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Department of Mathematical Sciences

Chalmers University of Technology

Abstract

Smartwatches, such as the Apple Watch, are increasingly used for monitoring and
detecting serious health conditions like atrial fibrillation (AF), a common arrhyth-
mia with significant health risks. However, to avoid burdening the healthcare sector
with false alarms, their detection algorithms are designed to minimize false posi-
tives, a choice that may compromise their sensitivity to sparse or intermittent AF.
While previous studies have analyzed the specificity of these alerts, the rate of false
negatives remains underreported. This thesis aims to quantify this performance
gap by evaluating the Apple Watch’s photoplethysmography-based irregular-pulse
notification and its rate of false negatives. Using a large clinical ambulatory ECG
dataset, we modeled and simulated long-term AF episode patterns via two distinct
stochastic methods: a two-state discrete-time Markov chain and a continuous-time
alternating bivariate Hawkes process. Analysis of the simulated data revealed that
a significant proportion of individuals, particularly those with low-to-moderate AF
burden (0.5%-5.5%), risk going undetected for extended periods. For example, for
a burden of 0.5%1.5%, over 20% of cases remained undetected after five years, and
for a burden of 3.5%-4.5%, over 5% remained undetected after five years of moni-
toring. The findings, consistent across both modeling approaches, demonstrate that
detection is highly dependent on the temporal pattern of AF episodes and not just
the AF burden. They also suggest that the Apple Watch algorithm has reduced sen-
sitivity to certain AF episode patterns, and users should be cautious not to interpret
the absence of an alert as confirmation of a normal rhythm.

Keywords: Atrial fibrillation, Smartwatch, Markov chain, Hawkes process
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1

Introduction

Smartwatches equipped with photoplethysmography (PPG) have become increas-
ingly common over-the-counter devices for tracking heart rate, blood oxygen levels,
and other health-related metrics. Many also include the ability to screen for ir-
regular rhythms associated with atrial fibrillation (AF), the most common heart
rhythm disorder [1]. The stakes for detecting AF are high. Affecting over nine
million Europeans as of 2010 [2], AF is associated with a five-fold increase in the
risk of stroke, and substantially raises the risk of heart failure, dementia, and death
[3]. Early detection is therefore critical. However, designing an AF alert system for
a consumer device presents a paradoxical challenge. False alerts cause unnecessary
stress for users and create a need for downstream monitoring with electrocardiogram
(ECG) devices, which increases the costs and risks overburdening the healthcare sys-
tem. Given that these devices are worn by millions of individuals, most of whom are
healthy, this risk makes minimizing false positives a primary design goal, rather than
maximizing detection. Consequently, many smartwatches employ algorithms that
are designed for a high specificity, often by requiring multiple, separate detections
of an irregular pulse over time before triggering an alert. While this approach may
be effective at reducing the number of false positives, its impact on false negatives,
the number of AF cases that go undetected, is significantly underreported.

The Apple Watch, a market leader as of 2024 [4], is one example of a smartwatch
using an algorithm of this design. Its algorithm analyzes a series of one-minute PPG
measurements, each spaced 15 minutes apart, to detect irregular rhythm that could
potentially be caused by AF. Only if five out of six consecutive readings are classified
as irregular rhythm does the user receive a notification. Many other arrhythmias
can cause short (seconds to minutes) episodes of irregular rhythm, but AF is the
most common sustained arrhythmia, and thus this system, while minimizing the
false positive rate, is also efficient in terms of how much processor power the rhythm
monitoring requires. The design has been validated in a large prospective study [5],
which showed that the irregular rhythm notifications were highly specific. However,
because this study only investigated individuals who received an alert, the number of
false negatives remains unknown. This knowledge gap, coupled with an algorithm
requiring multiple spaced-out segments to be irregular, raises concerns about its
effectiveness for individuals with sparse or shorter episodes of AF. This potential
limitation is significant, since it has been shown that patients with short AF episodes
can run the same risk of stroke as those with longer episodes [6]. Furthermore,
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individuals who wear the Apple Watch may develop a false sense of security, thinking
it would alert them if they had an arrhythmia, and thus be less likely to seek
appropriate care in time.

To the best of our knowledge, the rate of these false negatives for the Apple Watch’s
irregular rhythm notification has not been systematically studied. This thesis aims
to bridge this knowledge gap by estimating the sensitivity of the Apple Watch’s
PPG-based AF detection. To achieve this, we simulate the performance of the Apple
Watch algorithm on a broad range of AF episode patterns, derived from a large
clinical dataset of ambulatory ECGs. Since multi-year-long AF episode patterns are
unavailable, we employ two distinct stochastic models, a two-state Markov chain
and an alternating bivariate Hawkes process, to simulate realistic, multi-year AF
patterns.

1.1 Related works

There are several studies that are relevant to this work. In this section, two of
the most important ones will be highlighted. The first is Apple’s study on the
effectiveness of the Apple Watch’s alerts, and the second is a study focusing on how
AF episode patterns can best be modeled.

The Apple Heart Study was a large-scale prospective study conducted by Apple
in collaboration with Stanford Medicine aiming to evaluate the effectiveness of the
Apple Watch in detecting AF using the PPG sensor [5]. Over 400,000 participants
were recruited over a period of eight months, with a median monitoring duration
of 117 days per participant. The participants self-reported that they had no prior
knowledge of AF. In total, 2,161 participants received an irregular pulse notification.
Out of these 2,161 users, 450 received follow-up ECG monitoring using a wearable
ECG patch, a small device that records heart rhythm. The ECG patch also detected
AF in 34% of the cases, and the positive predictive value for observing AF at the
same time as an irregular pulse notification was 0.84 [5]. A later sub-study on 226
participants who all wore the ECG patch for approximately one week showed that
out of 57 participants who got an alert from the smartwatches, 45 showed concordant
AF on the ECG patch [7].

Another relevant line of research concerns the modeling of temporal AF episode
patterns. In [8], a point process, the alternating bivariate Hawkes process was
proposed for modeling AF episode patterns. The process is an extension of the
classic Hawkes process, which is a type of self-exciting point process that has found
success in multiple fields, such as finance and seismology [9]. In [8] it is shown that
the alternating bivariate Hawkes process can be used to model many types of AF
episode patterns. On three datasets comprising 59 individuals in total, this model
provided a good fit for 40 patients, a better performance than earlier models. For
example, in [10] the Weibull model was shown to achieve a good fit for only five out
of nine patients.
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Background

This chapter contains the background necessary to understand the basics of what
AF is and how the Apple Watch tries to detect it. It also explains how the Apple
Watch algorithm works. Understanding these aspects is essential to interpret the
data and methods used in the thesis. The chapter first describes the physiological
mechanisms of the heart and atrial fibrillation, followed by an overview of the Apple
Watch’s AF detection features and algorithms.

2.1 The heart and atrial fibrillation

During sinus rhythm (SR), the normal rhythm of the heart, the atria contract first,
pushing blood into the ventricles. The ventricles then contract, propelling blood to
the lungs and the rest of the body. These contractions are triggered by an electrical
impulse that originates in the sinoatrial (SA) node, which is a specialized cluster
of cells located in the right atrium that acts as the heart’s natural pacemaker [11].
From the SA node, the impulse spreads through both atria, before reaching the
atrioventricular (AV) node. The atria and the ventricles are electrically isolated
from each other, and the AV node is the only point where a signal can pass from the
atria to the ventricles. In the AV node there is a slight delay in conduction, which
allows the ventricles to be filled by the contraction of the atria. Once the impulse is
propagated through the AV node, it causes the ventricles to contract, which pushes
blood to the aorta, and from there to the rest of the body. Following each impulse,
the cells in the AV node and the ventricles enter a refractory period, where they are
unresponsive to new electrical signals [11]. A diagram of the conduction system of
the heart is shown in Figure 2.1.

During AF, the orderly electrical impulses inside the atria are replaced with rapid,
disorganized, and chaotic electrical activity. As a result, the atria start to twitch or
‘fibrillate’ rather than maintain a regular rhythm. While the refractory period of the
AV node prevents the ventricles from firing at the same chaotic rate, the impulses
that do pass through are irregularly timed and lead to an irregular heart rhythm
[13].

The electrical activity of the heart is often recorded using an ECG to help doctors
understand what is happening inside the heart. The ECG works by placing elec-

3
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Bachmann's

Sinoatrial node bundle

Atrioventricular
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. — Purkinje
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Figure 2.1: Diagram of the heart’s conduction system [12].

trodes on specific parts of the chest, arms, and legs to measure the difference in
electrical potential between these points. The voltage differences are recorded over
time and graphed. The appearance of the signal varies depending on the leads used
to record the electrical activity. An example of ECG readings during SR and AF is
shown in Figure 2.2.

i

Figure 2.2: A short ECG strip showing AF in the top panel and SR in the bottom
panel [14]. The arrow in the bottom panel points to the p-wave, which represents
atrial depolarization. During AF, the p-wave is absent and replaced by erratic
fibrillatory (f) waves.

2.1.1 Prevalence and dangers

Atrial fibrillation is one of the most common arrhythmias overall and is the one
for which patients are most frequently treated and hospitalized [3]. In 2010, its
estimated prevalence ranged from 3-6 million cases in the United States, to over
nine million in Europe [2]. The number of cases is also predicted to rise in part
due to the increasing life expectancy. The incidence risk increases with age, and
the arrhythmia is most common among the elderly [3]. In [15], the median age at

4
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diagnosis was reported to be 72 years based on data from the Danish nationwide
registry between 1995 and 2021. Other risk factors include gender, with men being
at larger risk, as well as weight, family history of AF, and sleep apnea [3].

AF is coupled with many dangers, the most prominent being a five-fold increase in
the risk of stroke, and twice the risk of all-cause mortality and cognitive dysfunction
[3]. Other dangers are heart failure and sudden death. The severity and amount of
symptoms caused by AF can range from very little to very severe. AF episodes last-
ing seven days or longer are typically classified as persistent, while those lasting less
than seven days are considered paroxysmal. Furthermore, the AF burden is defined
as the percentage of time spent in AF. The clinical definition of AF also requires an
episode to be longer than 30 seconds to be classified as AF. This limit is, however,
somewhat arbitrary, and it has been shown that having AF-like supraventricular
beats that lack a P-wave is a strong indicator for later AF onset [6].

AF can be everything from asymptomatic to functionally disabling. Common symp-
toms are palpitations, meaning the sensation of a fast or fluttering heart, fatigue,
lightheadedness, and effort intolerance [3]. There is also a significant risk that since
many of those with AF experience the onset at a late age, they may assume that
the symptoms are simply due to their advanced age and avoid seeking medical at-
tention. Even patients who experience only mild to no symptoms can get severe
complications such as stroke, and stroke can be the first manifestation of AF [3].

The risks associated with AF can be reduced with the proper treatment. Anticoag-
ulants can be used to reduce the risk of stroke by up to 70%, and rate or rhythm
control drugs can help slow the heart rate and restore sinus rhythm, reducing symp-
toms. This makes early detection important [3].

2.2 The Apple Watch algorithm

The Apple Watch is equipped with two methods for detecting AF: PPG-based de-
tection and ECG-based detection. PPG is a technology that uses light to monitor
different properties of the heart and blood, such as the heart rate, blood oxygen
saturation, and more [16]. It works by emitting light into the tissue and measuring
the amount that is reflected using a photodetector. Blood absorbs more light than
surrounding tissue, which leads to a higher absorption when the heart is in its sys-
tolic phase, where blood is pumped out from the heart. The amount of light which
is absorbed over time is recorded, and is called a tachogram. The Apple Watch can
use PPG tachograms to look for heart arrhythmias, such as AF. The feature is opt-in
and uses an algorithm that analyzes a series of one-minute tachograms to determine
if it should issue an alert, warning the user of potential AF [7]. The algorithm used
for this detection is outlined below.
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Algorithm 1 Apple Watch Algorithm

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

while true do
Wait until user is not in motion
Analyze a new one-minute tachogram
if tachogram indicates AF then
Initialize AF counter < 1
Initialize SR counter < 0
Record start time < current time
while true do
Wait 15 minutes, then wait until user is not in motion
if current time — start time > 48 hours then
Break from inner loop
end if
Acquire and analyze a new one-minute tachogram
if tachogram indicates AF then
Increment AF counter
else
Increment SR counter
end if
if AF counter =5 then
Trigger irregular pulse alert
Stop algorithm
else if SR counter = 2 then
Break from inner loop
end if
end while
end if
Wait two hours
end while
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The algorithm that Apple uses to check each one-minute tachogram for irregular
rhythm is proprietary [7]. Furthermore, since PPG readings are sensitive to motion
they are not always able to capture an adequate signal. The Apple Watch deals
with this by delaying the tachograms if the wearer is in motion using the watch’s
built-in accelerometer.

The reliability of the Apple Watch’s AF detection has been supported by findings
from the Apple Heart Study and its follow-up sub-study. These studies showed
that the positive predictive value of receiving an irregular rhythm notification and
actually having AF is high [5], [7]. However, since only patients who received an
alert from their smartwatch were selected for further monitoring with the patches,
these studies lack negative cases and therefore cannot be used to determine the
sensitivity or specificity of the watch’s AF detection [3].

The ECG-based detection, available on Series 4 and later, uses an electrode in the
crown of the Apple Watch along with one on the underside that touches the wrist.
By using Apple’s ECG app and placing a finger from the opposite hand on the crown,
a 30 seconds long, two-lead ECG recording can be taken. A proprietary algorithm
then classifies the ECG trace as SR, AF, or inconclusive [7]. Since the ECG-based
detection requires the user to manually initiate a test and cannot monitor continu-
ously in the background, it is unlikely to be useful for detecting AF unless the user
is experiencing symptoms. This is why it is not the focus of this study.
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Theory

This chapter presents the theoretical background necessary to understand the math-
ematics behind the two models used to simulate AF episode patterns in this thesis.
Specifically, it outlines the theory of the two stochastic processes employed: discrete-
time Markov chains and the Hawkes process. The section on Markov chains draws
primarily from [17], while the theory on Hawkes processes is based on [9].

3.1 Markov chains

Markov chains are stochastic processes with the property that the future evolution
of the chain is conditionally independent of the past, given the present state. This
property is known as the Markov property. Many real-world systems can be effec-
tively modeled using Markov chains [18], and assuming the Markov property often
leads to more tractable calculations [17]. The property is formalized in the following
definition.

Definition 3.1.1 (Markov Chain). A Markov chain is a sequence of random vari-
ables Xg, X1, Xo, ... taking values in a discrete set S, called the state space with the
property that

P(Xpp =7 | Xo=20, X1 =21,..., Xpo1 = 21, X, = 1)
=P(Xp1 =7 X, =1). (3.1)

forall xg,...,x,_1,i,5 €S, and n > 0.

This thesis considers only discrete-time Markov chains with finite state spaces. Ow-
ing to the Markov property, all transition probabilities depend solely on the current
state ¢ and the next state j. These probabilities can be collected into a matrix P,
known as the transition matrix of the chain.

Definition 3.1.2 (Transition matrix). Let (X,,),>0 be a Markov chain with finite
state space S = {1,2,...,N}. The transition matriz P = (Py;) € RN*N is defined
by

Pi=Pr( X1 =j|X,=1), forall i,jeS.
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Thus the entry F;; gives the probability of transitioning from state ¢ to state j in one
time step. To compute the probability of transitioning between states over multiple
steps, one considers powers of the transition matrix: the element (P™);; corresponds
to the probability of moving from i to j in n steps [17].

The structure of the transition matrix P determines important properties of the
Markov chain. For example, if a set of states are all reachable from one another, they
form a communicating class. Additionally, a Markov chain is said to be irreducible
if all states belong to the same communicating class.

3.1.1 Long-term behavior

The long-term behavior of a Markov chain is determined by the properties of its
states, in particular whether they are recurrent or transient. If a state, when left, is
bound to eventually be returned to, that state is said to be recurrent. If the expected
time to return is also finite then the state is positive recurrent. For Markov chains
with finite state spaces, as are the ones in this thesis, any recurrent state is also
positively recurrent. A key characteristic of Markov chains where all states are
positive recurrent is the existence of a unique stationary distribution.

Theorem 3.1.1 (Existence and Uniqueness of the Stationary Distribution). Let P
be the transition matriz of a finite, irreducible, and positive recurrent Markov chain.
Then there exists a unique row vector ™ € RN such that

N
aP=m and Y m=1 (3.2)
i=1

The vector m is called the stationary distribution and describes the long-term pro-
portion of time the chain spends in each state.

Not all Markov chains have all positive recurrent states. If a state instead, as time
goes to infinity, is visited only a finite number of times then that state is said to be
transient. Conversely, a state is absorbing if, once entered, it cannot be left. Markov
chains containing at least one absorbing state are called absorbing chains. A simple
example of an absorbing chain with two transient states, a and b, and an absorbing
state ¢ is shown in Figure 3.1, and the corresponding transition matrix P* is given

by (3.3).

Figure 3.1: A three-state Markov chain with two transient states a and b, and one
absorbing state c.

10
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L1
2 2

P = % 0 % (3.3)
0 0 1

For absorbing chains it is interesting to look at the expected number of steps until
the chain enters an absorbing state. This can be done using the fundamental matrix,
as shown in the following theorem.

Theorem 3.1.2 (Fundamental Matrix). Consider an absorbing Markov chain with
n transient states and m absorbing states. Let its transition matriz P be written in

the canonical form
P [6 1

0 I,

where
o Q is the nxn submatrix of transition probabilities between the transient states,

o« R is the n x m submatriz of transition probabilities from transient states to
absorbing states,

e 0 is am xXn zero matriz, and
o I, is the m x m identity matrix.

Let F be a n x n matriz indeved by the transient states, where Ij; is the expected
number of times the chain is in state j before being absorbed, given that it started in
state 1. Then ¥, called the fundamental matriz, is given by

F—(I,-Q "

The result is proved as follows. Let 7 denote the set of transient states, Fj; the
expected number of visits to transient state j given that the chain starts in transient
state ¢, and define ¢;; to be the Kronecker delta, i.e., d;; = 1 if ¢ = j and 0;; = 0
otherwise. Assume i,7 € 7. By conditioning on the first step, we obtain the
recurrence relation
Fij = 0;; + Z QirFlj.
keT

In other words, the expected number of visits to a state j from ¢ is the same as the
expected number of visits from the next state, k, times the probability of moving
from i to k, plus one if the chain started in j. In matrix form, this becomes

F=1I,+QF,

rearranging the terms gives

(In - Q)F = Ina

11
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and since absorbing chains eventually leave the transient states with probability 1,
then QF — 0 as k — co. Per the definition of a Neumann series the matrix (I,, — Q)
is guaranteed to be invertible [17]. Solving this linear system yields a final expression
for the fundamental matrix

F=(,-Q"

The expected number of steps until the chain reaches an absorbing state, for a chain
started in state ¢, is given by the row sum of the fundamental matrix

a; =) Fy,
JET

where a; is the expected number of steps to absorption for a chain started in 7.

3.1.2 Maximum likelihood estimation

One way to estimate the elements of the transition matrix from a sequence of ob-
served transitions is by maximum likelihood estimation (MLE). The following the-
orem defines the maximum likelihood estimator for a Markov chain.

Theorem 3.1.3 (Maximum Likelihood Estimator for Markov Chains). Let S =
{1,2,3,..., N} be a finite state space, and let X = {xq,x1,22,...,x,} be an observed
sequence of states generated by a Markov chain with transition matriz P. Let N;;
denote the number of observed transitions out of state i to state j, given by

n—1
Nij=> Yy =i, z41 = j}
t=0

Then the maximum likelihood estimator of the transition probability P;; is

N N
py=—"_ 3.4
J ZjeS Nz] ( )

e., the proportion of observed transitions from state i that went to state j.

The proof proceeds as follows. The likelihood of observing the sequence of states
X, given a transition matrix P, is

Nij
LIX|P)=]] P
1,j€S
Taking the logarithm yields the log-likelihood

X |P Z Nijhlpij.

3,JES

12
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We also impose the constraint that each row of the transition matrix must sum to
one

Y Pj=1, forall i€S. (3.5)

To maximize the log-likelihood subject to this constraint, we use Lagrange multipli-
ers. The Lagrangian becomes

1,JES i€S jES

where )\; is the Lagrange multiplier associated with the constraint for row ¢. Taking
the derivative of £ with respect to P;; and setting it to zero gives

oF; B Ai &0
Combining this with the constraint in (3.5), we have
Z Pi=1 = Z N =1 = ZNij = A, (3.8)
jes jes i jes

which, when substituted back into (3.7), gives the final result

PN
Y Ejes Nij'

3.1.3 Simulation

Simulating Markov processes is relatively straightforward. First, select a starting
state and find the corresponding row in the transition matrix, which gives the tran-
sition probabilities for moving to each possible next state. Then, sample the next
state according to these probabilities. Repeat this process until the chain is of the
desired length. A simple outline of the algorithm is given below.

13
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Algorithm 2 Simulating a Markov chain

Require: Simulation horizon 7" > 0
Require: Transition matrix P on state space &
Choose an initial state g € S
for t=1to T do
Sample x; ~ P(zy_1,-)
end for
return {z;},

3.2 Hawkes process

This section will describe another stochastic process, the Hawkes process and the
theory necessary to understand how a variation of this process, the alternating
bivariate Hawkes process, can be used to model paroxysmal AF.

3.2.1 Point Processes and counting processes

A counting process is a stochastic process N(t);>¢ that satisfy the following condi-
tions [19],

(i) N(0) >0,
(i) N (#) € No,

(iii) N(s) < N(t), s<t,

(iv) For s <t, N(t) — N(s) equals the number of events in the interval (s, t].

It can be seen as the cumulative count of the number of events up to the current
time. If one instead looks at the sequence of random event-times T = {t1,13,...}
themselves, it can be considered a point process. Furthermore, let H(t) : t > 0
denote the history of the arrival-times up to a time t. Formally, H(-) is a filtration,
that is, a non-decreasing family of o-algebras representing the information available
up to each time t. However, in this context, it is sufficient to understand it as the
history of arrival times up to time ¢. Then, if the associated point process is not
explosive, in that it can’t have infinite points in a finite time, and if there exists a
function \*(¢) such that:

) . E[N({+h)=N(t) | H)
A(®) = Jim h ’

then \*(t) is called the conditional intensity function of the counting process N(t).
In such cases, the conditional intensity fully characterizes the statistical behavior
of the process [9]. Intuitively, the conditional intensity function can be interpreted
as the instantaneous rate at which events occur at time t. The integral of the
conditional intensity function over an interval, gives the expected number of events
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in that interval. The simplest case is the process where the conditional intensity is
equal to a constant such as

A(t) = m,

then N (t);>0 is said to be a Poisson process.

3.2.2 Univariate Hawkes process

Suppose we have a process with a conditional intensity function

N(t) =+ /Otf(t —w)dN(u).

where > 0 is known as the background intensity and f : [0 : c0) — [0,00) is the
excitation kernel. Such a process is known as the Hawkes Process [9]. An equivalent
way to define it is by instead using the event-timings as a point process rather than
a counting process. The conditional density for the Hawkes process then becomes

() =p+ Y ft—t), (3.9)

t;<t

where t; denote the event times occuring before time ¢. A common choice for the
excitation kernel f(¢) is to use a function with exponential decay, such as f(t) =
aBe P which gives the conditional intensity

() = p+ Y ape Pt (3.10)

t;<t

where o > 0 and 8 > 0 are constants that can be interpreted as the expected number
of offspring from any single event and the decay rate of the excitations, respectively.

If we are working with two point processes that influence each other, the Hawkes
process can be extended to a bivariate form. This bivariate Hawkes process will
have two conditional intensities Aj(t) and A(t), one for each point process, and
the conditional intensities will contain additional terms that account for the cross-
excitation between two processes. Let Ni(t) and N»(t) be two counting processes
with conditional intensities Af(¢) and A\i(t), respectively. Furthermore, let tgl) and
t§»2) denote the event times occuring before time ¢ in the first and second counting
process, respectively. Using exponential kernels, the model becomes

15



3. Theory

M @)
N(t) =+ ) (34115116_511(t_ti1 ) + > anzfho, S

1<t 12 <t

. (1@ PR CY

M) = s+ Y amBae UL £ Ny By, e U, (3.11)
2 <t M <t
J 1

where p1, p12 > 0 are the baseline intensities. The parameters a;; > 0, for i, j € {1,2}
represent the expected number of new events for process ¢ due to an event in process
j. The parameters §;; > 0, for ¢, j € {1,2} are the corresponding decay rates of the
excitations of process ¢ from process 7. When ¢ = j the terms model self-excitation,
and when 7 # j, they represent cross-excitation.

3.2.3 Alternating bivariate Hawkes process

The alternating bivariate Hawkes process, introduced in [8], is a variation of the
bivariate Hawkes process with an adaptation that makes it more suitable for parox-
ysmal AF modeling. The alternating bivariate Hawkes process imposes a restriction
on the counting processes such that the events in each point process have to come
alternate of each other, for example

1 <« ) D ) @

where t(™ denotes the time of the nth event in the process N, (t), for m = 1,2.
This alternating structure can be enforced by multiplying the conditional intensities
with an occurrence function

. 1, Nl(t) :Ng(t>,
or(t) = {O, otherwise, (312)
? 0, otherwise. '

In [8], the alternating bivariate Hawkes process included two constants dy, dy, that
defined the minimum duration of respective episode before a transition was possible.
However, since the dataset used in this study had no such constraint, these were
omitted by setting them to 0. The modified conditional intensities are defined as

N5 (t) = N5(t)oo(t). (3.14)
This modification ensures that the process alternates between the two states.
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3.2.4 Likelihood

Fitting the alternating bivariate Hawkes process to data requires a likelihood func-
tion. For a simple point process, meaning a point process where no two points
coincide, the likelihood function is outlined in the following theorem [9].

Theorem 3.2.1 (Point Process Likelihood). Let N(t) be a simple point process
on the interval [0,7], with the associated conditional intensity function \(t). Let
T = {t1,...,t,} denote the observed event times within this interval. Then, the
likelthood of observing the event times T given the intensity function X, is

n

LT |\ = [H A(t,-)] - exp (— /0 "A(s) ds) .

i=1
The theorem can be extended to multivariate point processes.

Theorem 3.2.2 (Multivariate Point Process Likelihood). Let N (t) be a collection
of m simple point processes (N1(t), ..., Ny(t)), on the interval [0, 7], with the joint
associated conditional intensity X = (A1,..., \p). Let T = (T(l), . ,T(m)> be the
observed points from the corresponding point processes in the interval. Then, the
likelihood of observing the event times T, is

m

L (N =TI I A | e (= [ als)as)

= eero

The theorems are proved in [9]. The multivariate point process likelihood theorem
can be used to describe the likelihood of the alternating bivariate point process. Let
the observed event times for the two point processes be 70 = {tgl),t;), ...} and
T® = {th),tgz), ... }. Furthermore, let 6 be a vector containing all of the model
constants, and let A¥(¢) and \3(¢) be the conditional intensity functions of the alter-
nating bivariate Hawkes process as defined in (3.14). Let M = {(1,2), (2,1)} denote
the set of index pairs indicating the currently active process and its counterpart,
and finally also introduce I™ as the set of intervals in which the occurrence function
om(t) is equal to 1. For example

1D = [0, 8", [t ¢, .,
1 = {1V #2), 159,49, . 1 (3.15)

Then, the likelihood function of the alternating bivariate Hawkes process can be
written as
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Lo, 7@ 6= ] [T ™) |- exp (— > ”&(t)dt) ,

(m)eM | \ ;0™ erom) (u,p)el(m) "

(3.16)

From this, we now derive the likelihood of the alternating bivariate Hawkes process
with exponential kernels. Taking the logarithm of the likelihood function yields

(T, 7)) = ¥ > (e - X% /”X:n(t)dt. (3.17)

(m,m)eM tEm)GT(m) (u,w)eIm)

Inserting (3.11) into the first term of the inner sum in (3.17) yields

Z In (Xk(tfm))) = Z In (,Mm + Z Qrrm Brmm, €xp (— Bmm(tl(m) — tg.m)))

tgm)ET(m) t§m>€T(m) t;.m)<t,gm)
S B _ 3 glm) _ 4 (m)
+ Z ammﬂmm eXp( Bmm(tl tj )) s
1™ <g{m)
(3.18)
and inserting (3.11) into the second term of the inner sum in (3.17) gives
> / A (t)dt
(uw)el(m) 7
_ Z / (Mm + Z O Brmm €XD ( — B (t — tgm)))
(u)erm = ™ <t
+ Z Qi B €XP < — Bt — tgrh)))) dt
t7 <t
= - ) — B (t — 1)) dlt
Yo | w=wpat [ D cnmBamexp (= Bun(t — ™)
(u)ertm h #m <t
+ / Z amﬁzﬁmﬁz €exXp ( - 6mﬁz<t - tgm)))dt) .
b oy
(3.19)

To proceed with evaluating the likelihood, we now compute the integrals. Starting
with the self-excitation term
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/U Z ammﬁmm eXp(—ﬁmm(t — t§m))>dt

u tg.m)<t
= Z /v ammﬁmm exp(_ﬁmm(t - tgm)))dt7
= Z ammﬂmm /U exp(—ﬁmm(t - tgm)))dt7
t;m)gu

The order of summation and integration can be interchanged. This step is justi-
fied by Tonelli’s Theorem [20], which states that for a sequence of non-negative,
measurable functions f,(t), the integral of their sum is equal to the sum of their
integrals:

/;hwﬁ:;/hmm

Since each term @ Brmm €Xp(— Brm (t — tgm))) in our sum is non-negative, the the-
orem applies. The cross-excitation term is computed similarly to the self-excitation

(m)
t]. <t

== > i (exp(—Bum(v = ™)) = exp(—Bumn(u — £]))).  (3.21)

t(,m)<u
i S

Next, we introduce the functions C,(t) and C? (t) to keep the final form more
compact

Cun(t) = Y awexp (—Bunlt — 1)) |

(v)
tj <t

C (1) = Cun(t) + Cun(2). (3.22)

Combining the results from (3.20) and (3.21), and substituting them into (3.19), we
obtain a simplified expression for the integral term. Together with the first term in
(3.18), this is then inserted into (3.17), yielding the final form of the log-likelihood
for the alternating bivariate Hawkes process

19



3. Theory

(m,ﬁl)EM tE"") eT(m)

i (M)ZE:M (<” — Wi — Crp (V) + C;;m(u)) }

(3.23)

This likelihood function can be optimized using numerical optimization methods.

3.2.5 Ogata’s thinning algorithm

Ogata’s thinning algorithm is a widely used method for simulating point processes
such as the Hawkes process [21]. Starting from the current time t,, an upper bound
Ao of the intensity function until the next event is computed. A proposed event
time ¢, is then sampled from an exponential distribution with rate Ag. To decide
whether to accept this proposed event, the intensity at time ¢,, denoted A, = \*(¢,)
is evaluated, and a uniform random variable r ~ ¢/(0, 1) is drawn. The event at ¢, is
accepted if < A\, /Ao. Regardless of acceptance, the current time is updated to t,.
A description of the algorithm adapted to the alternating bivariate Hawkes process
is presented below.

Algorithm 3 Ogata’s Thinning Algorithm for alternating bivariate Hawkes pro-
cesses with exponential kernels.

Require: Simulation horizon 7" > 0
Require: Conditional intensity functions \j(t), A3(t)
1: Initialize ty < 0
2: Initialize event lists: T < [], T® « ]
3: while t) < T do
4: for m € {1,2} do

5: Compute intensity upper bound Ay = X!, (o)
6: Sample u ~ U(0, 1)

7 Propose event time ¢, =ty + )%O log (%)

8: Compute A\, = \f (t,)

9: Sample r ~ U(0,1)

10: if r < :\\—g then

11: Append t, to T
12: end if
13: Update ty < t,

14: end for
15: end while
16: return 7 73
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3.2.6 Compensators and goodness of fit

When working with point processes, the integrated conditional intensity function is
often a useful tool. It is known as the compensator and is defined as

A= "\ (s)ds.

A key application of the compensator is the random time change theorem, which
allows us to transform a realization of a point process into an equivalent series of
points drawn from a unit-rate Poisson process. The following theorem is stated as
in [9].

Theorem 3.2.3 (Random Time Change Theorem). Say {ti,ts, ...t} is a realiza-
tion over time [0,T] from a point process with conditional intensity function \*(-).
If X*(+) is positive over [0,T] and A(T) < oo almost surely, then the transformed
points {A(t1), A(ta), ..., A(ty)} form a Poisson process with unit rate.

This transformed series of points can be used in a goodness of fit analysis, using
standard methods for Poisson processes. This is confirmed by the following theorem,
which also is stated as in [9].

Theorem 3.2.4 (Residual Analysis). Consider an unbounded, increasing sequence
of time points {t1,ts, ...} in the half-line (0,00), and a monotonic, continuous com-
pensator A(-) such that 1tlLronoA(t) = o0 almost surely. The transformed sequence
{t5,t5,...} = {A(t1),A(ta), ...} , whose counting process is denoted N*(t) is a real-
ization of a unit rate Poisson process if and only if the original sequence {t1,ts,...}
is a realization from the point process defined by A(-).

For the alternating bivariate Hawkes process, we can apply the random time change
theorem to our two series of events to get two new series which under a good model
fit, should resemble realizations from a Poisson distribution. In our case the time
rescaled series of events can be computed using the compensator

Anlt) = [ 3,()ds,

for m € {1,2}. Since the interarrival times of a unit-rate Poisson process are inde-
pendent and exponentially distributed then the transformed interarrival times

(™ ™ Y = (AT = 0, A — A, AT — A, Y,
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should follow Ti(m) ~ Exp(1). These can be transformed one step further into uni-

formly distributed random variables by taking the transformation

_pm)

(m) _ | _ e ,

2

such that zl-(m) ~ U(0,1), assuming our data is distributed according to the process.
A nonparametric approach to evaluating the goodness of fit is the Kolmogorov-
Smirnov (KS) test, which was used to assess the fit of the alternating bivariate
Hawkes process to AF patterns in [8]. The KS test compares the empirical distribu-
tion function (EDF) of some data, to the cumulative distribution function (CDF)
of the reference distribution. The CDF of the uniform distribution is a 45-degree
line, thus, for a good fit, the EDF of our transformed data should lie close to this
diagonal. The test statistic dxg, or the KS-distance, is defined as the maximum
difference between the EDF and CDF. Smaller values indicate a better fit.
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Methods

This chapter presents the methodology for evaluating the Apple Watch’s AF detec-
tion algorithm. It first introduces the dataset and the data preprocessing techniques.
Then, some limitations of the approach used are explained. Finally the chapter pro-
vides a detailed explanation of how the two modeling approaches, the Markov chain
and the Hawkes process, are used to assess the algorithm’s performance.

4.1 Dataset

In this thesis, a dataset of patients examined using PocketECG in the United States
in 2021 is used. PocketECG is a wearable long-term ambulatory ECG monitoring
device designed by MEDICALgorithmics, Warsaw, Poland. The ECG recordings
were labeled by DeepRhythmAI (DRAI), an artificial intelligence (Al) algorithm
developed by MEDICALgorithmics, which has been proven to have a higher negative
predictive value than human technicians [22]. The full dataset consisted of 32,162
patients with a mean (% standard deviation) age of 59.3 4+ 18.8 years, and 40.6%
were men. From this dataset, only patients with an AF burden greater than 0% but
less than 100% were selected, resulting in a study population of 2,486 patients, with
a mean age of 69.8 + 12.3 years and 51.9% men. The average monitoring duration
in this subset was 18.2 £ 10.0 days, and the maximum monitoring duration is 30
days. Since the alternating bivariate Hawkes algorithm has more parameters, it also
requires more data to achieve a reliable fit. In [8], the authors evaluated how the
number of transitions impacted the quality of the fit, and chose 20 transitions in
total as a minimum. A similar criterion was applied in this thesis. When fitting
the alternating bivariate Hawkes process, the dataset was filtered to only include
patients with at least 10 transitions in each direction. Furthermore, because high
burden patients were unlikely to be missed by the watch, they were not of interest
for the analysis, and only those with a burden of < 20% were included. This resulted
in a sample of 1,087 patients with a mean age of 69.9 + 12.4 years and 49.9% men.

The original dataset, which consisted of beats labeled with different arrhythmias by
DRAI, was first preprocessed to identify episodes of consecutive AF or SR beats.
Episodes lacking valid measurements or containing other unrelated arrhythmias were
labeled as missing. For the Markov method, the data also needed to be discretized
into one-minute segments. This was achieved by dividing each day into one-minute
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intervals and labeling each interval according to the majority rhythm, AF or SR.
Intervals that did not contain a full minute of data were discarded.

4.2 Limitations

Because the algorithm Apple uses to classify each PPG segment as normal or ar-
rhythmic is proprietary, the exact performance could not be verified. Instead, it was
assumed that if a one-minute interval contained at least 30 seconds of AF in total,
then Apple’s algorithm would be able to correctly identify it as arrhythmic. Fur-
thermore, since simulating the wear and activity patterns of the smartwatches would
add an additional layer of complexity, results were calculated under the assumption
that the watch is worn all the time, and that it can always read an adequate signal.

4.3 Markov chain approach

The first method relied on discretizing the data into one-minute segments, and mod-
eling the transitions between states as a Markov chain. First, a two-state Markov
transition matrix was fitted to the discretized data of each patient separately, using
MLE. The transition probabilities of a two-state Markov chain are given in (4.1).
In our case, let p denote the probability of transitioning from SR to AF, and ¢ the
probability of transitioning from AF to SR. Then the transition matrix P is defined
as

P_F;p 1{(}], (4.1)

Using the MLE formulas in (3.4), the transition probabilities p and ¢ were estimated
as

p= NSR—>AF

- 9
Nsr—sr + Nsroar

. Nar_sr

- b
Nar—ar + Narosr

where Ngr_.ar is the number of transitions from SR to AF observed in the data,
and similarly for the other terms. Given the transition probabilities between each
one-minute segment and assuming the Markov property, we can construct a Markov
chain that simulates the Apple Watch’s algorithm. However, because the Apple
Watch waits a minimum of 15 minutes between each one-minute PPG, we first need
the transition probabilities for a 15 minute interval. Under the Markov assumption,
this can be computed by taking the 15th power of the transition matrix

R =P"
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where R is the transition matrix for a 15 minute wait. Using this, a complete
Markov chain for the Apple Watch algorithm is constructed, as shown in Figure 4.1.

Figure 4.1: Markov chain representation of the Apple Watch algorithm. R is the
15-minute transition matrix. The algorithm keeps track of the number of found
AF segments and the number of SR segments found in the first and second in-
dex of the W, states. In the states W, the overline indicates that the previous
recorded tachogram was classified as having a regular rhythm. If two SR segments
are recorded before five AF, or if the first segment is SR after a two hour sleep, the
algorithm enters another two hour sleep. This sleep is represented by the D, states
where t is the time slept so far. If the chain reaches the absorbing state Wj, the
watch notifies the user of potential AF. Each transition represents 15 minutes of
elapsed time.

The Markov chain representation of the Apple Watch algorithm consists of twenty
states, with the final state, where the smartwatch issues an alert, being absorbing.
Given any pair of transition probabilities p and ¢, two key metrics can be computed
analytically. First, the average proportion of time spent in AF can be found from
the stationary distribution, (3.2), of the two-state Markov chain described in (4.1).
By solving for the stationary distribution 7, we obtain

= [q,p] , (4.2)

where the second entry gives the average time spent in the AF state, which is the
same as the AF burden. Second, the expected time until an alert is issued can be
determined using the fundamental matrix of the full Markov chain representation of
the Apple Watch algorithm shown in Figure 4.1.
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While the theoretical values of these metrics are known for any given p and ¢, esti-
mating their distribution in the population is necessary to draw meaningful conclu-
sions at the population level. To this end, MLE was applied to compute individual
estimates of the transition rates, p and ¢, for each patient in the dataset. The
resulting estimates were then used to fit lognormal distributions for both parame-
ters, which serve as approximations of the underlying population-level distributions.
However, due to the recording duration being limited to 30 days in the dataset,
the smallest observable transition rate corresponds to one transition in 30 days.
This constraint limits the ability to capture patients with extremely sparse AF
episodes. To assess sensitivity to this limitation, two approaches were evaluated.
In the first approach, the lognormal distributions were extrapolated beyond the ob-
servable range, and in the second approach a lower bound was imposed to restrict
samples to the observable range. While both approaches were explored, the bounded
method was used in subsequent analysis to avoid relying on extrapolations.

Using the estimated population level distributions of p and ¢, a Monte Carlo sim-
ulation with 30 million iterations was performed to estimate the Apple Watch’s
detection rate in a realistic population. Each iteration followed these steps:

(i) Sample transition probabilities p and ¢ for the two-state Markov chain.
(ii) Simulate a five-year sequence of transitions between the two states.

(iii) Apply the Apple Watch detection algorithm to the simulated sequence, and
record the time of the first alert.

(iv) Calculate the corresponding AF burden using the stationary distribution of
the Markov chain.

The results were used to generate plots illustrating the number of undetected AF
cases over time, stratified by the AF burden.

4.4 Hawkes process approach

For the Hawkes process, parameters were estimated using numerical optimization via
the minimize function from the SciPy library in Python. Specifically, the negative
log-likelihood of the alternating bivariate Hawkes process in (3.23) was minimized
using the L-BFGS-B algorithm, subject to the following constraints

pi >1071% for i€ {1,2},
a; >0 for i4,57€{1,2},
B; >107° for i€ {1,2}.

The constraint on pu; ensures a strictly positive baseline intensity, while the lower
bound on S; prevents the excitation half-life from exceeding approximately 20 hours.
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This was necessary because the likelihood surface turned out to often be relatively
flat with respect to [3;, which could otherwise lead to convergence to implausibly low
values. As in [8], the number of parameters was reduced by setting 813 = f12 = (1
and 91 = P22 = B2. The constraint on «;; keeps the branching ratio non-negative
for all excitations.

Given the relatively high dimensionality of the parameter space and the compara-
tively limited number of samples, the parameter distributions at the population level
were not modeled directly. Instead, the fitted parameter sets were treated empiri-
cally, and each patient’s parameters were assumed to represent a possible realization
from the target distribution.

Using Ogata’s thinning algorithm, a large number of five-year sequences of heart
rhythm patterns were simulated for each parameter set. The Apple Watch algorithm
was then applied to each sequence to determine the time until the first alert. Between
50 and 1000 sequences were simulated and analyzed per patient, with the exact
number varying depending on the computational intensity of that AF pattern. To
avoid bias from unequal simulation counts, the results were weighted such that each
patient contributed equally to the final results. AF burden was computed separately
for each parameter set by simulating a 10-year long sequence and calculating the
proportion of time spent in AF. Finally, the results were stratified by AF burden,
and the proportion of undetected AF cases was visualized over time.
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Results

This chapter presents the results from the two models used to evaluate the Apple
Watch’s AF detection algorithm. The findings are organized by model, starting with
the results from the Markov chain approach, and followed by the findings from the
alternating bivariate Hawkes process. The chapter concludes with a comparison of
the two approaches.

5.1 Markov chain results

The number of transitions between AF and SR was counted for each of the patients
in the dataset, and the transition probabilities were estimated using MLE. The
results are scattered in Figure 5.1.

Distribution of transition rate parameters
100 4

1071 5

A L

sc" 1072

o At .,

- RS

< 308 -

21034 W .
1074

1074 1073 1072 1071 100
pP(SR to AF)

Figure 5.1: Scatterplot of the transition-rate parameter estimates obtained using
MLE for the Markov chain. The axes are log-scaled.

The Pearson correlation coefficient between the two transition probabilities is 0.038,
with a p-value of 0.096, which indicates that there is no statistically significant corre-
lation. Therefore, to model the distribution of the transition rates, two independent

lognormal distributions were used. The fitted lognormal distributions are plotted in
Figure 5.2.
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Figure 5.2: Histograms as well as fitted lognormal distributions to the data. The
fitted distributions are of the form Lognormal(u, o), with the parameters shown in
the figure legend.

It should be noted that since the longest observation times are one month, the
minimal transition rate possible in this dataset is an expected rate of one transition
in 30 days. This gives a transition probability of 1/(30-24-60) ~ 2.31-107°, which
explains why the histogram cuts off at that location. Furthermore, this also explains
the observed spikes near the lower end of the histogram, since cases with AF episodes
that are more sparse than one in 30 days still contribute to the first histogram bin
if a single AF event occurs within the first 30 days of monitoring. Similarly, the
second peak is caused by the cases where we have exactly two transitions in 30 days.

To analyze how the different transition rates affect the burden and the expected
time to an alert these were plotted in Figure 5.3. From these figures we can see that
the expected time to alert varies greatly even for parameter combinations that share
the same AF burden. In general the expected time to detection increases the shorter
the AF episodes are and decreases with an increased frequency of transitioning to
AF.
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Figure 5.3: Visualizations of how the transition rate parameters affect the AF
burden and the expected time to an alert from the Apple-watch. The burden is
calculated from the stationary distribution of a two-state Markov chain. The ex-
pected time to detection is calculated from the fundamental matrix of the Markov
chain in Figure 4.1, and assuming that the Markov chain starts in state W o with a
probability p, and Dy with a probability 1 — p, where p, is the AF burden.

Another perspective on the expected time to detection comes from reparametrizing
the axes. Instead of using the transition probabilities p and ¢ directly, the axes are
transformed to represent the AF burden, p/(p + ¢), and a scale parameter, p + g,
which controls the overall transition rate. Figure 5.4 shows the expected detection
time under this transformation, along with estimated transition rates for the patients
in the data, transformed accordingly.
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Figure 5.4: Expected time to detection across combinations of AF burden and
transition scale. The scattered dots represent the estimated transition rates from
the data, reparametrized into burden and scale.

The plot confirms that the expected detection time varies considerably, even when
the burden is held constant. For most burdens, the shortest expected detection
times occur at a transition scale of around 1%. However, the scattered data show
that many individuals experience AF patterns outside this easily detectable range.

Following the theoretical analysis, the detection performance was quantified by sim-
ulating the algorithm’s performance on a wide range of AF patterns. The results are
presented in survival plots, stratified by the AF burden, which show how many AF
cases remain undetected over a period of five years. Figure 5.5 shows the primary
results, based on the model where transition rates were constrained to the observed
data range. To evaluate the impact of this constraint, Figure 5.6 compares the out-
come of the non-extrapolated and extrapolated models. The exact numerical data
for each year are detailed in Tables 5.1 and 5.2.
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Figure 5.5: Kaplan-Meier plots for the detection time for different burdens. The
transition rates were samples from the lognormal distributions with a minimum
transition rate of 1 in 30 days to avoid extrapolation.
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Figure 5.6: Comparison between drawing any p and ¢ from the lognormal distri-
butions and limiting the transition rates to the region where we have observed data.
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Table 5.1: Percent not alerted over time for different AF burdens. Parameters
drawn without extrapolating.

Years | 0.5%-1.5% 1.5%2.5% 2.5%-3.5% 3.5%4.5% 4.5%5.5%
1 31.1 16.3 10.8 7.7 5.8
2 27.2 14.0 9.2 6.5 4.7
3 254 12.9 8.4 5.8 4.2
4 24.2 12.2 7.9 5.4 3.9
) 23.3 11.7 7.5 5.1 3.6

Table 5.2: Percent not alerted over time for different AF burdens. Parameters
drawn with extrapolation.

Years | 0.5%—-1.5% 1.5%2.5% 2.5%-3.5% 3.5%-4.5% 4.5%—5.5%
1 29.4 15.8 10.6 7.6 5.7
2 25.7 13.6 8.9 6.3 4.7
3 23.9 12.5 8.2 5.7 4.2
4 22.8 11.8 7.7 5.3 3.8
) 22.0 11.3 7.3 5.0 3.6

5.2 Hawkes process results

The individual distributions of the parameters of the fitted alternating bivariate
Hawkes processes are shown in histograms in Figure 5.7. Using these fitted parame-
ters the performance of the Apple Watch algorithm was simulated, with the results
presented as a survival plot in Figure 5.8. The plot is stratified by the AF burden,
and Table 5.3 provides the number of patients within each burden category. The
exact values for each year can also be found in Table 5.4.

Table 5.3: Number of patients with an AF burden within the ranges of the bins
for the Hawkes process.

Bin Range | Count
0%-0.5% 392
0.5%-1.5% 180
1.5%-2.5% 100
2.5%-3.5% 81
3.5%4.5% 42
4.5%-5.5% 40
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Figure 5.7: Parameter distributions for the fitted Hawkes processes. For the plots
containing «, the number of samples where the parameter was zero, and therefore
is not included in the histogram, is displayed above the plot.
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Figure 5.8: Kaplan-Meier survival plot for the Apple Watch algorithm on data
simulated using the alternating bivariate Hawkes process.
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Table 5.4: Percent not alerted over time for different AF burdens. Based on the
simulations using the alternating bivariate Hawkes process.

Years | 0.5%-1.5% 1.5%2.5% 2.5%-3.5% 3.5%4.5% 4.5%5.5%
1 34.4 17.0 15.1 9.5 6.9
2 31.2 15.1 12.1 8.4 4.5
3 29.6 14.0 10.7 7.9 3.4
4 28.5 13.4 9.9 7.6 2.8
5 27.6 12.7 9.2 7.4 24

5.2.1 Goodness of fit

The goodness of fit was evaluated using the KS distances. The mean and the median
KS distances, as well as confidence intervals produced using the standard error of
the mean and a bootstrap respectively is shown in Figure 5.9.
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Figure 5.9: Median and mean of the KS distances as well as error bars with a
bootstrapped 95% confidence interval for the median and the standard error of the
mean.

In the ideal case, the KS distances would be close to zero for all samples. In this
analysis, the average KS distance is slightly below 0.3, suggesting that while the
alternating bivariate Hawkes process does not perfectly capture all AF patterns, it
still provides a reasonably good approximation across the patient population.
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Table 5.5: Metrics for the KS-distance for the two point processes with conditional
intensities Az and A\ .

Metric g N
Mean 0.28 0.29
SEM 0.006 0.008

Median 0.22 0.18

Median 95% CI | (0.21, 0.23) (0.17, 0.19)

5.3 Comparison

In order to more easily compare the results for the two methods, they were plotted
together in Figure 5.10.
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Figure 5.10: Combined results from the simulation using the alternating bivariate
Hawkes process and the Markov chain. For the Markov chain, parameters without
extrapolation were used.

To better illustrate the model’s performance, examples of AF patterns and simula-
tions from the two models based on that data are shown below. The first example
shows the real AF pattern for a patient with an estimated burden of 3.3%, along
with simulations from the Hawkes process and the Markov chain, as shown in Fig-
ure 5.11. Similarly, the original signal as well and corresponding simulations for a
patient with an estimated burden of 6.1% are presented in Figure 5.12.
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Figure 5.11: Plots of the AF state over time, and simulated sequences of the same
length, for a patient with 3.3% AF burden.
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(c) Three simulated sequences using the alternating bivariate Hawkes process.

Figure 5.12: Plots of the AF state over time, and simulated sequences of the same
length, for a patient with 6.1% AF burden.
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Discussion

The results of this study show that for a relatively large percent of Apple Watch
wearers, the PPG-based arrhythmia detection of the watch is likely not enough to
reliably warn them if they were to develop AF. About a third of patients with a
burden of between 0.5%1.5% AF will remain undetected after a year of wearing
the watch, and more than one in five will not be detected even after wearing the
watch for five years. The detection rates did improve with an increasing burden,
but difficult patterns seemed to still exist even with a comparatively high burden
of 3.5%-4.5%. At this burden the Markov chain approach showed 5% without
detections after five years, and the Hawkes process method showed an even higher
number at 7.4% undetected after five years.

The results also show that the different patterns of paroxysmal AF have a large
impact on the detection rate of the watch, with the majority of all detection occur-
ring at the start of the simulation. This is easiest confirmed by the plot in Figure
5.4, where we can see that the expected times to the first detection can vary vastly,
even for cases with the same AF burden. The fact that different AF-patterns are
varyingly difficult for the algorithm to detect also explains why about 90% of all the
cases were detected in the first year for the 2.5%-3.5% AF burden bin and Markov
algorithm, but only 25% of the remaining cases were found in the subsequent four
years, a much slower rate for the more difficult patterns.

The two approaches to modeling the AF patterns achieved similar results, which
strengthens the drawn conclusions. In general, the Hawkes processes predicted a
slightly worse detection rate, with the largest discrepancy being at the lowest bur-
dens. Nonetheless, they both have advantages and disadvantages. The Markov
model is the simpler of the two, partly due to using data that already had been dis-
cretized into one-minute segments, and partly due to only relying on two parameters
and the assumption of memorylessness. Furthermore, while the temporal patterns
of AF are generally not memoryless [8], the Markov model remains worth studying
due to its numerical stability and the existence of exact solutions for burden and
expected detection time. Conversely, the alternating bivariate Hawkes process offers
its own strengths. By not discretizing the data beforehand, it retains more detailed
information to fit to. Additionally, the increased complexity of the model allows
for a more precise fit, since it is able to model excitations that can cause clustering
behaviors of AF episodes, a phenomenon that has been shown to exist in previous
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studies [8]. However, this additional complexity also comes with drawbacks. The
requirement of more transitions in the dataset reduced the size of the available data
and may, in particular, reduce the number of patients with very sparse AF episodes,
which could affect the results. Furthermore, the much more complex likelihood func-
tion required numerical optimization techniques, and was relatively flat with respect
to the excitation decay rates, for some patients, making the fitted parameters less
reliable.

The overall fit of the alternating bivariate Hawkes process was not as strong as
what was found in [8], where the average KS distance was reported to range from
0.14-0.23 and 0.11-0.17 on different datasets for iz and \ip respectively. In this
study, the mean KS distances were higher, at around 0.28 and 0.29. The difference
is likely due to differences in the datasets. The previous study used shorter datasets
with recording durations ranging from an average of 10 hours to 4 days across
different datasets. Furthermore, those datasets were smaller with each containing
fewer than 30 recordings. In contrast, our dataset consisted of over 1000 recordings
with an average monitoring duration of about 18 days. It is also possible that there
were differences in how the data was collected or annotated, as this study used Al
annotations.

The results rely on several assumptions. The first assumption being that the Apple
Watch would mark a one-minute tachogram as arrhythmic if at least 50% of the
recording contained an arrhythmia. Due to the actual algorithm being proprietary,
this assumption cannot be verified. However, since the clinical definition of AF
requires the episode to be at least 30 seconds long, and since our assumption only
requires 30 seconds in total per one-minute tachogram to classify it as arrhythmic,
the assumption is likely conservative. Secondly, the Apple Watch relies on the user
wearing the watch and being still in order to capture tachograms, while this study
assumes that the clock is always worn, and that it is always able to capture an
adequate signal. In reality all users will have to take off the watch when charging
it, and many will also not wear it at night, or only wear it when leaving home. This
could significantly reduce the time that the watch is able to capture tachograms,
and any movement would reduce the time available for measurements even further.
This assumption therefore likely makes us underestimate the minimum time to alert.

6.1 Conclusion and future prospects

In summary, while the Apple Watch has the ability to detect and alert users of
potential AF, it is not always reliable. People experience AF in varying patterns,
and the watch’s ability to detect the arrhythmia varies significantly depending on the
pattern. As a result, people with a relatively low AF burden are at risk of slipping
through the cracks of the algorithm and may go undetected by the watch, even
after several years of paroxysmal AF. At the same time, these users may develop a
false sense of security by wearing a watch on which they have enabled arrhythmia
detection, and therefore potentially delay or avoid seeking medical attention. This
is concerning since they still have an increased risk of stroke, which could be reduced
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with the right treatment.

Future research on the topic could aim to refine the models used to simulate the
AF patterns, as well as to extend the models to also simulate realistic activity and
wear patterns. Furthermore, it would also be valuable to explore the performance of
the algorithms used by other smartwatches, and to research if the algorithms could
be improved in regards to their sensitivity for low-burden AF without a substantial
increase in false positives.
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