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Robust Adaptive Control of Aerial Vehicles under Significant Model Uncertainty
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Abstract

Control systems for flying vehicles must satisfy stringent demands for high perfor-
mance while remaining robust against system uncertainties, such as aerodynamic
variations and environmental disturbances. Conventional controllers often face a
fundamental trade-off between nominal performance and robustness. This thesis in-
vestigates the robustness guarantees and performance of adaptive control methods
to mitigate these challenges.

The primary focus is the design and implementation of an £; Composite Model
Reference Adaptive Controller. This architecture utilizes a cascade configuration
where an outer loop employs direct MRAC to ensure tracking, while an inner loop
retains an £; adaptive structure with a fast predictor to satisfy small-gain stability
conditions. The vehicle is modeled as a Linear Parameter-Varying system with
decoupled dynamics for roll, pitch, and yaw.

The performance of the £; CMRAC is systematically benchmarked against a con-
ventional Linear Quadratic controller and a standard direct MRAC within a six-
degree-of-freedom simulation environment. Evaluation is conducted across multiple
reference paths designed to excite various flight dynamics and cross-coupling effects.
To ensure statistical robustness, Monte Carlo simulations are utilized to quantify
success rates and tracking accuracy under a broad range of uncertainty conditions.
Results indicate that while the baseline LQ controller may achieve a lower root-
mean-square error in nominal scenarios, the £; CMRAC provides a higher success
rate and superior robustness under significant perturbations. The analysis further
highlights an inherent trade-off within the £; framework: conservative predictor
tuning enhances robustness margins but may degrade absolute tracking performance.

Keywords: Adaptive Control, £; Adaptive Control, Robustness, Flying Vehicles,
LPV Systems, Monte Carlo Simulation.
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Nomenclature

Below is the nomenclature of indices, sets, variables, parameters, and design param-
eters that have been used throughout this thesis.

Indices

Index of row

~.

Index for roll channel
Index for pitch channel
Index for yaw channel

Index for input uncertainty

ORI S T

Index for model uncertainty

<

Index for feedforward gain

8

Index for feedback gain

Index for predictor model

Index for reference model

Index of discrete time step

Index of control surface deflection

Index of model deviation

Index of time

»

Index of laplace

Sets

Set of scheduling parameter
Set of feasible adaptive parameter

Set of extended feasible adaptive parameter

x © 9 9

Set of feasible state space defined by the imposed state constraints
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Variables

x(t) Measured state
Z(t) Estimated state
u(t) Control input
u(t) Ideal control input
r(t) Reference signal
e(t) Tracking error
z(t) Prediction error
V(z,t) Lyapunov candidate function
A(t) True input uncertainty
A(t) Estimated input uncertainty
A(t) Estimation Error of input uncertainty
A(t) Input uncertainty
A(z,t) True model uncertainty
O(t) True uncertainty weights
o(t) Estimated uncertainty weights
O(t) Estimation error of uncertainty weights
Q(t) True scaled uncertainty weights
Q(t) Estimated scaled uncertainty weights
Q(t) Estimation error scaled uncertainty weights
K (t) Estimated control gain
K,(t) Estimation error of control gain
p(t) Varying parameter
A(p,t) Linear parameter varying plant matrix
B(p,t) Linear parameter varying input matrix
C(p,t) Linear parameter varying output matrix
D(p,t) Linear parameter varying feed-through matrix
P(p,t) Linear parameter varying Lyapununov solution
G(s) Transfer function
Parameters
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Linear time invariant plant matrix

Linear time invariant input matrix

Linear time invariant output matrix
Linear time invariant feed-through matrix
Linear time invariant control gain

Linear time invariant predictor gain

Linear time invariant Lyapunov solution

Design Parameters

r
Q
1
K(p,t)
L(p,t)

wc(p, t)
O(x,t)

Learning rate

State penalty

Bound scaling factor

Projection tolerance

Scheduled reference control gain
Scheduled predictor gain
Scheduled cut-off frequency

Lipschitz-continuous basis functions
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1

Introduction

This chapter provides an overview of the thesis and establishes the context for
the work. It begins by introducing the background and motivation for studying
robust and adaptive control of flying vehicles under uncertainty. The purpose and
scope of the thesis are then defined, followed by the formulation of the research
objectives and questions that guide the study. Finally, ethical considerations and
project delimitations are discussed to clarify the boundaries and context of the work.

1.1 Background

The control systems of flying vehicles are required to satisfy stringent demands for
both high performance and robustness, particularly in the presence of system uncer-
tainties and operational variations. Such uncertainties may arise from manufactur-
ing tolerances, differences in material properties, aerodynamic parameter variations,
or environmental disturbances such as wind gusts and turbulence. In conventional
control design, achieving both high performance and robustness often involves a
fundamental trade-off: controllers optimized for nominal performance can be highly
sensitive to deviations in system parameters, whereas robust controllers provide sta-
bility across a range of uncertainties but may reduce overall system performance.
In conventional control design, a common mitigation strategy is to impose strict
requirements on manufacturing precision, as small variations between vehicles can
significantly affect the ability to maintain both performance and robustness. Con-
sequently, ensuring uniformity across units often increases production costs and can
hinder the economic feasibility of mass production.

Adaptive control methods offer a promising alternative by allowing the control law
to adjust online in response to variations in system dynamics. Unlike fixed-gain
controllers, adaptive controllers can modify their behavior based on observed per-
formance, enabling more consistent operation across vehicles with varying parame-
ters. This capability is particularly advantageous when there are large uncertainties
in system models, where conventional fixed controllers would either be too conser-
vative or fail to meet performance specifications. However, adaptive methods also
introduce challenges. Because the control law evolves during operation, traditional
robustness guarantees are typically weaker compared to non-adaptive designs. In
safety-critical applications such as aviation, where stability and performance are
paramount, this limitation presents a significant concern and necessitates careful
analysis to ensure that adaptive controllers remain reliable under all realistically
possible conditions.
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1.2 Purpose

The purpose of this thesis is to investigate the robustness guarantees of adaptive
control methods when applied to systems with uncertain parameters. Specifically,
certain system parameters are assumed to be stochastic, with known probability
distributions defined within bounded intervals. The primary focus is on identifying
and evaluating different control methodologies that can maintain robustness across
the full range of possible system realizations induced by these uncertainties. By
evaluating adaptive controllers in this context, the study aims to understand the
extent to which robustness can be preserved while still leveraging the performance
advantages of adaptation.

The work will be conducted within a six-degree-of-freedom simulation environment
containing a flying vehicle subject to significant model uncertainties. As the simu-
lation environment has been used before, this work can be viewed as a continuation
of [1], which incorporated and evaluated adaptive control laws for an aerial vehicle
within the same simulation environment used. For this thesis, an adaptive control
law will be designed and implemented within this environment, and its robustness
and performance will be systematically analyzed. The evaluation will include com-
parisons with conventional control strategies, including classical linear-quadratic
controllers as well as other adaptive methods, to benchmark performance and quan-
tify robustness under nominal and perturbed operating conditions. Through this
analysis, the thesis seeks to provide insight into the design of robust adaptive
controllers suitable for safety-critical, uncertain systems, highlighting the poten-
tial advantages and limitations of adaptive methods relative to traditional control
approaches.

1.3 Scope

The scope of this thesis is confined to the design and analysis of adaptive and robust
control methods for a flying vehicle in a six-degree-of-freedom simulation environ-
ment. The evaluated controller is based on the £; adaptive controller proposed by
2].

Performance and robustness will be assessed primarily by applying reference ac-
celerations or commands to the vehicle and examining whether the control system
satisfies predefined stability and tracking requirements across the defined uncer-
tainty set. Both nominal and perturbed scenarios will be considered to evaluate the
consistency and reliability of each controller’s performance.

The thesis is restricted entirely to simulation studies. No hardware testing, real-time
implementation, or physical validation is included. The scope is further limited to
exclude practical considerations such as sensor noise modeling, actuator saturation,
and aerodynamic refinements, unless they directly influence the evaluation of ro-
bustness under parametric uncertainty. All stochastic parameters are assumed to
follow known probability distributions within predefined bounded intervals.
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1.4 Objective / Research Questions

The primary objective of this thesis is to investigate the robustness guarantees of
adaptive control laws applied to flying vehicles with uncertain system parameters.
Specifically, the research seeks to answer the following questions:

1. Robustness Guarantees: What robustness guarantees can be provided for
the designed adaptive controller? This will be compared to the robustness of
a conventional LQ controller designed for the nominal system, evaluated using
statistical methods.

2. Balance Between Robustness and Performance: Is it necessary, even
with adaptive control, to balance robustness against performance? This in-
vestigation will assess whether the conventional trade-off between robustness
and performance also applies to adaptive control methods, and if so, to what
extent.

1.5 Ethics & Sustainability

This project is conducted in collaboration with SAAB Dynamics, a company oper-
ating in the defense sector. As such, ethical considerations regarding the potential
impact and application of the research must be addressed. Research in this area
may involve dual-use technologies, which can have both civilian and defense-related
applications.

The work presented in this thesis is strictly limited to a simulation-based case study.
No results will be deployed, tested, or directly implemented in operational or safety-
critical systems. The primary aim is to investigate theoretical aspects of adaptive
and robust control under model uncertainty, contributing to academic knowledge
rather than the development of weapon systems or autonomous decision-making
capabilities.

SAAB Dynamics is a technologically innovative company that encourages creative
and advanced engineering solutions. The company also writes regarding sustain-
ability: "Peace and security are fundamental for human rights and freedom. We
contribute to sustainable development by delivering capabilities that allow our cus-
tomers to protect people and society." [3]. The collaboration provides an opportunity
to study complex control problems in an industrial context while maintaining clear
academic and ethical boundaries.

From a societal perspective, maintaining technological competence in national de-
fense is an important aspect of ensuring security and stability. In the current geopo-
litical context, research that improves the robustness and reliability of control sys-
tems can be viewed as contributing to defensive preparedness rather than offensive
applications.

1.6 Delimitations

Due to the collaboration with the defense sector, certain information regarding the
simulation environment will be omitted from this report. These include the vehicle
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model, and information about the baseline controllers.



2

Theory

This chapter present the theoretical frameworks used to derive a robust adaptive
controller.

Unless otherwise stated, all signals in this report are functions of time. To avoid
notational clutter, the explicit time argument (¢) is omitted throughout the thesis
except equations which include integrals, and each signal should be understood as
time-varying. Equivalent representations of the same signal are used interchangeably
when no ambiguity arises.

Table 2.1 summarizes all parameters used in the following chapter to further clarify
their dependencies.

2.1 Lyapunov Stability

Stability analysis is a fundamental aspect of control design, ensuring that the system
trajectories remain bounded and converge to desired states. In adaptive control
Lyapunov-based methods are the standard tool for establishing stability and deriving
adaptation laws.

2.1.1 Lyapunov’s Direct Method

Lyapunov’s direct method provides a constructive way to assess stability without
explicitly solving the system dynamics. It involves selecting a scalar function V' (x),
called a Lyapunov candidate function, which satisfies the following conditions in a
neighborhood of the equilibrium =z = 0:

V(z) >0, Vx#0, V(0)=0, (2.1)
V(r) = aa‘;f(x,t) <0, V. (2.2)

If such a V(z) exists, the equilibrium at 2 = 0 is stable. If V() < 0 for all 2 # 0,
the equilibrium is asymptotically stable [4].

2.1.2 Quadratic Lyapunov Functions for Linear Systems

For a linear time-invariant system

T = Az, (2.3)
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given that A is Hurwitz [5], a common choice is a quadratic Lyapunov function
V() =x' Pz, (2.4)
where P = P > 0 satisfies the Lyapunov equation
ATP 4+ PA=—-Q, (2.5)

with Q = Q" > 0 chosen by the designer. The existence of such a P guarantees
that the system is exponentially stable [4].

2.2 Model Reference Adaptive Control

Model Reference Adaptive Control (MRAC) is an adaptive control strategy in which
the controller parameters are adjusted online such that the system state follows a
desired reference model despite parametric uncertainties.

Consider the uncertain system

&= Az + BA (u+ A(x)), (2.6)

where x € R" is the state vector and u € R™ is the control input. The matrices
A € R and B € R""™ represent the known nominal plant dynamics where (A, B)
is controllable [6]. The matrix A € R™*™ models unknown input gain uncertainty
and is assumed non-singular. The matrix A(x) € R™ contains unknown constant
parameters associated with matched uncertainties [7]. In this thesis, the uncertain-
ties A and A(x) are assumed to be time dependent. However, to maintain concise
notation, the explicit time argument (t) is omitted.

The desired closed-loop behavior is specified by the reference model

T = AT + B, (2.7)

where z,, € R" is the reference state and r € R™ is a bounded reference input.
The matrix A,, € R™™" is chosen Hurwitz to ensure exponential stability of the
reference dynamics, while B, € R™*™ determines the steady-state gain and tracking
characteristics.

2.2.1 Uncertainty Model

The model uncertainty A(z) can be modeled as the linear combination between N
known, locally Lipschitz-continuous basis functions ¢;(z) with unknown coefficients
[8]. A Lipschitz-continuous function satisfies the condition

‘%‘(xl) - %‘(952)| < Lz“xl - $2|> (&S {17 "'7N} (2~8)

for some constant L; > 0 and for all x1, x5 in the domain. This condition restricts
the rate of variation of the function and ensures that small changes in the state
produce proportionally bounded changes in the basis functions [4]. Thus, A(z) can
be rewritten to the form

Az) = 0T d(x) (2.9)
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where ®(z) € RY and © € RV*™,
A linear system affected by parametric uncertainty can generally be written as

&= (A+ Ap)x + (B + Ba)u, (2.10)

where Ax and Ba denote unknown deviations from the nominal model. If the un-
certainty is matched, i.e., enters through the input channel, (2.10) can be expressed
in the form of (2.6). Assuming that B has full column rank, the uncertainty can be
parameterized using the Moore—Penrose pseudoinverse BT, [9], as

© = (B+Ba)'Ax, A =1+ B'Ba. (2.11)

2.2.2 Direct MRAC

The MRAC controller can be divided into two categories: direct and indirect MRAC.
In direct MRAC, the control law is designed directly to match the system to a
reference model without explicitly estimating the plant parameters.

Assume the reference model satisfies

AT + Bur = Az + BA (i + 07 ®(z)), (2.12)

where
u=K!'r— Kl r—0'd(z) (2.13)

is the ideal control law. Here, K,, K,, and © denote the true feedforward gain,
feedback gain, and system uncertainty, respectively.
Using (2.12), the reference model matrices can be related to the true plant param-
eters as

A, =A—-BAK,, B, =BAK,. (2.14)

The applied adaptive control law is then
u=K,r— K,z —0"d(x), (2.15)

where [A(r, K,, and © are the adaptive gains updated online based on the tracking
error
€= — Tp,

2.16
¢ = Ax + BA (u + @T(I)<£L'>> — Ay — By ( )

Substituting (2.14) and (2.15) into (2.16), the tracking error dynamics can be ex-
pressed as ) ) )
¢=Ame+BA (K[ r— K[z - 6"0()), (2.17)

where K, = f(T - K., K, = f(x — K,, and © = © — O denote the parameter
estimation errors.

To guarantee stability for the tracking error, the following Lyapunov candidate is
proposed [8]:

Ve, Ky, Kby ©) = ¢ Pe + tr (KT K, + KT K, +©'T5'0] A), (2.18)

7
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where P = PT > 0 solves the Lyapunov equation for the reference model, I,
I, and T'g are positive definite learning rate matrices, and tr(-) denotes the trace
operator (sum of diagonal elements) [4].

The derivative of the Lyapunov function is

V= eTPé+éTPe+2tr(

KITTR, + KITTK, + éﬁ“gfé] A>
= —¢ Qe+ 2tr <f(j {r;lf(r + reTPB] A> + 2tr (f(; [F;lf(x - meTPB} A)
A) ,

+2tr (éT r5'6 — &(x)e" PB

(2.19)
where A P+ PA,, = —Q.
Choosing the adaptive update laws as

. =1,ze’ PB, (2.20)

ensures that V < 0, which guarantees that the tracking error and parameter esti-
mation errors remain bounded, and the closed-loop system is stable. The control
synthesis is summarized by Figure 2.1

2.2.3 Indirect MRAC

In contrast to direct MRAC, where the controller parameters are adapted directly,
indirect MRAC introduces an intermediate parameter estimation step. The un-
known plant parameters are first identified online using a state predictor, and the
control law is subsequently constructed using the parameter estimates.

Consider the uncertain plant model

i = Ay + BA (u+0720()) (2.21)

where A, is a known Hurwitz reference matrix defined by (2.14).
The predictor model is defined as

i=Api+B(Au+Q'0(@), Q=46 (2.22)

where A and ) denote the parameter estimates.
The control law is constructed using the parameter estimates as

uw=Kr—A10Td(x), (2.23)

where K, is a nominal feedforward gain ensuring reference tracking, and the nominal
feedback dynamics are embedded in A,, to guarantee desired stability properties [2].
In indirect MRAC, the adaptive mechanism estimates the plant uncertainty rather
than directly updating the control gains.

8
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Lm

Reference Model

7
2

r— K, @ “ Plant ’ @ €

Figure 2.1: Block diagram of the direct MRAC controller. The control input u
is computed using the adaptive feedback and feedforward gains, K, and f(m and
the estimated uncertainty ©. The reference model (2.7) provides the desired state
trajectory x,,, which, together with the plant (2. 6) output x, generates the tracking
error e. The adaptive update laws adjust Kx, KT, and © based on the prediction
error to ensure boundedness of the error and convergence of the system states to
the reference model.

Rather than updating the parameter estimates via the tracking error (2.16), the
adaptive laws are derived via the prediction error

T=1I—uw. (2.24)
where the error dynamics become

= Api+ B(Au+Q () — Apz — BA (u+ 0" d(x))

- . (2.25)
= Api + B (Au+ Q" 0(x)),
Here, the parameter estimation errors are defined as
A=A-A, Q=0-Q. (2.26)

To establish boundedness of the estimation errors, consider the Lyapunov candidate
function o ) o )

V(#A,Q) =i Pi+w(ATTA+Q'T5'Q), (2.27)
where P = P" > 0 satisfies the Lyapunov equation (2.5) for A = A,, and 'y, g > 0

are adaptation gain matrices.
Differentiating V' along the trajectories of the error dynamics yields

V =3"(A,P+ PAy)i+2i PB (Au+ Q' ®(x))
- PO 2 2.28
+ 2tr (ATFAlA - QTFQIQ) : (2:28)
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where using (2.5) this becomes

V=—i"Qi+ 2tr([\T IA 4+ u:ETPBD
) R (2.29)
+ 2tr<QT 50+ ®(2)i PB ) .
Choosing the adaptive laws as
O = —To®(x)i' PB.
a®() (2.30)
A= —T'\uz' PB,
cancels the cross terms and yields
V=-3"Q% <0. (2.31)

satisfying (2.2). Hence, Z, A, and Q are bounded, and the prediction error # con-
verges to zero asymptotically. The control architecture is summarized in Figure 2.2
where the closed-loop plant is defined by (2.21), i.e. closed-loop stable.

r——> K, . 4 Closed-Loop Plant

p =3

/

Predictor Model

>

Figure 2.2: Block diagram of the indirect MRAC controller. The control input u
is generated using the nominal feedforward gain K, and the estimated uncertainties
A1 and Q which are computed by the adaptive update laws. The predictor model
(2.22) estimates the system states &, which together with the plant (2.21) output

forms the prediction error Z. This error is used to update the adaptive parameters
A and Q.

2.2.4 Persistent Exciting

While the Lyapunov analysis guarantees boundedness of the parameter estimation
errors, convergence of the parameter estimates to their true values requires ad-
ditional excitation conditions. A regressor signal ®(x) is said to be persistently
exciting (PE) [10], if there exist constants v, T > 0 such that

t+T
/ ®(7)®7 () dr > I, V> 0. (2.32)
t

Under persistent excitation, the parameter estimation errors A and converge ex-
ponentially to zero. In the absence of persistent excitation, parameter estimates
remain bounded but may not converge to their true values.

10
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2.3 Robust Control Theory

Robust control theory concerns the analysis and synthesis of feedback systems that
guarantee internal stability and prescribed performance in the presence of struc-
tured or unstructured uncertainty [4]. In contrast to nominal control design, which
assumes an exact mathematical description of the plant, robust control explicitly
models uncertainty and derives conditions under which closed-loop properties are
preserved for all admissible perturbations.

A

uA Yya

w ——> Plant —> 2

K

Figure 2.3: Generalized robust control interconnection. The generalized plant is
partitioned to expose the uncertainty channel (ua,ya) and the performance channel
(w, z). The controller K generates the control input u from the measured output
v. The block A represents structured or unstructured uncertainty in feedback with
the nominal closed-loop system. Robust stability and performance are assessed with
respect to this interconnection.

Consider the generalized plant interconnection shown in Figure 2.3. The block A
represents uncertainty, which may account for parametric variations, unmodeled
high-frequency dynamics, or exogenous disturbances. The controller K generates
the control signal v from measured outputs v. The exogenous input w represents
disturbances and reference inputs, while z denotes regulated performance outputs.
The objective of robust control is to ensure internal stability of the closed-loop
interconnection and bounded input—output gain from w to z for all admissible un-
certainties A within a prescribed uncertainty set [4].

2.3.1 Norms

Norms provide quantitative measures of signal and operator amplification and form
the mathematical foundation of robustness analysis. In control theory, stability and
performance are often characterized in terms of induced gains between input and
output signal spaces.

11
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Vector and Signal Norms

For a vector ¢ € R", the ¢;-norm is defined as

lglls = > lail, (2.33)
=1

whereas the Euclidean norm (or ¢, norm) is given by

n

lalla = | > lasl* (2.34)

i=1

Another commonly used norm is the peak norm which defines the larges amplifica-
tion
lglloc = max |gi|. (2.35)

The norms in (2.33)—(2.35) can be extended to account for time dependent signals
q(t). In such cases the norms are evaluated over time horizon t € [0, o).

Matrix Norms

For a matrix A € R™ ™ the induced (operator) norm corresponding to a given
vector norm || - || is defined as

Ax
) = sup 1220, (2.36)
z#0 |||
where sup denotes the supremum, i.e., the least upper bound.
Of particular importance is the induced 2-norm,
[Alls = o (A), (2.37)

where d(A) denotes the largest singular value of A [4]. This norm characterizes the
maximum Euclidean amplification of the linear mapping defined by A.
When the vector infinity norm is used, the induced matrix infinity norm becomes

_ | Az _ - _ ()
[Alloe = sup 57 = = g%; jaij] = max |4, (2.38)

that is, the maximum ¢;-norm of the rows of A.
Another frequently used matrix norm is the Frobenius norm,

[Allr = \/tx(ATA), (2.39)
which equals the Euclidean norm, (2.34), of the singular value vector.

12
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System Norms

For stable linear time-invariant (LTI) systems, robustness is characterized using
induced system norms that describe input—-output amplification. Let G(s) be a
stable transfer matrix with impulse response g(t), where s = jw.
The induced L5 gain, also known as the H., norm, is defined as

G
|Gulle, :supc_f(G(jw)), (2.40)
wela,u0 ||ulle,  wer

Gl =

and represents the worst-case energy amplification from input to output.
Similarly, the induced L., gain is bounded using the £; norm of the impulse re-
sponse,

IGlle, = [ lg(®)l dt, (2.41)
which yields the input—output bound

1Gulleee <Gz llull o (2.42)

where u is the input. Thus, while the H,, norm quantifies worst-case energy am-
plification and is evaluated in the frequency domain, the £; norm is a time domain
quantity that provides a bound on the worst-case peak output given a bounded
input.

2.3.2 Small-Gain Theorem

A fundamental sufficient condition for robust stability of feedback interconnections
is provided by the Small-Gain Theorem [11]. Consider the feedback interconnection
of two stable causal operators G and A acting on L,. If

Gl Al < 1, (2.43)

then the feedback interconnection is internally stable.
In robust control applications, A typically represents normalized uncertainty sat-
isfying ||Alloc < 1. In this case, a sufficient condition for robust stability reduces
to

|G |loo < 1. (2.44)

The small-gain condition formalizes the requirement that the loop amplification re-
main strictly below unity and constitutes the analytical basis for induced L5 control
synthesis and modern robustness analysis [4].

2.4 L, Adaptive Control

The £, adaptive controller [2] establishes a systematic framework that combines fast
parameter adaptation with robustness guarantees expressed through induced norm
bounds. Conceptually, the architecture resembles the indirect MRAC formulation
presented in Section 2.2.3, as it employs a state predictor to estimate parametric
uncertainty, see Figure 2.4.

13
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A defining feature of the £, architecture is that the predictor is designed such that,
under ideal parameter estimates A=Aand Q = ), its dynamics coincide with
the desired reference model. In other words, in the absence of estimation error, the
predictor reproduces the reference model exactly. Consequently, the prediction error
T = & — x vanishes and the adaptive loop does not influence the nominal closed-loop
behaviour. This property provides a clear separation between nominal performance
(governed by the reference model) and uncertainty compensation (handled by the
adaptive mechanism).

In contrast to classical MRAC, the learning rates I'y and I'e in £; control are
deliberately chosen to be sufficiently fast. This enables rapid estimation of the
matched uncertainty while ensuring that the control signal remains well behaved
through appropriate filtering.

=

r——> K, @ Y Closed-Loop Plant

/

Predictor Model T,

1 C(s) A1Qd(2)

Figure 2.4: Block diagram of the £; adaptive control architecture. The control
input u consists of the nominal feedforward term K. 'r and the adaptive component
filtered through the strictly proper low-pass filter C(s), i.e., —C/(s)A~1QT®(x). The
state predictor (2.22) generates the estimated states Z based on the measured plant
state = from (2.21) and the control input. The prediction error & = & — x is used in
the adaptive laws to update the uncertainty estimates () and A.

As illustrated in Figure 2.4, a strictly proper low-pass filter [12] is introduced in
the control channel to suppress high-frequency oscillations induced by fast adapta-
tion. This filtering is essential for achieving a decoupling between adaptation and
robustness, thereby preserving transient performance guarantees while allowing high
adaptation gains.

However, the introduced low-pass filter fundamentally alters the control input per-
ceived by the plant and prediction error. As a result, the adaptive laws no longer
has access to the true excitation required for parameter convergence. Thus, even
if the unfiltered regressor in (2.45) satisfies the PE condition in Section 2.2.4, the
filtered may not.

Therefore, while boundedness and transient performance are preserved, the low-
pass filter effectively negates PE in the adaptive loop, preventing convergence of the
parameter estimates to their true values in general.

The applied control input is given by

u=KIr—C(s)A'Q (), (2.45)

14
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where C(s) denotes the low-pass filter

We
Os) = (2.46)

with w. > 0 representing the cutoff frequency [13].
The filter bandwidth is selected such that a small-gain type condition is satisfied in
the L., framework [2]. Specifically, defining

H(s) = (s] — A,,) ' B, (2.47)
which is the transfer function of (2.21), the design condition
[1H (s)(1 = C(s))ll, [€2l0 <1 (2.48)

guarantees bounded-input bounded-output stability of the adaptive interconnection.
Here, [|€)]|« denotes the worst-case bound on the uncertain parameter vector, while
|H(s)(1—C(s))||z, represents the induced L., — Lo, gain of the filtered uncertainty
channel. Condition (2.48) can therefore be interpreted as a small-gain constraint
that guarantees robustness of the adaptive closed-loop system independently of the
adaptation rate.

In particular, robustness is improved as the product ||H(s)(1 — C(s))]lz, |0 de-
creases, i.e., when the uncertainty channel is sufficiently attenuated. However, this
attenuation is achieved through increased filtering, which reduces the effective con-
trol bandwidth and consequently degrades tracking performance.

Thus, tuning the filter introduces an inherent trade-off between robustness to un-
certainty and closed-loop tracking performance.

2.5 Projection Operator

To further guarantee boundedness of the parameter estimates and to prevent drift
under high adaptation gains, a projection operator inspired by the bounded parame-
ter projection techniques commonly used in adaptive control [2] is incorporated into
the adaptive laws, i.e. (2.20) and (2.30). The projection ensures that the estimates
remain within a prescribed compact and convex set, thereby preserving robustness
while allowing fast adaptation independently of the adaptation gain I'.

2.5.1 Convex Set and Smooth Convex Function
The projection operator enforces membership in the smooth convex set
D={0cR"| f(0)<c}, 0<c<1, (2.49)
where f(-) : R" — R is the smooth convex function
(e+1)070 — 02
max 2.50
e (2.50)

max

f6) =

Here, Opax > 0 is the prescribed bound on ||f|| and € > 0 is the projection toler-
ance that defines the thickness of the boundary layer within which the projection

15
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gradually engages. A larger € results in a wider boundary layer and smoother pro-
jection behavior, while a smaller € results in a thinner boundary layer closer to a
hard constraint. The gradient of f is

2(e+1)0
€02 ’

max

V(o) = (2.51)

which is proportional to # and therefore points radially outward. Since V f o 6, the
unit normal to the boundary simplifies to

Vf 0

Nz (252
2.5.2 Projection Operator Definition
The projection operator is defined as
v, if £(6) <0,
Proj(6,y) = { ¥ if f()>0and VfTy <0, (2.53)
VIVFT

y y f(0), if f(§)>0and VfTy > 0.

IV £I3
The three cases admit the following geometric interpretation. In the first case,
lies strictly inside D and the update y is applied freely. In the second case, 6 is in
or beyond the boundary layer but the update points inward, so no modification is
needed. In the third case, 6 is in or beyond the boundary layer and the update points
outward where the projection removes a fraction f(6) of the outward component of
y in the direction of V f. Since V f o 6, this simplifies to

007

Pl"Oj((g, y) =Yy—- mf(g) Ys f(@) Z Oa vay > 07 (254)

which shows that only the component of y in the direction of # is modified, and the
modification is proportional to how deep into the boundary layer € has penetrated.
At f(0) = 0 no modification occurs, while at f(0) = 1, i.e. ||0]|2 = Omax, the outward
component is fully removed.

2.5.3 Key Properties

The projection operator satisfies two properties that are essential for the stability
analysis. First, it guarantees boundedness of the parameter estimates for all time,

10)]l2 < Oumax, V£ >0, (2.55)

provided [|(0)||2 < Omax. This follows directly from the fact that at [|0]]2 = Omax,
f(0) =1 and the full outward component of the update is removed, preventing fur-
ther growth. Second, the projection satisfies the Lyapunov compatibility condition

0" (Proj(é, y) — y) <0, (2.56)
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where 6 = § — 0 is the parameter estimation error. This inequality ensures that
the projection does not interfere with the convergence properties established in the
Lyapunov analysis of the adaptive laws, i.e. the projection can only improve or
maintain the Lyapunov decrease, never worsen it.

2.6 Linear Quadratic Regulator

The Linear Quadratic Regulator (LQR) is a classical optimal state-feedback con-
troller for LTI systems. Consider the system

i = Az + Bu,

2.57
y = Cx + Du, ( )

where © € R” is the state vector, u € R™ is the control input, and y € RP is
the system output. The matrices A € R™*"™ and B € R™™™ represent the system
dynamics and input matrix, respectively, while C' € RP*™ and D € RP*™ define the
measured output.

The LQR aims to determine a state-feedback control law

u=—K,z, (2.58)

that minimizes the infinite-horizon quadratic cost function
J= / (27 Qo +u” Ru+ 22" Quuu) dt, (2.59)
0

where Q, € R™™ and R € R™™ are symmetric weighting matrices, Q, = Q] >0
and R = R" > 0, chosen to penalize deviations in states and control effort, respec-
tively. The cost matrix Q),, € R™"™ introduces cross-weighting between the states
and the control input, allowing the cost to penalize their interaction in addition to
the individual state and control magnitudes [6].

The optimal gain K, is obtained by solving the continuous-time Algebraic Riccati
Equation (CARE)

ATS +SA— (SB+ Qu) R (SB+ Q) + Q. =0, (2.60)

where S = ST > 0 is the unique stabilizing solution ensuring asymptotic stability
of the closed-loop system. The resulting optimal feedback gain is

K,=R '(SB+Q..)". (2.61)
The closed-loop dynamics under LQR feedback are then
&= (A— BK,)z, (2.62)

which are guaranteed to be asymptotically stable for stabilizable matrices (A, B)
and detectable matrices (A, QL/?) [6].
For reference tracking of constant signals, the control law in (2.58) can be extended
to

u=—K,x+ K,r, (2.63)
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where r € RP is the reference input, and K, is a feedforward gain chosen to eliminate
steady-state error. Assuming (A — BK,) is nonsingular and the right hand side is
invertible, K. is computed from

K, =-[C(A-BK,)"'B+D| . (2.64)

This formulation provides a systematic method to balance state regulation against
control effort, with the weighting matrices ) and R determining the trade-off. The
LQ controller, summarized in Figure 2.5, is widely used in both theory and prac-
tice due to its optimality, simplicity, and inherent robustness to moderate model
uncertainties [6].

r K, @ Plant Y

K,

Figure 2.5: Block diagram of the LQ state-feedback controller with reference feed-
forward gain. The control input is given by u = K,r — K,x, where K, is the optimal
state-feedback gain obtained by minimizing a quadratic cost function, and K, is the
reference feedforward gain ensuring steady-state tracking of the reference signal r.
The states = from the plant (2.57) is fed back through the gain K, to regulate the
system states and achieve optimal performance in the sense of the chosen quadratic
cost functional.

2.6.1 Linear Parameter-Varying Systems

Systems whose dynamics depend on measurable, time-varying parameters are com-
monly modeled as Linear Parameter-Varying (LPV) systems. An LPV system is
described by
&= Ap)r + Blp)u,
y=Cl(p)z + D(p)u,

where p € P C R® is a measurable scheduling parameter belonging to a known
bounded set P, typically assumed to be a compact polytope defined by

(2.65)

1% € [pmim pmax]~

The parameter p may represent operating conditions such as velocity, altitude, or
other nonlinear effects, allowing certain nonlinear systems to be embedded into an
LPV framework.

Stability analysis of LPV systems is commonly performed using Lyapunov methods.
A sufficient condition for quadratic stability is the existence of a constant symmetric
matrix P = PT > 0 such that

A(p)"P+PA(p) <0, VpeP, (2.66)
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which guarantees exponential stability uniformly over the parameter set [4]. This
condition is often referred to as the existence of a common quadratic Lyapunov
function.

If no constant matrix P satisfies the above inequality for all p, stability can be ana-
lyzed using a parameter-dependent Lyapunov function V (x, p) = 2" P(p)x, leading
to the condition

az;f)p)p + A(p)TP(p) + P(p)A(p) < 0, (2.67)

which explicitly accounts for the rate of variation of the scheduling parameter.

2.6.2 Gain Scheduling

When the plant is described by an LPV model, controller design is typically per-
formed using gain scheduling. In this approach, a family of controllers

u=—K;(p)z+ K (p)r

is constructed, where the feedback, K,(p), and feedforward, K,.(p), gains depend
explicitly on the scheduling parameter. The controller gains are either interpolated
between locally designed linear controllers corresponding to fixed operating points,
or synthesized directly within the LPV [14].

Gain scheduling provides a practical means of extending linear control techniques to
systems operating over wide ranges of conditions. However, stability of the overall
closed-loop system requires careful analysis to ensure that the scheduled controller
preserves stability for all admissible parameter trajectories.

2.7 Parameter Summary

A summary to clarify which parameters are time dependent and which are signals
is presented in Table 2.1.
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Table 2.1: Parameters and their dependencies

Notation ‘ Explicit argument ‘

Description
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Measured states
Estimated states
Prediction error
Reference states
Tracking error
Reference signal
Control input
LTI plant matrix
LTT input matrix
LTT output matrix
LTT feed-through matrix
LTT Reference plant matrix
LTT Reference plant matrix
Plant matrix deviations
Input matrix deviations
Lyapunov candidate function
LTT system penalty
LTI Lyapunov solution
Input uncertainty
Estimated input uncertainty
Input uncertainty estimation error
Model uncertainty
Unknown uncertainty coefficients
Estimated uncertainty coefficients
Uncertainty coefficients estimation error
Scaled uncertainty weights
Estimated scaled uncertainty weights
Scaled uncertainty weights error
Lipschitz-continuous basis functions
Reference feedback gain
Estimated feedback gain
Feedback gain estimation error
Reference feedforward gain
Estimated feedforward gain
Feedforward gain estimation error
Time varying parameter
LPV plant matrix
LPV input matrix
LPV output matrix
LPV feed-through matrix
Gain scheduled feedback gain
Gain scheduled feedforward gain
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Methods

This chapter presents the methodology used in designing a robust adaptive con-
troller.

3.1 System Description

This section gives an overview of the pre-implemented simulation model.

3.1.1 Vehicle Structure

The simulated vehicle is assumed to be rotationally symmetric about its longitu-
dinal axis. To steer the vehicle, four control surfaces, arranged in an four-fin X-
configuration, are located in the rear. Figure 3.1 shows an illustration of the vehicle
where v is the velocity vector. The attack « and side-slip angle § are the angle de-
viations between the z and y coordinate axis to the velocity vector v, respectively.

(%

Figure 3.1: Illustration of Aerial Vehicle. Figure is obtained from [1].

For simplicity, the controllers implemented in this report are designed for traditional
aircraft, which use aileron, elevator, and rudder as control surfaces. The control in-
puts given by the control law are thus recomputed from the mentioned configuration
into the X-configuration using:

1 -1 1
-1 1 1
Usy 054 = 1 1 -1 USapr

-1 -1 -1

(3.1)

where us, ,,, is a vector of the recomputed control inputs for the X-configuration
control surfaces, while us, . represents the vector of raw control inputs given by the
controller.
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The mathematical representation of the model can be summarized as

T = f(]}, u5AER) (3'2>

where f(-) is the non-linear model.

3.1.2 Simulation Model

To be able to apply the control architectures presented in Chapter 2, the non-
linear model in (3.2) is split into three sub-models controlling roll, pitch, and yaw,
respectively, where each model is derived assuming the other two channels are not
excited. Thus, all cross-coupling are omitted, which is generally valid when assuming
motion only occurs predominantly in a single channel. To balance model accuracy
against local linearization errors, the nonlinear model (3.2) is linearized at a set of
predefined operating points within the flight envelope, as illustrated in Figure 3.2,
rather than about the instantaneous operating point.

Model Operating Points

5000

4500 |-

4000 |

3500 |-

3000 |-

2500 |

Altitude

2000 |

1500 |

1000 |

500 |

0

1 1.5 2 2.5
Mach

Figure 3.2: Polytope of operating-points for model linearization.

The resulting LPV models are summarized as:

&, = Ay(v, h)x, + By(v, h)us,,
‘%"19 = Aﬂ(v, h)xﬂ + Bﬁ(U7 h)u(gE, (33)
Ty = Ay(v, h)xy + By(v, h)usy,

where ¢, ¢, and 9 are the three Euler angles representing roll, pitch, and yaw,

respectively, and v and h are the velocity and the altitude, respective. As part of
the interpolation process, the velocity is recomputed from m/s to Mach using

o ol 5

VYRT
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3. Methods

where v, R, and T are the ratio of specific heat, gas constant, and absolute temper-
ature, respectively [15].

Thus, the model for roll in (3.3) is controlled by the aileron us, , the model for pitch
is controlled by the elevator wus,, while the model for yaw is controlled by the rudder
Uy -
It is further assumed that all states are measured, enabling full-state feedback.
Table 3.1 summarizes all measured states, where z,,, y, and x,, contain the following

states

# @ s
Lo = v y Ly = v o Ty = (G ) (35)
J (e —p)dt J(a,, —a.)dt [ (ay, —a,)dt

where ¢, a,,, and a,, are the commanded roll angle, acceleration along z-axis, and
acceleration along y-axis, respectively, and are given by the guidance module, further
described in Section 3.1.4, to obtain desired control surface deflection.

Table 3.1: Measured States

Notation ‘ States ‘ Unit
h Altitude m
%) Roll angle m
a Attack angle rad
6] Side-slip angle rad
Vg Velocity along x-axis m/s
Uy Velocity along y-axis m/s
vy Velocity along z-axis m/s
Ay Acceleration along z-axis m/s?
ay Acceleration along y-axis m/s?
a. Acceleration along z-axis m/s?
% Roll angular velocity rad /s?
0 Pitch angular velocity rad/s?
() Yaw angular velocity rad/s?
Oa Aileron control surface deflection rad
OR Elevator control surface deflection | rad
ORr Rudder control surface deflection rad

With both velocity v and altitude h available, an arbitrary operating point within
the polytope shown in Figure 3.2 is obtained during simulation by first identifying
the corresponding cell (square) of the partition in which the state lies. Within each
cell, system matrices are computed using bilinear interpolation of the surrounding
corner points.

23



3. Methods

The interpolation weights are defined as

h - hmin

hyp =——— 0 p=1-h
" hmax - hmin’ : "
U — Umin 1
Vp =— vV=1—7v
" Umax — Umin’ : " (36)

A<U7 h) :(A(Umim hmin>hl - A(Umin7 hmax>hh)vl+
(A(Umaxa hmin)hl - A(UmaX7 hmax)hh)vh

where hpin, Pmax and Vi, Umax denote the altitude and velocity bounds of the corre-
sponding cell and A(+) represents the velocity and altitude dependent model matrices
in (3.3). The velocity is expressed in Mach number to ensure consistency with the
operating points in Figure 3.2. The resulting interpolation yields a smooth approxi-
mation of the system matrices over the partitioned operating domain and may result
in injected model errors depending on the nonlinearities of the true model in (3.2).

3.1.3 Baseline Controller

With the system model split into three sub-models, three nominal controllers are
designed. The nominal controllers are designed using the LQ framework, presented
in Section 2.6, and are tuned for four operating-points within the polytope illustrated
in Figure 3.2, specifically the points shown in Figure 3.3.

5000 Gain Operating Points

4500 |

4000 |

3500 |

3000 |

Altitude
N
[é)]
o
o

2000 |

1500 |

1000 |

500 |-

Mach

Figure 3.3: Polytope of operating-points for gain scheduling.

The gain scheduled control laws can therefore be written as

us, = =K, (v, h)x, + K, (v, h)ry,

Usy, = — Koy (v, h)xy + K,y (v, h)ry, (3.7)
Usy, = — Ky, (v, h)zy + K, (v, h)ry,

R
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To obtain gains at arbitrary operating conditions, bilinear interpolation between the
four operating points is employed. The interpolated gain matrix is computed as

h - hmin
hp = ——m =1 — Ry,
hmax - hmin7 ’
Umax = Umax,1 + hh(vmax,Q - Umax,l)7
Ml 33
Umax — Umin

K(”? h) = (K(Umirb hmin)hl + K(Umin; hmax)hh>vl
+ (K(Umax,h hmin>hl + K(Umax,27 hmax>hh)vh7

where Umax,1 and Vpmax 2 are the maximum velocity at low and high altitude, respec-
tively, and K (-) denotes the altitude and velocity dependent controller gain matrices.
Thus, similar to the models in (2.57), with interpolation being used, error may be
injected in the model dynamics.

Since the models in (3.3) are derived under the assumption of decoupled rotational
dynamics, nonlinear cross-coupling effects may arise when multiple channels are si-
multaneously excited. These effects introduce modeling errors that are not captured
by the linearized sub-models. To mitigate the resulting performance degradation,
integral states are introduced as defined in (3.5). The integral action improves ro-
bustness against cross-coupling effects and compensates for modeling uncertainties
and nonlinearities.

3.1.4 Guidance Module

The commanded accelerations a, and a,,_, along with the roll angle ¢., are generated
by a pre-implemented guidance module. This module derives the commanded signals
based on a series of defined way-points that the vehicle is required to follow.

The way-points are specified in the sequential order in which the vehicle must nav-
igate them. Initially, the guidance module directs the vehicle towards the target
way-point. As the vehicle advances, the module utilises a set of predefined condi-
tions to determine the optimal moment to transition to the subsequent way-point,
thereby ensuring a smooth and continuous trajectory.

As the vehicle approaches the current point, the module assesses whether the vehicle
is within a specified turn circle distance. This distance is calculated based on the
ideal turn radius between consecutive legs (the path from one way-point to the next)
and the angular deviation between the current and next way-points. If the vehicle
is within this turn circle, it initiates a turn towards the next point, preparing for
the transition.

Additionally, the module verifies whether the vehicle has passed the current point
by confirming that it is positioned ahead of the way-point relative to its velocity
vector. This ensures that the vehicle has adequately progressed along the current
leg before proceeding to the next point.

Figure 3.4 provides an illustration of how the guidance module directs the vehicle
to follow a sequence of three way-points. The target way-point is considered passed
once the vehicle is located ahead of it, facilitating a seamless transition to the next
way-point in the sequence.
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Y
.-~ Vehicle
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Wi

Figure 3.4: Example of guidance module commanding a vehicle

3.2 Design of Robust Adaptive Control

As discussed in Section 2.4, the £, adaptive control architecture relies on the as-
sumption that the state predictor reproduces the desired reference model dynamics
under ideal parameter estimates A and Q. A fundamental requirement for guaran-
teeing transient performance is the existence of a strictly proper filter C'(s) satisfying
the small-gain condition in (2.48).

However, if the selected reference model exhibits excessively slow dynamics, it may
be impossible to construct a filter C'(s) that satisfies (2.48). In such a case, the pre-
dictor can no longer mimic the reference model, and the nominal £; framework does
not provide the intended tracking guarantees. This limitation motivates a modifi-
cation of the architecture to preserve robustness and bounded tracking performance
despite the mismatch.

To address this issue, the controller derived in [2] is extended into a cascade-like
configuration [16]. The outer loop is formulated as a direct MRAC (see Section 2.2.2)
to ensure bounded tracking error with respect to the reference model. The inner
loop retains the structure of an £; adaptive controller but employs a sufficiently fast
predictor to guarantee that (2.48) holds independently of the outer-loop dynamics.
This architecture is conceptually related to the composite MRAC structure intro-
duced in [17] and will hereafter be referred to as the £; CMRAC.

Similarly to the direct MRAC formulation, the plant is modeled according to (2.6).
The applied control input combines the adaptive state-feedback and feedforward
terms from the direct MRAC (2.15) with the filtered £; compensation from (2.45):

wu=Kr— K z—C(s)A'Q"d(x). (3.9)
3.2.1 Inner Loop
The predictor in (2.22) is modified to
i=Ai+B(Au+Q"®(), A =A-BL, (3.10)
where L is a stabilizing feedback gain selected such that A; is Hurwitz with suf-

ficiently fast eigenvalues to ensure that a modified small-gain condition (2.48) is
satisfied. The modification is described in Section 3.4.
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Using (3.10) together with (2.6), the prediction error dynamics becomes
F=Ai+ B (Au+QT®) - (Az + B (Au+ Q' 0))

- . (3.11)
=A7z+ B (Au + QTq)(x)) )
where A=A — A and Q = — Q.
Since A; = A — BL, the term Lz enters the state dynamics through the same
input channel as the matched uncertainty. Consequently, it can be absorbed into
the lumped uncertainty representation QT(I)(SC). This modeling choice preserves the
matched uncertainty structure but introduces a bias in the parameter estimates. In
particular, even under PE (see Section 2.2.4), convergence of Q) to the true parameter
vector is not guaranteed; instead, convergence occurs to a neighborhood determined
by L. Nevertheless, boundedness of the estimation errors is retained.
Boundedness of the inner-loop signals is established using the Lyapunov function in
(2.27), where P, = P, > 0 satisfies (2.5) for A = A;. The time derivative is given
by

V < —#'Q@+ 2tr ([\T

Fglf\ + u:?:TPlBD + 2tr <QT

gl + <I>;”1’:TBBD . (3.12)

where ; is defined through (2.5).
By selecting the update laws according to (2.30), the cross terms are cancelled, and
V' becomes negative semi-definite. Hence, , A, and () remain bounded for all time.

3.2.2 Outer Loop

The outer loop follows the direct MRAC derivation presented in Section 2.2.2. Sub-
stituting (3.9) into (2.16) and using (2.14) yields the tracking error dynamics

¢ = Ame+ BA (K[ r— K[z + 07 = C(s)A7'Q7| 0()) . (3.13)
Consider the Lyapunov candidate
V(e K,, K,) =e' Pe+tr ({f(;f’;lfﬂ + f(gl“;lf(x} A) : (3.14)

where P satisfies (2.5) for A = A,,.
Its time derivative becomes

14 < — eTQme + 2tr (f(:

IR, + reTPmB} A)
A> (3.15)

—2¢"P,BA (07 = C(s)A'QT) d(a).

In contrast to the standard direct MRAC case, the update laws (2.20) do not cancel
all cross terms due to the presence of the filtered adaptive component. Nevertheless,
the inner-loop analysis guarantees boundedness of A and € via (3.12). Consequently,
the residual term in (3.15) remains bounded.

Applying the composite Lyapunov framework in [18], it follows that all closed-loop
signals are bounded and that the tracking error e converges to a bounded neighbor-
hood of the origin. The size of this neighborhood is determined by the inner-loop
estimation accuracy and the bandwidth of the filter C(s).

+ 2tr <f(;r [F;l_f(m —ze'P,B
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3.2.3 Extended Projection Operator

With the adaptive laws applied in discrete time steps, the projection operator de-
scribed in Section 2.5 is extended to the matrix case and augmented with a hard
constraint safeguard to handle large discrete update steps that could otherwise vi-
olate the projection set in a single iteration.

Specifically, the proposed operator Proj(-) enforces, in addition to (2.55), a bound
on the induced infinity norm of the parameter matrix by constraining each row
vector 8% to lie inside an ¢;-ball of prescribed radius Opmax > 0. Recalling that the
induced infinity norm of a matrix equals the maximum ¢;-norm of its rows (2.38),
this construction guarantees

100 < Orax- (3.16)

For a nominal update direction y, the projection is defined row-wise as

6 4y, if (16" + 9”1 < O
Pr0j<0ka yk) = ‘gmax (317)

N 0’(;) +y]8) s otherwise.
o+ )

Here, the ¢;-ball of radius 0,,. is defined as
S(Qmax) - {ek S R™ : ||‘9k||1 S emax}a

which is a convex, compact set, where the index k£ notates the current step along the
time series . If the tentative update remains inside this set, it is applied unchanged.
Otherwise, it is radially scaled back onto the boundary of the ¢;-ball, ensuring that
the constraint is satisfied. The concept is visualized in Figure 3.5 where the white
line shows the unaltered step, whereas the red line illustrates the correct update,
and 9,(621 represents the updated row. The filled in gray area represents the feasible
region within the convex set S(fyax)-

This construction guarantees bounded parameter estimates, i.e. (3.16), while pre-
serving continuity of the adaptive law and maintaining the stability properties es-
tablished in the Lyapunov analysis.

3.3 Design of Reference Model

To ensure bounded tracking error while enabling a fast predictor in the inner loop,
the reference model is designed to represent the nominal closed-loop behavior of
the plant. Specifically, the gain scheduled controllers described in Section 3.1.3 are
applied to the LPV systems derived in Section 3.1.2, . Thus, the reference model
become:

Am(?], h) = A(”a h) - B(Ua h)KI(U> h)

B, (v,h) = B(v,h)K,(v, h) (3.18)

where A(-) and B(-) are interpolated using (3.6) between the operating points illus-
trated in Figure 3.2, while K,(-) and K, (-) are interpolated using (3.8) between the
points shown in Figure 3.3. This framework is applied to all control channels.
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S (Ormax)

Figure 3.5: 2D illustration of row-wise projection of the parameter update onto
the ¢;-ball in the extended projection operator. The red line represents the correct
update step

3.4 Design of Prediction Model

As mentioned in Section 2.4, a sufficiently small £; norm improves robustness at the
cost of closed-loop tracking performance. However, due to the model being updated
each time instance through interpolation, a model error is introduced, which is
amplified by the predictor dynamics. Thus, the predictor must be sufficiently fast
to ensure (2.48) holds, while not causing unbounded prediction error & by amplified
model error. This is ensured by modifying the small gain condition in (2.48) for the
L, CMRAC.

Starting from the prediction error (3.11), the applied control law (3.9) is explicitly
written yielding:

T = Ai(v,h)T + B(v, h) ({1 —C(s) — AC’(s)/A\_l} Q" ®(z) + other terms) , (3.19)

where “other terms” include contributions from the outer loop control and the true
plant uncertainties. These other terms are either stable or handled by the Lyapunov-
based adaptive laws and are omitted for the purpose of the £, analysis.

The predictor matrix A;(-) is computed similarly to A,,(-) in (3.18), according to

Ai(v,h) = A(v,h) — B(v,h)L(v, h), (3.20)

where L(-) denotes the scheduled predictor gain, selected to ensure sufficiently fast
predictor dynamics. The gain L(-), together with the low-pass filter C'(s), is sched-
uled using the same approach as the baseline controller described in Section 3.1.3.

The term 1 — C(s) — AC(s)A~! represents the residual uncertainty, which is the
high-frequency content of the inner loop adaptive signal in (3.9) that is attenuated
by the low-pass filter and therefore never reaches the plant, but still drives the
prediction error dynamics. The residual uncertainty is therefore the component of
the adaptive signal that could destabilize the system if not properly bounded. Since
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the uncertain parameters ) are bounded in amplitude, the £; norm (2.41) provides
the natural worst-case bound on the peak effect of the residual uncertainty on the
prediction error dynamics, as established in Section 2.3.1. The stability condition
is therefore expressed in terms of the transfer functions H(s) and C(s), which are
naturally defined in the frequency domain, allowing the £; norm to be evaluated
numerically.

Treating QT(ID(x) as the input to a linear transfer function H(s) and applying the
Laplace transform to (3.19), the prediction error dynamics are rewritten as

#(s) = H(s) (1 - C(s) = AC(s)A™") QT ®(x), (3.21)

where

H(s) = (sI — Ay(v,h))"" B(v, h). (3.22)

Applying the £, input—output bound established in Section 2.3.1, the peak predic-
tion error is bounded as

|2(5) e < [H(s) (1= C(s) = AC(5)A7Y)]

QT o(x)| (3.23)

1 Loo
To obtain a worst-case bound independent of the estimated quantities, the estimated
control effectiveness matrix A is replaced by its worst-case bound 7]||Al|s, and the
estimated uncertainty Q7 ®(z) is replaced by its worst-case bound || QT ®(z) .. Re-
quiring the resulting expression to be strictly less than unity, in accordance with the
small-gain theorem [11], yields the £; small-gain condition

[H(s) (1= C(s) = [AC(s) (llAlloc) ™) N2 127 @ (@) |oo < 1, (3.24)

where 7 is a scaling factor applied to the input uncertainty bound A,y to suppress
the £; norm further. Consequently, selecting n > 1 effectively relaxes the projection
constraint, allowing the estimate A to exceed the nominal bound and enter regions
that may not be physically realistic. However, by selecting a sufficiently large pro-
jection tolerance € in (2.50), the projection operator engages earlier as the estimate
update approaches its constraint boundary, resulting in a more gradual attenuation
of the update. This mitigates potential adverse effects introduced by the relaxed
constraint. As a result, the dynamics of the predictor is able to be less aggressive
while still maintaining a small enough £, norm such that (3.27) holds.

To ensure (3.24) holds for any ®(z) € X', where X' denotes the feasible state space
defined by the imposed state constraints, the regressor vector is normalized to satisfy

||QTCI)(CC>HOO < Qmax, ||CI)(:L‘)HOO <1, (3.25)
using
2 (z — Tmin)
(0] =1 3.26
(CE) Lmax — Lmin ’ ( )

where x,,;, and ., are hard constraints which causes the simulation to stop when
violated. The constraints for the integral states are obtained empirically using Monte
Carlo simulation, which is further discussed in Section 3.6.3.

Thus, (3.24) is simplified to

[H(s) (1 = C(s) = 1/nC(s)) L2, Qmax < 1. (3.27)
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The maximum uncertainty €.« and Ay.x is experimentally derived by simulating
multiple uncertainty combinations and selecting the largest

Qmax = ||BTAA||O<>’ Amax - ”I + BTBA“OO? (328)

out of these simulations.

The predictor dynamics and 7 are jointly tuned to satisfy (3.27): the predictor poles
are shifted further along the negative real axis relative to those of the reference model
Apn(+), and 7 is evaluated across three candidate values, with the predictor poles
retuned for each, until a low-pass filter exists such that (3.27) holds. Excessive model
mismatch amplification is assessed by evaluating closed-loop stability in simulation,
ensuring that the selected predictor dynamics do not introduce instability. This
is evaluated for the pitch and yaw channels, while the roll channel uncertainty is
sufficiently small such that the predictor dynamics match the reference model while
still satisfying (3.27). The effect of insufficient n on closed-loop stability and the
sensitivity of the £; norm to this tuning procedure are illustrated in Section 4.1 and
discussed further in Section 5.1.

3.5 Implemented £; CMRAC Architecture

The implemented £; composite MRAC architecture is shown in Figure 3.6 and is
applied independently to the roll, pitch, and yaw channels. The architecture consists
of two interconnected adaptive loops with distinct and complementary objectives.
The inner loop, comprising the predictor model and the uncertainty adaptive law,
is designed primarily for robustness: by employing fast adaptation rates, it rapidly
estimates and attenuates the effect of uncertainties, ensuring the prediction error
remains bounded via the £; small-gain condition (2.48). The outer loop, comprising
the reference model and the composite adaptive laws for the feedback and feedfor-
ward gains, is designed primarily for tracking performance: by employing slower
adaptation rates, it keeps the adaptive gains close to their nominal values while
penalizing reference tracking error, ensuring closed-loop stability and accurate ref-
erence tracking. The blue and red lines highlights the tracking and prediction error,
respectively, fed into the respective adaptive parameter.

Thus, by extending the £, adaptive controller described in Section 2.4 with an
outer-loop, the implemented controller is able to handle tracking and robustness
independently. This extension decouples robustness from tracking enabling fast
uncertainty estimation while still maintaining accurate tracking performance similar
to the baseline controller described in Section 3.1.3 under nominal conditions.

To verify the implementation and isolate the intrinsic behavior of the proposed con-
trol architecture, an additional evaluation is carried out using a simplified constant-
velocity model without nonlinearities or cross-coupling. The results are presented
in Appendix A.1.
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Figure 3.6: Block diagram of the £; composite MRAC architecture. The plant
dynamics in (2.6) are controlled to follow the reference model in (2.7). The control
input (3.9) includes a strictly proper low-pass filter C'(s). The predictor (3.10)
generates the estimate 2, forming the prediction error z, while the tracking error
e is computed relative to the reference model. Both errors drive the composite
adaptive laws, and the predictor dynamics are selected to satisfy the small-gain
condition in (2.48), ensuring bounded-input bounded-output stability.

3.5.1 Tuning Parameters

The tuning parameters used for each channel, including the adaptation gains and
Lyapunov weighting matrices, are summarized in Tables 3.2 and 3.3. These pa-
rameters determine the adaptation rate and influence the robustness and transient
performance of the controller, and are obtained through a combination of empirical
tuning and engineering intuition.

Due to the geometric symmetry of the vehicle, the pitch and yaw channels are tuned
identically, reflecting the equivalent dynamic characteristics of these axes. The roll
channel is tuned independently to account for its distinct dynamics.

To account for cross-coupling and nonlinearities across all three control channels,
the regressor vector ®(x) includes the full state vector

O(x) = a9 |, (3.29)
Ly
where x,,, zy, and z,, denote the roll, pitch, and yaw states defined in (3.5), respec-
tively.
Several tuning choices warrant particular attention. The Lyapunov weighting ma-
trix @,, is selected to be sufficiently large for all control channels, ensuring that
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the Lyapunov function (3.15) for the outer-loop is strictly decreasing given that the
inner-loop remains stable, as required by the composite stability argument. The
prediction error penalty @Q; is kept small relative to @),,, reflecting the intentionally
fast predictor dynamics. A large ); would over-penalize the prediction error, forc-
ing the true states to closely follow the predicted states. Given the fast predictor
dynamics, this would introduce oscillatory behavior in the adaptive update which
may lead to instability. The adaptation rate I'y is selected to be significantly larger
than the remaining adaptation rates, as seen in Tables 3.2 and 3.3, to prevent the
estimate A from approaching zero, which would cause numerical issues due to the
appearance of A~ in the control law (3.9).

Tables 3.2 and 3.3 further presents the final values for the scaling factor n and the
projection tolerance € for each control channel. The importance of selecting n > 1
and its effect on closed-loop stability are illustrated in Section 4.1.

Table 3.2: Tuning parameters and their value for roll channel

Notation ‘ Value

FA 1 x 1010
I'q 1x 1074
I, 5x 1078
T, 1x10°8
Q 1x 107t
Qm 1 x 10°
i 1

na 1.2

€ 0.1
EA 10

Table 3.3: Tuning parameters and their value for pitch and yaw channel

Notation Value

Ty 1 x 1010
I 5x 1071
I, 5x 10713
I, 1 x 10712
Qu 5x 1073
Qm 2 x 10°
i 1

A 10

€ 0.1

EA 10
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3.6 Evaluation

To answer the research questions presented in Section 1.4, the proposed CMRAC
controller is systematically compared against two baseline controllers: the nomi-
nal LQ controller described in Section 3.1.3 and a previously implemented direct
MRAC [1]. This three-way comparison is designed to isolate the contribution of the
composite adaptation law relative to both a non-adaptive and a purely error-driven
adaptive benchmark.

Performance is assessed based on trajectory tracking performance across multiple
reference paths, which is quantified through the root-mean-square error (RMSE) and
maximum absolute error (MAE) computed for the acceleration tracking in pitch and
yaw, while roll is assessed via roll angle tracking error. These metrics collectively
capture both the average and worst-case deviations from the commanded accelera-
tions and angle, providing a comprehensive evaluation of controller performance.

3.6.1 Paths

As mentioned in Section 3.1.2 and 3.1.3, the linearized models in (3.3) are derived
under the assumption of decoupled channel dynamics. When multiple channels are
simultaneously excited, this assumption may no longer hold, resulting in modeling
errors due to non-linear cross-coupling effects. Evaluating the controllers under such
conditions is therefore of particular interest, as it provides insight into their ability
to mitigate model uncertainties and non-linear cross-coupling effects.

The first path is designed to primarily evaluate the controller’s ability to track yaw
commands. Figure 3.7a illustrates the corresponding way-points together with a
representative trajectory generated by the LQ controller using nominal model pa-
rameters. The waw-points form four sharp S-turn in the xy-plane. The correspond-
ing acceleration in each control channel and Mach number is shown in Figure 3.7b
and 3.7c, respectively.

The second path introduces more rapid changes in altitude, evaluating the controller
ability to track pitch commands. The associated way-points and a representative
nominal trajectory are shown in Figure 3.8a, where the points form four sharp S-
turn in the xz-plane. The resulting accelerations and Mach profile for this scenario is
presented in Figure 3.8b and 3.8c, respectively, where the same performance metrics
are applied.

Lastly, the third path is designed to evaluate controller performance during combined
multi-axis motion, requiring simultaneous tracking in multiple channels by following
a path of three spiral turns, evaluating the controller in the event where non-linear
cross-couplings are strong. The corresponding way-points and nominal trajectory are
illustrated in Figure 3.9a, while the acceleration tracking results and corresponding
Mach profile are shown in Figure 3.9b and 3.9¢c, respectively.

Together, these scenarios provide a comprehensive evaluation of the controller per-
formance across different operating conditions, enabling a systematic comparison of
tracking accuracy, robustness, and transient response.
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Case_Pathl: 3D trajectory(t)
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Figure 3.7: Baseline evaluation for Path 1.
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Figure 3.8: Baseline evaluation for Path 2.
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Case_Path3: 3D trajectory(t)
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Figure 3.9: Baseline evaluation for Path 3.

3.6.2 Predictor Evaluation

The controller is further evaluated by designing three predictors corresponding to
different uncertainty bounds. The objective is to assess the sensitivity of the pre-
dictor design to the assumed uncertainty limits and to verify satisfaction of the
L1 small-gain condition. The £; norm is evaluated at the four operating points
illustrated in Figure 3.3.

The nominal predictor is designed using the experimentally obtained bound without
modification, such that the £, norm at each operating point lies on the boundary of
the £, small-gain condition. The resulting norms are shown in Figure 3.10. While all
operating points satisfy the £, small-gain condition in (2.48), interpolation between
these points leads to violations in certain regions, particularly in the yaw channel,
as shown in Figures 3.10e and 3.10f.

This behavior highlights an additional limitation of the model derived in Section 3.1.2,
where interpolation between linearized operating points may, in addition to cross-
coupling, introduce non-linear effects. Therefore, evaluating predictors tuned both
below and above the boundary provides insight into the robustness of the design
with respect to interpolation-induced nonlinearities.
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Figure 3.10: £; norms produced with predictor tuned for nominal €2,,.

3.6.3 Monte Carlo

To ensure statistical robustness and to assess controller behaviour under a broad
range of uncertainty conditions, a Monte Carlo (MC) simulation study [19] is con-
ducted for each controller on each path. Each MC campaign randomly samples
from the defined uncertainty set, and performance is further quantified by the suc-
cess rate, defined as the proportion of trials in which the vehicle successfully clears
the path. The number of MC simulations is derived using Chebyshev’s inequality
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[20]
p(1—p)
dez 7
where N is the number of simulations required, p is the estimated probability of
success, 0 is the significance level such that 1 — ¢ is the confidence level, and e
is the desired estimation accuracy, i.e., the maximum allowable deviation between
the estimated and true success probability. By taking into account computational
complexity, the confidence level § is set to 5%, and with no prior belief of success
rate p is set to 50% with a maximum allowed deviation of 10%. Thus, N = 500.
The normalization applied to the regressor vector ®(z) in (3.26) is performed using
hard bounds for all states defined in (3.5), with the exception of the integral states.
For these states, the normalization limits are instead determined empirically based
on 500 MC simulations conducted across all paths using the LQ controller. These
simulations also provide an initial prior estimate of the success rate, which are sum-
marized in Table 3.4, along with the recalculated number of Monte Carlo simulations
required, rounded up to the nearest multiple of 10. The plotted MC traces for the
three paths are illustrated in Figure 3.11-3.13. To ensure a fair comparison, all MC
simulations were performed using identical random samples of the parameters for
each controller.

N > (3.30)

Table 3.4: A priori success rate estimated from initial Monte Carlo simulations.

Path ‘ Estimated Success Rate p ‘ Monte Carlo Simulations N

Path 1 ~ 74% 390
Path 2 ~ 86% 250
Path 3 ~ 88% 220

4 integral - MC: 500 - Casefile: Case_Path1 - Control Type: LQ - Success Rate: 74.60 50 Acey integral - MC: 500 - Casefile: Case_Path1 - Control Type: LQ - Success Rate: 74.60
Pertubed’
——Nominal

Pertubed.
al

;;;;;

(a) Integral over ¢ error (b) Integral over a, error
Acez integral - MC: 500 - Casefile: Case_Pathl - Control Type: LQ - Success Rate: 74.60

Pertubed
~——Nominal

50
Time s

(c) Integral over a, error

Figure 3.11: Monte Carlo traces of the integral states for Path 1 obtained from
500 simulations using the LQ controller.
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Figure 3.12: Monte Carlo traces of the integral states for Path 2 obtained from
500 simulations using the LQ controller.
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Figure 3.13: Monte Carlo traces of the integral states for Path 3 obtained from
500 simulations using the LQ controller.

3.6.4 Sensitivity Analysis

To assess controller sensitivity to external disturbances, Path 3 is reevaluated for
nominal parameter values under the influence of an exogenous input. The distur-
bance, representing a wind gust, is applied perpendicular to the velocity vector at a
corner of the trajectory where both the pitch and yaw channels are simultaneously
excited. The disturbance direction relative to the velocity vector is illustrated in
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Figure 3.14, where its magnitude is set to 1.5 x 32.7 m/s, corresponding to 50% over
hurricane-level wind speeds [21]. This evaluation is performed on the LQ, MRAC,
and the best performing £; CMRAC.

Applied Wind Disturbance

= Velocity vector
Disturbance vector

1093.6 |
1093.4 —|
£ 10932 -
o,
)
1093 | — ] ]
1.36674
1002.8 | 1.36672
1.3667 .
136668 <10
-873.4 87392 1.36666
873 -872.8 8726 _g794 -872.2 North [m]

East [m]

Figure 3.14: Applied disturbance perpendicular to velocity vector of vehicle.
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Results

This chapter is introduced by motivating the importance of the scaling factor 7.
This is followed by presenting the £; norm in (3.27) for three different predictor
dynamics. Lastly, results from each controller is given.

4.1 Scaling Factor Tuning

The values for n and € given in Tables 3.2 and 3.3 are motivated by comparing three
cases of adaptive parameters. In each case, the poles of the closed-loop predictor,
initialized such that (3.27) holds for n = 1, is shifted closer to the origin along the
negative real axis while the scaling factor is increased. Thus, for each case, the £,
small gain holds for conservative bound, while bounded prediction error may not.
The results of these three cases are presented in Figure 4.1 where the controller is
evaluated on path 1 with nominal model parameters.

2 Values
[

Q
I I O |

Q2 Values
6 :
4 -
2 _
S 0 |— -
2 -
A -
6 | | |
0 1 3 4 6
Time
03 § Values
T T
02— —
01— —
[ -
0.1 —
02 —
03 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time [s]

Figure 4.1: Adaptive parameters for different scaling factors n on Path 1.
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4.2 L1 Norm

As mentioned in Section 3.6.2, three predictor configurations are designed, includ-
ing a nominal case. The first configuration is obtained by conservatively increasing
the experimentally identified uncertainty bound Q,,.« by 20%. A larger uncertainty
bound requires faster predictor dynamics in order to satisfy the £; small-gain con-
dition in (3.27), yielding a more aggressive predictor. Consequently, the resulting
L1 norms are reduced.
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Figure 4.2: £; norms produced with predictor tuned for 1.2 X Q..

The corresponding 2D and 3D £; norms for each rotational channel relative to the
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inverse of their respective bounds are illustrated in Figure 4.2, where the £; norm
for all operating points in Figure 3.3 satisfy (3.27).
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Figure 4.3: £; norms produced with predictor tuned for 0.7 x €2,,.«.

A conservative predictor is designed by reducing the experimental bound by 30%. In
this case, slower predictor dynamics are sufficient to satisfy the small-gain condition,
resulting in larger £, norms. The corresponding results are illustrated in Figure 4.3
were for both the pitch and yaw channel, all points within the polytope shown in
Figure 3.3 violate (3.27).
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4.3 Controller Performance

4.3.1 Path 1

In this section, the results obtained for Path 1 are presented. The performance of the
LQ, MRAC, and CMRAC controllers are evaluated using Monte Carlo simulations.

Linear Quadratic Regulator

The performance of the L(Q controller for Path 1 is illustrated in Figures 4.4 and 4.5.
The figures show the acceleration and roll angle responses relative to the imposed
constraints and reference trajectories, respectively.
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Figure 4.4: Monte Carlo traces relative to constraints for Path 1 obtained from
390 simulations using the LQ controller.
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Figure 4.5: Monte Carlo tracking errors for Path 1 obtained from 390 simulations
using the LQ controller.
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Model Reference Adaptive Controller

The performance of the MRAC for Path 1 is illustrated in Figures 4.6 and 4.7.
The figures show the acceleration and roll angle responses relative to the imposed
constraints and reference trajectories, respectively.
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Figure 4.6: Monte Carlo traces relative to constraints for Path 1 obtained from
390 simulations using the MRAC controller.

46



4. Results
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Figure 4.7: Monte Carlo tracking errors for Path 1 obtained from 390 simulations
using the MRAC controller.
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L1 Composite Model Reference Adaptive Controller

The performance of the £; CMRAC for Path 1 is evaluated for three different
uncertainty bounds. These correspond to the nominal, large, and small uncertainty
configurations derived in Section 3.6.2. The resulting Monte Carlo simulations are
presented in Figures 4.8-4.13.
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Figure 4.8: Monte Carlo traces relative to constraints for Path 1 obtained from
390 simulations using the £; CMRAC controller with nominal uncertainty bounds.
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Figure 4.9: Monte Carlo tracking errors for Path 1 obtained from 390 simulations
using the £; CMRAC controller with nominal uncertainty bounds.
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Figure 4.10: Monte Carlo traces relative to constraints for Path 1 obtained from
390 simulations using the £; CMRAC controller with large uncertainty bounds.
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Figure 4.11: Monte Carlo tracking errors for Path 1 obtained from 390 simulations

using the £; CMRAC controller with large uncertainty bounds.

o1



4. Results
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Figure 4.12: Monte Carlo traces relative to constraints for Path 1 obtained from
390 simulations using the £; CMRAC controller with reduced uncertainty bounds.
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Figure 4.13: Monte Carlo tracking errors for Path 1 obtained from 390 simulations
using the £; CMRAC controller with reduced uncertainty bounds.
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4. Results

Performance Metric

The average MAE and RMSE for all successful MC simulations for Path 1 are
presented in Table 4.1-4.3 for the roll, pitch, and yaw channel respectively. The
tables also summarizes the success rate for each controller. The best and worst
cases are highlighted with green and red colors, respectively.

Table 4.1: Performance results of each controller for roll channel in Path 1. NT,
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘Success Rate

LQR 1.293 x 1071 | 2.948 x 102 73.08%
MRAC | 1.584 x 107! | 4.271 x 102 76.77%
NT CMRAC | 1.266 x 10! | 3.146 x 102 73.08%
LT CMRAC | 1.270 x 10~ | 3.142 x 102 74.10%
ST CMRAC | 1.256 x 10~ | 3.131 x 102 73.85%

Table 4.2: Performance results of each controller for pitch channel in Path 1. NT|
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘ Success Rate

LQR 40.43 | 2.786 73.08%
MRAC 32.26 | 4912 76.77%
NT CMRAC | 33.76 | 2.409 73.08%
LT CMRAC | 33.87 | 2.428 74.10%
ST CMRAC | 3349 | 2.386 73.85%

Table 4.3: Performance results of each controller for yaw channel in Path 1. NT,
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘ Success Rate

LQR 302.6 15.37 73.08%
MRAC 298.3 16.47 76.77%
NT CMRAC | 303.6 15.48 73.08%
LT CMRAC | 303.5 15.47 74.10%
ST CMRAC | 303.7 | 1547 73.85%
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4. Results

4.3.2 Path 2

This section presents the results obtained for Path 2. The performance of the LQ),
MRAC, and £; CMRAC controllers is evaluated using Monte Carlo simulations. The
responses are analyzed in terms of constraint satisfaction and tracking performance.

Linear Quadratic Regulator

The performance of the LQ controller for Path 2 is illustrated in Figures 4.14 and
4.15. The figures show the roll angle and acceleration responses relative to the im-
posed constraints and the corresponding tracking errors with respect to the reference
trajectory.
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Figure 4.14: Monte Carlo traces relative to constraints for Path 2 obtained from
250 simulations using the LQ controller.
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Figure 4.15: Monte Carlo tracking errors for Path 2 obtained from 250 simulations
using the LQ controller.
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4. Results

Model Reference Adaptive Controller

The

performance of the MRAC for Path 2 is presented in Figures 4.16 and 4.17.

The results illustrate the constraint handling capabilities and tracking performance

unde

r the considered uncertainty realizations.
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Figure 4.16: Monte Carlo traces relative to constraints for Path 2 obtained from
250 simulations using the MRAC controller.
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Figure 4.17: Monte Carlo tracking errors for Path 2 obtained from 250 simulations
using the MRAC controller.
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4. Results

L, Composite Model Reference Adaptive Controller

The performance of the £; CMRAC for Path 2 is evaluated for three different un-
certainty bounds. These correspond to the nominal, large, and reduced uncertainty
configurations derived in Section 3.6.2. The resulting Monte Carlo simulations are
presented in Figures 4.18-4.23.
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Figure 4.18: Monte Carlo traces relative to constraints for Path 2 obtained from
250 simulations using the £; CMRAC controller with nominal uncertainty bounds.
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Figure 4.19: Monte Carlo tracking errors for Path 2 obtained from 250 simulations
using the £; CMRAC controller with nominal uncertainty bounds.
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Figure 4.20: Monte Carlo traces relative to constraints for Path 2 obtained from
250 simulations using the £; CMRAC controller with large uncertainty bounds.
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Figure 4.21: Monte Carlo tracking errors for Path 2 obtained from 250 simulations
using the £; CMRAC controller with large uncertainty bounds.
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Figure 4.22: Monte Carlo traces relative to constraints for Path 2 obtained from
250 simulations using the £; CMRAC controller with reduced uncertainty bounds.
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Figure 4.23: Monte Carlo tracking errors for Path 2 obtained from 250 simulations
using the £; CMRAC controller with reduced uncertainty bounds.
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Performance Metric

For Path 2, the average MAE and RMSE computed over all successful MC simula-
tions are presented in Tables 4.4-4.6 for the roll, pitch, and yaw channels, respec-
tively. The tables also report the success rate for each controller. The best and
worst cases are highlighted with green and red colors, respectively.

Table 4.4: Performance results of each controller for roll channel in Path 2. NT,
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty

bound, respectively.

Controller ‘ MAE RMSE ‘ Success Rate
LQ 1.155 x 1072 | 1.893 x 1073 86.40%
MRAC 1.095 x 1072 | 2.625 x 107? 95.60%
NT CMRAC | 9.788 x 1072 | 1.678 x 1073 94.00%
LT CMRAC | 9.813 x 1072 | 1.691 x 10~ 91.60%
ST CMRAC | 9.807 x 1073 | 1.679 x 1073 94.40%

Table 4.5: Performance results of each controller for pitch channel in Path 2. NT|
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘ Success Rate

LQ 233.0 15.44 86.40%
MRAC 242.9 19.72 95.60%
NT CMRAC | 2394 14.60 94.00%
LT CMRAC | 239.1 14.64 91.60%
ST CMRAC | 2394 14.60 94.40%

Table 4.6: Performance results of each controller for yaw channel in Path 2. NT,
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘ Success Rate
LQ 2.280 | 1.335 x 1071 86.40%
MRAC 8.906 1.162 95.60%
NT CMRAC | 1.909 | 1.078 x 107! 94.00%
LT CMRAC | 1.901 | 1.078 x 10! 91.60%
ST CMRAC | 1.908 | 1.081 x 107! 94.40%
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4.3.3 Path 3

This section presents the results obtained for Path 3. The LQ, MRAC, and £,
CMRAC controllers are evaluated using Monte Carlo simulations to assess tracking
performance and constraint satisfaction under varying uncertainty realizations.

Linear Quadratic Regulator

The performance of the LQ controller for Path 3 is shown in Figures 4.24 and 4.25.
The figures illustrate the roll angle and acceleration responses relative to constraints,
as well as the corresponding tracking errors with respect to the reference trajectory.
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Figure 4.24: Monte Carlo traces relative to constraints for Path 3 obtained from
220 simulations using the LQ controller.
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Figure 4.25: Monte Carlo tracking errors for Path 3 obtained from 220 simulations
using the LQ controller.
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4. Results

Model Reference Adaptive Controller

The performance of the MRAC for Path 3 is presented in Figures 4.26 and 4.27.
The results demonstrate the controller behavior in terms of constraint satisfaction
and reference tracking under the considered uncertainty realizations.
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Figure 4.26: Monte Carlo traces relative to constraints for Path 3 obtained from
220 simulations using the MRAC controller.
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Figure 4.27: Monte Carlo tracking errors for Path 3 obtained from 220 simulations
using the MRAC controller.
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4. Results

L1 Composite Model Reference Adaptive Controller

The performance of the £; CMRAC for Path 3 is evaluated for three different un-
certainty bounds. These correspond to the nominal, large, and reduced uncertainty
configurations derived in Section 3.6.2. The resulting Monte Carlo simulations are
presented in Figures 4.28-4.33.
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Figure 4.28: Monte Carlo traces relative to constraints for Path 3 obtained from
220 simulations using the £; CMRAC controller with nominal uncertainty bounds.
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Figure 4.29: Monte Carlo tracking errors for Path 3 obtained from 220 simulations
using the £; CMRAC controller with nominal uncertainty bounds.
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Figure 4.30: Monte Carlo traces relative to constraints for Path 3 obtained from
220 simulations using the £; CMRAC controller with large uncertainty bounds.
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Figure 4.31: Monte Carlo tracking errors for Path 3 obtained from 220 simulations
using the £; CMRAC controller with large uncertainty bounds.
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Figure 4.32: Monte Carlo traces relative to constraints for Path 3 obtained from
220 simulations using the £; CMRAC controller with reduced uncertainty bounds.
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Figure 4.33: Monte Carlo tracking errors for Path 3 obtained from 220 simulations
using the £; CMRAC controller with reduced uncertainty bounds.
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Performance Metric

For Path 3, the average MAE and RMSE over all successful MC simulations are
summarized in Tables 4.7-4.9 for the roll, pitch, and yaw channels, respectively.
The tables further include the success rate for each controller. The best and worst
cases are highlighted with green and red colors, respectively.

Table 4.7: Performance results of each controller for roll channel in Path 3. NT,
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘ Success Rate
LQ 1.187 x 107! | 2.267 x 1072 86.82%
MRAC 1.118 x 107! | 2.746 x 102 60.00%
NT CMRAC | 1.240 x 107! | 2.527 x 1072 91.82%
LT CMRAC | 1.249 x 107" | 2.518 x 1072 91.82%
ST CMRAC | 1.247 x 107! | 2.520 x 1072 92.73%

Table 4.8: Performance results of each controller for pitch channel in Path 3. NT,
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘ Success Rate

LQ 217.5 11.32 86.82%
MRAC 233.9 16.19 60.00%
NT CMRAC | 226.6 11.56 91.82%
LT CMRAC | 227.9 11.27 91.82%
ST CMRAC | 227.1 11.45 92.73%

Table 4.9: Performance results of each controller for yaw channel in Path 3. NT,
LT, and ST denote the predictor tuning for nominal, large, and small uncertainty
bound, respectively.

Controller ‘ MAE ‘ RMSE ‘ Success Rate

LQ 242.1 17.13 86.82%
MRAC 252.7 | 19.37 60.00%
NT CMRAC | 246.3 17.57 91.82%
LT CMRAC | 2464 | 1741 91.82%
ST CMRAC | 247.0 17.43 92.73%
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4.4 Controller Performance in the Presence of
External Uncertainty

Since the £; CMRAC tuned for 0.7 X Q,,.x achieved on average a higher success
rate than the controllers equipped with nominal and conservative closed-loop pre-
dictor dynamics, it is selected for further evaluation under external disturbances and
compared with the LQ and MRAC controllers.

The disturbance is applied at ¢ = 22s and remains active until ¢ = 25s. Figure 4.34
illustrates the evolution of the adaptive regressor weights Q for the MRAC and £;
CMRAC controllers during this interval, providing insight into how each controller
adapts to the disturbance.

The resulting closed-loop response is shown in Figure 4.35, where the roll angle ¢
and the lateral and vertical accelerations (a, and a,) are presented for all three
controllers. The corresponding nominal trajectories are included to enable a direct
assessment of tracking disturbance rejection.
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Figure 4.34: Adaptive parameter evolution under external disturbance for Path 3.
The disturbance is active between ¢t = 22s and ¢ = 25s.
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Figure 4.35: Closed-loop response under external disturbance for Path 3. The
figure shows the roll angle and acceleration tracking for the LQ, MRAC, and £,
CMRAC controllers, together with the corresponding nominal trajectories. The
disturbance is active between ¢ = 22s and t = 25s.
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Discussion

This chapter contains the the analysis regarding the results provided in Chapter 4.

5.1 Importance of Scaling Factor n for Input
Uncertainty Bound A,

As shown in Section 4.1, the adaptive parameter behavior is strongly influenced
by the aggressiveness of the closed-loop predictor dynamics. In Figure 4.1a, where
n = 1 requires significantly faster predictor poles to satisfy the small-gain condi-
tion, the adaptive parameters begin to oscillate at approximately 2.2s. In contrast,
the adaptive parameters in Figure 4.1b, corresponding to = 5, remain compara-
tively well-behaved until approximately 2.5s, indicating improved robustness with
less aggressive predictor dynamics. This trend is further illustrated in Figure 4.1c,
which employs n = 10, where no oscillatory behavior is observed, demonstrating a
substantial improvement in stability.

These results indicate that, although larger values of 7 relax the bound on the input
uncertainty and allow A to enter regions that may be physically unrealistic, the
controller maintains stable behavior in the adaptive parameters, particularly in Q.
This highlights that stability of the adaptive architecture can be preserved even
under conservative or inflated uncertainty bounds.

The results also reveal adverse effects introduced by interpolation between operat-
ing points. When the predictor dynamics are overly aggressive, model mismatch
is amplified, causing the prediction error ¥ to grow unbounded. Consequently, a
fundamental trade-off emerges: the predictor must be sufficiently fast to satisfy the
L small-gain condition in (3.27), while not so aggressive that interpolation-induced
modeling errors destabilize the predictor.

5.2 Validation of £; Norms

In addition to the instability observed in Section 5.1, the £; norm evaluation provides
independent evidence that interpolation-induced mismatch amplification persists
even under stable predictor configurations. Although the £; small-gain condition in
(3.27) is satisfied at the designated operating points shown in Figure 3.3, it is not
guaranteed to hold throughout the entire polytope. In particular, violations occur in
the regions between operating points due to interpolation of the linearized models,
as interpolation introduces non-linear behavior that is not captured by the local
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linear models, as observed in Figure 3.10 and discussed in Section 3.6.2. This effect
is evident in Figures 4.2¢—4.2d, corresponding to the pitch channel with aggressive
predictor tuning.

A comparison between Figures 4.2 and 4.3 further quantifies the impact of predictor
aggressiveness on the £ norm elevation. As the predictor dynamics are made faster,
the deviation between interpolated models is amplified, resulting in increased non-
linearities across the polytope. This is particularly pronounced in the pitch channel,
where the maximum £; norm exceeds 12 X ., for the aggressive predictor, as
shown in Figure 4.2d, compared to approximately 1.6 x {2,., for the conservative
predictor in Figure 4.3d. Together with the instability observed in Section 5.1, these
results consistently support the conclusion that aggressive predictor dynamics are
detrimental when gain scheduling is employed, and that a less aggressive predictor
design is preferable to limit interpolation-induced mismatch amplification across the
flight envelope.

Consequently, the elevated £; norm between operating points directly corresponds
to reduced robustness margins in those regions, as a larger norm implies a less
restrictive bound on the effect of uncertainty on the prediction error dynamics.

5.3 Overall Performance Comparison

The results presented in Chapter 4 further support the observations made in Sec-
tion 5.1, namely that increasingly fast closed-loop predictor dynamics tend to de-
grade overall controller performance. Table 5.1 summarizes success rates and the
average success rate across all three paths.

Although the three £; CMRAC configurations exhibit comparable performance, the
controller tuned with less aggressive predictor dynamics achieves the highest average
success rate. In contrast, the configuration based on a conservative uncertainty
bound yields the lowest average performance among the £; CMRAC controllers.
While the robust adaptive controllers overall gave the highest success rate, the
performance-oriented MRAC exhibits the lowest overall success rate among all five
controllers. This outcome is primarily driven by its poor performance in Path 3,
where nonlinearities and cross-coupling effects are more pronounced. A more de-
tailed, path-dependent analysis is provided in Section 5.3.1.

Table 5.1: Summarized success rates with controllers ranked from highest to lowest
based on average success rate. ST, N'T, and LT denote the predictor tuning for small,
nominal, and large uncertainty bound, respectively.

Controller ‘ Path 1 ‘ Path 2 ‘ Path 3 ‘ Average Success Rate

ST CMRAC | 73.85% | 94.40% | 92.73% 86.99%
NT CMRAC | 73.08% | 94.00% | 91.82% 86.30%
LT CMRAC | 74.10% | 91.60% | 91.82% 85.84%
LQ 73.08% | 86.40% | 86.82% 82.10%
MRAC 76.77% | 95.60% | 60.00% 77.42%
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5.3.1 Path Dependent Performance
Path 1

The performance metrics for Path 1, summarized in Table 4.1-4.3, indicate that
all controllers achieve comparable tracking accuracy in terms of RMSE and MAE,
with only minor variations. Among the evaluated controllers, the MRAC attains
the highest success rate, whereas the L(Q controller yields the lowest. However,
this improvement in success rate comes at the expense of tracking performance, as
the MRAC produces the highest RMSE across the control channels, while the LQ
controller achieves the lowest RMSE, particularly in the roll and yaw channels.
Compared to the remaining paths, the overall success rate for Path 1 is noticeably
lower across all controllers, indicating that this scenario is inherently more challeng-
ing. This increased difficulty can be attributed to two compounding factors.

First, the low flight velocity along Path 1, shown in Figure 3.7¢c, reduces the dynamic
pressure acting on the control surfaces, diminishing their effectiveness and increasing
the tendency to overshoot during the sharp corners of the trajectory. Each over-
shoot results in an unfavorable vehicle orientation at the entry of the subsequent
turn, potentially requiring large corrective rotations approaching 180° about the
z-axis to realign the vehicle with the subsequent path segment. These corrective
maneuvers demand large lateral accelerations that induce significant sideslip angles,
with the sideslip constraint being particularly critical as sudden and large lateral
acceleration demands significantly increase the likelihood of exceeding allowable
limits, resulting in constraint violation.

Second, since the pitch channel is largely occupied with counteracting gravitational
effects to maintain level flight, the available pitch authority for trajectory tracking is
reduced, increasing cross-coupling between the pitch and yaw channels and further
degrading the vehicle’s ability to execute precise coordinated maneuvers. Together,
these factors render Path 1 the most demanding of the evaluated scenarios, and the
reduced success rates observed across all controllers reflect this inherent difficulty
rather than a deficiency of any particular control design.

Path 2

The higher success rates observed in Path 2 compared to Path 1 can be attributed
to the motion occurring primarily in the same plane as the gravitational force,
i.e., the xz-plane, and the significantly increased velocity, as shown in Figure 3.8c.
Consequently, the dominant excitation is introduced in the pitch channel, while the
roll and yaw channel remains less excited, reducing cross-coupling effects.

The MC traces of the lateral and vertical acceleration for LQ, MRAC, £; CMRAC
equipped with nominal predictor, aggressive £; CMRAC, and conservative £; CM-
RAC are shown in Figure 4.14, 4.16, 4.18, 4.20, and 4.22, respectively. While all
controllers achieve comparable success rates, a clear distinction is observed in the
yaw channel, where both the LQ and MRAC controllers exhibit noticeable excitation
in lateral acceleration. In particular, the MRAC results in a significantly increased
RMSE, approximately 10x higher than the other controllers. In contrast, all £; CM-
RAC configurations effectively attenuate these effects and maintain a well-regulated
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lateral acceleration response.

Further insight is obtained from the roll angle evolution shown in Figure 4.15a,
4.17a, 4.19a, 4.21a, and 4.23a for the five controllers, respectively. These results
indicate that trajectory termination is primarily caused by violation of the roll an-
gle ¢ constraint. This behavior is observed for all controllers except MRAC, which
achieves the highest success rate. However, this improvement comes at the expense
of tracking performance, as MRAC also yields the highest RMSE across both the
pitch and yaw channels, as reported in Table 4.4-4.6. In contrast, the £; CM-
RAC controllers share the lowest RMSE, indicating improved acceleration tracking
performance, albeit with a marginally lower success rate.

Path 3

The performance metrics for Path 3 broadly follow the trends observed for Path 2.
In particular, the conservative £; CMRAC outperforms both the nominal and ag-
gressive £1 CMRAC configurations, as well as the LQ controller, in terms of success
rate. A notable deviation, however, is the performance of the MRAC, which ex-
hibits the poorest results across all metrics in both the pitch and yaw channels. As
shown in Table 5.1, the success rate is reduced by more than 30% compared to the
best-performing controller, namely the conservative £; CMRAC.

Inspection of the MC traces for MRAC reveals that the primary cause of unsuccessful
simulations is violation of the lateral acceleration constraint a,, as illustrated in
Figure 4.26. This indicates a limited ability of the controller to regulate the yaw
channel under the increased excitation present in Path 3.

Furthermore, a comparison of the RMSE across all paths in the pitch channel (Ta-
bles 4.2, 4.5, and 4.8) shows that MRAC consistently exhibits inferior tracking per-
formance in vertical acceleration. This behavior is particularly evident in Path 2,
where Figure 4.16b shows persistent overshoot of the soft constraint limit at approx-
imately 200 m/s?, a trend also observed in the nominal case.

These results suggest that the MRAC is not optimally tuned for the considered
operating conditions. In combination with the increased cross-coupling arising from
simultaneous excitation of both pitch and yaw channels, this leads to degraded
performance and a significantly reduced success rate in Path 3 when large parameter
uncertainties are present.

5.4 External Disturbance Attenuation

When the vehicle is subjected to an external disturbance, both the LQ controller
and the conservative £; CMRAC demonstrate comparable disturbance attenuation,
whereas the MRAC fails to maintain stability. The results are illustrated in Fig-
ure 4.35, where it can be observed that the lateral acceleration for the MRAC exceeds
the imposed constraint when the disturbance is removed at ¢ = 25s. This behavior
is consistent with the results presented in Section 5.3.1, where the MRAC exhibited
the poorest tracking performance among the evaluated controllers, particularly in
the pitch and yaw channels. The reduced tracking accuracy limits its ability to
handle large disturbances, ultimately leading to constraint violations.
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Comparing the two successful controllers, the LQ and the conservative £; CMRAC
exhibit similar overall performance. However, the £; CMRAC provides superior
performance in the roll and yaw channels, where it achieves both reduced overshoot
and faster settling compared to the LQ controller. In contrast, in the pitch channel,
the £, CMRAC exhibits slightly increased overshoot while maintaining a settling
time comparable to that of the LQ controller, particularly around ¢ = 22 s when the
disturbance is introduced.

The adaptive weights, shown in Figure 4.34, further highlight the differences between
the adaptive controllers. The MRAC responds to the disturbance with significant ac-
tivity across multiple adaptive weights, indicating a more aggressive and distributed
adaptation. In contrast, the £; CMRAC exhibits a more structured response in-
volving fewer active weights, reflecting the effect of the filtered adaptation. Notably,
the magnitude of the active weights is larger, which suggests that the adaptation is
concentrated in a smaller subset of parameters rather than distributed across many;,
as observed in the MRAC.

It is also noted that the variation in the £; CMRAC weights begins prior to the
disturbance onset. As seen in Figure 4.34b, this behavior is likely associated with
the transient in vertical acceleration observed before t = 225 in Figure 4.35¢, rather
than the external disturbance itself.

5.5 Accuracy—Robustness Trade-off

The results reveal a fundamental tension between tracking performance and robust-
ness that is inherent to the uncertainty bound and predictor design within the £,
CMRAC framework. This trade-off, whereby improved tracking accuracy comes
at the cost of reduced robustness margins, is a well-established principle in control
theory and manifests clearly across the evaluated trajectories. Tightening the uncer-
tainty bound to enforce stricter satisfaction of the £; small-gain condition in (3.27)
necessitates a more aggressive predictor, which introduces competing effects whose
net impact depends on the local characteristics of the flight envelope traversed.

As illustrated in Figure 4.2, the tightly tuned uncertainty bound drives a high-
bandwidth predictor that satisfies the £; small-gain condition at the designated
operating points in Figure 3.3 but produces a locally elevated and non-uniform £,
norm between the operating points, due to amplification of model mismatch in-
troduced by linearization and gain-scheduling interpolation. As characterized in
Section 5.2, this elevation directly determines the robustness margins of the con-
troller, with a larger £; norm corresponding to reduced margins and increased risk
of instability. The impact of this elevation on closed-loop performance is observed
to depend strongly on which region of the flight envelope the trajectory traverses,
as determined by the Mach profiles shown in Figures 3.7¢, 3.8c, and 3.9c.

For Path 1, the Mach profile in Figure 3.7c indicates that the trajectory operates
in a region of the flight envelope where the aggressive controller’s £; norm remains
below the small-gain bound, as shown in Figure 4.2. In this region, the less ag-
gressive predictor of the conservative controller produces a norm that exceeds the
small-gain bound, prioritizing tracking performance at the cost of robustness mar-
gins. Consistent with this interpretation, the conservative controller achieves lower
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RMSE but a reduced success rate compared to the aggressive variant (see Tables 4.1
and 4.3). The aggressive controller, operating below the small-gain bound, exhibits
increased robustness margins at the cost of tracking precision, yielding higher RMSE
but an improved success rate. This behavior is consistent with £; theory, which pre-
dicts that a more restrictive filter on the adaptive control signal reduces tracking
aggressiveness while increasing stability margins.

For Path 2, the Mach profile in Figure 3.8c indicates that the trajectory traverses
a transitional region of the flight envelope. Accordingly, the performance difference
between the two controllers is negligible across the evaluated metrics (see Tables 4.4—
4.6), and no conclusive assessment of the accuracy-robustness trade-off can be drawn
from this path alone.

The Mach profile for Path 3, illustrated in Figure 3.9¢, implies that the trajectory
operates in a region where the aggressive controller’s £; norm is most elevated,
as shown in Figure 4.2. From L, theory, a larger norm corresponds to a less re-
strictive filter on the adaptive control signal, permitting more aggressive tracking
action [2]. Consistent with this, the aggressive controller achieves lower RMSE than
the conservative variant (see Tables 4.8 and 4.9). However, operating closer to the
stability margin associated with the elevated norm increases the risk of failure, re-
sulting in a reduced success rate. Conversely, the conservative controller, whose
lower-bandwidth predictor does not amplify model mismatch to the same degree,
operates with a norm significantly closer to the bound than the aggressive variant,
as shown in Figure 4.3. This yields higher RMSE but stronger robustness mar-
gins, resulting in a higher success rate. The consistency of this behavior with the
accuracy-robustness trade-off across both controllers and both metrics strengthens
the interpretation that the £; norm elevation is the primary determinant of the
balance between tracking precision and robustness in this application.

These observations collectively highlight that violation of the small-gain condition
does not preclude stable and competitive closed-loop performance, as evidenced by
Figure 4.3 and Table 5.1. This is consistent with £; theory, which establishes the
small-gain condition as a sufficient condition for stability and bounded performance,
not a necessary one [2|. Despite this, the controller maintains stable closed-loop
behavior throughout, indicating that violation implies reduced robustness margins
rather than instability, as characterized in Section 5.2. This is corroborated by
Table 5.1, which shows that the conservative £; CMRAC consistently exceeds the
success rate of the LQ controller across all evaluated paths. Since the LQ controller
operates without any adaptive robustness mechanism, this comparison provides em-
pirical evidence that the adaptive architecture retains meaningful robustness ben-
efits even when the small-gain condition is not strictly satisfied. Furthermore, the
aggressive controller, which exhibits a significantly more elevated £; norm in the
regions traversed by Path 3 as shown in Figure 4.2, achieves a success rate within
1% of the conservative variant for that path, as reported in Table 5.1. This further
supports the interpretation that the small-gain condition is conservative in prac-
tice, and that moderate violation does not deterministically lead to instability or
significant performance degradation.

Furthermore, crashes are attributed to constraint violation driven by residual model
mismatch and parameter uncertainty that the adaptive law fails to fully compen-
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sate, rather than to instability induced by small-gain condition violation. The £
small-gain condition in (3.27) ensures only that the filtered adaptive control signal
does not destabilize the prediction error dynamics, and provides no guarantee that
residual unestimated uncertainty remains sufficiently small to prevent constraint vi-
olation through degraded tracking. Consequently, even the conservative controller
experiences some degree of performance degradation and occasional constraint vi-
olation, though to a lesser extent than the aggressive variant in the elevated norm
regions.

As demonstrated in Section 5.2, strict satisfaction of the £, small-gain condition at
discrete operating points does not guarantee its satisfaction across the flight envelope
when gain scheduling is employed, and the resulting locally elevated and non-uniform
L1 norm directly governs the robustness margins available to the controller along
each trajectory. A moderate relaxation of the small-gain condition, achieved by
loosening the uncertainty bound and reducing predictor bandwidth, yields a flatter
norm profile and more consistent performance across the flight envelope. As the
primary mechanism through which the uncertainty bound influences closed-loop
behavior, the predictor design constitutes the most critical tuning choice in the £,
CMRAC framework.

Beyond the trade-off between the two £; CMRAC variants, the results further
demonstrate that a purely performance-oriented adaptive controller does not neces-
sarily yield improved performance. The MRAC controller, which is tuned primarily
for tracking performance, exhibits the highest RMSE in all scenarios (see Tables 4.1—
4.3, 4.4-4.6, and 4.7-4.9) and performs particularly poorly on Path 3, where it yields
a significantly reduced success rate of 60% whereas the £; CMRAC tuned for a
small uncertainty bound gave above 92%. These results indicate that prioritizing
performance alone, without accounting for robustness, can degrade overall controller
effectiveness.

This ability of the £; CMRAC to operate in a regime where robustness and perfor-
mance can be jointly tuned is fundamentally enabled by the composite structure of
the £; CMRAC. In particular, the outer-loop is responsible for enforcing tracking
performance and penalize deviations from the nominal reference model, while the
inner-loop ensures robustness through rapid estimation and filtering of destabilizing
uncertainties. This structural separation yields a control architecture that allows a
partial decoupling of performance and robustness objectives.

Taken together, the results suggest that the £; CMRAC should be tuned to achieve
sufficiently fast predictor dynamics, while avoiding overly aggressive designs that
amplify model mismatch. Although this may lead to slight violations of the £
small-gain condition, maintaining the predictor dynamics within a reasonable range
results in improved practical performance. Thus, the £; CMRAC enables a design
that balances robustness and tracking performance through its composite structure,
rather than strictly prioritizing either extreme.

5.6 Practical Comparison

While the £; CMRAC achieves a slightly higher success rate than the LQ controller
across the three paths, the difference in overall performance is relatively small con-
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sidering the increased complexity of the adaptive architecture. This indicates that
the simpler LQ controller remains competitive in terms of practical performance,
despite not incorporating adaptation.

In contrast, the £; CMRAC requires a significantly larger number of design choices,
including multiple tuning parameters associated with the predictor dynamics and
adaptive law. This increases the complexity of the controller design process com-
pared to the LQ approach.

Furthermore, the £; CMRAC introduces increased computational complexity due
to the evaluation of terms such as QT(I)(.CE) in the adaptive update law, resulting in
a higher online computational burden.

Consequently, a trade-off arises between the modest performance improvement achieved
by the £; CMRAC and the increased design and computational complexity. Im-
portantly, the results also highlight that the L(Q controller, despite its simplicity
and lack of adaptation, remains close in performance to the adaptive solution in all
evaluated scenarios.
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To conclude this work, the research questions provided in Section 1.4 are revisited.
After the questions are answered, future work is presented.

6.1 Question 1: Robustness (Guarantees

The first research question asks: What robustness guarantees can be provided for the
designed adaptive controller? As presented in Section 4 and discussed in Section 5,
the £; CMRAC architecture guarantees boundedness of both the prediction error
and the adaptive parameter estimates via the £; small-gain condition in 3.27, and
the projection operator described in Section 3.2.3. These properties ensure that the
adaptive updates remain well-behaved and that the predictor dynamics do not lead
to instability, even under fast adaptation.

The robustness of the £; CMRAC is formally characterized through the £; small-
gain condition in (3.27). However, the results demonstrate that this condition is
conservative. In particular, violation of the small-gain condition does not directly
imply instability of the closed-loop system. Instead, it reflects a loss of theoretical
guarantees rather than a loss of practical stability. This is supported by the observed
performance, where the conservative £; CMRAC, despite violating (3.27) across the
operating points in Figure 3.3, achieves the highest overall success rate among all
evaluated controllers.

Conversely, the aggressive £; CMRAC, which satisfies the small-gain condition
through faster predictor dynamics, exhibits reduced tracking performance and the
lowest success rate among the L£i-based controllers. This highlights an inherent
trade-off: enforcing the small-gain condition requires fast predictor dynamics, which
amplifies model mismatch and degrades performance.

In comparison to the LQ controller, the £; CMRAC demonstrates improved robust-
ness, as reflected by its consistently higher success rates under uncertainty. However,
this improvement comes at the cost of increased design complexity and computa-
tional burden, as discussed in Section 5.6.

In summary, the £; CMRAC provides stronger robustness guarantees in terms of
bounded adaptive behavior and improved empirical performance under uncertainty.
Nevertheless, these advantages must be weighed against the increased implementa-
tion complexity, and the conservative nature of the small-gain condition should be
carefully considered in practical tuning.
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6.2 Question 2: Balance Between Robustness and
Performance

The second research question asks: Is it necessary, even with adaptive control, to
balance robustness against performance? The results demonstrate that such a trade-
off is indeed fundamental, even within adaptive control frameworks.

A purely performance-oriented adaptive controller, such as the MRAC, is not able
to consistently attenuate uncertainties, which leads to degraded performance and
reduced success rates, specifically in Path 3. In contrast, overly robust £; CMRAC
configurations, achieved through aggressive predictor dynamics to strictly satisfy the
L1 small-gain condition, result in reduced tracking performance and an increased
likelihood of constraint violations, specifically due to model mismatch introduced
by gain-scheduling.

The results show that neither extreme is desirable. Instead, the best overall per-
formance is obtained with a moderately tuned £; CMRAC, where robustness is
enforced without excessively increasing the closed-loop predictor bandwidth. In
particular, the conservative £; CMRAC achieves the highest overall success rate,
demonstrating that a balanced design provides the most favorable trade-off between
robustness and tracking performance.

An additional key observation is that the cascade structure of the £; CMRAC plays
an important role in enabling this trade-off. The architecture uses the tracking error
in the outer-loop adaptive law to drive performance, while the inner-loop predictor
and low-pass filter are driven by the prediction error to ensure bounded parame-
ter updates and filtered uncertainty compensation. This structured use of different
error signals introduces a functional decoupling between performance shaping and
robustness enforcement. As a result, the controller allows a practical balance be-
tween tracking performance and robustness, rather than enforcing one at the expense
of the other.

Therefore, it is concluded that adaptive control does not eliminate the classical trade-
off between robustness and performance. Rather, it shifts the design problem toward
finding an appropriate balance between these objectives, where both insufficient
robustness and excessive conservatism in the £; small-gain condition can degrade
overall system performance.

6.3 Future Work

The following directions are proposed for further evaluation and potential improve-
ment of the £; CMRAC framework with respect to robustness and performance.

o Increase the number of MC simulations to obtain higher statistical confidence
in the reported success rates and performance metrics.

o Evaluate the controllers on a wider set of reference trajectories in order to as-
sess performance across a broader range of operating conditions and maneuver
types.

o Perform a more comprehensive sensitivity analysis in the frequency domain to
better characterize the robustness margins and to identify frequency ranges
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where model mismatch and interpolation effects dominate system behavior.
Replace the outer-loop controller of the £; CMRAC with a model predictive
controller (MPC) [22] to explicitly enforce state and input constraints and
reduce the risk of constraint violations.

Implement a scheduling-law which adjusts the aggressiveness of the closed-loop
predictor dynamics depending on the magnitude of the interpolation error.
Thus, the elevated £; norms in shown in Figure 4.2 might be mitigated.
Remove decoupling of the control channels and apply the £; CMRAC on the
multiple input multiple output (MIMO) system. Thus, the cross-couplings are
explicitly described in the model to improve uncertainty attenuation.
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Appendix 1

A.1 Evaluation of the £; CMRAC Architecture
Using a Constant-Velocity Model

To provide an initial validation of the proposed £; CMRAC architecture, a simplified
one-dimensional constant-velocity model is considered. The discrete-time system is
given by

1 h 0
Tp+1 = [0 1] Ty + [h] Uk, (A1)

where h = 0.1 denotes the sampling time. The state vector is defined as

T = [Pk Ukr, (A-Q)

where p represents the position and v the velocity. The control input u corresponds
to the applied acceleration.

The controllers are evaluated on the reference trajectory illustrated in Figure A.la,
under bounded parametric uncertainties characterized by

Quax = 3431, Apax = 1.334. (A.3)

Both an LQ controller and the proposed £; CMRAC controller are evaluated over
1000 Monte Carlo simulations. The resulting trajectories are shown in Figure A.1b—
A.lc, providing a qualitative comparison of tracking performance and robustness
under uncertainty. Success is based on the ability to stay within a predetermined
area, more specifically

—10 <p; < 10

—6 Svk SG

As Figure A.1 shows, the £; CMRAC outperforms the LQ by close to 50% and a
reduced RMSE by approximately factor 1072x. These results show the potential of
the £; CMRAC, where due to the cascade structure, the controller is able to main-
tain stability under large parameter uncertainties, without sacrificing performance
accuracy.

(A4)
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Table A.1: Performance results of each controller for position. RMSE and MAE
are averaged over all MC simulations.

Controller ‘ MAE ‘ RMSE ‘ Success Rate

LQR 2.656 1.815 51.3%
£y CMRAC | 0.133 | 0.080 100%

Table A.2: Performance results of each controller for velocity. RMSE and MAE
are averaged over all MC simulations.

Controller ‘ MAE ‘ RMSE ‘ Success Rate

LQR 2.336 1.573 51.3%
L1 CMRAC | 0.280 0.012 100%
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Figure A.1: Monte Carlo trajectory realizations for the £; CMRAC and LQ con-
trollers applied to the 1D constant-velocity model.
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