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Abstract

The efficiency of e-commerce logistics chains is heavily influenced by bin selection
during the packing process, which can be formulated as a variant of the NP-hard
three-dimensional bin packing problem: selecting the smallest possible combination
of heterogeneous bins that can fit a given order. This thesis presents the implemen-
tation and evaluation of several solving techniques for this problem, with a focus
on achieving runtimes suitable for real-world applications. Following a survey of
what solutions currently exist in the literature, the four commonly found methods
are heuristics, Genetic Algorithms (GAs), Deep Reinforcement Learning (DRL),
and Mixed-Integer Linear Programming (MILP) solvers. These are all evaluated
throughout this thesis, as well as the CP-SAT solver, which is capable of handling
MILP problem formulations. Contrary to common findings within the literature,
which consider GAs and DRL methods as state-of-the-art, this thesis shows that
when replacing the traditional MILP solvers with CP-SAT, this becomes a viable
alternative that can provide increased packing efficiency in a feasible amount of time.
Heuristic solutions can also be a suitable option in certain scenarios, for instance,
when minimizing computational load is highly prioritized.

This thesis concludes that it is possible to generate solutions to this bin packing
problem using CP-SAT within feasible runtimes. While human workers may out-
perform the solver in some cases, this is primarily due to limitations within the
current model. The solver is ready to be implemented if a warehouse meets a few
key conditions: items should be well approximated by rectangular prisms, and the
input data must be accurate and reliable. Given the NP-hard nature of the problem,
performance is better when the number of items remains within normal operational
bounds. Additionally, the availability of appropriately sized packing cartons is im-
portant. Without this, the benefits of the bin selection automation are significantly
reduced.

Keywords: 3D-BPP, Bin Packing Problem, Heuristics, EMS, Genetic Algorithm,
Deep Reinforcement Learning, CP-SAT, Proximal Policy Optimization, NP-Hard
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis, listed in
alphabetical order:

3D-BPP Three-Dimensional Bin Packing Problem
BPP Bin Packing Problem

BPS Bin Packing Sequence

BCI Bin Combination Index

BB Bounding Box

CP Constraint Programming

DBLF Deep-Bottom-Left Fill

DoF Degrees of Freedom

DRL Deep Reinforcement Learning
DQL Deep Q-Learning

DQN Deep Q-Network

EMS Empty Maximal Space

EP Extreme Point

GA Genetic Algorithm

GAN Generative Adversarial Network
LCG Lazy Clause Generation

LP Linear Programming

MILP Mixed-Integer Linear Programming
NN Neural Network

PPO Proximal Policy Optimization
RL Reinforcement Learning

SAM Surface Area Minimization

SF Smallest First

VBO Vector of Box Orientations
WMS Warehouse Management System
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Indices
i, k Indices for products
J Index for bins
t Index for time step
Sets
B Set of available bins
Parameters
« Learning rate
6] Maximum amount of bins to pack in
€ Clipping fraction
0l Discount factor
A Scaling factor
np Number of products
o Number of bins
k Scaling parameter for the PF dataset
Di Product i
bj Bin J
G Generations for the Genetic Algorithm
N Population size for the Genetic Algorithm
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Variables

TiyYiy Zi

xii

Number of Elites for the Genetic Algorithm

Mutation rate for the Genetic Algorithm

Tournament probability for the Genetic Algorithm

Biased initiations for the Genetic Algorithm

Mutation deviation for the Genetic Algorithm

Length, width and height of product ¢ within the MILP model
Length, width and height of bin j within the MILP model

Continuous integer variables representing the position of product ¢
within the MILP model.
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1

Introduction

E-commerce is increasing and is putting constant pressure on supply chains to adapt
[1]. A key component of these business-to-customer chains is the warehouses, whose
primary responsibilities include storing and packing products. Once a customer
places an order on an online website, it is eventually forwarded to a warehouse
worker who is tasked with selecting a suitable set of boxes for packing the products
[2]. These boxes can range in size, and the goal is to pack all ordered items in
the selected ones [3], which can be described as a variation of the classical three-
dimensional bin packing problem (3D-BPP), a well-known NP-hard problem [4].
To minimize the risk of being unable to fit all products, the worker may select
a box with excess spare volume. This reduces transportation density, leading to
an increased number of shipments, which finally results in a greater environmental
impact and reduced profitability. Implementing a more effective box-picking strategy
will therefore enhance the supply chain, providing benefits for both the warehouse
and the environment.

The 3D-BPP involves fitting different items into bins, traditionally aiming to mini-
mize the number of bins used [5]. This project addresses a variation of the problem,
where instead of minimizing the number of identical bins, the objective is to minimize
the total bin volume from a set of available bin sizes to better reflect e-commerce
warehouses. Given that the 3D-BPP is NP-hard [4], achieving a solution that is
both computationally efficient and practical for real-world warehouse operations is
challenging. This project compares various algorithmic strategies and benchmarks
their performance against the decisions made by warehouse workers. This evaluation
is essential to determine whether or not the automation of the box selection process
provides benefits. A previous master’s thesis produced a well-functioning algorithm
for this problem [6]; however, its high computational complexity resulted in long
run times that limited its practical application. Building on that work and other
research in the field, this project aims to implement an algorithm for the multiple
bin size 3D-BPP that delivers an effective suggestion of bins while maintaining a
feasible runtime. This project also seeks to explore and compare a wide range of
methods that are presented throughout the literature.

This thesis was conducted in collaboration with Ongoing Warehouse which develops
and maintains a cloud-based Warehouse Management System (WMS).



1. Introduction

1.1 Research Question

This project aims to build a model of the problem and identify a suitable optimiza-
tion algorithm that, within reasonable time limits, suggests boxes with the least
amount of spare volume. While the project will touch on other areas, there is one
main question that is the focus point of this report:

o Is it possible to implement a solving method for the multiple bin-size 3D-BPP
that outperforms human workers in terms of packing efficiency while main-
taining a feasible runtime?

Even though this thesis is centered around only one research question, it inevitably
raises several secondary questions that must be addressed to fully explore and answer
the main research question. These questions consist of what solvers are well-suited
to this type of problem? How do human workers currently perform in comparison?
And what is an appropriate way to model and evaluate the packing problem?

1.2 Limitations

One major limitation of this project is that all items will be considered rectangu-
lar prisms, as the available data only specifies the height, width, and depth. More
information describing softness and irregular shapes could potentially improve the
box-picking strategy and is, therefore desirable. Another limitation is that this
project will not take into account if the packages are fragile, something that could
alter the packing order and overall strategy. Weight and packing stability will also
not be considered.



2

Theory

This chapter outlines the theoretical foundation for the work presented in this thesis.
It begins with a review of the 3D-BPP and its variations. Following this, relevant
technical background is presented to introduce concepts to the reader, but also to lay
a foundation for the decisions made throughout the study. Readers already familiar
with these technical concepts may choose to skim or skip this chapter.

2.1 The Three-Dimensional Bin Packing Problems

The 3D-BPP has been studied extensively, and many variations and solutions exist
[7]. Although all 3D-BPPs consist of packing items in bins, there are more aspects
to consider. During this section, the variety in which the problem can present itself
will be reviewed, something that is essential to know to determine what methods
are suitable for solving it.

2.1.1 Problem Definition Variations

The specific 3D-BPP formulation variations depend on the real-world application,
which can consist of packing containers, warehouse packing, or even conveyor belt
robot packing [7]. The real-world problem then gives rise to four key questions that
must be considered to determine how the 3D-BPP should be described.

o What to optimize?

e Offline or Online?

o Regular shape or irregular shape?
« What rotations are allowed?

Commonly, the optimization either strives to do input minimization or output max-
imization [8]. Input minimization consists of trying to minimize the number of
identical packing bins, whereas output maximization includes trying to maximize
the number of packages in a set number of bins. Even though these two optimiza-
tion goals are frequent, there are more variations to be found. As an example, the
following solution explores minimizing the total bin surface area [9].

There exist solvers that focus on online problems [10, 11]. In these cases, all the

package sizes are not known and present themselves as time progresses. One ex-
ample of such real-world systems is packing from conveyor belts [12]. On the other

3
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Figure 2.1: The six possible rotations when allowing for all orthogonal rotations.

end of this are offline problem descriptions, and in these cases, all the package sizes
are known beforehand [7]. Such cases can present themselves when packing orders
into containers [13, 14], and fitting boxes around orders in e-commerce [9]. Online
systems are more difficult since less prior information is known [12].

Although much research done in the field revolves around rectangular prisms, there
exists research where shapes are irregular [15][16]. This adds complexity but consid-
ering more shapes can provide a more practical picking strategy as it better reflects
real-world scenarios [15]. An example of this is the packing of bolts, which can
because of their hexagonal form, be packed in a qualitative manner that can not be
replicated if approximated by rectangles.

Rotation is another aspect to consider where more rotation variations can improve
packing density but at the cost of algorithmic computation time [17]. Some problem
descriptions forbid all rotations [18], and some forbid rotations in certain dimensions
[7]. This can be because certain packages need to be kept upright to minimize
product damage [13]. Other 3D-BPP descriptions allow all possible orthogonal
rotations, providing six possible poses for each package [19], which is visualized in
Figure 2.1. It is even possible to include non-orthogonal rotations in the model [17].

2.1.2 Specific Project Problem Description

The specific variation of the 3D-BPP considered in this project is outlined below.
It has been designed to align with the objectives and constraints of the study, and
explanatory notes are included to give reasons for the decisions taken.
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e Objective: The objective of this project is to minimize total bin volume from
a set of known bins. Furthermore, it is not desirable to use too many bins
when packing for two reasons: Firstly, the packing boxes come with a direct
cost. Secondly, using a larger number of bins requires more cardboard, which
harms both the environment and the packing efficiency. This thesis will pri-
marily aim to decrease total bin volume, but it will try to do this while using
a suitable number of bins. A suitable number ranges between one and two,
but in some instances, three could be allowed.

o Time frame: Offline, when the order is placed by the customer, all packages
and their sizes are known.

o Shapes: This project only focuses on rectangular prisms; this is a constraint
from the available data. Width, height, and depth are the only known sizes.

« Rotations: Orthogonal rotations, allowing six possible orientations. This
assumes that no risk is taken when placing an object upside down. The reason
for not including more rotations is mainly for computational complexity, which
is one key aspect of this thesis.

These constraints ensure the problem remains computationally feasible while re-
flecting e-commerce package deliveries. Now that the variations of the problems are
described, the theory behind the methods capable of solving the 3D-BPP will be
outlined.

2.2 Heuristic Methods

In terms of optimization, a heuristic algorithm operates until it can find a feasible
solution and generally does not converge towards the optimal solution [20]. In 3D-
BPP, a heuristic algorithm can present itself as a common packing strategy that
functions for the general case. It is possible to merge different heuristics to form
multi-heuristic algorithms, and they can also be combined with other algorithms,
such as genetic algorithms (GA) [8], and deep reinforcement learning (DRL) [9].
In the 3D-BPP, heuristics are most frequently used combined with other optimiza-
tion tools. The main benefit of these approaches is that they scale well since they
build on logical, pre-defined methods, which limits the optimization search space.
Ananno and Ribeiro even go so far as to state that: "For the general case, heuristic
or hybrid approaches are the only reasonable strategy." [7] There are various forms
of heuristics, and the following sections present some of the possible methods that
can be utilized for the 3D-BPP.
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Figure 2.2: Visualization of the generated extreme points after one item placement
iteration.

2.2.1 Heuristic Methods used for the 3D-BPP

This section aims to present commonly used heuristics found in the literature and
explain their functionality. Since heuristic solutions rely on predefined strategies,
they are often problem-specific. Therefore, the methods introduced here are general-
purpose and well-suited to various 3D-BPP formulations.

Extreme points

Extreme points (EPs) strive to locate the closest non-occupied points from the
origin, as traversed through an orthogonal path [21]. If there exists one EP at the
point (Zep, Yep, Zep), Placing a block with size (I, w, h) at that point will generate
new EPs at the following places:

P11 = (xep + l7 Yep, Zep) (2'1)
P2 = (mepy Yep + W, Zep)
p3 = (xepa Yep, Zep + h) (23)

To visualize this, an item placed in the origin will generate the blue EPs seen in
Figure 2.2. The strategy is to place boxes at these extreme points, which will
build up a tightly packed sequence. Only allowing the system to place products at
EPs will also drastically reduce the number of options, decreasing the amount of
computations needed. A decision on how to prioritize which EP is then necessary
to make, which could be to choose the lowest point, for example.

Empty Maximal Spaces

The idea of an empty maximal space (EMS) is to provide available unused bin space
where an item can be placed [22]. It works by tracking the largest possible rectan-
gular blocks that are not occupied by any products for the current iteration. Which
EMS to choose for placement, similarly to EP selection, depends on what prioriti-
zation is used. Examples could be to maximize the utilization rate of any EMS or

6
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EMS [X] EMS [Y] EMS [Z]

Figure 2.3: Visualization of Empty maximal spaces.

to choose the EMS that is closest to the bin corner. Figure 2.3 shows a yellow item
placed at an arbitrary position, with surrounding EMSs illustrated by blue boxes.
Both EPs and EMSs aim to provide suitable, strategic placement options.

Loading pattern generation

This strategy consists of building geometrical entities out of the products and it-
eratively filling out the bin with these entities. Two examples using this strategy
are block-building and layer-building heuristics [7]. Block-building aims to create
blocks out of similar packages and then place the blocks in the bin. It generates a
list of items to create the box and then places it inside the bin. Successively, these
blocks will fill out the bin. Horizontal layer building aims to create equal height
layers to build upon [23]. Similar to block building, it dissects free volume in the
bin and generates a list of items, but instead of creating blocks, it creates layers.
This item layer is then placed in the free space of the bin, and the next iteration
starts. This heuristic is especially suitable if there are a lot of similar items and if
packing stability is of importance.

Placement priority

The deep-bottom-left fill (DBLF) strategy consists of always trying to place pack-
ages close to the bin corner. It is computationally efficient since only points in the
bin that have the potential to be the most deep-bottom-left point have to be eval-
uated [24]. Since the packages are placed iteratively, it is possible to track these
potential points through EPs or EMSs, and hence not having to search through the
full bin. By greedily trying to keep items closer to the bin corner, it can also provide
an effective bin packing sequence.
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Figure 2.4: Flowchart of the genetic algorithm.

2.2.2 Final Remarks

Another concept worth mentioning is meta-heuristic algorithms. Meta-heuristics
are solutions that rely on some kind of higher-level solver. Such as GAs, simulated
annealing, or ant colony optimization. While meta-heuristic algorithms can rely
on pure heuristic algorithms, they are not necessarily related. In summary, this
section outlined key heuristic approaches commonly used in the literature, such as
EPs, EMSs, block-building, and DBLF. More heuristics can be used, and a simple
thing, such as sorting items in a specific size-wise manner, can also be considered
a heuristic method. The next sections will explore methods categorized as either
learning-based or search-based.

2.3 Genetic Algorithms

A GA is a stochastic optimization tool based on evolutionary theory and natural
selection [25]. Tt is a method that can perform well at complex optimization problems
even when the data set is large and unorganized. The full algorithm is illustrated
by Figure 2.4 and is more thoroughly explained going forward.

8



2. Theory

2.3.1 Encoding and Initiation

Encoding is needed before implementing the iterative algorithm [26]. Fach individ-
ual in the GA is defined by a set of parameters, encoded in a chromosome. These
chromosomes are expressed as strings with bits, integers, or floats, depending on
usage. An example relating to this project could be a string of integers containing
information about each product’s rotation, ranging from one to six [6]. This type
of gene is known as a vector of box orientations (VBO), and to give an example, a
chromosome when the number of items (n,) is equal to eight items could look as
follows.

Example Chromosome: {0,0,1,1,5,6,5,6}

np=8

The population is then randomly initialized to cover a wide search range of feasible
solutions [27]. The total number of individuals makes up the population size (N)
and is regarded as a tuning parameter. Increasing this parameter gives a wider
initial search space, which increases the chance of finding the optimum [28]. The
drawback is that the convergence time grows, mainly because of the necessity to
compute the fitness score for each individual. After the population is initialized, it
will run through the GA main loop for as many generations (G) as desired or until
termination conditions are reached [26].

2.3.2 Fitness and Selection

The next step is to determine a fitness score, which is supposed to guide the popu-
lation toward the optimization goal. In the case of standard bin packing, the fitness
could be dependent on the number of bins used, which would cause the population
to try and optimize this parameter [29]. The fitness can also penalize invalid solu-
tions or behavior that is deemed as undesired by assigning it negative values.

During the selection phase, individuals are chosen for reproduction [30]. The goal of
this process is to increase the likelihood of good genes being included in the offspring
while allowing genes that affect fitness negatively to be phased out. However, it is
not feasible to select only the individuals with the highest fitness in every iteration,
as other chromosomes may contain genes that perform better in specific parts of
the problem [27]. This becomes an exploration against exploitation problem, as too
high a selection pressure can decrease population variety, limiting the spread in the
solution space. In turn, this yields the risk of missing out on an optimum. A too-low
pressure, on the other hand, can inhibit convergence since the optimization is not
guided towards high-performing genes.

A common selection method is tournament selection [26]. In this approach, a fixed
number of random individuals compete against each other, and the one with the
highest fitness value is selected as a parent. This process is repeated until a suffi-
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Chromosome
Parent 1 1 2|13 4 5 6
Parent 2 6 514 3 2 1
Offspring |1 24 3 2 1
index

Figure 2.5: Single-point crossover for randomly chosen index.

cient number of parents have been chosen. The number of tournament participants
directly affects selection pressure. Another form of selection method is roulette se-
lection, where each gene has a chance equal to its normalized fitness score to be
selected as a parent. During the selection phase, it is also possible to directly add
the best solutions to be included in the new population. This process is known as
elitism, which will stabilize the optimization since there is no risk of forgetting good
solutions. However, sometimes it can be necessary to forget genes to get over a local
optimum.

2.3.3 Crossover and Mutation

Once the parents are selected, the next step is to perform crossovers [25]. During
this process, genes from parent individuals are combined to create offspring for the
next generation. There are many variations of crossover methods, ranging in com-
plexity. A common example is to choose a random crossover point and take the
left part from one parent and the right part from the other. The method is known
as single-point crossover and is illustrated in Figure 2.5. A slightly more complex
example is a multi-point crossover, which involves taking multiple parts of the gene
and recombining them. This increases offspring variety since the number of combi-
nations in which a chromosome can be dissected increases.

To be able to discover new solutions, mutation is introduced, which is an event where
an offspring’s gene is altered randomly [26]. The simple form of this is to decide a
mutation rate and then simply at random instances, flip parts of the chromosome.
If the chromosome is continuous, mutation can be done through a random selection
of Gaussian distributions centered around the current value. Similar to selection
pressure, deciding on the mutation rate is a trade-off between exploration and ex-
ploitation. Where a high mutation rate might increase the chance of exploring the
optimum, it decreases the chance that it will converge to it.

2.3.4 General remarks

Designing a genetic algorithm presents the developer with the challenge of tuning
various parameters. This process can be quite problematic and often requires deep
knowledge of the specific problem domain [26]. The No Free Lunch theorem states
that no single set of parameters can be universally applied across different prob-
lems; what works for one problem may not work for another. Additionally, GAs
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are stochastic, which means that on the same problem, the same GA can provide
different results. Restarting the algorithm multiple times (at least five) can be ben-
eficial, as the initial population has a significant effect on where the algorithm tends
to settle. Its stochastic nature can negatively affect the algorithm’s robustness since
it is not possible to know if any amount of restarts or generations will improve the
packing algorithm. However, a GA can offer a fast and efficient solution and is
a commonly used method to approach the 3D-BPP. With the theory behind GA
covered, the next section turns to background information on DRL.

2.4 Deep Reinforcement Learning

Another option for optimizing a packing algorithm is through DRL, which can be
used to solve combinatorial problems such as the 3D-BPP [9]. A key advantage
of DRL is its ability to be pre-trained, enabling it to learn general patterns and
strategies. Once trained, it can be applied efficiently with relatively fast computation
times. A GA, for example, can not learn from earlier tasks and tackles each problem
individually in an exhaustive manner. Figure 2.6 shows a DRL algorithm which
consists of an environment and an agent in the form of a neural network, where the
environment provides the agent with an observation so that the agent can predict
the best possible action to take and is then given a reward from the environment
which allows the agent to learn from it’s interactions with the environment. This
section will explain these parts in depth starting with reinforcement learning (RL),
in order to later explain DRL.

Reward

Environment

Action
Agent ' "

Observation

Figure 2.6: Deep Reinforcement Learning algorithm.

2.4.1 Reinforcement Learning Functionality

RL works by allowing an agent to interact with an environment and rewarding
actions if they lead to desirable outcomes [31]. The full iteration consists of the
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agent observing a state s;, and based on that it decides on an action a,. This action
provides a reward r;;; and then the environment, based on the state-action pair,
(8¢, ay), provides the agent with the next state s;y;. The total set of states and
actions is known as the action space (A) and state space ().

States, Actions, and Rewards

The observed state is the information that is available to the agent [32]. In the
context of an online 3D-BPP, this observation can include details of what bin spaces
are free and what product is next to be placed [9]. Based on this knowledge, the
agent will then try to make a good decision on where to place the next product.
Therefore, it is beneficial to include only relevant information in the observed state;
any data that does not influence the decision should be excluded from S to minimize
computational load and to reduce the risk of the agent drawing incorrect conclu-
sions. However, it is of utmost importance to include all data that is important for
deciding on an action. Ultimately, it is the developer’s responsibility to determine
what the agent should observe [32].

The action should then contain information on how the agent can act in the environ-
ment. In the case of 3D-BPP, an action could, for example, describe the placement
of an item by including information about its rotation and bin position coordinates.
After the action has been conducted, it is then up to the RL designer to value how
this action should be rewarded, i.e., deciding on 7(s,a). An action should be re-
warded if it helps optimize the end goal. An example of this could be to minimize
the number of bins if dealing with the standard 3D-BPP objective. If a solution has
a lower number of bins compared to other ones, it should have a higher accumulated
reward, although all rewards do not have to be directly associated with the final
result. Intermediate rewards serve to guide the agent towards paths that have a
higher potential to optimize the end goal. For example, one possibility is to include
heuristics and provide a bonus for selecting an EP as the origin. It is also possible to
rely more heavily on heuristics by outsourcing responsibilities. One example could
be to do the sorting with DRL and then perform the rest with heuristic methods
[9]. Undesirable behaviors or invalid solutions can be handled by assigning negative
rewards. Additionally, certain states can be defined as terminal to stop the agent
from exploring those paths. If actions that lead to invalid or undesirable behavior
can be identified in advance, by utilizing action masking, it is possible to discard
them. This reduces the number of available actions and, in turn, limits the search
space.

Q-learning

Q-learning is a classical RL algorithm, and in this algorithm, the rewards are
summed and discounted by a factor v as the agent traverses further in the future.
The discount factor is partly determined by the amount of uncertainty and risks the
system has, since if the system is stochastic, future rewards are not guaranteed. A
learning rate, «, is a hyperparameter that controls how much the algorithm adapts
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to new information. It generally ranges between 0 and 1 and is often reduced over
time. The purpose of the decrement is to allow finer adjustments as the model
approaches convergence. The Q-value equation can be viewed below.

Q(St, at) = Q(s¢, at) +a (Tt + 7%163} Q(8t+1, A1) — Q(St, at))

In Q-learning, the action a € A that maximizes the Q-value is selected. To be able
to find new paths, a chance of taking random actions every iteration is introduced.
The tuning of the RL parameters is similar to the GA in the sense that both need
to balance exploration and exploitation.

After the Q-learning agent is constructed, it iterates and creates a table where it
saves the best Q-value for each state-action pair. The best policy is, hence, simply
taking the action with the highest Q-value at each state until a terminal state is
reached. While Q-learning might function for smaller problems where it is possi-
ble to traverse through all the states, it might not be possible for more complex
systems. As the state and action space grows larger, the Q-table will expand ex-
ponentially. This major limitation creates the need for a more scalable approach,
where neural networks (NNs) offer this through their ability to generalize, approx-
imate, and handle high-dimensional data. Although Q-learning is not well-suited
for solving the 3D-BPP due to the problem’s high complexity and large state-action
space [33], it serves as a useful foundation for understanding more advanced DRL
methods explained in the following sections. Furthermore, the hyperparameters ~
and « discussed earlier remain relevant for DRL approaches.

2.4.2 Neural Networks

A brief overview of NNs is important since they serve as a foundation for the un-
derstanding of DRL. There are different versions of DRL, but in all of them, NNs
serve to try and suggest the best action from the current state.

Neural networks are similar to GAs, inspired by biology, but instead of focusing
on evolution, they draw inspiration from the brain [34]. NNs consist of neurons,
which can be described as a collection of functions. These functions are known as
activation functions and take a vector of inputs X and a vector of weights W to
produce an output y. The output is then sent to the neurons in the next layer with
their own activation functions. This process is then done across all the neurons and
can be described through the following equation.

y=1f (Zwimﬂrb)

Introducing non-linearity to an NN enables it to learn more complex patterns. This
is typically achieved by using a non-linear activation function such as Sigmoid, Tanh,
or ReLU [35].

The neurons of modern networks are organized into layers, which determine in what
order they will process the data. The first layer is known as the input layer, and this
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Input layer Hidden layers Output layer

Figure 2.7: Visualization of a neural network.

is where the data is introduced. The number of neurons in this layer is therefore
determined by the size of the data. After the input layer comes the hidden layers,
which can be any number of layers with possibly varying dimensions. The optimal
amount of hidden layers and neurons is a tuning problem that is often solved by trial
and error [34]. NNs can have fully connected layers, where each neuron outputs data
to all neurons in the next layer, as well as weakly connected layers, which connect to
only a subset of the next layer. Figure 2.7 presents a fully connected NN with two
hidden layers. The number of neurons for this example is arbitrarily chosen only to
get a visual representation of a NN. Finally, the output layer is reached, where the
data is presented in the format required. For a classification problem, the number
of neurons usually equals the number of classes.

Since the outputs of a NN typically are raw values that represent different classes, it
is useful to transform them into a format that resembles probabilities, constrained
between 0 and 1. This is achieved using the Softmax activation function, as shown
in the equation below. The benefit of this function is that it converts the network’s
outputs into a probability-like distribution, where the values sum to 1, making
predictions easier to interpret.

622

> €%

Softmax(z;) =

Weights are a crucial component of the NNs, determining how much influence an
input has on the output. The effectiveness of a neural network depends on how well
the weights are optimized. The weights are optimized during the training process,
which is illustrated in Figure 2.8. To exemplify the training process, we consider a
NN tasked with predicting the best action a; from a known state s;, which aligns
with this chapter’s focus on DRL.

14



2. Theory
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Figure 2.8: Neural network Training iteration.

During the training iteration, s; is loaded into the input layer and propagated for-
ward through the network. The output layer then generates the predicted optimal
action a¢ preq, which is eventually evaluated by the loss function. The more a; pred
coincides with the optimization goal, the lower the loss it receives. This loss ul-
timately determines how much the weights should change during the next step of
backpropagation. When the loss is returned, instead of going forward through the
layers, the loss is traversed backward through the network, adjusting the weights
using gradient descent [36]. The step size is determined by the learning rate .

It is common to split the data into training and validation to avoid overfitting. The
training iteration is then done once for every data point in the training set to com-
plete an epoch. The training is a time-consuming task and requires the agent to
iterate a large number of times, which can take hours or even days, depending on
the complexity and volume of the data.

2.4.3 Deep Reinforcement Learning

As mentioned earlier, for large S and A, the number of possible actions becomes too
large to effectively use Q-learning. That’s where DRL comes in; instead of relying
on exhaustive path traversal for a single problem, DRL utilizes a NN to estimate the
best action for the current state based on the trained weights. There exist multiple
different forms of DRL, but the ones that will be reviewed in this thesis will be
Deep Q-learning and Proximal Policy Optimization (PPO). The reason for selecting
these is that they are commonly found in the literature for combinatorial problems
[37]. Another benefit of using these is that they are already implemented in Stable
baselines [38], and can hence be easily compared without having to implement all al-
gorithms from scratch. Using the library, it is also possible to easily experiment with
different encoders, which are commonly used for combinatorial problems such as the
3D-BPP [37]. Encoders can consist of pointer networks, NNs, or even transformers
[39]. Another common DRL method for the 3D-BPP is Advantage Actor-Critic [37].
However, its behavior can be effectively replicated through PPO [40], and hence it
is not evaluated further.
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Deep Q-learning

Contrary to standard Q-learning, where Q-values are learned by iteratively exploring
all possible paths, DQL uses a neural network commonly referred to as the Deep
Q-Network (DQN) to approximate the Q-values based on the state and the available
actions [41]. In DQL, two neural networks are employed: the DQN, which estimates
Q-values for a given state, and the target network, which is a copy of the DQN
that updates less frequently. The use of a target network helps stabilize training by
providing more consistent target values during learning.

Proximal policy optimization

PPO is an actor-critic form of DRL that makes use of two NNs, one actor deciding
on actions, and one critic trying to estimate future rewards. The actor is hence a
policy network that predicts what action would yield the largest reward, and the
critic is a value network that predicts the reward for the current policy. PPO builds
upon a policy gradient method, and its objective function is presented below.

LG (0) = By [log m(ay]s,) Ay

While performing multiple optimization steps on this loss seems intuitive, using the
same trajectory for each step can lead to large and destabilizing policy updates [42].
Therefore, trust region policy optimization introduces an objective function that is
maximized under a constraint of how much the updated policy is allowed to differ
from the old policy which is presented below.

maxigmize [, [rt(ﬁ)flt]
subject to I@lt [KL[W@Old(-|St),779(‘|5t)” <9

where KL is the Kullback-Leibler divergence function [43], and by constraining the
KL divergence the updated policy can’t differ to far from the previous policy, the
ratio 74(#), is the probability ratio that shows how likely the new policy is to take a
specific action compared to the old policy. Shown below

7o (au|st)
0,14 (at | St)
The policy my(a|s;) gives the probability of selecting action a; given that the agent
is in the state s;. The advantage estimate flt tells us how much the reward from
taking the action a; differs from the expected value. Calculated from the temporal
difference error §; as follows:

ri(0) =

O =1+ YVo(ser1) — Va(se)

A =6+ (YN)0pgr + -+ 4+ (PN TSy

In this case, T is the number of timesteps the policy has been run before the next
update. The discount factor, v determines how much weight the future reward
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holds compared to the immediate rewards, where a low 7 yields higher focus on
immediate rewards and a high v yields higher focus on the future rewards. The
scaling factor A\ is a hyperparameter that can balance the bias and variance in
the advantage estimate where A = 0 uses only one step of §; and A\ = 1 uses
many steps to estimate the advantage i.e. a low A gives a higher bias and lower
variance in the advantage estimate whilst a high A\ reduces the bias and increases
the variance. If the advantage estimate is positive, the reward was better than
expected, and if it is negative, the reward was worse than expected. With the use
of this constraint however it introduces a need for second order optimization which
drastically decreases the computational efficiency. What differs the PPO from trust
region policy optimization is the introduction of a clipping function to remove the
constraint. By removing the constraint the objective can now be optimized by a
first order optimizer, the introduction of the clipping function looks like:

LEHP (9) = Ey[min (rt(ﬁ) - Ay, clip(ry(6),1 —€,1 + e)flt)]

The clipping function forces the loss to be constrained, which in turn forces the
policy to only make small updates. This, in turn, provides a more stable training
sequence. The hyperparameter € is a small number, typically 0.1 or 0.2. L¢P can
now be traversed backwards through the policy network using backpropagation.
The value network’s task is to predict what value the current policy my(s|a) will
result in given the current state s;. The Value networks objective is the normal
MSE loss calculated as follows:

2

l\')\’—‘

taT et
-3 (st =)

where Vj(s,) is the predicted value for the state s, and V"9 is the target value for

state s;. Since the Policy and Value networks often share layers the total objective
function for the networks takes the following form:

Ly(0) = By [LMP — e, LY + 3 S[mo(-|s)]]

where ¢ is a scaling of how important the value loss is. The third term S{my(+|s:)] is
the policy entropy which can be included to encourage exploration and is calculated
as follows:

Slmo(als)] = =D mg(als)log m(als)

How much the entropy will affect the objective can be determined with the scaling
factor co.

The theoretical background of DRL and its concepts has now been introduced.
General aspects of states, actions, and rewards were first presented, followed by a
more detailed walkthrough of selected DRL methods. Moving forward, the following
section will present a search-based exact solving method.
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2.5 Mixed-Integer Linear Programming and solver
techniques

A Mixed Integer Linear Programming (MILP) problem is any mathematical model
that can be formulated using the equations presented below [44]. The 3D-BPP is
an example of such a problem, and hence any solver capable of approaching MILP
problems can be used to solve it [6]. These solvers tend to be highly optimized,
and contrary to the other methods presented earlier, a MILP-solver can prove an
optimum solution if allowed to run forever. A solver like this aims to minimize an
objective function (2.4), subject to integer and linear constraints (2.5) - (2.8).

minimize f(z,t) (2.4)
subject to Ax + Bt < a (2.5)
Cx+Dt=b (2.6)
x>0, zeR" (2.7)
tieZ, ie{l,...,m} (2.8)

The minimization goal, f(z,t) is a linear function, and in this case, the model
should minimize the unused volume in the bins. The constraints will specify that
it should pack all items within the bins and without overlap. There are multiple
solvers capable of handling a MILP-problem formulation, such as Gurobi, SCIP,
and CP-SAT [45, 46, 47]. These solvers combine different techniques to solve MILP
problems, such as branch and bound, but some also incorporate techniques related
to the Boolean satisfiability problem (SAT). The following two techniques will be
explained.

2.5.1 Mixed-Integer Linear programming solvers

MILP solvers such as Gurobi or SCIP utilizes a branch and bound search algorithm
to deal with the integer constraints. This algorithm will be described in the following
section.

Branch and bound

Branch and bound is used when the solver does not know how to solve the problem
directly [48]. Instead, the solver replaces all the integer constraints with relaxed real
constraints; this is known as a Linear Programming (LP) relaxation. The solver then
goes on to solve the new LP relaxed model, and when a solution is found, it checks
if it fulfills the previously disregarded integer constraints. If the constraints are
fulfilled, the solution is the optimal solution to the problem. Most iterations, they
are not fulfilled, which the solver handles through a branching process that creates
two new LP relaxed models based on the constraint that was not fulfilled by the
previous solution. One of the new LP relaxations will have a constraint to be lower
than or equal to the first integer below the returned fractional solution, and the
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other will have the constraint to be larger than or equal to the first integer value
above the returned solution. For example, if the first LP relaxation returned the
integer variable t = 4.5, one of the new LP relaxations will get the constraint ¢t < 4
and the other will get the constraint ¢ > 5.

2.5.2 CP-SAT

CP-SAT is a Constraint Programming Boolean Insatiability solver. Although it’s
not a MILP solver it is capable of handling MILP problems. The strengths of CP-
SAT lies within the combination of Constraint Programming (CP), SAT solving and
use of LP relaxations.

Boolean satisfiability problem

Some solvers also incorporate techniques related to the SAT problem when tackling
MILP problems. A set of Boolean expressions is satisfiable if there exists at least
one feasible solution. Thus, a SAT solver simply aims to find any such solution [49].
For example, if given the expression  V y, the solver could find a feasible solution
that might be (z,y) = (TRUE, FALSE). SAT solvers can be combined with other
techniques, which allows for optimization instead of just finding a proven feasible
solution.

Constraint Programming

A Constraint Programming solver takes a problem formulation consisting of a set of
constraints, and like the SAT solver, it can search for a feasible solution that fulfills
these constraints [50]. Unlike the SAT solvers, a CP solver can handle more types
of constraints, not just Boolean; it can also handle integer and linear constraints.
A CP solver can handle a constraint optimization problem that consists of a set
of constraints and an objective function. The solver can then be used to find a
feasible solution, find the solution that minimizes/maximizes the objective, prove
the optimality of the solution, or prove that the problem is infeasible. It is therefore
possible for CP to take on many different forms, but its central principle remains
the same: The user specifies the constraints of a problem, and a general-purpose
solver is used to find solutions that satisfy these constraints.

CP-SAT and Lazy Clause Generation

CP-SAT, included in Google’s OR-Tools, is a Constraint programming saturated
Boolean solver. This means that it combines the features from both a CP solver
and a SAT solver [47]. CP-SAT utilizes branch and bound techniques, including LP
relaxations, but also emphasizes Lazy Clause Generation (LCG), which is when a
constraint on an integer variable is represented as two boolean expressions instead
[51], this is done lazily, meaning that no clauses are generated until they are needed.
For example, if the constraint on the integer variable z is:

r<a,x€b ..., c
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it can be rewritten as the following constraints:

r=d, b<d<c

z<d b<d<c

When these integer constraints are instead represented as two boolean constraints,
it allows the solver to use SAT techniques to find a feasible solution. CP-SAT was
built with parallelism in mind, making use of multi-threading, allowing for multiple
workers to conduct parallel searches using different techniques for a better solution.
Although this thesis have not been able to find an application of the CP-SAT solver
to any kind of BPP it has shown to outperform traditional MILP solvers in other
problems [52], which makes it interesting to apply it for the 3D-BPP. To summarize
this section, a MILP is any type of problem that can be described through equations
(2.4 - 2.8), and to solve these types of problems, there exist highly optimized solvers
utilizing different methods to speed up the search.

2.6 Summary

In this chapter, a theoretical foundation has been laid, and techniques related to
heuristics, GAs, DRL, and MILP-solvers have been presented. While this chapter
has focused on describing the technical details, the next will focus on how these are
applied to the 3D-BPP.
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Survey

This chapter aims to present how the solvers described in the previous chapter are
applied in practice throughout the literature. The purpose of this is to try and
find what methods the solvers utilize for implementation, but also to review what
solvers are suitable for what scenarios. While pure heuristic methods can be applied
to the 3D-BPP, most modern heuristic approaches employ either search-based or
learning-based optimization techniques on top of the heuristics used. Additionally,
heuristic strategies such as EMSs have already been presented and will therefore not
be repeated in this section.

3.1 Genetic Algorithm

One common method for solving the 3D-BPP is the use of GAs. To systematically
compare the GA approaches, several key factors must be considered: The encoding
scheme, the objective function, the applied heuristics, and overall algorithm perfor-
mance. Other aspects, such as mutation, crossover, and selection strategies, could
be explored further; however, these can be tested more flexibly once the core design
decisions have been established. They can be seen as tuning parameters dependent
on the principal design choices evaluated here.

GAs are often combined with a heuristic algorithm. While it is possible to apply
GAs to the 3D-BPP without the use of heuristics, the vastness of the search space
will lead to long convergence times. This inefficiency arises because GAs may re-
quire many generations, individuals, and restarts to find near-optimal solutions [26],
especially in complex problems like 3D-BPP. Table 3.1 presents some of the heuris-
tics used in combination with a GA but more options, such as layer-building and
block-building, can also be used [7]. The construction of the chromosome and the
components it includes are also evaluated. A common element is the bin packing
sequence (BPS), which defines the order in which items are packed. This can be rep-
resented using floating-point numbers, where each value determines a sorted position
in the sequence [53], or with integers that explicitly specify the packing order [6].
Another frequently included component is the container loading sequence (CLS),
which indicates the assignment of items to bins. Lastly, many genetic algorithms
incorporate a VBO, which tracks the rotation of each item. Whether this gene is in-
cluded, and how it is represented, depends on what rotations are allowed. The final
comparison involves evaluating computation time and performance across different
studies. This can be challenging due to variations in methodology, result presen-
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tation, datasets, and parameter settings. Nonetheless, a comparison is provided to
offer a sense of what has been achieved in other approaches to the 3D-BPP.

Source | Objective

Heuristics

8] (1)

Minimize waste volume

Minimize waste volume

Minimize number of bins

Minimize number of bins

Maximize utilization rate

EMS prioritized by volume,
margin from wall minimization

EMS prioritized by DBLF

No usage of heuristics. Usage of NN
and labeled data to learn feasible solu-
tions.

EMS prioritized by distance
to top opposite corner

EMS prioritized by DBLF

Source | Encoding

8] (1) | BPS, CLS
8] (2) | BPS, CLS
5
[
[

4] [terative binary vector representing if packed.
53] BPS, VBO
55] BPS, VBO
Source | Time Performance
8] (1) | Worst case: 107 s (78 items, | Waste space: 18-23% when items > 20,
15 bins) Better than baseline algorithms,
Found optimum when items < 12
8] (2) | Worst case: 60 s (78 items, | Waste space: 20-32% when items > 20,
24 bins) Found optimum when items < 12
[54] Average computation time: | Found optimum in 88-90% of cases.
60 s (10-100 items) Improvement to benchmark algo-
rithms.
(53] Not specified Average filling rate 92 % for perfect fit
dataset
[55] Worst case avg: 130 s (200 | Bin usage: Better than benchmark in
items) 30/32 cases
Table 3.1: Comparison of various aspects of GA approaches found in the literature.

3.2 Deep Reinforcement Learning

This section aims to provide an objective evaluation of DRL-based methods and
compare their performance, as summarized in Table 3.2.

One way to tackle the 3D-BPP using DRL is to combine it with a heuristic solution
like the authors of [9], they used a heuristic solution for most of the problem and only
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leaving the BPS up to the DRL, meaning that their heuristic solution chose what
bin to use and also how the products should be rotated. The benefit of utilizing
heuristics like this is that the state and action space becomes drastically smaller
than if the DRL were to decide on everything, and the main drawback is that the
limitations of the heuristic solver transfer to the DRL. Another way to handle the
large action spaces can be to split the actions into sub-actions as done in [39], where
they split the action of selecting a position within the bin into the three sub actions
of selecting the position to place the item, select the item to be placed and lastly
selecting the orientation for the item. The problem formulation of this work only
included one bin to pack, i.e, there where no need for that action to include a
selection of bins to place the products in. For the state representation, they split
up the state into two parts, the state of the bin and the item state. The item state
contained the information of the sizes of all different items to be packed, while the
bin state was illustrated as a grid of the x-y-plane of the bin, where the cells within
each grid described how high the products were packed there. This bin state aligned
well with their optimization goal to maximize Fg by keeping the height of the bin
low. They used an encoder-decoder architecture based on the original Transformer
model introduced in [56]. There also exist DRL-solutions to the online 3D-BPP as in
[57], where the state and action space are described by some basic rules of where the
item can be placed. The Q-Network takes an input of possible future states derived
from the basic rules and tries to predict what the optimal future state would be.
Table 3.2 summarizes these solutions and gives a comparison between their results
and the techniques used to achieve these results.

Source | Objective Optimization technique
9] Minimize Surface area Policy Optimization, Actor-Critic
[39] Maximize Fr PPO, Actor-Critic
[57] Online Fr Maximization DQL, Value method
Source | Architecture Heuristics
9] Recurrent Neural Networks SAM EMS
[39] Transformer Encoder-Decoder No Heuristic
[57] Neural Network Basic Rules
Source | Time Performance
9] Not specified 2-3 Percentage points improvement
from the Heuristic solution.
[39] 3.5s for 50 items 82.4% Fg for 50 items
[57] 34.2ms per item 82.8% Avg Fgr

Table 3.2: Comparison of various aspects of DRL approaches found in the litera-
ture.
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3.3 Mixed-Integer Linear Programming

There exist numerous implementations using a MILP solver. However, most of them
suffer from excessively long runtimes due to the high computational complexity of
3D-BPP. To address this issue, MILP solvers are often combined with various tech-
niques to reduce runtime. While these combinations and reformulations might not
align perfectly with the optimization goal of this thesis, they show that it is possible
to reduce the runtime of a MILP solver. The study in [6] employs a MILP solver to
address the same optimization goals as this thesis. After observing excessively long
runtimes, a GA is added to provide the solver with an initial solution, speeding up
the process to some extent. An integer linear programming with a hybrid heuristic
approach is introduced in [58]. That work deals with the traditional output mini-
mization 3D-BPP, meaning that its objective is to minimize the number of identical
bins. Their hybrid approach shows good results in terms of speed. In [59], the au-
thors discuss the computational complexity of using a MILP for the one-dimensional
BPP and replace the standard formulation with one containing equivalence classes.
They also introduce a suboptimal formulation. These two contributions speed up
the process for the one-dimensional BPP considerably. Table 3.3 presents a sum-
mary of various MILP-based solutions, outlining their objectives, any methods they
were combined with, key limitations relevant to this thesis, and the solvers used.
The solvers presented here aim to provide optimal solutions to the given problems,
which they demonstrate the ability to do, thereby reducing the need for performance
comparisons. Furthermore, since they are evaluated on different problem instances,
direct performance comparisons are not entirely appropriate.

Source | Objective Combination approach
6] Minimize waste volume Added GA to provide initial solution
(58] Minimize the amount of | Heuristics
bins from a set of identical
bins
[59] Minimize waste volume in | Equivalent classes and a suboptimal
the 1D BPP formulation
Source | Limitation Solver used
6] Long runtimes Gurobi
[58] All bins are identical CPLEX inspired methods.
[59] Not directly transferable to 3D. Gurobi

Table 3.3: Comparison of various aspects of MILP approaches found in the litera-
ture.
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3.4 Comparison and summary

To conclude the initial literature review, a general overview is provided to high-
light the strengths and weaknesses of different solver approaches. Understanding
these trade-offs is also useful for remaining open to future decisions regarding which

solvers to implement.

Method Pros Cons
Heuristics | - Fast and scales well. - No feedback or learning; perfor-
- Can provide intuitive, human- | mance remains static.
like solutions.
MILP - Produces optimal solutions. - Poor scalability.
- Works well for small instances.
- No tuning required.
GA - Has the potential to scale well, | - Stochastic behavior
depending on the heuristics and | - Convergence is not guaranteed
parameters used. - Tuning requires significant do-
main knowledge
DRL - Fast and scales well. - Requires network training.
- Can continue to improve after | - Complex implementation.
implementation - Pre-learned strategies might not
be sufficient to adapt to all new
situations

Table 3.4: Comparison of different optimization approaches

It is also entirely possible to combine and adapt these solvers to better suit specific
problem settings. This chapter has presented a brief survey of various methods
for solving the 3D-BPP, laying the groundwork for informed decisions based on
existing research. In the following chapters, the focus will shift toward describing
and conducting the practical experiments.
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Methods

This chapter outlines the methodologies employed in this thesis to address this 3D-
BPP. First, the process of data generation used for training and evaluating the
algorithms is described. Next, initial implementation details of the various algo-
rithms are provided, and a description of how the experiments will be conducted.
All components of the methodology are implemented in Python.

4.1 Datasets and Evaluation

Before outlining the methods for designing the solving algorithms, real data is ana-
lyzed to be able to create datasets for evaluation. The development of the algorithms
was then tested and designed using these datasets, which directly affects their de-
sign. Three different categories of datasets will be used: A perfect fit dataset (PF),
a generated real order dataset (GRO), and one based on real orders from a real
warehouse (RO). The reason for including multiple datasets is that there are differ-
ent aspects that each dataset can evaluate.

4.1.1 Warehouse Characteristics and Operational Challenges

Since this is supposed to be applied to a real-world problem, it is of interest to know
how the real-world data is distributed, to be able to approximate it more closely.
The daily orders of an e-commerce warehouse selling toiletries were analyzed for
this, providing the results illustrated in Figure 4.1.

A total of 1594 different orders were analyzed, and it is possible to conclude that their
orders are rather small. The major difficulty with solving the 3D-BPP is scalabil-
ity because of its NP-hard complexity; the problem’s difficulty drastically decreases
with a product-order distribution looking like it does in Figure 4.1. Datasets with a
higher number of products will be analyzed anyway to meet scalability and robust-
ness requirements. Other customers may have a more variable number of products
in their orders. Designing the solver to focus only on orders with fewer than 10
products, despite aligning with the data presented here, risks reducing flexibility
and necessitating a redesign shortly. Regarding the number of bins, it varies from
warehouse to warehouse between 4 to up to 277. Although the majority lies between
5 to 15. The data used to conclude this was gathered from anonymized customer
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Figure 4.1: Histogram showing the distribution of products per order for a single
warehouse.

records provided by Ongoing.

It is important to know that selecting the optimal set of bins to be available in
a warehouse is an optimization problem in itself [60]. This will be known as the
carton set selection problem from now on to distinguish it from the BPP. While this
is outside the scope of this project, it remains an important consideration, as it can
significantly impact the final results. The effectiveness of the bin-packing algorithm
is ultimately constrained by the optimization of the carton set. For example, if
a warehouse has only one packing bin with dimensions much larger than an item,
then whenever that item is ordered individually, there will inevitably be a significant
amount of unused space in the package.

4.1.2 Perfect Fit Dataset

This is the first presented dataset and is generated to ensure that all orders contain
an optimal solution where it is possible to fill to 100%, which represents a scenario
in which carton selection is ideal. Even though this scenario is not entirely realistic,
it offers two major benefits. Firstly, the optimal solution is known; it serves as a
reliable benchmark for development and testing. Secondly, evaluation becomes less
dependent on the carton set selection, allowing for a more isolated ranking of bin-
packing performance. The PF data generator algorithm is presented in Figure 4.2,
and an example of a generated solution can be viewed in Figure 4.3.
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Fetch available bins from API

v

Randomly select 1-3 bins to be
used

v

Initialize a product for each bin

v

Select random product,
dimension and cutting point

v

Split product at generated point

Sufficient number
of products?

Yes

Figure 4.2: Perfect fit order generation.

Figure 4.3: Perfect fit example.

The bins’ dimensions are based on real packing boxes taken from real Swedish e-
commerce packing boxes [61] and can be seen in Appendix A. A benefit of the
generated data is that it can also create an almost infinite number of different
orders, which is beneficial since it mitigates the risk of overfitting. To be able to
compare different solvers, a seed was set for generation so that the same data was
used. The number of products and bins was then randomly distributed as presented
in the equations below. The reason for varying these numbers is that it is interesting
to analyze how computational speed and filling rate depend on both n, and n.
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ny ~ k- Z/ld(l, 20)
g Nud<5, 15)

The numbers chosen for the product distribution do not coincide with reality, but
this dataset does not serve to show how it performs on the average case; it aims
to test scalability and maximum performance when presented with an ideal set of
bins. The scaling factor, k, aims to be able to provide later tests to conclude the
algorithm’s scalability for larger values of n,.

Contrary to the products in an order, the set of bins available is within the control
of the warehouse, and it is therefore not necessary to prove scalability concerning n;,.
Although increasing the number of different bins indeed increases the difficulty of
the optimization problem, the more concerning issue about including a high number
of packing bins would more likely consist of the practical challenges. Firstly, main-
taining a diverse set of bins requires a constant supply, which can be a logistical
difficulty. Secondly, warehouses would need to store all these bins somewhere, and
ensuring they are always available adds a layer of operational complexity. Thirdly,
having a large number of bin options could increase the time and effort required for
workers to locate and retrieve the correct bin. If bins are stored across different lo-
cations, workers may need to walk significant distances, reducing efficiency. Finally,
expecting workers to recognize and correctly use many different bin types might not
be feasible, potentially leading to errors and slower packing times. Because of these
practical issues combined with its controllability, n, only varies between common
values.

4.1.3 Real orders

This dataset is the same as the one used in [6], and consists of three different subsets:
small, medium, and large. Where the number of products, bins, and orders are
presented below in Table 4.1. The benefit of utilizing this dataset is that it includes
information about how a worker manages to fill it, and it includes real orders. The
major drawbacks are that n, does not follow the same distribution as observed in
day-to-day operations, and the total number of orders is rather low (30). There is
some stochasticity that might not be observed if evaluation were to only be done on
these orders.

Dataset ‘ n Products ‘ n Bins ‘ Orders

Small 3 28 10
Medium 10 28 10
Large 50 28 10

Table 4.1: Real order dataset.
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4.1.4 Generated Real Orders

This dataset was created to better reflect real-world scenarios compared to earlier
datasets. While the orders are artificially generated, both product and bin dimen-
sions are based on real items and packing cartons. The number of products, n, is
estimated using the distribution in Figure 4.1. The number of bins, n, was fixed
at 15 as the warehouse lacked exact bin usage data, and this number is commonly
found in similar operations and provides a sufficient range of combinations for test-
ing. The same bin dimensions used in the PF datasets are used. A benefit of this
dataset, similar to the perfect fit, is the ability to generate an almost infinite number
of unique orders.

Although this dataset provides a setting that is well adapted to the specific ware-
house where the orders and distribution of n, are taken from, this configuration may
not generalize to warehouses in other sectors. That said, this is not a critical limita-
tion, as the dataset is primarily intended to test whether a solver can perform well in
a specific, realistic setting. If good results are achieved, tests can later be diversified.
A limitation of the dataset is that optimal solutions are unknown. This means it
can only be used to compare relative performance between solvers if no optimum
can be proven by the solvers themselves. Now that the three different datasets have
been presented, it will be discussed how their results should be interpreted.

4.1.5 Evaluation Metrics

To evaluate the performance of the different solvers for the different datasets, the
following two primary metrics will be used.

o Computation time: Comparing the computation time across solvers is cru-
cial, but it presents several challenges. As will be shown in the following chap-
ter, computation time is heavily influenced by n,, and to a lesser extent by n.
While average computation time provides some insight, the algorithm’s com-
putational complexity is often of greater interest. For small n,, most solvers
are capable of solving within seconds; however, computation time can grow
rapidly as n, increases. Attempts were made to fit exponential curves to the
time data to get a measurement of the complexity, but these did not accurately
reflect the trajectory as n, increased. Furthermore, the computation time may
not be consistent throughout, and it is also important to understand how it is
distributed if any variance is present. As a result, computational complexity
is decided to be interpreted visually as a function of time, rather than sum-
marized by a single value, for cases where the results are not immediately clear.

o Filling rate: Increasing packing density is the primary objective, which is
denoted by the sum of all products divided by the sum of all used bins.

Fp = {( V() ( i V(bj))_l if valid solution (4.1)

otherwise
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Worth stating that Ff is also heavily dependent on n,, and in some cases ny,
making it infeasible to just examine an average. It is also vital to consider
how F is disturbed to evaluate consistency and robustness. Likewise to the
time constraints, a visual interpretation will be done to conclude which solver
is the most suitable when analyzing scalability.

The solvers will then test these two evaluation metrics for the three different datasets.
During this section, the PF, RO, and GRO datasets have been presented, each
designed to evaluate different aspects of solver performance. The PF dataset is
intended to test computational complexity and best-case performance. The RO
dataset allows for comparison against current worker-based bin selection methods,
while the GRO dataset assesses solver behavior under typical warehouse operations.
Since performance depends on both n, and n,, and can vary significantly, it is
infeasible to rely on a single performance metric for interpretation when analyzing
scalability. These dependencies complicate the interpretation of results and make
it difficult to summarize performance with a single number. Instead, a more visual
and analytical evaluation approach must be adopted. In the following section, the
implementation methods for the different solvers will be reviewed.

4.2 Heuristic

Heuristic algorithms were utilized for several reasons. Firstly, they offer excellent
computational efficiency compared to most other solutions. Secondly, they serve as a
strong comparative baseline. Finally, they can be integrated with other approaches,
such as GAs and DRL, aiding in encoding simplification and reducing the state
and/or action space. Hence, providing a good heuristic algorithm can also provide
improvements while still utilizing meta-heuristics and machine learning. Methods
based on both EPs and EMSs were chosen for implementation because of widespread
usage and good performance.

4.2.1 Bottom deep left

The first implemented algorithm was the DBLF strategy based on EPs. However,
to better align with the constraints of e-commerce warehouses, it was reordered to
follow a Bottom-Deep-Left approach since a worker will fill up the box from the
bottom up, but since the algorithmic differences are minimal, it will still be noted
as DBLF going forward. The core idea of DBLF is to place items as close to the
origin point of the bin, then update and sort the EPs by lowest height first, followed
by width, and finally length. Popping the next EP then ensures that the desired
EP is chosen for packing. The full loop of this algorithm is described by Algorithm 1.

The function update_candidates then adds the three extreme points, p., accord-
ing to equations (2.1)-(2.3), sorted by the bottom-deep-left prioritization. If the
distance between the bin wall and the p, is smaller than all product dimensions, it
is disregarded. To allow this to be packed in two bins, it is adjusted to first try to
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Algorithm 1 Bottom Deep Left Fill Placement

1: Input: Products array P with sizes (I;, w;, h;), Bin size (I, wy, hy).

2: Initialize candidate position to include origin C'p < (0,0, 0)

3: Initialize failed positions Fp < ()

4: for Product p in P do

5 while Cp is not empty do

6: pe < Pop best candidate from Cp
7: Origin of product p; < p.
8
9

if do_product_ fit(prod) then
add__product(prod)

10: update_ candidates(prod)

11: else

12: Append p. to Fp if position inside bin
13: end if

14: end while
15: for all pos € Fp do

16: add__candidate(pos)
17: end for
18: end for

19: return all_products_could__be_ packed()

pack it in one bin until it is full or an item can not be placed, and then move on
to the next one. This will cause the model to be guided to try to use one bin if
it can, which is a conscious design choice since fewer bins used are preferred. The
bin combinations are also sorted by volume ascending; the ones with a volume less
than the total product volume are dismissed. This manner of always trying one bin
until full will remain throughout the EMS-based implementations described in the
following section.

4.2.2 Empty maximal spaces

It was then decided to proceed with a heuristic utilizing empty maximal spaces, sim-
ilar to the approach described in [9], as it has already been demonstrated that the
heuristic can be combined effectively with deep learning techniques, combined with
the fact that EMSs are commonly found in the literature. The primary advantage
of using EMS over EPs is that EMSs generate more placement positions, which pro-
vides greater potential since more options can be considered. EMS implementations
can vary across different methods [62], and the following implementation introduces
its variation.

In this approach, EMSs are represented by tracking the coordinates of the bottom-
deep-left corner and the upper-right corner. After placing the product within an
EMS, the space is removed, and three new spaces are generated along each dimen-
sion. If a product intrudes on another EMS for which it was not designated, the
intruded one splits to accommodate the item. This results in the EMS splitting
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up to six new ones to fit both high and low-axis values along all three dimensions.
Generally, most can be disregarded early on because they have dimensions equal to
zero or other invalid behavior. This behavior is illustrated in Figure 4.4, where an
item is placed in the center of an empty bin to visualize the resulting EMS splits. If
any EMS cannot fit any item based on volume and dimensions, it is deemed invalid
and is hence removed [53]; EMSs that are subsections of others are also omitted.
This EMS generation process was inspired by the difference process described in
[63]. It is worth noting that the computational complexity can become quite high
when using EMSs, as their number may increase rapidly with each placed item.
The number of EPs also increases with each item placement, but at a slower pace.
However, EMSs offer the advantage of not requiring collision checks, as each EMS
is guaranteed to represent an unoccupied space. In summary, both EPs and EMSs
have their own computational drawbacks, and to determine which approach is more
suitable, they will be compared through testing.

Split (x) Split (y)

Figure 4.4: Six newly generated EMSs in blue after the initial EMS, filling out the
bin gets intruded by the yellow item.

The full EMS-based algorithm iteration then works by placing a product p with
rotation r in the EMS origin, then testing all EMS and rotation combinations, and
finally deciding on the pair that yields the best results. The best result is determined
by an objective function, ¢, and this project suggests these three alternatives for
deciding which EMS is the best.

Smallest fit (SF)

Surface area minimization (SAM)
Bounding Box minimization (BB)
« DBLF

Selecting the smallest EMS has the benefit that it can terminate early and not have
to test every rotation, since if the EMSs are sorted by size, the first time an item
can fit, it is in fact inside the smallest EMS. This will decrease computation time,
but it does not generally push the system to fill in a DBL manner since it only fo-
cuses on filling the smallest gaps. This can potentially lead to the solver sometimes
including large gaps in the middle of the bin, surrounded by already placed products.
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Algorithm 2 Update EMSs after placement of product

1: Input: Designated EMS object des__ems containing origin and end coordinates.
2: emss < emss \ des__ems

3: new__emss < Create new EMSs at the right, back, and top of the product
4: for all EMS in new emss do

5: if EMS is invalid (doesn’t fit the product or is too small) then
6: new__emss < new_emss \ EMS

7 end if

8: end for

9: splitted__emss, intruded__emss <— SPLITINTRUDEDEMSS(emss)

10: emss <— emss \ intruded__emss

11: new__emss <— new__emss U splitted__emss

12: for all ems in new emss do

13: for all ems in new emss U emss do

14: if ems C ems then

15: new__emss <— new__emss \ ems

16: break

17: end if

18: end for

19: end for

20: emss <— emss U new__emss

21: Sort emss in ascending order of volume

22: return emss

The second proposed objective function is SAM, as used in [9]. Area minimization
encourages tighter packing of products and can therefore also be a beneficial method.
Compared to SF, it does not have the same risks of leaving gaps in the middle of the
bin since it benefits mostly from packing next to an already placed item. Compared
to packing a product against a wall, hiding a surface against another product will
half the visible area since two faces are now hidden. The third idea is to try and
minimize the volume of a bounding box that can contain all the placed items. The
fourth and final idea is to place them in a DBLF manner, prioritized by the EMS
origin coordinates.

The products are sorted from largest to smallest since it is more probable to fit
the larger items early on, but this sorting might not always be the optimal one. It
would be desirable to test multiple ordering methods, but since the number of or-
ders possible to arrange the products for larger numbers of items grows in a factorial
manner, O(n!), it is simply not suitable to try them all in the same exhaustive man-
ner that EMSs and rotations are tried. The full EMS algorithm can be viewed below.

4.2.3 Box building

To reduce computational load, it was decided to also implement an algorithm that
took products that had equal faces and merged these into one product. This was
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Algorithm 3 Bin Packing with Empty Maximal Spaces

1: Input: Array P, with product dimensions (I;, w;, h;). Set B with dimension
(L, wj, hy).

2: Augment B with a null variable and define a combination set Cg that includes
every possible combination of two bins from Bg,,.

3: Sort C'g by ascending volume.

4: Sort P by descending volume.

5: for cg in Cg do > Iterate over bin combinations
6: for p in P do

7 if Volume(cp) < Volume(P) then

8: Continue

9: end if

10: Initialize the objective function optimum ¢* as the worst case possible.
11: for b in cg do

12: for each EMS es € ES and rotation r € R do

13: Place product with rotation r in (es, b).

14: if ¢(p,es,r,b) > ¢* then > Objective function
15: (r*,es*) < (r,es)

16: end if

17: Remove p from b.

18: end for

19: if Could be placed then

20: Place p according to (r*, es*)

21: Jump to next p

22: UPDATEEMS(p, es*)

23: else

24: Continue

25: end if

26: end for

27: end for

28: if All products could be placed then Return Successful
29: end if

30: end forreturn Failure

done recursively until all products that could be merged had been merged. Identical
products got merged in a manner so that their largest surfaces were placed against
each other. Building entities can be beneficial in warehouses where there are a lot
of similarly sized products. This is done before placement algorithms do the job of
actually deciding the position and orientation of the items.

During this section, the heuristic algorithms that will be reviewed have been pre-
sented. One that utilizes EPs and three different variations utilizing EMSs. It will
be experimented whether it can be useful to include box-building before the place-
ment heuristic is utilized. The design choices have been made according to what is
commonly found in the 3D-BPP literature. Both the GA and DRL presented in the
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following sections will utilize some version of the heuristics presented here.

4.3 Genetic Algorithm

A GA was chosen for implementation due to its widespread use in the literature and
its demonstrated effectiveness in solving the 3D-BPP. Metaheuristics such as GAs
can provide scalable approaches and have the potential to improve on already exist-
ing heuristic methods. This section outlines the initial design choices and presents
the methodology used for implementation and refinement.

4.3.1 Encoding

The encoding of the GA was inspired by [6], but instead of representing the bin usage
through a bin index gene-set, this thesis uses a Bin Combination Index (BCI). After
observing stochastic issues related to this gene, it was explored whether bin selection
could be outsourced using the same trial-and-error approach applied in the heuristic.
Additionally, it was investigated whether restricting the GA to operate solely on
item order could be beneficial, similar to the approach in [9]. This exploration
resulted in four different chromosome designs with varying degrees of freedom (DoF),
representing different levels of reliance on the GA versus the heuristic, where a higher
DoF represents more GA responsibility.

1-DoF GA Chromosome: {0.1,0.3,0.2}
—_———

BPS
2-DoF VBO GA Chromosome: {0.1,0.3,0.2}, {5,1,0}
NSt SN S
BPS VBO
2-DoF BCI GA Chromosome: {0.1,0.3,0.2}, {6}
BPS a1
3-DoF GA Chromosome: {0.1,0.3,0.2}, {5 ,0}, {6}
BPS TWwo | Bar
{01,0.3.0.2), {6). {5.1,0)
T B vho

The size of the order gene and the rotation gene equals n,. The order gene includes
floating point numbers, and the sorted indexes in ascending order represent what
order the bins should be filled. In this case, the first item has the lowest order gene
and should hence be placed first, followed by the third item. The rotation gene refers
to a rotation index where the number at position ¢ ranges from 0 to 5 and represents
one of the six possible rotations the item can have. Lastly, the bin gene represents
which bin combination is being used and ranges from 0, the smallest possible, up to
the number of possible combinations.
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4.3.2 Further Initial Design Choices

Further decisions related to the GA are presented below.

38

o Packing algorithm: To pack the items, the DBLF-EMS heuristic, not uti-

lizing box-building, is used since it has the best time complexity out of the
tested ones. This will be shown in the following chapter. To calculate the
fitness for all epochs and individuals, the heuristic will have to be evaluated
once for every individual for every generation (N x G), and hence the heuristic
computation time is of utmost importance.

Fitness evaluation: After the items had been packed, it was time to evalu-
ate how fit the chromosome was, which was set to equal the filling rate each
individual could achieve.

Crossover: Single-point crossover was chosen after initial testing, where it
was found that it had a higher convergence rate compared to multi-point
CTOSSOVer.

Selection: Tournament selection was used, as it is widely adopted in the 3D-
BPP literature and balances selection pressure well. The tournament is tuned
by two parameters, the tournament selection probability p;,. and the number
of tournament participants k;q,,.

Elitism: The GA included elitism to help stabilize convergence by preserving
the best-performing individuals across generations. The number of elitist se-
lections that are directly included in the next epoch is denoted by TOP.

Biased Initialization: Some chromosomes were initialized with a bias to
mimic heuristic behavior, given that heuristic-based solutions often yield good
results. Examples include pre-sorting the order gene by descending volume or
fixing all rotation values. It is not recommended to include bias in a GA [26],
but in this way, it is possible to allow the model to outperform pure heuristic
methods more consistently. The number of biased individuals was treated as
a tunable parameter (Ny.s), and the specific type of bias applied was chosen
at random.

Mutated Elites: Some elite individuals were selectively mutated to explore
the neighborhood of top-performing solutions, providing local exploration.
The number of elitist mutants is denoted by TOP ..

Mutation: The mutation rate is denoted by pn.. For integer genes, each
gene has a mutation probability of b,/N;, where N; is the number of integers
in that gene and b, represents a scaling factor used to balance this individual
set of genes” mutation rate. The order gene, a floating-point number, is mu-
tated by adding a value sampled from a normal distribution N (0, 0,,,.¢) to its
current value.
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4.3.3 Experiment Steps

After these general design choices had been made, the algorithm was evaluated
through a series of steps. First, a set of tuning parameters that showed reasonable
performance in preliminary tests was carried forward. Using these fixed parame-
ters, the different number of parameters, and given the relatively long runtime of
each GA instance, chromosome configurations were tested against each other. The
best-performing chromosome was then tuned more carefully using an iterative grid
search. Ideally, each GA variant would be individually tuned for a fairer compari-
son. However, this was not feasible due to computational constraints. The compu-
tational complexity of grid search grows exponentially, with performing exhaustive
parameter tuning for every chromosome configuration was impractical. The initial
parameters were inspired by the parameters in [6], and then improved further by
iterative testing. The parameters can be viewed in Table 4.2. It was also tested
whether multiprocessing could be used to calculate the fitness scores for the GAs,
which can be done independently without the need for scheduling.

Notation Name Value
G Generations 10
N Population size 100
Top Number of Elites 1
Pmut Mutation rate 0.4
Ktour Tournament size 3
Dtour Tournament probability 0.9
Npias Biased initiations 12
Omut Mutation deviation 1
(bes, bBCI; bVBO) Mutation rate biases (1, 1, 1)

Table 4.2: Default parameter values for the genetic algorithm used in experiments.

After the encoding has been decided on, the grid search tuning will take place. The
order in which this is done is by taking the most interconnected parameters and
running them together or individually for 3 to 5 different settings. The best result
is then selected, and a local search around that pair of best-performing parameters
is performed. This is done one or two iterations, depending on the ambiguity of the
results. The order in which the parameters are tuned is the following:

o Tournament parameters. (Piour, Ktour)
o Mutation parameters. (Pmut, Tmut)

« Mutation rate bias. (bpps,bpcr)

« Elitist selections. (Top, Top,,,.)

o Biased Initiations. Ny,
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During this section, the initial GA design choices have been described, followed by
a discussion on how it is planned to evaluate and improve them. As a result of the
evaluations and tests described in this section, the final GA design is presented after
the evaluations done in Section 5.3.

4.4 Deep Reinforcement Learning

Since DRL is commonly found within the literature, one was implemented for this
specific problem. Multiple different environments and architectures were tested. A
DQN was implemented without showing any tendencies to learn. Multiple PPO
encoders were tested, such as Transformers, Pointer networks, CNN autoencoders,
and standard fully connected networks. Experiments were made with different envi-
ronments, where some environments relied more heavily on the heuristics and some
relied more heavily on the DRL algorithm. This thesis found the most success with a
DRL algorithm using PPO to optimize and learn, while relying heavily on a heuristic
solution like done in [9]. The DRL algorithm presented here, and later evaluated in
the following chapter, has shown the most promise. However, it is important to note
that several other DRL algorithms were initially tested and subsequently discarded,
highlighting the challenges and uncertainties that have been encountered during
the implementation of DRL approaches. This algorithm will be explained further
throughout this section by first describing the environment, followed by a description
of the network architecture, and finally, describing the training procedure.

4.4.1 Environment

The environment was implemented using Gymnasium.env as a starting point [64].
This provided a shell structure to build the custom environment in. The observation
space was defined to consist of all the products’ and bins’ dimensions. The agent
then arranges a BPS, which shows what order the products are placed in. The BPS
was implemented as a list of floats, and the length was equal to n,, where the higher
values were to be packed first and the lower values to be packed last. The actions
then become to increase or decrease a value in the BPS to change the order, or
to stop when the agent no longer believes any improvements can be made. After
every action the heuristic DBLF EMS packs the order and returns the Fg to the
environment. The reward structure was taken from [39] to give the agent continuous
reward updates during the episode, where the rewards are based on the improvement
made, which can be defined by the following equations.

n

%ziww—zwm

i=1
r=gi—1— gt

This reward structure allows for rewards at every time step, which is based on the

improvement made by the new packing order, allowing for instant feedback after

every action taken. The observation space where padded with zeroes to allow the
network to have input of equal size.
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4.4.2 Networks

The actor-network and the critic-network shared the layers and only used a differ-
ent final layer, where the actor’s final layer was a fully connected layer shaped as
64 -> n_actions. Applying a softmax activation to this output gives the probabil-
ities for taking each action. The critic’s final layer was a fully connected layer of the
shape 64 -> 1, resulting in the predicted value for the current policy. The shared
layers between the network were two fully connected layers consisting of 64 neurons
using the tanH activation function. The shared architecture is shown in Figure 4.5.
Where the blue layer is specific for the policy network, whilst the red layer is specific
to the value network.

In features 64 64 Value

Figure 4.5: The network architecture.

4.4.3 Training

The networks where trained until convergence on 10 000 orders generated from the
PF dataset using PPO which took about 600 000 timesteps. The parameters used
during training can be seen in Table 4.3. It was tested to decrease a as the training
progressed, but once it had converged, it did not provide much benefit.

Parameter | Value
o 3-1074
C1 0.5
Co 0.01
v 0.99
€ 0.2
A 0.95

Table 4.3: Training parameters.

This section described the implementation of the DRL algorithm used for this
project. Starting with the environment, and also describing the network architec-
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ture used for the agent. Lastly, the training procedure was described. The following
section will show the implementation of the MILP problem formulation.
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4.5 Mixed-Integer Linear Programming Formula-
tion

MILP-solvers are commonly found within the literature. Therefore, this thesis also
formulated a MILP model which could be solved using solvers like SCIP or Gurobi,
but also with the CP-SAT solver, since it has been shown that it can outperform
traditional MILP-solvers in some cases. This section will present the MILP problem
formulation as well as the implementation of the SCIP and CP-SAT solvers. Gurobi
is disregarded because of its license cost.

4.5.1 MILP Formulation

The MILP formulation used in this thesis is based on the one used in [6]. All the
variables, parameters, and constraints used are listed below:

Variables and parameters

Table 4.4 shows variables and parameters used in the MILP model with their de-
scriptions.

Notation | Description
ny Number of products to be packed
g Number of bins available
Diy ¢, i | Length, width, height of product @
L;,W;, H; | Length, width, height of bin j

x; >0 Continuous variable indicating the x-position of product i’s origin
y; >0 Continuous variable indicating the y-position of product i’s origin
2 >0 Continuous variable indicating the z-position of product i’s origin
M Arbitrary large integer constant used to disable constraints
6] Integer constant limiting the number of bins used for packing

Table 4.4: Variables and parameters with their descriptions.
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State variables

The following variables are boolean status descriptions defined as binary integer
variables, to describe the different states the products and bins can have. The
variable s;; presented below keeps track of where the products are placed, and v;
tracks which boxes are used.

1 if product 7 is placed in box 7,
Sii =
! 0 otherwise.

’Uj—

)1 if box j is used
0 otherwise

Where i € {1,...,n,} and j € {1,...,n,}. The following three variables are in-
cluded to keep track of orientation for all three dimensions, with a € {z,y, z}.

;o 1 if the length of product ¢ is parallel to the a-axis
“ 10 otherwise

1 if the width of product i is parallel to the a-axis
Wai =
0 otherwise

I 1 if the height of product i is parallel to the a-axis
“ 10 otherwise

The following 6 variables are included to keep track of where the products are placed
in the bins with respect to one another, with 7,k € {1,...,n,} and 7 < k.

{1 if product 7 is placed on the left side of item k
ik =

0 otherwise

! 1 if product 7 is placed on the right side of item &
"7 00 otherwise
1 if product 7 is placed behind product k
Cil. —
g 0 otherwise
g — 1 if product 7 is placed in front of product k
#7010 otherwise
1 if product 7 is placed below product k
Cik —
g 0 otherwise
1 if product 7 is placed above product k
fik = .
0 otherwise
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Objective and constraints

With the variables described, the full MILP model is defined through the following
objective and constraints. Explanations of all the equations’ significance are found
on the next page.

np
minimize Z v; - Ly - W; - Hj (4.2)
Tih Yis Zis lais Wais Pais Sijs Jj=1

ik bik> Ciks dik> ik fik> V5

subject to
xi—kpi-lm%—qi-wm—kn'hm Sxk—i—(l—aik)-M Vi,]{ie {1,...,np}, 7 < k‘, (43)
T+ Pk Lok + Qe Wep +75 - har < 23+ (1_bzk) M Vi ke {1,...,7’Lp}, 1<k, (4.4)
Vit i lyi+q-wyi+ri-hy <yp+(1—cp) - M Vike{l,....,ny}, i <k, (4.5)
yk—l—pk-lyk—l—qk-wyk—{—rk-hykSyz ( dzk) M Vi,kG{l,...,nP},i<k, (46)
Zi+pi i+ q w1 hy <ze+(l—ew) - M Vioke{l,...,n,}, i <k, (4.7)
Zk—i‘pk'lzk—i‘Qk‘wzk—i—Tk'hzk <z + (1_fzk) M VZ,/{? € {1,...,np}, < k‘, (48)
Qi + bir, + Cik, + dig + €k + fir = sij +sk5 — 1 Vi k, j, 0 <k, (4.9)
np
S sy=1 Vie{l,... n} (4.10)
n j=1
ZSZ‘]‘ S M - Vj V] S {1, ce ,’I’Lb}, (411)
=1
x,—l—pllquq,wqunhm S LJ—I—(l—Sw) M VZ € {1,...7’lp}, \V/] c {1,...,nb},
(4.12)
yz—i_QZwyz_'_pzlyz_"rzhyz Sm+(1—SZ])M Vi c {1,...Tlp}, VJ € {1,...,nb},
(4.13)
zi+ri-hzi+qi-wzi+p,;-lzi < Hj—i-(l—sij)-M Vi € {1,...np}, \V/] € {1,...,711,},
(4.14)
Wys —i—wyi + w,; = 1 Vie {1, c. ,np}, (416)
hai + by + ha =1 Vi€ {1,... 0}, (4.17)
lyi + Wy + hyi =1 Vie {1, ce ,np}, (419)
lzz' —+ w,; + hzz =1 W S {]., oo ,np}, (420)
g
Sou < (a.21)
j=1
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Explanations

- Equation (4.2) is the objective function for what is to be minimized, in this
case it’s the total volume of the used bins.

- The constraints (4.3)-(4.8) make sure none of the products packed overlap
with each other. They are only active under specific conditions, as example,
equation (4.3) is only active if a;; = 1, which is if product £ is on the left side
of product k

- Constraint (4.9) ensures that if two products are placed in the same bin one
of the relations a, b, ¢, d, e or f needs to be active. This makes sure that
they are not placed at the same spot or overlap with each other.

- Constraint (4.10) makes sure that a product has to be placed in a bin but
can only be placed in one bin, whilst (4.11) sees to it that a bin containing a
product is considered used.

- Constraint (4.21) is an optional constraint that can be activated to set a max-
imum of allowed bins to be used when packing an order. This allows the user
to specify the problem according to their preferences.

- The bins’ capacity is not to be exceeded thanks to equations (4.12 - 4.14)
which keep the items within the boundaries of the bins, they are only active
under the conditions that product ¢ is placed in bin j, i.e, s;; = 1.

- Constraints (4.15) - (4.20) makes sure that a product is oriented in one of the
six possible rotations allowed.

These constraints were then implemented using the linear solver submodule from
ortools. Allowing for the use of both the CP-SAT and SCIP solvers. These solvers
can also be used with a time limit, stopping them from going on for hours and
instead returning the best solution found until the time limit is reached. Since CP-
SAT is developed with parallelism in mind, it was allowed to use 12 cores when
running.

4.6 Summary

This chapter has presented the datasets, evaluation criteria used throughout the
study, and implementation approaches for various solvers. The solvers to be eval-
uated include Heuristics, GA, DRL, SCIP and CP-SAT. Additionally, the initial
design choices and methods for future development have been outlined. The follow-
ing chapter will evaluate these different methods.
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Experiments and Results

This chapter presents the results of the methods described in Chapter 4 and also
provides brief interpretations to give the results a bit more depth. It presents ex-
periments done during the development of the algorithms to highlight why certain
decisions have been made. At the end of this chapter, a final evaluation of the fully
developed algorithms will be conducted.

5.1 Hardware

All experiments were conducted on laptops running 64-bit Windows 11 with 32-GB
of RAM. Each device was equipped with one of the following processors:

o Intel® Core™ Ultra 7 165U @ 2.10 GHz

o Intel® Core™ i7-1370P @ 1.90 GHz
Worth noting is that all comparisons that lays foundation to a design decision is ran
on the same processor.

5.2 Heuristics

After the heuristic algorithms had been designed, they were tested to be able to
conclude which was suitable for further use. This evaluation was conducted using
the PF data set with £k = 1. Since the heuristic methods work rather fast, the
number of orders (n,) was set to 10 000. Which resulted in the following results.

Objective function | Mean FR [%] | Mean time [ms| | Invalid Solutions [%]
Bounding box EMS 4.7 28.8 5.0
SAM EMS 74.6 25.2 5.9
DBLF EMS 73.8 5.3 6.1
SE EMS 73.8 7.2 6.0
EP 72.7 13.9 6.5

Table 5.1: Comparison between different datasets for heuristic algorithm.

After this had been implemented, they were retested with a block-building heuristic
that merged products that had equal faces, which gave the results shown in Table
5.2.
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Objective function | Mean FR [%] | Mean time [ms] | Invalid Solutions [%]
SAM Block 85.5 4.0 5.0
Bounding Box Block 85.4 3.5 5.0
SF Block 85.3 2.0 5.0
DBLF Block 85.3 2.0 5.0
EP Block 85.1 2.9 5.1

Table 5.2: Comparison between different datasets for block-based heuristic algo-
rithm.

As observed, the block-building demonstrates significantly improved performance.
However, in real-world scenarios, assuming that every item can form groups with
all others is unrealistic, even though it is possible with PF. Therefore, despite its
strong performance, continued evaluations will be done both with and without block-
building.

To evaluate scaling capabilities, the value of £ is increased to 5. For this test, SF and
DBLEF are selected due to their speed. Multiple methods were tested using block-
building, but because of identical behavior, only the DBLF-block is visualized, while
BB is included for its slightly better performance compared to the other methods.
The results are presented below in Figure 5.1.

As shown in Figure 5.1, the performance plots appear to converge when block-
building is not used, showing no downward trend. However, when block-building is
applied, performance drops rapidly, suggesting that it is not feasible to use block-
building for n, > 30 on the PF dataset. The PF dataset is unique in the context of
block-building, as it allows the creation of a single merged object before optimiza-
tion begins. As n, increases, the risk grows that this merged object may be shaped
in a way that does not fit well within the bin. Therefore, it is still unclear whether
block-building is beneficial in real warehouse scenarios. To determine this, further
experimentation with GRO is necessary.

Among the three solvers not utilizing block-building, DBLF emerges as the best-
performing heuristic, which indicates great scalability. It achieves the highest Ff,
tied with BB, while also demonstrating the lowest computation time. Further testing
using heuristics will be done using the DBLF-EMS heuristic, both with and with-
out block-building. Moreover, the heuristic methods presented here are relatively
insensitive to n; in terms of computational complexity. Filling rate can, neverthe-
less, significantly increase when including more bins. To get a clear sense of the
performance variability, Figure 5.2 shows box plots regarding the DBLF heuristic.

The variability in performance is rather high, which is sub-optimal. Although the
median filling rate is stable and rather high for this number of products, the lower
whisker stretches down to 0 for almost all instances. This indicates that it is not very
robust. The time plot shows good results, indicating that it is far below one second
for n,, stretching up to 100. This shows that the heuristics implemented have good
scalability, but lack performance consistency. The next test uses the GRO dataset
to evaluate whether block-building is useful in practice. The results can be seen
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Figure 5.1: Heuristic algorithm evaluation.
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Figure 5.2: Box plot distribution DBLF-EMS solution not utilizing block-building.

below.
As observed, the overhead introduced by searching for products with equal areas and
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Solver Mean solving time [ms| | Mean Fg
DBLF EMS 1.38 36.7
DBLF EMS With Block-building 14.6 34.3

Table 5.3: Block-building evaluation using GRO.

attempting to merge them adds significant runtime. For GRO, these equalities are
not consistently present, and hence, the reduction of n, does not occur as frequently
as in the case with PF. This test clearly shows that block-building negatively impacts
performance in these cases. Given its poorer performance on the GRO dataset, com-
bined with its poor scalability, block-building is excluded from further consideration.

This section has presented the results for the heuristic methods and identified the
DBLF-prioritized EMS algorithm as the top performer for the PF dataset. It demon-
strates both speed and reasonable performance, with the median Fr, converging
around 0.7 when block-building is not applied. This suggests a moderate level of
space utilization as it is neither poor nor optimal. Although it is not finding opti-
mal results consistently, the results indicate good scalability, as performance remains
stable beyond n, > 20, with consistently fast computation times. A more notable
concern is the high variance in performance. Despite this, the DBLF heuristic shows
promise and could potentially deliver more consistent results when integrated with
additional optimization techniques. Currently, it is limited to exploring only a single
item placement order, which could be improved by a GA or DRL.

5.3 Genetic Algorithm

This section aims to present the results of the different tests regarding the GA,
followed by a description of the final algorithm design. First, the testing for which
chromosome should be utilized will be performed, followed by an iterative grid search
to conclude which final parameters should be used.

5.3.1 Encoding

The results regarding the chromosome design can be viewed below.

Solver Mean FR [%] | Mean time [s] | Invalid Solutions [%]
1-DoF 84.4 12.6 2.7

2-DoF BCI 7.7 3.3 2.3

2-DoF VBO 67.7 31.1 8.6
3-DoF 49.4 4.4 13.8

Table 5.4: Comparison between GAs using different chromosomes.

As seen in Figure 5.3, chromosomes that do not utilize the VBO gene outperform
those that do in terms of packing efficiency. This is likely due to a low (G, N) pa-
rameter combination, as the solution space for the 1-DoF and 2-DoF BCI is a subset

50



5. Experiments and Results

—— 1DoF —— 2 DoF BCI
—— 2DoFVBO —— 3 DoF
1.0
801 0.91
- o 0.8 1
£ Z 0.7
[ i
< 401 < 0.6
s s
201 0.5
Aié 0.41
0 0.3

5 10 15 20 5 10 15 20
Number of Products Number of Products
0.90 1
40.00 0,80+ \/\/_w
w 3
‘2 30.00 1 5 0.70 |
€ =
'_ w
S 20.00 - 5 0.601
(] [
= =
/\// 0.50
10.00 A
0.40 4
6 8 10 12 14 6 8 10 12 14
Number of Bins Number of Bins

Figure 5.3: Different Chromosome Evaluation.

of the one produced when the VBO gene is included. In theory, adjusting these pa-
rameters could improve the performance of the more advanced solvers; however, it is
unclear to what extent this would impact the mean solving time. Given the already
high computational cost, it may be preferable to exclude the VBO gene. For further
testing, the 3-DoF and 2-DoF VBO are hence disregarded.

The BCI gene significantly improves runtime performance but at the cost of a re-
duced Fg. This trade-off can potentially be mitigated by increasing the (G, N)
values. The advantages of including the BCI gene are that it offers greater control
over the GA, enabling further optimization strategies, such as implementing a more
guided mutation method for the BCI gene, and that the n, does not negatively
affect runtime as it does with the 1-DoF. The drawback is that, because of GA
stochasticity, the risk of not finding the optimum is expected to increase since now
every combination will not be tested every iteration, such as with 1-DoF. However,
because of the increased runtime, the BCI is decided to be included.

5.3.2 Multiprocessing

The computation time complexity is rather high, showcasing that these types of
GAs may not be suitable as n, increases. These tests were done using only one core,
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and hence, it was tested whether using multiprocessing improves upon that. Mul-
tiprocessing was used to calculate the fitness scores since it is the most demanding
task, and order is unimportant, causing no need for synchronization. The results
for the multi-processed 2-DoF BCI GA in comparison with the regular one can be
seen in Figure 5.4.
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504 — GA Multiprocessed
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Figure 5.4: Multiprocessing Evaluation.

As can be seen, there is a breakpoint at 16 products, where the overhead associated
with distributing tasks across multiple CPUs becomes outweighed by the gains in
computation time. For the final GA, it is decided to utilize multiprocessing when-
ever n, > 16.

5.3.3 Tuning

To begin the tuning process, the parameters GG and N are analyzed, as they primarily
influence the overall runtime. While other parameters can also impact runtime, they
are quite insignificant in comparison. As stated earlier, the most time-consuming
task is calculating the fitness scores, which solely depend on the product of G x N.
With this as background, the project will now test different combinations of G and
N to try and find the combination that provides the best results within a reasonable
time. This test was done with a scaling factor of 2 and on 200 orders. During these
tests, early termination was not allowed, which provided the following results.

The results indicate that NV = 100 consistently delivers the best performance in
terms of execution time across the majority of test instances. Although N = 5
occasionally outperforms other settings, this is likely due to its extremely high se-
lection pressure. With a tournament size of 5, the algorithm becomes fully elitist at
each iteration, which is an unconventional approach but includes cases with good
performance. Despite these occasional benefits, N = 100 provides more reliable and
stable performance overall. As such, it will be adopted as the default configura-
tion going forward. While exploring population sizes beyond 100 could offer further
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Figure 5.6: Fitness depending on time for different N.

insights, the current minimum mean cumulative runtime is already around 7 sec-
onds. Increasing the population size beyond this point may reduce responsiveness,
especially in scenarios where early termination is necessary to meet warehouse or
customer demands. Additionally, convergence appears to slow down after G > 10,
with the average filling rate increasing by only 0.02 over the remaining 90 gen-
erations. While further parameter tuning probably can improve convergence, the
already high cumulative runtime makes it impractical to significantly increase the
number of generations. From a scalability standpoint, it is therefore not advisable
to exceed 10 generations in practical applications significantly. However, to bet-
ter understand the convergence behavior, the tests going forward will primarily use
G = 30. This allows us to observe potential improvements beyond 10 generations,
even if the final implementation is unlikely to use such a high value.

The following tuning will be done through iteratively tuning parameters, because of
long runtimes, it is not feasible to test all combinations at once; therefore, they are
taken one by one or two by two.

In each grid evaluation, the best parameters were chosen as the basis for the next
search. Overall, it was difficult to observe clear trends in the parameter space, as the
best values in most grids appeared scattered. This could be attributed to statistical
noise, as most tuning runs were conducted on instances including 200 orders, and
since the GA is stochastic, it could perhaps benefit from increasing this number.
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Parameters | Iteration Parameter Grid Best parameters
[ Diour | . 025 0.5 0.75 1.0 0.5
Ktour 5 10 25 50 5
Diowr 5 0.3 04 0.5 0.6 0.6
_ktour_ 2 4 6 8 2
Dot | . 01 025 05 0.75 [0.75]
|Gt 025 05 1 2 1]
Dot | ) 06 0.7 0.75 0.8 [0.6]
Gt 075 09 1 1.2 0.75]
bsps ) 075 09 1 1.1 1.25 [1.25]
beor 0.75 0.9 1 0.9 |
Top . 0135 10 5
Top, 01 3 5 10 0
Top 9 5 6 7 7
Top,,ut 01 2 0
| Nyias 1 110 20 49] [10]
[me} 9 [5 8 11 14] [5]

Table 5.5: Iterative Grid Search.

Ideally, more extensive tuning on more orders would provide more reliable conclu-
sions, but this was not feasible due to time constraints. Another possible reason for
the difficulty in identifying clear trends is the interdependence of the parameters.
Rather than each parameter having an isolated effect, their influence is often depen-
dent on several other GA settings, making it difficult to observe clear correlations.
Additionally, the performance differences between parameter settings were gener-
ally only a few percentage points, which increases the risk of stochastic variation.
This suggests that the overall effectiveness may be more attributable to the large
number of heuristic variations applied, rather than to specific behaviors intrinsic to
the genetic algorithm. In other words, it might be the large number of runs of the
heuristic that causes the major benefits, rather than fine-tuned genetic dynamics.

Based on the iterative grid search, the final parameter values are summarized in
Table 5.6:

To summarize this section, the final GA configuration will utilize two genes: one
representing product placement order and one representing bin combination index.
It will employ the parameters shown in Table 5.6. With this algorithm developed,
the following section presents the results of the DRL approach.
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Notation | Name Value
G Generations 30
N Population size 100
Top Number of Elites 7
Pmut Mutation rate 0.6
Ktour Tournament size 2
Drour Tournament probability 0.6
Nhjias Biased initiations 1
Kot Mutation step 1

Table 5.6: Final GA Parameters.

5.4 Deep Reinforcement Learning

The DRL algorithm was evaluated on 1000 orders of the PF dataset, and compared
to the SF heuristics which it was built upon. The comparisons where made to see
wether or not the DRL achieved an increase in performance.

Solver Average F). [%] | Average time [ms]
DRL 74.58 8.4 ms
DBLF EMS 74.55 3.3 ms

Table 5.7: Comparison between the DRL and SF heuristic.

Table 5.7 shows that the DRL made very small improvements compared to the
heuristic solution alone. Indicating that it is hard to generalize and learn a strategy
for what order works best in conjunction with the SF heuristics. Although the
results are slightly disappointing the increase in Fg indicates that it is possible to
learn a strategy that improves upon the heuristic. Based on these results the DRL
agent will not be evaluated further.

5.5 Mixed-Integer Linear Programming

Firstly the CP-SAT and SCIP solvers were evaluated against each other by running
them both on 1000 orders on the PF dataset with a time limit of 60 seconds. At
this time, it will return the best solution it currently has found. The average times
and FRs are shown in Table 5.8, as can be seen, CP-SAT performed very well whilst
SCIP was struggling to keep up with the pace and performance of CP-SAT. Worth
noting is that CP-SAT solved all problems whilst SCIP could not find a feasible
solution for 1.7% of the orders. Based on this result, no further efforts will be made
using SCIP.

CP-SAT was evaluated further to see how well it scales to unusually large orders,

therefore more tests were conducted on the PF dataset with £k = 5. During these
tests, different time limits were tested to find a nice balance between performance
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Solver | Mean Fg [%] | Mean time [s] | Invalid Solutions [%]
CP-SAT 99.8 1.3 0.00
SCIP 71.4 29.0 1.7

Table 5.8: Comparison between CP-SAT and SCIP.

loss and speed. The average time and performance with respect to how many prod-
ucts made up the orders are shown in Figure 5.7. Table 5.9 then shows the average
over all orders for the different time limits. A box plot of the runs is also shown in
Figure 5.8, to visualize and evaluate robustness. It can be seen that a time limit
of 10 seconds performs poorly on larger orders, however the time limits of both 30
and 60 seconds can still provide rather high filling rates, Figure 5.8 shows that the
largest difference between 60 and 30 seconds comes down to the variance in the
solutions where 60 seconds has a smaller variance in most cases leading to a higher
mean value of Fr. Also quite interesting is that the time limit of 120 seconds has a
very low improvement compared to 60 seconds and most importantly there are the
same amount of invalid solutions between them.

Time limit [s] | Mean F. [%] | Mean time [s] | Invalid Solutions [%]
10 66.2 7.8 1.4
30 86.2 21.9 0.2
60 88.3 41.6 0.1
120 89.4 79.5 0.1

Table 5.9: Comparison between different time limits for CP-SAT.
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Figure 5.7: Average fill rate and time taken on the PF dataset using different time
limits for CP-SAT.

Further on the evaluations will be performed on CP-SAT using a time limit of 60
seconds, mainly because 10 seconds does not scale well as illustrated in Figure 5.8
and because the variance and most importantly the amount of invalid solutions
where lower compared to the 30 second time limit while staying the same as for the
120 second one. CP-SAT will also terminate before the time limit when a solution is
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Figure 5.8: Box plots of the CP-SAT Fg on the PF dataset using different time
limits.
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proven optimal which it shows to do for smaller orders only leaving the longer time
limit there for a safety measure when dealing with the occasionally large orders.

5.6 Evaluation of final algorithms

Now that the design and development of the algorithms have been presented, a final
evaluation and comparison will be conducted. The RO and GRO datasets will be
used for this; all the algorithms results on PF have already been presented and the
RO and GRO datasets resemble the real world scenarios where the algorithms are
meant to be use.

5.6.1 Perfect Fit

For the comparison of all solvers on the PF dataset, a scaling factor of £ = 2 was used
for all methods except DRL, which ran with £ = 1. The results, shown in Figure
5.9, reveal that both the heuristic solver (DBLF EMS) and the DRL approach solve
problems exceptionally fast, albeit with a lower Fr compared to the GA and CP-
SAT solvers. Notably, the DRL method shows no improvement over the heuristic
solver. Meanwhile, the GA achieves a significant improvement over the heuristic
method but still falls short of CP-SAT’s performance. Additionally, GA’s runtime
for larger orders approaches that of CP-SAT, and it even solves smaller orders more
slowly. In contrast, CP-SAT solves nearly all problems with n, < 20 optimally,

57



5. Experiments and Results

maintains a high F for larger orders, and keeps runtimes within a feasible range.
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Figure 5.9: The best performing algorithms results on the PF dataset.

5.6.2 Real Orders

To evaluate the solvers on real orders and get a comparison between human workers
and the solvers, the RO dataset was used. The results can be seen in the following
tables. Results marked by a star (*) denote a proven optimum. The timeout used
by CP-SAT was 60 s, and times marked with a line (-) means that the solver timed

out before finding and proving an optimum.

Order CP-SAT GA DBLF EMS | Human
FR [%] t [ms] FR [%] t [ms] FR [%] t [ms] FR [%]
1 53.6* 61 53.6 586 53.6 17 461.3
2 51.6* 67 37.7 317 37.7 12 82.4
3 18.3* 48 18.3 437 18.3 9 57.2
4 12.3* 49 12.3 54 12.3 2 12.3
5) 32.3* 49 32.3 167 32.3 ~ 0 32.8
6 22.6* 48 22.6 97 22.6 1 22.6
7 19.6* 65 19.6 135 7.4 1 20
8 80.3* 49 61.8 576 61.8 2 494.3
9 91.6* 66 91.6 98 91.6 4 3.1
10 41.2%* 48 40.9 970 40.9 1 3.0
Average | 42.3* 55 39.1 344 37.9 6 118.9

Table 5.10: Results for small dataset.

Table 5.10 - 5.12 shows that CP-SAT performs better than the other algorithms in
real-world scenarios. However, one can also observe that the performance differences
between the solvers are decreased for the RO-dataset compared to the PF-dataset.
It can also be seen that the heuristic is drastically faster than the other solvers.
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Order CP-SAT GA DBLF EMS | Human
Fr (%] | t [ms] | Fr[%] |t [ms| | Fr [%] |t [ms] | Fg [%]
1 28.1* 339 28.1 209 28.1 3 28.1
2 87.9* 583 67.3 1389 67.3 2 54.0
3 69.7* | 1810 60.7 2397 60.7 14 469.4
4 43.8% 381 43.8 252 43.8 3 43.8
5 45.7* 297 45.7 2926 45.7 2 102.8
6 9.3% 225 9.3 2943 9.3 13 98.4
7 30.1 — 30.3 3635 30.1 3 67.7
8 54.1* 372 53.8 264 53.8 2 54.1
9 10.1* 420 10.1 2783 10.1 30 37.3
10 30.1* 443 30.1 203 30.1 3 13.4
Average | 40.88 | 6847 37.9 1900 37.9 8 96.9
Table 5.11: Results for medium dataset.
Order CP-SAT GA DBLF EMS | Human
FR [%] t [ms] FR [%] t [ms] FR [%] t [ms] FR [%]
1 71.1 - 71.1 | 13564 | 53.1 25 4.0
2 70.4 - 70.4 | 18167 | 70.4 19 101.7
3 29.9*% | 6910 29.9 | 17205 | 29.9 47 4.2
4 83.6 — 83.6 | 17075 | 83.6 24 12.4
5 84.1 — 64.4 | 20566 | 64.4 27 124.5
6 70.8 — 70.8 | 23990 | 70.8 16 101.9
7 83.9 - 64.3 | 17217 | 64.3 34 279.6
8 67.4 - 80.5 | 10490 | 80.5 11 79.8
9 63.5 — 63.5 | 14608 | 63.5 33 154.5
10 49.4 - 49.8 9578 49.8 5 111.2
Average | 67.3 | 54691 | 64.8 | 16246 | 63.0 24 89.3

Table 5.12: Results for large dataset.

As for the human Ff, it is observed to exceed 100% in some orders, which would be
an unfeasible solution for the solvers. This is probably caused by the limitations of
the modeling, such as inaccurate measurements, approximation of complex-shaped
products as rectangular prisms, and inclusion of soft packages. The summation of
these model limitations finally allows the human packer to pack in a manner that is
infeasible for the model.

The solvers have now been compared on real orders. Due to there only being 30
real orders available, the next section will evaluate the solvers on the GRO dataset
to reduce the stochasticity in the evaluations, and review whether it can provide
solutions within a reasonable time for day-to-day distributions of n,,.
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5.6.3 Generated Real Orders

To evaluate the solvers’ performance in an environment more similar to day-to-day
operations, the GRO dataset was used. When using this dataset, the optimal solu-
tion is not known. However, since CP-SAT can prove that its solution is optimal,
one can see how many optimal solutions are found. Table 5.13 shows the algorithm’s
performance on a thousand orders from the GRO dataset. DBLF solves almost all
the orders to the optimal solution in an instant; CP-SAT finds the optimal solution
to all the orders, but with a slower solving time. This aligns with the tests conducted
on the previous datasets; CP-SAT performs better than DBLF, but it comes at a
cost of longer time. DRL is included in this test to show that it makes no improve-
ment from the heuristics alone for this dataset. The GA has the second highest
amount of optimal solutions, but as can be seen, this comes at a large runtime.

Solver Optimal solutions [%)] | Mean solving time [ms] | Mean Fg
CP-SAT 100.0 61.3 37.0
DBLF EMS 94.8 1.1 36.3
GA 98.2 703.2 36.9
DRL 94.8 6.5 36.3

Table 5.13: The best algorithms performance on 1000 orders of the GRO dataset.

5.7 Summary

The experiments conducted with their results have now been presented throughout
this chapter with brief discussions on how to interpret them. The next chapter will
elaborate on these discussions in a critical manner highlighting the limitations of
the model and suggesting improvements to be made. The conclusions to be drawn
from these experiments will also be presented and discussed.
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Discussion

This chapter elaborates on the results presented in Chapter 5. Then, there will
be discussions about the entire thesis, including the limitations in the model and
potential further improvements. A discussion about the environmental aspects and
human interaction will also be included to shed some light on potential ethical effects
with implementation.

6.1 Key findings

This section presents general findings concerning the applicability of the tested
heuristics and their overall performance. It aims to identify which solver demon-
strates the best results, under which conditions it is most applicable, and other
performance affecting causes.

6.1.1 Solver Comparison

After the results, it is now possible to conduct a general comparison of different
solvers and to discuss the scenarios in which each method is most suitable. It out-
lines the strengths and weaknesses of various solvers, helping to determine the best
approach depending on the specific context. A more detailed and technical analysis
regarding improvements can be viewed in Section 6.2.3.

CP-SAT

CP-SAT is shown to outperform other solvers in finding high-quality solutions within
reasonable time constraints for all datasets. This makes CP-SAT the most reliable
solver for general cases, which contrasts with earlier research that primarily high-
lights DRL techniques or metaheuristics as state-of-the-art [7][9]. Notably, this per-
formance advantage appears unique to CP-SAT as SCIP, for instance, demonstrates
considerably weaker results. Gurobi, as shown in [6], also fails to generate satisfac-
tory solutions within reasonable time limits. This is surprising since the 3D-BPP
inherently is a MILP problem, and hence traditional MILP solvers were initially
expected to perform better. One reason behind this result could be that the model
contains a large number of Boolean integer variables, which resemble SAT-style con-
straints, an area where CP-SAT can perform well. Moreover, CP-SAT utilizes LCG,
a technique that fits well with problems with vast integer search spaces. By rewriting
integer constraints into Boolean logic, CP-SAT can exploit SAT-solving techniques
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more efficiently, likely contributing to its performance. Another key factor is par-
allelism. CP-SAT was designed with multi-core execution in mind and was allowed
to run on 12 cores during evaluation. While Gurobi also supports parallel compu-
tation, SCIP does not, giving CP-SAT a further advantage over it. In summary,
CP-SAT’s strong performance can likely be attributed to its combination of LCG,
effective handling of SAT-style constraints, the ability to integrate LP relaxations,
and its support for parallel processing. This thesis also tried to further speed up the
CP-SAT solver by providing an initial solution hint from the heuristic; this did not
provide any benefits, and this can be due to the heuristic solutions being far from
the optimal solutions in the search area.

Interestingly, this thesis has not found any prior application of CP-SAT to the
3D-BPP, suggesting that this use case represents a novel and potentially valuable
research direction. It is worth noting that MILP models such as the one used in
this thesis are straightforward to extend by adding more equations and variables.
This adaptability makes CP-SAT well-suited for added constraints such as weight,
but this remains true only if runtimes are not affected gravely. If they are, another
solver might be more feasible.

Heuristics

There exist scenarios in which switching to heuristic methods might be justified,
such as when dealing with exceptionally large orders. This is because heuristics
tend to converge in terms of filling rate, while CP-SAT exhibits a clear decline
in performance. Nevertheless, these large orders are rare in practice, particularly
within the context of e-commerce. Moreover, when order sizes approach or exceed
150 items, cumulative measurement errors combined with model limitations can
cause the models to become irrelevant, and the task may ultimately fall to a human
packer regardless. From a practical standpoint, and in the scope of this thesis, which
focuses on e-commerce applications, it is likely unnecessary to account for such ex-
treme cases, as they introduce so many practical and modeling issues that the choice
of packing algorithm may become the least of the concerns. Another scenario could
be if time were truly critical, then heuristics could also be the more suitable option.
For instance, CP-SAT averages around 61 ms on the GRO dataset, fast enough
for most picking processes. However, in scenarios where even minimal delays mat-
ter, heuristics offer almost instant results. Additionally, since more complex solvers
place a heavier load on servers, heuristics can also help reduce computational de-
mand when low server utilization is a priority. As mentioned in the earlier section,
heuristics can perform almost equally well as search-based methods when the opti-
mum filling rate is low, even though it might be beneficial to implement a heuristic
in these cases, it also limits the potential if a warehouse chooses to improve their
bins available. CP-SAT is hence preferable compared to heuristics in most cases,
but under certain rare circumstances, sticking to basic heuristics can be preferable.

It is worth restating that one limitation of heuristic algorithms is that they are of-
ten only as effective as their underlying strategy. Allowing them to run for longer
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does not necessarily yield better results. Furthermore, depending on the strategy
employed, a heuristic algorithm may, in some cases, lack the capacity to find a
decent solution, as can be seen with the high number of invalid solutions. This
strategic limitation extends to other solvers that depend on heuristics, suggesting
that relying too heavily on them should be avoided. However, given the vastness
of the optimization space, both the GA and DRL approaches struggle to optimize
effectively without significant heuristic guidance. Generally, this thesis recommends
the DBLF-EMS heuristic since it can provide fast results with a decent filling rate.

Genetic Algorithm

The GA performs well on the PF dataset and improves upon the existing heuristic
in terms of packing efficiency, but this comes at the cost of significant computational
complexity. Since CP-SAT already delivers strong efficiency, the GA, in its current
form, does not offer any clear advantages. It might become viable if heavily tuned to
run with fewer generations and smaller populations, narrowing the gap between it
and the heuristic approach at the cost of performance. Additionally, other GA-based
solutions have demonstrated better complexity than the approach in this thesis, but
they rely on a different 3D-BPP formulation, which includes only a single bin size,
and thus, the bin selection process will differ. It is believed that this GA can be
further optimized, though achieving this would require additional development. In
short, the GA do perform well but would need to be either further optimized or
trimmed to compete with CP-SAT.

Deep Reinforcement Learning

This thesis has explored DRL extensively, testing various encoders such as trans-
formers and feed-forward networks. It has been tested by implementing different
DRL methods and networks. Several reward structures were analyzed, and while
the network demonstrates improvement over time, the results have not been as sat-
isfactory as initially anticipated. Although DRL has the potential to compete with
other solvers, as shown in the literature, further development is necessary to improve
its performance. One of the key advantages of DRL is its ability to offer comparable
runtime to heuristics. However, the current heuristic approach may not be ideal
for DRL applications, as it might be difficult to find a general order strategy for
this heuristic. It could be beneficial to experiment further with different degrees of
freedom between the heuristic and DRL. Other possibilities consist of experimenting
further with the network architecture and reward structure.

To finalize this thesis’s recommendation for which method to use, one must first
determine the application’s priorities. In the general case, CP-SAT is the most
suitable option. However, there are certain niche situations where the heuristic
approach may be more appropriate; for example, when speed is prioritized over
solution quality, when the algorithm must run on a server with limited computational
resources, or when handling unusually large orders. This is illustrated by the decision
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tree shown i Figure 6.1.

Yes Want to spend No

time on further
development?
\ 4

Yes | prioritizing speed | \°
GA/DRL over performance?
\ 4
Yes Computational No
constraints?
\ 4
Yes Number of products No
above 1507
\ 4
Heuristics CP-SAT

Figure 6.1: Decision Tree for this thesis implementation recommendation.

6.1.2 General Applicability

Based on CP-SAT’s results, some conclusions can be drawn. Firstly, this solver
is capable of finding optimal solutions in a low amount of time, when the number
of products is within reasonable limits. This indicates that it can perform well in
real-world scenarios. The fact that a human packer can achieve a fill rate exceeding
100% suggests inaccuracies in the model, such as measurement errors, but does not
imply that the solver is infeasible. For CP-SAT to be truly applicable in practice,
it must be able to outperform human performance. It is reasonable to believe that
this is achievable if the model accurately reflects the warehouse environment, since
the solver has demonstrated the ability to find optimal solutions. This thesis has
found that CP-SAT can outperform human workers and solve the 3D-BPP within
time limits if the following conditions are true:

1. Accurate bin and item measurements are provided.
2. Items are not overly soft or irregularly shaped.

3. The number of items is within normal bounds (n, < 20)

If any of these conditions are not met, a decrease in packing efficiency is to be ex-
pected. While some degree of compromise may be acceptable, it is important to
recognize the cause of any resulting suboptimal performance.
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6.1.3 The Carton Selection Problem

Secondly, even when accurate data is available, a lack of appropriately sized packing
cartons in the warehouse will inevitably lead to bins containing significant amounts
of void space. The PF dataset shows that solvers such as CP-SAT and the GA can
consistently find quite good solutions when the warehouse has an ideal set of bins
in stock and n, remains within typical bounds. The tests using the RO and GRO
datasets demonstrate that the solvers can still find an optimal solution even though
the filling rate is rather low. Furthermore, under the conditions where the bins are
not as well matched, the performance gap between heuristics and more advanced
solvers diminishes significantly. This suggests that when the available bin types are
ill-suited to the items being packed, the benefits of using a more complex algorithm,
such as CP-SAT or GAs, are largely negated. In short, the carton selection problem
plays a crucial role in overall efficiency. While implementing a bin-packing algo-
rithm in warehouses can be beneficial, the absence of appropriately sized cartons
often makes simpler heuristics a more practical choice.

Also, since box selection is not the main cause of box vacancy in these cases, the
expected benefits of box selection automation should be lowered. Another takeaway
related to the carton selection problem is that the number of available bin types
does not significantly impact bin packing solver runtime, but increases packing effi-
ciency. It is more likely that the practical challenges of managing a larger number
of packing boxes will become problematic before any computational issues arise.
Therefore, it is advisable to utilize as many bin sizes as are practically manageable,
since it improves the bin-packing algorithms without increasing runtime significantly.

This section has concluded that CP-SAT has the best performance for the evalua-
tions done in this thesis. The potential of outperforming manual bin packing under
specific conditions has been highlighted. The importance of having suitable bins in
stock has been noted, as well as the fact that increasing the number of available
bins generally leads to improved performance. Moving forward, discussions about
how to build upon this work will be presented and provide solver-specific ideas for
improvement.

6.2 Further Work

There are several potential directions for extending this project. The following
section outlines the most promising next steps and includes brief discussions to
describe the suitability of each extension.

6.2.1 Implementation and Evaluation

The next step for this project should be to integrate CP-SAT and the proposed
model into the warehouse management system and see if it provides practical ben-
efits. This thesis considers the algorithm ready for implementation, which would
allow for real-world testing and feedback. To evaluate its effectiveness in a practical
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warehouse setting, this thesis proposes the following evaluation criteria:

1. Collect operational data to assess whether packing efficiency improves with
the algorithm in place.

2. Monitor whether the picking process is affected in terms of time and workflow.

3. Observe to what extent the algorithm’s packing suggestions are followed by
warehouse staff.

This would offer real-world performance data that could be evaluated, as certain
aspects might have been missed during the modeling that are necessary for imple-
mentation.

6.2.2 Carton Selection Suggester

Aside from implementing CP-SAT and evaluating it in a practical environment,
developing a carton selection suggester is a critical next step. As noted, packing
efficiency is ultimately constrained by the types of packing bins available in the
warehouse. If the bins do not allow for tight packing, the performance of the BPP
solver will be limited. Therefore, it is recommended to develop a bin size suggestion
tool that analyzes typical orders in the warehouse and uses this data to recommend
optimal bin sizes to use.

6.2.3 Algorithm Refinements

While further development of all presented solvers is possible, it is likely more valu-
able to focus on improving carton selection and assessing the real-world performance
of CP-SAT before revisiting the 3D-BPP. That said, if there is ever a need to revisit
alternative algorithms, specific improvement suggestions are outlined below.

Heuristics

There is potential for further optimization regarding the heuristic approach, partic-
ularly in refining the sorting algorithm. Currently, the algorithm primarily relies on
volume, which yields good results but can struggle with items that are highly non-
cubic. From a practical standpoint, humans typically prioritize such items early
in the packing process. However, the DRL experiments suggest that the current
sorting strategy is the most suitable one, as the DRL model struggles to outperform
it. Additionally, the GA tuning appears to favor this strategy over both alterna-
tive sorting methods and random sorting. That said, there may still exist some
undiscovered formula based on the items’ dimensions that provide better results.
Additionally, testing different bin prioritization strategies and experimenting with
bin selection methods beyond the current trial-and-error approach could further
enhance the heuristic’s performance.
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Genetic Algorithm

Improving the GA would primarily involve enhancing its scalability, as it already
delivers strong performance. Since the most time-consuming component is the cal-
culation of fitness scores, the greatest potential for improvement lies in further op-
timizing the underlying heuristic method. Although significant effort has already
gone into this optimization, it is likely not yet fully optimal. Currently, most compu-
tationally intensive tasks such as collision checks and EMS handling are performed
using vectorized NumPy operations, which are generally efficient. However, there is
likely still room for further performance gains.

Currently, due to the choice of a 2-DoF chromosome, the algorithm relies on trial
and error across multiple bin sets. This approach is not computationally optimal
and could potentially be improved by implementing a more guided bin gene. Biased
bin genes were tested, but a major issue emerged as many individuals became invalid
due to unfit bin assignments, leading to too high a selection pressure and premature
convergence. While this approach shows promise, it would likely require additional
biasing or heuristic guidance to be effective.

DRL

While DRL solutions have shown the potential to outperform GAs in the litera-
ture, the DRL solver used in this thesis did not yield impressive results. This does
not imply that DRL is unfeasible for the problem, but rather that some initial de-
sign choices may have limited its performance. Since the reasons behind the early
stagnation of the DRL model remain unclear, the following DRL design areas are
suggested for further experimentation:

o Change the heuristic: Some DRL-based approaches operate without heuris-
tics, while others rely heavily on them. In this case, changing to another
heuristic and experimenting with the responsibility balance between the agent
and the heuristic might provide benefits.

o Modify the environment: The reward structure and observation space are
critical design choices. Implementing a voxel grid, or allowing the agent access
to the full EMS list could lead to better learning outcomes. Additionally, the
reward structure currently used may yield negative rewards in too many stages
causing the model to instead terminate early, when the final reward does not
outweigh the intermediate rewards. The reward structure is critical to the
success of a DRL and this one might benefit from a redesign of the reward
structure.

» Revise the network architecture: DRL architectures in the literature vary
a lot, but many use combinatorial encoders such as pointer networks or trans-
formers. Although transformer encoders were tested in this thesis and yielded
only modest improvements during initial trials, a more comprehensive inves-

67



6. Discussion

tigation into network architectures, both with and without combinatorial en-
coders, may be necessary to find clear benefits.

CP-SAT

There may be some room for improvement, as it has been demonstrated for the
one-dimensional case that performance can be enhanced [59]. However, it remains
uncertain whether similar benefits can be achieved for the 3D-BPP, and to what
extent the filling rate would be compromised by allowing suboptimal formulations.
Furthermore, while improving the internal functionality of the CP-SAT solver is
possible, it is already a highly optimized system, and modifying its source code may
not be a practical option. Unlike the other solutions discussed, experimenting with
CP-SAT at a low level is less straightforward, and therefore, it can be difficult to
make improvements. It is also worth mentioning that it is not certain that CP-SAT
will be the best solver if the model gets altered.

6.2.4 Model Refinements

As with most models, there are some limitations to this one. It is important to
understand these before using it to ensure it is fitting for the use case. Understanding
the model limitation may also help minimize the efficiency decrease caused by these.
This section discusses on the limitations for the model and potential refinements that
could be made.

Model limitations and improvements

As seen in Table 5.10 - 5.12, the worker can sometimes fill the bins beyond 100%,
which the bin packing solver considers infeasible. This issue arises from the model’s
limitations. First, there may be differences in the given dimensions. The measure-
ments might have confidence tolerances, or they could simply be incorrect. Secondly,
shapes are not always rectangular blocks; they can take irregular forms, which may
further explain the differences. Finally, both products and bins can be soft, allow-
ing items to change shape and to be compressed, introducing entirely new packing
possibilities.

One way to deal with this could be to improve the model and include more complex
shapes if data is available. As seen in the theory chapter, it has been done [15], but
it would require the warehouses to start gathering more complex geometric data
about the items. This is most likely not worthwhile for most warehouses since it
would require some sort of scanning or point cloud generation. Another possibility
would be to include softness into the model; something that is possible [65]. It
too would require some data gathering, and in this case, needs the deformability of
the items, which might not be available for all articles in a warehouse. Similar to
rotation, softness is a sort of deformation and should therefore have the possibility
to be included in the BPP. Improving the model by considering more aspects will

68



6. Discussion

improve the solver’s potential to come up with more and better solutions. The draw-
backs are that more data is needed, as well as that the optimization space increases
even further, which in turn increases the complexity and difficulty of convergence.
The much simpler form of model improvement would consist of improving the mea-
surements and ensuring that they are consistently correct, which is necessary for a
model to perform well. This is the first improvement that should be done, and if
that still does not provide sufficient results, then it is possible to review whether
more advanced models could be applicable.

Model reformulation

It is worthwhile to clarify that the practical problem described in this project is not
necessarily a bin packing problem. Rather, it is more accurately framed as a bin
suggestion problem, where the primary objective is to suggest bins to use for pack-
ing. Bin packing is used to validate that the solvers generate feasible solutions and
to be able to provide packing instructions to workers. Ensuring feasibility was a key
priority, as deploying a solver that occasionally produces infeasible solutions could
lead to workers disregarding its recommendations, as discussed earlier. Even though
this thesis decided not to investigate solvers that could risk generating unfeasible
solutions, [.LE, suggesting bins that do not fit all products, it could be interesting to
investigate whether it is suitable to approach this problem as a probabilistic bin sug-
gestion problem. This reformulation could be beneficial in warehouses where model
limitations can cause significant issues, such as those handling non-cubic objects
(e.g., sporting equipment) or soft materials (e.g., clothing), it may be more practi-
cal to abandon the model altogether. Instead of focusing on order, placement, and
rotation, a more effective approach might be to learn the direct correlation between
direct items and bins to determine whether it improves overall efficiency.

This section has outlined the potential next steps for further development. First, the
system can be implemented and tested in a real-world setting to evaluate its practical
benefits. Second, implementing a carton suggestion algorithm could improve the
overall packing efficiency and the benefits of a bin-packing algorithm. Third, specific
improvements to the solving algorithms have been explored. Finally, the section is
concluded with a discussion on possible enhancements to the underlying model.

6.3 Sustainability and Human interaction

To ensure that this thesis aligns with ethical and sustainable standards, a brief
discussion on these aspects is required.

6.3.1 Sustainability

This project created algorithms for selecting the smallest combination of boxes in
warehouse operations. This could potentially optimize the logistics chains from
order picking to customers, resulting in not only economic benefits but also environ-
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mental. More densely packed boxes provide for better-filled trucks. By maximizing
truck and transportation capacity, fewer trips may be required, reducing fuel con-
sumption and greenhouse gas emissions. Maximizing the filling rate of used boxes
reduces the amount of material required for their production, thereby decreasing
the use of cardboard, plastic, and other packaging materials.

6.3.2 Human interaction

Another important aspect is that this paper does not deal with robot packers. It
will be people at the other end of the algorithm that has to look at the suggested
bins and their packing instructions. Consider a scenario where a worker, under time
pressure, receives an order containing 50 heterogeneous items. While, in theory,
these items could fit perfectly into a bin if placed in the optimal order and orien-
tation, the worker is unlikely to value this theoretical optimality as highly as the
algorithm designer does. Instead, they may select a larger bin and pack the items in
a more practically feasible way. A decision related to the human aspect was priori-
tizing robustness. It was undesirable to have an algorithm that could risk a solution
presenting infeasible solutions. If workers lose trust in the solver, they are unlikely
to follow its suggestions, rendering it irrelevant. This issue is particularly significant
given that non-compliance with packing instructions has already been documented
[66]. Therefore, the human aspect must be carefully considered, regardless of how
well the solver performs algorithmically. Its effectiveness also depends on whether
workers are willing and able to follow its recommendations.

For the workers involved with picking orders, an effective algorithm could alleviate
the stress and frustration caused by choosing the wrong box size. However, if the
algorithm makes mistakes due to model imperfections or insufficient testing, it can
irritate and force workers to do extra work, something that may add stress if they
are pressed for time. Also, the algorithm may not take the bins’ ergonomic aspects
into consideration, which could result in worse conditions for the worker if the boxes
are poorly designed from the beginning.

6.4 Summary

This chapter discussed the entire thesis, highlighting the limitations of the solvers,
suggesting improvements to be made and discussing the conclusions to be drawn.
The human interpretation and possible environmental impacts has also been dis-
cussed. The next chapter summarises the conclusions to be drawn from this thesis.
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Conclusion

This chapter revisits the research question but also summarizes the conclusions al-
ready drawn in the discussion chapter to give the reader a clear view of what this
thesis concludes.

Is it possible to implement a solving method for the multiple bin-size 3D-BPP that
outperforms human workers in terms of packing efficiency while maintaining a fea-
sible runtime?

This thesis concludes that it is possible to accomplish this if the model accurately
reflects the environment. Warehouses need to have accurate measurements of their
bins and items, which should be able to be well approximated by rectangular shapes.
The number of products in an order should preferably be rather low, as CP-SAT
manages to find every packing optimum when the number of products is below 24.
Although it can still find an optimum, performance is compromised as we gradually
increase this number.

Multiple different solvers, such as CP-SAT, GA, heuristics, and DRL, have shown
satisfactory results on real-world data and simulated real-world data, meaning that
it should be possible to improve upon human bin packing through a variety of
strategies. However, as the warehouses use better bins, CP-SAT’s performance is
unmatched compared to these other algorithms and should hence be the preferred
one for implementation. In cases where the number of products is above 150 or
heavy computational constraints exist, heuristic methods are preferred.

If the warehouse’s packing boxes aren’t optimized for their usual orders at first, the
benefits of optimizing bin packing will not be as clear. Therefore, it is recommended
to also try and optimize the packing bin stock in connection with a bin packing
algorithm implementation.
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A

Bin Dimensions

The bin sizes used in the PF and GRO datasets are listed in Table A.1, sorted in
ascending order by volume. These bin dimensions are taken from [61].

Bin | Length [mm] | Width [mm] | Height [mm] | Volume [dm?]
7 120 120 120 1.728
12 262 165 50 2.162
13 229 164 115 4.324
8 200 150 150 4.500
6 330 230 61 4.628
15 304 216 220 14.467
1 320 225 250 18.000
11 1000 150 150 22.500
9 290 290 290 24.389
2 440 320 252 35.251
14 445 315 300 42.053
3 270 380 380 82.332
10 1160 300 300 104.400
4 280 380 540 118.872
5 780 580 475 214.395

Table A.1: Bin dimensions and volumes sorted by volume in ascending order
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