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A Lattice Gas Cellular Automaton with Tomographic Dynamics
SACKARIAS LUNMAN
Department of Physics
Chalmers University of Technology

Abstract
We study the tomographic effect in lattice gas cellular automata, which are sim-
ple discrete models for hydrodynamics. The tomographic effect is predicted in
two-dimensional Fermi liquids whenever head-on scattering dominates, leading to
inefficient angular relaxation due to Pauli blocking. As a result, odd-parity defor-
mations of the Fermi surface are anomalously long-lived compared to even-parity
ones. We find an analogous effect in two-dimensional triangular lattice gas au-
tomata, which exhibit a single discrete odd-parity mode that we call the hexapolar
mode. We analyze the relaxation times of the linearized lattice gas dynamics, and
find that at low densities, head-on collisions dominate and the odd-parity mode is
long-lived, resulting in a two-step relaxation of the system. At higher densities,
three-body interactions set the dominant decay channel and the odd-parity mode
becomes short-lived. We then analyze a reduced model of the lattice gas with a
long-lived hexapolar mode, and derive the equilibrium distribution via entropy max-
imization. Using a small perturbation approximation and a multi-scale expansion,
we derive a set of macroscopic equations that incorporate the hexapolar mode. We
show that the odd-parity mode couples anisotropically to the momentum, leading
to direction-dependent dynamics. We analyze the linear hydrodynamic modes and
solve for the velocity profile in a channel (Poiseuille flow). We then compare our
findings with the expected behavior for a two-dimensional Fermi liquid that exhibits
the tomographic effect. Using the linearized kinetic equation for a two-dimensional
homogeneous electron gas, we derive a set of linearized macroscopic equations. We
conclude by discussing the limitations of the model due to its discrete nature and
lack of full rotational symmetry.

Keywords: lattice gas cellular automata, hydrodynamics, electron transport, Fermi
liquid
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1
Introduction

What do the flow of air across the wing of an airplane, the convection of plasma in
the sun, and the motion of a crowd of people have in common? They all demonstrate
hydrodynamic behavior, one of the few universal truths in physics. Originally, hydro-
dynamics was the study of the viscous motion of liquids, such as water. Nowadays,
fluids are studied through the branch of physics known as fluid mechanics, where
the term fluid encompasses gases, liquids, and plasmas. Hydrodynamics, meanwhile,
has broadened and appears in many seemingly disparate places in physics.

The success of hydrodynamics as a universal limiting behavior is due to its in-
herent simplicity and generality. In a system with many interacting components,
where the interactions are sufficiently fast and leave some part of the system un-
changed, one may expect hydrodynamic behavior. The parts of the system that are
unchanged are known as conserved quantities, which are commonly the fundamental
properties of mass, momentum, energy, and charge. More specifically, hydrodynam-
ics describes the dynamics of conserved quantities near local equilibrium. The other
parts of the system are assumed to decay fast and are effectively “integrated out.”
This is why one may approximate a crowd of people that are all bumping into each
other as a fluid.

Fluid mechanics describes the motion of fluids using the continuity equations
and the Navier-Stokes equations. The latter is a system of nonlinear partial differ-
ential equations (PDEs), originally developed by Claude-Louis Navier and George
G. Stokes during the early 19th century. The equations are famously hard to solve
except for very simple flows. For instance, the velocity profile of a fluid in a flat
channel, known as Poiseuille flow, is fully solvable. Combining the fluid mechanical
equations with Maxwell’s equations allows one to describe electrically conducting
fluids. This model is called magnetohydrodynamics, which is used to describe the
motion of charged plasmas in stars.

Although originally devised phenomenologically, the fluid mechanical equations
can be derived from an underlying microscopic description of interacting particles.
Instead of describing every particle in a fluid individually, one can assume that
the particles are interchangeable and describe the distribution of particles. Such a
model is called a kinetic theory. To go from a kinetic description to a macroscopic
description, such as the continuity and the Navier-Stokes equations, one can use a
method called the Chapman-Enskog expansion.
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1. Introduction

1.1 Electron Hydrodynamics

Another place where one finds interacting particles and currents is in electronic sys-
tems. Historically, through the lens of solid state and condensed matter physics,
electrical conductance has been understood using the classical kinetic theory pro-
posed by Paul Drude in 1900 [1, 2]. The Drude model describes electrons, somewhat
akin to billiard balls, that are accelerated by an electric field and bounce off immo-
bile impurities, such as positively charged ions. Collisions with impurities cause the
electrons to scatter off in random directions and lose momentum.

In 1927, Arnold Sommerfeld developed a quantum mechanical description of elec-
trons known as the Drude-Sommerfeld model, or the free electron model [3]. Elec-
trons are fermions and obey Pauli’s exclusion principle, such that every quantum
state can only be occupied by at most a single electron. Thus, the electrons are
distributed according to the Fermi-Dirac distribution function at equilibrium. For
temperatures T ≪ TF , where TF is called the Fermi temperature, quantum fluc-
tuations become dominant over thermal fluctuations. At these temperatures, the
Fermi-Dirac distribution develops a sharp edge known as the Fermi surface. As
T → 0, all quantum states below the Fermi surface become occupied. If one as-
sumes momentum relaxation by inhomogeneities in the lattice, such as impurity
atoms or phonons, both the free electron model and the Drude model predict the
same conductivity for Ohm’s law.

The Drude and Sommerfeld pictures of electron flow in a metal are fundamen-
tally different from the viscous flow of water. Both models ignore electron-electron
interactions, which facilitate exchange of momentum between the particles. A fluid
description of electron transport was first developed by Lev Landau in 1956 using
his Fermi liquid theory [4]. Instead of individual electrons, the theory describes
long-lived excitations called quasiparticles. Quasiparticles are fermions that have
the same spin, charge, and momentum as electrons. Fermi liquid theory describes
the kinetics of the quasiparticles that live close to the Fermi surface, including inter-
quasiparticle interactions.

In 1963, Radii M. Gurzhi theorized a hydrodynamic electron regime [5]. The
argument relies on the relation of different length scales in the system. The lengths
ℓi and ℓee are the mean free paths of an electron before it scatters off an impurity or
with another electron, respectively. If one considers a system with a typical length
scale l, there are three different limits with qualitatively different behaviors. For
l ≪ ℓee, ℓi we have the ballistic regime: Individual electrons move unimpeded by
inhomogeneities and other electrons through the medium. For l ≫ ℓee, ℓi, we have
the diffusive regime: The electrons quickly scatter and lose momentum. This is
the regime of the Drude model and free electron model. Hydrodynamic behavior
emerges when ℓee ≪ ℓi, l. In this regime, the dominant relaxation mechanism is
electron-electron scattering which conserves momentum. Gurzhi calculated that the
resistance will have a non-monotonic dependence on temperature in the hydrody-
namic regime, which is now known as the Gurzhi effect.

In 2004, Konstantin S. Novoselov and Andre K. Geim described the electric field
effect of graphene [6], a two-dimensional layer of densely packed carbon atoms.
The material was found to be semimetallic, stable (down to a single atomic layer),
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1. Introduction

and remarkably impurity-clean. The fabrication of graphene and other ultraclean
materials with very large ℓi has sparked great interest in electron hydrodynamics [7,
8]. These experimental and theoretical studies make it possible to develop new
high-mobility electronic devices that utilize hydrodynamic effects.

In 2017, Kumar et al. [9] measured the resistance of electron flow through a
graphene constriction, which showed the same non-monotonic temperature depen-
dence that Gurzhi predicted. In 2019, Sulpizio et al. [10] probed the Hall field of
electron flow through a channel of graphene. The resulting Hall voltage across the
channel showed a Poiseuille profile. In 2022, Aharon-Steinberg et al. [11] imaged the
electron flow in a circular chamber. Inside the chamber, the current develops vor-
tices, a phenomenon that appears in hydrodynamics. Finally, a recent experiment by
Geurs et al. [12] studied electron flow through an electronic de Laval nozzle. In this
compressible and nonlinear regime, the electrons are pushed beyond the electronic
speed of sound and create shock waves.

Interestingly, electrons in two-dimensional Fermi liquids are theoretically pre-
dicted to have another transport regime that lies in between ballistic and hydrody-
namic. To understand this, one needs to understand electron-electron scattering in
two dimensions. For a Fermi liquid with T ≪ TF , the Fermi surface is very sharp.
We also assume that the electron gas is sufficiently dilute such that we only need
to consider pairwise scattering. Due to Pauli blocking, the states below the Fermi
surface are mostly occupied, which constrains the allowed scattering configurations.
For a two-dimensional Fermi liquid, there are two scattering types: small-angle
scattering and head-on scattering (Fig. 1.1) [13, 14]. In small-angle scattering, both
incoming quasiparticles rotate by a small angle ∆θ ∼ T/TF ≪ 1 such that both out-
going particles are still close to the Fermi surface. This relaxation process therefore
involves very slow angular diffusion, known as angular subdiffusion. In contrast,
head-on scattering has zero total momentum, allowing both outgoing particles to
rotate by an arbitrary ∆θ, leading to very quick angular relaxation.

Gurzhi et al. [14] realized that head-on scattering in two-dimensional Fermi liq-
uids only relaxes the inversion-symmetric parts of the quasiparticle distribution.
The symmetric parts of the distribution relax quickly, while the antisymmetric parts
relax via the slow small-angle collisions. Another way of picturing this is by consid-
ering a linear perturbation around an isotropic two-dimensional Fermi surface. This
perturbation may be expanded in Fourier modes, as illustrated in Fig. 1.2. The
zeroth and first modes (in a trigonometric basis) represent a shift in density and
momentum, respectively. The even-parity modes are symmetric and relax quickly
on a length scale ℓe. Conversely, the odd-parity modes are antisymmetric and relax
slowly on a longer length scale ℓo. The odd-parity deformation modes can therefore
be regarded as long-lived collective excitations, which preserve sharp local features
of the Fermi surface. This is called the odd-even effect, or the tomographic effect.
The tomographic transport regime ℓe ≪ l ≪ ℓo, ℓi constitutes a mix of ballistic
odd-parity modes and hydrodynamic even-parity modes.
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1. Introduction

Figure 1.1: The two relaxation mechanisms available to quasiparticles in a two-
dimensional Fermi liquid. The black circle is the Fermi surface and the red outline
is the thermal window. The vector pairs (p1,p2), and (p′

1,p′
2) are the momentum

vectors of two quasiparticles before and after scattering. The change in the angle
of the momentum vectors after scattering is ∆θ. The left picture shows small-angle
scattering and the right picture shows head-on scattering.

Figure 1.2: Fourier modes of a linear perturbation around a two-dimensional Fermi
surface (black dashed line). The filled colored areas are occupied states.
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1. Introduction

1.2 Discrete Fluids
Due to the difficulties involved in solving the Navier-Stokes equations analytically in
complex flows, physicists and fluid dynamicists often resort to numerical solutions.
The subfield of computational fluid mechanics has devised many computational
methods, such as the finite volume method and finite element method. These meth-
ods can be regarded as top-down approaches, since the starting point is to discretize
the macroscopic Navier-Stokes equations, and not the underlying microscopic pic-
ture. Another way to numerically model fluids is the bottom-up approach. Instead
of discretizing partial differential equations, we model the microscopic dynamics
such that the average behavior approaches the macroscopic equations. One such
method is molecular dynamics, which involves simulating the microscopic particles
that make up the fluid using Newton’s laws, or some approximation thereof. Due
to the large number of particles involved, this method is computationally extremely
expensive for large systems.

In the late 1940s and early 1950s, John von Neumann and Stanisław M. Ulam
introduced the cellular automaton1. The two mathematicians developed the idea
in order to study self-replicating machines [19, 20]. Cellular automata (CA) are
models consisting of elements, or cells, with states. The states change in time based
on an update rule. Straightforward examples of CA are the elementary cellular
automata studied by Stephen Wolfram in the 1980s [21]. These automata consist of
a one-dimensional grid of cells that have binary states that are either zero or one.
One may also think of the states as Boolean, with values false or true. The time is
discrete and the update rule is local, such that the state at position r at time (t+1)
depends on the state at positions (r− 1), r, and (r+ 1) at time t, where r and t are
integers. Thus, there are in total 2(23) = 256 possible rules for elementary cellular
automata, three of which are illustrated in Fig. 1.3.

After the introduction of cellular automata, physicists started thinking about
using them to model fluids. This idea was realized in 1973 by Jean Hardy, Yves
Pomeau, and Olivier de Pazzis when they introduced the first in a class of models
known as lattice gas cellular automata (LGCA) [22]. This model, later named the
HPP model after its authors, simulates fluid particles that propagate throughout
a two-dimensional square lattice. The particles have a discrete velocity, such that
they hop to a neighboring lattice site at each time step. The update rule describes
inter-particle collisions that obey the conservation of mass, momentum, and energy.
Similar to molecular dynamics, LGCA is a bottom-up approach. In 1986, Uriel
Frisch, Brosl Hasslacher, and Yves Pomeau developed an LGCA with a triangular
lattice, which is now known as the FHP model [23]. Further work by Dominique
d’Humières and Pierre Lallemand extended LGCA to three dimensions [24].

The early LGCA employ a regular lattice and a Boolean representation of the
automaton state: At each site, there are b outgoing edges to neighboring sites. For
every edge, there may be zero or one particle with a velocity in the direction of

1The work on cellular automata by von Neumann was left unfinished due to his premature
death in 1957. What is left is a series of lectures on the topic [15, 16], some of which were compiled
into the book The Computer and the Brain [17]. The unfinished manuscripts for his systematic
theory of cellular automata were later edited and completed by Arthur Burks [18].
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1. Introduction

Figure 1.3: The evolution of elementary cellular automata obeying different update
rules with periodic boundary conditions, where dark (light) squares indicate state
zero (one). The initial condition is a single cell with state one. The horizontal axis
is the discrete positions of the cells. The vertical axis is the discrete time. Using
Wolfram’s naming convention, the shown update rules are rule 4, 30, and 110 from
left to right.

that edge. Thus, each node has 2b possible states. Due to the Boolean nature of the
particles, LGCA obey Fermi-Dirac statistics. Since at most one particle may occupy
the same node and velocity, the particles obey Pauli exclusion. Due to the simple
collision rules, the high degree of parallelization, and relatively few bits required,
LGCA are very computationally efficient.

Later work on LGCA attempted to remove the fermionic properties and restore
Maxwell-Boltzmann statistics. This resulted in the development of the lattice Boltz-
mann method (LBM), which describes the dynamics of the mean number of particles.
These models were first used to simulate fluids by Guy R. McNamara and Gianluigi
Zanetti in 1988 [25], and are still in use today to model complex fluids. There are
also LGCA that remove Pauli exclusion and allow multiple particles to occupy the
same state, such as integer lattice gas cellular automata [26].

The analogy of LGCA to Fermi liquids goes further. In the work of Frisch et al. [27],
the existence of spurious conservation laws is mentioned. Specifically, the authors
bring up that for the FHP model, if one only considers head-on collisions, the dif-
ference in particle numbers in any pair of opposite directions is conserved. This
amounts to three new scalar conservation laws, besides the conservation of mass.
This is very similar to tomographic transport in two-dimensional Fermi liquids,
where head-on scattering gives rise to long-lived odd-parity modes.

6



1. Introduction

1.3 Aim and Purpose
The aim of this thesis is to analyze the spurious conservation laws in LGCA. The
goal is to show that these conserved quantities are equivalent to the long-lived odd-
parity modes found in two-dimensional Fermi liquids. The purpose of the thesis is
to establish a theoretical and computational model that can be used to study simple
tomographic transport.

In Chapter 2, we review the existing work on LGCA. First, we provide the reader
with the basic intuition of this class of models. We describe in detail the mechanics
of HPP and FHP models. We then establish the mathematical formalism to describe
the microscopic dynamics of the model. We introduce the collision function which
describes the collision rules of the models. We then analyze the system using a
probabilistic description. We introduce the lattice Boltzmann approximation and
the linearized collision matrix.

In Chapter 3, we begin our analysis of the spurious conservation laws. We show
that the three spurious scalar conservation laws in the FHP model are equivalent to
the conservation of momentum and a scalar quantity called the hexapolar mode. The
hexapolar mode is the cosine part of the third Fourier mode of a linear perturbation
of the single-particle distribution function. We analyze the microscopic relaxation
rates and show that at low densities, the FHP model exhibits a two-step relaxation
process, analogous to the tomographic effect. We derive the macroscopic equations
of the LGCA, i.e., the Navier-Stokes equations, using a multi-scale expansion similar
to the Chapman-Enskog expansion. We derive an additional equation that describes
the dynamics of the long-lived hexapolar mode, assuming that it is lightly damped.
We analyze the linearized macroscopic equations to find the linear hydrodynamic
modes. We end the chapter by analyzing flow in a channel.

In Chapter 4, we derive a set of macroscopic equations for a two-dimensional
Fermi liquid. Using adiabatic elimination, we derive an equivalent set of PDEs to
the LGCA with a long-lived hexapolar mode, although to linear order in the pertur-
bations and without the lattice artifacts. We explain how to go from the hexapolar
Fermi liquid equation to the hexapolar lattice gas equation, and the failures of the
LGCA to model tomographic dynamics.

In Chapter 5, we conclude the thesis by discussing the applicability of using lattice
gas models to simulate tomographic Fermi liquids. We then offer some possible
future research directions for LGCA in condensed matter physics, as well as use
cases for our derived Fermi liquid equations.

7
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2
Lattice Gas Cellular Automata

Background

This chapter introduces the existing body of work on LGCA. The theory in this
chapter is derived from the work of Frisch et al. [27]. The article by Hasslacher [28]
serves as an introduction to LGCA while providing a background on the relevant
kinetic theory. The article also contains illustrations of lattice gas simulations in
different flow scenarios. The book by Wolf-Gladrow [29] introduces cellular automata
and covers a large number of different lattice gas and lattice Boltzmann models.

Going forward, the terms lattice gas cellular automaton, lattice gas automaton,
lattice gas, and automaton will be used interchangeably. Similarly, the terms site
and node are used interchangeably. The former term is preferred while the latter is
used in conjunction with the term edge in order to describe the lattice as a graph.
The term cell is instead used to describe a specific velocity channel at a site.

2.1 The HPP Model and FHP Models
Before delving into the theory, let us discuss how a lattice gas automaton works. To
this aim, in the following we describe and illustrate the dynamics of LGCA, starting
with the HPP model. In the HPP model, a number of particles occupy the sites
of a 2D lattice. The particles are identical, have unit mass and move with a single
speed c. The lattice here is a square grid. Each lattice site is connected to four
neighboring sites to its north, east, south, and west. These directions constitute the
four velocity channels that the particles are allowed to move along. Importantly, at
a given site, at most one particle is allowed to occupy a velocity channel. In other
words, an occupied velocity channel, or cell, constitutes a particle. This is a general
feature of this class of models and prescribes the exclusion principle. As such, the
occupation of each site can be represented by four bits. Empty cells are referred to
as holes.

The dynamics is discrete in time with a unit time step and discrete time instant
denoted by t∗. The dynamics can be split into two steps: collisions and streaming.
Collisions occur on each site locally and are designed to conserve the local total mass
(or simply particle number or particle density) and total momentum. Note that the
conservation of energy is redundant here: the particle speed is fixed, making the
conservation of mass equivalent to the conservation of energy. This limits collisions
to configurations with two particles of opposite velocities. After scattering, the two
particles rotate by 90◦, flipping the occupation of the four velocity channels (see

9



2. Lattice Gas Cellular Automata Background

Fig. 2.1). During the streaming step, also called the propagation step, the particles
simply translate to the neighboring lattice site in the direction of their velocity
channel. An illustration of the evolution of the HPP model for a single time step is
seen in Fig. 2.2.

Input configuration Output configuration

a)

b)

Figure 2.1: Collision rules for the HPP model. The arrows represent the occupied
velocity channels.

Time t∗ Time t∗ + 1

Figure 2.2: The evolution of the HPP model for a single time step. The inter-
sections of the dashed lines are lattice sites and the arrows denote particles. The
directions of the arrows are aligned with the respective velocities of the particles.
Particles with the same color are located on the same lattice site at time t∗. The
particles are illustrated to be placed on the edges during propagation and on the
lattice sites during collisions. Two collisions are shown in the figure (the blue and
orange particles). Note that some pairs of particles with opposite momenta appear
to pass through one another, for instance the green and red particles. This is a
consequence of the discrete nature of the model, as the particles are not at the same
lattice site at the time of the collision step.

It turns out that when deriving the macroscopic equations of the HPP model
some terms do not have the same tensor structure as the ones found in the Navier-
Stokes equations [27]. The reason for this has to do with the square lattice. The
FHP model meanwhile with its triangular lattice retrieves the correct tensors in
its macroscopic equations. The additional symmetry axis of the triangular lattice
means that many more scattering configurations are possible.

Historically, the collision rules of the FHP model have been categorized into three
different variants [27]. We will focus on the one called FHP-I, which has four types

10



2. Lattice Gas Cellular Automata Background

of collisions. These are two-body collisions (see Fig. 2.3(a)), four-body collisions
(see Fig. 2.3(b)), asymmetric three-body collisions (see Fig. 2.3(c)), and symmetric
three-body collisions (see Fig. 2.3(d)).

In a two-body collision, there are two possible outcomes which represent a rota-
tion by 30◦ clockwise or counterclockwise. The four-body collisions are equivalent
to swapping the particles and the holes in two-body collisions. These collisions
make the model particle-hole symmetric. Both types of three-body collisions are
deterministic. The two-body, asymmetric three-body, and four-body collisions are
head-on collisions. The evolution of the FHP-I model for a single time step is shown
in Fig. 2.4.

In contrast to the HPP model, which is fully deterministic, the FHP model has
non-deterministic collisions. We have introduced the probabilities p2, p3s, p3a, and
p4 to have two-body, symmetric three-body, asymmetric three-body, or four-body
collisions.

Input configuration Output configurations

a)
1− p2

or

p2/2

or

p2/2

b)
1− p3s

or

p3s

c)
1− p3a

or

p3a

d)
1− p4

or

p4/2

or

p4/2

Figure 2.3: Types of collisions in the FHP-I model. The value above each output
state is its transition probability, given the input state.

11



2. Lattice Gas Cellular Automata Background

Time t∗

C7−→ S7−→

Time t∗ + 1

Figure 2.4: The evolution of the collision-saturated FHP-I model for a single
timestep. The intersections of the dashed lines are lattice sites and the arrows denote
particles. The directions of the arrows are aligned with the respective velocities of
the particles. Particles with the same color are located on the same lattice site at
time t∗. All four types of collisions are illustrated. These are two-body collisions
with zero spectators (the blue and orange particles), three-body collisions (the green
particles), two-body collisions with two spectator particles (the brown particles), and
asymmetric three-body collisions (the pink particles).

2.2 Mathematical Formalism
We introduce a mathematical formalism to describe LGCA as a general class of
hydrodynamic models. We assume the lattice is a d-dimensional Bravais lattice
L. We will later restrict ourselves to two-dimensional systems with d = 2. The
lattice has sites, or nodes, interconnected by edges to their nearest neighbors. The
lattice sites have a position vector r∗ which is a linear combination of d independent
generating vectors with integer coefficients.

Although LGCA with multiple allowed speeds have been studied [29], we will
restrict ourselves to particles with a single speed, such as the HPP and FHP models.
There are also models that incorporate rest particles with zero velocity. This includes
both the FHP-II and FHP-III variants. We will not consider rest particles in this
analysis.

We assume that there are b velocity vectors cj for j = 0, 1, . . . , b − 1 with equal
modulus c. For a site r∗ ∈ L, the nearest set of neighbors is the set of r∗ + cj for
all j. Using the unit time step τ , we have the lattice constant cτ . Further, any
two sites can be connected by a finite chain of nearest neighbors. For a regular
two-dimensional lattice, the velocity vectors are defined as

cj = c

cos(θj)
sin(θj)

 , for j = 0, 1, . . . , b− 1, (2.1)

where b is the number of outgoing edges at each site and

θj = 2πj
b
. (2.2)
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2. Lattice Gas Cellular Automata Background

Let the discrete time instant be denoted as t∗. We can represent the occupation
state of each lattice site as a vector

n(t∗, r∗) = {nj(t∗, r∗) ∈ {0, 1}, j = 0, 1, . . . , b− 1}, (2.3)

where the elements nj, referred to as cells, are Boolean variables. There are 2b

possible particle configurations at each site, which is the number of possible b-bit
words. The particle in cell j has velocity cj.

To treat collisions, we introduce the collision transition probability A(s′ ← s) ≥ 0.
It describes the probability of transitioning from an in-state s ∈ {0, 1}b to an out-
state s′ ∈ {0, 1}b. The transition probability is node independent and normalized
to one, such that ∑

s′
A(s′ ← s) = 1, ∀s. (2.4)

Any real vector a ∈ Rb that satisfies∑
j

(s′
j − sj)A(s′ ← s)aj = 0, ∀j, s, s′ (2.5)

represents a conservation law. Eq. (2.5) states that the weighted sum, or observable,∑
j ajsj stays constant after applying collisions and is thus conserved. For hydro-

dynamic lattice gases, the only allowed values for the collision invariant vectors aj

are aj ∝ 1, cj1, . . . , cjd for all j, which are related to conservation of density and
momentum. We further assume that the collisions satisfy semi-detailed balance,
such that ∑

s
A(s′ ← s) = 1, ∀s′. (2.6)

Eq. (2.6) and semi-detailed balance can be interpreted as saying that if every
state has equal probability before collision, this remains true after collision.

Microdynamical Equations
In this section, we describe the microscopic dynamics of lattice gas cellular automata.
The dynamics consists of collisions and propagation of the Boolean field n introduced
in Eq. (2.3). We begin by writing the update of the HPP model in arithmetic form.
This is done by introducing a collision function ∆j(n) such that the propagated
state nj(t∗ + 1, r∗ + cj) only depends on the previous state at the neighboring cell
nj(t∗, r∗). Using the collision function, we write the update equation of nj as

nj(t∗ + 1, r∗ + cj) = nj(t∗, r∗) + ∆j(n). (2.7)

This equation is called the microdynamical equation. The collision function can take
the values 0 or ±1, thus leaving the Boolean variable unchanged or incrementing or
decrementing it by one. The propagation step is simply a translation r∗ 7→ r∗ + cj.

For the HPP model, the collision function is written as

∆j(n) = nj+1nj+3(1− nj)(1− nj+2)− njnj+2(1− nj+1)(1− nj+3), (2.8)

13



2. Lattice Gas Cellular Automata Background

which holds for arbitrary indices modulo b, r∗ ∈ L, and integer t∗. The function is
fully deterministic. The first term is the gain term for bit j, which flips the bit from
zero to one if both bits j and j + 2 are empty and both bits of the opposite pair
j + 1 and j + 3 are occupied (right column in Fig. 2.1). The second term is the loss
term for bit j. It is negative one if both bits j and j + 2 are unity and the opposite
bits j + 1 and j + 3 are zero (left column in Fig. 2.1).

Unlike the HPP model, the collision function of FHP-I is non-deterministic. The
full expression of the function including all four collision types is quite long. One can
write a collision function with only two-body collisions and symmetric three-body
collisions (Fig. 2.3 (a) and (d)) as

∆j(n) = ξt∗r∗nj+1nj+4(1− nj)(1− nj+2)(1− nj+3)(1− nj+5)

+ (1− ξt∗r∗)nj+2nj+5(1− nj)(1− nj+1)(1− nj+3)(1− nj+4)

− njnj+3(1− nj+1)(1− nj+2)(1− nj+4)(1− nj+5)

+ nj+1nj+3nj+5(1− nj)(1− nj+2)(1− nj+4)

− njnj+2nj+4(1− nj+1)(1− nj+3)(1− nj+5), (2.9)

where we have introduced the random Boolean variable ξt∗r∗ to account for the non-
deterministic outcomes of the two-body collisions. The spatial dependence of ξt∗r∗

ensures that only a single outcome configuration is possible at a given lattice site.
This outcome should not be static throughout time, hence the time dependence.
The first two terms of the function describe the two gain terms of the two-body
collision, which is where the ξt∗r∗ enters (right column of Fig. 2.3(a)). The third
term is the loss term of the two-body collision (left column of Fig. 2.3(a)). The
fourth and fifth terms are the gain and loss terms of the three-body collision (right
and left columns of Fig. 2.3(d)), respectively.

Both the HPP and FHP-I models are invariant under discrete lattice rotations.
This means that no lattice direction is preferred.

The collision function can be generalized for arbitrary non-deterministic models.
For an arbitrary input and output pair (s, s′), we define the random Boolean variable
ξs′s(t∗, r∗). This variable determines the outcome of transitioning to s′ from state
s. We will omit the space and time dependence for brevity and assume that the
average of ξs′s has the form

⟨ξs′s⟩ = A(s′ ← s), ∀s, s′, (2.10)

and it is normalized to one as ∑
s′
ξs′s = 1, ∀s. (2.11)

Using this variable, and treating the propagation the same as before, we can
define the update step as

nj(t∗ + 1, r∗ + cj) =
∑
ss′
s′

jξs′s

[∏
k

nsk
k (1− nk)1−sk

]
. (2.12)
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2. Lattice Gas Cellular Automata Background

where we define 00 = 1. Since ξs′s is Boolean, a single outcome is selected over the
summation of all possible pairs (s, s′). The product factor in the square bracket
ensures that the pattern of n matches that of the input state s, and the s′ factor
sets the output bits of n(t∗ + 1). From this, one may read off the identity∑

s
sj

∏
k

nsk
k (1− nk)1−sk = nj. (2.13)

Using Eq. (2.13), the update step in Eq. (2.12) can be written as

nj(t∗ + 1, r∗ + cj) = nj(t∗, r∗) +
∑
ss′

(s′
j − sj)ξs′s

∏
k

nsk
k (1− nk)1−sk . (2.14)

Using the microdynamical equation (Eq. (2.7)), we identify ∆j(n) as

∆j(n) =
∑
ss′

(s′
j − sj)ξs′s

∏
k

nsk
k (1− nk)1−sk . (2.15)

Local conservation relations of the collision function are described by the equa-
tions ∑

j

∆j(n) = 0, ∀n ∈ {0, 1}b, (2.16)

∑
j

cj∆j(n) = 0, ∀n ∈ {0, 1}b, (2.17)

where Eqs. (2.16) and (2.17) encode the local conservation of particle number and
total momentum, respectively. Using the above equations and Eq. (2.7) one can
derive ∑

j

nj(t∗ + 1, r∗) =
∑

j

nj(t∗, r∗ − cj), (2.18)

∑
j

cjnj(t∗ + 1, r∗) =
∑

j

cjnj(t∗, r∗ − cj). (2.19)

2.3 Probabilistic Description
With the introduced theory, we can describe the dynamics of the noisy Boolean
fields n(t∗, r∗). We want to study the average behavior of the system, preferably
in a way that suppresses the noise. To do this, we introduce the mean occupation
vector

N(t∗, r∗) = {Nj(t∗, r∗) ∈ [0, 1], j = 0, 1, . . . , b− 1}. (2.20)

It is a single-particle distribution function that describes the mean number of
particles that occupy a site r∗ at time t∗. It is defined as the ensemble aver-
age of the occupation numbers of many trajectories on a finite lattice, written as
Nj(t∗, r∗) = ⟨nj(t∗, r∗)⟩. Details on the definition of the ensemble average are found
in Appendix A.2.
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2. Lattice Gas Cellular Automata Background

Conserved Quantities
Using the mean occupations, we define the conserved quantities of the system. These
are the density ρ and the particle current j:

ρ(t∗, r∗) =
∑

j

Nj(t∗, r∗), (2.21)

j(t∗, r∗) =
∑

j

cjNj(t∗, r∗). (2.22)

Since the particles are assumed to have unit mass, ρ and j are equivalent to
the mass density and mass current, or mean momentum. Ensemble averaging the
conservation relations in Eqs. (2.18) and (2.19) gives the mean conservation relations

∑
j

Nj(t∗ + 1, r∗ + cj) =
∑

j

Nj(t∗, r∗), (2.23)

∑
j

cjNj(t∗ + 1, r∗ + cj) =
∑

j

cjNj(t∗, r∗). (2.24)

Further, we define the mean velocity as

u(t∗, r∗) = j(t∗, r∗)/ρ(t∗, r∗). (2.25)

Equilibrium Distribution
Having introduced the mean occupation numbers and the conserved quantities, we
may now write down the equilibrium distribution, or steady-state solutions. As-
suming a finite lattice L with periodic boundary conditions, we can assume that
the steady-state solutions are translation invariant, such that every lattice site has
the same distribution in equilibrium. The derivation of the steady-state solutions is
found in Appendix A.3, in which we define the entropy H:

H = −
∑

j

[Nj lnNj + (1−Nj) ln (1−Nj)] . (2.26)

The entropy is non-decreasing over time. Since the equilibrium is translation
invariant, summing the local entropy H(N) over every lattice site gives the global
entropy, which is also non-decreasing over time. Maximizing the entropy gives the
Fermi-Dirac distributed equilibrium solutions N eq

j :

N eq
j = 1

1 + exp (h+ q · cj)
, (2.27)

where h ∈ R and q ∈ Rd are Lagrange multipliers. Since the particles obey Pauli
exclusion, it is natural that their equilibrium distribution is Fermi-Dirac.

For an equilibrium with u = 0, there is no dependence on the directional index
j. In this case, we get an isotropic equilibrium distribution Nj = ρ/b.
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2. Lattice Gas Cellular Automata Background

Lattice Boltzmann Approximation
The LHS of Eq. (A.23) resembles the collision function, as defined in Eq. (2.15),
only evaluated with nj and ξs′s replaced with their respective averaged quantities
Nj and A(s′ ← s). Meanwhile, the RHS of Eq. (A.23) is zero since there is no change
to the mean occupations at equilibrium. Inspired by this, we aim to derive a time
evolution of the mean occupations Nj. By ensemble averaging the microdynamical
equation (Eq. (2.7)) one gets

Nj(t∗ + 1, r∗ + cj) = Nj(t∗, r∗) + Ωj(N), (2.28)

where Ωj (N(t∗, r)) is the lattice Boltzmann collision function, written as

Ωj(N) =
∑
ss′

(s′
j − sj)A(s′ ← s)

∏
k

N sk
k (1−Nk)1−sk . (2.29)

The dynamics described by Eqs. (2.28) and (2.29) are referred to as the lattice
Boltzmann approximation [27, 30]. This approximation assumes what is known
as molecular chaos, or the Stoßzahlansatz, which assumes that particles collide
frequently enough such that their velocities are uncorrelated and independent of
position.

One can further approximate by assuming that the velocity is small (|u| ≪ c) such
that we are close to the isotropic equilibrium. Linearizing Ωj(N) around Nj = ρ/b
leads to

Nj(t∗ + 1, r∗ + cj) = Nj(t∗, r∗) +
∑

k

LjkNk(t∗, r∗), (2.30)

where Ljk is the b× b linearized collision matrix with elements

Ljk =
[
∂Ωj

∂Nk

]
Nj=ρ/b

. (2.31)

Using the derivation by Hénon [31], we can write the elements of L as

Ljk = −1
2
∑
ss′

(sj − s′
j)A(s′ ← s)n̄ρ(s)−1(1− n̄)b−ρ(s)−1(sk − s′

k), (2.32)

with ρ(s) = ∑
j sj and

n̄ = ρ

b
. (2.33)

The FHP-I collision rules are invariant under reflections. Since the collision
matrix is linearized around the isotropic equilibrium, the symmetries of the collision
function are inherited by the linearized collision matrix. This implies that L is
symmetric, such that the matrix elements Lj,k = Lj,b−k. Importantly, symmetric
matrices have real eigenvalues. Since L has real-valued matrix elements (Eq. (2.32)),
it satisfies

L∗ = L, (2.34)
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2. Lattice Gas Cellular Automata Background

where L∗ is the complex conjugate of L.
The collision rules are also invariant under discrete lattice rotations. Conse-

quently, the matrix elements depend only on the relative velocity channel orienta-
tion, j − k. This implies that L is circulant. Circulant matrices are square matrices
that have rows that are all composed of the same elements, where each row is right-
shifted by one element relative to the preceding row. This is also confirmed by
computing the terms using Eq. (2.32). Circulant matrices have eigenvectors ψm

that are discrete Fourier modes, given by

ψm = 1√
b

(
1 eiθ1m eiθ2m · · · eiθb−1m

)
, for m = 0, 1, . . . , b− 1, (2.35)

where b is the number of rows or columns of the matrix, i is the imaginary unit, and
the angle θj is given by (2.2). The elements of the eigenvectors satisfy

eiθj(b−m) = ei2πj︸ ︷︷ ︸
=1

e−iθjm = e−iθjm (2.36)

for any integer j. This means that

ψm = ψ∗
−m, (2.37)

where ψ∗ is the complex conjugate of ψ and −m is modulo b due to the cyclic nature
of the discrete Fourier modes. The eigenvalues λm of circulant matrices are given
by

λm =
b−1∑
j=0
L0je

−iθjm, for m = 0, 1, . . . , b− 1, (2.38)

where L0j is the first row of the circulant matrix. Using Eqs. (2.34) and (2.37), one
finds that

λmψm = Lψm

= Lψ∗
−m

=
(
Lψ−m

)∗

=
(
λ−mψ−m

)∗

= λ∗
−mψm. (2.39)

Since the eigenvalues are real, it is clear from Eq. (2.39) that

λm = λ−m. (2.40)
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3
Tomographic Lattice Gas

Dynamics

Frisch et al. [27] noted, during the development of the FHP model, that only includ-
ing two-body collisions gives rise to an additional “spurious” conserved quantity. By
evaluating the FHP-I collision function (Eq. (2.9)) with only two-body collisions and
no symmetric three-body collisions, one indeed finds that the difference in number
of particles in pairs of opposite directions, given by

nj − nj+3, for j = 0, 1, 2, (3.1)

are independently conserved. This is evident from inspecting Fig. 2.3, where it is
clear that head-on collisions preserve the total particle flux along the three direc-
tions on the lattice. This is verified by the fact that ∆j(n) satisfies the equations
0 = ∆j(n) − ∆j+3(n) for all n ∈ {0, 1}b when excluding symmetric three-body
collisions. Since this is not a physical behavior in the hydrodynamic regime, these
conserved modes need to be removed to retrieve hydrodynamic behavior. To achieve
this, symmetric three-body collisions were added, which introduces an exchange of
momentum between all velocity channels. Furthermore, introducing rest particles
or multiple allowed speeds also removes these modes.

In Sec. 3.1, we introduce the physical basis vectors to represent the mean oc-
cupations. We analyze the linearized collision matrix and the decay rates of its
eigenvalues. We find that at low densities, the lattice gas exhibits a two-step re-
laxation process, with a long-lived scalar quantity ϕ, called the hexapolar mode.
In Sec. 3.2, we analyze the three conserved scalar quantities. We find that these
are equivalent to the conservation of momentum and the hexapolar mode. We dis-
cuss the connection to long-lived collective modes found in two-dimensional Fermi
liquids.

In Sec. 3.3, we derive a quasi-equilibrium distribution with a dynamic hexapolar
mode. We derive a small perturbation approximation to the distribution, up to
second order in the small parameters, the density fluctuation δρ, velocity u, and
hexapolar mode ϕ. In Sec. 3.4, we derive a set of macroscopic equations of motion of
the density, momentum, and hexapolar mode. We assume that the hexapolar mode
is long-lived but lightly damped. These equations are equivalent to the continuity
and Navier-Stokes equations used in fluid mechanics, although modified to include
ϕ. We find that the hexapolar mode introduces anisotropic diffusive and advective
terms.

In Sec. 3.5, we analyze the hydrodynamic modes of the linearized macroscopic
equations. We assume that the small parameters are plane waves. We find the usual
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3. Tomographic Lattice Gas Dynamics

two acoustic modes and two anisotropic diffusive modes. For a conserved hexapolar
mode, we find that one of these diffusive modes is zero for wave vectors with certain
angles. Finally, in Sec. 3.6, we study solutions to the macroscopic equations for flow
in a rectangular channel.

3.1 Physical Basis
Using the linearized lattice Boltzmann approximation introduced in Sec. 2.3, we can
establish a b-dimensional physical basis of the LGCA [30]. In contrast to the mean
occupations Nj which make up the direction basis, the physical basis consists of a
set of vectors that represent physical quantities, such as the density and momentum.
The former is described by the b-long vector 1 consisting of only ones. The latter is
described by the vectors cα = {cjα, for j = 0, 1, . . . , b−1}, where α = 1, . . . , d. Due
to the conservation of density and momentum, these three vectors are eigenvectors
of L and have eigenvalues that are zero:

L · 1 = 0, L · cα = 0. (3.2)

Using the traceless symmetric second-order tensor Qjαβ, defined as

Qjαβ = cjαcjβ −
c2

d
δαβ, (3.3)

we define the stress tensor Sαβ:

Sαβ(t∗, r∗) =
∑

j

QjαβNj(t∗, r∗), (3.4)

where δαβ is the Kronecker delta function. For single-speed LGCA with sufficient
symmetry, the vectors Qαβ = {Qjαβ, for j = 0, 1, . . . , b − 1} are eigenvectors of L
with negative eigenvalues −γ2, where γ2 > 0 [30]. Thus, the stress tensor decays at
a rate γ2, such that

L ·Qαβ = −γ2Qαβ, ∀α, β. (3.5)

Since Qαβ is traceless and symmetric, there are d(d + 1)/2 − 1 independent
invariant vectors for all spatial components. Thus, the physical basis vectors 1,
cα, and Qαβ consist of d(d+ 3)/2 independent vectors of the b-dimensional basis.

For the FHP model with b = 6 and d = 2, the six independent physical basis
vectors are

1 = (1, 1, 1, 1, 1, 1) , Qxx = c2
(1

2 ,−
1
4 ,−

1
4 ,

1
2 ,−

1
4 ,−

1
4

)
,

cx = c
(

1, 1
2 ,−

1
2 ,−1,−1

2 ,
1
2

)
, Qxy = c2

(
0,
√

3
4 ,−

√
3

4 , 0,
√

3
4 ,−

√
3

4

)
,

cy = c

(
0,
√

3
2 ,

√
3

2 , 0,−
√

3
2 ,−

√
3

2

)
, w = (1,−1, 1,−1, 1,−1) . (3.6)
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3. Tomographic Lattice Gas Dynamics

Since the density, momentum, and stress make up five out of the six independent
degrees of freedom, the final degree of freedom is determined to be the w vector,
with elements wj = (−1)j for j = 0, 1, . . . , 5. This eigenvector has the negative
eigenvalue −γ3, with γ3 > 0, such that

L ·w = −γ3w (3.7)

This eigenvector represents a perturbation in a scalar quantity that we denote ϕ.
It is defined as

ϕ(t∗, r∗) =
∑

j

wjNj(t∗, r∗), (3.8)

where wj = (−1)j. Since L is circulant, these six eigenvectors are proportional
to the Fourier modes (Eq. (2.35)). We show this explicitly by assuming a small
perturbation δNj such that

Nj(t∗, r∗) = ρ0

6 + δNj(t∗, r∗). (3.9)

Inserting Eq. (3.9) into Eq. (2.30) leads to

Nj(t∗ + 1, r∗ + cj) = Nj(t∗, r∗) +
∑

k

LjkδNk(t∗, r∗). (3.10)

The linearized collision matrix only acts on the perturbation δNj since it is zero
at equilibrium Nj = ρ/b. Since we know that L is symmetric circulant, we know
that its eigenvectors are Fourier modes given by Eq. (2.35). We decompose δNj into
angular harmonics as

δNj =
5∑

m=0
ame

imθj , (3.11)

where am is a complex coefficient. Since the perturbation is real-valued, we remove
the imaginary parts by decomposing the exponential factors into cosine and sine
factors. Writing am = Am + iBm, where both Am and Bm are real, and using
Eq. (2.36) leads to

δNj = A0 + iB0 +
2∑

m=1
[(Am + A−m) cos(mθj)− (Bm −B−m) sin(mθj)]

+ i
2∑

m=1
[(Am − A−m) sin(mθj) + (Bm +B−m) cos(mθj)] ,

+ A3 cos(3θj)−B3 sin(3θj) + i [A3 sin(3θj) +B3 cos(3θj)] (3.12)

where a6−m = a−m since the relation in Eq. (2.36) holds. Note that sin(3θj) =
sin(πj) = 0 for all integers j. For δNj to be real, we need that B0 = B3 = 0. We
also need that A−m = Am and B−m = −Bm. This means that a−m is the complex
conjugate of am, i.e., a−m = a∗

m. This leads to

δNj = A0 + 2
2∑

m=1
[Am cos(mθj)−Bm sin(mθj)] + A3 cos(3θj). (3.13)
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Figure 3.1: The figure shows individual angular harmonic perturbations around
the isotropic equilibrium Nj = ρ/6 with ρ = 3.6.

We identify the physical meaning of the different terms. The A0 term is propor-
tional to the 1 vector and represents a shift in density. The A1 and B1 terms are
proportional to the vectors cjx and cjy, as is evident from Eq. (2.1), and represent
a shift in the momentum. The A2 and B2 terms are proportional to the two inde-
pendent vectors Qjxx = (c2/2) cos(2θj) and Qjxy = (c2/2) sin(2θj), as can be seen
by from inserting Eq. (2.1) into Eq. (3.3) and setting α = β = x and α = x, β = y
respectively. These represent a shift in the two independent elements of the stress
tensor, Sxx and Sxy. Finally, the A3 term is proportional to the w vector, since
cos(3θj) = cos(πj) = wj, and represents a shift in the quantity ϕ. Since cos(3θ) has
six extrema in the range θ ∈ [0, 2π), we call ϕ the hexapolar mode.

The coefficients can thus be relabeled as A0 = δρ/6, A1 = jx/3 and −B1 = jy/3
with jα = (ρ0 + δρ)uα, A2 = Sxx/3 and −B2 = Sxy/3, and A3 = ϕ/6, such that

δNj = δρ

6 + 2
3(ρ0 + δρ)cjαuα + 4

3QjxαSxα + wj
ϕ

6 , (3.14)

where we sum over repeated Greek indices1.
The perturbations of the quantities ρ, jα, Sαβ, and ϕ in Eq. (3.14) correspond

to angular harmonic perturbations of the isotropic equilibrium distribution. These
perturbations are proportional to the vectors that make up the physical basis of the
linearized collision matrix mentioned in Sec. 2.3. The perturbative effects on the
distribution function are visualized in Fig. 3.1.

Relaxation Rates
Using Eqs. (2.32) and (2.38), we compute the eigenvalues −γm of L, shown in
Tab. 3.1 and Fig. 3.2. The probabilities p2, p3s, p3a, and p4 are explained in Fig. 2.3.
In the FHP-I model, the probabilities are all unity, i.e., p2 = p3s = p3a = p4 = 1.
From Eq. (2.40), we know that γ−m = γm. The collisions conserve density and
momentum, so γ0 = γ1 = 0. The stress tensor decays with rate γ2 and the hexapolar
mode decays with rate γ3.

1This notation is called Einstein notation or the Einstein summation convention. It was first
introduced by Albert Einstein in 1916 in his foundation of general relativity.
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Figure 3.2: Eigenvalues of the linearized collision matrix L around the isotropic
equilibrium distribution Nj = ρ0/6.

These rates have different leading-order asymptotics for low densities n̄ ≈ 0. At
low densities, γ3 increases quadratically with n̄ while γ2 increases linearly with n̄.
Thus, at low densities, ϕ becomes parametrically more long-lived than the stress
tensor, by a factor 1/n̄. Since the hexapolar mode is an odd-parity Fourier mode,
this effect is analogous to the tomographic effect found in two-dimensional Fermi
liquids.

However, there are issues with reducing the density to get a long-lived ϕ. In the
small ρ0 limit, the molecular chaos ansatz breaks down. With few particles and
collisions, the assumption that particle velocities are uncorrelated is no longer true.

m γm γm

∣∣∣
ρ0=0

0 0 0
1 0 0
2 3p2n̄(1− n̄)3 + 12p3an̄

2(1− n̄)2 + 3p4n̄
3(1− n̄) 3p2n̄

3 6p3sn̄
2(1− n̄)2 6p3sn̄

2

Table 3.1: Eigenvalues −γm of the linearized collision matrix L.

To demonstrate the two-step relaxation process and breakdown of molecular
chaos, we simulated the FHP-I model with particle densities (Fig. 3.4). We used a
400×400 lattice with nodes placed uniformly on a square with wraparound periodic
boundary conditions (Fig. 3.3). The three simulations show an increasing separation
of lifetimes between the stress tensor elements, Sxx and Sxy, and the hexapolar mode
ϕ when ρ0 decreases. However, for ρ0 = 0.01, the perturbations initially follow the
decay rates of their respective eigenvalues until they reach a sudden plateau.
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3. Tomographic Lattice Gas Dynamics

Figure 3.3: A schematic of the square lattice used to simulate the two-step relax-
ation process. Circles represent lattice sites and lines represent edges to neighboring
sites. Dashed lines represent edges at the periodic boundaries. For instance, the
two lines sharing the same color (blue, yellow, or green) represent the same edge.
However, the two red lines are not the same edge, unless it is a 4× 4 lattice.
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Figure 3.4: The resulting stress tensor elements, Sxx and Sxy, and hexapolar mode
ϕ for three different background particle densities ρ0, with c = 1 and ux = uy =
δρ = 0. We use a 400 × 400 lattice with periodic boundary conditions (Fig. 3.3).
The mean occupations Nj were computed by ensemble averaging the occupations nj

over all lattice sites. At time t = 0, the small perturbations started with the values
0.1ρ0. The solid lines show the predicted decays of the stress tensor elements and
the hexapolar mode using their respective eigenvalues, −γ2 and −γ3.
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3.2 “Spurious” Conservation Laws
We return to the initial hook of this chapter: without symmetric three-body colli-
sions, the FHP model has the three additional conserved scalar quantities (Eq. (3.1)).
This raises two questions: Are the collision invariant vectors describing the conser-
vation of density and momentum linearly independent of the invariants? And how
many conservation laws are there in addition to the conservation of density and
momentum?

We begin by inspecting the linear independence of the spurious conservation laws
from the physical basis vectors, given by Eq. (3.6). These basis vectors are pairwise
orthogonal with respect to the scalar product, such that for any pair of invariant
vectors their scalar product is zero. This in turn means that they are linearly
independent.

We define the three vectors related to the spurious conservation laws in Eq. (3.1)
as

v1 = (1, 0, 0,−1, 0, 0) ,

v2 = (0, 1, 0, 0,−1, 0) ,

v3 = (0, 0, 1, 0, 0,−1) . (3.15)

These vectors are also pairwise orthogonal with respect to the scalar product,
and are thus linearly independent. Since they are linearly independent, the three
vectors have a span with dimensionality three: dim span{v1,v2,v3} = 3.

By computing the pairwise scalar products between the physical basis vectors
(Eq. (3.6)) and the spurious invariant vectors (Eq. (3.15)), we find that the only
nonzero scalar products are cx · v1, cx · v2, cx · v3, cy · v2, cy · v3, w · v1, w · v2, and
w · v3. Since the spurious invariants are not orthogonal to the velocity vectors and
w, we need to check for linear dependence. Indeed, we see that

cx = c
(

v1 + 1
2v2 −

1
2v3

)
,

cy =
√

3
2 c (v2 + v3) ,

w = v1 − v2 + v3. (3.16)

Since cx, cy, and w are linearly dependent on the spurious vectors, they span a
subspace of the span of the spurious vectors, i.e., span{cx, cy,w} ⊆ span{v1,v2,v3}.
However, since they are also linearly independent vectors, their span also has di-
mensionality three: dim span{cx, cy,w} = 3. Any subspace of the same finite
dimensionality must be equal, so the two sets of vectors span the same subspace:
span{cx, cy,w} = span{v1,v2,v3}.

Since the subspace spanned by the spurious vectors is fully conserved, the sub-
space spanned by the velocity vectors and w must be conserved. The spurious
conservation laws are thus equivalent to the conservation of momentum and the
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scalar conservation law

0 =
∑

j

wj∆j(n), ∀n ∈ {0, 1}b, (3.17)

where ∆j(n) is the collision function given by Eq. (2.15). By this conservation law,
the scalar quantity ϕ (defined in Eq. (3.8)) is conserved.

Looking back at the eigenvalues (Tab. 3.1), this fact becomes rather obvious. The
decay rate of the hexapolar mode, γ3, is directly proportional to the probability of
symmetric three-body scattering p3. Setting p3 = 0 thus conserves ϕ.

Therefore, we have two ways of reducing symmetric three-body scattering to
create a long-lived hexapolar mode. To set γ3 ≪ γ2, we can either reduce the
density, or set p3 ≪ 1 while keeping the head-on scattering processes fast. The
latter method is preferable since reducing the density causes the breakdown of the
molecular chaos ansatz, which makes the particles behave ballistically rather than
hydrodynamically.

3.3 Quasi-Equilibrium

In this section, we derive the equilibrium distribution of the mean occupations N eq
j

with the assumption that ϕ is long-lived. In Sec. 2.3, the equilibrium distribution
was introduced. It is translation invariant and Fermi-Dirac distributed. Further,
the local entropy H is introduced and defined in Eq. (2.26). Due to translation
invariance, maximizing entropy locally subject to the long-lived quantities ρ, ρu
and ϕ yields the equilibrium distribution N eq

j . The maximization is performed using
Lagrange multipliers with the Lagrangian function,

L = H + h

ρ−∑
j

Nj

+ q ·

ρu−∑
j

cjNj

+ z

ϕ−∑
j

wjNj

 , (3.18)

where h ∈ R, q ∈ R2, and z ∈ R are Lagrange multipliers that depend on ρ, u,
and ϕ. To maximize the Lagrangian, we evaluate the partial derivative of L with
respect to Nj as

∂L

∂Nj

= − ln Nj

1−Nj

− h− qαcjα − zwj. (3.19)

Setting the partial derivative in Eq. (3.19) to zero and solving for Nj in terms of
the Lagrange multipliers yields a Fermi-Dirac distribution of the form

N eq
j = 1

1 + exp (h+ q · cj + zwj)
. (3.20)

The equilibrium distribution without the hexapolar deformation is recovered by
setting z to zero.
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Small Perturbation Approximation
To determine the Lagrange multipliers in Eq. (3.20), we derive a small perturbation
approximation of the equilibrium distribution. We assume that the mean density has
a small perturbation δρ such that ρ = ρ0 + δρ where |δρ| ≪ 1. The mean velocity
|u| = u ≪ c and the hexapolar mode |ϕ| ≪ 1 are also small. We closely follow
the derivation outlined by Frisch et al. [27] and begin by expanding the Lagrange
multipliers in small δρ, u, and ϕ. This task is simplified by considering that parity
invariance conserves occupation numbers when cj,u 7→ −cj,−u, such that
N eq

j (ρ,−u, ϕ) = N eq
j (ρ,u, ϕ) = fFD (h(ρ,−u, ϕ) + q(ρ,−u, ϕ) · (−cj) + z(ρ,−u, ϕ)wj)

= fFD (h(ρ,u, ϕ) + q(ρ,u, ϕ) · cj + z(ρ,u, ϕ)wj) ,
(3.21)

where fFD is the Fermi-Dirac distribution function, defined as

fFD(x) = 1
1 + ex

. (3.22)

This means that h and z are even in u while q is odd in u:
h(ρ,−u, ϕ) = h(ρ,u, ϕ),

q(ρ,−u, ϕ) = −q(ρ,u, ϕ),

z(ρ,−u, ϕ) = z(ρ,u, ϕ). (3.23)
Further, the distribution is also invariant when wj, ϕ 7→ −wj,−ϕ, such that

Nj(ρ,u,−ϕ) = Nj(ρ,u, ϕ) = fFD (h(ρ,u,−ϕ) + q(ρ,u,−ϕ) · cj + z(ρ,u,−ϕ)(−wj))

= fFD (h(ρ,u, ϕ) + q(ρ,u, ϕ) · cj + z(ρ,u, ϕ)wj) ,
(3.24)

which means that h and q are even in ϕ while z is odd in ϕ:
h(ρ,u,−ϕ) = h(ρ,u, ϕ),

q(ρ,u,−ϕ) = q(ρ,u, ϕ),

z(ρ,u,−ϕ) = −z(ρ,u, ϕ). (3.25)
We now Taylor expand h(ρ,u, ϕ) in small δρ, u and ϕ, up to second order in the

small parameters, which leads to

h(ρ,u, ϕ) = h(ρ0, 0, 0) + ∂δρh

∣∣∣∣
δρ,u,ϕ=0

δρ+ 1
2∂

2
δρh

∣∣∣∣
δρ,u,ϕ=0

δρ2 + 1
2∂uα∂uβ

h
∣∣∣∣
δρ,u,ϕ=0

uαuβ

+ 1
2∂

2
ϕh
∣∣∣∣
δρ,u,ϕ=0

ϕ2 +O(δ3)

= h(0)(ρ0) + h(δρ)(ρ0)δρ+ h(δρ,δρ)(ρ0)δρ2 + h
(u,u)
αβ (ρ0)uαuβ

+ h(ϕ,ϕ)(ρ0)ϕ2 +O(δ3)

= h(0)(ρ0) + h(δρ)(ρ0)δρ+ h(δρ,δρ)(ρ0)δρ2 + h(u,u)(ρ0)u2

+ h(ϕ,ϕ)(ρ0)ϕ2 +O(δ3), (3.26)
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where repeated Greek indices are summed over. The notation O(δn) denotes terms
of order n and higher of the small parameters. All odd-ordered terms in u and ϕ
disappear due to h being even in both expanded variables. Note that the tensor
h

(u,u)
αβ is assumed to be proportional to δαβ. According to isotropy arguments made

earlier, this must be the only choice for j-independent second-order tensor. This is
not evident however with the long-lived hexapolar mode. It is however apparent that
this is the correct ansatz for the tensor when we identify the expansion coefficients
in Appendix B.1. The expansion of q is written as

qα(ρ,u, ϕ) = ∂uβ
qα

∣∣∣∣
δρ,u,ϕ=0

uβ + ∂δρ∂uβ
qα

∣∣∣∣
δρ,u,ϕ=0

δρuβ +O(δ3)

= q
(u)
αβ (ρ0)uβ + q

(δρ,u)
αβ (ρ0)δρuβ +O(δ3)

= q(u)(ρ0)uα + q(δρ,u)(ρ0)δρuα +O(δ3), (3.27)

where only terms that are odd in u and even in ϕ are nonzero. To second order, only
the term linear in u survives. Similarly, the second-order tensor q(u)

αβ is proportional
to δαβ. Lastly, the expansion of z is

z(ρ,u, ϕ) = ∂ϕz

∣∣∣∣
δρ,u,ϕ=0

ϕ+ ∂δρ∂ϕz
∣∣∣∣
δρ,u,ϕ=0

δρϕ+O(δ3)

= z(ϕ)(ρ0)ϕ+ z(δρ,ϕ)(ρ0)δρϕ+O(δ3), (3.28)

where only terms that are odd in ϕ and even in u are nonzero. To second order,
only the term that is linear in ϕ survives. In the following, we drop the dependence
on ρ0 in the expansion coefficients.

The equilibrium distribution for ρ = ρ0, u = 0, and ϕ = 0 reduces to ρ0/6,
since there is no dependence on the velocity channel j. Thus, we write the isotropic
equilibrium as

Nj(ρ0, 0, 0) = fFD
(
h(0)

)
= ρ0

6 . (3.29)

We now write an ansatz for the small perturbation equilibrium up to second order
in δρ, u, and ϕ by expanding the Fermi-Dirac distribution around h(0) as

Nj = fFD
(
h(0) + h(δρ)δρ+ h(δρ,δρ)δρ2 + h(u,u)u2 + h(ϕ,ϕ)ϕ2 +

(
q(u) + q(δρ,u)δρ

)
cjαuα

+
(
z(ϕ) + z(δρ,ϕ)δρ

)
wjϕ

)
+O(δ3)

= ρ0

6 + f
(1)
0

[
h(δρ)δρ+ h(δρ,δρ)δρ2 + h(u,u)u2 + h(ϕ,ϕ)ϕ2 +

(
q(u) + q(δρ,u)δρ

)
cjαuα

+
(
z(ϕ) + z(δρ,ϕ)δρ

)
wjϕ

]
+O(δ3)

+ 1
2f

(2)
0

[
(q(u))2cjαcjβuαuβ + 2q(u)z(ϕ)cjαwjuαϕ+ (z(ϕ))2ϕ2

]
+O(δ3), (3.30)

where

f
(k)
0 = dk

dxk
fFD(x)

∣∣∣∣∣
x=h(0)

, for k = 0, 1, 2, . . . . (3.31)
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The derivatives f (1)
0 , f (2)

0 and the expansion coefficients are determined in Ap-
pendix B.1. The coefficients are found by utilizing properties of evaluating sums
involving cjα and wj (Appendix A.1) and the definitions of the mean quantities
(Eqs. (2.21), (2.22), (2.25) and (3.8)). The result is the small perturbation equilib-
rium

N
(0)
j = ρ

6 + wj
ϕ

6 + ρ

3c2 cjαuα + c2G(ρ0)cjαwjuαϕ+ ρ0G(ρ0)Qjαβuαuβ +O
(
δ3
)
,

(3.32)

where ρ = ρ0 + δρ and Qjαβ is given by Eq. (3.3), with

G(ρ0) = 1
3c4

2ρ0 − 6
ρ0 − 6 . (3.33)

A discussion of Eq. (3.32) is warranted. By setting ϕ to zero, one recovers the low-
velocity approximation without the hexapolar deformation, as described by Frisch
et al. [27]. The solution contains a term proportional to wjϕ, which is expected since
this is simply a linear perturbation of the m = 3 mode. This term already appeared
in our physical basis expansion with a small linear perturbation (Eq. (3.14)). The
solution also contains a term proportional to cjαwjuαϕ. This term is nonlinear and
couples the m = ±1 and m = 3 modes, and thus induces nonlinear advection of the
hexapolar mode.

3.4 Macroscopic Equations
In this section, we derive a set of macroscopic equations using a multi-scale expan-
sion. We follow a similar derivation by Frisch et al. [27], while also including a
long-lived hexapolar mode. We assume that the relaxation of the stress tensor is
much faster than the relaxation of the hexapolar mode, such that γ3 ≪ γ2.

To derive the macroscopic equations, we imagine the fluid continuum as a gluing
of local equilibria distributed throughout all of space. These local equilibria depend
on parameters that are slowly varying in space and time, the dynamical quantities
ρ, u, and ϕ.

Consider a lattice with density ρ(t∗, r∗), velocity u(t∗, r∗), and hexapolar mode
ϕ(t∗, r∗) at time t∗ and node r∗. We assume that the quantities vary on a spatial
scale ϵ−1, where ϵ is small enough for the purpose of calculating derivatives. We will
eventually let ϵ → 0. We therefore move from a discrete to a continuous descrip-
tion, and consequently write the continuous time and spatial coordinates as t and r
respectively. Three phenomena of different time scales are expected:

1. Relaxation to local equilibrium on time scale ϵ0,
2. Acoustic and advective effects on time scale ϵ−1,
3. Diffusive, or viscous, effects on time scale ϵ−2.

The assumption that phenomena occur on time scales in powers of ϵ is the name-
sake of the “multi-scale” expansion. It may also be called a Chapman-Enskog ex-
pansion, which is commonly used to go from a kinetic equation to macroscopic
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equations. In Chapman-Enskog theory, the small expansion parameter is called the
Knudsen number. It is the mean free path of the particles divided by the typical
length scale of the system.

We use our small perturbation approximation (Eq. (3.32)), which approximates
the quasi-equilibrium distribution (Eq. (3.20)) up to second order in the small pa-
rameters δρ, u, and ϕ. We therefore capture advective terms up to O(ϵδ2), which is
cubic in ϵ and the small parameters. To be consistent, we only keep diffusive terms
up to O(ϵ2δ).

We use a three-time formalism, t∗, t1 = ϵt∗ and t2 = ϵ2t∗, with the latter two
treated as continuous variables. We use two space variables, r∗ and r1 = ϵr∗. The
former is discrete and the latter is continuous. The mean populations Nj(t, r) are
described by a power series in ϵ as

Nj = N
(0)
j (t, r) + ϵN

(1)
j (t, r) +O(ϵ2). (3.34)

The first term N
(0)
j is the small perturbation approximation based on the local

values of ρ, u, and ϕ, and is defined in Eq. (3.32). The N (1)
j contribute with non-

equilibrium corrections in the linear response regime. These have no effect on the
local density, momentum, or hexapolar mode. These relations are thus written as

∑
j

N
(1)
j (t, r) = 0,

∑
j

cjN
(1)
j (t, r) = 0, and

∑
j

wjN
(1)
j (t, r) = 0. (3.35)

We assume that the lattice Boltzmann approximation holds. We Taylor expand
the first term in the LHS of Eq. (2.28) around t and r up to second-order, replacing
the discrete coordinates with the continuous ones. We write the time derivative as
∂t and space derivatives as ∂r = {∂α, α = 1, . . . , d}:

Nj(t∗ + 1, r∗ + cj) = Nj(t, r) + ∂tNj + cjβ∂βNj + 1
2∂t∂tNj

+ 1
2cjβcjγ∂β∂γNj + cjβ∂t∂βNj +O(∂3Nj). (3.36)

Inserting Eq. (3.36) into the lattice Boltzmann equation (Eq. (2.28)) leads to

∂tNj + cjβ∂βNj + 1
2∂t∂tNj + 1

2cjβcjγ∂β∂γNj + cjβ∂t∂βNj = Ωj(N). (3.37)

Multiplying Eq. (3.37) by 1, cjα, and wj and summing over j leads to

∑
j


1
cjα

wj


[
∂tNj + cjβ∂βNj + 1

2∂t∂tNj + 1
2cjβcjγ∂β∂γNj + cjβ∂t∂βNj

]

=
∑

j


1
cjα

wj

Ωj(N). (3.38)
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The RHS of Eq. (3.38) is the collision term. We linearize the collision function
Ωj(N), which leads to

∑
j


1
cjα

wj


∑

k

LjkNk =
∑

k

∑
j


1
cjα

wj

Ljk

 (N (0)
k + ϵN

(1)
k

)

=
∑

k


0
0

−γ3wj

N (0)
k

=


0
0
−γ3ϕ

 . (3.39)

The vectors 1, cα, and w are eigenvectors of L. Technically, they are left eigen-
vectors of L, which are equivalent to the right eigenvectors since L is symmetric.
Thus, one may replace ∑j Ljk with the corresponding eigenvalues, 0, 0, and −γ3,
inside the square bracket. We used the relations in Eq. (3.35) to remove the N (1)

j

terms.
We now expand the time and space derivatives in powers of ϵ, as

∂t → ϵ∂t1 + ϵ2∂t2 , ∂r → ϵ∂r1 . (3.40)

To account for diffusive effects, terms up to second order in ϵ need to be included.
Inserting the expanded derivatives (Eq. (3.40)) into the conservation relations in
Eq. (3.38) results in the three equations


0
0
−γ3ϕ

 =
∑

j


1
cjα

wj


[
ϵ∂t1N

(0)
j + ϵcjβ∂1βN

(0)
j + ϵ2∂t2N

(0)
j + ϵ2 1

2∂t1∂t1N
(0)
j

+ ϵ2 1
2cjβcjγ∂1β∂1γN

(0)
j + ϵ2cjβ∂t1∂1βN

(0)
j

+ ϵ2∂t1N
(1)
j + ϵ2cjβ∂1βN

(1)
j

]
+O(ϵ3). (3.41)

In the following, we evaluate the sums in Eq. (3.41), first to linear order in ϵ
and then to second order in ϵ. We combine these equations to get the macroscopic
equations for the lattice gas.
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First-Order Corrections
To get the first-order contributions to our macroscopic equations, we collect the
terms in Eq. (3.41) that are linear in ϵ, which leads to

∂t1

∑
j

N
(0)
j + ∂1β

∑
j

cjβN
(0)
j = 0, (3.42)

∂t1

∑
j

cjαN
(0)
j + ∂1β

∑
j

cjαcjβN
(0)
j = 0, (3.43)

∂t1

∑
j

wjN
(0)
j + ∂1β

∑
j

wjcjβN
(0)
j = 0. (3.44)

Using the definitions of the dynamic quantities in Eqs. (2.21), (2.22), (2.25), and
(3.8), we get our analogue for the Euler equations,

∂t1ρ+ ∂1β(ρuβ) = 0, (3.45)

∂t1(ρuα) + ∂1βPαβ = 0, (3.46)

∂t1ϕ+ ∂1βYβ = 0, (3.47)
where Pαβ and Yβ are the momentum- and hexapolar-flux tensors respectively. The
momentum-flux tensor is defined as

Pαβ =
∑

j

cjαcjβN
(0)
j = c2

2 ρδαβ + c2RαβγG(ρ0)uγϕ+ Tαβγδρ0G(ρ0)uγuδ +O
(
ϵδ3
)

(3.48)
where Tαβγδ is a symmetric isotropic fourth-order tensor given by

Tαβγδ =
∑

j

cjαcjβQjγδ, (3.49)

and Qjγδ is given by Eq. (3.3). Here, we have introduced the anisotropic tensor
Rαβγ, defined as

Rαβγ =
∑

j

wjcjαcjβcjγ

= 3c3

2 (δαxδβxδγx − δαxδβyδγy − δαyδβxδγy − δαyδβyδγx) . (3.50)

Eq. (3.48) is derived using properties of sums over j with terms that include
factors of cjα and wj (Appendix A.1). Similarly, the hexapolar flux tensor Yβ is
defined as

Yβ =
∑

j

wjcjβN
(0)
j = 3c2G(ρ0)uβϕ+Rαβγρ0G(ρ0)uγuδ +O

(
ϵδ3
)
, (3.51)

and derived in a similar way.
We now compare our first-order equations to those in [27]. As expected, the

conservation of density leads to the continuity equation Eq. (3.45). The momentum
equation however has a new term that contains anisotropic nonlinear advection of
the ϕ field. The anisotropic coupling is described using the tensor Rαβγ. Conversely,
Yβ has an isotropic advection term for the ϕ field and an anisotropic momentum
advection term.
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Second-Order Corrections
The macroscopic equations to second order in ϵ describe the diffusive dynamics of
ρ, ρu, and ϕ. The derivation of these equations is rather lengthy and is found in
Appendix B.2. To systematically capture the diffusive effects, we neglect terms on
the order of O(ϵ2δ2). The resulting equations are

∂t2ρ = 0, (3.52)

ρ0∂t2uα + Tαβγδ∂1β

[(
ψ(ρ0) + 1

6c2

)
ρ0∂1γuδ

]

+Rαβγ∂1β

(
ξ(ρ0) + 1

12

)
∂1γϕ = O

(
ϵ2δ2

)
, (3.53)

∂t2ϕ+ 3c2∂1β

(
ξ(ρ0) + 1

12

)
∂1βϕ

+Rβγδ∂1β

(
ψ(ρ0) + 1

6c2

)
ρ0∂1γuδ + γ3ϕ = O

(
ϵ2δ2

)
, (3.54)

where ψ(ρ0) and ξ(ρ0) are arbitrary real coefficients. These appear in our ansatz for
N

(1)
j :

N
(1)
j = ψ(ρ0)Qiαβρ0∂1αuβ + ξ(ρ0)cjαwj∂1αϕ, (3.55)

This ansatz emerges when solving for N (1)
j using the continuous lattice Boltzmann

equation (Eq. (3.37)). In Appendix B.2, we show that the coefficients can be written
as

ψ(ρ0) = 1
3c2

∑
jαβ Q

2
jαβ∑

jkαβ QjαβLjkQkαβ

, (3.56)

ξ(ρ0) = 1
6

∑
jα c

2
jαw

2
j∑

jkα cjαwjLjkckαwk

, (3.57)

The first equation (Eq. (3.52)) states that there is no mass diffusion, which is
expected. Mass diffusion occurs in media with several species of particles. These
are classically described by Fick’s laws, where the particle flux of a certain species
is proportional to the gradient of the species’ concentration.

The second equation (Eq. (3.53)) describes momentum diffusion over long time
scales t2. There is a non-hydrodynamic term proportional to Rαβγ. It describes
an anisotropic diffusive coupling to ϕ. The third equation (Eq. (3.54)) describes
diffusion of ϕ over long time-scales and has an anisotropic diffusive coupling to the
momentum.

Transport Coefficients
To determine the coefficients ψ(ρ0) and ξ(ρ0) in Eqs. (3.56) and (3.57), we use our
analysis of the eigenvectors and eigenvalues of the linearized collision matrix L. We
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know that Qjαβ is an eigenvector of L. Indeed, this second-order tensor, written in
matrix form, is

Qjαβ = c2

2

(
cos(2θj) sin(2θj)
sin(2θj) − cos(2θj)

)
. (3.58)

The cos(2θj) and sin(2θj) are the cosine- and sine-factors of the m = 2 Fourier
mode, which decays with rate γ2. Thus, Eq. (3.56) reduces to

ψ(ρ0) = 1
3c2

∑
jαβ Q

2
jαβ∑

jαβ Qjαβ [−γ2(ρ0)Qjαβ] = − 1
3c2γ2(ρ0)

. (3.59)

Similarly, the factor cjαwj can be written in vector form as

cjαwj = c

2

(
cos(2θj) + cos(4θj)
sin(4θj)− sin(2θj)

)
= c

(
cos(2θj)
− sin(2θj)

)
. (3.60)

Here we used that cos(4θj) = cos(2θj) and sin(4θj) = − sin(2θj). We see that
cjαwj is also proportional to the m = 2 Fourier mode. Thus, Eq. (3.57) reduces to

ξ(ρ0) = 1
6

∑
jα c

2
jαw

2
j∑

jα cjαwj [−γ2(ρ0)cjαwj]
= − 1

6γ2(ρ0)
. (3.61)

Both transport coefficients for the diffusion of momentum and the hexapolar
mode are related to the m = 2 Fourier mode, i.e., the viscous stress tensor. The two
coefficients are linked by the relation

c2ψ(ρ0) = 2ξ(ρ0). (3.62)

Final Equations
We finalize the macroscopic equations by inserting the equations for the first- and
second-order corrections back into Eq. (3.41), combined with the equations for the
transport coefficients.

First, we simplify the tensors. The tensor Tαβγδ is given by Eq. (3.49). For our
lattice gas, it can be written using Kronecker delta functions [27] as

Tαβγδ = 3c4

4 (δαγδβδ + δαδδβγ − δαβδγδ) . (3.63)

The tensor Rαβγ is defined in Eq. (3.50). We replace Rαβγ with the dimensionless
tensor Vαβγ:

Vαβγ = 2
3c3Rαβγ = δαxδβxδγx − δαxδβyδγy − δαyδβxδγy − δαyδβyδγx. (3.64)

The factor G(ρ) is replaced with the dimensionless factor g(ρ0):

g(ρ0) = 3c4

2 G(ρ0) = 1
2

2ρ0 − b
ρ0 − b

. (3.65)
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Putting it all together, we end up with the final macroscopic equations of motion
for the density, momentum, and hexapolar mode:

∂tρ+ ∂β(ρuβ) = 0 (3.66)

∂t(ρuα) + ∂α

(
c2

sρ−
ρ0g(ρ0)

2 u2
)

+ cg(ρ0)Vαβγ∂β (uγϕ) + g(ρ0)ρ0∂β (uαuβ)

= ν(ρ0)∂β (ρ0∂αuβ + ρ0∂βuα − δαβρ0∂γuγ) + cν(ρ0)Vαβγ∂β∂γϕ

+O
(
ϵδ3
)

+O
(
ϵ2δ2

)
+O

(
ϵ3δ
)
, (3.67)

∂tϕ+ 2
c2 g(ρ0)∂β (uβϕ) + 1

c
g(ρ0)Vβγδρ0∂β (uγuδ)

= 2ν(ρ0)∂β∂βϕ+ 2
c
ν(ρ0)Vβγδρ0∂β∂γuδ − γ3ϕ

+O
(
ϵδ3
)

+O
(
ϵ2δ2

)
+O

(
ϵ3δ
)
, (3.68)

where c2
s = c2/2 and ν(ρ0) is the kinematic viscosity, defined as

ν(ρ0) = νc(ρ0) + νp. (3.69)

The first term is the “collision” viscosity:

νc(ρ0) = c2

4γ2(ρ0)
. (3.70)

It is positive and proportional to both transport coefficients ψ(ρ0) and ξ(ρ0)
(Eqs. (3.59) and (3.61)). It is thus inversely proportional to the decay rate γ2,
which in turn depends on the details of the collisions.

The second term is the “propagation”:

νp = −c
2

8 . (3.71)

It is negative and does not depend on the nature of the collisions. It is purely an
artifact from the discreteness of the lattice.

We now discuss the macroscopic equations in detail. The density equation
(Eq. (3.66)) is just the continuity equation. The momentum equation contains
factors of g(ρ0), which are well known in the literature [27]. The hexapolar equation
also contains factors of g(ρ0) in the advection terms. These factors break Galilean
invariance. These can effectively be removed by assuming the fluid is incompress-
ible, such that ρ(t, r) = ρ0, and simultaneously rescaling the time coordinate as
t 7→ t/g(ρ0) and the viscosity as ν(ρ0) 7→ g(ρ0)ν(ρ0)

We identify the second term in the momentum equation as the pressure term.
We define the pressure as p = c2

sρ. The u2 term is not physical and is known in the
LGCA literature. Ignoring the u2 term, we see that this is an isothermal pressure
relationship with speed of sound

cs = c√
2
. (3.72)
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Due to the single-speed nature of the model, the stress tensor is traceless and
there is no bulk viscosity. Introducing rest particles would add a bulk viscosity term
to the second-order equations.

Both the diffusion of ϕ and of the momentum are proportional to ν(ρ0). This is
because both equations couple to the m = 2 mode, i.e., the stress tensor. However,
in the ϕ-equation, there are additional factors of 2 in the advection and diffusion
terms of ϕ. The source of these factors will be discussed in Chapter 4, where we will
derive similar macroscopic equations for an isotropic Fermi liquid. We will extend
our procedure to derive equations for all angular modes, although only up to linear
order in the small parameters.

The hexapolar corrections to linear order were derived by Frisch [32]. The ϕ
terms were considered “irrelevant in the hydrodynamic limit” by the author, which
is true. In the tomographic limit, however, these corrections are long-lived and on
the same scale as the velocity, and must thus be kept. How these terms change the
dynamics of the fluid is still unclear.

3.5 Linear Hydrodynamic Modes

The nonlinear terms in the macroscopic equations (Eqs. (3.66), (3.67), and (3.68))
are difficult to analyze. In this section, we study the hydrodynamic modes of the
linearized macroscopic equations. We assume the small parameters δρ, u, and ϕ
are sufficiently small such that we may ignore quadratic terms. Keeping only the
linear terms in Eqs. (3.66), (3.67), and (3.68) leads to the linearized macroscopic
equations:

∂tδρ+ ρ0∂βuβ = 0, (3.73)

ρ0∂tuα + c2
s∂αδρ = ρ0ν0∂

2
βuα + cν0∂

2
αxϕ, (3.74)

∂tϕ = 2ν0∂
2
βϕ+ 2

c
ρ0ν0∂̄

2
xβuβ − γ3ϕ, (3.75)

where ν0 ≡ ν(ρ0). We have used that ∂β∂αuβ +∂2
βuα−δαβ∂β∂γuγ = ∂2

βuα. The tensor
Vαβγ has been contracted with the derivatives to form two anisotropic differential
operators ∂2

αx and ∂̄2
xβ, defined as

∂2
αx = ∂̄2

xα = Vαβγ∂β∂γ =
(
∂2

x − ∂2
y

−2∂x∂y

)
. (3.76)

The former maps a scalar to a vector quantity. The latter maps a vector to a
scalar quantity. We assume the perturbations are plane waves of the form

δρ(t, r) = δρeik·r−iωt,

u(t, r) = ueik·r−iωt,

ϕ(t, r) = ϕeik·r−iωt, (3.77)
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where k is the wave vector and ω is the frequency of the perturbation. This allows
us to replace the time and space derivatives with

∂t → −iω, ∂α → ikα. (3.78)

The Vαβγ tensor introduces anisotropic couplings, which make the dispersion re-
lations dependent on the direction of the wave vector. We introduce the longitudinal
and transverse basis vectors, ê∥ and ê⊥, defined as

ê∥ =
(

cos(θ)
sin(θ)

)
, ê⊥ =

(
− sin(θ)
cos(θ)

)
, (3.79)

where θ is the angle of the wave vector relative to the x-axis. The former is parallel
to the wave vector and the latter is perpendicular to it. We may thus write the wave
vector as

k = kê∥. (3.80)

We define the longitudinal and transverse velocities u∥ and u⊥ as

u∥ = ê∥ · u, u⊥ = ê⊥ · u. (3.81)

The x- and y-components of u are expressed using the longitudinal and transverse
velocities as

ux = u∥ cos(θ)− u⊥ sin(θ), uy = u∥ sin(θ) + u⊥ cos(θ). (3.82)

This gives us the equations

−iωδρ+ iρ0kβuβ = 0, (3.83)

−iρ0ωu + ic2
skδρ = −ρ0ν0k

2u− cν0

(
k2

x − k2
y

−2kxky

)
ϕ, (3.84)

−iωϕ = −2ν0k
2ϕ− 2

c
ρ0ν0

(
k2

x − k2
y

−2kxky

)
· u− γ3ϕ. (3.85)

Using the first equation (3.83), we solve for δρ as

δρ = ρ0k

ω
u∥. (3.86)

Inserting Eq. (3.86) into (3.84) and using the substitutions kx = k cos(θ) and
ky = k sin(θ) leads to

−iρ0ωu + i
c2

sρ0k

ω
ku∥ = −ρ0ν0k

2u− cν0k
2
(

cos(2θ)
− sin(2θ)

)
ϕ. (3.87)

The usual procedure is to get an equation for the longitudinal velocity and one
for the transverse velocity, as both decouple. The difference is that we have an
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additional coupling to δρ in both equations. To get the longitudinal and transverse
velocity equations, we project Eq. (3.87) onto ê∥ and ê⊥ respectively, which gives

−iρ0ωu∥ + i
ρ0c

2
sk

2

ω
u∥ = −ρ0ν0k

2u∥ − cν0k
2 cos(3θ)ϕ, (3.88)

−iρ0ωu⊥ = −ρ0ν0k
2u⊥ + cν0k

2 sin(3θ)ϕ. (3.89)

The hexapolar equation (Eq. (3.85)) is expressed using u∥ and u⊥ as

(
iω − 2ν0k

2 − γ3
)
ϕ = 2

c
ρ0ν0k

2
(
cos(3θ)u∥ − sin(3θ)u⊥

)
. (3.90)

Eqs. (3.89) and (3.90) can be written as a matrix equation:

M

u∥
u⊥
ϕ

 = 0 (3.91)

where

M =

−iρ0ω
2 + iρ0c

2
sk

2 + ρ0ν0k
2ω 0 cν0k

2ω cos(3θ)
0 −iρ0ω + ρ0ν0k

2 −cν0k
2 sin(3θ)

−2
c
ρ0ν0k

2 cos(3θ) 2
c
ρ0ν0k

2 sin(3θ) iω − γ3 − 2ν0k
2

 . (3.92)

Small k dispersions
We solve for the dispersion relations approximately by expanding ω in small k. Since
the hexapolar mode spreads diffusively in the linearized equations, we assume that
its damping rate is proportional to k2 by making the ansatz γ3 = γ̂3k

2. Looking
at the bottom right element of M , we see that both the hexapolar relaxation rate
and viscosity terms are on the same order O(k2). This particular limit does not
represent the full range of the tomographic regime [33], but it is chosen due to its
simplicity.

We expand ω as

ω = ω0 + ω1k + ω2k
2 + . . . . (3.93)

Using the ansatz for ω, we solve for the dispersion using the equation det(M) = 0.
We find four solutions using Mathematica, up to second order in k:

ωs,± = ±csk − i
ν0

2 k
2 +O(k3), (3.94)

ωd,± = −iν̃±(θ)k2 +O(k4). (3.95)

where we have defined an anisotropic diffusive constant

ν̃±(θ) = 1
2

(
3ν0 + γ̂3 ±

√
(ν0 + γ̂3)2 + 8ν2

0 sin2(3θ)
)
. (3.96)
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The dispersions ωs,± (Eq. (3.94)) are the acoustic modes. These describe density
waves, or sound, that propagate linearly in time at the speed of sound cs. The imag-
inary part of ωs,± gives the damping, which is negative and therefore corresponds
to stable decay.

The dispersions ωd,± (Eq. (3.95)) are the diffusive modes, which describe decay
(or possibly growth) of the plane waves. We now determine if the diffusive modes
are stable, which requires that ν̃±(θ) > 0. Since ν0, γ̂3 > 0 and sin2(3θ) ≥ 0, the
positive branch is always positive. The negative branch is stable if the expression
inside the parentheses in Eq. (3.96) is positive, which is given by the inequality

3ν0 + γ̂3 >
√

(ν0 + γ̂3)2 + 8ν2
0 sin2(3θ). (3.97)

Squaring and removing equal terms on both sides of Eq. (3.97) leads to

8ν0 + 4γ̂3 > 8ν0 sin2(3θ). (3.98)

The maximum value of sin2(3θ) is unity. Thus, the requirement for ωd,− to be
stable is to have γ̂3 > 0. For the cases where sin2(3θ) = 0, the anisotropic diffusive
constant has the values ν̃+(θ = nπ/3) = 2ν0 + γ̂3 and ν̃−(θ = nπ/3) = ν0 for integers
n.

For the marginally stable case of γ̂3 = 0, the anisotropic diffusive constant be-
comes

ν̃±(θ)
∣∣∣∣
γ̂3=0

= ν0

2

(
3±

√
1 + 8 sin2(3θ)

)
. (3.99)

In this limit, for sin2(3θ) = 1, it has the values ν̃+(θ = π/6 + nπ/3)|γ̂3=0 = 3ν0
and ν̃−(θ = π/6 + nπ/3)|γ̂3=0 = 0.

Interestingly, the negative branch of the diffusive mode is zero for θ = π
6 + nπ

3 .
These stationary plane waves correspond to the conserved hexapolar mode ϕ when
γ̂3 = 0. As such, exciting the linearized system results in plane waves that decay at
different rates depending on θ, with almost stationary waves at angles separated by
60◦. These waves are marginally stable and require nonlinear stability analysis.

In standard hydrodynamics, there is a single diffusive mode ω = −iν0k
2 called

the shear mode. It is also called the transverse mode, since it only couples to the
transverse velocity u⊥. To find this, one only needs to assume that γ̂3 ∼ O(1) and
expand ω = ω0 +ω1k+ω2k

2. Up to second order in k, this gives the acoustic modes,
the shear mode, and a diffusive mode ω = −iγ̂3 − i2ν0k

2. Assuming 2ν0k
2 is much

smaller than γ̂3, the former term dominates the relaxation of this mode.
Using the small k approximation for the dispersion, we solve for the amplitudes

δρ, u∥, u⊥, and ϕ. We begin with the sound modes and end with the diffusive modes.

Sound mode amplitudes
Inserting ωs,± into Eq. (3.86) leads to(

±cs − i
ν0

2 k
)
δρ = ρ0u∥. (3.100)
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To leading order in k, we see that δρ = ±ρ0
cs
u∥. The density waves simply follow

the waves of the longitudinal velocity, with a smaller wave that is phase shifted by
the factor of i.

Inserting the sound modes into the longitudinal equation (Eq. (3.88)) results in(
−iρ0

(
±csk − i

ν0

2 k
2
)

+ i
ρ0c

2
sk

±cs − iν0
2 k

+ ρ0ν0k
2
)
u∥ = −cν0k

2 cos(3θ)ϕ. (3.101)

Taylor expanding the fraction term as iρ0c
2
sk/(±cs − iν0

2 k) = ±iρ0csk − ρ0
ν0
2 k

2

leads to

O(k3) = −cν0k
2 cos(3θ)ϕ. (3.102)

The terms on the LHS cancel each other at order k2, which means that ϕ ∼ O(k).
Inserting the sound modes into the transverse equation (Eq. (3.89)) leads to(

∓iρ0csk + ρ0
ν0

2 k
2
)
u⊥ = cν0k

2 sin(3θ)ϕ (3.103)

To leading order in k, we find that ∓iρ0csu⊥ = cν0k sin(3θ)ϕ. The transverse
velocity is driven by the ϕ perturbation and is very small, of order of k2, and can
be neglected. Thus, sound waves do not generate any significant transverse flow.

Finally, inserting the sound modes into the hexapolar equation (Eq. (3.90)) leads
to (

i
(
±csk − i

ν0

2 k
2
)
− 2ν0k

2 − γ̂3k
2
)
ϕ = 2

c
ρ0ν0k

2
(
cos(3θ)u∥ − sin(3θ)u⊥

)
.

(3.104)

Since u⊥ ∼ O(k2), we neglect the transverse velocity term. To leading order in
k, we find that the hexapolar mode is driven as

ϕ = ∓i 2
csc

ρ0ν0k cos(3θ)u∥. (3.105)

Thus, sound waves generate small hexapolar waves, but only in certain directions,
which is mediated by the cos(3θ) term.

Diffusive mode amplitudes
Inserting ωd,± into Eq. (3.86) leads to

−iν̃±(θ)kδρ = ρ0u∥. (3.106)

The density fluctuation is small in comparison to u∥, and is driven anisotropically
due to the factor of ν̃±(θ).

Inserting the diffusive modes into the longitudinal equation (Eq. (3.88)) leads to

ρ0c
2
s

ν̃±(θ)u∥ = cν0k
2 cos(3θ)ϕ. (3.107)
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Figure 3.5: Illustrations of flow in a channel with different orientations.

The longitudinal velocity is tiny and negligible in comparison to the hexapolar
mode, which in turn makes the density fluctuation even smaller.

Finally, inserting the diffusive modes into the transverse equation (Eq. (3.89))
and the hexapolar equation (Eq. (3.90)) leads to the matrix equation

(
ρ0 (ν0 − ν̃±(θ)) −cν0 sin(3θ)

2
c

sin(3θ) ν̃±(θ)− 2ν0 − γ̂3

)(
u⊥
ϕ

)
=
(

0
0

)
. (3.108)

The matrix equation is to leading order in k, as we have neglected the u∥ term
in the hexapolar equation. The hexapolar mode and the transverse velocity are on
the same scale in this limit, and drive each other for most angles θ.

For angles θ = nπ/3 where n is an integer, the off-diagonal terms that contain
a factor of sin(3θ) become zero, such that u⊥ and ϕ decouple. Further, the system
also becomes degenerate at these angles. For the positive branch, the anisotropic
diffusion constant ν̃+ = 2ν0 + γ̂3, which makes the bottom-right element zero and
ϕ a free parameter. This forces u⊥ to be zero. Conversely, for the negative branch
we have that ν̃− = ν0, which makes the top-left element zero. This makes u⊥ a free
parameter and ϕ zero.

The solutions ωs,± and ωd,±, along with the solutions to the amplitudes, contain
anisotropic factors due to the influence of the hexapolar mode ϕ. In a Fermi liquid
truncated to contain only a single odd-parity mode, a hexapolar mode with two
components, we do not expect to see these anisotropic effects. This makes the
LGCA weak as a simulation tool for tomographic Fermi liquids. However, we can
still analyze the linear modes of the Fermi liquid in this truncated limit and find
out if the modes of the LGCA are accurate for some angles θ.
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3.6 Example: Flow in a Channel
Before leaving the macroscopic equations with a long-lived hexapolar mode (Eqs. (3.66),
(3.67), and (3.68)), we solve a classic flow scenario from fluid mechanics: flow in
a channel. Also known as Poiseuille flow, we assume that we have a fluid that
flows in a rectangular channel, with one dimension taken to be infinitely long. Our
analysis of the linear hydrodynamic modes showed that the diffusive modes behave
differently for different orientations of the wave vector, so we expect different results
based on the orientation of the channel. We consider flow along the x-axis and flow
along the y-axis (Fig. 3.5). The channel has a width of 2h and we impose no-slip
boundary conditions, such that the velocity field is zero at the boundaries.

To get analytically solvable solutions, we assume an incompressible fluid such that
ρ = ρ0. We also replace the gradient of the density in the momentum equations with
a gradient of the pressure p, such that ∂αp = c2

s∂αρ. Inserting this into Eq. (3.66)
leads to the incompressible continuity equation:

∂βuβ = 0. (3.109)

Eq. (3.109) states that the velocity field is divergence free, such that there are no
sources or sinks anywhere. This means that no fluid is created or destroyed.

Starting with flow along the x-axis, we solve for the steady state. We assume
the flow is fully developed in the x-direction, such that u(y) and ϕ(y) have no
dependence on x. Inserting this into the continuity equation (Eq. (3.109)) leads
to ∂yuy = 0. This means that uy is a constant along the y-direction. The no-slip
boundary conditions impose uy(y = ±h) = 0, which means that uy(y) = 0 for all y.
This gives the equations

ρ0∂tux + ∂xp = ρ0ν0∂
2
yux − cν0∂

2
yϕ, (3.110)

0 = ∂yp−
ρ0g(ρ0)

2 ∂yu
2
x − cg(ρ0)∂y(uxϕ), (3.111)

∂tϕ = 2ν0∂
2
yϕ−

2
c
ρ0ν0∂

2
yux − γ3ϕ. (3.112)

The y-momentum equation (Eq. (3.111)) simply gives the pressure gradient ∂yp,
and it is ignored for now. To solve for the steady state, we set ∂t = 0. Solving for
∂2

yux in Eq. (3.110) and inserting it into Eq. (3.112) leads to

0 = 2
c
ρ0ν0∂

2
yux −

2
c
∂xp−

2
c
ρ0ν0∂

2
yux − γ3ϕ. (3.113)

The two ∂2
yux terms perfectly cancel, and ϕ is determined as

ϕ(y) = 2F
cγ3

, (3.114)

where F = −∂xp. The hexapolar mode is thus constant along the width of the
channel. If γ3 goes to zero, the ϕ field diverges, which suggests some instabilities in
the macroscopic equations for very small γ3.
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Inserting the solution for ϕ back into Eq. (3.110) gives the usual quadratic velocity
profile in ux(y), since ∂2

yϕ = 0. Combined with the no-slip boundary conditions, this
leads to

ux(y) = F

ρ0ν0

(
h2 − y2

)
. (3.115)

For flow along the y-axis (no dependence on y in uy and ϕ, and ux = 0), we get
the equations

∂xp−
ρ0g(ρ0)

2 ∂xu
2
y = cν0∂

2
xϕ, (3.116)

ρ0∂tuy + ∂yp− cg(ρ0)∂x(uyϕ) = ρ0ν0∂
2
xuy, (3.117)

∂tϕ−
ρ0g(ρ0)

c
∂xu

2
y = 2ν0∂

2
xϕ− γ3ϕ. (3.118)

Setting ∂t = 0 results in a set of coupled, nonlinear ordinary differential equations.
These are generally difficult to solve analytically, and require a numerical solver. In
this work, we will not dwell on these solutions.
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4
Fermi Liquid Theory

The macroscopic lattice gas equations that were derived in Chapter 3 contained spa-
tial derivative terms that featured an anisotropic symmetric tensor (cf. Eq. (3.64)).
The question arises whether this tensor results from the discreteness of the lattice,
or if it has a physical counterpart. To find out, we derive a set of similar equations
for a homogeneous Fermi liquid, although to linear order in the perturbation. The
resulting analysis shows that this tensor structure is not in fact a lattice artifact,
but appears naturally in couplings between parity-even and parity-odd modes. The
theory is adapted from the book by David Pines and Philippe Nozières [34]. The
odd-even effect is described in the paper by Johannes Hofmann and Sankar Das
Sarma [33].

In Sec. 4.1, we establish the kinetic theory for a two-dimensional Fermi liquid. We
introduce the linearized kinetic equation, the Landau function, and the linearized
collision integral. In Sec. 4.2, we introduce the mean quantities: the density and the
current. We define angular projections on the distribution function and reestablish
that the density and the current are the zeroth and first angular projections, and that
the hexapolar mode is the cosine part of the third angular projection. In Sec. 4.3,
we derive a macroscopic equation for every angular projection on the distribution
function. We use adiabatic elimination to derive equations for only the conserved
modes and the odd-parity modes. We discuss the similarities of these equations to
those found in the lattice gas cellular automaton.

4.1 Kinetic Theory
The central object of Fermi liquid theory is the quasiparticle distribution function
np(t, r). Similar to the single-particle distribution in LGCA, it gives the number of
quasiparticles with momentum p. It is parametrized by the time coordinate t and
spatial coordinate r. We assume that the Fermi liquid is a simple two-dimensional
electron gas (2DEG) with a single circular Fermi surface. The equilibrium is Fermi-
Dirac distributed as

n0(εp) = 1
1 + exp [(εp − µ) / (kBT )] , (4.1)

with the chemical potential µ, the Boltzmann constant kB, and the temperature T .
The quasiparticle energy is εp = p2/(2m∗), where p = |p| and m∗ is the effective
mass of a quasiparticle.

We assume that np is close to equilibrium and that the quasiparticles are close
to the Fermi surface. Quasiparticles at the Fermi surface have energy εp = εpF

= µ,
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where εpF
is the Fermi energy. Further, ignoring thermal fluctuations, we define the

Fermi momentum pF = √2m∗εpF
and Fermi velocity vF = pF/m

∗. We also define
the Fermi temperature TF = εpF

/kB.
We further assume that the quasiparticle excitations are strongly concentrated

near the Fermi surface, |p| = pF , such that the energy of the quasiparticles is only
parametrized by θ, the angle of p relative to the x-axis. We write the momentum
and velocity of the quasiparticles at the Fermi surface as pθ = pF (cos θ, sin θ), and
vθ = vF (cos(θ), sin(θ)), respectively. The deformation of the Fermi surface can then
be modeled by a small variation in chemical potential δµ(θ; t, r) = εθ − µ.

Using these assumptions, we write the quasiparticle distribution function with a
small linear perturbation δnp as

np(t, r) = n0(εp) + δnp(t, r), (4.2)

where

δnp(θ; t, r) =
(
−∂n0

∂εp

)
δµ(θ; t, r). (4.3)

We assume that δµ is small enough such that we only need to keep terms up to
linear order. In doing so, we are neglecting advective effects.

In Fermi liquid theory, one often encounters sums over momenta ∑p. Since we
are looking at angular Fermi surface deformations that only depend on θ, these
sums are essentially equivalent to sums over the angular indices j in lattice gases
(cf. Eqs. (2.21) and (2.22)). To compute these sums, we will assume the momentum
vector p is a continuous variable and convert the discrete sum into a continuous
integral. We use the substitution dεp = dεp

dp
dp = (p/m∗)dp, which allows us to write

the sums as functionals of an arbitrary function Fp:
∑

p
Fp = gs

∫ dp
(2πℏ)2Fp = N0

∫ ∞

0
dεp

∫ 2π

0

dθ
2πFp, (4.4)

where gs = 2 is the spin-degeneracy factor and N0 = m∗gs/(2πℏ2) is the density of
states of a 2D electron gas. In 1D and 3D, the density of states depends on energy.

The energy functional of the Fermi liquid and the time evolution of the quasipar-
ticle distribution function are introduced in Appendices C.1 and C.2, respectively.
The result is the linearized kinetic equation:

∂

∂t
δn(θ) + vθ ·

∂

∂r
δn̄(θ) = L [δn(θ)] , (4.5)

where δn̄ is

δn̄(θ) = δn(θ) +
(
−∂n0

∂εp

)
δε(θ). (4.6)

It may be thought of as a deviation in the distribution function away from local
equilibrium by a small deviation in energy δε(θ), defined as

δε(θ) =
∫ 2π

0

dθ′

2π F (θ − θ′)δµ(θ′), (4.7)
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where F (θ) is the dimensionless Landau function. It describes the interaction en-
ergy between two quasiparticles. Due to isotropy, it only depends on the angular
difference in the momentum of the quasiparticles.

We have also introduced the linearized collision integral L[δn(θ)]. The tomo-
graphic regime emerges from how the collision integral acts on Fermi surface defor-
mations. To understand this, we must first expand δµ in Fourier modes as

δµ(θ) =
∞∑

m=−∞
δµme

imθ. (4.8)

By doing this, we interpret the variation in chemical potential as the sum of
many different collective quasiparticle excitations, called collective modes or angular
modes, that deform the Fermi surface. These modes describe local peaks on the
Fermi surface that become sharper as m increases. Similarly, we decompose the
Landau function F (θ) into Fourier modes as

F (θ) =
∞∑

m=−∞
Fme

imθ. (4.9)

The Fm are called Landau parameters, which describe the interaction energies
between different collective modes. Since the Landau parameters are real, we have
that Fm = F−m.

Using the Fourier expansion, we rewrite the local quasiparticle energy in Eq. (4.7)
as

δε(θ) =
∫ 2π

0

dθ′

2π

∞∑
m=−∞

Fme
im(θ−θ′)δµme

imθ′ =
∞∑

m=−∞
Fmδµme

imθ. (4.10)

Since the odd-parity and even-parity angular harmonics of the Fermi surface de-
formation are relaxed by different mechanisms, they have different relaxation times.
In this work, we will consider a simple relaxation time approximation where each
δµm decays with a single individual decay rate γm > 0:

L [δµm] = −γmδµm (4.11)

where the decay rates γm are given by

γm =


0 m = 0,±1
γm,even for m = ±2,±4,±6, . . .
γm,odd m = ±3,±5,±7, . . .

(4.12)

In this work, we do not specify the form of the decay rates in terms of m and
T . We only assume that γodd ≪ γeven. This ensures that the odd-parity modes are
collisionless and long-lived, while the even-parity modes decay quickly, giving a mix
of ballistic and hydrodynamic behavior. Since the LGCA only has a single decaying
even mode, the stress tensor, and a single long-lived odd-parity mode, the hexapolar
mode, this description is sufficient.
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4.2 Mean Quantities and Angular Projections
To go from a kinetic to a hydrodynamic description, we take averages, or moments,
of the quasiparticle distribution n(θ). These are the quasiparticle density ρ(t, r) =
ρ0 + δρ(t, r), the current j(t, r), and additional higher angular modes. We define the
mean velocity u(t, r) as

u(t, r) = j(t, r)
ρ0

. (4.13)

We obtain the density by integrating the distribution function over all p, which
leads to

ρ(t, r) =
∑

p
n(θ; t, r) = N0µ+N0δµ0(t, r), (4.14)

We find that ρ0 = N0µ and δρ(t, r) = N0δµ0(t, r). The density is thus pro-
portional to the zeroth moment of the distribution function. To get the current
and angular modes, we need to compute higher-order moments of the distribution
function. For this, the following relations are useful:∫ 2π

0

dθ
2π cos(mθ)eim′θ = 1

2 (δm′,−m + δm′,m) (4.15)
∫ 2π

0

dθ
2π sin(mθ)eim′θ = − i2 (δm′,−m − δm′,m) . (4.16)

Essentially, the cos(mθ) and sin(mθ) factors isolate the angular mode m under
integration over θ. The current is the first moment and is found by multiplying the
distribution function with the Fermi momentum pθ and integrating over all p:

j(t, r) =
∑

p

pθ

m0
n(θ; t, r) =

∑
p

m∗

m0
vθn(θ; t, r)

= N0
vF

2 (1 + F1)
(

δµ−1(t, r) + δµ1(t, r)
−i (δµ−1(t, r)− δµ1(t, r))

)
. (4.17)

Here, m0 is the bare electron mass. We use that F1 = F−1 and assume Galilean
invariance such that m∗/m0 = 1 + F1. The m = ±1 mode is proportional to the
current. Specifically, the cosine part δµ−1 + δµ1 is proportional to jx and the sine
part −i (δµ−1 − δµ1) is proportional to jy. To bring the angular modes into the
hydrodynamic description, we introduce the vectors

v̂(m)
θ =

(
cos(mθ)
sin(mθ)

)
, for nonnegative integers m. (4.18)

The vector v̂(1)
θ is the normalized Fermi velocity, i.e., vθ = vF v̂(1)

θ . Using these
vectors, we define the angular projections Φ(m) for nonnegative integers m:

Φ(m)(t, r) =
∑

p
v̂(m)

θ n(θ; t, r) = N0

2

(
δµ−m(t, r) + δµm(t, r)

−i (δµ−m(t, r)− δµm(t, r))

)
. (4.19)
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For the m = 0 projection, we find that Φ(0)
x (t, r) = N0δµ0(t, r) = δρ(t, r) and

Φ(0)
y (t, r) = 0. This means that the m = 0 angular projection is essentially a scalar

quantity, since the y-component is always zero. This is obvious since the zeroth
mode is proportional to the density.

For the m = 1 projection, we find that vF (1 + F1) Φ(1)(t, r) = j(t, r). Since the
angular projections are proportional to their exponential counterparts, they relax
with the same decay rates γm.

4.3 Linearized Macroscopic Equations
In this section, we derive a set of macroscopic equations for the Fermi liquid. Since
the kinetic equation (Eq. (4.5)) is linearized, a full Chapman-Enskog expansion is
unnecessary. Instead, we derive a macroscopic equation for each angular projec-
tion Φ(m) with nonnegative integer m. The linearized continuity and Navier-Stokes
equations are then recovered from the equations for Φ(0) and Φ(1). The equation for
the Φ(3) projection is analogous to the hexapolar equation for the lattice gas.

We assume that the even angular modes are fully relaxed. This assumptions
relies on the fact that the relaxation rate of the even modes γm,even is large. We also
assume that the even modes are not driven at frequencies that are much higher than
γm,even. In that case, the even modes are overdamped and we can set ∂tΦ(m) = 0.
Further, we assume that γm,odd is very small, such that the odd-parity modes are
long-lived, which effectively slaves the fast modes to the slow modes. This method
is called adiabatic elimination.

We write the time derivative as ∂t and spatial derivatives as ∂r = {∂α, α = x, y},
and v̂(m)

θ =
{
v̂

(m)
θ,α , α = x, y

}
, where Greek indices denote components. Using this

notation, we write the linearized kinetic equation as

∂tn(θ) + vθ,α∂α (n0 + δn̄(θ)) = L [n(θ)] . (4.20)

To obtain the macroscopic equations for the angular projections, we multiply
Eq. (4.20) by v̂(m)

θ,α and sum over p. This leads to

∂t

∑
p
v̂

(m)
θ,α n(θ) + ∂β

∑
p
v̂

(m)
θ,α vθ,β

(
n(θ) + δε(θ)

)
=
∑

p
v̂

(m)
θ,α L [n(θ)] . (4.21)

Using Eq. (4.19), the first term is simply ∂tΦ(m)
α . Due to linearity, the collision

term reduces to ∑
p
v̂

(m)
θ,α L [n(θ)] = L

[
Φ(m)

α

]
= −γmΦ(m)

α . (4.22)

The propagation term describes the flux of the angular mode and requires more
work. First, we evaluate the second-order tensor v̂(m)

θ,α vθ,β:

v̂
(m)
θ,α vθ,β = vF

2

(
cos((m− 1)θ) − sin((m− 1)θ)
sin((m− 1)θ) cos((m− 1)θ)

)

+ vF

2

(
cos((m+ 1)θ) sin((m+ 1)θ)
sin((m+ 1)θ) − cos((m+ 1)θ)

)
. (4.23)
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Using Eq. (4.23), we evaluate the integral over the isotropic part of the distribu-
tion n0(ε): ∑

p
v̂

(m)
θ,α vθ,βn0(εp) = N0

vF

2 µδαβδm,1 = vF

2 ρ0δαβδm,1. (4.24)

This is essentially the isothermal pressure term, which only appears in the mo-
mentum flux tensor due to the Kronecker delta δm,1. The integral over the deviation
δn̄(θ) is evaluated as

∑
p
v̂

(m)
θ,α vθ,βδn̄(θ) = N0

vF

4

[
(1 + Fm−1)

(
δµ−m+1 + δµm−1 i (δµ−m+1 − δµm−1)

−i (δµ−m+1 − δµm−1) δµ−m+1 + δµm−1

)

+ (1 + Fm+1)
(

δµ−m−1 + δµm+1 −i (δµ−m−1 − δµm+1)
−i (δµ−m−1 − δµm+1) − (δµ−m−1 + δµm+1)

)]
.

(4.25)

Here we have used that F−m = Fm. The deviatoric part of the flux tensor couples to
the m± 1 modes, which results in a tight-binding structure. For m = 0, Eq. (4.25)
reduces to∑

p
v̂

(0)
θ,αvθ,βδn̄(θ) = N0

vF

2 (1 + F1)
(
δµ1 + δµ−1 −i (δµ−1 − δµ1)

0 0

)

= vF (1 + F1)
(

Φ(1)
x Φ(1)

y

0 0

)
. (4.26)

As expected, the m = 0 mode only couples to the momentum. For m > 0,
Eq. (4.25) reduces to∑

p
v̂

(m)
θ,α vθ,βδn̄(θ) = vF

2
[
(1 + Fm−1)V −

αβγΦ(m−1)
γ + (1 + Fm+1)V +

αβγΦ(m+1)
γ

]
. (4.27)

In Eq. (4.27), we have introduced the two anisotropic third-order tensors V ±
αβγ

defined as

V ±
αβγ = δαxδβxδγx ± δαxδβyδγy + δαyδβxδγy ∓ δαyδβyδγx. (4.28)

The tensors V ±
αβγ describe the anisotropic coupling to the Φ(m±1)

γ modes. Con-
tracting the tensors with the spatial derivative ∂β creates two second-order differen-
tial operators:

∂̄αβ = ∂βV
−

αβγ =
(
∂x −∂y

∂y ∂x

)
, ∂αβ = ∂βV

+
αβγ =

(
∂x ∂y

−∂y ∂x

)
. (4.29)

These derivatives are (excluding a factor of one half) the complex Wirtinger
derivatives ∂z and ∂z̄ where z = x + iy, defined to act on two-dimensional real-
valued vectors instead of complex numbers. These operators satisfy ∂⊤

αβ = ∂̄αβ and
∂̄⊤

αβ = ∂αβ. Using Eqs. (4.22), (4.24), and (4.27), the macroscopic equation for the
m > 0 angular projection is

∂tΦ(m)
α + ∂βP̂

(m)
αβ = −γmΦ(m)

α . (4.30)
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where P̂ (m)
αβ is the generalized flux tensor, defined as

P̂
(m)
αβ = vF

2
[
ρ0δαβδm,1 + (1 + Fm−1)V −

αβγΦ(m−1)
γ + (1 + Fm+1)V +

αβγΦ(m+1)
γ

]
. (4.31)

This flux tensor does not assume that any Fourier mode decays quickly, and thus
only couples to the m ± 1 modes. To compare it to the momentum flux tensor, as
well as the hexapolar flux tensor, we need to assume that the even-parity modes are
fully relaxed.

Adiabatic Elimination
We now perform the adiabatic elimination for the even angular modes. Starting
with Eq. (4.30) for even integers me > 1, we assume that Φ(me)

α is fully relaxed and
has no dependence on t. This allows us to solve for Φ(me)

α in terms of the flux tensor
P̂

(me)
αβ , which leads to

Φ(me)
α = − 1

γme

∂βP̂
(me)
αβ = − vF

2γme

[
(1 + Fme−1) ∂̄αβΦ(me−1)

β + (1 + Fme+1) ∂αβΦ(me+1)
β

]
.

(4.32)
Having expressed Φ(me) in terms of Φ(me±1) in Eq. (4.32), we may rewrite the flux

tensor. This involves second-order derivatives, and we introduce the anisotropic
second-order differential operators

∂̄2
αβ = ∂̄αβ∂̄βγ =

(
∂2

x − ∂2
y −2∂x∂y

2∂x∂y ∂2
x − ∂2

y

)
(4.33)

∂2
αβ = ∂αβ∂βγ =

(
∂2

x − ∂2
y 2∂x∂y

−2∂x∂y ∂2
x − ∂2

y

)
(4.34)

∂̄αβ∂βγ = ∂αβ∂̄βγ =
(
∂2

x + ∂2
y 0

0 ∂2
x + ∂2

y

)
= ∂2

βδαγ ≡ ∇2. (4.35)

Mixing the Wirtinger derivatives results in the Laplacian operator in 2D. Using
Eq. (4.32), we write ∂βP

(mo)
αβ , for odd integers mo > 1, as

∂βP̂
(mo)
αβ = −v

2
F

4

(
1 + Fmo−1

γmo−1
∂̄αβ

[
(1 + Fmo−2) ∂̄βγΦ(mo−2)

γ + (1 + Fmo) ∂βγΦ(mo)
γ

]

+1 + Fmo+1

γmo+1
∂αβ

[
(1 + Fmo) ∂̄βγΦ(mo)

γ + (1 + Fmo+2) ∂βγΦ(mo+2)
γ

])

= −v
2
F

4
[
Γ−

mo−1∂̄
2
αβΦ(mo−2)

β +
(
Γ+

mo−1 + Γ−
mo+1

)
∂2

βΦ(mo)
α + Γ+

mo+1∂
2
αβΦ(mo+2)

β

]
,

(4.36)
where the parameters Γ±

m are defined as

Γ±
m =

(
1 + Fm

γm

)
(1 + Fm±1) . (4.37)

By adiabatically eliminating the even modes, the flux tensor instead has three
terms. Two of them describe anisotropic second-order derivative couplings to the
mo ± 2 modes, and one describes diffusion of the mo mode.
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Density Equation

Using Eqs. (4.30) and (4.26), we derive an equation for Φ(0)
x by setting m = 0:

∂tΦ(0)
x + vF (1 + F1) ∂βΦ(1)

β = 0 (4.38)

This equation is rewritten in terms of the density perturbation δρ and the current
jβ, which leads to the density equation

∂tδρ+ ∂βjβ = 0. (4.39)

This is exactly the linearized continuity equation for the lattice gas (Eq. (3.73)).
The main difference lies in the inclusion of the Landau parameter F1 in the definition
of the current (Eq. (4.17)).

Current Equation

Using Eqs. (4.30) and (4.3), we derive an equation for Φ(1)
x by setting m = 1 with

an adiabatically eliminated m = 2 mode:

∂tΦ(1)
α + vF

2 (1 + F0) ∂̄αβΦ(0)
β −

v2
F

4
[
Γ−

2 ∂
2
βΦ(1)

α + Γ+
2 ∂

2
αβΦ(3)

β

]
= 0. (4.40)

Multiplying Eq. (4.40) by vF (1 + F1) leads to the current equation:

∂tjα + v2
F

2 (1 + F0) (1 + F1) ∂αδρ = v2
F

4
[
Γ−

2 ∂
2
βjα + vF (1 + F1) Γ+

2 ∂
2
αβΦ(3)

β

]
. (4.41)

We find that the speed of sound is cs =
√

v2
F

2 (1 + F0) (1 + F1). The kinematic
viscosity is identified as

ν = v2
F

4
1 + F2

γ2
(1 + F1) . (4.42)

In the lattice gas, there is no interaction energy between particles. In the limit
Fm = 0 for all m, the speed of sound is cs = vF/

√
2 and the viscosity is ν = v2

F/(4γ2).
Interpreting the Fermi velocity vF as the speed of the particles c, both the speed
of sound and the viscosity are the same in the lattice gas (Eqs. (3.72) and (3.70)).
Specifically, the viscosity is the same as the collision viscosity in the lattice gas.

Further, setting Φ(3)
y = 0, the m = 3 mode becomes equivalent to the scalar

hexapolar mode ϕ. Eq. (4.41) then reduces to the linearized momentum equation
in Eq. (3.74) for the lattice gas.

Hexapolar Equation

Using Eqs. (4.30) and (4.3), we derive an equation for Φ(3)
x . We do this by setting

m = 3, with the m = 2, 4 modes adiabatically eliminated:

∂tΦ(3)
α −

v2
F

4
[
Γ−

2 ∂̄
2
αβΦ(1)

β +
(
Γ+

2 + Γ−
4

)
∂2

βΦ(3)
α + Γ+

4 ∂
2
αβΦ(5)

β

]
= −γ3Φ(3)

α . (4.43)
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To get the hexapolar equation for the lattice gas (Eq. (3.68)), we first assume that
we have no interaction energies such that Fm = 0 for all m. In the FHP model limit,
we replace θ with θj as defined in Eq. (2.2) with b = 6. We find that Φ(5)

x = Φ(1)
x

and Φ(5)
y = −Φ(1)

y . Doing this replacement, we see that

∂2
αβΦ(5)

β =
(
∂2

x − ∂2
y −2∂x∂y

−2∂x∂y −∂2
x − ∂2

y

)
Φ(1)

β . (4.44)

In this limit, we have a scalar hexapolar mode Φ(3)
x = ϕ and Φ(3)

y = 0, so the
only relevant part of Eq. (4.44) is the first row of the matrix, which has the form
∂̄2

xβΦ(1)
β . The decay rates satisfy γ2 = γ4. Using this, we write the x-component part

of Eq. (4.43) in terms of j and ϕ. Replacing v2
F/(4γ2) with ν leads to

∂tϕ = 2ν∂2
βϕ+ 2

vF

ν∂̄2
xβjβ − γ3ϕ. (4.45)

This is exactly the linearized hexapolar equation (Eq. (3.75)). We see that the
factors of two that appear are due to the rotational symmetry of the lattice, such
that the m = 5 mode becomes the conjugate of the m = 1 mode.

This additional factor of two, which we may consider a lattice artifact, has the
unfortunate consequence that the lattice gas does not accurately model the 2DEG. It
gives a stronger coupling to the Φ(1) mode in the hexapolar equation. When solving
flow in a channel along the x-axis (Sec. 3.6), it also causes a perfect cancellation of
the momentum diffusion terms, giving a constant ϕ solution, which is inaccurate for
the 2DEG.
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5
Conclusion

In this final chapter, we draw various conclusions about our findings of the lattice
gas and its connection to the tomographic dynamics observed in two-dimensional
Fermi liquids. In Sec. 5.1, we discuss the possibility of using LGCA to simulate
tomographic Fermi liquids. There are many discrepancies with the model that hinder
it from being fully accurate. In Sec. 5.2, we conclude this thesis by discussing possible
research paths to explore in the future. This includes unexplored use cases for LGCA
in condensed matter physics. We also suggest how the Fermi liquid equations derived
in this work can be expanded upon and used in practice.

5.1 Simulating Tomographic Transport
The lattice gas cellular automaton exhibits dynamics that are reminiscent of those
found in two-dimensional Fermi liquids. The model exhibits a two-step relaxation
process, with a rapidly relaxing even-parity mode and a long-lived odd-parity mode,
which are relaxed by symmetric three-body collisions and head-on collisions, respec-
tively. The difference in relaxation times stems from the rarity of symmetric three-
body collisions in comparison to head-on collisions. This effect can be increased
by lowering the probability of three-body collisions, or by lowering the background
density of particles. In two-dimensional Fermi liquids, odd-parity modes are instead
relaxed by small-angle scattering. Thus, the even and odd relaxation rates do not
have the same mathematical expressions in the LGCA as in the 2DEG. Still, the
resulting odd-even effect is the same in both models, which lets us derive a similar
set of macroscopic equations for both systems.

There are, however, some properties of the LGCA that limit its capability of
accurately simulating a tomographic 2DEG. Firstly, the hexapolar mode of the
LGCA only represents the cosine component of the true hexapolar mode. This
limits the LGCA to scenarios where only this component is excited, such as flow in
a channel along the x-axis. Secondly, the factor of two in the momentum diffusion
term in the LGCA’s hexapolar equation is not present in the 2DEG. As we found in
Sec. 3.6, this causes a perfect cancellation in the steady-state equations for flow in
a channel and a solution with a constant ϕ. In the 2DEG, if one assumes that the
m = 5 mode is overdamped, the factor of two does not appear and the steady-state
solution is different from the corresponding LGCA solution.

The lattice gas model serves as a simple model that exhibits tomographic dynam-
ics, an aspect that was not explored when the model was introduced. Were it not
for its lack of rotational symmetry, the dynamics would essentially be the same as
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those found in the 2DEG, without the effects of the Landau parameters of course.
Since there are no regular polygons other than squares and triangles that tile the
plane, obtaining more degrees of freedom to unlock higher angular modes seems
impossible. For now, the model can still serve as a pedagogical tool to illustrate the
odd-even effect on the kinetic level.

5.2 Outlook
There are many directions one can take these lattice gas models and, by extension,
lattice Boltzmann methods. The single-speed LGCA with a regular two-dimensional
lattice is a good proxy for a homogeneous Fermi liquid with a single circular Fermi
surface. However, two-dimensional Fermi liquids can exhibit more exotic Fermi
surfaces with more energy bands. A simple way of thinking about band structures
in LGCA is to model particles with one of the six velocity vectors in the FHP model
as belonging to the lowest band. These six velocity vectors point to the nearest-
neighbor nodes, but one could also include the second-nearest-neighbor nodes. If one
allows particles to also have velocities that point to the second-nearest neighbors,
these particles would belong to a band with higher energy. Implementing multi-
speed particles in this way has been done for the HPP model and lattice Boltzmann
methods [29]. A challenge would be to model a non-circular Fermi surface, for
instance the two oval Fermi surfaces found in d-wave altermagnets [35]. Another
possibility is to use LGCA to model electron-hole hydrodynamics, electron-phonon
hydrodynamics, or other exotic electron fluids [8], for instance using different species
of particles. Besides Fermi liquids, LGCA can be adapted to study other problems
in condensed matter physics. For instance, one can study chiral fluids by introducing
a bias in the transition probabilities for collisions [36].

There are other aspects of tomographic transport that have not been explored
using LGCA in this work. One such effect is that the long relaxation times of odd-
parity modes are rapidly suppressed by weak magnetic fields [37]. The resulting
Lorentz force from a magnetic field in the z-direction causes the electrons to precess
counterclockwise in the xy-plane. In the lattice gas model, one can think of this
as each particle having a small probability to change its velocity cj → cj+1. This
angular redistribution of velocities destroys the long-lived odd-parity mode at the
rate of rotations. Another aspect that received little attention in this work was the
role of kinetic boundary effects, which are affected by the relaxation times of the
angular modes [38, 39]. Kinetic boundary layers, also known as Knudsen layers, have
been analyzed previously but without the context of the tomographic effect [30].

Finally, the macroscopic Fermi liquid equations derived in Chapter 4 are simply
a rewriting of known kinetic equations [33]. Due to the dependence on m in γm,odd,
there is some threshold mcutoff that allows one to assume higher modes m > mcutoff
are overdamped. The truncated equations may be useful for experimentalists in flows
with few non-overdamped odd-parity modes. We have also seen that the unusual
tensor structures appear in the linear terms in the Fermi liquid equations. There are
however some nonlinear terms in the macroscopic lattice gas equations that we did
not attempt to find in the Fermi liquid. Finding these equations could help predict
nonlinear effects in tomographic flows, such as shock waves, vortices, and turbulence.
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5. Conclusion

To do this, one could make a similar expansion to the small perturbation expansion
in the LGCA to second order.
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5. Conclusion
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A
Supplementary Lattice Gas Details

These appendices contain details of general non-deterministic lattice gas cellular
automata. The following is based on the review by Frisch et al. [27].

A.1 Properties
There are several properties that hold for the discussed class of deterministic and
non-deterministic LGCA, many of which involve velocity moments, also called lattice
tensors [27, 29]. The velocity moment of order m is defined as

b−1∑
j=0

cjα1cjα2 · · · cjαm , (A.1)

where the Roman and Greek indices refer to velocity labels and components, re-
spectively. An important property is that odd-order velocity moments are zero and
second-order velocity moments are given by

b−1∑
j=0

cjαcjβ = bc2

d
δαβ. (A.2)

The proofs, as well as a discussion of more lattice properties, are provided by
Frisch et al. [27].

The wj introduces a new set of anisotropic velocity moments. Without any formal
proofs, for a triangular lattice with b = 6, the new moments up to third order are
computed as

5∑
j=0

wj = 0, (A.3)

5∑
j=0

cjαwj = 0, (A.4)

5∑
j=0

cjαcjβwj = 0, (A.5)

5∑
j=0

cjαcjβcjγwj = Rαβγ ̸= 0. (A.6)
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A. Supplementary Lattice Gas Details

Note that the third-order tensor Rαβγ is nonzero, which means that equations
containing this tensor have broken isotropy. The tensor is symmetric and identified
in Eq. (3.50).

A.2 Foundations of the Probabilistic Description
In this appendix, we establish a probabilistic description of the LGCA. We do so
by considering an ensemble of similar models on a finite lattice L and defining
an ensemble average over all realizations. To simplify the notation, we define the
collision operator C and streaming operator S as

C : nj(r∗) 7→ nj(r∗) + ∆j(n(r∗)), (A.7)

S : nj(r∗) 7→ nj(r∗ − cj). (A.8)

The composite of C and S is the evolution operator E , defined as

E = S ◦ C. (A.9)

It describes the dynamics of the lattice gas during one time step. We then write
the dynamics of the whole system as two separate steps using C and S as

n(t∗ + 1/2, ·) = Cn(t∗, ·), (A.10)

n(t∗ + 1, ·) = Sn(t∗ + 1/2, ·), (A.11)

where the · in the second argument of n represents every site on the lattice. We
may also write this as a single operation using E as

n(t∗ + 1, ·) = En(t∗, ·). (A.12)

We introduce the phase space Γ, defined as the set of all possible assignments, or
realizations, s(·) = {sj(r∗) = 0 or 1, j = 0, 1, . . . , b− 1, r∗ ∈ L}. Using the phase
space, we define an ensemble of initial conditions at time t∗ = 0, each with an initial
probability P (0, s(·)) ≥ 0 that is normalizable as∑

s(·)∈Γ
P (0, s(·)) = 1. (A.13)

If we let each initial condition evolve according to the non-deterministic evolution
operator E , the probabilities evolve according to the following Liouville equation, or
Chapman-Kolmogorov equation,

P (t∗ + 1,Ss′(·)) =
∑

s(·)∈Γ

∏
r∗∈L

A (s(r∗)→ s′(r∗))P (t∗, s(·)) , (A.14)

where A(s′ ← s) is the transition probability from state s to s′. If E is deterministic,
the Liouville equation simplifies to

P (t∗ + 1,Ss(·)) = P
(
t∗, C−1s(·)

)
(A.15)
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or

P (t∗ + 1, s(·)) = P
(
t∗, E−1s(·)

)
. (A.16)

Using this probabilistic description of the time evolution, we define the ensemble
average of an observable q (n(t∗, ·)), which depends on the Boolean field at time t∗,
as

⟨q (n(t∗, ·))⟩ =
∑

s(·)∈Γ
q (s(·))P (t∗, s(·)) . (A.17)

Using the ensemble average, we may define the mean occupation Nj as the en-
semble average of nj:

Nj(t∗, r∗) = ⟨nj(t∗, r∗)⟩ =
∑

s(·)∈Γ
sj(r∗)P (t∗, s(·)) . (A.18)

A.3 Steady-State Solutions
It is of interest to find steady-state solutions, or equilibrium solutions, to the Li-
ouville equation (A.14). For this, we assume a finite, periodically wrapped around
lattice L. Since there are no physical boundaries, and collisions are purely local,
the solutions are expected to be translation invariant and thus independent of the
nodes r∗. Such solutions can be written as

P (s(·)) =
∏

r∗∈L
p (s(r∗)) , (A.19)

where p(s) is the probability of a given state s. Inserting the steady-state solution
of P (s(·)) (Eq. (A.19)) into the Liouville equation (Eq. (A.14)) leads to∏

r∗∈L
p (s′(r∗)) =

∑
s(·)∈Γ

∏
r∗∈L

[A (s(r∗)→ s′(r∗)) p (s(r∗))]

=
∏

r∗∈L

∑
s(r∗)

[A (s(r∗)→ s′(r∗)) p (s(r∗))] . (A.20)

Since the factor f(s(r∗)) ≡ A (s(r∗)→ s′(r∗)) p (s(r∗)) only depends on the local
state s(r∗), one can write ∑s(·)∈Γ

∏
r∗∈L as a product of sums.

The p(s) can be written in terms of the cells Nj using an H-theorem for lattice
gases established by Hénon [27]. This theorem proves that p(s) must be factorized
over the b cells Nj, such that

p(s) =
∏
j

N
sj

j (1−Nj)(1−sj) . (A.21)

Eq. (A.21) is used to define the local entropy H in Eq. (2.26), which is non-
decreasing over time. Since the probability p(s) depends only on the local state and
is independent of r∗, inserting Eq. (A.21) into Eq. (A.20) gives∏

k

N
s′

k
k (1−Nk)(1−s′

k) =
∑

s
A (s→ s′)

∏
k

N sk
k (1−Nk)(1−sk) , ∀s′. (A.22)
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These are 2b independent equations, one for each configuration of s′. Deriving the
steady-state solution of Eq. (A.22) is not trivial [27]. One finds that the solutions
are Fermi-Dirac distributed, given by Eq. (2.27) (see [27]). The steady states N eq

j

are also solutions to the following b equations:∑
ss′

(
s′

j − sj

)
A(s′ ← s)

∏
k

N sk
k (1−Nk)(1−sk) = 0, ∀j. (A.23)

The solutions N eq
j annihilate the collision function, such that ∆j(Neq) = 0.
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Macroscopic Derivations

B.1 Small Perturbation Expansion Coefficients
To derive the small perturbation approximation to the equilibrium distribution with
a long-lived ϕ, the expansion coefficients and the derivatives of the Fermi-Dirac
distribution in Eq. (3.30) need to be determined. We begin by determining the
derivatives f (1)

0 and f (2)
0 , defined in Eq. (3.31). From Sec. 3.3, we already know that

f
(0)
0 = 1

1 + eh(0) = ρ0

b
⇒ eh(0) = b− ρ0

ρ0
. (B.1)

We evaluate the first- and second-order derivatives f (1)
0 and f

(2)
0 as

f
(1)
0 = −eh(0)

(1 + eh(0))2 = ρ0(ρ0 − b)
b2 , (B.2)

f
(2)
0 =

eh(0)
(
eh(0) − 1

)
(1 + eh(0))3 = ρ0(ρ0 − b)(2ρ0 − b)

b3 . (B.3)

Inserting Eqs. (B.2) and (B.3) into Eq. (3.30) leads to

Nj = ρ0

b
+ ρ0(ρ0 − b)

b2

(
h(δρ)δρ+ h(δρ,δρ)δρ2 + h(u,u)u2 + h(ϕ,ϕ)ϕ2+(

q(u) + q(δρ,u)δρ
)
cjαuα +

(
z(ϕ) + z(δρ,ϕ)δρ

)
wjϕ

)
+ ρ0(ρ0 − b)(2ρ0 − b)

2b3

(
(q(u))2cjαcjβuαuβ + 2q(u)z(ϕ)cjαwjuαϕ+ (z(ϕ))2ϕ2

)
.

(B.4)

The expansion coefficients h(δρ), h(δρ,δρ), h(u,u), h(ϕ,ϕ), q(u), q(δρ,u), z(ϕ), and z(δρ,ϕ)

are determined using the definitions of the mean quantities. Starting with the
density, inserting Eq. (B.4) into Eq. (2.21) leads to

ρ0 + δρ = ρ0 + bf
(1)
0

(
h(δρ)δρ+ h(δρ,δρ)δρ2 + h(u,u)u2 + h(ϕ,ϕ)ϕ2

)
+ b

2f
(2)
0

(
c2

d
(q(u))2δαβuαuβ + (z(ϕ))2ϕ2

)
(B.5)

V



B. Macroscopic Derivations

Many terms disappear due to the properties of velocity moments and moments
involving wj in Appendix A.1. Subtracting ρ0 on both sides of (B.5) and separating
the δρ, δρ2, u2 and ϕ2 terms into separate equations leads to

1 = bf
(1)
0 h(δρ), (B.6)

0 = h(δρ,δρ), (B.7)

0 = bh(u,u) + c2

2d(2ρ0 − b)(q(u))2, (B.8)

0 = 2bh(ϕ,ϕ) + (2ρ0 − b)(z(ϕ))2. (B.9)

From Eq. (B.7), we see that the δρ2 term is zero. Using Eq. (B.6), we identify
h(δρ) as

h(δρ) = 1
bf

(1)
0

= b

ρ0(ρ0 − b)
. (B.10)

Writing the momentum as ρu = (ρ0 + δρ) u and inserting Eq. (B.4) into Eq. (2.22)
leads to

(ρ0 + δρ)uα = bc2

d
f

(1)
0

(
q(u) + q(δρ,u)δρ

)
δαβuβ. (B.11)

Eq. (B.11) contains a Kronecker delta on the RHS which destroys any non-
isotropic terms. It is therefore clear that our ansatz that q(u)

αβ (ρ0)uβ+q(δρ,u)
αβ (ρ0)δρuβ =

q(u)(ρ0)uα + q(δρ,u)(ρ0)δρuα holds.
Using the Kronecker delta and separating the uβ and δρuβ parts in Eq. (B.11)

identifies the expansion coefficients q(u) and q(δρ,u) as

q(u) = dρ0

bc2f
(1)
0

= db

c2(ρ0 − b)
, (B.12)

q(δρ,u) = d

bc2f
(1)
0

= db

c2ρ0(ρ0 − b)
. (B.13)

We insert Eq. (B.4) into the equation for the hexapolar mode (Eq. (3.8)), which
leads to

ϕ = bf
(1)
0

(
z(ϕ) + z(δρ,ϕ)δρ

)
ϕ. (B.14)

For Eq. (B.14) to hold, z(δρ,ϕ) must be zero since there is only one term propor-
tional to δρϕ. Taking the ϕ part of Eq. (B.14), we may solve for the expansion
coefficient z(ϕ) as

z(ϕ) = 1
bf

(1)
0

= b

ρ0(ρ0 − b)
. (B.15)
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Inserting Eqs. (B.12) and (B.15) into Eqs. (B.8) and (B.9) allows us to identify
h(u,u) and h(ϕ,ϕ) as

h(u,u) = − db(2ρ0 − b)
2c2(ρ0 − b)2 , (B.16)

h(ϕ,ϕ) = − b(2ρ0 − b)
2ρ2

0(ρ0 − b)2 . (B.17)

Inserting the values of the expansion coefficients (Eqs. (B.12), (B.15), (B.16), and
(B.17)) into Eq. (B.4) leads to

Nj = ρ0 + δρ

b
− dρ0(2ρ0 − b)

2bc2(ρ0 − b)
u2 − 2ρ0 − b

2bρ0(ρ0 − b)
ϕ2 + d (ρ0 + δρ)

bc2 cjαuα + wj
ϕ

b

+ d2ρ0(2ρ0 − b)
2bc4(ρ0 − b)

cjαcjβuαuβ + d(2ρ0 − b)
bc2(ρ0 − b)

cjαwjuαϕ+ 2ρ0 − b
2bρ0(ρ0 − b)

ϕ2 (B.18)

The two ϕ2-terms in Eq. (B.18) perfectly cancel. Rearranging the terms and
substituting b = 6 and d = 2, and introducing the factors G(ρ) and Qjαβ (as
defined in Eqs. (3.33) and (3.3)) results in the small perturbation approximation in
Eq. (3.32).

B.2 Deriving the Second-Order Corrections
We want to derive macroscopic equations introduced in Sec. 3.4 to second order
in the time scale ϵ. These will describe the diffusive dynamics of the density ρ,
momentum ρu, and hexapolar mode ϕ. We will make use of the small perturbation
equilibrium distribution N

(0)
j (Eq. (3.32)), momentum-flux tensor Pαβ (Eq. (3.48)),

and hexapolar-flux tensor Yβ (Eq. (3.51)). We begin by collecting the ϵ2 terms in
Eq. (3.41), which leads to the three diffusive equations

0 = ∂t2

∑
j

N
(0)
j + 1

2∂t1∂t1

∑
j

N
(0)
j + 1

2∂1β∂1γ

∑
j

cjβcjγN
(0)
j

+ ∂t1∂1β

∑
j

cjβN
(0)
j + ∂t1

∑
j

N
(1)
j + ∂1β

∑
j

cjβN
(1)
j , (B.19)

0 = ∂t2

∑
j

cjαN
(0)
j + 1

2∂t1∂t1

∑
j

cjαN
(0)
j + 1

2∂1β∂1γ

∑
j

cjαcjβcjγN
(0)
j

+ ∂t1∂1β

∑
j

cjαcjβN
(0)
j + ∂1β

∑
j

cjαcjβN
(1)
j + ∂t1

∑
j

cjαN
(1)
j , (B.20)

0 = ∂t2

∑
j

wjN
(0)
j + 1

2∂t1∂t1

∑
j

wjN
(0)
j + 1

2∂1β∂1γ

∑
j

wjcjβcjγN
(0)
j

+ ∂t1∂1β

∑
j

wjcjβN
(0)
j + ∂1β

∑
j

wjcjβN
(1)
j + ∂t1

∑
j

wjN
(1)
j . (B.21)
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To capture viscous effects, we keep only terms up to linear order in u and ϕ
in N

(0)
j , Pαβ and Yβ, discarding quadratic terms of order O(ϵ2u2), O(ϵ2uϕ), and

O(ϵ2ϕ2). Since Yβ ∼ ϕu to leading order, it is always zero to this order.
The density diffusion equation (Eq. (B.19)) is simplified using the definitions of

ρ and u in Eqs. (2.21), (2.22), and (2.25). The non-equilibrium contributions N (1)
j

disappear using the relations in Eq. (3.35). Expressing time derivatives ∂t1 as spatial
derivatives ∂1α using Eqs. (3.45) and (3.46) leads to

∂t2ρ = 0 (B.22)

All momentum terms cancel at order ϵ2 and we get no further contributions to
the time evolution of ρ, resulting in Eq. (3.52). The momentum diffusion equation
(Eq. (B.20)) requires more work. We want to express ∂t2(ρuα) in terms of only
spatial derivatives. We use the same tricks as in the derivation of the previous
equation, as well as the definition of ϕ in Eq. (3.8), leading to

O(δ2) = ρ0∂t2uα + 1
2∂t1∂1βPαβ + 1

2∂1β∂1γ

∑
j

cjαcjβcjγN
(0)
j + ∂1β

∑
j

cjαcjβN
(1)
j .

(B.23)

We insert our small perturbation approximation of N (0)
j from Eq. (3.32), up to

linear order in the small parameters, into Eq. (B.23), which gives

O(δ2) = ρ0∂t2uα + 1
2∂t1∂1βPαβ + 1

12Rαβγ∂1β∂1γϕ

+ 1
6c2∂1β∂1γ

∑
j

cjαcjβcjγcjδ(ρ0uδ) + ∂1β

∑
j

cjαcjβN
(1)
j . (B.24)

To continue, we rearrange terms, grouping them by ∂1β, and expand the momen-
tum flux tensor Pαβ using Eq. (3.48), keeping only terms linear in u and ϕ, which
leads to

O(δ2) = ρ0∂t2uα + ∂1β

∑
j

cjαcjβN
(1)
j + 1

6c2Tαβγδρ0∂1γuδ

+ 1
12Rαβγ∂1β∂1γϕ.

(B.25)

The derivation of the hexapolar diffusion equation from Eq. (B.21) follows a
similar process to the derivation of the momentum equation, which results in

O(δ2) = ∂t2ϕ+ c2

4 ∂1β∂1βϕ+ 1
6c2Rβγδρ0∂1β∂1γuδ + ∂1β

∑
j

cjβwjN
(1)
j . (B.26)

These equations still contain the non-equilibrium contributions N (1)
j . These de-

viations should vanish in the equilibrium. Therefore, N (1)
j must be a linear com-

bination of gradients of ρ, ρu, and ϕ with respect to r. To determine the form of
the N(1), we start with the continuous lattice Boltzmann equation (Eq. (3.37)). We
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expand Nj and the derivatives using Eqs. (3.34) and (3.40). Keeping terms up to
first order in ϵ leads to

∂t1N
(0)
j + cjα∂1αN

(0)
j = Ωj

(
N(1)

)
. (B.27)

Note that Ωj

(
N(0)

)
is zero at equilibrium. We substitute N (0)

j with the small
perturbation approximation (Eq. (3.32)). Since quadratic terms are discarded at
the order of ϵ2, we keep only linear terms in u and ϕ and evaluate the LHS as

LHS = −1
6ρ0∂1αuα −

1
3c2 cjα∂1βPαβ + 1

6cjα∂1αρ+ 1
6cjαwj∂1αϕ+ 1

3c2 cjαcjβρ0∂1αuβ.

(B.28)

The Yα term disappears since it is quadratic in u and ϕ to leading order. Using
Eq. (3.48) to simplify Pαβ and discarding nonlinear terms leads to

LHS = 1
3c2Qjαβρ0∂1αuβ + 1

6cjαwj∂1αϕ. (B.29)

We linearize the Boltzmann collision function which gives us the equation

1
3c2Qjαβρ0∂1αuβ + 1

6cjαwj∂1αϕ =
∑

k

LjkN
(1)
k . (B.30)

Since the elements Ljk are constants, we assume that N (1)
j contains two terms

that are proportional to Qjαβρ0∂1αuβ and cjαwj∂1αϕ, respectively. This gives us the
ansatz for N (1)

j in Eq. (3.55). Combining this ansatz with Eqs. (B.22), (B.25), and
(B.26) gives the second-order corrections to the macroscopic equations (Eqs. (3.52),
(3.53), and (3.54)). We may also combine Eq. (B.30) with the ansatz for N (1)

j .
Separating the ρuβ and ϕ parts leads to[

1
3c2Qjαβ −

∑
k

Ljkψ(ρ0)Qkαβ

]
ρ0∂1αuβ = 0, (B.31)

[
1
6cjαwj −

∑
k

Ljkξ(ρ0)ckαwk

]
∂1αϕ = 0. (B.32)

For the equations to hold for arbitrary ρuβ and ϕ, both expressions inside the
square brackets must be equal to zero. We multiply the vanishing square bracket in
Eq. (B.31) by Qjαβ and sum over j, α, and β. Similarly, we multiply the vanishing
bracket in Eq. (B.32) by cjαwj and sum over j and α. The resulting equations are
given by Eqs. (3.56) and (3.57).
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C
Fermi Liquid Kinetic Equation

This appendix contains some supplementary details about the Fermi liquid de-
scription of a homogeneous two-dimensional electron gas, introduced in Chapter 4.
Sec. C.1 introduces the total energy functional of the system. Sec. C.2 derives the
form of the linearized kinetic equation.

C.1 The Energy Functional

The total energy of the system can be written as a functional E[np]. If the energy is
close to the ground-state energy E0, we may Taylor expand the functional in small
δnp as

E[np] = E0 +
∑

p
εpδnp + 1

2
∑
pp′

fpp′δnpδnp′ +O(δn3), (C.1)

where fpp′ is the Landau interaction function. It describes the interaction energy
between pairs of quasiparticles. In principle, one may take higher-order functional
derivatives which describe interaction energies between triplets, quartets, and more
quasiparticles. However, in the linearized regime, it is sufficient to expand to second
order in δnp.

The energy functional allows us to define the local quasiparticle energy ε̃p(t, r),
which describes the energy of adding an additional quasiparticle at r. It is defined
as

ε̃p = ∂E

∂δnp
= εp + δεp, (C.2)

with

δεp = 1
2
∑
p′

(fpp′ + fp′p) δnp′ . (C.3)

We may make some assumptions about the Landau function to simplify Eq. (C.3).
We assume that the interactions are symmetric such that fpp′ = fp′p. We further
assume that the Landau function is isotropic such that it only depends on the angular
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difference θ − θ′, which leads to

δε(θ) =
∑
p′
f(θ − θ′)δn(θ′)

= N0

∫ ∞

0
dε′

(
−∂n0

∂ε′

)∫ 2π

0

dθ′

2π f(θ − θ′)δµ(θ′)

≈ N0

∫ 2π

0

dθ′

2π f(θ − θ′)δµ(θ′). (C.4)

Here, we have used the approximation n0(ε) = Θ(µ−ε) at T = 0. Its derivative is
then ∂n0/∂ε = −δ(µ−ε). Defining the dimensionless Landau function as F (θ−θ′) =
N0f(θ − θ′) leads to Eq. (4.7). If one approximates the distribution function as a
step function, which is valid at low temperatures, the integral over ε′ is equal to
unity.

C.2 Linearized Kinetic Equation
The time evolution of the distribution function n(θ) = n(θ; t, r) is governed by the
semiclassical kinetic equation

∂

∂t
n(θ)− ∂ε̃p

∂r
· ∂
∂p

n(θ) + ∂ε̃p

∂p
· ∂
∂r
n(θ) = J [n(θ)] , (C.5)

where J [n(θ)] is the collision integral. As with the collision function in LGCA, the
collision integral describes weak interactions via electron-electron scattering. We
linearize Eq. (C.5) by evaluating the derivatives of the local quasiparticle energy
and dropping terms of order O(δn2):

∂ε̃p

∂r
· ∂n(θ)
∂p

= ∂δε(θ)
∂r

· ∂
∂p

(n0 + δn(θ)) = ∂δε(θ)
∂r

· ∂n0

∂p
+O(δn2) (C.6)

∂ε̃p

∂p
· ∂n(θ)

∂r
= ∂

∂p
(εp + δε(θ)) · ∂δn(θ)

∂r
= vθ ·

∂δn(θ)
∂r

+O(δn2), (C.7)

where, in the final line, we used ∂εp/∂p = vθ. Eq. (C.6) is further rewritten as

∂n0

∂p
= ∂εp

∂p
∂n0

∂εp
= vθ

∂n0

∂εp
. (C.8)

This leads us to the linearized kinetic equation (Eq. (4.5)).
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