1. The Augmentation Cost Function (ACF) for clustering defines the
cost of a certain augmentation of the items assigned to bin bj from Ia to Ib where
Ib ⊂ Ia

ACFclust(bj, Ia, Ib) =

Sj(Ia)− Sj(Ib)
Sj(Ia)

Sj(Ib)− Lj

Lj

(4.3)

Sj(Ib) > Lj (4.4)

For this definition, assume a clustering problem where a bin bj is already assigned
some set of items Ia such that the total size Sj(Ia) is larger than the limit Lj, i.e. the
bin is overfull1. The Augmentation Cost Function (ACF) provides a measurement
of how a certain augmentation (i.e. change) to the assigned set of items affects bj.
Namely, to what extent does removing a set of items from bj reduce the total size
assigned to bj. Thus, Ib is the set of items assigned to bj after the augmentation.
The set difference between Ia \ Ib is referred to as the augmentation set. Thus, ACF
measures how bin bj is effected when removing the augmentation set from Ia.

In equation 4.3, Sj(Ia)−Sj(Ib) gives the size reduction that removing the augmen-
tation set provides. When this size reduction is divided by the size of the originally
assigned set Ia the contribution of the augmentation set is provided. The contribu-
tion therefore measures how much the augmentation set contributes to total size of
the assigned items Ia. This contribution is further divided by the relative augmen-
tation distance, i.e. the relative distance between the size of the new assigned set Ia

and the limit Lj. The distance Sj(Ib)−Lj measures how close the bin is to reaching
it’s limit after the augmentation, and is denoted as d in figure 4.1. This distance
is relative to the limit itself through a division by Lj. This ensures that the ACF
is comparable across different bins, since each bin has different limits. Note, when
the contribution of the augmentation set increases, so does the ACF. This reflects
that the cost of losing the augmentation set is higher if it provides a large part of
the total size. In addition, when the relative augmentation distance is decreased the
ACF is increased. This reflects the fact that the closer the bin is to its limit, after
the augmentation is performed, the higher the cost of removing the augmentation
set.

However, note that equation 4.3 makes the assumption that Ib (i.e. the assigned
set after the augmentation) has a size that is greater than Lj. This is due to the fact
that if Sj(Ib) is smaller than Lj it means that bin bj will fail if the augmentation
is performed. However, such an augmentation would give a negative ACF if it was

1Note, Sj(Ia) > Lj is not a necessary condition for ACF, however this assumption is made here
for illustration purposes
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Ib

Ia \ Ib

bj

Lj
d

Sj(Ia)
Sj(Ib)

Sj(Ia)− Sj(Ib)

Figure 4.1: Diagram of the elements of the Augmented Cost Function for clustering

allowed, which does not reflect the fact that the bin would fail. If Ib is exactly Lj the
ACF gives a division by zero which must be avoided. Therefore, ACF is undefined
when Sj(Ib) is smaller than or equal to Lj.

ACF provides the foundation of social-awareness since it is used to determine
which bin should be assigned a certain item. However, note that which items are
included in Ia and Ib is not clearly defined other than that Ia includes the augmen-
tation set and Ib does not. Thus, social-awareness rely on the notion of assigned sets
and potential sets. The assigned set Ij of a bin bj is the set of items that is assigned
to bj. The potential set I

′
j is the set of all items that can potentially be assigned to

bj. Hence, I
′
j includes the assigned set Ij but also includes all the yet unassigned

items in I. A social-aware algorithm use the potential set when computing the ACF
such that Ia = I

′
j. Furthermore, it assigns items one by one, meaning that the aug-

mentation set contains one item each iteration. The property of social-awareness
for a clustering algorithm is defined by definition 3.

Definition 2. Consider a clustering algorithm A that assigns a set of items I to
a set of bins B. For each iteration k an item ix ∈ I is assigned to some bin in
Bk = {bj|bj ∈ B ∧ Sj(Ik

j ) < Lj} where Ik
j is the items already assigned to bj in

iterations leading up to k. The augmentation cost ϕj,k
x of removing item ix from bj’s

potential set I
′k
j is defined as ACFclust(bj, I

′k
j , I

′k
j \ {ix}). A is social-aware iff

during no iteration k it assigns item ix to a bin bj ∈ Bk where ϕj,k
x is defined, if

there exist some other bin bi ∈ Bk ∧ bi ̸= bj with an undefined ϕi,k
x , or with a defined

ϕi,k
x such that ϕj,k

x < ϕi,k
x .

Definition 2 states that a social-aware clustering heuristic gives each item one-
by-one to some bin that is not already full (Bk). If Bk = ∅ for any iteration k
then the algorithm has succeeded since there is no bin that needs any more items.
This definition requires that the ACF is used to define the cost ϕj,k

x of removing
ix from the potential set I

′k
j of bj in iteration2 k. The definition states that each

item must go to the bin with the largest cost, unless there exists one or more bins
2Note, I

′k
j depends on k since Ik

j contains all the items that have been assigned to bj in iterations
leading up to k. However, for the remainder of this thesis k will be omitted from the notation
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with an undefined cost. In such a case the algorithm must assign the item to one
of the bins with an undefined cost. However, which of those bins may be arbitrarily
chosen. Thus, each item is assigned to bin that needs it the most. If one or more
bins reach their limit when loosing a specific item, then the item is given to one
of those bins. Since social-awareness use potential sets, the cost is quantified while
taking into consideration the processing capacities of all the available items as well
as the already assigned items.

Note, definition 2 defines social-awareness for a clustering algorithm. Mean-
ing, this definition does not allow for partitioning. Hence, a federated scheduling
algorithm will not be able to adhere to definition 2. Therefore, in definition 3
social-awareness is made slightly less strict for algorithms that solve clustering and
partitioning. For this we introduce a function P k(bj).

P k(bj) =

true, bj can not be clustered for any iteration i ≥ k
false, otherwise

(4.5)

Function P k(bj) asserts that bin bj can only be considered for partitioning from
iteration k and beyond. This decision must be defined by the algorithm since the
determining factors may be highly specific to the application. However, if P k(bj)
returns true for some iteration k then P i(bj) must return true for any iteration
i > k. P k(bj) is used in definition 3 to limit which bins need to be considered for
partitioning.

Definition 3. Consider an algorithm A that solves clustering and partitioning by
assigning items I to bins B. For each clustering iteration k an item ix ∈ I is
assigned to some bin in Bk = {bj|bj ∈ B ∧ Sj(Ik

j ) < Lj ∧ ¬P k(bj)} where Ik
j is

the items already assigned to bj in iterations leading up to k. The augmentation
cost ϕj,k

x of removing item ix from bj’s potential set I
′k
j is defined as ACFclust(bj, I

′k
j ,

I
′k
j \{ix}). A is social-aware with respect to clustering iff during no clustering

iteration k it assigns item ix to a bin bj ∈ Bk where ϕj,k
x is defined, if there exist

some other bin bi ∈ Bk ∧ bi ̸= bj with an undefined ϕi,k
x , or with a defined ϕi,k

x such
that ϕj,k

x < ϕi,k
x .

In this definition a clustering iteration is any iteration that considers all the bins
that are not yet full and not yet decidedly partition bins. During such an iteration
ix must go to the bin with the largest cost (or undefined) cost. This means that any
bin bp that is decidedly a partitioned bin in clustering iteration k can not receive
item ix, regardless of its cost ϕp,k

x . Thus, the only difference from definition 2 is
which bins are considered in each iteration. However, this is not an insignificant
modification since it depends greatly on the definition of P k(bj). For instance, if
P k(bj) is defined to always return true then any arbitrary Algorithm A will have
no clustering iterations meaning it is effectively not solving the clustering problem,
in which case definition 3 is meaningless. If P k(bj) always returns false then it is
not solving the partitioning problem and definition 3 is equivalent to definition 2.

since costs are never compared across iterations, making the notation obsolete.
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Hence, definition 3 provides the flexibility necessary to apply social-awareness to a
federated scheduling algorithm.

4.2.1 Social-aware clustering
Definition 2 provides the defining property of a social-aware clustering algorithm
in the general case. This need to be applied to the clustering problem found in
federated scheduling of real-time tasks. This is done by translating the bin-packing
terminology in definition 2 to their real-time scheduling equivalents. This translation
gives an equation that is equivalent to equation 4.3. Since definition 3 only considers
social-awareness with respect to clustering, the translation can be used to apply
definition 3 to a federated scheduling algorithm as well.

Recall that the clustering problem for a federated scheduler represents processors
as items and tasks as bins. Thus, the size Sj(I) represents the capacity that the
set of processors I provides to task bj. Defining the capacity of a processor is not a
trivial problem since the capacity depends on many things such as clock frequency,
memory hierarchies and much more. Furthermore, defining the capacity based solely
on characteristics of the processor neglects how well a task may be able to utilize the
capabilities of the processor. For instance, a processor with many cores will provide
more processing power to a parallel task than a sequential task, since sequential tasks
can only utilize one core. However, note that when considering real-time systems,
we specifically want to know how long it takes for a task to finish, i.e. the makespan.
Therefore, a processor that provides a high capacity to task τj should give a short
makespan on τj. Hence, the capacity provided by µx to τj can be defined as the
inverse of the makespan χj

µx
of τj when executing on µx. Furthermore, this definition

can be equally applied to a set of processors. Meaning, the capacity that platform
M provides to τj is defined as the inverse of the makespan χj

M . Thus, the size (i.e.
capacity) of a set of processors I is equivalent3 to the inverse of the makespan as
shown in equation 4.6.

Sj(I)↔ 1
χj

I

(4.6)

Recall that definition 3 considers potential sets of items. These represent potential
clusters M∗

j that include all the processors assigned to task τj as well as all the yet
unassigned processors in M . The capacity of a potential cluster M∗

j is therefore
equivalent to the size of a potential set I

′
j as shown in equation 4.7

Sj(I
′

j)↔
1

χj
M∗

j

(4.7)

Furthermore, the limit Lj represent the capacity required by τj to meet its dead-
line. Just like the makespan, the deadline is a measurement of time. Therefore, the
limit Lj is equivalent to the inverse of the deadline Dj as shown in equation 4.8.

3Note, by equivalent we are referring to a representational relationship, which we denote with
the symbol ↔. Meaning, A ↔ B iff A represents B and vice versa. Such a representational
relationship allows A to be replaced by B and B to be replaced by A.
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Lj ↔
1

Dj

(4.8)

A makespan-based ACF can be derived using equation 4.7 and 4.8 by replacing the
size and the limit with the inverse makespan and the inverse deadline respectively.
This ACF is named the benefit function βj

x,M∗
j

and measures the benefit of assigning
processor µx to τj when it has the potential cluster M∗

j . This benefit function will
be used by the social-aware algorithm to determine which task is assigned processor
µx.

βj
x,M∗

j
=


χj

M∗
j \{µx} − χj

M∗
j

Dj − χj
M∗

j \{µx}
, if Dj > χj

M∗
j \{µx}

∞, otherwise
(4.9)

The following lemma asserts that the benefit function in equation 4.9 is equivalent
to the ACF in equation 4.3 whenever condition 4.4 is true.

Lemma 1. The benefit equation βj
x,M∗

j
is equivalent to the Augmentation Cost Func-

tion ACFclust(bj, I
′
j, I

′
j \ {ix}) when Sj(Ib) > Lj (condition 4.4) is true, given that

B ↔ Γ, I ↔M , ix ↔ µx, bj ↔ τj and I
′
j ↔M∗

j

Proof.

ACF (bj, I
′

j, I
′

j \ {ix}) =

Sj(I
′
j)− Sj(I

′
j \ {ix})

Sj(I ′
j)

Sj(I
′
j \ {ix})− Lj

Lj

(4.10)
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equation 4.7 and 4.8 gives:

↔

1
χj

M∗
j

− 1
χj

M∗
j

\{µx}

1
χj

M∗
j

1
χj

M∗
j

\{µx}
− 1

Dj

1
Dj

=
( 1

χj

M∗
j

− 1
χj

M∗
j

\{µx}
) · χj

M∗
j

( 1
χj

M∗
j

\{µx}
− 1

Dj
) ·Dj

=

(
χj

M∗
j \{µx} − χj

M∗
j

χj
M∗

j
· χj

M∗
j \{µx}

) · χj
M∗

j

(
Dj − χj

M∗
j \{µx}

χj
M∗

j \{µx} ·Dj

) ·Dj

=
χj

M∗
j \{µx} − χj

M∗
j

Dj − χj
M∗

j \{µx}

(4.11)

From equation 4.7 and 4.8 we get the following equivalence for condition 4.4:

Sj(Ib) > Lj ↔ χj
M∗

j \{µx} < Dj (4.12)

Thus when condition 4.12 is true then equation 4.10 is equivalent to equation 4.9.
Lemma 1 states that the benefit equation is equivalent to the ACF when condition

4.12 is met. However, ACF is undefined when the condition is not met. Therefore,
the benefit is set to infinity in this case. This reflects the fact that the cost of
removing the processor is infinitely high since it would cause the task to fail (i.e.
miss its deadline). This means that if there are several tasks that computes an
infinite benefit value for the same processor, which of the tasks that receives the
processor is not defined by social-awareness. This means that an algorithm that
gives each processor to the task with the highest benefit is social-aware as defined
by definition 3. Furthermore, Lemma 2 illustrates an important attribute of the
benefit function.

Lemma 2. βj
x,M∗

j
< βi

x,M∗
i

implies ϕj
x < ϕi

x or that ϕi
x is undefined and ϕj

x is defined.

Proof. For βi
x,M∗

i
there are two cases.

(Case βi
x,M∗

i
<∞):

βi
x,M∗

i
< ∞ → χi

M∗
i \{µx} < Di. Furthermore, βi

x,M∗
i

> βj
x,M∗

j
→ βj

x,M∗
j

< ∞ →
χj

M∗
j \{µx} < Dj. Then, by lemma 1 we have βi

x,M∗
i
↔ ϕi

x and βj
x,M∗

j
↔ ϕj

x. Thus,
βj

x,M∗
j

< βi
x,M∗

i
implies ϕj

x < ϕi
x

(Case βi
x,M∗

i
=∞):
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βi
x,M∗

i
= ∞ → χi

M∗
i \{µx} ≥ Di → ϕi

x is undefined. Furthermore, βi
x,M∗

i
= ∞ >

βj
x,M∗

j
→ χj

M∗
j \{µx} < Dj → ϕj

x is defined.

Lemma 2 states that if task τi has a larger benefit than task τk, then τi has either
a larger augmentation cost than τk or τi has an undefined augmentation cost while
τk has not. In either case social-awareness mandates that processor µx is not given
to τk. Therefore, a clustering algorithm for federated scheduling is made social-
aware by assigning each processor to the task with the highest benefit value with
arbitrarily broken ties.

4.2.2 Supportive partitioning
The partitioning heuristic provided in this work is not social-aware as defined by
definition 3. Instead, it takes on a supportive role, meaning each processor that is
available for partitioning tries to relieve the other processors of as much workload
as possible. Therefore, a partitioned processor takes tasks one by one until no more
tasks can fit inside it. Whether or not a task fits in the processor is determined by
the EDF feasibility test in Theorem 2. Tasks are taken by the processor in ascending
order of relative utilization. The relative utilization ξj

x,M is the utilization of τj on µx

relative to utilization of all processors in M . Thus, the order that processor µx takes
tasks τj ∈ Γ is determined by equation 4.13. This order will create a preference for
items that have a small utilization on processor µx but a generally large utilization
on all other processors. Thus, µx aims to take away a large workload from other
processors while taking on a small workload for itself, which allows it take more
tasks.

ξj
x,M = U j

x∑
µy∈M U j

y

(4.13)

4.3 Social-Aware Algorithm
The Social-Aware Processor Assignment (SAPA) algorithm is presented in algorithm
1, which inputs a task set and a set of processors, and outputs the allocations
final allocations. This algorithm primarily focuses on the clustering problem. This
problem is solved using the following heuristic. The platform is iterated through one
processor at a time. The algorithm will give each processor to the task that receives
the largest benefit from it, as defined by equation 4.9. Whenever a task has received
enough processors to pass the feasibility test in Theorem 1 it is removed from the
task set. If a task is feasible after receiving only a single processor, supportive
partitioning adds additional tasks to that processor. Algorithm 1 includes two sub-
algorithms, Cluster and Partition found in algorithm 2 and algorithm 3 respectively.
Algorithm 2 assigns a processor µx to some task in Γ. Algorithm 3 assigns tasks in
Γ to processor µx.

Algorithm 1 takes as input a task set Γ and a set of processors M . It returns
the partitions and clusters for each processor and task respectively. In addition it
returns success if an assignment, that guarantee the feasibility of Γ on M , could
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be found. Otherwise it returns failure. Algorithm 1 iterates as long as there are
processors left to allocate (line 4). In each iteration a processor µx is removed from
the platform (line 5). Then, µx is assigned to a task in Γ by calling algorithm 2 (line
6). Algorithm 2 will update the platform and the task set as well as the clusters
and partitions. If the updated task set doesn’t have any more tasks to schedule,
then the assignment is successful (line 7). However, if this does not occur before the
algorithm runs out of processors then the assignment has failed.

Algorithm 2 assigns processor µx to some task in Γ and returns the updated
clusters and partitions. It begins by constructing a potential cluster M∗

j for each
task τj based on their previously assigned clusters in Mclust and all the remaining
processors in M (line 2). Next, the task set is sorted with respect to the benefit
of processor µx in descending order (line 4). The sorted task set is stored in Γs.
Then, the first element in Γs is stored in τa since it is the task that receives the
greatest benefit from µx (line 5). Recall however that the benefit will be infinite for
any task that is infeasible without µx. This means that there may be several tasks
with an infinite benefit. Therefore, each task that has an infinite benefit is stored
in an additional list Γf (line 8). If this list contains more than one task it is sorted
in ascending order with respect to the relative utilization using equation 4.13 (line
11). Here the relative utilization provides a back-up metric when the benefit is no
longer useful for discriminating between tasks. Then τa is updated to contain the
failing task with the lowest relative utilization (line 12).

If τa so far has not been assigned any processors then µx will be its first (line 14).
Then, the exact feasibility test in Theorem 2 can be used to see if τa is a light task
for processor µx (line 15). If the test is passed τa is added to the partition of µx and
removed from the task set (line 16 - 17). Furthermore, since µx is a uniprocessor,
additional tasks can be assigned to it by calling algorithm 3 (line 18). This provides
the supportive partitioning, meaning that tasks that can execute on µx together
with τa can be removed from the task set. This is done as soon as µx has been
established as a uniprocessor so that these tasks do not need to be considered when
assigning any of the following processors. However, if the test does not pass then τa

is a heavy task for µx. Then µx is added to the cluster of τa and the task remains
in the task set so it can receive more processors (line 20).

If Ma has previously been assigned processors, then τa is again considered a heavy
task. Then µx is assigned to the cluster of τa and the feasibility test provided by
Theorem 1 is used to determine feasibility of τa (line 23 - 24). If the test passes, τa

is removed from the task set since it don’t need any additional processors (line 25).
If the test does not pass the task simply remains in the task set.

Algorithm 3 provides supportive partitioning by removing tasks from the task set
Γ and assigning them to processor µx. The purpose is to relieve the processors in M
from the workloads of the tasks in Γ as much as possible by assigning them to µx.
Therefore, the tasks in Γ are sorted with respect to their relative utilizations ξx,M in
ascending order (line 1). The sorted list Γs is iterated through in order (line 2). For
each task τj in the ordered set the feasibility test in Theorem 2 is applied (line 3).
The test is applied while considering τj and the tasks Γpart

x already partitioned to µx.
If the test passes τj is added to Γpart

x and removed from Γ (line 4-5). Furthermore,
the cluster that had already been assigned to τj is returned to the platform (line 6).
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Algorithm 1: Social-Aware Processor Assignment (SAPA)
input : Γ = {τ1, τ2, τ3, ..., τn},

M = {µ1, µ2, µ3, ..., µm}
output: Γpart = {Γpart

1 , Γpart
2 , Γpart

3 , ..., Γpart
m },

Mclust = {M clust
1 , M clust

2 , M clust
3 , ..., M clust

n },
Status: success/failure

1 ∀Γi ∈ Γpart : Γi ← ∅;
2 ∀Mi ∈Mclust : Mi ← ∅;
3 Status← failure;
4 while M ̸= ∅ do
5 µx ←M.pop();
6 {M, Γ, Mclust, Γpart} ← Cluster(µx, M, Γ, Mclust, Γpart);
7 if Γ = ∅ then
8 Status← success;
9 break;

10 end
11 end

Theorem 3. Algorithm 1 is a Social-Aware clustering algorithm as defined by defini-
tion 3, where tasks represents bins (B ↔ Γ) and processors represent items (I ↔M)
and P k(τj) = τj ∈

⋃m
i=1 Γpart

i,k where Γpart
i,k is the current value of Γpart

i during iteration
k.

Proof. Here we denote Γk as being the real-time scheduling equivalent to Bk. Then,
from lemma 2 and definition 3 we know that a federated scheduling algorithm is
social-aware if and only if for every clustering iteration k it gives µx to some task
in Γk and it never gives µx to τj ∈ Γk when there is some other task τi ∈ Γk where
βj

x,M∗
j

< βi
x,M∗

i
. This hold true for Algorithm 1 due to the following.

First we prove that µx is always given to a task in Γk. Note, each iteration k is an
iteration in the loop in line 4 to 11 in Algorithm 1, since one processor is assigned in
each such iteration. Lets assume by contradiction that during some iteration k, µx

is assigned to τp /∈ Γk. This implies that τp is in a partition (P k(τp) = true) or that
χp

Mp
≤ Dj (equivalent to Sp(Ip) ≥ Lp). However, if P k(τp) = true then τp has been

added to a partition in some iteration i < k. This implies that τp has been removed
from Γ in iteration i (line 17 in Algorithm 2 and line 5 in Algorithm 5). Hence, τp

can not be in Γ during iteration k. This means that µx can not have been assigned
to task τp in iteration k, which is a contradiction. Furthermore, if τp is in Γk then τp

has failed the test in either Theorem 1 or Theorem 2 after being assigned a processor
in all iteration i < k, since otherwise it would have been removed from Γ (line 15
and line 24 in algorithm 2). However, note that Theorem 1 is more pessimistic than
Theorem 2, meaning χp

{µx} ≤ Dj → U{τp}
x ≤ 1. Therefore, if χp

{µx} ≤ Dj in iteration
k then τp must have passed one of the tests in some iteration i when it was assigned
a processor, which is a contradiction. Hence, it is proven that Algorithm 1 always
assign ix to a task in Γk in every iteration k.

Now we prove that Algorithm 1 never gives µx to τj ∈ Γk when there is some other
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Algorithm 2: Cluster(µx, M, Γ, Mclust, Γpart)
1 foreach M clust

j ∈Mclust do
2 M∗

j ←M ∪M clust
j ; // assign temporary platforms

3 end
4 Γs ← Sort(Γ, βx,M∗);
5 τa ← Γs.head();
6 Γf ← ∅;
7 foreach τj ∈ Γs ∧ βj

x,M∗
j

=∞ do
8 Γf ← Γf ∪ {τj}
9 end

10 if |Γf | > 1 then
11 Γf ← Sort(Γf , 1

ξx,M
);

12 τa ← Γf .head();
13 end
14 if M clust

a = ∅ then
// Test if τa is feasible using Theorem 2

15 if Ux
{τa} ≤ 1 then

16 Γpart
x ← {τa}; // Assign τa to µx

17 Γ← Γ \ {τa};
18 {M, Γ, Mclust, Γpart} ← Partition(µx, M, Γ, Mclust, Γpart);
19 else
20 M clust

a ←M clust
a ∪ {µx}; // Assign µx to τa

21 end
22 else
23 M clust

a ←M clust
a ∪ {µx}; // Assign µx to τa

// Test if τa is feasible using Theorem 1
24 if χa

Ma
≤ Da then

25 Γ← Γ \ {τa};
26 end
27 end
28 return {M, Γ, Mclust, Γpart};
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Algorithm 3: Partition(µx, M, Γ, Mclust, Γpart)
1 Γs ← Sort(Γ, 1

ξx,M
);

// add tasks to µx until feasibility test fails
2 foreach τj ∈ Γs do
3 if UΓpart

x ∪{τj} ≤ 1 then
4 Γpart

x ← Γpart
x ∪ {τj};

5 Γ← Γ \ {τj};
6 M ←M ∪M clust

j ;
7 M clust

j ← ∅;
8 end
9 return {M, Γ, Mclust, Γpart};

task τi ∈ Γk where βj
x,M∗

j
< βi

x,M∗
i

during iteration k. Algorithm 1 calls Algorithm
2 once for every processor µx in M . In line 20 in Algorithm 2 µx is assigned to τa.
Note, τa is either the head of Γs or the head of Γf . If τa is the head of Γs then, from
the sort in line 4 we know that there is no other task τi in Γ in iteration k where
βa

x,M∗
a

< βi
x,M∗

i
. If τa is the head of Γf then βa

x,M∗
a

=∞, meaning there can be no τi

where βa
x,M∗

a
< βi

x,M∗
i
.

Thus, SAPA is shown to be social-aware with respect to the clustering prob-
lem. Note, Algorithm 1 is primarily a clustering algorithm. However, Supportive
partitioning can be seen as an optimization in this context since it decreases the
tasks under consideration for future iterations. Importantly, a processor is only
partitioned after it has been assigned to a task by the clustering heuristic. Further-
more, it only removes tasks that it can successfully partition in to this processor.
Therefore, supportive partitioning does not take any resources from the clustering
problem, only workloads. Hence, the integrity of social-aware clustering is preserved.

Recall, when several tasks have undefined ACF (i.e. infinite benefit) definition
3 does not dictate which of them should receive the processor. However, one could
make the argument that if more than one task fails without the processor then the
algorithm should fail since only one task can receive it. This would be a correct
assessment if we were only solving the clustering problem. However, the federated
assignment problem also encompasses the partitioning problem. Due to the pes-
simism in the makespan feasibility test in Theorem 1, a task that fails the makespan
test may yet still be feasible on a single processor. Hence, failing the algorithm in
the case of multiple infinite benefit values would be undesirable. Furthermore, the
makespan feasibility test in equation 1 is not anomaly-free, meaning the makespan
may decrease if a processor is removed from the tasks cluster. This means that
a task that gives an infinite benefit at a certain point may actually give a benefit
that is not infinite in a future iteration when processors are more scarce. This is
another reason why the algorithm should not fail at the presence of infinite benefits.
However, due to these complexities determining which of these task should receive
the processor is not trivial. Our solution use the relative utilization from equation
4.13 to determine this.
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4.3.1 Algorithmic complexity of SAPA
Algorithm 1 has a polynomial time complexity. The algorithm iterates over all m
processors. However, each partitioned task gives back its assigned cluster to the
platform. Since each task can be partitioned at most once there can be at most
m · n iterations. In each iteration Algorithm 2 is called once. In each execution of
Algorithm 2, Algorithm 3 can be called at most once. Thus, the time complexities
of Algorithm 2 and Algorithm 3 are upper-bounded by the execution time of the
Sort(). A sort function can be implemented with O(n log n) time-complexity and
since only tasks are sorted the input to Sort() is upper-bounded by n. Further-
more, each comparison done by Sort() needs to compute either the makespan or the
relative utilization. We denote complexity of of computing the makespan and the
relative utilization as Cχ and Cξ respectively. Thus, the computational complexity
of Algorithm 1 is bounded by O(m · n2 · log n · max{Cχ , Cξ}). Since Cχ and Cξ are
also computed in polynomial-time, Algorithm 1 is computed in polynomial-time.
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5
Simulation

5.1 Experimental Setup

A simulator is used to test each algorithm. This simulator runs one of the algorithms
for a specified number of iterations. Each iteration the algorithm is executed with a
randomly generated model of the platform and the task set. The executed algorithm
will return success or failure for each iteration. The acceptance-ratio is thus the
number of times the algorithm returned success compared to the total amount of
iterations. The simulator is called for each algorithm in order to compare their
respective acceptance-ratios. Moreover, the algorithms simulate on the same random
task sets. This ensures that the comparisons between them are fair.

In order to properly evaluate the algorithm, the simulator provides several pa-
rameters to influence the type of system that it generates. The number of processors
is determined by the parameter (P ≥ 1). Furthermore, the heterogeneity parameter
(0 ≤ H ≤ 1) determines how many different types of processors there are relative to
the total number of processors. A value of zero gives a homogeneous system while
a value of one gives a system where each processor is of a different type. In addi-
tion, the uniformity parameter (0 < U ≤ 1) decides how similar the speedup every
subtask experience from each processor. A value of one means that the platform is
entirely uniform while a value close to zero means that there can be great variation
between the speed of each subtask for the same processor type.

All tasks are limited to having no more than (ST ≥ 1) subtasks. In many
applications a task may consist of identical subtasks operating on different data,
referred to as Single Program Multiple Data (SPMD). Therefore, subtasks can be
split into different subtask types, where each subtask within a type has the same
WCET. The parameter (0 ≤ V ≤ 1) defines the maximum variety between subtasks
within a task. A value of zero forces all tasks to be of a single type while a value of
one allows all subtasks to be unique. Additionally, a deadline multiplier (DM ≥ 1)
is provided to influence the largest possible deadline of a task. With a small deadline
multiplier the simulator is more likely to generate heavy tasks while with a large
deadline multiplier it is more likely to produce light tasks. Tasks are generated one
by one based on these parameters. The utilization of a generated task τj is computed
as wj/Dj. Tasks are generated until the total utilization reaches or surpasses the
goal utilization (0 < G ≤ 1). If the goal utilization was surpassed the deadline of the
final task is adjusted to achieve the desired total utilization. The goal utilization
thus determine what percentage of the platform need to be utilized to meet all
deadlines.
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5.1.1 Generating platform
Before any algorithm can be simulated the model of the system need to be generated.
First the platform is generated by computing the number of processor types PT =
max{1, ⌊P ·H⌋}. The distribution of the processors over all the processor types is
determined using the integer_UUnifast algorithm (see appendix C)1, which is a
modified algorithm based on UUnifast presented in [20]. This algorithm provides an
array of size PT where the values of each element is the number of processors in the
respective type, and the sum of all elements is equal to P . After the distribution
of processor types has been established, each processor µx is assigned a slow-down
factor fx = rand(1, PT · 2 + 1). This factor is later used to compute the WCETs of
the subtasks.

5.1.2 Generating DAGs
The simulated DAG model consist of a table of all the WCETs. There is a WCET
for all subtask types and processor types. Furthermore, two arrays are stored. One
array stores how many subtasks there are in each subtask type. The second array
stores how many subtasks of each subtask types that are in the critical path. In
addition, the number of task types, the total number of subtasks and the deadline
is stored. This data is generated and then used to compute the benefit values as
well as the makespan and utilization.

Each tasks is generated in the following way. First, the number of subtasks in
the task is generated by selecting a random value in the range [1, ST ]. Then the
number of subtask types (TT ) is determined by selecting a random value within
the range [1, ST · V ]. subsequently, the number of subtasks in each subtask type is
determined by the integer_UUnifast algorithm. It gives an array with TT number
of elements where each element of the array determines the number of subtasks in
their respective type, and the sum of all the elements is equal to ST . Then an
initial WCET is generated for each subtask type by selecting a random value in
the range of [10, 500]. Following, for each subtask type a new WCET is generated
for each processor type by multiplying the initial WCET with a random value in
the range of [fx · U, fx/U ]. The total workload (W tot

j,Mj
) is calculated by summing

the multiplication between the number of subtasks in each type and the initial
lowest WCET. W ∞

j,Mj
is calculated by taking a random amount of subtasks from

each type and multiplying this amount by the initial lowest WCET and summing
these values together. The deadline is selected to be a random value in the range
[χj

p · DM, wj · DM ] where wj is the inflated workload. This is the total workload
W tot

, , divided by the minimum capacity ζ,. Thus wj inflates the workload such that
is representative of a heterogeneous platform.

5.1.3 Comparisons
The acceptance ratio provided by SAPA is compared to the inter-task scheduler in
[2], which will be referred to as the Selfish Processor Assignment (SPA) algorithm.

1In contrast to the original UUnifast algorithm, the integer_UUnifast algorithm ensures that
all elements are integer values greater than or equal to one.
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This algorithm gives each task its preferred cluster of processors without any regard
for the other tasks. When a task is assigned its preferred cluster those processors
are remove from the processor set. Thus, the next task is assigned its preferred
cluster from all the remaining processors. A task will prefer the cluster with the
highest cluster value. The cluster value is the sum of the processor values of all
processors in the cluster. The processor value measures how valuable a processor is
to a certain task and therefore serves the same purpose as the benefit value provided
in this work. Thus, we also measure the performance of SPA where we replace the
original processor value with the benefit function from equation 4.9. This way the
performance contributions made by the benefit equation can be isolated from the
contributions made by the SAPA algorithm itself.

Furthermore, we define two additional processor value equations that aims to
capture the value of a processor in more detail than the original. We denote these
variations as PV-speed and PV-workload. PV-speed base the processor value on the
speeds that the processor provides to the task, while PV-workload additionally gives
a weight to each task based on their workload.These equations are further described
in appendix A.2.2 and A.2.3 respectively. Moreover, these processor values have been
made "fair" as described in appendix A.2.4. Thus, besides the SAPA algorithm, we
compare the performance of SPA using the makespan-based benefit function, original
processor value, fair PV, fair PV-speed and fair PV-workload.

Note, the simulator is not specifically designed to exclusively generate feasible
task sets. Therefore, when an algorithm fails it does not necessarily reflect poor
performance since the task set may have been impossible to schedule. Hence, mea-
suring the performance of SAPA in isolation would not provide meaningful insight.
Therefore, the performance of SAPA is always compared to the performance of SPA
as a reference.

5.2 Simulation Results
In this section we show how the performance of SAPA compares to that of SPA and
its variations. Namely, we compare the performance of

• SAPA: Social-Aware Processor Assignment.
• SPA original PV: Current state-of-the-art proposed by [2].
• SPA makespan: modified [2] where processor value is replaced with eq. 4.9.
• SPA fair PV: modified [2] with a "fair" processor value (see appendix A.2.4).
• SPA fair speed: modified [2] with a "fair" processor value based on speed

(see appendix A.2.2).
• SPA fair workload: modified [2] with a "fair" processor value based on

workload (see appendix A.2.3).
First, general performance is presented as acceptance-ratio plotted to increasing

goal utilization. The performances are first shown for heterogeneous platforms with
different uniformity (U), deadline mulitplier (DM) and subtask variance (V). Then
we show the performance on homogeneous platforms with different deadline multi-
pliers. The figures shown in this sections are extracts from the more comprehensive
set of graphs found in appendix B.
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5.2.1 General Performance
Figure 5.1 shows the performance of each algorithm running on a platform with 66%
heterogeneity (H=0.66). Each subplot present the cases where the platform has a
uniformity factor of 0, 0.5 and 1 respectively. The x-axis spans a goal utilization
between 0.1 and 1. The y-axis shows the acceptance ratio of each algorithm vari-
ation. Notably, SAPA outperforms all the variations of the SPA algorithm. The
most significant increase can be seen in figure 5.1c when the goal utilization is 60%
(G=0.6). Here SAPA provides an acceptance ratio more than double that of the
original SPA.

Note, a large part of the performance increase can be directly attributable to
the makespan benefit function. This is illustrated by the increased acceptance-ratio
in SPA makespan compared to SPA original in figure 5.1, which is particularly
noticeable on uniform platforms. Thus, equation 4.9 is shown to be effective even
when used in an algorithm that is not social-aware. This is likely due to the fact
that it provides a value that is directly related to the feasibility test in Theorem 1,
since it is based on makespan. On the other hand, the original processor value is
disconnected from the feasibility test since it is merely based on the speeds provided
by the processors. This ignores the DAG structure of the tasks entirely. For instance,
a processor may provide very fast speeds to all subtasks within a task, except the
subtasks in its critical path. Then the processor may not increase the likelihood
that the task is feasibility yet it would still provide a high processor value. However,
the lack of improved feasibility would be reflected by a marginal change in the
makespan. Thus equation 4.9 considers the DAG structure to the same extent as
the upper-bound of the makespan in equation 4.1. This direct relationship between
the benefit function and the makespan provides, in most cases, a better estimation
of the value of a processor.

Note, as the uniformity increases the curve more closely resembles an S-curve.
This is likely a property of the simulator since all algorithms essentially follow the
same curve shape. Figure 5.1a and 5.1b shows the beginning of an S-curve with a
generally higher acceptance ratio. This reflects the fact that less uniform platforms
are more likely to be feasible. This is because there is less competition between
tasks since they are more likely to prefer different processors.

5.2.2 Changing the number of heavy tasks
The deadline multiplier is used to change the utilization of each individual task.
A small deadline multiplier gives a task set with few heavy tasks, while a large
deadline multiplier gives a task set with many light task. Figure 5.2 shows the
performance of SAPA, SPA original and SPA makespan when running unrelated
platforms with varying deadline multipliers (DM). As shown by figure 5.2b and
5.2c, SAPA provides a large performance increase when the deadline multiplier is
increased. This indicates that supportive partitioning plays an important role in
providing good assignments. This is likely due to the fact that supportive parti-
tioning fills each partitioned processor with tasks in order to utilize the processor
as much as possible. This philosophy is absent in the SPA algorithm. Additionally,
a contributing factor could also be that the supportive partitioning sorts the tasks
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(a) U = 0
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(b) U = 0.5
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(c) U = 1

Figure 5.1: Acceptance-ratio of all algorithm variations under a platform with 66%
heterogeneity and varying uniformity, plotted against goal utilization

based on their relative utilization. This is likely quite effective since the utilization
is directly related to the optimal EDF feasibility test.

Furthermore, note that the higher the deadline multiplier the higher acceptance
ratio is for all algorithms. This is likely in part due to the simulator. Namely, the
goal utilization is measured as the sum of inflated workloads wj divided by Dj for all
tasks τj. However, when tasks are almost exclusively partitioned the real utilization
of each task will only consider the processor that it is executing on. Thus, when
most tasks are partitioned the real utilization would likely be smaller than the goal
utilization. Therefore, it is not unreasonable that the acceptance ratio remains at
100% even with a 100% goal utilization as seen in figure 5.2c
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(a) DM = 1
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(b) DM = 2
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Figure 5.2: Acceptance-ratio on an unrelated platform with varying deadline mul-
tipliers

5.2.3 Changing the number of processors

Although SAPA mostly outperforms SPA original, this is not always the case. When
the number of processors is increased to 32 there seem to be cases where SAPA
performs worse than SPA. This is illustrated by figure 5.3 which shows how the
algorithms perform on 32 processors. Here SPA original seems to perform better
than SAPA on highly unrelated platforms, i.e. platforms where the uniformity is
10% (U=0.1). This can be seen in figure 5.3a. However, this does not persist
when the uniformity is increased as seen in figure 5.3b and 5.3c. In fact, figure
5.3c shows that SPA makespan performs better than SAPA on a uniform platform.
Thus, the uniformity seems to have a significant impact on the performances of the
SPA algorithm. This impact seems to be exacerbated by increasing the number of
processors.
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Figure 5.3: Acceptance-ratio with 32 processors with varying uniformity

5.2.4 Changing the subtask variance

Another instance where SPA original seems to be performing better than SAPA is
when tasks with no subtask variance execute on a highly unrelated platform. This
can be seen in figure 5.4a. However, this is not the case when the subtask variance is
increased, as seen in figure 5.4b and 5.4c. In fact, the subtask variance does not seem
to have a clear effect on the acceptance-ratio except for in the case where it is zero.
This suggests that SPA original may be a better alternative for applications using
SPMD tasks on highly unrelated platforms. However, when the subtask variance
is more than zero SAPA still seem to outperform SPA. Furthermore, when the
uniformity is increased SAPA also outperforms SPA as seen in appendix B.4.
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Figure 5.4: Acceptance-ratio of task sets with different node variance executing
on a highly unrelated platform

5.2.5 Homogeneous platforms

Figure 5.5a shows that all algorithms performs identically on homogeneous plat-
forms, which is somewhat expected. Recall that the clustering problem can be
solved optimally (with respect to a non-optimal test) on homogeneous platforms in
polynomial time. This is because all processors are identical, thus each task needs
some number of processors to meet their deadline. Both SPA and SAPA provide an
optimal solution for the homogeneous case since no task is given more processors
than it needs and the algorithm does not fail until all processors are spent. Meaning,
both algorithms will give each task exactly as many processors it needs to pass the
test unless it runs out of processors. However, SAPA and SPA solves partitioning
differently, yet they still have identical performance. This is due to the fact that the
deadline multiplier is set to one where the simulator tends to generate exclusively
heavy tasks. This means that partitioning is essentially not possible in figure 5.5a.
However, in figure 5.5b the deadline multiplier is set to two which generates a task
set that mostly consist of light tasks that can be partitioned. In this case SAPA
slightly outperforms all the variations of SPA. Interestingly, the original processor
value outperforms the makespan-based benefit function when used on SPA. This
indicate that the performance increase provided by SAPA is due to the supportive
partitioning and not the makespan-benefit function. This is not surprising since the
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makespan benefit function is optimized for clustering but not partitioning.
It may seem counter-intuitive that the benefit function should have any effect on

a homogeneous platform since all processors are identical and thus should provide
identical benefits. However, the benefit function does determine the cluster-value
of each tasks respective cluster. Thus, the benefit function influences the order in
which SPA selects tasks. Seemingly the task order provided by the original processor
value gives better results than the task order provided by equation 4.9 in this case.
This could be due to presence of anomalies in the makespan equation, or merely be
a consequence of the fact that makespan equation is not adapted to partitioning.
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Figure 5.5: Acceptance-ratio of all algorithms under a homogeneous platform
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6
Discussion and Conclusion

The social-aware clustering heuristic is introduced to provide a sense of fairness when
assigning resources. Such a fair distribution differs from an equal distribution since
it gives each item to the bin that needs it the most. This is a desirable attribute since
different bins may need different amount of resources. Furthermore, different bins
may not be able to utilize each item to the same extent, as is the case for federated
scheduling on heterogeneous platforms. Hence, social-awareness is defined to be
highly generalized such that it does not assume that the size of an item is fixed. Thus,
the size of an item may depend on which bin it is assigned. Additionally, the size is
measured for entire sets of items, meaning, the size contribution of a single item may
depend on the rest of the set. These generalizations allow for the application of the
social-aware heuristic to the clustering problem in federated scheduling of real-time
tasks on unrelated platforms. Furthermore, such generalizations have, to the best
of our knowledge, never been provided by any other bin-packing heuristic that aims
to distribute items fairly across bins.

In this thesis the social-aware heuristic was first defined for the clustering problem
(Definition 2). This definition relies on the novel Augmentation Cost Function
(ACF) which measures the cost of changing which items are assigned to a bin.
Then, the definition of social-awareness was slightly modified to consider algorithms
that solves clustering as well as partitioning (Definition 3). This modification allows
social-awareness to be applied to the federated real-time scheduling problem. Thus,
the benefit equation, which is based on makespan, applies the ACF to the real-
time scheduling domain. Furthermore, the novel SAPA algorithm was introduced to
solve the assignment problems for federated scheduling on unrelated platforms. This
algorithm was shown to be social-aware with respect to clustering, since it gives each
processor to the task with the highest benefit. Finally, through simulation SAPA
was shown to mostly perform better than the current state-of-the-art in [2], referred
to as SPA.

The following sections discusses the limitations of this work and how they may
be addressed by future work. Furthermore, we discuss the applicability of social-
awareness to other bin-packing problems.

6.1 Simulation Results
As shown in section 5.2 SAPA mostly outperforms SPA. However, there are cases
where SAPA performs worse than SPA. Most noticeably is that the performance of
SAPA performs worse as the number of processors increase. However, it could also

43



6. Discussion and Conclusion

be the case that SPA performs particularly well when the number of processors are
increased. The reason for this is yet not known. Furthermore, due to the increasing
execution time of the algorithms, larger numbers of processors than 32 has not
been tested. In addition, SPA performed better in the specific case where there is
no subtask variance and very low uniformity. Why this is the case has not been
established.

6.2 Effects of Anomalies

SAPA does not require an anomaly-free1 makespan equation. This is because proces-
sors are allocated offline, meaning anomalies can not occur during run-time. Thus,
a successful assignment will never lead to a missed deadline. Furthermore, the
makespan will decrease when an anomaly occurs, which leads to a negative benefit.
Naturally, this means that the task that experience an anomaly from the proces-
sor will be sorted after all the other tasks, which seems desirable. However, there
are reasons to believe that anomalies may give less desirable processor assignments.
Namely, anomalies are transitory in nature, meaning that if the makespan of a cer-
tain task decrease by removing a processor from a platform, then it does not mean
that removing the same processor from a different cluster will also decrease the
makespan. In other words, even though a processor may provide a negative benefit
to task τj under cluster MA does not mean it will provide a negative benefit to τj

under cluster MB. Thus, the benefit may fluctuate between positive and negative
values, meaning it may not capture the true value of a processor. Furthermore, logs
from the simulation showed that anomalies were commonly occurring, thus it likely
has a noticeable impact on performance. Therefore, replacing equation 4.1 with
an anomaly-free upper-bound of the makespan would likely give better processor
assignments.

6.3 Processor Order
Definition 3 does not enforce any particular order that processors should be consid-
ered. Thus, Algorithm 1 considers an arbitrary processor order. However, the order
that processors are considered may have considerable impact on the performance.
For a uniform platform the processor could be define as the fastest processors first
or the slowest processors first. However, on an unrelated platform there may not
be a single fastest processor. There are other ways that the processor order can be
determined. One solution would be to compute the benefits of each processor for
each task before assigning any of the processors. The order may then be defined by
the total benefit of each processor, in ascending or descending order. However, the
processor order was not explored in this thesis. The simulator generates the set of
processors in ascending order of the speed factor fx. Meaning, in a uniform platform

1Note, here we are specifically talking about the anomaly that removing a processor may de-
crease the makespan. Other anomalies such as decreasing the WCET of a subtask increases the
makespan, can invalidate SAPA. Fortunately, equation 4.1 is absent of such anomalies.
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this would give a processor order of decreasing speed. The effects of changing the
processor order has not been tested in simulation.

6.4 Applicability
Definition 3 defines the property of social-awareness with respect to a clustering
algorithm. Thus any other resource allocation problem that is equivalent to the
clustering problem could apply a social-aware assignment algorithm. The necessary
component is a quantifiable metric that correspond to the size of items. In this
thesis the item size represent the inverse of the makespan. Furthermore, there needs
to be a constraint that correspond to the limit. This constraint must be of the same
unit as the metric that correspond to the size. In this thesis the limit represents the
inverse of the deadline. Since makespan and deadline have the same unit (time) they
are comparable and can be applied to the ACF. Other resource allocation problems
may have other constraints. Additionally, in appendix A.1 we provide the definition
of social-awareness for the partitioning problem. Since the partitioning problem is
equivalent to the original bin-packing problem (i.e. not reversed), this opens for
wide range of applicable problems.

6.5 Future Work
The simulation results illustrate that SAPA does not outperform SPA in all cases.
These cases need to be better understood. The problem could lie in the clustering
algorithm, the partitioning algorithm or the interaction between them. In order to
investigate this, social-awareness could be applied to pure clustering problems and
pure partitioning problems. This would give a clearer understanding of the merits of
the social-aware heuristics. Furthermore, the processor order may be an important
aspect of the heuristic that warrants further exploration. Finally, anomalies are
believed to have a poor impact on SAPA. Therefore, finding an anomaly-free upper-
bound of makespan on unrelated platforms would relevant future work.
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A
Appendix 1

A.1 Social-Aware Partitioning
Here we provide the definition of social-awareness for the partitioning problem which
is equivalent to the traditional bin-packing problem. First, we provide the corre-
sponding Augmentation Cost Function. This ACF is then used to define social-
awareness for partitioning.

Recall, the goal of ACF is to measure the cost of a certain augmentation. If the
problem is to partition a set of items on to a set of bins the augmentation under
consideration is an addition to the assigned set. In other words, we measure the
cost of adding a set of items for each bin. Since the objective of partitioning is that
no bin is assigned too many items, we want to give the item to the bin that receives
the smallest cost. Recall, social-awareness considers potential sets which includes
all of the yet unassigned items. This is the case also for partitioning since when we
measure the cost we want to know how big is the cost of a particular item in relation
to all the other remaining items. This means that the bins will be assumed to be
overfull also for partitioning.

Definition 4. The Augmentation Cost Function (ACF) for partitioning defines the
cost of a certain augmentation of the items assigned to bin bx from Ia to Ib where
Ia ⊂ Ib

ACFpart(bx, Ia, Ib) =
Sx(Ib)− Sx(Ia)

Sx(Ib)
·

Sx(Ib)− Lx

Lx

(A.1)

Sx(Ib) > Lx (A.2)

The ACF in equation A.1 measures the cost of adding the augmentation set. As
in the case of clustering Ia are the assigned items before the augmentation and Ib

are the assigned items after the augmentation. Since the augmentation is now an
addition the augmentation set becomes Ib \ Ia. This gives that the degree to which
the augmentation set contributes to the total size is the size of the augmentation
set divided by the size of Ib. Thus, the contribution is Sx(Ib)−Sx(Ia)

Sx(Ib) . Like in the
case of clustering, the relative augmentation distance gives the distance between
the limit and the total item size after the augmentation (Ib). However, this is now
a measurement of how far the bin is from its objective (i.e. reaching to or below
the limit). This means that the cost of an augmentation is increased when the
relative augmentation distance increase. Therefore Sx(Ib)−Lx

Lx
is multiplied by the

contribution to get the final ACF. Like in the case of clustering the ACF is defined
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A. Appendix 1

only when Sx(Ib) ≥ Lx, since when Sx(Ib) < Lx the ACF will be negative for any
positive contribution. Then a higher contribution gives a smaller cost, which does
not provide meaningful values. However, note that when Sx(Ib) ≤ Lx bin bx can fit
all the items in Ib. Since Ib contains all the remaining items, giving Ib to bx solves
the partitioning problem. This ACF is used to define a social-aware partitioning
algorithm in definition 5.

Definition 5. Consider a partitioning algorithm A that assigns a set of items I to
a set of bins B. For each iteration k an item ix ∈ I is assigned to some bin in
Bk = {bj|bj ∈ B ∧ Sj(Ik

j ∪ {ix}) ≤ Lj} where Ik
j is the items already assigned to

bj in iterations leading up to k. The augmentation cost ϕj,k
x of including item ix in

bj’s potential set I
′k
j is defined as ACFpart(bj, I

′k
j \ {ix}, I

′k
j ). A is social-aware

iff during no iteration k it assigns item ix to a bin bj ∈ Bk where ϕj,k
x is defined, if

there exist some other bin bi ∈ Bk ∧ bi ̸= bj with an undefined ϕi,k
x , or with a defined

ϕi,k
x such that ϕj,k

x > ϕi,k
x .

Definition 5 states that a social-aware partitioning heuristic gives each item one-
by-one to some bin that can fit it (Bk). If Bk = ∅ for any iteration k then the
algorithm fails since there is no bin that can fit the item. This definition use ACF
together with potential sets to define the cost ϕj,k

x of including ix in the potential
set I

′k
j of bj. Note, this is the same as adding the augmentation set to a potential

set that does not already include it. In contrast to definition 3 each item must go to
the bin with the smallest cost. However, Just like in definition 3 if there exist one or
more bins with an undefined cost the algorithm must assign the item to one of those
bins. Which of those bins is assigned the item is not defined by social-awareness
since any of the alternatives solves the partitioning problem. In conclusion, each
item is assigned to bin that is impaired by it least.

A.2 Processor Values

Appendix A.2.1 describes the original processor value provided by [2]. Appendix
A.2.2 and A.2.3 provides alternative equations for the processor value. These are
meant to capture the value of a processor in more detail. Furthermore, all of the
provided processor value equations can be made "fair" as explained in appendix
A.2.4

A.2.1 Original processor value

Processor value PV j
x represent how valuable processor µx is to task τj. In the original

processor value from [2], shown in equation A.3, each processor has a speed-level
for each subtask (i.e. fastest processor has speed-level one, second fastest processor
has speed-leve two etc.). Thus, the processor value of µx to τj is computed as such.
For each processor, with speed-level s, the number of subtasks that has µx as its sth

speed-level processor is counted in cntj
s,x. This is divided by s to give a lower value
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to processors that are at lower speed-levels.

PV j
x =

P∑
s=1

1
s
· cntj

s,x (A.3)

A.2.2 Speed-based processor value
An alternative to the original processor value is shown in equation A.4. Here the
processor value is defined as the sum of the speeds δx

j,i of processor µx for all subtasks
in τj,i in τj. This aims to more accurately reflect the capacity of the processor.

PV j
x =

∑
τj,i∈τj

δx
j,i (A.4)

Processor value definition where the processor value is defined by the sum of the
speeds of processor µx over all subtasks.

A.2.3 Workload-based processor value
This version of processor value, found in equation A.5, introduce weights to each
subtask and each task. A subtask that has on average a long execution time across
all processors has a greater need for a fast processor. For instance, consider there
are two subtasks τj,1 and τj2 with execution times Cj,1 = 2 and Cj,2 = 10. If
processor µx provides a double speed to both subtasks their WCET is cut in half
such that Cj,1 = 1 and Cj,2 = 5. This means that Cj,2 has decreased more than Cj,1
in absolute execution time. Thus, µx provides greater value to τj,2 than Cj,1 = 2
and Cj,1. Therefore, subtasks that, on average takes longer to execute gets a higher
weight. Furthermore, tasks with a short deadline need more processing power to
finish the same workload under a shorter time duration. Therefore, the task is given
a weight that is the inverse of the deadline.

PV j
x = 1

Dj

∑
τj,i∈τj

δx
j,i · C

average
j,i (A.5)

A.2.4 Fair processor value
A processor value can be made "fair" through a division by the processor worth, i.e.
the sum of all processor values over all tasks. This gives a value of the processor
that is relative how all the other tasks value that processor. Thus, the task with the
highest relative processor value should be the task that "needs" it the most.

βj
x, = PV j

x

PWx

(A.6)

III



A. Appendix 1

IV



B
Appendix 2

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 0.0

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 0.5

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 1.0

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 0.0

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 0.5

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 1.0

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 0.0

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 0.5

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

0.2 0.4 0.6 0.8 1.0
goal utilization

0.0

0.2

0.4

0.6

0.8

1.0

ac
ce

pt
an

ce
 ra

tio

U = 1.0

SPA fair PV
SPA fair speed
SPA fair workload
SPA original PV
SPA makespan
SAPA

Figure B.1: Acceptance-ratio on a heterogeneous platform of 10 processors with
varying degree of uniformity (columns) and increasing deadline multiplier (rows)
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Figure B.2: Acceptance-ratio on a heterogeneous platform of 32 processors with
varying degree of uniformity (columns) and increasing deadline multiplier (rows)
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Figure B.3: Acceptance-ratio on a homogeneous platform of 10 processors with
varying degree of uniformity (columns) and increasing deadline multiplier (rows)
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Figure B.4: Acceptance-ratio on a highly unrelated platform of 10 processors with
varying degree of subtask variance (columns)
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C
Appendix 3

The Integer_UUnifast is a modified UUnifast algorithm presented in [20], which
given a number of elements (elem) and a number, n, returns an array of size elem
with the sum of all elements equal n and each element is an integer greater than or
equal to 1.

Algorithm 4: Integer_UUnifast
input : n ∈ N, elem ∈ N
output: vectN[elem]

1 sumU ← n− elem;
2 rest← 0;
3 for i=1:elem-1 do
4 nextSumU ← (sumU + rest) ∗ rand(0, 1)1/(elem−i);
5 rest← round(sumU − nextSumU)− (sumU − nextSumU);
6 nextSumU ← round(nextSumU);
7 vectN [i]← 1 + sumU − nextSumU ;
8 sumU ← nextsumU ;
9 end

10 vectN [0]← 1 + sumU ;
11 return vectN ;

IX
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