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Abstract
Multiple-input multiple-output (MIMO) radar systems offer high flexibility in the
design of transmit waveforms, something that can be leveraged for several different
radar objectives. This thesis focuses on using neural-network based approaches for
designing waveforms that suppress unwanted signal returns (clutter), while main-
taining strong target returns. The waveform design problem is formulated around
shaping the range-angle ambiguity function, where the objective is to maximize
signal-to-clutter-noise ratio (SCNR) under a soft constraint on the bandwidth of
the phase-coded waveforms. Unlike conventional optimization-based methods of
waveform design, the proposed approach aims to train neural networks capable of
generalizing to arbitrary, previously unseen clutter environments at test-time.

Several neural network architectures are explored throughout this thesis, namely
Convolutional Autoencoders, Vision Transformers, Residual Networks, and Diffusion-
based models. The models are trained and evaluated on synthetically generated
clutter maps, with varying waveform dimensionalities and clutter distributions. The
performance is evaluated using held-out test sets of clutter maps, with corresponding
optimization-based waveforms as a benchmark. Additionally, methods for generat-
ing diverse sets of waveforms for the same clutter scenario are explored, motivated
by the non-convexity of the waveform design objective as well as the potential mit-
igation against adversarial identification and counter-measure techniques.

The results demonstrate that neural networks can achieve performance comparable
to the provided optimization-based benchmark on previously unseen clutter scenar-
ios, particularly for clutter environments with fewer and larger regions of clutter.
Models trained directly using differentiable waveform performance objectives are
shown to significantly outperform a supervised training approach. Moreover, the
results show that diverse waveform generation is achievable, although there is an in-
dication of a tradeoff between achieved diversity and average waveform performance,
and the effective diversity of the generated waveforms is shown to be significantly
dependent on the method of generating multiple outputs.

Overall, the findings indicate that machine learning and neural networks offers a
promising strategy for adaptive MIMO radar waveform synthesis, while also high-
lighting some important limitations and challenges, with room for future research.

Keywords: Machine Learning, MIMO Radar, Waveform Design, Clutter.
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1
Introduction

MIMO radar systems offer many advantages in the area of signal design and process-
ing. A commonly studied area in this regard involves the transmission of orthogonal
waveforms for the different antenna elements, which allows for a clean separation
of the different transmitted signals on the receiving end [1]. However, there are
other ways to leverage the degrees of freedom in a MIMO radar that does not al-
ways require orthogonality. Particularly, MIMO radar systems also allow for flexible
waveform design tailored to suppress clutter [2], i.e. unwanted signal dependent re-
turns from the environment and other reflective sources [3]. In this regard, various
research focuses on waveform design and additional radar design parameters de-
veloped to suppress clutter, often using optimization-based approaches to specific
design problems.

Furthermore, radar systems often have practical constraints based on hardware plat-
forms with limited computational resources, while adaptivity to rapidly changing
environments is of interest. Computations for waveform design can be demanding
off-line, but on-line in the radar system there is demand for close to real-time exe-
cution and often with restricted hardware. Therefore, waveform design algorithms
often focus on low computational complexity and convergence speed [4]. Artificial
neural networks (ANNs) can allow for low computational complexity at test time,
with adaptive properties, by leveraging heavy computations and large datasets dur-
ing training. Additionally, artificial neural networks can efficiently utilize GPU
hardware and extensive machine learning libraries, potentially giving an advantage
on future radar platforms with integrated GPUs. This makes neural network-based
approaches interesting for the case of adaptive waveform design in clutter environ-
ments.

1.1 Background

Multiple-input multiple-output (MIMO) radar exploits the spatial degrees of free-
dom offered by an array of transmit and receive antenna elements to improve reso-
lution, target detection and parameter estimation, and flexibility of transmit beam-
pattern designs [5]. Unlike standard phased-array antennas that transmit scaled
versions of the same waveform on each antenna element, MIMO radars can transmit
different waveforms on each antenna element, giving a much larger degree of freedom
in the waveform design problem [5]. The use of these design freedoms to optimize

1



1. Introduction

transmit-receive patterns have been subject to considerable research, including re-
search on interference- and clutter-suppression [1].

In related works, the joint design of transmit waveforms and receive filters for im-
proved detection of multiple targets in the presence of signal dependent clutter and
independent noise has been studied using iterative optimization algorithms in [6].
In [7], the joint design of transmit waveform, receiving filters and antenna configura-
tions is studied, with the aim of enhanced target detection in clutter environments.
Although a large focus on research in waveform design is on the computational com-
plexity of implemented algorithms, as well as solving the non-convexity of certain
design objectives, the utilization of deep learning to solve these problems is less
explored. Deep learning can theoretically map to non-convex optimization func-
tions by the artificial neural networks forming non-linear systems, as noted in [8]
where deep learning is applied to a waveform design objective of high SINR and low
integrated sidelobe levels (ISL). The focus of [8] is however in regards to training
a neural network on a single scenario, where the network learns to generate one
optimal waveform for a fixed set of design objectives. While it shows promising
results for waveform design in a non-convex optimization landscape, it does not ad-
dress the training of neural networks for real-time generation of optimal waveforms
for changing environments. Further, generative adversarial networks (GANs) have
been studied in [9] with the purpose of waveform synthesis with desired orthogo-
nality properties. In current research however there seems to be a gap in regards
to research into neural network-based approaches to waveform synthesis with the
purpose of suppressing range-angle distributed clutter, especially with the purpose
of generalized neural networks able to handle arbitrary clutter scenarios at test-time.

Since waveform design objectives often are formalized with non-convex optimization
functions, there can in some cases exist an arbitrary amount of separate solutions
with satisfactory performance. It can therefore be of interest to generate a diverse
set of solutions for the same scenario, which in turn could produce more robust
performance by evaluating multiple solutions and using the best one. A further
practical reason for encouraging sets of diverse solutions is the increased robustness
against adversarial electronic-counter-measure (ECM) techniques, specifically using
digital radio frequency memory (DRFM) repeaters which can replicate an inter-
cepted signal and retransmit it to produce false targets. Additionally, a diversity in
transmitted waveforms can mitigate an adversary’s attempts to identify intercepted
signals and categorize the transmitting systems characteristics [10], also known as
electronic support measures (ESM). A commonly researched approach for combat-
ing this relates to pulse diversity [11], which in the context of this thesis relates to
obtaining multiple waveform solutions for the same clutter environment scenario.

The background outlined thus far motivates the research of using deep learning
and neural networks for the purpose of generating waveforms for arbitrary clutter
environments, and additionally the research on the possibility of generating multiple
solutions for any given clutter environment.

2



1. Introduction

1.2 Problem formulation

This section presents a problem formulation that is based on the waveform design
problem at hand. Here, the problem is introduced and motivated, briefly covering
the necessary signal modeling and processing. For a more detailed and thorough
view of the underlying theory, see Section 2.1.

We investigate transmit waveform design for MIMO radar systems by shaping the
ambiguity function (AF), which describes the radar systems response for a given
transmit waveform and antenna configuration after matched filtering of signal re-
turns, to enhance target detection performance in clutter environments. The posi-
tions of clutter regions and targets, as well as the ambiguity function, are defined
in a 2D range-angle map. Given an arbitrary clutter environment, or clutter map
(CM), the primary objective is to synthesize a waveform that maximizes signal-to-
clutter-noise ratio (SCNR), i.e. minimize received signals from clutter regions while
maximizing received signal from the target, with a secondary objective of maintain-
ing the bandwidth of the transmitted waveform within a desired region. The SCNR
metric is closely related to the actual detection performance in clutter environments
[3], and can in this case be motivated as a suitable proxy for waveform performance.
The waveforms used here are constrained to unit modulus, meaning all transmitted
waveforms have amplitude 1, which is a common design constraint in related works
such as [12], [6] and [7].

Throughout this thesis, it should be noted that the SCNR and receive processing
is mainly formulated with a single receiving channel, instead of combining multiple
receive channels. This can also be related to the special case of having a multiple-
input single-output (MISO) radar system, with multiple transmit antennas and a
single receive antenna. Consequently, the waveform design objective does not include
the direction-dependent gain of a receive array. This isolates the waveform design
objective to being centered around the pure waveform properties, and the receive-
array beamforming is considered out of scope for this thesis.
We consider a coherent, monostatic radar with M antenna elements, each trans-
mitting a unimodular phase-coded pulse of Nb fast-time sample points, i.e. a phase
matrix Φ ∈ RM×Nb defining a waveform S = ejΦ ∈ CM×Nb . The phase matrix Φ
constitutes the parameters to be optimized, or in this case generated as output from
a neural network, to obtain a high SCNR. The ambiguity function is an important
tool for characterizing the response of a radar system, and many radar design prob-
lems can be formulated in terms of obtaining a desired ambiguity function adapted
to various scenarios and design objectives [13]. In particular, for the problem of de-
signing waveforms for clutter suppression, the ambiguity function provides a unified
perspective where the design objective can be formulated as shaping the ambiguity
function to adapt to the clutter environment.

For a given transmit waveform S = ejΦ, the transmitted signal in a direction θ0 is
given by

3
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sE(θ0) = a(θ0)HS, sE(θ) ∈ C1×Nb (1.1)

where a(θ0) denotes the steering vector, given by

a(θ) = [1, ejπ sin(θ), ..., ejπm sin(θ), ..., ejπM sin(θ)]T (1.2)

assuming a half-wavelength spacing between antenna elements. The symbol (·)H
denotes the Hermitian transpose. Under the considered single receive-channel model,
the corresponding ambiguity function is given by

AF (τ, θ, θ0) = aH(θ)SτSHa(θ0) (1.3)

where Sτ is a time-shifted version of the transmit waveform matrix S, representing
the received signal. More specifically, we have

(Sτ )m,n =

Sm,n, if 0 ≤ n + τ ≤ Nb − 1,

0, otherwise,
(1.4)

i.e. Sτ is zero-padded as to account for a sampling of the returned signal that begins
before the arrival of the target echo. For a target located in θ0, we can then define
the matrix AF ∈ CNu×Nr as a matrix of samples of the ambiguity function, where
Nu denotes the angle bins and Nr denotes the range bins. We set Nr = 2Nb − 1
to cover the whole range-delay interval that can be resolved after matched filtering
of a signal with Nb fast-time sample points. Since the ambiguity function defines
the signal returns after matched filtering, the exact target response is given by
AF (τ = 0, θ = θ0, θ0) when, without loss of generality, the target is assumed located
at delay τ = 0. The target return power is then given by

G(θ0, Φ) = |AF (τ = 0, θ = θ0, θ0)|2 = |aH(θ0)SSHa(θ0)|2. (1.5)

Now, to model clutter environment, we define a clutter map with the same di-
mensions CM ∈ RNu×Nr . The entries of CM encode the strength of the different
components that appear in the range-angle plane:

• Clutter regions: large positive values CMi,j ≫ 1 indicating strong unwanted
reflections.

• Noise floor : low values close to zero CMi,j ∼ 0.1 modeling a constant back-
ground noise.

• Target region: A value of zero CMi,j = 0 in the exact target position and a
small neighborhood of surrounding bins.

With this, the objective of clutter suppression can be formulated as minimizing
the weighted integrated sidelobe level (WISL), where the clutter map is set as the
weights. This can be written as the expression

WISL(Φ, CM) = ⟨CM, |AF|2⟩F =
Nu∑
i=1

Nr∑
j=1

CMi,j |AFi,j|2 . (1.6)
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where we take the Frobenius inner product, denoted ⟨·, ·⟩F , between the power of
the ambiguity function and the clutter map. The WISL represents the power of all
signal returns excluding the target, and the interpretation of the CM as the reflective
power gain of spatially distributed clutter holds consistent. Together with the target
power in Eq. (1.5), the SCNR is given by

SCNR = |a(θ0)HSSHa(θ0)|2∑Nu
i=1

∑Nr
j=1CMi,j |AFi,j|2

. (1.7)

To incorporate potential hardware constraints in a real-world radar system, and
limit spectral leakage, a soft constraint on the instantaneous bandwidth (or phase-
increments) is implemented. For each antenna element m and every pair of adjacent
fast-time samples n and n + 1 we define a wrapped phase increment

∆Φm,n = wrap
(
Φm,n+1 − Φm,n

)
∈ [−π, π), (1.8)

where wrap(·) adds or subtracts 2π so that the result lies in the principal interval.
A tolerance Dmax > 0 is set, and the deviation from the tolerance is measured by

Dm,n =
[
|∆Φm,n| −Dmax

]
+

, (1.9)

where we have [ · ]+ = max{0, x}. Using this measure of deviation, we can formulate
the bandwidth design objective, or penalty, as

Jbw(Φ) = 1
M(Nb − 1)

M∑
m=1

Nb−1∑
n=1

[
1 + Dm,n

]p
, Jbw(Φ) ≥ 1 (1.10)

with the exponent p as a design parameter determining the severity of Jbw, in this
case set to p = 8. This bandwidth-regularizing term is combined with the SCNR
metric, to obtain a waveform design objective F :

F = |a(θ0)HSSHa(θ0)|2∑Nu
i=1

∑Nr
j=1CMi,j |AFi,j|2

1
Jbw(Φ) . (1.11)

The F -value is used as the primary performance metric used to evaluate waveforms
throughout the thesis, with a main design objective centered around maximizing the
F -value.

In addition to the waveform design problem for a single given clutter environment,
this thesis is focused on the development of neural networks that are trained on
datasets of multiple different clutter environments in order to generalize and, at test
time, generate suitable waveforms for arbitrary clutter environments.

In regards to the training of neural networks for waveform design, part of this thesis
focuses on developing neural networks that can generate more than one suitable
waveform matrix Φ for the same clutter map CM, as opposed to only generating
a single waveform per clutter map. For this, additional metrics for evaluation are
formulated and the loss function is adjusted to suit this aim, presented further in
Section 2.1 and Section 3.2.1.
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1.3 Aim

The aim of this Master’s thesis is to research the feasibility of using neural network-
based approaches developed to generate suitable waveforms for arbitrary clutter en-
vironments, where the designed waveforms suppress the returns from clutter regions
while maintaining sufficient target illumination thereby obtaining a good signal-
to-clutter-noise ratio (SCNR). By training neural networks on datasets of varying
clutter scenarios, the aim is to achieve good performance on previously unseen clut-
ter maps at test-time, as opposed to only optimizing a single waveform for a single
scenario.

To achieve this, several different neural network architectures are explored, as well
as different dimensions and characteristics of clutter scenarios to investigate the fea-
sibility of a neural network-based approach in different settings of degrees of freedom
(DoF) and difficulty of clutter environment. Further, part of this thesis explores the
additional aim of achieving diverse sets of solutions for the same clutter environ-
ment, given that the design objective is non-convex and thus can contain a multitude
of feasible solutions and can also provide increased robustness against adversarial
electronic-counter-measure techniques.

1.4 Delimitations

In order to maintain a feasible and focused scope, certain delimitations have been set.
The clutter maps are defined as two-dimensional range-angle maps, omitting any
3D volumetric clutter and any Doppler processing or processing between different
waveform pulses. The problem is formulated based on a monostatic, coherent radar
system where only a single colocated transmit/receive antenna array is considered.
Extending to bistatic or multistatic geometries would introduce additional phase-
modeling complexity. The antenna configuration is based on half-wavelength spacing
between antenna elements, otherwise known as a uniform linear array (ULA). We
also implement a unit modulus constrain on the transmit waveforms, meaning only
the phase Φ ∈ RM×Nb is a freely set design parameter in the transmit waveform
S = ejΦ. The design objective is limited to varying only the transmit waveform
and evaluating the matched-filter output in a single receive channel, before any
multi-channel receive processing. Receive beamforming and joint optimization of
the transmit waveform and a linear receive combiner are thereby outside the scope
of this thesis.

In addition to the delimitations on antenna configuration, this thesis is limited to
a single target set to be located in τ = 0, θ0 = 0. This limitation is set since
the relevant information is the relative positions between clutter and target, and a
shift of target position in terms of τ is equivalent to keeping the target fixed and
implementing the same translation on all clutter regions instead. A shift of the
targets angular direction θ0 is instead equivalent to an applied steering vector. On
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the subject of multiple targets, it would be a natural extension to this thesis. The
clutter maps used for training and evaluation are all synthetically generated, al-
lowing for large and controllable datasets without the need for field-measured data
collection. The clutter maps are also given as input to the neural networks without
any perturbations corresponding to measurement inaccuracies, and noise is modeled
by a constant, low level noise floor. This isolates the performance of the neural
network to be evaluated based on how accurate it is in regards to the given clutter
environment, although in real applications measurement inaccuracies can affect the
overall performance.

The problem formulation, with the design of waveforms aimed to suit given clut-
ter environments and enhance target detection performance, can in and of itself
be said to be a delimitation. This focus lies in a specific radar scenario, where a
priori information about a potential target and the clutter environment is used as
an advantage to adaptively design suitable waveforms. This is often referred to as
knowledge-aided, or cognitive radar, and has been an increasing area of interest as
hardware improvements and radar technology in general has advanced [14]. This
constitutes a specific mode of radar operation, and other modes such as a "search
mode" where the radar scans its entire search volume in search of targets, is not
considered. It would however be a natural extension for further research.

Together, these delimitations ensure that the thesis remains tractable and focused
on the core research question on wether neural network-based waveform generation
can reliably produce high-performance, diverse solutions for arbitrary clutter envi-
ronments within the defined modeling. Among these restrictions there are several
potential avenues for future extensions and further research, such as multi-target
environments and extending to Doppler-processing for potential high velocity tar-
gets.
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2
Theory

This chapter provides the theoretical foundations on MIMO radar systems and signal
modeling as a background to the research context of this thesis. It also presents the
relevant machine learning theory and concept behind the applied methods.

2.1 Radar and Signal Model
This thesis focuses on waveform code design for coherent MIMO radar, and as such
this section presents the necessary radar and signal model relevant to this area of
research. Active sensing systems such as radars have the goal of determining useful
properties of the surrounding environment and potential targets. For example, a
radar can determine the range of a target by measuring the round-trip time delay
between transmitting a signal and receiving an echo, and the speed of said target can
be estimated by measuring the Doppler frequency shift when processing the received
signal [15]. The operation of a radar system can be described briefly as: the radar
transmits electromagnetic energy from an antenna, some of which is re-radiated by
reflecting objects in many directions with parts of the re-radiated energy directed
back at and returned to the radar antenna, which can then amplify and process the
returned signal [2].

2.1.1 Radar Introduction
In Figure 2.1, a block diagram of a basic, elementary radar system can be seen, show-
ing an example of how a radar and its subsystems can be organized. A transmitter
consisting of a waveform generator and a power amplifier generates a waveform that
is transmitted by the antenna. The power of transmitted signal can vary greatly
between different radar systems and different application, with average power being
an important factor in the capability and performance of a radar. This configura-
tion has a shared antenna between transmitter and receiver, which is enabled by
using short pulse waveforms, something that is commonly used in radars [2]. The
duplexer shifts between the receiver and the transmitter, and protects the sensitive
receiving side from the high energy of the transmitter. The receiver has an amplifier
to strengthen the weak signal returns, and processes the signal to enable detection
and extract information about the target. The signal processing includes filtering,
commonly using a matched filter (i.e. the filter is a replica of the transmit wave-
form), to maximize signal-to-interference-noise ratio (SINR) to improve the ability
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of separating target echoes from noise and other unwanted echoes, known as clutter
[2].

Figure 2.1: Block diagram of a simple radar system with transmitter and receiver
sharing a single antenna via a duplexer.

There are many different types of radars that are used for a wide array of applica-
tions, ranging from weather monitoring and automotive collision controls to military
surveillance. One fundamental distinction is between monostatic radars, where the
transmitter and receiver are colocated, and bistatic or multistatic radars where the
spacing between transmit and receive arrays is very large in comparison to the sig-
nal wavelength [16]. Another important distinction is mechanically scanned radars,
which use the physical rotation of antennas to steer transmit beams, and electron-
ically scanned radars which steer beams electronically using phase-shifts between
different antenna elements [2].

Traditional radars typically use a single waveform, for example a baseband modu-
lated carrier wave transmitted by a single antenna element. This results in reflected
signals being scaled versions of the same waveform, with the scaling depending on
the radiation pattern of the antenna. However, with active electronically scanned
array (AESA) architectures and digital radar arrays, the radar hardware allows for
much more flexibility in terms of the generated waveforms [17]. Multi-input multi-
output (MIMO) radar is a technique that uses space-time diversity in waveforms,
typically involving independent waveforms on each antenna elements, leading to
transmit waveform that can vary greatly between different directions not only by
scaling but varying by the waveform envelope itself. This is due to the fact that the
far-field waveform is the coherent sum of all the input waveforms [18].
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Similar to other radar systems, MIMO radars can be divided into the categories
of multistatic MIMO, also known as statistical MIMO, with wide separation of
transmit and receive arrays, and coherent MIMO which has colocated arrays. An
overview of the MIMO concept is shown in Figure 2.2, where the transmit antenna
elements transmit independent waveforms sm(t), with the returning echoes being
combinations of all signals {sm(t)}. The coherent MIMO system can share the same
antenna arrays between transmitters and receivers, or separate colocated arrays. On
the receiving side of the MIMO radar, each receiver can separate the radar returns
from each individual transmit element (if the waveforms are separable), allowing for
offline scanning of transmit patterns after receival unlike traditional single aperture
radars [18].

Figure 2.2: A basic overview of a coherent MIMO radar system, with transmit
and receive antenna arrays.

In the case of a traditional phased-array radar, the transmit signals sm(t) would
be scaled versions of the same waveform sm(t) = wms(t), limiting the flexibility in
transmit beampattern design [19].

When it comes to waveform design, there are several different approaches. The types
of signal used by a radar can be divided into two main categories: continuous wave
(CW) where the radar continuously transmits a signal, and pulsed signals where the
radar transmits signals in sequences of pulses [20]. Both categories can be further
divided into different types of waveform design approaches. This thesis focuses on
waveform design of pulsed transmission signals, with a waveform design in the code
domain, specifically phase-coded waveform design.

In a pulsed radar the transmitted burst is repeated with some pulse-repetition inter-
val (PRI), which creates two distinct time scales. The time between different pulses
is often referred to as slow-time, with some of the typical slow time operations being
integrating several pulses for enhanced signal strength and Doppler processing for
velocity estimation among others [21]. The time within a transmitted pulse is com-
monly referred to as fast-time, where typical operations are signal formation such as
the phase-coding considered here, matched filtering and beamforming among others
[21].
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2.1.2 Signal model
We consider a coherent, monostatic MIMO radar system with M transmit antenna
elements, each transmitting a unimodular phase-code pulse of Nb fast-time sample
points. Let sm(n) denote the discrete-time signal transmitted by antenna element
m, and θ0, τ0 denote the azimuth angle and range-delay from the antenna array
to a generic target. Under the assumption that the signals are narrowband, i.e.
they occupy a narrow frequency spectrum, and that the signal propagation is non-
dispersive, the far-field of the signal at the target location can be described by [19]:

sE(θ0, τ0, n) =
M∑
m=1

e−j2πf0τ
(prop)
m (θ0,τ0)sm(n) = aH(θ0, τ0)s(n) (2.1)

where f0 denotes the carrier frequency of the signals, τ (prop)
m (θ0, τ0) denotes the prop-

agation time delay for the signal sent from antenna element m to reach the target,
and (·)H is the Hermitian transpose (or conjugate transpose). Taken over all fast-
time samples, the far-field signal can be written as

sE(θ0, τ0) = aH(θ0, τ0)S (2.2)

S = [s(0), s(1), . . . , s(Nb − 1)] (2.3)

where S, given the unimodular constrain, can be described as S = ejΦ ∈ CM×Nb

where the matrix Φ describes the phase-coding of the pulses sent by the transmit
antennas. The steering vector a(θ0, τ0) is given by

a(θ0, τ0) = [ej2πf0,τ
(prop)
1 (θ0,τ0), ej2πf0τ

(prop)
2 (θ0,τ0), . . . , ej2πf0τ

(prop)
M (θ0,τ0)]T (2.4)

with (·)T denoting the transpose. Without loss of generality, we use a fixed target
location of τ0 = 0, using the notation a(θ, τ = 0) = a(θ). Given this, we have the
time-delay

τ (prop)
m (θ) = d m sin(θ)

c
(2.5)

where d is the spacing between antenna elements and c is the propagation velocity of
the electromagnetic wave. Angles θ ∈ [−π/2, π/2] are taken from the normal vector
of the antenna array, as illustrated in Figure 2.3.
Assuming half wavelength spacing d = λ/2 with lambda denoting wavelength, and
using the fact that the carrier frequency is given by f0 = c/λ, we have:

am(θ) = exp(j2πf0τ
(prop)
m (θ)) = (2.6)

= exp(j2π
c

λ

d m sin(θ)
c

)

= exp(j2π
c

λ

λ

2
m sin(θ)

c
)

= exp(jπm sin(θ))
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Figure 2.3: Overview of an antenna array showing the angle θ defined from the
arrays normal vector, with inter-element spacing d.

where am(θ) denotes element m of the steering vector. The expression of the steering
vector in Eq. (2.4) can now be written as

a(θ) = [1, ejπ sin(θ), ej2π sin(θ), . . . , ej(M−1)π sin(θ)]T . (2.7)

As per [19], under the simplified model of far-field point reflectors, the received
signal can be described by the equation

X =
K∑
k=1

βkb(θk)aH(θk)S + ϵ (2.8)

where K denotes the number of signal reflecting targets, {βk} are amplitudes propor-
tional to the reflectors radar cross sections (RCSs), θk are their angular locations, ϵ
covers noise plus interference and (·) is the complex conjugate. Here, b(θk) denotes
the receiving ends steering vector, which is defined in the same way as the transmit
steering vector a(θ) in Eq. (2.7).

2.1.2.1 Clutter model

In radar and signal processing, clutter refers to unwanted signal returns which can
come from different scatterers such as the earth’s surface, man-made structures such
as buildings, rain clouds and other weather echoes [21]. In our case, the focus is
spatially distributed clutter, defined in a range-angle map referred to as a clutter
map (CM).

The clutter map is a matrix CM ∈ RNu×Nr where Nu is the number of discrete
angle-bins and Nr is the number of discrete range-bins considered in the processing
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of received signals. In other words, the elements of the clutter map CM are the real-
valued power scattering amplitudes of unwanted signal-dependent reflections, which
can be related to the square of the target scattering coefficient β in Eq. (2.8). Large
positive values in the clutter map correspond to strong unwanted reflections, while
the target range-angle cell is set to zero. As previously presented in the problem
formulation in Section 1.2, the clutter map encodes three distinct components:

• Clutter regions: large positive values CMi,j ≫ 1 indicating strong unwanted
reflections.

• Noise floor : low values close to zero CMi,j ∼ 0.1 modeling a constant back-
ground noise.

• Target region: A value of zero CMi,j = 0 in the exact target position and a
small neighborhood of surrounding bins.

This view leads directly to the use of weighted-integrated-sidelobe level as a met-
ric defining the effects of signal dependent clutter and noise, introduced in Section
2.1.3.3. This modeling of clutter as point-like scatterers has been implemented with
similar approaches in [7] which also uses range-angle distributed clutter, as well as in
[14] where clutter and signals are considered in the range-Doppler domain instead.
A more in-depth practical description of how the clutter maps are constructed can
be seen in Section 3.1.1, describing method for synthetically generating clutter dis-
tributions.

2.1.3 Signal processing
This subsection presents the signal processing model and concepts that are used
throughout this thesis. It is important to note that there are many different ap-
proaches to signal processing, with different suitable use cases and assumptions.
The signal model and processing presented and used here is focused on fast-time
processing of coherent MIMO radar waveforms with unimodular constraints. An-
other delimitation is that it excludes any Doppler processing, which is applicable
under the assumption of negligible Doppler effects within the duration of the signal
pulses and processing interval [22].

2.1.3.1 Transmit beampattern

For a colocated MIMO radar system, the transmitted waveform S ∈ CM×Nb de-
termines the spatial distribution of signal energy across different angular directions
as, previously described in Section 2.1.2. The power of the transmitted signal in a
generic direction θ is given by the transmit beampattern [5]:

P (θ) = ||aH(θ)S||22 = aH(θ)SSHa(θ). (2.9)

The flexibility of probing signal design in MIMO radar has given rise to a wide array
of research into design of transmit beampattern with different design objectives [23].
The transmit beampattern can be used to evaluate how well a designed waveform
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focuses energy on target location, and is commonly used together with sidelobe
metrics for waveform design objectives [24, 23].

2.1.3.2 Matched Filter and Ambiguity Function

A commonly used filter for processing received signals is the matched filter, which
in the case of stochastic additive white noise maximizes the signal-to-noise ratio
(SNR) [15]. A matched filter is defined as having a transfer function that, except
for a possible amplitude and time-delay factor, is the complex conjugate spectrum
of the signal to which it is matched [25]. Now, if we consider a target located in
(θ0, τ0 = 0), we construct a reference signal based on the expected returns from the
target:

SR(θ0) = b(θ0)aH(θ0)S, (2.10)
that is used for matched filtering of received signals. Given an incoming reflected
signal from angle θ with delay τ , the response of the matched filter is given by

Y(θ, τ, θ0) = SR(θ, τ)SHR (θ0) = b(θ)aH(θ)SτSHa(θ0)bT (θ0) (2.11)
where Sτ denotes a time-shifted, zero-appended version of the waveform matrix S
that incorporates the delay τ , more specifically defined as

(Sτ )m,n =

Sm,n, if 0 ≤ n + τ ≤ Nb − 1,

0, otherwise.
(2.12)

The matched filter response Y(θ, τ, θ0) is matrix-valued, where the (p,q)-th element
corresponds to the matched-filter response between the p-th receive channel for
an incoming signal from direction θ and the q-th receive channel associated with
the reference direction θ0. Thus, the matrix contains all pairwise receive-channel
responses. In Eq. (2.11), we can note that the term aH(θ)SτSHa(θ0) collapses to a
scalar, as a(θ) ∈ CM×1 and S ∈ CM×Nb . We can rewrite it as

Y(θ, τ, θ0) =
(
b(θ)bT (θ0)

) (
aH(θ)SτSHa(θ0)

)
. (2.13)

where it becomes clear that the receive-array factor is decoupled from the waveform-
dependent factor, in the sense that it’s not dependent on the transmit waveform, as
is also shown in [22]. This decoupling allows the waveform-dependent factor to be
considered independently of the receive-array factor. Since this thesis is focused on
transmit waveform design, we restrict the considered formulation to the case of a
single receive channel, where the receive-array steering vector reduces to unity, i.e.
b(θ) = [1]. Under this restriction of a single receive-channel, the waveform design
objective can thereby be isolated to only the waveform-dependent factor. In a multi-
channel receive array, however, the receive-array factor is directionally dependent
and would generally affect the target and clutter returns.

The response of a matched filter is also commonly referred to as the ambiguity func-
tion (AF), and generally has an important role in radar systems, as many radar
design problems can be formulated as objectives to achieve desired properties of the
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ambiguity function to adapt to various applications and environments [13]. The
ambiguity function is often presented as the range-Doppler response of a matched
filter, as in [13], but it has been shown that the MIMO ambiguity function presents a
range-angle coupling except for perfectly orthogonal waveforms, which are unrealis-
tic in practice [22]. In this case we instead study the range-angle ambiguity function,
as the waveform design problem relates to suppressing spatially distributed clutter
for heightened detection performance, with the assumption of negligible Doppler
effects within the pulse duration and processing interval.

Under the previously introduced restriction of a single receive-channel, we define the
discrete range-angle ambiguity function

AF (u, τ, u0) = aH(u)SτSHa(u0) (2.14)

where we use the notation u = sin(θ), similarly to [22], where the range-angle
ambiguity function is described in similar fashion. The corresponding matched-filter
output energy is given by

G(u, τ, u0) = |AF (u, τ, u0)|2. (2.15)

For a grid of Nu angle bins and Nr = 2Nb− 1 range-delay bins, the ambiguity func-
tion in Eq. (2.14) can be represented in discrete form as a matrix AF ∈ CNu×Nr .
This matrix describes the response of a matched filter for each range-angle cell in
the spatial area covered by the signal processing. The number of angle bins Nu can
be set freely and simply determines the angular resolution of the ambiguity func-
tion (and consequently the clutter map, as they need matching dimensions). The
number of range bins is set to a fixed relation Nr = 2Nb − 1 as to cover the whole
range-delay interval that can be resolved by the matched filter processing, also re-
ferred to as the sampling interval. The discrete ambiguity function can with benefit
be calculated efficiently using Fast Fourier Transforms (FFTs), since it is in practice
a convolutional operation between signals in the fast-time dimension.

2.1.3.3 Weighted Integrated Sidelobe Level

The weighted integrated sidelobe level (WISL) is a metric that can be used in order
to shape the ambiguity function, both in the case of the range-Doppler domain as
in [12] and for the case of range-angle domain as in [7]. As the name suggests, it is
weighted version of the regular integrated sidelobe level (ISL), commonly used in dif-
ferent optimization algorithms to achieve good autocorrelation or cross-correlation
properties [26] [27]. It can also be related the concept of cognitive radar, where
prior information provided by the cognitive radar is used to define the weights in
the WISL - which in turn can be used to design a suitable waveform [12].

In our case, we formulate a WISL in the range-angle domain, and use the previousy
mentioned clutter map as the weighting factors. Given that the clutter map is used
to define the reflective power of clutter, this results in a WISL that corresponds to
the integrated energy received from all clutter echoes after transmission and matched
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filtering of a given waveform. This is later used to define the signal-to-clutter-noise
ratio (SCNR), described in Section 2.1.3.4. The WISL is defined as

WISL = ⟨CM, |AF|2⟩F =
Nu∑
i=1

Nr∑
j=1

CMi,j |AFi,j|2 (2.16)

where CM is the clutter map and AF is the discrete ambiguity function, and ⟨·, ·⟩F
denotes Frobenius inner product. The elements of the clutter map matrix CM are
used as weighting parameters for each range-angle cell in the ambiguity function,
with large positive values corresponding to strong unwanted reflections. A small
value of the WISL indicates that the waveform produces low energy returns from
clutter-heavy areas, while the target area is set to CMtarget = 0 as to not penalize
target illumination. It is possible integrate the waveform design objective of signal
strength on target into the WISL metric by having negative weighting at the target
location CMtarget, but it is not necessary and as mentioned in [7] it can be very
sensitive to the choice of weighting coefficient.

2.1.3.4 SCNR

The signal-to-clutter-noise ratio (SCNR) is a commonly used waveform design metric
in MIMO radar, as it is closely related to the detection performance when dealing
with clutter environments [28] [3]. Here, it is used as a proxy for the detection
performance, and thus used to measure waveform performances for given clutter
environments.

If we consider the previously described received signal in Eq. (2.8), using a single
target with reflective power β = 1 and setting the receive steering-vector b(θ) = [1],
we can rewrite it as

x = aH(θ0)S + ϵ, (2.17)

where x encompasses both the signal return from the target and from clutter. Again,
setting b(θ) = [1] corresponds to the single receive-channel restriction introduced in
Section 2.1.3.2. Thus, the SCNR considered below is evaluated in a single receive
channel, prior to any linear combination or beamforming across multiple receive
channels. The noise plus interference term ϵ in our case is the signal dependent
clutter and noise modeled via the clutter map. Inserting this into Eq. (2.17) we can
write

x = aH(u0)S +
Nu∑
i=1

Nr∑
j=1

√
CMi,j aH(ui)Sτj

(2.18)

where we use the notation u = sin(θ), taking Nu × Nr discrete signal returns from
the spatially distributed clutter environment around the target. Matched filter upon
receive gives an output
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y =
aH(u0)S +

Nu∑
i=1

Nr∑
j=1

√
CMi,j aH(ui)Sτj

SHa(u0) (2.19)

y =
(
aH(u0)SSHa(u0)

)
+
Nu∑
i=1

Nr∑
j=1

√
CMi,j aH(ui)Sτj

SHa(u0)
 (2.20)

where the first part is the filtered output from the target echo, and the second part
is the filtered output from the noise and clutter modeled in the clutter map. Taking
the energy received from target echo and clutter echoes, the SCNR is given by

SCNR = |aH(u0)SSHa(u0)|2∑Nu
i=1

∑Nr
j=1CMi,j |AFi,j|2

(2.21)

where we have inserted the ambiguity function matrix AFi,j = aH(ui)Sτj
SHa(u0).

We can note that the integrated clutter power in the denominator in this formu-
lation corresponds to a weighted integrated sidelobe level using the clutter map as
weights, as previously presented in Section 2.1.3.3.

Equation (2.21) is the single receive-channel SCNR used throughout this thesis. If a
multi-channel receive array is used instead and beamformed towards the target, an
additional direction-dependent factor with the inner product of receive steering vec-
tors would enter the target and clutter responses multiplicatively. This factor would
generally reduce clutter returns arriving from directions different from the target
direction. A more general formulation could also jointly optimize the transmitted
waveform and the linear combination of the receive channels. These alternative for-
mulations are not considered in this thesis.

It can be further noted that with the inclusion of additive gaussian noise on the
receiving end w ∼ N (0, σ2

nI), the corresponding formula would be given by

SCNR = |aH(u0)SSHa(u0)|2∑Nu
i=1

∑Nr
j=1CMi,j |AFi,j|2 + σ2

n||aH(u0)S||22
, (2.22)

which can be related to the signal-to-interference-noise ratio (SINR) formulation
used in [13].

2.1.3.5 Bandwidth

The signal model used in this thesis is based on all antenna elements emitting
signals with the same carrier wave frequency, however the phase-coded waveform
design approach gives rise to a bandwidth dependent on the instantaneous phase
jumps. Given the phase matrix Φ, we can define a wrapped phase increment

∆Φm,n = wrap
(
Φm,n+1 − Φm,n

)
∈ [−π, π), (2.23)

where m denotes the antenna element and n denotes the fast-time sample. The
wrap function is defined as
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wrap(x) = ((x + π) (mod 2π))− π. (2.24)

The instantaneous frequency can then be described as [29]

fm(t) = 1
2π

dΦm(t)
dt

, (2.25)

which in the discrete phase-coded waveforms can be approximated as

dΦm(t)
dt

≈ ∆Φm,n

Tc
⇒

fm(n) ≈ ∆Φm,n

2πTc
(2.26)

where Tc denotes the chip duration, i.e. the time interval between each discrete fast-
time sample in the waveform. The abrupt phase transitions of phase-coded wave-
forms can lead to spectral leakage and waveform distortion from the radar system
electronics [30]. Thus, limiting the phase increments to some maximum Dmax can
lead to better spectral compactness and containing the effective bandwidth. Limit-
ing the phase increments can also be necessary to accommodate certain hardware
restrictions, where there might be limitations on the hardware’s ability to increment
phases.

2.1.3.6 Diversity between multiple waveforms

When it comes to MIMO radar waveforms, diversity can often refer to the diver-
sity between the waveforms sent by each antenna element, which is an essential
advantage in comparison with traditional phased array radars [19]. This waveform
diversity between a group of waveforms sent simultaneously over the antenna ele-
ments, which can be referred to as intragroup diversity, is not a focus of this thesis
since the objective of maximizing signal strength on a known target location war-
rants a strong correlation within a sent waveform group. On the other hand, the
diversity between different groups of waveforms, or intergroup diversity, is of interest
both for the purpose of increased robustness and performance as well as it’s poten-
tial robustness against jamming methods [31].

In related works, [31] implements a design algorithm for developing group orthog-
onal waveforms using the peak cross-correlation (PCL) as a metric to minimize in
order to achieve intergroup diversity. By minimizing the correlation between the
adjacent pulses transmitted by the radar, DRFM-based jamming becomes more dif-
ficult, since although they can quickly and accurately intercept waveforms, they
must delay at least to the subsequent pulse before generating jamming signals [31].

Given a set of K phase matrices {Φ(k)}Kk=1 with corresponding set of waveform
matrices {S(k)}Kk=1, the cross-correlation between two of the waveforms is defined as

Ri,j(τ) = S(i)
τ (S(j))H (2.27)
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where i and j denotes the indices of the waveforms and Sτ is again defined as the
time-delayed waveform matrix in Eq. (2.12). Following, [31] the PCL is given as

PCL = 1
N2
b

max
i,j,τ∈G

∥Ri,j(τ)∥2
max , (2.28)

G = {i, j, τ | i, j ∈ {1, . . . , K}, i ̸= j, τ ∈ {−Nb + 1, . . . , Nb − 1}} ,

where ∥ · ∥max denotes the entry-wise maximum absolute value, i.e.

∥Ri,j(τ)∥max = max
m,n

∣∣∣[Ri,j(τ)]m,n
∣∣∣ . (2.29)

The PCL therefore represents the worst-case squared intergroup cross-correlation
peak over all waveform pairs, matrix entries, and time delays.

Group orthogonality and metrics as the PCL above are in the waveforms code-
domain, but what a jammer actually observes is the far-field of the transmitted
waveforms, as given in Eq. (2.1) [32]. This comes naturally from the fact that an
observer in the far-field of a transmitted MIMO radar waveform observes a coherent
sum of each antenna elements transmitted signal [18]. Therefore it can be argued
that diversity metrics developed to mitigate DRFM jamming can benefit from being
formulated in terms of the angular spectrum of the far-field signal.
Based on this, we formulate a far-field similarity metric sim[i, j] between two wave-
forms. First, we take the far-field representation produced by the k-th waveform

sE(u)(k) = aH(u)S(k) ∈ C1×Nb (2.30)

where we use the notation u = sin(θ) as previously. For any pair (i, j) we compare
the two far-field signals represented by matrices S(i)

E , S(j)
E ∈ CNu×Nb whose Nu rows

correspond to discrete angle bins. The far-field matrices are normalized according
to

s̃(k)
E [u, :] = sE

(k)[u, :]
||sE(k)[u, :]||2

. (2.31)

The similarity between the two far-field matrices is then defined as the mean absolute
inner product of the corresponding rows

sim[i, j] = 1
Nu

Nu∑
u=1

∣∣∣ 1
Nb

Nb∑
n=1

s̃(i)
E [u, n]̃s(j)H

E [u, n]
∣∣∣ ∈ [0, 1] (2.32)

.
When sim[i, j] = 1 the two far-fields are identical (up to a global phase), whereas
sim[i, j] = 0 indicates complete orthogonality in every angle bin. It should be noted
that this can be extended to cover different time lags τ between the compared far-
field angular spectrums:

sim[i, j, τ ] = 1
Nu

Nu∑
u=1

∣∣∣ 1
Nb

Nb∑
n=1

s̃(i)
E [u, n + τ ]̃s(j)H

E [u, n]
∣∣∣. (2.33)
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The extension to cover time lag τ could then be used to formulate a worst-case
measure, by extracting the maximum value across the different lags. This is however
not something that is implemented throughout this report, instead the zero lag
version in Eq. (2.32) is used.

2.2 Machine Learning

Machine Learning (ML) is a subfield within Artificial Intelligence (AI) that focuses
on how statistical models can learn from data to identify patterns that generalize
to unseen data [33].

2.2.1 General machine learning
This section describes some of the fundamental principles of machine learning rel-
evant to the implementations throughout this thesis. For more implementation-
specific details and descriptions, see Chapter 3.

2.2.1.1 Input-Output Mapping

The general goal for Machine Learning (ML) is to approximate a mapping function
from an input space X to an output space Y . Formally, this can be expressed as
learning an approximate function f̂ that maps the input variables x ∈ X to the
output variables y ∈ Y according to:

ŷ = f̂(x). (2.34)

The input variables x consist of all input features that the model should consider
when predicting the output variables ŷ. Both the model’s output ŷ and any desired
output variables y belong to the output space Y , where desired output variables y
are often called targets, ground truth or labels in different datasets [33].

For most real-world problems, the exact mapping function f between the input and
output space is unknown. Machine learning is therefore used to learn an approximate
mapping, f̂ , such that its predictions ŷ perform well according to a defined objective
function L.

2.2.1.2 Parametrization of f̂

To find a suitable mapping function f̂ , a machine learning model’s architecture and
size are chosen to parametrize f̂ which constrains the space of possible mapping
functions. The structure and size of the model is chosen with regards to the data
and problem at hand. The model is defined by a set of parameters θ which controls
how the mapping function behaves. The learning process of a machine learning
model involves optimizing the parameters θ with respect to the objective function
in order to adjust f̂ to capture relevant structure in the training data.
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2.2.1.3 Maximum Likelihood Estimation

Maximum likelihood estimation is a statistical framework used to optimize model
parameters, where the parameters θ are updated to maximize the likelihood that
the observed data were generated by the model. This corresponds to adjusting the
approximated mapping function f̂ such that the model predictions align more closely
with the underlying data distribution and the training objective given the input.

Under the assumption that the dataset consists of N independently and identically
distributed (IID) drawn samples, the likelihood of the dataset can be expressed as
the product of the likelihood of individual samples indexed by i.

LMLE(θ) =
N−1∏
i=0

pθ(yi|xi). (2.35)

To make the MLE objective suitable for a wide range of optimization techniques,
this maximization problem is rewritten as a minimization problem. Using that the
logarithm is a monotonically increasing function one often implements a logarithmic
version of LMLE(θ) which improves the numerical stability by transforming a product
to a sum. This results in the negative log-likelihood (NLL) described in Equation
(2.36) [33].

LNLL(θ) = −
N−1∑
i=0

log pθ(yi|xi), (2.36)

2.2.1.4 Empirical Risk and loss function

Real-world datasets often contain an infinite number of possible data points where
only a fraction can be attained to train a model, this makes a true risk assessment
of the underlying mapping f unattainable. Therefore, it is often only possible to
minimize the discrepancy between the approximate and the underlying mapping
function for a subset of the possible dataset, a process known as empirical risk min-
imization, where a number of data points, defined as the batch size, is considered
to empirically estimate the discrepancy between f̂ and f . In most cases, the goal
of a model is to learn the underlying mapping function for a large portion of the
input space. Since the model is adjusted towards a subset of the input space, the
distribution of the available training and evaluation data becomes crucial in order
to generalize across the input space.

The loss function, denoted as L, is introduced as a practical proxy for quantifying
the empirical risk. L is a function of the model outputs ŷ and other relevant vari-
ables that together defines the optimization objective. In several machine learning
applications, probabilistic assumptions about the output space are used to derive
specific loss functions from the negative log-likelihood in Equation (2.36), provid-
ing a differentiable metric that describes the discrepancy between the underlying
and approximate mappings from the input space to the output space. This way of
deriving the loss function can be seen as the practical implementation of the MLE
principle described in Section 2.2.1.3 [33].
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How the loss function is designed and which terms it includes influence the opti-
mization landscape and determines which features that the machine learning model
should learn to prioritize. In many cases, standard likelihood formulations under as-
sumptions of the dataset cannot fully capture all relevant characteristics of the data.
For these cases, a loss function can be custom made as long as it is differentiable,
which is the criteria to make backpropagation and weight optimization work.

2.2.1.5 Backpropagation, optimization and Stochastic gradient descent
(SGD)

The objective of training a machine learning model is to minimize the discrepancy
between the approximate mapping f̂ and the underlying mapping f between the
input and output space. This is achieved through updates of the model parameters
θ to minimize the empirical risk, an iterative process guided by the gradient of the
loss function.

Backpropagation is the method that drives this process. It uses the chain rule to
compute the partial derivatives of the loss function L with respect to each of the
trainable model parameters θi through the model output ŷ. These partial derivatives
are used to propagate the loss signal from the output of the model back to each
individual parameter that came before, summarized in a gradient with respect to
the parameters θ according to:

∇θL =
[

∂L
∂θ1

,
∂L
∂θ2

, . . . ,
∂L
∂θn

]⊤

. (2.37)

The gradients carry information about how a change in each parameter affects the
loss value. This is utilized in the optimization of the model parameters by updating
each parameter in the reverse direction of the gradient to move towards a parameter
set θ that corresponds to a local minimum of the loss function according to the
following update schema:

θt+1 = θt − η · ∇θtL, (2.38)

where the parameter η is the learning rate which decides step length and thereby
how large the parameter updates will be in the gradient direction.

The computation of gradients and updating the parameters for all data points in
a dataset at the same time is often computationally infeasible, therefore one could
compute the gradients and update the parameters of the model for a random sampled
batch of the dataset. This is often called Stochastic gradient descent or mini-batch
Stochastic gradient descent [34].

2.2.1.6 Generalization

Generalization is measured in how well the model’s learned approximate mapping
f̂ performs for data that the model was not trained on and shows the discrepancy
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between f̂ and f . The ability to generalize to unseen data describes if the model
has learned to memorize the noise of the training data or if it has extracted a gen-
eral underlying pattern from the data. The performance difference for training data
compared to unseen data can be analyzed to understand the model’s generalization
capabilities.

The model’s generalization ability is governed by the model architecture and model
size, which controls the complexity of the learned mapping f̂ and thereby how sen-
sitive the trained model can become to variations in the input data. To measure
the models ability to generalize, one can split the available data into three different
dataset [35].

The training dataset is used for computing gradients and updating the model pa-
rameters, while the validation dataset consists of unseen data points that the model
does not use to adjust its parameters, but rather to evaluate the model’s perfor-
mance on an unseen set of data points. This dataset is also used to determine how
to adjust the model’s architecture and training process to improve performance and
generalization.

The third part, the test dataset, contains unseen data used to judge the model’s true
performance and ability to generalize. Since this dataset has been withheld from the
model during both training and architecture improvements, it provides an unbiased
estimate of the model’s generalization performance.

2.2.1.7 Regularization

Regularization is a technique used to navigate the optimization of the model pa-
rameters, by constraining the model’s learning process. Regularizing the learning
process of a machine learning model can be done in various ways [34].

One example is by using direct additions of constraints and penalties to the opti-
mization objective. For example, additional terms in the loss function.

Another aspect of regularization involves methods that indirectly steer the learned
mapping function f̂ to become less noise sensitive, which can be done through the
use of early stopping or data normalization.

By implementing regularization, models with higher complexity can be utilized,
enabling them to learn more complex mapping functions while reducing the risk of
learning the noise in the training data. Regularization achieves this by limiting the
model’s ability to adapt to noise present in the training data. Consequently, the
model becomes more robust and is more likely to generalize to unseen data [34].

2.2.1.8 Deep Machine Learning

Deep machine learning is a subfield within machine learning that aims to approxi-
mate f̂ using multiple layers of differentiable transformations. The structure of the
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models within this category uses multiple nested functions to construct f̂ and a
simple version of these models can be expressed through:

f̂(x) = fL−1(fL−2(. . . fl(. . . f1(f0(x))))) (2.39)
where fl represents the transformation made in layer l of a model with L layers.

A primary advantage of using deep learning is its ability to approximate highly non-
linear relationships in the data. This is made possible by the addition of non-linear
activation functions between each layer, l. Without the activation functions, the
combined transformations made in all layers would mathematically collapse into a
single effective linear transform regardless of the model’s depth. The use of multiple
linear transformations and non-linear activation functions makes it possible for the
model to extract different levels of abstraction from the data, where earlier layers
typically focus on low-level features while later layers can learn high level contexts
[34].

2.2.2 Learning paradigms

There are multiple paradigms one can use to optimize f̂ that are more or less suitable
for different problem domains and data availability. This subsection describes the
paradigms used during this work.

2.2.2.1 Supervised Learning

The basis of supervised learning is that the optimization of f̂ is done by using pairs
of input, xi and output, yi samples, using sample index i. Since the goal of the
trained model is to adjust its approximation f̂ to be as close as possible to the
underlying mapping f for all data pairs xi, yi, this paradigm uses a loss function
that compares the model’s predictions ŷi = f̂(xi) to the ground truth output data
yi = f(xi) which is used to guide model weight updates and minimize a supervised
loss function [35]

Lsupervised = L(ŷi, yi). (2.40)
This type of learning is primarily data driven, as the model attempts to learn the
underlying mapping f by interpolating between known input-output pairs, typically
without incorporating prior domain-specific information and rules that the data
distribution lives under.

2.2.2.2 Self-supervised Learning

Self-supervised learning is another learning paradigm where f̂ is optimized by only
using input data examples xi without any target examples of output data yi. In-
stead, the learning process involves using the model’s own outputs ŷi = f̂(xi) to
directly evaluate the loss L(ŷi) and extract loss signals to optimize the model pa-
rameters, without the need for true output values yi [36].
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2.2.2.3 Informed Machine Learning (IML)

Deep Machine learning has been and is being used to solve various problems in
a range of domains with great success. Traditional approaches focus on a purely
data driven training process of the models which for several objectives require mas-
sive amounts of data to result in generalizable and reliable models. Having access to
large amounts of data can however still lead to unsatisfactory results for applications
where the predictions needs to follow natural laws or other requirements to be useful.
Informed Machine learning is defined, according to [37], as learning from a hybrid
information source that consists of data and prior knowledge. The prior knowledge
is given by formal representations and integrated into the machine learning pipeline.
This integration can be done in various ways, transforming the data into specific
formats or versions, adjusting model architectures towards the objective at hand, in-
tegrating regularizing terms or modifying the loss function of the training procedure.

Using IML and incorporating prior knowledge of the objective results in a con-
strained optimization landscape. Instead of letting the model search for parameter
solutions in the full parameter space, the embedded knowledge aims to limit the
parameter space to only valid model configurations, thereby simplifying the model’s
learning process. By explicitly guiding the model gradients towards valid sub-regions
of the solution space, the model can be trained to directly solve the objective rather
than solving a proxy for it. This can be crucial in situations where a good proxy for
the main objective is difficult to formalize or configure to be sensitive and accurate
enough for the task at hand. Integrating IML can lead to faster convergence, a
more data-efficient training process and robust models that are consistent with the
underlying domain rules.

Physics-Informed Machine Learning (PIML) can be seen as a subfield of IML where
the prior knowledge consists of physical constraints and mathematical models from
scientific and engineering domains, which is integrated into the construction of the
machine learning pipeline [38].

2.2.2.4 Combining Informed Machine Learning with Self-supervised Learn-
ing

Combining these two ways for how a machine learning model can learn the under-
lying mapping function f , one can gain several advantages. Training a model in a
self-supervised fashion eliminates the need for true output examples. In cases where
few input-output pairs exist but there are large amounts of input data available, the
amount of data does not hinder a model’s performance limit when self-supervised
learning is used. When introducing differentiable physical constraints and mathe-
matical models for evaluating the model output, it both guides the model by con-
straining the output space into a smaller subspace of valid outputs and it makes
the model outputs adhere to physical constraints which can be crucial for how the
model is used.
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2.2.3 Deterministic versus Generative models
Deterministic models These models learns a direct mapping from the input to the
output space. Given the same input xi the model always produces the same output
ŷi = f(xi).

Generative models These are models that treat the output generation as an iterative
refinement process, where a random start sample is drawn and the model is used
to iteratively refine or denoise the sample conditioned on the input variable xi to
generate the final output ŷi. This approach enables sampling which can produce
more diverse outputs ŷi = f(ysample,i|xi).

2.2.4 Architectural foundations
The following sections will go through architectural theory behind the models that
are considered in this report. More details on exact model implementations can be
found in the Sections under 3.3.

2.2.5 Architectural building blocks
This section describes the fundamental neural network layers used to build the
considered models in this work.

2.2.5.1 Multi-layer perceptron (MLP)

A Multi-layer perceptron (MLP) consists of a stack of fully connected layers, where
each neuron in the preceding layer is connected to every neuron in the subsequent
layer through a learnable weight matrix, W. Each layer that maps from N input
dimensions to M output dimensions computes:

a = σ(Wx + b︸ ︷︷ ︸
z

), (2.41)

where x ∈ RN is the input vector, W ∈ RM×N is the weight matrix and b ∈ RM is
the bias vector. The resulting vector z is the intermediate output of the layer, which
passes through a non-linear activation function σ to produce the activation vector
for that layer denoted a. This vector then serves as the input of the next layer [34].

The computation described in Equation (2.41) is repeated for all layers in the MLP
stack to produce the final output vector of the MLP.

2.2.5.2 Convolutional layers

A convolutional layer uses N learnable kernels or filters, consisting of trainable
weights, that operate on the spatial dimensions of the input tensor X to extract
local spatial information. Each filter is applied by sliding it over the input data
according to the stride parameter, which describes the step size between consecu-
tive filter positions. At each position, a dot product is computed between the filter
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weights and the input data with the corresponding overlapping region. The spatial
size of the convolutional layer’s output can be controlled by padding, which involves
adding padding elements to the boundaries of the input data.

Each dot product is stored as a point in the feature map O for the specific filter,
which builds the output of a convolutional layer once the filter has traversed all
possible positions of the input data. This is done for all filters resulting in an
output that consists of N feature maps. When using two dimensional input data, a
two dimensional kernel K is defined with the spatial shape (kh × kw). If the input
data contains multiple channels, e.g RGB colors, the kernel is extended to a three
dimensional kernel in order to match the number of channels in the input data.
When there are multiple input channels, the filter sums the dot products across
all channels to produce a single value for each point in the output feature map O.
The convolution computation for a single channel input with the kernel K can be
expressed through Equation (2.42) [34].

Oi,j =
kh−1∑
m=0

kw−1∑
n=0

Xi+m,j+nKm,n. (2.42)

2.2.5.3 Transposed convolutional layers

A transposed convolutional layer is used to increase the spatial resolution and op-
erates by multiplying each element of the input data X by the entire kernel K to
generate intermediate tensors H(i,j). Similarly to the regular convolutional layers,
stride and padding are used to control output size of the layer by affecting how the
kernel is applied and slid across the input data. These intermediate tensors H(i,j) are
placed in a larger output matrix based on the input element’s position (i, j) that was
used during multiplication with the kernel. This set of multiple intermediate tensors
is thereafter summed in regions where the intermediate tensors overlap to create the
final output tensor O [39]. The computation can be conceptually described as:

O =
∑
i

∑
j

Xi,j ·Pi,j(K), (2.43)

where Pi,j(K) denotes the kernel K placed in the output tensor at the spatial loca-
tion corresponding to the input element Xi,j.

2.2.6 Deterministic Single-pass architectures
The following sections describe the logic behind the two deterministic models used
in this work.

2.2.6.1 Convolutional Autoencoder (CAE)

The concept of autoencoders originated from the application of neural networks
for dimensionality reduction and feature extraction. An autoencoder’s fundamental
principle is to learn a low dimensional representation of a dataset by focusing on
the most prominent features required to establish a robust mapping f̂ [34]. The
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architecture consists of an encoder Eφ that transforms the input xi, where i denotes
the sample index, to a latent representation zi ∈ Rdz , and a decoder Dψ that
transforms the latent representation zi to the output yi, which can be described
through:

zi = Eφ(xi), yi = Dψ(zi) =⇒ yi = Dψ(Eφ(xi)), (2.44)

where the encoder mapping Eφ is parametrized by the set of weights φ and the
decoder mapping Dψ by the parameter set ψ.

For Convolutional Autoencoders, the architecture of the encoder Eφ leverage con-
volutional layers to take advantage of spatial structures within tensor data. Each
layer applies learnable filters to detect localized features in the layers input data
and reduce the spatial dimensions. Therefore, the use of multiple convolutional lay-
ers leads to an encoder where the subsequent layers gradually extracts features of
increasing complexity and abstraction.

In the final stage of the encoder, the resulting abstract features, Henc ∈ RC×H×W are
compressed into a latent representation zi through a flattening operation followed
by a MLP bottleneck, Fφ, through:

hflat = flat(Henc), zi = Fφ(hflat), hflat ∈ RD, D = C ×H ×W. (2.45)

The decoder Dψ is used to perform this process in reverse. Similarly, the decoder
uses an MLP module, Gψ, followed by a reshape to project the latent representation
zi into a spatially structured tensor. This tensor version of the latent representa-
tion is used as the input to sequential transposed convolution layers. Unlike regular
convolutional layers, which typically downsamples and extracts features by aggregat-
ing spatial information, transposed convolutional layers increase spatial dimensions
through learnable filters, stride and appropriate padding [34].

2.2.6.2 Vision Transformer

Vision Transformers (ViTs) adapt the standard transformer architecture to handle
image data by dividing images into two-dimensional patches, which are projected
into embedding vectors and passed as sequential tokens together with positional en-
codings, similarly to how words in text are processed [40]. In this section, spatially
structured tensor data is referred to as an image for simplicity.

The input image is represented as Xi ∈ RC×H×W , where i denotes the data sample
index and C is the number of input channels, while H and W are the height and
width of the input image. This image is split into T non-overlapping vectorized
patches xi,p ∈ RP 2·C , where p ∈ {0, . . . , T − 1} indexes patches and P is the patch
size. When H or W is not divisible by P , appropriate padding is applied, yielding
T =

⌈
H
P

⌉
·
⌈
W
P

⌉
.

The embedding projection, E ∈ RP 2·C×dmodel , is a learnable mapping that projects
each patch vector xi,p into the dmodel-dimensional embedding space. These embedded
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vectors are combined with positional encodings Epos ∈ R(T+1)×dmodel to form the
input to the initial transformer block Zi,0 through:

Zi,0 = [xclass, xi,0E, xi,1E, . . . , xi,T−2E, xi,T−1E]+
[Epos,0, Epos,1, . . . , Epos,T−1, Epos,T ],

(2.46)

where the second index of Z denotes the transformer block index. The vector
xclass ∈ Rdmodel is a learnable embedding vector that is prepended to the sequence of
patch embeddings. Its state at the output of the transformer encoder serves as the
global contextualized representation of the image and is used for downstream tasks.

The resulting sequence of token embeddings, Zi,0, is fed into a series of transformer
encoder blocks. Each encoder block contains multi-head self-attention (MSA) and
an MLP connected by pre-normalization layers (LN) and residual connections. The
self-attention mechanism enables the model to attend to different parts of the in-
put sequence, thereby allowing it to focus on different patches of the input image.
However, the self-attention computation does not inherently account for the order
of the input tokens, which is why the positional encodings are needed for the at-
tention computation [40]. By extending the attention mechanism to multi-head
self-attention, the model uses several attention heads that each have the ability to
focus on different aspects or relationships between patches and capture a more nu-
anced view of the input.

The attention for each head h, given the input Zi,b−1, is computed using Equations
(2.47), (2.48) and (2.49) following [41].

Qh = Zi,b−1WQh
, Kh = Zi,b−1WKh

, Vh = Zi,b−1WVh
, (2.47)

where the input is projected into query (Qh), key (Kh) and value (Vh) representa-
tions. These representations are then used to compute attention weights from the
dot products between the query and key vectors. The attention weights are applied
to the value representation of the input sequence through:

headh = Attention(Qh, Kh, Vh) = softmax
(

QhKT
h√

dk

)
Vh, (2.48)

where dk is the dimension of each query and key vector contained in the matrices
Qh and Kh, which each contain one vector for every token in the input sequence.
The final representation that forms the output sequence of the multi-head attention
block is computed by concatenating the results for each headh and projecting back
to the original dimension dmodel of the input embeddings according to:

MSA(Zi,b−1) = [head1; head2; . . . ; headk]WO. (2.49)

In each block b, the embedded input sequence Zi,b−1 gets transformed into the con-
textualized output sequence Zi,b through MSA according to:

Z′
i,b−1 = MSA(LN(Zi,b−1)) + Zi,b−1, (2.50)
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and through the MLP layers by:
Zi,b = MLP(LN(Z′

i,b−1)) + Z′
i,b−1, (2.51)

where the MLP consists of sequential fully connected layers and non-linear activa-
tion functions.

By stacking L encoder blocks, the ViT progressively builds representations of in-
creasing complexity and abstraction. Self-attention makes it possible to learn global
dependencies between tokens, while residual connections help preserve information
across layers and stabilize optimization. The output of the ViT is extracted from the
class-token position of the final representation Zi,L, which is a latent representation
of the input image that can be used for various downstream tasks.

2.2.7 Iterative refinement architectures
In this work iterative refinement architectures refers to model structures that start
from a sample and iteratively adjusts the initial sample in order to improve the
generated output.

2.2.7.1 Residual Networks

Residual networks consist of multiple blocks that are connected through residual
connections. Each residual block learns a residual mapping, F (x), which is added
element-wise to the input of the block, x, through a skip connection. The output of
the block can therefore be written as:

H(x) = F (x) + x. (2.52)
This creates an identity shortcut over the layers inside the residual block, allowing
the network to learn the residual function:

F (x) = H(x)− x, (2.53)
instead of the full underlying mapping H(x). This enables the model to refine fea-
tures in multiple steps, since the layers do not need to rediscover the entire identity
mapping to preserve previously extracted information.

Residual connections also allow gradients to flow more easily, since the skip con-
nection provides a direct path for gradients to propagate backward through the
network, mitigating the vanishing gradient problem that can occur in deep multi-
layer networks [42].

Residual connections can be incorporated into many neural network architectures,
which makes it possible to add residual connections to parts of models that can
benefit from an increased depth or complexity.

Residual connections between multiple network blocks can therefore be used to iter-
atively refine an initial random sample. This results in a generative model that has
the ability to focus on finer details in the refining process of the starting sample.
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2.2.7.2 Score-based generative models for self-supervised learning

Score-based models provide a framework for evolving randomly sampled data into
meaningful samples by following a learned gradient field. The score in this score-
based model refers to the gradient field, ∇xlog p(xt), which represents the gradient
of the log-probability density of the data distribution p(xt) at a specific noise level
or time step t. This gradient points in the direction of the steepest increase in prob-
ability density, which can be used to move the sample xt toward regions that are
more likely under the data distribution p(xt). The gradient field can be used over
several time steps to adjust the sampled data in a direction that moves the samples
towards a desired denoised distribution.

Traditionally, score-based models are trained using a denoising objective where sam-
ples from the target distribution p(x) are available. This makes it possible to de-
fine a forward diffusion process that gradually perturbs the target data by adding
noise, producing noisy samples xt that correspond to different time steps t. There-
fore it is possible to train a score-based model to approximate the gradient field
for multiple time steps of the noising process. This model of the score function,
f(xt, t) ≈ ∇xlog p(xt), can thereafter be used to evolve a random sample into an
output similar to the target data that it was trained on by a reverse diffusion pro-
cess, effectively sampling from the target data distribution p(x) [43].

One way of performing the reverse diffusion process using the score function and
sample from the data distribution p(x) is to use Langevin dynamics [44]. Starting
from an initial random sampled data point x0, with a step size ϵt > 0 the Langevin
method recursively denoises the sample through:

xt = xt−1 + ϵt
2 ∇xlog p(xt−1)︸ ︷︷ ︸

f(xt−1,t)

+√ϵtzt, (2.54)

where zt ∼ N (0, I). The distribution of xT converges to the target distribution p(x)
when ϵt → 0 and the total number of diffusion steps T →∞, in which case the data
point xT becomes a sample from p(x). The denoising steps and trade-off between
the gradient-based updates and the added noise throughout the process is controlled
by the step size ϵt [45].

A trained model that approximates the score function, f(xt, t), can also be con-
ditioned on other features to guide the reverse diffusion process toward different
regions of p(x) based on the specified conditions. The model can therefore be ex-
pressed as f(xt, t, ci) ≈ ∇xlog p(xt|ci), where ci represents the additional condition.

In the case of self-supervised learning, samples from the target distribution are not
needed. Instead, the score function ∇xlog p(xt|ci) that the model tries to mimic is
replaced by the negative gradient of the conditional loss function −∇xL(xt, ci). This
transforms the backward diffusion process to instead of adjusting xt toward regions
that are likely under p(x), the process moves xt towards regions that minimize
the loss function. In this setting, the target distribution is defined by the loss
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function, where maximizing the likelihood of x is equivalent to minimizing the energy
landscape defined by L(xt, ci).
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3
Methods

This chapter presents the methods implemented in order to investigate neural-
network based waveform generation for MIMO radar in the presence of clutter. First,
we detail the methodology for generating clutter maps as training data for the neural
networks, as well as the different datasets that were used and their corresponding
characteristics. Further, the benchmark datasets of clutter-maps and correspond-
ing optimized waveforms obtained from Saab AB are presented briefly. Next, the
design and implementation of the neural-network architectures used throughout the
thesis are detailed, with their structure presented and descriptions of the hyperpa-
rameters that vary throughout different experiments and results. Additionally, the
specific loss functions used to train the neural networks are presented, together with
the different evaluation metrics used to measure performance and characteristics
of the neural-network generated waveforms. Finally, the experimental setups used
to investigate different properties of neural-network based waveform generation is
presented, including the training setups, model sizes and hyperparameters.

3.1 Data
This section presents the methods used to obtain synthetically generated datasets of
clutter maps used to train the neural networks, the pre-processing of data before fed
as input to neural networks and the datasets of clutter maps with corresponding op-
timized waveforms provided by Saab AB. The training of neural networks are done
primarily in a self-supervised training regime, meaning that pairs of clutter map -
optimized waveform are not primarily used for training. One experiment does how-
ever compare supervised and self-supervised learning, thereby using pairs of labeled
data. For the other experiments and results, the labeled datasets are primarily used
as a benchmark to compare the neural-network approach to an optimization based
approach.

3.1.1 Data generation
The experiments and training uses synthetically generated clutter-maps, which are
matrices CM ∈ R(Nu×Nr) determining the weight of unwanted signal returns from
different range-angle bins (excluding the target location in the center of the map).
The generation process starts from a uniform random field

W(0) ∼ U(0, 1) (3.1)
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initializing a raw texture with no spatial correlation. A triangular kernel is used for
low-pass filtering of W(0) smoothing the random field to obtain spatially correlated
distribution. First, a one-dimensional triangular window h ∈ R(1×Nh) in the range
(r) and angle (u) directions is defined with elements

h[n] = 1− |2n−Nh − 1|
Nh

, n = 1, 2, . . . , Nh. (3.2)

The filter size Nh is an integer defined parametrically depending on Nu, with Nh =
⌊Kf · Nu⌋ where Kf > 0 and ⌊·⌋ denotes the floor function. The two-dimensional
kernel is then defined as

H = hTh, (3.3)

where we have H ∈ R(Nh×Nh). In Figure 3.1, an example of a kernel H can be seen,
where the filter size is set to Nh = 15.

Figure 3.1: An example of a kernel H used to smoothen the initial distribution
of uniformly random sampled points, which later become synthetically generated
clutter maps. The example shown has a dimension of Nh = 15, making the filter an
(15× 15) matrix.

Using the kernel H, the field W(0) is filtered via a convolution

W(1) =
([

W(0) ∗H
]
same

)
⊘
(([

JNu×Nr ∗H
]
same

)◦α)
∈ RNu×Nr , (3.4)

with zero-padding around the field W(0) ensuring that the dimension of W(1) re-
mains (Nu×Nr). Here ∗ denotes the convolution operator, and

[
A∗B

]
same

denotes a
convolutional operation where A is padded such that the result has the same dimen-
sionality as B. The ⊘ denotes Hadamard division, otherwise known as element-wise
division, and (·)◦α denotes Hadamard (element-wise) exponentiation. The matrix
JNu×Nr is a matrix of all ones with dimensions (Nu×Nr). The parameter 0 < α ≤ 1
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is introduced to vary the spatial distribution more to the middle (smaller α) or more
spread out to the sides (larger α).

To obtain a sparse set of clutter regions, i.e. separate clusters of clutter points,
the field is binarized using an empirical quantile. More specifically, for a chosen
threshold value 0 < Wthr < 1, we take the empirical quantile

T = Q
(
W(1), Wthr

)
(3.5)

which is the value below which a proportion Wthr of the entries of W(1) lie. The
binary mask is then given by

B = I
(
W(1) ≥ T

)
=

1 if W(1)i, j ≥ T

0 if W(1)i, j < T
(3.6)

with I as the indicator function.

The binary mask B now defines the spatial distribution of clutter for a given clutter
map, where the ones denote positions of clutter. The amplitudes of the clutter
is modeled with a Weibull distribution. A set of uniform samples U ∼ U(0, 1) is
transformed as

C(0) =
(
− ln (U)

)β
, (3.7)

where β > 0 is the Weibull shape parameter. This sample is then scaled according
to

C(1) ← Clev

(
C(0)

µ(C(0))

)
, (3.8)

where µ(C(0)) denotes the mean, resulting in a Weibull distribution with a mean
value set by the parameter Clev.

The Weibull-distributed amplitudes are then applied to the binary mask, and a
noise-floor is added

W(2) =
(
B⊙C(1)

)
+ nlevI(Nu×Nr), (3.9)

where nlev > 0 denotes a scaling parameter representing a general uniform noise-
floor in the clutter map, and I(Nu×Nr) is the identity matrix. The ⊙ denotes the
Hadamard product, also known as element-wise product.

A rectangular guard region centered around the target cell at reference angle u0 =
sin(θ0) is introduced, in this case always set with u0 = 0, within which all elements
of the clutter map are set to zero. Let

uk = 2k

Nu

− 1, k = 0, 1, . . . , Nu − 1 (3.10)
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be the normalized angular coordinate. The column index closest to the desired
reference angle is

c0 = arg min
k

∣∣∣uk − u0

∣∣∣ (3.11)

where arg min denotes the argument of the minimum value. The half-width of the
guard region in range and angle is set as

gr =
⌈
KgNr

⌉
, gu =

⌈
KgNu

⌉
, (3.12)

where the parameter Kg ∈ (0, 1) controls the relative size of the guard region in
proportion to the size of the whole clutter map, and ⌈·⌉ denotes the ceiling function.
Finally the guard region is zeroed:

W(2)
[
r0 − gr : r0 + gr, c0 − gu : c0 + gu

]
= 0, (3.13)

where rc = ⌊Nr/2⌋, centering the guard region in the range-dimension of the clutter
map. This leads to a final synthetic clutter map

CM = W(2) ∈ RNu×Nr . (3.14)

In table 3.1, a summary of all parameters that determine the clutter map generation
can be seen, together with brief descriptions and their typical values or value ranges.
Some examples of clutter maps generated using this method can be seen in Figure
3.2.
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Table 3.1: Parameters of the clutter map generation pipeline, their typical val-
ues/ranges and brief descriptions.

Parameter Typical
value/range

Description

Nu 10 ∼ 62 Number of angular bins (columns) of the
clutter map.

Nr 2Nb − 1 Number of range bins (rows) of the clutter
map. Always set in relation to Nb, number
of fast-time samples of the given waveform.

Kf 0.2 ∼ 3 Determines the size of the 2D triangular filter
used to smoothen initial spatial distribution
of clutter.

α 0.9 ∼ 1.0 Exponential parameter applied to filter, de-
termining spatial distribution of clutter.
Smaller values concentrate energy toward the
center of the map.

Wthr ∼ 0.97 Quantile determining the proportion of a
clutter map that is covered by clutter.

β ∼ 1.0 Shape parameter of the Weibull distribution
that determines the spread of amplitudes.

Clev ∼ 104 Linear scaling factor that sets the mean of
the Weibull-distributed clutter amplitudes.

nlev ∼ 0.1 Constant noise floor added to every pixel af-
ter masking.

Kg ∼ 0.05 Relative size of the rectangular guard-band
around the target cell.

u0 0 (default) Reference angle where the target is placed.
The guard-band is centred at the column
whose angular coordinate is closest to u0.

3.1.2 Overview of Generated Datasets
A varied collection of different synthetic datasets have been generated for training
and evaluation in different settings. This subsection introduces said datasets, the
parameter values used to generate them and brief descriptions. The datasets span
over three different categories of waveform dimensions, (M = 2, Nb = 5), (M =
4, Nb = 15) and (M = 12, Nb = 30) and the datasets will be presented according
to their dimensions. For a statistical overview of the clutter map datasets, see
Appendix A.

M2−Nb5

This is the smallest dimension of waveform used, and the datasets in (M = 2, Nb = 5)
are mainly used in experiments and analyses investigating the performance over
varying dimensionality, and in a comparison between a supervised and self-supervised
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training regime. All datasets in this category share a set of parameter settings, which
can be seen in Table 3.2.

Table 3.2: Shared parameters for all generated datasets with waveform dimension
(M = 2, Nb = 5). The parameters α and Kf that vary between different dataset are
denoted with a "*" instead of parameter value.

Parameter Value

Nu 10
Nr 9
Kf *
α *
Wthr 0.97
β 1.0
Clev 104 (40 dB)
nlev 0.1 (-10 dB)
Kg 0.05
u0 0.0

The specific datasets are detailed in Table 3.3, where they are named together with
specification of dataset size and parameter values for α and Kf .

Table 3.3: Clutter map datasets for the waveform dimension (M = 2, Nb = 5)
presented with name, total size of dataset and specific parameters (excluding the
set of fixed parameters for all datasets of this dimension).

Dataset name Total size Parameter settings

65K-DS-M2xNb5 65 000 α = 1, Kf = 0.85 (place-
holder)

1CM-DS-M2xNb5 400 000 α = 0.915, Kf = 1.7

M4−Nb15

This is an intermediate dataset regarding the dimensionality of waveform used,
and the dataset in (M = 4, Nb = 15) is mainly used in experiments and analyses
investigating the performance over varying dimensionality. There is a single dataset
in this category called 1CM-DS-M4xNb15 that is created by the set of parameter
settings seen in Table 3.4.
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Table 3.4: Parameters for the generated dataset with waveform dimension (M =
4, Nb = 15).

Parameter Value

Nu 31
Nr 29
Kf 3
α 0.98
Wthr 0.97
β 1.0
Clev 104 (40 dB)
nlev 0.1 (-10 dB)
Kg 0.05
u0 0.0

M12−Nb30

This is the largest dimension of waveform used, and the datasets in (M = 12, Nb =
30) are mainly used in experiments and analyses investigating the performance over
varying dimensionality, and in a clutter map difficulty and generalization compari-
son between the type of data that the model has been trained on versus testing on
other datasets with increasing or decreasing difficulty. The difficulty of the dataset
is defined by the median number of clutter regions mCM in the clutter map, the
median number (mCM) of clutter regions for each dataset is displayed first in the
dataset name in the format "mCMCM-DS-M12xNb30". Here it should be noted that
the median number of clutter regions does not determine the total area of the clutter
map covered with clutter, only the distribution of the clutter in terms of cohesive
regions. All datasets in this category share a set of parameter settings, which can
be seen in Table 3.5.

The specific datasets are detailed in Table 3.6, where they are named together with
specification of dataset size and parameter values for α and Kf .
Using the stated parameter settings for clutter map generation, the process gen-
erated the following examples of clutter maps, which were extracted from the six
datasets described in Table 3.6 and cover different values of mCM .
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Table 3.5: Shared parameters for all generated datasets with waveform dimension
(M = 12, Nb = 30). The parameters α and Kf that vary between different dataset
are denoted with a "*" instead of parameter value.

Parameter Value

Nu 62
Nr 59
Kf *
α *
Wthr 0.97
β 1.0
Clev 104 (40 dB)
nlev 0.1 (-10 dB)
Kg 0.05
u0 0.0

Table 3.6: Clutter map datasets for the waveform dimension (M = 12, Nb = 30)
presented with name, total size of dataset and specific parameters (excluding the
set of fixed parameters for all datasets of this dimension).

Dataset name Total size Parameter settings

1CM-DS-M12xNb30 400 000 α = 0.99, Kf = 3
2CM-DS-M12xNb30 400 000 α = 0.96, Kf = 0.46
3CM-DS-M12xNb30 400 000 α = 0.95, Kf = 0.35
4CM-DS-M12xNb30 400 000 α = 0.93, Kf = 0.28
5CM-DS-M12xNb30 400 000 α = 0.91, Kf = 0.23
6CM-DS-M12xNb30 400 000 α = 0.91, Kf = 0.21

3.1.3 Optimized benchmark data
In addition to the synthetically generated data described above, Saab AB supplied
a number of datasets that contain pairs of clutter maps and their corresponding
optimized waveforms. All clutter maps were generated using the same algorithm as
described in Subsection 3.1.1.

The dataset labeled CM-DS-M2xNb5-1 is the only one that includes the paired op-
timized waveforms for training purposes. It is therefore used in the experiment
where we compare a supervised learning regime (which requires labeled clutter map
- waveform pairs) with the self-supervised regime employed for the majority of the
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Figure 3.2: Clutter maps (in dB) across six difficulty levels (mCM = 1, . . . , 6).
The difficulty level increases from left to right, top to bottom. The y-axis shows
normalized range (r) and the x-axis shows normalized angular unit (u).

work. This experiment is detailed in 3.4.1.

All remaining synthetic datasets listed in Subsection 3.1.2 were generated without
any associated optimized waveforms. For these, Saab AB provided additional test
sets that consist of 1000 samples of clutter map - optimized waveform pairs. These
test sets are used exclusively for evaluation and for benchmarking the neural-network
approaches against the optimization-based baseline. The optimization used the same
waveform design objective, formalized by the F -value described in Eq. (3.21), which
is a bandwidth-regularized version of the signal-to-clutter-noise ratio (SCNR).

3.1.4 Data pre-processing
This method of generating clutter maps results in a clutter amplitude distribution
with a long tail of high amplitude values, which can be seen in Table A.1. These
raw clutter maps were used directly to evaluate the waveform matrices without any
pre-processing. The evaluation of waveform matrices is explained in more detail
below.

However, a large range and spread of possible input values is something that can
cause issues when training machine learning models. Both exploding gradients and
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difficulties to generalize across large shifts in the input. In light of this, the clutter
maps were normalized by taking their corresponding log10-value as input to the
models. Since the guard area is designed to be 0.0, the values of the guard area
were replaced by 0.001 prior to the logarithm transform. This results in normalized
clutter maps with clutter amplitudes ranging between ≈ [−3, 5.2].

3.2 Loss function design and evaluation metrics
This section presents the design of loss function(s) used for the training of neural
networks and presents the specific evaluation metrics used to analyze and compare
model performances. Both the loss function design and evaluation metrics build
upon the signal model and theory presented in Chapter 2.

3.2.1 Loss function
The loss function determines what the neural network is optimized to learn during
training, and as such the loss function design is very important in order to achieve
the sought behavior. Due to the different experimental setups, three different loss
functions are used, which are presented in the following subsections.

3.2.1.1 Bandwidth-regularizing term

As to control the effective bandwidth and the spectral contents of the transmit-
ted waveforms, we introduce a soft constraint limiting the instantaneous phase-
increments of the waveforms Φ. Using the wrapped phase increment introduced in
Section 2.1.3.5 and Equation (2.23), we can formulate a function to penalize exces-
sive phase increments. Setting a tolerance Dmax = 2.0 rad, the deviation from the
tolerance is measured by

dm,n =
[
|∆Φm,n| −Dmax

]
+

, (3.15)

where we have [ · ]+ ≜ max{0, x}. It should be noted that the value of Dmax = 2.0 rad
is set somewhat arbitrarily and other values could be used, but no variations of Dmax

are explored throughout this report. Using this measure of deviation, we formulate
the bandwidth-regularizing function

Jbw(Φ) = 1
M(Nb − 1)

M∑
m=1

Nb−1∑
n=1

[
1 + dm,n

]p
(3.16)

where the added scalar 1 is included to ensure Jbw(Φ) ≥ 1, making it suitable to
incorporate as a multiplicative factor in the SCNR-based loss function presented
in Section 3.2.1.3. The exponent p is used as a design parameter determining the
severity of Jbw, which throughout this thesis is fixed to p = 8.

3.2.1.2 Mean Squared Error (MSE)

The Mean Squared Error (MSE) is one of the most commonly used loss functions
in deep learning [46]. It is defined by taking the average of the squared differences
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between a models predictions and target values, or true values. It relies on having
labeled dataset of input and target output pairs, falling into the category of super-
vised learning. Let Φ̂(i) ∈ RM×Nb denote the models predicted output for the i-th
sample and Φ(i) ∈ RM×Nb denote the corresponding target output. Comparing the
phase values directly leads to a loss that doesn’t account for their circular nature.
To address this, the MSE is calculated using their corresponding waveform matrices
Si = ejΦ(i) and Ŝ(i) = ejΦ̂(i)

, more specifically

MSE = 1
M Nb

∥∥∥S(i) − Ŝ(i)
∥∥∥2

F
= 1

M Nb

M∑
m=1

Nb∑
n=1

∣∣∣S(i)
(m,n) − Ŝ(i)

(m,n)

∣∣∣2 (3.17)

for a single sample i. To enforce the bandwidth constraint, the MSE-based loss
function includes an addition of the previously formulated bandwidth-regularizing
function Jbw(Φ):

LMSE = 1
M Nb

∥∥∥S(i) − Ŝ(i)
∥∥∥2

F
+ Jbw(Φ) (3.18)

When the loss function is evaluated over a batch of samples, it is taken as the mean
loss value over the batch. The MSE loss is differentiable both with respect to the
output predictions and the model parameters [46].

3.2.1.3 SCNR-based loss function

In the context of informed self-supervised learning, the loss function is defined with-
out need for labeled data, i.e. pairs of input and target outputs. Instead, the loss
function can be defined solely using the predicted output of the model, in this case
in combination with the model input.

Since the waveform design objective is to maximize signal-to-clutter-noise ratio
(SCNR), the loss function can be formulated based on this. We recall the for-
mulation of SCNR from Section 2.1.3.4

SCNR = |a(θ0)HSSHa(θ0)|2∑Nu
i=1

∑Nr
j=1CMi,j |AFi,j|2

. (3.19)

where we exclude additive gaussian noise on the receiving end and instead only in-
clude the signal dependent noise and clutter modeled by the clutter map CM. Since
this function encompasses the primary waveform design objective, and is a function
directly evaluating the models output waveforms Φ, it is well-suited to include in a
loss function.

Including the bandwidth-regularizing function Jbw, we can now formulate an objec-
tive function, first in linear units, as

Flin = |a(θ0)HSSHa(θ0)|2∑Nu
i=1

∑Nr
j=1CMi,j |AFi,j|2

1
Jbw(Φ) . (3.20)
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Because performance metrics within radar and signal processing research is more
commonly defined in terms of decibels, we also define the dB-scaled objective func-
tion

F = FdB = 10 log10(Flin), (3.21)

and for the remainder of the thesis the symbol F will denote the dB-scaled objective
function. The F -value is an objective function to maximize, while loss functions are
defined as functions to minimize. Thereby the loss function is formulated as

LSCNR = CL − F (3.22)

where the constant CL is added to ensure LSCNR > 0, in this case set to CL = 100.
During training, evaluation of the loss function is done over a batch of samples, which
is done by taking the average loss value for all samples within a batch. This loss
function is now a bandwidth-regularized metric of waveform performance in terms
of SCNR, and is used throughout the thesis for informed self-supervised learning
where models are trained to generate a single waveform per clutter map. It falls
under the category of informed machine learning since we use prior information
about the clutter map and evaluate the waveforms using a verifiable metric based
on signal processing theory.

3.2.1.4 SCNR-based loss function for diverse outputs

The loss function defined in the previous subsection is constructed for settings where
models generate a single waveform for each clutter map. Consequently, it does not
include any term that encourages the models to generate a diverse set of waveforms
when they generate multiple outputs for the each individual clutter map.

In order to capture the properties of the actual transmitted waveforms, we base the
diversity-promoting loss term based on the far-field signal. Let {Φ(k)}Kk=1 denote
a set of K phase matrices with corresponding waveforms {S(k)}Kk=1. For the k-th
waveform, the far-field representation is denoted by s̃(k)

E as presented in Eq. (2.31),
normalized over angle bins u to remove the influence of absolute signal power leaving
only the directional shape of the angular spectrum.

From Section 2.1.3.6, we recall the similarity metric

sim[i, j] = 1
Nu

Nu∑
u=1

∣∣∣ Nb∑
n=1

s̃(i)
E [u, n]̃s(j)H

E [u, n]
∣∣∣ ∈ [0, 1] (3.23)

to measure similarity of two waveforms i and j based on their angular transmission
spectrum. To penalize similarity across all distinct pairs within the set {Φ(k)}Kk=1,
we introduce the mean pair-wise similarity

Jdiv
(
{Φ(k)}Kk=1

)
= 1

K(K − 1)

K∑
k,ℓ=1
k ̸=ℓ

sim[k, ℓ] (3.24)
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which is bounded by 0 ≤ Jdiv
(
{Φ(k)}Kk=1

)
≤ 1. Small values correspond to a set of

waveforms producing a diverse set of far-field angular spectra, whereas large values
indicate that the generated waveforms collapse to a largely similar spectra.

The final loss function combines the SCNR-based loss function in Eq. (3.22) with
the diversity-promoting term. A weighting coefficient λdiv > 0 controls the relative
importance of diversity, leading to the loss function:

LSCNR+div = LSCNR + λdivJdiv
(
{Φ(k)}Kk=1

)
. (3.25)

For a single-output model (K = 1), the diversity term vanishes and the loss reduces
to the original LSCNR. Again, when evaluating the loss function over a batch of
samples, the loss is taken as the mean value over the batch.

3.2.2 Evaluation metrics
This subsection outlines which metrics and performance indicators are used to evalu-
ate the model performance throughout the different experiment setups. The metrics
that have already been defined in previous sections will be briefly referred to, while
any additional metrics will be described more thoroughly.

3.2.2.1 General waveform performance metrics

The primary waveform design objective is to maximize SCNR, described in Eq.
(2.21), and as such it is an important performance metric for evaluating waveforms.
However, given the constraint on instantaneous bandwidth of the waveforms, we in-
stead primarily evaluate waveforms using the F -value as defined in Eq. (3.21). The
F -value includes a bandwidth regularizing term, and for the most part the difference
between F -value and SCNR is relatively small after model training.

Although it doesn’t measure performance in and of itself, the ambiguity function
presents important insights about the signal returns, and in order to maximize the
F -value (and SCNR) the ambiguity function needs to have low values in regions of
clutter and a high value at the target location. We use the ambiguity function as
defined in Eq. (2.14), but normalized in terms of it’s theoretical maximum:

ÃF (u, τ, u0) = aH(u)SτSHa(u0)
M2Nb

. (3.26)

In effort to obtain a more feasible representation, it’s visualized in terms of dB,
and absolute value, 20 log10(|ÃF (u, τ, u0)|). Visualized next to the clutter map, the
ambiguity function can provide visual information on wether the spatial returns
matches the clutter distribution with lower returns from clutter regions and strong
signal returns from the target.

Aside from just the ambiguity function itself, it is also of interest to evaluate wave-
form performance in terms of returned target energy and clutter energy, which are
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the two components making up the SCNR-value. Taking the normalized ambiguity
function in Eq. (3.26), we have target gain after matched filtering given by

G̃(u0) = |ÃF (u = u0, τ = 0, u0)|2 =
∣∣∣∣∣aH(u0)SSHa(u0)

M2Nb

∣∣∣∣∣
2

. (3.27)

The corresponding clutter gain is given by the WISL described in Eq. (2.16), where
we again use a normalized ambiguity function for consistency

W̃ISL = ⟨CM, |ÃF|2⟩F =
Nu∑
i=1

Nr∑
j=1

CMi,j |ÃF i,j|2. (3.28)

3.2.2.2 Waveform diversity metrics & Vendi Score

To evaluate diversity between sets of different waveforms, one of the main indicators
is the similarity metric sim[i, j] introduced in Eq. (2.32). This follows naturally,
since it is the basis for the diversity-promoting term in the loss function that the
neural networks are trained on. Since it measures pair-wise similarity, we can vi-
sualize and analyze a similarity-matrix for a given set of K > 1 waveforms, but it
does not measure overall diversity by itself. One way to measure overall diversity
is to simply evaluate the average pair-wise similarity Jdiv

(
{Φ(k)}Kk=1

)
defined in Eq.

(3.24), or further averaging over a batch of N different sets of K waveforms

Jdiv = 1
N

N∑
i=1

Jdiv,i. (3.29)

Still, this metric is an average of pair-wise comparison, and can potentially miss
important information about how diverse the set is as a whole, which motivates the
need for further complimentary metrics such as the Vendi Score (VS).

Vendi Score: To capture the effective diversity of sets of waveforms we use the
Vendi Score [47]. It is based on the concept of effective rank [48], which is a real-
valued extension of the common matrix rank, giving an effective measure of dimen-
sionality of a matrix. The Vendi Score is defined as the exponential of the Shannon
entropy of the eigenvalue distribution of a normalized similarity matrix, for a given
positive semidefinite similarity function with self-similarity equal to 1. Again using
the similarity function sim[i, j] in Eq. (2.32), we define the similarity matrix

(K)i,j = sim[i, j], K̃ = 1
K

K (3.30)

where K denotes the number of samples (making K ∈ RK×K) and K̃ denotes the
normalized similarity matrix, such that the trace Tr(K̃) = 1. Let λ1, . . . , λK denote
the eigenvalues of K̃, the Vendi Score is then defined as

VSsim = exp
(
−

K∑
k=1

λk log λk

)
(3.31)
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where the convention 0 log 0 = 0 is used [47]. This formulation is in practice the
same as the effective rank of the similarity matrix K, but will be referred to as
the Vendi Score throughout the report. One can note that the Vendi Score can be
calculated using any other similarity function that satisfy the constraints of being
positive semidefinite with self-similarity equal to one, and other measures of similar-
ity could be used to calculate the VS [47]. The VS can be calculated both for a set
of waveforms generated for the same clutter map, and also over a set of waveforms
corresponding to different clutter maps.

The Vendi Score can be understood as an effective number of dissimilar elements of a
given sample set, providing a consistent measure of diversity that can be compared
using ratios and percentages [47]. Given this, it can be interpreted such that a
sample set with Vendi Score m is as diverse as a sample set consisting of m elements
that are completely dissimilar according to the chosen similarity function, in this
case corresponding to completely orthogonal far-field signals in every angle bin.
As shown in [47], it accounts for correlation between features and can distinguish
between sets that are uniformly diverse and sets that contain a few outliers and
many nearly identical samples, making it a suitable measure of diversity for the
application at hand.

3.3 Model Implementations
The following sections describe the thoughts behind and implementation details for
the evaluated models. Throughout the model architecture tables below, B denotes
the batch size.

3.3.1 Deterministic Single-pass Models
The deterministic single-pass models were designed to use a clutter map CM as
the input and predict a fixed number, K, of waveform matrices Φ̂ for each input
clutter map, resulting in a model that approximates the mapping f̂ : R(Nu×Nr) →
RK×(M×Nb). These models are deterministic in the waveform generation process,
meaning that given a clutter map, they always return the same fixed number, K, of
waveform matrices.

3.3.1.1 Convolutional Autoencoder (CAE)

The convolutional autoencoder’s encoder consists of three 2D convolutional layers,
with number of filters/output channels according to [64, 128, 512], interleaved with
two dimensional batch normalization layers and ReLU activation functions.

The encoder is followed by a 4 layer MLP block using SiLU activation functions that
forms a bottleneck, compressing the information extracted from the encoder down
to a latent dimension dz = 256 and thereafter expanding the latent representation
before entering the decoder block.
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The decoder mirrors the architecture of the encoder with interleaved batch normal-
ization and activation functions. While being structurally similar, the decoder block
instead consists of two 2D transpose convolutional layers, with number of filters/out-
put channels according to [128, 64], which are used to expand the representation.
The final part of the decoder consists of a linear layer that transforms the decoded
representation into the specified dimensions of the K generated waveforms. A more
detailed view of the model architecture can be seen in Table 3.7.

The parameter settings described above are the ones used for this model
architecture during the experiments unless other values are explicitly
stated for each experiment.

No. Type Input Shape Specifications
Encoder

1 Conv2d [B, K, Nu, Nr] out channels=64, stride=2
2 BatchNorm2d [B, 64, Nu//2, Nr//2] -
3 ReLU [B, 64, Nu//2, Nr//2] -
4 Conv2d [B, 64, Nu//2, Nr//2] out channels=128, stride=2
5 BatchNorm2d [B, 128, Nu//4, Nr//4] -
6 ReLU [B, 128, Nu//4, Nr//4] -
7 Conv2d [B, 128, Nu//4, Nr//4] out channels=512, stride=1
8 BatchNorm2d [B, 512, Nu//4, Nr//4] -
9 ReLU [B, 512, Nu//4, Nr//4] -
10 AdaptiveAvgPool2d [B, 512, Nu//4, Nr//4] out size=[4, 4]
11 Flatten [B, 512, 4, 4] -

Bottleneck
12 Linear [B, 8192] out size=512
13 SiLU [B, 512] -
14 Linear [B, 512] out size=256
15 Linear [B, 256] out size=512
16 SiLU [B, 512] -
17 Linear [B, 512] out size=8192

Decoder
18 Reshape [B, 8192] out shape=[B, 512, 4, 4]
19 ConvTranspose2d [B, 512, 4, 4] out channels=128, stride=2
20 BatchNorm2d [B, 128, 8, 8] -
21 ReLU [B, 128, 8, 8] -
22 ConvTranspose2d [B, 128, 8, 8] out channels=64, stride=2
23 BatchNorm2d [B, 64, 16, 16] -
24 ReLU [B, 64, 16, 16] -
25 Flatten [B, 64, 16, 16] -
26 Linear [B, 16384] out size=K ×M ×Nb

27 Output [B, K, M, Nb] -

Table 3.7: Architectural details of the convolutional autoencoder model.
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3.3.1.2 Vision Transformer (ViT)

The ViT mainly consists of three parts, a the patch embedder, vision transformer
blocks and the output heads. The patch embedder splits the input clutter map
into T = ⌈Nu/p⌉ · ⌈Nr/p⌉ patches with patch size p = 4, embeds each patch to a
dmodel = 256 dimensional vector and generates a sequence of T embedded vectors
which serve as the representation of the clutter map. The embedded clutter map is
thereafter sent through L = 14 ViT blocks. Each ViT block uses MHA according
to Section 2.2.6.2 configured with H = 8 attention heads and a per-head query-key
dimension dk = dmodel

8 = 32, together with a two layer MLP using a hidden dimen-
sion multiplier kmlp = 4 and residual connections.

These blocks progressively adds contexts of increasing abstraction level and com-
plexity before reaching the final latent representation. This representation is passed
through K output heads which are built from two layer MLP blocks to form the
model output with the shape [B, K, M, Nb]. A more detailed view of the ViT model
architecture is found in Table 3.8.

The parameter settings described above are the ones used for this model
architecture during the experiments unless other values are explicitly
stated for each experiment.
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No. Type Input Shape Specifications
Patch Embedder

1 Slice [B, K, Nu, Nr] out=[B, Nu, Nr]
2 Reshape [B, Nu, Nr] out=[B, 1, Nr, Nu]
3 Padding [B, 1, Nr, Nu] pad=(Nr + ph, Nu + pw)
4 Unfold [B, 1, Nr + padh, Nu + padw] out=[B, p× p, T ]
5 Transpose [B, p× p, T ] out=[B, T, p× p]
6 Linear [B, T, p× p] out=[B, T, dmodel]

ViT Block
1 LayerNorm [B, T, dmodel] -

Attention
2 Linear (QKV) [B, T, dmodel] out=[B, T, 3dmodel]
3 Reshape [B, T, 3dmodel] out=[B, T, 3, H, dk]
4 Permute [B, T, 3, H, dk] out=[3, B, H, T, dk]
5 Split [3, B, H, T, dk] -
6 Dot-product (QK) 2× [B, H, T, dk] out=[B, H, T, T ]
7 Softmax [B, H, T, T ] -
8 Dropout [B, H, T, T ] -
9 MatMul [B, H, T, T ]× [B, H, T, dk] out=[B, H, T, dk]
10 Permute [B, H, T, dk] out=[B, T, H, dk]
11 Reshape [B, T, H, dk] out=[B, T, dmodel]
12 Linear [B, T, dmodel] out=[B, T, dmodel]
13 Dropout [B, T, dmodel] -
14 Add [B, T, dmodel] + [B, T, dmodel] -

MLP
15 LayerNorm [B, T, dmodel] -
16 Linear [B, T, dmodel] out=[B, T, dmodel × kmlp]
17 GELU [B, T, dmodel × kmlp] -
18 Linear [B, T, dmodel × kmlp] out=[B, T, dmodel]
19 Dropout [B, T, dmodel] -
20 Add (Residual) [B, T, dmodel] + [B, T, dmodel] -

Output Head
1 LayerNorm [B, dmodel] -
2 Linear [B, dmodel] out=[B, dmodel × khead]
3 GELU [B, dmodel × khead] -
4 Linear [B, dmodel × khead] out=[B, K ×M ×Nb]
5 Reshape [B, K ×M ×Nb] out=[B, K, M, Nb]

Table 3.8: Architectural details of the ViT Transformer.

3.3.2 Iterative refinement models
In contrast to the implementation of the deterministic single-pass models described
in Section 3.3.1, the iterative refinement models were designed to start from an ini-

52



3. Methods

tial sampled waveform matrix Φ0 and use the clutter map CM to condition each
refinement step towards an improved waveform matrix ΦT .

Sampled starting point: The random sampled starting point used for the iter-
ative refinement models, denoted Φ0, is generated by first computing a cumulative
summation of Nb random steps, where each step is in the range [−Dmax, Dmax],
which forms a single waveform ϕ0 vector with dimensionality RNb . The waveform
ϕ0 is thereafter copied to all M antenna elements to create the randomly generated
starting waveform matrix Φ0.

Sensitive refinement: The two iterative refinement models focus on making
smaller adjustments to Φ0 in multiple steps. The refinement process is implemented
deterministically in the residual-based model while the score-based diffusion model
introduces stochastically influenced refinement updates.

For the residual-based model described in Section 3.3.2.1, finer adjustments are
achieved by limiting each residual block’s output using a Tanh activation function.
This function forces the output to be bounded in ∈ (−1, 1) which makes it possible
for each block to learn smaller adjustments.

For the Score-based Diffusion Model described in Section 3.3.2.2, the finer updates
are achieved by limiting the updates of Φ0 through the use of an annealing step size
which is a function of the iteration index t. The annealing step size ϵt is defined
through a linear equation as a function of t according to:

ϵt = (βmin + t · (βmax − βmin)), βmin = 0.00001, βmax = 0.5, t : 1→ 0 (3.32)

The original implementation of the step size according to the Langevin Equation
(2.54) uses ϵt

2 to scale the gradient direction proposed by the model while the stan-
dard deviation of the noise term is scaled by √ϵt. This way of handling the trade-off
between gradient-based and noisy updates makes the refinement process guided by
the model’s predicted gradient direction more for initial updates, when the gradients
are large, to move the sample towards better regions of the loss landscape. There-
after, the updates transitions towards smaller updates when the ϵt term becomes
small. During the later iterations, the noise term aims to become dominant relative
to the gradient updates, resulting in a small Brownian motion near a local optima
of the loss landscape. This is a result of the linear scaling of the gradient factor
compared to the square root scaling for the standard deviation of the noise.

Based on the loss landscape and the sensitivity of the loss function given a waveform
matrix Φt, the original Langevin dynamics and gradient to noise tradeoff through
ϵt were adjusted. In this work, the dynamics are switched from scaling the standard
deviation of the noise by √ϵt to instead scale by ϵ2

t . This means that the amplitude
of the added noise becomes smaller relative to the gradient factor for later iterations,
which minimizes the risk of disturbing high performing solutions in the later stages
of the refinement process. The drawback of this rescaling is that the update rule no
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longer preserves the standard Langevin dynamics interpretation, since the relation
between the gradient term and noise term is changed. This also makes the updates
less stochastic and weakens their ability to explore the solution space or escape local
optima.

3.3.2.1 Residual Network (ResNet)

The Residual Network designed and evaluated in this report consists of 2 com-
ponents, a convolution-based clutter map embedder and an MLP residual block
designed to predict ∆Φt which describes how Φt−1, the waveform after t− 1 refine-
ment steps, should be further refined under the condition of a specific clutter map
CM. The clutter map embedder mirrors the architecture for the encoder described
in Table 3.7 but with modifications. The residual network’s clutter map embedder
utilizes two 2D convolutional layers, both with 256 filters. These layers, similarly
to the autoencoder, are interleaved with batch normalization and ReLU activation
functions. The resulting clutter map embedding with dimensionality dlatent = 256 is
thereafter used as a conditioning vector to the residual block. Each MLP residual
block takes a flattened version of the previous block’s output Φt−1 and concatenates
it with the clutter map embedding vector to form its input. This block utilizes a
three layer MLP with GELU activation functions and dmlp = 512 neurons per layer
to predict ∆Φt. The model starts with a waveform matrix Φ0, randomly generated
through a process described in Section 3.3.2, and refines Φ0 during L = 14 steps
by passing it through the model’s L residual blocks. The skip connection between
each block adds the previous block’s output Φt−1 to the scaled predicted change
αt ·∆Φt, where each scaling factor at step t throughout all L steps is controlled by
the scaling vector α = [1, 1, . . . , 1, 1] ∈ RL. The updates can be described through:

Φt = Φt−1 +αt ·∆Φt. (3.33)

Since this model structure only modifies the phase values contained in Φt during
multiple steps but keeps the structure and shape intact, there is no need for a final
transformation to the correct waveform dimensions. A more detailed table of the
network architecture is found in Table 3.9.

The parameter settings described above are the ones used for this model
architecture during the experiments unless other values are explicitly
stated for each experiment.
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No. Type Input Shape Specifications
Clutter map embedder

1 Input [B, K, Nu, Nr] Raw waveform input
2 Reshape [B, K, Nu, Nr] out=[BK, 1, Nu, Nr]
3 Conv2d [BK, 1, Nu, Nr] out=[BK, 256, Nu, Nr]
4 BatchNorm2d [BK, 256, Nu, Nr] -
5 ReLU [BK, 256, Nu, Nr] -
6 Conv2d [BK, 256, Nu, Nr] out=[BK, 256, Nu, Nr]
7 BatchNorm2d [BK, 256, Nu, Nr] -
8 ReLU [BK, 256, Nu, Nr] -
9 AdaptivePool [BK, 256, Nu, Nr] out=[BK, 256, M, Nb]
10 Flatten [BK, 256, M, Nb] out=[BK, 256 ·M ·Nb]
11 Linear [BK, 256MNb] out=[BK, dlatent]

MLP ResNet Block
13 Reshape [BK, 1, M, Nb] out=[BK, M ·Nb]
14 Concat [BK, MNb] + [BK, dlatent] out=[BK, MNb + dlatent]
15 Linear [BK, MNb + dlatent] out=[BK, dmlp]
16 GELU [BK, dmlp] -
17 Linear [BK, dmlp] out=[BK, dmlp]
18 GELU [BK, dmlp] -
19 Linear [BK, dmlp] out=[BK, M ·Nb]
20 Tanh [BK, M ·Nb] -
21 Reshape [BK, M ·Nb] out=[BK, 1, M, Nb]
22 Add (Residual) [BK, 1, M, Nb] +αt · [BK, 1, M, Nb] Φout = Φin +αt ·∆Φ

Output Head
23 Reshape [BK, 1, M, Nb] out=[B, K, M, Nb]

Table 3.9: Architectural details of the Residual Network model.

3.3.2.2 Score-based Diffusion Model

The Score-based Diffusion model is built from three components, a time embedder,
a clutter map embedder and a score network. Similarly to the Residual Network,
this diffusion model starts from a randomly sampled Φ0, described in Section 3.3.2.
The score based diffusion model iteratively updates the waveform Φ0 during 50 steps.

For each step, the model uses the iteration index t embedded using fourier features,
to generate a learnable time embedding vector et of dimensionality dt = 256. The
time embedder works by mapping the scalar time index t to a fourier features vector
eraw of dimensionality dfreq = 128 through:

f = exp
(
−i · log(10000)

F − 1

)
, i ∈ {0, 1, . . . , F − 1}, (3.34)

then,
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eraw = concat [sin(t · f), cos(t · f)] . (3.35)

The fourier features eraw ∈ R2F , where F = 64, are thereafter passed through a two
layer MLP with SiLU activation to arrive at the time embedding vector et ∈ Rdt .
This time embedding vector et serves as the model’s notion of time and where in
the refinement process the current gradient prediction takes place.

The clutter map, CM, is used as the input to the clutter map embedder, which
embedds it into a vector representation of dimensionality dCM = 256 by utilizing
two 2D convolutional layers with 64 and 128 filters. These layers are interleaved
with batch normalization and SiLU activation functions and followed by a linear
transformation to produce the final embeddeding.

In each step of the update process, the previous refinement step’s waveform Φt−1,
current time embedding et and clutter map embedding are concatenated and fed
into a three layer MLP module where the hidden layers of the MLP has a size of
dmlp = 1024. The MLP module projects the information down to the dimensions of
the waveform matrix, which becomes the model’s prediction for the gradient of the
loss landscape at the current Φt−1 point. This predicted gradient, f(Φt−1, t, CM),
where t is the time index and CM represents the clutter map, is used to compute
the refined waveform matrix Φt using the updated Langevin equation described in
Section 3.3.2 through:

Φt = Φt−1 + ϵt
2 f(Φt−1, t, CMi) + ϵ2

t zt, (3.36)

using the definition of the stepsize ϵt according to Equation (3.32) with βmin =
0.00001, βmax = 0.5.

The parameter settings described above are the ones used for this model
architecture during the experiments unless other values are explicitly
stated for each experiment.
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No. Type Input Shape Specifications
Time Embedder

1 Input t [B] Diffusion time step
2 Mul (Freqs) [B] t× freqs
3 Cat [B, 2F ] [sin, cos]
4 Linear [B, 2F ] out=[B, dt]
5 SiLU [B, dt] -
6 Linear [B, dt] out=[B, dt]
7 Expand [B, dt] out=[B, K, dt]

Clutter map embedder
1 Input img [B, K, Nu, Nr] -
2 Reshape [B, K, Nu, Nr] out=[BK, 1, Nu, Nr]
3 Conv2d [BK, 1, Nu, Nr] out=[BK, 64, Nu/2, Nr/2]
4 BatchNorm2d [BK, 64, Nu/2, Nr/2] -
5 SiLU [BK, 64, Nu/2, Nr/2] -
6 Conv2d [BK, 64, Nu/2, Nr/2] out=[BK, 128, Nu/4, Nr/4]
7 BatchNorm2d [BK, 128, Nu/4, Nr/4] -
8 SiLU [BK, 128, Nu/4, Nr/4] -
9 AdaptivePool [BK, 128, Nu/4, Nr/4] out=[BK, 128, 16, 16]
10 Flatten [BK, 128, 16, 16] -
11 Linear [BK, 32768] out=[BK, dCM ]
12 BatchNorm1d [BK, dCM ] -
13 SiLU [BK, dCM ] -

Score Network (Core MLP)
1 Input x [B, K, M, Nb] Noisy tensor
2 Reshape x [B, K, M, Nb] out=[BK, M ·Nb]
3 Concat [BK, MNb + dCM + dt] -
4 Linear [BK, MNb + dCM + dt] out=[BK, 1024]
5 SiLU [BK, 1024] -
6 Linear [BK, 1024] out=[BK, 1024]
7 SiLU [BK, 1024] -
8 Linear [BK, 1024] out=[BK, M ·Nb]

Output Head
1 Reshape [BK, M ·Nb] out=[B, K, M, Nb]

Table 3.10: Architectural details of the DiffusionScoreNet.

3.3.3 Training and optimizer configuration
The training of neural networks is, in our case, a process that consists of repeatedly
presenting mini-batches of data from a training dataset, evaluating a loss function
on each batch and updating the model parameters so as to minimize the expected
loss [34]. The loss functions used here are described in Subsection 3.2.1, with differ-
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ent formulations for supervised learning, self-supervised learning with single-output
and self-supervised learning for multiple outputs. In this subsection, we denote L
as a generic loss function. An optimizer and learning-rate scheduler are responsible
for taking the computed gradient information into model parameter updates.

Throughout this report, all neural networks are trained using the AdamW optimiza-
tion algorithm [49] implemented in PyTorch, which is a heavily adopted optimizer
within the field of deep learning. It is an adaptive gradient algorithm that extends
the Adam optimizer described in [50] with decoupled weight decay, showing im-
proved generalization performance [49].

The learning-rate is a parameter that decides the rate of update of the model param-
eters, recognized as a very important parameter for training of deep neural networks.
It can be set to a fixed learning rate or varied throughout the training, via a learn-
ing rate schedule. We employ the One-Cycle learning rate scheduler, as proposed
in [51], throughout all training runs. This scheduler starts from an initial value and
increases monotonically towards a maximum value after a set percent of the total
epochs are finished, followed by a cosine annealing schedule towards a smaller final
learning rate.

Training algorithm: The training algorithm is initialized with specified hyper-
parameters and a model with randomly intialized weights, and iterates for the given
number of epochs. The dataset used is split into a training dataset and valida-
tion dataset, where the training dataset is used to update model weights and the
validation set is used to evaluate performance at the end of each epoch. For ev-
ery epoch, the learning rate is updated according to the learning rate scheduler.
The training process is detailed in Algorithm 1. Note that for the Diffusion Model,
backpropagation is performed for every timestep in the denoising process.
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Algorithm 1 General training loop for regular and diffusion models
1: Initialise model parameters θ
2: Initialise optimiser O ← AdamW(θ)
3: Initialise scheduler S ← OneCycleLR(O)
4: Split dataset into training and validation sets
5: for epoch e = 1 to E do
6: Set model to training mode
7: for mini-batch B in training data do
8: Move B to device
9: O.zero_grad()

10: if model is not Diffusion Model then
11: Compute prediction Φ̂ = f̂θ(B)
12: Compute loss L = L(Φ̂,B)
13: Backpropagate L
14: else
15: Sample initial noisy state Φ0
16: for diffusion step t = 1 up to T do
17: Update Φ̂t = f̂θ(t, Φ̂t−1,B)
18: Compute step loss Lt = L(Φ̂t,B)
19: Backpropagate Lt

20: end for
21: end if
22: O.step()
23: S.step()
24: end for
25: Set model to evaluation mode
26: Evaluate validation loss without gradient computation
27: if validation loss improves then
28: Store current model as best model
29: end if
30: Log training and validation metrics
31: end for

Reference configuration: The standard configuration of hyperparameters can
be seen in Table 3.11, which are used as default throughout the experiments and
training runs unless stated otherwise. The parameters are specified according to the
corresponding PyTorch[52] implementations of AdamW optimizer and One-Cycle
learning rate scheduler, more specifically given for PyTorch version 2.2.0+cu121.

3.4 Experiment design

This section presents the experiments designed to assess the proposed neural-network
based waveform synthesis approach, evaluate and compare the different models and
training regimes, and analyze the interesting properties emerging from this approach.
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Table 3.11: Standard trainer and optimizer settings.

Trainer / loss parameter Value

Number of epochs E 25
Batch size 256

Optimizer (AdamW)
Learning rate (max) 2× 10−4

Betas (β1, β2) (0.9, 0.999)
Epsilon ϵ 10−6

Weight decay λ 0.01
Learning-rate scheduler (OneCycleLR)

Learning rate (max) 2× 10−4

Percentage of cycle for warm-up 0.30
Annealing strategy cosine
Div factor (initial LR = max LR / div) 25.0
Final div factor (final LR = init LR / finaldiv) 1000.0

3.4.1 Experiment 1: Supervised versus Physics-informed
self supervised machine learning

This experiment aims to showcase how a supervised training paradigm compares
against a physics-informed self-supervised training schema for training a neural-
network based waveform generator, focusing on the model’s capability to generate
waveform solutions with high F -value according to Equation (3.21).

The dataset used for this experiment is denoted 65K-DS-M2xNb5, with waveform
dimensions set to M = 2 transmit antennas and Nb = 5 fast-time samples per pulse.
This dataset contains 65000 different clutter maps paired with 65000 waveform ma-
trices that were optimized to suppress clutter, which is split into 80% training and
15% validation data, saving 5% of the dataset for testing. The model used during this
experiment is the standard version of the Convolutional Autoencoder (deterministic
single-pass) described in Section 3.3.1.1 together with the standard configuration of
hyperparameters shown in Table 3.11. This experiment is set up to use K = 1 and
therefore generate one waveform solution per clutter map.

For comparing supervised and physics-informed self-supervised learning, 10 model
training runs are performed for each training paradigm, where the model is initial-
ized and data is shuffled using 10 different seeds. For supervised training, the clutter
map and optimized waveform matrix pairs are used as the input and target for the
model and its predictions. The waveform matrices generated by the model are com-
pared to the target matrices by computing the MSE loss described in Eq. (3.18),
and the resulting loss value is used to update and optimize the model parameters.

In contrast, the physics-informed self-supervised learning schema does not require
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any target waveform matrix for each input clutter map and therefore only uses
the clutter maps from the same dataset that were used for supervised training.
This training approach uses the model’s generated waveforms and the input clutter
maps to compute the loss value through the SCNR-based loss function described in
Section 3.2.1.3 instead of through the MSE loss function. The resulting loss value
is thereafter used to optimize the model parameters.

3.4.2 Experiment 2: Single-output performance across di-
mensions

This experiment investigates how the proposed machine learning models perform
across the waveform dimensions M2−Nb5, M4−Nb15 and M12−Nb30, when
the models generate one waveform matrix per clutter map. The experiment focuses
on the model’s capability to generate waveform solutions with high F -values accord-
ing to Equation (3.21) and how this performance scales across waveform dimensions.

The clutter maps used during this experiment were generated to on average in-
clude one clutter region per clutter map. An overview of the clutter region statis-
tics can be seen in Table A.2, Appendix A. The training datasets used are de-
noted 1CM-DS-M2xNb5, 1CM-DS-M4xNb15, 1CM-DS-M12xNb30 for the three investi-
gated waveform dimensions, each containing 400000 clutter maps and undergoes
a data split into 80% training data and 20% validation data. The three held-out
test datasets used to evaluate this experiment were supplied by SAAB according
to Section 3.1.3. Each test dataset consists of 1000 clutter maps and optimized
waveform pairs that were generated using the same settings as the training data.
All four models described in Section 3.3 are used with their standard settings across
all waveform dimensions, configured such that model sizes, both between models
and across waveform dimensions, become comparable. The models used during this
experiment were set up to use K = 1 and therefore generate one waveform solution
per cluttermap.

Each training run was performed with the standard training configuration described
in Table 3.11, except for the score-based diffusion model which used a learning rate
(max) value of 4× 10−5 to keep the training stable.

3.4.3 Experiment 3: Multi-output performance and diver-
sity

The purpose of this experiment is to assess how well the neural-network based wave-
form generators can produce multiple candidate waveforms per clutter scenario and
how diverse those candidates are. The effects of multiple, diverse outputs on the
overall waveform performance is also studied, to examine wether multiple, diverse
outputs enhance performance and increases robustness. Since there are two dis-
tinct categories of model architectures presented here, the deterministic single-pass
models and the stochastic iterative refinement models, they present two separate
methods for approaching diversity. With that background, this experiment is con-
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structed around evaluating and comparing the Convolutional Autoencoder (deter-
ministic single-pass) and the stochastic Residual Network (stochastic iterative refine-
ment). For the Convolutional Autoencoder, multiple outputs are achieved by simply
extending the final layer to consist of K parallel output heads for K waveform out-
puts, and the stochastic Residual Network achieves multiple outputs by starting the
refinement process from K different sampled waveforms, using the sampling pro-
cess detailed in Subsection 3.3.2.1. In both cases the same underlying training data
and loss function are used, enabling a direct comparison between the two different
strategies to approach diverse outputs.

All models are trained on the dataset denoted 1CM-DS-M12xNb30, introduced in
Table 3.6, with waveform dimensions set to M = 12 transmit antennas and Nb = 30
fast-time samples per pulse. The training corpus consists of 400000 clutter map
examples, which is split into 80% training data and 20% validation data during the
training. The two model architectures are configured and trained for each chosen
number of waveform outputs K:

K ∈ {1, 4, 8, 16, 32}. (3.37)
Since this experiment is centered around multiple, diverse generated waveforms per
clutter map, the loss function used here is LSCNR+div with a weighting coefficient
λdiv = 10 on the diversity loss-term, described in Eq. 3.25. With regards to com-
pute resource needs and training time, some modifications to the Residual Network
model standard configurations were made, as well as small changes to the train-
ing configuration. However, these settings do not vary between different training
runs within this experiment, still allowing for a direct comparison between the two
models. The model parameter settings that deviate from the default presented in
Subsection 3.3.2.1 can be seen in Table 3.12. Additionally, the batch size was set to
128 instead of the default 256.

Table 3.12: Residual Network parameter settings for the multi-output experiment,
excluding the previously detailed default settings.

Model Parameter Value

Convolutional filter sizes [128, 128]
Number of residual blocks L 10
MLP hidden dimension dmlp 256

The models have a total parameter count of 15108752 for the Residual Network and
15889192 for the Convolutional Autoencoder for K = 1, but since the output head
of the CAE scales with K, it varies throughout the experiment.

The results of this experiment is evaluated using the held-out test dataset corre-
sponding to the previously mentioned training dataset 1CM-DS-M12xNb30, which
was provided by Saab AB as described in Subsection 3.1.3. This test set consists of
1000 clutter map examples generated with the same settings as the training dataset,
accompanied by corresponding optimized waveforms as a performance benchmark.
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3.4.4 Experiment 4: Single-output performance and gener-
alization across clutter map difficulty levels

The aim of this experiment is to analyze the neural-network based waveform gen-
erators ability to generalize across clutter maps with different numbers of clutter
regions compared to what it was trained on. The distribution of the number of
clutter regions contained in a dataset acts as a proxy for the difficulty level. This
experiment focuses on the model’s capability to generate waveform solutions with
high SCNR and F values according to Equation (3.21) and how this performance
scales for different numbers of clutter regions contained in the clutter map.
This is tested using six different datasets described in 3.6 for which the median
number of clutter regions per clutter map ranges from 1 to 6. Each dataset contains
400000 data points and use the waveform dimensions M = 12 antenna elements
and Nb = 30 fast-time sample points, and a data split into 80% training and 20%
validation data. The model used during this experiment is the standard version of
the Convolutional Autoencoder model described in Section 3.3.1.1 together with the
standard training configuration in Table 3.11. The convolutional autoencoder was
configured with K = 1 for each of the six training runs to analyze the models ability
to generate one waveform solution for each clutter map.

Evaluation of the six trained models for the different difficulty levels were done
using six held-out test datasets corresponding to the six different training datasets.
These datasets where supplied by Saab AB as described in Subsection 3.1.3. Each
generated with the same settings as the training data, resulting in benchmark test
datasets with matching spread of clutter regions per clutter map for all six difficulty
levels.
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4
Results

This chapter presents the results obtained from the experiments described in Section
3.4, divided in to subsections presenting results from each experimental setup.

4.1 Experiment 1: Supervised versus Physics-informed
self supervised machine learning

These results follow from the experiment setup described in Section 3.4.1 and show-
cases the difference in the Convolutional Autoencoder’s ability to generate waveform
solutions, when trained using supervised learning compared to a physics-informed
self-supervised learning. The model performance is displayed as a histogram over the
F -values computed using the generated waveforms to the clutter maps contained in
the held-out test dataset. The model generated histogram overlays the correspond-
ing histogram of the benchmark optimized waveforms within the test dataset.

(a) F -value performance of the
Convolutional Autoencoder when its
trained using supervised learning.

(b) F -value performance of the
Convolutional Autoencoder when its
trained using physics-informed self-
supervised learning.

Figure 4.1: The figures showcase the F -value performance differences between
when the Convolutional Autoencoder is trained using supervised learning (left) com-
pared to training the model using physics-informed self-supervised learning (right)
over the held-out test dataset.

These figures shows that the two learning paradigms leads to distinctively different
F -value performance histograms. The histogram for the model trained using super-
vised learning shows a gaussian-shaped performance distribution centered around
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a mean F -value of ≈ −8.22 while the model trained using physics-informed self-
supervised learning results in a more concentrated F -value distribution centered at
a F -value of ≈ 11.04. Comparing the results to the benchmark histogram of F
values with a mean F -value of ≈ 13.41, the supervised learning approach yields
a distribution that is significantly shifted towards lower F -values while the model
trained using physics-informed self-supervised yields a performance distribution sim-
ilar to the benchmark’s performance. This showcases the difficulty of using direct
supervision to train a model to generate waveforms, and that a physics-informed self-
supervised training paradigm can be used to train a model to generate waveform
matrices with F -value performance similar to the benchmark.

4.2 Experiment 2: Single-output performance across
dimensions

These results focus on how F -value performance differs between models across the
three waveform dimensions M2−Nb5, M4−Nb15 and M12−Nb30. The result
is the outcome of the experiment described in Section 3.4.2.

Figure 4.2: The figure displays the mean (placed above the standard deviation
error bars) and standard deviation (displayed as error bars) of the F -value per-
formance metric over the generated solutions to the held-out test dataset. This
visualization includes the performance for each of the four different models across
the three waveform dimensions that were evaluated, benchmarked against optimized
waveforms for each waveform dimension.

Figure 4.2 shows the models ability to generate waveform solutions for three dif-
ferent waveform dimensions compared to the benchmark of optimized waveforms.
The lowest waveform dimensionality (M2−Nb5) is stable across models and on
par with the benchmark of optimized waveform solutions. The mean F -values for
the evaluated models range from ≈ 13.35 to ≈ 14.47 while the benchmark reaches
a mean F -value of ≈ 14.25, and the standard deviation remains similar between
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models and the benchmark.

Increasing the waveform dimensionality to M4−Nb15, the mean F -values for the
Convolutional autoencoder, Residual Network (ResNet) and the score based Diffu-
sion Model (Diffusion) ranges from ≈ 8.98 to ≈ 9.68, while the vision transformer
model achieves a lower mean F -value of ≈ 6.16. Comparing to the benchmark that
reaches a mean F -value of ≈ 9.85, all models except the vision transformer reach
similar F -value performance levels. However, the increased waveform dimensional-
ity results in a larger standard deviation of the F -values for all models compared to
the benchmark.

For the highest waveform dimensionality M12−Nb30, the figure shows that the
performance of the Convolutional Autoencoder and the Residual Network (ResNet)
achieves high mean F -values of ≈ 5.14 and ≈ 3.45 respectively, compared to the
benchmark’s mean F -value of ≈ 2.57. The result also shows that the vision trans-
former and the diffusion model fall short for this waveform dimensions in terms
of mean F -values, with values at ≈ 0.34 and ≈ −0.69 respectively. Similarly to
the results with waveform dimensionality M4−Nb15, the standard deviation of
the model generated waveforms is visibly larger than the corresponding benchmark
waveforms.

Overall, these results show that the model performance can degrade with increased
waveform dimensionality. All models perform similarly and are comparable to the
benchmark for lower dimensions, while the Convolutional Autoencoder and the
Residual Network (ResNet) show a better scalability for waveforms of higher dimen-
sionality compared to the Vision Transformer and Diffusion model. Furthermore,
the results indicate that increasing the waveform dimensionality leads to larger dif-
ferences in standard deviation of F -values relative to the benchmark.

Figure 4.3 gives some qualitative examples from the evaluated test dataset, with
a side-by-side view of clutter maps, benchmark waveform ambiguity functions and
model generated waveform ambiguity functions for each of the three waveform di-
mensions. The Convolutional Autoencoder is used to represent model generated
examples. Each ambiguity function is normalized according to Eq. (3.26), with a
maximimum possible value of 0 dB, and the abiguity functions are displayed to-
gether with their maximum value and corresponding F -value. The examples show
that the optimization benchmark results in more local clutter suppression compared
to the model generated waveforms, which instead use larger patterns of suppression
covering substantially more area than the clutter itself. These large suppression
patterns produced by the model do however cover the clutter regions well, resulting
in good F -values relative to the benchmark.

4.2.1 Inference latency
All of the trained models for this experiment were evaluated on inference latency.
This was measured using the held-out test dataset, timing each generated waveform
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Figure 4.3: Examples of ambiguity functions derived from waveform matrices gen-
erated by the optimization benchmark (middle) versus the Convolutional Autoen-
coder (CAE) model (right) across the waveform dimensions M2−Nb5, M4−Nb15
and M12−Nb30 for the given clutter map (left). The visualization includes two
panel plots showing the cross sections of the ambiguity function at (r = 0) and
(u = 0). The ambiguity functions are normalized such that their maximum possible
values are 0 dB.

using the perf_counter-function from the Python built-in module time. A warm-
up period of 200 examples were discarded, such that the presented measurements
were taken over the other 800 examples in the test set. Measurements were taken
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as the time to perform a single forward pass, corresponding to a batch size of 1.
The models are timed separately running on CPU only and with GPU acceleration
through the pytorch library with which the models were implemented. The CPU
measurements were taken using an Intel(R) Xeon(R) Platinum 8462Y+, and the
GPU measurements used an NVIDIA L40S.

CPU Inference [ms]
Name M2−Nb5 M4−Nb15 M12−Nb30

ViT 5.01 ± 1.61 13.84 ± 3.52 14.06 ± 1.21
CAE 1.98 ± 1.56 2.12 ± 1.41 2.49 ± 0.92
ResNet 1.95 ± 0.05 2.87 ± 0.14 5.47 ± 2.16
Diffusion 222.45 ± 28.78 233.77 ± 33.52 247.88 ± 31.78

Table 4.1: CPU inference times in milliseconds [ms] across the three evaluated
waveform dimensions from the experiment setup described in Section 3.4.2.

GPU Inference [ms]
Name M2−Nb5 M4−Nb15 M12−Nb30

ViT 1.84 ± 0.02 1.97 ± 0.05 1.98 ± 0.21
CAE 0.29 ± 0.02 0.27 ± 0.02 0.26 ± 0.04
ResNet 0.98 ± 0.03 0.96 ± 0.02 1.24 ± 0.02
Diffusion 15.44 ± 0.16 15.59 ± 0.09 15.81 ± 0.46

Table 4.2: GPU inference times in milliseconds [ms] across the three evaluated
waveform dimensions from the experiment setup described in Section 3.4.2.

Both Table 4.1 and Table 4.2 shows that inference times varies substantially de-
pending on architectural choices and model type. The Tables shows a larger variety
for the inference times across waveform dimensions evaluated on CPU compared to
using GPU. The CAE model achieves the most stable and lowest inference times
across the three waveform dimensions with inference times on CPU of ≈ 2.49± 0.92
ms and ≈ 0.26± 0.04 ms for the highest dimensions M12−Nb30, while the infer-
ence result for the diffusion model showed slowest inference times of 247.88± 31.78
on CPU and 15.81± 0.46 on GPU for the same waveform dimension.

4.3 Experiment 3: Multi-output performance and
diversity

As described in Section 3.4.3, this experiment evaluates the performance of the CAE
and ResNet models when producing multiple waveform outputs for each clutter map,
as well as the diversity of the generated waveforms. The models are trained to gen-
erate different number of waveforms K per clutter map, using the same training
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data, and are evaluated using a test set of 1000 clutter maps.

For each model we record the scalar objective F -value, the bandwidth-regularized
SCNR-value presented in (3.21), and evaluate the average performance of all outputs
for the test set compared with the best-of-K value. The best-of-K value is obtained
by, for each clutter map in the test set, selecting the best output candidate produced
by the model. The average value is calculated over all K outputs for each clutter
map in the test set. The results of this can be seen in Figure 4.4, displaying the
mean and best-of-K values for each model architecture as a function of K.

Figure 4.4: Mean F -values and best-of-K F -values for the test set, comparing the
CAE and ResNet models with different numbers of K generated waveforms. The x-
axis uses a logarithmic base-2 scale to emphasize the exponential increase in number
of candidates.

The two model architectures show distinctly different behaviors when increasing the
amount of generated outputs, where the CAE steadily decreases it’s mean perfor-
mance when increasing K, while it’s best-of-K value decreases from K = 1 to 8
and subsequently increases again up to the final K = 32. The ResNet model on
the other hand steadily increases both it’s mean and best-of-K F -value, and also
maintaining a smaller difference between the two throughout all tested values of K.

In order to quantify the diversity of outputs and compare the two model architec-
tures, the Vendi Score introduced Section 3.2.2.2 is used, measuring the effective
number of unique waveforms in the set of K generated outputs. Figure 4.5 illus-
trates the Vendi Score as a function of K candidate waveforms for both models,
averaged over the full test dataset.
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Figure 4.5: Vendi Score vs K for the CAE and ResNet model architectures, evalu-
ated over the full 1000 example test set. The shaded region shows the standard devi-
ation, and the dashed line shows the maximum theoretical Vendi Score (V Smax = K)

There is a significant difference between the two model architectures. The CAE
seems to obtain a large effective diversity, with Vendi Scores relatively close to
the theoretical maximum illustrated by the dashed line. The ResNet on the other
hand gets much lower Vendi Scores and increasingly diverges from the theoretical
maximum with increased values of K, indicating a so-called mode collapse with low
variations between different outputs.
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4.3.1 Example waveforms and similarity matrices
To illustrate an example of how the two model architectures behave in detail, we
select a representative clutter map from the test set, shown in Figure 4.6, and vi-
sualize the model generated waveforms and corresponding similarity matrices. The
similarity matrices are displayed together with corresponding Vendi Scores, in this
case using the models trained to generate K = 4 waveforms per clutter map.

Figure 4.6: The selected clutter map example from the test set used to visualise
model outputs and performance in more detail. The clutter map is visualised in a
dB scale.

In Figure 4.7, the waveforms generated by the CAE model are shown together with
corresponding ambiguity functions. The ambiguity function is normalised such that
its maximum possible value is 0 dB as described in Eq. (3.26). Figure 4.8 shows the
waveforms generated by the ResNet model for the example clutter map, together
with corresponding ambiguity functions.
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Figure 4.7: Four waveform candidates generated by the CAE for the clutter map
of Figure 4.6. Each panel shows the time-domain waveform (left) together with its
ambiguity function (right). Each ambiguity function panel shows the max value of
the normalised ambiguity function and the F -value of the corresponding waveform.
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Figure 4.8: Four waveform candidates generated by the ResNet for the example
clutter map. Each panel shows the time-domain waveform (left) together with its
ambiguity function (right). Each ambiguity function panel shows the max value of
the normalised ambiguity function and the F -value of the corresponding waveform.

The ResNet model outputs in Figure 4.8 tend to be more similar in character com-
pared to the CAE waveforms in Figure 4.7, especially the outputs indexed two and
four for the ResNet model. The general characteristics of the waveforms also dif-
fer between the model architectures, where the ResNet produces more correlated
waveforms between the different antenna elements. The CAE examples have a more
varied waveform shape between antenna elements, and also produces an ambiguity
function that is more locally adapted to the clutter map in Figure 4.6, whereas the
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ResNet-generated waveforms have ambiguity functions with more widespread sup-
pression. Another aspect to note in Figures 4.7 and 4.8 is the varying F -values,
particularly waveforms 2 and 4 from the ResNet output, that differ by ≈ 1 dB de-
spite the strong similarity. This highlights the intricacy of the solution space, where
small changes in phase-coding can have a large influence on the waveforms overall
performance.

Using the same waveform outputs generated by the models as previously displayed
in Figures 4.7 and 4.8, two similarity matrices are calculated and shown in Figure
4.9. The similarity matrix is calculated using the far-field similarity function sim[i, j]
as formulated in Eq. (2.32). It can be noted that the CAE waveforms have low pair-
wise similarity throughout all possible pairs, resulting in a Vendi Score of ≈ 3.97
which is close to the highest possible value of 4. As previously noted waveforms
number 2 and 4 from the ResNet’s outputs are visually similar in terms of their
phase-coding, which is confirmed by the similarity matrix in Figure 4.9b, leading to
a lower Vendi Score of ≈ 2.86.

(a) CAE similarity matrix (b) ResNet similarity matrix

Figure 4.9: Pair-wise similarity matrices for the four candidates generated by the
(a) CAE and (b) ResNet models for the example clutter map. The Vendi Score
computed from each matrix is displayed above their respective subfigures, with the
highest possible value being equal to K = 4.

4.3.2 Inference latency
All of the trained models for this experiment were evaluated on inference latency.
This was measured using the held-out test dataset, timing each generated waveform
using the perf_counter function from the Python built-in module time. A warm-
up period of 200 examples were discarded, such that the presented measurements
were taken over the other 800 examples in the test set. Measurements were taken
as the time to perform a single forward pass, corresponding to a batch size of 1.
The models are timed separately running on CPU only and with GPU acceleration
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through the pytorch library with which the models were implemented. The CPU
measurements were taken using an Intel(R) Xeon(R) Platinum 8462Y+, and the
GPU measurements used an NVIDIA L40S.

Table 4.3: Inference time for all models trained for this experiment, shown as mean
± standard deviation. The times are presented in milliseconds [ms].

Model (K) CPU [ms] GPU [ms]

ResNet (K = 1) 2.48 ± 0.59 0.75 ± 0.05
ResNet (K = 4) 3.18 ± 0.14 0.77 ± 0.07
ResNet (K = 8) 4.41 ± 0.45 0.87 ± 0.04
ResNet (K = 16) 9.31 ± 0.75 1.07 ± 0.05
ResNet (K = 32) 18.27 ± 1.03 2.00 ± 0.11

CAE (K = 1) 2.26 ± 0.45 0.27 ± 0.02
CAE (K = 4) 2.78 ± 0.97 0.29 ± 0.02
CAE (K = 8) 3.45 ± 0.95 0.39 ± 0.05
CAE (K = 16) 4.33 ± 0.91 0.77 ± 0.00
CAE (K = 32) 6.38 ± 0.86 1.33 ± 0.02

The CAE model architecture obtains slightly lower inference latency across all tested
values of K, on both CPU and GPU alike, although both models are within com-
parable time scales. The largest deviation is for the K = 32 example using CPU
only, where the CAE is rougly three times faster. One should however note that
the results are highly dependent on the underlying pytorch library functionality, as
well as CUDA functionality for the GPU-accelerated inference latencies.

4.4 Experiment 4: Single-output performance and
generalizability across clutter map difficulty
levels

The following results show the Convolutional Autoencoder’s ability to generate well-
adjusted waveforms to clutter maps of six different difficulty levels. The difficulty
level is parametrized as the median number of clutter regions per clutter map de-
noted as mCM .

Figure 4.10 shows the CAE model performance as a train-test difficulty matrix with
separate panels showing mean and standard deviation of F -values, where the x-axis
represents the difficulty level of the training dataset (1-6), and the y-axis represents
the difficulty level of the test dataset (1-6). For all training configurations, the
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Figure 4.10: Model performance across different difficulty levels, benchmarked
against the Saab-provided test datasets. The performance is shown through the
mean (left) and standard deviation (right) of the resulting F -values computed
through (3.21) using the 1000 clutter maps in the test datasets. The result is shown
together with the corresponding optimized waveforms contained in the test data set
(benchmark). The model performance is shown for different combination of mCM

that the model is trained on (x-axis) versus tested on (y-axis). This displays how
performance changes and the generalizability of the model to unseen clutter map
distributions. The mean and standard deviation describing the benchmark perfor-
mance is shown as a column to the left of the model performance grids.

performance is noticeably correlated with the test difficulty level with higher mean
F -values for lower difficulties and vice-versa. On the other hand, the difficulty level
used during training has comparatively smaller effects on the test performance.
Across all combinations in the train-test difficulty matrix, the mean F -value ranges
from approximately −11.32 to 5.23. The benchmark mean F -values instead remains
stable, varying in the range ≈ 2.28 to ≈ 2.57 across different values of mCM .
Focusing on the diagonal of the train-test difficulty grid, where the value of mCM

is the same for the training dataset and the testing dataset, Figure 4.10 shows a
clear trend of decreasing mean F -values when the number of clutter regions mCM

is increased. These performance levels verify that the median number of clutter
regions contained in the datasets mCM can be used as a proxy to the difficulty of
training a waveform generator model since mCM is the only thing varying between
the training runs, while total area covered by clutter and distribution of clutter am-
plitudes remain the same.

Comparing the model’s performance to the benchmark (left column), the figure
shows that the model manages to reach mean F -values higher than the benchmark
for models trained on datasets with mCM ∈ [1, 2, 3] when tested on the single clutter
region test dataset mCM = 1, but fall short of the benchmark for all other combi-
nations of training and testing datasets in terms of mean F -values. Focusing on the
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standard deviation of the F -values, this result shows that the benchmark perfor-
mance is overall more stable than the model performance. The standard deviation
of the F -values for the benchmark ranges from ≈ 2.26 to ≈ 2.60 while the model’s
standard deviation of F -values ranges from ≈ 4.91 to ≈ 9, 56. This shows that the
benchmark’s F -value distribution is both more stable across difficulty levels mCM

and significantly lower than what any combination of training and testing mCM can
achieve.

The model performance grid also shows that increasing the number of clutter regions
mCM contained in the training data leads to an increased test performance for test
data with higher values of mCM , up to the point where mCM = 3 for the test
set. Thereafter the model’s mean F -value performance does not increase as clearly
compared to the initial three difficulty levels.

Figure 4.11: Target gain vs WISL for model generated and optimized waveforms
across difficulty levels mCM in dB.

Figure 4.11 displays the tradeoff between target gain and WISL that the model
makes across difficulty levels when the models train and test data has the same
value of mCM . The target gain is computed as G̃(u0) introduced in Eq. (3.27),
which is the return power from the target after matched filtering, normalized such
that it’s maximum possible value is 0 dB. The WISL represents the total energy
returned from the clutter, computed using W̃ISL from Eq. (3.28). The WISL is
computed using an ambiguity function normalized to a maximum possible value of
0 dB, same as the target gain. The result shows the stability of the benchmark opti-
mization method while the WISL values for the model generated waveforms increase
with the difficulty level, which describes that the model’s suppression of clutter re-
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gions decreases with increasing mCM . The visualization also shows that the target
gain stays relatively stable for mCM ∈ 2, 3, 4, 5, 6. Relating this to the diagonal of
the model train-test difficulty grid shown in Figure 4.10, the reason for decreased
mean F -value performance for higher mCM values is caused by a decreasing ability
to suppress clutter returns when the clutter is distributed into a higher number of
small clutter regions.

To give some visual examples, Figure 4.12 shows one clutter map from each dataset
with different levels of mCM . In Figure 4.13, the corresponding ambiguity func-
tions for the model generated waveforms are shown, with each ambiguity function
displayed together with it’s F -value.

Figure 4.12: Examples of clutter maps from the six different datasets across mCM

values.
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Figure 4.13: Ambiguity functions for the model generated waveforms, correspond-
ing to the clutter maps shown in Figure 4.12.
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5
Discussion

This chapter presents a discussion based on the found results and implemented
methods, in relation to the aims presented in Section 1.3. The discussion focuses
on key results from each experiment, as well as general characteristics of how the
developed neural networks generate waveforms for given clutter environments.

5.1 Learning paradigm
In Experiment 1, Section 4.1, the two different learning paradigms of supervised
learning and physics-informed self-supervised learning where evaluated using the
proposed CAE model. The two learning paradigms are compared using the same
dataset, where the supervised learning uses clutter map - optimized waveform pairs
to train using an MSE-based loss, whereas the physics-informed self-supervised
learning trains directly on the radar performance metric F -value, not using any
optimized waveforms during training. The difference between the two methods can
be seen in Figure 4.1, where the physics-informed self-supervised learning shows
an F -value distribution (µ ≈ 11.0) close to the benchmark optimized waveforms
(µ ≈ 13.4). The supervised learning regime instead results in a substantially worse
performance (µ ≈ −8.2).

These findings indicates that supervision in the waveform matrix is excessively re-
strictive. The supervised loss forces the network to approximate the distribution of
waveforms in the training dataset, and in the case of non-convex, multi-modal loss
landscapes it might not be able to sufficiently generalize patterns between samples.
Further, given the sensitivity of the SCNR-based F -value where small changes in the
waveform phase-matrix might cause large differences in performance, a supervised
loss can miss intricate differences that have large performance impacts while still
obtaining low loss values. In other words, the supervised loss might signal good
outputs when their performance is poor, by just being close to a good solution in
terms of waveform coding. On the other hand, since the waveform performance is
directly verifiable it can be leveraged directly as a loss function for training the neu-
ral networks. This self-supervised approach proves far superior to the implemented
supervised learning in this setting, and circumvents the previously stated issues with
a supervised loss function.

The strength of the proposed self-supervised learning approach is further supported
in Experiment 2 in Section 4.2, where it is shown to obtain results comparable with
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the benchmark optimized waveforms across all three of the tested waveform dimen-
sionalities. As the degrees of freedom in waveform increases from the 2 × 5 used
in Experiment 1 to 12 × 30, one could expect even more difficulty for a supervised
learning regime, as variations in training data might grow and generalizing patterns
can become increasingly difficult.

Another notable strength for using a self-supervised regime is the question of data,
where a supervised regime demands annotated data which might not be feasible
to obtain in sufficient amounts and quality, the self supervised approach is instead
limited to having sufficient amounts of clutter map examples only. With syntheti-
cally generated data, one can in theory use an unlimited amount of clutter maps for
training, which can give a better coverage of the variations encountered in testing
or deployment settings.

5.2 Performance scaling across waveform dimen-
sionality

Figure 4.2 displays that the dimensionality of waveforms and clutter maps, which
compose the waveform generation problem, strongly influence F -value performance
of the trained models. This can be seen when analyzing the models F -values across
the three waveform dimensions 2× 5, 4× 15 and 12× 30. At the lowest dimension-
ality 2×5, all evaluated models perform comparably and on par with the optimized
waveforms, while a discrepancy between model architectures forms when the di-
mensionality increases. This indicates that architectural choices for a waveform
generator model becomes increasingly more important for higher waveform dimen-
sions. One interesting aspect shown in Figure 4.2 is that the performance of the
convolutional autoencoder (CAE) and the residual model (ResNet) scales robustly
across dimensions among the evaluated model architectures under fixed amounts of
data, trainable parameters and training process. The performance trajectory sug-
gests that these model architectures can utilize the current data distribution, data
size and model complexity more effectively when scaled to higher dimensions com-
pared to the vision transformer (ViT) and Diffusion models.

Focusing on the higher waveform dimension 12× 30, the results find that the Con-
volutional Autoencoder (CAE) and the Residual Network (ResNet) shows a higher
mean F -value performance at 5.14 and 3.45 respectively, compared to the optimized
benchmark with a mean F -value of 2.57. The models high performance in this
dimension together with the robust scaling trajectory across dimensions discussed
in the previous section, provides an empirical foundation that further waveform
dimensionality expansion is promising. However, the variance of the machine learn-
ing models F -values is still higher compared to the benchmark. This result points
towards a tradeoff between high mean performance and stability when training ma-
chine learning models to generate waveforms.

Table 4.1 and Table 4.2 shows that the CAE and ResNet models achieved the lowest
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inference times among the four evaluated model architectures, where the CAE model
has the overall lowest inference times on both CPU and GPU, and seems to be more
stable under changes of waveform dimensions compared to the ResNet model. The
combination of high mean F -value performance together with the lowest inference
times that the CAE model accomplishes throughout waveform dimensions, indicates
that this model architecture is a suitable option both if waveform dimensions where
to increase and if there is strict latency requirements for the waveform generation
process.

5.3 Characteristics of model generated waveforms
Figure 4.3 shows that the model finds waveform solutions that suppresses larger
areas of the range-angle map compared to the benchmark method across the eval-
uated dimensions. One can see that the model has learned to factorize the clutter
suppression problem by generating waveforms matrices that suppress returns across
a large range of r or u bins, instead of suppressing more precisely at clutter regions.
By using factorization, the examples shows that it is possible to generate wave-
form solutions with high F -values to the given clutter map without the need for
precise local suppression. This way of handling the clutter suppression problem is
reasonable for an adaptive waveform generator that should be able to handle clutter
in various range-angle positions. Factorizing the problem and focusing on learning
how to generate more general waveform solutions can be a key factor that makes
it possible for the model to generalize and handle a large variety in clutter maps,
where reusable relationships and suppression patterns can lead to a better average
performance.

5.4 Multi-output generation and diversity of wave-
forms

The results from Experiment 3 in Section 4.3 indicate that diversity of waveforms
with similar performance for the same clutter map is achievable, but presents a
tradeoff between performance and diversity and varies between different types of
model architectures. From Figure 4.4, we can see that the average performance of
the CAE degrades when increasing the number of generated waveforms (K), whereas
the stochastically seeded ResNet model improves with increased number of outputs.
For the CAE, the best F -value performance is achieved when training and testing the
model on only generating a single output, as the K = 1 case outperforms even the
average best-of-K solutions when increasing K. The ResNet model instead improves
both its average performance and best-of-K performance steadily when increasing K.

When analyzing the achieved diversity between the two tested models, the CAE
shows a significant advantage over the ResNet model indicated by the Vendi Scores
illustrated by Figure 4.5, which measures the effective number of diverse samples
in a set. The CAE model achieves Vendi Scores close to the theoretical maximum,
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slightly dropping of with increased K, while the ResNet reaches a plateau at around
a Vendi Score of ∼ 5 − 6. Relating this result to the pure waveform performance,
the indication is that there is a tradeoff between obtaining diversity and maintain-
ing performance. The qualitative examples for both models further illustrate the
difference in behaviour, where the CAE produces waveforms with greater differences
both in their visual representation and the similarity matrix together with the cor-
responding Vendi Score. Overall, the results point towards that the ResNet gives
rise to a more local and limited search of the output landscape, while the CAE is
able to more effectively search for distinctly different waveforms.

Looking at the produced ambiguity functions for the generated examples, in Fig-
ures 4.7 and 4.8, the CAE produces ambiguity functions more locally adapted to
the clutter environment at hand, and the ResNet instead seems to suppress larger
areas of the spatial landscape. This indicates that the ResNet converges on more
reusable patterns that might be applicable to more than one scenario. This pattern
also occurs in other examples and from other models, such as the CAE-generated
waveform ambiguity functions in Figure 4.13 and in Figure 4.3, where the same
widespread suppression of the ambiguity function can be seen.

The difference in behavior between the two model architectures when trying to
achieve diversity might be counterintuitive, since the ResNet is stochastically seeded
and thereby incorporates diversity directly into its architecture, producing different
outputs by initializing with separate random seeds. However, the CAE achieves
diversity by having separate output heads, producing a predetermined amount of
different waveforms in parallel, which in practice means that different neural-network
weights are used for the separate K outputs. During training, these separate heads
can more easily be molded towards different regions of the output space, while the
ResNet propagates through the same weights for every separate output. This seem-
ingly presents a more demanding challenge when tasked to both produce waveforms
with good SCNR-based performance and a diversity between samples generated with
different seeds.

Despite the stronger results in terms of diversity achieved by the CAE, there are
some notable disadvantages to approaching diversity by simply scaling with separate
output heads. Mainly, more output heads lead to a larger model and thereby de-
mands more memory. As seen in Table 4.3, the CAE still achieves better inference
time than the ResNet even when scaling up K both on CPU and GPU, but the
scaling of output heads can limit its ability for deployment on devices with limited
memory and compute resources. Moreover, the ResNet-approach with stochastic
seeding can be used to generate an arbitrary amount of waveforms with the same
model.
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5.5 Generalizability across clutter map difficulty
levels

When analyzing the model performance grid and benchmark performance across
different difficulty levels of the clutter maps in Figure 4.10, it is clear that the
benchmark’s performance is much more stable across different difficulty levels com-
pared to the model performance, both in terms of mean and standard deviation
of the F -values. The benchmark presents high-performing waveform solutions re-
gardless of the difficulty levels, while the model is more sensitive to changes of the
number of clutter regions.

The columns of Figure 4.10 also shows that when increasing the number of clutter
regions per clutter map, mCM for the test data, the mean F -values decreases regard-
less of the data used during training. The diagonal of the performance grid, where
the model is trained and tested on the same difficulty level, also confirms a clear
decrease in performance when mCM increases. This monotonic decrease in mean F -
values with increasing mCM confirms that the value of mCM is a valid quantization
of the difficulty level of the clutter map data used for training a model to become
an adaptive waveform generator.

Since the same model, training setup and amount of data is used throughout all
training runs, this result confirms that increasing mCM makes the adaptive wave-
form optimization problem harder to solve for the model. Figure 4.11 shows two
different components that builds up the performance F -value, target gain and WISL.
The result shows that one of the main reasons to why the model performance de-
crease when increasing mCM is higher WISL levels. When inspecting the result,
one can see that the model does a tradeoff between target gain and WISL levels,
where the model manage to achieve good clutter suppression and lower target gain
for larger, cohesive clutter regions (mCM = 1) while having worse clutter suppres-
sion and higher target gain for more difficult clutter maps (mCM = 6). This shows
that increasing difficulty level shifts which parts of the training objective that can
be optimized more easily, resulting in a training focused on low WISL for simpler
clutter scenarios compared to high target gain for higher difficulty levels. Compar-
ing the results to how the optimized benchmark perform, the plot also verifies the
stability of the benchmark waveforms across difficulty levels, and that the trained
model manages to perform similarly when it comes to target gain, but fall short of
the benchmark for clutter suppression and WISL levels.

One reason for why the machine learning model performs worse compared to the
benchmark when trained on higher mCM is the increased data complexity it brings.
It both leads to a larger spread of clutter regions per clutter map, see Table A.2,
and an increased number of possible permutations of where the clutter is located
for a given map. This means that the data the model is trained on for higher dif-
ficulty levels contains a much larger variation with both increased σCM and clutter
location combinations. Having a large variety in the data a model is trained on
generally makes it harder to extract usable patterns from any training data distri-
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bution. Combining this with the sensitive objective function defined in Equation
(3.22), these possible reasons makes it harder to train a machine learning model
when mCM is high.

While the model demonstrates sensitivity to the difficulty level across the perfor-
mance grid, it is worth noting that the model trained on mCM ∈ 1, 2, 3 and tested
on data with mCM = 1 shows better performance than the benchmark for these
combinations of difficulty levels in the data. The results here can be related to pre-
viously identified characteristics of how the model generates waveforms with larger
and more reusable suppression patterns, as discussed in Section 5.3. This can be ad-
vantageous when dealing with large clutter regions that are fewer in number, but it
can also be more difficult to apply to larger numbers of disconnected clutter regions
with high variability in spatial distribution.
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This thesis has investigated the use of machine learning for generating clutter-
suppressing MIMO radar waveforms, comparing to a benchmark of optimized wave-
forms. Several different approaches and settings were explored, with varied training
approaches, neural network architectures and variations in clutter environment. Ad-
ditionally, the ability to generate a diverse set of waveforms for each given clutter
environment was investigated.

The results show that training neural networks can be a feasible approach to wave-
form design in clutter environments, with performance similar to the optimization-
based waveforms given as benchmark over the three different waveform dimensions
tested. Given the ability of neural networks to leverage off-line training and general-
ization over a wide array of potential scenarios for a low-latency waveform synthesis
during deployment, the results are promising for future research and testing. The
ability to train models directly using a verifiable objective function evaluating wave-
form performance is shown to be an advantageous approach, especially in comparison
to plain supervised learning.

By testing the performance of different model architectures using different waveform
dimension and comparing to a benchmark of optimized waveforms, neural networks
are shown to achieve comparable results throughout different degrees of freedom.
With increased waveform dimensions, the tested Diffusion- and Vision Transformer
models showed an inferior scaling compared to the Convolutional Autoencoder and
Residual Network, possibly due to being less data-efficient during training. This
indicates that the waveform design problem becomes increasingly difficult with in-
creased scale, demanding more from the model and training setup.

Neural networks are also shown to be able to generate multiple proposed waveforms
suitable for the same clutter environment, but with a strong difference in results be-
tween the two model architectures evaluated for this purpose. The stochastic ResNet
model showed signs of mode collapse, with more local search of waveforms with sim-
ilar properties. The Convolutional Autoencoder instead managed to produce more
diverse sets of waveforms, by having parallel output heads with decoupled weights
producing the different output waveforms instead of relying on stochastic seeding.
Moreover, the diminished average performance of the Convolutional Autoencoder
when increasing the number of generated waveforms points towards a tradeoff be-
tween generating a diverse output set and maintaining performance.
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A central result of the neural-network based approach to waveform design is that
the performance can be highly dependent on shape and distribution of clutter in
the environment surrounding the target. Performance is comparable to the bench-
mark of optimized waveforms in the test set when the clutter regions are larger and
fewer in number rather than a larger number of small clutter regions. This can be
connected to an observed pattern of models using broader patterns of ambiguity
function suppression, aiming for more reusable patterns suitable for several different
clutter environments. This finding gives an important insight into the strengths and
weaknesses in using machine learning models for the waveform design problem at
hand.

In summary, a neural network-based approach to waveform design in clutter environ-
ments shows promising results, with the ability to generate waveforms comparable to
a benchmark of optimized waveforms on previously unseen clutter scenarios. How-
ever, it has both strengths and weaknesses, with better results when dealing with
fewer and larger, more cohesive clutter regions. It’s also shown possible to generate
a diverse set of solutions to the same clutter environment, with the level of diversity
distinctly dependent on the chosen method to approach multiple outputs. The re-
sults show that neural networks can be a feasible approach to waveform synthesis,
and gives a promising indication for future development and extensions to other
waveform design objectives, or other parts of the radar system in general.

6.1 Future work
While this work has shown how machine learning models can be used to train adap-
tive and diverse waveform generators, several aspects of it would be interesting to
explore further.

Since the results has shown that it is possible to generate waveforms comparable
to the benchmark for several waveform dimensions, further investigation about how
the methods and performance scales to higher waveform dimensions is of interest.

This work focuses on generating waveforms with fixed dimensions and thereby fixed
degrees of freedom that the model is constrained to and needs to utilize. Different
clutter scenarios may require different degrees of freedom to enable high levels of
clutter suppression, which makes it interesting to research how machine learning can
be used to generate waveforms with an arbitrary number of fast-time samples. This
would make for a natural extension, since although the number of antenna elements
is normally fixed and restricted by the radars hardware, the pulse length can often
be varied.

One limitation that this work followed was to train a waveform generator to suppress
clutter in the range-angle domain. A natural development of this work is to expand
to the Doppler domain. This makes is possible to both have Doppler-dependent
clutter and to enforce other Doppler-specific criteria. On the same note, it would be
natural to extend this work to other waveform design objectives as well. One such
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example would be multiple targets, or waveform design for a so called search mode,
where the objective is to scan a large search volume for potential targets.

While several modeling techniques have been utilized to handle the sensitive and
complex waveform design objective, further loss-landscape analysis for different
waveform dimensions could build a strong foundation for how the informed ma-
chine learning approach should be improved.
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A
Clutter map dataset statistics

The clutter weights for each dataset were generated using seed = 42 which resulted
in a clutter amplitude spread within each clutter region across datasets to remain
stable and reproducible which can be seen in Table A.1. The distribution of clutter
amplitudes follows a Weibull distribution for all datasets, which is described in the
following table:

Table A.1: Distribution of the clutter amplitudes per dataset (rounded).

Dataset name median mean std p75 p99 max

65K-DS-M2xNb5 6956 9970 9866 13926 45748 119032
1CM-DS-M2xNb5 7015 10023 9924 13914 45743 110578
1CM-DS-M4xNb15 6922 9991 9981 13864 45969 138135
1CM-DS-M12xNb30 6935 10002 10000 13870 46044 161259
2CM-DS-M12xNb30 6930 10000 9998 13862 45981 161259
3CM-DS-M12xNb30 6933 9998 10002 13854 46042 158236
4CM-DS-M12xNb30 6931 9996 9995 13857 46020 158235
5CM-DS-M12xNb30 6934 10001 9999 13864 46036 158235
6CM-DS-M12xNb30 6934 10001 9993 13865 46039 144748

In the report, the number of clutter regions that are present in a clutter map is used
as a proxy for the difficulty of generating a well-suited waveform matrix Φ given the
clutter map. Table A.2 describes the distribution of the number of clutter regions
across clutter maps per dataset used throughout this report.
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A. Clutter map dataset statistics

Table A.2: Statistics for the number of clutter regions per the dataset.

Dataset name mCM µCM σCM

65K-DS-M2xNb5 1 1.35 0.55
1CM-DS-M2xNb5 1 1.15 0.46
1CM-DS-M4xNb15 1 1.29 0.61
1CM-DS-M12xNb30 1 1.29 0.61
2CM-DS-M12xNb30 2 2.03 0.97
3CM-DS-M12xNb30 3 3.01 1.31
4CM-DS-M12xNb30 4 3.98 1.52
5CM-DS-M12xNb30 5 5.00 1.60
6CM-DS-M12xNb30 6 6.04 1.87
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