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Abstract
In Strip Packing (SP), the aim is to place a set of rectangles, often called jobs,
inside a strip with a bounded width D and infinite height with no overlaps whilst
minimizing the height needed to fit all jobs. In Demand Strip Packing (DSP), we
relax this problem by allowing jobs to be sliced vertically. DSP can more accurately
model certain problems such as electricity allocation whilst also allowing for better
optimal solutions than SP.

In some applications, it may be the case that a specific job could be scheduled in
multiple ways. We say that a job is moldable if there are multiple options for its
processing time and energy demand. The goal of the problem now becomes to find
both the optimal way of scheduling the jobs but also which processing configuration
each job should use.

Both SP and DSP are NP-hard problems and thus, obtaining optimal solutions to
instances of these problems is not computationally feasible. Instead, research is
focused on developing approximation algorithms which can find a solution that is
“good enough” whilst running in polynomial time.

In this thesis, we present an approximation algorithm for DSP with moldable jobs.
The algorithm runs in polynomial time with respect to the number of jobs and re-
turns a packing whose peak demand is at most (3/2 + ε) times the optimal peak
demand for some ε > 0. This result is very close to the best possible approximation
ratio, proven to be 3/2 for DSP. The algorithm as constructed, as well as the approx-
imation ratio, is dependent on an assumption that will be a focus of further study.
Key to the design of this algorithm is our approach of transforming an optimal pack-
ing in a particular way such that a strong structural result holds. The algorithm
then makes heavy use of guessing and linear programming to find a feasible solution
within the approximation ratio.

Keywords: Optimization, scheduling, strip packing, linear programming, moldabil-
ity, NP-hard.
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Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

DSP Demand Strip Packing
JALP Job Assignment Linear Program
LP Linear Program
NFDH Next Fit Decreasing Height
NP Nondeterministic Polynomial
P Polynomial
SP Strip Packing
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Nomenclature

Below is a summary of the variables and parameters used across this thesis. Here,
we only cover the variables that serve a major importance across the whole thesis.
There are many more variables that are only used locally, e.g. within a specific
equation or proof. Such variables are not covered in this section.

Problem fundamentals

J Set of jobs
j A job, i.e. an element in J
n Number of jobs, i.e. n = |J |
w, h Width and height, although the exact definition varies depending

on the context
Cj Set of allowed processing configurations for job j

(wij, hij) A processing configuration denoting a possible shape/configuration
that a job can be assigned, i.e. element i from the set Cj

q Maximum number of configurations per job, i.e. |Cj| ≤ q ∀j ∈ J
σ The packing, a function which determines the placement of jobs by

assigning each job a starting position and a processing configuration
D Deadline, before which all jobs must be placed
T Maximum height / peak demand of a packing
OPT The maximum height of the optimal packing
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Algorithm

α Approximation ratio
ε Error term for the height needed to obtain a packing. We sometimes

use scaled versions of this parameter such as ε′ or ε∗ in different
parts of the thesis.

λ Parameter dependent on ε which appears in the context of λ-
forgiving packings

δ, µ Parameters dependent on ε that are used to partition J into sub-
sets. Used across the thesis but the definitions change. In chap-
ter 3, the values are not fixed but the bound δ, µ ≥ εO(1/λ) holds.
In chapter 4, we set δ = ε

1+ε
, µ = ε′3

⌈log(1/δ)⌉ .
β A bin, which jobs are assigned to when using the JALP
Ψ Residual item container where some jobs are placed in the λ-

forgiving algorithm
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1
Introduction

Scheduling and packing problems are a subset of problems within the field of math-
ematical optimization. In these problems, the general goal is to find the optimal
way to pack some collection of jobs or items whilst satisfying relevant constraints.
Depending on the specific problem being analyzed, both the objective and constraint
may be different.

In this thesis, we analyze a specific problem called the Demand Strip Packing prob-
lem, abbreviated as DSP [Ebe+25; Gál+21]. To formulate this problem, we intro-
duce the following notation. Let J denote the set of jobs and let D ∈ N denote a
deadline. Each job j ∈ J has a processing time wj corresponding to its width and
a energy demand hj corresponding to its height. The area of the job can be seen
as the total energy needed to process the job. The goal of the problem is find the
most efficient way possible to pack the jobs such that we can minimize the maximal
height needed to fit all jobs. The maximum height, also referred to as the peak
demand, corresponds to the amount of infrastructure or capacity that is needed to
cover for the peak demand.

The way the jobs are placed into the schedule is represented by a function σ : J →
[0, D] which assigns each job a starting time. The function σ is known as a packing
of the jobs J . The goal in DSP is to find a feasible packing σ which minimizes
the peak demand, the maximal height of stacked jobs somewhere in [0, D]. In this
thesis, we let T the maximal height of the packing. Both DSP and several closely
related problems have been extensively studied and have a wide range of applica-
tions. For DSP, power grids and electricity allocation is one clear application whose
relevance continues to increase as the power grid transitions to a larger dependence
on renewable energy and demand side management [Ala+13; Neb24].

It is proven that the DSP problem is an NP-hard problem [Ebe+25]. For both DSP
and other closely related problems, research has thus been focused on developing
approximation algorithms [WS11; Ebe+25; JMR19; Gál+21]. The approximation
algorithms yield a solution that is “good enough”, where the height of its optimal
solution deviates from the true optimal height by some multiplicative factor α called
an approximation ratio. Crucially, an approximation algorithm must run in polyno-
mial time with respect to the number of jobs, meaning that the approximate solution
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1. Introduction

can be obtained within a reasonable time. As of January 2026, the most sophisti-
cated approximation algorithm for DSP from [Ebe+25] has an approximation ratio
of 3/2 + ε. A polynomial time algorithm with an approximation ratio smaller than
3/2 cannot exist, unless p = np [Yaw+14].

DSP can be useful for modeling certain problems but in some contexts, the problem
definition may be unnecessarily strict. We propose a modified problem were allow
for the shapes of the jobs to potentially be altered, a property we call moldability.
For each job j ∈ J , we allow multiple possible pairs of (wj, hj) rather than each job
having a fixed width and height. The focus of this thesis is on the development on
an approximation algorithm for this modified version of the DSP problem.

1.1 Our result
We formulate an approximation algorithm for the Demand Strip Packing problem
with moldable jobs. The algorithm consists of two subalgorithms which together
yield a complete algorithm. The first algorithm has an approximation ratio of 3/2+ε
and is fully complete. The second algorithm relies on an assumption regarding
the structure of the packing. Whilst we believe the assumption to be true, the
approximation ratio may need to be slightly increased in order to achieve it. For
completeness sake, we state the assumption here without further context.

Assumption 1.1

For an optimal packing, the height profile of tall jobs can be shifted such that it
is δ-translated.

The motivation for why this assumption is needed is covered later in chapter 4. Our
main result is captured by the following theorem, which we will spend the rest of
this thesis proving.

Theorem 1.2

If assumption 1.1 holds, there exists an approximation algorithm for the Demand
Strip Packing problem with moldable jobs.

1.2 Related problems
There are several closely related problems that have been extensively studied. One
example is the Strip Packing problem (SP), sometimes referred to as Geometric
Strip Packing [Gál+21]. There is one fundamental difference between the problems
concerning the slicing and fractional placement of jobs. Strip Packing is perhaps the
more intuitive problem, requiring all jobs to be placed into the schedule as contiguous
rectangles without any slicing. In DSP, we allow for more flexible solutions by
allowing jobs to be sliced vertically. The permitted vertical slicing means that

2



1. Introduction

different segments of a job may be placed at different heights in the schedule. It is
however not allowed to move the segments apart in time, or to perform horizontal
slicing. A comparison of the two problems is shown in figure 1.1

D

T

(a) Strip Packing (SP)

D

TT

(b) Demand Strip Packing (DSP)

Figure 1.1: Comparison between Strip Packing (SP) and Demand Strip Packing
(DSP). By allowing a job to be sliced vertically, here highlighted in red, a lower
optimal value T can be attained.

As DSP is a relaxation of SP, a solution to an instance of SP will always be feasible
in the corresponding DSP instance. Note that the converse will not hold in general.
As of January 2026, the best approximation algorithm for Strip Packing has an
approximation ratio of 5/3 + ε [Har+14]. Strip packing also has many applications
and finding better approximation algorithms for it would be an interesting topic.
However, due to the more restrictive packing rules, many of the techniques we use
will not be directly applicable to this problem and analyzing strip packing is therefore
beyond the scope of this project. Naturally, it is of course possible that some work
done here could be of use for future work in strip packing as well.

Another family of related problems concerns machine scheduling under various con-
straints [JMR19; JR21]. Rather than placing the jobs directly into the schedule, each
job needs to be processed by a machine. The goal is to minimize the makespan, the
smallest deadline D to obtain a feasible packing, while guaranteeing that at most
m machines are in use at any one time. This problem, called the Parallel Task
Scheduling problem (PTS) has many similarities to DSP. The fundamental differ-
ence is that in task scheduling, we have a strict bound on the maximum height or
number of machines but allow for a flexible deadline, whereas the contrary is true
for DSP. This difference means that algorithms for one problem cannot be directly
used for the other, although some methods and techniques may be transferable.

For PTS, the best current result is a (3/2 + ε)-approximation algorithm [Jan12].
While it is an interesting and relevant problem, we will not focus on it during this
thesis. Some of our techniques we use may be useful if future work were to introduce
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1. Introduction

moldability to parallel task scheduling, as these have been used in previous papers
in related fields [Jan12; DMT04].

1.3 Outline
In chapter 2, we start by more formally defining our problem. We then cover several
common techniques and theory, as well as some other methods more specifically
apply for our problem.

Our final algorithm is split into two separate parts, each of whom requires a strong
result regarding the way a packing can be restructured. Chapters 3 and 4 concern
these two structural results and their proofs. The results proven in these chapters
are then used to construct our algorithm in chapter 5.
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2
Prerequisites and concepts

In this section, we present some important theory and techniques that are needed,
both for proving several structural results and for the construction of our algorithm.
Before looking at these techniques, we must define our problem more rigorously.

2.1 Problem formulation
So far, we have described our modified version of DSP in a rather informal way.
To proceed, we need a more rigorous definition. As before, let J denote the set
of jobs and let D denote the deadline. To represent the moldability of jobs, mul-
tiple approaches can be considered. We select an approach where each job has an
associated set of allowed processing configurations. For each job j ∈ J , we let Cj

denote the set of associated processing configurations where each element i in the
sets Cj is a pair (wij, hij) of possible width and height combinations. We require
that for all jobs j ∈ J , the number of processing configurations is less than some
constant q ∈ N, i.e. |Cj| ≤ q, ∀j ∈ J . If one would want the allowed widths and
heights to be represented by some function, this approach still works if we use the
desired function to generate elements in Cj. Directly taking configurations from a
continuous function however is not possible, as we need to have a bounded number
of configurations.

Definition 2.1

A D-feasible packing is a function σ : J → [0, D]×N that assigns each job j ∈ J
a start time tj ∈ [0, D] and a processing configuration (wij, hij) ∈ Cj such that
tj + wij ≤ D.

Definition 2.2

Let tσ
j denote the start time that job j is assigned by the packing σ and let wσ

ij

and hσ
ij denote the particular configuration i for job j used by assignment σ. The

set J σ(t) = {j ∈ J | tσ
j ≤ t < tσ

j + pσ
ij} denotes the jobs currently packed at time

5



2. Prerequisites and concepts

t. The peak demand for the packing is then defined as

h(σ) = max
t∈[0,D]

∑
j∈J σ(t)

hσ
ij. (2.1)

The goal of DSP is to find a D-feasible packing which minimizes the peak demand
h(σ). The slicing that is permitted in DSP is captured by this definition, as we do
not impose any restrictions on the vertical position of the jobs. Allowing for slicing
allows us to interpret DSP as a relaxed version of SP, where by relaxed we mean
that the feasible set of solutions to SP is a subset of the set of solutions to DSP.
Any solution to SP must therefore be feasible to DSP although the contrary is not
necessarily true. By introducing moldability, we allow for more flexible solutions
and potentially lower optimal values. Again, moldability relaxes the problem and
a feasible solution to the normal DSP problem will also be feasible to DSP with
moldable jobs. As previously mentioned, our goal is to develop an approximation
algorithm which can obtain a feasible packing that is optimal when considering
moldable jobs.

We previously introduced the concept of an approximation algorithm rather infor-
mally. To proceed, we need a more rigorous definition.

Definition 2.3

A polynomial-time algorithm which yields a packing σ is an α-approximation
algorithm if h(σ) ≤ αOPT (J ), where OPT(J ) is the objective value for an
optimal packing of J . The parameter α is known as the algorithm’s approximation
ratio.

When designing an algorithm, we need to both verify that it always yields a solution
that is within a factor α of the true optimal solution OPT and that the algorithm
will run in polynomial time with respect to the number of jobs. To handle the latter,
a commonly used approach is to use various techniques that simplify the structure
of packing [Ebe+25; JR19; JR21; JL18; KKR25]. For this simplified structure, the
number of possible packings is constant with respect to n, i.e. it is bounded by
some large constant. An algorithm is then be able to iterate over all possibilities in
polynomial time. Our algorithm is based on this approach, with chapters 3 and 4
proving the existence of two such restructured packings which we make use of when
constructing our algorithm in chapter 5.

As a problem is relaxed, the set of feasible solutions becomes larger. Hence, an
algorithm which finds an optimal solution will often become more complex as more
possible solutions need to be considered. When introducing moldability to DSP, the
number of possible packings to consider grows exponentially as we need to account
for all possible permutations of job configurations. Even if every job has only two
possible configurations, there are 2n configurations of jobs to consider where it is
possible that only one yields an optimal solution. This is one reason why previous
algorithms for DSP cannot be directly used when introducing moldable jobs. We
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2. Prerequisites and concepts

instead have to design a fundamentally different algorithm to account for this.

2.2 Packing algorithms
As steps in our algorithm and proofs, we make use of several standard algorithms
and results. These algorithms can be seen as a “black box”; it is not of interest to
us how they work, only that they offer a guaranteed way to pack a subset of jobs
under the right conditions. One of the most fundamental results is the following
from Steinberg.

Lemma 2.4: Steinberg’s algorithm [Ste97]

There exists an algorithm that packs a set of rectangular objects R into a rectan-
gular container of height a and width b in polynomial time. This algorithm works
if and only if the inequalities

hmax ≤ a, wmax ≤ b,

2
∑
r∈R

w(r)h(r) ≤ ab−max{(2hmax − a), 0} ·max{(2wmax − b), 0},

hold, where hmax and wmax denotes the maximum height/width among the rect-
angles in R.

In cases where we for of some subset of jobs can bound both the size of the jobs and
their combined area, Steinberg’s algorithm can be of great use. We especially make
use of it in the following special case.

Corollary

If the area of the rectangular container is at least twice the area of all the jobs and
the maximum width/height of any of the jobs is at most half the width/height of
the container, all jobs can always be placed using Steinbergs algorithm.

We make us of this corollary several times. If we can bound the area of some subset
of jobs, we can place them into a container with suitable dimensions using this result.
Often, we consider a subset with either very narrow or very short jobs where the
conditions easily can be satisfied. Another important tool is the following algorithm.

Lemma 2.5: NFDH [Cof+80]

Next-Fit-Decreasing-Height (NFDH) is an algorithm which places jobs onto a
strip of width D by placing jobs onto shelves. Jobs are placed in order of de-
creasing height. The first job is placed at the left and subsequent jobs are placed
directly to the right. When a job does not fit, a new shelf is created above at the
height of the tallest job in the shelf below. The procedure is repeated until all

7



2. Prerequisites and concepts

jobs are placed. The algorithm runs in polynomial time.

Like with Steinberg’s algorithm, we can use NFDH to place jobs into a container
with a specified width. We use it when placing small jobs thanks to the following
result.

Lemma 2.6: Lemma 2.15 in [Chr+16]

Let B be a rectangular region with width w and height h. Consider a set of
of small rectangles whose width and height both are smaller than ϵ. If we pack
these into B using the NFDH algorithm, an area of w · h − (w + h)ϵ can always
be packed and the total wasted volume in B is at most (w + h)ϵ.

2.3 Packing structure
Before we can proceed with constructing our algorithm, we need to assign some
structure to the way jobs are packed. To do this, consider the two following defini-
tions.

Definition 2.7

A D-feasible packing σ is said to be λ-forgiving if it has height h(σ) ≤ 3/2 ·OPT
and has an empty slot that can accommodate a container of width λD and height
hσ.

Definition 2.8

A D-feasible packing σ is said to be (ε, T )-neat if it has height h(σ) ≤ (3/2 + ε)T
and all jobs with height greater than T/2 are placed next to each other in non-
increasing order starting from the left.

An example comparing the two types of packings is shown in figure 2.1. These two
types of packings are of great use for us thanks to the following statement proven
by [Ebe+25].

Theorem 2.9: Theorem 1.2 in [Ebe+25]

Consider a set of jobs J and deadline D and let σ be an optimal packing for (J , D)
with height OPT. For any ε > 0, λ ≤ min{ ε

3(5+4ε) ,
1
60}, the optimal packing σ can

then be transformed into a new packing σ′ that is either λ-forgiving or (ε, OPT)-
neat.

This result guarantees that a packing that is optimal to DSP can be always be
transformed into a new packing that is either λ-forgiving or (ε, T )-neat. We can
therefore construct algorithms that make use of the structure of these packings to
obtain a feasible packing. We do not know in advance which of the two types we

8
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D

T

3T
2

λD

(a) A λ-forgiving packing with height
T ≤ 3/2 · OPT. Somewhere, there
exists a gap of width λD and height
at least T where we can place residual
jobs.

D

T

T
2

3T
2

(b) An (ε, T )-neat packing. All jobs
with height greater than T/2 are placed
next to each other in non-increasing or-
der starting from the left.

Figure 2.1: A comparison between λ-forgiving (left) and (ε, T )-neat (right) pack-
ings. In the red hatched area, other jobs can be packed with no requirements on
their placement.

can transform our packing info, so we simply attempt to create both packings and
consider the one which has a lower optimum. Since the packings have a maximal
height of 3/2·OPT, these algorithms when combined yield a (3/2+ε)-approximation
algorithm. We make use of the same philosophy for our algorithm.

Claim 2.10

The result from theorem 2.9 also holds for DSP with moldable jobs.

Proof. Consider a packing σ which is optimal to DSP with moldable jobs. Each
job has then been assigned a specific processing configuration. We can view this
as an instance of DSP, with a set of jobs J containing the jobs with the optimal
processing configurations. The packing σ is then clearly optimal for this instance of
DSP, and thus theorem 2.9 holds.

2.4 Rounding, grouping and reduction
A key concept used several times in the thesis is the rounding of jobs. If the height
and widths of jobs are used directly, it is likely that we end up with as many unique
heights and widths as the number of jobs. It is at least clear that the number of
unique heights and widths will depend on n. This is undesirable in many cases, as
we would rather have a constant number of unique shapes to work with. To handle
this, we can round either the width or height up slightly to one of a constant number
of options. In this section, we present and prove several lemmas that allow us to

9



2. Prerequisites and concepts

perform this rounding under certain conditions.

Lemma 2.11

For jobs with a height of at least δT , their heights hj can be rounded to multiples
iεδT, i ∈ N. The maximum height of the packing will increase by at most εT
from this step.

Proof. Consider a specific job j ∈ J with a height hj. Stretch the whole schedule
by a factor of (1 + ε) and let ĥj denote the job’s stretched height, i.e.

ĥj := (1 + ε)hj. (2.2)

The original height and the stretched height will differ by exactly εhj. For jobs with
a height of at least δT , we therefore know that

ĥj − hj = εhj ≥ εδT. (2.3)

Since the endpoints of the interval differ by at least εδT , we can be sure that there
must exist some i ∈ N such that

iεδT ∈ [hj, êj] . (2.4)

The same principle can be applied to all jobs with a height of at least δT . Since
the rounded height is at most ĥj = (1 + ε)hj, stretching the whole schedule by
(1 + ε) ensures that no jobs may overlap after the rounding step. The rounded job
fits entirely within the stretched space of the original job. A (1 + ε) stretch of the
packing will thus always allow us to round all jobs to some integer multiple of εδT
whilst maintaining a feasible packing. The stretch corresponds to a new maximum
height of (1 + ε)T , i.e. increasing the maximum height of the packing by εT .

Corollary

Any set of jobs rounded using lemma 2.11 has at most 1/(εδ) possible unique
height levels1.

Lemma 2.12: Geometric grouping, theorem 2 in [KK82]

For jobs J with a width of at least δT and a height of at most µT , their widths wj

can be grouped such that there are at most O(log(1/δ)/ε′) unique widths. The
maximum height of the packing will increase by at most 4ε′T from this step.

This rounding technique can be applied when rounding jobs that are sufficiently
wide. The algorithm was first proposed by [KK82] for use in the Bin Packing

1With a more sophisticated rounding method using grouping, it is possible to reduce the possible
height levels to O(1/ε2 · log(1/δ)) [Dep+23]. For our application, O(1/(εδ)) is sufficient.
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2. Prerequisites and concepts

Problem. It was later adapted for use in machine scheduling and strip packing
problems [Rau20; Svi12], making it useful for our applications for both λ-forgiving
and (ε, T )-neat packings.

Proof. To start, we partition the jobs j ∈ J logarithmically into the sets J k such
that J k = {j ∈ J | D

2k < wj ≤ D
2k−1}. The following steps are done separately for

each k = 1, 2, . . . ,O(1/δ).

We start by ordering the jobs j ∈ J k such that they are placed on top of each other
in order of non-increasing width. Let Hk denote the total height of the stack of
all jobs in J k. For each height ℓ ∈ {0, . . . , 1/ε′}, we introduce an auxiliary job jℓ

of height ε′Hk and with the same width as the job in the stack which intersects a
horizontal line at height ℓε′Hk. If the line intersects the border between two jobs,
we assign the width of the upper job to jℓ. The index of the original job which
was intersected by the line is denoted by iℓ. Let wℓ denote the width assigned to
the auxiliary job, let W denote the set of all widths and let J R denote the set of
auxiliary jobs.

Now, we introduce two new jobs j1
ℓ and j2

ℓ that correspond to slicing jℓ horizontally.
The sliced jobs have width wℓ and heights

hj1
ℓ

= ℓε′Hk −
iℓ−1∑
i=1

hi, (2.5)

hj2
ℓ

= hjiℓ
− hj1

ℓ
. (2.6)

See figure 2.2 which shown an example of the job slicing. With the jobs sliced, we
can further partition J k further into one set for each ℓ. We let J k

ℓ include the jobs
with a total height of ε′Hk whose width is between wℓ and wℓ+1, i.e.

J k,ℓ =
{
j2

ℓ , jiℓ+1, jiℓ
, . . . , jiℓ−1+1

}
(2.7)

For all jobs in J k,ℓ, we can now round their widths up to the width wℓ of the
auxiliary item. We can therefore obtain a set of rounded jobs and their associated
widths by considering all ℓ ∈ {0, . . . , 1/ε′} and k ∈ {1, . . . , log(1/δ)}. Letting JR

denote the set of rounded jobs, we obtain

J k
R = ∪1/ε′−1

ℓ=0 jℓ (2.8)
Wk = ∪1/ε′−1

ℓ=0 wℓ (2.9)
JR = ∪1/δ

k=1J k
R (2.10)

W = ∪1/δ
k=1Wk (2.11)

Of course, some jobs may no longer fit integrally when the jobs have been rounded.
We want to show that by increasing the packing height by at most 4ε′T , one can
always obtain a feasible fractional packing. We represent fractional packings using
fractional packing vectors.

11
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j1
ℓ+1

j2
ℓ+1

j1
ℓ

j2
ℓ

(ℓ+ 1)ε′Hk

ℓε′Hk

wℓ

Figure 2.2: Slicing of the jobs which intersect the lines at integer multiples of ε′Hk.

Definition 2.13

A fractional packing vector (FPV) for a fractional packing ς is a vector of the
form

(s, x, j) ∈ [0, D]× (0, 1]× J , (2.12)

denoting the height x of job j placed at starting position s. Each fractional
packing ς can be represented by its associated set F ς of fractional packing vectors.

A fractional packing is feasible if s ≤ D − wj and ∑
(s,x,j)∈Fς x = 1 ∀j ∈ J . To

construct a feasible fractional packing ς, we consider one set J k,ℓ at a time. For
each job j ∈ J k,ℓ, we start a fraction x = hj

hjℓ+1
. For each set, we remove the widest

item j0.

To show that the fractional packing is feasible, we note that wℓ+1 ≤ wj∀j ∈ J k,ℓ.
All jobs therefore clearly fit inside the schedule and satisfy D−wjℓ+1 ≥ s. For each
fractionally placed job, we can see that

∑
(s,x,jℓ+1)∈Fς

x =
∑

j∈J k,ℓ

hj

hjℓ+1

= 1. (2.13)

It is thus clear that the packing where j0 is removed from each set is fractionally
feasible. All that remains is to place the removed jobs. Since each removed job has
a width bounded by D/2k−1 for its corresponding set and each removed job has a
height of ε′Hk, we can bound the removed area by

log(1/δ)∑
k=1

ε′Hk D

2k−1 = 2ε′
log(1/δ)∑

k=1

DHk

2k
≤ 2ε′

log(1/δ)∑
k=1

area(J k) ≤ 2ε′DT. (2.14)

Since the jobs are flat and have an area bounded by 2ε′DT , we can place them
on top of the schedule inside a box of width D and height 4ε′T using Steinberg’s
algorithm.

12
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Lemma 2.14

For a set of jobs with width greater than δD and height less than µT , we can
reduce the number of starting points used such that there exists a set of starting
positions S where |S| ≤ O(1/(εδ)). Equivalently, if the set is partitioned log-
arithmically, each set J ℓ has 2ℓ/ε possible starting positions. Additionally, the
total height of jobs stacked at any one time is a multiple of µT . This reduction
increases the maximum height of the packing by at most 2εT , in addition to re-
moving at most log(1/δ) · 2µ

ε2 DT of area which can be packed using Steinberg’s
algorithm.

Proof. To do this, we start by logarithmically partitioning our horizontal jobs into
the sets

J ℓ
hor :=

{
j ∈ Jhor | D/2ℓ < w′

j ≤ D/2ℓ−1
}

,

yielding at most ⌈log(1/δ)⌉ different sets. Consider a specific set J ℓ
hor. Dividing the

schedule into 2ℓ segments, each of width D/2ℓ, ensures that each job j ∈ J ℓ
hor must

end and start in different segments. For each segment i, we consider the jobs j ∈ J ℓ
hor

that end in the segment and stack them such with their order being determined by
their increasing starting position (the job with the earliest starting position at the
bottom). We let hℓ,i denote the height of these stacked jobs. Note that these stacked
jobs are not the same as the stack we defined previously.

Now, we divide the stacked jobs into 1/ε layers of height εhℓ,i. Any jobs that
intersect the boundary between layers will be sliced along their long axis and placed
fractionally instead. To start our repacking, we first remove all the jobs (including
fractional parts) that are located in the bottom layer. For each subsequent layer
above, we shift all (fractional) jobs to the left such that their new starting position
is the same as the earliest original starting position in the layer below. For each
segment, each one of the 1/ε layers corresponds to one new starting position. An
example of the procedure is shown in figure 2.3. Doing the same procedure for each
of the 2ℓ segments means that we can reduce the number of starting points for the
set J ℓ

hor to 2ℓ/ε. Applying the procedure for all widths ℓ yields to the total bound
on the number of starting positions as

⌈log 1/δ⌉∑
ℓ=1

2ℓ

ε
= 2⌈log 1/δ⌉+1 − 2

ε
∈ O

( 1
εδ

)
. (2.15)

The problem that remains is the jobs we removed to achieve the described repacking.
For each segment i, we removed one layer that is εhℓ,i tall. Considering the height
across all segments, we can bound the total height of the removed jobs by εh(J ℓ

hor).
We now place these removed jobs on top of the schedule. As their width is bounded
by D/2ℓ−1, we are able to place 2ℓ−1 jobs next to each other further reducing the
total height we need to add on top to εh(J ℓ

hor)/2ℓ−1.

Since the total area of the packed horizontal jobs must be less than DT and the

13
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D0 D/2

h1,2

(a) The 7 jobs ending in the second seg-
ment are placed on top of each other
sorted by their starting positions. The
height of these jobs is denoted h1,2.

D0 D/2

εh1,2

(b) The schedule is split into layers of
height εh1,2 and all fractional jobs in
the bottom layer are removed (red in
the figure).

D0 D/2

εh1,2

(c) The remaining jobs are moved one
layer down

D0 D/2

εh1,2

(d) Starting from the top, we slide each
job to the left until the latest original
starting position present in the layer
below. We end up with 4 starting po-
sitions instead of 7, and with some re-
moved jobs.

Figure 2.3: An example of the reduction procedure for the set J 1
hor, i.e. jobs with

a width D/2 < w ≤ D.

width of each job in J ℓ
hor is at least 2ℓ, we can obtain the bound

⌈log 1/δ⌉∑
ℓ=1

D

2ℓ
h(J ℓ

hor) ≤ DT ⇐⇒
⌈log 1/δ⌉∑

ℓ=1

ε

2ℓ−1 h(J ℓ
hor) ≤ 2εT. (2.16)

Hence, the reduction in used starting positions for horizontal jobs will add at most
2εT to the height of the packing.

In order to ensure that the height profile of the horizontal jobs always is a multiple
of µT , we must further remove some jobs. For each group J ℓ

hor, consider the jobs
stacked at each of the 2ℓ/k starting positions. We slice of a small amount of height
to achieve a height that is a multiple of µT . Since the jobs in J ℓ

hor have a width of
at most D/2ℓ−1, we must remove at most

log(1/δ) · 2
ℓ

ε
· 1

ε
· D

2ℓ−1 · µT = log(1/δ) · 2µ

ε2 DT (2.17)
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area of jobs. With an appropriate choice of δ and µ, these can fit inside a container
placed on top of the schedule.
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3
λ-forgiving packings

This section concerns the case where it is possible to transform a packing σ into
a λ-forgiving packing. We state and prove a structural result showing that by al-
lowing for a slightly increased peak demand, we can transform any packing into
another packing with much more structure. In addition to the transformed pack-
ing, we obtain a container of residual items with width λD. Since we are working
with packings that can be transformed into λ-forgiving packings, we can place this
residual item container in the λD wide slot left open.

Disclaimer
The contents of this section were originally produced for a separate project as a

part of another course. The report1 from said course is not published and thus, we
include the contents of the report in their entirety here instead.

In order to define our desired structure, we must first partition the jobs J into 5
separate categories depending on their shapes and sizes. As our repacking procedure
can result in a taller height than the optimum T , we instead consider the T ′ :=
(1 + O(ε))T as the upper limit for the height of the restructured packing. For
an optimal packing σ, we consider the width wσ

ij and height hσ
ij for the particular

configuration Cj used by σ. Even if a specific job has many possible configurations,
we categorize the jobs based on the configuration used in the packing σ. This allows
us to largely ignore the concept of moldability for the structural result. For the
remainder of this section, let wj denote wσ

ij and let hj denote hσ
ij. For two values δ

and µ, µ < δ, we define the following 5 categories.

• Jlarge := {j ∈ J |hj ≥ δT ′, wj > δD}

• Jhor := {j ∈ J |hj < µT ′, wj > δD}

• Jver := {j ∈ J |hj ≥ δT ′, wj < µD}

• Jsmall := {j ∈ J |hj < µT ′, wj < µD}

1A new structural result for the Demand Strip Packing problem with moldable jobs, [BR26]
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3. λ-forgiving packings

• Jmedium := J \ (Jlarge ∪ Jhor ∪ Jver ∪ Jsmall)

µD δD D

µT

δT

T

Jver Jlarge

Jsmall Jhor

Figure 3.1: The partitioning scheme for jobs. If a job j starts in the bottom left
corner, it will belong to whichever set its top right corner is located in according to
this partitioning. If the top right corner does not appear in any of the 4 regions, it
is instead a medium job.

A visualization of the partitioning is shown in figure 3.1. We will now introduce
several definitions that will later be used both for proving the existence of a solution
and in the repacking algorithm.

Definition 3.1

Consider a packing σ of jobs j ∈ J with assigned heights hj. A band is an
inclusion maximal set of jobs of the same height that are placed next to each
other under σ.

Definition 3.2

Consider a packing σ of jobs j ∈ J with assigned widths wj. A stack is an
inclusion maximal set of jobs of the same width that are placed on top of each
other under σ.

Definition 3.3

Consider a packing σ of jobs j ∈ J . We define the profile as the function Pσ,J (t) :
[0, D] → R such that Pσ,J (t) := ∑

j∈J σ(t) hij. On a given interval [a, b], we say
that a profile varies more than y if maxa≤x≤b Pσ,J (x)−mina≤x≤b Pσ,J (x) > y.

In most cases, these definitions will be applied to a specific subset of the jobs J .
Bands are used for vertical jobs, stacks are used for horizontal jobs and we often
consider the profile of several different subsets depending on the context. The struc-

18



3. λ-forgiving packings

tural result we prove is stated in theorem 3.5, based on the following definition.

Definition 3.4

Consider a packing σ of jobs j ∈ J . We say that the packing σ is compliant if

1. There are no medium jobs

2. All vertical jobs are placed into bands and the number of bands, the number
of possible starting positions of bands and the number of possible widths
and height of bands is in On(1)

3. All horizontal jobs are placed into stacks and the number of stacks, the
number of possible starting positions of stacks and the number of possible
widths and height of stacks is in On(1)

4. Horizontal and large jobs have starting points s ∈ S, |S| ≤ On(1)

5. Small jobs are placed either into the gaps left over inside the schedule or on
top whilst adding at most εT to the optimal height.

Using definition 3.4, we state the following theorem.

Theorem 3.5

Let ε > 0, λ ∈ O(ε) and let S denote the set of starting points for horizontal
and large jobs. Given an optimal packing σ which admits a λ-forgiving packing,
there exists a restructuring of its jobs such that almost all jobs can be placed into
a new packing σ′ which is compliant. The few remaining jobs can be placed on
top of the schedule or into a container Ψ of height T and width λD. The peak
demand of this restructured packing together with Ψ is at most (1 +O(ε))T .

The rest of this chapter is spent on proving theorem 3.5. To prove the theorem,
we will verify that we can obtain a compliant packing by considering each type of
job separately. As a complaint packing cannot contain any medium jobs, we know
that these jobs must be placed inside the residual job container Ψ. To make sure
that they will fit, we start with a lemma that allows us to bound the amount of
area/work that will be categorized in Jmedium.

Lemma 3.6

For a packing σ and any c, ε > 0, it is possible to pick constants µ, δ ≥ εO(1/λ)

as subsequent pairs from a sequence {ρi}⌈16/λ⌉
i=0 such that area(Jmedium) ≤ λDT/8

and µ ≤ cε5δ.
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3. λ-forgiving packings

Proof. Consider a sequence ρ0 := ε5/4, ρi+1 := cρiε
5. Take an index

i ∈ {0, . . . , ⌈16/λ⌉} and let δ = ρi and µ = ρi+1. The smallest possible choice
for µ and δ occurs for i = ⌈16/λ⌉ with ρ⌈16/λ⌉ = ε5/4 · (cε5)⌈16/λ⌉ ≥ εO(1/λ). It is
therefore clear δ and µ that both must be greater than εO(1/λ) and that µ ≤ cε5δ as
µ = ρi+1 = cρiε

5 = cδε5. We want to show that for at least one of these i, the area
of the medium jobs we get from using the values of δ and µ associated with that i is
less than λDT/8. Let J i

medium denote all jobs classified as medium if we set δ = ρi

and µ = ρi+1. For a job of a specific size, there are only 2 possible values of i that
could ever result in the job being classified as medium. Hence, counting the area of
all jobs classified as medium would result in at most twice the area of all jobs. Since
we know that the area of all jobs is bounded by DT , we can ensure that

⌈16/λ⌉∑
i=0

area(J i
medium) ≤ 2DT. (3.1)

This maximum area of 2DT must be dispersed between the 16/λ possibilities. By
the pigeonhole principle, it is clear that at least one of the choices of i must have a
job area less than

2DT

16/λ
= λDT/8, (3.2)

or else every i would have an above average area. This shows that there will always
exist a choice of i, and by extension δ and µ such that we can obtain this small
bound on the amount of medium jobs.

3.1 Vertical jobs
We will begin the proof of theorem 3.5 by analyzing the placement of vertical jobs.
The statement in the theorem can then be equivalently stated as lemma 3.7 below.

Lemma 3.7

Let σ be a packing with height T . By removing a small amount of vertical jobs, the
packing can be transformed to a new packing σ′ such that all remaining vertical
jobs are placed into bands where the number of bands is bounded by O(1/(εδ2)).
The removed jobs fit inside one half of the residual item container Ψ.

To prove this lemma, we will reuse many methods from section 5.2 and 5.3 in
[Dep+23]. In this paper, these methods were used to create an algorithm for placing
the vertical jobs. We instead use largely the same methods to prove a structural
result. In this paper, vertical jobs are placed into the schedule using a configuration
LP, a special type of linear program. Whilst the structure of the packing attained is
not discussed in detail, the configuration LP technique actually placed the jobs into
bands. Hence to show the desired band placement, we will reuse the steps made in
this paper and formalize them.

We start by rounding all vertical jobs using lemma 2.11. Since they have a height
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of at least δT , we can round the heights of all vertical jobs to values iεδT . From
corollary 2.4, we get at most O(1/(εδ)) possible heights. Next we partition the
schedule into 1/γ segments of width γD for some γ ∈ Oε(1). Inside each γD wide
segment, we consider the height profile of all large and horizontal jobs present. If
the height profile jumps inside the segment such that the difference between the
maximum and minimum height is at least εT , we fractionally remove any vertical
and small jobs inside the segment. The two following claims concern these removed
vertical jobs.

Claim 3.8

The area of the removed fractional jobs is bounded by O(1/(εδ))γDT

Proof. Jobs are only removed when the height profile changes, which can only occur
when a horizontal or large job either starts or ends. Since large and horizontal jobs
have a width of at least δD and their total area must be bounded by DT , we know
that their total height is at most DT/(δD) = T/δ. As the height difference needs
to be at least εT for the jobs to be removed, the number of segments where jobs are
removed is bounded by

2T/δ

εT
= O(1/(εδ)), (3.3)

where the factor of 2 comes from considering both start and end points. As the
maximum area of a segment is γDT , we can bound the area of the removed jobs by

O(1/(εδ))γDT. (3.4)

Claim 3.9

It is possible to choose a value of γ ∈ O(εδλ) such that the fractionally removed
vertical jobs can be placed inside the first vertical quarter of the residual job
container Ψ, i.e. a container with width w(Ψ)/4 = λD/4 and height h(Ψ) = T .

Proof. To start, consider all removed vertical jobs with height hj > T/2 and place
them next to each other. Using the bound on the area of removed jobs from claim 3.8,
we can bound the width of these jobs by 2 ·O(1/(εδ))γDT/(T/2) = 4 ·O(1/(εδ))γD.
Next, we consider the remaining removed jobs, i.e. the ones with height hj ≤ T/2.
To place these jobs, we first slice them into slices with a width of 1 and stack several
of them on top of each other until the height T/2 is attained. It will always be
possible to fractionally place these slices on top of each other without exceeding
height T . Placing this slice of width 1 next to the other jobs, we can bound the
total width by

4 · O
( 1

εδ

)
γD + 1 ≤ O

( 1
εδ

)
γD. (3.5)
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From this bound on the width it is clear that with a choice of γ ∈ O(εδλ), we obtain
a maximal width of

O
( 1

εδ

)
D · O(εδλ) = O(λ)D. (3.6)

With an appropriate choice of constant, it is clear that the removed vertical jobs will
have a maximal width of λD/4 and thus will fit inside of the residual job container
Ψ.

The jobs that are removed cannot be placed into the schedule. Instead, we make
use of the residual job container Ψ to place them. With the above claims, we have
shown that with an appropriate choice of γ, the jobs we need to remove are few
enough that they will fit inside this container. The placement of all removed jobs
is covered in more detail later in section 3.4. For now, we will proceed with the
remaining vertical jobs. Inside each segment, we can make a guess for the height
reserved for the small and vertical jobs. There will be O(1/ε1/γ) possible guesses
in total thanks to the rounding step previously, whilst adding at most 2εT to the
max height. We must also allow for an additional extra height of εT to account
for the jump in the horizontal and large jobs, which is at most εT . As mentioned
previously, the aim is now to use a configuration LP to place the jobs. First, we
must define what a configuration is.

Definition 3.10

A configuration C is a multiset of jobs and their associated heights of the form

C = {aη : η | η ∈ {hj | j ∈ J }} ,

where jobs η are placed with multiplicity aη.

Note that the term configuration here is not related to the processing configurations
that represent the moldable shapes of the jobs. The configuration LP is a linear
program which places the configurations into the different segments. It has decision
variables xC,iεT which represents the width of configuration C inside all segments
that have a reserved height of iεT . To be able to state the constraints for the linear
program, we introduce some new parameters and notation. Let

• Sver be the set of all segments,

• hs,ver ∈ {iεT | i = 0, . . . , 1/ε} be the guessed height reserved for small and
vertical jobs inside each segment s ∈ Sver,

• Sver,h be the set of all segments of height exactly h,

• C be the set of all configurations,

• aη(C) denote the number of jobs present in C of height exactly η,
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• Ch denote the set of configurations of height at most h.

With these parameters, we now define the configuration LP as the follow equations.∑
C∈CiεT

xC,iεT = w(Sver,iεT ), ∀i ∈ {1, 2, . . . , 1/ε} (3.7)
∑
s∈S

∑
C∈Chs,ver

aη(C)xC,iεT =
∑

j∈Jver
h(j)=η

w(j), ∀η ∈ {h(j)|j ∈ Jver} (3.8)

xC,iεT ≥ 0, ∀C ∈ C, i ∈ {1, 2, . . . , 1/ε} (3.9)

The function w(x) denotes the width of object x. Note that w(j) = wj, we have
chosen to use the w-notation to be coherent with the expression in equation (3.7). To
place our jobs j ∈ Jver, we simply place the jobs into the configurations, slicing when
something does not fit. In the demand strip packing problem, jobs may be sliced
but must still be placed contiguously across the time axis. The fractional placement
of jobs caused by this slicing step can therefore result in a schedule that is not valid
for this problem. These fractional jobs that we slice are therefore removed. The
details on how these removed jobs are handled will be covered later.

Equation (3.7) ensures that for each possible height iεT , the width of all configu-
rations of at least that height exactly matches the total width of all segments that
have the same height reserved. In equation (3.8) we get one constraint for each
rounded height η that is attained by some vertical job j ∈ Jver. Looking over all
segments, we consider the configurations that fit inside each segment (configura-
tions with a maximum height equal to the reserved height inside each segment).
For these configurations, we ensure that the width of all jobs of height η contained
inside them exactly matches the width of all the jobs with height η. By considering
all heights attained by vertical jobs, we ensure that the configurations can contain
all the vertical jobs. The last constraint is trivial, giving a configuration a negative
width would be rather hard to interpret. However, the LP is of course only of use
to us if we can ensure that it has a solution.

Claim 3.11

For a sufficiently large height T , The configuration LP is always solvable.

Proof. Let σ be an optimal packing to the problem. Consider specifically the vertical
jobs Jver. The packing assigns each vertical job j ∈ Jver a start time tj and a
processing time pj. Let

T = {t1, . . . , tn, t1 + p1, . . . , tn + pn} , n = |Jver| (3.10)

be the set of all start and end points of vertical jobs. Between each t ∈ T , we
introduce a segment Ik, i.e. Tk = [tk, tk+1). For each Ik, we also introduce a
configuration Ck for the jobs contained inside Ik. In the context of the configuration
LP, we let Sver be the set of intervals Ik and let C be the set of configurations Ck.
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Let hs,ver = hIk,ver be the height reserved for the vertical jobs contained in segment
s = Ik (rounded up to the next iεT ). The decision variables xC,iεT can be defined
as

xC,iεT =

tk+1 − tk, | C = Ck ∧ iεT = hIk,ver

0 otherwise
. (3.11)

We now verify that the constraints of the LP hold. In equation (3.7), the LHS
represents the total width of all configurations C inside segments with height iεT .
The RHS is the width of the segments of that height. Since we have constructed
the configurations to match the segments, this constraint clearly holds.

In equation (3.8), the LHS determines the total width assigned for a specific height
η. As the number of active jobs does not change inside a segment thanks to our
segment definition, we can simplify the expression to simply counting the width of
jobs of height η, precisely what the RHS is counting. Using our definition of xC,iεT ,
the constraint becomes

∑
s∈S

∑
C∈Chs,ver

aη(C)xC,iεT =
|S|∑

k=1
aη(Cs)(tk+1 − tk), (3.12)

which represents the width of jobs of height η. The constraint is therefore satisfied.

Finally, equation (3.9) is obviously satisfied as the width of segments (and therefore
configurations) are positive as we define them to run between distinct increasing
times. We have thus shown that for an optimal packing σ, the configuration LP
must have a solution.

The placement of jobs from the configuration LP ends up placing jobs into bands as
each occurrence of a height in a configuration C becomes a contiguous run of jobs
of that same height, i.e. a band. Each configuration will contain one or more bands
inside itself, so when the configurations are placed into the schedule when solving
the LP, we end up with a schedule were vertical jobs are scheduled into bands.

In order to bound the number of bands, we must also consider the slicing that occurs
at the borders of the segments γ. Each nonzero component in the LP can give rise
to multiple bands, as the width of placed jobs may be split across several segments
with the same reserved height. As each vertical job has a height of at least δT , we
know that we can at most fit O(1/δ) different vertical jobs on top of each other
inside a configuration. Each of these jobs will give rise to a band for each nonzero
xC,iεT or at a segment border. In total, we can therefore bound the number of bands
by (

O
( 1

εδ

)
+ 1

γ

)
O
(1

δ

)
= O

( 1
εδ2λ

)
, (3.13)

as γ ∈ O(εδλ). To obtain a compliant packing, we also want to number of unique
widths and starting positions of bands to not depend on n.
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Claim 3.12

The widths of bands can be rounded to values iµD, i ∈ N and the number of
distinct starting positions of bands can be reduced to On(1) options. All jobs
that need to be removed to account for this rounding fit inside a strip of width
λD/16.

Proof. For each band, round its’ width up to the next integer multiple of µD. As
some bands may now overlap, some jobs may need to be removed. Rather than
considering each band, we can look at the up to 1/δ bands stacked on top of each
other. There are O(1/(εδλ)) of these since the number of bands is bounded by
O(1/(εδ2λ)). The total area of removed jobs can be bounded by

µDT · O
( 1

εδλ

)
. (3.14)

Since µ ≤ cε5δ as per lemma 3.6 and since λ ∈ O(ε), it is clear that the area of the
removed jobs must be less than λDT/32. Hence, we can use Steinberg’s algorithm
to place the jobs inside a container of width λD/16 and height T inside Ψ.

For reducing the number of starting positions, we can use a left-shifting technique.
Inside each of the 1/γ segments, shift all bands as far left as possible, either until
they hit the segment border or until they hit the right edge of another band. This
shifting ensures that all bands start either at a segment γ or at the end of another
band. As each band now has a width of at least µD, we know that at most 1/µ bands
can be placed next to each other. There are also 1/µ distinct possible widths to
choose from. Hence, the total number of starting postions of bands can be bounded
by

1
γ
·
(

1
µ

) 1
µ

≤ (1/ε)(1/ε)O(1/ε) (3.15)

Since µ ≥ εO(1/λ). Although a very large constant, not having a dependency on n is
sufficient.

Finally, we need the following result for later when placing the removed jobs.

Claim 3.13

The fractional vertical jobs that are removed when sliced during the placement
with the configuration LP can be placed inside a vertical quarter of the residual job
container Ψ, i.e. a container with width w(Ψ)/4 = λD/4 and height h(Ψ) = T .

Proof. We start by obtaining a bound on the total area of fractional jobs. Slicing
may occur either at the end of a configuration or at a segment border. Vertical jobs
have a maximum width of µD and may be stacked up to T in height inside each
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configuration. Thus, we can bound the area of fractional jobs by

µDT (O(1/(εδ)) + 1/γ) (3.16)

The 1/γ term will dominate the expression. From claim 3.9, we choose γ ∈ O(εδλ)
and thus the area can further be bounded by O(µ/(εδλ))DT . From lemma 3.6, we
choose µ such that µ ≤ cε5δ for any constant c. Hence, we can further bound the
area by

O(µ/(εδλ))DT ≤ cDT · O(ε4/λ) ≤ cλDT, (3.17)
where the final inequality holds because λ ∈ O(ε). Since this holds for any c, it
in particular holds for c = 1/8, bounding the maximum area of fractional jobs by
λDT/8. We can now use Steinberg’s algorithm to place these jobs into one vertical
quarter of Ψ as the jobs have at most half the area of the container and the width
of any one job is at most µD ≤ λD.

3.2 Horizontal and large jobs
Next, we consider the horizontal and large jobs. In order for the restructured packing
σ to be compliant, we require that the horizontal jobs are placed into stacks and
that the total number of these stacks is bounded by some constant m, in this case
m = O(1/(εδ)). We also require that these stacks of jobs only start at starting
points s ∈ S and that the number of used starting points is bounded. There are
no specific requirements on the placement of large jobs other than that they should
start at positions s ∈ S. This is formalized in the following lemma.

Lemma 3.14

Let σ be a packing with height T . By adding at most 4εT to the packing height,
it is possible to transform the packing to a new packing σ′ where there are at
most O(1/(εδ)) stacks of horizontal jobs and each of these stacks starts at one of
O(1/(εδ)) starting positions.

Yet again, we will reuse many methods from [Dep+23] for this proof. Analogously to
the rounding of heights for vertical jobs, we first want to reduce the number of widths
of horizontal jobs present. With geometric grouping, we can round the widths of
horizontal jobs such that the total number of widths are bounded by O(log(1/δ)/ε).
This rounding will increase the total height of the packing by at most 2εT . For
the rest of this section, it is important to be clear whether we are talking about the
original or rounded widths of jobs. Therefore, let wj denote the original width of job
j and let w′

j denote the rounded width of job j, j ∈ Jhor. One major consequence
of using rounded jobs is that some jobs may need to be sliced (along their long axis)
and they will therefore need to be fractionally placed in our restructured packing
instead. It is this rounding and fractional placement that necessitates an additional
2εT height on top to guarantee that the packing still will be feasible. The details
on where the need for this additional height comes from is covered in the coming
claims.
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3. λ-forgiving packings

Claim 3.15

We can reduce the number of starting points for (rounded) horizontal and large
jobs such that |S| ≤ (1/ε)(1/ε)O(1/ε) , where S denotes the set of starting points.
This reduction has no impact on the maximum height of the packing.

Proof. Consider all large and horizontal jobs starting in the first segment. Since a
large or horizontal job is wider than a segment, no job may end in the first segment.
Hence, shifting all these jobs to the left such that they have starting time 0 will not
have an impact on the maximum height of stacked jobs in the first segment. We
can repeat this argument for the second segment. Consider a job j starting in the
second segment. If there is not a job ending before the start of j, we can simply shift
the start of j to γD whilst not affecting the height of the packing. A problem may
arise however if there is a previous wide job in the first segment, as we cannot shift
j over without the jobs overlapping. If this occurs, we can instead shift j over as far
left as possible until the start of j is the same as the endpoint for the previous jobs,
ensuring that no jobs overlap. We repeat this procedure for all segments, ensuring
that all large and horizontal jobs either start at a multiple of γD or start at the
endpoint of some job j ∈ Jhor ∪ Jlarge. Up to 1/δ horizontal and large jobs may be
placed directly next to each other. Thus, we need to consider all possible subsets of
wide jobs containing at most 1/δ jobs to account for all possible starting positions.
The set S of starting points can therefore be reduced to

S =

iγD +
∑

j∈Jhor∪Jlarge

w′
jkj

∣∣∣∣∣∣ i = 0, 1, . . . , 1/γ, kj ∈ {0, 1} ∀j,
∑

j∈Jhor∪Jlarge

kj ≤ 1/δ

 .

(3.18)
We know that there are 1/γ segments and at most O(log(1/δ)/ε)1/δ possible com-
binations of rounded widths to add for the different possible endpoints and hence
we get |S| ≤ 1/γ · (log(1/δ)/ε)1/δ = (1/ε)(1/ε)O(1/ε) , where the last equality can be
derived using bounds on δ from lemma 3.6.

For the horizontal jobs in particular, we can further reduce their starting posi-
tions. Using lemma 2.14, the number of unique starting positions can be reduced
to O(1/(εδ)). This increases the packing height by 2εT , as well as removing some
additional jobs. This reduction also allows us to round the height of the stacked
horizontal jobs to an integer multiple of µT . As µ ≤ cε5δ, the additional removed
jobs fit inside a container of height O(ε)T which we place on top of the schedule.

With the starting points reduced, we return to proving the rest of lemma 3.14 by
showing how the new set of starting points will result in the horizontal and large jobs
are placed into stacks. Similarly to the vertical jobs, we will reorganize the packing
using a linear program to show this structure. First, we deal with the large jobs by
guessing their starting positions from our set S. With our bound on the size of S
obtained earlier in claim 3.15, we have a total of |S||Jlarge| = (1/ε)(1/ε)O(1/ε) possible
guesses. For the horizontal jobs, we can also guess which starting positions in S to
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use following claim 2.14. Let S̄ denote the used starting points for horizontal jobs.
For each starting point s ∈ S̄, we let hres,s denote residual height left at position
s after the large jobs have been placed using the previous guess. Let Ξ denote the
set of rounded widths of horizontal jobs, i.e. Ξ = {w′

j | j ∈ Jhor}. We can now
introduce the linear program∑

ξ∈Ξ

∑
s′∈S̄

s′≤s≤s′+ξ

xξ,s′ ≤ hres,s, ∀s ∈ S̄, (3.19)

∑
s∈S

xξ,s =
∑

j∈Jhor
w′

j
=ξ

hj, ∀ξ ∈ Ξ, (3.20)

xξ,s ≥ 0 ∀s ∈ S̄, ∀ξ ∈ Ξ, (3.21)

where the decision variable xξ,s denotes the height of all the jobs with rounded
width ξ starting at position s. The first equation gives one constraint for each of
the reduced starting points in S̄. For each starting point s, we consider all possible
rounded widths in Ξ and all other starting points s′ at most ξ to the left of s. The
constraint ensures that the amount of reserved height hres,s at s is not exceeded by
any other jobs starting previously and overlapping s. The second equation gives
a constraint for each rounded width ξ present and ensures that for each width ξ,
the total height of all these jobs (RHS of the equation) is placed with our decision
variables (LHS). As we ensure that all height is covered, we ensure that all jobs
are placed into the schedule. The final equation is trivial, as we do not allow for
negative amounts of height to be assigned.

We have previously defined a stack as a set of jobs of the same (rounded) width that
are placed on top of each other in a packing. If we view the fractional jobs that are
placed using the LP as normal jobs, we see that each xξ,s will result in one stack
of width ξ. The fact that the jobs are placed fractionally does not matter, we will
still end up with all jobs of a certain (rounded) width placed into stacks containing
only said width. If we can show that the above LP is solvable, we will show that
the packing can be transformed such that almost all horizontal jobs are placed into
stacks. Just like the proof of the configuration LP in the previous section, we will
consider the number of nonzero components in the solution by checking the number
of constraints present. We can see that we have

|S̄|+ |Ξ| = O
( 1

εδ

)
+O

(
log 1/δ

ε

)
= O

( 1
εδ

)

constraints and therefore O(1/(εδ)) nonzero components in a basic feasible solution
to the linear program. As each nonzero xξ,s corresponds to one stack, it is clear that
the number of stacks is bounded by O(1/(εδ)).

3.3 Small jobs
The small jobs only represent a small fraction of the total area that is to be packed
but we still need to show that they can fit into the packing. Packing the vertical,
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horizontal and large jobs is the most problematic, hence why more complicated
techniques are used to show that they can be placed. For the small jobs, the idea is
to fit them into the gaps left over, which we formalize with the height profile of the
other jobs in the following lemma.

Lemma 3.16

Let σ be a packing of large, vertical, and horizontal jobs with height T . If the
height profile of the vertical jobs has at most O(1/(ε4δ)) jumps, it is possible to
either fit all jobs inside using height at most T , or to find a packing that has a
height of at most (1 + ε)T .

Proof. For this proof, we will make use of the NFDH algorithm and the associated
lemma 2.6 stated previously. If we can show that there is enough space left over,
lemma 2.6 guarantees that the small jobs can be placed using the NFDH algorithm.
When placing the vertical jobs using the configuration LP, we introduced the variable
hs,ver which represented the height reserved for vertical and small jobs inside segment
s ∈ Sver. As each segment is not fully filled with vertical jobs, there will be some left
over space in these segments where we can squeeze in some small jobs. Reserving this
height for small and medium jobs also allows us to ignore the presence of horizontal
and large jobs.

With the profile of vertical jobs having at most κ = O(1/(ε4δ)) jumps, we split the
schedule into κ boxes Bi, i = 1, . . . , κ. Since we round the height profile of vertical
and small jobs up to the the next multiple of εT , each jump will give rise to a box
with a minimum height of εT . Let B denote the set of these boxes. The total area
of all boxes Bi ∈ B will be at least as large as the size of all small jobs, i.e.

κ∑
i=1

area(Bi) ≥ area(Jsmall). (3.22)

There is however no guarantee that the jobs actually can be placed just because the
area is sufficient. Let wi denote the width of box Bi and let hi denote the width
of box Bi. We will use lemma 2.6 over all boxes to place as many small jobs into
these boxes as possible. The small job can be bounded inside a square with sides
cµ, where c = max(D, T ). From lemma 2.6, a total area of

κ∑
i=1

wihi − (wi + hi)cµ (3.23)

of small jobs can always be placed into the boxes by using the NFDH algorithm. At
most

κ∑
i=1

(wi + hi)cµ (3.24)

of the space inside the boxes will be wasted. Since the total area of the boxes is
at least as large as the area of all small jobs, we are left with 2 possibilities. If
area(Jsmall) ≤

∑κ
i=1 wihi − (wi + hi)cµ, all small jobs fit inside the boxes Bi and no
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more work is needed. If area(Jsmall) ≥
∑κ

i=1 wihi − (wi + hi)cµ, some amount of
small jobs with a maximum area of ∑κ

i=1(wi + hi)cµ will not fit inside. We place as
many jobs as possible inside the gaps in the schedule and place the remaining jobs
on top of the schedule. Since ∑κ

i=1 wi ≤ D, ∑κ
i=1 hi ≤ κT and µ ≤ dε5δ for any

constant d, we can bound the area of the remaining small jobs by
κ∑

i=1
(wi + hi)cµ ≤ κDT · cdε5δ ≤ dεDT. (3.25)

The last inequality only holds in general for κ ≤ O(1/(ε4δ)). The different cases
for c = max(D, T ) do not have an impact as we simply choose an appropriate d to
counteract it. With an appropriate d, the area of the remaining jobs is small enough
that they can be placed into a container of width D and height εT on top of the
schedule using lemma 2.6. We can therefore always either place all small jobs inside
the schedule or place them all by adding at most εT to the packing height.

With lemma 3.16 proven, all that remains is to show that the packing of vertical
jobs achieved with the configuration LP results in at most O(1/(ε4δ)) jumps. For
vertical jobs, the profile may change either at the border of each of the 1/γ segments
or at each of the O(1/(εδ)) configurations. Between each jump we introduce a box
Bi with a height of at least εT . There can be at most

κ∗ := O(1/(εδ)) + 1/γ (3.26)

jumps in the height profile. As γ ∈ O(εδλ) and λ ∈ O(ε), it is clear that the number
of jumps

κ∗ = O(1/(εδ)) + 1/γ = O(1/(εδ)) +O(1/(εδλ)) ≤ O(1/(ε4δ)). (3.27)

We can thus use lemma 3.16 to guarantee that all small jobs may be placed whilst
adding at most εT to our packing height.

3.4 Medium and removed jobs
We are now left with the medium jobs, as well as a few vertical jobs that were
previously removed. To place them, consider the following lemma.

Lemma 3.17

Let σ be a transformed packing with vertical, horizontal, large and small jobs
that has a (k, m,S)-layout. It is then possible to place all medium jobs whilst
adding at most O(ε)T to the packing height.

Proof. From lemma 3.6, we know that the total area of medium jobs is bounded by
λDT/8 with the µ and δ chosen to obtain the compliant packing. With this bound
on the area, we can try to apply Steinberg’s algorithm to place the medium jobs
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into parts of the residual job container Ψ. First, consider all medium jobs with a
width wj ≤ w(Ψ)/8 = λD/8. Using Steinberg’s algorithm, we can guarantee that
these jobs will fit into one quarter of Ψ as no job has a width greater than half of a
quarter of the container and the total area of the jobs λDT/8 ≤ 1/2 · λDT/4.

Next, consider the rest of the medium jobs, i.e. the jobs with width wj > εD/8.
Consider a container of width D and height 2λT . Since the total area of medium
jobs is bounded by λDT/8 and these jobs have a width of at least λD/8, we know
that they must have a height of at most

λDT/8
λD/8 = λT. (3.28)

We can yet again use Steinberg’s algorithm to ensure that these jobs will fit into
this container as the maximum height of the jobs is at most half the height of the
container. This additional container can be placed on top of the schedule, adding
2λT to the peak demand. Since all medium jobs fall either have width either greater
than εD/8 or not, these two cases cover all medium jobs and thus all medium jobs
can be placed. Since λ ∈ O(ε), we add at most O(ε)T to the peak demand of the
packing.

We have now shown that almost all jobs can be placed into the schedule. The only
jobs that remain are a few of the vertical jobs that we previously removed. To place
these, we can use the remaining half of Ψ. When rounding the heights of vertical
jobs, we removed jobs where the height profile jumped by more εT . In claim 3.9,
we proved that it will always be possible to choose our constant γ for the number
of segments such that these removed fractional jobs can be placed into one quarter
of Ψ. With this claim, we now place these jobs into half of the remaining part of Ψ
with width λD/4.

When rounding the starting positions and widths of bands, a few vertical jobs also
needed to be removed. We showed in claim 3.12 that these removed jobs fit inside a
container of width λD/16 as the total width of the jobs is bounded by λD/32. We
use 1/16 of Ψ to place these jobs.

There is one remaining set of jobs left. When vertical jobs are placed using the
configuration LP, some jobs end up being placed fractionally as jobs are sliced at
the borders of segments or end of configurations. In claim 3.13, we showed using
Steinberg’s algorithm that these jobs also can be placed inside one quarter of Ψ. We
have precisely one quarter left, and we will use it for this purpose. We have now
shown that all medium and removed jobs either can be placed into the schedule or
inside of the residual container Ψ.

3.5 Proof of theorem 3.5
When combined, the proofs from the sections 3.1 through 3.4 will allow us to prove
theorem 3.5. The following proof briefly summarizes what we have shown so far.
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Proof. In the previous sections, we have shown that each of the different types of job
either can be placed into the schedule in a systematic way, barring the few exceptions
that are removed and instead placed into the container Ψ. To prove theorem 3.5,
we need to show that the previous steps result in a compliant packing. Let σ′ be a
packing which places the large, horizontal and small jobs, as well as the vertical jobs
that don’t need to be removed. It is clear that this packing contains no medium jobs,
satisfying the first condition of the definition. All vertical jobs that are placed are
placed into bands and the number of bands is bounded by O(1/(εδ2)). All large and
horizontal jobs start at points in S (or a smaller subset of S) and the horizontal jobs
specifically are placed into O(1/(εδ)) stacks. Finally, all small jobs either fit inside
the schedule or some are added on top adding at most εT to the optimal height. The
packing σ′ therefore satisfies the definition of a (k, m,S)-compliant packing where
k = O(1/(εδ2)) and m = O(1/(εδ)).

The packing σ′ packs all jobs except the medium jobs and a small amount of vertical
jobs. We have previously shown that all these jobs can be placed inside Ψ in addition
to adding at most 4λT by placing some jobs on top of the schedule. As λ ∈ O(ε),
we end up with a restructured packing with a peak height of (1 + O(ε))T . All
requirements in theorem 3.5 are thus satisfied.
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(ε, T )-neat packings

For packings that can be transformed into a (ε, T )-neat packing, we develop a similar
structural result to the result for λ-forgiving packings. Whilst many of the tech-
niques are similar, there are some major differences that necessitate a somewhat
different approach for finding a useful structure. Most notable, we are no longer
guaranteed to have a λD × T sized gap to place the residual jobs.

The structural result we prove is largely based on the algorithm presented in ap-
pendix B in [Ebe+25]. Our algorithm bares much resemblance to that shown in
the cited paper, with adjustments made to allow for moldable jobs. Many of the
steps for proving our structural result will therefore closely resemble the algorithm
in the paper above, although some steps are simplified as we are not interested in
for example proving that the steps taken run in polynomial time.

Each job j ∈ J has an associated set of processing configurations Cj. For the struc-
tural result, we only need to consider the specific choice of processing configurations
that are used in the optimal packing. For the rest of this section, we therefore let
wj denote wσ

ij and let hj denote hσ
ij. Determining which processing configuration we

need to achieve this optimal packing is left to our actual algorithm in section 5.2

Like the λ-forgiving packings, we start by partitioning the jobs into different sets de-
pending on their shapes. This is done by comparing the jobs’ width and height with
the height T and parameters δ and µ. Let TLB = max{area(J )/D, maxj∈J {hj}}.
We define four following sets of squeezable, flat, tall and big jobs1.

• Jsqueeze := {j ∈ J | hj ≤ T/2, wj ≤ δD}

• Jflat := {j ∈ J | hj ≤ µTLB} \ Jsqueeze

• Jtall := {j ∈ J | hj > T/2}

• Jbig := J \ (Jsqueeze ∪ Jflat ∪ Jtall)

1The names here, while not standard, have been chosen to clearly distinguish these sets from
the previous partitioning done for λ-forgiving packings
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δD D

T
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µTLB

Jsqueeze

Jtall

Jflat

Jbig

Figure 4.1: The partitioning scheme for jobs in the (ε, T )-neat case. If a job j
starts in the bottom left corner, it will belong to whichever set its top right corner
is located in.

Note that we no longer need to consider any medium jobs. Figure 4.1 shows the job
partitioning for (ε, T )-neat packings. The partitioning depends on the parameters δ
and µ. Unlike the λ-forgiving packings, our algorithm will not need to find a suitable
value for these. By introducing a scaled version of ε denoted ε′, we simply choose
them as

δ = ε

1 + ε
, (4.1)

µ = ε′3

⌈log(1/δ)⌉ . (4.2)

For the structural result to hold, we need ε′ ≤ ε/15. The motivation for these
choices will become clearer later when constructing the actual algorithm. For now,
it is sufficient to be aware of their values. For the tall jobs, we also need some
additional margins to handle potential fractional jobs. To do this, we introduce the
concept of a k-translated height profiles.

Definition 4.1

Let σ be a packing of jobs J and let h(t) denote the packings associated height
profile, i.e. h(t) = ∑

j∈J σ(t) hj. The k-translated height profile hk(t) is then
defined as

hk(t) =


h(t), t < kD

h(t− kD), kD ≤ t ≤ ∑j∈J wj

0, t >
∑

j∈J wj

. (4.3)

In order for the algorithm to work, we need to show that a suitable packing can be
transformed in a particular way. To do this, consider the following definition.
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Definition 4.2

Consider a packing σ of jobs j ∈ J . We say that the packing σ is cool if

1. Tall jobs are placed next to each other from the left according to their
heights in non-ascending order,

2. The profile of the tall jobs can be extended such that the profile is δ-
translated.

3. Flat and big jobs start at starting positions s ∈ S, where |S| ≤ (2/(δµ))1/δ.

4. Squeezable jobs are placed into an empty area in the schedule with a width
of at least ε

1+ε
D and height of at least OPT/2.

5. Almost all flat jobs can be placed inside containers and the number of
containers is bounded by a constant.

Using definition 4.2, we state the following theorem.

Theorem 4.3

Let ε > 0. Given an optimal packing σ which admits a (ε, T )-neat packing, there
exists a restructuring of its jobs such that almost all jobs can be placed into a new
packing σ′ which is cool. The few remaining jobs can be placed inside a container
on top of the schedule. The peak demand of this restructured packing is at most
(1 + 15ε′)T

Once we have shown that an optimal packing can be transformed in this particular
way, we can construct an algorithm which is able to find a cool packing. We will
start by considering the tall jobs.

4.1 Tall jobs

We start by placing the tall jobs into the schedule. These are the simplest to handle
as the way they are placed is fundamental to the definition of an (ε, T )-neat packing.
In order to reduce the number of unique height present, we want to round the heights
of all tall jobs. We will do this using lemma 2.11. Since T ≥ TLB, we can apply
the lemma using a height of TLB. For each tall job, we round the height up to the
nearest multiple εδTLB whilst adding at most εTLB to the packing height.

With the jobs rounded, we sort them in non-decreasing order based on their rounded
heights. Starting at the very left of the schedule at time t = 0, we place the jobs
next to each other. Since the jobs have a height greater than T/2 and a maximum
area of TLBD, all tall jobs will fit in the interval [0, D]. All tall jobs are thus placed

35



4. (ε, T )-neat packings

D

T

T/2

δD

Figure 4.2: A packing of tall jobs. The corresponding δ-translated height profile
is shown in red.

in such a way that they satisfy the definition of a cool packing.

For our algorithm, we need to have some additional space to fit fractionally assigned
tall jobs. The definition of a cool packing therefore requires that the height profile
of the tall jobs can be turned into a δ-translated profile. We therefore make the
following assumption.

Assumption 1.1

For an optimal packing, the height profile of tall jobs can be shifted such that it
is δ-translated.

We find it to be likely that this assumption holds, although it has not yet been
proven. It is also possible that this shift will require some additional height to fit
all jobs, which would result in our algorithm having a slightly worse approximation
ratio than 3/2 + ε. Verifying this assumption is beyond the scope of this thesis, but
it will be analyzed in detail at a later date. An example of the δ-translated profile
is shown in figure 4.2. For now, we will proceed with proving the structural result
with this assumption.

4.2 Flat and big jobs
We will proceed with the placement of the flat jobs. We require that they can be
placed inside a bounded number of containers which use a bounded set of starting
points. A few jobs may not fit and will instead have to be placed on top of the
schedule using Steinberg’s algorithm.

Since the flat jobs do not have a minimum guaranteed height, we cannot round their
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J 1
flatJ 2

flatJ 3
flatJ ...

flat

Figure 4.3: The logarithmic partitioning of flat jobs into sets J k
flat.

heights in the same way as for the tall jobs. We can, however, round their widths
using using geometric grouping. Before rounding the flat jobs, we partion them into
sets depending on their widths. Let

J k
flat :=

{
j ∈ J | D

2k
< wj <

D

2k−1

}
, k = 1, . . . ,

⌈
log

(1
δ

)⌉
. (4.4)

For each set J k
flat, we can round the width using geometric grouping. This step will

add at most 4ε′T to the packing height. Since the size of the jobs has increased,
it is possible that some jobs may now overlap. In order to be able to use the
rounded jobs, we allow for fractional placing of jobs, similarly to how we handled
the rounded jobs in the λ-forgiving case. This fractional placement corresponds to
performing horizontal slicing of the jobs, something which is not allowed in DSP.
Later, this fractional packing will be transformed such that almost all jobs can
be placed integrally instead, while a few jobs will be removed. To distinguish the
integral packings σ from the fractional packings, we denote fractional packings by
ς.

We have now obtained a fractional packing, which we want to transform into an
integral packing. First, we reduce the number of starting positions for the flat
jobs. With lemma 2.14, the number of starting positions for each set J k

flat can be
reduced to a set with 2k−1

ε′ unique elements. This procedure also reduces the starting
positions for big jobs. With the reduced starting positions and rounded widths, we
can obtain a feasible integral packing by removing a few additional jobs.

Claim 4.5

By increasing the packing height by at most 4ε′T , the fractional packing ς of flat
jobs can be transformed into an integral packing σ.

Proof. Consider a specific subset J k,ℓ
flat. All of the unrounded jobs have a width

wj ≤ wℓ, the width of the auxiliary job. Rather than fractionally placing the jobs
inside the auxiliary job, we can attempt to greedily fill them inside. For each J k,ℓ

flat,
we greedily fill as many of the jobs as possible where their total height is at most
xhjℓ

. Since the jobs have are narrower than the auxiliary job and the total height
is smaller, this integral packing will still be feasible.

The greedy filling of the jobs will result in some jobs not being able to fit. We
need to bound the area of these removed jobs. Since we greedily fill the jobs inside
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fractional segments of the auxiliary jobs, we need to determine a bound on the
amount of these. Each auxiliary job fraction can be represented by a vector (s, x, jℓ)
denoting the fraction x of job jℓ starting at s. The number of starting positions is
bounded by 2k−1

ε′ and the number of possible fractions for each starting position is
bounded by 1/ε′. Hence, the number of auxiliary jobs for a given set J k

flat can be
bounded by

1
ε′

(
2k − 1

ε′ + 1
)

. (4.5)

The additional additive term comes from the slicing of jobs. Since flat jobs have a
height of at most µT and µ ≤ ε′, we know that at most one job needs to be removed
for each auxiliary fractional component. We also know that k ∈ {1, . . . , 1/δ} Hence,
we can bound the total area of removed jobs by

log
(1

δ

)
µDT

ε′2 ≤ 2ε′DT, (4.6)

since µ = ε′3/⌈log(1/δ)⌉. Hence, we can place these removed jobs on top of the
schedule in a container of height 4ε′T using Steinberg’s algorithm.

The placement of flat jobs as described so far results in a packing with a lot of
structure. Let N denote the set of endpoints for jobs. For both the rounded flat
and big jobs, the number of ending positions N can be bounded by

|N | ≤
(

2
δµ

)1/δ

. (4.7)

This is done by moving the flat and big jobs to the right, ensuring that they end at
D or at most 1/δ flat or big jobs directly to the right.

The placement of the flat jobs can therefore be represented by a set of vectors
fk = (ν, h1, . . . , h|Wk|) denoting the heights of jobs of each rounded width for a given
ending position ν. Since neither the number of ending positions nor the rounded
widths depend on n, our algorithm is able to iterate over all possible vectors whilst
running in polynomial time. The number of starting positions N has already been
bounded above and the number of heights for each width can be bounded further
as the stack of flat jobs at any given time must be an integer multiple of µT . The
number of widths for each group is also bounded by 1/ε′. If Fk is the set containing
all vectors fk for a given k ∈ {1, . . . , 1/δ}, we can bound the number of vectors by

|Fk| ≤
(

2
δµ

)1/δ

· µ1/ε′ ≤
(

2
δµ2

)1/δ

. (4.8)

These vectors containing information about the scheduling of flat jobs can model
the containers needed for the definition of a cool packing. In fact, since the total
number of vectors is bounded by a constant, an algorithm could iterate over all
possible vectors until a feasible packing is found.
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4. (ε, T )-neat packings

Because the flat jobs are shifted such that all jobs inside each of the 1/ε′ layers have
the same ending position, the placement of all flat jobs can be represented by at most
1/ε′ vectors from the set Fk. Barring the few jobs that are removed when rounding
the widths and starting positions, all flat jobs are placed inside these containers,
fulfilling the definition of a cool packing.

In order to pack the jobs, we for each group k ∈ {1, . . . , log(1/δ)} guess 1/ε′ vectors
from Fk and starting times for all the big jobs. If the guess results in a feasible
packing, we check how tall the resulting packing is. Placing the jobs according to
the vectors in Fk will result in a fractional packing of the flat jobs. Once we have a
fractional packing, we can use claim 4.5 to obtain a feasible integral packing instead.

Claim 4.6

If T is sufficiently tall to allow for a feasible packing, then the height of the
restructured packing is at most (3/2 + ε)T .

Proof. Suppose that the set of jobs J and deadline D does admit a (ε, T )-neat
packing σ. If this is the case, the height of the packing must be at most 3

2T . Consider
the excess jobs we place on top of the schedule. When rounding the widths of flat
jobs using geometric grouping, we add 4ε′T to the packing height. For the fractional
packing, we reduce the number of starting positions for the flat and big jobs. This
adds 2ε′T to the packing height. In this step, we also remove some additional jobs
when slicing the jobs such that the height of the stacked jobs is a multiple of µT .
The rounding of the height of tall jobs also increases the packing height by another
ε′T .

When guessing the structure of the packing, we verify that the packing achieved
has a low enough height. Our guessed fractional structure should have a height of
at most h(σ) + (4 + 2 + 1)ε′T ≤ (3/2 + 7ε′)T , since σ is (ε, T )-neat. In order to
transform the fractional packing to an integral packing, we need to consider the
jobs we removed earlier. The jobs we remove when greedily filling the auxiliary
jobs fit inside a container of height 4ε′T using Steinberg’s algorithm. The jobs we
remove to achieve a rounded stack height of iµT for flat jobs have a maximal area
of log(1/δ) 2µ

ε′2 DT ≤ 2ε′DT .

These jobs can therefore also be placed on top of the schedule inside a container of
height 4ε′T using Steinberg’s algorithm. When adding these containers, the maximal
height of our integral packing is at most

(3
2 + 7ε′

)
T + 8ε′T =

(3
2 + 15ε′

)
T =

(3
2 + ε

)
T. (4.9)

If the jobs and deadline admit a (ε, T )-neat packing, the packing with structure
described will have a maximal height of (3/2 + ε)T .
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4. (ε, T )-neat packings

4.3 Squeezable jobs
With the tall, flat and big jobs placed, all that remains is the squeezable jobs. To
place these jobs into the schedule, we make use of a an algorithm that allows these
jobs to be “squeezed” into the schedule without increasing the packing height.

Lemma 4.7: Lemma 2.2 in [Ebe+25]

Let T ≥ max
{

area(J )
D

, OPT
}

and let σ be an (ε, T )-neat packing of J \ Jsqueeze.
The squeezing algorithm can then compute an (ε, T )-neat packing of J .

Proof. To squeeze the jobs into the schedule, we consider a left-shifting approach.
Consider a single squeezable job j ∈ Jsqueeze, i.e. a job with a height hj ≤ T/2 and
width wj ≤ δD = ε

1+ε
D. Since the packing of all other jobs is (ε, T )-neat, we know

that it has a maximum height of (3/2 + ε)T . Starting from t = 0, we find the first
point at which the total height of the packing is at most (1 + ε)T . Let τ denote this
position. From this position, we locate the first non-tall job (hj ≤ T/2) to the right
and slide it left such that it now starts at τ instead. Let τ ′ denote the jobs original
starting position.

We repeat the procedure, finding the next point with height ≤ (1 + ε)T to the right
of τ and sliding the jobs left. This is done until there are no more non-tall jobs to
shift. During a single sliding step, the height of the packing can only increase on
the interval [τ, τ ′), as no jobs are moved elsewhere. Since the only jobs starting in
[τ, τ ′) are tall (as τ ′ is the first starting position of a non-tall job), and all tall jobs
in a (ε, T )-neat packing are placed in non-increasing order, we can be sure that the
packing height is at most (1 + ε)T on [τ, τ ′). Since the job we shift has a height
of at most T/2, we can be sure that the packing height will not exceed (3/2 + ε)T
anywhere when performing a shift.

After all non-tall jobs have been shifted, some space will have been freed. The
position τ still represents the first point at which the height of the packing is at
most (1 + ε)T , but there are no longer any non-tall jobs to shift left. Since we also
can bound the total area of the jobs by DT , we can obtain an upper bound on the
final value of τ by

τ ≤ DT

(1 + ε)T = D

1 + ε
=
(

1− 1
1 + ε

)
D. (4.10)

We can see that a gap of at width ε
1+ε

D will appear towards the right of the schedule.
Remember that δ = ε

1+ε
. The gap is therefore wide enough to contain a single

squeezable job. Morevoer, there cannot be any non-tall jobs placed in the gap, since
they would then have been shifted left previously. Since there are only tall jobs in
the gap and they have are placed in a non-increasing order, we can also be sure that
there is at least T/2 height left over. We can therefore squeeze the job into this gap,
and the final packing will still be (ε, T )-neat.
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4. (ε, T )-neat packings

To place all squeezable jobs, we simply repeat the procedure once for each job
j ∈ Jsqueeze. As the packing always remains (ε, T )-neat, the procedure will work for
all squeezable jobs.

4.4 Proof of theorem 4.3
Theorem 4.3 states a given optimal packing σ which admits a (ε, T )-neat structure.
can be transformed into a cool packing. We will now verify that the procedure as
described above results in a packing that is cool.

For the tall jobs, we require that they are placed next to each other in non-increasing
order with respect to their heights, i.e. that the placement of the tall jobs results
in a staircase shape starting at t = 0 and h ≤ T and continuing to a height of T/2.
We simply place the jobs in this order, as the original (ε, T )-neat packing required.

For the flat and big jobs, we need to be able to guess their placement in polynomial
time. Their starting positions are bounded by

(
2

δµ

)1/δ
∈ On(1). For the flat jobs, we

have shown that their placement can be represented by at most 1/ε′ vectors, picked
from

(
2

δµ2

)1/δ
possibilities. These vectors represent the containers required as part

of the definition of a cool packing. Transforming a packing of tall, flat and big jobs
in the described ways results in a packing that still is (ε, T )-neat, importantly that
the maximum height is (3/2 + ε)T . With the squeezing procedure, all squeezable
jobs can fit inside gaps in the schedule without increasing the packing height. Hence,
the restructured packing σ′ is cool.
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5
Algorithm

With the structural results from chapters 3 and 4, we can proceed with constructing
our algorithm. As discussed previously, we will start by constructing two subalgo-
rithms, one for each type of packing. In section 5.3, we combine these with a binary
search procedure to obtain our complete algorithm.

5.1 Algorithm for λ-forgiving packings
With the structural result proven, we proceed with constructing an algorithm. In
this section, we present an algorithm which for a given height T either generates a
D-feasible packing of the jobs or concludes that no such packing is possible. For the
full algorithm, we make use of binary search over T to find an optimal solution.

In order to obtain an approximation algorithm, we need all steps to run in polynomial
time with respect to the number of jobs n. With the structural result, we can in
several cases remove or reduce the dependency on n and instead have certain steps
run in constant time with respect to n.

Since the structural result is based on the partitioning of jobs into different sets,
the first step of the algorithm must also perform this. This is controlled by the
parameters δ and µ. We know from lemma 3.6 that it always is possible to choose
the values of µ and δ as subsequent elements from a sequence ρi with ⌈8/λ⌉ elements.

Vertical and horizontal jobs should be placed inside bands and stacks respectively.
Before we can start placing the jobs, we therefore need to place the bands and stacks
into the schedule. Afterwards, we can greedily fill the bands and stacks with their
corresponding jobs. To do this, we need to guess both their starting positions, sizes
and the number of bands/stacks.

For the heights of bands and stacks and for the widths of bands, we know which val-
ues to guess as the rounded heights and widths are multiples of T or D respectively.
For the widths of stacks, we have used geometric grouping to round the number of
widths to O(log(1/δ)/ε) options, but the rounded widths still depend on some of
the original widths. Since we have not yet assigned which jobs are flat, we cannot
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know which values to guess. To handle this, we must first guess which widths appear
among our jobs. As each job has at most q processing configurations and there are
at most n jobs, the maximum number of unique widths is nq. We now simply guess
which O(log(1/δ)/ε) of these widths to pick, which can be done in

(
nq

O(1/δ)/ε

)
≤ nO(ε)

We have bounded these quantities in theorem 3.5. The number of bands is bounded
by O(1/(εδ2)) and the number of stacks is bounded by O(1/(εδ)). For bands,
their rounded widths belong to one of O(1/(µδ)) possibilities and the number of
unique heights is in O(1/(εδ)) as the heights of vertical jobs are rounded. The
starting positions for bands are also bounded by (1/ε)(1/ε)O(1/ε) . The number of
starting position for stacks is bounded by O(1/(εδ)) and their rounded widths are
in O(log(1/δ)/ε). The heights of stackes are rounded to multiples iµT . Since neither
the starting positions, sizes or amounts of bands and stacks depend on n, we can
iterate through all possible combinations while still running in polynomial time. Let
Kband and Kstack denote the set of bands and stacks. For each k ∈ K, we let wk, hk

denote the width and height of said band or stack.

For a feasible guess, we must now address the moldability of the jobs. The struc-
tural result holds for a specific choice of job configuration. If we use the right job
configuration, the structural result will allow us to guarantee that our obtained so-
lution deviates by at most α = 3/2 + ε. Simply guessing and trying all possible job
configurations until we find the configuration which yields the optimal value is not
possible. Since we for each of the n jobs has multiple options, it is clear that the
time complexity of this “brute-force” technique is exponential. Instead, we consider
a different approach were we find a suitable configuration by using a linear program.

Definition 5.1

The Job Assignment LP (JALP) is a linear program which can be used to assign
each job a suitable processing configuration and assign.

In this LP, we let xj,k ∈ [0, 1] be our decision variable, denoting the fraction of job
j that is assigned to bin k. Rather than considering all possible job configurations
for each job, we can get away with looking at only a few. For each of the five
categories of jobs, we introduce a constraint ensuring that no single category of
jobs is assigned too many jobs. When a job is assigned to a category, there may
be several processing configurations which would have the job belong to said bin.
In this case, we simply choose the configuration which minimizes either the width,
height or area of the job, depending on which bin it is placed in. For each category
s ∈ {large, small, medium}, we let ws

j and hs
j denote the width and height of the job

associated with the “smallest” processing configuration. For vertical and horizontal
jobs, we further introduce one bin for each possible rounded height or width. Let
H and W denote the sets of rounded heights and widths for bands and stacks
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respectively.

(wh
j , hh

j ) = arg min
(wij ,hij )∈Cj

wij <µD,hij ≤h

wij ∀h ∈ H (5.1)

(ww
j , hw

j ) = arg min
(wij ,hij )∈Cj

wij ≤w,hij <µT

hij ∀w ∈ W (5.2)

(wlarge
j , hlarge

j ) = arg min
(wij ,hij )∈Cj

wij >δD,hij ≥δT

wijhij (5.3)

(wsmall
j , hsmall

j ) = arg min
(wij ,hij )∈Cj

wij <µD,hij <µT

wijhij (5.4)

(wmedium
j , hmedium

j ) = arg min
(wij ,hij )∈Cj

classified as medium

wijhij (5.5)

It is possible that each job wont be able to be assigned into each bin since there is
no guarantee that the job has a suitable processing configuration to choose. A job
could in practice have just one configuration and thus potentially only be assignable
into one bin. When a job cannot be assigned, i.e. arg min not being able to find an
argument, we let arg min return (D, T ). This ensures that no job will be assigned
into a category for which they do not have a viable processing configuration.

We start by addressing the large jobs. Rather than placing them using the LP, we
need to guess their placement into the schedule. As the set of large jobs can have
a maximal area of DT and each large job must have an area of at least δ2DT , the
maximum amount of possible large jobs is

|Jlarge| ≤
DT

δ2DT
= 1

δ2 . (5.6)

We can round both the heights and widths of large jobs using lemma 2.11 and
2.12 respectively. The number of starting positions for large jobs is bounded by
(1/ε)(1/ε)O(1/ε) by claim 3.15. Since none of the guessable quantities depend on n,
we guess both the amount of large jobs, their starting positions and their sizes in
polynomial time. We do this guessing before solving the JALP.

To place the other jobs, we introduce a set of bins. We introduce one bin each for
the small and medium jobs, called βsmall and βmedium. For the vertical and horizontal
jobs, we instead introduce one bin for each possible height of band or width of stack
respectively. Let Kband

h denote the set of bands of height h and let Kstack
w denote the

set of all stacks of width w. Let B denote the set of all bins.

For the vertical jobs, the structural result assumes that some vertical jobs are re-
moved and instead placed inside the residual item container. To account for this, we
also need to include some buffer when assigning jobs as vertical into the bins for the
different height levels. For each height level h, we introduce a buffer Бh. For each
buffer, we guess its width to some multiple iµD. The total amount of buffer needs to
be large enough that for a suitable guess, the total width of vertical jobs fits inside
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the bands together with the buffer. The structural result expects vertical jobs with
a total width of at most 9λD/32 to be removed to accommodate the remaining jobs
into bands. Hence, we guess all possible buffer widths such that

∑
h∈H

Бh ≤
9λD

32 . (5.7)

The number of possible guesses can be bounded by O
(

1
εδµ

)
. Similarly for small jobs,

we need to guess the reserved height for small and vertical jobs as we did in the
structural result. This is to ensure that we do not assign too many jobs as small.
From this guess, we obtain a maximum area for the small jobs. Let A denote this
area. With all the guessing done, we can proceed with assigning the jobs using the
JALP. It is defined as the following linear program.∑

β∈B
xj,β = 1, ∀j ∈ J (5.8)

∑
j∈J

xj,hwh
j ≤

∑
k∈Kband

h

wk + Бh ∀h ∈ H (5.9)

∑
j∈J

xj,whw
j ≤

∑
k∈Kstack

w

hk ∀w ∈ W (5.10)

∑
j∈J

xj,βsmallh
small
j wsmall

j ≤ A (5.11)

∑
j∈J

xj,βmediumhmedium
j wmedium

j ≤ λDT

4 (5.12)

Equation (5.8) ensures that for each job, its width is assigned only once, although
possible fractionally over multiple bins. The subsequent equations ensure that we
do not assign too many jobs to any one category. For the vertical and horizontal
bins, we assign each job to a bin corresponding to the set of all bands or stacks of
a specific (rounded) height or width.

The bound on the area of the medium jobs in equation (5.12) comes from the
bounded area of jobs in lemma 3.6. The rest of the structural result assumes that
the area of medium jobs is bounded by λDT/4 and thus, we must limit ourselves to
the same bound here. With the LP stated, we must now verify that a solution to
the LP can be obtained in polynomial time.

To solve the LP, we can make use of one of several standard algorithms. Most
practical algorithms such as the simplex algorithm, while quick in practice, still have
exponential time complexity [HLC09]. Instead, we use an algorithm which while slow
in practice has a guaranteed polynomial running time. Karmakar’s algorithm is one
such algorithm which we can use to solve the JALP [Kar84]. It is possible that the
LP is not solvable. If this is the case, we discard our current guess and make a
new guess on either the large jobs, the structure of the bands and stacks or of the
parameters µ and δ. If the LP cannot be solved for any guess of these parameters,
our algorithm returns this result, indicating that a larger value of T is needed.
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Whilst the LP has assigned the jobs into different categories, we still need to place
them into the actual schedule.

Claim 5.2

For a correct guess of the packing structure and a sufficiently large T , the JALP
will have a solution.

Proof. Across all possible guesses of µ and δ and for the placement of the bands
and stacks, there will exist a guess that mimics the structure we proved to exist in
the structural result. From this result, we know that there exists a feasible packing
whose structure closely resembles that of the LP constraints. This holds as long as
the height T is sufficiently tall. If the LP is not solvable for any guess, then the
height T too low to pack the jobs.

Equation (5.12) concerns the placement of medium jobs. We know that in our
correct guess, the total area of medium jobs is bounded by λDT/4. The packing
satisfies this constraint. For the small jobs, one guess of the height profile for small
and vertical jobs, and by extension the allowed area for small jobs will match the
structural result.

The two remaining constraints concern the placement of vertical and horizontal jobs.
For the correct guess, we know that all horizontal and almost all vertical jobs can
be placed inside stacks and bands respectively. For the stacks, we introduce one bin
for each possible rounded width that a horizontal job/stack can have. When the
stacks are correctly guessed, we know that their total height is enough to fit the
total height of all horizontal jobs.

For the vertical jobs, the situation is similar. There is an additional complication
as the structural result only holds if some vertical jobs are removed and instead
placed in the residual item container. To account for this, each distinct height levels
of bands also has a buffer Бh where ∑h∈H Бh ≤ 9λD/32. These jobs that need to
be removed may be distributed across the different height levels but for a suitable
guess of the buffers, there is enough extra space that all vertical jobs fit inside the
width of the bands and the buffers. Since a packing of the form proven to exist in
the structural result satisfies the constraints and such a structure must exist in at
least one of the guesses, the LP will be solvable for a suitable guess.

Claim 5.3

If a solution to the JALP is found, almost all vertical and horizontal jobs can be
placed into the schedule. The few removed jobs can be placed either on top of
the schedule or inside Ψ.

Proof. To determine the placement of jobs, we must analyze the constraints. In
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total, the LP will have

n +O
( 1

εδ

)
+O

(
log 1/δ

ε

)
+ 2 (5.13)

constraints, and therefore the same number of nonzero components in its solution.
In turn, this means that at most O(1/(εδ)) jobs may be fractionally assigned. We
need to show that these fractionally assigned jobs can be placed integrally into the
schedule. For any fractionally assigned vertical jobs, we can make use of Ψ. Since a
vertical job has a maximum area of µDT , the total area of fractional vertical jobs
can be bounded by O(µ/(εδ))DT . Since µ ≤ cε5δ, it is clear that the area is small
enough that these jobs can be placed inside a narrow strip inside Ψ using Steinberg’s
algorithm. We reserve a container of width λD/16 inside Ψ for these jobs.

For fractionally assigned horizontal jobs, the solution is similar. Horizontal jobs also
have a maximal area of µDT and thus we can bound the total area of fractional
horizontal jobs by O(ε4)DT in the same way as for the vertical jobs. The jobs are
too wide to be placed inside Ψ but their total height is very small. We therefore
place them inside a container of height εT and width D which we place on top of
the schedule.

If jobs are fractionally assigned as small, we can yet again obtain a useful bound.
Since each small job has an area of at most µ2DT , the total area of fractional small
jobs is bounded by O(µ2/(εδ)). We can easily place these inside the same εT tall
container that was used for the horizontal jobs.

If a job is fractionally assigned as medium, we cannot easily place it into the schedule
as we do not have a useful bound on the area of medium jobs. However, if a job
is fractionally assigned as medium, it must also be partially assigned as something
else. Fractional assignment of vertical, horizontal and small jobs cause no issues, so
we simply place the whole job into one of these containers instead.

With the fractional jobs handled, we want to show that almost all of the remaining
jobs can be placed. Starting with the horizontal jobs, equation (5.10) guarantees
that the total height of all jobs assigned as horizontal is small enough to fit inside
our guessed stacks. To place the horizontal jobs into the stacks, we greedily fill the
jobs inside the stacks. Since the reserved height for stacks are rounded to heights
iεδT and horizontal jobs have a height of at most µT , we know that at most one
job may need to be removed per stack in order to accommodate all horizontal jobs.
As the number of stacks is bounded by O(1/(εδ)), we can bound the total area of
removed jobs by

O
(

µ

εδ

)
DT. (5.14)

Since µ≪ ε and µ/(εδ) ∈ O(ε4), we can place these removed jobs into a container
of width D and height εT using Steinberg’s algorithm. This container can then later
be placed on top of the schedule.
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For the vertical jobs, the structural result requires that some jobs are removed before
the placement into bands. In addition to the jobs we have the remove when greedily
filling the bands, we must also remove some more to guarantee that the jobs will fit.
It is to this end that the extra buffers Бh have been introduced.

We know that these removed jobs can fit inside 9/16 of Ψ as they have a total
width bounded by 9λD/32. Hence, when guessing the buffers Бh, we guess them
such that ∑h Бh ≤ 9/32D. With the extra buffers added and with a correct guess
mimicking that of the structural result, the total width available is enough to be able
to schedule all vertical jobs. To actually place the vertical jobs, we again greedily
fill them into the bands for each height level. For each band, one job of width at
most µD may need to be removed. Jobs with a total width of at most 9λD/32 will
also not fit and will therefore be removed. Since the number of bands is bounded
by O(1/(εδ2λ)), µ ≤ cε5δ, and the total height of bands is bounded, the total width
of the removed jobs is bounded.

For each band, we remove one job for the greedy filling. These jobs fit inside a
container of width λD/8 inside Ψ. The remaining jobs that do not fit correspond to
the jobs that the structural result requires we remove. We have reserved 3 containers
inside Ψ for these jobs, with a total width of 9λD/16 where we again can place them
using Steinberg’s algorithm.

We have now placed the large, vertical and horizontal jobs. Next, we place the small
jobs. The structural result guarantees that these can be placed inside gaps in the
schedule, in addition to potentially adding a container of height εT on top of the
schedule. We have proven that the height profile of vertical jobs jumps at most
O(1/(ε4δ)) times and gives rise to the same number of boxes where we can place
the small jobs. Using NFDH, we can place the small jobs into these boxes. We also
use NFDH to potentially place a few small jobs on top of the schedule.

Finally, we place the medium jobs. From the structural result, we know that all
medium jobs can be placed either inside Ψ or on top of the schedule whilst adding
at most O(ε) to the packing height. This only holds as long as the area of the
medium jobs is bounded by λDT/4, which is enforced by the CALP. To place the
medium jobs, we follow the same procedure as for the proof in the structural result.

Consider all jobs j ∈ Jmedium with wj ≤ λD/4. These jobs can all be placed inside
the first vertical half Ψ using Steinberg’s algorithm. Now consider the remaining
medium jobs, i.e. those with a width wj > λD/4. Introduce a container of width
D and height 2λT . Since the medium jobs have an area of at most λDT/4 and a
width greater than λD/4, they must have a maximum height of

λDT/4
λD/4 = λT. (5.15)

The remaining medium jobs can therefore be placed inside this container using
Steinberg’s algorithm. This container can then be placed on top of the schedule,
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Figure 5.1: The partitioning of the residual item container Ψ. The 6 segments
represent the containers used to place some of the jobs that we remove from the
packing.

adding 2λT to the packing height.

We have used the residual item container for several jobs in a few different cases.
Figure 5.1 illustrates the partitioning of Ψ and which jobs we remove to achieve the
desired packing. The jobs removed in claim 3.8 are placed in A. The jobs removed
from the configuration LP as covered in claim 3.13 are placed in B. The jobs removed
when rounding the bands as described in claim 3.12 fit inside C.

In segment D, we place the vertical jobs that are removed when greedily filling the
bands. Segment E contains the fractionally assigned vertical jobs. Finally, segment
F contains some of the medium jobs.

5.1.1 Placing Ψ into the schedule

The algorithm as described so far returns two packings, σ which a height of (1 +
O(ε))T containing most jobs and Ψ containing a few jobs inside a container of width
λD and height T . For our complete algorithm, we need to place Ψ into the schedule
and show that the height of this resulting packing is low enough.

Claim 5.4

If (J , D) admits a λ-forgiving packing, we can obtain a packing with peak demand
(3/2 + ε)T in polynomial time.
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Proof. Let jΨ denote an auxiliary job with the same dimensions as our container Ψ,
i.e. wjΨ = λD and hjΨ = T . If (J , D) admits a λ-forgiving packing, then

OPT(J ∪ {jΨ}) ≤
3
2OPT(J ). (5.16)

To place Ψ into the schedule, we can run our algorithm on the set J ∪{jΨ} instead.
The maximum height of the packing achieved from this will then be bounded by

(1 +O(ε)) OPT(J ∪ {jΨ}) ≤
(3

2 +O(ε)
)

OPT. (5.17)

To obtain our desired packing, we remove jΨ from the packing found by our algo-
rithm, which frees up a λD wide slot. All jobs that were assigned to Ψ are then
moved into this slot instead. With an appropriate scaled version of ε, we obtain a
packing with peak demand (3/2 + ε)OPT.

Claim 5.5

The algorithm as described runs in polynomial time with respect to n.

Proof. Whenever guessing is performed, the number of possible guesses is constant.
Iterating through all possible bands, stacks and values for µ and δ can therefore be
done in constant time. Finding the minimal processing configurations for each bin
can be done in linear time w.r.t q, the maximal number of configurations per job.
We guess the starting positions and sizes for a constant number of large jobs, which
is done in constant time. We also guess the buffer Бh in constant time.

Next, we run the JALP to assign the jobs to the correct bins. By using Karmakar’s
algorithm, we can obtain a solution in polynomial time. The solution we obtain has
fractionally assigned jobs which we need to handle. We schedule some medium jobs,
as well as some fractionally assigned and previously removed jobs using Steinberg’s
algorithm, which runs in polynomial time. The small jobs are placed using NFDH,
which also runs in polynomial time. The algorithm therefore runs in polynomial
time.

5.2 Algorithm for (ε, T )-neat packings
To construct an algorithm for (ε, T )-neat packings, we will make use of theorem 4.3,
guaranteeing that any such packing can be restructured into a cool packing. For a
given height H, we present an algorithm which either generates a D-feasible packing
or concludes that no such packing is possible. If (J , D) admit a (ε, H)-neat packing,
the algorithm is able to construct such a packing.

The structural result proven shows that for a specific choice of processing config-
urations, there will exist a packing which can be restructured such that it is cool.
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We will now make use of this structure to create an algorithm which finds a feasible
packing.

To start, there are several components of the structure which can be guessed. We
know that for each k = 1, . . . , log(1/δ), almost all flat jobs fit inside at most 1/ε′

containers, picked from a set Fk with |Fk| ∈ On(1). We do not know which widths we
use after the geometric grouping. We therefore start by guessing at most log(1/δ)/ε′

widths from the total set of at most nq options, which can be done in
(

nq
O(1/δ)/ε

)
≤

nO(ε) steps. From this, we also calculate the set of reduced starting and ending
positions. Since a big job has a width of at least δD and a height of at least µTLB,
there can be at most

DT

δD · µTLB

≤ 2T

δµT
= 2

δµ
(5.18)

big jobs. Both the widths and heights of big jobs are rounded as well. To place
big jobs, we therefore simply guess the ending position, width and height of at
most 2/(δµ) big jobs. We guess the 1/ε′ containers from Fk as well for each k =
1, . . . , log(1/δ).

There are no restrictions imposed on the width of tall jobs, with any width between
0 and D being permissible. If we were to only consider a subset of tall jobs with a
minimum width however, the total number of such jobs could be bounded by some
constant similarly to what we do for the big jobs. To make use of this observation,
we split the tall jobs into two sets depending on whether or not a job has a width
wj ≤ ε′δ2D/18. The number of tall jobs with a width wj > ε′δ2D/18 is bounded by

18 ·DT

ε′δ2D · T/2 = 36
ε′δ2 . (5.19)

Just like the big jobs, we can guess their rounded heights to multiples iεδT . We
can also pick at most 36/(ε′δ2) widths from the nq possible choices, which can be
done in polynomial time. We do not need to guess the starting times however, as the
placement requirements of tall jobs will force the guessed jobs into specific positions,
when combined with the narrower tall jobs. For each height level h, let Бh denote
the widths of the guessed tall jobs.

Using the guessed packing of big and flat jobs, we can get an upper bound on the
height profile for the tall jobs. We assume that it is possible to obtain a height profile
that is δ-translated, i.e. that there exists a gap of at least δD between the height
profile and the actual placement of the jobs. An example of the height profile we use
after the guesses for flat and big jobs is shown in figure 5.2. From this height profile,
we can guess how many tall jobs of a certain width we will have. Since the number
of ending points and the widths of both big and flat jobs are bounded, the number
of starting points will also be bounded. For each possible height h ∈ H of tall jobs,
we guess a width ωh within which the tall jobs must be placed. The guessed width
does not have to directly correspond to the height profile obtained from the flat and
big jobs, we may e.g. not want to place any jobs of height T even if the current
guess for flat and big jobs would allow it to be done. We have one more quantity
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D

T

T
2

3T
2

Figure 5.2: An example of the packing structure after the guessed big jobs and
containers for flat jobs. The red hatched area contains big and flat jobs. The red
line denotes the height profile after the guess. The blue line denotes the δ-translated
height profile which we can use as a bound when guessing the placement of tall jobs.
Below the guessed height profile, we want to place tall jobs in a staircase shape
inside the guessed widths ωh.

that we want to guess. Whilst we want to assign squeezable jobs using the JALP, we
cannot do so fully as we would not be able to bound the area of fractionally assigned
squeezable jobs. Instead, we guess some squeezable jobs ahead of time. Consider
squeezable jobs with a width wj > ε′δ2D/18 and height hj > δ2T/18. The number
of such jobs is bounded by

182 ·DT

ε′δ2D · δ2T
≤ O

( 1
ε′δ4

)
. (5.20)

Again, we guess at most
(

nq
O(1/(ε′δ4))

)
widths and heights to use for these squeezable

jobs, and then guess which widths and heights to use. We still have some narrow and
short squeezable jobs left to place but those will be handled by the JALP. Figure
5.3 shows an overview of our job partitioning and which jobs we guess.

To determine the optimal choice of processing configurations for the remaining jobs,
we yet again consider a variant of the job assignment LP (JALP) from definition
5.1. To reduce the number of configurations we need to consider, it is enough to
only look at one possible configuration for each type of job. As we have already
guessed the big jobs, the assignment will be done for tall, flat and squeezable jobs.
For tall jobs, we introduce one bin for each allowed rounded height. For flat jobs, we
introduce one bin for each rounded width. Let H andW denote the sets of rounded
heights and widths for tall and flat jobs respectively.

Rather than considering all possible configurations that would lead to a job being
assigned to a specific class of job, it is enough to consider only one per class. For
squeezeable jobs, we pick the pair (wij, hij) which minimizes the jobs area. Let
wsqueeze

j and hsqueeze
j denote the width and height of the job associated with the

“smallest” processing configuration such that the job is squeezable. For tall and flat
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δD Dε′δ2D/18

T
2

T

ε′δT
18

µTLB

Jsqueeze

Jtall

Jflat

Jbig

Figure 5.3: An overview of the job partitioning for (ε, T )-neat packings. The
jobs in the red hatched area are guessed, as they have a minimum area and thus a
bounded amount. The remaining jobs are assigned using the JALP.

jobs, we do something similar by only considering the narrowest tall job and the
shortest flat job.

(wh
j , hh

j ) = arg min
(wij ,hij )∈Cj

wij <δD,T/2<hij ≤h

wij ∀h ∈ H (5.21)

(ww
j , hw

j ) = arg min
(wij ,hij )∈Cj

wij ≤w,hij <µTLB

hij ∀w ∈ W (5.22)

(wsqueeze
j , hsqueeze

j ) = arg min
(wij ,hij )∈Cj

wij ≤δD,hij ≤T/2

wijhij (5.23)

We are now ready to introduce the JALP for (ε, T )-forgiving packings. Let β denote
a bin and let B denote the set of bins. Let Kw denote the set of containers compo-
nents of width w. As we have guessed 1/ε′ containers, it is clear that |Kw| ≤ 1/ε′.
The JALP is then defined as the following linear program.∑

β∈B
xj,β = 1, ∀j ∈ J (5.24)

∑
j∈J

xj,hwh
j ≤ ωh − Бh ∀h ∈ H (5.25)

∑
j∈J

xj,whw
j ≤

∑
k∈Kw

hk ∀w ∈ W (5.26)
∑
j∈J

xj,βsqueezeh
squeeze
j wsqueeze

j ≤ DT − A−B (5.27)

A =
∑
j∈J

∑
h∈H

xh
j wh

j hh
j +

∑
w∈W

xw
j ww

j hw
j

 (5.28)

B = total area of guessed tall, big and squeezable jobs (5.29)
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Equation (5.24) ensures that we do not assign a job to more than one bin, although
the job may be fractionally assigned across multiple. Equation (5.25) guarantees
that for each rounded height h ∈ H, we do not assign more jobs as tall with height
at most h that the guessed maximal width for said height, including the width of
the already guessed wide tall jobs Бh. Similarly for the flat jobs, equation (5.26)
ensures that we do not assign too many flat jobs of width at most w. To be able
to squeeze the squeezable jobs in at the end, equation (5.29) ensures that the total
area of squeezable jobs is sufficiently small.

As before, we need to relax the integrality of the problem to be able to find a
solution, i.e. allowing for fractionally assigned jobs. The LP is solved by a standard
algorithm such as Karmakar’s [Kar84]. If the LP cannot be solved, our current guess
is wrong and we go back one guess at a time until we can obtain a solution to the
LP.

Claim 5.6

For a correct guess of the packing structure and a sufficiently large T , the JALP
will have a solution

Proof. Before running the JALP, the algorithm guesses multiple components of the
packings structure, such as the placement of big jobs, the containers containing flat
jobs and which wide tall and large squeezable jobs are included. For at least one
guess, there will exist a guessed packing which mimics the structure seen in the
structural result, when considering the jobs packed so far. The containers for the
tall jobs are already guessed and alongside the big jobs, they define a guessed height
profile. The exact placement of the guessed tall and squeezable jobs is not specified
by our guess.

From the structural result, we know by assumption that the height profile of tall
jobs always can be shifted such that it is δ-translated. We also know that it is
possible to place all tall jobs in a staircase shape in order of non-increasing height.
The δ-translated height profile can be estimated by using the height profile of big
and flat jobs, which we know can be guessed in a bounded number of steps. When
guessing the space ωh for each height level, at least one appropriate guess will mimic
the structure of the packing achieved from the structural result. The constraint in
equation (5.25) can thus be satisifed.

For the flat jobs, we can make a similar argument. We have shown in section
4.2 that there must exist a packing where almost all flat jobs are placed inside at
most log(1/δ) · 1/ε′ containers. These containers have rounded widths and a total
stacked height which are covered by the guessing step earlier. At least one guess of
the starting position, width and height of the containers will therefore mimic the
packing from the structural result. Equation (5.26) guarantees that for each rounded
width, we do not assign more jobs than the available width in the guessed containers.
We know that there exists a solution which satisfies this constraint thanks to our
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structural result.

For the squeezable jobs, we know that they always can be squeezed into the packing
as long as the total height is sufficiently tall. As per the requirements from lemma
4.7, the squeezing algorithm works if

T ≥ max
{

area(J )
D

, OPT
}
⇐⇒ area(J ) ≤ DT. (5.30)

In order for the squeezing algorithm to work, we need to ensure that the height of
the total area of jobs is sufficiently small for our current T . With all other jobs
either assigned or guessed, we simply require that we assign few enough squeezable
jobs that the total area is at most DT . We know from the structural result that
such a packing will exist, and thus constraint (5.29) will hold.

We know that a packing like that shown to exist in the structural result in chapter
4 satisfies all the constraints in the JALP, if T is sufficiently tall. The LP will then
be solvable.

Claim 5.7

If a solution to the JALP is found, all jobs can either be placed into the schedule
or inside a container on top, whilst adding at most 3ε′T height. If the assumption
regarding δ-translated packings does not require any additional height, the total
height of the obtained packing is (3/2 + ε)T

Proof. To verify that the jobs can be placed, we must both consider jobs that are
fractionally assigned by the LP and flat jobs which overlap the borders of their
guessed containers.

For the flat jobs, the LP guarantees that the total height of all jobs assigned as flat
of a particular width w is less than or equal to the total height of corresponding
components of the guessed containers. We have at most 1/ε′ containers, each with
log(1/δ)/ε′ widths. As we know the height of the stack with precision µT and flat
jobs have a height of at most µTLB, greedily filling the flat jobs into the containers
ensures that we only need to remove at most one job per container segment. Hence,
greedily filling the jobs placed them all except some flat jobs with a total area of at
most

1
ε′

log(1/δ)
ε′ µDT ≤ ε′DT. (5.31)

Hence, these jobs fit inside a container above the schedule with height 2ε′T using
Steinberg’s algorithm.

The tall jobs can be greedily placed according to their assigned heights without
removing any jobs. We still have to consider jobs that are fractionally assigned
by the JALP however. As the JALP has n + O

(
1

ε′δ

)
+ O

(
log(1/δ)

ε′

)
+ 1 ≤ O

(
1

ε′δ

)
constraints, there will be at most 1

ε′δ
fractionally assigned jobs.
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If a job is fractionally assigned as flat, their total area will be bounded by

1
ε′δ

µDT ≤ ε′DT (5.32)

and we can thus simply place these jobs on top of the schedule using Steinberg’s
algorithm. The tall jobs are more problematic, as we no longer have a residual
container to place the jobs inside. To account for fractional tall jobs, we make use of
our assumption that it is possible to obtain a δ-translated height profile of the tall
jobs. The only tall jobs that are assigned using the JALP have a maximal width
of wj ≤ εδ2D/18. The total width of fractionally assigned tall jobs can thus be
bounded by

1
ε′δ

ε′δ2D

18 ≤ δD. (5.33)

As long as there are tall jobs either guessed or assigned to at least two distinct
height levels, there will exist a gap of width δD and height h where we can place
the fractionally assigned jobs. We can fit all these jobs inside the tallest such gap
even if the jobs may be fractionally assigned to many different height levels. If we
only have a single height level for tall jobs, any fractionally assigned tall jobs must
also be fractionally assigned as something else which is not tall. We can in this case
simply assign the job fully to another category.

Finally, a job could be squeezable. For a feasible solution to the JALP, the total
area of both guessed and assigned squeezable jobs is small enough that we can
use lemma 4.7. The only squeezable jobs we assign using the JALP either has a
height hj ≤ δ2T/18 and width wj ≤ δD or has a height hj ≤ T/2 and a width
wj ≤ ε′δ2D/18. Thus, any such job has a maximum area of ε′δ2

18 DT . The total area
of fractionally assigned squeezable jobs is then bounded by

1
ε′δ
· ε

′δ2

18 DT ≤ δDT

18 ≤ ε

18DT ≤ ε′DT. (5.34)

Hence, these jobs can be squeezed into the packing using lemma 4.7 by adding
at most ε′ to the packing height. Thus, all jobs have either been placed into the
schedule or in a container on top.

For the structural result to hold, we need to increase the height of the packing by
15ε′T . In order to place all jobs using our algorithm, the packing height further
needs to be increased by a 3ε′T . As ε′ = ε

18 , it is clear that the packing found by
our algorithm has a peak demand of(

1 + 15 + 3
18 ε

)
T = (1 + ε) T. (5.35)
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Claim 5.8

The algorithm as described runs in polynomial time with respect to n.

Proof. We start by performing some guesses. Guessing which widths to use for flat
jobs after the geometric grouping, the widths for wide tall jobs and the widths and
heights for large squeezable jobs can be done in polynomial time. The tall jobs have
a constant number of rounded heights to guess from and the number of, and ending
positions of containers of flat jobs can are constant.

To place the remaining jobs, we again make use of a variant of the JALP. We first find
the best processing configurations for each bin, in constant time. The JALP then
assigns the jobs into different categories and can be solved in polynomial time using
Karmakar’s algorithm. After the jobs are assigned and placed, a few jobs either
have to be removed or are fractionally assigned. For flat jobs, these can be placed
using Steinberg’s algorithm which runs in polynomial time. For squeezable jobs, we
place them using the squeezing algorithm in polynomial time. The algorithm will
therefore run in polynomial time with respect to the number of jobs n.

5.3 Complete algorithm
For both λ-forgiving and (ε, T )-neat packings, we have constructed algorithms that
for a given set of jobs J and a height T either find a feasible packing or conclude
that no such packing can exist. We are now ready to combine these algorithms to
obtain an algorithm for DSP with moldable jobs.

In order to obtain an optimal packing, we perform binary search with respect to the
height T . To start the binary search, we need an initial upper and lower bound on
the height T . The smallest height possible would occur in the case where all jobs
perfectly occupy all space leaving no empty gaps, when each job has a processing
configuration which minimizes the area. If there exists a job that is taller than this
height however, we can immediately know that the minimum packing height will
need to be at least the height of this item. Hence, a lower bound for T can be
expressed as

TLB = max
{

min
Cj

{
area(J )

D

}
, max

j∈J

{
min

Cj

hj

}}
. (5.36)

To obtain an upper bound, we can yet again make use of Steinberg’s algorithm.
Consider a box of width D and height TUB = 2TLB. Since TLB ≥ area(J )/D, it is
clear that the container has at least twice the area of any job. It is also clearly at
least twice as tall as any job. Therefore, we can ensure that Steinberg’s algorithm
will be able to generate a feasible packing. It will therefore always be possible to
obtain a packing with height TUB using Steinberg’s algorithm, and we thus use TUB

as an upper bound for our binary search.

We can now start performing the binary search. Keeping TUB and TLB unchanged,
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let ℓ = TLB and u = TUB. In each step of the binary search, we set T = u+ℓ
2 and run

both our algorithms. We know from theorem 2.9 that all packings admit either a λ-
forgiving or a (ε, OPT)-neat packing. At least one of the algorithms must therefore
yield a feasible packing as long as our T is not too low. If one of the algorithms
work, we set u = T and otherwise we set ℓ = T . We repeat the loop until the
upper and lower bounds converge to within a distanc of TLBε/4. In order for our
final obtained packing to have a peak demand of (3/2 + ε)OPT, we need to run our
two subalgorithms with scaled versions of ε. Let ε∗ = ε/2. We use this value of ε∗

when calculating the λ-forgiving and (ε∗, T )-neat packings. The algorithm in full
is shown below. We can now return to proving the main theorem of this thesis.

Algorithm 1 Complete approximation algorithm
Require: J , ε

TLB ← max
{
minCj

{
area(J )

D

}
, maxj∈J

{
minCj

hj

}}
.

TUB ← 2TLB

ℓ← TLB

u← TUB

ε∗ ← ε/2
λ← min{ ε∗

3(5+4ε∗) ,
1
60}

while u− ℓ > TLB
ε
4 do

▷ Binary search ◁
T ← u+ℓ

2
σforgiving ← Algorithm in 5.1
σneat ← Algorithm in 5.2
if σforgiving exists ∨ σneat exists then

u← T
else

l← T
end if

end while
return arg min{h(σforgiving), h(σneat)}

Recall theorem 1.2.

Theorem 1.2

If assumption 1.1 holds, there exists an approximation algorithm for the Demand
Strip Packing problem with moldable jobs.

Proof. For our algorithm to be an approximation algorithm, it must run in polyno-
mial time with respect to n, the number of jobs. Finding TLB and TUB requires a
checking all possible configurations for all jobs and finding the choice which results
in the maximum height. Each job has at most q processing configurations and there
are n jobs. Finding the maxima/minima can be done in linear time, so the total
time complexity for this step can be bounded by O (nq).
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TLB

2TLB

OPT
u−ℓ

2 < εTLB

4

Figure 5.4: An example of how the binary search procedure converges towards
OPT. In each iteration, the search space (gray) is halved. The algorithm stops
when the search space is sufficiently small, when u+ℓ

2 < ε
4TLB.

The binary search will converge to a value of T in logarithmic time as our initial
search space of width TLB is cut in half during each iteration. Inside each step, we
run both our subalgorithms, which we have previously shown in claims 5.5 and 5.8
run in polynomial time. Algorithm 1 therefore runs in polynomial time with respect
to n, and is thus an approximation algorithm.

Corollary

If the assumption regarding δ-translated packings does not require the packing
height to be increased, then algorithm 1 is a (3/2 + ε)-approximation algorithm.

Proof. From claims 5.4 and 5.7, we have shown that using ε∗, both our algorithms
can find a packing with a peak demand of (3/2+ε∗)T if (J , D) admits a λ-forgiving
or (ε∗, T )-neat packing respectively.

When the algorithm has converged, we know that we are able to find a packing σ
with height T but not one with height T − ε

4TLB. From this, we can deduce that(3
2 + ε∗

)(
T − ε

4TLB

)
<
(3

2 + ε∗
)

OPT =⇒ T < OPT + ε

4TLB. (5.37)

As TLB ≤ OPT, we can see that

h(σ) =
(3

2 + ε∗
)

T ≤
(3

2 + ε∗
)(

OPT + ε

4TLB

)
≤
(3

2 + ε∗
)(

1 + ε

4

)
OPT(3

2 + ε∗ + 3
8ε + 1

4εε∗
)

OPT ≤
(3

2 + ε
(1

2 + 3
8 + ε

2

)
ε
)

OPT ≤
(3

2 + ε
)

OPT.

(5.38)

The height of the packing obtained by the algorithm will therefore be at most(
3
2 + ε

)
OPT.
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Conclusions and future work

In this thesis, we present an algorithm for the demand strip packing problem with
moldable jobs. The algorithm is runs in polynomial time with respect to n, the
number of jobs and is thus a valid approximation algorithm. The algorithm’s ap-
proximation ratio is believed to be α = (3/2+ε), so long as the assumption regarding
δ-translated packings holds.

Due to the assumption made, the algorithm as currently stated is not guaranteed
to work. Proving this assumption would require techniques that significantly differ
from the work in this thesis and it was thus not feasible to finish within the frame of
this thesis. We do however strongly believe that the assumption, or another similar
statement will hold. It is possible that the total height of the packing might need
to be slightly increased to allow for this, and thus we would end up with a slightly
worse approximation ratio than (3/2 + ε).

In terms of future work in this area, there are multiple possible directions to take.
Proving the assumption is the main priority to obtain a functioning algorithm. Once
the assumption is proven, adjusting the algorithm such that it can model moldable
jobs in a more useful way could be considered. One idea is to allow the processing
configuration of jobs to be determined by a function, rather than each job j having
a finite set Cj.
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A
Computational complexity

In this chapter, we present a basic theoretical overview of the field of computa-
tional complexity. For our applications, the most interesting topics are complexity
classes and the famous open problem p = np. For a more complete and rigorous
background, see other sources such as [Ski08] or [HLC09].

When analyzing the complexity of an algorithm, we are interested in how the time
needed for the algorithm to finish scales as the size of the algorithm’s input increases.
More specifically, we care about the maximum time that might be needed for the
algorithm to finish for a specific input size n. To illustrate this, consider algorithm
2 below.

Algorithm 2 Insertion sort
Require: A : Array of objects i ∈ N, |A| = n

i← 1
while i ≤ n do

i← j
while j > 0 & A[j − 1] > A[j] do

▷ Swap A[j] and A[j − 1] ◁
x← A[j]
A[j]← A[j − 1]
A[j − 1]← x

end while
i← i + 1

end whilereturn A

The insertion sort algorithm sorts a list A of items i ∈ N. It does this by inserting
one item at a time into its correct position. Starting with a single sorted item, it
compares each item to all the sorted items to its left. Each item is moved one step
left at a time until it is in the correct position. To analyze the algorithm’s time
complexity, we need to determine the maximum number of comparisons that need
to be done in the worst case scenario. If we’re lucky, item k is already in the correct
position and we only need to make one comparison. It is however possible that item
k is the smallest item in the list and needs to be compared with all previous sorted
items. If we use a list that is sorted in reverse order as input to the algorithm, we get
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A. Computational complexity

the worst case scenario. Each of the n items must be compared against all previous
items. The number of comparisons becomes

n∑
i=1

i− 1 = n · (n− 1)
2 = n2

2 −
n

2 . (A.1)

A.1 Asymptotic behavior
Rather than looking at the exact number of steps the algorithm takes, it is usually
enough to look at the algorithms asymptotic time complexity. As the size of the
input n increases, some terms may dominate the others. In the above example, the
n2 term will dominate the n term as n → ∞. We formalize this using O-notation.

Definition A.1

A nonnegative function f(x) belongs to the set O(g(x)) if there exists a positive
constant c such that f(x) ≤ cg(x) for all x larger than some sufficiently value x′.

In the above example, one can say that f(n) = n2/2 − n/2 ∈ O(n2). Since n3 ≥
n2 ∀n ≥ 1, it is also the case that f(x) ∈ O(n3). The same will hold for any
polynomial of degree larger than 2. If we however consider a function such as
f(x) = 2x, it is no longer possible to find a suitable constant c such that 2x ≤ cxp

as x → ∞. In a function with both a polynomial term and an exponential term,
the exponential would dominate the expression. A comparison of a few common
functions and how they dominate each other is shown in equation A.2.

O(1) ⊆ O(log n) ⊆ O(np|p ≥ 1) ⊆ O(cn|c > 1) ⊆ O(n!) (A.2)

In order to analyze the complexity of more complicated functions, we make use of
the following rules.

O(f(n)) +O(g(n)) = O(max(f(n), g(n)) (A.3)
O(f(n)) · O(g(n)) = O(f(n) · g(n)) (A.4)

O(c · f(x)) = O(f(x)) (A.5)

Using these rules, we can compare other functions built out of several components.
A more detailed overview of O-notation, as well as the closely related Ω-notation is
available at [Ski08], among many others.

In a multivariate case, it is important to distinguish the time complexity with respect
to the different variables. Sometimes, we may only care about the time complexity
with respect to a single variable. We denote the variable of interest in the subscript.
For example, A function belonging to the set Oε(1) is constant with respect to ε (no
dependency on ε), but may have higher time complexities for other variables.
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A.2 Complexity classes
When comparing optimization problems, it is common to categorize them using
complexity classes.

Definition A.2

A complexity class is a set of problems where algorithms exist that can solve the
problem in the class’s time complexity.

For each time complexity, we can introduce a complexity class. The complexity
class p for instance contains all problems where there exists a polynomial-time algo-
rithm. Since a logarithmic time algorithm also runs in polynomial time (as we see
in equation A.2), the class l of logarithmic type problems must be a subset of p.
In order to cover all relevant complexity classes, we must introduce the concepts of
deterministc and nondeterministic computers/Turing machines.

Definition A.3

A deterministic computer is a computer which solves problems using deterministic
algorithms. For a given algorithm and input, the result of any algorithm can be
uniquely determined.

Definition A.4

A nondeterministic computer is a computer which is not deterministic. At any
point in an algorithm, there are several possible next steps from which the com-
puter will make a nondeterministic choice.

All “real” computers that we’re familiar with are deterministic computers since they
always make a deterministic choice with the inputs they’re given [HLC09]. When
trying to employ randomness in algorithms, we have to resort to pseudo-random
numbers which are still deterministic given a set seed. A nondeterministic computer
is only conceptual but could theoretically solve harder problems by checking all
possible options and picking the best solution of those obtained.

When defining complexity classes, where define classes for both deterministic and
nondeterministic computers. The class p as defined earlier actually contains all
problems that can be solved in polynomial time using a deterministic computer. For
nondeterministic computers, we can similarly introduce the class np containing all
problems that could be solved in polynomial time if we were to use a nondeterministic
computer. Since a nondetermenistic computer is more capable than a conventional
deterministic one, it is clear that p ⊆ np.
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Conjecture

p = np

The proof is left as an exercise to the reader. This famous conjecture states that all
np problems actually lie in p, i.e. that there exists some algorithm to solve them
in polynomial time even using a deterministic computer. The conjecture has been
considered important enough that is is named as one of the seven millennium price
problems, with a one million dollar reward available for anyone who can find a proof
[Cla]. It is as of yet unsolved, with no proof or counterexamples.

Another way of viewing the class npcomes up when comparing algorithms for finding
optimal solutions against the process of checking that a given solution is optimal. For
problems in np, we may need a nondeterministic computer to discover the optimal
solution in polynomial time. Given a feasible solution however, a deterministic
computer is able to verify wether or not the solution is optimal in polynomial time.

Unless p = np, there must exist some class of problems that belong to np but not
p. These are the hardest problems in the np class, where the algorithms we’ve
developed only run in polynomial time on a nondeterministic computer. To analyze
these problems, we introduce the classes of np-hard and np-complete.

Definition A.5

A problem P belongs to the complexity class np-hard if every problem in np can
be reduced to P in polynomial time.

Definition A.6

A problem P belongs to the complexity class np-complete if it belongs to both
np-hard and np.

By reducing a problem, we mean that for arbitrary problems P and a problem P ,
it is possible to transform a P into P ′. We may not have an algorithm to solve P
but if we reduce P to P ′ and solve it instead, we can then transform the solution
back to obtain a solution to P .

The class np-complete consists of all problems in np that can be transformed into.
Since any np problem can be reduced into a problem belonging to np-complete, it
is enough to analyze the class of np-complete problems. If one could show that just
a single problem in np-complete actually belongs to p, then all problems in np must
also belong to p, and thus p = np. Naturally, this has not yet been shown.

As np-complete problems still have to lie in np, it must be possible to verify if a
solution is correct in polynomial time using a deterministic computer. For some
problems such as the Demand Strip Packing problem covered in this thesis, this is
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Figure A.1: An Euler diagram comparing the different complexity classes, under
the assumption that p ̸= np

.

not the case. These problems belong to the class np-hard. Often, the only way to
verify that a solution is optimal is by iterating over all possibilities, something which
cannot be done in polynomial time with a deterministic computer.
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