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Dynamic design of high-speed railway bridges
Simplifications and guidelines

Master’s Thesis in the International Master’'s Pragrme Structural Engineering and
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EMANUEL TROLIN

Department of Civil and Environmental Engineering
Division of Structural Engineering

Concrete Structures

Chalmers University of Technology

ABSTRACT

In 2006 the bridge code was updated to include raade of dynamic analysis of
railway bridges subjected to high-speed trainss Bmalysis includes several complex
loads to be examined for a large range of traincigés and is therefore complicated
and time consuming. The dynamic analysis’ compjexitso makes it hard to
establish guidelines for the early bridge desigenewith increased experience. There
is hence a need today to introduce both guidelfoeshe early bridge design and
simplifications for the advanced dynamic analysisralway bridges. This master
thesis provides an extensive study of railway rglglynamic behavior and presents
a method of guidance for the dynamic design.

As a continuation of previous master theses, ahoigt at Reinertsen Sverige AB, a
method for transforming a railway bridge into agéndegree-of-freedom (SDOF)
system is examined in this thesis. It is shown thatilway bridge of several spans
can be successfully transformed into a SDOF systeah provides accurate results
compared to a finite element analysis.

A parameter study is performed in this thesis wvitllle purpose of studying the
individual bridge parameters’ effect on the dynamésponse. It is shown that
material parameters exert an describable effectiewthe effect of geometric

parameters is more complicated. The increased sitahelings concerning bridge
parameters’ effect on the dynamic response anchagse phenomenon in railway
bridges are used in the creation of a graphicautation tool, referred to as a design
curve. A design curve is a comprehensible presentatf an extensive number of
finite element analyses from which it possible tbtain the designing vertical

acceleration, independent of the choice of trailoaity, material parameters and
cross-section geometry.

A comparison between 2D and 3D analyses of raillmagges is performed in this
thesis. It is shown how the designing accelerasaitered as 3D geometry and hence
bridge torsion and load eccentricity is considerdliscussion is presented on the
possibility of creating guidelines and simplifieais of railway bridges’ dynamic
design with consideration to 3D effects.

Keywords: Dynamics, Railway bridges, high-speeingiaHSLM, SDOF, eccentric
loading, resonance, vibrations
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Dynamisk design av jarnvagsbroar utsatta for hdigteetstag
Forenklingar och riktlinjer
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ERIKSSON PATRIK

TROLIN EMANUEL

Institutionen for bygg- och miljoteknik

Avdelningen foér betongbyggnad

Chalmers tekniska hégskola

SAMMANFATTNING

Ar 2006 uppdaterades bronormen till att inkludenavkpa den dynamiska analysen av
jarnvagsbroar som &ar utsatta for hoghastighet&agsadan analys inkluderar flera
komplexa lastfall som ska undersdkas for ett stpenn av hastigheter, vilket gor
analysen komplicerad och tidskravande. Komplexitétgen dynamiska analysen gor
det svart att uppratta riktlinjer for brokonstrukten i ett tidigt skede, aven med okad
erfarenhet i @mnet. Idag finns det darfor ett bedroviktlinjer for den tidiga designen
och forenklingar av den avancerade dynamiska amalys/ jarnvagsbroar. Detta
examensarbete bestar av en omfattande studie raxagabroars dynamiska beteende
och presenterar en metod med riktlinjer for dyn&ndissign.

Som fortsattning pa tidigare examensarbeten, wf@d Reinertsen Sverige AB, har
en metod for att omvandla en jarnvagsbro till atfribetsgradssystem (SDOF)
undersoks. Det visas att en jarnvagsbro i fleram $gamgangsrikt kan forvandlas till

ett SDOF system som ger tillforlitliga resultat f@m med finita element analyser.

En parameterstudie har genomforts med syfte atiesauindividuella broparametrars
inverkan pa den dynamiska responsen. Det visasaérialparametrar har beskrivbar
inverkan medan effekten av de geometriska parametrar mer komplicerad. Den
okade forstaelsen for hur olika broparametrar géareden dynamiska responsen och
resonansfenomen i jarnvagsbroar anvands for apiaset grafiskt berdkningsverktyg
som kallas designkurvor. En designkurva ar en jéoaiio presentation av ett stort
antal finita element analyser fran vilka det ar ligbjatt erhalla den vertikala
dimensionerande accelerationen oberoende av vidiginastighet, materialparametrar
och sektionens geometri.

En jamforelse mellan 2D och 3D analyser av jarnbémg utfors i detta
examensarbete. Det visas hur den dimensionerancideeationen fordndras med
olika geometrier, varfér vridning och lastexcentdat har undersokts. Slutligen
presenteras en diskussion kring mdjligheten atpakiktlinjer och férenklingar for
den dynamiska dimensioneringen av jarnvagsbroarhéadyn till 3D-effekter.

Nyckelord: Dynamik, Jarnvagsbroar, hoghastighetdté®) M, enfrihetsgradssystem,
excentrisklast, resonans, vibrationer
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Notations

Roman upper case letters

DI TRRRAT
2

<
1)
QU

U0V =Z
N

fi,single
gi(1)

Cross-section area fin
Two-dimensional
Three-dimensional

Viscosity of the dashpot [Ns/m]
Damping matrix [Ns/m]

Modal damping matrix
Reduced modal damping matrix
Dynamic magnification factor [-]
Coach length [m]

Dynamical matrix

Degrees of freedom

Young’s Modulus [N/rf]

Finite Element

Finite Element Method
High-speed load model
Moment of inertia [rf{

Stiffness of the SDOF model spring [N/m]
Stiffness matrix [N/m]

Modal stiffness matrix

Reduced modal stiffness matrix
Beam/bridge length [m]
Beam/bridge total length [m]
Mass [kg] mass of the SDOF model [kg]
Mass matrix [kg]

Modal mass matrix

Reduced modal mass matrix
Number of intermediate coaches [-]
Point force [kN]

Least square values [-]

Single Degree Of Freedom
Amplitude [m]

Amplitude vector [m]

Static amplitude [m]

Dynamic amplitude [m]

case letters

Design acceleration

Width of bridge [m]

Critical damping coefficient
Viscosity of the dashpot [Ns/m]
[m]

Eccentricity [m]

Forces [N]

Eigenfrequency [Hz]
Eigenfrequency for single-span bridge [HZz]
Eigenfrequency function
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u

u(t)

Uc(t)

Up(t)

u (t)sdo f
u (t) bridge

v(xe, t)
vS
Uresonance
VCr

VCI’

Height [m]

Length of beam/bridge [m]

Mass [kg]

Number of eigenvalue

Time dependent load [N]

Load per unit length in locationat timet [N/m]

Time dependent load vector [N]

[N]

Frequency ratio [-]

Displacement/deflection [m]

Load acting on SDOF model [N]

Displacement vector [m]

Eigenvector for iteration s

First derivative ol with respect to time t, velocity [m/s]
First derivative olu, velocity vector [m/s]

Second derivative af with respect to time t, acceleration [fi/s
Second derivative af, acceleration vector [nfls

Total displacement in time [m]

Homogenous solution of the general equation of ondjiin]
Particular displacement solution of the generabéiqn of motion [m]
Displacement of SDOF system [m]

Critical displacement in a bridge [m]

First derivative ol, with respect to time t, velocity [m/s]
Second derivative af, with respect to time t, acceleration [Fr]u/s
Space coordinate

Root to the equation of motion for a SDOF system
Velocity [m/s], Poisson’s ratio [-]

Displacements of a beam

Un-scaled eigenfrequency for iteration s

Train velocity at which resonance effects occutsjm
Critical velocity [m/s]

Critical velocity [m/s]

Greek upper case letters

Q
At
b
(Dred

Load frequency [Hz]
Time step [s]

Modal matrix [-]
Reduced modal matrix [-]

Greek lower caseletters

(04

B

B*

n

i

n
Nrea
n

VIl

Phase angle [-]

Describes the span relation of a three-span bridge
Modal coordinate of mode i

Modal coordinates

Reduced modal coordinates

Modal velocity vector
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Modal acceleration vector

Describes the geometry of a three-span bridge
Eigenvalue

Viscous damping factor [%]

Span ratio for a two span bridge

Mathematical constant 3.14159...

Density of material [kg/fi

Undamped natural frequency [rad/s]

Natural frequency or Eigenfrequency [rad/s]
Damped natural frequency [rad/s]

Natural mode or eigenvector [-]
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1 I ntroduction

1.1 Background

The interest in design of railway bridges that\aidravelling of high-speed trains has
increased in recent years. In 2006 the Swedisiwagiladministration updated their
bridge code regarding the dynamic design of thegeay bridges. Before this update
the dynamic aspects were only considered throudynamic amplification factor in
static analysis. The new requirements though deraaratiditional extensive dynamic
analysis to be performed for all bridges subjec¢tetligh-speed trains travelling in a
speed faster than 200 km/h. The demand is in linia whe requirements and
recommendations from the annex used in connectiimEurocode.

The additional requirement of dynamic analyses rae¢hat both static and dynamic
analyses are required for the design of railwayldes today. It is possible that
bridges that are structural sound when staticalgdéd are not acceptable when
considering its dynamic response. If the dynamiglysmis proves unsatisfactory both
static and dynamic analyses have to be re-madengyakie design process time
consuming and expensive.

Dynamic analysis is very time consuming to exemiee the code specifies several
complex train loads to be used for a range of tvalocities. Hence, there is a need
for simplifications and guidelines for the dynan@oalysis to make it more time
efficient. There is also a need for guidelineshia tesign process that considers the
dynamic aspects, to be used parallel to staticyarsahnd to prevent complications
that arise when dynamic criteria proves unfulfilled

1.2 Previouswork

This master thesis is a continuation from thregeots carried out at Reinertsen
Sweden AB during 2007 and 2008. In these thedessibeen shown that it is possible
to simplify a single-span bridge structure with ingie-degree-of-freedom system
(SDOF) and attempts have been made to create muwaddor the dynamic analysis of
railway bridges through FE-analyses, graphicalgrtgion and the SDOF model.

In Ekstréom and Kieri (2007) focus was put on thenparison of displacements and
accelerations for a SDOF system subjected to varigpes of loading. It was shown
that a SDOF system can be used to approximate ¢helemation response by
comparing the result with a FE-model. The contifmrabf this thesis, performed by
De Leon and Lasn (2008), treated the transformgpbi@cedure of railway bridges
into a SDOF model by using an alternative procedeeibed the force scaling
approach. This approach is more compatible with glerstructures and was also
successfully applied on portal frames. De Leon lzash (2008) also made an attempt
to establish a graphical guideline with its basishe SDOF model. In both Ekstrom
and Kieri (2007) and De Leon and Lasn (2008) cakiohs were made to increase the
understanding of the dynamic response behaviotailefay bridges.

In Gustafsson (2008) an attempt to build a 2D FEkehain Matlab was successfully
made. It was stated that the FE program reducesatbalation time required to make
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a 2D analysis with a certain set of predefined getoical and material parameters and
hence could be used to simplify the dynamic catoata. Different methods of
modelling the train load were also examined.

1.3 Aim

The overall aim of this master thesis was to finaiglines and simplifications for the

dynamic response for railway bridges subjectedigiin Ispeed trains. This includes
easier and faster calculations procedures, guid@nseitable parameter combinations
and tools for verification of the advanced caldolas.

This thesis aims to investigate the compatibilifytiee previous developed SDOF
model on multi-span bridges. The investigation udels how such a simplification
shall be carried out and what possibilities andtttrons the model has.

The thesis aims also to increase the understamditige dynamic response in railway
bridges and the differences between 2D and 3D sisaly

1.4 Method

An extensive literature study has been performatenbeginning of the master thesis
to increase the knowledge about design and dynaseti@aviour of railway bridges.
Several master theses have been written at theitedhuniversities of Chalmers,
KTH and Lund about dynamic design of railway brisigkiring the last years which
all have been studied. Further, Swedish and Eurogdesaign codes have been studied
to increase the knowledge of demands and requireni@nthe dynamic behaviour of
railway bridges subjected to high-speed trains.

The advances made in creating a SDOF system bydekstnd Kieri (2007) and De
Leon and Lasn (2009) was used as a basis for tredagement of a SDOF model that
is compatible with multi-span bridges.

Examination of the individual influence of bridgarameters on the dynamic response
was made to increase the understanding of the dgnashaviour in railway bridges.
This increased understanding together with accuediiknowledge of simplified FE
modelling, the possibilities in SDOF systems anabgical presentation was used in
the development of possible guidelines and singalifons of the dynamic
calculations.

Differences between the dynamic response in 2D3&havere studied by examining
single-span bridges subjected to eccentric loadimhwith variation in width.

Matlab was used to create programs for the reqB@@F and FE calculations. The
commercial software ADINA was used to verify theated Matlab programs.

1.5 Limitations

To manage the thesis over the limited time schedaleeral limitations have been
made. Some of these limitations are defined byrthgonal bridge code BV Bro
Banverket (2006) as this thesis is limited to tleeuired calculation procedure
described in this code.
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The train load was assumed to be the HSLM modaritesd in BV Bro. This model
treats the train load as moving point loads andsequently the train mass, rail
irregularities and interaction between train aridhave not been considered.

In the bridge code there are demands on the dynessjwonse of railway bridges
concerning vertical deflection, vertical acceleratihorizontal transverse deflection,
twist of the bridge deck and uplifting of the beas. Here the studied response was
the vertical acceleration as this design critewften governs the dynamic aspect of
railway bridge design.

Throughout the thesis the material parameterstareen to resemble concrete. A
linear viscoelastic material model is consequemsigd. The section is hence treated
as uncracked and the reinforcement in the bridgegsected.

1.6 General layout

The outline of the report consists of three majdragers. Chapter 2 and 3 are
together an introduction to the field of structuddinamics and the railway bridge
code relevant to this thesis.

In Chapter 4 dynamic analyses in 2D for railwaylbes are investigated extensively.
The Chapter treats the determination of eigenfracjes for multi-span bridges, the
transformation of multi-span bridges to a SDOF nhoutalividual examinations of
bridge parameters effect on the acceleration respand finally an attempt to create
guidelines for the dynamic design of railway bridg@ensidering 2D analyses.

Chapter 5 treats dynamic analysis of railway br&dge3D. The Chapter shows the
additional complications that arise when 3D geoynisticonsidered.

More extensive presentations of the layouts in @a$ and 5 are presented in the
introduction of each Chapter. A summary, discussaod suggestions for further
studies are presented in the end of the thesis.
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2 Basic Dynamics

This chapter treats fundamental theory of struttdgeamics that is vital for the
examinations made in this thesis. Theory behindreie parameter models described
by one and multiple degrees of freedom is presembg@ther with application of the
so called mode superposition method which is vergartant for model reduction
with consideration to railway bridge dynamics. Sosh®rt comments on numerical
integration and continuous models are also predeat®l the dynamic resonance
phenomenon is explained.

2.1 SDOF systems

A system that consists of a single-degree-of-freed called a SDOF system. The
SDOF system is a good application for understanttiegfields of dynamics. Since
mode superposition (which is introduced in sect@B) basically is a way to

transform larger systems into independent SDOFegmyst its solution is also vital for
the fields of dynamics. A mass-spring-dashpot rhada good example of a SDOF
system and will be used in the following secticeg &igure 2.1.

K u(t)
q9—>
—/M/— o0

T Mmoo,

¢ OO
7 Z

7z

Figure 2.1 SDOF system in the form of a mass-gptimshpot model.

Newton’s second law is required for the derivatadrthe equation of motion for the
SDOF system and is defined as

Z F = Mii (2.1)

Figure 2.2 shows all forces acting on the massgarg 2.1.

Ku
D B p(t)
. —>
Cu M
<—
Figure 2.2 Forces acting on the mass in the massg-dashpot model

The forces in Figure 2.2 and Newton’s second lawqguoation (2.1) give together the
equation of motion for a single degree of freedgsieim as
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Mii + Cu + Ku = p(t) (2.2)

Solving the equation of motion can be done eitinahaically or numerically. Often it
is not possible to solve more complex systems &noally. However it is possible for
a SDOF system subjected to a sinusoidal load, laadahalytical solution will for the
purpose of explaining the fundamentals in strud¢tdsemamics be presented in the
upcoming section.

2.2 Analytical solution of an SDOF

The analytical solution to a SDOF system subjedtech sinusoidal load differs
whether damping is considered or not. The derimapoocedure is also somewhat
different and therefore independent sub-sectiofistiat the undamped and damped
case respectively in this section.

2.2.1 Undamped SDOF system

Consider the SDOF system in Figure 2.1 without daggubjected to a sinusoidal
load. This system has the equation of motion irfone

Mii + Ku = pycos (t) (2.3)

Where the solution can be divided in two parts: plagticular and complementary
solution. In the field of structural dynamics tleems forced and natural motion are
used, respectively, and they together form thd tetponse, i.e.

u(t) = upy(t) + uc(t) (2.4)

Consider first the natural motiom, or, as it is also called, the free vibration. The
natural motion is the general solution to the eigmadf motion when the loading is
absent. It is convenient to rewrite equation (&8)o0lving the natural motion as

i+w?2-u=0 (2.5)
where

W, = \/% = undamped natural frequency

The general solution to equation (2.5) can be anmitin the form of trigonometric
functions as
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U (t) = A; - cos(wy, * t) + A, « sin (w, + t) (2.6)

where A and A are constants that are determined by initial doors.

Consider now the forced motion of the system crbdie the sinusoidal load. It is
seen that the forced motion from equation (2.3) walve the form

Uy, (t) = U - cos (1) (2.7)

where U is the amplitude of the forced motion. Bgdrting equation (2.7) into (2.3)
an expression for the amplitude U can be derived as

y=_—Po__ (2.8)
K—MQ2

This expression can (for a pedagogical reason ef upcoming examination of
resonance effects) be rewritten as

_ U (2.9
U= 1-—r2
where
_bPo (2.10)
Uy = X

Q (2.11)

is the frequency ratio. The total response foruhdamped SDOF system as the sum
of the forced and natural motion can now be coreziu be

Uy
1—r2

u(t) = - cos(Qt) + Ay - cos(wy, * t) + A, - sin (wy, + t)

(2.12)
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2.2.2 Damped SDOF system

The derivation of the analytical solution for a geed SDOF system is more advanced
than the derivation without consideration to dargpim section 2.2.1. However, the

approach is the same and as for the case withoupidg the total response is divided

in forced and natural motion which solutions arex separately.

The equation of motion for the SDOF system thasaters damping and is subjected
to a sinusoidal load has the appearance

Mii + Cu + Ku = p, cos(Qt) (2.13)

As for the case without damping it is convenientréavrite this equation for the
derivation of the natural motion as

il + 2{w, U + w2u =0 (2.14)
where
w, = \/g = undamped natural frequency

{ = < = viscous damping factor

Cer
Cer = 2VKM = critical damping coef ficient

To solve the natural motion the form of the soluti® assumed as
u(t) = Cest (2.15)
By inserting equation (2.15) into (2.14) we obttia characteristic equation
5242w, +w2=0 (2.16)
which roots can be solved as

S120=—( w, twyy/{2—1 (2.17)

The size of¢ can be divided in three cases:

e O<{<1l underdamped
e (=1 critically damping
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e (>1: overdamped

The solution to the natural motion will differ deying on which case that is
considered. In this thesis only the underdampee val be treated as the viscous
damping factor usually lies in the range of 0 t0%0for real life structures (like
railway bridges). For information of the other c@sesee for example
Craig and Kurdila (2006).

By the use of Euler’s formula the solution of threlardamped case can be derived to
be

u(t) = e~$“nt(4, - cos(wyt) + A4, - sin(wyt)) (2.18)
where

w0 = o T- 219

is called the damped natural frequency.

Consider now the forced motion of equation (2.IB)e solution can be written as
u, = U - cos (Ot — ) (2.20)

whereU is the amplitude and is the phase angle. The velocity and acceleratfon
the forced response then become

U, = —QU - sin (Ot — a) (2.21)
it, = —Q2U - cos (At — a) (2.22)

The expressions for the displacement, velocity atdeleration of the forced
response, inserted into equation (2.13), give that

—MQ?U - cos(Qt — a) — CQU - sin(Qt — a) + (2.23)

+ KU - cos (Ot — @) = p, cos(Qt)

from which it is obtained that
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Po Uo (2.24)

JE =MD2 + (€2 /(1 —12)% + (2{r)?

and

co  2qr (2.25)
K—MQ%: 1—12

tana =

The total response of the damped SDOF system ocarbaavritten as

U
0 -cos(Qt — a) +

u(t) = 232 2

+ e—(wnt(Al . COS((A)dt) + A4, - sin(wdt))

2.3 Resonance

The reason why a dynamic analysis is required rinctires subjected to frequency
loading is because of the so called resonanceteffResonance occurs wher: 1,
i.e. when the loading frequency is approximatelyacto the natural or damped
natural frequency. Resonance can cause very langaitades of the response
compared to the corresponding static loading. Tamere this consider the dynamic
magnification factor defined as the ratio betwegnasnic and static amplitude, i.e.

u(r)
by ==, (2.27)

With U defined as in equations (2.9) and (2.24) the dyoamagnification factor
becomes

D(r) =

1
1—r2 (2.28)
for an undamped SDOF system and

1

by = JA =12 + (27r)? (2.29)

for a damped SDOF system. Figure 2.3 shows therdignmagnification factor for
different values of the viscous damping factor aeadation of frequency ratio.
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Figure 2.3 Dynamic magnification factor for vaiia in damping and frequency ratio.

Higher values of damping cause large differencewd®n the natural and damped
natural frequency. It can hence be seen in FiguBdtat resonance occurs for lower
values of the frequency ratio for higher dampingr Ehe undamped system the
dynamic magnification factor will go towards infipias r— 1.

24  MDOF systems

The dynamic analyses of most real structures aseddan multiple-degree-of-
freedom systems, MDOF system. To show how the equat motion for a MDOF
system is assembled consider the lumped mass rslooeh in Figure 2.4.

kl Uy k2 1 Uo k3 1 U3

- — | I - - -
R m R my ™ ms
@ O 2 (O)C) = ()()
Figure 2.4 A three-degree-of-freedom system witipled mass and viscous damping

Figure 2.5 shows all forces acting on the threesems Figure 2.4.

fq fa f) f3 f3
+— o F—> — P2 > < Ps
—> —> —>
— m, > <« my > < ms
f4 f5 f5 f6 fG

Figure 2.5 Free-body diagram for the masses iruFég.4.



By use of Newton’s Second law three force equilibrs can be established as

myiy =p1(O+Hot+fs—fi—fa
myll, =p () +fatfe—fo— fs (2.30)

maiiz = p3(t) — f3 — fe

where the forces in Figure 2.5 are defined as

fi = k1w

fa = ka(uz —wy)

fs = k3(uz — uy) (2.31)
fa = c1iy

fs = (U — Uq)

fo = c3(uz — Uy)

By combining equations (2.30) and (2.31) the foecgiilibrium can be written in
matrix form as

m1 0 0 ﬁl Cl + CZ _CZ 0 111
( 0 m, 0 ><u2> + ( —Cy Cy + C3 —C3> <UZ> + - (232)
0 0 m3 ﬁg 0 _C3 C3 iL3

ky + k, —k, 0 Uy p1(t)
+< —k, ko + ks _k3> <u2> = p2(0)
0 —k3 ks Us p3(t)

or using matrix format as
Mit + Cit + Ku = p(t) (2.33)

Equation (2.33) represents the equation of motidnaoMDOF system. The
appearance of equation (2.33) is the same for and-three-dimensional analysis and
forms the basis to the finite element method andcéealso dynamic analysis of
railway bridges.
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24.1 Eigenfrequenciesand eigenmodes
Consider now the free vibration of a MDOF systenthid degrees of freedom. The
corresponding equation of motion for the free Milorais defined as

Mu+ Ku=20 (2.34)

whereM is the mass matrix arifl is the stiffness matrix. Bothl andK have the size
N x N. As for a SDOF system a harmonic solution to eéquaf.34) is assumed, i.e.

u(t) = Ucos (w,t — ) (2.35)
which inserted in equation (2.34) gives that

[K— wiM|U =0 (2.36)
SinceU # 0 it is required that

det(K — wiM) =0 (2.37)

which is the characteristic equation of the MDOFsteyn. There ardN roots to
equation (2.37) N eigenvalues, each corresponding to a squaredfesgeency. For
each eigenvalue there is a corresponding eigenvecio natural mode. The
determination of the eigenfrequencies and natumes for a MDOF system is most
commonly made numerically.

2.4.2 Propertiesof natural modes

The solution to mode superposition, presented ictige 2.5, is based on two
properties of the natural modes, scaling and odhality, which will be presented in
this section.

2421 Scaling

The natural modes’ shapes are unique, i.e. forezifsp value of one mode’s first

element the remaining elements are fixed. Howekier amplitudes of the natural

modes are arbitrary and they can hence be scakayiappropriate manner. A scaled
mode is in this thesis referred togas wherei = 1..N. A common procedure is to

scale the modes so that the modal mass, whicHireedeas

M; = ¢ Mo, (2.38)
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becomes equal to one. This scaling procedure has beed in this thesis and is
assumed for all modes in the remainder of the shélsequation (2.36) is multiplied
by ¢, it is obtained that

OIKP; = wi(PpiM¢,) (2.39)
and hence that the modal stiffness can be defised a
Ki=¢/K$p; = w}M; = o} (2.40)

2.4.2.2 Orthogonality

A very important property of natural modes is ttiety are orthogonal to each other.
It can be shown that

dTKP; =0 (2.41)

P Mp; =0

whereg; andg; are two different natural modes.

2.5 Mode superposition
Mode superposition is extensively used in dynamiglysis, and can be used for both
solving dynamic problems analytically and simplifyi numerical calculations. To

employ mode superposition the modal matrix must fie defined as a matrix which
columns represent the scaled natural modes, i.e.

D=[P1 ¢ .. ¢yl (2.42)

The concept of mode superposition lies in the iy of representing the true
response as

N (2.43)
u(®) = ) pmi(®) = (o)
i=1

Where 7 is called the modal coordinate of modelf the equation of motion is
multiplied with @' and combined with equation (2.43) it is obtairteat t

Mij + Cij + Ry = @™p(t) (2.44)
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where

-~

S

= (pTM(p = diag(Ml, Mz, 'MN) =1
(2.45)

—

K = &TKd = diag(K,, K, ..., Ky) = diag(w?, w3, ..., %)

C=oTcop

are denoted the modal mass matrix, modal stiffmetsix and modal damping matrix
respectively. It should be note that the modal naamk stiffness matrix are diagonals
because of the orthogonality of the natural moddss means that the modal
coordinates are uncoupled with regard to stiffregbmass.

Whether the modal coordinates are uncoupled wgharnketo damping depends on the
damping’s definition. In several design cases itas possible to establish a diagonal
modal damping matrix, for example when there iges@nce of energy absorbers or
viscous damping. However for many structures (idicig railway bridges) it is not
possible to define such a damping mechanisms.dsetltases it is common to use
damping definitions that lead to a diagonal mo@ahgding matrix. Two such methods
will be presented in this thesis and are refereeéd Raleigh damping and modal
damping.

2.5.1 Rayleigh damping

In Rayleigh damping the damping matrix is definedaalinear combination of the
stiffness and mass matrix, i.e.

C=a,M+ a,K (2.46)

wherea,anda, are constants.

The modal damping matrix then becomes
C = ®"CP = diag((ay + a;w?)M;) = diag(2¢;w;M;) (2.47)

where( is called the modal damping factor and correspaadbe viscous damping
factor defined for the SDOF system. For the laegh §h equation (2.47) to be true it is
required that

a

1 (ao
=35 (JL‘F a1wi>

(2.48)

Basically Rayleigh damping is utilized by choostmgp modal damping factors and
calculating gand a based on these values.
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2.5.2 Modal damping

Rayleigh damping has the obvious disadvantage &f baving the possibility of

specifying the modal damping factor for two natumabdes. However the modal
damping method allows specification of all modaingéng factors. A disadvantage
compared to Rayleigh damping is the somewhat monepticated calculation of the
damping matrix. However, when using mode superjposithe damping matrix is
commonly not required but only the modal dampingrimaln the modal damping

method the modal damping matrix is basically assutoesatisfy

C = ®"CP = diag(2{;w; M;) (2.49)
It can be shown that the damping matrix based israssumption can be calculated as

N (2.50)
_\ 26iw;
C=) =i Mo)Mp,)"

i=1

2.5.3 Advantages with mode superposition

The modal coordinates become completely uncoupledthe use of mode
superposition if a definition of damping that givesliagonal modal damping matrix
is used. BasicalljN SDOF systems are obtained in the form

My + 2¢w; Mty + Ky = ¢ p(t) (2.51)

If a simple load acts on the system it may be jpesgd solve the dynamic problem
analytically. As an example consider the case wlkemnusoidal load acts on the
system. The solution then becomes similar to thiagéquation (2.26). However in

many situations the load is so complex that nurakritegration procedures still are
preferred, see section 2.6.

However, even when the calculations are solved nigally there is a great use in
mode superposition in the form of model reductidodel reduction using mode
superposition is made by only including a specifiember of eigenmodes. It is
assumed that

M (2.52)
w(t) = ) Gimi(®) = Praglrealt)
i=1

whereM < N and
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¢red=[¢1 b2 .. ¢M] (2-53)

is the reduced modal matrix and

nred = [7’]1 7’]2 T]M]T (254)

contain the reduced modal matrix’s correspondinglahcoordinates. If the equation
of motion is multiplied with®.es" and combined with equation (2.52) it is obtained
that

Mredﬁred + Eredﬁred + Rrednred = ‘P;Feap(t) (2.55)

where

M., =®, Mb,,, = diag(M,, ... ,My;) = unit matrix = I

Koy = O KD, ., = diag(w?, ..., w%) (2.56)

R

red — ¢;E‘ed(:(pred = diag(2¢; W, ..., 20y wy)

It should be noted that equation (2.52) is an egion of the true response. But the
error will be small in many design situations asdew of higher order tend to give
very low contribution to the dynamic response. $agt the response can be well
estimated using twenty eigenmodes. Then a systemtaioing perhaps several
hundred degrees of freedom can be reduced to w@gty, which greatly reduces
calculation time for the numerical integration prdares.

2.6 Numerical integration

To obtain the acceleration response over time thezein many design situations a
need for numerical integration. Such proceduresaaequire any transformation of
the equation of motion and are therefore commoafgrred to as direct integration.
The procedures are required in many design situstifmr example when uncoupled
modal coordinates cannot be established, whenytera contains nonlinearities or
when the load has a complicated time history.

There are several direct integration procedured irsthe field of structural dynamics
and these can be divided in two general groups. firsegroup directly treats the
second order differential equation (the equationmadtion) and the other group
handles it through an equivalent set of first ordéferential equations. In the first
group some of the most commonly used integratioocenures are the central
difference method, the Newmaykmethod and the Wilso#-method. One example
from the second group is the Sub-zero order holdhatk

CHALMERS, Civil and Environmental Engineerinylaster’'s Thesis 2010:37 17



In this section focus have been put on the presentaf the Newmarks method
which is the only numerical integration procedusediin this thesis. The reader is
referred to Craig and Kurdila (2006) and Abrahamg&®00) for insight in the other
mentioned numerical integration procedures.

2.6.1.1 Newmark-p method

The main assumption in the Newmgtknethod is that the systems displacement and
velocity can be written as

Upyr = Uy + (1- V)ﬁn + Vﬁn+1] At (257)

At? 2.58
Upyr = Uy +UzR + [(1 = 2B, + 2Bﬁn+1]7 ( )

where the parametey® and y are the integration coefficients and used to obtai
integration stability and accuracy. Newmark introgld an unconditionally stable
scheme with the relatigh= 0.5 and = 0.25 and the method is therefore said to be an
unconditionally stable implicit integration scherii&te Newmarksg method using this
relation for g andy is called the Constant Average Acceleration metfmdthe
trapezoidal rule). The Constant Average Accelenatitethod has no demand on the
incremental time step to reach a stable solutios acceleration variation is shown in
Figure 2.6.

- —
74._/—A |
A" !

| - | g

| 0.5 40"
U : !

\ 2 \ 4 | Jv
t t+At

Figure 2.6 Newmark’s constant-average-acceleratoneme.

2.7 Inverseiteration

In section 0 it was mentioned that the eigenfregig=nand eigenvectors of MDOF
systems in general are calculated numerically. mnynsituations more general
procedures for solving eigenvalue problems arézatll However when only a few of
the lowest eigenvalues are required there are simghd less time consuming
alternatives. Inverse iteration is a procedureciculating the first eigenfrequency
and eigenvector. Consider again the eigenvaluegmob
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(K - A4iM)¢; =0 (2.59)

where 4 = wi?. The inverse iteration method is in the subgrofivextor iterations
methods of solving eigenvalue problems and direethploys equation (2.59). It is
possible to write the equation in the form

¢ =1D¢ (2.60)
where
D=KM (2.61)

is called the dynamical matrix. The iterative praes of the inverse iteration method
follows a few specific steps. A first guess of #igenvectomws, is initially assumed
and then a new vecter, 4 is calculated using the dynamical matrix as

Vo1 = Dug (2.62)
The new guess for the next iteration is then catedl as
Usyy = As41Vs+1 (2.63)

wherels.is a scaling factor fovs., chosen in a consistent manner, for example to get
the highest value equal to one. According to equaf2.60)us.; becomes equal tay

and the scaling factor becomes the correspondmyenealue, if an iteration is made
using the correct eigenvector. When the initial spuedeviates from the true
eigenvector this result is achieved after somatiiens.

An alternative for the definition of the scaling-far is to use the Rayleigh quotient,
i.e.

T
fpy = zxillls (2.64)
Vs11KVs4q

which gives a faster convergence.

2.8 Transversevibration of Bernoulli-Euler Beams

In section 2.2 it was shown how the eigenfrequearay eigenvector can be calculated
analytically for a SDOF system and in Section Z.4was said that numerical
procedures often are required for solving the diggencies and eigenvectors of a
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MDOF system. SDOF and MDOF systems are similarhay belong to the same
group, as discrete parameter models. In this seatioexample of a continuous model
will be presented, namely a simply supported beaantinuous models can be used
to derive the exact analytical solution for frebraition of structures, which presented
as a discrete parameter model would require a MB@¥em. The simply supported
beam is of special interest as it can be seenpassentation of a single-span railway
bridge.

It can be shown that beams that are relatively lang thin, i.e. are applicable of
Bernoulli-Euler beam theory, have the differengguation of motion for governing
vertical vibration as

0% 0%v 0%v
- - Z — 2.65
92 <EI 6x2> + pA 32 py(x, t), 0<x<L ( )

where El is the bending stiffnesgA is the mass per meter lengthjs the length
coordinate and is the vertical deflection. If it is assumed tBats constant along the
beam the differential equation of motion becomes

EIv'" + pAi =0 (2.66)
As for the discrete parameter models a harmonigisol is assumed as

v(x,t) = V(x) - cos (wt — a) (2.67)
and with this solution inserted in equation (2.863 obtained that

LY _ ey =0 (2.68)

where

b 20 (2.69)
El

The general solution to equation (2.68) can betevrias
V(x) = A sinh(Ax) + A, cosh(Ax) + Assin(Ax) + A,cos (Ax) (2.70)

where A ,34 are constants determined by the boundary conditidhe boundary
conditions for a simply supported beam are
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v(x=0,t) =0 v(x=Lt)=0

0%v
0x?

0%v
0x?

_o (2.71)

x=0

=0

x=L

By combining equations (2.70) and (2.71) it canshewn that the eigenfrequencies
and eigenvectors of a simply supported beam haartalgtical solution

Vi () = \/%sing (2.72)

(l)(n) = (nn)z ’% (273)

where
n=123..

The shapes of the first three eigenmodes are showigure 2.7.

1%'mode
2""mode

3“mode

Figure 2.7 First three eigenmodes for a simplymarped beam
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3 Railway bridge code

In Sweden railway bridges subjected to high spesidg are design according to BV
Bro (Banverket, 2006), with regulations set by 8wedish railway administration.
This code is similar to the regulations set by Eod®e but differs in some aspects. In
this Chapter the demands of dynamic design of esillaridges set by both BV Bro
(Banverket, 2006) and Eurocode will be presented.

3.1 High-speed load models (HSL M)

Eurocode 1, CEN (2003), states that in a dynamadyars of a bridge, characteristic
values shall be used for the specified trains. @ihaice of train shall regard every
permitted train configuration for each high speednt configuration that is expected
to operate the bridge with velocities over 200 knThe dynamic analysis shall on
international lines also include high-speed loadlet® (HSLM). Load model HSLM
consist of two separate universal train models, MS\. and HSLM-B, where the
length of the coaches varies.

In BV Bro (Banverket, 2006) there are no demandsadditional permitted train
configurations to the HSLM loads suggested by Eode¢ and the HSLM loads are
hence the only loads used in the dynamic desigmibfay bridges in Sweden. The
HSLM load model consists of two separate univetrsah configurations, HSLM-A
and HSLM-B, where the coach length varies. Fromld8.1 it is possible determine
which train configuration that should be appliegeieding on the total length of the
bridge.

Table 3.1 Load models for different structural ¢gufations.

Structural Span

configuration
L<7m L>7m

Simply supported HSLM-B HSLM-A

one span

Continuous bridge| HSLM-A: trains Al to A1HSLM-A: trains Al to A10
inclusive inclusive

311 HSLM-A

The HSLM-A load model consist of a load geometriedained by the coach length
D, the bogie axle spacirdjand the numbers of coachedetween the power cars, se
Figure 3.1. There is also an intermediate coacér dfte power car in each train
configuration.
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Figure 3.1 The load geometry for the train modeLNISA.

The HSLM-A train load defined in Eurocode 1, CEND@3), include ten different
train configurations, see Table 3.2. The desigrdggamic response should be the
most critical considering all ten load configurato

Table 3.2 Train configurations for train HSLM-A.
Train load| Intermediatg Coach length Boogie axel Point force
coaches spacing

N [-] D [m] d[m] P [kN]
Al 18 18 2.0 170
A2 17 19 3.5 200
A3 16 20 2.0 180
A4 15 21 3.0 190
A5 14 22 2.0 170
A6 13 23 2.0 180
A7 13 24 2.0 190
A8 12 25 2.5 190
A9 11 26 2.0 210
Al10 11 27 2.0 210
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312 HSLM-B

The HSLM-B train load consists of equally spacethplmads. Depending on the total
span length, Eurocode defines the number of |d&dsd the spacing, as in Figure
3.2 and Figure 3.3.

}47 N x 170 kN —>‘

Figure 3.2 The load distribution for train model H8-B.
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Figure 3.3 The spacing and number of loads for H&®&.M

3.1.2.1 Speedsto consider

According to Eurocode 1, CEN (2003), dynamic catohs of railway bridges
should be considered from 40 m/s (144 km/h), wideaes of speed steps, up to the
1.2 x maximum design speed. It is mentioned thatdpsteps should be smaller at
speeds where resonance is likely to occur, buproific value is given.

BV Bro (Banverket, 2006) requires that the dyname&ponse is examined for a speed
interval of 100 km/h to the maximum design spe&D%. The speed steps should be
5 km/h in general and 2.5 km/h close to resonaffeets.

3.2 Demandson vertical acceleration

There are several requirements of the dynamic desfgrailway bridges for the
serviceability limit state in Eurocode: Basis ofustural Design Annex A2, CEN
(2003). Checks are required for vertical deflectigartical acceleration, horizontal



transverse deflection, twist of the bridge deck aplifting of the bearings. The scope
of this Master’s thesis is to investigate the wadtiacceleration in the deck and
therefore only this demand is presented in thif@ec

Bridge deck accelerations shall be limited to 3/8rfor ballasted tracks and 5 rfi/s
for direct fastened decks according to both BV Banverket 2006) and Eurocode:
Basis of Structural Design Annex A2, CEN (2003)eTimit for vertical deflection
along any track is L/600.

3.3 Limitation of considered eigenmodes

The criteria for traffic safety in Eurocode: Basfsstructural Design Annex A2, CEN
(2003), states that all members supporting thektsdmall consider frequencies and
their associated mode shapes up to the greater of:

» 30Hz
» 1.5 times the frequencies of the fundamental mddeéboation of the member
being considered

» The frequencies of the third mode of vibrationlad member

According to BV Bro (Banverket, 2006) it is enoughuse the 30 Hz criteria

3.4  Structural damping

The acceleration response at resonance is higiplgndient on the choice of structural
damping. Therefore a lower bound value for thecstmal damping is suggested by
Eurocode 1, CEN (2003) and the Swedish code BV @anverket, 2006). The
suggested values for structural damping are showrable 3.3.

Table 3.3 Values of damping for different spans gpe of bridges.
Bridge type ¢ Lower limit of damping [%]
SpanL < 20m Spar. > 20m

Steel and composite | {=0.5+0.125(20-L) =05

Prestressed concrete | = 1.0+0.07(20-L) =1.0

Reinforced concrete | = 1.5+0.07(20-L) =15
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4  ANALYSISIN 2D

Dynamic analysis of railway bridges is usually @rout using mode-superposition
and therefore this thesis focuses solely on thighatke of calculation. The
determination of the dynamic response in all stmest when mode superposition is to
be utilized is done in two steps. First the eigegfiencies and the corresponding
eigenvectors need to be determined. Secondly #ponse in time is determined. For
simple structures this can be done analytically foutmore complex structures (or
complex loads) there is often a need to solve niaaléyr.

One of the aims of this thesis is to find generdtglines for the design of railway
bridges with regard to the dynamic aspects of thgigth process. To do that, both
eigenfrequencies and the response in time have examined. The eigenfrequencies
in relation to the load frequency applied on thé&dde will affect the dynamic
response behavior. The actual dynamic responsénamlever also be affected by the
configuration of geometric and material parametérhe bridge. The method applied
in this thesis is to examine the effect from indial variation of material and
geometric parameters to find how these affect Wmanhic response. The dynamic
response will throughout this thesis be referreddahe acceleration response. The
reason is basically that the acceleration is thly examined outcome from the
dynamic analysis performed in this thesis, sineedemands on vertical acceleration
govern the design process of railway bridges wimarsiclering the dynamic aspects.

A model that transforms a railway bridge seen ini@® an SDOF model has been
developed in the previous master thesis Ekstromkaad (2007) and De Leon and
Lasn (2008) carried out at Reinertsen Sverige ABis Tmodel was shown to give
accurate results for single-span bridges. The thbehind the SDOF model can be
used to increase the understanding of the dynarmai@wor of railway bridges.

Therefore it is of interest to examine if the moidehpplicable on multi-span bridges.
If the model can be proven to give sufficiently a@te results for multi-span bridges,
it can also be a useful tool for calculating thenayic response since it greatly
reduces calculation time compared to a finite el@meodel (FE model).

Section 4.1 will treat geometric definitions of sp@lation parameters and the cross-
section geometry which has been kept constantifoakulations in 2D.

In Chapter 2 it was shown how the eigenfrequencfes single-span bridge can be
calculated analytically. The eigenfrequencies oltrgpan bridges are examined in
Section 4.2. The eigenfrequencies’ complex deperel®h geometric parameters is
shown graphically, and also expressions for calimgahe first eigenfrequencies are
created empirically. These expressions allows fettelh examination of the
acceleration response later on.

The load frequency and resonance phenomenon iwaraibridges are treated in
Section 4.3. It is shown that each HSLM load exerts fundamental load frequency
that dominates the dynamic response. It is alsavshmw the critical train speed (for
which resonance in the bridge occurs) can be détedn

Section 4.4 treats the transformation of the bridtge an SDOF model. Theory
behind the transformation is presented and accwhthe model is tested.
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After examining the eigenfrequencies for multi-sgaidges and showing how the

load frequency affect the dynamic response, a petemstudy is presented in

Section 4.4 treating the amplitude of the dynamesponse. Geometric and material
parameters’ effect on the eigenfrequencies wilugrfice the critical speed at which

resonance occurs. As the examination of eigenfrezjes aim to show how the

critical speeds can be determined in a simplifieywhe parameter study made in
Section 4.4 aims to show the acceleration amplitatighese resonance speeds
depends on material and geometric parameters.

It will be shown that the geometric parametersaftbe acceleration response in a
rather complicated way, practically eliminating thessibility to determine single

equations to express this behavior. Some simplerdigcies are found though. All

observations and conclusion from the previous sestare gathered in Section 4.6
and used to create a graphical calculation toolsimme common railway bridge

configurations. This tool can be used to deterntiveeexact design acceleration for
known material and geometric parameters, but adsa guideline of what parameter
configuration that should be used to obtain a fs@tig dynamic response in the

bridge.

4.1 Geometric definitions

The calculations presented in this Chapter aimyptotshow the effect from varying

geometric and material parameters of a railwaydaidThe cross-section however
have been kept constant for simplicity since tHeatffrom varying bending stiffness
and bridge mass is better examined by variatiopoohg’s modulus and the density
respectively.

The geometric parameters used in the 2D analysisbwipresented in this section.
Parameters that describe the span relations for @&wd three-span bridges will also
been defined.

411 Crosssection

For all the examinations made in 2D analysis theesgeometric parameters have
been used, see Figure 4.1. The section chosen skesethe section of a portal frame
bridge, with a total length of 9.5 m, designed Birfertsen Sweden AB. The reason
why a section from a real bridge design was chegas to get an idea of how large
accelerations and eigenfrequencies would get fégrdnt combinations of geometric

and material parameters. For the calculations in tB® section is treated as a
rectangular cross-section, and hence the edge bmanaésregarded.

1 [ Jee "

11.2

Figure 4.1 Cross section used for all analysis in this Chapter
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Since the design code of the Swedish railway adsmation (BV Bro, Banverket
2006) has a limit of 30 Hz for eigenmodes that seedbe considered there is a
special interest for the size of the eigenfrequesicThe eigenfrequencies also have a
significant influence of how large the design aecation will be, as will be shown
later in this thesis.

4.1.2 Definitionsof span relation parameters

The additional geometric parameters for a multirspadge in comparison to a single
span bridge are the relations between the spanhiengor a two-span bridge one
extra parameter is required and two extra parasiete¥ required for a three-span
bridge. The span relation for a two-span bridge lieen defined as the length ratio
between the second and the first span, i.e.

L, 4.1
p=tz (4.1)
1

whereL; andL; are the lengths of the first and second span céisply. Figure 4.2
shows how the paramet@r can be used to describe the geometry of a two-span
bridge.

A O O

Ly Lo
— =
| Lot/ (1+4) | Helod (1+12) |
[« >< >
le Lot ol
I~ d
Figure 4.2 Explanatory figure of how the geometry of a tworspeadge can be described using

the parametey defined in equation (4.1).

Two parameters are required to describe the gegméta three-span bridge. These
parameters are here defined as

n=>Ly/(Ly + L3) (4.2)

Kk =Ls/L, (4.3)
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Figure 4.3 shows how these parameters can be used to deskceibgeometry of a
three-span bridge.

AN O O O

Ly Lo L3
le »le »le >l
=
Lol[(1+ )(A+8] 7Ll (1+7) Kk-Liod[(1+ 7)(1+K)]
[~ 4 b g
Ltot
IA LI
[~ g
Figure 4.3 Explanatory figure of how the geometry of a thrpars bridge can be described

using the parametergand x defined in equations (4.2) and (4.3).

4.2 Eigenfrequenciesfor multi-span bridges

It is possible to derive an expression that gitesexact value of the eigenfrequencies
of any degree for a single span bridge, as was showhapter 2. A bridge that has
two or more spans contributes to a lot more comgyler this derivation and to the
knowledge of the authors it is not possible to \demn explicit expression for the
frequencies analytically.

In Appendix A there is a derivation similar to tludta single-span bridge for deriving
the eigenfrequency of a two-span bridge made byatlirors. In litterateur you can
find similar derivations that lead to similar exgs®ns to the one derived in
Appendix A, see for example Gorman (1975). Butrdgsult will always be a matrix
which determinant should equal zero, resulting @omnplex trigonometric expression
where an explicit formulation for the eigenfrequiesds impossible to derive.

This section will treat the determination of eigewfuencies for multi-span bridges
under the variation of geometric and material patans. As eigenfrequencies cannot
be determined analytically they have instead beem@ed graphically. The first
eigenfrequency is of special interest since itrofg@verns the dynamic response in
railway bridges. Therefore an expression to eaigrmine the first eigenfrequency
for a two- and three-span bridge has been derived.

It is important to remember the design rule sethgySwedish railway administration,
stating that only frequencies below 30 Hz needdacbnsidered when designing a
railway bridge against the dynamic response cate@iften only a few eigenmodes
need to be considered in dynamic analysis of railaradges because of this rule, and
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for many bridges only the first. Therefore only fiivst eigenfrequencies have been
examined in the following section.

The calculation of eigenfrequencies under the tiaraof material and geometric
parameters has been made using a Matlab prograsarpeel in Appendix D made by
the authors. Matlab have been used instead of coomh&E software since it better
handles iterative calculations concerning the viama of geometric parameters.
However ADINA has been used to verify the Matlabgsam, see Appendix D.

4.2.1 Two-span bridges

As for single-span bridges the frequency of a twansbridge will depend on the
bending stiffnes€l, the mass per meter lengtihand the total length of the bridge
Lot The addition to these parameters for a two spatyd is the ratio between the
second and first spay which was defined in Section 4.1.

In Appendix A, where an attempt to derive the efgeguencies analytically is made,
it is shown that a complicated expression is oletiwhen determining an explicit
expression for the eigenfrequencies’ dependence bodge parameters. This
complicated expression however depends solely egélometric parameteks, and

1. The eigenvalues’ dependence on material paramistelefined in the same way as
for single span bridges, see equation (2.69). Thésans that irrespective of the
complicated dependence to geometric parametersdbafrequencies of a multi-span
bridge depends in the same simple manner on miaeniameters as a single-span
bridge.

It can also be shown that the same dependencyr asnfyle-span bridges, exists for
the total bridge length, see Figure 4.4 and Figuse

160 ; ; ; ; 160
140 - | ’ | | 140 -
120 | 120 -

100 £ 100 -
80 -
60 -

[ I 40 4--

20 = 207

i i 0 .
5 7 9 11 13 1 00026 00126 00226  0.0326

Frequency [Hz]
A OO ©
o O o

Total bridge length [m] 1L, 2
Figure 4.4 Eigenfrequencies for the first eigenméat a two-span bridge with=2, E=30GPa,
/=3000kg/m.
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Figure 4.5 Eigenfrequencies for the second eigemmfmt a two-span bridge withy=2,

E=30GPa,=3000kg/r.

Figure 4.4 and Figure 4.5 show that both first aadond eigenfrequency has a linear
dependence against the inverse of the total briielggth in square. This means that
the eigenfrequencies for a two-span bridge in a8lysis can be determined as

f'i — gi(”’) . ﬂ (44)

= 2
Ltot m

wheregi(x) is a different function for each eigenfrequencstttiepends on the span
ratio. These functions will in the remainder of sthihesis be referred to as
eigenfrequency functions. Figure 4.6 shows howeliaactions vary for the first five
eigenfrequencies. Note that the function is dimamsss and independent of all
geometric and material parameters with the excemtiqu.
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g ! ! eigenfrequency
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mrT == - B
0 i i
1 15 2 25
p=L2/L1[-]
Figure 4.6 Eigenfrequency functions for the ffigé frequencies for a two-span bridge.

Examining Figure 4.6 can help understand the diffies in deriving an analytical
expression for the eigenfrequencies. As can be thegrare all affected differently by
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the change of.. Also the dependency for each individual frequeoy: is complex.
This complexity can be explained by the eigenvectoorresponding to each
frequency changing in shape. The shapes for tteneggtors for the first, second and
third eigenfrequency for different values pfare shown in Figure 4.7- Figure 4.9.
From Figure 4.7- Figure 4.9 it is shown that othlg first eigenvector keeps a similar
form when the ratio between the span lengths ésedt hence the more straight curve
in Figure 4.6.
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Figure 4.7 The first eigenmode for a two-span geidvith a total length of 15 m. The mode is
normalized to get the modal mass equal to one.
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Figure 4.8 The second eigenmode for a two-spadgkrivith a total length of 15 m. The mode is

normalized to get the modal mass equal to one.
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Figure 4.9 The third eigenmode for a two-span ¢eidvith a total length of 15 m. The mode is
normalized to get the modal mass equal to one.

It is of great value for the remaining examinatiomsde in this thesis to have a simple
expression for the first eigenfrequency. Therefeiferts have been made to create
such an expression. The “curve fitting” toolboxMatlab was used for this purpose.
To get a more simple expression different equatigres were fitted for different
intervals ofu. The equations shown in Table 4.1 are proposedkeszribe the first
eigenfrequency for a two-span bridge.

Table 4.1 Proposed eigenfrequency function foemeining the first eigenfrequency for a two-
span bridge.

y7i Eigenfrequency functiorg(x) R?-value

1-1.2 | 2-msin(md2-4) 0.991

1.2 - 3| 8.9€#+ 3.34e%%%% 0.999

It should be noted that there is no derivation behhe expressions in Table 4.1, they
have simply been chosen for their simplicity in @amson to other expressions.
Figure 4.10 shows the curves fitted against the aeceleration.
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Figure 4.10 Chosen eigenfrequency functions gviorspan bridges plotted against the true first

frequency.

Three different sets of material parameters haes lohosen to show the accuracy of
the expressions. Table 4.2 and Table 4.3 show theseneter sets and a comparison
of eigenfrequencies calculated using the simpléhotepresented in this section and a

FE analysis.
Table 4.2 Parameter sets used for different waifons throughout this thesis.
Parameter Setl Set 2 Set 3
E [GPa] 30 40 50
p [kg/m’] 2400 2000 2800
Ltot [M] 25 20 15
gl 11 2.5 15
Table 4.3 Eigenfrequencies calculated using equnafih4) and eigenfrequency functions in
Table 4.1 compared to eigenfrequencies from a Flyasis.
Setl Set 2 Set 3
FE analysis 6.07 7.85 17.31
Equations 6.08 7.85 17.2G
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It is concluded that the frequency functions in [Eab.1 together with equation (4.4)
gives satisfactory accuracy for determining thetfigigenfrequency for a two-span
bridge.

4.2.2 Three-span bridges

A three-span bridge have the same dependence drettiing stiffnes&l, the mass
per meterm and the total length of the bridde,, with the same motivation as
described in Section 4.2.1 for a two-span bridgeo Extra geometric parameters are
however required to describe the relation of thedhspans. In this thesis they are
calledy andx and are defined in Section 4.1.

Since a two-span bridge only depends on one gemnpetrameter in a complex way
it is possible to find expressions for describihg eigenfrequency functions for any
combination of geometric and material parametershis type of bridge. It gets more
complex for a three-span bridge where two geomeiaiametersy( and x) have a
complex effect on the eigenfrequencies, see Figure.
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Figure 4.11 Eigenfrequency function for the firgiemfrequency for the variation afand .

Figure 4.11 shows that the influence of the gedmetrameter changes depending
on the value ofy. This means that it is not possible to formulate tsaparate
equations for describing the eigenfrequencies’ ddpece on the two variables.
Instead one equation depending on both variablesgigired, making it much harder
to find a suitable expression.

It is rather common for three-span bridges to hawgual to one, meaning the first
and third span are equally sized while the midggjansmay vary in size. Since
complexity in finding an expression for the freqoies depend on both and x a
limitation has been made to bridges wherel.0. This type of bridge has a similar
appearance of the eigenfrequencies for the vaniatiy as for a two span bridge, see
Figure 4.12.
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n = L2/(L1+L3)

Eigenfrequency functions for the fasven eigenfrequencies for a three-span bridge

with #=1.0.

As for a two-span bridge it is of great value farther examinations to have a
simplified expression for calculating only the fiesgenfrequency for variations jm
Again the Matlab curve fitting toolbox was used fiois purpose, and the expressions
in Table 4.4 are proposed for different intervdlg.o

Table 4.4 Proposed expressions for the eigenfreggu&mction for the first eigenfrequency of
a three-span bridge witk=1.0.
Mode n=L2/(L1+L3) [-] Eigenfrequency functiorg(z) R?value
First mode 0.5-0.8 1.6sin(7.2- n -1.95)+12.55 0.999
First mode 0.8-2.5 2pi- 743,511 0.999

Figure 4.13 shows the curves fitted against the acceleration.
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Figure 4.13 Chosen eigenfrequency functions dviorspan bridges plotted against the true first

frequency.

A verification of the accuracy of the expressionsTable 4.4 has been made using
three different parameter sets which are defined@ahle 4.5. Table 4.6 shows the
results from this verification.

Table 4.5 Parameter sets used for different wifons throughout the thesis

Parameter Setl Set 2 Set 3

E [GPa] 30 40 50

M [kg/m’] 2400 2000 2800

Ltot [M] 30 25 20

u[-] 0.6 15 0.9

Table 4.6 Eigenfrequencies calculated using equafé.4) and eigenfrequency functions in

Table 4.4compared to eigenfrequencies from a FE analysis.

First eigenfrequency [Hz]

Setl Set 2 Set 3
FE analysis 9.301 9.254 19.407
Equations 9.298 9.262 19.385
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4.2.3 Comparison to single-span bridges

Single-span railway bridges are very common and first eigenfrequency can as
mentioned be calculated analytically. Hence it niaey of interest to know the
increase in eigenfrequency that the additional sgdra multi-span bridge contribute
with compared to a single-span bridge correspontbnifpe largest span length. The
eigenfrequency of a multi-span bridge can alteveditibe calculated as

fi=U- fi,single (4.5)

wherefisinge IS the i:ith eigenfrequency of a single-span bridgaesponding to the
largest span length of the multi-span bridge and

U= 2:9;(W)-(1+p)? (4.6)

T-U?
for a two-span bridge and

U = 29im)-(tm? (4.7)

N2

for a three-span bridge. Figure 4.14 shows the appee olU for calculation of the
first eigenfrequency of a two- and three-span laidg
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Figure 4.14 Appearance of the factor U for deterimg the first eigenfrequency for a two- and
three span bridge through the eigenfrequency dahgle-span bridge corresponding
to the largest span length.
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424 Remarks

By examining the derivation of eigenfrequenciesdimgle- and multi-span bridges it
was seen that the eigenfrequencies for a multi-dp@gige depend on material
parameters in the same way as a single-span brgiggraphic examination it was
seen that this also is true for the total lengthhef bridge. One important feature to
note is that all frequencies have the same depereden these parameters. This
means the eigenfrequencies have the same relatieach other for any combination
of material parameters and total bridge lengthsThiimportant in later calculations
since it allows searching for simpler dependentiias the acceleration response has
on these parameters. However the geometric spatiorelparameters affect the
eigenfrequencies differently for all multi-spandges. This means that the dynamic
response behavior will be affected in a differemlywvhen span relations are altered
depending on which eigenmode that is examined. therefore not possible to define
exactly how the dynamic response depends on therspation parameters since each
eigenmode has its own effect on the dynamic respolasd the number of
eigenmodes in a continuous structure is infinitatge.

4.3 Load frequency and resonance effects

According to BV Bro (Banverket 2006) all railwayidges with a total length above 7
m have to be designed to withstand the HSLM-A ttabds in terms of maximum
allowed vertical acceleration in the superstructofehe bridge, see Chapter 3. As
shown in Chapter 3 all HSLM-A loads have differéodad parameters in the term of
coach lengttD, bogie axel lengtld and the number of coaches. In this section it is
discussed how the train loads will affect a railviiglge is presented. The main load
frequency is defined and it is shown how it in tiela to the eigenfrequencies of a
bridge affects the dynamic response due to res@nanc

To understand the meaning of load frequency ofim tioad it is convenient to start
with a single point load moving over a single-sfmitge with a fixed velocity, see
Figure 4.15.

v =const# 0 v=0

l F(t) = const F(t) # const

Figure 4.15 A single-span bridge subjected to paiat load. (a): constant load moving over the
bridge with constant velocity. (b): point load thedries in time acting in the middle
of the bridge.

Figure 4.15 implies that a point load moving oversiagle-span bridge can be
transformed from a load varying in the space don@ia stationary load varying in
the time domain. The transformed load in Figures4all hence vary in time and if
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several loads with equal distance moves over tligérthere will be a load effect on
the bridge varying with a certain frequency affdcdby the speed of the loads and the
distance between them. As an example let us cengié@ static analysis of the bridge
in Figure 4.15. The influence line for the mid-spdeflection caused by one point
load as it moves over the bridge is very close teirmisoidal curve. If several
influence lines are superpositioned in the time dionma resulting influence of the
loads is received, see Figure 4.16.

Umax“ ~ ~ - ~ - =~
\

v

Figure 4.16 The influence line for static displacementairsinglespan bridge subjected
several equally distanced point loads travellingiothe bridge with constant speed.

The static response shown by Figure 4.16 givesdaa bf how a bridge will be
affected by moving point loads, even though thedaiplexity in a dynamic analysis
is not considered. It should be noted that the apee of the total influence line
differ as the load distance is altered or bridgenspare added. For more information
about the reliability/possibility to describe loaffect on the dynamic response using
a static model, see Section 4.4.

The train load models HSLM-A are all a combinatminpoint loads traveling with
different distances in between, namely the coanbtleD and the boogie axel length
d. However, the coach lengihcan be considered as the “main” distance between t
loads, as it serves as the distance between thikargs of the boogie axle loads of the
train, see Figure 3.1. In Figure 4.16 it can bemmnghat the time between peaks in the
total load influence is equal to the time betwesntraveling loads. As the frequency
is the inverse of this time it can then be concatltieat the “main” frequency of a
HSLM-A train load can be defined as

Q== (4.8)

where
Q= Load frequency
D = Coach length of considered HSLM-A load

v = Train velocity
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Resonance will occur when the load frequency cdegi with one of the
eigenfrequencies of any structure, see Chapter AveMer, for railway bridges
resonance will also occur when an eigenfrequenaycates with any multiple of the
load frequency, i.e.

_fi
a="%4 (4.9)
where
fi=  Eigenfrequency of the i:th degree
k= 1,2,3...

The behavior behind equation (4.9) can be undedsbyolooking at a spring-weight
SDOF system without damping. Say the system isatiifg with its eigenfrequency.
If we tap the weight (put a small impulse load 9newvery time it is in its highest
position we will increase the amplitude of the wition every cycle and the amplitude
goes to infinity with time, see Figure 4.17. If ve® the weight every second time it is
in its highest position the amplitude also goesdnfinity in time but it increases
slower. These two examples correspond to addig@ With a frequency coinciding
with the eigenfrequency and the eigenfrequencyddiyiby two. In a real structure the
first of these most often gives the largest dynarmagponses since the structure has
less time to damp out the vibrations.

u l l

o AN S
VVV

" LAY
wvv

Figure 4.17 lllustrative figure of how the disptament increases for a SDOF model when an
impulse load is applied with a frequency correspngdto the systems
eigenfrequency and half the eigenfrequency in (&) (&) respectively

The ratio between the load frequency and thediggnfrequency is defined as

p=2 (4.10)
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This parameter will be frequently used in this thamce it can be used to describe all
bridge parameters and the train velocities’ effent the maximum acceleration
response.

FE analyses have been performed on a two-spanebt@ighow how the dynamic

response in a railway bridge is dominated by resoeghenomenon. Three different
data sets have been used, see Table 4.2. In thesesmianode superposition is used
and limited to the first two eigenmodes. The exadimresult is the maximum

acceleration for the variation of train velocitgesFigure 4.18.
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Figure 4.18 Maximum acceleration response for ¥heation of train velocity using the three
parameter sets defined in Table 4.2, two eigenmadédsa modal damping of 2%.
The train load HSLM-AL1 is used for all three paraenesets.

It can be seen in Figure 4.18 that resonance sftextur aff = 1 and 1/2 for all three
parameter sets and thus confirming the correctofesguation (4.9).

An additional parameter denoted the critical speatefined before proceeding to the
following sections.

ver=D-fi (411)

Where:

Ve = The critical speed for a specific bridge configtion and
HSLM-A load

The critical speed is the speed resultingsir 1.0 for a given coach lengih and
consideration to the first eigenfrequency. In tgahis speed is never reached as it is
unadvisable considering dynamic aspects of raillrayge design. Figure 4.18 gives
an understanding of how much larger the accelaratibecome if the speed is
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reached. It serves nevertheless as a good refevahezand it will be used frequently
in the remainder of the thesis.

By combining equation (4.8), (4.9) and (4.11) tesanance speed can be shown to be

Ver (4.12)

VUresonance = k

where

Vyesonance= train velocity at which resonance effects océnra
railway bridge

Finally by combining equations (4.4), (4.11) andl®) an analytical expression for
calculating the resonance speeds by hand is obtame

o g [m (4.13)

v == —
resonance k Ltotz m

44 The SDOF model

A model meant for describing the dynamic resporfsauiti-span bridges consisting

of only one degree of freedom has been establishesl.purpose of creating such a
model is partly because it describes the complaandyc response in a simple way
which may increase the understanding of this coriylebut also because it greatly

decreases calculation time and gives an analyigahtion of the response that could
be used for finding guidelines in the design precdsailway bridges.

In this section the theory behind the creationhef EDOF model will be explained.
This is followed by a verification of the SDOF mdédeccuracy.

44.1 Theory

The examination of a SDOF model that resembleshaay bridge is a continuation
from previous master carried out at Reinertsen &wedlB, namely Ekstrom and
Kieri (2007) and De Leon and Lasn (2008).

In Ekstrom and Kieri (2007) the transformation o$iagle-span railway bridge was

made using transformation factors which was fimgtoiduced by Nystrém (2006), also
a master thesis carried out at Reinertsen Sweden TAB transformation factor

approach creates a transformation factor for &#%) mass and load respectively.
These factors are defined so that kinetic energpedtin the beam and SDOF system
becomes equal, the moved mass and the load ekersame amount of work. The
transformation factors are based on the assumptiah the beam deforms as a
sinusoidal curve.

De Leon and Lasn (2008) compared the transformatsmtor approach to an
additional method of transformation, called thecéorscaling approach. The force
scaling approach requires considerably less cdlonkand is also easier to apply on
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more complex structures. The method was proveiveoagcurate results for a single-
span bridge.

One of the aims of this thesis is to examine i§ ipossible to transform also a multi-
span bridge into a SDOF model. Because of the aaxitplin multi-span bridges the
force scaling approach has hence been chosen ifotas$k, and its theory will be
presented in this section. The interested readeefexred to Nystréom (2006) for
theory on the transformation factor approach.

A SDOF model has the equation of motion shown wag¢ign (2.2). To establish this
model the stiffnes&, massM, dampingC and loadp(t) needs to be determined. The
force scaling approach has the following calculapoocedure:

* Chose an arbitrary mass of the SDOF model

» Calculate the stiffness of the SDOF model so tist fiequency of the SDOF
model and the railway bridge becomes equal

» Determine the damping

» Scale the load acting on the bridge to use on BfeFSmodel so that the static
deflection of the bridge and SDOF model becomesilequ

Let us go through the four steps in more detaiistFan arbitrary mass of the SDOF
model is chosen as

M =T - My igge » WhereT >0 (4.14)

In Section 4.3 it was shown that the response ilwag bridges is governed by the
ratio between load frequency and first eigenfregyeit is hence important that the
SDOF model has a frequency that corresponds tditsie eigenfrequency of the
bridge. The fact that an SDOF model only has ogerdrequency limits the model
since only the first eigenfrequency of the bridge de regarded. Resonance effects
that occur with regard to higher eigenmodes argyivatn consideration in the model.
By combining the expression for the eigenfrequenny equation (2.5) and
equation (4.4) an expression for determining tiffness is obtained as

K=n. LW, [E (4.15)

Lot m

The SDOF model is made to resemble the dynamiconsgp using the first

eigenmode. The damping should therefore be chasessemble the modal damping
of the first eigenmode. Equation (4.16) shows hbev dampingC can be calculated

from a known modal damping.

C=2-0 M- wsof (4.16)

where
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Wsdof =

==

Finally the load acting on the bridge is scaledhsd the static deflection of the bridge
and SDOF model becomes equal. The static displattenfethe SDOF model is
defined as

u(t)saor =" (4.17)

Setting the static displacement in equation (4€lgl)al to the static displacement of
the bridge gives an expression for determiningdhd acting on the SDOF model as

p(t)sdof =K- u(t)bridge (418)

The force scaling approach has its name since iequét.18) re-written forms a
relation between the load acting on the bridge andthe SDOF model equal to
K/K briagge Which in De Leon and Lasn (2008) has been calledstaling factor.

A point in which the largest accelerations are ae=iito occur in the bridge needs to
be chosen before the deflection of the bridge @wediculated. It is assumed in this
thesis that the largest acceleration will occuthe middle of the largest span. The
static deflection in time is calculated by usinfiuance lines for the deflection in the
critical point with consideration to one point loddhe influence lines are based on the
coordinate of the point load which can be replas#ti velocity of the point loads
times the time to get the static deflection in tifBg superpositioning the influence of
point loads in a correct manner a HSLM-A train laath be resembled. The added
complications with applying the force scaling agmio on a multi-span bridge
compared to on a single-span bridge, as has beda m&e Leon and Lasn (2008),
lies solely in the calculation of the static defien of the bridge.

442 Verification

The whole concept of the SDOF model is based orirtie of required eigenmodes

in BV Bro Banverket (2006). As described in ChafBehis limit is 30 Hz. It means

that the eigenmodes that has an eigenfrequencyea®®\Hz can be excluded when
calculating the dynamic response.

The SDOF model created is meant for calculatingdyr@amic accelerations. These
accelerations are strongly affected by higher emgmes, as shown by Figure 4.19.
The only time the SDOF model is capable of desegla more accurate dynamic
acceleration response is when only the first eigetenhas to be considered.
However, this is often the case for multi-span dpeil
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Figure 4.19 Comparison of the maximum acceleratesponse in a two-span bridge subjected to

a point load of 100 kN moving with v=50 m/s usiiffedent number of eigenmodes.
The used parameters are E=40 GR&2400 kg/m, L=15 m,4«=2, ¢=0.02.

A SDOF model based on the theory presented in @edt4.1 has been established
and its Matlab code can be found in Appendix D. BOF model’s accuracy have
been verified against a FE program that also camobed in Appendix D. In the
verification only the first eigenmode was used e tFE analysis since this
corresponds to what the SDOF model describes. Tdbleshows two sets of
parameters that have been used in the verificafigure 4.20 and Figure 4.21 shows
the acceleration response in time for the SDOF inaxe the FE analysis using data
set 1in Table 4.7.

Table 4.7 Two parameter sets used in the verifioabf the SDOF models accuracy. Both
parameter sets concern a two-span bridge.

E/g‘;ge E[GPa] | plkg/md | L[m] | x[1| c[1 | HSLM-A | v[m/s]

Setl 40 2400 15 2.0 0.02 Al 50

Set 2 40 2400 15 2.0 0.02 A4 75
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Figure 4.20 Acceleration response in the middlthefsecond span using data set 1 in Table 4.7.
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Figure 4.21 Acceleration response from Figure 4dR@ing the first second.

Figure 4.22 and Figure 4.23 shows the acceleraisponse in time for the SDOF
model and the FE analysis using data set 2 in Talfdle
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Figure 4.22 Acceleration response in the middlthefsecond span using data set 2 in Table 4.7.
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Figure 4.23 Acceleration response from Figure 4dR#ing the 2: nd second.

For the first data set in Figure 4.20 and Figur2lthere is a close resemblance
between the SDOF model and the FE analysis. Betlappearance and the amplitude
of the acceleration response are similar. For #woisd data set Figure 4.22 and
Figure 4.23 there is however some lack in accuvelogn it comes the amplitude of

the accelerations, even though the appearanceuszde.
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A more extensive comparison of the acceleration likuale has been made by
examining the variation of maximum accelerationifme for different train velocities,

see Figure 4.24 and Figure 4.25. A comparison letwiee acceleration response in
the middle of the largest span (in this case theors@ span) and the maximum
acceleration response in the whole bridge is alsdemn Figure 4.24 and Figure 4.25.
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Figure 4.24 Maximum acceleration response usingd&t 1 in Table 4.7 with variation in the
train velocity.
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Figure 4.25 Maximum acceleration response usingda&t 2 in Table 4.7 with variation in the

train velocity.
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When higher modes are included the maximum acdalaras likely to occur
somewhat off the center of the largest span. Winihane mode is included however
Figure 4.24 and Figure 4.25 show that the maximooelaration occurs in the middle
of the largest span with just a small error. TRigood for the SDOF model since it is
based on the maximum acceleration appearing imiddle of the largest span. This
makes the acceleration behavior in the SDOF modekmorrect. Figure 4.24 and
Figure 4.25 do however also show that the SDOF inladk accuracy and also that
this lack of accuracy is not consist for the vaoiatof train velocity.

In the following section calculations have been enaxlcapture different material and
geometric parameters dependence on the accelegatiplitude. For the possibility of
finding such dependencies it is necessary to wsdcalation tool that can show if the
dependencies are consistent for the variation ah tvelocity. It was stated in the
beginning of this Chapter that the SDOF model cobéd used to decrease the
calculation time for the upcoming calculations ibyen accurate enough. But since
the accuracy varies depending on train velocity SB®OF model has not been used
further in this thesis.

It can however be stated that the accuracy of D& model is remarkably good
considering the models simplicity even for multaspbridges.

45 Amplitude of the acceleration response

By calculating the eigenfrequencies of a railwaigdee, as shown in Section 4.2, it is
possible to decide the critical speeds at whichrrasce occur for a certain train load.
In Section 4.3 it was also shown that resonancectsffoccurs for multiples of the
critical speed for railway bridges and how the neswe speeds can be calculated.

The equations in Sections 4.2 and 4.3 give togetheexact formulation of how the
resonance speed is calculated. They do not howgverany guidance to how large
the dynamic response will be at this resonancedspke this thesis partly aims to
give guidelines for how to estimate the dynamigoese it is required to further
examine the variation in acceleration amplitudéhefdynamic response.

In this section the results from a parameter studge on two- and three span bridges
is presented. In this parameter study the amplibfidde dynamic response in terms
of acceleration has been examined at differentni@ste speeds for the variation of
both material and geometric parameters. Sectiod &8l present the results from the
parameter study for the individual variation of keacaterial and geometric parameter,
respectively. A discussion and the conclusions n@teerning the amplitude of the
dynamic acceleration response are presented iln8ecb.4.

The dynamic response in the parameter study has d@eulated using a Matlab FE
program developed within this thesis by the authees Appendix D. For details
about meshing, element choice, load application tand integration the reader is
referred to Appendix D. In comparison to commer¢i&l software the variation of
geometric parameters is substantially easier tallbaim Matlab. It is also easier to
apply train loads and variation of train velocityMatlab.

Equation (4.13) has been used for calculating ésemance speeds both in the Matlab
program and when handling the data from it. In #RE calculations mode
superposition was used utilizing only the firstexignode to save calculation time.
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Parameter behaviors that differ for different eigedes are beyond the time limit of
this thesis and therefore the use of additionarmigpdes is unnecessary.

In this section a selection of figures are presgtdegive the reader a comprehensible
presentation of the results from the parameterystdr the interested reader a more
extensive gathering of figures from all the anaysade can be found in Appendix B.

451 Method

In this section the method behind the parametelysiill be presented. The section is
meant to clarify what calculations that have beeriggmed and how the data for the
figures that will be presented have been extracted.

The time response of the vertical acceleration whetnain runs over a bridge is
complex. However the shape of this response isofdhterest in the process of
designing a railway bridge. Only the maximum acedlen in time is of interest.
Therefore there is no necessity in examining thesaesponse in time, but rather
only the maximum acceleration. When designing avesi bridge a range of train
velocities need to be considered however, see €n8ptChanging the train velocity
may result in a completely different acceleratiesponse in time and hence also a
different maximum acceleration.

The process of creating the Matlab programs theeé heeen used for the parameter
study can be divided in steps. First a programd¢hbtulates the response in time for a
fixed train velocity and parameter set was createdl verified against ADINA. Then
this program was modified to calculate the respamgiene for every train velocity of
interest and from these extracting the maximum lacaon response, see Figure
4.26.
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Figure 4.26 lllustrative figure of how the acced@on response in time has been gathered in a v-
a plot.

The method applied in the parameter study has teérst calculate the maximum
acceleration response in time for the variatiortrain velocity with a certain train
load and set of material and geometric paramedsrshown by Figure 4.26 procedure
is then repeated with the independent variatioroé variable. The variation in
amplitude of the acceleration response for chanthiag variable can then be studied
by examining the amplitude for fixed valuesffSince the acceleration response at
resonance often governs the determination of desigeleration in real life projects
the § values 0.5, 0.33, 0.25 and 0.2 have been examwigdh corresponds to
resonance speeds. Figure 4.27 shows how the dataadaistant value ¢f have been
extracted to show the accelerations dependenceaipariable of interest.
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v

Figure 4.27 Illustrative figure of how the acceleratiana g value have been extracted i
gathered in a figure thashows the accelerations dependence on the exa
variable.

452 Extent of the study

In this section an overview of all the performedcakations will be presented. The
section is meant to show the extent of the paransttely together with the required
performance to achieve this extent.

The examined parameters are the Young’s moduluheEdensityp, the total bridge
length, Lo, the span relatiory, and the modal damping c. Calculations have been
performed on both two- and three-span bridges. eTd8 shows the extent of the
parameter study.

Table 4.8 Extent of the parameter study
S Two-span bridge Three-span bridge

o 2

o o

@ o

& Q Al Ad A8 Al Ad A8

> n
E [GPa] 5 15-60 15-60 - 15-60 - -
p [kg/m?] 200 2800-4600 - - 2200-4000 - -
Lot [M] 0.5 13-22.5 13-22.5 15-24.1 - - -
w1 [ 0.05 1-1.95 1-1.95 1-1.95 0.5-1.45 0.5-1.45 0514
cl-] 0.001 0.01-0-029 - - - - -
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It is seen in Table 4.8 that the train loads HSLM-AA4 and -A8 have been chosen
for the parameter study. These loads have beerglassthey have different values of
every parameter that defines the HSLM-A train loads

The calculations behind the parameter study arg tuele consuming. As mentioned
in Section 4.5.1 the response in time must be ted for every train velocity of
interest to receive the response from one singlefggarameters. Table 4.8 show that
this calculation procedure has been repeated Bistusing different parameter sets.
This is despite limiting the parameter study t@e&hHSLM-A train loads.

For the examination of every parameter the traloory has been varied within the
interval of 100- 360 km/h. Both the interval of ttrain velocity and the size of the
examined parameters shown by Table 4.8 have beesechto resemble realistic
values.

When examining one variable the remaining datdnae¢ been chosen to capture the
resonance peaks of interest, namelysa®.5, 0.33, 0.25 and 0.2. This means that
different data sets have been chosen for the exdimmof different variables. The
data set used is shown in the caption of everyrdiqaresented from the parameter
study later on.

453 Results

The effect on the acceleration amplitude in railvmaidges from varying different

material and geometric parameters have been exdmitech parameter has been
examined individually and the results are preseitdtis section in a corresponding
way. The cross-section defined in Section 4.1 hbheen used for all analysis
presented in this section.

45.3.1 Variationsof mass

The mass has been varied by changing the densitgn\the mass per meter of a
bridge length is increased the eigenfrequencied, @mnsequently the resonance
speeds, will decrease. As can be seen in equati@B)(the critical speed depends on
the inverse of the square root of the mass. Figu?8 shows an example of the
maximum acceleration response in a bridge for giffetrain velocities and it is seen
how the resonance speeds decrease as the massécre
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Figure 4.28 Acceleration response for a two-spandde subjected to HSLM-A1l using
£=30 GPa, Ltot = 16 my= 2 and{= 0.02.

In Figure 4.28 it can be seen that the shape oétleleration response curve is kept
as the mass of the examined bridge varies. Thdeaatiens at the resonance speeds
have been collected and plotted against each riagpeensity in Figure 4.29.
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Figure 4.29 Acceleration response for a two-spandde subjected to HSLM-A1l using

F=30 GPa, Ltot = 16 mg= 2 and¢= 0.02 at three resonance speeds.

Eurocode states that the amplitude of the acc@eraiesponse has an inverse
proportionality against the mass. Figure 4.30 shdles normalized curves from
Figure 4.29, plotted against the inverse of easpeaetive density. Here it can be seen
that the statement in Eurocode is true. It is irtgodrto note that the acceleration
amplitude has the same dependence for any speddamte only one line can be
seen in Figure 4.30.
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Figure 4.30 Acceleration from Figure 4.29 plotighinst the inverse of the density.
4.5.3.2 Variation of bending stiffness

From equation (4.13) it is known that the resonaspeeds depend on the square root
of the bending stiffness. An increase in the begmdstiffness thus leads to the
resonance peaks appearing at higher speeds. Inh#sss the variation of bending
stiffness has been examined by varying the modtlelasticity. Figure 4.31 and
Figure 4.32 shows examples of the accelerationoresgp for the variation of train
velocity for a two- and three-span bridge respetyiv
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E =20 GPa
----- E =25 GPa
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——E=35GPa
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Figure 4.31 Acceleration response for a two-span bricgdjected to HSLMyL using
= 2800 kg/m, Ltot =16 m, =2 and =0.02.
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Figure 4.32 Acceleration response for a three-spandge subjected to HSLM-Al using
»=13000 kg/m, =1, Ltot = 25 m, x = 1 and¢= 0.02.

It can be seen in Figure 4.31 and Figure 4.32 lib#t the acceleration amplitude and
shape are completely independent of the choiceoafute of elasticity and hence also
independent of the bending stiffness. For the mepuf giving more credibility to this
shown phenomenon and give further insight in trpaoase for the reader that is not
too acquainted with the fields of dynamics addgiocalculations have been made in
ADINA, see Figure 4.33 and Figure 4.34.
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Figure 4.33 Acceleration response in time using MSA1 and E = 30 GPay = 2400 kg/m”3,
Ltot=15mu =2, ¢=0.02 and v = 399 km/h. The response is calcdlaeADINA.
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Figure 4.34 Acceleration response in time usingM$Al and E = 50 GPap = 2400 kg/m~"3,
Ltot=15mux=2,¢=0.02 and v = 516 km/h. The response is calcdlaeADINA.

Figure 4.33 and Figure 4.34 shows the acceleratsponse in time using two
different sets of module of elasticity and traidoeity. The choice of parameter sets
have been made to capture the response in timg/2or f = 0.5. The figures show
identical response curves but with different tim@samplying that the maximum
acceleration response are the same using the tfevedit parameter sets. To show
why the response in time becomes identical they&ioal solution for a SDOF model
has been examined, see Appendix E.

4.5.3.3 Variationsof geometric parameters

The determination of dynamic acceleration respongailway bridges is a complex

problem. The examinations of material parameterSeagtions 4.5.3.1 and 4.5.3.2,
though showed that the dynamic response has aesimafgtion to these parameters,
which implies that the complexity solely lies irethariation of geometry.

How the acceleration response depends on geonpairgneters cannot be expressed
in separate expressions as for the material paeamdnstead they depend on each
other. The geometric parameters for a bridge eXise total bridge length and span

relations. The reader should acknowledge howearthie geometric parameters does
not only include the total bridge length and spelation. There are also additional

geometric parameters in the load in the form ofib@xle length and coach length.

And it is a combination of these four geometricgmaeters together that affects the
dynamic response.

With the goal of capturing the general variatioentt of the acceleration response,
examinations have still been performed on the gé&aergarameters. Variations in the
load parameters have not been performed. Instédetit HSLM-A loads have been
used to examine the dynamic response during thatiar of total bridge length and
span relations independently.
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4.5.3.4 Variation of total bridge length

The variation of total bridge length has been exauifor two-span bridges only. The
variation of total bridge length on two-span bridgeill be shown to affect the

dynamic response in such a complex way that ndiaddl conclusions are presumed
to be gained from analysis on three-span bridgesir& 4.35 and Figure 4.36 shows
examples of the acceleration response for a two-bpage subjected to a HSLM-A

load for different bridge lengths.
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Figure 4.35 Acceleration response for a two-sparidde subjected to HSLM-Al using
E=40 GPa,x= 2, p= 3000 kg/m and¢'= 0.02.
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Figure 4.36 Acceleration response for a two-spandde subjected to HSLM-A1l using

E= 40 GPa,x= 2, p= 3000 kg/m and¢= 0.02.
Just by examining Figure 4.35 and Figure 4.36 it ba seen that the acceleration
response due to bridge length variation is not isterst. This means that the
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acceleration has different dependencies on thgdiieingth for different values ¢

i.e. the acceleration amplitude varies differemlgifferent resonance peaks when the
bridge length is changed, see Figure 4.35- Figud8.More figures, similar to Figure
4.35- Figure 4.38 are presented in Appendix B.
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Figure 4.37 Acceleration response in resonancek@ay,/2 for different train loads and a two-
span bridge using E = 40 GPa= 2, »= 3000 kg/m and ¢'= 0.02.
3-5 T T T
I i | ver/3 Al
3.0 f-----Y-mmmqm e  ERREEEEEE qmmmmmm -
5 N | | == =vcri3 A4
0 B I L (R L
= 2:5 N | N s vcr/3 A8
5 20 F N AoIEEEEITL ;
3 . ! =
5 15 +----------- e Sl i Tommmooooes
® T .
S 10 -~ - R ERh R S CEEE
< ! | R B
0.5 F--nnmnmmnm- 3ommmmenmees Fomnmenee e 3L
0.0 ! : ;
15 17 19 21 23
Total bridge length [m]
Figure 4.38 Acceleration response in resonancek@ay,/3 for different train loads and a two-

span bridge using E = 40 GPa= 2, »= 3000 kg/m and ¢'= 0.02.

The following conclusions can be made concerning #tceleration amplitudes
dependence of the total bridge length:

* The dependence differs for differghvalues, meaning that the design velocity
of the bridge considered will affect the dependence

» The dependence will differ between eigenmodes fmrestant train velocity
since these correspond to differgntalues.
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» The dependence will differ between HSLM-A traindedor a constant train
velocity since these correspond to differ@malues.

These conclusions together make it difficult toideran expression for how the
acceleration amplitude will depend on the totablpe length, since the number of
possibleg values and eigenmodes for a continuous structereah infinitely large.

The general trend from varying the total bridgegtbnthat was found during the
parameter study was that the acceleration amplitledgease when the total bridge
length is increased. However if this decrease di#peon the combination of
geometric parameters is unclear since increasdatial bridge length also increases
the total bridge mass.

4.5.3.5 Variation of span relation for a two-span bridge

The eigenfrequencies for a two-span bridge was shavsection 4.2 to be affected
differently by the variation of span relatipgndepending on the examined eigenmode.
This knowledge alone makes it impossible to desireexpression for the acceleration
amplitudes dependence @n Each eigenfrequency will have a different depecde
and theg value will hence be affected differently for esgienmode. Therefore the
eigenmodes individual response is super-positiatifferently for different values of
.

The variation of the span relatigm has still been examined with the purpose of
capturing the general effect on the acceleratioplianle. Three different HSLM-A
loads have been used in this examination, namely A¥L and A8. These three
HSLM-A loads have been chosen as they differ imel@ad parameter that defines
their appearance. Figure 4.39 and Figure 4.40 sheasnples of the acceleration
response for a two-span bridge for different valokethe span relation using A1 and
A8 respectively.
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Figure 4.39 Acceleration response for a two-spandde subjected to HSLM-Al using

E=20 GPa, L= 16 m,p= 3000 kg/m and¢'= 0.02.
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Figure 4.40 Acceleration response for a two-sparidde subjected to HSLM-A8 using
E=20 GPa, Ly = 16 m,p= 6000 kg/mi and ¢'= 0.02.

The acceleration amplitude has been gathered fwstants values corresponding to

resonance speeds, namely 0.5, 0.33, 0.25 andi@uteM.41 and Figure 4.42 shows
the variation of acceleration amplitude ferequal to 0.5 and 0.33. More detailed
results are presented in Appendix B.
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Figure 4.41 Acceleration response in resonancekpegavcr/2 (#=0.5) for different train loads

using £= 20 GPa, Ly = 16 m,¢= 0.02 andep = 3000,4000 and 6000 kg?n‘or Al,
A4 and A8 respectively.
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Figure 4.42 Acceleration response in resonancek @avcr/3 £ = 0.33) for different train loads

using£= 20 GPa, Ly = 16 m,¢= 0.02 andy = 3000,4000 and 6000 kgfrfor A1,
A4 and A8 respectively.

The acceleration amplitude seems to have a sig@pendence on the span relation
for all examined values gf and all examined train loads. An interesting obaton

is that the acceleration amplitude increases wineallshe asymmetry is created in
the bridge. For a two-span bridge it was shownenti®n 4.2.1 that when asymmetry
was increased the first eigenfrequency decreaseld we second increased. The
criterion set by the Swedish railway administratstating that only eigenfrequencies
up to 30 Hz need to be considered then raisestaresting discussion. Because of
this criterion there is often only need for considg the first, or first and second
eigenmode. If creating small asymmetry always ldadsicreased accelerations this
means that an increase pfthat puts the second eigenfrequency above 30 Hz ma
lead to lower design acceleration while the trueetaration increase. There might not
be any conclusions to make of this observationepixthat the 30 Hz criterion set by
the Swedish railway administration might be consdejuestionable.

4.5.3.6 Variation of span relation for a three-span bridge

For the same reason as for a two-span bridgenittipossible to derive an expression
for the acceleration amplitudes dependence on pia@ selations for three-span
bridges. Examinations have still been performed wiite purpose of capturing the
general dependence. Resulting figures from thisménxation can be found in
Appendix B. Figure 4.43 and Figure 4.44 show theatian of acceleration amplitude
atp=0.5 and3=0.33 from the examination.
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Figure 4.43 Acceleration response in resonance peak at ve/2 Q.5) for different train loads
usingp = 2500 kg/rﬁ, Lt =20m,¢=0.02,x =1 and E = 20,14 and 10 GPa for A1,
A4 and A8 respectively.
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Figure 4.44 Acceleration response in resonance peak at vef/3 0.33) for different train loads
using o = 2500 kg/m, Ly = 20 m,¢= 0.02,x= 1 and E = 20,14 and 10 GPa for
Al, A4 and A8 respectively.

The same conclusion as for a two-span bridge camade for three-span bridges
concerning the span relation The acceleration amplitude seems to increase when
small asymmetry is created. However one deviatiegult was obtained in the
analysis which increases the uncertainties indbiglusion, see Figure 4.43.

4.5.3.7 Variations of damping

The damping is the only examined variable that dugsaffect the eigenfrequencies
and hence the resonance speeds. It does howeeet Hfe acceleration amplitude.
The damping effect is not consistent but insteatesdor different values of. The
largest effect occurs fgf values corresponding to resonance speeds Whitdues in
between these values can be unaffected, see Flgibe The damping always lowers
the acceleration response.
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Figure 4.45 Acceleration response for a two-spardde subjected to HSLM-Al using

E=40 GPa,x= 2, p= 4000 kg/m and Ly= 15 m.

454 Conclusons

In Section 4.5.3 the results from the individualaexnations of material and
geometric parameters where presented. Severalusioict where made already in
this section but will be gathered here for a mayengrehensible presentation. Also
some complementary observations will be presenbederning the general dynamic
response behavior in railway bridges.

The following observations were made during thexpaater study:

» The acceleration amplitude is independent of thduteof elasticity.
* The acceleration amplitude is proportional to theerse of mass.

» The total bridge length’s effect on the acceleratimplitude depends on the
value of . This makes it hard to find an expression for this delpace since
different train loads and eigenmodes will havefedent effect for one
constant train velocity.

* When comparing the acceleration amplitude in tsemance peaks fog/k,
with k=2,3,4,5, the highest amplitude is not always eddrom lowest to
highest resonance peak, i.e. the following expo@ssi

vcr) (vcr )
al—|>a
<ki Kit1

66 CHALMERS, Civil and Environmental Engineerin®laster’s Thesis 2010:37



does not hold for all combinations of geometricapaeters. This depends
partly on the additional observation of cancellatdfects that can completely
remove one of the resonance peaks for some sgeoaietric parameters.

* The highest acceleration amplitude does not nedBssacur in a resonance
peak if a maximum limit for the examined train spéeset (This mostly
occurred when cancellation effects removed thenasce peak ak,/2).

* The resonance effects does not always occur exaicthe critical speeds. This
is especially true when cancellation effects odumuirthe phenomenon appears
also for other speeds with small differences otiadb5 km/h.

46 Casestudies

The discussion presented in Section 4.5.4 can k@ ss the result from the
examination of acceleration amplitudes. In thistisacthree special case studies will
be presented where all accumulated knowledge fl@mobservations made will be
applied to create guidelines and simplifications fioree common railway bridge
types. Two multi-span bridges have been examinetlvaaspan bridge with equal
span lengths and a three-span bridge with equal. $jdao a single-span bridge has
been examined since it is a good application ferdéveloped calculation tools in this
section and serves as a basis for the 2D/3D cosgralater in Chapter 5.

The results presented in this section are in the fof diagrams, and referred to as
design curves throughout this thesis. The name scdimen the main concept of
plotting the train velocities against the designcederation that this velocity
corresponds to instead of the actual acceleratias. shown that the design curves
can be used to decide which train loads that damitiee response for each specific
bridge type. It is also possible to easily calaltite exact design acceleration for a
certain set of material parameters. And as a geor of application the curves can
be used as guidance to which combination of brjglrameters that is preferable in a
dynamic aspect.

4.6.1 Development of thedesign curves

In Section 4.5.3 and 4.5.4 it was shown that thengeric parameters of a railway
bridge have a complicated effect on the accelaratsponse. Developing guidelines
that treats an arbitrary combination of bridge tenand span relations was shown to
be a difficult task as the acceleration has a wiffedependence upon these variables
for different eigenmodes and HSLM-A train loadsal§implified model treating any
combination of geometric parameters would be deesoit would have to express
different dependencies for every geometric paranuabination that is of interest.

In Section 4.5.4 some conclusions about the genespponse behavior of the
accelerations were made concerning railway briddesvas shown during the
parameter study performed in Section 4.4 that mospossible to predict which train
velocity that will produce the design acceleratiBuen if higher resonance peaks tend
to give a higher acceleration response it is nosistently so. Also if a higher limit
for the considered train velocities is set (whitlalivays is in real life projects) it is
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not necessarily the resonance peaks that contribvitte the highest acceleration
response.

However a discovery that contributes to increasess$ipility in finding guidelines for
the dynamic response of railway bridges was foufte material parameters of a
railway bridge have simple effect on both eigenfiecies and the resulting
acceleration amplitude. This conclusion forms tlasi® of the development of the
design curves as the response behavior of theematieh is kept under the variation
of material parameters. Let us consider the diffeeein acceleration response from
varying the module of elasticity (or bending st#§s), see Figure 4.31. An increase in
the module of elasticity leads to increased eigepfencies and hence increased
critical speed of the train loads, but the amphtad the acceleration is unaffected. In
Figure 4.31 the HSLM-AL1 train load is used. If ti#ferent curves in Figure 4.31 are
plotted against their correspondipyvalue for the Al load the curves will become
identical.

The same approach can be used for the variatiolemdity (or mass per meter of the
bridge) with the difference that only the shapehaf curves will be identical as the
amplitude will vary. The difference in acceleratiamplitude is however consistent
for the variation of train velocity. For this reasthe parameteris defined as

T=m-a (4.19)
where

m = The mass per meter length of the bridge

a=  The acceleration response

Figure 4.46 is an illustration of the transformaidrom av-a plot to a5z plot.
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Figure4.46 lllustration of how different accelerationsponses under theriation of materie
parameters can be expressed by one identical curve.

As mentioned above it is not possible to decidectvitrain velocity (org value) will
contribute to the highest acceleration responsecréfbre it is here examined
graphically. Since the material parameters’ effeatthe acceleration response, as
shown in Figure 4.36, can be expressed by oneesimglive it is possible to develop
one curve for each specific set of geometric pataragfrom which it is possible to
extract the exact acceleration response.

In the design of railway bridges the only acceleratresponse of interest is the
highest one, the design acceleration. Therefors ihere suggested that a curve
showing the corresponding design acceleration iféerdnt values off is developed.
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This type of curve will be referred to as a designve throughout this thesis. Figure
4.47 shows the continued transformation of thesitlative curve in Figure 4.46 into a
design curve.

B B

Figure4.47 Transformation of a regular response cunte endesign curve.

In Section 4.5.3 it was shown that the acceleratiesponse has a complicated
dependence on geometric parameters. The main cioelstated was that the
different dependencies for different geometric paater sets have to be modeled
separately. This is however not a possibility whtes variation of several geometric
parameters is of interest, since the number oéufit dependencies (or figures) to be
developed becomes too extensive. If, on the otldhspecial case studies are
chosen it is possible to eliminate some of the gedamparameters. In this thesis three
such case studies is made, which will be discusatt. What they all have in
common is that fixed span relations have been chtesving only one geometric
parameter for variation, namely the total bridgegté. One design curve has to be
developed for each length of interest for the déf¢ case studies. But if the design
curves for one specific case study are gatherexhénfigure it would then serve as a
useful comprehensive graphical calculation tool fioe dynamic response of this
bridge configuration.

There is however two additional complications whestitions need to be clarified.
First off the damping needs to be considered. & sfgown in Section 4.5.3.7 that the
damping’s effect on the acceleration response valépending on the value 8f The
damping showed large change in effect at the rem@napeeds but none in between.
However since it was decided to create differesigtecurves for each bridge length
this is not a problem in practice. The code spesithe damping to be used for each
bridge length, see Chapter 3. The design curve veifice include the effect of the
considered bridge length and its corresponding dagnp

Finally there are for each bridge length ten défearHSLM-A train loads to account
for. In real life design the only train load of enést is the one contributing to the
highest acceleration response. However, it is barmstimate which of the ten loads
that will contribute to the highest acceleratioften resulting in a time consuming
process where the response from all ten loads>amiaed. By plotting the design

curves for each HSLM-A train load for a specifiddige length in one figure it is

possible to graphically produce a design curve it@dtides the effect of all ten train
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loads. One problem is that each train load cormedpdo differens-r plots since they
all have different definitions of the correspondjfigalue because of different coach
lengthsD. In this thesis this has been solved by simplytiplg all the curves against
the Svalue of the HSLM-A1 train load. Figure 4.48 shows timaf transformation of
the illustrative design curve in Figure 4.47 intdesign curve that includes the effect
of all HSLM-A train loads.

B B

Figure4.48 lllustration of how the response from diffaréeHSLMA train loads can k
combined in a single design curve

4.6.2 Thedesign curvesarea of use

In real life design of railway bridges the dynaragpect plays an important role in the
design process. However, static analyses haveussszhin a larger extent in a historic
perspective, since the requirement of dynamic a&mlpf railway bridges was
introduced relatively recently in 2006. Static cargd to dynamic analyses have in
general simpler calculation procedures and engsneelay possess larger experience
with static aspects that govern railway bridge giesirherefore the early stage of the
design process is today in a large extent stillegogd by calculations and guidelines
based on experience from static analysis, evengthdbhe demands on dynamic
criteria may prove to govern the final design. Ifaslway bridge is designed using
guidelines based on static analysis and then shiowgive unsatisfactory results in a
dynamic aspect the design process becomes cumbeesurexpensive.

Using the design curves it is possible to easitgeine the design acceleration for a
certain set of material parameters and total bridggth. It is important to note that
the design acceleration determined from a desigveds not an approximation but in
fact the exact design acceleration from a 2D amaly® in the iterative process of
statically designing the cross-section of a raillagge the designer can easily check
how the bridge performs in a dynamic aspect to caammplications later in the
project. The calculation is made in two steps.tRins 5 value corresponding to the
set of bridge parameters and design train velagitalculated as

v L2 m (420)

where
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El = Bending stiffness of the bridge
m = Mass per meter length of the bridge
=  Total bridge length

v=  Maximum allowed train velocity on the bridge
D = Coach length of the HSLM-A load chosen asresfee for thes
value.

g1 = Value of the first eigenfrequency function fbe tgiven choice
of span relations.

The calculated value gf corresponds to a value @fwhich is found by using the
corresponding design curve. When the value of 7 is known the design
acceleration can be calculated using equation (4.19)

The design curves can also serve as guidance iedhg design project life of a
railway bridge since they basically give a completerview of how the dynamic
response change with modifications of the crosegea@and changes in material
parameters. Take the final design curve from thustiiative figures in the previous
section as an example, see Figure 4.49.

T
A

"~%

|
Vs

Figure 4.49 lllustration of the valug* which represents a value gfwhict
is preferable to fall below in a dynamic asp#éatlevant value
of Fare in the same range.

It will be shown in the upcoming presentation oélrdeveloped design curves that
there, in the intervals of relevafitvalues, often exist drastic changes in the design
curves. Choosing the dimensions and materialseotibss-section with consideration
to these changes greatly increases the possilnfitgatisfying the demands on
maximum acceleration response. By combining eqoaf#4), (4.8) and (4.10) an
equation that gives guidance to the choice of esession and material parameters is
obtained as
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El _( 2w )2 (4.21)

where
El = Bending stiffness of the bridge
m = Mass per meter length of the bridge
=  Total bridge length

v = Maximum allowed train velocity on the bridge
D = Coach length of the HSLM-A load chosen asresfee for thes
value.

01 = Value of the first eigenfrequency function fbe tgiven choice
of span relations.

£ = Appropriate maximum value gfaccording to Figure 4.49.

As a third sector of application the design curvas be used to verify more complex
FE models created in commercial software. If a 3@leh has been created it can be
verified by using mode superposition with just thiial eigenmodes that does not
cause rotation. This is further dealt with in Clea&.

4.6.3 Limitationsof thedesign curves

The damping specified in Eurocode differs betwesinforced concrete bridges and
pre-stressed bridges. This means that differengdesurves need to be developed
depending on the type of bridge that is designed.

Eurocode specifies that it is not allowed to intdspe between responses using
different bridge lengths. If an interpolation is deabetween two design curves this
result can hence only be treated as a rough estimait the true response.

The number of eigenmodes used will affect the ape of the design curves and
must hence be chosen before design curves canvietded. The chosen number of
eigenmodes for the special case studies in thgshas been estimated based on the
previous examination of eigenfrequencies for mgpi@n bridges. These choices will
be presented in the upcoming section.

The design curves developed in this Chapter arbasled on 2D analysis. If a 3D
geometry is considered additional accelerations lmarexpected, since it basically
mean that more eigenmodes have to be included. stooet this limitation will be
presented in Chapter 5 where dynamic analysisitwanabridges in 3D are treated.
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4.6.4 Design curvesfor thethree case studies

Three different bridge configurations have beensehofor the development of real
design curves. These bridge configurations are:

» Single-span bridge
* Two-span bridge with equal span lengths
» Three-span bridge with equal span lengths

As mentioned in Section 4.6.2 one design curvesémh bridge length of interest has
to be developed. Also the number of eigenmodeth®bridge configuration needs to
be chosen. Table 4.9 shows the chosen bridge etakien in consideration and the
choice of eigenmodes used in the calculations.

Table 4.9 Number of eigenmodes and considered dtefgths for the four case studies
Bridge configuration Considered lengths Numberigéemodes used
Single-span bridge 7-20 m 2
Two-span bridge 16-30 m 2
Three-span bridge with 30-43.5 m 5
equal span length

The developed design curve are all for reinforcedceete. As mentioned pre-stress
concrete corresponds to different damping accorttiri$V Bro Banverket (2006) and
their design curves must hence be developed separat

The choices of lengths are meant to resemble comleraths for each respective
bridge configuration. The creation of design curtias been limited to these length
intervals since it is beyond the scope of thisithés develop a complete calculation
tool for the bridge configurations. The performedrkvhas been restricted to the time
limit of the thesis.

The chosen numbers of eigenmodes for each respegtidge configuration have
been chosen based on the examination of eigenfnetpsein Section 4.2. For a
single-span bridge it is known from experience a&inRrtsen Sweden AB that a
common value of the first eigenfrequency is aboudgz8 In many design cases only
the first eigenfrequency falls below 30 Hz since #econd is four times larger, but it
is not always so. For the purpose of getting designwes giving results on the safe
side both the first and second eigenmode have etuded in the development of
design curves for single-span bridges. For the taped three-span bridge all
frequencies that fall below the 30 Hz criterion wthe first frequency equals 8 Hz
have been considered.

74 CHALMERS, Civil and Environmental Engineerin®laster’s Thesis 2010:37



The calculation procedure presented in Sectiorlfas been performed for the four
case studies. A comparison of design curves frarh eespective HSLM-A train load
for each considered bridge length has been madss€eltlesign curves have then been
gathered in the final design curve for each briggeth and finally the design curves
for every length of each bridge configuration hdeen gathered in one figure, see
Figure 4.50 to Figure 4.52. For the purpose ofrg\a comprehensive presentation of
the developed design curves all figures cannot tesemted in the report. The
interested reader is however referred to Appendixh@re an extensive presentation
of all figures from the development is made.
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Figure 4.50 Design curves for a single-span britdlgéhe bridge length range of 7-20 m
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Figure 4.51 Design curves for a two-span bridgéhwaqual span lengths in the bridge length

range of 16-30 m
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Figure 4.52 Design curves for a three-span bridgth equal span lengths in the bridge length
range of 30-43.5 m

The developed design curves showed distinguishexhgeds in ther value for
basically every bridge configuration and examinedde length. This implies that
there is great use in equation (4.21). This eqoatian be simplified for each
examined bridge configuration for which the valdeh® eigenfrequency function is
known. Also utilizing that the value @ in equation (4.21) equals 18 m since the
HSLM-AL1 train load have been used as referencéhi®ps value in the design curves
gives the following case specific expressions fmterespective case study:

For a single-span bridge:

El _ ( 12y )2 (4.22)

m om-f*

For a two-span bridge with equal span lengths:

EI ( 12w )2 (4.23)

m 36m-f*

For a three-span bridge with equal span lengths:

EI ( L2v )2 (4.24)

81m-B*
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Every length specific design curve has been creasgeitie maximum curve of all the
corresponding load specific design curves. As mesti above all the figures
showing the load specific design curves cannotnictuded in the report, but as an
example consider Figure 4.53.
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Figure 4.53 Design curves for each HSLM-A loadddhree-span bridge with equal span lengths
and a total length of 33 m

Similar curves as Figure 4.53 have been producedvery considered bridge length
and bridge configuration. The curves show what HSAMoad that governs the
acceleration response. In Figure 4.53 it can ba gest A2, A7 and A9 governs the
response for a three-span bridge with equal spagiie and a total length of 33 m.

It was found during the development of the desigmves that there is a large
variation in what HSLM-A load that governs the decation response. There was
however one train load, namely HSLM-A8 that praaltic never governed the
acceleration response for any length or bridge igardtion. For the rare occasions
when it did govern the response it was for high simort intervals of3. Another load
that did not govern the response often was thee&édn if it did have influence for
shorter lengths of the two-span bridge.

The HSLM-A loads that govern the acceleration respomost frequently where A2
and A9. Both these loads have distinguishing loacmeters compared to the other
load combinations. A9 have together with A10 thgéat value of the load, namely
210 kN. A9 have however the smallest coach lenftth® two makingresonance
occur earlier. A2 has the largest bogie axle length at 3.5 m @egh to the most
common length of 2 m. It is interesting to notetthaly three HSLM-A loads have a
bogie axle length larger than 2 m, and these areM2and A8. As mentioned A4 and
A8 are the two HSLM-A loads that governed the am@ion response the least.
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It was found that A2 governs the response for aelowmterval of g for every
considered length and bridge configuration, witle @ingle exception for a single-
span bridge of 17 m length.

4.6.5 Two calculation examples

In this section two examples of how to use the Wigesl design curves is presented.
The first example treats how the exact design acagbn can be calculated when all
geometric and material parameters are known. Toenseexample treats the use of a
design curve as guideline in an early design stelgen the cross-section is yet to be
defined.

Consider first the calculation of design accelerativhen all material and geometric
parameters are known. Say we have a single-spdgebthat is 10 m long with a
rectangular cross-section that is 10 m wide andn® lsigh. The material parameters
areE=40 GPa ang=2400 kg/m. The bridge should withstand train velocities 502
km/h. According to BV Bro Banverket (2006) the lgiédshould then be designed for
the train velocity 1.250=300 km/h or 83.33 m/s, see Chapter 3. Usingtému
(4.20) we get that

L2 M _ 8333 10° [A-2400

9.0 NEI 18 w2 ra0100 = 0417

p=t.

From Figure 4.54 we get the corresponding desigwectior the studied bridge
configuration.
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Figure 4.54 Design curve for a single-span bridgh a total length of 10 m.

The corresponding value for our bridge configuration an#0.417 is approximate
7= 70000 N/m. Using equation (4.19) we can calcula¢edesign acceleration to be
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T _ 70000
a=—=

~ 2
m—m~4.34 m/s

Consider now the following example. Say we aregtésg a two-span railway bridge
with equal span-lengths which is supposed to be20 total bridge length and have
a width of 10 m. Again the bridge is designed fog train velocity 300 km/h. From
Figure 4.51 we get the design curve correspondinthe bridge configuration, see
Figure 4.55.
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Figure 4.55 Design curve for a two-span bridgehwétqual span lengths and a total length of
20 m.

From Figure 4.55 it is seen that a drastic changbe acceleration occurs gwalues
higher than 0.38. Let us call this appropriate caaof £ for g*. Falling below £*
should be beneficial in a dynamic aspect with adersition to the demands on
vertical acceleration. Using equation (4.23) we calculate that

2 2

El _( L% ) _ (202-83.33) 6. 105
m ~ \36rn-p*) ~ \36m038)

correspond to an appropriate ratio between the ibgnstiffness and the mass per
meter of the bridge to achieve this. This limit fbe ratio between bending stiffness
and mass per meter length is a lower limit. Indrepthe ratio leads to an increased
first eigenfrequency and a lowgvalue. Say we are interested in a rectangular €ross
section. The expression can then be simplified éwgher since

bh®
El Eg7 E R?

m  bhp p 12
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The expression becomes independent of the width aataver limit for allowed
height is received. If we use a density of 2400rgind module of elasticity of 40
GPa and assume that there is no ballast we get that

h ~ /6.105-12§=0.657m

Basically we have now calculated that if we usee@angular cross-section and a
height above 0.66 m we will avoid the drastic peakhe acceleration design curve.
To be sure this corresponds to the accelerationaddnset by BV Bro Banverket

(2006) we can calculate an upper limit fousing equation (4.19). Say the limit for
maximum allowed vertical acceleration is 5 m/ahich corresponds to a bridge
without ballast. Then we get that

t=b-h-p-a; =10-0.657-2400 -5 = 78840

The calculated higher limit for is higher than ther value corresponding to the
chosens* value of 0.38. It can thus be concluded that targglar cross-section with
a height larger than 0.66 m would be satisfactoryai dynamic aspect for the
considered bridge.
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5 Analysisin 3D

In Chapter 4 it was shown that the design accebterafior one specific set of

geometric parameters can be presented by one single, independent of the choice
of material parameters and designing train velocCltigis curve is throughout this

thesis called a design curve. The design curves wieown to give great support in
the design process of railway bridges with regasdtie demands on vertical
acceleration. There were, however, some limitatimmsthe use of the curves. This
Chapter treats the main limitation, namely that tlesign curves were developed
through 2D analysis.

All real life structures are three-dimensional. Hwer the designs of many structures
and details are made in 2D since these analysemamy cases can be made to
resemble the real behavior. 3D analyses are signifly more complicated and time
consuming than 2D analyses and hence it is prdéerabuse a 2D analysis if

possible.

This chapter treats the difference between thelaat®n response in 2D and in 3D
for railway bridges. The major difference comesnirthe fact that a 3D analysis
model has eigenmodes that twist around the bridggth axis. This means that the
response is be governed by eigenmodes that aretedfalifferently by geometric
changes and eccentricity of the load. The aim Wieéh2D/3D comparison is to get an
understanding of complications that arise when etftienensional geometry is
considered. Also it is of interest to see how laddé&erence in acceleration response
that may exist between a 2D and a 3D model.

Section 5.1 presents the calculations that have imeale in 3D and the corresponding
assumptions for these calculations. Because o8@hdz criterion set by the Swedish

railway administration all performed calculationsdacomparisons are based on FE
analysis utilizing mode-superposition.

The studies of the acceleration response in 3Dbeadivided in three main areas.
Eigenmodes and eigenfrequencies, variation in brigidth, and variation in load
eccentricity. Each area is treated separately oti@e5.2 to 5.4. The difference in
design acceleration is made in Section 5.5 by coimgpahe design curves created in
3D and 2D. Finally a discussion about the accurmadlatesults is presented in
Section 5.6.

5.1 Performed calculations and limitations

In this section all performed calculations on thdemensional bridges is presented.
Due to limit in time of this thesis several limitais have been made and these are
also presented.

5.11 Geometry

Two different length configurations for a singleaspbridge have been examined in
the 3D analyses. Single-span bridges have beereglsisce its geometry is simpler
than multi-span bridges. The geometry is prefesiade it simplifies the examination
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of the added complexity that three-dimensional getoyncontributes with. Two
different lengths were chosen to increase the rahgfge examinations.

There are a number of different cross-sections digedailway bridges today. The

design curves developed from 2D analysis in Chaptae applicable for any form of
cross-section geometry since the curves solelyribpa area and moment of inertia
of the cross-section, which independently affect thass per meter length and
bending stiffness respectively. However in 3D asiglywhen rotation around the
longitudinal axis is allowed there is also an iefige from bending stiffness
perpendicular to the longitudinal axis and thetiotal stiffness to consider. Different
shapes of cross-section geometry will therefore ehalfferent effect on the

acceleration response behavior and amplitude. Thealculations performed in this
thesis have been limited to a rectangular crossesec Cross-sections whose
appearances require additional geometric paraméters cross-section height and
width are presumed to add complexity in the calkoutes and have hence been
avoided.

512 Method

Calculations have been limited to single-span lasdfpr variations in bridge width
and load eccentricity as mentioned above. Tableshdws the considered bridge
lengths, widths and eccentricities in the perforroaldulations.

Table 5.1 Considered bridge configurations for taéculations in 3D
. - - Load eccentricity for
Bridge length [m]| Bridge width width of 10 m
Single-span 10 5m/1m/10m -
bridge
Single-span 15 7.5m/1.5m/15m 0m/0.5m/4.5m
bridge

Table 5.1 shows that 12 different geometric conmfitjons have been used for the
variation of bridge width. For each configuratithre total acceleration response and
each eigenmodes separate response has been eald¢nltiie whole bridge and in two

specific nodes as shown in Figure 5.1. The caledlaicceleration responses include
the total and individual effect of all HSLM-A traloads.
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Figure 5.1 Definition of bridge width, bridge lethgand load eccentricity for the calculations in

3D. Also the two nodes from where separate datedbkas extracted are shown.

The effect on the acceleration response by vartfiregload eccentricity has been
made on a single-span bridge with a length of 1&nchwidth of 10 m. The train load
HSLM-A1 was used for the examinations on eccertyricariation.

All the 3D calculations have been made using Matmbgrams created by the
authors. The same main program as for the 2D asahas been used with the
difference that new function files treating the masid load creation have been used.
All the programs used for the analysis can be foumédppendix D together with
explanations of the program structures and vetiioa against ADINA. The reasons
for using Matlab are the same as for the calculatio 2D, i.e. that the variation of
geometric parameters and train velocity and thdiegimn of load are substantially
easier to handle in Matlab compared to commerdiaséitware.

5.2 Eigenmodes and eigenfrequencies

The differences in eigenfrequencies and eigenmdddgpes between 2D and 3D
analyses are what make the dynamic responses. ditierchange in frequencies will
cause resonance to occur for different train speadd rotation around the
longitudinal axis will increase the influence ofdge width and load eccentricity.

Two different forms of eigenmodes can be distingeds in a 3D analysis, in this
thesis they are referred to as bending modes asmbtomodes. Bending modes are
basically the eigenmodes from 2D analyses wheredibgnin the longitudinal
direction governs the eigenmode shape. Torsion mi@e governed by torsion
around the length coordination of the bridge anddib®y in the transverse direction.
These eigenmodes cannot be described by 2D analgsebasically bending and
torsion modes represent eigenmodes from 2D andatiditional modes in 3D
respectively. It should be noted that the definsi@f bending and torsion modes have
been created by the authors, and are not gena@gpted. The reason why they are
used here is to easier explain the performed stwtlich is focused on differences
between 2D and 3D analysis. Figure 5.2 shows tleeli@nding and torsion modes
with lowest eigenfrequency for a single-span bridg a length of 15 m and a width
of 10 m.
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Figure 5.2 The two bending modes (a and b) andidar modes (c and d) with lowest
corresponding eigenfrequency for a single-spand®iavith a length of 15 m, width
of 10 m and height of 0.6 m.

As shown in Figure 5.2 there is small change ineapgnce in the bending modes
compared to a 2D analysis where the section perpaad to the length coordination
remains straight. It will be shown that this bemdin the cross-section plane will
make the bending modes contribute to changes ieleration with variations in
bridge width and load eccentricity. The eigenfragpyeis also affected but remain
very close to that of a 2D analysis.

The torsion modes can have rather low eigenfreqesrand hence easily fall below
the 30 Hz limit in BV Bro Banverket (2006). In mostkesign cases the two
eigenmodes with lowest corresponding eigenfreqesnere the first bending and
torsion mode, respectively. If the 30 Hz criterisnconsidered this basically means
that a larger number of eigenmodes need to be deresl in a 3D analysis since the
bending modes from 2D analysis in principal aretkepile an addition of torsion
modes is made. Consequently an increased acceleragponse can be expected.

In 2D analyses an important feature of the eigepfeacies was that the relation
between eigenfrequencies of different degree wad &enstant for any change in
material parameters, section geometry or bridggttenA single-span bridge as an
example has in a 2D analysis a second and thieh&gguency that correspond to
four and nine times the first eigenfrequency, respely. This made the creation of
design curves possible since the eigenmodes comdsm £ values also had a
constant relation to each other. Take Figure 4/33 Rigure 4.34 as an example.
These figures show the response in time for thet #igenmode using different
modules of elasticity with train velocities choderget$=0.5 in both cases. If similar
curves for the second eigenmode where created weyd both correspond to
£=0.125 for the same bridge parameters, since tleel @sgenfrequency in the
calculation ofg would be four times larger in both cases. Thismsghat the shape of
the time response in the two figures would be idahtlso for the second eigenmode,
and hence also for the total response considepitigdigenmodes. If a parameter that



changes the relation between first and second eaggrency (the span relatignin
2D analysis as an example) is altered insteadpitteefeature of unaffected shape of
the total response, considering both eigenmodes|dae lost. Choosing two train
velocities that correspond to the sapfiealue for the first eigenmode would then
correspond to two differenf values for the second eigenmode. Consequentignit ¢
be stated that a parameter that changes the reladéitween eigenfrequencies when
altered affect the acceleration response in a caxnplay, and hence, its variation
cannot be described by a design curve.

In a 2D analysis the cross-section geometry hagffext on the relation between
eigenfrequencies since it only affects the moménnertia and area of the bridge
which has the same effect on all eigenfrequent¢ie8D analyses though the shape
and size of the cross-section will affect the relabetween eigenfrequencies. Figure
5.3 to Figure 5.5 shows the eigenfrequencies and theo rbetween the
eigenfrequencies for the eigenmodes shown in Fi§u2eor three different length-
width configurations and the variation of crosstsecheight. The frequencies have
been calculated in ADINA.
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Figure 5.3 Left: Eigenfrequencies for the eigenewdh Figure 5.2 with L = 5m, b = 5m,

E =30 GPa, v = 0.02p = 2400 kg/m. Straight lines correspond to the two lowest
analytical calculated frequencies in 2D. Right: @sponding rations of the
frequencies to that of the first bending mode.
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Figure 5.4 Left: Eigenfrequencies for the eigenmodes in Figu@with L = 10 m, b = 10 m,

E =30 GPa, v = 0.02= 2400kg/m. Straight lines correspond to the two lowest
analytical calculated frequencies in 2D. Right: @mponding rations of the
frequencies to that of the first bending mode.
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analytical calculated frequencies in 2D. Right: @sponding rations of the
frequencies to that of the first bending mode.

Several observations can be made from Figure Fgiore 5.5.

* Variations in height affect the relation betweegesifrequencies and the
dependence changes for different length-width gométions.

» Frequencies in 3D for bending modes deviate fraeratimalytically calculated
frequencies in 2D for larger heights.

* Increasing the width of the bridge has basicallyefiect on the bending
modes.

» Increasing the width of the bridge decreases #guiency of the torsion
modes.

For real life designs the height of rectangulassfsections does not vary extensively
but commonly lies in the range 0.5-0.8 m. Even goil is shown that the relations
between eigenfrequencies are affected by changesoss-section height they are
small within the commonly used range. Thereforefumther investigations on the
variation of height have been made in this théi® height 0.6 m has been used for
all remaining calculations concerning variatiorbatige width and load eccentricity.

In 2D analysis the fact that all eigenmodes haeestime relation to each other means
that the different eigenmode shapes will be ordeargde same way for any choice of
parameter set. For a single-span bridge the diggnmode will approximately have
the shape of a half sinus curve, the second a&ifulis curve and so on. In 3D analysis
the shape of the bending modes will come in theesarder as in 2D analysis as they
are very similar to these eigenmodes. The shapleecfdditional torsion modes may
however change order. Consider Figure 5.2 wherdwhbeorsion modes with lowest
corresponding eigenfrequency for a single-spargerimf 15 m length and 10 m width
are shown. The first torsion mode will always be ¢time shown in Figure 5.2c for any
choice of length-width ratio. The shape of the seiceigenmode however depends on
the length-width ratio of the bridge, where a seralength-width ratio causes the
appearance of the eigenmode to change. Figurenbwéssthe second and third torsion
mode of a single-span bridge with lower length-Wicdtio.
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Figure 5.6 The second and third torsion mode fairgle-span bridge with a length and width
of 10 m and height 0.6 m.

As shown by Figure 5.2 and Figure 5.6 the secomslai® mode becomes the third
when the bridge length-width ratio is decreased. tRe following examinations on
bridge width and load eccentricity a choice of ut#d eigenmodes must be made.
Since the relation between torsion modes do noaierfor the variation of cross-
section geometry examination on width variationdmes more difficult when more
torsion modes are included. Therefore a choicebkas made to only include the first
torsion mode in the upcoming calculations on bridgdth and load eccentricity
variations. However for the purpose of comparing thange in design curves in 2D
and 3D for the two examined single-span bridges at requirement that two bending
modes are used in order to be consequent withdbigrml curves created in Chapter 4
for single-span bridges. This adds complicationtha calculations since the second
bending mode will change to higher eigenmode degvhen width is increased
because of lowered eigenfrequency of torsion mo#élesa solution to this problem a
Matlab program that can find the three specificerigodes of interest utilizing
inverse iteration has been made by the authors Mdt&ab program can be found in
Appendix D.

5.3 Variation of width

It was mentioned in Section 5.2 that variation ofss-section geometry does not
affect the relation between eigenfrequencies ira@Blysis and therefore it is possible
to develop one single design curve for each lerigghh corresponds to an arbitrary
choice of cross-section. It was also shown that inot possible for the variation of
bridge width in a 3D analysis as the bridge widtfea the bending and torsion

modes in a more complex manner. This will be exgdiin more detail in this section
and a graphical presentation of how the resporf$erslifor the variation of bridge

width will be made.

In Section 5.1 it was shown that the calculatiom$ndge width variation in 3D have
been made on two single-span bridges with the feo§tl0 and 15 m. Every figure
presented in this section is a result from theskeuksions. As mentioned the
calculations have included all the HSLM-A train deaand gathered the total
acceleration response in different nodes and &ksandividual response of different

CHALMERS, Civil and Environmental Engineerinylaster’'s Thesis 2010:37 87



eigenmodes in these nodes. The results presentkid ipection are all for the HSLM-
Al train load and the node at the edge, in the kridtithe bridge, see Figure 5.1.

5.3.1 Influenceon bending modes

For a rectangular cross-section the increase athvddes not affect the design curve
from a 2D analysis. This is because the shapeeof-thplot is unaffected. Figure 5.7

shows a comparison of threea plots from 3D analysis where the only differense i
the width of the cross-section.
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Figure 5.7 Maximum acceleration in time for varat of train velocity for a single-span bridge
with length of 10 m, height of 0.6 m and E = 30 GPa 4000 kg/m, v = 0.02 and

¢=0.022

As can be seen in Figure 5.7 the shape ofvtheplot changes with changed width,
and hence also the corresponding design curve.ifidieidual responses from the
bending modes and the torsion mode have been dttatli¢he purpose of explaining
why and how thes-a curves change. Consider first the response franb#nding
modes. Figure 5.8 shows differant plots for the single-span bridge of 10 m length
considering only the first bending mode.
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As Figure 5.8 shows the shape of tha curve from the first bending mode remains
as the width is varied. The change in amplitude lsarexplained by the change of
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400

Maximum acceleration in time for variation of traimelocity considering the
individual response of the first bending mode fairggle-span bridge with length of
10 m, height of 0.6 m and E = 30 GRas 4000 kg/m, v = 0.02 and = 0.022.

bridge mass, where the amplitude was shown in @hafptto have an inverse
proportionality against the mass. Figure 5.9 arglife 5.10 shows the-a plots in
Figure 5.8 transformed 16 7 plots
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Figure 5.9 Corresponding-z curves for the v-a curves in Figure 5.8.
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Figure 5.10 Magnification of Figure 5.9 for theténval 0.48<4<0.52.

It can be seen in Figure 5.10 that e curves for the bending mode do not have
identical shapes for the variation of width as theyuld in a 2D analysis. The curves
have small differences in position and amplitudetrBhese observations are believed
to be explained by small changes in eigenmode sh&seshown in Figure 5.2 the
bending modes do include rotation around the briéggth axis, and this rotation
causes the width to influence both eigenfrequemay @cceleration amplitude. The
widths effect on the acceleration behavior and &og# are however small and it can
be concluded that the major changes in acceleragigponse that were seen in Figure
5.7 are caused by the addition of a torsion mode.

5.3.2 Influenceon torson modes

Consider now the individual response of the figtsion mode. The maximum
acceleration responses for different widths under \tariation of train velocity are
shown in Figure 5.11. A constant eccentricity ofn2 has been used in the
calculations.
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Acceleration [m/s?]

Figure 5.11

——b=10m

100 200 300 400
Velocity [m/s]

Maximum acceleration in time for vaiget of train velocity considering the
individual response of the first torsion mode fosiagle-span bridge with length of
10 m, height of 0.6 m and E = 30 GBa= 4000 kg/rﬁ, v = 0.02,¢ = 0.022,
e=2m.

As mentioned in Section 5.2 the eigenfrequencidh@torsion modes are affected by
the change in width of the cross-section. Figuld ®learly shows how the placement
of the response curve moves to the left becausbeofowered eigenfrequency with
increased width. The-a curves in Figure 5.11 have been transformeg tocurves
with the purpose of examining the acceleration wasp behavior for the torsion
mode, see Figure 5.12.
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Figure 5.12
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Corresponding-z curves for the v-a curves in Figure 5.11.
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Figure 5.12 shows that the shape of ghecurve for the first torsion mode is kept as
the width is increased. Also the amplitude of tlceederation is decreased with an
increase in width. The change in amplitude of theckerations seem however to have
a different dependence on the increase of bridgéhwirhe parameter can therefore
not be used to create a curve that is independetiteobridge width as it can for
bending modes. Figure 5.13 shows the acceleratioa fixedf value in Figure 5.12
plotted against the inverse of corresponding bridigkh.
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Bridge widtht [1/m]

Figure 5.13 The acceleration amplitudes relatiorttie inverse of the bridge width in Figure 5.12
for £=0.19.

The curve in Figure 5.12 would have had a congianwative of one if the torsion
mode had the same dependence on the increaselgé vidth as bending modes.

Basically Figure 5.12 shows that the response fiileentorsion mode has the same
type of behavior as a bending eigenmode when pl@gminst its own corresponding
£ and an observation like resonance peals-at0.33, 0.25 and 0.2 can be made. It
would be possible to createsaurve with constant amplitude if a parameter (kikker
bending modes) werestablished that described the material and credies
parameters effect on the acceleration amplitudelithwhal calculations are however
required to achieve this since the performed widttiation affects bending stiffness,
rotational stiffness and mass and hence does wetggifficient understanding of the
problem.

5.3.3 Combined response

If the response from the bending modes and thdotorsiode were considered
separately two different design curves could beettped that gave a simple
comprehensive view of the dynamic response, cooredipg to an arbitrary choice of
bridge width. Unfortunately the direct summatioonr the two curves would not
correspond to the true response, considering bgénmodes. The reason is that the
two design curves would correspond to the maximaoeleration in time considering
the individual response from the bending and torsimdes. Hence thea plots for
the different eigenmodes cannot be superpositiomediode-superposition it is the
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response in time from different eigenmodes thatsamgerpositioned to get the total
response in time. The maximum accelerations in tianedifferent eigenmodes are
likely to occur at different times. Figure 5.14 w0 the superposition of the
individual v-a plots for the different eigenmodes and tha plot considering both

eigenmodes.
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Velocity [m/s]
Figure 5.14 Comparison of the total response abersing both the first bending and torsion

mode with the superposition of the individual resgof the eigenmodes.

The true contribution from the torsion mode islatimes equal to or smaller than the
response received from superpositioning\keecurves of the eigenmodes individual
response. This contribution from the torsion mosl€ansiderably more difficult to
map compared to the maximum acceleration in tintee True contribution for a
certain set of geometric, material and train patamsewill be the contribution at the
time that corresponds to the maximum acceleratmnttie combined response of
eigenmodes. This time may occur when the torsiodar@s its individual maximum
but also for a time when the contribution is zer@wen negative, causing a decrease
of the maximum acceleration in time. Figure 5.1%veh an example of the true
contribution from the torsion mode compared to ¢batribution if the eigenmodes
individual v-a curve is added.
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Figure 5.15 The true contribution from the torsiorode to the total response compared to the

contribution if the eigenmodes individual v-a cuiseadded for a single-span bridge
with length 10 m, width 6 m, height 0.6 m, E = 3@aGy = 4000 kg/m, v = 0.02,

¢ =0.0185e=2m.

Finally Figure 5.16 shows the true contributionnfrdahe torsion mode for the

variation in bridge width.
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Figure 5.16 The true contribution from the torsimode to the response considering only the first

bending mode for a single-span bridge with lengdhni, width 6 m, height 0.6 m,
E = 30 GPa,»= 4000 kg/m, v = 0.02,¢ = 0.0185,e =2 m.

Figure 5.16 show that there are no general sirtidarbetween the true contributions
from the torsion mode for different widths. Inteneg to note is that the torsion mode
in some cases does decrease the maximum acceienatiome. It should also be
noted that the contributions shown by Figure 5.6far the HSLM-AL train load in
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the edge node shown by Figure 5.1. Only added axitplis presumed to be added
when all HSLM-A trainloads and the maximum resporise arbitrary node is
considered.

54 Variation of load eccentricity

In a 2D analysis no consideration is given to tleeeatricity of the train load.
Eigenmodes that include large deformation par#tiellength coordination are highly
influenced by the eccentricity as it by definiti@ecides the coordinate of load
application parallel the length axis. As was shawrSection 5.2 it is mainly the
torsion modes that hence is affected by eccentrlmitt also the bending modes to
some extent.

The eccentricities’ effect on each individual eigede will be presented initially in
this section and then followed by the effect onftibtal response. The examinations
on eccentricity variation have been in the middbe lof the bridge in the two nodes
shown in Figure 5.1. In these nodes there is nériborion from the second bending
eigenmode and hence only responses from the #raiibg and torsion mode will be
presented. All results presented in this sectian the individual response of the
HSLM-AL train load.

5.4.1 Influenceon bending modes

The bending eigenmode will be affected by the ey as it includes rotation
perpendicular to the length coordination. The dffetiowever small, see Figure 5.17.

3.0
—0m
1.0m
ar -
.5 —2.0m
s 15 25m
Q
§ 3.0m
< 1.0 35m
4.0m
0.5
45m
0.0
0 50 100 150 200 250 300
Velocity [m/s]
Figure 5.17 Maximum acceleration in time for tirstfbending mode in the middle of the bridge

for a single-span bridge with length 15 m, widthrhQ height 0.6 m, E = 100 GPa,
= 4000 kg/m, v = 0.2.The eccentricity varies from 0-4.5 m.
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The accelerations at= 196.25 m/s £= 0.5) have been gathered in Figure 5.18 with
the purpose of examining the eccentricities’ effect the acceleration response
through the first bending mode.

250
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245 - ge

2.40 ~ — — Middle

2.35

2.25

Acceleration [m/4
N
w
o

2.20 -

2.15 -

2.10

Eccentricity [m]

Figure 5.18 Acceleration in the middle and edgdenm Figure 5.1 from the first bending mode
for a single-span bridge with length 15 m, widthrhQ height 0.6 m, E = 100 GPa,
= 4000 kg/m, v = 0.2 and HSLM-A1with velocity of 196.25 km/h.

An increase in acceleration with increased ecadtitris expected. The bending
eigenmode can be said to be a combination of tfferdnt motions. One corresponds
to the motion in 2D and is unaffected by the eaweity and the other consist of the
rotation perpendicular to the length coordinatiamd @s more influenced as the
eccentricity increase. In general it can be saat the influence a load has on an
eigenmode is largest when the load is placed wihereigenmode deforms the most.
Larger influence on the eigenmode creates largeelaation through it. It can be
seen that the accelerations seem to increase atsame shape as the cross-section
deforms for the considered bending mode, see Figa

5.4.2 Influenceon torsion modes

The largest impact from a change in eccentricity né through torsion modes which
are governed by rotation perpendicular the lengtirdination. Figuré.19 shows the
individual response from the first torsion mode.
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Figure 5.19 Maximum acceleration in time for tleiation of train velocity and load eccentricity

for a single-span bridge with length 15 m, widthrQheight 0.6 m, E = 100 GPa,
= 4000 kg/m, v=0.2,¢ =0.0185

The accelerations &t152.5 m/s has been gathered with the purposeavhieing the
eccentricities’ effect on the acceleration respdhseugh the bending eigenmode, see
Figure 5.20.
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Figure 5.20 Acceleration in the edge node in Fegbrl from the first torsion mode for a single-

span bridge with length 15 m, width 10 m, heigh® @, E = 100 GPa,
= 4000 kg/m, v = 0.2 and HSLM-A1 with velocity of 196.25 km/h.

The same arguments for why the accelerations isergath the eccentricity for the
bending mode can be used for the torsion modante seen in Figure 5.20 that the
accelerations seem to increase with the same si®fiee cross-section deforms also
for the torsion mode.
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5.4.3 Combined response

Finally we consider the total response of the sirgglan bridge for which the
individual response of the first bending and tangioode have been presented. For the
edge node, the-a plots for the single-span bridge with variationldad eccentricity
are shown in Figure 5.21.
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Figure 5.21 Maximum acceleration in time for diffat train velocities considering the first

bending and torsion mode for a single-span bridgéh Wength 15 m, width 10 m,
height 0.6 m, E = 100 GPa; = 4000 kg/m, v = 0.2,¢ = 0.185 and HSLM-A1 with
velocity of 196.25 km/h.

The change in acceleration due to load eccentfiimity Figure 5.21 for constant train
velocities are shown by Figure 5.22.
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Figure 5.22 Accelerations from Figure 5.21 for stant train velocities with increased load

eccentricity.
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As seen in Figure 5.22 there is no exact influghe¢ can be derived with regards to
the eccentricity. In general the eccentricity witicrease the total acceleration
response in a linear manor, the same way as ittaffee torsion mode. It can be seen
that the increase in acceleration is linear fohhargvalues of eccentricity for all three
considered values of train velocity. But for lowatues of eccentricity an increase in
acceleration is not guaranteed. The reason forishihat the time for which the
maximum acceleration occur shifts for lower ecdeities. If the torsion mode has an
acceleration response with opposite sign at thelibhgmmodes maximum there might
even be a decrease in maximum acceleration, he rsase for the train velocity 152.5
km/h in Figure 5.22.

5.5 Design curves

Last in the investigation of variation of bridgedih and load eccentricity for a single-
span bridge is to show the difference between desigves in 2D and 3D analysis.
The design curves in 3D for each width have beempawed with the 2D design curve
obtained in Chapter 4, see Figure 5.23 and Figi4. 3n both figures the 2D design
curve is for all velocities the lowest design curlteis the first torsion mode that
causes different total response for the variatibroradge width, as mentioned in
Section 5.3. The complexity in the response duevanying width comes from
superposition of the bending and torsion modes, s&hfstequencies are affected
differently by the variation. Figure 5.23 and Fig&.24 show that it is not possible to
predict which width that will have the largest decation.
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Figure 5.23 Comparison of design curves for theatien of bridge width in 3D and the

2D design curve, with L =10 m.
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The percental contribution from the torsion modshswn in Figure 5.25 and Figure
5.26, for a bridge length of 10 and 15 m respectivétiycan be concluded that the
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Comparison of design curves for the variation aflge width in 3D and the
2D design curve, with L =15 m.

percental contribution varies for different combtioa of width, length and velocity.
In the case of the 10 meter bridge the contribuaas high as 50 % f@=0.4, which

is a g value likely to occur in a real life project. Henthe use of the design curve
from 2D without consideration to 3D effects is f8r0.4 a large underestimation. In

Figure 5.25 and Figurg.26 it can be seen that the difference between a 2D3&n

analysis generally is smaller in percent for thegker bridge, even though the relation
between length and width are the same. It is homewsepossible to draw any general

conclusions if a longer bridge with the same lerggid width relation implies lower

contributions from the torsion mode. For this agéarrange of calculations are

required.
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Differences in design acceleration between 2D dbdBalysis for L = 10 m

CHALMERS, Civil and Environmental Engineerin®laster’s Thesis 2010:37



60%

50%

40%

30%

Ratio % [-]

20%

10%

0%

0.2

Figure 5.26

——b=75m
——b=9m
—b=10.5
——b=12m
—b=135

——b=15m

0.8
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The design curves for different eccentricities iD 8nd the 2D design curve are
compared in Figure 5.27, for a bridge with lengshmeter. It can be seen that the 2D
design curve form the lower limit of the design vag and that the resulting

acceleration response will increase with increagiogentricity. This is an expected

behaviour because of the increase in acceleragigponse from the torsion mode due
to increased eccentricity that could be observe8ection 5.4. The percental increase
in size of the design curves in 3D for variationladd eccentricity compared to the
2D design curve is shown in Figure 5.28.
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Comparison of 3D design curves for different ecgeities in the edge node and the
design curve from the 2D analysis, with L = 15 nd &= 10 m.
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Figure 5.28 Differences in design acceleration between 2D abdBalysis in the edge node for

L=15mandb=10m.

5.6 Conclusionsfrom theanalysisin 3D

The main difference between 2D and 3D analysikas torsion modes are included.
In the previous sections of this Chapter it hasnbeBown that a 3D analysis
contributes with significantly more complexity coarpd to a 2D analysis. This
complexity is mainly because of the additional itmmsmodes but also changes in the
shape of the bending modes. Below follows the amichs made from the 3D
analysis in this thesis, with regard to single-spmituges and rectangular cross-
section.

* Bending modes change in shape when going from ZDtdn 3D the
bending modes include torsion around the lengtbsdination and the
amount included depends on geometric parametersvitith, height and
length of the bridge.

» Torsion modes are included in 3D analysis. Thergigguencies of the lowest
torsion modes are in range of the lowest bendindes@igenfrequencies and
the two lowest eigenfrequencies seem to alwaybdeof the first bending
and torsion mode for the studied configurations.

» Cross-section height affects the relation betwdlegigenmodes, including
bending modes. There may be a distinct deviatiche@&econd bending
modes eigenfrequency in 3D compared to the analyitiom 2D for larger
cross-section heights. However the height has # arflaence on the ratio
between the first bending and torsion mode.

» Eigenfrequencies of bending modes are in prinaipaffected by variation in
cross-section width but torsion modes are highllgciéd.
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* The variation of acceleration response from tre fiending mode due to
changed width can be described by a design cuhwe atcelerations change
in amplitude is in principal proportional to thepss-section width and hence
also the bridge mass.

» The variation of acceleration response from tha fisrsion mode from
changing the width cannot be described by a desigre using the parameter
7. The change in acceleration amplitude cannot péaed solely by the
change in bridge mass.

* The true contribution when considering the firstdieg and torsion mode
compared to only the first bending mode for vaoiatin bridge width is very
complex. The complexity depends mainly on the ckangigenfrequency of
the torsion mode, which changes the total accéteraésponse in time for a
fixed train velocity (or value of for the bending mode).

* The load eccentricity’s effect on bending modesnisll but still present. The
load’s influence on the bending modes increase witteased eccentricity.

* The eccentricity has a large influence on the éfieen the torsion modes.
For the first torsion mode the increased accelanasi almost proportional to
the eccentricity.

» The true change in design acceleration, for vaigith eccentricity, is
unpredictable when considering the first bending @msion mode. A small
added eccentricity may change the time for whiehrttaximum acceleration
occurs; it can even result in a decrease of themrmar acceleration.

* The increase in design acceleration in a 3D armby@npared to a 2D analysis
can be as high as 100 % for large load eccenésciti
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6 Discussion

As mentioned in the background to this thesis tiegeneed today to find guidelines
and simplifications for the dynamic design of ranbridges subjected to high speed
trains. Basically guidelines and simplificationsrentwo different areas of use, where
guidelines are meant to be used parallel statitysisan an early design process and
simplifications are meant to reduce calculation etifor the advanced dynamic

analysis.

In this thesis the main focus has been put on deusd guidelines for the early
design process and the main result has been thebieleind the design curves. The
design curves developed in 2D do however not givesdimation of accelerations but
the exact design accelerations and are hence dissi atep for simplifying the time
consuming advanced dynamic analysis.

The discussion presented in this chapter will attdre advances made in this thesis
concerning both guidelines and simplifications ymamic design of railway bridges.
Is the design curves developed in 2D applicableeat life projects? Is it possible to
develop guidelines considering 3D geometry? Iogsible to develop guidelines that
completely exclude the advanced and time consuiyngmic analysis?

Discussion will also be presented on how advangedmic analysis could be used
for a more time efficient design process.

6.1 Analysisin 2D

As mentioned in the introduction of this thesis exaV earlier theses have been
performed regarding dynamic analysis of railwayges within the last years. Three
master theses have been carried out in cooperatittn Reinertsen Sweden AB,
namely Ekstrom and Kieri (2007), De Leon and L&&®0g) and Gustavsson (2008).
These theses are all based on 2D analysis.

One of the advances made in this thesis conce@iingnalysis is the application of
the SDOF model on multi-span bridges. It was shtvat the force scaling approach
gives a good comparison of results to a FE anab@isidering the first eigenmode.
There is however some lack in accuracy which vdaeslifferent HSLM-A loads and
train velocities. In De Leon and Lasn (2008) it veasicluded that the SDOF model
can be used for approximating the dynamic respombat thesis were however
limited to single-span bridges for which the seceigenfrequency (in 2D analysis)
commonly falls above 30 Hz.

So to what extent is the SDOF model applicable gaideline or simplification in a
real life design? The answer depends on the berdfihaving a model that quickly
can calculate an approximate response. Accorditiget@uthors the use of the SDOF
model as a guideline is ineffective compared tglieal alternatives like the design
curves developed in this thesis. Since the model &l approximate it is difficult to
implement it as a simplification of the advancedlgsis, even though it could be
used to verify complex models by limiting them e first bending mode.
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According to the authors the main use of the SDQddehis that the analytical

expressions behind it gives an increased undeiis@od the influence from material,

geometric and load parameters on the dynamic regpohhis is also the main
purpose which it has served in previous masterighésmight be possible that the
added complexities when considering 3D analysiddcbe explained by the SDOF
model. All the complications in the model are basadcalculating influence lines of
the travelling loads. If a SDOF model is be ableléscribe the dynamic behaviour in
3D depends hence on the possibility of calculatirgdeflection in 3D analytically.

The examinations of acceleration amplitude aimechap the influence of geometric
and material parameters. De Leon and Lasn (2008pusrtered the accelerations
inverse proportionality to the mass. They could éeer only state that there was an
approximate inverse proportionality since they ughdir SDOF model for all
calculations throughout the thesis, which as meetio include accuracy errors
compared to the response from a FE analysis. Tb&e in this thesis to use a FE
program for the examinations of individual parametafluence on the dynamic
response was made to avoid these errors. WithgbelIFE analysis it was stated in
this thesis that both young’s modulus and the dgresid hence also cross-section
geometry has a simple influence on both eigenfreges and acceleration amplitude
in 2D analysis.

The first idea of using a graphical tool as guidelin the design process was made by
De Leon and Lasn (2008). Their idea was to createstormation graphs based on
their observation of the accelerations approximatesrse proportionality to the
bridge mass with the use of the SDOF model. Tha ideaccording to the authors
complicated and time consuming. Four different ggapere required for calculating
an approximate result and 300 graphs had to belajma for the possibility of
describing just a single-span bridge. In this théshas been shown that the dynamic
response for single-span bridges can be illustratedne single figure through so
called design curves, and that the approach iscatp¢ for any bridge configuration
of multiple spans.

Gustavsson (2008) had a different approach comgarBé Leon and Lasn (2008) as
his thesis focused on developing a FE program idddahat performed the dynamic
calculations of railway bridges subjected to HSLM#Ain loads. Gustavsson meant
that, using his program, it was possible to quiddyermine the acceleration response
for a certain set of bridge parameters, and thataghproach was easier and better than
the earlier ideas of simplifications through SDOBd®ls and graphical presentation.
A FE program for calculating the dynamic respon$eailway bridges has been
created by the authors in this thesis as well. Hewé is not the authors’ opinion that
a 2D FE program alone can be used as a good quedalisimplification in the design
process of railway bridges, but rather the possdslof creating graphical calculation
tools from it. As the reader is well aware of ndwve tdesign curves are the way of
representation created and preferred by the autlographical presentation gives
more than just a value of the acceleration outcoinegives an overview and
understanding of the response. As been shown igrdeurves can be used to easily
calculate the acceleration for a certain set afg@iparameters and give guidance to a
suitable choice of these parameters.

Calculating the design acceleration and giving goa# to a suitable choice of bridge
parameters are the main areas of use for the desiges. However in the creation of
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design curves the responses from the ten HSLM-An ttaads is calculated

individually, and the comparison between these viddal responses serves an
additional purpose as the critical load can berddteed from it. In this thesis design
curves were calculated for a single- two- and tiejeen bridge with equal span
lengths. It was found that there is a large varain what HSLM-A load that governs
the acceleration response for these bridge cordiguns. Based on this observation it
can be stated that no general exclusion rule caesteblished. However for the
situation when it is preferable to only include eavfloads for a fast approximate
calculation, it was found that A2 and A9 most fregily governed the design
acceleration.

6.2 Analysisin 3D

In 3D analysis eigenmodes will include torsion. wa&as shown eigenmodes that are
governed by bending compared to those governearsjoh are affected differently

by changes in cross-section geometry, and especiass-section width. It is hence
impractical to apply the design curves made ford&talysis on 3D geometry. Too

many curves have to be developed if it is not fxdesio create one single design
curve, describing an arbitrary choice of crossisageometry.

So what possibilities of developing guidelines asmahplification for dynamic 3D
analysis of railway bridges are there? The firssitm mode was shown to have the
same behaviour as the bending modes when plotedsigts owngs-value. It showed
resonance at the same values and for the widthti@rithe shape of the acceleration
response was unaffected. It was mentioned thatightmbe possible to develop a
design curve with consideration to the first tonsinode if the effect from variation of
cross-section geometry on the acceleration couldldm®ded (as it was clear that
increase in width’'s effect on the acceleration cdroen more than the increase in
bridge mass). One large disadvantage with suchnae ds that it does not include an
arbitrary choice of torsion modes, meaning thatasse curves would have to be
developed for every torsion mode of interest.

The bending modes in 3D analysis can be descrilyednle design curve, as the
relation between their corresponding eigenfrequenan principal is unaffected by
cross-section geometry (the height was shown tecathe relation but it was small
within the commonly used range of heights). A tmnsmode cannot be included in
this design curve because the relation between ibgndnd torsion modes’
eigenfrequencies changes with the cross-sectiomegy. For the same reason
different torsion modes require individual desigmves. However for the case when
only one torsion mode is considered it should bssiite to use a separate design
curve that considers width and load eccentricity gise an estimation of the
acceleration response. This estimation based omswizing the bending modes and
the first torsion mode’s maximum response in tinikalways be on the safe side.

Another possibility could be to use the design eardeveloped in 2D with a safety
factor considering the additional 3D effects. Thesign curves developed in 3D in
this thesis showed large similarities with thosefr2D. It was seen that the response
for the examined single-span bridges was govergdtdfirst bending mode and that
distinct changes in the design curves occurredeasame values @ The use of the
design curves from 2D as a guideline could hencekvewen if 3D geometry is
considered. If a safety factor is used for caléndptthe design acceleration
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corresponding to a certaffivalue the 3D effects could be fully representedhay2D
curves. It is however complicated to establish sactafety factor. More extensive
calculations in 3D are required to determine hoghtthe addition in acceleration can
be. This addition varies within a large range asaaly shown by the examination of
the two single-span bridges in this thesis. Thera llarge possibility that the use of a
safety factor would hence give results that isrtaeh on the safe side for some sets
of bridge parameters. If the factor is made depenhden parameters like load
eccentricity this could be avoided, but furtherdsts are required to determine if this
is at all possible.

6.3 Practical use of design curves

It is the authors’ opinion that the design curves af great guidance in the 2D
dynamic design of railway bridges. However the goesof when 2D analyses are
applicable remains. In this thesis 3D analyses vperéormed on two single-span
bridges and the first torsion mode was includedictwhs highly governed by load
eccentricity. The results basically showed thatgiesurves from 2D analysis are not
sufficient for describing the acceleration respomse a rectangular cross-section
subjected to high eccentric loading.

The case when the load has no eccentricity wasstuglied in this thesis. It was

however still shown that the bending modes from&id 3D are very similar (for

single-span bridges and rectangular cross-sectiinpnly bending modes are

included in the 3D analysis it might hence be puesio use 2D design curves with a
small magnification factor to get accurate restdits any parameter set. There are
however torsion modes that are affected when theé kas no eccentricity which has
to be studied further.

Irrespective of when 3D effects need to be conetleit is the authors’ opinion that
the design curves from 2D should be used as a badiSD effects considered using
correlation rules. This because the 2D design cuave a much more comprehensible
presentation of the acceleration response, as @dllew arbitrary choice of cross-
section geometry. As mentioned the 2D design cum@sld be used for both
calculating the design acceleration and as guidaman only bending modes need to
be considered. The impact of 3D effects then dependhe individual torsion modes
contribution, but also which torsion modes thatdset® be considered.

The question of what eigenmodes that should beded could be both beneficial and
unbeneficial for consideration to 3D effects. Tler@sponse studied in this thesis for
example would become even more complicated if dtee @emands that an additional
torsion mode should be considered. But in the 8@navhere no torsion mode needs
to be considered, which might be the case wheretiseno load eccentricity, the 2D
design curves could be used directly.

6.4 Advanced dynamic analysis

The development of guidelines and simplificationattcompletely exclude the time
consuming advanced dynamic analysis requires ma@ami@ations and experience of
the dynamic response of railway bridges. As thelyais in 3D showed several
additional complications compared to 2D analysishssimplifications are still not in
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reach, and might never be. However the advancedysamacan be gradually
simplified. One such simplification is to use adatgusoftware. As mentioned in this
thesis, commercial software (like ADINA) might bafited for dynamic analysis of
railway bridges as this analysis includes a contlmnaof travelling point loads.
Problems might for example arise when choosingrieh size and time step for the
numerical integration with consideration to a ramjetrain velocities. The Matlab
code presented in Appendix D is a good alternatveommercial software and it is
preferred by the authors for iterative calculationsrailway bridges. The use of a FE
program that can produce a design curve also fealsehefit of giving in overview of
the dynamic response, which at least shows thetedfevarying material parameters
and design train velocity.

CHALMERS, Civil and Environmental Engineerinylaster’'s Thesis 2010:37 109



110 CHALMERS, Civil and Environmental Engineerin®laster’s Thesis 2010:37



7 Concluding remarks

The conclusions from this master thesis and thaugtifout further studies are
presented in this chapter.

7.1 Conclusions

Previous master theses regarding dynamic desigailefay bridges, carried out at

Reinertsen Sweden AB during recent years, havéoalised on single-span railway
bridges. This thesis has had a more general agpr@acthe response of railway
bridges with multiple spans also has been incluBedminations have therefore been
made on the eigenmodes of multi-span bridges. & sfown to be complicated to
derive the eigenfrequencies for multi-span bridmealytically. But through numerical

examinations it was shown that the eigenfrequencés be calculated through an
equation that is very similar to that of singlessgaridges, with the addition of so

called eigenfrequency functions. These functiongedd on the span relation and
differ between eigenmodes.

A transformation procedure called the force scalpgroach was applied on multi-

span bridges as a continuation of previous makteses. The method transforms a
railway bridge of interest into a SDOF model. Thethod have earlier been shown to
give accurate results for single-span bridges @mhtsaid to be compatible with more
complex structures. However, it was shown in thissts that it lacks some accuracy
for multi-span bridges. The method can still beduse approximate the dynamic

response, but it will be on the unsafe side. Theleheavas not used further in the

thesis because of the lack in accuracy.

A parameter study has been performed in this thesik the purpose of examining

the individual effect on the acceleration respatse to different bridge parameters. It
was found that material parameters affect the acagbn in a predictable way. The

amplitude of the acceleration, for a specific frelgey ratio (the ratio between load

frequency and eigenfrequency), is inverse propoalioagainst the density and

independent of Young's modulus. The total bridgegte and span relations were
found to affect the acceleration in a way thatdedito predict, though it was seen that
the accelerations tend to decrease with increasddeblength and increase for small
asymmetry between spans.

During the parameter study several observationg weade concerning resonance in
railway bridges. It was seen that the design acagten does not always occur in the
resonance peek corresponding to the highest trelocity. It was also seen that

resonance effects may disappear for some combisaid geometry, through so

called cancellation effects. The summarising cosiolufrom these observation is that
it is difficult, in advance, to determine whichitrapeed that will govern the response,
and hence the whole speed range suggested by B\BBrwerket, 2006) need to be
considered.

The observations regarding resonance and indiviqheahmeters effect on the
accelerations were gathered to create a graphigdéline, called design curves. A
design curve captures the dynamic response olveasabridge with a certain bridge
configuration. It allows an arbitrary choice ofitraspeed, material parameters and
cross-section geometry and includes the effectildea HSLM-A train loads. It was
shown that such design curves can be used to guiektulate the design acceleration
for a specific set of parameters. Also it servegaisiance in the early stage of a
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project, as the graphical form gives an overviewhoiv the response is affected by
changes in bridge parameters.

The design curves main limitation is that they lameed on 2D analysis. In this thesis
a comparison between 2D analysis and 3D analysis peaformed to show the
difference in acceleration response. Calculatiorewmade on two single-span
bridges under the variation of bridge width anddl@zcentricity. In 2D analysis two
bending modes were included and in 3D analysis amditional torsion mode was
also included. The results showed that both eigenfncies and the acceleration
response are affected differently for bending andion modes. The eigenfrequency
of bending modes are in principal unaffected bytkviariation while width strongly
affects the torsion modes’ eigenfrequencies. Th&do modes acceleration response
is also highly governed by load eccentricity, whitee bending modes’ response is
not. The differences between eigenmodes in a 3Mysieamake it more difficult to
find guidelines and simplifications compared to 2Dalysis. However it can be
concluded that 3D effects need to be considereceBom, as it was shown that they
may give a very high contribution when large loaxtentricity is present. In this
thesis the possibilities of producing separategtesurves or magnification factors
have been discussed, though additional studiesregaired to determine these
possibilities.

7.2  Suggestionsof continued work

The question of how many eigenmodes that shouiddieded in the dynamic design
of railway bridges (based on eigenfrequencies) nitefy needs more attention.
Developing guidelines for railway bridges, of anyndk whether it is a simplified
system or a design curve requires that the numbecluded eigenmodes is known.
In this thesis, choices were made for how manyrergeles to include for the three
bridge configurations of which design curves whereated in 2D. However for the
development of design curves, to be used in reabsign, these choices need to be
made on a larger basis.

The knowledge of which torsion modes that needsetaonsidered for a specific set
of bridge parameters is essential when consid&ihgffects. This knowledge itself
might serve as guidance in the design procesgdrtbe shown that all torsion modes
can be excluded for some sets of bridge paramétasving how many eigenmodes
that should be included is hence an important $bepthe possibility of creating
guidelines for the dynamic design of railway brisgensidering both 2D and 3D.

To determine the required number of eigenmodeslifterent bridge configurations,

it is suggested by the authors that a study whathey used cross-section geometry
from railway bridges designed for HSLM train loadsperformed. It might also be
possible to use the guidance of the design cuveseate a range of suitable cross-
sections. However, this creates a circular reagoas the result from the design
curves depend on the included eigenmodes and eisayv

Even if the torsion modes to include in a railwaydge design are known, there is
still a question of determining these modes’ céwitibn to the acceleration response
in a simplified way. The torsion modes individuahtribution could be presented by
individual design curves or magnification factors mentioned in Section 6.3. It
might also be possible to develop simplified modiéks a rod subjected to torsion for
the first torsion mode or a simply supported platethe second torsion mode. As
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different torsion modes behave in different ways ist likely that different
factors/curves/models need to be developed forefigective modes.

There is also a need to increase the understamdihgw both bending and torsion
modes are affected by changes in cross-sectioreshiapas shown in this thesis that
bending modes in 3D compared to 2D had small diffees, but the 3D calculations
in this thesis were also limited to rectangularssreections. For other cross-section
shapes there might be larger differences betweenb#mding modes, which then
would cause larger differences between 2D and 3Blysis irrespective of the
inclusion of torsion modes.

To summarize the authors would like to see furtbardies regarding which
eigenmodes to include, individual effect of torsiandes and changes in eigenmodes
regarding cross-section shape in 3D. An idea cbaldb examine all three areas, but
for one specific bridge configuration at a timeisTtvay useful guidance for real life
projects could be continuously produced.
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A. Appendix A

Attempt of analytically deriving an explicit expression for the
eigenfrequencies of a two-span bridge

The procedure of deriving an analytical expresdionthe eigenfrequencies of a
single span bridge is rather simple and resultsam explicit expression for
eigenfrequencies of any degree. For two span bsidgegets more complicated
however and an explicit expression is impossibldeove. This appendix is meant to
give the reader an idea of why.

The differential equation of motion for transvengbration is shown by equation
(A.1).

a2 0%v 0%v
=+ (E153) + pASS = py(x,0) (A1)

0x2
For free vibrations with constant bending stiffnegsation (A.1) reduces to:
EIv'""" + pAv =0 (A.2)

If we assume the following solution to equationZ)A.

v(x,t) = V(x) * cos (wt — a) (A.3)
We get:

v =0 (A.4)
dx

Where:

=222 (A.5)

EI

The general solution to (A.4) can be written as:
V(x) = A; sinh(Ax) + A, cosh(Ax) + Assin(Ax) + A,cos (Ax) (A.6)

This equation has four variables which must berdeteed. For a single span bridge
we could simply use the boundary condition V&7/dx?= 0 at both ends. This gives
us that A=A,=0 and the two remaining linear equations givethat

sin (AL) sin (AL) | _
A%sin (AL) —A%sin (AL)| 0 (A7)

Which because of the simplicity of the matrix givessan explicit expression far=
r*m/L forr=1, 2, 3 and so on.

For a two span bridge we have two beams connectgditer. This means we instead
have eight variables and eight boundary conditidiie boundary conditions at the
middle support will connect the two beams together.
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Figure (A-1) defines two different parameters aldhg bridge. The definitions of
these parameters are made to give as simple essptissible.

(bx—> 4y—d>
EILM El,M

A O O

| L1 | L2, w1 |
| i |

Ltot

Figure A-1  Definition of the variablesx and y

We have the following general solutions for theptlisement of beam 1 and 2:
V,(x) = A; sinh(A1x) + A, cosh(Ax) + Assin(Ax) + A,cos (Ax) (A.8)
V,(x) = By sinh(1y) + B, cosh(1y) + Bssin(1y) + B,cos (1y) (A.9)
With the definition of x and y we have the followibboundary conditions:
7,(0)=V",(0) =0 V,(0) =V",(0)=0

V,(L1) =0 V,(L2) =0

V' (L) = =V',(L2) V' (L1) = V", (L2) (A.10)
This gives us that:

A,=A,=B, =B, (A.11)
And the following linear equations give us that:

sinh (AL1) 0 sin (AL1) 0

0 sinh (AL2) 0 sin (AL2)| _
cosh (AL1) cos (AL1)  cosh (AL2) cos (AL2)|
sinh (AL1) —sin (AL1) —sinh (AL2) sin (AL2)

0 (A.12)

And this results in a complicated expression wihibege is no possibility of deriving
an explicit analytical expression far

The last steps can be better performed. The fiwstrows in (12) could be used to
eliminate two variables. But even if we get that tteterminant should be zero for a
two times two matrix we still get a very complicdexpression. The interested reader
is referred to Gorman (1975).
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B. Appendix B

Results from a parameter study on multi-span
railway bridges

The following document contains figures showing tesults from a parameter study
made on continuous railway bridges. The paramételyscovers two- and three-span
bridges.

The parameter study aims to show the effect frofferdint parameters on the
dynamic response. The studied parameters are:

« E = Module of elasticity

« Ltot = Total bridge length

e u=  L2/L1 for two-span bridges

e n=  L2/(L1+L3) for three-span bridges

e p=  density

e c= damping

Two different types of figures are presented. Tlhst ftype shows different
acceleration responses with the variation of tepred. The second type shows the
variation of acceleration amplitude around resoegreeks.

The corresponding parameter set for the variatianaertain variable are presented in
the figure explanation. Different parameter setsehdeen chosen for different
comparisons.
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B.1 Variation of module of elasticity, E, for atwo-span bridge
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B.2 Variation of density, p, for atwo-span bridge
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B.4 Variation of total bridge length, Ltot, for atwo-span bridge
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using £=40 GPa, /~2, p=3000 kg/m*3 and c=0.02 F=40 GPa, 4~2, p=3000 kg/m"3 and c=0.02
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B.5 Variation of damping, c, for atwo-span bridge
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B.6 Variation of module of elasticity, E, and density, p, for a three-span bridge
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Figure B-34 Acceleration response for a three-span bridge subjected to HSLM-Al Figure B-35 Acceleration response for a three-span bridge subjected to HSLM-Al
using o=3000 kg/m3, =1, Ltot=25m, , k= 1 and c=0.02 using E=40 GPa, /~1, Ltot=25m, , k= 1 and c=0.02
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B.7 Variation of span relation, n, for athree-span bridge
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Figure B-36 Acceleration response for a three-span bridge subjected to HSLM-Al Figure B-37 Acceleration response for a three-span bridge subjected to HS.M-A4 using
using E=20 GPa, L=20 m, p=2500 kg/m*3, x= 1 and c=0.02 E=14 GPa, L=20 m, p=2500 kg/m"3, x= 1 and c=0.02
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Figure B-38 Acceleration response for a three-span bridge subjected to HS_LM-A8 Figure B-39 Acceleration response for a three-span bridge subjected to HS.M-A8 using
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C. Appendix C

The design curves from the three different casdietuare gathered in this appendix.
The different bridge configurations are:

» Single-span bridge — Section C.1
* Two-span bridge with equal span lengths — Sectién C
» Three-span bridge with equal span lengths — Se€ti8n

Further description and explanation of the thresecstudies can be found in section
3.6.4. The layout of each section in this appermslifirst a summation of the design
curves for all bridge lengths considered in thehezase study, followed by the design
curves for each specific bridge length with the gilmiity to see which load that
governs the response at a specific choide of

C. APPENDIXC 133
C.1 Bridge with one span 134
C.1.1 Total length 7 m 135
C.1.2 Total length 8 m 136
C.1.3 Total length 10 m 138
C.1.4 Total length 11 m 139
C.1.5 Total length 12 m 140
C.1.6 Total length 13 m 141
C.1.7 Total length 14 m 142
C.1.8 Total length 15 m 143
C.1.9 Total length 16 m 144
C.1.10 Total length 17 m 145
C.1.11 Total length 18 m 146
C.1.12 Total length 19 m 147
C.1.13 Total length 20 m 148
C.2 Bridge with two equal spans 149
C.2.1 Total length 16 m 150
C.2.2 Total length 18 m 151
C.2.3 Total length 20 m 152
C.2.4 Total length 22 m 153
C.2.5 Total length 24 m 154
C.2.6  Total length 26 m 155
C.2.7 Total length 28 m 156
C.2.8 Total length 30 m 157
C.3 Bridge with three equal spans 158
C.3.1 Total length 30 m 159
C.3.2 Total length 31.5 m 160
C.3.3 Total length 33 m 161
C.3.4 Total length 34.5 m 162
C.3.5 Total length 36 m 163
C.3.6  Total length 37.5 m 164
C.3.7 Total length 39 m 165
C.3.8 Total length 40.5 m 166
C.3.9 Total length 42 m 167
C.3.10 Total length 43.5 m 168
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C.1 Bridge with one span
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Figure C-1  Design curves of the relation between g and 7 for the HSLM-A loads of a
bridge with one span and Lis=7 mto Lix=20 m.
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FigureC-2 Design curves of the relation between 4 and 7 for the HSLM-A loads of a
bridge with one span and Liq= 7 mto Li=20 m.
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C.1.1 Total length 7m
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C.1.3 Total length 10 m
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L=11

C.14 Total length 11 m
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C.15 Total length 12m
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C.16 Total length 13 m
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C.1.7 Total length 14 m
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C.1.8 Total length 15m
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C.19 Total length 16 m
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C.2 Bridge with two equal spans
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FigureC-45  Design curves of the relation between g and 7 for the HSLM-A loads of a
bridge with two equal spans and L;=16 mto L;,=30 m.
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FigureC-46  Design curves of the relation between 5 and 7 for the HSLM-A loads of a

bridge with two equal spans and L;,=16 mto Lyu=30 m.
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C.2.1 Total length 16 m
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Figure C-47 Relation between $ and ¢ for load Al to A10 for a bridge with two equal spans
and Li=16 m.
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FigureC-48  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to 5=0.5,
for a bridge with two equal spansand Ly,=16 m.
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FigureC-49  Design curve of the relation between g and ¢ for the HSLM-A loads of a

bridge with two equal spans and Ly=16 m.
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C.2.2 Total length 18 m
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FigureC-51  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to =0.5,
for a bridge with two equal spansand Ly,=18 m.
80000 ; ; ; ;
70000 +---------- ——————————— ————————
60000 f---------- e R R bommmoooes
__ 50000 +---------- —————————— ﬂ —————————— ————————— ——————————
E 1 1 1 1
= 40000 +---------- m-----m-- 1 === —mas A
" 30000 +-----ooo- oo T B bomeomooes
20000 -~~~ e SRR IREREEEEEE Pommmmmmeoe
10000 +-------- s ——————————
0 | ; ; ;
0 0.1 0.2 0.3 0.4
B[]
FigureC-52  Design curve of the relation between g and ¢ for the HSLM-A loads of a

bridge with two equal spansand Liy=18 m.
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C.2.3 Total length 20 m
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Figure C-53 Relation between $ and 7 for load Al to A10 for a bridge with two equal spans
and Lmtz 20 m.
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FigureC-54  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to =0.5,

for a bridge with two equal spans and Ly;=20 m.
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FigureC-55  Design curve of the relation between g and ¢ for the HSLM-A loads of a
bridge with two equal spans and Li=20 m.
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C.24 Total length 22 m
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Figure C-56 Relation between $ and 7 for load Al to A10 for a bridge with two equal spans
and Li,=22 m.
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FigureC-57  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to =0.5,
for a bridge with two equal spansand Ly;=22 m.
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FigureC-58  Design curve of the relation between g and ¢ for the HSLM-A loads of a
bridge with two equal spans and Liy=22 m.
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C.25 Total length 24 m
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Figure C-59 Relation between $ and 7 for load Al to A10 for a bridge with two equal spans
and Lmtz 24 m.
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FigureC-60  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to =0.5,
for a bridge with two equal spans and Ly=24 m.
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FigureC-61  Design curve of the relation between $ and ¢ for the HSLM-A loads of a
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C.26 Total length 26 m
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Figure C-62 Relation between $ and 7 for load Al to A10 for a bridge with two equal spans
and Lmtz 26 m.
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FigureC-63  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to =0.5,

fo

r a bridge with two egual spans and Lyx=26 m.
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FigureC-64  Design curve of the relation between g and ¢ for the HSLM-A loads of a
bridge with two equal spans and Liy=26 m.
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C.2.7 Total length 28 m
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Figure C-65 Relation between $ and 7 for load Al to A10 for a bridge with two equal spans
and Lmtz 28 m.
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FigureC-66  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to =0.5,

for a bridge with two equal spans and Ly,;=28 m.
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FigureC-67  Design curve of the relation between $ and ¢ for the HSLM-A loads of a
bridge with two equal spans and Liy=28 m.
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Cc.2.8 Total length 30 m
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Figure C-68 Relation between $ and 7 for load Al to A10 for a bridge with two equal spans
and Lmtz 30m.
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FigureC-69  Relation between f and 7 for load Al to A10, with a zoom at f=0.2 to 5=0.5,

for a bridge with two equal spans and Ly,;=30 m.
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FigureC-70  Design curve of the relation between $ and ¢ for the HSLM-A loads of a
bridge with two equal spans and Li=30 m.
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C.3 Bridge with three equal spans
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Design curves of the relation between 4 and 7 for the HSLM-A loads of a

bridge with three equal spans and Li,;=30 mto L;,;=43.5m.
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Design curves of the relation between 4 and 7 for the HSLM-A loads of a

bridge with three equal spans and Liy=30 mto L;,=43.5m.
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C.3.1 Total

length 30 m

250 000 AL
—A2
200 000 —A3
—A4
—Ab5
= 150 000 - —A6
= —A7
= —A8
* 100 000 A9
—Al10
50 000 - i
0 - !
0 0.2 0.4 0.6 0.8
Pl
Figure C-73 Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand Ly=30 m.
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FigureC-74  Relation between $ and 7 for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Lyx=30 m.
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FigureC-75  Design curve of the relation between g and ¢ for the HSLM-A loads of a

bridge with three equal spans and L;,;=30 m.

CHALMERS, Civil and Environmental Engineering, Master's Thesis 2010:37

159



C.3.2 Total length 31.5m
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Figure C-76 Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand Lyy=31.5m.
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FigureC-77  Relation between $ and z for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Lyx=31.5m.
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FigureC-78  Design curve of the relation between $ and ¢ for the HSLM-A loads of a

160

bridge with three equal spans and L;,;=31.5 m.
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C.3.3 Total length 33 m
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Figure C-79 Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand Ly=33 m.
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FigureC-80  Relation between $ and 7 for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Lyx=33 m.
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FigureC-81  Design curve of the relation between g and ¢ for the HSLM-A loads of a
bridge with three equal spans and L,;=33 m.
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C.34 Total length 34.5m
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Figure C-82 Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand Lyy=34.5m.
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FigureC-83  Relation between $ and 7 for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Ly=34.5m.
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FigureC-84  Design curve of the relation between g and ¢ for the HSLM-A loads of a
bridge with three equal spans and L;,;=34.5 m.
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C.35 Total length 36 m
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Figure C-85 Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand Ly=36 m.
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FigureC-86  Relation between $ and z for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Lyx=36 m.
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FigureC-87  Design curve of the relation between $ and ¢ for the HSLM-A loads of a

bridge with three equal spans and L;,;=36 m.
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C.3.6 Total length 37.5m
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Figure C-88 Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand Lyy=37.5m.
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FigureC-89  Relation between $ and 7 for load Al to A10, with a zoom at f=0.2 to 5=0.4,
for a bridge with three equal spans and Ly=37.5m.
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FigureC-90  Design curve of the relation between g and ¢ for the HSLM-A loads of a
bridge with three equal spans and L;,;=37.5 m.
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C.3.7 Total length 39 m
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Relation between $ and z for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Li=39 m.
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Design curve of the relation between g and ¢ for the HSLM-A loads of a
bridge with three equal spans and L;,;=39 m.
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C.3.8 Total length 40.5m

150 000

100 000 ~

© [N/m]

50 000 -

Figure C-94

40 000

Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand L=40.5 m.
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Relation between $ and z for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Ly=40.5m.
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bridge with three equal spans and L;,;=40.5 m.
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Design curve of the relation between g and ¢ for the HSLM-A loads of a
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C.3.9 Total length 42 m
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Figure C-97 Relation between $ and ¢ for load Al to A10 for a bridge with three equal
spansand Lyy=42 m.
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FigureC-98  Relation between $ and 7 for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Lyx=42 m.
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FigureC-99  Design curve of the relation between $ and ¢ for the HSLM-A loads of a
bridge with three equal spans and Li,;=42 m.
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C.3.10 Total |
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FigureC-100  Relation between 8 and = for load Al to A10 for a bridge with three equal
spansand Lyy=43.5m.
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FigureC-101 Relation between $ and 7 for load Al to A10, with a zoom at 5=0.2 to f=0.4,
for a bridge with three equal spans and Ly=43.5m.
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FigureC-102 Design curve of the relation between $ and ¢ for the HSLM-A loads of a
bridge with three equal spans and L;,;=43.5 m.
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D. Appendix D Matlab Programs

In this appendix the layout of several Matlab pamgs used in the dynamic analysis
of railway bridges will be presented. In the fitBtee sections “main programs” are
presented. With “main program” the authors refes fgrogram which purpose mainly
is to gather the calculations from different fupatifiles to achieve a sought result.
Used function files are presented in section D.4.

Each section starts with an overview of the cregt@dram and a description of the
area of use for the program. In each section the ¢or the specific program will be
printed and available to be copied into Matlab.ift&tions for some of the programs
are presented in the end of the sections.

D. APPENDIX D MATLAB PROGRAMS 169
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D.1 SDOF

This section will present the “main program” foretlransformation of a railway
bridge into a SDOF model using the force scalingraeach.

D.1.1 About the SDOF program

The force scaling approach is made in three st&ps. the mass of the SDOF system
is chosen arbitrary. Then the stiffness is caledato get the first eigenfrequency
equal to the first eigenfrequency of the railwaidge. Finally the load is scaled so
that the static displacement of the SDOF systemth@dritical point in the railway
bridge become equal.

The scaling of the load requires that the influehoe for the displacement in the
critical point of the bridge is calculated for aiqgoload moving across the bridge.
This is done in a function file called SdofLoadsee section D.4.1.

The NewmarkB method is used as the numerical time integratiethod, see section
D.4.6.

D.1.2 Code

Ofmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmee e
% MAIN PROGRAM

% SDOF MODELING OF A RAILWAY BRIDGE

Qfpmmmmmmm e emmeme

%% STARTING DEFINITIONS
clear all

dof = 3;
neli = 20;

%% DEFINITION OF BRIDGE PARAMETERS
L_tot = 15;

kap = 1;

my = 2;

Li = L_tot*[1/(1+my) (1-1/(1+my))];
w=11.2;

h=0.6;

E = 40*10"9;

Mass = 2400;

A = w*h;

| = w*h"3/12;

ep =[E A | Mass*w*h [0 0]];

%% EIGENFREQUENCIES
[Coord, Edof, Ndof, Elnod, Ex, Ey, nel, non, ndof, b] =...
MeshTwoD(dof, neli, Li);

K = zeros(ndof);

M = zeros(ndof);

for i=1:nel
[Ke,Me] = beam2d(Ex(i,:),Ey(i,:),ep);
K = assem(Edof(i,:),K,Ke);
M = assem(Edof(i,:),M,Me);

end

[L,X] = eigen(K,M,b);
%% MASS, STIFFNESS AND DAMPING OF THE SDOF SYSTEM

M_sdof = 1;
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K_sdof = M_sdof * L(1);

damp = 0.02;
C_sdof = 2*damp*M_sdof*sqrt(L(1));

speed_step = 2.5/3.6;
max_speed = 100;

q = waitbar(0, 'Jag ar en muffin..");
for i=1:((max_speed-28)/speed_step)

speed = 28+i*speed_step; %Speed in m/s
ntimes = 10000;

[F_sdof,K_bridge,h]= SdofLoad(speed,ntimes,Li,E
%[F_sdof,K_bridge,h]= SdofLoadSimple(speed,ntim

S = K_sdof/K_bridge;
F = S*F_sdof;

u0 =0;

v0=0;

bet = 0.25;

gam = 0.5;

[u,v,a,t] = NEWMARK(K_sdof,C_sdof,M_sdof,F,h,u0

A_max(i) = max(a);
V(i) = speed;

waitbar(i/((max_speed-28)/speed_step))
end
close(q)
%% PLOT RESULTS

hold on
%plot(t,F)

plot(V.*3.6,A_max,'r")
%plot(t,a)
%plot(t,F)

1,4);
es,Li,E,l,1);

,v0,bet,gam);
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D.2 Acceleration responsein 2D

This section will present a “main program” for Mailfor calculating the acceleration
response of a continuous railway bridge in 2D. pregram has several areas of use.
The main use is to calculate the maximum verticakeration in time in the railway
bridge for the variation of train velocity and hyal parameters. But as several
calculation procedures are required to achieveithian also be used to produce the
result of each separate calculation. With small iffcations of the program code
presented later it is possible to extract eigenfeegies, eigenmodes and the time
response concerning displacement, velocity ande@tmsns.

D.2.1 About the FE program

The program calculates the acceleration resporisg & analysis. The analysis is
based on mode-superposition, but numerical timegnation is still used because of
complexity in the train load. The calculation prdoee can be divided in the
following steps:

* Meshing

» Assembly of stiffness and mass matrix

« Calculation of eigenfrequencies, eigenmodes, modaks matrix, modal
stiffness matrix and modal damping

* Load creation

* Numerical time integration

» Data saving and plotting

The meshing is made using a function file calledsMevoD.m. In short the mesh file
creates a 2D beam with the possibility of chooshegnumber of spans, span lengths,
degrees of freedom in each node and the numbdemieats in each span. The reader
is referred to section D.4.4 for more informationtbe mesh function file.

Creation of each elements local stiffness and mmaggix and assembly into the
global stiffness matrices is made using two CalfBies called beam2d.m and
assem.m. The reader is referred to CALFEM (Aud®elE., et. Al.,, 2004) for more
information on Calfem and the used function files.

Calculation of eigenfrequencies and eigenmodedsis made using a Calfem file,
called eigen.m. This file uses the built in eigdwsoin Matlab but orders the output
data in a correct way for the use of mode-supetiposilt also normalizes the
eigenmodes to get a modal mass matrix equal tagodal of ones.

Calculation of the train load is made using a fiorcfile called TrainTwoD.m. The
function file calculates the load matrix represegtthe load in each node for every
time step for an arbitrary HSLM-A load. The file shéhe possibilities of easily
switching between different HSLM-A train loads aadjusting these loads to any
choice of number of elements and time step lenftie. reader is referred to section
D.4.2 for more information on the load functiorefil

The time integration function file uses the Newmpnkethod with the parametefs
andy equal to 0.25 and 0.5 respectively to make it nddmnally stable. The time
integration has been made using the function féevhark.m, see D.4.6.
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D.2.2 Matlab code

%

% MAIN PROGRAM
% FE ANALYSIS ON A 2D CONTINUOUS BEAM

%

%% INTRODUCTION
%
%Program that calcualtes the response in time using
%Mode superposition is used for fastening the calcu
%and load creation is made in function files.

%

%% MAIN CALCULATIONS

%Clears all previous data
clear all

clc

clf

%Defines degrees of freedom in each node and number

%span
dof = 3;
neli = 100;

%A loop that allows for the variation of any bridge
%defines a set of material, geometric and load para
%the response in time for a defined range of train
%can hence be used for smaller calculations like th
%one specific set of parameters but also extensive
%maximum acceleration in time under the variation o
%chosen number of parameter sets.
for j=1:10

%GEOMETRIC PARAMETERS

%Total length

L_tot = 15;

%Relation between third and first span for thre

kap =1,

%Relation between second and first span for two

my = 1.5;

%Vector defining the length of each span. Has d

%depending on the number of spans

%Li = L_tot*[1/((1+my)*(1+kap)) (1-1/(1+my)) 1

Li = L_tot*[1/(1+my) (1-1/(1+my))];

%Cross-section width

w=11.2;

%Cross-section height

h=0.6;

%Area

A = w*h;

%Moment of inertia

I = w*h"3/12;

%MATERIAL PARAMETERS
%Module of elasticity

E = (20+5%))*10"9;

%Density

Density = 2800;

%Vector used in the creation of beam elements
ep =[E A | Density*w*h [0 O]];

Y%MESHING
%Meshing is made using a separate function file

Newmark integration.
lation process. Meshing

of elements in each

parameter. Each loop
meters and calculates
velocities. The program
e response in time for
calculations like the

f train velocities for a

e-sapn bridges
-span bridges
ifferent definition

I(1+my)*(1+1/kap))];
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[Coord, Edof, Ndof, Elnod, Ex, Ey, nel, non, nd of, b] =
MeshTwoD(dof, neli, Li);

%ASSEMBLY OF BEAM ELEMENTS

%The Calfem function file beam2d is used for cr eating the local
%stiffness matrices and these are assembled usi ng the Calfem file
%assem

K = zeros(ndof);

M = zeros(ndof);

for i=1:nel
[Ke,Me] = beam2d(Ex(i,:),Ey(i,:),ep);
K = assem(Edof(i,:),K,Ke);
M = assem(Edof(i,:),M,Me);

end

%EIGENVALUES AND EIGENMODES
[L,X] = eigen(K,M,b);

%Cropping of the stiffness, mass and eigenvecto r matrices with
%consideration to boundary conditions.

K(b,:)=[l;

K(:,b)=[;

M(b,)=[I;

M(,b)=[I;

X(0,) =[I;

%MODE SUPERPOSITION
%number of eigenmodes used
nmodes = 2;

%modal mass and stiffness matrix
M_diag = X(:,1:nmodes)*M*X(;,1:nmodes);
K_diag = X(;,1:nmodes)*K*X(:,1:nmodes);

%modal damping
damp = 0.02;
C_diag = diag(2*damp*sqrt(L(1:nmodes)));

%CONSIDERED RANGE OF TRAIN VELOCITY
speed_step = 1.25/3.6;
max_speed = 315;

%Loop that calculates the response in time usin g mode superposition
%for a chosen range of train velocities
g = waitbar(0, ['lteration ' num2str(j)]);
for i=1:((max_speed)/speed_step)

%Train velocity

speed = i*speed_step;

%Number of time steps

ntimes = 10000;

%Starting displacement and velocity

u0 = zeros(nmodes, 1);

v0 = zeros(nmodes, 1);

%TRAIN LOAD

[F_train] = TrainTwoD(speed,ntimes,ndof,Coo rd,Elnod,Edof,Li,1);
F_train = [zeros(length(F_train(:,1)),1) F_ train];
F_train(b,:) = ];

F = X(:,1:nmodes)"*F _train;

%TIME INTEGRATION

bet = 0.25;

gam = 0.5;

[u,v,a,t] = NEWMARK(K_diag,C_diag,M_diag,F, h,u0,v0,bet,gam);
%Calculates the true displacements and acce lerations and adds the

%removed degrees of freedom
u = X(:,1:nmodes)*u;
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a = X(:,1:nmodes)*a;
e=1:1:ndof;

e(b) =I;

u_true = zeros(ndof,ntimes+1);
a_true = zeros(ndof,ntimes+1);
u_true(e,:) = u;

a_true(e,:)) = a;

%MAXIMUM ACCELERATION

Max = max(max(a_true));

Min = min(min(a_true));
A_maxmax(i,j) = max([Max abs(Min)]);

V(i,j) = speed;
waitbar(i/((max_speed)/speed_step))

end

close(q)

%SAVES USED PARAMETERS FOR EACH ITERATION

EE() = E;

MASS(j) = Mass;

L_TOT(j) = L_tot;

MY(j) = my;

DAMP(j) = damp;

end

%% PLOT RESULTS

% A huge variation of plot options can be used. The code below is just an
% example of possible plot options

hold on

colors =y, 'd', 'b', ', 'K';

for k=1:5

plot(V(:,k)*3.6, A_maxmax(;,k), colors(k))

end

xlabel('Speed [km/h]")

ylabel('Acceleration [m/s"2]")

titte(HSLM-AL")

vari='E="

legend([vari num2str(EE(1))], [vari num2str(EE(2))]
[vari num2str(EE(3))], [vari num2str(EE(4))]....
[vari num2str(EE(5))])

D.2.3 Verification

Verification of the program has been made usingctiramercial software ADINA. A
2D model of a two-span bridge has been createatim ADINA and the Matlab FE
program with the purpose of comparing the respofiges the two programs. The
geometry and boundary conditions in the model &@va by Error! Reference
sour ce not found..

5m 10m 11.2m

< »le o e
|‘ 'l‘ Vl |‘ rl

A O O | | 3 oem

FigureD-1 Geometry and boundary conditions in the model used for the verification.

The material parameters in the form of module aéttity and concrete density have
been chosen to 30 GPa and 2400 Rgspectively.
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The time integration is made using the Newm@rkiethod with the integration
parameter$ andy equal to 0.25 and 0.5 respectively. 10000 timpssége used in the
integration.

Both models use mode-superposition limited to thred eigenmodes with lowest
corresponding eigenfrequency. Damping has beendedl through a modal damping
of 2 % for all considered eigenmodes.

Beam elements are used in both programs. One hiiedgenents in each span have
been used in the Matlab program, which correspeadslength of 0.05 and 0.1 m.
The element length in Adina has been chosen to i0.B8th spans. The reason why
the element lengths have been chosen differentlydem the models is because the
Matlab model is built to choose the number of eletm@qually in every span, while
the Adina model gets substantially easier to crestie regard to the train load using
equal span lengths.

As a first verification the frequencies from theotwodels are compared, see Table
D.1.

TableD.1 Eigenfrequencies for the two models
Frequencies
Mode ADINA Matlab
1 1421 Hz | 14.2Hz
2 4417 Hz | 44.17 Hz
3 61.71Hz | 61.71Hz

The HSLM-A load case Al and A4 have been used tilyvhe dynamic response of

the program. The loads have been simulated withvéhecities 180 km/h and 270

km/h respectively. The displacements and acceterathave been gathered in the
middle of the second span. Figure D-2 to Figure BHew the comparison of

responses between the two programs for the twiosksonds.
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D.3 Acceleration responsein 3D

The purpose with this “main program” is to calcalathe maximum vertical
acceleration in time considering a 3D model ofwajl bridges for the variation of
load and bridge parameters. It is also possiblmaalify the program to calculate
eigenfrequencies, eigenmodes and the time respoonseerning displacement,
velocity and accelerations.

D.3.1 About the FE program

The program calculates the acceleration resporrsa failway bridge modelled as a

simply supported plate with the possibility to @sEentric loading. The analysis uses
mode-superposition and numerical time integrationgét the vertical acceleration

response in time. The program can be divided iersdsteps:

* Meshing

» Assembly of the stiffness matrix

» Calculation of eigenfrequencies, eigenmodes, modals matrix, modal
stiffness matrix and modal damping

* Creation of HSLM train loads

* Numerical time integration

* Plot figures and saves data

The function file MeshThreeD.m is used for creating mesh. The mesh file creates
a 3D plate consisting of shell elements. It is jmesto choose span length and the
number of elements in both length of the span hadaidth. More information about
the mesh function file can be found in section 5.4.

The Calfem files platre.m, planre and assem.m baes used in the creation of each
elements local stiffness and mass matrix and adgemtn the global stiffness
matrices. Further information about the Calfemsfiie found in CALFEM — A finite
element toolbox version 3.4 (Austell P.—E., et, 2004)

The 3D program uses a different method for caldathe eigenfrequencies and
eigenmodes compared to the 2D “main program”. &wsiaf using a Calfem file and
the built in eigensolver in Matlab a method callederse iteration and inverse
iteration with shift is used. The method provides possibility of calculating only a
few of the lowest eigenmodes to save calculatiaretand can be used to choose
specific eigenmodes. The gained eigenmodes from toection file
Inverse_iteration.m are all normalized so it isgdole to get a modal mass matrix
equal to a diagonal of ones. The function fileesatibed in detail in section D.4.7.

The train load in this program is defined by thedtion file TrainThreeD.m. It
calculates the load representing the load in eaute rfor every time step for an
arbitrary HSLM-A load. It is possible to switch eten different HSLM-A train
loads and adjust to arbitrary choice of time stepd mesh size. The function file is
described further in D.4.3.

As in the 2D program Newmark integration are usedhe time integration, for more
information see D.4.6.
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D.3.2 Matlab code

%
%

% MAIN PROGRAM

% FE ANALYSIS ON A 3D PLATE
%

%

%% INTRODUCTION
%
% Program that calculates the response in time usin
integration.

% Mode superposition is used for fastening the calc
Meshing, and load creation is made in function file

%% MAIN CALCULATIONS

% Clear all previous data
clear all

clc

clf

%lIndata
gz =0;
ty =0;

%Number of elements used in the length of the bridg
nll = 16;

%Number of elements used in the width of the bridge
n2 =16;

%% Mesh the geometry in separate file.
%A loop that allows for the variation of any bridge
defines a set of material, geometric and load param
response in time for a defined range of train %velo
therefore be used for the response in %time for one
parameters but also extensive %calculations like th
time under the %variation of train velocities for a
parameter sets.
for j=1:10

%GEOMETRIC PARAMETERS

%Total length

11 =15;

Li=T[1112];

%Cross-section width

b=11;

%Cross-section height

h=0.7;

%Area

A = b*h;

%Moment of inertia

| = b*h"3/12;

%MATERIAL PARAMETERS
%Module of elasticity

E =40e9 ;

%Density

d=2800;

%poisson's ratio

v=0.2

%MESHING
%Meshing is made using a separate function file

g Newmark %

ulation process. %
s.

parameter. Each %loop
eters and %calculates the
cities. The program can
specific set of

e maximum acceleration in
chosen number of

[B1,B2,B3,B4,P1,P2,P3,P4,EX,Ey,ndof,nel,non,Edof]=M eshThreeD(I1,b,n11,n2)
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%ASSEMBLY OF SHELL ELEMENTS
%The Calfem function files platre and planre are us
local stiffness matrices and these are assembled %u
function file assem
K = zeros(ndof);
f = zeros(ndof,1);
D = hooke(1,E,v);
ep=[Lh];
eq=1[00qz];
for i=1:nel
ex = Ex(i,:);
ey = Ey(i,’);
[Kel,fel]=platre(ex,ey,ep(2),D,eq(3));
[Ke2,fe2]=planre(ex([1 2]),ey([2 3]),ep,D,
Ke = zeros(20);
fe = zeros(20,1);
Ke([126711121617],[1267 111216
Ke([34589 101314 15181920],[345
20])=Kel,;
fe([1 2671112 16 17])=fe2;
fe([34 58910 13 14 15 18 19 20])=fe1l;
[K,f] = assem(Edof(i,:),K,Ke,f,fe);
end
%% MASS MATRICE
%Mass for each element
M_el_1 = I1*b*d*h/nel;
%Rotational lumped mass (see ADINA manual)
M_rot_1 = (M_el_1/4)*(1/12)*(h*h);
ki1=[M_el_1/4M_ el 1/4M_el_1/4M_rot_1 M _rot_
M_el_1/4M_el_1/4M_el_1/4 M_rot_1 M _rot_
M_el_1/4M_el_1/4M_el_1/4 M_rot_1 M _rot_
M_el_1/4M_el_1/4M_el_1/4 M_rot_1 M _rot_
Me_1 = diag(kl);
M = zeros(ndof);
for i=1:nel
M = assem(Edof(i,:),M,Me_1);
end
%% BOUNDARY CONDITIONS
for i=1:length(B4(:,1))
bc1((3*i-2):(3*)) = B4(i,1:3)";
bc2((2*i-1):(2*)) = B2(i,2:3)";
be5((2*i-1):(2*i)) = B4(i,2:3)'+5*(n2+1)*n1
end

bc3 = zeros(1,2);

for k=2:(length(B3(:,1))-1)
b3 =B1(k,[1 2 3])+5*n2/2;
bc3e =[b3; 00 0];
bc3 = [bc3;bc3e];

end

be3(1,)=[l;

bc4 = zeros(1,2);

for k=2:(length(B3(:,1))-1)
b4 = B1(k,4)+5*n2/2;
bcde = [b4; 0]
bc4 = [bc4;bcde];

end

bc4(1,)=[];

bc = [bcl';bc27;
BC2 = [bcl';bc3(;,1);bc2'];
BC3 = [bcl';bc4(:,1);bc5';bc27;

%% Solve the eigen-value problem
Ltot = 11;
[X,L]=Inverse_iteration(K,M,bc,BC2,BC3,ndof,Lto

ed for %creating the
sing the Calfem

eq([1 2]));

17])=Ke2;
891013 14 1518 19

BpPe

1/2;

t,E,b*h"3/12,b*h,d);
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%SAVE USED PARAMETERS FOR EACH ITERATION
EE(z)) = E;

L_TOT(z,)) =11;

MASS(z,j) = d;

BB(z,j)=b;

H(zj) = h;

%Cropping of the stiffness, mass and eigenvecto r matrices with
%consideration to boundary conditions.

K(bc,:)=];
K(:,bc)=I];
M(bc,)=[;
M(:,bc)=[l;

X(be,:) = [I;

%%MODE SUPERPOSITION
%Number of eigenmodes used
nmodes = 3;

%% Creation of diagonal K,M and C for mode supe rposition

M_diag = X(:,1:nmodes)*M*X(:,1:nmodes);
K_diag = X(;,1:nmodes)*K*X(:,1:nmodes);

%modal damping (According to BV Bro, Banverket 2006)
if Ltot<=20

damp = 0.015 + 0.0007*(20-Ltot);

else

damp = 0.015;

end

C_diag = diag(2*damp*2*pi*L(1:nmodes));

%CONSIDERED RANGE OF TRAIN VELOCITY
speed_step = 1.25/3.6;

max_speed = 0.8*vcr;

ver = pil2/Ltot"2*sqrt(E*1/(d*A))*18;

%% Newmark integration
bet = 0.25;

gam = 0.5;

%Number of time steps
ntimes = 10000;
%Starting displacements
u0 = zeros(nmodes, 1);
v0 = zeros(nmodes, 1);

g = waitbar(0, ['lteration' num2str(j)]);

%Loop that calculate the response in time using mode
%superposition for a chosen range of train velociti es
for i=1:(max_speed/speed_step)
e =23.5;

%Train velocity
speed = i*speed_step;
%% Train load
[F_train h] =
TrainLoadThreeD(Li,speed,ntimes,ndof,Ex,Ey,Edof,b,e ,n2,n11,n12,));
F_train(bc,:) = ];
F = X(;,1:nmodes)*F_train;

%TIME INTEGRATION

[a,t] = NEWMARK(K_diag,C_diag,M_diag,F, h,u0,v0,bet,gam);
%Calculate the true displacements and acceleration and %adds
the removed degrees of freedom.

e = 1:1:ndof;

e(be) =[I;

a = X(;,1:nmodes)*a;
a_true = zeros(ndof,ntimes);

182 CHALMERS, Civil and Environmental Engineering, Master’s Thesi2010:37



a_true(e,:) = a;
a=|;
% MAX IN THE WHOLE BRIDGE
% MaxMax = max(max(a_true));
% MinMin = min(min(a_true));
% A_maxmax(i,j) = max([MaxMax abs(MinMi n)D;
V(i,j) = speed,
e2 = 3:5:(ndof-2);
u_vert = u_true(e2,:);
a_vert = a_true(e2,:);
a_true =];
MaxVert = max(max(a_vert));
MinVert = min(min(a_vert));
A_maxvert(i,j) = max([MaxVert abs(MinVe )]);
end
end

%% PLOT RESULTS

% A huge variation of plot options can be used. The code below is just an
% example of possible plot options

hold on

colors = ['y','g’, 'b', 'r', 'K,

for k=1:5

plot(V(:,k)*3.6, A_maxmax(;,k), colors(k))

end

xlabel('Speed [km/h]")

ylabel('Acceleration [m/s"2]')

title(HSLM-AL")

vari='E="

legend([vari num2str(EE(1))], [vari num2str(EE(2))]
[vari num2str(EE(3))], [vari num2str(EE(4))]....
[vari num2str(EE(5))])

D.3.3 Verification

ADINA and the Matlab 3D FE program has been usebuitd a similar model of a
one span bridge with the purpose of comparing ¢éspanses from the two programs.
The boundary conditions and geometry used in thication model can been seen
in Figure D-6.

15m 10m

Figure D-6 Geometry and boundary conditions.

The material parameters in the form of module aéttity and concrete density have
been chosen to 30 GPa and 2400 Rgspectively.

The time integration is made using the Newm@rkaethod with the integration
parameter$ andy equal to 0.25 and 0.5 respectively. 10000 timpssége used in the
integration.

Both models use mode-superposition limited to thred eigenmodes with lowest

corresponding eigenfrequency. Damping has beended through a modal damping
of 2 % for all considered eigenmodes.
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Plate elements are used in the Matlab program d¢aterthe model above and in
ADINA shell elements are used. The element sizéAdina has been chosen to
0.250.25nf. In Matlab the element size were chosen tel@6elements which
correspond to 0.6250.9375 M. The reason why a much more coarse mesh was
chosen for the Matlab program is because of the angtimit that the program has.

The result from comparing the frequencies fromttix@ models can be seen in Table
D-1.

Table D-1 Comparison between the eigenfrequencies for the two programs.
Freguencies
Mode ADINA Matlab
1 4.3 Hz 4.3 Hz
2 9.93 Hz 10.03 Hz
3 17.25 Hz 17.26 Hz

The further verification of the FE Matlab 3D plgieogram is divided in two parts.
First the total response is monitored for one Sjetrain configuration, certain bridge
parameters and a velocity of 180 km/h. The respgaseed from the Matlab FE
program is compared to the response obtained fromnalysis in ADINA with the
same input parameters. After the total responseri§ied, for one single case, max
accelerations for different bridge configuratiomslaspeeds for the trainload will be
compared. It is mainly the width of the bridge thalt be changed in the comparison
but also two different velocities of the travelitigin will be tested.

The load case HSLM-A1 has been used to represertigiin-speed train. It has been
simulated with the velocity 180 km/h and acceleradi has been monitored in the
middle of the span. Results from the comparisowéen total acceleration response
in ADINA and Matlab are shown in Figure D-7 and Uiig D-8. The response from
each program shows very similar behavior and h&g small deviations from one
other.
0.004
0.002 -
0
-0.002 -
-0.004 -
-0.006 -
-0.008 -
-0.01 -
-0.012

—— ADINA
- — = Matlab

Acceleration [m/§

0 2 4 6 8

Figure D-7 Comparison between displacements for the HS_M-A1 train load with velocity of 180
kmvh
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Figure D-8 Comparison between displacements for the HSLM-A1 train load with velocity of 180
kmvh.

Since the response is nearly identical for thiglsirtase next step is to compare the
maximum acceleration with some different input paeters. Results from the
analysis in ADINA and Matlab are shown in Table R#2d Table D-3 respectively.
The comparison between the results in each progaimown in Table D-4.

Table D-2 Max accelerations from the different input parametersin ADINA.
ADINA

HSLM-A1 L=10 m, b=6 m =10 m, b=10m

180.0 km/h 2.925 m/s’ 1.239 m/s’

242.5 km/h 15.446 m/s’ 9.177 m/s’

Table D-3 Max accelerations from the different input parametersin Matlab.
Matlab

HSLM-A1 L=10 m, b=6 m =10 m, b=10m

180.0 km/h 2.816 m/s’ 1.262 m/s’

242.5 km/h 15.439 m/s’ 8.897 m/s’

Table D-4 Comparison of max accelerations from the result in ADINA and Matlab.

ADINA vs Matlab

HSLM-A1 =10 m, b=6m =10 m, b=10 m
180.0 km/h 3.7% 1.8%
242.5 km/h 0.0% 3.0%
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D.4 Function files

The “main programs” described earlier all gathdcwations from several function
files. Function files are used to mesh the geometiculate the travelling train load,
calculate the dynamic response and for solvingeilgenvalue-problem. Several of
these function files have been made by the autlaond,these are described in the
following sub-chapters.

D.4.1 Sdof Load

The function file SdofLoad.m is used in the “Minaogram” for transforming a
railway bridge into a SDOF system.

The function file calculates the influence lines fbe critical point of the railway

bridge (in the middle of the largest span) for @-span bridge considering static
displacement when a point load moves across tlugdariThe file also gathers the
influence from all point loads in a HSLM-A traindd into an influence line with

consideration to a chosen train configuration.

D.4.1.1 Matlab code

% FUNCTION FILE

% TRAIN LOAD IN 2D

L o S —

%% INTRODUCTION

function [F_sdof,K_bridge,h]= SdofLoad(v,ntimes,Li, E,ILA)

L
%Pogram that calculates the load matrix for a FE an alysis corresponding to

%a HSLM-A train load.

% INDATA

% V= Train velocity

% ntimes = Number of time steps

% Li= Vector containing the length of each span. The function
% file is compatible with arbitra ry number of spans.

% E= Module of elasticity.

% | = Moment of inertia.

% A= Number of the HSLM-A train load considered.

% OUTPUT

% F_sdof = Vector where every value corres ponds to the load for a
% time step.

% K_bridge = Stiffness of the railway bridge in the considered point
% h= time step

O

N=[1817 16 15 14 13 13 12 11 11];

D =[18 19 20 21 22 23 24 25 26 27];
d=[235232222522],

P =[170 200 180 190 170 180 190 190 210 210]*10"3;

N = N(A);
D = D(A);
d =d(A);
P =P(A);

distance = zeros(1,(N+1)*2+12);
s = length(distance);
distance(1:6) = [0 3 14 17 20.525 20.525+d];

fori=1:(N+1)
distance([5+2* 6+2%i]) = [18.7625+D*i-d/2 18.7 625+D*i+d/2];
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end

distance((s-5):s) = [(N+2)*D+17-d (N+2)*D+17 (N+2)* D+20.525 ...
(N+2)*D+23.525 (N+2)*D+34.525 (N+2)*D+37.525];

start = distance./v;
h = (sum(Li)+distance(s))/v/Intimes;
%%

defl_max = Li(2)"3/(48*E*I) - Li(2)"4/(64*E*I*sum(L i))*3/4;
F_sdof = zeros(1,ntimes+1);
for i=1:ntimes

for j=1:length(start)

al = v*(h*i-start(j));
a2 = v*(h*i-start(j))-Li(1);
b = Li(2)-a2;

if al<=0
break
end

if b<=0
continue
end

if v¥(h*i-start(j)) <= Li(1)
F_sdof(i+1) = F_sdof(i+1) + ...
P*(al*Li(1)*Li(2)"2/(32*E*I*sum(Li) )*(1-al”2/Li(1)"2));
else if v¥(h*i-start(j)) <= Li(1)+Li(2)/2
F_sdof(i+1) = F_sdof(i+1) - ...

P*(a2*Li(2)"2/(48*E*I)*(3-4*a2" 2/Li(2)"2)-b*Li(2)"3/...
(32*E*I*sum(Li))*(1-b"2/Li(2)"2 );

else

F_sdof(i+1) = F_sdof(i+1) - ...

P*(b*Li(2)"2/(48*E*1)*(3-4*b"2/ Li(2)"2)-b*Li(2)"3/...
(32*E*I*sum(Li))*(1-b"2/Li(2)"2 ));

end

end
end
end

F_sdof = F_sdof./defl_max;
K_bridge = 1/defl_max;

D.4.2 Train load 2D

The function file is called TrainTwoD. It creatdgetload matrix of a HSLM-A train
load. A load matrix is a matrix where every coluopmresponds to the load on every
degree of freedom and one time step. The load xnh&nce has rows equal to the
degrees of freedom and columns equal to the nuofligne steps.

The procedure behind the calculations in the §las follows:
* The load parameters are decided based on which H&litdin load that the
user has chosen.
* Based on the load parameters a vector containendiitance between all

point loads with the first load as reference isated. The vector is called
“distance”.
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» Based on the “distance” vector and the chosen Weliocity a vector
describing the time between loads is created. Elaoy is called “start” as it
describes the time for which every point load staffecting the bridge.

* When the “start” vector has been established alddabp is used for
performing the calculations. The first loop cormasgs to every time step and
the second to every point load inside each time $ter one time step the
program calculates where every point load is utieg‘start” vector and
assembles the load on the corresponding elemerntisatelegrees of freedom.

The assembly of the load has been made on theakedégrees of freedom, which

means that an element affected by a point loackén sas simply supported. This

solution will be correct if small element lengthe aised as the moments become
negligible.

D.4.2.1 Matlab code

Ofmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmme e

% FUNCTION FILE

% TRAIN LOAD IN 2D

L

%% INTRODUCTION

function [F_train] = TrainTwoD(v,ntimes,ndof,Coord, Elnod,Edof,Li,A)

L o S —
%Pogram that calculates the load matrix for a FE an alysis corresponding to

%a HSLM-A train load.

% INDATA

% V= Train velocity

% ntimes = Number of time steps

% ndof =  Number of degrees of freedom

% Coord =  Vector with the x coordinate of each node

% Elnod = Matrix where each row contains the nodes for the

% corresponding element

% Edof =  Matrix connecting dofs and elem ents according to Calfem
% Li= Vector containing the length of each span. The function
% file is compatible with arbitra ry number of spans.

% A= Number of the HSLM-A train load considered.

% OUTPUT

% F_train = Matrix where every column corre sponds to the load for a
% time step. The size is ndof*nti mes.

Ofmmmmmmmmmmmmmcmmmmmmmmmmmmmmmmmmmmmmmemmmmee e
F_train = zeros(ndof,ntimes);

[18 17 16 15 14 13 13 12 11 11];
[18 19 20 21 22 23 24 25 26 27];
[235232222522;

[170 200 180 190 170 180 190 190 210 210]*10"3;

veoZ

N = N(A);
D =D(A);
d=d(A);
P=P(A);

distance = zeros(1,(N+1)*2+12);
s = length(distance);
distance(1:6) = [0 3 14 17 20.525 20.525+d];

fori=1:(N+1)
distance([5+2* 6+2%i]) = [18.7625+D*i-d/2 18.7 625+D*i+d/2];
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end

distance((s-5):s) = [(N+2)*D+17-d (N+2)*D+17 (N+2)* D+20.525 ...
(N+2)*D+23.525 (N+2)*D+34.525 (N+2)*D+37.525];

start = distance./v;
load = P * ones(1,s);
h = (sum(Li)+distance(s))/v/ntimes;

for i=1:ntimes
for j=1:length(start)
s= v*(h*i-start(j));
if s<=0

break
end

if s>=sum(Li)
continue
end

for k = 1:(length(Coord)-1)
if s <= Coord(k+1)
el=k;
break
end
end

a = s - Coord(Elnod(el,2));
b = Coord(Elnod(el,3)) - s;
L = Coord(EInod(el,3)) - Coord(Elnod(el,2))

P1 = load(j)*b/L;
P2 =load(j)*alL;

F_train(Edof(el,[3 6]),i) = [-P1 -P2]"
end
end

D.4.3 Train load 3D

The function file is called TrainThreeD. It creathe load matrix considering a three-
dimensional geometry. The procedure behind theutatlons is very similar to that in
TrainTwoD, and the reader is referred to this dption for a more thorough
explanation of the calculation procedure.

The additional calculation that is required whensidering a 3D geometry concerns
the eccentricity of the load. The only additiorthat when the “start” vector has been
calculated an additional vector that describesniimabering of the elements that the
train will pass through needs to be establishedrbethe double loop. The “Coord”

vector was used for this purpose in the 2D loadtava as it was known that the load
would pass through all elements.

D.4.3.1 Matlab code

7
%

% FUNCTION FILE

% TRAIN LOAD IN 3D

%
7

%% INTRODUCTION
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function [F_train h] = ...
TrainThreeD(Li,speed,ntimes,ndof,Ex,Ey,Edof,b,e

%
%Pogram that calculates the load matrix for a FE an
%a HSLM-A train load.

%

% INDATA

%

% Li= Vector containing the length of

% file is compatible with arbitra

% speed = Train velocity

% ntimes = Number of time steps

% ndof =  Number of degrees of freedom
% Ex = x-coordinates for every element
% to one element. The coordinates

% displaced in the following orde

%

% G- 3

% I I

% I I

% I I

% 1--meemeee- 2

%

% Ey = y-coordinates for every element
% Edof =  Matrix connecting dofs and elem
% b= Width of the bridge

% e= Eccentricity of the load

% n2 = Number of elements perpendicula
% coordination

% nll = Number of elements in the first
% nl2 = Number of elements in the secon
% A= Number of the HSLM-A train load
% OUTPUT

% F_train = Matrix where every column corre
% time step. The size is ndof*nti
%

F_train = zeros(ndof,ntimes);
y_coord = b/2+e;
N=[1817 16 1514 13 13 12 11 11];

D =[18 19 20 21 22 23 24 25 26 27];
d=[235232222522]

P =[170 200 180 190 170 180 190 190 210 210]*10"3;

N = N(A);
D =D(A);
d=d(A);
P=P(A);

distance = zeros(1,(N+1)*2+12);
s = length(distance);
distance(1:6) = [0 3 14 17 20.525 20.525+d];

fori=1:(N+1)
distance([5+2% 6+2%]) = [18.7625+D*i-d/2 18.7
end

distance((s-5):s) = [(N+2)*D+17-d (N+2)*D+17 (N+2)*
(N+2)*D+23.525 (N+2)*D+34.525 (N+2)*D+37.525];

start = distance./speed;
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load = P * ones(1,s);
h = (sum(Li)+distance(s))/speed/ntimes;

%%

fori=1:n2
if y_coord<=Ey(i,4)
el_row_nr=i;
break
end
end

fori=1:(n11+n12)
el_row(i) = el_row_nr + n2*(i-1);
end

%%
for i=1l:ntimes
for j=1:length(start)

s= speed*(h*i-start(j));
if s<=0

break
end

if s>=sum(Li)
continue
end

for j = 1:length(el_row)
if s <= Ex(el_row(j),2)
el = el_row());
break
end
end
al = s-Ex(el,1);
a2 = Ex(el,2)-s;
bl =y coord - Ey(el,1);
b2= Ey(el,4) - y_coord;

P1 = P*b2*a2/((Ey(el,3)-Ey(el,1))*(Ex(el,2)
P2 = P*b2*al/((Ey(el,3)-Ey(el,1))*(Ex(el,2)
P3 = P*b1*al/((Ey(el,3)-Ey(el,1))*(Ex(el,2)
P4 = P*b1*a2/((Ey(el,3)-Ey(el,1))*(Ex(el,2)

F_train(Edof(el,[4 9 14 19]) ,i) = F_train(

,i)+[-P1 -P2 -P3 -P4];
end
end

D.4.4 Meshin 2D

-Ex(el,1)));
-Ex(el,1)));
-Ex(el,1)));
-Ex(el,1)));

Edof(el,[4 9 14 19])

The function file is called MeshTwoD. Its purposeto create a two-dimensional
mesh of a continuous beam. Basically it createsiaaf nodes placed with a spacing
that depends on the requested span lengths andenaindlements.

The program can create the mesh of a continuous lvéith arbitrary span lengths
and number of spans. It is however limited in theice of spacing between nodes as

the same number of elements is used for all spans.

CHALMERS, Civil and Environmental Engineering, Master's Thesi2 010:37

191



Creating the mesh of a structure basically meatabkshing a number of matrices
that describes coordinates and structure of thehm&he created matrices are

explained in the code below.

D.4.4.1 Matlab code
%

% FUNCTION FILE
% MESH FOR 2D CONTINUOUS BEAM

%

%% INTRODUCTION

function [Coord, Edof, Ndof, Elnod, Ex, Ey, nel, no
MeshTwoD(dof, neli, Li)

%
%~Function file that creates the mesh of a 2D contin

% INDATA

% dof = degrees of freedom in each node

% neli = number of elements in every span
% Li= vector with the lengths of each spa
% length Li defines the number of spa

% OUTPUT

% Coord = A vector with the x coordinate of e
% Edof = Matrix connecting dofs and elements

% Has the follwing form for the case
% Edof=[11234586;

% 2456789;

% 3789..

% Ndof = Dofs for each node. Has the followi

% Ndof=[11 .. dof;

% 2 dof+1 .. dof*2;
% 3 2*dof+1 .. dof*3;
% 4 ..

% Elnod = Nodes for each element. Has the fol

% Elnod =11 2;
% 223;
% 3.

% Ex = xcoordinates for each element.Each
% element

% Ey = y coordinates for each element. The
% nel = number of elements

% non = number of nodes

% ndof = total number of degrees of freedom

% b= vector consisting of locked dofs

%

%% Creation of Coord, nel, non
nel = length(Li) * neli;
Coord = 0;
for j=1:length(Li)
for i=1:neli
Coord = [Coord; Li(j)/neli*i+Coord((j-1)*ne
end
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end
non = length(Coord);

%% Creation of Elnod, Ex, Ey
for i=1:nel

Elnod(i,:) = [i i i+1];
end

for i=1:length(Elnod)
ex = [Coord(Elnod(i,2),1) Coord(EInod(i,3),1)];
Ex(i,:) = ex;

end

Ey = zeros(nel,2);

%% Creation of Ndof, ndof
fori=1:non
for j=1:dof
t(j) = (dof*i-dof)+j;
end
Ndof(i,:) =i t];
end

ndof = max(max(Ndof));

%% Creation of Edof
for i=1:nel

Edof(i,:) = [i Ndof(Elnod(i,2), 2:(dof+1)) Ndof
end

%% Creation of b
b=[12];
for i=1:length(Li)
b = [b; dof*neli*i*[1 1]'+[1 2]7;
end

(Elnod(i,3), 2:(dof+1))];
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D.4.5 Meshin 3D

The purpose with the 3D mesh file is to create ahnier a rectangular domain which
represents a one span bridge with simply suppdotmehdary conditions. It will
therefore create a rectangular mesh with the chasesh density of n11xn2 and a
mesh size that depend on chosen size of the baiddgenesh density. It will assemble
all necessary matrices needed to use the CALFEMdaap this includes the
following matrices:

+ Edof — Describe the connection between elements
« Ex — Element wise x-coordinates

* Ey - Element wise y-coordinates

* Pi— Row vector containing x-dof (1st value) andof-(2nd value) for corner
node i (i=1,2,3,4).

* Bi— Matrix containing x-dofs (1st column) and yfd@2nd column) for nodes
on boundary segment i (i=1,2,3,4).

In excess of these matrices the function file alatrulate and provide the main
program with the number of elements (nel), numidenazles (non) and number of
degrees of freedom (ndof) included in the model.

D.4.5.1 Matlab Code

function[B1,B2,B3,B4,P1,P2,P3,P4,Ex,Ey,ndof,nel,non ,Edof]= MeshThreeD
(11,b,n11,n2)

L

% Bridge Mesh 3D one span

L
%PURPOSE:

% Generates a mesh for one rectangular domain with corners 1,2,3,4 % and

boundaries 1, 2, 3 and 4

%

L S
%

% P4 B3 P3

% K *
% |

% B4 | B2
% | |

% K *

% P1 Bl P2
%

% Input:

% xcorner - x-coordinates for the four corners o f the domain (1x4)
% ycorner - x-coordinates for the four corners o f the domain (1x4)
% xcorner - x-coordinates for the four corners o f the domain (1x4)
% ycorner - x-coordinates for the four corners o f the domain (1x4)
% elemtype - Element type "tria3" - 3-node tria ngular element

% "quad4" - 4-node quadr ilateral element

% nl - number of elements along the boundaries 1 and 3

% n2 - number of elements along the boundaries 2 and 4

%

% Output:

% Edof - Connectivity matrix for mesh

% Ex - Elementwise x-coordinates, cf. Calfem Too Ibox

% Ey - Elementwise y-coordinates, cf. Calfem Too Ibox

% Bi - Matrix containing x-dofs (1st column) and y-dofs (2nd %

column) for nodes on boundary segment i (i=1,2,3,4)
%
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% Pi - Row vector containing x-dof (1st value) a nd y-dof 2nd %
value) for corner node i (i=1,2,3,4).
%

Offy-mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmme e
%AUTHORS: PATRIK ERIKSSON, EMANUEL TROLIN 2010-02-0 5

%

Offymmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmme e
% Specify the geometry of the bridge with respectiv ely

xcorner =[0 1111 Of;
ycorner =[0 0 b b];

% Specify the element type to use
elemtype = 'quad4’;

% The program now calculates and define all geometr ical parameters
nel = (n1+1)*(n2+1);
for k=1:nel
ndof(k,:) =[1 2 3 4 5]+5*(k-1)*[1 1 1 1 1];
end

B1 = zeros(n1+1,5);

B2 = zeros(n2+1,5);

B3 = B1;

B4 = B2;

for i=1:n1
for j=1:n2

sw=(i-1).*(n2+1)+j;
nw=sw+1;
se=sw+(n2+1);
ne=se+l;
xiw=((i-1)/n1);
xie=(i/nl);
etas=((j-1)/n2);
etan=(j/n2);
[xsw,ysw]=bilmap(xiw,etas,xcorner,ycorn er);
[xse,yse]=bilmap(xie,etas,xcorner,ycorn er);
[xne,yne]=bilmap(xie,etan,xcorner,ycorn er);
[xnw,ynw]=bilmap(xiw,etan,xcorner,ycorn er);
elno=(i-1)*n2+(j-1);

Edof(elno+1,:)=[elno+1,ndof(sw,:),ndof(se,:),ndof(n e,:),ndof(nw,:)];
Ex(elno+1,:)=[xsw xse xne xnw];
Ey(elno+1,:)=[ysw yse yne ynw];

ifj==

B1([i i+1],:) = [ndof(sw,:);ndof(se Bk
end
ifi==nl

B2([j j+1],:) = [ndof(se,:);ndof(ne Bk
end
if j ==n2

B3([i i+1],:) = [ndof(nw,:);ndof(ne Bk
end
if i ==

B4([j j+1],:) = [ndof(sw,:);ndof(nw BB
end

end
end

P2=B1(end,:);
P1=B1(1,);
P3=B3(end,);
P4=B3(1,);

function [x,y]=bilmap(xi,eta,xcorner,ycorner)
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N=[(1-xi).*(1-eta) xi.*(1-eta) xi.*eta (1-xi).*eta] ;
x=N*xcorner";
y=N*ycorner’;

nel = length(Edof(:,1));
ndof = max(max(Edof));
non = ndof/5;

D.4.6 Newmark

Newmark$ method is an unconditionally stable method if plagameters are chosen
properly. The function file calculates the change acceleration, velocity and
displacement for each time step by first calcutatine first initial acceleration and
performs a LU factorization of the mass matrix. Each time step the function file
calculates updated acceleration, velocity and dcgrhents.

The time integration function file uses the Newmpnkethod with the parametefs
andy equal to 0.25 and 0.5 respectively to make it ndd@nally stable.

More information about the Newmafkmethod can be found in section 2.3.1.1.

D.4.6.1 Matlab Code
function [u,v,a,t] = NEWWARK(K, C, M F, h, u0, vO0, bet, gam

%PURPOSE:

%-unction file that calculates the response in tine using the Newmark
% nt egrati on nethod.

%

% N DATA:

%U<-Stiffness matrix

%C- Danpi ng matri x

%Mk Mass matri X

%-- Tr ai nl oad

9%-Time step

%0- di spl acenent vector

% 0-vel ocity vector

I i i
YAUTHORS: PATRI K ERI KSSON, EMANUEL TRCOLI N 2010- 02-05
%

%Cal cul ate the initial acceleration fromthe equations of notion
a0 = inv(M*(F(:,1)-C*v0-K*u0);

%Cal cul ate the LU factorization of M
LU = M+ ganth*C + bet *h"2*K;

%Wnitial Acceleration, Velocity and di spl acenent
u = zeros(size(F));

vV = u;
a = u;
u(:,1) = uo;
v(:,1) = v0;
a(:,1) = a0;

% oop for each tine step
for i=1l:length(F(1,:))-1
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RHS = -K*u(:,i) -(C+th*K)*v(:,i) - .
(h*(1- gan)*C+h"2/2*(1 2*bet)*K) a( J) + F(:, i +1);

%ol ve for the second derivatives at the next tinme step
a(:,i+1) = inv(LU*RHS;

%Eval uate the set of displacenents and velocities

u(:,i+1) = u(:,i) + h*v(:,i) +((1-2*bet)*a(:,i)+2*bet*a(:,i+1))*h"2/2;
v(:,i+1) = v(:,i) + ((1l-gam*a(:,i)+ganta(:,i+1))*h;
%Continue to the next tine step:
end
t = linspace(0,length(F(1,:))*h,length(F(1,:)));
e N

D.4.7 Inverseiteration

The largest difference between the 2D and 3D progheesides plate elements instead
of beam elements, is that the Matlab FE 3D platelehases another technique of
solving the eigen-value problem. Instead of using €Calfem file eigen.m, which
itself uses the built-in Matlab function file eigethe eigenvalues and eigenvector is
obtained by the inverse iteration method. The neeikeeffective when only a few of
the lowest eigenvalues and eigenvectors are defedg and Kurdila, 2006). The
benefit with using only a few eigenmodes is tha time required to perform the
calculation is significantly reduced which is veimportant when the program is
repeated many times.

D.4.7.1 Matlab Code

function [X1,L]=Inverse_iteration(K,M,bc,BC2,ndof)
L
%PURPOSE:

%Calculate the first eigenvalues (L) and eigenvecto rs (X1) by the vector
%iteration method inverse iteration.

L
%INDATA:

%K-Stiffness matrix

%M-Mass matrix

%bc-boundary condition for simply supported bridge (used to calculate the
%1st eigenvalue)
%BC2-boundary condition for simply supported bridge with locked mid row.

%(used to calculate the 2nd eigenvalue)

%ndof-number of degrees of freedom
oS ———
%AUTHORS: PATRIK ERIKSSON, EMANUEL TROLIN 2010-03-0 3

%
oS ———

%%------ Remove the locked dofs for each boundary co ndition-----------
K1=K;
M1=M;
K2=K;
M2=M;

K1(bc,:)
K1(:,bc)
M1(bc,)
M1(;,bc)

éé;;

K2(BC2,))=[];
K2(:,BC2)=[];
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M2(BC2,))=[];
M2(:,BC2)=[];

%%------ Calculate the first eigen-value by Inverse Iteration---------
freedof = setdiff(1:ndof,bc);

unlockeddof=ndof-length(bc);

UO=ones(unlockeddof,1);

X1=zeros(ndof,2);

%Calculate the dynamic matrix
D=inv(K1)*M1;

%Calculate the Rayleigh quotient and shape UO with 10 iterations
u(:,1)=U0;
fori=1:10

V(:,)=D*U(.,i);

Lambda(i)=V(:,i)*K1*V(,i)/(V(,i) *M1*V(,i)) ;

U(:,i+1)=Lambda(i)*V(:,i);
end

%Pick the first eigenvector
X1(freedof,1)=U(:,11);

%Calculate the first eigenfrequency
Freql=sqrt(Lambda(i))/(2*pi);

%%------ Calculate the second eigen-value by Inverse Iteration--------
freedof2 = setdiff(1:ndof,BC2);

unlockeddof2=ndof-length(BC2);

U02=ones(unlockeddof2,1);

%Calculate the dynamic matrix
D2=inv(K2)*M2;

%Calculate the Rayleigh quotient and shape UO with 10 iterations
u2(:,1)=U02;
fori=1:10

V2(:,)=D2*U2(:,i);

Lambda2(i)=V2(:,i)*K2*V2(:,)/(V2(:,i)*M2*V2( L));

U2(:,i+1)=Lambda2(i)*V2(:,i);
end

%Pick the second eigenvector
X1(freedof2,2)=U2(:,11);

%Calculate the second eigenfrequency
Freg2=sqrt(Lambda2(i))/(2*pi);

% Let L be a vector of 1st and 2nd eigenfrequencies
L=[Freql Freq2];

%%------ Normalize the eigenvectors-----------------  ceeeeeeeeeeee
fdof=[1:ndof]’;

[nfdof,nfdof]=size(X1);

for j=1:nfdof;
mnorm=sqrt(X1(:,j)*M(fdof,fdof)*X1(.,j));
X1(:,))=X1(:,j)/mnorm;
End
END-----mmmmmmmmemeee e
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E. Appendix E

Analytical solution for the acceleration response of a SDOF model

In this document a shorter derivation of the agegien response for a SDOF model
in the form of a mass-spring system subjected soasoidal load is presented. The
derivation is meant to show how the acceleratiomffected by the mass and the
stiffness of the spring.

Consider the SDOF model as defined by Figure E-1.

(t)
¢u—>
K

p(t) = prsin(Qt)
e R

¢)

z 7z iz 7

ANNNNNN

FigureE-1  SDOF model in the form of a mass-spring system
The following differential equation can be conduicter the SDOF model:
Mii + Ku = pgysin (Qt) (E.1)

The solution to such a simple model can analyiidadl found to be:

u(t) = o —cos Q1) (E.2)

i(t) = a(t) = ) * —cos (Qt) (E.3)
Where:

r==2 (E.4)

w = eigenfrequency of the simple SDOF model
The stiffness can be expressed as:

(E.3), (E.4) and (E.5) give us that:

a(t) = ) —— % —cos Q) (E.6)
Since r is a constant for any combination of loggtjfiency and eigenfrequency we
get from equation (E.6) that the acceleration atugiéi has an inverse proportionality
to the mass and is independent of the stiffness.
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F. Appendix F

Tabled values of eigenfrequency functions and design curves
In this appendix tabled values of important resutisthe report are presented. The tabled values are
presented to give the interest reader an oppoytohproducing own figures of the results.

F.1 Eigenfrequency functionsfor two-span bridge

Eigenfrequency function

My One Two Three Four Five
1 6.2832 9.8155 25.1328 31.8086 56.5488
1.06 6.2502 9.8804 24.879 32.1756 55.7353

1.12 6.164 10.055 24.2858 33.0796 54.0489
1.18 6.0448 10.3095 23.5717 34.2573 52.2394
1.24 5.9092 10.6195 22.8514 35.5431 50.5779
1.3 5.7681 10.9664 22.1722 36.8217 49.1763
1.36 5.6279 11.3368 21.5526 37.9718 48.1303
1.42 5.4924 11.7201 20.9992 38.8333 47.5711
1.48 5.3634 12.1069 20.5148 39.2439 47.6327
1.54 5.2415 12.4882 20.1015 39.1771 48.313
1.6 5.127 12.8543 19.7624 38.7748 49.4402
1.66 5.0197 13.194 19.5024 38.2008 50.814
1.72 49193 13.4954 19.3281 37.5603 52.2815
1.78 4.8254 13.7463 19.2465 36.9083 53.7173
1.84 4.7375 13.937 19.2628 36.2721 54.9889
1.9 4.6552 14.0629 19.3772 35.6652 55.9438
1.96 4.578 14.1261 19.5835 35.0942 56.4583
2.02 4.5056 14.1346 19.8697 34.5624 56.5288
2.08 4.4376 14.0996 20.2206 34.0713 56.2697
2.14 4.3736 14.0323 20.6208 33.6221 55.8145
2.2 43134 13.9424 21.0561 33.2157 55.2586
2.26 4.2566 13.8375 21.5138 32.8538 54.6589
2.32 4.2029 13.7233 21.9825 32.5384 54.0474
2.38 4.1522 13.6039 22.4517 32.2729 53.4419
2.44 4.1041 13.4821 22.9109 32.0615 52.8526
2.5 4.0586 13.36 23.3495 31.9097 52.2853
2.56 4.0154 13.239 23.7566 31.824 51.7432
2.62 3.9744 13.1199 24.1216 31.8112 51.2282
2.68 3.9354 13.0034 24.435 31.877 50.7414
2.74 3.8982 12.89 24.6901 32.0249 50.2835

200 CHALMERS, Civil and Environmental Engineering, Master’s Thesi2010:37



F.2 Eigenfrequency functionsfor three-span bridge

Eigenfrequency functions for my = 0.5-1.95

My One Two Three Four Five Six Seven
0.5 14.13717| 18.117 |26.45459 |56.54905 | 64.44663 | 79.0665 | 127.2388
0.55 14.01267 | 19.07504 | 25.49564 | 55.50075 | 67.72738 | 76.9824 |123.7507
0.6 13.6693 |20.03279|25.20083 | 52.91896 | 70.96009 | 77.9157 |116.3635
0.65 13.18384 (20.97804 | 25.39332 1 49.91484 | 73.895 | 80.4455 |109.2185
0.7 12.63619(21.89429 | 25.9178 |47.10175|76.10762 | 83.7038 | 103.8394
0.75 12.08178 | 22.75925 | 26.662 |44.68058 |76.97044 | 87.2813 | 100.9446
0.8 11.55077 | 23.54341|27.55216 | 42.70102 | 76.12183 | 90.9396 |100.7712
0.85 11.05657 | 24.20974 | 28.54045 | 41.17168 | 74.03129 | 94.4599 | 102.6927
0.9 10.60331 | 24.71713 | 29.59448 | 40.09387 | 71.44769 | 97.5436 | 105.8097
0.95 10.1905 25.03 [30.69044 |39.46398 | 68.82738 | 99.7387 | 109.5239
1 9.815544|25.13283 | 31.80867 | 39.26248 | 66.36893 | 100.5367 | 113.4927
1.05 9.475083|25.03972 | 32.93085 | 39.44487 | 64.14845 | 99.816 |117.4733
1.1 9.165607 | 24.78938 | 34.03787 | 39.94621 | 62.19286 | 98.0317 | 121.214
1.15 8.88377 |24.42957 | 35.1082 |40.69602 |60.51199 | 95.7483 | 124.3766
1.2 8.62651 |24.00339 |36.11662|41.63116|59.11245| 93.327 |126.5148
1.25 8.391089|23.54356 | 37.0337 |42.70085 | 58.00347 | 90.9494 |127.2532
1.3 8.175087 | 23.07245 | 37.82687 | 43.86596 | 57.19795 | 88.6999 |126.6255
1.35 7.976383|22.60436 | 38.46414 | 45.09604 | 56.70958 | 86.6164 |125.0562
1.4 7.793117|22.14798 | 38.92077 | 46.36624 | 56.54631 | 84.7152 |122.9979
1.45 7.623664|21.70828 | 39.18675 | 47.65477 | 56.70282 | 83.0036 |120.7492
1.5 7.466602 | 21.28783 |39.27072 | 48.94078 | 57.15638 | 81.4864 |118.4746
1.55 7.320686 | 20.88772 | 39.19715 | 50.20285 | 57.86941 | 80.1691 |116.2597
1.6 7.18482 | 20.50808 | 38.99877 | 51.41775| 58.7968 | 79.0596 |114.1481
1.65 7.058044 | 20.1485 |38.70869 | 52.5598 |59.89347 | 78.1697 |112.1619
1.7 6.939508 | 19.80824 | 38.35566 | 53.60109 | 61.1188 | 77.5143 | 110.312
1.75 6.828463|19.48636 | 37.96239 | 54.51306 | 62.43802 | 77.1102 |108.6039
1.8 6.724242|19.18185|37.54582 | 55.26978 | 63.82153 | 76.9721 |107.0412
1.85 6.626255|18.89368 | 37.1181 |55.85261 | 65.2435 | 77.1084 |105.6272
1.9 6.533973|18.62083 | 36.68778 | 56.25451 | 66.68033 | 77.5162 |104.3662
1.95 6.446927 | 18.36231 | 36.26074 | 56.4819 |68.10921 | 78.1798 |103.2646
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F.3 Design curvesfor a single-span railway bridges

L=7m L=8m L=9m L=10m L=11nm L=12m L=13m L=14nm L=15m L=16m L=17m L=18m L=19m L=20m
B T B T B T B T B T B T B T B T B T B x B T B T B T B T

0.00127 160 | 000166  175| 0.00210 18 0.00259 149 030D 169 | 0.00204 106 [ 0.00240 86 0.00278 10| 0.00319100 | 0.00363 90 0.00410 95 0.00459 99| 0.00512  1Q1 .00567 100
0.00888 1013 | 0.00994  918| 0.00839  60: 001036 699 01263 732 | 001021 391 | 000959 397 001112 379  BM09 287 | 001089 284 [ 001220 336 001378 33| 0.01536359 | 0.01134 234
0.01649 2169 | 001823  1813| 001468  128f 001812  12P@.02193 1275 | 0.01838  940| 001678 61 0.01946  8J9 .01505 470 | 001815 474 | 0.02049 57 002297 574 5602 646 | 001702 347
002410 3922 | 002651 3670| 0.02097 1889  0.02589  1989.03133 1973 | 0.02655  1530|  0.02396 83! 002779  14B.02233 617 | 002541 699 | 0.02869 85t 003216 949 03583 968 | 002836 677
003171 6202 | 003480 4381 0.02726  317] 0.03366  2312.04072 3326 | 0.03471 1948 0.03115 128} 0.03613 1204002872 813 | 003267 1199] 0.03688 125 0.04135 21260.04607 1231 | 0.03403 859
003933 7196 | 004308 5427 003355 362p 004142  35B®.05012 3893 | 0.04288 2835 0.03834  17( 0.04447 7232003510 1380 | 0.03993  1553]  0.04508 1647  0.05054 0919 0.05631 1816 | 0.03970 996
0.04694 8523 | 005136  6573| 003984  406p  0.04919  43p4.05952 5586 | 0.05105  3971]  0.04553 20 0.05281 23120.04148 1454 | 004719  1564|  0.05328 1744  0.05973 732] 0.06655 2535 | 0.05105 1401
0.05455 9710 | 0.05965 8035 0.04614 541 005696  53p®.06892 5586 | 0.05922 4706 0.05272  343p  0.06115 4377004786 2064 | 005445  2527|  0.06147 2102  0.06892 1623 0.07679 2623 | 0.05672 156!
0.06216 10981 | 0.06793 9035 0.05243 561§  0.06472 16090.07832 7267 | 0.06738 5025  0.05991 437} 0.06948 7437 0.05424 2803 | 0.06171 2527  0.06967 2325  0.078107262| 0.08702 3815 | 0.06239 198
00697 1566 | 00762 1222¢ | 0.0587:  659C | 0.0724! 650t | 0.0877. 1037¢ | 0.0755: 502t | 0.0671  437C | 0.0778 54 0.0606; 2967 | 0.0689° 2527 | 00778  315( | 0.0872¢ 382t | 0.0972( 4451 | 0.0737: 198
0.07738 17650 | 0.08450 14874  0.06501 7674  0.08026 6077 0.09711  10376| 0.08372 5789  0.07429 4370  0.08616581 | 0.06700 2967 | 0.07623 302 0.08606 4037  0.09648823 | 0.10750 4468 | 0.07941 215
0.08500 17650 | 0.09279 19251  0.07130 9131  0.08802 8984 010651 10376| 0.09189 696 0.08148  43§4 009450791 | 0.07338 2967 | 0.08349 374 0.09426 5916 010567882 | 0.11774 4784 | 0.08508 279
0.0926.  2405¢ | 0.1010° 1925: | 0.0775¢ 9131 | 0.0957¢ 1288: | 0.1159. 1037¢ | 0.1000( 1093; | 0.0886  713: | 0.1028  791¢ | 0.0797  360: | 0.0907' 452; | 0.1024' 591¢ | 0.1148(  603¢ | 0.1279% 478 | 0.0964:  285:
010022 29188 | 0.10936  2099¢  0.08388  100p0  0.103562881 | 0.12531  13824| 0.10822 1093 0.09586 7132 0711 8543 | 0.08615  4585| 0.09801 612 011065  59)6 4052 6902 | 0.13821  6185| 0.10210 384!
010783 29188 | 0.11764 2265]  0.09017 10388  0.111324364 | 0.13470  13824| 0.11639 1093 010305 ~ 73¢8  BI19 8543 | 0.09253  4764| 0.10527 612 011884 6205 3043 6902 | 0.14845  6498| 0.10777 384!
01154 2918t | 0.1259:  2265! | 0.0964¢ 1575¢ | 0.1190¢ 1436¢ | 0.1441(  1443: | 0.1245( 1093; | 01102«  768¢ | 0.1278!  85: 0.0989:  529C | 01125 6181 | 01270  620¢ | 0.1424  746: | 0.1586¢ 7981 | 01191  412(
012305 29188 | 0.13421 2265] 010276 15986  0.126864364 | 0.15350  22930| 0.13273 1093 011743 8308 09136 8754 | 0.10529  6756| 0.11980 618 013524 7086 16215 7462 | 0.16893  7981| 0.12479  564f
0.13066 33337 0.14250 26554 010905 15986  0.134635015 | 0.16290  24988| 0.14090 1214 012462 10101 4634 8754 | 0.11167  6756| 0.12706  696: 014343  75B6 60B0L 10986 [ 0.17917 1267 0.13046 564

01382t 3333 | 01507t 3453t | 01153 1598¢ | 0.1423' 1834¢ | 0.1722¢ 2498¢ | 0.1490( 1214: | 01318 1010: | 015281 1573 | 01180 738 | 0.1343; 696¢ | 01516  970: | 0.1699 1265 | 0.1894: 1267¢ | 0.1418(  595¢
0.1458! 3333 | 0.1590°  4167¢ | 0.1216! 1854; | 01501  1834¢ | 0.1816! 2498¢ | 0.1572 1702« | 0.1390C 1021C | 016120 1785¢ | 0.1244: 764t | 01415 696¢ | 0.1598: 1254« | 01791 1265 | 0.1996: 1267¢ | 0.1474° 595
015350 33337 | 0.16735 4265¢ 0.12792 189P8  0.15793834d | 0.19109  31668| 0.16540 2466 0.14618 12725 9B4I6 17855 | 0.13081  7643| 0.14884 923 0.16802  12444.18887 12654 | 0.20988 19313  0.15315 731
016111 42056 | 017563 4265 0.13421 189p8  0.16569358% | 0.20049 37058 0.17357  2466] 0.15337 12725 76817 17855 | 0.13719  8907| 0.15610 923 017622 1244419766 14420 | 0.22012 1931 0.16449 89
0.1687; 5322 | 0.1839  4265¢ | 0.1405( 1890t | 0.1734(  3584: | 0.2098' 4364 | 0.1817: 2466¢ | 0.1605( 1272t | 0.1862; 1807C | 0.1435  930¢ | 01633  923¢ | 0.1844: 1254. | 0.2067' 1442( | 0.2303( 1931 | 0.1701 8981
017633 76736 | 0.19220  4265¢  0.14679 19857  0.18123843B | 0.21928  43640| 0.18990 2466 016775 14142 4BSl9 27284 | 0.14996 9308 017062 11441  0.19261  17{18.21594 15133 | 0.24060 19313  0.17584 89
018394 76736 | 0.20049 57411 015308 312p9  0.188992093 [ 0.22868  43640| 0.19807 2466 0.17494 23355 2800 27284 | 0.15634  9659| 017788 16432  0.20081  17{18.22513 15133 0.25083 19313  0.18718 96
0.1915( 9461c | 02087 6989 | 0.1593t 3591 | 01967t 4371 | 0.2380t 4364 | 0.2062 2604 | 0.1821: 2335¢ | 02112 2728 | 0.1627: 1553¢ | 01851 1643; | 0.2090( 1771f | 0.2343: 1513t | 0.2610° 1931¢ | 0.1928' 1055
01991 9521 | 0.2170¢  7578¢ | 016561 4118. | 0.2045. 4371 | 0.24741 4364 | 0.2144: 3449t | 01893 2335¢ | 02195 2728 | 01691 1775¢ | 0.1924 1643; | 02172 1771 | 0.2435( 1513t | 0.2713. 1931 | 0.1985. 1055

I33I3T

63
037420 18427: | 0.4076( 16525! | 0.3103¢ 6370
0.38184 184274| 041589 165255 0.31665  637]
0.38946 184274 0.42417 190638 0.32295  637|
0.3970° 18427: | 0.43241 19364( | 0.3292« 6370

0.34749 212 0.3975

38310 5367 | 0.4636. 6936¢ | 0.4022 5133t | 0.3546! 3472 | 04113 5323t | 0.3158°  2766¢ | 0.3593¢ 2122¢ | 0.4057: 2303

0390983671 | 047303 85998 041043 5133 036187 4419441968 53235 | 032225 2766  0.36665 212

0398783671 | 048242 97348 0.41860 5133 036906 5141042802 55386 | 0.32863 27669 0.37391 212 .
4064 5378 | 0.4918 11699 | 0.4267 5133t | 0.3762! 52007 | 0.43631 5538 | 0.3350: 2766¢ | 0.3811°  2122¢ | 0.4303( 3600
040468  213465| 0.44074 210647 0.33553  637| 0.414280136 | 050122 140011 043494 51338 038343  5207.44469 55386 | 0.34139 27669  0.38843 212
041229 227754 0.44903 224879  0.34182  637| 0.422000480 | 051062 140011 0.44311 5133 039062 52¢07.45303 55386 | 0.34777 27669  0.39569 244l
0.4199( 22775 | 0.4573: 22487¢ | 0.3481: 6370 | 0.4297  7283¢ | 05200 14001 | 0.4512°  513: 52007 | 0.4613  5538¢
0.4275. 27139 | 0.4656( 22487¢ | 0.3544( 6370 | 0.4375. 8722¢ | 0.5294: 14001 | 0.4594  5133: | 0.4050( 5200; | 0.4697: 5538 3 d
043513 271397| 047388 24757 0.36069 637p2  0.445388016 | 0.53881 154809 046761 51338 041219 52007.47805 55386 | 0.36691 27664 041747 379[5  0.47128 7759
0.4427: 30536 | 0.4821° 30299( | 0.3669t 6370: | 0.4530° 9801 | 0.5482: 19408: | 0.4757t 5369 | 0.4193( 52007 | 0.4863t 5538 | 0.3733( 29897 | 0.4247: 4951: | 0.47941 6419t
0.4503 31038; | 0.4904' 30299( | 0.3732¢  6370: | 0.4608: 10042! | 0.5576: 22425¢ | 0.4839. 5599¢ | 0.4265 52007 | 0.4947. 5538 | 0.3796( 3023: | 0.4319¢ 4951: [ 0.4876  6422(

0.20678 95210 0.22534 75784  0.17196  435p8  0.2122937131 [ 0.25688  43640| 0.22257 3449 019651 23355 7022 27284 | 017548 17759  0.19966 16432  0.22540  17[16.25269 15133 | 0.28155 19313  0.20987 129
0.2143¢ 10666 | 0.2336: 7578¢ | 017821 45447 | 0.22001 4371 | 0.2662° 4364 | 0.2307: 3449¢ | 02037t  2335¢ | 02362 2728 | 01818 1775¢ | 0.2069; 1643; | 0.2335! 1771 | 0.2618¢ 1603t | 0.2917* 1931¢ | 0.2155  1295;
0.22200 10666 | 0.2419:  7578¢ | 0.1845c 45447 | 0.2278: 4371 | 0.2756° 4364 | 0.2389. 3449t | 0.2108¢ 2335¢ | 024450 2728 | 01882 1775¢ | 0.2141 2122¢ | 0.2417¢ 1771 | 0.2710° 1603 | 0.3020: 1931 | 0.2212.  1295;
0.22961 106667 0.25020 7578¢ ~ 0.19083 45417  0.235563713 | 0.28507 43640| 0.24708 34498  0.21808 23355 5202 27284 | 0.19462 1775 0.22144 21239  0.24998 57{10.28026 16033 0.31226 1931}  0.23256 129
0.23723  106667| 0.25848  7578p  0.19712 45447  0.243363713 | 0.29447  43640| 0.25524 344 022527 23355 610@ 27380 | 0.20101 2198 022870 21239  0.25818 &7 032250 19313  0.23823  129|
0.2448 10666 | 0.2667  7578¢ | 0.2034: 45447 | 0.2511 4371 | 0.3038( 4364 | 0.2634' 3449t | 02324 2335¢ | 0.2696 3098¢ | 0.2073  2198¢ | 0.23591  2122¢ | 0.2663t 1771 03327 1995, | 0.2439( 1295
0.25245  106667| 0.27505 7578¢  0.20971 45417  0.258903713 | 0.31326 43640 0.27158 34498  0.23965 23355 776 30986 | 0.21377 2698 0.24322 21239  0.27457 47 034298 1995  0.25524  129|
0.26006 106667| 0.28333  7578p  0.21600 45447  0.2666B3671 | 0.32266  43640| 0.27975 344 024684 23355 86@2 30986 | 0.22015 2698  0.25048 21239  0.28277 &7 035322 19952  0.26092  129|
0.2676 10666 | 0.2916.  7578¢ | 0.2222¢ 45447 | 0.2744: 5367 | 0.3320(  4411¢ | 0.2879 3449t | 0.2540! 2335¢ | 0.2946. 3098¢ | 0.2265! 2698t | 0.2577: 2122¢ | 0.2909( 1771 0.3634! 2322 | 0.2665! 1417
0.27528  106667| 0.29990  7578p  0.22858 45447  0.282283671 | 0.34146  45409| 0.29608 344 026121 23355 0208 30986 | 0.23291 26989  0.26500 21239  0.29916 &7 037369 27939 027793 141
0.28289 106667| 0.30819  7578p  0.23487 45447  0.2899B3671 | 0.35085  45409| 0.30425 344 0.26840 23906 1108 30986 | 0.23929 2698  0.27226 21239  0.30736 &7 038393 27939  0.28360 141
0.2905. 10666 | 0.3164°  7578¢ | 0.2411¢ 45447 | 0.2977: 5367 | 0.3602'  4540¢ | 0.3124; 3449t | 0.2755! 2390¢ | 0.3196! 3098¢ | 0.2456° 2698t | 0.2795; 2122¢ | 0.3155! 1771t 03941 2793¢ | 0.28921 1417
029812 106667| 0.32476  7578p  0.24745 45447  0.305883671 | 0.36965  45409| 032059 344 028278 23906 2708 30986 | 0.25205 2698  0.28678 21299  0.32375 47 0.40441 27939  0.3006:
030573 106667| 0.33304 7578p  0.25374 45487 0313283671 | 0.37905 45409| 032876 36111l  0.28997 23906 360 30986 | 0.25844 2698 0.29404 21239 033195 723 0.41464 27939 030629 141
031334 106667| 0.34133 7578p  0.26003  556B9  0.321083671 | 0.38845 45409| 033692 4312f 0.29716 23906 4404 30986 [ 0.26482 2766 030130 21299  0.34014 73 0.42488 27939 031197 141
032095 106667| 0.34961 7578p  0.26633  637P2  0.328883671 | 0.39784  45409| 034509  4312f  0.30435 23906 52088 30986 [ 0.27120 2766 030856 21299  0.34834 73 043512 27939 032331 141
032856  106667| 0.35790 88924  0.27262  637P2  0.3365B3671 | 0.40724  45409| 035326 4312f 031154 23906 61013 36329 [ 0.27758 2766 031582 21239  0.35653 723 044536 27939  0.32898 141
033618 113391| 0.36618 103270 027891 6372  0.3443W3671 | 041664 45409| 036143 47805 031873 2390636965 45690 [ 0.28396 2766 0.32308 21239  0.36473 3723 045560 27939  0.33465 141
034379 113391 0.37447 115638 028520 6372  0.352183671 | 042604 45409| 036959 50170  0.32592 2440137709 45690 [ 0.29034 2766 0.33034 21239  0.37293 3723 0.46584 27939  0.34600 141
035140 121003| 0.38275 117576 0.29149 6372  0.35983671 | 043544 48041 037776 5133 033311  33§4138663 45690 [ 0.29672 2766 0.33760 21239  0.38112 3723 047607 4030  0.35167  147|
035901 156235| 0.39104 117576 029778 6372  0.367633671 | 044483 55919| 038593 5133  0.34030 3344139467 45690 [ 030310 27669 0.34486 21239  0.38932 3723 048631  4743f 035734 194
0.36662 167236| 0.39932 128981  0.3040 7D2 0375488671 | 045423 60406 0.39410 5133 334140300 46088 | 0.30948 2766  0.35212 9 37223 0.49655 66180 O,

0.

2

2

0.

2

2

045796 310382| 049874 361166 037957 6372  0.468820067 | 056701 22425§ 049211 70248  0.43376 5200050306 55386 | 0.38606 30233  0.43925 495]2  0.495876056" 0.61941  857( 0.45944 27
0.46557 310382 050702 364379 0.38586  641P6  0.4763A4313 [ 0.57640 224254 0.50028 835 0.44095  52000.51140 55386 | 0.39244 3023}  0.44651 5613  0.504074928B 0.62965 857 0.46511 27
0.4731¢ 31038 | 0.5153 36437¢ | 0.3921! 7127¢ | 0.4841 16706 | 0.58581 22425¢ | 0.5084! 8354 | 0.448L 52007 | 0.5197. 5538 | 0.3988; 3459 | 0.4537 56123 | 0.5122 8492 0.6398 8570 | 0.4707t 2708t
048079 370509| 052359 364379 039844 80577  0.491904870 | 059520 22425§ 051662 83540  0.45533 5200052807 55386 | 0.40520 4567 046103  561P3  0.52046492B 0.65012 857 48213 31
0.48841  370509| 0.53187 364379  0.40473 944 0.499@13535 | 0.60460 239104 0.52478 84142  0.46252  52000.53641 55386 | 0.41158 48144  0.46829  561P3  0.52865492B 0.66036 857 0.48780 33
0.4960. 40803t | 0.54011 36437¢ | 0.4110; 9813: | 0.5074: 21353' | 0.6140( 26160t 97331 | 0.4697. 52007 | 0.5447* 5538 | 0.4179( 4814¢ | 0.4755! 5767¢ | 0.5368' 8492 0.6706( 8570 | 0.4934° 4256
050363 432852 0.54844 3783gL 0.41731 106397 015213535 [ 0.62339 261609 0.54112 116551 0.47690 52000.55309 55386 | 0.42434  5428¢  0.48281  669F5  0.545084921 0.68084 857 0.50482 51
051124 432852 055673 427077  0.42360 126452 0722213535 [ 0.63279 277933 0.54920 142852  0.48409 H2000.56143  55386| 0.43073 54474  0.49007  669F5  0.553284921 0.69107 857 051049 51
05188t 43285 | 0.5650: 42707° | 0.4299( 13375 | 0.5307: 21353' | 0.6421¢ 29994! | 0.5574( 15899° | 0.4912( 52007 | 0.5697 5538¢ | 0.4371: 5447¢ | 0.4973 7033¢ | 0.5614: 8492 07013 8570( | 0.51611 5157t
052646 432852 057330 427077 0.43619 133{52 038213535 [ 0.65159 29994§  0.56562 1589p7  0.49847 H2000.57810 64753 | 0.44349  6170§ 050459  724§7  0.569684921 0.71155 857 052751 51
053407 432852 0.58158 427077  0.44248 164395 0746239541 [ 0.66098 318079 0.57379 1589p7  0.50565 H2000.58644  71164| 0.44987 6170§ 051185 724f7  0.577884921 072179 857( 053318 51
054169 432852 0.58987 427077  0.44877 169448 04654@84718 | 0.67038 33903§ 0.58196 1589p7 0.51284 H2000.59478 75634 | 0.45625 6170§ 051911  724)7  0.586084921 0.73203 857 0.53885 51
054930 445842 059815 427077  0.45506 169448 061887311 | 0.67978 33903§  0.59013 159987  0.52003 H2000.60312 93642 | 0.46263 6170§ 052637  724)7  0.594284921 0.74227 857 055019 74
055691  494090| 0.60644 427077  0.46135 169448 0769287311 | 0.68918 33903§ 0.59829 1618L0 0.52722 H3p50.61145 103953| 0.46901  6170§  0.53363 72417  0B02484921 0.75250  857( 0.55587 82
056452  494090| 0.61472 427904  0.46764 169448 0677287311 | 0.69858 339039  0.60646 1966p6  0.53441 452$50.61979 104003| 0.47539  6170§  0.54089 72417  0BL0684921 0.76274  857( 0.56154 82
057213  494090| 0.62301 427904  0.47393 188408 085287311 | 0.70797 33903§  0.61463 2089p6  0.54160 F4$50.62813 116657| 0.48177 6170  0.54815 7247 0118884921 0.77298  857( 057288 82
057974  494090| 0.63129 427904  0.48022 224716 0792887311 | 071737 389450 0.62280 2089p6  0.54879 B0J30.63647 136977| 0.48816 6170§  0.55541 72417 01627084921 0.78322  857( 0.57855 82
058736  494090| 0.63957 462987 0.48652 225401 04600887311 0.72677 403413 0.63097 2177§0 0.55598 2mWQ30.64481 139469| 0.49454  6170B  0.56267 724117 QG35 84921 0.79346 857 0.58423 82
059497 494090 0. 462947 049281 240472  0(B08814836 | 0.73617 403413 0.63913 2447p6  0.56317 0.65314 139469] 050092 61708  0.56993 72417 0043 84921 0.79857 857 0.59557 82
0.6025( 49409( | 0.6561« 46298 | 0.4991 27709: | 0.6161° 32112: | 0.7455 40543! | 0.6473( 24475( | 057031 10032; | 0.66141 16746. | 05073 6170¢ | 0.5771¢ 72415 | 0.6516( 8492 0.6012: 8298
0.61019  494090| 0.66443 489755 0.50539 278485 04623821123 | 0.75496 416444  0.65547 2447p6  0.57755 2m(30.66982 177652 0.51368 6170B  0.58445 724117  0%59 84921 0.60691 829
0.61780  494090| 0.67271 49748  0.51168 278485 00631B23356 | 0.76436 41644§ 0.66364 2764B0  0.58474 20.67816 177652 0.52006 61708 059172 72417  0%67 84921 0.61826 829
0.6254.  49409( | 0.6810( 49748 | 05179 27848: | 0.6394° 35710! | 0.7737( 416441 | 0.6718( 28286 | 0.5919! 10626( | 0.6865 17765 | 0.5264:  6170¢ | 0.598%  7241; | 0.6761 8492 0.6239: 8298
0.63302  494090| 0.68928 497486  0.52426 278485 04647257105 | 0.78316 416444 0.67997 2828p4  0.59912 5234 0.69483 190962| 0.53282  6170B  0.60624 724117 0884 84921 0.62960 829
0.64064 518744 0.69757 49748  0.53055 278485 00655857105 [ 0.79255 416444 0.68814 282854  0.60631 8BI§80.70317 190962] 0.53920 6170B  0.61350 724117  BE92 84921 0.64095 829
0.6482! 51874: | 07058 49748 | 05368t 27848! | 0.6627° 381941 | 0.7988, 416441 | 0.6963 28286 | 0.6135( 15540 | 0.7115. 21072 | 0.5455! 6170¢ | 0.6207¢ 72417 | 0.7007 8492 0.6466; 8298
0.6558( 51874« | 07141« 50293 | 05431 27848t | 0.6705: 39152 0.70441 28286« | 0.6206! 15540! | 0.7198' 24273t | 0.5519° 6170 | 0.6280. 72417 | 0.7089°  8492: 0.6522¢ 8298
0.66347 533238 0.72242 55259  0.54943 323346 01678391523 0.71264 308704  0.62787 1577f3  0.7281971081 | 0.55835 61708 0.63528 7241 0.71717 967 0.66364 8298
0.6710t 54919: | 0.7307. 55359 | 0.5557: 36281( | 0.6860° 39152 07208 34980 | 0.63501 18433 | 0.7365; 24710! | 0.5647: 6170¢ | 0.6425 72417 | 07253 10518: 0.6693 8298
0.6786¢ 54919: | 07389 55359 | 0.5620: 36281( | 0.6938: 39152 07289 35225. | 0.6422' 19300° | 0.7448( 25747: | 05711  6170¢ | 0.6498( 72417 | 0.733% 10518: 0.6749: 8298
0.68631 549191| 0.74727 553595  0.56830 362410 01701891523 073715  35225p  0.64944 1930p7  0.75320 106w | 0.57749 61708 0.65706 7241 0.74175 116935 0.68632 82988
069392 549191| 0.75556 55603 057459 362410 07709391523 074532 35715f  0.65663 194257  0.76154 106w | 0.58387 61708 0.66432 8183 0.74995 129880 0.69200 82988
0.7015. 54919: | 0.7638 55603 | 0.5808t 36281( | 0.7171: 43632 075341 37023t | 0.6638; 22481: | 0.7698! 27106: | 0.5902!  6170¢ | 0.6715( 8435¢ | 0.7581! 13276! 0.6976 8298
070914  549191| 0.77213 55603 0.58717 362410 01724852613 0.76165 370239  0.67101 2297p2  0.77821106W | 0.59663 61708 0.67884  8435| 0.76634 13263 070901 82988
071675 563450| 0.78041 55603 059347 362410 07732852613 0.76982 370239  0.67820 2297p2  0.78655106W | 0.60302 61708 0.68610 9042 0.77454 132163 0.71468 82988
0.7243( 59594° | 0.7887 55603 | 0.5997¢ 36281( | 0.7404: 45261 077790 37023t | 0.6853' 22970; | 0.7948! 27106: | 0.6094(  6327¢ | 0.6933( 9914¢ | 0.7827: 13276! 07203 8298
073197 595947| 079698 55603 0.60605 362410 01748258723 0.78615 370239  0.69258 2305P3  0.79767 106w | 0.61578 64428 0.70062 9942 0.79093 13263 073170 82988
0.73959 595947} 061234 374711  0.75597 463848 79482 370239| 0.69977 23299 0.62216  669p4  0.707884683 | 0.79913 13276 0.73737 829
0.7472( 59594 0.6186. 37471: | 0.7637: 46384! 0.7984:  37023¢ | 0.7069( 23299: 06285 7894. | 0.7151c 13582 0.7430. 8298t
0.75481 595947} 0.62492 4711 077151 463348 0.71415 269796 063492  9009¢ 072240 145421 075439 82988
0.76242 595947} 063121 374711 0.77927  463§48 0.72134 297396 064130 92444 072966  146§57 0.76006 82988
0.77003 595947} 0.63750 405642  0.78704  463§48 0.72853 299164 064768  9244F 073692 146457 0.76573 82988
0.77764 595947} 064379 408042  0.79481  463§48 073572 299164 0.65406 101450  0.74418 163991 0.77708 82988
0.78525 595947} 0.65009 408042  0.79999 463848 0.74291 299164 0.66045 118921  0.75144 174432 0.78275 82988
0.79287 595947} 0.65638 408092 0.75009  3ROR5 0.66683 125647 0.75870 174632 0.78842 882
0.79921 595947} 0.66267 430016 075728 3OP5 067321 126537| 0.76596 174632 0.79977 882

0.66896 443197 0.76447 320435 0.6795926537 | 0.77322 17463

067525  443197| 077166 320435 0.6859727015 | 0.78048 17463

068154 443197| 0.77885 320435 0.6923539681 | 0.78774 17463

0.6878;  44319° 0.7860. 32045 0.6987; 14364: | 0.7950(  17463:

069412 443197| 079323 320435 0.7051143622 | 0.79863 17463

070042 443197 0.79802 320435 0.711497584

0.7067:  44319° 0.7178! 18743

0.71300 451391 1966]2

071929  492183| 1966f2

0.7255¢  50492¢ . 19667

07318 50492¢ 0.74340  20599(

0.73816 50492 0.74978 22165

0.7444%  50492¢ 0.7561( 22246

0.7507: 51245 0.7625. 22246

0.75704 512454 0.76892 222452

0.76333 512454 0.77531  2224p2

0.7696! 51245 0.7816! 22246

077591 512454 0.78807 222452

0.78220 512454 0.79445 222452

0.7884¢ 51245« 0.7976.  22246:

0.79898 512454
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F.4 Design curvesfor atwo-span railway bridges

L=16m L=18m L=20m L=22m | L=24m L =186 L=28m L=30m
T T T T T T B T T

0.00144 112 0.00182 111 0.00224 106 0.00272 101 0323 93 0.00379 82 0.00439 85 0.00505 102
0.00575 374 0.00727 420 0.00673 290 0.00815 257 0968 300 0.00758 253 0.00877 210 0.01010 215
0.01006 649 0.01273 610 0.01121 493 0.01359 51 160D 517 0.01136 358 0.01316 305 0.01515 381
0.01437 980 0.01818 1184 0.01570 672 0.01902 817 02288 1050 0.01894 587 0.01754 523 0.02020 614
0.01868 1522 0.02364 1769 0.02018 1269 0.02446 1128 0.02903 1114 0.02273 815 0.02193 660 0.02525 614
0.02299 1780 0.02909 2436 0.02466 1269 0.02989 176p 0.03548 1582 0.02652 996 0.02632 839 0.03030 68
0.02730 2474 0.03455 2605 0.02915 1895 0.03533 1766 0.04194 2001 0.03409 1338 0.03070 839 0.03535 103}
0.03161 2943 0.04000 3658 0.03363 1963 0.04076 2278 0.04839 2083 0.03788 1654 0.03509 1149 0.04040 2103
0.03592 3200 0.04545 3716 0.03812 2500 0.04620 2326 0.05484 2960 0.04167 1761 0.03947 1382 0.04545 3109
0.04023 3780 0.05091 5038 0.04260 3579 0.05163 3471 0.06129 4042 0.04924 1979 0.04386 140: 0.05051 6 15¢
0.04454 5065 0.05636 5321 0.04709 3579 0.05707 397B 0.06774 4042 0.05303 1979 0.04825 1469| 0.05556 0172
0.04885 6263 0.06182 6706 0.05157 5360 0.06250 4688 0.07419 4042 0.05682 2808 0.05263 1965| 0.06061 6 23
0.05316 6762 0.06727 6706 0.05605 5360 0.06793 4688 0.08065 4042 0.06439 3714 0.05702 2303 0.06566 6 230|
0.05747 6882 0.07273 6706 0.06054 5360 0.07337 4688 0.08710 5115 0.06818 3714 0.06140 249 0.07071 6 23(
0.06178 7934 0.07818 6706 0.06502 5360 0.07880 5415 0.09355 6116 0.07197 3714 0.06579 25514 0.07576 6230
0.06609 7934 0.08364 7741 0.06951 5360 0.08424 639D 0.10000 6389 0.07955 3787 0.07018 25514 0.08081 3273
0.07040 7934 0.08909 10458 0.07399 5360 0.08967 2749 0.10645 6389 0.08333 3965 0.07456 2609 0.08586 7035
0.07471 7934 0.09455 12737 0.07848 5360 0.09511 5829 0.11290 6389 0.08712 4632 0.07895 3167 0.09091 7035
0.07902 9994 0.10000 13512 0.08296 7538 0.10054 4 85 0.11935 6637 0.09470 5270 0.08333 3797 0.09596 6151
0.08333 10541 0.10545 13512 0.08744 753 0.10598 8485 0.12581 7577 0.09848 5454 0.08772 406! 0.10101 1615
0.08764 12526 0.11091 13512 0.09193 8299 0.11141 8485 0.13226 8268 0.10227 5454 0.09211 443 0.10606 1615
0.09195 12526 0.11636 13512 0.09641 1192( 0.11685 5848 0.13871 9643 0.10985 5637 0.09649 460 0.11111 5161
0.09626 13074 0.12182 13512 0.10090 1192( 0.12228 5848 0.14516 9704 0.11364 5637 0.10088 564 0.11616 5161
0.10057 13074 0.12727 13512 0.10538 1192( 0.12772 1099 0.15161 12547 0.11742 5637 0.10526 564 0.12121 5161
0.10489 13074 0.13273 14149 0.10987 1192( 0.13315 050QL 0.15806 13387 0.12500 6276 0.10965 564 061262 5161
0.10920 13074 0.13818 14149 0.11435 1192( 0.13859 0984 0.16452 13387 0.12879 6276 0.11404 564 011313 5456
0.11351 13074 0.14364 14149 0.11883 1192( 0.14402 34780 0.17097 13387 0.13258 6380 0.11842 564 061363 5630
0.11782 15282 0.14909 16914 0.12332 1192( 0.14946 3478 0.17742 17463 0.14015 8410 0.12281 567: 01414 6203
0.12213 16589 0.15455 22502 0.12780 1192( 0.15489 3478 0.18387 17463 0.14394 8410 0.12719 567: 061464 8404
0.12644 16589 0.16000 22502 0.13229 1192( 0.16033 4243 0.19032 17463 0.14773 9796 0.13158 582 021515 8404
0.13075 16589 0.16545 22502 0.13677 1192( 0.16576 4593 0.19677 17463 0.15530 12803 0.13596 688’ 87156 8404
0.13506 18208 0.17091 22502 0.14126 1192( 0.17120 4593 0.20323 17463 0.15909 12803 0.14035 688’ 82161 8404
0.13937 20272 0.17636 22846 0.14574 1378 0.17663 4593 0.20968 19029 0.16288 12803 0.14474 7631 87166 8404
0.14368 20272 0.18182 23207 0.15022 1488 0.18207 4814 0.21613 19029 0.17045 12803 0.14912 983 02a71 8404
0.14799 20272 0.18727 25302 0.15471 1512 0.18750 8373 0.22258 19029 0.17424 12803 0.15351 983 o776 11344
0.15230 26148 0.19273 25302 0.15919 1512 0.19293 0222 0.22903 19029 0.17803 12803 0.15789 983 82181 11344
0.15661 28214 0.19818 25302 0.16368 1512 0.19837 0222 0.23548 19029 0.18561 12803 0.16228 10971 66718 11344
0.16092 29520 0.20364 25302 0.16816 1704( 0.20380 0222 0.24194 19029 0.18939 14553 0.16667 10971 10219 11344
0.16523 29520 0.20909 27019 0.17265 1795 0.20924 0222 0.24839 19029 0.19318 14921] 0.17105 109711 60719 11344
0.16954 29520 0.21455 29238 0.17713 2208: 0.21467 0222 0.25484 19753 0.20076 14921 0.17544 10971 2020 11344
0.17385 29520 0.22000 29238 0.18161 2208: 0.22011 0222 0.26129 20869 0.20455 14921 0.17982 109711 70220 11344
0.17816 29520 0.22545 29238 0.18610 2208: 0.22554 0222 0.26774 20869 0.20833 14921 0.18421 10971 2021 11344
0.18247 29520 0.23091 29238 0.19058 2208: 0.23098 0222 0.27419 20869 0.21591 14921 0.18860 11157 7021 11344
0.18678 29520 0.23636 29238 0.19507 2256( 0.23641 0222 0.28065 20869 0.21970 14921] 0.19298 11157 2022 11344
0.19109 38217 0.24182 29238 0.19955 2256( 0.24185 0222 0.28710 20869 0.22348 14921 0.19737 11157 7022 11344
0.19540 46465 0.24727 29238 0.20404 2256( 0.24728 0222 0.29355 22427 0.23106 14921 0.20175 11157 2823 11344
0.19971 46465 0.25273 31314 0.20852 2453; 0.25272 0222 0.30000 23532 0.23485 14921] 0.20614 12310 787223 11344
0.20402 46465 0.25818 35808 0.21300 2454; 0.25815 1252 0.30645 23532 0.23864 14921 0.21053 150° 2024 11344
0.20833 46465 0.26364 37156 0.21749 2454; 0.26359 9882 0.31290 23532 0.24621 15646 0.21491 150° 70124 11344
0.21264 46465 0.26909 38099 0.22197 2454; 0.26902 27938 0.31935 23532 0.25000 18062 0.21930 150° 2825 11344
0.21695 46465 0.27455 38099 0.22646 2454; 0.27446 4878 0.32581 23532 0.25379 18062 0.22368 150° 78825 12598
0.22126 46465 0.28000 38099 0.23094 2454; 0.27989 4878 0.33226 23532 0.26136 19243 0.22807 150° 2626 13877
0.22557 46465 0.28545 38099 0.23543 2454 0.28533 4878 0.33871 23532 0.26515 22268 0.23246 1507 76826 13877
0.22989 46465 0.29091 38099 0.23991 2806 0.29076 4878 0.34516 23532 0.26894 22564 0.23684 150° 2027 13877
0.23420 46465 0.29636 38099 0.24439 3067¢ 0.29620 4878 0.35161 23532 0.27652 23310 0.24123 1507 o7 13877
0.23851 46465 0.30182 38844 0.24888 3147¢ 0.30163 4878 0.35806 23532 0.28030 23310 0.24561 150° 2828 13877
0.24282 46465 0.30727 41011 0.25336 3173 0.30707 4878 0.36452 27268 0.28409 23310 0.25000 1507 76828 13877
0.24713 46465 0.31273 42745 0.25785 3173 0.31250 4878 0.37097 32094 0.29167 23310 0.25439 150° 2029 13877
0.25144 46465 0.31818 42745 0.26233 3173 0.31793 4878 0.37742 32094 0.29545 23310 0.25877 150° 70829 13877
0.25575 46465 0.32364 42745 0.26682 3173 0.32337 4878 0.38387 32094 0.29924 23310 0.26316 150° 3030 13877
0.26006 47095 0.32909 42745 0.27130 3173 0.32880 4878 0.39032 32094 0.30682 23310 0.26754 1577 8080 13877
0.26437 52510 0.33455 42745 0.27578 3173 0.33424 4878 0.39677 32094 0.31061 23310 0.27193 19054 30381 13877
0.26868 54718 0.34000 42745 0.28027 3173 0.33967 4878 0.40323 32094 0.31439 23310 0.27632 19054 8081 14975
0.27299 57812 0.34545 42745 0.28475 3173 0.34511 4878 0.40968 32094 0.32197 23310 0.28070 19054 3032 17290
0.27730 57812 0.35091 42745 0.28924 3173 0.35054 4878 0.41613 32094 0.32576 23310 0.28509 19054 8082 19995
0.28161 57812 0.35636 42745 0.29372 3240¢ 0.35598 4878 0.42258 32094 0.32955 24716 0.28947 19054 30383 19995
0.28592 57812 0.36182 42745 0.29821 3240¢ 0.36141 4878 0.42903 32094 0.33712 24716 0.29386 19054 8683 19995
0.29023 57812 0.36727 45019 0.30269 3240¢ 0.36685 4878 0.43548 32094 0.34091 24716 0.29825 19054 3034 19995
0.29454 57812 0.37273 48486 0.30717 3240¢ 0.37228 4878 0.44194 32094 0.34470 24716 0.30263 19054 8084 19995
0.29885 57812 0.37818 54905 0.31166 3240¢ 0.37772 4878 0.44839 32094 0.35227 24716 0.30702 19054 3885 19995
0.30316 57812 0.38364 60766 0.31614 3240¢ 0.38315 4878 0.45484 32094 0.35606 24716 0.31140 19054 8685 19995
0.30747 57812 0.38909 63645 0.32063 3240¢ 0.38859 4878 0.46129 32094 0.35985 24716 0.31579 19054 3686 19995
0.31178 57812 0.39455 64262 0.32511 3240¢ 0.39402 4878 0.46774 33017 0.36742 24716 0.32018 19094 8686 20332
0.31609 57812 0.40000 64457 0.32960 3240¢ 0.39946 4878 0.47419 39313 0.37121 24716 0.32456 19054 3087 20593
0.32040 57812 0.40545 69046 0.33408 3240¢ 0.40489 4878 0.48065 48241 0.37500 24716 0.32895 19094 80®B7 20593
0.32471 57812 0.41091 69956 0.33857 3240¢ 0.41033 4878 0.48710 59063 0.38258 24716 0.33333 19054 3888 20593
0.32902 62602 0.41636 69956 0.34305 3240¢ 0.41576 4878 0.49355 71913 0.38636 24716 0.33772 19094 8688 20593
0.33333 63900 0.42182 72354 0.34753 3240¢ 0.42120 4878 0.50000 78358 0.39015 24716 0.34211 19054 3089 20593
0.33764 63900 0.42727 75925 0.35202 3240¢ 0.42663 4878 0.39773 24716 0.34649 19054 0.39899 2059
0.34195 63900 0.43273 75925 0.35650 3240¢ 0.43207 4878 0.40152 28022 0.35088 19054 0.40404 20598
0.34626 63900 0.43818 75925 0.36099 3240¢ 0.43750 5818 0.40530 32505 0.35526 19054 0.40909 2059
0.35057 63900 0.44364 75925 0.36547 3240¢ 0.44293 3037 0.41288 34721 0.35965 19054 0.41414 2059
0.35489 63900 0.44909 75925 0.36996 3240¢ 0.44837 42214 0.41667 34721 0.36404 19054 0.41919 2059
0.35920 63900 0.45455 75925 0.37444 3240¢ 0.45380 73054 0.42045 34721 0.36842 19054 0.42424 2059
0.36351 63900 0.46000 75925 0.37892 3240¢ 0.45924 487% 0.42803 36668 0.37281 19054 0.42929 2059
0.36782 70900 0.46545 75925 0.38341 3240¢ 0.46467 0273 0.43182 36668 0.37719 19054 0.43434 2059
0.37213 74013 0.47091 75925 0.38789 3240¢ 0.47011 41086 0.43561 36668 0.38158 19054 0.43939 24021
0.37644 74013 0.47636 75925 0.39238 3328 0.47554 31800 0.44318 36668 0.38596 19054 0.44444 2672
0.38075 74013 0.48182 75925 0.39686 3649¢ 0.48098 9557 0.44697 36668 0.39035 19054 0.44949 2672
0.38506 74013 0.48727 75925 0.40135 3928: 0.48641 9557 0.45076 36668 0.39474 19054 0.45455 2672
0.38937 74013 0.49273 75925 0.40583 4199 0.49185 2378 0.45833 36668 0.39912 19217 0.45960 27164
0.39368 74013 0.49818 75925 0.41031 4398t 0.49728 6649 0.46212 36668 0.40351 2044; 0.46465 2925
0.39799 74013 0.50000 75925 0.41480 4701¢ 0.50000 00138 0.46591 36668 0.40789 21719 0.46970 31445
0.40230 74013 0.41928 53735 0.47348 3666} 128 24126 0.47475 36286
0.40661 74013 0.42377 60390 0.47727 3666} 1667 24126 0.47980 43584
0.41092 74013 0.42825 60991 0.48106 3666} 2108 28584 0.48485 43656
0.41523 74013 0.43274 60991 0.48864 3666} 2534 31699 0.48990 43656
0.41954 74013 0.43722 67721 0.49242 3666} 2982 31699 0.49495 46564
0.42385 74013 0.44170 74991 0.49621 3666} 3428 31699 0.50000 49599
0.42816 74013 0.44619 75777 0.50000 3666} 3886 34510
0.43247 74013 0.45067 75777 0.44298 39847
0.43678 74013 0.45516 75777 0.44737 39847
0.44109 74013 0.45964 75777 0.45175 39847
0.44540 74013 0.46413 75777 0.45614 39847
0.44971 74013 0.46861 75777 0.46053 39847
0.45402 74013 0.47309 78739 0.46491 39847
0.45833 74013 0.47758 85157 0.46930 39847
0.46264 74013 0.48206 86462 0.47368 39847
0.46695 76391 0.48655 86462 0.47807 39847
0.47126 82072 0.49103 86462 0.48246 39847
0.47557 87548 0.49327 86462 0.48684 39847
0.47989 93846 0.49552 86462 0.49123 39847
0.48420 98911 0.50000 89424 0.49561 39847
0.48851 106099 0.50000 39887
0.49282 116435
0.49713 128341
0.50000 134908
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F.5 Design curvesfor athree-span railway bridge

L=30m L=315m L=33m L=345m L=36m L=375m L=39m L=40.5m L=42m L=435m
© B T B T B © B T B T B T B © B © B ©
0002242 1162585 | 0.002472  102.9108 | 0.002713  96.62865 | 0.002965  97.47153 | 0.003229  108.8065 | 0.003503  118.6441 | 0.003789 1063135 | 0.004086  95.48939 | 0.004395  108.4476 0.004714 89.8916
0008968 5235175 | 0.009888  446.4143 | 0010852  431.9652 | 0.011861 445.38 | 0.009686  275.7452 0.01051  355.9948 | 0.011367  354.9664 | 0012259  353.3344 | 0013184 322835 0014142 323.7149
0.015695 654173 | 0017303 6755032 | 0018991  617.6315 | 0.020756  768.5169 | 0.016143  507.3154 | 0.017516  636.0863 | 0.018946  570.4226 | 0.020431  570.9336 | 0.021973  705.8436 002357 540.0452
0022421 1222764 | 0024719 1083903 | 0027129 1175115 | 0.029652  1102.548 00226 8169627 [ 0024523  870.7022 | 0026524 1030499 | 0028604  921.3637 | 0.030762 798.656 0032998 975.8854
0020147 1657914 | 0032135  1511.036 | 0035268  1801.994 | 0038547  1772.889 | 0.020058 927.6 | 0.031529 9335443 | 0.034102 1364993 | 0036776  1223.927 | 0039551  1400.427 0042426 1507.089
0035874 2291726 | 0039551 2493666 | 0043407  1868.109 | 0.047443  2170.185 | 0.035515 159972 | 0.038536  1427.013 | 0041681  1662.552 | 0044948  1540.826 004834 1506.934 0051854 1943.059
00426 2791472 | 0046966 2493666 | 0051546 2612694 | 0056338  2447.445 | 0041972 1715338 | 0045543  1913.929 | 0049259 2456931 | 0053121  1936.714 | 0057129  1816.966 0061282 2240.409
0.049326 342853 | 0054382  3259.332 | 0059685  3161.418 | 0.065234  2963.162 | 0.048420  2004.547 | 0.052549 2264.75 | 0.056837 2456931 | 0061293  2346.848 | 0.065918  2188.127 007071 2456.256
0056052 3519524 | 0061798  3814.478 | 0.067823  3530.805 | 0.074129  3732.116 | 0.054887  2601.103 | 0.059556  2433.026 | 0.064415  2456.931 | 0.069466 2746571 | 0.074707  2508.274 0080138 2468.999
0062779 4752455 | 0.069214 3835656 | 0.075962  4338.856 | 0.083025 4051167 | 0.061344  2828.286 | 0.066562  2744.046 | 0.071994 2486.47 | 0077638  2978.072 | 0.083496 2700.46 0.089566 3443.74
0069505 4752455 | 0076629 4666247 | 0.084101  4338.856 009192 4743.905 | 0067801  2828.286 | 0.073569  2841.485 | 0.079572  3037.914 | 0085811 3115145 | 0092285  3403.181 0.098994 3443.74
0076231 5412912 | 0084045  5644.819 009224 5061.093 | 0.100816 5808.86 | 0.074258 3762.7 | 0.080575 3167.63 0.08715 3400239 | 0093983  3927.128 | 0101074  4127.702 0108422 3804579
0082958 5412912 | 0091461 5644819 | 0100379  5929.631 | 0.109712 5808.86 | 0.080716 3762.7 | 0087582  4217.125 | 0.094729 3665302 | 0102156  3927.128 | 0.109863  5132.154 011785 4722.025
0089684 6227773 | 0.098877 7431.03 | 0.108518  6142.925 | 0.118607 6431733 | 0.087173  4088.297 | 0.094588 4303.01 | 0102307  4825.444 | 0.110328 4624145 | 0.118652  5132.154 0127278 6148335
009641  6707.287 | 0106292  7774.616 | 0116656  8455.796 | 0.127503  8493.045 0.09363  4510.725 | 0101595  4812.522 | 0.109885  4825.444 01185 5550994 | 0.127441 5354236 0.136706 6148335
0103136 7543619 | 0.113708 7774616 | 0124795 8455796 | 0.136398  9187.112 | 0.100087  4982.699 | 0.108602  5229.263 | 0.117463  5835.043 | 0.126673  6922.597 013623 5941.833 0146134 6148335
0.109863 8976.76 | 0121124  9734.305 | 0132934 8455796 | 0.145294  9187.112 | 0.106545  5219.374 | 0.115608  5986.205 | 0.125042  6499.988 | 0.134845 6922597 | 0.145019  6790.933 0.155562  6914.119
0116589 10746.86 012854 1023245 | 0141073 1077172 | 0154189  9187.112 | 0113002  5959.318 | 0.122615 7557.29 013262 6499.988 | 0143018 6922597 | 0153808  7723.014 016499 8364.992
0123315 10923.15 | 0.135955 1023245 | 0149212 1077172 | 0.163085  12372.66 | 0.119459 6849.97 | 0.129621 7557.29 | 0.140198  7567.581 015119 7963458 | 0162597  10904.21 0174418 8573.748
0130042 10923.15 | 0143371  10232.45 015735 1097157 017198 1237266 | 0125916  7234.196 | 0.136628 7557.29 | 0.147777 7857357 | 0.159363 8936625 | 0.171386  11308.06 0183846 8573.748
0136768  12948.06 | 0.150787  11249.89 | 0.165489  13062.57 | 0.180876  14612.01 | 0.132374  7513.355 | 0.143634 7557.29 | 0.155355 9239.27 | 0.167535  8936.625 | 0.180175  11308.06 0193274 8803.226
0143494 1294806 | 0.158203  13453.88 | 0.73628  13062.57 | 0189771 1522077 | 0.138831  7935.919 | 0.150641  8376.664 | 0.162933  10273.79 | 0.175708  9677.676 | 0.188964  11987.79 0202702 11215.63
015022 1367211 | 0165618  13453.88 | 0.181767  13979.36 | 0.198667  16133.51 | 0.145288  8297.098 | 0.157647  10132.89 | 0.170511  11170.66 0.18388  9677.676 | 0197753 1330652 021213 11605.98
0156947  13672.11 | 0.173034  13649.88 | 0.189906  13979.36 | 0207562 1670051 | 0151745  9127.746 | 0.164654  10132.89 017809 1117066 | 0192052 1080042 | 0206542 1330652 0221558 11605.98
0163673 15637.24 018045  16129.84 | 0198045  14525.99 | 0.216458  18784.41 | 0.158203 10697.7 0.17166  10240.32 | 0.185668  11170.66 | 0200225 1255753 | 0215331 1447532 0230987  11605.98
0170399 16452.53 | 0.187865  16588.22 | 0.206183 18237.1 [ 0225353 18784.41 016466  11577.87 | 0178667  13158.28 | 0.193246  14287.51 | 0.208397  12557.53 022412 1447532 0240415 12481.29
0177126 16452.53 | 0.195281  20353.94 | 0214322 18237.1 | 0234249  18784.41 | 0171117  11577.87 | 0.185674 1315828 | 0.200825 1428751 021657 1257915 | 0232909 1447532 0249843 14666.03
0183852 16452.53 | 0.202697  20353.94 | 0222461  19092.43 | 0243145  18784.41 | 0.177574  11577.87 019268  13158.28 | 0.208403  14287.51 | 0224742  12579.15 | 0241698 1447532 0259271 14666.03
0.190578 166683 | 0210113  20353.94 0.2306  20877.56 0.25204  18784.41 | 0.184031  11577.87 | 0.199687  13318.13 | 0.215981 146486 | 0232915 1257915 | 0250487 1447532 0268699  22362.31
0.197304 166683 | 0217528  20353.94 | 0238739  20877.56 | 0.260936  18784.41 | 0.190489  11577.87 | 0.206693  16362.41 | 0.223559  17192.99 | 0.241087  13987.01 | 0259276  14475.32 0278127 22362.31
0204031 1954553 | 0224944 2035394 | 0246877 2422067 | 0269831 1940001 | 0.196946  11731.29 02137 1636241 | 0231138 1760216 0.24926 1584407 | 0268065  14594.87 0287555 22362.31
0210757 24180.35 023236 20353.94 | 0255016  24229.67 | 0.278727 ~ 19400.01 [ 0.203403 ~ 14617.36 | 0.220706  16362.41 | 0238716  17602.16 | 0257432 1584407 | 0276854  14594.87 0296983 22362.31
0217483 25446.65 | 0239776  20353.94 | 0263155  27536.41 | 0287622  19400.01 020986  14617.36 | 0227713  16362.41 246294 1760216 | 0265604  15844.07 | 0.285643  14594.87 0306411 22362.31
022421 2747451 | 0247191  20353.94 | 0271294  33125.83 | 0.296518  19400.01 | 0.216318  14617.36 | 0.234719  16362.41 | 0.253873  17602.16 | 0.273777  18231.83 | 0294432  14594.87 0315839 22362.31
0230936  27754.45 | 0254607 2162076 | 0279433  33125.83 | 0305413  19400.01 | 0222775  17421.04 | 0241726  16362.41 | 0.261451 1760216 | 0.281949  18231.83 | 0303221  14594.87 0325267 22362.31
0237662 27754.45 | 0262023  26515.68 | 0287571  33125.83 | 0314309  19400.01 | 0229232 1864528 | 0.248733  16362.41 | 0.269029  22042.27 | 0.200122  18231.83 031201 14594.87 0334695 22362.31
0244388 27754.45 | 0269439  28155.82 020571  33125.83 | 0323204  19400.01 | 0235689 1864528 | 0.255739  16362.41 | 0.276607  22042.27 | 0.298294  18231.83 | 0320799  14594.87 0344123 22362.31
0251115 27754.45 | 0276854 2815582 | 0303849  33125.83 03321 22609.67 | 0.242147  18645.28 | 0262746  17897.95 | 0284186 2204227 | 0306467  18231.83 | 0329588  14594.87 0353551 22362.31
0257841 27754.45 028427 2815582 | 0311988 3312583 | 0.340995  23332.00 [ 0.248604  18645.28 [ 0.269752  19488.88 | 0291764 2204227 | 0314639 1823183 | 0338377  14594.87 0362979 22362.31
0264567 2775445 | 0291686 2815582 | 0320127  33125.83 | 0349891  23332.09 | 0255061 1864528 | 0276750  19488.88 | 0299342 2204227 | 0322812  18231.83 | 0.347166 17397.4 0372407 22362.31
0271204 27754.45 | 0299102 2815582 | 0328266  33125.83 | 0358786  23332.09 | 0261518 1960221 | 0.283765  19488.88 030692 2204227 | 0330984 2087527 | 0355955 1772959 0381835  22362.31
027802 2775445 | 0306517  28155.82 | 0336404  33125.83 | 0.367682 2812547 | 0.267976  23523.44 | 0290772  19488.88 | 0.314499  22042.27 | 0339156 2330324 | 0364744 1772959 0391263 22362.31
0284746 27754.45 | 0313933  28155.82 | 0344543  33125.83 | 0376577  30958.59 | 0274433 2514344 | 0297778  19488.88 | 0.322077  22042.27 | 0347329  23303.24 | 0373533  17729.59 0.400691  22362.31
0291473 2775445 | 0321349 2815582 | 0352682  33125.83 | 0385473  31085.66 0.28089  25143.44 | 0304785  19488.88 | 0.329655 2204227 | 0.355501  23303.24 | 0382322  18269.29 0410119 22362.31
0298199 27754.45 | 0328765 2815582 | 0360821  33125.83 | 0394369  31085.66 | 0287347 2514344 | 0311791  19488.88 | 0.337234 2204227 | 0363674  23303.24 | 0391111  18269.29 0419547 22362.31
0304925 27754.45 033618 34050.29 036896 3320038 | 0403264  31085.66 | 0293805  25143.44 | 0318798  19488.88 | 0.344812 2204227 | 0.371846  23303.24 03999 18703.69 0428975 22362.31
0311651  27754.45 | 0343506 3481238 | 0377098 3320038 041216  31085.66 | 0300262  25143.44 | 0325805  19488.88 035239 2204227 | 0380019 2330324 | 0408689 1911563 0438403 22362.31
0318378 27754.45 | 0351012 3481238 | 0385237 3320038 | 0.421055  31085.66 | 0306719  25143.44 | 0332811  19488.88 | 0.359968  22042.27 | 0.388191  23303.24 | 0.417478  19115.63 0447831 22362.31
0325104 27754.45 | 0358428 3481238 | 0393376 3320038 | 0.429951 3194953 | 0313176  25143.44 | 0339818  19488.88 | 0.367547  22042.27 | 0.396364  23303.24 | 0.426267  19115.63 0457259 28716.89
033183 2883066 | 0365843 3481238 | 0401515  33200.38 | 0.438846  34561.99 | 0.319634  25143.44 | 0.346824  19488.88 | 0.375125  22042.27 | 0.404536 2330324 | 0.435056  20301.64 0.466687  34801.26
0338557 3231505 | 0373259 3481238 | 0409654 3320038 | 0447742  37975.76 | 0326091  25143.44 | 0353831  19488.88 | 0.382703 2204227 | 0412708  23303.24 | 0443845  25929.95 0476115 37028.25
0345283 3231505 | 0380675 3481238 | 0417793  33855.72 | 0.456637 452163 | 0332548 2514344 | 0360837  19488.88 | 0.390282  22042.27 | 0420881  23303.24 | 0452634  29360.69 0485543 38909.85
0352009 3231505 | 0388091 3481238 | 0425931  43889.87 | 0465533  55433.18 | 0330005  25143.44 | 0367844  19488.88 0.39786 2204227 | 0420053  27985.99 | 0461423 35823 0494971 40331.52
0358735 3231505 | 0395506 3481238 043407 50018.16 | 0.474428  61349.02 | 0345463  25143.44 0.37485  19488.88 | 0.405438 2204227 | 0.437226 3111228 | 0470212 3983445 0504399 40331.52
0365462 3231505 | 0.402922 3481238 | 0.442209  50018.16 | 0.483324 61549.3 035192 25143.44 | 0381857  19488.88 | 0.413016  26070.63 | 0.445398  33233.88 | 0.479001  40736.92 0513827 40331.52
0372188 3231505 | 0.410338 4391334 | 0450348  50018.16 | 0.492219 61549.3 | 0358377  25143.44 | 0388864  19626.84 | 0.420595 2830098 | 0453571 3323388 0.48779  40736.92 0523255 40331.52
0378914 3231505 | 0.417753 4775275 | 0.458487  50018.16 | 0501115  62518.61 | 0364834  25143.44 0.39587  23290.49 | 0.428173 3319158 | 0.461743 3344456 | 0.496579  40736.92 0532683 40331.52
0385641  32599.66 | 0425169 4775275 | 0.466625  50018.16 051001 6251861 | 0371292  25143.44 | 0402877  26025.97 | 0435751 3630174 | 0469916  33444.56 | 0505368  40736.92 0542111 40331.52
0392367  40679.86 | 0432585  51593.12 | 0.474764 52195.8 [ 0518906  62518.61 | 0.377749  25143.44 | 0.409883  30988.15 044333 3716544 | 0478088 3344456 | 0514157  40736.92 0551539 40331.52
0399093 45272.68 | 0440001 5538279 | 0482903  56123.05 | 0527801  62518.61 | 0384206  25143.44 041689  34156.16 | 0.450908  37165.44 048626 3344456 | 0522946  40736.92 0560967 43500.84
0405819  45272.68 | 0.447416  55622.98 | 0.491042  56123.05 | 0536697  62518.61 | 0390663  28023.93 | 0.423896  35070.47 | 0.458486 3716544 | 0494433  33444.56 | 0531735  40736.92 0.570395 48143.4
0412546 45805.24 | 0.454832  55622.98 | 0.499181  56123.05 | 0545593  62518.61 | 0397121 3159029 | 0.430903  35070.47 | 0.466064 3716544 | 0.502605  33444.56 | 0.540524  44584.07 0.579823 48143.4
0419272 50467.06 | 0.462248  55622.98 050732 56123.05 | 0554488  62518.61 | 0.403578  32149.83 | 0.437909  35070.47 | 0.473643  37165.44 | 0510778 354237 | 0549313 46640.69 0.589251 48143.4
0425998 52466.85 | 0469664 5562298 | 0515458  56123.05 | 0563384  62518.61 | 0410035 3276222 | 0.444916  35070.47 | 0481221  37165.44 051895  42586.88 | 0558102  48608.16 0.598679 48143.4
0432725  52466.85 | 0477079  55622.98 | 0523597  56123.05 | 0572279 6251861 | 0.416492 3276222 | 0451922  35070.47 | 0488799 3716544 | 0527123  42586.88 | 0.566891  49310.28 0608107 59825.12
0439451 52466.85 | 0484495 5562298 | 0531736  56123.05 | 0581175  62518.61 042295 3276222 | 0458929  35070.47 | 0496378 3716544 | 0.535295  42586.88 057568 49310.28 0617535 61448.62
0446177 52466.85 | 0491911  55622.98 | 0539875  56123.05 050007  62518.61 | 0.429407 3276222 | 0465936  35070.47 | 0.503956  37680.23 | 0.543468  44727.49 | 0584469  49310.28 0626963 61448.62
0452903 52466.85 | 0.499327  55622.98 | 0548014  57420.45 | 0598966  74741.76 | 0.435864 3276222 | 0.472942  40064.61 | 0511534 3896232 055164  58262.42 | 0593258  49310.28 0636391 61448.62
045063  52466.85 | 0506742  55622.98 | 0.556152 64870.4 | 0.607861  85152.56 | 0.442321 3276222 | 0.479949  48711.41 | 0519112  40883.97 | 0559812  60845.01 | 0.602047  49310.28 0645819 61448.62
0.466356  52466.85 | 0514158  55622.98 | 0.564291 64870.4 | 0.616757  87659.57 | 0.448779 3318232 | 0.486955  52188.37 | 0.526691  40883.97 | 0567985  60845.01 | 0.610837  56678.67 0655247 61448.62
0473082 55653.06 | 0521574  55622.98 0.57243 64870.4 | 0625652  89098.57 | 0455236 4019134 | 0.493962 5232358 | 0534269 4436452 | 0576157 6084501 | 0.619626  56678.67 0664675 61448.62
0479809 56327.11 052899 5873674 | 0580569  72659.87 | 0.634548  99686.48 | 0.461693 4871171 | 0500968  52323.58 | 0541847  47307.48 058433 6084501 | 0628415  56678.67 0674103 61448.62
0486535  56327.11 | 0536405 6626503 | 0588708  74649.19 | 0.643443 103262 046815 5303169 | 0507975 5232358 | 0.549426  60619.78 | 0.502502 6084501 | 0.637204  56678.67 0683532 61448.62
0493261  56327.11 | 0543821 7755123 | 0596846  82511.67 | 0.652339 103262 | 0.474608 5335291 | 0514981  52323.58 | 0557004 6712335 | 0.600675 6084501 | 0.645993  56678.67 069296  61448.62
0.499987  60775.34 | 0551237  88137.16 | 0.604985  95198.11 | 0.661234  106844.2 | 0.481065 5340414 | 0.521988  52323.58 | 0.564582 6712335 | 0.608847  60845.01 | 0.654782  56678.67 0702388 61448.62
0506714 60775.34 | 0558653  94640.41 | 0613124  99100.82 067013 113015.1 | 0.487522  60106.01 | 0.528995  52323.58 057216 6712335 061702 60845.01 | 0663571  56678.67 0711816 65299.02
051344 6077534 | 0566068  94640.41 | 0.621263  99100.82 | 0.679026  113015.1 [ 0.493979  61486.79 | 0.536001  52323.58 | 0579739  67123.35 | 0625192  60845.01 067236 56678.67 0721244 65299.02
0520166 62939.7 | 0573484 9464041 | 0629402  107684.9 | 0.687921 124782 | 0500437 6191518 | 0543008 5232358 | 0587317 6712335 | 0633364 6244578 | 0.681149  56678.67 0730672 68613.86
0526893 69211.43 05809  94640.41 | 0637541 1246211 | 0696817  141040.5 | 0506894 6191518 | 0550014  54287.12 | 0594895 6712335 | 0641537  69555.24 | 0.689938  56678.67 07401 74954.28
0533619 77572.38 | 0588316  94640.41 | 0.645679 126861 | 0705712  161027.7 | 0513351 6191518 | 0557021 5821061 | 0.602474 6712335 | 0649709  69555.24 | 0.698727  58894.42 0749528 84811.85
0540345  87511.93 | 0595731  94640.41 | 0.653818 126861 | 0714608  166499.4 | 0519808  61915.18 | 0.564027  58210.61 | 0.610052 6712335 | 0657882  69555.24 | 0.707516 69456.9 0758956 89374.52
0547071 1014466 | 0.603147  97437.62 | 0.661957 126861 | 0723503  166499.4 | 0526265  61915.18 | 0571034 5821061 0.61763 6712335 | 0.666054  69555.24 | 0716305  77752.04 0768384 89374.52
0553798 107199.4 | 0.610563  108749.4 | 0.670096 126861 | 0732309  166499.4 | 0532723  61915.18 057804  58210.61 | 0.625208  67123.35 | 0674227 6955524 | 0725094 8771176 0777812 89374.52
0560524 1089521 | 0617979  116197.2 | 0.678235 126861 | 0741294  166499.4 053918 6191518 | 0.585047 5821061 | 0.632787 6712335 | 0.682399 6955524 | 0733883  87862.99 078724 8937452
056725  108952.1 | 0625394  126738.6 | 0.686373 126861 075019  166499.4 | 0545637 6191518 | 0.592053  58210.61 | 0.640365 6712335 | 0.690572  69555.24 | 0742672  96347.73 0796668  89374.52
0573977 1089521 0.63281 147560 | 0694512 129142.7 | 0750085  166499.4 | 0552094  61915.18 059906  58210.61 | 0.647943  67123.35 | 0698744 7517251 | 0751461  108937.5
0580703 1089521 | 0640226  158414.1 | 0702651  144483.3 | 0767981  166499.4 | 0558552 6191518 | 0.606067  58210.61 | 0.655522 6712335 | 0706917  87715.14 076025  109836.2
0587429 1089521 | 0.647641  158414.1 071079 155056.2 | 0.776876  166499.4 | 0.565009  61915.18 | 0.613073  58210.61 0.6631 698992 0715089  97615.24 | 0769039  109836.2
0594155 1089521 | 0.655057  158414.1 | 0718929 1550562 | 0785772  166499.4 | 0571466  61915.18 0.62008  58305.08 | 0.670678  79488.05 | 0.723261 109830 | 0777828 1098362
0600882 1089521 | 0.662473  158414.1 | 0727068  155056.2 | 0.794667  166499.4 | 0577923  61915.18 | 0.627086  59071.87 | 0.678256  79488.05 | 0.731434 113524 | 0786617 1098362
0607608 1215241 | 0669889 1584141 | 0735206  155056.2 | 0797633  166499.4 | 0584381 6191518 | 0634093  61966.71 | 0.685835  83334.08 | 0.739606 113524 | 0795406 1098362
0614334 136389.6 | 0677304 1584141 | 0743345  155056.2 0500838  61915.18 | 0.641099 715924 | 0693413 89230.65 | 0.747779 113524 07998 1098362
0621061  138038.8 068472 1584141 | 0751484 1550562 0597295  61915.18 | 0.648106  73483.05 [ 0700991  98716.85 | 0755951  122399.1
0627787 1380388 | 0.692136  158414.1 | 0759623  155056.2 0.603752  61915.18 | 0.655112  85337.d6 0.70857  100870.7 | 0764124  122399.1
0634513 1488216 | 0.699552  158414.1 | 0767762  155056.2 0.61021 6191518 | 0.662119  91697.71 | 0.716148  108613.4 | 0772296  122399.1
064124 155418.7 | 0706967  158414.1 07759 155056.2 0.616667  64901.05 | 0.669125 96276.6 | 0.723726 1145009 | 0.780469  122399.1
0647966 1554187 | 0714383  158414.1 | 0784039  155056.2 0.623124  73509.42 | 0.676132  99232.82 | 0.731304 121536 | 0788641  122399.1
0654692 1554187 | 0721799 1584141 | 0792178  155056.2 0.629581  84067.03 | 0.683139  99232.82 | 0.738883 121536 | 0796813  122399.1
0661418 1554187 | 0729215 1584141 | 0797604  155056.2 0.636039  89669.47 | 0.690145  99232.82 | 0.746461 121536
0668145 155418.7 073663 158414.1 0642496  91593.06 | 0.697152  99232.82 | 0754039  129133.7
0674871 1554187 | 0.744046  158414.1 0.648953 9177153 | 0704158  100244.5 | 0.761618  132346.8
0681597 1554187 | 0751462  158414.1 0.65541 9741531 | 0711165  107835.4 | 0769196  132346.8
0688324 1554187 | 0.758878  158414.1 0.661868  103748.9 | 0718171 1149365 | 0.776774 1373911
069505  155418.7 | 0766293  158414.1 0.668325 1075921 | 0725178 1222552 | 0784352  140939.1
0701776 1554187 | 0773709  158414.1 0674782 1075921 | 0732184  130757.9 | 0791931  140939.1
0708502 1554187 | 0781125  158414.1 0681239 1075921 | 0739191  130757.9 [ 0799509  140939.1
0715229 1554187 | 0788541  158414.1 0.687697 1075921 | 0746198  130757.9
0.721955 162525 | 0795956  158414.1 0.694154 1142117 | 0753208 130757.9
0728681  168687.3 | 0798428  158414.1 0700611 1269615 | 0.760211  130757.9
0735408 1757313 0707068 142556.4 | 0.767217  130757.9
0742134 2037557 0713526 146314.7 | 0774224 1438942
074886 2214915 0719983 146314.7 0.78123  150975.4
0755586 222950.1 072644 1463147 | 0788237  150975.4
0762313 2229501 0732897 146314.7 | 0795243  150975.4
0769039 2229501 0739355 146314.7 | 0798747  150975.4
0775765 2229501 0745812 146314.7
0782492 2229501 0752269 146314.7
0789218 222950.1 0758726 146314.7
0795944 2229501 0765184 146314.7
0771641 146314.7
0778098  146314.7
0.784555  146314.7
0791013 146314.7
079747 _ 146314.7
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