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ABSTRACT

Beam-like hyperbolic paraboloid (HP) elements carry loads primarily through mem-
brane action, enabling thinner cross-sections and up to 70% less material compared to
bending-active slabs and beams. Their doubly ruled geometry permits reinforcement
and prestressing with straight elements, simplifying construction and lowering cost rel-
ative to other shell typologies. Experimental verification of their structural response
remains limited—yet it is essential to support a broader adoption of these elements.

This thesis investigates the static and dynamic behaviour of an existing HP prototype
element using analytical modelling, finite element analysis (FEA), experimental modal
analysis (EMA), and static load testing. Dynamic properties, including natural frequen-
cies, damping ratios, and mode shapes, were identified using a roving hammer test.
Static behaviour was evaluated under uniform pressure loading and a four-point bend-
ing test to failure, with strain data obtained via distributed fibre optic sensing (DFOS)
and digital image correlation (DIC).

EMA identified six flexural modes below 220 Hz, with a fundamental frequency of
50.9 Hz and damping ratios between 0.56% and 1.1%. Numerical sensitivity studies
explored the effects of boundary conditions, reinforcement, and modelling approaches
on modal characteristics. Calibrated numerical models predicted resonance frequencies
within 3% of experimental values and demonstrated strong mode shape correlation.

Strain data obtained from DFOS and DIC provided insight into the strain evolution
under static loading conditions. Non-linear FEA enabled the prediction of deforma-
tions, crack patterns, and ultimate load capacity. Sensitivity studies were performed
to assess the influence of boundary conditions, reinforcement configurations, and con-
crete–reinforcement interface modelling. The degree of longitudinal restraint was found
to significantly affect both the structural response and the load-bearing capacity. Pre-
liminary comparisons indicated that the numerical models reasonably captured the ob-
served strain and crack patterns.

Through these static and dynamic assessments the thesis contributes to a deeper under-
standing of the structural behaviour of HP elements. It provides experimental validation
and builds confidence in how these elements can be reliably modelled.

Key words: Hyperbolic paraboloid (HP) shell structures, Reinforced concrete, Exper-
imental modal analysis (EMA), Experimental stress analysis (ESA), Non-linear finite
element analysis (NLFEA), Roving hammer testing, Distributed fibre optic strain sens-
ing (DFOS), Digital image correlation (DIC)
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Dynamiskt och statiskt beteende hos balkliknande betongelement med hyperbolisk
paraboloidgeometri
En numerisk, analytisk och experimentell studie
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DAVID SELSE
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SAMMANFATTNING

Balkliknande hyperboliska paraboloid (HP) element bär laster främst genom membran-
verkan, vilket möjliggör tunnare tvärsnitt och upp till 70% lägre materialanvändning
jämfört med plattor och balkar. Den dubbelkrökta regelytan möjliggör armering och
förspänning med helt raka element, vilket förenklar tillverkningsprocessen i jämförelse
med andra skaltyper. För att dessa HP element ska kunna tillämpas i större utsträckning
krävs en djupare förståelse för deras strukturella beteende. Specifikt fordras experi-
mentell verifiering av deras strukturella respons.

Detta examensarbetet undersöker det statiska och dynamiska beteendet hos HP-element
genom att jämföra analytiska modeller och finita elementanalyser (FEA) med resul-
tat från experimentell modalanalys (EMA) och statiska belastningstester. Ett test med
impulshammare används för att identifiera egenfrekvenser, modaldämpning och mod-
former. Statiska tester utförs under jämnt fördelad last samt under fyrpunktsböjning
upp till brott, där fiberoptik och digital bildkorrelation används för att mäta töjningar.

EMA identifierade sex böjmoder under 220 Hz, med en fundamental frekvens på 50,9 Hz
och dämpningskvoter mellan 0,5% och 1,1%. Numeriska parameterstudier undersökte
hur randvillkor, armering och modelleringsstrategier påverkar modala egenskaper. Kali-
brerade numeriska modeller uppskattade resonansfrekvenser inom 3% felmarginal av
experimentella värden och uppvisade stark överensstämmelse i modformer.

Töjningsdata från DFOS och DIC gav detaljerad inblick i töjningsutvecklingen un-
der last. Icke-linjära FEM-analyser erbjöd uppskattning av deformationer, sprickbild-
ningsmönster och brottlast. Därtill genomfördes parameterstudier av randvillkor, armer-
ingslayouter och interaktionsmodeller mellan betong och armering. Graden av longi-
tudinell inspänning visade sig ha en avsevärd inverkan på både den strukturella respon-
sen och bärförmågan. Preliminära jämförelser visade att de numeriska modellerna rel-
ativt väl kunde återge de observerade töjnings- och sprickmönstren.

Genom dessa statiska och dynamiska analyser bidrar arbetet till en fördjupad förståelse
för HP-elementens strukturella beteende. Den tillhandahåller experimentell validering
och stärker förtroendet för hur dessa element kan modelleras på ett tillförlitligt sätt.

Nyckelord: Hyperboliska paraboloidskal, Armerad betong, Experimentell modalanalys
(EMA), Experimentell spänningsanalys (ESA), Icke-linjär finita elementmetodsanalys
(NLFEM), Impulshammartest, Distruberad fiberoptisk töjningsmätning (DFOS), Digi-
tal bildkorrelation (DIC)
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1. Introduction

1 Introduction

This chapter presents the background of the thesis work, along with the aim, objectives,
delimitations, and method.

1.1 Background
Sweden aims to achieve net negative greenhouse gas emissions by 2045 (The Swedish
Environmental Protection Agency, 2024). The construction sector plays an impor-
tant role in this effort, accounting for approximately 8% of Sweden’s annual territo-
rial greenhouse gas emissions (Ministry of the Environment and Government Offices of
Sweden, 2020).

Despite the evident need to reduce climate impact, rising demands for infrastructure
and housing can be observed globally. In Sweden, for instance, the government has
proposed a 20% increase in infrastructure investments, allocating 1,171 billion SEK
to transport infrastructure between 2026 and 2037 (Government Offices of Sweden,
2024). Additionally, the country is expected to need approximately 523,000 new homes
between 2024 and 2033 (Swedish National Board of Housing, Building and Planning,
2025). Meeting these demands without compromising climate targets requires a shift
toward more efficient and sustainable construction practices. A crucial aspect of this
transition involves rethinking construction materials and their application in structural
systems.

Concrete remains fundamental to modern construction, yet it is also one of the most
carbon-intensive materials, primarily due to emissions from cement production. The
concrete industry alone contributes to roughly 8% of global CO2-eq emissions (Rams-
den, 2020). A considerable share of this concrete is used in slab and beam elements,
which often have higher embodied carbon and energy than other structural components
(Broyles et al., 2023). As shown by Foraboschi et al. (2014), conventional flat slabs can
account for up to 70% of the total embodied energy in high-rise buildings.

Doubly curved shell structures could serve as an efficient and sustainable substitute for
traditional concrete slab systems found in buildings and bridges. These thin structures
predominantly resist load through membrane action—a combination of compressive,
tensile, and shear stresses within the surface plane (Sehlström, 2021). By minimising
bending action, shell structures enable thinner cross-sections, thereby reducing material
usage and environmental impact. According to Arlinger (2023), doubly curved shells
have the potential to reduce CO2-eq emissions by up to 70% compared to hollow core
deck elements, and 80% compared to TT-elements.

However, the production of doubly curved concrete shells is typically labour-intensive
and costly due to the complex formwork required (Cocco et al., 2024). The oblong
beam-like hyperbolic paraboloid (HP) element, for instance found in the systems devel-
oped in the 1950’s by Wilhelm J. Silberkuhl and Herbert Müller (see Figure 1.1), offers
improved constructibility. The geometry is derived from a doubly ruled surface and
has a constant parabolic cross-section along its length. Consequently, the element can
be reinforced and prestressed with exclusively straight elements, potentially leading to
substantial cost savings during production (Osman-Letelier et al., 2017).

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 1
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The HP element forms a convex parabolic arch along its primary span. Due to this cur-
vature, a significant portion of the applied loads can be transferred through in-plane
membrane compressive stresses, provided that the compressive thrust is adequately
transferred at the springing points. This reduces the need for reinforcement, minimises
the risk of cracking, and enhances the overall durability of the structure compared to
traditional slab elements.

(a) Silberkuhl system installed at Magazzino
Merci Rinascente, Rome, Italy (1962).

(b) Herbert Müller’s HP-Delta shells in
Halle-Neustadt, Germany (1968).

Figure 1.1: Two similar prefabricated HP shell systems were developed on opposite
sides of the Iron Curtain after World War II: by Wilhelm J. Silberkuhl in West Germany
(left) and by Herbert Müller in East Germany (right) (Scheffler, 2017).

The Silberkuhl and Müller systems have traditionally been employed in roof structures
(Scheffler, 2017). Expanding their application to residential flooring and bridge deck-
ing introduces more stringent performance requirements, including improved control of
vibrations, deflections, and long-term behaviour. Addressing these challenges necessi-
tates a deeper understanding of the systems’ static and dynamic responses. Crucially,
experimental validation is essential to ensure the reliability of modelling approaches.

To the best of the authors’ knowledge, no detailed experimental studies are currently
available that verify the static and dynamic behaviour of HP elements. This thesis
seeks to address this gap by conducting experimental investigations on a prototype HP
element. The prototype element was designed and cast prior to the thesis through a
collaboration between Chalmers University of Technology, WSP, and NCC. Its design
was based on the earlier thesis work of Arlinger (2023).

60600

3000

260

38

[mm]

Figure 1.2: Rendered perspective view of the HP prototype element.
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1.2 Aim
The aim of this thesis is to investigate the static and dynamic behaviour of oblong,
beam-like hyperbolic paraboloid (HP) concrete elements through full-scale testing, and
to evaluate the accuracy of analytical and numerical models in predicting their structural
response.

1.3 Objectives
The following objectives have been formulated for the thesis work:

• Review existing research and historical applications of HP elements to gain
a comprehensive understanding of their development, construction methods, per-
formance, and current research topics. This includes reviewing analytical meth-
ods for estimating the dynamical and statical response of the elements.

• Characterise material properties of the concrete used in the HP prototype ele-
ment by performing cube strength tests and wedge splitting tests.

• Conduct experimental modal analysis (EMA) on the existing prototype ele-
ment to determine its mode shapes, natural frequencies, and modal damping ra-
tios.

• Conduct static load tests on the prototype element to capture global deforma-
tions and local strain development under incremental loading up to failure, and
document the failure mechanism.

• Develop numerical finite element models that simulate both the dynamic and
static test setups, replicating loading and boundary conditions.

• Validate the finite element models and analytical models by comparing their
outputs against results from experimental testing.

• Perform sensitivity studies to evaluate how boundary conditions, material prop-
erties, and modelling of reinforcement affect the element’s static and dynamic
response.

• Assess model calibration strategies, particularly for adjusting support condi-
tions and material properties to improve the accuracy of numerical models.

• Evaluate practical implications, such as how the experimental findings could
inform the design of future HP elements.

1.4 Delimitations
This thesis is delimited to the study of doubly curved beam-like concrete elements con-
forming to the hyperbolic paraboloid surface. The experimental tests are conducted on
a single specimen, reinforced with traditional steel reinforcement, without prestressing.

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 3
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1.5 Methodology
The work is structured into four main phases, as illustrated in Figure 1.3.

Phase 1: A literature review is conducted to establish a theoretical foundation for as-
sessing the static and dynamic behaviour of HP elements using experimental, analytical,
and numerical methods.

Phase 2: The dynamic behaviour of the HP prototype element is characterised through
modal analysis. Experimental modal analysis (EMA) is performed using a single-input,
multiple-output (SIMO) roving hammer test. Complementary numerical modal analy-
ses are carried out to assess the influence of material properties, boundary conditions,
and reinforcement through parametric studies. The numerical models are calibrated
against experimental data, and the resulting modal characteristics are compared with
those obtained from the tests.

Phase 3: The static response of the HP prototype element is investigated through two
full-scale load tests: a uniform pressure test using cement bags, and a four-point bend-
ing test to failure using a hydraulic test rig. Strain development is monitored using
embedded fibre optic sensors and digital image correlation (DIC). The experimental
setups are replicated in finite element software for both linear and non-linear analy-
ses, enabling assessment of stress and strain distributions, crack development, failure
modes, and load-bearing capacity. The models are validated by comparing their results
with both experimental data and analytical predictions. Parametric studies explore the
influence of boundary conditions, crack modelling, and reinforcement representation
on the static response.

Phase 4: This phase synthesises the findings from the dynamic and static investigations.
Methodological limitations are discussed, and recommendations are made for future
research.

Conclusions

4

Analysis of prototype element

Figure 1.3: Overview of work process.
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2. Theory

2 Theory

The response of a structure is governed by the interaction between external stimuli and
the inherent properties of the structure. Stimuli such as loads, vibrations, and tempera-
ture fluctuations act as external forces that induce structural response. The nature of this
response is governed by key properties of the structure, including material composition,
geometry, and boundary conditions. How these properties may influence the structural
behaviour of hyperbolic paraboloid (HP) elements will be explored further throughout
this chapter.

Specifically, the chapter aims to establish a theoretical foundation for assessing the static
and dynamic behaviour of HP elements using experimental, analytical, and numerical
methods. It is divided into six main parts:

• Section 2.1 — Introduces mathematical concepts essential for representing the
geometry of HP elements.

• Section 2.2 — Provides an overview of theoretical frameworks for analysing HP
elements under static loads, with a focus on beam and shell theories.

• Section 2.3 — Introduces experimental methods for assessing the static behaviour
of HP elements, establishing the theoretical background for strain measurement
techniques such as distributed fibre optic sensing (DFOS) and digital image cor-
relation (DIC).

• Section 2.4 — Covers fundamental principles of structural dynamics, with em-
phasis on modal analysis and analytical approaches for approximating the natural
frequencies of HP elements.

• Section 2.5 — Introduces experimental modal analysis (EMA) as a method for
empirically characterising dynamic behaviour of HP elements.

• Section 2.6 — Discusses numerical approaches for modelling HP elements, in-
cluding an overview of the finite element method and strategies for simulating
reinforced concrete in finite element software.

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 5



2. Theory – Geometry of curved surfaces

2.1 Geometry of curved surfaces
Establishing a theoretical foundation for analysing the static and dynamic response of 
HP elements requires an understanding of the hyperbolic paraboloid (HP) surface ge-
ometry to which they conform. This section introduces the mathematical background 
needed to describe curved surfaces, focusing on key geometric concepts such as Gaus-
sian curvature and ruled surfaces as tools to describe HP surfaces.

In 1827, Carl Friedrich Gauss published the Theorema Egregium (‘The Remarkable 
Theorem’), demonstrating that the curvature at a point on a surface can be described by 
a scalar quantity known as the Gaussian curvature, denoted by K (Domokos, 1989). 
Gauss showed that the Gaussian curvature is an intrinsic property of the surface. To 
illustrate, imagine a rope that is bent and twisted in space. Regardless of its shape or 
configuration, its total length remains unchanged. The length is intrinsic to the rope; it 
is independent of the rope’s position or orientation in space. Likewise, a surface can be 
bent and twisted in space, but as long as it is not stretched or otherwise distorted, the 
Gaussian curvature at any given point remains unchanged (Do Carmo, 2016). The 
Gaussian curvature evaluated at a point P on a differentiable surface S can be defined 
as the product of the two principal curvatures κ1 and κ2 (Do Carmo, 2016):

K = κ1κ2. (2.1)

Figure 2.1 illustrates how the two principal curvatures are defined on a differentiable
surface. At any point P ∈ S, there exists a unique normal vector N perpendicular to the
surface. A plane containing this normal vector is called a normal plane. The intersection
of the surface with a normal plane forms a curve known as a normal section. A circle
with radius r can be fitted to this curve at P, tangent to the normal section. The curvature
κ is then defined as the reciprocal of the circle’s radius, i.e., κ = 1/r. The curvature is
assigned a positive sign if the curve is convex with respect to the normal vector and a
negative sign otherwise. Since infinitely many normal planes pass through the normal
vector, there exist infinitely many normal sections at P. The principal curvatures κ1
and κ2 are found from the two normal planes containing the circles with maximum and
minimum curvature, respectively (Do Carmo, 2016).

1/κ
1 
< 0

> 01/κ
2

X
2

X
2

X
1

X
1

NN

NN
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PP

K = κ
1
κ

2 
< 0

Figure 2.1: Principal curvatures κ1 and κ2 evaluated on a surface at a point P.
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2. Theory – Geometry of curved surfaces

2.1.1 Classification of surfaces
Surfaces can be classified depending on the properties of the Gaussian curvature. If at
least one of the principal curvatures is zero at every point, the Gaussian curvature will
also be zero on the entire surface (κ1κ2 = 0). Such a surface is called a developable
surface as it can be unfolded or developed into a flat planar surface (Williams, 2014).
Examples include cylinders and cones. If both principal curvatures have the same sign
at all points (κ1κ2 > 0), the surface is called an elliptical surface and is said to have
synclastic curvature. Examples include spheres and dome-like surfaces. Conversely,
if the principal curvatures have opposite signs at all points (κ1κ2 < 0), the surface is
said to have anticlastic curvature and is often referred to as a hyperbolic surface (Do
Carmo, 2016). Notable examples of such surfaces include catenoid cooling towers and
hyperbolic paraboloids.

Furthermore, some surfaces are ruled surfaces, meaning that a straight line can be drawn
through every point on the surface while remaining entirely on it. For example, on a
flat sheet of paper, straight lines can be drawn in all directions. On a vertical cylinder,
however, straight lines can only be drawn in the vertical direction, making it a singly
ruled surface. In contrast, the hyperbolic paraboloid is a doubly ruled surface, meaning
that there are two distinct directions along which straight lines can be drawn on the
surface (Do Carmo, 2016).

2.1.2 Hyperbolic paraboloid surfaces
Hyperbolic paraboloid surfaces, often referred to as hypar surfaces or HP surfaces,
can mathematically be described as a translation surface where a parabolic curve (gen-
eratrix) is translated along an inverted parabolic curve (directrix), represented by the
Cartesian surface equation:

z = y2

h2
− x2

h1
, (2.2)

where h1 and h2 are positive constants that describe the level of curvature in the xz-
and yz-planes, respectively (Farshad, 1992). The larger the values of h1 and h2, the
flatter or less curved the HP surface will appear. The HP elements that are consid-
ered in this thesis are found by projecting an oblong rectangle onto a HP surface, as
illustrated in Figure 2.2. Any intersection with a vertical plane parallel to the xz- and
yz-planes results in planar parabolic curves. Meanwhile, intersections with horizontal
planes generate hyperbolas.

It can be shown that the HP surface is a doubly ruled surface (Farshad, 1992, pp. 217–
219). Thus, it is possible to construct the surface from straight, albeit twisted, members
oriented in the two generator directions, as illustrated in Figure 2.3. The doubly ruled
property of the surface enables relatively simple construction procedures and broad
applicability in architecture. Felix Candela utilised the HP surface to construct the Los
Manantiales restaurant building in Xochimilco, Mexico City, in 1958. HP surfaces were
also employed by David Jawerth in the conference and restaurant building Svalan in
Örebro, constructed in the 1970s (Örebroporten, 2025), as well as in the Scandinavium
Arena in Gothenburg, designed by engineers Gunnar Kärrholm and Alf Samuelsson,
completed in 1971 (Kärrholm & Samuelsson, 1972).
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2. Theory – Geometry of curved surfaces

Figure 2.2: Hyperbolic paraboloid surface generated by translating a parabolic gener-
atrix (blue) along an inverted parabolic directrix (red). The HP element considered in
this thesis is found by projecting an oblong rectangle onto the HP surface.

a) b)

Figure 2.3: Hyperbolic paraboloid surfaces. a) Surface generation by drawing straight
lines between points at two non-coplanar edges. b) Straight lines can be drawn in two
directions since the surface is doubly ruled.
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2. Theory – Statics of HP elements

2.2 Statics of HP elements
This section discusses a theoretical framework for assessing the expected static response
of HP elements. Two primary modelling approaches are considered: treating HP ele-
ments as either a shell or a beam. If the element exhibited no curvature along the pri-
mary spanning direction, it is reasonable to believe that the structural behaviour would
align more closely with that of a thin-walled beam. However, the presence of curvature
introduces additional complexities, potentially shifting the behaviour more toward that
of a shell. Section 2.2.1 discusses the static response of shells. The membrane the-
ory of shells is introduced and a general mathematical formulation of the stress state in
arbitrary membrane shells, originally developed by Pucher (1934), is presented. Adopt-
ing Pucher’s methodology, an expression for the membrane stress state in HP shells is
presented. Section 2.2.2 introduces the classical Euler-Bernoulli beam theory. The the-
ory is extended to include transverse stresses present in HP elements, as suggested by
Dombrowski et al. (2021).

2.2.1 Shell theory
A shell structure is formed by materialising a spatially curved surface, such as the HP
surface, with a thin profile. While there are no strict criteria defining the thickness of
a shell, reinforced concrete shells typically exhibit a thickness-to-span ratio of approx-
imately 1/200 (Farshad, 1992). Similar to plates, shells can be defined by specifying
a middle surface and a thickness that may vary across the shell. Structural elements
such as beams, plates, and shells exhibit high flexibility under transverse load and are
much easier to bend than to elongate or compress. Unlike beams and plates, which pri-
marily carry transverse loads through bending, shells have the unique ability to transfer
a substantial portion of applied loads through membrane action. This load-carrying
efficiency is inherently linked to their geometric properties, allowing them to achieve
highly effective structural performance (Williams, 2014). The following subsections
introduce fundamental concepts of shell theory, providing a potential analytical basis
for interpreting the expected static response of HP elements.

2.2.1.1 Stress state in shells
The equilibrium of forces in an arbitrary shell body can be expressed as a balance be-
tween the divergence of the Cauchy stress tensor σ and the body force f given by:

f + ∇σ = 0. (2.3)

This three-dimensional stress state of the continuum can be reduced to a two-dimensional
representation on the middle surface. Consider an infinitesimally small element ex-
tracted from the shell geometry, as illustrated in Figure 2.4. This element is defined
by two pairs of principal plane sections, separated by distances dsx and dsy. The prin-
cipal radii of curvature of the element are denoted by rx and ry. When subjected to
external loads or deformation constraints, internal stresses develop within the element.
By integrating these stresses over the shell thickness t, the corresponding stress resul-
tants are obtained, measured as force per unit width of the cross-section, here denoted
with lowercase letters. In most classical shell theories, stress components normal to
the shell surface are neglected, meaning σz = 0 (Farshad, 1992). Figure 2.4 expresses
the remaining stress resultants in terms of their Cartesian components (normal stress
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resultants nx, ny, shear stress resultants nxy, nyx, qx, qy, and bending stress resultants,
mx, my, mxy, myx). The relationship between internal stresses and the stress resultant
is given in Equation (2.4). If the stress is assumed uniform through the thickness, the
stress resultant simplifies to the product between the stress and thickness, for example
nx = σx · t. This assumption is particularly relevant for thin shells (Timoshenko &
Krieger, 1959).
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Figure 2.4: Stress resultants per unit cross-section width on an infinitesimally small
shell element. The stress resultants are decomposed in Cartesian components and are
assumed to act in the middle surface of the shell. Illustration adopted from Farshad
(1992).
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(2.4)

Integrating the stress resultants along the shell’s span directions yields the internal
forces, here denoted with uppercase letters, manifesting as either forces or moments.
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In shell structures, internal forces are traditionally categorized into two groups: mem-
brane forces and bending forces (Farshad, 1992), as illustrated in Figure 2.5. Mem-
brane forces (Nx, Ny, and Nxy = Nyx) act tangentially to the middle surface, inducing
in-plane shearing as well as elongation or contraction of the element. In contrast, bend-
ing forces include transverse shear forces (Qx, Qy), torsional moments (Mxy, Myx),
and bending moments (Mx, My). To distinguish between these two behaviours, Calla-
dine (1983) introduced the terms stretching surface (S-surface) and bending surface
(B-surface).
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Figure 2.5: Internal forces in shells (black), found by integrating the field of stress
resultants (blue) along the span directions. a) Membrane forces, b) and c) bending
forces.

For the shell to be in static equilibrium, it must satisfy the three force equilibrium equa-
tions (Fx = 0, Fy = 0, Fz = 0) and the three moment equilibrium equations (Mx = 0,
My = 0, Mz = 0). However, since there are more than six force resultants, it follows
that the element is statically indeterminate. Kinematical and constitutive relations are
needed to solve for the unknown stress field. A complete solution to the internal forces
of the shell must also consider boundary conditions.

2.2.1.2 Membrane behaviour
To simplify the assessment of shells, the bending stresses are commonly disregarded. If
only membrane stresses nx, ny, and nxy = nyx are present, all global moment equations
will be equally satisfied (Mx = 0, My = 0 and Mz = 0). The remaining three force
equilibrium equations can be used to determine the unknown membrane field, and the
system is statically determinate. The shell is said to have a pure membrane behaviour,
which can only occur provided that specific conditions related to applied loads, geomet-
ric properties, and boundary conditions are fulfilled.

There are three common cases where membrane theory is violated:

i) application of concentrated loads, causing large local deformations of the shell;

ii) incompatible boundary conditions;

iii) presence of kinks or other geometric discontinuities in the shell.

The cases are illustrated in Figures 2.6 and 2.7. Under any of these circumstances,
the membrane stress field cannot alone satisfy statical equilibrium and/or displacement
requirements. Thus, bending occurs in the shell, confined around the regions where
the membrane theory is violated (Farshad, 1992). This is important; the bending action
is localised, while the majority of the shell still can behave as a true membrane. The
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2. Theory – Statics of HP elements

localisation of bending stresses is enabled by the shell’s inherent curvature, contributing
to its overall structural efficiency. Depending on the geometry of the shell and the nature
of the applied loads, the membrane regions of the shell will be in pure compression
and/or tension and only deform ‘in-plane’.

a) b) c)

Figure 2.6: Membrane compatibility and incompatible boundary conditions: a) com-
patible, b) incompatible, c) incompatible.

a) b)

Figure 2.7: Discontinuities violating membrane action: a) concentrated load, b) geo-
metric discontinuity.

2.2.1.3 Membrane stresses in HP shells
George Biddell Airy introduced the Airy stress function in 1862 as a method to simplify
the calculations of stress components in a two-dimensional elastic body subjected to in-
plane forces (Airy, 1863; Timoshenko & Krieger, 1959). The key idea is to define the
stress components (σx, σy, and τxy = τyx) in terms of a stress function Φ(x, y) such that
the equilibrium equations are automatically satisfied. This approach reduces the task of
determining the full two-dimensional stress distribution to solving a single governing
equation for Φ(x, y). Building on this foundation, Pucher (1934) developed a method
to compute the membrane stress field in arbitrary shell structures (Almegaard, 2014;
Pucher, 1934; Timoshenko & Krieger, 1959). Instead of directly analysing the spatial
shell, he employed a plane stress formulation, which is significantly easier to solve
analytically. His approach considered an infinitesimally small rectangular projection
of the middle surface onto the xy-plane, as illustrated in Figure 2.8. The membrane
stress resultants nx, ny, and nxy are linked to their corresponding projected in-plane
stresses n̄x, n̄y, and n̄xy through the surface geometry. Likewise, the applied distributed
loads px, py, and pz are associated with their projected counterparts p̄x, p̄y, and p̄z. The
stress field is determined for the projected problem and then transformed back onto the
original shell geometry.
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Figure 2.8: Pucher’s method for computing membrane forces in arbitrary shells. a)
projection of mid-surface onto xy-plane, b) free body diagram of projected element.

The three governing equilibrium equations can be formulated based on the equilibrium
conditions

∑ fx = 0,
∑ fy = 0, and

∑ fz = 0, per unit width of the cross-section as:



∑
fx = ∂n̄x

∂x
+ ∂n̄xy

∂y
+ p̄x = 0

∑
fy = ∂n̄y

∂y
+ ∂n̄xy

∂x
+ p̄y = 0

∑
fz = n̄x

∂2z

∂x2 + 2n̄xy
∂2z

∂x∂y
+ n̄y

∂2z

∂y2 + p̄z − p̄x
∂z

∂x
− p̄y

∂z

∂y
= 0,

(2.5)

(Timoshenko & Krieger, 1959). It is possible to satisfy the equilibrium of the first two
statements in Equation (2.5) by introducing the Airy stress function Φ such that

n̄x = ∂2Φ
∂y2 −

∫
p̄x dx, n̄y = ∂2Φ

∂x2 −
∫
p̄y dx, n̄xy = − ∂2Φ

∂x∂y
. (2.6)

Inserting Equation (2.6) into Equation (2.5) reduces the problem to one equilibrium
equation:

∂2Φ
∂x2

∂2z

∂y2 − 2 ∂
2Φ

∂x∂y

∂2z

∂x∂y
+ ∂2Φ
∂y2

∂2z

∂x2 = q̄, (2.7)

where q̄ is defined as

q̄ = −p̄z + p̄x
∂z

∂x
+ p̄y

∂z

∂y
+ ∂2z

∂x2

∫
p̄x dx+ ∂2z

∂y2

∫
p̄y dx. (2.8)

Equation (2.7) is a second-order partial differential equation in which the stress function
Φ should be solved for. By specifying the parametrisation of the middle surface z(x, y),

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 13



2. Theory – Statics of HP elements

Φ should be determined such that boundary conditions and equilibrium are satisfied
(Farshad, 1992).

Flügge (1962) presents an approach for deriving the membrane stress resultants in a
hyperbolic paraboloid shell, whose middle surface is given by the surface equation in
Equation (2.2). A portion of this middle surface, enclosed by the rectangular boundary
−l/2 ≤ x ≤ l/2 and −b/2 ≤ y ≤ b/2, is shown in Figure 2.9. The surface’s straight-
line generators are oriented at an angle ±γ relative to the x-axis when projected onto
the xy-plane, where tan γ =

√
h2/h1. In the special case of h1 = h2, the generators

meet at 90◦ angles, and appear rotated with 45◦ to the global coordinate system.

B

A
C

D

z

x

b
l

y

γ

Figure 2.9: Surface parametrisation adopted from Flügge (1962, pp. 184).

Assuming pure vertical loading (p̄z = −q, p̄x = p̄y = 0) and by evaluating the second-
order derivatives of z(x, y) in Equation (2.2), the governing differential equation in
Equation (2.7) can be written as

2
h1

∂2Φ
∂y2 − 2

h2

∂2Φ
∂x2 = −q. (2.9)

This equation will automatically be satisfied if the Airy stress function is, for example,
chosen as

Φ = −1
8q(h1y

2 − h2x
2). (2.10)

Inserting this stress function into Equation (2.6) yields

n̄h
x = −q h1

4 , n̄h
y = q h2

4 , n̄h
xy = 0, (2.11)

where the superscript h is used to indicate that the solution refers to a homogeneous
solution. As seen, the stress field is characterised by compressive normal stresses (n̄h

x ≤
0) in the x-direction and tensile normal stresses (n̄h

y ≥ 0) in the y-direction. These
normal stresses remain constant across the projected surface and are proportional to the
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curvature of the reference surface. A shell with greater curvature, meaning a greater
rise and/or smaller span, demonstrates higher reserved strength (Farshad, 1992). Any
vertical loads applied to the shell can be understood as being transferred through an
inherent system of ‘arches’ and ‘cables’ toward the shell’s edges, where they must be
counteracted by external forces, as shown in Figure 2.10.

B

A

D
z

x

y

C

p

Figure 2.10: A vertical load p is transferred through tensile action (red) and compres-
sive action (blue) toward the edges, where an external force must be applied to maintain
equilibrium.

For the HP element analysed in this thesis, edges AB and CD are intended to be de-
signed as free edges, while edges AD and BC may accommodate both shear and thrust.
To remove stress at the edges, an internal stress field can be imposed (Flügge, 1962),
i.e., a particular solution Φp, such that the stress state is given by Φ = Φp + Φh. When
combined with the existing homogeneous solution, this internal stress field counteracts
the existing stresses, effectively cancelling them out along desired boundaries.

Consider a HP middle surface which projection onto the xy-plane is illustrated in Fig-
ure 2.11a. The two generators are denoted with directions u and v. At an arbitrary point
P1 situated along edge CD, the homogenous solution yields tensile stresses n̄y per unit
length dx, resulting in a force N̄y = n̄y dx. The force can be resolved into components
N̄u and N̄v that are parallel with the generators, given as

N̄v = N̄u = q h2

8 sin γ
dx. (2.12)

To rid the point of these forces, apply equal but opposite forces, i.e., compressive forces,
intersecting the edges at points Q1 and R1. Along the edges AD and BC, the stress will
be distributed over a distance ds = dx tan γ, giving the stress intensity

− q h2

8 sin γ
dx = n̄p

u ds = n̄p
v ds =⇒ n̄p

u = n̄p
v = − q h1

8 cos γ . (2.13)
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Figure 2.11: Superposition of boundary conditions. a) A compressive force is applied
at point P1 to cancel the existing tensile force from the homogenous solution. b) Trans-
formation of stress resultants in generators to global directions.

Point Q1 is located on a supported edge. The boundary condition can be enforced by
applying a new external force at this point in the direction of the second generator. If a
different direction is chosen, a component of the force would propagate back to P1, dis-
rupting the equilibrium that was just established. The sign of this new force can be cho-
sen such that either its y-component cancels the existing shear N̄xy or its x-component
cancels the thrust N̄x. Here, the former case is chosen, resulting in a compressive thrust
in the strip Q1S1. The same logic applies at R1, resulting in a compressive thrust in
the strip R1S1. A closed loop has been formed; at S1 there are two new external forces
that, when added up, cancel the existing tensile force N̄y. The same procedure can be
applied to all points along CD, yielding compressive stresses in all generator strips and
cancelling all tension along edges AB and CD. These stresses can be transformed back
into global components as shown in Figure 2.11b, giving

n̄p
x = −q h1

4 , n̄p
y = −q h2

4 , n̄p
xy = 0. (2.14)

Adding the particular solution in Equation (2.14) to the homogenous solution in Equa-
tion (2.11) gives a shell that is in full compression with stresses occurring only in the
x-direction (n̄x = − q h1

2 , n̄y = n̄xy = 0), as shown in Figure 2.12. This solution can al-
ternatively also be found directly by choosing the Airy stress function as Φ = −1

4qh1y
2.

In the studied case, a closed force path was found. For some ratios h1 : h2, the path runs
endlessly over the shell without returning to the starting position. In these cases, a pure
membrane stress state is not possible in the shell (Beles, & Soare, 1971). The particu-
lar solution that was found imposes additional compressive forces along the supported
edges, which must be counteracted by stiffer supports and/or prestressing. Beles and
Soare (1971) demonstrates how the thrust at the support AD may be reduced by intro-
ducing external tensile forces along the edge, as depicted in Figure 2.13. As no thrust
can be transferred at edges AB and CD, all forces along these edges must be reflected,
inducing shearing.
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Figure 2.12: Shell in pure compression along the primary span direction as a result of
imposed boundary conditions.

If a closed force path is found, there are four possible scenarios that may develop:

a) Two compressive generators meet at edge BC generating additional compressive
force.

b) Two tensile generators meet at edge BC, eliminating the existing compressive
force.

c) Two generators with opposite signs meet at edge BC, resulting in a shear force. If
an equal tensile force is applied along BC, only shear forces must be transferred
along the edges.

d) If none of these three cases develop, a mixed form will occur (Beles, & Soare,
1971).
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Figure 2.13: Three cases that may develop when applying a tensile force at P1, depend-
ing on the angle γ: a) compression at R1, b) tension at R1, c) shear at R1.

As a consequence of enforcing shearing along edges AB and CD, there are different
zones within the shell where the two generators are either both in tension or compres-
sion, or have opposite signs. Considering case b) in Figure 2.13, the shell can be divided
into seven zones, as shown in Figure 2.14. In zones marked I, both generators are in ten-
sion and will cancel the existing compressive normal stress in the x-direction; in zones
marked II, the generators have opposite signs, resulting in shearing; and in zone III,
both generators are in compression. Figure 2.15 shows the resulting distribution of
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stress resultants when adding the imposed boundary conditions in Figure 2.13b onto
the previous solution in Figure 2.12.
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Figure 2.14: Both generators in zone I are in tension, in zone III in compression, and
in zone II, they have opposing signs.
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Figure 2.15: Projected stress state in shell when removing the thrust from edges AD
and BC.

The solution exhibits severe discontinuities along certain generator lines, where the sign
of the stresses changes abruptly. This phenomenon is inherent to problems governed by
hyperbolic differential equations, such as the one in Equation (2.9), where solution
discontinuities are a known characteristic. As a result, membrane theory alone should
be applied with caution when studying HP shells, as it can lead to unrealistic stress
predictions (Flügge, 1962), i.e., the equilibrium depend on bending action as well.
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2.2.2 Beam theory
Beam theories provide a potentially simpler approach to stress analysis in elastic ele-
ments compared to the membrane theory of shells. Both theories satisfy equilibrium,
which, according to the lower limit theorem of plasticity, ensures that collapse is pre-
vented as long as yielding does not occur, regardless of the actual stress distribution in
the element (Hodge, 1959). The accuracy of different beam theories depends on their
underlying assumptions. The classical Euler-Bernoulli beam theory, developed in the
mid-18th century, is one of the simplest and most widely used. It assumes small defor-
mations and that the neutral axis undergoes pure bending without stretching. Addition-
ally, it postulates that all cross-sections perpendicular to the neutral axis remain planar
and perpendicular after deformation. Consequently, shear deformations are neglected,
which can lead to underestimated deflections in beams with a span-to-depth ratio of less
than 10 (Sehlström et al., 2022). In contrast, the Timoshenko-Ehrenfest beam theory ac-
counts for shear deformations, improving accuracy at the cost of increased complexity.

If the curvature along the primary span direction of the HP element is neglected, the
element reduces to a parabolic cylinder, closely resembling a cylindrical shell. Based
on Euler-Bernoulli beam theory, Lundgren (1949) developed a beam model applicable
to simply supported cylindrical shells with a length exceeding twice their width (G. S.
Ramaswamy, 1984). More recently, Dombrowski et al. (2021) expanded Lundgren’s
work to incorporate the effects of HP shells’ doubly curved geometry. Their approach
is summarised here, while the full derivations can be found in the original publication.

Dombrowski et al. (2021) consider a HP element whose coordinate system originates at
the centre of the middle surface, as depicted in Figure 2.16. The local directions, sx and
sy, align with the principal curvature directions of the surface. The beam is subjected
to a uniformly distributed vertical load, pz, and the internal stresses are assumed to
remain constant through the beam’s thickness, t. Analogous to the methodology in
Section 2.2.1, the stress resultants can be expressed per unit width of the cross-section.
In the longitudinal direction, the membrane normal stress, nx, and shear stress, nxsy ,
are given by

nx(x, y) = N(x)
Ac

t+ My(x)
Iyy

(zc(x) − z(x, y))t, (2.15)

nxsy(x) = Q(x)Sy

2 Iyy

, (2.16)

where Sy is the first moment of area, Iyy is the second moment of area, and zc denotes
the centroid of the cross-section at position x (G. S. Ramaswamy, 1984). If the cross-
section remains constant along the beam, only the external moment My(x) and shear
force Q(x), induced by the transverse load pz, vary along its length. These forces can
be determined using equilibrium conditions, as the simply supported beam is statically
determinate. Dombrowski et al. neglect moments mx, stating that ‘their influence on
the stress distribution is small in comparison to nx’ (Dombrowski et al., 2021).
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Figure 2.16: Illustration of HP element adopted from Dombrowski et. al (2021). The
strips in the transverse direction are supported by adjacent strips through shear and
normal forces.

In the transverse direction, the authors consider a series of parabolically shaped strips,
dx wide, as shown in Figure 2.16. These strips are supported by adjacent strips through
the membrane normal stresses nx and shear stresses nxsy , which counteract the exter-
nal load pz. The shear stress nxsy can be decomposed into components nxy and nxz,
resulting in four global load-bearing effects (pz, nx, nxy, and nxz), summarised in load
functions denoted by f in Dombrowski et al. (2021). Each load function is illustrated
in Figure 2.17.
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Figure 2.17: Illustration of load-bearing forces acting on an infinitesimally small ele-
ment of the HP element, adopted from Dombrowski et. al (2021).
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The load functions fV1, fV2, fV3 and fH are defined as

fV1 = −pz, fV2 = ∂nxz

∂x
dx,

fV3 = −nx
∂2z

∂x2 − ∂nx

∂x

∂z

∂x
− ∂nx

∂x

∂2z

∂x2 , fH = ∂nxy

∂x
dx.

(2.17)

If a strip is cut in the longitudinal direction, internal stresses nsy , qsy , andmsy must exist,
defined in accordance with Figure 2.18. The magnitudes of these stresses are given as
the sum of the individual contributions from the four load functions (Dombrowski et al.,
2021):

nsy = nsy ,V1 + nsy ,V2 + nsy ,V3 + nsy ,H (2.18)

qsy = qsy ,V1 + qsy ,V2 + qsy ,V3 + qsy ,H (2.19)

msy = msy ,V1 +msy ,V2 +msy ,V3 +msy ,H (2.20)

x
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s
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Figure 2.18: Illustration of internal stresses in the transverse direction, adopted from
Dombrowski et. al (2021).

Dombrowski et al. (2021) examine how load functions f influence the individual com-
ponents of internal stresses in the transverse direction through a qualitative assessment.
Their findings are summarised in Figure 2.19. As seen, fV1 produces a negative moment
that opens up the cross-section. The vertical component of the beam shear force, fV2,
has the opposite effect, bending the cross-section inwards. Tensile normal stresses, nsy ,
are generated by fH, inducing a negative moment in the cross-section. Both fV2 and
fH are solely governed by the geometry of the cross-section and do not depend on the
longitudinal curvature. In contrast, fV3 is governed by the longitudinal curvature and
produces a positive moment. To minimise the bending moments msy , the longitudinal
curvature should preferably be chosen such that the negative moments due to fV1 and
fH balance the positive moments from fV2 and fV3 (Dombrowski et al., 2021).

Dombrowski et al. (2021) provides numerical expressions for computing the transverse
stresses (nsy , qsy , and msy ) at a point k ∈ [1, n − 1], where n is the number of dis-
cretisation points along the strip. Figure 2.20 illustrates how the different quantities in
Equations (2.21) to (2.23) are defined.
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Figure 2.19: Qualitative assessment of internal stress distribution in the transverse di-
rection, adopted from Dombrowski et. al (2021). Stresses associated with part 1 are
governed by external loading pz; part 2 by the shape of the cross-section; and part
3 by the curvature along the longitudinal direction of the beam (Dombrowski et al.,

2021).

nsy(k) =
k−1∑
i=0

∆yi

[
(fV1,i + fV2,i + fV3,i)

∆zk

∆sy,k

+ fH,i
∆yk

∆sy,k

]
(2.21)

qsy(k) =
k−1∑
i=0

∆yi

[
(fV1,i + fV2,i + fV3,i)

∆yk

∆sy,k

+ fH,i
∆zk

∆sy,k

]
(2.22)

msy(k) =
k−1∑
i=0

∆yi [(fV1,i + fV2,i + fV3,i) (yi − yk) + fH,i(zi − zk)] (2.23)
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Figure 2.20: Discretisation of beam element in the transverse direction.
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2.3 Experimental stress analysis
Up to this point, analytical methods for assessing stresses in HP elements have been pre-
sented. In practical applications, stresses cannot be measured directly; instead, strains
and deformations are recorded to evaluate the structural response. Several experimental
techniques are available to obtain strain and displacement data during static load test-
ing. Point-wise strain measurements use sensors such as strain gauges, while techniques
like distributed fibre optic sensing (DFOS) and digital image correlation (DIC) provide
strain fields over larger areas or continuous paths, offering richer spatial information.

This section summarises the fundamental principles underlying DFOS and DIC, high-
lighting their operational concepts. Both methods were employed in the static testing
of the HP prototype element (see Section 3.4.2).

2.3.1 Digital image correlation
Digital image correlation (DIC) is a non-destructive optical technique used to obtain
full-field strain and displacement measurements on the surface of a test specimen (Wang
et al., 2025). As illustrated in Figure 2.21, the method is based on tracking the defor-
mation of a greyscale stochastic speckle pattern applied to the specimen surface. By
comparing a reference image to a deformed image captured at a given load step, rela-
tive displacements of pixel subsets can be determined (Wang et al., 2025).

x

y

P

P’ 
Reference subset 

Target subset 

Deformed shape

Figure 2.21: Basic principle of displacement and strain field computation using DIC.
Adopted from Wang et al. (2025).

Advanced software uses correlation algorithms to compute 2D or 3D displacement vec-
tors and strain maps (McCormick & Lord, 2010). Image acquisition typically employs
charge-coupled device (CCD) cameras; using multiple synchronised cameras enables
three-dimensional measurements (3D-DIC) (Wang et al., 2025). Calibration of the
camera system is required prior to testing and is typically conducted using markers
or objects of known geometry, such as a calibration cross.
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2.3.2 Distributed fibre optic sensing
Fibre optic sensing is a monitoring technique that uses optical fibres to detect variations
in physical quantities such as strain and temperature along a structure. In contrast to
conventional sensors, which measure at discrete points, fibre optic sensors allow for
quasi-continuous data collection along the fibre length, enabling high spatial resolu-
tion. This makes the technology particularly effective for structural health monitoring
applications (Bao & Chen, 2012).

A widely used approach is distributed fibre optic sensing (DFOS), which provides spa-
tially resolved strain or temperature measurements along a single optical fibre. Among
the various DFOS techniques, optical frequency domain reflectometry (OFDR) offers
exceptionally high sensitivity and spatial resolution—often on the sub-millimetre scale.
OFDR relies on the principle of Rayleigh scattering, whereby each fibre exhibits a
unique and stable backscatter pattern along its length. When the fibre is subjected to
strain or temperature changes, local shifts occur in this reflection pattern. By analysing
these spectral shifts, the strain distribution along the fibre can be accurately determined
(Bao & Chen, 2012; Kreger et al., 2016).

The basic measurement setup using OFDR is illustrated in Figure 2.22. A tunable laser
generates a variable frequency signal that defines spatial resolution. The beam is divided
into a measurement path, directed through the sensing fibre, and a reference path. Light
reflected from the sensing fibre is recombined with the reference signal at an optical
coupler, and the resulting interference pattern is split into orthogonal components by a
beam splitter, which are then recorded by detectors (Kreger et al., 2016).
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Figure 2.22: Schematic representation of the optical frequency domain reflectometry
(OFDR) setup used in distributed fibre optic sensing (DFOS). A tunable laser emits
light with a variable wavelength (λ), which is split into two paths by an optical cou-
pler: a reference path and a measurement path. The measurement light travels through
the sensing fibre, where Rayleigh backscattering occurs. The backscattered signal is
routed back and recombined with the reference signal. Polarization controllers are used
to optimize signal coherence. A beam splitter separates the recombined signal into or-
thogonal polarization components (S and P), which are recorded by photodetectors and
processed by a computer. The resulting interference pattern enables reconstruction of
the reflection profile along the fibre, from which local strain or temperature variations
can be determined. Illustration adopted from Kreger et al. (2016).
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The resulting interference pattern encodes both phase and amplitude information, which
is extracted through a Fourier transform (see mathematical formulation in Section 2.5.3).
This enables reconstruction of the reflection profile along the fibre, allowing local strain
values to be determined.

2.4 Dynamics of HP elements
So far, the theoretical behaviour of HP elements has been examined under the assump-
tion of static equilibrium, meaning the structure remains at rest under constant loading.
In practice, however, structures are often subjected to time-varying loads that induce
dynamic responses like oscillations and vibrations. Common sources of such loads in-
clude wind, traffic, and seismic loads. Neglecting dynamic effects in structures can
lead to underestimated stresses, unexpected deformations, discomfort, or even struc-
tural failure (Ewins, 2000). A notable historical example is the collapse of the Tacoma
Narrows Bridge in 1940 (see Figure 2.23), which experienced large oscillations and
twisting movements due to aeroelastic flutter (Rogers, 2023).

Figure 2.23: The collapse of the Tacoma Narrows Bridge in 1940. This failure exem-
plifies the importance of dynamic analysis in structural design.

To avoid unexpected motion or failure due to dynamic loading, it is essential to evaluate
the dynamic characteristics of HP elements. A common way to characterise a structure’s
dynamic behaviour is through modal analysis. At its core lies a mathematical model that
describes the dynamic response of the system through the system poles (which contain
information about the natural frequencies and damping ratios) and corresponding mode
shapes.

Performing experimental modal analysis (EMA) involves applying external excitation
to a structure and measuring its vibrational response. The objective is to identify the
modal parameters that best characterise the system by fitting a mathematical model to
the measured input (excitation) and output (response) data, as illustrated in Figure 2.24.
A fundamental understanding of structural dynamics is essential for conducting modal
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analysis effectively. In particular, it is important to understand the role of the frequency
response function (FRF), which is directly governed by the underlying modal parame-
ters, i.e., system poles and mode shapes.

Frequency response measurements

Curve fit representation
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Figure 2.24: Overview of the steps in experimental modal analysis.

This section introduces fundamental concepts of structural dynamics and modal anal-
ysis. To understand the frequency response function (FRF), it is necessary to first un-
derstand the concepts of modal parameters and modal transformation. Section 2.4.1
introduces modal parameters in the context of a single degree of freedom (SDOF) sys-
tem. Section 2.4.2 extends the discussion to multiple degree of freedom (MDOF) sys-
tems, from which the modal transformation is derived. The FRF is introduced in Sec-
tion 2.4.3. Together, the modal parameters and FRF data form the basis for the dynamic
characterisation of the HP elements. For continuous systems, such as beams and shells,
analytical solutions are available for estimating natural frequencies. These models can
also be used to approximate the dynamic behaviour of HP elements, as further detailed
in Section 2.4.4.
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2.4.1 Dynamics of a single degree of freedom system
Most physical structures, including HP elements, are continuous systems with, in the-
ory, infinitely many degrees of freedom. In many practical contexts, such as in numer-
ical applications, it is necessary to simplify the system into a discrete multiple degree
of freedom (MDOF) system. In some cases, the system can be further reduced and
modelled as a single degree of freedom (SDOF) system.

An illustrative case of a SDOF system is the motion of a swing. Imagine a person
pushing on the swing, as depicted in Figure 2.25. If the person times the pushing mo-
tion correctly, synchronising it with the natural motion of the swing, the swing will
accelerate, gain speed, and swing higher. Energy is added to the system from external
excitation at just the right moments, amplifying the motion. The swing traces a circular
trajectory governed by the length of its cords. At the peak of its arc, the swing’s kinetic
energy is zero while its potential energy is maximised. Due to gravity, it then swings
back down, converting potential energy into kinetic energy, and return to the starting
position where the person can push again, repeating the cycle.

Throughout each oscillation, the system loses energy due to, e.g., friction, air resistance,
and acoustic radiation. These energy losses are collectively termed damping.

The swing has a natural frequency, denoted by ωn, determined by its physical proper-
ties such as the length of its cords and mass distribution. In reality, due to damping,
the swing oscillates at a slightly lower frequency known as the damped natural fre-
quency, ωd, which represents the actual number of oscillations per unit time. When the
frequency of the external excitation matches ωd (also called the resonance frequency),
resonance occurs, leading to a significant amplification of motion.

u
max

u
min

t

u
max

u
min

u(t)

T

Force applied at 
natural frequency

t
1

No external input - system 
energy dissipates (damping)

Figure 2.25: The swing analogy effectively illustrates the concepts of resonance, mode
shapes, and damping. Energy is supplied to the system by a person pushing the swing
at its resonance frequency, resulting in amplified motion—a phenomenon known as
resonance. Assuming the system is in steady-state resonance, the energy input during
each cycle balances the energy dissipated by damping, causing the amplitude of oscil-
lation to remain constant. At time t1, the external excitation is removed, and the system
gradually returns to rest as the motion decays due to damping. When oscillating at its
resonance frequency, the swing moves as a single rigid body, corresponding to its fun-
damental mode shape.
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The time required to complete a full oscillation is called the period, denoted T . In the
absence of energy losses, that is, in an ideal undamped system, the period is a constant
that depends solely on the system’s distribution of mass and stiffness. If the amplitude
of the swing increases, the distance travelled during each cycle becomes larger, but so
does the average speed, such that the period T remains unchanged. This implies that
regardless of how hard the person pushes, the system will continue to oscillate at the
same natural frequency. However, if the external force is applied at a frequency different
from the system’s resonance frequency, the energy input will not efficiently reinforce
the motion, and resonance will not occur.

The shape a structure naturally assumes while vibrating at a particular resonance fre-
quency is known as a mode shape. In the case of the SDOF swing, the entire system
moves as a rigid body along a single arc. A guitar string, by contrast, resonates at mul-
tiple frequencies. Each resonance frequency is associated with a mode shape, which
describes the spatial deformation pattern of the string, as illustrated in Figure 2.26.

Fundamental frequency

2nd Harmonic

3rd Harmonic

Figure 2.26: Mode shapes of the first three resonance frequencies in a guitar string.

If energy losses are disregarded in a SDOF system, it is commonly referred to as a
simple harmonic oscillator. This idealised system undergoes sinusoidal oscillations
with constant amplitude and frequency (Abrahamsson, 2019). If energy dissipation is
introduced, the system is referred to as a damped harmonic oscillator, as illustrated in
Figure 2.27. The model consists of a mass m [kg], a spring with stiffness k [N/m],
a damper with damping coefficient c [Ns/m], and an external excitation f(t) [N] that
causes a displacement response u(t) [m], velocity response u̇(t) [m/s] and acceleration
response ü(t) [m/s2]. In this model, energy is stored in the system both kinetically,
through the motion of the mass, and elastically, through the deformation of the spring.

m
f(t)

u(t)

k

c

Figure 2.27: Idealised model of a damped harmonic oscillator.
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An equation that governs the motion of the system, commonly referred to as the equa-
tion of motion (EoM), can be expressed using Newton’s Second Law:

mü(t) + cu̇(t) + ku(t) = f(t). (2.24)

This is a second-order, inhomogeneous differential equation. If the system is subjected
to a stationary harmonic excitation, the external force can be expressed as f(t) = f̂eiωt,
where ω is the angular frequency [rad/s]. According to the Fourier assumption, the
system’s response can be assumed to be harmonic as well, with the form u(t) = ûeiωt

(Abrahamsson, 2019). This implies that the system oscillates at the same frequency as
the applied excitation. The homogenous part of the solution, corresponding to f(t) = 0
(free-vibrations), can be expressed as:

(k + iωc− ω2m)ûeiωt = 0. (2.25)

A non-trivial solution exists only when the term within parentheses, known as the dy-
namic stiffness, equals zero: z = k + iωc − ω2m = 0. The system parameters k, m,
and c are assumed known, and the objective is to determine the unknown roots ω. In the
literature, these roots are often described as complex poles, known as the system poles,
commonly denoted by s rather than ω. Each pole consists of a real part and an imagi-
nary part, such that s = −σ ± iωd, where σ is the decay rate (indicating how quickly
the vibrations decay) and ωd is the damped natural frequency (representing how fast the
system oscillates under damping) (Hewlett-Packard Company, 1986).

To relate the system poles to the physical parameters of the structure (k, m and c), the
following definitions are introduced:

• Natural frequency: ωn =
√
k/m, which represents the frequency at which the

system would oscillate in the absence of damping.

• Damping ratio: ζ = c
2
√

km
, which quantifies the level of damping relative to

critical damping.

• Damped natural frequency: ωd = ωn

√
|1 − ζ2|, which represents the oscilla-

tion frequency when damping is present (Abrahamsson, 2019).

In the theory of linear second-order systems, three damping regimes are distinguished
based on the value of the damping ratio: the system is said to be underdamped when ζ <
1, critically damped when ζ = 1, and overdamped when ζ > 1. In most engineering
applications, however, only the underdamped case is of practical relevance (Hewlett-
Packard Company, 1986).
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2.4.2 Dynamics of a multiple degree of freedom system
The MDOF system with n degrees of freedom can simply be viewed as an assembly
of n idealised SDOF systems, as illustrated in Figure 2.28. The corresponding equa-
tion of motion in Equation (2.26) is formulated in matrix notation, where the diagonal
elements represent the contributions of individual degrees of freedom (DOFs), and the
off-diagonal elements capture the dynamic coupling between them.

The system is characterised by three fundamental matrices: the mass matrix (M), the
stiffness matrix (K), and the damping matrix (V). Displacement, velocity, and accelera-
tion are represented as vectors (u(t), u̇(t), and ü(t), respectively), with each component
corresponding to a particular degree of freedom.

Mü(t) + Vu̇(t) + Ku(t) = f(t). (2.26)
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Figure 2.28: Illustration of discrete MDOF system.

Consider the system under free vibration in harmonic stationarity with no energy dissi-
pation (f(t) = 0, u(t) = ûeiωt, and V = 0):

(K − ω2M) û = 0. (2.27)

This represents a linear system of equations that admits a non-trivial solution (û ̸= 0)
provided that the determinant of the dynamic stiffness matrix (also called impedance
matrix) Z = K − ω2M is zero, i.e., det(Z) = 0. A system with n degrees of freedom
has n distinct roots ω2

k, k = 1, . . . , n, that satisfy this condition. These roots are the
eigenvalues of the system, and the corresponding values ωk =

√
ω2

k are the natural
frequencies.

It can be shown that if the dynamic stiffness matrix is positive semi-definite, the eigen-
values are guaranteed to be real and non-negative. Furthermore, the set of eigenvectors
(ûk ≜ ϕk) associated with the eigenvalues ω2

k forms a complete basis for the system
(Abrahamsson, 2019). This implies that all possible solutions to the system of equations
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(displacements, velocities, or accelerations) can be expressed as a linear combination
of the eigenvectors. For example:

u = η1ϕ1 + · · · + ηnϕn =
n∑

k=1
ηkϕk = ηΦ, (2.28)

where u is the displacement vector, η is a vector of modal displacements (amplitudes
indicating each mode’s contribution to the overall displacement), and Φ is the mode
shape matrix, whose columns are the eigenvectors (Φ = [ϕ1 · · · ϕn]) (Abrahamsson,
2019). Similar transformations apply to physical velocities and accelerations.

Moreover, it can be shown that the eigenvectors are mutually orthogonal (Abrahams-
son, 2019). According to the modal decomposition theorem, this orthogonality allows
the application of an orthogonal transformation to the system, effectively mapping it to
a linear space where the eigenvectors form the basis. This yields a diagonalised (uncou-
pled) system. In other words, the MDOF system can be transformed into n decoupled
SDOF systems. The equations of motions takes the following form:

ΦTM Φη̈(t) + ΦTK Φη(t) = diag(µk)η̈(t) + diag(γk)η(t) = ΦTf(t) ≜ Ψ(t),
(2.29)

where µk is the modal masses, γk the modal stiffnesses and Ψ(t) the physical loading
projected onto the modal basis. Equation (2.29) can be expanded into its decoupled
format



µ1η̈1(t) + γ1η1(t) = ψ1(t) = ϕT
1 f(t)

µ2η̈2(t) + γ2η2(t) = ψ2(t) = ϕT
2 f(t)

...

µnη̈n(t) + γnηn(t) = ψn(t) = ϕT
n f(t)

(2.30)

Using the modal masses µk and modal stiffnesses γk, the eigenvalues can be expressed
through the Rayleigh quotient:

ω2 = ΦTK Φ
ΦTM Φ

, ω2
k = ϕT

k Kϕk

ϕT
k Mϕk

. (2.31)

Modal decomposition may be applied only in the absence of damping or under the as-
sumption of proportional damping (Abrahamsson, 2019). Proportional damping refers
to cases where the damping matrix is expressed as a linear combination of the mass and
stiffness matrices. Two commonly used models are Caughey damping and Rayleigh
damping (Caughey & O’Kelly, 1965; Rayleigh, 1877). These models are primarily
mathematical constructs that facilitate modal decomposition, with limited physical in-
terpretation.
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2.4.3 Transfer functions and frequency response functions
The transfer function and frequency response function (FRF) are fundamental concepts
in modal analysis. Both describe the vibration response of a system at one degree of
freedom (DOF) due to an excitation applied at another DOF (Brandt, 2011). While these
terms are sometimes used interchangeably in the literature, they are not mathematically
equivalent. The distinction between them lies in their definitions and the domains in
which they are expressed.

The transfer function, denoted H(s), is defined in the complex frequency-domain (also
known as the s-domain or Laplace domain). It characterises the complete dynamic
behaviour of the system, including both transient and steady-state responses. Specifi-
cally, it captures the system’s initial response to an input and its behaviour over time as
the transients decay. This broader description makes the transfer function particularly
useful for mathematical modelling and system identification.

By contrast, the frequency response function, H(ω), is the quantity actually obtained
in experimental modal analysis (EMA). During EMA, excitation and response signals
are recorded in the time-domain and transformed into the frequency-domain using a
Fourier transform (cf. Section 2.5.3). This transformation assumes that the system is
in harmonic steady-state, meaning any transient dynamics have dissipated. As a result,
the FRF reflects the system’s steady-state response to sinusoidal excitation at various
frequencies. Mathematically, the FRF is obtained by evaluating the transfer function
along the imaginary axis, s = ±iω, in the complex plane, as illustrated in Figure 2.29.
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Figure 2.29: Complex plane representation of a system pole.

The transfer function can be obtained from a forced response analysis, assuming har-
monic excitation. To illustrate, consider the inhomogeneous equation of motion in
Equation (2.26). Assume that the system is in harmonic stationarity, meaning f(t) =
f̂eiωt and u(t) = ûeiωt. Substituting these expressions into Equation (2.26), rearrang-
ing terms, and dividing both sides by the common exponential term eiωt, the following
frequency-domain expression is obtained:
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f̂ = (K + iωV − ω2M)û = Z(ω)û. (2.32)

Applying a Laplace transform (Z(ω) → Z(s)), this relation generalises to the complex
frequency-domain. The dynamic stiffness matrix in the Laplace domain is according to
Brandt (2011) defined as:

Z(s) = K + sV + s2M. (2.33)

Inverting the dynamic stiffness matrix Z(s) yields the transfer function H(s):

û = Z−1(s)f̂ ≜ H(s)f̂ . (2.34)

In the specific case of displacement response, the transfer function H ≜ Hd is referred
to as the system’s receptance (Abrahamsson, 2019).

Modal decomposition can be applied to Equation (2.32). If the damping is of Caughey
type, complete decoupling can be expressed as:

diag (µk(s− sk)(s− s̄k)) η̂ = ΦTf̂ , (2.35)

where the product (s− sk)(s− s̄k) is equivalent to s2 + 2ζkωks+ω2
k, with system poles

(sk, s̄k) = ωk

(
−ζ ± i

√
1 − ζ2

k

)
. If a mode is undamped (ζk = 0), the poles are purely

imaginary, (sk, s̄k) = ±iωk. For an underdamped mode (0 < ζk < 1), the poles are
complex-valued scalars, meaning they comprise both real and imaginary components
(see Figure 2.29).

Transforming the modal displacements to physical displacements via û = Φη̂, the
receptance is obtained as:

û = Φ diag
(

1
µk(s− sk)(s− s̄k)

)
ΦTf̂

=⇒ Hd(s) = Φ diag
(

1
µk(s− sk)(s− s̄k)

)
ΦT (2.36)

Since the eigenvectors ϕk are the columns of the modal matrix Φ, the receptance can
also be expressed using the following pole-residue representation:

Hd(s) =
n∑

k=1

ϕkϕT
k

µk(s− sk)(s− s̄k) . (2.37)

This expression is equivalent to Equation (6.107) in Brandt (2011), though it uses
slightly different notation. The representation allows the isolation of individual terms
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of the receptance matrix (Abrahamsson, 2019). For example, the element Hij,d, which
relates the displacement at DOF i due to excitation at DOF j, is given by:

Hij,d(s) =
n∑

k=1

ϕikϕjk

µk(s− sk)(s− s̄k) . (2.38)

For the special case of an undamped system the poles are given as (sk, s̄k) = ±iωk,
which gives:

Hij,d(s) =
n∑

k=1

ϕikϕjk

µk(ω2
k + s2) . (2.39)

The frequency response function Hij,d(ω) in the frequency-domain (s = ±iω), is con-
sequently found as:

Hij,d(ω) =
n∑

k=1

ϕikϕjk

µk(ω2
k − ω2) . (2.40)

It follows that when excitation frequencies ω approaches natural frequencies ωk of the
system (ω → ωk), the receptance tend to ±∞, i.e., resonance occurs.

The transfer function and FRF may also describe system responses other than displace-
ment, such as velocity Hv or acceleration Ha. The FRF is generally a complex quan-
tity, comprising both real and imaginary components, or equivalently, a magnitude and
phase when expressed in polar form. Consequently it cannot be fully represented on a
single two-dimensional plot. Several formats exist for visualising FRF data. A com-
mon approach in the literature is the Bode plot, which consists of two separate plots:
one showing the magnitude of the frequency response (typically on a logarithmic scale),
and another showing the corresponding phase shift. An example of a Bode plot for a
SDOF system is shown in Figure 2.30.
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Figure 2.30: Bode plot for a SDOF system. The plot on the left shows the response
magnitude versus frequency, while the plot on the right shows the phase angle versus
frequency. At low frequencies, the response magnitude is more or less proportional to
the excitation magnitude and in phase. Near the resonance frequency ωd, the response
magnitude increases sharply, with the phase shifting by –90°. At high frequencies, the
response magnitude diminishes and the phase shift approaches –180°.
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In MDOF systems, all modes contribute to the response across the frequency range.
Near particular resonance frequencies, only one or a few modes dominate, as illustrated
in Figure 2.31.
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Figure 2.31: The magnitude of the frequency response in a MDOF system results from
the combined contributions of each individual mode.

2.4.4 Dynamics of a continuous system
An important aim of this thesis is to validate numerical predictions of the dynamic
response of HP elements. While theoretical models may offer some insight, they are in-
sufficient for rigorous validation due to the complexity and variability of the real-world
behaviour. The primary focus in this thesis is on validation through experimental modal
analysis. To interpret and verify the experimental results accurately, a solid under-
standing of the underlying theoretical behaviour is, however, still essential. Significant
discrepancies between theoretical predictions and experimental data may point to is-
sues in the experimental setup, such as faulty accelerometers, inappropriate boundary
conditions, or signal processing errors.

As in the static case, various continuum theories, such as beam, plate, and shell theories,
can be used to estimate the dynamic response of HP elements. Unlike discrete SDOF
or MDOF systems, which represent mass and elasticity using idealised lumped param-
eters, continuum models assume that mass and stiffness are continuously distributed
throughout the structure (Abrahamsson, 2019). While discrete systems are governed
by second-order ordinary differential equations (ODEs), continuous systems are de-
scribed by partial differential equations (PDEs) that depend on both time and spatial
coordinates. This generally results in more complex analytical formulations and solu-
tion methods.

Perhaps the simplest theory suitable for predicting the dynamic response of HP elements
is again the Euler–Bernoulli beam theory. This model relies on several simplifying as-
sumptions, including prismatic geometry, constant material properties, and the neglect
of shear deformation and rotary inertia. As a result, it is applicable only to bending
modes and cannot be used to analyse torsional behaviour. Assuming free vibrations
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(i.e., no external excitation), the equilibrium of the beam is governed by the following
partial differential equation:

EI
∂4w(x, t)
∂x4 + ρA

∂2w(x, t)
∂t2

= 0, (2.41)

where E is the modulus of elasticity, I is the moment of inertia, ρ is the density, A is
the cross-section area, and w(x, t) denotes the transverse deflection of the beam (Abra-
hamsson, 2019). Solving the equation, assuming free-free boundary conditions, results
in a characteristic equation from which the natural bending frequencies can be derived:

ωn = v2
n

2π

√
EI

ρAL4 , vn = [0, 4.73, 7.853, 11.0, . . . ]. (2.42)

Alternatively, the HP element can be modelled as a plate or a shell. Leissa (1973)
conducted a comprehensive study on the vibrational response of plates and shells, high-
lighting that the dynamic behaviour of shells is significantly more complex than that of
plates due to a strong coupling between stretching and bending deformations. As a con-
sequence, membrane theory—which simplifies the governing equations by neglecting
bending effects—is not suitable for accurately describing shell dynamics. Leissa also
noted that shells tend to exhibit more closely spaced natural frequencies compared to
plates, making experimental identification more challenging, particularly for the funda-
mental (first) natural frequency (Leissa, 1973).
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2.5 Experimental modal analysis
Much of the theoretical foundation necessary to understand modal analysis was estab-
lished in Section 2.4. This section shifts the focus to the practical aspects of experimen-
tal modal analysis (EMA). Section 2.5.1 provides an overview of the EMA procedure,
while Sections 2.5.2 to 2.5.4 address key considerations related to experimental setup,
signal analysis, and signal processing, respectively. Section 2.5.5 presents methods for
identifying modal parameters from experimental FRF data. Finally, Section 2.5.6 dis-
cusses methods for comparing these parameters with those obtained from numerical
analysis.

2.5.1 Experimental modal analysis in a nutshell
The goal of EMA is to determine a modal system model from measured system prop-
erties. More specifically, the objective is to estimate modal parameters from measured
frequency response functions (FRFs).

As outlined in Section 2.4.3, the transfer function provides a mathematical model that
relates the system’s response to an applied excitation. Recall from Equation (2.38) that
the total receptance can be expressed as a sum of contributions from all n modes in the
system. The expression comprises unknown modal parameters such as the mode shape
vectors ϕk, and system poles sk, which in turn encoded parameters including the modal
damping ratios ζk and the damped frequencies ωk.

Performing EMA involves sampling responses X(t) and excitations Y (t) at discrete
time intervals. The FRFH(ω) is obtained directly by dividing the response signal (com-
monly measured as acceleration [m/s2]) with the excitation signal (commonly measured
as force [N]) expressed in the frequency-domain, i.e., H(ω) = X(ω)/Y (ω). Subse-
quently, system modal parameters should be fitted, such that the approximation error
between the measured FRF and the mathematical transfer function model is minimised.
This is generally referred to as system identification and is achieved through a curve-
fitting procedure.

Depending on the accuracy and complexity required for the analysis, different experi-
mental configurations can be used to obtain the FRFs. These are generally classified as:
single-input single-output (SISO), single-input multiple-output (SIMO), multiple-input
single-output (MISO), and multiple-input multiple-output (MIMO) configurations. For
structures similar to the HP element investigated in this thesis, a SIMO setup is typically
employed (Ewins, 2000). An excitation is then applied in one location at a time, while
the response is measured in multiple points.

The FRFs should be measured in a frequency range that is suitable for the application,
i.e., it must be wide enough to capture all relevant modes of interest while avoiding un-
necessary high-frequency noise. The selected frequency range should ideally encom-
pass the system’s fundamental and higher-order natural frequencies that significantly
contribute to the dynamic response, ensuring a reliable modal model. The available fre-
quency range is directly correlated to the experimental configuration and the equipment
that is used.

An overview of the steps involved in EMA is illustrated in Figure 2.32. Here, a SISO
configuration is considered, applied to a cantilever beam discretised into three degrees
of freedom. An impact hammer is used to excite each DOF individually, while a sin-
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gle reference accelerometer records the corresponding response. The measured signals
are passed through a data acquisition (DAQ) system, which performs signal condi-
tioning, such as noise reduction, and applies the discrete Fourier transform to convert
time-domain signals into the frequency-domain. For each excitation, a corresponding
response is recorded. In the SISO case shown in Figure 2.32, three excitations yield
three FRFs. Once modal parameters are identified through curve fitting, mode shapes
can be visualised (e.g., through animation) and compared with numerical or experimen-
tal data using correlation methods.

Data Acquisition System

Impact hammer

Signal Processing

Fourier Transforms

Impulse Response

Frequency Response Functions

Curve fitting

Accelerometer

1 2 3

H
31

H
32

H
33

Mode 2 Mode 3

Computer Software

Animations

Comparison

Modal Parameters

Frequency

Damping

Mode Shapes

Mode 1

Figure 2.32: Illustration of a general experimental modal analysis procedure using a
single-input single output configuration.

For modal testing to be valid, two assumptions must hold true:

1. The structure must exhibit linear behaviour, allowing the principle of superposi-
tion to be applied.

2. The structure must be invariant over time, which means that the dynamic charac-
teristics will not change during or between tests (Ewins, 2000).
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2.5.2 Experimental setup of single-input tests
Assuming a single-input test configuration is adopted, meaning that excitation is applied
at only one location at a time, several factors must be considered when selecting an
appropriate measurement method and experimental setup. These considerations are
discussed in more detail in the following subsections.

2.5.2.1 Boundary conditions
The first consideration is how to support the structure during testing. The decision will
greatly influence the outcome and precision of the test results (Ewins, 2000). In general,
three configurations are considered in literature:

1. free, generally obtained by suspending it in elastic ropes or placing it on inflatable
air cushions;

2. grounded, either clamped or simply supported; or

3. in situ, mounted in its proposed state of use.

Ideally, when using experimental data to validate a finite element model, a free bound-
ary condition should be replicated, as it provides the most accurate results and yields
rigid body modes that depend solely on the structure’s mass and inertia (Ewins, 2000).
In general, all structures exhibit six rigid body modes at a frequency of 0 Hz, corre-
sponding to pure translations (along the x, y and z axes) and rotations (around the x, y
and z axes). If the measured rigid body modes occur at frequencies less than 10–20%
of the first flexible mode, the free boundary condition can be considered satisfactory, as
it will not significantly affect the flexible mode shapes (Ewins, 2000).

2.5.2.2 Transducers
Transducers are used to measure both the input force applied to the system and the
resulting response of the system.

The structure may be excited using for instance an electrodynamic shaker or an im-
pact hammer, with the latter being more commonly employed (Brandt, 2011). Impact
hammers are equipped with an internal force transducer and an interchangeable tip that
determines the duration and frequency content of the excitation. Hard tips produce
short impulses with broad frequency content, while soft tips, typically made of rubber
or vinyl, yield longer impulses with a narrower frequency range (Hewlett-Packard Com-
pany, 1986). The hammer should be chosen with regards to the test object and desired
frequency range. The mass and tip of the hammer affects its useful frequency range, F ,
and selecting an inappropriate hammer may result in missing important modes (Craig &
Kurdila, 2011). The useful frequency range is typically defined as the region where the
spectral decay is less than 20 dB, as illustrated in Figure 2.33 (Døssing, 1988). While
impact hammers allow for quicker and more flexible testing than shakers, they are less
suitable for non-linear systems and may pose a risk of damaging delicate structures
(Ewins, 2000).
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Figure 2.33: Hammer excitation signal (left), and useful frequency range in the force
spectrum (right), adopted from (Døssing, 1988).

Acceleration is typically measured using piezoelectric accelerometers, which convert
motion into an electrical signal. The way accelerometers are mounted is critical, as a
poor connection can introduce unwanted resonance or damping effects (Brandt, 2011).
A rigid connection to the specimen can generally be achieved using adhesive methods,
such as glue or beeswax, which ensure sufficient stiffness without altering the dynamic
behaviour significantly. To accurately capture all relevant modes, accelerometers must
be strategically positioned to avoid placement on nodal lines, i.e., in locations where the
structure exhibits no motion for a particular mode shape, as illustrated in Figure 2.34.
Placement on such nodes might result in complete omission of certain modes in the
measurement data. Using several accelerometers in a SIMO configuration can help
mitigate this risk by increasing the likelihood that at least one sensor captures each
mode effectively (Ewins, 2000).

Accelerometers are usually either uniaxial, measuring response in a single direction
(typically normal to the surface), or triaxial, capable of capturing motion along three
orthogonal axes. Furthermore, accelerometers vary in sensitivity, typically expressed in
terms of electrical voltage per unit of acceleration (mV/g). Choosing an accelerometer
with insufficient sensitivity can lead to inaccurate measurements, as it may fail to cap-
ture low-level vibrations or introduce noise, compromising the quality of the data. Prior
to installing the accelerometer, its sensitivity should be checked and calibrated.

21 3

Figure 2.34: Node 2 lies on a nodal point of the second bending mode shape, where no
vibration occurs. An accelerometer placed here would fail to register the mode.
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2.5.2.3 Test procedures
Common test procedures used in impact testing include the roving hammer test, the
roving accelerometer test, or a combination of both. The most widely adopted approach
is the roving hammer method (Brandt, 2011). In this setup, one or more accelerometers
are mounted at fixed reference points on the structure, as illustrated in Figure 2.32.
The structure is then excited sequentially at different nodes using the impact hammer,
while the corresponding responses are recorded at the reference accelerometers (Ewins,
2000).

2.5.3 Signal analysis and the Fourier transform
During experimental modal analysis, transducer signals are typically recorded over
time, sampled at a specific sampling frequency. However, to extract meaningful dy-
namic information, it is often helpful to study these signals in the frequency-domain.
The human ear, for example, is naturally tuned to detect specific frequencies and can
isolate subtle sounds amidst background noise. Likewise, doctors rely on auditory cues
in particular frequency ranges to diagnose irregularities in heart or lung function. In
modal analysis, the aim is to understand how a structure responds to excitations applied
at different frequencies, making frequency-domain analysis indispensable.

The transformation of signals from the time to the frequency-domain is made possible
by the Fourier transform (FT). Much of the Fourier transform as it is known today was
devised in the early 19th century. It is named after the French mathematician Jean-
Baptiste Joseph Fourier (1768–1830), who in 1822 published his Théorie analytique de
la chaleur (‘The Analytical Theory of Heat’), demonstrating that any periodic function,
whether continuous or discrete, can be represented as a sum of sinusoidal components—
through a Fourier series (Cajori, 1893). The Fourier transform extends this concept to
general, non-periodic functions.

The Fourier transform allows any signal to be decomposed into a continuous series (or
integral) of sinusoidal components, described by individual amplitudes, phase shifts
and frequencies. This decomposition is unique, meaning that only one combination of
components exists that fully represents the signal (Hewlett-Packard Company, 1989).
Figure 2.35 illustrates this decomposition in a three-dimensional plot with axes repre-
senting amplitude, time, and frequency. Viewed in the time–amplitude plane (i.e., the
time-domain), the original signal is visible. Viewed in the frequency–amplitude plane
(i.e., the frequency-domain), each sinusoidal component appears as a straight line posi-
tioned according to its frequency. This is important; no information is lost nor gained
when transitioning to the frequency-domain. The three-dimensional representation re-
mains intact, but is simply viewed from another perspective.
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Figure 2.35: Signal in the time-domain (red) decomposed into sinusoidal components
(turquoise) using Fourier transformation. The frequency and amplitude of each sinu-
soidal component can easily be distinguished in the frequency-domain (blue).

In the case of discrete signals, the Fourier transform is expressed as a finite sum of
sinusoidal components, known as the discrete Fourier transform (DFT), given by:

f̂k =
n−1∑
j=0

fje−i2π jk
n , k = 0, 1, . . . , n− 1. (2.43)

To understand this equation, consider the discrete signal displayed in Figure 2.36. It
consists of n samples, each assigned an index j, where 0 ≤ j ≤ n−1. Each sample has
a function value fj . The DFT projects these samples onto a set of orthogonal basis func-
tions, i.e., complex exponentials of different frequencies. The result, f̂k, represents the
contribution of the kth frequency component in the signal. In other words, f̂k indicates
the amplitude and phase of the sinusoidal component associated with the kth frequency.
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Figure 2.36: Example of discrete signal with n samples.
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Equation (2.43) can alternatively be written in matrix format:

f̂ = Ff , (2.44)

where

f̂ =


f̂0

f̂1
...

f̂n−1

 , f =


f0
f1
...

fn−1

 , F =



1 1 1 · · · 1
1 ω ω2 · · · ωn−1

1 ω2 ω4 · · · ω2(n−1)

...
...

... . . . ...
1 ωn−1 ω2(n−1) · · · ω(n−1)(n−1)

 , (2.45)

and ω = e−i2π/n is the primitive nth root of unity.

It becomes immediately clear that for large data sets with many samples, the matrix
multiplication involved in computing the DFT is computationally expensive. Specif-
ically, the direct computation requires O(n2) operations. The fast Fourier transform
(FFT) is an algorithm that reduces this complexity to O(n log n). It was popularised
in 1965 by James Cooley and John Tukey (Dongarra & Sullivan, 2000), and is now a
standard feature in virtually all software packages used to compute DFTs.

2.5.4 Signal processing
Signal processing plays an important role in acquiring high-quality data during the
EMA. It is typically performed within the provided data acquisition (DAQ) system
and can be divided into three key stages, outlined in the following subsections:

• Section 2.5.4.1 — Pre-processing of transducer signals.

• Section 2.5.4.2 — Application of the DFT to convert signals into the frequency-
domain.

• Section 2.5.4.3 — Evaluation of the processed data to assess its quality and reli-
ability.

2.5.4.1 Pre-processing of transducer signals
Before extracting frequency response functions, the raw time-domain signals must be
processed to ensure that they are suitable for frequency-domain analysis. This pre-
processing step is particularly important in impact testing, where the accuracy of the
computed FRFs depends on the quality of the measured data. Several key aspects of
signal conditioning should be considered, including:

Leakage and windowing
The DFT assumes that the signal decays to zero at the boundaries of the sampling win-
dow. When this condition is not met, spectral leakage can occur, causing artificial
spreading of energy across frequencies. This effect is mitigated by applying a win-
dow function, which tapers the signal smoothly to zero at the beginning and end of the
sampling interval, thereby reducing edge discontinuities (Brandt, 2011).

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 43



2. Theory – Experimental modal analysis

In impact testing, spectral leakage may arise when the system’s response does not fully
decay within the duration of the measurement. This issue is particularly pronounced in
lightly damped structures, where vibrations persist over a longer period. To address this,
an exponential window is often employed to enforce artificial decay, thereby improving
the signal’s suitability for frequency-domain analysis (Schwartz & Richardson, 1999).

Aliasing
Aliasing refers to the distortion that occurs when a signal is sampled too slowly to accu-
rately capture its high-frequency components, as illustrated in Figure 2.37. According
to the Nyquist theorem, a signal must be sampled at a rate greater than twice the highest
frequency component fmax of the signal, that is, fs > 2fmax (Craig & Kurdila, 2011).
Otherwise, higher frequencies are aliased as lower ones, resulting in misleading data.

To reduce the risk of aliasing, an analogue anti-aliasing filter is commonly applied
prior to sampling. This filter suppresses frequency components above a certain cut-off
threshold, ensuring that only frequencies within the measurable range are retained.
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Figure 2.37: Plot showing a recorded signal (green curve) and the sampled signal (red
curve) at fs = 2fmax (left) and fs = 3fmax (right). When the sampling rate is too
low, as in the left plot, aliasing occurs, resulting in a misleading representation of the
original signal. Illustration adopted from Hewlett-Packard Company (1989).

Impact noise and force windowing
External noise can significantly influence the recorded signals during impact testing. A
common approach for minimising this influence is force windowing, where the signal
is truncated shortly after the initial impulse. This ensures that the analysis focuses on
the relevant excitation while excluding trailing noise (Craig & Kurdila, 2011; Ewins,
2000).

Averaging
Averaging multiple measurements helps reduce random noise and improve the signal-
to-noise ratio. In impact testing, this involves repeating the excitation at the same point
and averaging the resulting signals. This process enhances data reliability and provides
a basis for evaluating the linearity of the system’s dynamic response (Ewins, 2000). Co-
herence functions (see Section 2.5.4.3) are often used to assess the quality of averaged
data.

44 CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30



2. Theory – Experimental modal analysis

2.5.4.2 Frequency-domain transformation
The fast Fourier transform of the transducer signals is typically performed automatically
within the data acquisition system. To compute frequency response functions, it is
recommended to use a transfer function estimator (Craig & Kurdila, 2011). The two
most commonly used estimators are the H1 and H2 estimators. The H1 estimator helps
minimise the effect of noise in the output signal. It is defined as

H1(ω) = GF X(ω)
GF F (ω) ,

where H1(ω) is the estimated frequency response function, GF X(ω) is the averaged
cross-power spectrum between the input signal F and the output signal X , and GF F (ω)
is the averaged auto-power spectrum of the input signal F .

The cross-power spectrum describes the correlation between the input and output sig-
nals, indicating how much energy is shared at each frequency. In contrast, the auto-
power spectrum reflects the energy content of the input signal alone (Craig & Kurdila,
2011). If the cross-power is much lower than the auto-power, it suggests that noise
(which is uncorrelated with the excitation) is present in the response output. In im-
pact testing, the excitation signal is usually well-defined and repeatable, while noise is
more likely to occur in the measured response. Under such conditions, theH1 estimator
is generally preferred, as it effectively reduces the influence of output noise (Craig &
Kurdila, 2011).

2.5.4.3 Analysing data
The quality of the computed transfer functions should be evaluated prior to extract-
ing modal parameters. This evaluation can be performed using different functions and
indicators, such as:

Coherence
In Section 2.5.4.2, the concept of averaging was introduced as a method to improve
signal quality. One effective way to evaluate the reliability of the averaged data is by
examining the coherence function. The coherence function quantifies the degree of
linear correlation between the input and output signals under the assumption of a linear
and time-invariant system. It is defined over the frequency-domain and should ideally
approach unity within the frequency range where resonance occurs. Values significantly
lower than 1.0 may indicate the presence of random noise, inadequate excitation energy,
or non-linearities in the system response (Døssing, 1988).

Mode indicator function (MIF)
Different mode indicator functions (MIFs) are used to identify the number of modes
present in the test data. Since not all modes are easily distinguishable in FRF plots, the
application of MIFs improves the ability to detect and differentiate between them. One
of the most widely used MIFs is the complex mode indicator function (CMIF), which
is based on the singular value decomposition (SVD) of the FRF matrix. Peaks in the
CMIF plot correspond to the system’s resonance frequencies (Ewins, 2000).

Mode complexity factor (MCF)
The damping behaviour of a structure can be classified as either proportional or non-
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proportional. In the case of proportional damping, the damping matrix is a linear com-
bination of the mass and stiffness matrices, resulting in real-valued mode shapes—as
described in Section 2.4.2. All degrees of freedom in a given mode then reach their
maximum response simultaneously, with phase differences of either 0° or 180°.

However, real structures often exhibit non-proportional damping, where the damping
cannot be fully described by the mass and stiffness matrices. This leads to complex-
valued mode shapes, introducing phase differences between different degrees of free-
dom. As a result, not all parts of the structure exhibit synchronised vibration, and nodal
lines are no longer stationary (Hewlett-Packard Company, 1986). The complexity of
a given mode can be assessed using the mode complexity factor (MCF). A high MCF
(∼ 1) may indicate non-proportional damping, but it can also result from measurement
errors or noise. For lightly damped structures, the MCF is generally expected to be low
(∼ 0) (Hewlett-Packard Company, 1986).

2.5.5 Modal parameter extraction and curve fitting
After the transducer signals have been processed and evaluated, it is of interest to fit the
modal model to the obtained FRFs and to extract the corresponding modal parameters.

During a roving hammer test, the structure is excited in n different locations. For each
hit, the response is measured inm accelerometers, giving a total of n ·m FRF functions.
According to the principle of superposition for linear systems, each FRF contributes
to the overall dynamic behaviour of the structure. By combining multiple FRFs, one
can derive the complete system response and subsequently extract the relevant modal
parameters. This is commonly addressed through curve fitting techniques, which can
be classified into three categories: SDOF approaches, MDOF approaches, and global
approaches.

The SDOF curve fitting approaches are the simplest, examinating one resonance peak
on the FRF at a time (Ewins, 2000). They rely on the assumption that modes are suf-
ficiently spaced in frequency, so that the influence of nearby modes is negligible. This
simplifies the system into separate, single-mode responses. When modes are closely
spaced or damping is high, this assumption no longer holds true, making the SDOF
methods less accurate. In these situations, MDOF or global methods should be used.
SDOF techniques like peak picking and circle fitting may nevertheless remain useful.
They offer quick estimates of modal parameters and help assess the quality of test data.
Further details on SDOF curve fitting approaches can be found in Ewins (2000).

MDOF and global methods simultaneously analyse multiple modes across one or more
FRFs, offering a more comprehensive and efficient means of extracting modal param-
eters (Ewins, 2000). A widely used global curve fitting technique is the least squares
complex frequency (LSCF) method. It estimates system poles (damped natural fre-
quencies and damping ratios) by fitting the mathematical transfer function model to
the measured FRFs using a least squares approach in the frequency domain. The fit-
ting is performed incrementally for increasing model orders (also referred to as modal
complexity), meaning that progressively more modes are included in the model.

To distinguish physical modes from spurious ones, a stabilisation chart is employed.
This chart plots the estimated poles for successive model orders, with frequency on
the horizontal axis and model order on the vertical axis. Physically meaningful poles,
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known as stable poles, remain consistent across multiple model orders, showing little
variation in both frequency and damping. In contrast, mathematical poles, which typi-
cally result from noise or numerical artefacts, tend to shift erratically with model order
and do not stabilise.

An example of a stabilisation chart is presented in Figure 2.38. In this chart, stability
criteria have been applied (e.g., less than 1% variation in frequency and less than 5% in
damping) to distinguish stable poles (marked green) from unstable ones (marked with
a red cross).

The theoretical foundation of the LSCF algorithm, along with its advantages over for
example the least squares complex exponential (LSCE) method, is discussed in Guil-
laume et al. (2003).
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Figure 2.38: Global curve fitters often produce a stabilisation chart similar to the one
shown in this figure. A stabilisation chart indicates where and for what modal order
stable poles are observed (green circles). It may also be used to see which poles are
physical or mathematical (Guillaume et al., 2003).

2.5.6 Comparing numerical and experimental analysis
Various correlation techniques can be applied to compare the experimentally obtained
modal parameters with those obtained from numerical simulations. One of the most
widely used is the modal assurance criteria (MAC), which compares the set of eigen-
vectors obtained from testing and simulation. In addition, techniques such as the co-
ordinate modal assurance criteria (COMAC) can be employed to detect experimental
issues, including loose or misaligned accelerometers (Abrahamsson, 2019).

The outcome of such comparisons is used to validate the numerical models. If the re-
sults fall within acceptable limits based on the selected correlation method, the model
is said to be verified. Conversely, if the correlation is unsatisfactory, the model is said to
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be falsified. Falsified models require calibration, a process that, alongside the modal as-
surance criteria (MAC), will be discussed in further detail in the following subsections.

2.5.6.1 Modal assurance criteria
The modal assurance criteria (MAC) is based on an eigenvector comparison between
numerical and experimental models. The eigenvectors obtained from EMA, ϕX , rep-
resent the relative displacement of each excited node. Since a finite element model
typically includes more nodes than the experimental point cloud, a direct comparison
is not always feasible. To ensure a valid comparison, only the eigenvector components
corresponding to the experimentally measured degrees of freedom should be extracted
from the FE results. These reduced numerical mode shapes are denoted as ϕA.

The MAC evaluates the degree of linear correlation between the numerical and exper-
imental eigenvectors, independent of their magnitudes. The comparison of mode pairs
is performed using the following equation:

MAC(i, j) = (ϕiXϕjA)2

||ϕiX ||22||ϕjA||22
. (2.46)

A MAC value close to unity indicates a strong correlation, while a value near zero sug-
gests orthogonality and bad correlation. The diagonal elements of the MAC matrix, rep-
resenting direct mode comparisons, should ideally be close to unity, while off-diagonal
elements should be close to zero (Abrahamsson, 2019).

2.5.6.2 Model calibration
If a model is found to be falsified, a calibration process is typically initiated. This
is often necessary, as it is uncommon for a numerical model to accurately replicate
experimental results when using nominal parameter values alone.

Calibration involves adjusting selected parameters in the numerical model within pre-
defined bounds to improve the agreement between simulation and test results. The core
principle is to evaluate a deviation metric that quantifies how the numerical model’s
output changes in response to parameter variations. The goal is to identify a parameter
set that minimises this deviation in a specified search direction (Abrahamsson, 2019).
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2.6 Numerical methods for analysing HP elements
The shell and beam theories established for assessing the structural response of HP el-
ements are governed by differential equations. To obtain closed-form solutions, several
simplifications were introduced, including assumptions of constant stiffness, uniformly
distributed loads, linear elastic material behaviour, and idealised geometry and bound-
ary conditions. While these assumptions allow for analytical treatment, more accurate
models may need to account for varying stiffness, complex loading, material nonlinear-
ity, and detailed boundary conditions.

Such detailed models often result in differential equations that are too intricate to solve
analytically. To address this, numerical methods have been developed to approximate
solutions by discretising the governing equations. The rise of computational power
has further enabled the practical analysis of complex structures. Among the various
numerical techniques available, the finite element method (FEM) is the most widely
used approach for solving structural differential equations (Adiels, 2024). This section
introduces the fundamental concepts of FEM and demonstrates how it can be used for
static assessments and modal analysis of HP elements. Additionally, the challenges and
methodologies associated with modelling reinforced concrete in finite element software
are discussed.

2.6.1 Finite element method
In the context of differential equations, the unknown variable is a function that possesses
infinitely many degrees of freedom, even within a bounded domain. When solving such
equations computationally, a direct approach is infeasible since an infinite number of
unknowns cannot be handled numerically. The finite element method (FEM) addresses
this issue by approximating the function at a discrete set of points, known as nodes,
within a defined domain. The region between nodes is divided into elements of finite
size, collectively forming a mesh. The behaviour of the function between nodes is ap-
proximated using predefined functions, called shape functions. These shape functions
can be linear, yielding a piecewise linear solution, or may involve higher-order poly-
nomials. Since the shape functions are predetermined, knowing the function’s values
at the nodes is sufficient to reconstruct its approximate values throughout the domain.
This transformation from an infinite to a finite set of unknowns is called discretisation,
which inherently introduces an approximation error known as a discretisation error. It
is generally observed that increasing the number of nodes reduces this error, and the
solution is said to convergence (Ottosen & Petersson, 1992).

The modern formulation of FEM was pioneered in the aerospace industry during World
War II, notably through the contributions of John Argyris (Adiels, 2024). The method
was subsequently refined by Turner et al. at Boeing in the 1950s and was formally
named by Ray William Clough in 1960 in his paper The Finite Element Method in
Plane Stress Analysis.

According to Ottosen and Petersson (1992), the standard formulation of the finite ele-
ment method can be divided into four fundamental steps:

1. Establish the strong formulation of the problem.

2. Transform the strong formulation into a weak formulation.
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3. Make an element-wise approximation over the entire domain of the unknown
function that is to be solved for.

4. Choose weight functions (in accordance with the Galerkin method).

The strong form of the differential equation governing the three-dimensional mechani-
cal equilibrium of an elastic body was given in Equation (2.3). In index notation, it can
be written as:

−∂σij

∂xj

= fi (2.47)

The weak form is derived by applying the Green–Gauss theorem and introducing a vir-
tual displacement δui and the corresponding virtual strain δϵij . Utilising the symmetry
of the stress tensor, the weak form takes the following expression:

∫
V
σij δϵij dV =

∫
V
fi δui dV +

∫
S
ti δuidS, (2.48)

where V and S is the volume and surface area of the body, respectively, and ti is the
traction vector, defined via the Cauchy stress theorem: ti = σijnj (Ottosen & Peters-
son, 1992). This expression is equivalent to Equation (16.12) in Ottosen and Petersson
(1992), where a ‘weight vector’ v is used instead of the virtual displacement. Disre-
garding higher order terms, the strain and its virtual counterpart can be expressed as:

ϵij = 1
2

(
∂(ui)
∂xj

+ ∂(uj)
∂xi

)
. (2.49)

Boundary conditions may be defined either by prescribing displacements, ui = gi, along
Sg, referred to as essential boundary conditions or Dirichlet boundary conditions; or
by prescribing tractions, ti = hi, along Sh, known as natural boundary conditions or
Neumann boundary conditions (see Figure 2.39a).
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Figure 2.39: Three-dimensional elastic body. a) Equilibrium configuration with pre-
scribed displacement along Sg and prescribed traction along Sh, subjected to the body
force fi. b) Mesh discretisation.
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The unknown displacement field ui should be determined such that Equation (2.48)
is satisfied. Following step three, the body is discretized into a mesh containing n
nodes and m elements, as seen in Figure 2.39b. An ansatz is made, assuming that
the displacement solution ui can be approximated (ui ≊ ũi) as the sum of predefined
shape functions Nk(x, y, z) multiplied by unknown constants ak

i , where the subscript i
represents the vector basis i = [x , y , z], and the superscript k denotes the node number
(1 ≤ k ≤ n). For a more convenient notation, a matrix form may be used, giving

ũ =



ũ1
x

ũ1
y

ũ1
z
...
ũn

z

 ≜
n∑

k=1
Nk(x, y, z) ak

i = Na, (2.50)

N =

N
1 0 0 . . . Nn 0 0

0 N1 0 . . . 0 Nn 0
0 0 N1 . . . 0 0 Nn

 , a =



a1
x

a1
y

a1
z
...
an

z

 .

It follows that the strain ϵ can be approximated as:

ϵ̃ = ∇̃ũ, with ∇̃ =



∂/∂x 0 0
0 ∂/∂y 0
0 0 ∂/∂z

∂/∂y ∂/∂x 0
0 ∂/∂z ∂/∂y

∂/∂z 0 ∂/∂x


(2.51)

=⇒ ϵ̃ = ∇̃ Na = Ba

As per step four, Galerkin’s method is applied, approximating the virtual displacements
as the sum of the shape functions multiplied by arbitrary constants δc. That is δu = Nδc
and δϵ = Bδc. Inserting the approximations of the displacements ũ, strains ϵ̃ and their
virtual counterparts δu and δϵ̃ into Equation (2.48), the finite element formulation can
be expressed as:

∫
V

BTD B dV︸ ︷︷ ︸
K

·a =
∫

V
NTf dV︸ ︷︷ ︸

fl

+
∫

S
NT t dS︸ ︷︷ ︸

fb

, (2.52)

or

Ka = fl + fb, (2.53)
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where a constitutive matrix D has been introduced, assuming that the material responds
elastically, such that σ = Dϵ. Again, boundary conditions may be expressed as either
a prescribed traction vector t = h along Sh or a prescribed deformation vector u = g
along Sg, in accordance with Figure 2.39a.

Equation (2.53) forms the basis of the finite element method applied to three-dimensional
elasticity problems. It involves a stiffness matrix K, derived from predefined shape
functions and material properties. Under the assumption of linear elastic material be-
haviour, the stiffness matrix remains constant and can be computed once for the entire
finite element mesh. However, if the material exhibits non-linear behaviour, the tangent
stiffness becomes strain-dependent, meaning it varies with the material’s load history.
In such cases, a non-linear FE implementation is required, in which the stiffness matrix
is updated at each incremental load step. Other problems such as contact problems or
large deformation problems may also require non-linear FE implementations (Ottosen
& Petersson, 1992).

The vector a contains unknown or prescribed parameters that, together with Equa-
tion (2.50), describe the nodal displacements throughout the mesh. The displacements
may, for instance, be prescribed along boundaries where movement is restricted. Sim-
ilarly, the vectors fl and fb represent the body load vector and boundary load vector,
respectively. These vectors can either be prescribed, e.g. gravity load assigned to the
body load, or unknown due to prescribed displacements. In the latter case the unknown
forces are typically referred to as reaction forces (Ottosen & Petersson, 1992).

In its current form, Equation (2.53) constitutes a system of n linear equations that can
be efficiently solved using computational resources. Given the prescribed boundary
conditions, the objective is to solve for the remaining unknown displacements and/or
reaction forces such that equilibrium is satisfied. If the displacement is prescribed at a
node, the corresponding reaction force is unknown; conversely, if the external force is
prescribed, the resulting displacement is unknown.

For an in-depth discussion of the theoretical foundations and practical implementation
of the finite element method, the reader is referred to Ottosen and Petersson (1992).

2.6.2 Numerical modal analysis
The finite element method may also be employed to determine the natural frequencies
and mode shapes of a structured. As discussed in Section 2.4.2, obtaining these param-
eters is equivalent to solving an eigenvalue problem of the form:

(µ2M + µV + K)ϕ = 0, (2.54)

where µ is the eigenvalue and ϕ the eigenvector. The eigenvalue problem and its numer-
ical approximation methods are classical topics of study, explored in, e.g., Wilkinson
(1988). In general, this eigensystem will have complex eigenvalues and eigenvectors.
However, if the damping matrix V is neglected, and if K and M are assumed to be
symmetric and positive semidefinite, the system will have only real eigenvalues and
eigenvectors.

Numerical methods for solving eigenvalue problems are summarised in S. Ramaswamy
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(1980). Most structural FEM models involve large, typically narrowly banded matri-
ces. For such problems, the Lanczos method and the subspace iteration method are
among the most effective approaches. The Lanczos method is particularly efficient
when only a small subset of eigenvalues from a large system is needed (Bostic, 1994).
Many FEM software packages also include automatic multi-level substructuring (AMS)
eigensolvers, which can offer significant performance advantages over the more com-
mon Lanczos method; especially when a large number of eigenmodes is needed for
systems with many degrees of freedom (Dassault Systèmes, 2015). Readers interested
in a more detailed treatment of numerical eigensolvers are referred to Bostic (1994),
Dassault Systèmes (2015), and S. Ramaswamy (1980).

2.6.3 Modelling of reinforced concrete
This section outlines key concepts in modelling the mechanical behaviour of reinforced
concrete, the material used in the HP elements examined in this thesis.

Concrete is a heterogeneous material composed primarily of aggregates, cement, and
water. It exhibits non-linear mechanical behaviour, with a compressive strength approx-
imately ten times greater than its tensile strength. To compensate for this low tensile
capacity, concrete is often reinforced with steel, enabling more efficient material util-
isation. The presence of reinforcement adds complexity to the modelling of concrete
structures. First, the structural stiffness varies depending on the reinforcement layout
and the presence and distribution of cracks. Second, an appropriate modelling approach
is necessary to accurately represent the composite interaction between the steel and the
surrounding concrete (Plos et al., 2021).

Various approaches can be used to model reinforced concrete, depending on the ob-
jective and the required accuracy of the analysis. When assessing a structure under
serviceability limit states (SLS), a linear elastic analysis is often sufficient. In such
cases, sections are typically assumed to be either fully uncracked (State I) or cracked
(State II), with reinforcement embedded into the continuum elements as additional stiff-
ness. Only a few material parameters are needed to perform such analysis, including
the modulus of elasticity E, Poisson’s ratio ν, and density ρ. Depending on the crack-
ing assumptions, the resulting stresses and deformations are typically overestimated or
underestimated. For more accurate assessment of structural responses, such as defor-
mations under serviceability loads or failure modes at the ultimate limit state (ULS), a
non-linear material model is required. Such a model must incorporate parameters that
describe the complete mechanical behaviour of the material up to failure. In addition,
modelling the interaction between reinforcement and concrete may require an interface
model, along with a suitable approach for simulating crack initiation and propagation
(Plos et al., 2021).

This section outlines methods for modelling reinforced concrete in finite element soft-
ware, structured into three main parts: the modelling of non-linear concrete mate-
rial properties (Section 2.6.3.1), the modelling of interaction between steel reinforce-
ment and concrete (Section 2.6.3.2), and the modelling of crack development (Sec-
tion 2.6.3.3). Together, these topics form the basis for understanding how to accurately
model the HP element when evaluating its dynamic and static behaviour numerically.
For a more comprehensive discussion on the modelling of reinforced concrete struc-
tures, the reader is referred to Plos et al. (2021) and Hendriks et al. (2012).

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 53



2. Theory – Numerical analysis

2.6.3.1 Non-linear material behaviour
Concrete exhibits markedly different behaviour under tension and compression, with
distinct failure envelopes for each load type. The strength and stiffness of concrete
can also be highly sensitive to the rate at which loads are applied. The non-linear
characteristics of concrete will be discussed further below.

Concrete in tension

Tensile failure in concrete typically occurs in two stages: crack initiation, followed by
crack propagation (Hillerborg, 1985). Crack initiation can result from various factors
such as temperature fluctuations, shrinkage, or mechanical loading. A crack begins to
form when the maximum principal tensile stress at a point exceeds the material’s tensile
strength, and develops perpendicular to the direction of that principal stress (Hillerborg,
1985).

The models commonly used to describe the tensile behaviour of concrete originate from
studies of crack formations under uniaxial tensile tests (Plos et al., 2021). Under uni-
axial tensile loading, the tensile stress is nearly uniform across the specimen. As a
result, the formation and location of larger macroscopic cracks are primarily governed
by naturally occurring flaws, pores, and/or microcracks within the concrete.

Crack propagation is characterised by an increasing energy demand, primarily due to
dissipative mechanisms near the crack tip, including heat generation and bond breakage
(Hillerborg, 1985). These processes occur within a localised region known as the frac-
ture process zone (FPZ). To visualise this, imagine tearing a piece of fabric. Initially,
the tear progresses easily, but as it grows, the surrounding fibres begin to stretch and
fray, requiring more energy to continue. A similar process occurs in concrete, where
additional energy is required to drive crack propagation through the FPZ.

As the crack forms and opens, it continues to transfer stress between its faces through in-
ternal cohesive forces (Plos et al., 2021). This cohesive stress σc describes the concrete’s
softening behaviour and depends on the history of crack opening width w (σc ≜ σc(w)).
The stress gradually decreases as the crack widens, until the material fully separates.
The total energy dissipated during the formation of a single crack is known as the frac-
ture energy, denoted GF, and is defined per unit area of the formed crack, obtained by
integrating the area under the softening curve σc(w) (cf. Figure 2.40).

Figure 2.40 illustrates a typical stress–displacement curve obtained from a uniaxial ten-
sile test of a concrete specimen. Two models may be used to describe the constitutive
relationship between stress and displacement: first, a classical elastic stress–strain re-
lation up to the point where microcracks coalesce and the tensile strength is reached;
second, a cohesive stress–crack opening law (Plos et al., 2021). Material parameters
such as tensile strength fct and fracture energy GF can be determined through wedge
splitting tests (WST), as further demonstrated in Section 3.2.3.3. In numerical analysis,
the softening curve can be represented using either a bilinear or exponential function
fitted to the WST data. More refined and experimentally validated softening models
have been proposed, for example by Cornelissen et al. (1986).
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Figure 2.40: The constitutive relation between stress and displacement can be separated
into a stress-strain relation and a stress-crack opening relation. The fracture energy GF
is defined as the area under the softening curve σc(w). Illustration adopted from Plos
et al. (2021).

Naturally, cracks in a reinforced concrete member are spaced apart. The concrete be-
tween these cracks contributes to the overall stiffness of the structure, a phenomenon
commonly referred to as tension-stiffening. The effect of tension-stiffening is illustrated
in Figure 2.41. While its contribution to the structural capacity is minimal, its impact
on stiffness can significantly influence the deformation of the structure, even under SLS
conditions, as the structure may be partially cracked (Plos et al., 2021).
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Figure 2.41: Tension stiffening effect in a reinforced concrete prism subjected to a 
tensile force N . The state I stiffness correspond to a fully uncracked member while 
state II correspond to a fully cracked member (i.e., all load is transferred through the 
reinforcement). Illustration adopted from Plos et al. (2021).

Concrete in compression

Softening behaviour can also be observed in compressive tests once the peak strength 
has been exceeded (Plos et al., 2021). Van, Mier (1984) demonstrated that compres-
sive softening is inherently challenging to model, as the post-peak response is highly 
dependent on the specimen’s geometry. Hendriks et al. (2012) suggest using parabolic
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or linear stress–strain relationships regularised with a crushing band width heq, and a
compressive fracture energy related to the tensile fracture energy. Conversely, Hen-
driks et al. (2012) discourage using models that merely impose a cap on compressive
strength, such as elasto-plastic models, as they fail to capture post-peak strength degra-
dation. If such models are employed, additional checks are necessary to ensure that
compressive strains do not exceed the ultimate crushing strain, εcu2, to avoid overesti-
mating the structure’s plastic deformation capacity. Furthermore, Hendriks et al. (2012)
caution against using the Thorenfeldt et al. (1987) model, as it lacks regularisation via
a crushing band width heq, leading to mesh size–dependent softening behaviour.

Concrete stiffness

The stiffness of concrete is highly dependent on the rate at which loading is applied, as
illustrated in Figure 2.42. In numerical analysis of concrete structures, three different
moduli of elasticity (MoE) are typically used: the static modulus Es, the dynamic mod-
ulus Ed, and the effective or sustained modulus Eef(t, ti), which accounts for long-term
creep effects. The static modulus is the most commonly specified and used stiffness
value, and it may be determined through static load tests or calculated using empirical
relations or tabulated values provided in the design code.

Few seconds

Few minutes

Few months

σ
c

ε
c

Figure 2.42: The stiffness (and strength) of concrete depends on the rate at which load 
is applied. Illustration adopted from Collins and Mitchell (1987).

The dynamic modulus Ed represents the ratio of stress to strain under vibratory con-
ditions, such as seismic loading, and is generally greater than the static modulus. In 
practice, it is often approximated from the static modulus using empirical relations pro-
vided in design codes. For example, Zhu (2009) recommends taking Ed as 115% of 
Es. Zhu (2009) also demonstrates that the choice of Ed significantly affects the eigen-
frequencies and dynamic behaviour of the structure, and thus it should ideally be veri-
fied through experimental t esting. The resonant frequency method, specified in ASTM 
C215, and the ultrasonic pulse velocity (UPV) method, as discussed in Prassianakis  
(2004), are two commonly used non-destructive testing methods. The impact-echo 
method, as outlined by Lu et al. (2013), may also be used.

2.6.3.2 Interaction between concrete and reinforcement
The material response of steel reinforcement is generally well represented by a uniaxial 
elasto-plastic material model that incorporates hardening behaviour (Hendriks et al.,
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2012; Plos et al., 2021). Initially, the steel behaves elastically until its yield strength
fsy is reached. Beyond yielding, it continues to deform plastically while maintaining a
degree of stiffness, allowing it to carry additional load until failure.

When embedded in concrete, steel reinforcement engages in interaction phenomena
that are critical to the composite performance of reinforced concrete structures. The
stresses that arise during deformation are primarily transferred through the mechanical
interlock and contact forces between the steel and the surrounding concrete. Tepfers
(1973) analysed this interaction and demonstrated that for ribbed reinforcement, load
transfer is facilitated not only by shear stresses but also by normal forces acting along
the interface, as shown in Figure 2.43.
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Figure 2.43: Contact stresses on embedded reinforcement (left), and forces represented
as traction components on the mean contact surface (right). Illustration adopted from
Plos (2000).

The perhaps simplest approach to model the interaction between steel reinforcement and
concrete is the embedded reinforcement model. In this method, the reinforcement is not
represented explicitly with individual degrees of freedom. Instead, it is ‘embedded’ into
existing continuum elements, contributing additional stiffness in the reinforcement’s
primary direction. Consequently, the reinforcement stresses are computed based on
the deformation of the surrounding concrete. While this approach is straightforward
to implement, it relies on simplifying assumptions that may affect the accuracy of the
results. Most notably, it assumes a perfect bond between concrete and steel, i.e., no
relative slip occurs between the two materials.

Using embedded reinforcement is often sufficient and simplifies the assembly of the
FE model (Plos et al., 2021). However, when anchorage is considered critical or when
detailed crack patterns are of particular interest, it may be advantageous to include an
explicit interaction model. In such cases, the reinforcement can be modelled using truss
or beam elements in combination with a bond-slip material law. A widely used bond-
slip model is provided in the CEB fib Model Code (2010), which describes the slipping
behaviour through four distinct stages, illustrated in Figure 2.44.

In the first stage, the bond stress increases according to a power function up to the max-
imum bond stress τmax at a relative slip s1. In the second stage, the bond stress remains
constant at τmax until a slip of s2 is reached, during which crack opening dominates the
behaviour. The third stage is characterised by a linear decrease in bond stress down
to a residual value τf at slip s3, due to concrete crushing and rib shearing. Finally,
for s > s3, the bond stress remains constant at τf , representing a remaining frictional
resistance (DIANA FEA, 2025).
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It is important to note that this bond-slip relationship assumes a ductile slipping fail-
ure. However, if the concrete is not sufficiently confined, a splitting failure may occur
instead. This is a more brittle failure mode, where the concrete cracks along the rein-
forcement, leading to a sudden loss of bond capacity. The risk of splitting failure should
therefore be assessed and ruled out before adopting a slipping failure model (CEB fib
Model Code, 2010).
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Figure 2.44: Left: Bond-slip back bone curve from the CEB fib Model Code (2010),
showing bond stress τ versus slip ∆u. The green curve illustrates a ductile slipping
failure. The red dashed lines represent the splitting failure of unconfined or moder-
ately confined concrete. τbu,split,1 and τbu,split,2 indicate reduced bond capacities due to
splitting failure. Stirrups help confine the concrete and provide some residual ductil-
ity. Right: illustration of the four slipping stages. Adopted from CEB fib Model Code
(2010).

2.6.3.3 Modelling of cracks
Numerous approaches can be employed to model cracked concrete, each offering dis-
tinct advantages and limitations. Three commonly used methods include the discrete
crack, smeared crack, and embedded crack approaches, as illustrated in Figure 2.45.

a) Discrete crack b) Smeared crack

c) Embedded crack
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Figure 2.45: Three common crack modelling approaches in FEM.
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The smeared crack approach is the most widely available and used method in FE soft-
ware (Plos et al., 2021). The method does not require any implementation of specific
interface elements. Instead, crack discontinuities are ‘smeared’ across the continuum
elements, meaning that the deformation associated with cracking is distributed over
the entire element. Consequently, the smeared crack approach does not require prior
knowledge of potential crack locations, as is necessary in the other two methods where
interface elements or enriched nodes are strategically placed at anticipated crack sites.
Cracks can form as soon as the tensile capacity is exceeded at any integration point
within the mesh. Thusly, the crack pattern emerges directly from the analysis (Plos et
al., 2021). After initiation of a crack in a continuum element, its material response is
governed by the specified softening curve (see discussion in Section 2.6.3.1).

On the other hand, the smeared crack approach requires knowledge of the crack band
width, denoted lcr (Plos et al., 2021). In essence, numerical analysis describes the struc-
tural response using strains and stresses, whereas the cohesive law for tensile softening
is expressed in terms of a stress-crack width relation, σc ≜ σc(w). At a certain crack
width, wu, the two faces of the crack are fully separated and the stress drops to zero.
This width corresponds to an ultimate crack strain, εu,cr, which must be smeared over a
finite distance, i.e., the crack band width, lcr. It can be expressed as:

εu,cr = wu

lcr
∝ GF

fct lcr
.

Thus, to determine εu,cr, the crack band width lcr, fracture energy GF, and tensile
strength fct must all be specified. Some finite element software provide automated pro-
cedures for determining the crack band width based on the crack orientation. Hendriks
et al. (2012) recommend this automated procedure. In the absence of such features,
alternative guidance is available in, for example, Plos et al. (2021). According to Plos
et al. (2021), if lcr is chosen too small, the response may become ‘too brittle’; if it is set
equal to the element size of the mesh, the response may become ‘too ductile’. There-
fore, a sensitivity analysis is recommended. If variations in lcr have minimal effect on
the structural response, the analysis can be considered reliable (Plos et al., 2021).

The smeared crack approach can be implemented using various material models, each
of which handles the position and orientation of cracks differently. Models reported in
the literature include fixed crack models, multi-directional crack models, rotating crack
models (see Figure 2.46), as well as various plasticity-based formulations (Plos et al.,
2021).
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Figure 2.46: Three common material models used in the smeared crack approach.

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 59



2. Theory – Numerical analysis

In a fixed crack model, once a crack initiates, its orientation is permanently aligned per-
pendicular to the maximum principal tensile stress at the time of initiation. As loading 
continues and the principal stress directions change, the crack does not reorient, lead-
ing to the development of shear stresses along the crack plane. Multi-directional crack 
models maintain the fixed orientation of existing cracks but introduce the possibility of 
new cracks forming if the principal stress direction changes beyond a specified thresh-
old. This allows the model to capture more complex crack patterns, while still keeping 
the assumption of fixed orientations for individual cracks. In contrast, a rotating crack 
model allows the crack orientation to continuously follow the current principal stress 
directions, effectively eliminating shear stress along the crack. This approach is par-
ticularly useful in situations where the stress field evolves significantly over time, as it 
provides a more accurate representation of the material’s response (Plos et al., 2021).
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3 Analysis of HP prototype element

This chapter presents the static and dynamic assessment of the steel-reinforced HP pro-
totype element, shown in Figure 3.1. It documents the process from initial design to
experimental testing and numerical validation of the prototype element. The chapter is
structured into four main sections:

• Section 3.1 — Design and fabrication

• Section 3.2 — Post-fabrication assessment

• Section 3.3 — Modal analysis

• Section 3.4 — Static analysis

Figure 3.1: Photograph of HP prototype element.

3.1 Design and fabrication
This section outlines the design of the prototype element and provides an overview of
the fabrication process. The design and fabrication of the prototype element were car-
ried out prior to the start of the thesis through a collaboration between Chalmers Uni-
versity of Technology, WSP, and NCC.

3.1.1 Design
The prototype element, along with its production drawings, was designed by Alexan-
der Sehlström at WSP. Its design was based on the work of Arlinger (2023), intended
to support its self-weight in addition to a uniformly distributed load of qk = 2.5 kN/m2,
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defined on a horizontal plane and projected onto the top surface. The geometry was
developed in Grasshopper 3D and exported to Tekla Structures for the preparation of
production drawings.

The middle surface of the element conforms to a hyperbolic paraboloid surface parametrised
as shown in Figure 3.2, with ℓ = 3 m, w = 0.6 m, and r = 0.2 m. Alternatively, using
the parametrisation in Equation (2.2), the curvature factors are given as h1 = 11.25 and
h2 = 0.45, with −0.3 ≤ y ≤ 0.3 and −1.5 ≤ x ≤ 1.5.

The element has a thickness of 45 mm, including a 10 mm nominal concrete cover. It
is reinforced with straight steel reinforcement with end hooks at an approximate dis-
tance of 60 mm, complemented with stirrups in the transverse direction at a spacing of
150 mm, as illustrated in Figure 3.3. Additional edge reinforcement is positioned along
the perimeter. The total reinforcement accounts for approximately 2.1% of the concrete
volume. Optical fibre sensors are installed alongside every second reinforcement bar in
the generator direction. Each end of the element is fitted with a 60 mm thick abutment,
as shown in Figure 3.4.

z

ℓ

ℓ/2

ℓ/2

w
w/2

w/2

r

4r

8r

y

x

Figure 3.2: Parametrisation of the middle surface of the prototype element.

Main reinforcement

Transverse reinforcement (Q-bars)

Edge reinforcement 

Figure 3.3: Rendered perspective view of the intended reinforcement layout. The main
reinforcement (red) is placed in the generator direction. Stirrups (light blue), also re-
ferred to as Q-bars, provide transverse tensile capacity and serve as guides for mount-
ing the main reinforcement. The longitudinal edges are reinforced with additional bars
(dark blue), which are extended into the abutments and lap spliced to form a closed loop
around the edges. All reinforcement bars have a diameter of 6 mm.
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Figure 3.4: Rendered perspective view of the intended HP prototype element.

3.1.2 Fabrication
Prior to casting the prototype element, a formwork was fabricated, into which the rein-
forcement cage was placed. The fabrication process of the formwork and reinforcement
cage consisted of six main stages (cf. Figure 3.5):

1. The supporting wooden formwork was produced and assembled.

2. A thin, flexible chipboard was mounted on top of the supporting structure to cre-
ate a smooth casting surface. The surface was covered with a plastic sheet to
prevent excessive moisture transport.

3. The edge reinforcement bars were positioned, followed by the transverse rein-
forcement (Q-bars).

4. The main longitudinal reinforcement was positioned and anchored to the un-
derlying reinforcement using plastic cable ties (see Figure 3.6a). Two lifting
loops were anchored to the reinforcement cage to facilitate crane lifting (see Fig-
ure 3.6b).

5. Fibre optic cables were placed along every other generator reinforcement bar.

6. Edge boards were attached at the ends of the formwork to enclose it.

During fabrication, it was observed that the spacing of the transverse reinforcement (Q-
bars) deviated from the design specifications. The specified spacing was defined along a
horizontal plane, which was difficult to relate to in practice due to the curved geometry
of the formwork. As a result, the Q-bars appeared more closely spaced near the apex of
the element and more widely spaced toward the abutments.
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Edge bars & transverse 
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Edge boards
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Figure 3.5: Step 1–6 in the fabrication process of the formwork and reinforcement
cage.

(a) Spacing of main reinforcement on
top of Q-bars.

(b) Cast-in lifting loops used to lift the
element out of the formwork.

Figure 3.6: Images from the fabrication and demoulding of the element.
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The prototype element was cast on 25 June, 2024. The concrete was prepared in a
factory and cast outdoors in Örkelljunga, Sweden, at a temperature of around 24°C.
Five test cubes were cast from the same concrete batch, for material testing. The con-
crete was manually placed by shovelling it onto the formwork and then levelled using a
wooden screed guide shaped to follow the intended parabolic geometry. No mechanical
vibration was applied during casting. The element was cured outdoors at an average
ambient temperature of 17°C during the first 28 days, based on meteorological data
from SMHI (2024).

After a couple of months, the element was transported to Chalmers University of Tech-
nology, where it remained stored outdoors. It was covered with a tarpaulin during the
winter to protect it from precipitation. In the early part of this thesis work, on 20 Febru-
ary, 2025, the cast element was removed from the formwork and moved indoors for
subsequent testing.

3.2 Post-fabrication assessment
As an initial part of the thesis work, it was of interest to assess the cast prototype el-
ement with respect to its geometry and material properties. This section presents a
photogrammetry-based evaluation to quantify deviations from the intended geometry,
as well as to extract spatial reference data for aligning numerical models. Comparisons
of mass, thickness variations, and volume discrepancies are also included. The section
concludes with a summary of the material tests and the resulting material properties
considered in the numerical analyses.

3.2.1 Photogrammetry
Photogrammetry was employed to generate a 3D model of the HP element. Using
a series of overlapping images, a point cloud was obtained, from which a mesh was
created. The mesh was used both to evaluate geometric deviations from the intended
geometry and to extract datum points for the subsequent modal analysis.

The images were processed using RealityCapture by Epic Games. A total of 572 pho-
tographs were imported, of which 435 were successfully aligned. The resulting point
cloud, along with the spatial distribution of camera positions, is shown in Figure 3.7.

In addition, a texture map was generated directly in the software, containing the marked
reference points of the measurement grid used in the experimental modal analysis. The
mesh was imported into Rhino 3D, where reference measurements were taken and used
to verify correct scaling.
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Figure 3.7: The figure showcases the camera alignments as well as the generated point
cloud.

3.2.2 Evaluation of cast prototype element
Following the removal of the formwork and the photogrammetry scan, the element un-
derwent a visual inspection to evaluate its condition and a geometric assessment to
quantify deviations from the intended geometry. The top and bottom surfaces were
deemed satisfactory, with no cracks or damage observed. However, several other dis-
crepancies were identified:

• Significant void in one abutment (see Figure 3.8).

• Geometrical skewness, resulting in an approximately 1.5 cm gap between the
abutment and the ground at one place (see Figure 3.8).

• Honeycombing along longitudinal edges, particularly around areas where fibre
optic cables protruded, as shown in Figure 3.9.

• Discrepancies in concrete volume and gross weight.

• Variation in thickness.

The gross weight of the element was measured using a crane-mounted scale attached
to one of the lifting loops at a time. During weighing, one end of the element was
raised approximately 1 cm while the opposite abutment remained on the ground and the
reading of the scale was recorded. The procedure was repeated at the opposite lifting
loop. Three weight measurements were recorded at each side and averaged, resulting in
a gross weight of

m = 262 ± 5 kg,

with a standard deviation of approximately 3 kg. Based on engineering judgment, the
overall measurement uncertainty was estimated at ±5 kg. The measured mass was ex-
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pected to be on the higher end, as the weighing was conducted under winter conditions
when the element likely exhibited elevated moisture content.

Figure 3.8: Two flaws in the cast prototype element: (i) void in the abutment due to
inadequate compaction, (ii) gap between abutment and ground due to a twisting geom-
etry.

Figure 3.9: Honeycombing along edges.

The scanned volume of the element, excluding lifting loops and protruding fibre optic
cables, was measured at 0.104 m3, compared to the intended gross volume of 0.107 m3.
One possible explanation for this discrepancy is that the element’s thickness may be
less than intended. To investigate this hypothesis, the thickness in the central regions of
the scanned geometry was evaluated, as illustrated in Figure 3.10. A rectangular grid of
points was projected onto the top surface. Cubic polynomial curves were fitted to the
points along the transverse direction to replicate the intended parabolic cross-section.
Each point was then projected normal to its respective curve onto the bottom surface to
determine the local thickness. The average measured thickness was 46.9 mm, compared
to the intended 45.0 mm. This suggests that the main surface of the element (excluding
abutments and edges) has approximately 3.7% greater volume than intended, thereby
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falsifying the hypothesis of insufficient thickness as the primary cause of the reduced
volume.

36.1 45.0 52.0 [mm]

Figure 3.10: Thickness variation across the scanned prototype geometry.

Instead, the approximately 2.8% reduction in total scanned volume is more plausibly
attributed to geometric skewness and the presence of a void in one of the abutments.
Additionally, material appears to be missing along the edges of the element, where cor-
ners are visibly more rounded and less defined than intended. As shown in Figure 3.11,
the element exhibits a slight longitudinal twist, likely resulting from inaccuracies in the
formwork assembly. The formwork was constructed on a gravel surface, rather than on
a levelled surface, which is likely the reason for asymmetry. Specifically, one edge ap-
pears to lie slightly lower than the opposite edge, resulting in reduced curvature along
that edge, contributing to a reduced volume. By computing the centres of gravity of
both the scanned and intended geometries, it was found that they align closely in plan.
However, in elevation, the centre of gravity of the scanned geometry is located approx-
imately 25 mm lower, indicating a vertical shift in mass distribution.

Figure 3.11: Overlay of intended geometry (turquoise) on top of scanned geometry.
There is an inherent skewness to the geometry with one edge appearing lower down
than on the opposite side.
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The mass was additionally estimated by multiplying the volumes of concrete and steel
with their respective material densities. The volume of steel reinforcement (including
lifting loops) was derived from drawing specifications, while the volume of concrete
was calculated by subtracting the reinforcement volume from the scanned gross volume.
The resulting values are presented in Table 3.1. The volume of other components,
including fibre optic cables and cable ties were neglected.

Table 3.1: Estimated volume and mass of the prototype element based on scanned
geometry and reinforcement specifications.

Material Volume [m3] Mass [kg]

Steel reinforcement 0.002 17.7
Concrete 0.102 245.6

Total 0.104 258.1

The measured gross weight (262 kg) and the estimated weight based on the scanned
geometry (258 kg) can be compared to the nominal mass of 265 kg, which the intended
design geometry should have had. Both values are lower than intended, which is consis-
tent with observed discrepancies in the concrete volume. Although the geometry-based
estimate relies on assumed material densities, it was considered more accurate than the
direct measurement using the crane-mounted scale.

3.2.3 Material properties
The material properties assumed in the structural assessment of the prototype element
are based on both experimental testing of five concrete cubes and on nominal values
specified in Eurocode. It is important to note that there might be significant discrepan-
cies between the properties of the cubes and those of the actual HP element. The cubes
were mechanically vibrated during casting, while the prototype element was not. Three
of the cubes were used for compressive strength testing, and were cured together with
the HP element under the same environmental conditions. The remaining two cubes,
used for wedge splitting tests (WST), were cured indoors in water.

This section examines the material properties of the concrete and steel reinforcement.
It begins with a description of the concrete mix design, followed by a summary of the
conducted material tests. The section concludes with a summary of the final material
properties adopted for analysis. Detailed laboratory reports and the complete concrete
mix design are provided in Appendix A.

3.2.3.1 Concrete mix design
The concrete was prepared and mixed by Våxtorps Betong AB, based on specifications
provided by Alexander Sehlström at WSP. The mix required a minimum strength class
of C25/30 (no upper limit specified) and a maximum aggregate size of dmax = 8 mm.

0.7 m3 of concrete with water-cement ratio 0.615 was mixed using a Portland-composite
cement containing ground granulated blast-furnace slag and limestone. The cement,
marketed under the product name Viridis (CEM II/B-M (S-LL)), was supplied by Schwenk
Sverige AB. Admixtures, including an S3 plasticiser and a retarder, were added to
achieve the desired fresh concrete properties. The plasticiser improved flowability but
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was carefully dosed to prevent excessive flow and segregation. The retarder served to
delay the hydration process. Notably, the amount of retarder used exceeded the initially
specified dosage by 61.9%, likely as an adjustment to compensate for the relatively high
casting temperature of 24°C.

Given the cement’s classification as a Portland-composite containing slag and lime-
stone, its strength development over time was expected to differ from that of pure
Portland cement. To inform the assessment of long-term strength, Dr. Urs Müller of
Schwenk Sverige AB was consulted. Based on his expertise and internal company test-
ing, it was approximated that compressive strength gains beyond 28 days are generally
limited for water–cement ratios above 0.5. Estimated increases are approximately 5%
between 28 and 56 days, 3% between 56 and 90 days, and 1% between 90 and 182 days
(Müller, personal communication, 15 May 2025).

An attempt was made to estimate the CO2-eq emissions associated with the concrete
mix design. It was assumed that the cement component accounts for approximately
85% of the total CO2-eq emissions, based on guidance from Dr. Nilla Olsson at NCC.
The remaining 15% was attributed primarily to the use of fine aggregate. According
to environmental product declaration (EPD) data from Schwenk, the Viridis cement
has an emission factor of 524 kg CO2-eq/ton for stages A1–A3 (Schwenk Sverige AB,
2024). Based on this value, the total carbon footprint of the concrete mix was estimated
at approximately 184 kg CO2-eq/m3. This estimated value may be compared to the
industry reference of 225 kg CO2-eq/m3 for C25/30 concrete, as specified by Svensk
Betong (2022). With an estimated footprint of 184 kg CO2-eq/m3, the mix falls between
Svensk Betong’s Level 1 and Level 2 of climate-improved concrete.

3.2.3.2 Cube strength test
Cube strength tests were performed on three cubes in accordance with SS-EN 12390-
3:2019 (Swedish Institute for Standards, 2019). The tested cubes were cured outdoors
for 252 days alongside the concrete beam element. A Toni Technik model 2040 test rig
was used to load the cubes to failure, as seen in Figure 3.12. All failures were deemed
satisfactory, with all four exposed faces showing approximately equal cracking. The
test results are presented in Table 3.2.

Table 3.2: Results from the compressive strength tests of specimen 1-3, where ρ is the
density of the cubes, Nc is the applied load, and fobs is the calculated stress.

Specimen number ρ Nc fobs
[-] [kg/m3] [kN] [MPa]

1 2,455 910 51.0
2 2,314 900 49.5
3 2,320 895 50.0

Mean value 2,363 902 50.2
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Figure 3.12: Test setup for the compressive strength tests using a Toni Technik model
2040 testing machine.

The resulting compressive strength corresponds to the mean strength after 252 days.
In accordance with SS-EN 137207:2005 (Swedish Institute for Standards, 2005), this
strength can be converted to the corresponding 28-days mean cube strength fcm,cube,
through:

fcm,cube = fobs

β1β2
,

where β1 is a factor that accounts for the dimensions of the cube, and β2 is a factor
that accounts for the effective age j20 of the cube. The effective age was evaluated as
j20 = 165 days, based on climate data from Chalmers University of Technology (2025).
EN 1992-1-1:2004 (European Committee for Standardization, 2004) express empirical
relations that may be used to obtain further material properties based on the 28-days
strength. The 28-days and 252-days concrete properties are summarised in Table 3.3.

fcm,cube fcm fck fctm Ecm
[MPa] [MPa] [MPa] [MPa] [GPa]

28-days 43.6 37.1 29.1 2.8 26.9

252-days 50.2 42.7 34.7 3.2 28.0

Table 3.3: Concrete material properties from 28-days and 252-days fcm,cube in accor-
dance with EN 1992-1-1:2004.
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The 28-days characteristic cylinder strength fck of 29.1 MPa indicates a concrete strength
class slightly above the specified C25/30. It should be noted that the conversion factors
specified in SS-EN 137207:2005 are based on standard Portland cement properties and
may not accurately reflect the behaviour of the SS-L cement used in this study. There-
fore, the converted 28-day strength values should be interpreted with caution.

Since the concrete of the prototype element was not vibrated, it is reasonable to assume
that its properties differ from those of the test cubes. The impact of compaction of
concrete is discussed in Neville (2011) and Zhao et al. (2021), who both report that
vibration can increase compressive strength by 20% or more, depending on factors such
as vibration frequency, amplitude, duration, and method. It follows that the compressive
strength estimated from the test cubes likely overestimates that of the prototype HP
element.

The density measurements of the three cubes exhibited a coefficient of variation (CV) of
approximately 2.8%, which may be considered relatively low. According to EN 1992-
1-1:2004 (2004), the nominal density of plain concrete is ρ = 2,400 kg/m3, which is
approximately 1.5% greater than the measured average density of the cubes.

3.2.3.3 Wedge splitting test (WST)
A wedge splitting test (WST) was performed to determine the tensile strength fct and
tensile fracture energyGF of the concrete. The test was conducted on two cubes using a
MTS 380.10 test rig, as shown in Figure 3.13a, following the recommendations outlined
in Nordic Innovation Centre (2005). According to the recommended testing procedure,
the cubes should be cast with a groove at the top, in which load bearings can be fitted.
However, since the specimens were cast without this groove, it had to be sawn into the
cubes afterwards, as shown in Figure 3.13b. In addition, a starter notch was sawn in
each specimen to promote controlled crack initiation and localisation.

The machine applied a vertical load onto the roller bearings, which in turn transferred
the load horizontally, causing the specimen to split apart. According to Nordic Innova-
tion Centre (2005), the horizontal splitting force can be calculated as:

Fsp = Fv

2 tan(α) ,

where Fv is the vertical load, and α is the inclination angle of the wedge (with α = 15◦

in this case). This expression neglects the impact of friction between the wedge and the
roller bearings. The friction coefficient µ of the rolling bearings typically ranges from
0.1–0.5%, reducing the splitting force by up to 1.9% for a given vertical load (Shah &
Carpinteri, 1991).

A clip gauge was placed in the grove of each specimen, measuring the crack mouth
opening displacement (CMOD). The results of the test were plotted in a splitting force-
CMOD curve, as seen in Figure 3.14. The tensile strength was calculated based on the
peak splitting force. Assuming a linear stress distribution over the ligament area at onset
of cracking, the maximum tensile strength was calculated as

fct = M · z
I

+ Fsp

Alig
,
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(a) MTS 380.10 test rig. (b) Preparation of cubes.

Figure 3.13: Images from the wedge splitting test.

where I is the moment of inertia of the ligament, and Alig is the ligament area. The
moment M was calculated as M = Fsp · x, where x is the distance between the applied
splitting load and the neutral axis z. The fracture energy GF, was calculated as the
area below the splitting force-CMOD curve divided by the ligament area. The obtained
results are presented in Table 3.4.

Table 3.4: Results from the wedge splitting test of specimen 1 and 2.

Specimen number Fracture energy GF Tensile strength fct
[-] [Nm/m2] [MPa]

1 216.9 5.18
2 206.5 4.88

Mean value 211.7 5.03

The obtained results yield unreasonably high values for both tensile strength and frac-
ture energy. As an alternative, the tensile strength can be estimated from the compres-
sive strength, as discussed in Section 3.2.3.2. According to Table 3.3, the expected
tensile strength at 252 days is approximately 3.2 MPa; about 36% lower than the value
suggested by the wedge splitting test. Hanjari (2006) conducted a comprehensive study
on wedge splitting tests and found no indication that the tensile strength of standard
concrete could reach values as high as 5.0 MPa. This discrepancy is therefore more
likely due to experimental errors, such as misalignment of the bearings, faulty load
cells, or excessive friction between wedge and bearings.
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Figure 3.14: Splitting force - CMOD curve for specimen 1 and 2.

The tensile fracture energy can alternatively also be calculated based the compressive
strength in accordance with CEB fib Model Code (2010):

GF = 73f 0.18
cm = 143 Nm/m2.

The calculated fracture energy of 143 Nm/m² is 32% lower than the value obtained
from the WST test and aligns more closely with results reported in the literature and
established design codes.

The fracture energy in compression Gc can also be obtained in accordance with CEB
fib Model Code (2010):

Gc = 250 ·GF = 35,750 Nm/m2.

3.2.3.4 Steel reinforcement properties
K500C-T ribbed reinforcement steel �6 mm was used in the prototype element, with
nominal characteristic yield strength fyk = 500 MPa, modulus of elasticity Es = 200
GPa, density ρ = 7,850 kg/m3, and Poisson’s ratio ν = 0.3, as specified in Annex
C of EN 1992-1-1:2004 (European Committee for Standardization, 2004) and in EN
1993-1-1:2005 (European Committee for Standardization, 2005).
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3.2.3.5 Summary of material properties
Tables 3.5 and 3.6 provide a summary of the material properties that were considered
in the assessment of the prototype element.

Table 3.5: Material properties of the concrete.

fcm fck fctm Ecm GF Gc εcu1 ν ρc
∗ ρrc

∗∗

[MPa] [MPa] [MPa] [GPa] [Nm/m2] [Nm/m2] [‰] [-] [kg/m3] [kg/m3]

42.7 34.7 3.2 28.0 143 35,750 3.5 0.2 2,363 2,476
*Density of plain concrete according to test data.**Density of reinforced concrete assuming 2.1%
reinforcement ratio as per design specifications.

Table 3.6: Material properties of the steel reinforcement (K500C-T).

fyk fyd Es ρ ν
[MPa] [MPa] [GPa] [kg/m3] [-]

500 435 200 7,850 0.3
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3.3 Modal analysis
This section presents the methodology and results of the experimental and numerical
modal analyses conducted on the prototype element. It is organised into five main parts,
presented in Sections 3.3.1 to 3.3.5.

Section 3.3.1 provides an analytical estimation of vertical bending frequencies, as per
Euler–Bernoulli beam theory. These frequencies are later used to validate the exper-
imental results and the test procedure. Section 3.3.2 outlines the experimental modal
analysis, including the test setup, experimental procedure and the results. Section 3.3.3
presents the numerical modal analysis and investigates the effects of mesh density, rein-
forcement, and boundary conditions. The outcomes of the experimental and numerical
analyses are summarised in Section 3.3.4. Finally, limitations of the current analysis
and suggestions for future improvements are discussed in Section 3.3.5.

3.3.1 Analytical modal analysis
The natural frequencies of the first three vertical bending modes were computed in ac-
cordance with Euler–Bernoulli beam theory, as described in Section 2.4.4. The results,
shown in Table 3.7, are valid for a straight beam with uniformly distributed mass and
stiffness. Two cases were considered: (i) a simplified case neglecting the contribution of
steel reinforcement entirely, and (ii) a more refined case using effective cross-sectional
properties (EIef and ρef) calculated in accordance with EN 1992-1-1:2004 (European
Committee for Standardization, 2004), assuming the section remains fully uncracked
(State I). In line with Section 3.1.1, the reinforcement ratio of an average cross-section
was taken as 2.1%. The beam length was taken as 3.035 m, which corresponds to the
arc length spanned by the prototype element.

Table 3.7: Analytically estimated natural frequencies [Hz] of the first three vertical
bending modes under two cross-section assumptions.

EIy ρ A f1 f2 f3

Case [kNm2] [kg/m3] [m2] [Hz] [Hz] [Hz]

(i) No reinforcement 3,612 2,363 0.033 82.9 229 448
(ii) Effective cross-section 3,755 2,476 0.033 82.6 228 447

As seen in Table 3.7, the two cases yield similar natural frequencies. While case (ii) has
a greater mass it also has a greater bending stiffness, EIy, thereby resulting in similar
natural frequencies. Despite the prototype element being curved and characterised by
non-uniform mass and stiffness distributions, its lower vertical bending frequencies are
not expected to deviate significantly from these analytical estimates.

3.3.2 Experimental modal analysis (EMA)
The experimental modal analysis (EMA) is summarised in the following subsections:

• Section 3.3.2.1 — Describes the experimental setup, including boundary condi-
tions, test procedure, transducers, and measurement grid.

• Section 3.3.2.2 — Explains the execution of the test and how transducer signals
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were sampled and processed.

• Section 3.3.2.3 — Presents preliminary tests conducted to validate the experi-
mental setup.

• Section 3.3.2.4 — Evaluates the influence of boundary conditions.

• Section 3.3.2.5 — Presents the extracted modal parameters.

3.3.2.1 Experimental setup
The experimental modal analysis was based on a roving hammer single-input multiple-
output (SIMO) setup. It utilised seven accelerometers placed at different reference
nodes, and an impact hammer to sequentially excite all measurement points, as shown
in Figure 3.15. The details of the experimental setup are summarised below.

Figure 3.15: Impact testing on the prototype element using an impact hammer. Ac-
celerometers positioned along the surface and connected with BNC cables to the data
acquisition (DAQ) system. Red dots indicate excitation points.
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Boundary conditions

As stated in Section 2.5.2, free boundary conditions are advantageous when performing
experimental modal analysis. Ideally, the element should have been suspended from
elastic ropes or springs. This setup was, however, not possible to achieve. Instead,
four pressurised Firestone model 116-1 air springs where used to achieve relatively free
boundary conditions.

The air springs were positioned below the abutments of the element, as shown in Fig-
ure 3.16, mounted onto steel profiles to protect the air valves located beneath the air
cushions. A timber frame was used to catch the element in case any air spring failed
(which never happened). The steel profiles were fitted into slits in the timber frame
to increase buckling strength and to ensure a consistent distance between the springs.
Everything was mounted on a thin plywood sheet as shown in Figure 3.16a, which also
protected the floor surface from scratches in the event of support movement. Aluminium
plates were placed between the springs and abutments, as seen in Figure 3.16b, to level
the element and compensate for the slight geometric twist discussed in Section 3.2.2.
This ensured a more even distribution of the element’s mass across the four springs.

(a) Overview. (b) Close-up.

Figure 3.16: Prototype element supported on air springs.

The linear behaviour of the air springs was evaluated by measuring their relative dis-
placement at four different pressure levels. Figure 3.17 compares the results with the
manufacturer’s data, demonstrating a strong linear correlation between air pressure and
stiffness, and close agreement between measured and specified properties.

The degree to which these supports can be considered free is further examined in Sec-
tion 3.3.2.4.
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Figure 3.17: Comparison of air springs stiffness from experimental tests and manufac-
turer data across varying internal pressures. The plot highlights the linear correlation
between air pressure and stiffness.

Transducers

Experiments were conducted using two different impact hammers (see Figure 3.18),
both manufactured by PCB Piezotronics. The larger PCB 086D20 hammer weighed
1.1 kg and was equipped with a medium-soft tip, which produced a narrower frequency
spectrum. The smaller PCB 086B03 hammer weighed 0.16 kg and had a hard steel tip,
capable of exciting a broader range of frequencies.

The useful frequency range of each hammer was evaluated in accordance with Sec-
tion 2.5.2.2 prior to testing. The results indicated that the larger hammer had a useful
range of 0–280 Hz, while the smaller hammer covered a range of 0–1,000 Hz.

Figure 3.18: Two hammers were used: PCB 086D20 (left) and PCB 086B03 (right).
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Seven accelerometers were used: two triaxial PCB TLD356A16 accelerometers with
a sensitivity of 100 mV/g, two uniaxial PCB 352B accelerometers with a sensitivity
of 1000 mV/g, and three uniaxial PCB 352C33 accelerometers with a sensitivity of
100 mV/g. All accelerometers were calibrated prior to installation using a Brüel &
Kjær type 4294 calibration exciter. The accelerometers were mounted on the prototype
element using hot-melt adhesive (hot glue).

Measurement grid

A 5-by-21-point grid (105 points in total) was marked on the top surface of the prototype
element, corresponding to a mesh size of approximately 140 by 152 mm. This was
achieved by moving a parabolic profile along a rope positioned along the centreline of
the surface and marked at 152 mm intervals. The points were marked with a permanent
marker, ensuring accurate placement of accelerometers and consistent impact locations
for the hammer.

The spatial coordinates of the points were retrieved from the photogrammetry texture
map, as illustrated in Figure 3.19. Unit surface normals at the obtained coordinates were
computed using Grasshopper 3D. The coordinates and corresponding normals were then
used to construct a reference model in DewesoftX, which was used to perform the exper-
imental modal analysis. Local coordinate systems were specified in each node, defined
by planes perpendicular to the surface normal and aligned with the global x- and y-axes.

Figure 3.19: Spatial coordinates of the marked points were extracted from the texture
map generated by the photogrammetry scan. Surface normals were computed at each
point, defining local coordinate systems used in the experimental modal analysis.
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3.3.2.2 Experimental procedure
A detailed experimental procedure was developed to ensure the accuracy and reliability
of the modal analysis. It is outlined in this section, comprising the following stages:

• Preliminary testing to assess the setup and estimate mode shapes.

• Sensitivity study of support stiffness.

• Modal parameter extraction with a refined test setup.

• Rigid body mode identification and validation.

Preliminary testing was conducted to provide a rough estimate of the mode shapes and
to evaluate the test setup. Both hammers were tested to assess whether the quality of
the acquired data was sufficient or if an alternative hammer would be required. Addi-
tionally, the preliminary tests helped identify suitable accelerometer locations, ensuring
they were not placed along nodal lines.

Following the preliminary tests, an additional study was conducted to investigate the
influence of different boundary conditions. Specifically, how the spring stiffness of the
air cushions could affect damped natural frequencies and mode shapes. Theoretically,
stiffer supports reduce system flexibility, causing rigid body modes to occur at higher
frequencies, while more compliant supports result in lower-frequency rigid body modes.

Based on insights gained from the preliminary tests and the evaluation of support config-
urations, the experimental setup was refined. Testing was carried out with the updated
setup to identify the system’s modal characteristics, including mode shapes, damped
natural frequencies, and modal damping ratios.

Lastly, additional testing was conducted in an attempt to identify and categorise all six
rigid body modes. It was found during the preliminary testing that three of the six rigid
body modes were less distinct and difficult to identify. The experimental configuration
was therefore modified to identify the remaining three rigid body modes.

Data acquisition

A Dewesoft Sirius data acquisition (DAQ) system was used to record and process all
transducer signals in all experiments. The system featured eight channels in total, with
one channel reserved for the impact hammer and the remaining seven used for the ac-
celerometers.

Two measurement configurations were employed. In the first, all seven accelerometers
measured acceleration normal to the surface. In the second, one uniaxial and two triaxial
accelerometers were used, with a separate channel allocated to each coordinate axis of
the triaxial sensors. This latter configuration was employed to identify rigid body modes
that were less distinct using the first configuration.

Along with the DAQ system, the DewesoftX software with the Modal Analysis package
was used. Most of the modal analysis was carried out entirely in this software environ-
ment. It included key features such as signal processing, transfer function estimators,
coherence plots, mode indicator function plots, averaging of hits, double hit detection,
and curve fitting tools for extracting modal parameters.

The prototype element was excited sequentially at each node of the measurement grid.
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At each node, six hammer impacts were applied and subsequently averaged to reduce
random noise. Trigger and double-hit detection thresholds were configured for both
hammers to ensure consistent and high-quality data acquisition. For the larger hammer,
the trigger level was set to 1,000 N and the double-hit detection threshold to 70 N.
For the smaller hammer, the corresponding values were 200 N and 70 N, respectively.
Between impacts, the element was allowed to return to rest, ensuring that all transient
vibrations had fully decayed.

Signal processing and sampling parameters

The transducer signals were sampled at 2,000 Hz using 1,024 spectral lines, resulting in
a frequency resolution of 0.977 Hz (considering only positive frequency components)
and a total sampling time of 1.02 seconds. Consequently, any dynamic effects occurring
beyond this time window were not captured in the analysis. To ensure the signals de-
cayed within the sampling period, exponential window functions with a 1% decay rate
were applied, assuming that the system was lightly damped. Additionally, anti-aliasing
infinite impulse response (IIR) filters were employed on all transducer signals.

3.3.2.3 Preliminary testing
Preliminary testing was conducted to evaluate the experimental setup. Five accelerome-
ters were attached to the element in accordance with Figure 3.20, all of which measured
the response in the direction normal to the surface. Two test were conducted, one for
each hammer.

Impact hammer

DAQ system

Accelerometer

1

22
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64

85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84

44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63

23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Figure 3.20: Initial experimental setup for the SIMO roving hammer test. The red
nodes show the location of accelerometers.

82 CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30



3. Analysis of HP prototype element – Modal analysis

The test provided valuable insight into the expected outcomes of the roving hammer
tests. Key observations included:

• The coherence, obtained using the small hammer, was inferior to that of the large
hammer.

• Six clear and distinguishable mode shapes were identified below 220 Hz. A sev-
enth mode appeared near 300 Hz, though it was excluded as it exhibited poor
definition and coherence.

• Three rigid body modes were clearly observed: translation in the z-direction, and
rotation about the x- and y-axes, respectively. The remaining three rigid body
modes were less distinct.

• The first six resonance frequencies were nearly identical in both tests, indicat-
ing a linear behaviour of the element and that the response is not significantly
influenced by the input force magnitude.

• The largest rigid body mode exhibited a frequency ratio of less than 1:5 com-
pared to the first flexible mode, suggesting that the boundary conditions could be
considered relatively free.

• Based on the reference grid, it was possible to capture and distinguish between
various mode shapes, and no further mesh refinement was deemed necessary.

Based on the results, it was decided to proceed with further testing using only the larger
hammer, as it provided significantly better coherence and repeatability between hits
compared to the smaller hammer. As the mode shapes of the first six flexural modes had
been identified (see Table 3.8), it was possible to refine the placement of accelerometers
to avoid placement on nodal lines. Two additional accelerometers were attached to the
surface for subsequent testing, as illustrated in Figure 3.21.

Table 3.8: Mode categorisation.

Mode Rotation axis Mode description

1 X 1st torsion mode
2 Y 1st bending mode
3 Z + X 1st combined lateral torsional mode
4 Z + X 2nd combined lateral torsional mode
5 Y 2nd bending mode
6 Z + X 3rd combined lateral torsional mode
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44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63

23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Figure 3.21: Updated experimental setup based on the results from the preliminary test.
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3.3.2.4 Influence of boundary conditions
The influence of internal air pressure in the air springs was assessed by comparing
damped natural frequencies, damping ratios, and mode shapes across three configura-
tions: 10 psi (0.69 bar), 20 psi (1.38 bar), and 40 psi (2.76 bar), corresponding to ap-
proximate spring stiffnesses of 55 N/mm, 90 N/mm, and 140 N/mm, respectively. The
tests were conducted using the refined experimental setup derived from the preliminary
testing (see Section 3.3.2.3.

The eigenfrequencies of the highest rigid body mode and the first six flexural modes for
each configuration are presented in Table 3.9.

Table 3.9: Comparison of eigenfrequencies and damping ratios at different air pressure
levels.

10 psi 20 psi 40 psi
Mode Frequency Damping Frequency Damping Frequency Damping

[Hz] [%] [Hz] [%] [Hz] [%]

RB* 6.58 – 10.3 – 12.15 –
1 50.55 0.55 50.97 0.58 52.00 0.56
2 71.45 0.52 71.63 0.55 72.48 0.52
3 77.69 0.46 77.75 0.48 78.42 0.46
4 139.80 0.50 138.07 0.71 139.74 0.49
5 188.84 0.90 188.10 0.86 189.75 0.56
6 212.68 0.76 213.00 0.83 212.81 0.47

*Highest rigid body mode.

As expected, the rigid body modes shifted with the varying stiffness of the supports.
The highest rigid body mode for each configuration was recorded at 6.58 Hz, 10.3
Hz, and 12.15 Hz, respectively. Ideally, rigid body modes should be as close to 0 Hz
as possible to minimise their influence on the flexible modes. In this case, however,
the measured resonance frequencies (especially the higher-order ones) appeared to be
largely unaffected by the frequency at which rigid body modes occurred.

The first three modes exhibited similar damping ratios across all pressure levels, sug-
gesting they were not significantly influenced by the boundary conditions. In the 10 psi
and 20 psi tests, a gradual increase in damping was observed with increasing mode num-
ber. This trend was not evident in the 40 psi case, where modes 4–6 showed lower damp-
ing values compared to the lower-pressure configurations. This behaviour suggests that
higher modes are more sensitive to support stiffness and that damping contributions
from boundary interactions are more pronounced under softer support conditions.

In addition to comparing the modal damping ratios and eigenfrequencies, the corre-
sponding mode shapes were compared using the modal assurance criterion (MAC). The
results are shown in Figure 3.22.

Each MAC plot exhibits diagonal values that are equal to or very close to unity, while
the off-diagonal entries are close to zero. This indicates a strong correlation between the
corresponding mode shapes across the different support conditions. The most notable
deviation occurs in the comparison between 10 psi and 40 psi, and 20 psi and 40 psi,
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Figure 3.22: MAC comparison between 10, 20, and 40 psi air pressure levels.

particularly for mode 2 and mode 4, where the MAC value drops to 0.96. Although
still high, this suggests that there is some influence from the boundary conditions. In
contrast, the comparison between 10 psi and 20 psi yields MAC values consistently
greater than 0.99 for all modes, demonstrating excellent modal consistency.

In conclusion, the test results indicated that internal air pressures of 10 or 20 psi are
preferable over 40 psi for simulating free boundary conditions. The 40 psi configuration
introduced additional stiffness, which affected the measured frequencies, mode shapes,
and damping ratios. In accordance with Ewins (2000), the frequency of the highest rigid
body mode should not exceed 20% of the first flexural mode. Although this criterion
was technically not met by the 20 psi configuration, it was decided to proceed with it,
as the air cushion manufacturer (Firestone) recommended maintaining a minimum air
pressure of 20 psi during operation.
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3.3.2.5 Modal parameter extraction
The modal characteristics of the system were determined using the refined experimental
setup with air springs pressurised to 20 psi and with seven accelerometers positioned in
accordance with Figure 3.21.

The quality of the acquired data and the linearity of the system were initially assessed
using coherence and FRF plots, as shown in Figure 3.23. The coherence values for the
selected FRFs remained high up to approximately 280 Hz, beyond which a noticeable
drop-off occurred. Notably, the coherence approached unity at the resonance peaks
below 280 Hz, which is consistent with the previously determined useful frequency
range of the impact hammer. Furthermore, the overlaid FRF functions exhibited clear
alignment of modal peaks across all plots, indicating that the peaks appeared at consis-
tent frequencies regardless of the excitation intensity. This suggests that the structure
behaved linearly, thereby validating the use of experimental modal analysis.
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Figure 3.23: Comparison of 50 arbitrarily selected FRFs (left) and their corresponding
coherence functions (right).

Modal parameters were obtained from DewesoftX using a least squares complex fre-
quency (LSCF) curve fitting approach, as detailed in Section 2.5.5. A stabilisation chart
was generated, as shown in Figure 3.24, highlighting the modal orders for which the
estimated damped natural frequencies ωk and damping ratios ζk varied by less than 1%
and 5%, respectively.

A modal order of 24 was ultimately selected, as it yielded stable poles for the six flexural
modes of interest. The highest rigid body mode and the seventh eigenfrequency were
included as residual terms to improve the accuracy of the curve fitting for the first and
sixth modes. The complex mode indicator function (CMIF) was used as a validation
tool to verify that the identified poles corresponded to the actual system resonances.
Figure 3.24 presents both the CMIF plot and the associated stabilisation chart used in
the estimation process. A minor peak observed at 169 Hz suggested the presence of a
local mode, which was excluded from further analysis.
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Figure 3.24: Stabilisation chart overlaid CMIF plot. A model order of 24 was found
to yield stable poles for all modes of interest, as indicated by the consistent alignment
between the stabilisation markers and CMIF peaks.

Four synthesised FRF plots, i.e., FRF plots generated from the derived transfer function
model, are shown in Figure 3.25. As seen, the synthesised curves closely replicate
the original FRFs, particularly near resonance peaks. This suggests that the obtained
mathematical model effectively captures the system’s dynamic behaviour within the
frequency range of interest. Similar agreement was observed across all 735 individual
FRFs acquired during testing.
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Figure 3.25: Synthesised FRFs (blue) and original frequency response functions (red)
at node 40 for four of the seven accelerometers. The plotted region span from 0–220
Hz.
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Resulting modal parameters are presented in Table 3.10, along with the corresponding
mode complexity factors (MCF). The damping ratios have been corrected to account
for the artificial damping introduced by the exponential window function. The corre-
sponding mode shapes are shown in Figure 3.26.

As shown, the MCF is low, approximately 1% for each mode, indicating light damping
and likely uncracked concrete. It suggests that the mode shapes are predominantly real
and physically meaningful. The small imaginary component indicates near-proportional
damping, with points vibrating largely in phase. The low MCF also reflects good data
quality, as higher values often result from noise or non-linear effects.

Table 3.10: Modal parameters from LSCF curve fitting.

Mode Description Damped frequency Damping ratio MCF
[Hz] [%] [%]

1 Torsion 50.94 0.57 0.73
2 Bending 71.63 0.56 1.02
3 Lateral torsional 77.74 0.49 1.10
4 Lateral torsional 138.4 0.76 1.03
5 Bending 188.1 1.06 1.05
6 Lateral torsional 212.9 0.81 1.03

Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6

Figure 3.26: First six mode shapes from EMA. Red indicates maximum displacement
(positive and negative) and blue indicate zero movement, in the surface normal direc-
tion. A reference wireframe mesh is used to visualise the undeformed shape.
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By examining the mode shapes, it is evident that modes 1, 2, and 5 primarily exhibit
global torsional or bending deformation, while modes 3, 4, and 6 demonstrate more
complex coupled responses. It is also notable that several modes are closely spaced
in frequency, particularly modes 2 and 3, and modes 5 and 6, suggesting possible
mode coupling. The measured damping ratios are relatively consistent for the first three
modes, with a slight increase observed in the higher modes. These higher-order modes
involve more intricate deformation patterns, likely activating more localised mecha-
nisms for energy dissipation.

According to Gidrão et al. (2024), the damping ratio of uncracked concrete typically
ranges from 0.1% to 1.0% and tends to increase in the presence of microcracks, pores,
or other irregularities. As noted in Section 3.2.2, the casting quality of the specimen was
suboptimal, which may explain why some measured damping values are at the upper
end of the expected range.

When comparing modes 2 and 5, interpreted as the first two vertical bending modes,
with analytical predictions from an idealised straight Euler–Bernoulli beam model (cf.
Section 3.3.1), reasonable agreement is found. For mode 2, the experimental frequency
is 72 Hz, while the analytical estimate is 83 Hz (+15.3%). Similarly, mode 5 appears
at 188 Hz experimentally versus 229 Hz (+21.8%) analytically. The consistently higher
bending frequencies predicted by the analytical model suggest that the straight Eu-
ler–Bernoulli beam is dynamically stiffer than the prototype element. This is despite
that the Euler–Bernoulli model relies on the static modulus of elasticity for concrete,
making it less stiff than expected. There are several possible explanations for this dis-
crepancy. First, the prototype element may exhibit more complex mass and stiffness
coupling, where global vibrations involve both bending and in-plane stretching, thereby
altering its modal characteristics. Second, the Euler–Bernoulli beam theory neglects
shear deformation, which generally results in overestimation of natural frequencies.
Lastly, the frequencies obtained from experimental modal analysis are damped natural
frequencies and are therefore inherently lower than the undamped frequencies predicted
analytically. Considering these factors, the experimentally identified bending modes
may be regarded as lying within a realistic frequency range.

Three of the six rigid body modes—specifically, translation along the x- and y-axes and
rotation about the z-axis—could not be accurately identified with the initial test setup.
To address this, the experimental configuration was revised. All three coordinate axes
of the two triaxial accelerometers were utilised, and horizontal excitation was applied
in both x- and y-directions along the edges of the element. The resulting rigid body
modes are presented in Table 3.11.

Table 3.11: Modal frequencies of rigid body modes.

Mode Damped frequency [Hz] Description

1 2.61 Rotation around x-axis
2 4.59 Translation along x-axis
3 5.41 Translation along z-axis
4 7.96 Rotation around z-axis
5 8.87 Rotation around y-axis
6 10.31 Translation along y-axis
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3.3.3 Numerical modal analysis
The numerical modal analysis was performed using ABAQUS/CAE (Abaqus). The
assessment was divided into three stages. First, a sensitivity study was conducted to ex-
amine the effect of reinforcement, element types and mesh densities. Secondly, bound-
ary conditions and material properties were calibrated to align with experimental data.
Finally, conclusive numerical modal analysis was performed to determine the natural
frequencies and mode shapes of the prototype element.

3.3.3.1 Sensitivity study
The sensitivity study investigated the following questions:

• What impact does reinforcement modelling have on modal results?

• How does the choice of finite element type (e.g., solid vs. shell elements; quadri-
lateral vs. triangular meshes) influence the results?

• At what mesh density does the solution converge?

By addressing these questions, the study aimed to inform the selection of an appropriate
mesh size and to improve the efficiency of the modal analysis. Both 3D solid meshes
and 2D plane stress shell meshes were examined, with and without embedded reinforce-
ment. These configurations were associated with a model index, as seen in Table 3.12.
For each model, two second-order element types were considered: 10-node tetrahedral
and 20-node hexahedral elements for the solid models; and 6-node triangular and 8-
node quadrilateral elements for the 2D shell models. Each configuration was analysed
at various element sizes: 150, 100, 75, 50, 25, and 10 mm, to assess the convergence of
the solution. Figure 3.27 illustrates the two types of models.

Table 3.12: Model configurations.

Model Element type Reinforcement

1 3D solid Yes*

2 3D solid No
3 2D shell Yes**

4 2D shell No

*Explicitly modelled. **Modelled using the Rebar Layers option for shell elements in Abaqus.

x y

z

x y

z

Figure 3.27: 3D solid mesh (left) using hexahedral elements and 2D shell mesh (right)
using quadrilateral elements. Both models were generated in Rhino 3D and then im-
ported into Abaqus where they were meshed (here with ~75 mm mesh size).
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The free vibration behaviour of each configuration was analysed under free boundary
conditions with no assigned damping, using the material parameters listed in Tables 3.5
and 3.6. At early design stages, before reinforcement layouts are finalised, it is common
practice to assume a reinforcement ratio and adjust the concrete density accordingly to
reflect the total mass. However, estimating the effective stiffness, EIeff , is more com-
plex since it depends on the precise location of the reinforcement bars. For this rea-
son, models that excluded reinforcement used the effective reinforced concrete density
ρrc (see Table 3.5) to compensate for the omitted mass, while the associated stiffness
increment was not included in the analysis. In Model 1 and 3, the reinforcement was
embedded explicitly, with no interaction defined between individual reinforcement bars.

The results revealed nearly identical trends across all four model configurations. An
inverse relationship between mesh size and computed frequencies was observed, as
shown in Figure 3.28a. When enlarging the frequency curves, it became evident that
the eigenfrequencies consistently decreased with mesh refinement, though the magni-
tude of change diminished with each refinement step. For instance, in Model 4 using
quadrilateral elements, the average frequency difference between 100 mm and 75 mm
meshes was 0.021% across the first six modes, while the difference between 75 mm and
50 mm meshes was 0.014%. Overall, for mesh sizes of 75 mm or smaller, the eigen-
frequencies were deemed to have converged in all configurations. These findings are
consistent with those of Liu et al. (2011), who reported similarly converging frequency
trends with decreasing mesh size.

Furthermore, the choice of element type, i.e., tetrahedral versus hexahedral, or triangu-
lar versus quadrilateral, appeared to have minimal influence on the resulting modal fre-
quencies (see Figure 3.28b). As shown in Figure 3.29, the mode shapes were virtually
identical regardless of the element type used. Nonetheless, both Liu et al. (2011) and
Dassault Systèmes (2015) recommend the use of hexahedral and quadrilateral elements,
as these generally offer higher accuracy and superior convergence characteristics com-
pared to their respective alternatives. For this reason, 20-noded hexahedral and 8-noded
quadrilateral elements were adopted in the subsequent analyses, despite the limited dif-
ferences observed in this study. It should be noted that the hexahedral meshes were far
more difficult to obtain than tetrahedral meshes, as they required pre-partitioning of the
model domain.
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Figure 3.28: Modal convergence plots of Model 1. Similar plots were obtained for all
four model configurations.
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Figure 3.29: MAC comparison of Model 1 with hexahedral and tetrahedral elements.

The first six eigenfrequencies of the four model configurations are listed in Table 3.13.
Model 1, assumed to provide the most accurate representation, serves as the reference
for evaluating the others. Each model was discretised using an element size of approxi-
mately 75 mm with either hexahedral or quadrilateral elements.

Table 3.13: Comparison of mass and the natural frequencies for four considered nu-
merical model setups (see Table 3.12).

Unit Model 1 Model 2 Model 3 Model 4

Mass [kg] 270 265 259 272
[%] ref -1.9 -4.1 +0.7

Mode 1 [Hz] 43.45 42.79 42.06 41.86
(Torsion) [%] ref -1.5 -3.2 -3.7

Mode 2 [Hz] 72.25 68.84 69.13 67.02
(Bending) [%] ref -4.7 -4.3 -7.2

Mode 3 [Hz] 73.71 72.49 70.63 70.13
(Lateral torsion) [%] ref -1.7 -4.2 -4.9

Mode 4 [Hz] 129.5 127.3 123.1 122.2
(Lateral torsion) [%] ref -1.8 -4.9 -5.7

Mode 5 [Hz] 188.1 179.9 178.8 174.0
(Bending) [%] ref -4.3 -4.9 -7.5

Mode 6 [Hz] 197.1 193.2 186.1 184.4
(Lateral torsion) [%] ref -1.9 -5.6 -6.4

As shown, there are some differences in total mass between the various models. Model 2
has a mass of 265 kg, which aligns with that of the intended geometry described in Sec-
tion 3.2.2. This is expected, as the CAD geometry was directly imported into Abaqus.

92 CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30



3. Analysis of HP prototype element – Modal analysis

Model 1 is approximately 5 kg heavier, as the concrete volume displaced by the embed-
ded reinforcement has not been automatically subtracted. Model 4 is also heavier than
Model 2, likely due to an increased concrete volume introduced when a shell thickness
was assigned. The solid models were created by extruding the mid-surface of the el-
ement symmetrically (with the abutments extruded inward). While excess parts were
trimmed in the CAD software to ensure a consistent width of 0.6 m, this trimming was
not replicated in Abaqus, leading to a larger concrete volume and thus a higher mass. In
Model 3, reinforcement was defined using the Rebar Layers option for shell elements
in Abaqus, specifying bar orientations and spacings. Naturally, this method results in
a less precise representation of reinforcement than Model 1, where the reinforcement
geometry was explicitly modelled. Deviations in both mass and eigenfrequencies are
therefore expected, and the results from Model 3 are generally not directly comparable.

According to the Rayleigh quotient, an increase in mass should lead to lower eigen-
frequencies if stiffness remains constant. However, when comparing Model 1 and
Model 2, this trend is not observed. Model 1, which includes embedded reinforce-
ment, exhibits higher eigenfrequencies, indicating that the reinforcement contributes to
increased stiffness. This effect is particularly evident in the bending modes (2 and 5),
which deviate more significantly from Model 2 than the torsional and combined lateral
torsional modes (1, 3, 4, and 6). This outcome is reasonable, as bending the element
induces axial strain in the generator reinforcement, thereby increasing the overall bend-
ing stiffness. In contrast, twisting the element does probably not generate comparable
stretching in the reinforcement, particularly since the transverse bars do not form closed
loops. Without mechanical interaction between the bars, the torsional stiffness is pri-
marily governed by the shear behaviour of the concrete.

Models 3 and 4 show more significant deviations from Model 1, underestimating the
eigenfrequencies by approximately 3.2–5.6% and 3.7–7.2%, respectively. Similar to
Model 2, Model 4 exhibits particularly large deviations in the bending modes, while the
differences in other modes are comparatively smaller. As previously noted, the rein-
forcement implementation in Model 3, defined via the Rebar Layers feature in Abaqus,
is less precise and makes direct comparison less meaningful.

The influence of reinforcement was further examined by comparing the mode shapes
of Model 1 and Model 2, as presented in Figure 3.30. The diagonal values of the
resulting MAC matrix were all less than 0.01% off from unity, indicating a near perfect
correlation between the mode shapes of the two configurations. This suggests that the
inclusion of reinforcement had minimal impact on the mode shapes.

In reality, the reinforcement bars were held together using cable ties. Such interac-
tion effects were not considered in this study. Hypothetically, mechanical interaction
between the bars could influence the stiffness of the element and, consequently, its dy-
namic characteristics. This influence may be more pronounced if the bars are welded
or otherwise rigidly connected. While it could be of interest to investigate mechanical
interactions between reinforcement bars in future studies, the effect is assumed to be
negligible in the present case and not further assessed.

It was decided to proceed with numerical analysis using both Model 1 and Model 2.
While they produced identical mode shapes, the variation in eigenfrequencies was con-
sidered important for further evaluation in comparison with the experimental results.
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Figure 3.30: MAC comparison of Model 1 (Reinforced) and Model 2 (Plain concrete).

3.3.3.2 Influence of boundary conditions
The prototype element was supported on air springs, as described in Section 3.3.2.1.
These springs provide stiffness along the z-axis through the air cushion, and along the
x- and y-axes via frictional contact between the spring and the abutment. The vertical
stiffness values, evaluated in Section 3.3.2.4, were approximately 55 N/mm, 90 N/mm,
and 140 N/mm for air pressures of 10 psi, 20 psi, and 40 psi, respectively. The rigid
body modes and first six modal frequencies were analysed numerically using Model 1
(see definition in Table 3.12) for each stiffness configuration. The corresponding results
are presented in Table 3.14, based on a single nodal spring element applied at each
contact centre between the springs and the abutments, as seen in Figure 3.31. Frictional
contributions in the x- and y-directions were neglected in this study.

Table 3.14: Numerical eigenfrequencies [Hz] for varying vertical air spring stiffnesses
in the z-direction.

Spring stiffness Rz

Mode Description 55 N/mm 90 N/mm 140 N/mm

RB Highest RBM 7.18 9.18 11.44
1 Torsion 43.96 44.26 44.68
2 Bending 72.59 72.81 73.12
3 Lateral torsion 74.12 74.26 74.47
4 Lateral torsion 130.19 130.27 130.38
5 Bending 188.19 188.24 188.33
6 Lateral torsion 198.16 198.20 198.25
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(a) Experimental setup.
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(b) FEA representation.

Figure 3.31: The boundary conditions were modelled using spring elements.

The behaviour closely resemble that observed in the experimental modal analysis. The
frequency of the highest rigid body mode is significantly more affected by increased
vertical stiffness compared to the flexural modes. Moreover, the influence of stiffness
diminishes for higher modes, which is to be expected Brandt (2011). For instance, the
frequency of the fundamental mode increases by approximately 1.5% when the spring
stiffness is raised from 55 N/mm to 140 N/mm, whereas the change for mode 6 is only
about 0.05%.

An additional study was conducted to examine the influence of frictional stiffness be-
tween springs and abutments. The rigidity along the x- and y-axes are inherently
more complex to estimate and model. It was decided to model the frictional stiffness
through springs. Three base cases were considered using springs with stiffness values
of 100 N/mm, 200 N/mm and 300 N/mm, based on engineering judgement. The results,
presented in Table 3.15, assume a vertical air spring stiffness of 90 N/mm.

Table 3.15: Numerical eigenfrequencies [Hz] for different restraints in the x- and y-
directions, with z-direction fixed at 90 N/mm.

Spring stiffness Rx = Ry

Mode Free 100 N/mm 200 N/mm 300 N/mm Rigid

RB 9.18 10.47 14.04 16.89 8.88
1 44.26 44.83 45.43 46.09 41.11
2 72.81 72.99 73.17 73.35 86.92
3 74.26 74.32 74.38 74.44 96.33
4 130.27 130.33 130.40 130.47 112.26
5 188.24 188.35 188.46 188.57 145.82
6 198.20 198.27 198.34 198.42 164.03

It was found that the dynamic characteristics changed significantly when the element
was fully restrained in the x- and y-directions using infinitely stiff springs. A low
correlation is observed in Figure 3.32 between this fully restrained case and those with
either no or partial restraint in the x- and y-directions.
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Figure 3.32: MAC matrices comparing the influence of restraining the element in the
x- and y-directions. Partial restraint refers to 100 N/mm.

The degree to which the prototype element was restrained in-plane was not further
validated in this thesis. Instead, the restraints were calibrated by aligning the rigid body
modes of the numerical model with those obtained experimentally. This calibration
procedure is explained further in Section 3.3.3.3.

3.3.3.3 Model calibration
Up to this point, the numerical modal analysis has relied on nominal material parameters
that likely fail to capture the true behaviour of the prototype element. For example,
the concrete has been assigned static stiffness properties, which may underestimate its
actual stiffness under dynamic loading. Moreover, the frictional restraint between the
abutments and spring supports remains unverified and has been represented by arbitrary
spring stiffnesses.

Accurately representing the mass and stiffness distribution of the prototype in the finite
element models is inherently challenging for several reasons. First, it was not feasible to
construct models that fully accounted for all imperfections and deviations observed in
the cast element (see Section 3.2.2). Second, the precise placement of the reinforcement
was not documented and could not be reliably verified. Third, the interaction between
reinforcement due to tying was not evaluated. Lastly, neither the exact density nor
the stiffness of the concrete could be determined with certainty, as these properties are
sensitive to factors such as the degree of compaction.
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Instead idealised models had to be used, referencing the intended geometry and re-
inforcement layout. Both Model 1 and Model 2 (see definitions in Table 3.12) were
calibrated to align with experimental results. The mass of the cast prototype element
was considered to be relatively well established from weigh-ins (see Section 3.2.2). The
mass of the FE-models were adjusted to align with this real mass. Stiffness properties
of the steel reinforcement was also assumed to be known and fixed. However, stiffness
properties of the concrete, including modulus of elasticity and Poisson’s ratio, were
assumed to be less established. These parameters were adjusted to minimise the error
against experimentally observed damped natural frequencies.

Modal damping was excluded from the numerical models, as the calibration focused
solely on matching eigenfrequencies obtained from EMA. Although EMA provided
modal damping ratios, Abaqus supports only Rayleigh damping, which imposes uni-
form damping across all modes. Applying an average damping ratio would be physi-
cally inconsistent and offer no benefit. Since the models are calibrated against damped
natural frequencies from EMA, introducing proportional damping in the FEA would
merely redistribute contributions between the mass and stiffness matrices without af-
fecting the overall dynamic stiffness.

Calibration of mass

As discussed in the sensitivity study (Section 3.3.3.1), Abaqus does not automatically
subtract the volume of concrete displaced by embedded reinforcement in Model 1. This
results in a finite element model with excess mass and stiffness. Several options may be
considered to address the mass discrepancy in Model 1:

a) Perform a boolean subtraction of the reinforcement geometry from the concrete
in Abaqus, then reduce the concrete density to match the measured total mass of
the cast element.

b) Reduce the steel density to compensate for the overestimated mass in regions
where concrete and reinforcement overlap, then adjust the concrete density to
achieve the correct total mass.

c) Same as option a) or b), but without adjusting the concrete density, i.e., retain the
total mass of the idealised element.

d) Reduce only the concrete density to align with the measured total mass.

Although Abaqus supports boolean operations, option a) leads to overly complex ge-
ometry requiring extensive partitioning or manual meshing, making it impractical for
this study. Option d) uniformly reduces mass across the model, failing to target areas
of overlap, and thus yields a less accurate representation of the mass distribution, com-
pared to options b) and c). Ultimately, option b) was adopted. It ensured that the total
mass of the numerical model matched that of the prototype element, thereby ruling out
incorrect mass as a potential source of deviation in comparisons with the experimental
results. While the local mass distribution may still deviate, the alignment in total mass
increases confidence that any observed discrepancies are due to other factors than in-
correct inertia. Adopting option b) the densities of steel and concrete were adjusted as
per Table 3.16 for Model 1. Similarly, the effective density of concrete were adjusted
for Model 2, also shown in Table 3.16.
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Table 3.16: Adjusted steel and concrete densities to align the total mass of Model 1 and
Model 2 with that of the cast prototype element.

Old density New density Change
Model Material [kg/m3] [kg/m3] [%]

Model 1
Concrete (ρc) 2,363 2,294 -2.9
Reinforcement (ρs) 7,850 5,756 -26.7

Model 2 Concrete (ρc) 2,476 2,407 -2.8

Calibration of support conditions

To ensure consistency with experimental observations, the nodal spring stiffnesses Rx,
Ry, and Rz were iteratively adjusted so that the rigid body modes computed numer-
ically aligned with those recorded experimentally (see values in Table 3.11). As an
example, Rx was modified until the translational RBM in the x-direction matched the
experimental value. A similar adjustment was carried out for the y- and z-directions.
The resulting calibrated values are shown in Table 3.17.

Table 3.17: Calibrated stiffness values of spring elements.

Spring Stiffness [N/mm]

Rx 220
Ry 40
Rz 90

Calibration of stiffness

In the same way that the mass of Model 1 was corrected to address the double-counting
of overlapping volumes, the modulus of elasticity (MoE) of steel could, in principle, be
adjusted to compensate for the additional stiffness introduced by these overlaps. How-
ever, based on recommendations from the thesis supervisors, this approach was not
pursued. It was recommended to assign a nominal and physical meaningful elasticity
to the steel, under the assumption that this property could be assumed with high confi-
dence. In contrast, the dynamic MoE and Poisson’s ratio of the concrete was considered
to be more uncertain. As such, the stiffnesses of the models were calibrated solely by
adjusting the concrete’s MoE and Poisson’s ratio, potentially leading to an inaccurate
representation of stiffness distribution in Model 1.

According to Neville (2011), the Poisson’s ratio for normal, uncracked concrete typ-
ically ranges from 0.1 to 0.2. The static modulus of elasticity is generally between
27–37 GPa (Al-Emrani et al., 2011), while the dynamic modulus can be expected to be
approximately 15% higher.

The stiffness of Models 1 and 2 was calibrated through a gradient-based error minimi-
sation approach. The objective function was defined as the error between numerical
natural frequencies and experimentally obtained damped natural frequencies, evaluated
over a parameter space defined by Poisson’s ratio (0.1 ≤ ν ≤ 0.2) and concrete modulus
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of elasticity (27 ≤ E ≤ 33 GPa). While it would have been possible to include mode
shape discrepancies in the minimisation process, this metric was ultimately excluded.
Preliminary analyses indicated that variations in concrete stiffness had a negligible ef-
fect on mode shapes, rendering their inclusion in the calibration unnecessary.

Figure 3.33 presents contour plots showing how variations in Poisson’s ratio and mod-
ulus of elasticity influence the frequency error in Model 1, separated by mode type.
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(a) 1st torsion mode.
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(b) 1st and 2nd bending mode.
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(c) 1st combined lateral torsional mode.
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(d) 2nd combined lateral torsional
mode.
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(e) 3rd combined lateral torsional mode.

Figure 3.33: Contour plots of the percentage error in eigenfrequencies when varying
Poisson’s ratio and modulus of elasticity for Model 1.

The torsional mode (a) and the pure bending modes (b) evidently exhibit contrasting
behaviour. The frequency error of the torsional mode decreases for larger values of E
and smaller values of ν. Zero error is obtained at E = 33 GPa and ν = 0.1. Conversely,
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the error of the bending modes decreases for smaller values E, independently of the
Poisson’s ratio. Zero error is found at around E = 26 GPa (outside the bounds of
the plot). While bending stiffness is directly proportional to E, the torsional stiffness is
proportional to the shear modulusG, given byG = E/(2(1+ν)) for isotropic materials.
A larger MoE and smaller Poisson’s ratio yields a greater torsional stiffness.

These results suggest that Model 1 is overly stiff in bending and insufficiently stiff
in torsion relative to the actual prototype element. As a result, it is not possible to
identify a single combination of E and ν that simultaneously minimises both bending
and torsional frequency errors; they lie at opposite ends of the parameter space. In other
words, Model 1, as currently configured, cannot be tuned to simultaneously capture both
behaviours accurately. This suggests that the model fails to reflect key aspects of the
physical behaviour, possibly caused by, e.g., anisotropy, interaction effects, or structural
details that have not been accurately represented. As a result, there is a risk of masking
critical torsional or bending deficiencies, which may have significant implications in
design and safety assessments.

The contour plots of the optimisation for lateral-torsional bending modes (Figures 3.33c
to 3.33e) exhibit similar trends, with local minima recurring along distinct parameter
bands. Again, no single combination of E and ν exist that simultaneously minimises
the errors for all lateral torsional modes.

One possible reason why Model 1 cannot simultaneously capture both bending and
torsional behaviours accurately is an inaccurate representation of the reinforcement,
which may introduce non-physical stiffness anisotropy. As previously discussed, no
adjustment was made for overlapping regions of concrete and reinforcement. For com-
pleteness, it could have been useful to examine a case where such adjustments were
applied. To further evaluate the role of reinforcement, parameter optimisation was also
performed for Model 2. As shown in Figure 3.34, the results closely matched those of
Model 1. This suggests that the inclusion of reinforcement alone is unlikely to explain
why it is not possible to capture the correct bending and torsional behaviours.
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(a) 1st torsion mode.
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(b) 1st and 2nd bending mode.

Figure 3.34: Contour plots of the percentage error in eigenfrequencies when varying
Poisson’s ratio and modulus of elasticity for Model 2.

It is sensible that it is not possible to capture both behaviours accurately in Model 2
as it assumes a homogenous and isotropic stiffness across the whole geometry. It is
expected that the reinforcement in the element would introduce some anisotropy and
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stiffness variance. This is also observed in the comparison between Model 1 and 2.
Notably, Model 1 exhibits inherently higher bending and torsional stiffness. To match
the torsional error of Model 1, the shear modulus G in Model 2 must be increased by
approximately 3%. Similarly, achieving the same bending error requires increasing the
modulus of elasticity E by about 12%.

Alternatively, the inability to simultaneously capture both bending and torsional be-
haviours may stem from inaccuracies in the geometric stiffness representation. The
prototype element may possess higher torsional stiffness or lower bending stiffness
than what is reflected in the current finite element models. One potential explanation
is the omission of interaction effects between longitudinal and transverse reinforce-
ment, which could contribute to additional torsional stiffness and stiffness coupling.
Neglecting this interaction may result in an overestimation of bending stiffness rel-
ative to torsion. To confirm this hypothesis, a dedicated sensitivity study would have
been required, investigating different levels of connectivity between reinforcement bars.
Additionally, geometric imperfections, such as deviations in curvature, asymmetry, or
thickness variation introduced during casting, could also alter the stiffness distribution
and contribute to the model’s inability to accurately capture both bending and torsional
behaviour. As observed when comparing the mode shape plots (see Figure 3.39), the
EMA results exhibit more pronounced asymmetry in the mode displacements, partic-
ularly in the bending modes, compared to the numerical models. This discrepancy is
likely attributable to the aforementioned geometric imperfections.

The modulus of elasticity and Poission’s ratio were tuned to minimise the average error
for the six observed modes for both models. The average error for the two models,
shown in Figure 3.35, will inevitably be biased towards specific parameter combina-
tions. Since there are two bending modes but only one torsional mode, the optimisation
favours parameter sets that better fit the bending behaviour, thereby shifting the min-
imum average error closer to the bending-optimal region. At the same time, because
the torsional mode occurs at a lower frequency, its error carries relatively more weight
in the optimisation. An absolute error of 1 Hz constitutes a larger percentage error in
a low-frequency mode than in a high-frequency mode. As a result, the same absolute
deviation is penalised more heavily in lower modes, increasing their influence on the
optimisation outcome.
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(a) Model 1.
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(b) Model 2.

Figure 3.35: Contour plots of the average percentage error in eigenfrequencies when
varying Poisson’s ratio and modulus of elasticity for Model 1 and 2.
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Model 1 was calibrated to achieve an average frequency error of 3.35% across the six
modes usingE = 29 GPa and ν = 0.1. Model 2 reached a lower average error of 2.36%
with E = 30 GPa and ν = 0.1.

A MAC plot comparing both model configurations with the experimental data is shown
in Figure 1.35. The comparison between Model 1 and Model 2 yielded identical mode
shapes, as indicated by values of unity along the diagonal. Both models also demon-
strate good agreement with the experimental results. The first bending mode (mode 2)
exhibited the lowest correlation with a MAC value of 0.9202 for Model 1, and 0.9208
for Model 2. Four modes (modes 1, 3, 4, and 6) displayed MAC values exceeding
0.95 and can thus be considered closely correlated, in line with the criteria proposed by
Abrahamsson (2019). The two bending modes (modes 2 and 5) yielded MAC values
of approximately 0.92 and 0.94, respectively, for both models—above the commonly
accepted threshold of 0.8 for poor correlation but slightly below the 0.95 cut-off for
close correlation. According to Abrahamsson (2019), this range falls within a so-called
‘grey zone’, where correlation is neither clearly strong nor weak.

Figure 3.36: MAC matrices of experimental results the updated material parameters of
model 1 and 2.

3.3.3.4 Modal parameter extraction
The eigenfrequencies and corresponding mode shapes were extracted from Abaqus us-
ing Model 1 (see definition in Table 3.12), which employed 3D solid elements with
spring supports, as illustrated in Figure 3.37. The model was calibrated as described in
Section 3.3.3.3, with the modulus of elasticity set to E = 29 GPa and Poisson’s ratio to
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ν = 0.1. Spring stiffness values Rx, Ry, and Rz were applied according to Table 3.17.
Damping was omitted from the analysis, following the discussion in Section 3.3.3.3.
Tables 3.18 and 3.19 display the frequency values of the first six flexural modes and
six rigid body modes, respectively. The corresponding mode shapes of the six flexural
modes are depicted in Figure 3.38
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Figure 3.37: Finite element model of Model 1, partially restrained in four nodes
by spring elements in the x, y, and z-direction. 20-noded hexahedral element types
(C3D20R) were used with an approximate size of 75 mm.

Table 3.18: Eigenfrequencies of first six flexural modes.

Mode Frequency [Hz] Mode description

1 47.89 1st torsion mode (x-axis)
2 75.89 1st bending mode (y-axis)
3 79.60 1st combined lateral torsional mode (z- and x-axis)
4 138.6 2nd combined lateral torsional mode (z- and x-axis)
5 196.0 2nd bending mode (y-axis)
6 209.2 3rd combined lateral torsional mode (z- and x-axis)

Table 3.19: Eigenfrequencies of rigid body modes.

RBM Frequency [Hz] Type

1 2.89 Rotation around x-axis
2 5.90 Translation along z-axis
3 6.40 Rotation around z-axis
4 7.77 Translation along y-axis
5 8.15 Translation along x-axis
6 10.56 Rotation around y-axis
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Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6

Figure 3.38: First six mode shapes. Red indicates maximum displacement (both pos-
itive and negative) and blue indicate zero movement. A reference wireframe mesh is
used to visualise the undeformed shape.

3.3.4 Summary of results
This section provides a summary of the results obtained from the experimental modal
analysis (EMA) (Section 3.3.2) and numerical modal analysis (NMA) (Section 3.3.3)
of the prototype element. The first six mode shapes from each analysis are presented
in Figure 3.39, and the corresponding natural frequencies are listed in Table 3.20. A
MAC comparison between the experimental and numerical mode shapes is shown in
Figure 3.40. The section concludes with a list of key observations from the two assess-
ments. Note that all natural frequencies obtained from the experimental analysis are
damped, whereas those from the numerical analysis are undamped.

Table 3.20: Comparison of natural frequencies between numerical and experimental
results.

Mode Description Numerical* Experimental** Difference
[Hz] [Hz] [%]

RB Highest RBM 10.56 10.31 -2.37
1 Torsion 47.9 50.9 +6.26
2 Bending 75.9 71.6 -5.67
3 Lateral torsion 79.6 77.7 -2.39
4 Lateral torsion 138.6 138.4 -0.01
5 Bending 196.0 188.1 -4.03
6 Lateral torsion 209.2 212.9 +1.78

*Undamped. **Damped.
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Mode 1

Numerical Experimental Numerical Experimental

47.9 Hz 50.9 Hz 138.6 Hz 138.4 Hz

75.9 Hz 71.6 Hz 196.0 Hz 188.1 Hz

79.6 Hz 77.7 Hz 209.2 Hz 212.9 Hz

Mode 2

Mode 3

Mode 4

Mode 5

Mode 6

Figure 3.39: Mode shape comparison between experimental and numerical analysis.

Figure 3.40: MAC comparison between experimental and numerical results.
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A summary of the key observations is provided below:

Experimental modal analysis (EMA):

• Six distinct flexural modes were identified below 220 Hz, with the lowest mode
occurring at 50.9 Hz. Among these, one torsional mode, two pure bending modes,
and three coupled lateral-torsional modes were observed. A seventh mode was
detected at around 300 Hz, past the upper limit of the impact hammer’s useful
frequency range, and was excluded due to poor coherence.

• The structure exhibited linear dynamic behaviour, with coherence values approach-
ing unity across all resonance peaks below 300 Hz.

• Two closely spaced mode pairs were identified: the first separated by less than
5 Hz, and the second by less than 15 Hz, suggesting possible mode coupling.

• All six rigid body modes were successfully identified, with the highest occurring
at 10.31 Hz, equivalent to 20.3% of the fundamental mode frequency. Although
this mode could be lowered further through support tuning, its influence on the
flexural modes was found to be negligible.

• The modal complexity factor (MCF) ranged from 0.73% to 1.1% (see Table 3.10),
indicating well-defined and predominantly real mode shapes.

• Modal damping ratios ranged from 0.56% to 1.1% (see Table 3.10), consistent
with typical values for lightly damped concrete structures.

• Both vertical bending modes occurred at frequencies lower than those predicted
using a straight, idealised, Euler-Bernoulli beam (see Section 3.3.3.1).

Numerical modal analysis (NMA):

• The NMA results were relatively insensitive to mesh refinement, with eigenfre-
quencies converging at mesh sizes of approximately 75 mm. Additionally, the
choice of element type (e.g., tetrahedral versus hexahedral) had minimal influ-
ence on results. Some discrepancies were observed between models using 3D
solid and 2D shell elements; 3D solid elements were ultimately adopted.

• Inclusion of reinforcement had limited impact on mode shapes but noticeably
influenced eigenfrequencies, especially bending mode frequencies (see results in
Section 3.3.3.1).

• The dynamic response was notably sensitive to the assumed boundary condi-
tions. While vertical support stiffness had limited influence beyond the rigid
body modes, frictional restraint in the horizontal directions (x and y) had a more
pronounced effect on both eigenfrequencies and mode shape correlation (see Fig-
ure 3.32).

• Regardless of the configuration of material parameters, the numerical models
were unable to accurately capture the bending and torsional behaviour observed
in the EMA, simultaneously.
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3.3.5 Discussion
Much of the results obtained from the experimental and numerical modal analyses have
been discussed in their respective sections (Sections 3.3.2 and 3.3.3). This concluding
discussion shifts focus from individual results to an assessment of the overall modelling
approach, highlighting areas of mismatch between numerical and experimental results,
and proposing potential underlying causes and improvements. It outlines key limita-
tions, and suggests strategies to improve future simulations and experimental setups.
The aim is to support more reliable interpretation of modal behaviour through better-
integrated numerical and experimental analyses.

The analyses showed that the first six mode shapes and corresponding natural frequen-
cies of the prototype element, as identified in the numerical modal analysis (NMA),
closely matched those observed in the experimental modal analysis (EMA). This align-
ment supports the general validity of the modelling approach. However, several limita-
tions and opportunities for improvement were identified.

Although strong correlation was achieved for the first six mode shapes, the numerical
models were unable to simultaneously reproduce the bending and torsional behaviour
observed in the EMA, regardless of material parameter configurations of the concrete.
This indicates that applied idealised assumptions regarding geometry, reinforcement
properties, and boundary conditions may not fully capture the real structural response.

A key simplification was the use of an idealised geometry, whereas the actual specimen
exhibited geometric imperfections introduced during casting, including asymmetry, cur-
vature deviations, and thickness variations. These aspects likely influenced the stiffness
distribution, particularly for coupled modes. Future studies could improve accuracy
by basing numerical models on scanned geometries, thereby incorporating geometric
irregularities that are otherwise neglected. An alternative or complementary approach
could involve introducing stochastic perturbations in the numerical model, by randomly
varying the stiffness and mass properties of individual elements to simulate the effects
of air voids and material inconsistencies. Different levels of variability could be stud-
ied systematically. Such perturbations could also be applied in a spatially controlled
manner, focusing on specific regions where irregularities are likely to occur—for exam-
ple, to simulate thickness variations or known voids near the abutment—by adjusting
parameters within predefined zones.

Reinforcement was considered only in simplified terms—either fully included or omitted—
and interactions between the bars or with the surrounding concrete were not explicitly
modelled. Future work could explore more realistic assumptions, for example by intro-
ducing interface elements to simulate the mechanical interlocking between individual
bars. Investigating such interactions may improve understanding of the reinforcement’s
contribution to stiffness and modal characteristics.

Experimental modal analysis on a specimen without reinforcement could help isolate
the reinforcement’s influence on modal properties. This approach would require im-
proved production control to ensure that observed differences are not caused by man-
ufacturing defects. Similarly, performing modal analysis on the reinforcement cage
alone could provide additional insights, particularly regarding its directional stiffness
contributions. It is currently assumed that the reinforcement has limited effect on the
torsional stiffness of the element, and this hypothesis could be further evaluated through
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such targeted investigations.

The material properties used in the numerical analysis were estimated or calibrated
rather than directly measured. Parameters such as the dynamic modulus of elasticity
and Poisson’s ratio of the concrete were inferred, introducing a degree of uncertainty. A
more rigorous approach would involve laboratory testing of the cast concrete to experi-
mentally determine these values. Techniques such as ultrasonic pulse velocity (UPV) or
the impact-echo method (cf. Section 2.6.3.1) could be applied directly to the prototype
element, or to separate plain-concrete cubes or cylinders to avoid interference from
reinforcement. If material properties were obtained experimentally, the current cali-
bration step—where concrete stiffness is manually tuned—could be eliminated. This
would allow for the use of physically justified input parameters, meaning that any re-
maining deviations between numerical and experimental results would likely stem from
other modelling assumptions rather than uncertainties in the material behaviour. Such
an approach could help identify the true sources of discrepancies. In addition, the pro-
totype element exhibited inconsistent compaction and geometric irregularities, which
may have contributed to the observed differences. Casting additional specimens with
improved quality control, e.g., with better vibration during casting, could help reduce
variability and isolate specific effects.

The conducted experimental modal analysis relied on the assumptions that the studied
HP prototype element behaves as a linear and time-invariant system. While concrete
structures are known to exhibit time-dependent behaviour such as stiffness develop-
ment and shrinkage strain accumulation, these effects were assumed minimal over the
short testing period of a few days. Furthermore, the relatively low-energy excitations
employed in this study ensured the structure remained uncracked and within its linear-
elastic range. The assumptions of linearity and time-invariance were further supported
by the observed consistency of modal parameters across repeated tests with different
hammers on separate days. These findings support the validity of using EMA to evalu-
ate the modal characteristics of the HP prototype element. Future investigations could
provide further validation of these assumptions by analysing the system’s response un-
der higher excitation amplitudes and at different concrete ages, thereby assessing the
onset of non-linear behaviour and the effects of time-dependent material evolution on
dynamic performance.

To improve comparison with numerical models, it is valuable to identify a broader set
of vibration modes. The experimental assessment was limited to the first six modes
due to the frequency range of the impact hammer. A harder hammer tip could extend
the excitation range and reveal higher-frequency modes, offering a broader basis for
validation. Alternative excitation methods, such as shaker excitation, could provide
more energy at higher frequencies and enable identification of additional modes.

Moreover, a clearer separation between rigid body and flexural modes is desirable to
improve the reliability of modal identification. To further minimise the influence of
unintended boundary restraints and friction effects, the specimen could be suspended
during testing to more closely approximate free–free boundary conditions. This setup
would reduce the impact of air cushion dynamics and provide a clearer characterisation
of the element’s intrinsic dynamic properties.
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3.4 Static analysis
The dynamic response of the HP prototype element was investigated in Section 3.3
through modal analysis. This section focuses on the element’s performance under static
loading, evaluated through analytical calculations, experimental testing, and numerical
simulations.

The section is organised into five main parts, presented in Sections 3.4.1 to 3.4.5.
Section 3.4.1 presents analytical stress estimations, using Pucher’s membrane shell
method (cf. Section 2.2.1), and Lundgren’s beam theory for cylindrical shells (cf. Sec-
tion 2.2.2). Section 3.4.2 outlines the experimental static load testing. Section 3.4.3
explores both linear and non-linear FEA, examining sensitivity to mesh resolution,
boundary conditions, and reinforcement modelling approaches. Section 3.4.4 provides a
comparative summary of the findings from all three assessments. Finally, Section 3.4.5
discusses the outcomes and limitations.

The main objective of these investigations is to assess the prototype element’s static
response under incremental loading, addressing the following key questions:

• How does the element respond to increasing static load, and what governs its
failure?
– How do stress and strain fields evolve during loading? Where do cracks initiate,
and at what locations do concrete crushing and steel yielding occur? What defines
the ultimate load-bearing capacity?

• How does reinforcement affect the element’s static behaviour?
– What is its effect on deformation characteristics and ultimate load capacity?

• To which extent can analytical and numerical models predict the experimen-
tally observed behaviour?
– How closely do the models replicate experimental outcomes, and where do dis-
crepancies arise?

To address these questions, the prototype element was studied using analytical, numer-
ical, and experimental approaches. Due to practical constraints, the second question—
concerning the influence of reinforcement—could only be investigated numerically.
Two static load cases were considered (see Figure 3.41): one involving a uniformly
distributed gravitational load applied across the surface (LC1), and another consisting
of two concentrated point loads positioned along the centreline of the element, 900 mm
apart (LC2).

LC1 was implemented by placing cement bags on top of the element, corresponding to
an approximate loading of qz = 0.869 kN/m2 (per unit area of the top surface). This
relatively low load level was assumed to be non-destructive, i.e., insufficient to initiate
cracking or plastic straining, and was therefore unlikely to interfere with the subsequent
point load test conducted up to failure. Furthermore, the uniformly distributed load
was expected to provide a favourable loading condition that promoted membrane ac-
tion, thereby enforcing the intended shell behaviour and minimising localised bending
effects. This setup also reflects a realistic loading scenario from a potential applica-
tion standpoint, where the element would be subjected to UDLs from overlying fill
materials. Lastly, it enabled meaningful comparison with membrane shell theory and
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Euler-Bernoulli beam theory for cylindrical shells.

LC2 used two concentrated loads (Q1 = Q2) which were applied via a hydraulic
piston rig, incrementally increased until failure. While this loading induces localised
bending—contrary to the preferred membrane action in shell structures—it was chosen
as the most practical and controlled method to achieve failure, providing precise force
data at each step compared to less controlled alternatives like stacking cement bags.

LC1 - Uniformly distributed loads LC2 - Point loads

900

1050

1050

[mm]

Q
2

Q
1

q
z

Figure 3.41: Illustration of the two load cases considered during static load testing.

To minimise bending and promote in-plane membrane action, the element was re-
strained longitudinally within the test rig, as illustrated in Figure 3.42.

Plywood sheets Concrete block
Steel block

Test rig

4000 [mm]

Figure 3.42: Illustration of support conditions considered during static load testing.
The prototype element was placed within the test rig, with steel blocks, concrete blocks
and plywood sheets added to minimise the gap between the element and the test rig, and
to ensure adequate load transfer.
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3.4.1 Analytical static analysis
This section provides an analytical estimate of the internal stresses within the HP ele-
ment under a vertical distributed load of pz = −0.869 kN/m2, applied to its top surface
(LC1). The analysis is conducted in two stages: firstly, by using the method for arbi-
trary membrane shells developed by Pucher (1934); and secondly, by employing the
Euler–Bernoulli beam theory for cylindrical shells suggested by Lundgren (1949).

3.4.1.1 Membrane shell theory
A plan projection of the HP prototype’s middle surface is shown in Figure 3.43. The
straight-line generators are oriented at an angle ±γ given as

tan γ =
√
h2

h1
=
√

0.45
11.25 =⇒ γ = tan−1 0.2 ≈ 11.3◦.

A B

D

γ

C

Figure 3.43: Plan projection of the prototype element’s middle surface.

Pucher’s method yields an admissible solution in which the element is fully compressed
(cf. Section 2.2.1.3), with projected stress resultants given as:

n̄x = −q h1

2 , n̄y = n̄xy = 0.

This solution assumes that the external load p acts solely in the z-direction (p = pz), and
that the projected load p̄z is constant over the projected surface (p̄z = −q = const.). In
practice, the surface load from the cement bags potentially induces a hydrostatic pres-
sure with non-zero components in the x- and y-directions. Additionally, the projected
load p̄z = dA

dx dy
· pz = C(x, y) · pz varies spatially, as shown in Figure 3.44. Nonethe-

less, these simplifications are necessary to obtain a closed-form analytical solution. The
function C(x, y) is assumed constant and taken as the ratio of the total surface area to
the total projected area, giving:

q = −1.255 · pz = 1.130 kN/m2.

The projected normal stress resultant n̄x is constant on the projected surface:

n̄x = −6.35 kN/m.
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Figure 3.44: Spatial variation of the function C(x, y) = dA
dx dy

over the surface.

In accordance with Flügge (1962), the surface stress resultant nx is related to the pro-
jected stress by the local inclination of the surface, and can be expressed as:

nx = cos(θy)
cos(θx) · n̄x = D(x, y) · n̄x,

where the angles θx and θy are defined as per Figure 2.8. The spatial variation of
D(x, y), shown in Figure 3.45, reveals a symmetrical stress distribution that increases
toward the central axis of the shell and toward the supported edges. Integration of the
stresses along the supported edges yields a total thrust of Nx = −4.02 kN at each end.
As discussed in Section 2.2.1.3, any attempt to reduce the thrust at one supported edge
results in an equal increase in thrust at the opposite edge.

Figure 3.45: Spatial variation of the function D(x, y) = cos(θy)
cos(θx) over the surface.
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3.4.1.2 Euler-Bernoulli beam theory for cylindrical shells
This section presents stress estimations based on the Euler–Bernoulli beam theory for
cylindrical shells proposed by Lundgren (1949), following the theoretical framework
introduced in Section 2.2.2.

The beam representation of the HP prototype element, shown in Figure 3.46, has a
longitudinal arc length of l = larc = 3.035 m. The beam is assumed to be subjected to a
constant surface load pz, equivalent to a line load q per unit arc length along the beam’s
longitudinal direction. This line load is obtained by multiplying pz with the transverse
arc length:

q = pz

∫ η

−η
dsy ≈ −0.647 kN/m.

The beam is assumed to have a constant thickness of t = 45 mm, yielding a uniform
second moment of area of Iyy = 1.161 · 10−3 m4 about the local y-axis.
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Figure 3.46: Beam representation of HP prototype element.

The spatial distributions of the resulting normal membrane stress resultant nx and trans-
verse shear stress resultant nxsy are presented in Figure 3.47. The decomposition of the
shear stress resultant nxsy into its global components nxy and nxz is shown in Fig-
ure 3.48.
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(a) Normal stress resultants nx [N/m] (b) Shear stress resultants nxsy [N/m]

Figure 3.47: Distribution of membrane stresses in the beam due to external load p̄z.

(a) Shear stress resultants nxy [N/m] (b) Shear stress resultants nxz [N/m]

Figure 3.48: Distribution of shear stress nxsy , decomposed into global y- and z-
components.
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3.4.2 Experimental static analysis
Experimental static load testing for LC1 and LC2, as defined in Figure 3.41, was con-
ducted on 3 June 2025. This section outlines the testing methodology and presents some
preliminary results. The content is organised into four sections:

• Section 3.4.2.1 — Describes the two load cases in detail.

• Section 3.4.2.2 — Covers how boundary restraints and supports were realised
during testing.

• Section 3.4.2.3 — Covers the acquisition of strain data using digital image cor-
relation (DIC) and distributed fibre optic sensing (DFOS).

• Section 3.4.2.4 — Summarises the observed test results.

3.4.2.1 Loading
A description of the two load cases is given below:

Load case 1 (LC1)
Non-destructive testing of the element under a uniformly distributed load was conducted
by placing ten cement bags, each weighing approximately 20 kg, evenly across the
main surface (see Figure 3.49). This corresponded to an applied load of approximately
0.869 kN/m2.

Figure 3.49: Application of uniformly distributed load (LC1). Ten cement bags, each
weighing around 20 kg, were evenly placed across the main surface of the element.

Load case 2 (LC2)
The element was loaded to failure via two concentrated loads, each applied through a
Larzep hydraulic piston, positioned 900 mm apart, symmetrically about the element’s
midpoint, as per Figure 3.41. Custom 140-by-140 mm plywood load distributors were
fabricated to transfer and spread the loads onto the curved surface geometry. Each
load distributor featured an extruded cross geometry on its top surface, designed to
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interface with SKF GX50 bearings. These bearings were subsequently connected to the
hydraulic pistons. To improve contact and mitigate local stress concentrations, the load
distributors were placed on top of a foam sheet, as shown in Figure 3.50.

Figure 3.50: Application of concentrated loads (LC2). A plywood load distributor was
positioned beneath each hydraulic cylinder. A thin foam layer was placed between the
load distributors and the concrete surface to improve load transfer. The cylinders were
positioned 900 mm apart.

One of the hydraulic pistons was displacement-controlled, while the second was pro-
grammed to track and replicate the displacement of the first. To stabilise the setup and
account for initial plastic deformations in the foam sheets, preliminary load cycling was
conducted, with a preload of 1 kN applied to each piston. The primary loading phase
commenced at a displacement rate of 1.5 mm/min, reaching approximately 37 kN over
9 minutes. The rate was then increased to 5 mm/min, maintained until failure. This
increase was necessary to prevent the DIC system from exceeding its memory capacity.
The total duration of the test was approximately 21 minutes.

3.4.2.2 Boundary conditions
The element was vertically supported on a concrete floor and longitudinally confined
within the test rig, as shown in Figure 3.42. To reduce the gap between the element
and test rig, a steel block and a concrete beam were positioned on opposite sides of the
element. Gaps were further closed using plywood sheets, MDF boards, and wooden
wedges. Additional steel plates and wooden wedges were positioned under the abut-
ments to level the element and correct for the geometric twist described in Section 3.2.2.
An overview of the boundary conditions is provided in Figure 3.51.
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Figure 3.51: Prototype element rested on a concrete surface and restrained within the
test rig.

3.4.2.3 Strain measurements
Strain measurements were obtained using distributed fibre optic sensing (DFOS). Ad-
ditionally, for LC2, digital image correlation (DIC) was employed to monitor surface
strains on the top face of the element between the two concentrated load points. The
configuration and implementation of each strain measurement methods is summarised
below.

Distributed fibre optic sensing (DFOS)
Four BRUsens DSS V9 DFOS cables were cast into the element, labelled in accordance
with Table 3.21, and positioned as shown in Figure 3.52. Each DFOS cable was aligned
parallel to a reinforcement bar, with the bars placed at varying depths across the section
thickness. The offset values reported in Table 3.21 assume that the cables remained
centered along the centroidal axes of their respective reinforcement bars. The exact
positions of the reinforcement and DFOS cables were not documented during casting,
and their placement should therefore be considered approximate.

Table 3.21: Classification and characteristics of the four DFOS cables embedded in the
prototype element.

Name Colour Offset* [mm] Total length [mm]

Transversal −6 6,404
Diagonal W-E −3 14,477
Diagonal E-W +3 16,013
Perimeter ±0 6,031

*Offset from middle surface.
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Figure 3.52: Assumed positions of the four DFOS cables within the prototype element.

The four cables were connected to an ODiSI 6108 fibre optic interrogator by Luna
Innovations. Strain data was recorded at a sampling rate of 3.125 Hz with a spatial
resolution of 1.3 mm. Prior to testing, any existing strain signals in the fibres were
tared.

Digital image correlation (DIC)
DIC was used during LC2, serving two main purposes: to monitor the development
of cracks and strain in the region between the concentrated loads, and to capture the
vertical mid-point deflection of the specimen.

A stochastic speckle pattern was painted onto the surface, as shown in Figure 3.53.
First, a base layer of matte white paint was applied to the surface and left to dry for one
day. Subsequently, a rubber mat was dipped in black paint and gently dabbed onto the
surface, creating a high-contrast stochastic pattern.

Two charge-coupled device (CCD) cameras were used to record the deformations of the
speckle pattern. Both cameras were calibrated using a calibration cross prior to testing.
Blue LED light was used to illuminate the DIC pattern, enhancing the contrast of black
and white, providing better data quality. Images were recorded at 1 Hz and processed
in ZEISS INSPECT Correlate.

Figure 3.53: Close-up image of the stochastic speckle pattern painted onto the top
surface of the prototype element.
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3.4.2.4 Preliminary Results
This section summarises preliminary outcomes from the static load testing. At this
stage, the data has been processed and compiled for initial interpretation, but no de-
tailed assessment of measurement reliability, error margins, or repeatability has yet
been conducted. A more thorough evaluation will be required to confirm the robustness
and accuracy of the findings.

Uniformly distributed load (LC1)
The strains induced by placing cement bags on top of the prototype element were
recorded using the cast-in distributed fibre optic sensors. The measured strain profiles
after applying ten cement bags uniformly across the surface are presented in Figure 3.54
for each of the DFOS cables.

To interpret these graphs, it is suggested to use Figure 3.52 as a reference key. Each
graph includes a series of numbered vertical lines that correspond to specific positions
along the DFOS cables. These positions are also indicated as dots in Figure 3.52. It
should be noted that these positions have not been experimentally verified, but are based
on the intended design of the element.

The measured strain levels were generally low, approximately 10 µϵ (micro strain)
in magnitude, resulting in notable noise in the recorded data. The strain along the
Transversal DFOS cable was close to zero, indicating that stress does not distribute sig-
nificantly in the transverse direction. Two distinct peaks with elevated strain levels were
observed in the data of the Transversal DFOS cable. These peaks correspond to parts of
the fibre located outside the element and were likely caused by damage incurred during
transportation or handling.

For the diagonal cables (Diagonal E-W and Diagonal W-E), the fibres were predom-
inantly in tension along most of their length, transitioning into compression near the
free edges. While the overall strain profiles were similar, a slight asymmetry can be
observed between the two diagonals.

The Perimeter fibre indicated full compression along the free edges, with a pronounced
increase in compressive strain toward the middle of the span, diminishing gradually
toward the supports.
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Figure 3.54: Strain measurements along the four DFOS cables under cement bag load-
ing (LC1). Vertical dashed lines mark known positions along each cable. Figure 3.52
serves as a reference key for locating these positions within the element. Gray-shaded
zones denote regions that are either outside the element or simply not aligned with re-
inforcement bars.
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Concentrated loads (LC2)
The strains induced by the two hydraulic cylinders were measured using both the cast-in
DFOS cables and DIC.

Using two CCD cameras, it was possible to capture 3D-deformations with the DIC. By
correlating these deformations with load data from the hydraulic cylinders, the midpoint
deflection of the element was plotted as a function of the total applied load, as shown in
Figure 3.55. The displacement was averaged across 28 nodes located near the geometric
midpoint of the top surface. The graph presents both the individual displacements of
each node and the mean displacement.
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Figure 3.55: Load–displacement response from LC2. Vertical displacements were
measured at 28 nodes near the geometric midpoint on the element’s top surface us-
ing DIC. Coloured curves show individual node responses; the black curve represents
the average displacement. Six distinct stages were identified: 1 First crack formation,
2 Increased loading rate, 3 Longitudinal crack formation, 4 Ultimate load reached,
5 Compressive failure of both free edges, 6 Punch-through of cylinder.

Six distinct stages were observed in the load-displacement response graph:

1 The first visible crack formed at the centre of the element at approximately 19 kN.
By 31 kN, five cracks had developed. Despite this, the response remained nearly
linear, indicating no significant stiffness reduction.

2 At 37 kN, a sudden jump in the curve occurred, attributed to a deliberate increase
in loading rate from 1.5 mm/min to 5.0 mm/min—rather than a structural event.

3 With continued loading, a longitudinal crack appeared in a region along one of the
upper edges of the parabolic cross-section. This area was under high compressive
stress and exhibited poor compaction, making it a natural point for local failure
to initiate.

4 The element reached its ultimate load at 84 kN. Failure occurred through brittle
fracturing of the poorly compacted concrete along the highly compressed upper
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edge, at the same location where the longitudinal crack had formed. Large pieces
of concrete detached, and the edge reinforcement showed signs of local buckling.

5 Similar brittle fracturing of poorly compacted concrete occurred at the opposite
upper edge.

6 In the final stage, full punching shear failure occurred beneath the cylinder aligned
with the previously damaged edge, causing the load to puncture completely through
the element’s surface.

Figure 3.56 shows selected images taken after the completion of the load test.

Figure 3.56: Selected images from the static load test with two concentrated loads
(LC2). Top left: Buckling of reinforcement and brittle fracturing of poorly compacted
concrete along the upper edge. Top right: Crack formation near the support region.
Bottom: Full punch-through failure beneath one of the loading cylinders.

Figure 3.57 shows the strain distribution on the top surface between the point loads at
Stage 3 , captured using DIC. Five transverse cracks are visible, each centred above
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a transverse reinforcement bar. Notably, the upper edge exhibits elevated strain levels
in the same region where concrete fracturing occurred during Stage 4 . Figure 3.58
shows the DIC mesh recorded at stage 2 and 3 .

Figure 3.57: DIC snapshot at an applied load of 75 kN, corresponding to Stage 3
in Figure 3.55. Five transverse cracks from Stage 1 are clearly visible between the
load cells. A developing longitudinal crack near the upper edge—characteristic of
Stage 3 —is also evident.

Stage 2 - 37 kN Stage 3 - 75 kN

Figure 3.58: DIC crack patterns at a total applied load of 37 kN and 75 kN, correspond-
ing to Stage 2 and 3 in Figure 3.55.

Figure 3.59 present the strain distribution along each of the four DFOS cables at three
distinct load steps:

• Step 1 — corresponds to a load of 15 kN, recorded prior to Stage 1 and before
any visible cracking of the element.

• Step 2 — represents a load of 38 kN, measured just after the load rate was in-
creased during Stage 2 .

CHALMERS Architecture and Civil Engineering, Master’s Thesis ACEX30 123



3. Analysis of HP prototype element – Static analysis

• Step 3 — refers to a load of 75.7 kN, recorded immediately after Stage 3 , coin-
ciding with the formation of cracks along the longitudinal edge.

For interpretation of the graphs, refer to Figure 3.52, which shows the layout and posi-
tion numbering of the DFOS sensors.
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Figure 3.59: Strain measurements along the four DFOS cables under application of
concentrated loads (LC2). Vertical dashed lines mark known positions along each cable.
Figure 3.52 serves as a reference for locating these positions in the physical element.
Gray-shaded zones denote regions that are either outside the element or simply not
aligned with reinforcement bars.
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As shown in Figure 3.59, strain levels along the Transversal DFOS cable remained close
to zero during the initial load step, prior to visible cracking, indicating minimal stress in
the transverse direction. Slightly elevated strains were recorded between points 13–14
and 11–12, which is consistent with their proximity to the applied point loads. In load
steps 2 and 3, following the onset of cracking, tensile strains in the transverse direction
increased significantly. Given a steel yield strength of 500 MPa, yielding is expected
at approximately 2,500µϵ. Since the DFOS cables are embedded directly along the
reinforcement bars, it is possible that yielding occurred in all transverse bars during
load step 3—assuming a high degree of strain compatibility. Yielding may also have
initiated as early as step 2 in the bars between points 1–2 and 13–14, which are located
close to the applied loads.

The fibres along the main reinforcement bars (Diagonal W-E and Diagonal E-W) ex-
hibited small strain peaks already during load step 1, suggesting the presence of mi-
crocracking. These strain levels increased in steps 2 and 3, indicating further crack
development. In contrast to the strain behaviour observed for LC1, no negative strain
was recorded at the ends of the diagonals, suggesting that they remained predominantly
in tension. The largest straining was recorded between points 5–6 and 7–8.

As in LC1, the fibres along the perimeter predominantly exhibited negative strain, in-
dicating compression at these edges. Notably, pronounced peaks appeared during load
step 3, likely corresponding to localised zones of concrete fracturing and steel buckling.

3.4.3 Numerical static analysis
This section presents the static numerical analysis performed using DIANA FEA (Di-
ana). Section 3.4.3.1 outlines the modelling methodology, covering mesh generation,
boundary conditions, material definitions, and loading schemes. A sensitivity study is
then described in Section 3.4.3.2, investigating the effects of mesh density, reinforce-
ment modelling, and boundary condition assumptions on the results.

3.4.3.1 Finite element model
Both 3D solid elements and 2D shell elements were considered during the numerical
modal analysis in Abaqus. While solid meshes can offer improved accuracy, they also
demand significantly greater computational effort for meshing and processing. To keep
the non-linear stress analysis manageable within the scope of this thesis, 2D shell ele-
ments were used in Diana. Unlike Abaqus, which has a Rebar Layers feature, Diana
allows for the direct embedding of explicitly modelled 1D reinforcement, thereby mak-
ing 2D shell elements a viable option.

To gain confidence in the use of 2D shell elements, an initial modal analysis was per-
formed in Diana, replicating the setup used earlier in Abaqus (see Section 3.3.3). The
resulting modal characteristics closely matched those obtained in Abaqus, thereby fur-
ther justifying the use of 2D shell elements for subsequent non-linear stress analysis.

The base mesh, including the 1D reinforcement splines, was generated in Rhino 3D/-
Grasshopper and imported into Diana as STEP files. This mesh could then be further
refined within Diana. Care was taken to construct the mesh such that the reinforcement
bars were aligned with the mesh edges, as illustrated in Figure 3.60. This alignment
ensured consistent interaction between the reinforcement and the surrounding concrete,
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reducing the likelihood of numerical artefacts at the interface.

Main reinforcement

Transverse reinforcement

Edge reinforcement

Figure 3.60: Base mesh used in the finite element stress analysis.

The concrete continuum was modelled using six-noded curved triangular shell elements
(CT30S). These elements neglect transverse normal stresses through the thickness of the
shell (σzz = 0) and assume that straight normals to the mid-surface remain straight after
deformation, consistent with the Reissner-Mindlin plate theory (Mindlin, 1951; Reiss-
ner, 1945). As a result, the in-plane strains εxx, εyy, and γxy vary linearly through the
shell thickness, while the transverse shear strains γxz and γyz remain constant. Each
node has five degrees of freedom, including three for translations and two for rotations.
To avoid membrane locking and shear locking, a reduced integration scheme is imple-
mented by default in Diana (DIANA FEA, 2025).

The reinforcement bars were modelled as straight truss elements, meaning they could
only carry axial forces and undergo axial straining.

The considered element properties are summarised in Table 3.22.

Table 3.22: Summary of element definitions.

Element Element class Material Geometry

Main surface Regular curved shells (CT30S) Concrete t = 45 mm
Abutments Regular curved shells (CT30S) Concrete t = 60 mm

Reinforcement Truss Steel �=6 mm

Concrete material model
All material parameters used to define the non-linear concrete model are summarised in
Table 3.23. The cohesive law relating stresses to crack widths was based on a non-linear
tension softening model developed by Hordijk et al. (1986). The compressive post-peak
behaviour was represented using a parabolic softening curve.
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Table 3.23: Non-linear concrete material parameters.

Input parameter Symbol Input Unit

Young’s Modulus Ec 28.0 [GPa]
Poisson’s ratio ν 0.2 -
Density ρ 2,363 [kg/m3]

Crack orientation - Rotating -
Tensile curve - Hordijk -
Tensile strength fctm 3.2 [MPa]
Mode-I tensile fracture energy GF 143 [N/m]
Crack bandwidth orientation - Rots -

Compressive curve - Parabolic -
Compressive strength fck 34.7 [MPa]
Compressive fracture energy GC 35,750 [N/m]

Reinforcement material model
An ideal plastic von Mises material model was adopted for the steel reinforcement,
neglecting strain hardening.

Two approaches were used to model the interaction between concrete and reinforce-
ment: a fully bonded embedded reinforcement model, and a bond-slip formulation de-
rived from the CEB-FIB Model Code (CEB fib Model Code, 2010).

Theoretical membrane behaviour of HP shells (see Section 2.2.1) indicate that tensile
stresses would primarily develop in the transverse direction, toward the free edges. Con-
sequently, bond performance was considered most critical along the transverse rein-
forcement bars (Q-bars).

The CEB-FIB Model Code specifies different bond stress–slip relationships depending
on the bond condition and the expected failure mode (pull-out or splitting). In this study,
the all other bond conditions case was adopted. Since the concrete cover was less than
5�, splitting failure was assumed, in accordance with Table 6.1-1 in CEB fib Model
Code (2010).

The assumed steel reinforcement properties and the corresponding bond–slip parame-
ters from the model code are summarised in Table 3.24.

Diana requires a shear stiffness modulus, DSSX, which represents the initial slope of
the bond-slip curve at the origin. Assuming an initial sampling point at s0 = 0.1 mm,
the stiffness was calculated as:

DSSX = τ0

s0
= 25.13 N/mm3,

where the initial shear stress τ0 is obtained from the power-law expression:

τ0 =
(
s0

s1

)α

· τmax.
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The normal stiffness modulus, DSNY, accounts for the potential crushing of concrete
at the interface between reinforcement bars and concrete. Following the approach sug-
gested by Eriksen and Kolstad (2016), it was estimated as:

DSNY = Ec

�
· 103 = 4.7 · 106 N/mm3.

Table 3.24: Parameters of the bond-slip reinforcement material model.

Input parameter Symbol Input Unit

Young’s Modulus Es 200 [GPa]
Poisson’s ratio ν 0.3 -
Density ρ 7,850 [kg/m3]

Non-linear model - Von Mises plasticity -
Hardening function - No hardening -
Yield stress fyk 500 [MPa]

Normal stiffness modulus DSNY 4,700 [N/mm3]
Shear stiffness modulus DSNX 25.13 [N/mm3]

Bond-slip interface failure model - CEB-FIB 2010 bond-slip function -
Maximum shear stress τmax 6.31 [MPa]
Ultimate shear stress τf 2.53 [MPa]
Linearized initial slip section s0 0.01 [mm]
Relative slip section s1 0.76 [mm]
Relative slip section s2 0.76 [mm]
Relative slip section s3 2.00 [mm]
Exponent alpha α 0.40 -

Boundary conditions
The applied boundary conditions are illustrated in Figure 3.61. Vertical restraints were
applied by fixing all bottom nodes of the abutments in the global z-direction. To prevent
rigid body motion, one node was additionally restrained in the global y-direction.

Different approaches were considered for restraining translations in the global x-direction.
In the physical test setup, the element was positioned within a test rig, partially restrain-
ing it against outward displacements. It is likely that some initial freedom of movement
existed due to imperfect contact, with restraint progressively developing as the inter-
faces settled under load. No strain measurements were recorded at the supports, making
it difficult to quantify their actual stiffness. Instead, two limiting cases were analysed
numerically: one representing rigid restraint and the other assuming no restraint (free
displacement), to capture the potential range of boundary behaviour.

The rigid restraint was simulated by introducing spring elements along the bottom nodes
of the abutments, as well as along the central portions of the ends of the main surface,
corresponding to the regions where interface elements were present in the physical ex-
periments. The springs were assigned high compressive stiffness and effectively zero
tensile stiffness, as illustrated in Figure 3.62. At each abutment, 32 springs were used.
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Figure 3.61: Finite element model with compression-only springs in the x-direction,
full restraint in the z-direction along the bottom edges of the abutments, and a single
node fixed in the y-direction.

Under a vertical load of 50 kN per load cylinder, the spring supports are expected to de-
form approximately 0.1 mm, based on the assigned compressive stiffness and assuming
the load is fully transferred as axial thrust.
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Figure 3.62: Force-elongation diagram of spring elements in the x-direction.

The unrestrained support condition was simulated by restricting the bottom edge of one
of the abutments in the longitudinal direction.

Loading
LC1, representing the scenario in which cement bags are placed on top of the ele-
ment, was simulated by applying a uniformly distributed gravitational load of q =
0.869 kN/m2 across the element’s top surface (see Figure 3.63a). The analysis was
conducted in two load steps, ranging from zero to full load, under the assumption of a
linear elastic response.
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LC2, simulating a scenario where the element is subjected to two concentrated point
loads spaced 900 mm apart, was modelled by distributing a load over two defined el-
ement sets, as illustrated in Figure 3.63b. Each set approximated an area of 130-by-
150 mm, corresponding to the footprint of the load distributors used during physical
testing (cf. Figure 3.50). The load was applied incrementally in steps of 1.0 kN un-
til failure. A Newton-Raphson iteration scheme was used with a maximum number of
iterations set to 400. Convergence was monitored using both force and energy norms,
specified as 0.01 and 0.001 respectively. To improve convergence behaviour under non-
linear conditions, the line search algorithm was activated in Diana.

(a) LC1 - Uniformly distributed loads

900

(b) LC2 - Concentrated loads

Figure 3.63: Numerical representation of loading scenarios in the static analysis.

3.4.3.2 Sensitivity study
A sensitivity study was conducted to study the following questions:

• At what mesh density does the numerical solution converge?

• How do boundary conditions influence the structural response?

• How do different approaches to reinforcement modelling influence the structural
response?

Influence of mesh discretisation
The initial base mesh imported into Diana consisted of triangular elements with approx-
imate side lengths of 75×75×30 mm. Due to their irregular aspect ratios, these elements
may be considered relatively skewed, which can lead to poor Jacobian conditioning and
affect numerical stability and convergence. The use of second-order shape functions
likely mitigated some of the adverse effects associated with element distortion. No for-
mal mesh quality metrics were evaluated. However, initial inspections of the stress and
strain fields did not reveal indications of spurious peaks or discontinuities, suggesting
acceptable mesh performance for the analyses conducted.

A convergence study was performed by refining the base mesh within Diana. The study
was carried out for LC1 with a total applied load of 3 kN/m2. The results, presented
in Figure 3.64, show both the maximum vertical deflection (|umax|) and the maximum
normal stress in the global x-direction (|Sxx,max|) as functions of mesh refinement. Ac-
ceptable convergence was observed after two levels of refinement, corresponding to
element side lengths of approximately 19 mm. Further refinement yielded marginal
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improvements while significantly increasing the computational cost of the analysis.
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Figure 3.64: Convergence study of mesh refinement.

Influence of boundary conditions
As discussed in Section 3.4.3.1, the prototype element was expected to be partially re-
strained in the longitudinal direction. A numerical sensitivity study was carried out to
assess how the structural response varies with different levels of longitudinal restraint.
The study specifically focused on LC2, assessing the impact of longitudinal restraint on
ultimate load capacity, deformation characteristics, stress development, and crack pat-
terns. A complementary, linear elastic analysis of LC1 was also performed by compar-
ing stress distributions under different restraint scenarios. As demonstrated by Arlinger
(2023), the element is expected to exhibit beam-like behaviour when unrestrained, and
shell-like behaviour when fully restrained in the longitudinal direction.

In addition to the two restraint configurations described in Section 3.4.3.1, a third level
of restraint was evaluated. This configuration employed springs with stiffness reduced
by a factor of 10 compared to the ‘rigidly restrained’ case, reflecting a more realistic
stiffness based on engineering judgement. Under a vertical load of 50 kN per cylinder,
and assuming full transfer of the load as compressive thrust, this stiffness would result
in approximately 1 mm total deformation at each abutment. A summary of the three
considered boundary configurations is provided in Table 3.25.

Table 3.25: Boundary condition configurations with corresponding spring stiffness val-
ues in the global x-direction.

Label Support stiffness Rx [kN/mm] Bond-slip direction Description

BC1 0 Main reinforcement Unrestrained
BC2 10 Main reinforcement Partially restrained
BC3 100 Transverse reinforcement Rigidly restrained

Linear elastic simulations were performed for LC1 using fully embedded reinforce-
ment, considering configurations BC1–BC3. The resulting normal stress distribution
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in the x-direction (σxx = Sxx) is shown in Figure 3.71 across the top surface of the
element. As illustrated, the fully unrestrained configuration (BC1) exhibits a beam-like
response: the central portions of the parabolic cross-section, located below the neutral
axis, experience tensile stresses; while the edges, above the neutral axis, are in com-
pression. Normal stresses in the x-direction are near zero at the supports and increase
toward the midspan, consistent with the behaviour of a simply supported beam.

Increasing the longitudinal restraint significantly alters the stress distribution. In the
rigidly restrained case (BC3), compressive stresses develop in the central region of the
supports while tensile stresses appear toward the upper regions of the supported edges.
Loads are carried in compression from the free edges toward the abutments along the
generator directions. Normal stresses in the x-direction (both tensile and compressive)
decrease with increased degree of longitudinal restraint. Notably, the maximum tensile
stress is reduced by a factor of 20 when comparing the unrestrained case to the rigidly
restrained configuration.
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Figure 3.65: Normal stresses Sxx across the top surface from linear elastic simulations
of LC1 for the three boundary conditions in Table 3.25. From top to bottom: BC1
(unrestrained), BC2 (partially restrained), BC3 (rigidly restrained).

For LC2, which was analysed using non-linear simulations, it would have been prefer-
able to model all reinforcement using bond–slip relationships to more accurately capture
strain distributions and crack development. However, preliminary analyses revealed
significant convergence issues when yielding occurred in one of the reinforcement di-
rections. Despite the use of very small load increments near the onset of yielding, the
solver failed to converge beyond the yield point when bond–slip models were assigned
to all reinforcement bars.

To improve numerical stability, bond–slip modelling was applied to only one reinforce-
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ment direction at a time. For each of the three boundary condition configurations, two
separate analyses were conducted: one with the bond–slip model assigned to the trans-
verse reinforcement (with all other reinforcement modelled as fully bonded), and an-
other with bond–slip applied to the main longitudinal reinforcement. The resulting
reinforcement stress distributions were compared between the two configurations.

Ultimately, the bond–slip model was assigned in the critical reinforcement direction,
i.e., the one exhibiting the highest tensile stresses. For BC1 (unrestrained boundary con-
dition), this corresponded to the main longitudinal reinforcement. For BC3, bond–slip
was applied exclusively to the transverse reinforcement. Due to persistent convergence
issues, bond–slip could only be applied to the main longitudinal reinforcement in BC2,
even though higher tensile stresses were observed in the transverse bars.

Figure 3.66 presents the vertical displacement at the midpoint of the top surface under
varying load levels for the three longitudinal restraint configurations.
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Figure 3.66: Midpoint vertical displacement at the top surface under increasing load
for LC2, obtained from non-linear simulations with the three longitudinal restraint con-
figurations defined in Table 3.25. The load value corresponds to the total externally
applied load.

The results indicate that the load-bearing capacity of the element under rigidly re-
strained support conditions (BC3) is approximately three times greater than in the un-
restrained case (BC1). This outcome aligns with expectations, as rigid longitudinal
restraint facilitates the development of compressive membrane action, enhancing struc-
tural efficiency. In contrast, the unrestrained configuration is not compatible with mem-
brane shell theory, leading to increased bending stresses to satisfy equilibrium. As ex-
pected, the partially restrained configuration (BC2) exhibits deformation characteristics
and ultimate load capacity intermediate between those of the unrestrained (BC1) and
rigidly restrained (BC3) cases. Studying the fully restrained case, cracks are initiated at
a load of around 45 kN, compared to 18 kN for the unrestrained case.

Figure 3.67 illustrates the crack strain and principal stress distributions on the top and
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bottom surfaces of the element at 95% of the ultimate load for each of the three bound-
ary condition configurations.

Unrestrained - 45 kN

Top surface

Bottom surface

Partially restrained - 124 kN

Top surface

Bottom surface

Rigidly restrained - 142 kN

Top surface

Bottom surface

Figure 3.67: Principal stress distributions (left) and crack strain patterns (right) on the
top and bottom surfaces at 95% of the ultimate load in LC2, for the three boundary
condition configurations defined in Table 3.25. Configurations BC1, BC2, and BC3 are
shown from top to bottom. In the principal stress plots, red indicates tension and blue
indicates compression. In the crack plots, black represents regions with higher crack
strain, while white indicates no cracking.
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The unrestrained configuration (BC1) exhibits a series of evenly spaced cracks (sr ≈
150 mm) aligned with the transverse reinforcement. In the central region of the surface,
the cracks are primarily oriented transversely, suggesting that the element undergoes
global bending about its y-axis. The presence of transverse reinforcement locally weak-
ens the section, promoting crack initiation at these locations. Near the concentrated load
points, the cracks rotate and spread toward the free edges, indicating localised bending
response about the x-axis. This combination of global and local bending is further sup-
ported by the distribution of principal stresses: the bottom layer of the element is in
tension in the central region (being below the neutral axis) and in compression along
the free edges (above the neutral axis).

The rigidly restrained configuration (BC3) shows a crack pattern on the top surface
characterised by radial cracks extending from the two concentrated loads. These cracks
are aligned along the main longitudinal reinforcement, following the straight-line gener-
ator directions. Again, the presence of reinforcement likely weakens the cross-section,
serving as a location for onset of cracking. On the bottom surface, cracking is more
localised and concentrated at the centre of the element, aligned with the primary span
direction.

The crack pattern, together with the distribution of principal stresses, suggests that the
concentrated loads are carried in tension toward the free edges and in compression to-
ward the supported ends. This behaviour reflects the cable and arch action mechanisms
predicted by membrane shell theory for HP shells, and is similar to the one observed
for LC1. At the free edges, the tension is redirected as compression in the generator
directions toward the abutments, creating a state of local edge compression necessary
for equilibrium. Notably, the principal stress vectors in the top and bottom layers appear
orthogonal, indicating a through-thickness rotation of the principal stress directions.

The crack pattern and principal stresses of the partially restrained configuration (BC2)
should be interpreted with caution. Yielding occurred in the transverse reinforcement
bars, which were modelled as fully embedded. As such, the absence of bond-slip be-
haviour limits the accuracy of strain predictions.

Influence of reinforcement
To evaluate the influence of reinforcement on the overall load-bearing capacity, addi-
tional non-linear simulations were performed for LC2 (see definition in Figure 3.41)
using BC3. Three different reinforcement configurations were analysed:

• No reinforcement.

• Reinforcement only along the straight-line generator directions (main reinforce-
ment).

• Base case reinforcement configuration, matching the intended reinforcement lay-
out in the physical specimen.

A load–displacement curve is shown in Figure 3.68, plotting the midpoint vertical dis-
placement of the top surface for the three reinforcement configurations. All reinforce-
ment was modelled as fully bonded.
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Figure 3.68: Load–displacement response at the midpoint of the top surface for LC2
and BC3, comparing three reinforcement configurations: no reinforcement, reinforce-
ment along generator directions only, and the base case configuration. The load value
corresponds to the total externally applied load.

As shown in Figure 3.68, the configuration without reinforcement exhibited a higher
load-bearing capacity than the case with reinforcement only in the generator directions.
This result is plausible; cracks were observed to form along the generator reinforcement
bars (cf. Figure 3.67), suggesting that reinforcement in these zones may locally weaken
the concrete continuum. In contrast, the base case configuration, which includes trans-
verse reinforcement, achieved approximately twice the ultimate load capacity. This
improvement is attributed to the ability of the transverse reinforcement to carry ten-
sile forces toward the edges and yield under loading, thereby enhancing ductility and
crack-bridging capacity. While all configurations showed similar initial stiffness up to
the onset of crack formation (around 40 kN), the full reinforcement case maintained
a more stable and ductile response post-cracking. The other two configurations soft-
ened markedly after cracking, regained some stiffness with further deformation, but
ultimately failed at lower loads.

A sensitivity study was also conducted to assess how different modelling approaches
for the concrete–reinforcement interface affect the ultimate load-carrying capacity un-
der LC2. Three configurations were considered: (i) all reinforcement fully embedded,
(ii) bond-slip behaviour assigned to the transverse reinforcement while all other bars
were embedded, and (iii) bond-slip assigned to the main reinforcement, with all others
embedded. Figure 3.69 presents the vertical displacement at the midpoint of the top sur-
face for both the unrestrained (BC1) and rigidly restrained (BC3) boundary conditions.

As illustrated, the approach to modelling the interaction between concrete and rein-
forcement had limited influence on the global deformation characteristics and ultimate
load-bearing capacity. However, the development of crack patterns and strain fields
proved significantly more sensitive to how and where bond-slip behaviour was assigned.
As discussed previously, bond-slip models should ideally be applied to all reinforcement
bars expected to experience significant tensile straining and yielding. In the fully unre-
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Figure 3.69: Load–displacement response at the midpoint of the top surface for LC2
with boundary conditions BC1 (dashed) and BC3 (solid), using three different rein-
forcement modelling approaches: fully embedded reinforcement (blue), bond–slip in-
teraction in the main reinforcement only (green), and bond–slip interaction in the trans-
verse reinforcement only (red).

strained configuration, yielding primarily occurred in the main reinforcement, whereas
in the partially and rigidly restrained cases, yielding was concentrated in the transverse
reinforcement.

3.4.4 Summary of results
This section provides a comparative summary of the findings from the analytical (Sec-
tion 3.4.1), experimental (Section 3.4.2), and numerical (Section 3.4.3) static analy-
ses. The discussion is structured around two load cases: the uniformly distributed load
(LC1) and the four-point bending load (LC2) (see load case definitions in Figure 3.41).

Note that the experimental results are preliminary and should be interpreted with cau-
tion.

Uniformly distributed load (LC1):

LC1 comprised a uniformly distributed surface load of pz = 0.869 kN/m2 applied to the
top face of the structural element. This case was assessed through experimental testing,
analytical methods, and numerical simulations. The main observations are summarised
below:

• Experimental strain measurements obtained using distributed fibre optic sensing
(DFOS) indicated low strain magnitudes, typically averaging around 10 µϵ.

• The DFOS data suggested limited load transfer in the transverse direction. How-
ever, higher strains were recorded in the main reinforcement (oriented along the
straight-line generators) and the longitudinal edge reinforcement. The main rein-
forcement primarily experienced tension, while the edge reinforcement was sub-
jected to compression.
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• A comparison between DFOS-measured strains and FEA results (see Figure 3.70)
revealed good agreement when the element was modelled as longitudinally un-
restrained. In this case, while the numerical strain magnitudes were generally
higher than the experimental values, the distribution and pattern of the strains—
particularly along the Diagonal E–W, Diagonal W–E, and Perimeter fibre paths—
closely matched those recorded by DFOS. Conversely, the model with rigid lon-
gitudinal restraint exhibited poor agreement with the experimental strain data.

• Parametric numerical studies incorporating varying degrees of longitudinal re-
straint showed that the normal stress component Sxx (both tensile and compres-
sive) progressively decreased as the longitudinal support stiffness increased (see
Figure 3.71). Notably, tensile stresses reduced by a factor of approximately 20
when transitioning from a fully unrestrained to a rigidly restrained longitudinal
boundary condition.

• The membrane shell theory developed by Pucher (1934) yielded an admissible
stress solution in which the element was entirely under compression in the x-
direction. The normal stress σxx increased toward both the centre of the cross-
section and toward the supported edges, reaching a maximum of approximately
145 kN/m2 (see Figure 3.45).

• The Euler-Bernoulli beam theory for cylindrical shells, as formulated by Lund-
gren (1949), predicted non-zero normal stress σxx along with shear stresses τxy

and τxz (see Figures 3.47 and 3.48). The resulting stress distribution featured
compressive σxx near the upper edges of the cross-section (up to 80 kN/m2) and
tensile stresses in the central region (up to 49 kN/m2).

• A comparison between the analytical Euler-Bernoulli solution and numerical mod-
els (see Figure 3.71) revealed notable differences in the predicted stress fields
for σxx. In the fully restrained numerical model, the analytical solution yielded
tensile stresses approximately 2.7 times greater and compressive stresses around
4.7 times greater. When compared to the fully unrestrained numerical case (see
Figure 3.71), the analytical model produced about 1.3 times higher compressive
stresses, while the numerical model predicted tensile stresses roughly 7.7 times
greater. Despite discrepancies in magnitude, the stress distribution patterns of
σxx showed better qualitative agreement with the unrestrained numerical model
than with the fully restrained case. For the shear stress components τxy and τxz,
the overall stress fields from the analytical and fully restrained numerical models
appeared similar in distribution, though differences in magnitude remained.
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Figure 3.70: Comparison of DFOS-measured strains and numerically simulated strains
for LC1. The numerical model is analysed under two boundary conditions: fully un-
restrained (BC1) and rigidly restrained (BC3) in the longitudinal direction. Numerical
strains are extracted by projecting the strain tensors onto the tangent vectors of the cor-
responding DFOS fibre paths. Vertical dashed lines indicate known positions along
each cable; see Figure 3.52 for a reference map of these locations within the element.
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Figure 3.71: Comparison of normal stresses Sxx and shear stresses Sxy and Sxz from
analytical and numerical simulations of LC1. The analytical results are based on the
Euler-Bernoulli beam theory for cylindrical shells developed by Lundgren (1949), while
the numerical results are obtained from simulations using boundary condition BC3.

Concentrated loads (LC2)

LC2 involved the application of two concentrated loads spaced 900 mm apart, loading
the element to failure. This load case was investigated through experimental testing and
non-linear numerical simulations. The key findings are summarised below:

• The prototype element failed at a total applied load of 84 kN. Numerical simula-
tions predicted failure at 158 kN under rigid longitudinal restraints and at approx-
imately 48 kN when fully unrestrained. A comparison is shown in Figure 3.72.

• Longitudinal cracking developed along the upper edge region—an area exhibiting
signs of poor concrete compaction—ultimately culminating in brittle compressive
failure.

• The failure mechanism comprised a combination of compressive crushing along
the free edges and pronounced bending and shearing under one of the hydraulic
pistons, leading to a shear-punching failure.

• Distributed fibre optic sensing (DFOS) cables installed along the transverse and
primary longitudinal reinforcement recorded significant tensile strains, exceeding
the yield strength of the reinforcement steel (see Figure 3.59). The DFOS cable
placed along the edge reinforcement exhibited pronounced peaks in compressive
strain at locations coinciding with observed failure zones.

• A comparison between DFOS-measured strains and numerical results revealed
generally good agreement in overall strain distribution when using a fully unre-
strained boundary condition (BC1) in the simulation (cf. Figure 3.73). However,
the numerical model consistently underestimated strain magnitudes, particularly
at peak locations along the edge reinforcement where localised failure occurred.
These strain concentrations were not captured in the FEA, suggesting it did not
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fully capture the non-linear behaviour of the free edges.

• DIC results indicated that the central portion of the element experienced cracking
in the transverse direction. Five distinct cracks were observed, each aligned with a
transverse reinforcement bar located directly beneath (see Figure 3.58). A similar
crack pattern was also reproduced in numerical simulations of the unrestrained
case (see Figure 3.67).

• Numerical sensitivity studies highlighted several key factors influencing the struc-
tural response. The degree of longitudinal restraint had a significant impact on
ultimate load capacity, with fully restrained models exhibiting more than three
times the capacity of fully unrestrained ones. Additionally, transverse reinforce-
ment was found to be critical, enhancing ductility and increasing ultimate ca-
pacity by approximately a factor of three for LC2. The modelling approach for
the reinforcement-concrete interface (embedded vs. bond-slip) showed limited
influence on overall load capacity and global deformation, but had a more pro-
nounced effect on local strain and stress distributions, as well as on crack pattern
development.
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Figure 3.72: Load–displacement response at the midpoint of the top surface for LC2,
comparing numerical simulations and experimental testing. For reference, responses
of a plate and a parabolic cylinder—both matching the prototype element’s thickness,
length, and width—are included. The parabolic cylinder has a secondary moment of
area equal to that of the prototype element’s cross-section
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Figure 3.73: Comparison of DFOS-measured strains and numerically simulated strains
for LC2 at two load steps (see definition in Section 3.4.2.4). The numerical model is
fully unrestrained in the longitudinal direction (BC1). Numerical strains are extracted
by projecting the strain tensors onto the tangent vectors of the corresponding DFOS
fibre paths. Vertical dashed lines indicate known positions along each cable; see Fig-
ure 3.52 for a reference map of these locations within the element.
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3.4.5 Discussion
As with the modal analysis, many of the key findings from the analytical, experimen-
tal, and numerical static assessments have already been discussed in their respective
sections (Sections 3.4.1 to 3.4.3). The purpose of this concluding discussion is to com-
pare the results across the different methods, highlight potential limitations, and suggest
strategies for improving both future simulations and experimental setups.

The experimentally obtained results should be regarded as preliminary. Further work
is required to process, assess, and interpret the data to draw robust and well-founded
conclusions. One particularly valuable avenue for future analysis is the comparison
between strains obtained from digital image correlation (DIC) and those recorded by the
distributed fibre optic sensors (DFOS). Such a comparison would serve two purposes:
to evaluate the consistency and reliability of the respective measurement systems; and
to investigate how strain varies through the thickness of the element at locations where
spatial overlap between DIC and DFOS data exists.

At present, the strain measurements from DFOS are interpreted under plane strain as-
sumption, implying uniform strain along the thickness. However, this assumption is
unlikely to hold in regions of high curvature or in cracked sections, where strain gradi-
ents are expected. By examining regions where multiple DFOS cables are embedded at
different heights and spatially coincide, it may be possible to quantify through-thickness
strain variation and evaluate the validity of the plane strain assumption. This would not
only enhance the interpretation of current results but perhaps also inform improved sen-
sor placement strategies in future tests.

A prerequisite for any meaningful comparison between DFOS and DIC data, particu-
larly for assessing through-thickness strain variation, is precise knowledge of the DFOS
cable positions within the concrete cross-section. Unfortunately, this information is not
available for the current specimen. The cables were installed along the reinforcement,
whose layout was assumed to match the design drawings. However, it is known that
the actual placement of reinforcement deviated from its intended position, introducing
uncertainty regarding the exact location of the DFOS cables.

This lack of positional accuracy presents a significant limitation. Ideally, the sensor
positions should have been documented during fabrication through laser scanning or
photogrammetry. Without this information, it becomes challenging to reliably relate
measured strains to specific positions within the element and to compare them directly
with numerically calculated strains.

For future studies, careful documentation of DFOS placement is essential to enable
such advanced analyses. As for the existing dataset, it is important to estimate the
potential margin of error in cable positioning. This would allow for a more informed
interpretation of the strain measurements and facilitate a more meaningful comparison
with numerical results.

The numerical analysis revealed a high sensitivity to the modelling of boundary con-
ditions, particularly the degree of longitudinal restraint at the supports. This aspect
may not have been accurately represented in the current simulations and warrants fur-
ther investigation. The results indicated that variations in support stiffness significantly
influenced key aspects of the static response, including ultimate load capacity, stress
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distribution, deformation patterns, and crack development.

In the present model, longitudinal restraint was applied through 32 discrete springs on
each side of the element, positioned at the top and bottom of the abutment. No inter-
mediate springs were included, meaning that stresses could only be transferred along
these two edges. This simplification likely introduced unrealistic stress concentrations
and did not accurately reflect the actual load transfer mechanisms in the physical test
setup, where interaction likely occurred along the full interface.

Although this approach was initially assumed to have limited effect on the global re-
sponse, future studies may consider incorporating intermediate springs or using con-
tact/interface elements to more realistically simulate the restraint provided by the test
rig. An attempt was made to simulate the contact behaviour directly, but this led to
convergence issues and significantly increased computational demands.

Moreover, the lack of experimental strain measurements at the supports limits the abil-
ity to calibrate restraint stiffness in the numerical model. Future experiments should
include instrumentation at the supports to quantify the actual level of longitudinal re-
straint, which would allow for more accurate model calibration and improved under-
standing of the element’s true boundary conditions.

Future static simulations could benefit from the use of geometric symmetry to reduce
computational complexity. In all cases analysed within this thesis, the geometry, bound-
ary conditions, and loading were assumed to be symmetric. As such, modelling only
half of the element, while applying appropriate symmetry boundary conditions, would
have been a valid simplification. This approach could significantly reduce computa-
tional cost, enabling more refined or extended analyses, such as additional load steps,
finer mesh resolution, or more advanced boundary condition modelling.

In addition, accurately capturing the interaction between concrete and steel reinforce-
ment remains a key challenge in non-linear modelling. Ideally, bond-slip models should
be applied to all reinforcement elements experiencing significant tensile strains, to ac-
count for the relative displacement between steel and concrete. Attempting this resulted
in severe convergence issues, and it was only possible to assign bond-slip models to a
limited subset of the reinforcement bars.

To address this limitation, future work should include targeted sensitivity studies on
both bond-slip formulations and concrete crack models. Such studies would provide
deeper insight into how strain localisations and crack patterns evolve in response to
varying interface behaviour and material assumptions. They would also help iden-
tify which regions of the structure are most affected by bond-slip interactions, and
under what conditions simplifications may or may not be justified. This would ulti-
mately support the development of more robust and predictive numerical models of
steel-reinforced HP elements.

The quality and type of finite elements used in the numerical analysis also warrant
further attention. In this study, 6-noded triangular shell elements were employed, which
at times appeared visually skewed. Such irregularities may result in ill-shaped elements
with poor Jacobian conditioning, potentially compromising the accuracy and stability of
the results. A more thorough mesh quality assessment would be valuable in evaluating
the reliability of the simulations. In addition, it may be beneficial to explore alternative
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element formulations, including higher-order elements or even transitioning to three-
dimensional solid elements, particularly in regions of stress concentration.

As in the case of the modal analysis, the numerical models were constructed based on an
idealised geometry and perfectly symmetric loading. In reality, the physical specimen
exhibited concrete fracturing along the upper edges of the parabolic cross-section—
most likely at locations affected by poor compaction during casting. These defects rep-
resent a significant deviation from the ideal model and are believed to have contributed
to premature local failure. To more accurately capture such behaviour, future studies
could incorporate local material imperfections or stochastic variability into the model.
Sensitivity analyses exploring the influence of these local weaknesses on failure mode,
load-bearing capacity, and crack development would provide more realistic and robust
predictions of the static response.
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4 Conclusion

This thesis set out to investigate the static and dynamic behaviour of oblong, beam-
like hyperbolic paraboloid (HP) concrete elements through full-scale testing, while also
evaluating the predictive capabilities of analytical and numerical models. Through a
combination of experimental work and numerical simulations, the study has contributed
new insights into the performance and modelling of HP elements.

Experimental modal analysis (EMA) and static load testing were performed on a full-
scale HP prototype element, enabling a detailed characterisation of its vibrational and
statical response.

The EMA employed a single-input multiple-output (SIMO) roving hammer configura-
tion, from which key dynamic properties—including natural frequencies, mode shapes,
and damping ratios—were extracted. The consistency of modal parameters across
repeated measurements indicated predominantly linear and time-invariant behaviour,
thereby supporting the validity of EMA for evaluating dynamic performance. Nu-
merical sensitivity studies evaluated the effects of reinforcement, boundary conditions,
and mesh density on the simulated dynamic response. Overall, numerical predictions
showed strong agreement with experimental results, particularly after calibration of
boundary conditions and material properties, affirming their applicability for simulating
the dynamic performance of HP elements.

The static load tests provided a comprehensive evaluation of the element’s performance
under both service and ultimate loading conditions. Load Case 1 (LC1) demonstrated
the system’s behaviour under distributed, quasi-realistic service conditions using ce-
ment bags laid across the surface. Load Case 2 (LC2) enabled a controlled failure
scenario through four-point bending with two concentrated loads applied via hydraulic
cylinders. The integration of distributed fibre optic sensing (DFOS) and 3D digital
image correlation (DIC) enabled high-resolution strain mapping and enhanced under-
standing of local and global response during loading.

Finite element simulations, successfully reproduced key aspects of the experimental
behaviour, including crack development, deflection profiles, and ultimate load capac-
ity. Sensitivity studies explored the influence of modelling approaches, reinforcement
modelling, and boundary conditions on the structural response. Complementary analyt-
ical calculations further contextualised the stress distribution, indicating that shell- and
beam-based idealisations can offer useful, though approximate, design estimates.

Preliminary findings suggest that failure occurred through a combination of transverse
bending and punching shear, initiated by concrete degradation at the upper edges of the
parabolic cross-section. This degradation was likely caused by inadequate compaction.
The observed deflection mode and ultimate capacity lay between those predicted by two
extreme numerical cases: one with full longitudinal restraint and one fully unrestrained.

Ultimately, this thesis has delivered a detailed experimental assessment of the structural
response of a HP prototype element, contributing to a broader framework for evaluat-
ing similar structural systems. The insights gained provide a foundation for continued
technical development and future research, supporting the more informed and effective
application of HP structures in contemporary construction practice.
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5 Outlook and future work

Several suggestions for future work have been outlined throughout this thesis, par-
ticularly in the dynamic and static assessment discussions (Sections 3.3.5 and 3.4.5).
These suggestions focused on improving the dynamic and static assessments of the HP
prototype element, including refinements to experimental setups and numerical mod-
elling approaches. This final section expands these suggestions to outline broader
research directions and development opportunities. Thereby, the focus shifts from
the individual prototype element level to larger-scale considerations, such as assess-
ing application-oriented performance, exploring statistical variability through repeated
testing, and identifying steps toward real-world implementation of HP elements.

The thesis work was delimited to the assessment of a single prototype element, with
dimensions chosen for easy handling and compatibility with available laboratory facili-
ties. Future studies should include multiple elements to enable statistical studies, verify
behaviour consistency, and increase confidence in observed trends.

Furthermore, it is essential to transition from prototype-scale investigations to studies
involving application-scale elements. The prototype’s 3-meter span does not reflect the
longer spans envisioned in real-world use cases. Experimentally investigating elements
with realistic sizes will offer deeper insights into how structural behaviour scales with
size. Future studies should also assess the dynamics and statics of connected elements,
placed side by side or structurally joined. Understanding the interaction between con-
nected elements is crucial for applications in large-span floors or bridge decks.

Experimental investigations reflecting real-world installation boundary conditions and
loading conditions are important. From a dynamic perspective, it is particularly rele-
vant to examine the influence of external factors—such as infill materials, live loads, and
pedestrian activity—on modal properties like natural frequencies and damping. Con-
sideration of footfall-induced vibrations and acoustic responses is necessary for resi-
dential or public applications. Shaker tests can also be employed to simulate dynamic
effects from trains or wind, enhancing the understanding of operational behaviour. Sim-
ilarly, for static performance, experimentally evaluating structural behaviour under ex-
pected boundary conditions and service loads would provide more application-relevant
insights.

A promising direction for future research is the experimental investigation of prestressed
HP elements that omit conventional steel reinforcement. Numerical studies by Ed-
din et al. (2024) and Loutfi et al. (2024) have shown promising results for CFRP-
reinforced prestressed HP elements in residential applications, but experimental vali-
dation is needed to characterise their structural stiffness, cracking response, and modal
properties. These studies are essential to support the broader implementation of pre-
stressed and CFRP-reinforced HP elements.

Several fabrication-related questions require further investigation. While full-scale pro-
duction methods for HP elements were previously developed by, e.g., J. Wilhelm Sil-
berkuhl and Herbert Müller (see Section 1.1), these historical approaches may bene-
fit from re-examination. Integrating digital fabrication tools, automated reinforcement
placement, and robotic casting could improve precision and scalability, at a reasonable
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cost. Optimising formwork systems for adjustability in span, curvature, or width, to
suit diverse design contexts, is a key focus area. The viability and cost-effectiveness of
reusable or modular formwork also require further study. In addition, improvements in
casting quality, vibration methods, and reinforcement placement may rely on automa-
tion. Optimising concrete mix design remains essential to balance structural perfor-
mance with environmental considerations, particularly to reduce CO2 emissions without
compromising durability or workability.
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A. Concrete properties

A Concrete properties
This appendix contains the concrete mix design (in Swedish) along with laboratory
reports from the performed cube strength and wedge splitting tests.
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Totalt, kg 

Totalt, liter 

inkl. lult 

B6r 

Ar 

Sattmatt 

Lufthalt 

Temp 

Densitet 

VCTekv 

Sign 

B6r 
kg 

345 

478 

530 

210 

0,31 

0,21 

94,3 

11,0 

1 657 

696 

700 

VCTekv 

0,650 

0,615 

B6r 

90 

0,5 

0 

2398 

0,65 

Utskriftsdatum2025-05-07 08:06 

Ar 
kg 

365 

485 

510 

209 

0,36 

0,34 

93,0 

3,0 

1 666 

691 

695 

Ar 

Diff Fukt bar Fukt ar Abs 
% % % % 

5,9 4,5 4,5 0,2 

1,4 4,4 
(A) 

4,3 0,2 

-3,7 0,0 0,0 0,4 

-0,5

14,3 

61,9 

-1,4 

0,5 

-0,8

-0,8 

Konsistens Blandningstid 

59 50 

45 56 

Kub nr. Antal dygn Densitet 

Betongproduktion enligt EN 206 

Temp 
oc 

14,0 

14,0 

14,0 

30,0 

15,0 

15,0 

8,0 

Totalt 

525,2 

697,8 

733,8 

300,7 

0,5 

0,5 

133,8 

4,3 
- ,. ___ -

2 398 

995 

Betongtemp 

0 

18 

kg/m3 

Effektivt Mangd 
vatten yttorr 

21,6 503,6 

27,4 670,4 

-2,9 736,7 

0,0 300,7 

0,4 0,1 

0,4 0,0 

133,8 0,0 

4,3 
- -

185 2 213 

Hallfasthet Datum Sign 

Sida 1 (1) 
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CUBE STRENGTH TEST REPORT 

Overview 

This document reports on the cube strength tests carried out for the thesis work Dynamic and static 

response of beam-like hyperbolic paraboloid concrete elements by David Selse and Erik Wigh. The tests 

were conducted on 4 March 2025 and carried out according to SS-EN 12390:2019. 

Standard 

SS-EN 12390-3:2019 

Test specimens 

Cube strength tests were carried out on three cubes, referred to as specimen 1, 2 and 3. 

All cube specimens had side lengths d = 150 mm, within less than 2% tolerance.  In accordance with SS-

EN 12390-1, all tolerances regarding designated size, flatness, and perpendicularity were satisfied. The 

specimens were regarded as valid for testing. No cracks or damages were found on the specimens.  

The method of curing deviate from the suggestion given in SS-EN 12390-2, which recommends curing in 

water at temperatures of (20 ± 2) °C, or in a chamber at (20 ± 2) °C and relative humidity ≥ 95%. The 

standard allows also other forms of curing. In this case, the cubes were cured together with the hyperbolic 

concrete shell in the outdoor environment.  

The actual age of specimens at the time of test was 252 days. In accordance with conversion factors 

specified in SS 137207:2005 an effective hardening age 𝑗20 was determined as 165 days, based on daily 

average exterior temperatures recorded at Chalmers during the curing period. 

Table 1 provides mass and density properties of the three test specimens. 

Table 1 – Mass properties of the three test specimens 

ID 1 2 3 Mean 
d1 [mm] 147,245 150,1 150,7 149,3483 
d2 [mm] 147,47 150,1 150 149,19 
d3 [mm] 147,32 149,8 150,2 149,1067 
Volume [m3] 0,003199 0,003375 0,003395 0,003323 
Cross-section Area [m2] 0,021714 0,02253 0,022605 0,022283 
Mass [kg] 7,8533 7,8088 7,8763 7,846133 
Density [kg/m3] 2454,97 2313,722 2319,785 2362,826 

Date and location of testing 

The testing was carried out on 2025-03-04 at the concrete laboratory of Chalmers University, campus 

Johanneberg.  

Testing setup, and results 

The testing machine satisfies the requirements given in SS-EN 12390-4 regarding flatness, size, roughness 

and stiffness of auxiliary platens. Spacing blocks were not used during the test.  

Pressure was applied at a constant rate of 0,6 ± 0,2 MPa/s (N/mm²·s) as prescribed in SS-EN 12390-3. 
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All specimens failed according to what is described as a satisfactory failure. 

Table 2 presents maximum load at failure and the corresponding compressive strength of the three 

specimens. 

Table 2 – Recorded compressive strength of the three test specimens 

ID 1 2 3 mean 
Fmax [kN] 910 900 895 901,6667 
fcm [Mpa] (to nearest 0.1) 51,0 49,5 50,0 50,2 

Declaration 

I hereby confirm that the test was carried out in accordance with SS-EN 12390-3:2019 

Name: Erik Wigh 

Signature: 

Göteborg, 2025-03-05 
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WEDGE SPLITTING TEST (WST) - REPORT 

Overview 

This document reports on the wedge splitting tests carried out for the thesis work Dynamic and static 
response of beam-like hyperbolic paraboloid concrete elements by David Selse and Erik Wigh. The tests 
were carried out on 3 March 2025, according to NORDTEST (NT) Method1.  

General information 

The tests were carried out in the Structures Lab at Sven Hulthins gata 8 at Chalmers University of 
Technology. A research engineer Sebastian Almfeldt provided supervision and assistance in all moments of 
the testing, including handling of specimens and test equipment. The purpose of the testing was to 
determine the fracture properties of the concrete material used in the casting of the HP element studied in 
the thesis. The fracture energy, i.e. the energy needed for crack propagation per area unit, was obtained by 
integrating the splitting force – CMOD curve, divided by the ligament area. The tensile strength was 
determined by solving the force moment equilibrium at the peak applied force. 

Description of the material tested 

Two 150x150x150 cube specimens were cast on the 25 of June and later cured in water at temperatures of 
(20 ± 2) °C. The age of the specimens at the time of test was 251 days.  

Test method 

The tests were performed in a test system provided by MTS Systems available at the Structures Lab at 
Chalmers University of Technology (cf. Figure 1). Tests were carried out on two cubes with dimensions 
150x150x150 (within 1% error). It is recommended to cast the cubes with a groove at the top. However, 
since this had not been done, the grooves were sawn afterwards. The dimensions of the grooves 
intentionally deviated from the recommended dimensions of 30 mm width and 22 mm depth. The actual 
dimensions were 29 mm width and 25 mm depth. These dimensions followed the recommendation of the 
research engineer Almfeldt for better fitting of bearings and clip gauges. A starter notch was sawn across the 
centerline of the groove to a depth of approximately 74 mm from the bottom of the cube. Figure 2 shows a 
drawing of the specimens with their grooves and starter notches.  

Figure 1 – Left: Schematic view of the equipment and test setup. Right: Principle of load application. 

1 Wedge Splitting Test Metod. NordTest Method NT Build 511. ISSN 1459-2762 (2005) 
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Figure 2 – Dimensions of specimens with grooves and staring notches. 

The dimensions of the specimens were initially recorded. Each specimen was placed centrally on the support 
according to Figure 1. Two load devices with roller bearings were placed inside the groove, transferring the 
vertical load of the machine horizontally and effectively splitting the specimen apart. The crack mouth 
opening displacement (CMOD) was measured through a clip gauge placed in the groove, between the 
loading devices. The gauge expanded as the groove opened up.  

The wedge was lowered onto the specimen and pre-loaded to a load of 80 N for both specimens. The load 
was then applied at a constant rate of approximately 0.25 mm/min throughout the full test duration. A load-
CMOD curve was recorded by measuring the applied vertical load 𝐹𝐹v and the CMOD. The vertical load was 
converted to a horizontal splitting force according to: 

𝐹𝐹sp = 𝐹𝐹𝑣𝑣
2tan (𝛼𝛼)

.

Where 𝛼𝛼, is the inclination of the wedge. 

The work of fracture 𝑊𝑊F was found by integration of the splitting force-CMOD curve. The fracture energy 𝐺𝐺F 
was then calculated by dividing the work of fracture by the ligament area 𝐴𝐴lig. 

𝐺𝐺F = 𝑊𝑊F
𝐴𝐴lig

. 

Test results 

The splitting load-CMOD curves are presented in Figure 3. 

Figure 3 – Splitting force - CMOD curve for specimen 1 and 2. 
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Table 1 presents the energy dissipated during fracture for the two cubes, along with the recorded tensile 
strength. 

Table 1 1 – Recorded fracture energy and tensile strength of the two test specimens 

ID  1  2  mean  
𝐺𝐺F [Nm/m²] 216.9  206.5  211.7  
𝑓𝑓ct [MPa] 5.18  4.88  5.03  

Declaration 

I hereby confirm that the test was carried out in accordance with NORDTEST (NT) Method.

Name: Erik Wigh 

Signature: 

Göteborg, 2025-03-05 
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