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Abstract

This study presents and evaluates the performance of various solutions to the filtering
and smoothing problems from an air surveillance radar perspective. In the theory part,
the Kalman Filter and the Rauch-Tung-Striebel smoother equations are derived for lin-
ear models. Thereafter, we derive the corresponding equations for nonlinear models
using the Unscented Transform. These solutions are then expanded to the Interactive
Multiple Model framework. The resulting algorithms are evaluated through Monte Carlo
simulation using six benchmark scenarios representing the classes; large aircraft, agile
commercial aircraft, medium bomber and fighter jet. Optimal process model parameters
are determined using an evolutionary optimization method. The resulting process model
parameters indicates that the use of multiple, and nonlinear models each contribute to a
more adaptive and accurate description of the process. The results from the evaluation
clearly show that the use of nonlinear process models and multiple models each improve
the process state estimates, in particular for smoothing.
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Introduction

HE tracker is the software component in a radar system which associates the sen-

sor measurements with the observed objects and keeps track of those objects.

In addition, the tracker extracts information about the kinematic parameters

of the observed objects over time, typically in a probabilistic manner. In the

case where the sensor is a doppler radar, for example, measurements contain information

about radial distance to the object from the sensor, the angle of the object relative the

sensor, and possibly also the velocity of the object in the radial direction. We have no

direct information about the acceleration from such measurements, and neither do we

have any information about the velocity of the object in angular direction. On top of

that the measurements are typically noisy, which makes it even harder to extract knowl-
edge about kinematics.

Fortunately, we may add one piece to the puzzle, namely our knowledge about the laws
of physics, which we may use to construct a model for the underling process that we
are observing. In this case the process referres to the kinematics of an oberved airborne
object, which is assumed to be a continous markov process described by a dynamical
process model in state space. This dynamical process is not assumed to be deterministic,
but contains a stochastic term describing the process model uncertainty. We may also
have knowledge about the sensor that provides us with the measurements. We may thus
also specify a model describing the process in which the sensor maps the probabilistic
description of the process state, from state space to measurement space. We assume that
this mapping is not deterministic but includes an additional stochastic term to account
for measurement uncertainty.

We thus have two stochastic models to describe the process and the measurements.
To be able to use these stochastic models we need a Bayesian framework that yields op-
timal probability distributions in state space for the process state, given measurements,



CHAPTER 1. INTRODUCTION

by using the process- and measurement models. The Bayesian framwork that works
recursively forward in time to calculate optimal statistical distributions for the process
is referred to as filtering. The Bayesian framework that works recursively backwards in
time to correct for the information gained through latter measurements is referred to
as smoothing. These probability distributions can then be optimized in some sense to
produce process state estimates, see figure 1.1 for a visual example.

x 10
3 —
* Measurements
Filtered estimates
o5l | —— Smoothed estimates
2f o
E s ,
> o
L .
051 R Y
0 | | | | |
5 55 6 6.5 7 7.5

X (m) x10*

Figure 1.1: Example on filtering and smoothing position estimates for benchmark scenario
1. See section 8.1 for information on the benchmark scenarios.

For linear process and measurement models, and time-uncorrelated Gaussian process-
and measurement noise, there are optimal solutions for both the filtering and the smooth-
ing problems, namely the Kalman Filter (KF) [1] and the Rauch-Tung-Striebel (RTS) [2]
smoother, respectively. The application of Bayesian filtering and smoothing in this study
is restricted to the domain of air surveillance radar systems, which means that the sensor
is typically providing measurements in nonlinear coordinates. And the process, i.e. the
kinematics of the observed airborne object in this case, is typically best described by
nonlinear models. In addition to this, the airborne object is most certainly in different
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modes of dynamics during the flight, which might be best described by a collection of
process models rather than a single one. Luckily, there are modifications to the Kalman
Filter that solves these problems.

There are different methods to deal with nonlinear process- and measurement projec-
tions, but in this study we will focus on the Unscented Kalman Filter (UKF) proposed
by Julier et al [9]. The UKF uses a sampled version of the probability distribution at
hand to produce approximate solutions to the filtering problem. There are a number of
different proposed approximate solutions to the smoothing problem for nonlinear models,
among which we focus on the Unscented RTS smoothing solution proposed by Sdarkkd [3].

The problem of filtering with multiple models also has a number of approximate so-
lutions which can be grouped into the subclasses of hard decision- and soft descision
filters. Basically, hard decision means that one of the multiple filtered probability distri-
butions is chosen at each instant of time, while in soft decision filtering a weighted sum
of the filtered probability distributions constitutes the optimal probability distribution.
The weights being the filter probabilities at each instant of time. We will focus on the
Interactive Multiple Model (IMM), a soft decision filter derived from the assumption
that the process dynamics behaves as a switch markov system. We will also focus on
the proposed solution to the problem of multiple model filtering proposed by Nadarajah
et al [4], built upon the model of the IMM filter [7]. The figures 1.2(a)-1.2(b) show how
probabilities for three filters, each containing one distrinct process model, changes over
time, and how smoothing decreases the unscertainty during straight course.

1.1 Aim of study

The aim of this study is to determine the improvement in process state estimates using
nonlinear process models, multiple models and smoothing, separately and combined, for
the air surveillance radar application.

1.2 Thesis outline

The outline of the thesis is as follows. In Chapter 2, "Problem statement”, we outlay
a formal description of the problem at hand, namely the estimation of the state of a
process, given a number of measurements. In Chapter 3, "Conceptual solution”, we
present the Bayesian frameworks which are the general solutions to the filtering and the
smoothing problems, respectively.

We then derive the optimal solutions to the filtering and the smoothing problems for
linear process models in Chapter 4, "Optimal solution for linear systems”. It is also in
this chapter that we will familiarize ourselves with the Kalman Filter and the Rauch-
Tung-Striebel smoother. In the following Chapter 5, ”Approximate solution for nonlinear
systems”, we discuss the Unscented Transform and how it is used for nonlinear model
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Figure 1.2: Example on soft decision multiple model filtering, and smoothing. The figure
shows the mode probabilities for three filters over benchmark scenario 1. See section 8.1 for
information on the benchmark scenarios.

filtering and smoothing. We thus derive the equations for the Unscented Kalman Filter
and the Unscented Rauch-Tung-Striebel smoother proposed by Sdrkkd [3].

Thereafter, in Chapter 6, "Solution for multiple models”, we develop a bayesian frame-
work for a switch markov system which allows us to use multiple filters. First we derive
the equations for the IMM filter and then we discuss the IMM smoother proposed by
Nadarajah et al. In the last theory Chapter 7, "Process models”, we deal with how to
discretize differential equations which describe the dynamical process in state space, so
as to be applicable for filtering. After a whole lot of theory, we discuss the evaluation
procedure in Chapter 8, and present our findings in Chapter 9.



Problem statement

E are observing a time continous process, x(t) over time by measuring the
system at times {ti}ij\il generating measurements yA ,

ZN = Z(tl), Z(tg), ceey Z(tk), ceey Z(tN)

=Z1,29,...,2Z},...,ZN.

(2.1)

We assume that measurement z; only depends on the process state x; = x(tx), at the
same instant of time, i.e p(zg|Xk,...) = p(zx|xx). This dependence p(zx|xy), which we
shall refer to as a measurement model, we describe with a relation z; = hp(x) + Wg.
The term wy, represents the measurement noise at time ¢;, which we assume is Gaussian.
The statement that z; only depends on x;, also implies that the measurement noise does
not have any time correlation. These assumption are summarized in equation (2.2).

2, = hi(Xx) + Wi

wy ~ N(0,Ry) (2.2)
We further assume that the process x is markov, i.e p(xg|Xg_1,..-) = p(Xk|xx—1). The
probability density function p(xg|xx—1), which we shall call the measurement model, we
describe by a relation x; = fr_1(Xg—1) + Vk—1. The term vji_; represents the maneu-
vering noise between times t;_1 and tp, and is assumed to be Gaussian. The markov

assumption also implies that the maneuvering noise does not have any time correlation.
These assumption are summarized in equation (2.3).

X = fr-1(Xp—1) + Vi1
Vi1 ~N(0,Qx_1) (2.3)
E{Vivf} = 51]Qz

5



CHAPTER 2. PROBLEM STATEMENT

See figure 2.1 for schematic explaination of the model assumptions. Given these model
assumptions, the problem at hand is to find the distribution p(xy), that best describes
our knowledge about the process state xj, at time tx. The solution to this problem
differs depending on which measurements we have access to at the moment. Without
loss of generality we may discuss the three cases:

Prediction Find the probability density function, p(xx|Z*~1), for the process state x,
at time tg, given that we know all measurements up until time ¢;_;.

Filtering Find the probability density function, p(xy|Z*), for the process state x; at
time t;, given that we know all measurements up until time ¢.

Smoothing Find the probability density function, p(xx|ZY), for the process state xj
at time tj, given that we know all measurements up until time ¢y (N > k).

To solve the problem at hand for each of these three cases, we first want to construct
a general solution, without considering specific classes of process- or measurement mod-
els. Secondly we wish to apply the general solution to linear-, and then to nonlinear
models, to construct recursive algortihms. Last, we wish to construct a solution for a
multiple model description of the system. This means that we have to restate the prob-
lem and find an augmented solution that takes into account a number of process- and
measurement models, rather than one.

TETYTYT
© © &

Figure 2.1: Visual schematic for the assumed model. The markov process x is being

measured at a discrete number of times. The measurement zj is assumed to be dependent
only on the process state x; at the same instant of time.



Conceptual solution

N order to derive the solution to the filtering and smoothing problems, we may start
without making any assumptions about the process model or the measurement
model other than the ones made in the problem statement. In this section we use a
bayesian approach to form conceptual solutions to the filtering and the smoothing

problems.

3.1 Filtering

The filtered probability distribution p(xy|Z*) can be described as (3.1), according to

Bayes’ formula.

p(zk, xx|ZF )
p(zk|ZF1)

The joint distribution in the numerator of (3.1) may be rewritten as (3.3), using the

definition (3.2) for joint probability.

p(xk|ZF) = p(xk|zi, Z"1) = (3.1)

P(AN B) = P(A|B)P(B) (3.2)

p(zg, x| ZFY) = p(zr|xk, ZFp(xp|ZF1) (3.3)

To utilize the knowledge that we have about the markov process x, we marginalize
p(xx|ZF1) over x;,_1, see (3.4). The second equality is true due to the definition (3.2) for
joint probabilities. The factor p(xj_1|Z*~1) in the integrand is the posteriori distribution
from the prior timestep.

p(xe|ZF 1) = / P X1 |ZF V)t = / Pk k1, Z5 (41 |24V sy
(3.4)
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Since we assumed a first order markov system, the depence on Z*~1 in p(xy|x;_1, ZF~1)
and p(zx|Xy, ZF¥1), can be ignored and can thus be written as (3.5). Since if we are fil-
tering forward and assume we know x; with absolute certainty there is no need for
measurements Z*~!. This is formally states in equation (3.5).

p(zg|xy, ZF71) = p(zx|xx) (3.5)
p(xk|xp—1, Z"1) = p(xp|xp_1)

p(zk|xx), in words, is the probability distribution for the measurement z; at time step
k, given one knows the process state x; at the same instant of time. This density is
referred to as the measurement model. p(x|xx—_1) is the probability distribution for the
process state x; at time step k, given that we know the process state x;_; at the time
of the preceding measurement. This density is referred to as the process model.

3.2 Smoothing

The probability distribution of interest is p(xy|Z"), i.e the smoothed probability dis-
tribution for the process at time step k£ given that we know all measurements up to
timestep N. We begin by marginalizing over xj 1.

p(ci|ZV) = / Pk, X051 |Z )l (3.6)

The joint distribution for x; and xxi; can be divided into two factors through the
definition of conditional probability (3.2).

p(Xp, Xp11|ZY) = p(xp|xp11, 2V )p(x111|ZY) (3.7)

We may ignore measurements {z;}Y 41 I p(Xk[xpy, Z"), since they are redundant if
we know xj1 for a markov system. This insight, plus Bayes’ formula leads to (3.8).

P(Xpt1 Xk, ZF)p (x| ZF)

Xk |x ,ZN = p(xg|x ,Zk = 3.8
p( k| k+1 ) p( k’| k+1 ) p(Xk+1|Zk) ( )
All this added up gives us the joint probability distribution (3.9).
X Xy, ZF)p(x5,|ZF
Pl 4 [2) = PO ZPORZT) ) (39)

p(Xp41|ZF)

In the joint probability distribution (3.9), p(Xg41|Xk, Z*) = p(xx41|xx) is the predicted
distribution for the process state xp+; at timestep k£ + 1 given that we know xj with
absolute certainty. p(ka\Zk) is the predicted distribution for the process at timestep
k + 1 given the filtered distribution for xj and p(x;|Z*) is the filtered distribution at
timestep k. p(xx41|Z"Y) is the smoothed distribution at timestep k + 1, which we know
at this point, from the previous backward smoothing step, thus giving us a recursive
framework for backward smoothing.



Optimal solution for linear
systems

HE solution to the filtering problem for linear models is known as the Kalman

Filter. There also exists a solution for the smoothing problem for linear mod-

els, known as the Rauch-Tung-Striebel smoother. To derive the filtering and

smooting equations, we assume that the process and measurement models are

linear and written on the form (4.1). Other than that, we keep the assumptions that

the process noise aswell as the measurement noise is Gaussian and uncorrelated over

time, as expressed in (4.2). In words, the stochastic normal distributed term v_1, with

covariance Qp_1, is the process noise in the interval in between measurement k£ — 1 and

k. The stochastic normal distributed term wy, with covariance Ry, is the measurement
noise for measurement k.

Xp = Fp_1xp_1+ v (4.1)

zr, = Hpxy + wy,
Vier ~N(0,Qr 1), E{viv]} =06;Q;

(4.2)
wr  ~N(ORy), E{ww]} =6;R;

The moments of the predicted process distribution p(xz|Z*~1) = N (xy; Kpolk—1> Prjk—1)
is calculated as (4.3), according to the model previously described.

Xpk—1 = Fr—1Xgp_1jp—1 (4.3)
Prpo1 = FraProp1Fl + Qe

The moments of the predicted measurement distribution p(zx|Z* ) = N (z; Zk—1, Skjr—1)
is calculated as (4.4).
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Zp—1 = HiXppp— (4.4)
Skik—1 = HyPy_ H + Ry,

With this said we are ready to derive the filtering and smoothing equations under the
assumptions of linear process- and measurement models.

4.1 The Kalman Filter

4.1.1 MLE derivation

To find the optimal filtered distribution p(xx|Z*) at time k& we adopt an Mazimum
likelihood estimate (MLE) approach. This means that we wish to find the estimate Xy
for which the filtered distribution p(xy|Z*), derived as (3.1), is maximized. The MLE
approach lets us utilize the model assumption that the process distributions in state
space are Gaussian aswell as the process- and measurement noise. Since the maximum
point of a positive function is the same as for the logarithm of the said function we
may maximize L£(Xy,Z), the logarithm of (3.1), instead of maximizing the probability
distribution function (3.1).

p(xyz|Z*)

L(xg, zx) = log [ p(Zk’Zk_l)

] = log [p(Xk,Zk\Zk_l)} — log [p(zklzk_l)} (4.5)

The numerator p(xg,zx|Z*~!) in (3.1) can be described by a product of two Gaussian
distributions (4.6) according to (3.3).

p(xk, 25| ZF 1) o N (zg; Hx, Rye) x N (%55 Rg -1, Pje—1) (4.6)

Since the term log [p(z|Z*~1)] in (4.5) does not contain xj, and therefore has a zero
partial derivative in relation to xj, we may write (4.7).

L(xpz1) < ||z, — Hpxp| PR+ [|xx — fik\k—1||2P;§|i_1 (4.7)

We may then just differentiate (4.7) and set this expression to zero. This leaves us with
the vector equation (4.8).

Vi £ = 2HR R (Hyxy, — 24) + 2P (X — Xppp1) = 0 (4.8)

Solving this equations gives us the explicit expression (4.9) for the MLE %), of x, given
yAS

Xk = (HIR; 'Hy, + P;ai_l)(H;‘gR;Zle + P,Qi_lfimkq) (4.9)

Using the matrix inversion lemma we may rewrite this as (4.10) where Ky, is the kalman
gain expressed in (4.11).

10
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X = Xppe—1 + Ki(zr — HiXppp-1) (4.10)

K =Py H(HPyH +Ry) ™t = Pk\kle;;FS;;‘k_l (4.11)

We now wish to derive the state space covariance matrix for the filtered distribution
(3.1), defined by (4.12), which will describe the uncertainty of the process state estimate

)A(k;lk;.
Pk|k = COU(Xk - Xk|k) (4.12)
Using definitions (4.11) gives us (4.13).

Py = cov(xg, — (Xppp—1 + Kr(zr — HgXpp—1))) (4.13)

Using our measurement model from (4.1) we may write (4.13).

Py = cov(xp — (Xppp—1 + Kp(Hpxy + vi — HpXpp—1)))
= cov((I — KgHy)(x — Xgjp1) — Kivy)
= (I - KpHy)cov(xp, — Xppp—1) (T — KpHy) " + Kycov(vi) K
= (I - K Hp)Py_1 (I - KpHy) + KR KL

(4.14)

Equation(4.14) is the definition for the posterior state space covariance matrix Py

4.1.2 MMSE derivation

Now we wish to show that the derived Kalman gain is also optimal in the Minimum
Mean Square Error (MMSE) sence. Insted of assuming Gaussian distribution for the
probability distributions in state space, we assume the derived updating equation (4.10).
To find the MMSE estimator, we which to choose xj,;, such that the square of the Mean
Square Error (MSE), (4.15) is minimized.

MSE(x) = Z E{(x; — %)%} = Z P;; = Tr(P) (4.15)

We therefore wish to find K such that the trace of the posterior state space covariance
matrix Py, defined as (4.14), equivalent to (4.16), is minimized.

Pip = Pyt — KeHyPrpoy — Prp HUK] + K S K] (4.16)
Differentiating the trace of (4.16) yields (4.17).

T
9K, = —Q(HkPkUg,l) + 2K Sk (4.17)

11
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This yields the optimal Kalman gain (4.18), which is the same as the MLFE optimal gain
(4.11).
K =Py HS;! (4.18)

For more details on the Kalman Filter, see [1, 2].

4.2 The Rauch-Tung-Striebel smoother

In order to solve the smoothing problem under the assumptions of linear models, we
again adopt an MLE approach. We wish to maximize the distribution p(xz|Z"),which
we assume is Gaussian, with respect to x;. This is equivalent to the maximization of the
joint smoothed distribution p(xy,xx41|Z") with respect to xj. For the full expression
of p(xy,xps1|ZY), see equation (3.9). This in turn is equivalent to maximizing the
logarithm (4.19) of the strictly positive function p(x, xg11|ZY), for X1 = Xjt1|N-

L(xp, Xp+1) = log [p(xp, xp41|ZV)]
= log [p(x-+1[xk, Z°)] + log [p(xk|Z¥)] — log [p(xk+1|Z*)] +log [p(xs41|27)]
(4.19)
Since we are differentiating with respect to xy, the terms log [p(xy11|Z*)] and log [p(xg+1]ZV)]
in (4.19) can be ignored. The joint distribution (3.9) can therefore be seen as proportial
to a product of two Gaussian distributions.
Pk, Xpe11]Z7) 0 N (Xpop15 Frxie, Qi) X N (%83 Ko Prgie) (4.20)
This in turn means that the important aspects of £(xXy,Xx+1) can be summarized as
(4.21).
L(Xp, X1 v) o |[Rpr v — Fexel[PQ 1 + | [x5 — >A<k|k|\2P,§|2 (4.21)
We may then just differentiate (4.21) with respect to x; and set the gradient (4.22) to
zero to find the MLE.
Vi £ = 2F5 Q. (Frxy — Xpyyn) + 2P (xk — Xppp) = 0 (4.22)

Rearranging (4.22) for explicit expression of the optimal posterior MLE estimate Xy
of the state leads to (4.23).

Xy = (FLQ, 'Fr + Péz)(Fgleﬁk—H\N + P,;‘if(mk) (4.23)

Using the matrix inversion lemma we arrive at the Rauch-Tung-Striebel smoothing equa-
tion (4.24), where matrix (4.25) is the smoothing gain.

Xk N = Xgp + Ak(Xpp1 v — FeXppr) (4.24)

12



CHAPTER 4. OPTIMAL SOLUTION FOR LINEAR SYSTEMS

Ay, =Py FL(F Py FL +Qp) ! (4.25)

The smoothed process state covariance matrix Py is then calculated according to
(4.26).

Pyny = cov(x — Xpn)
= cov(xp — (R + Ar(XKpg1 v — FaXppr))) (4.26)
= Pujp + Ar(Prsyy — Prjer1) AL

For more details on the Rauch-Tung-Striebel smoother, see [2].

13



Approximate solution for
nonlinear systems

HERE are a vast number of situations in engineering where filtering and smooth-
ing are needed to extract information about an observed process. But for
many of these situations, the derived linear solutions just won’t do, since the
process or the sensor is best described by a nonlinear model. In these cases

the Kalman Filter and the Rauch-Tung-Striebel smoother are no longer applicable. The
main problem is that nonlinear transformations are applied to Gaussian distributions;
transformations from state space to measurement space, or through predictions in state
space, from one point in time to another. These transformations are being made without
difficulty for linear models, but for nonlinear models we must use approximations.

Since the beginning of the 60’s, back when the first attempts were made with non-
linear kalman filters, the approximation of choice has been the Fxtended Kalman Filter
(EKF). In the EKF, the nonlinear function is simply linearized around the estimate of
the distribution mean. And all the sudden, the standard Kalman equations are applica-
ble again. This seems convenient, but there is an issue with stability when it comes to
extended kalman filters and smoothers [3].

The Oxford mathematician Uhlmann claims that “it is easier to approximate a prob-
ability distribution than it is to approximate an arbitrary nonlinear function”. Instead of
approximating the nonlinear map as in FKF we may approximate the distribution by a
number of discretized units called sigma points. The sigma points are each transformed
using the nonlinear map and then reassembled to approximate the first two moments
of the transformed distribution. This approach gives increased stability and is also ca-
pable of handling higher order moments. The Unscented transform could be used for
coordinate transformation as well as for process- or measurement model transformations.

14



CHAPTER 5. APPROXIMATE SOLUTION FOR NONLINEAR SYSTEMS

5.1 The Unscented Transform

This sampling scheme, called the the Unscented Transform, was proposed by Julier and
Uhimann [9]. The first step in this scheme is to construct an extended Gaussian distri-
bution with mean X;_; and covariance f’k,l, by adding the process- and measurement
noises as in (5.1). For information on the reduced dimensionality noise covariance matrix
3._1, see section 7.3.

Xp—1|k—1
Xp-1 = 0
0 (5.1)
) Pyr yp1 O 0
Pp1 = 0 1 O
0 0 R

The sigma points are then calculated according to (5.2), where (1/ (nx + £)Py_1); means

column i of the matrix L, for which LLT = (ny + /f)lsk,l. nx is the dimensionality of
the extended distribution (5.1), and & is a constant parameter which gives dimensional-
independent scaling for Gaussian distributions if set to kK = 3—nx. For more information
on k, see [8].

)ch—l) 1=0
' X1 + <+ 8Pt ], i =1,...nx
Xty = K ( o + 1) 1>i ' " (5.2)
Xp_1 — ( (nx + Ii)f’k_1> , 1= (nx+1),..,2nx
1—MNx

Each sigma point also has an importance weight, defined in (5.3), so that the reassembled
moments are defined as (5.4) and (5.5).

K

1 =
Ny + K

U L S T

W == 2(nx+f§) T gy lUX (53)
1 .
\ ml = (nx + 1),...,2nx

x=> Wi (5.4)
P Z WO (D - 2) (D — )T (5.5)

i
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The sigma points X( ) can be subdivided into parts. In our case one part representing the
process state, one representing the process noise and one representing the measurement
noise, see (5.6).
(i),x
" Xk—1
i b))
Nt = | (5.6)

(@),R
sz-1

There is no proof that the Unscented Transform is the optimal representation of a distri-
bution given the two first moments, but arguments can be made that it is a good choice.
For more details on the Unscented Transform see [8, 9].

5.2 The prediction step

We start by sampling the posteriori dlstrlbutlon p(xk 1|Z*~1), as described in section 5.1,
giving sigma point-/weight pairs {Xk 1> W,gz 1} . The prediction and transformation
into measurement space are then carried out according to (5.7) and (5.8). The matrix
B is projects the reduced dimensional noise term to state space, see secion 7.3.

1),X b))
X1(€|k 1 = fr— 1(Xk)17B X/I(g1 ) (5.7)
i i),R
20 = h o (5.8)

The first two moments of the predicted distributions in state space is then calculated as
(5.9), and the predicted distribution in measurement space is calculated as (5.10).

N-1
Xplk—1 = Z Wéz)leﬁ)k 1

=0

= (5.9)
P11 = Z W,ﬁ?l(x,(f‘),;’fl — }A(k|k—1)(X](;‘)k’f1 — Rpppo1)”

i=0

. (%)
Zklk—1 = Z w,Z Zk|k 1
(5.10)

Skik—1= Z ka’_)l ZIEZ‘L 1 2k|k—1)(21§1\2;_1 — Zpjg—1)”
=0

The cross correlation between predicted state and measurement, which we will find useful
later, is defined as (5.11).

N—
Z k\k 1~ Xk 1)(31%_1 — Zpp1)” (5.11)
=0
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5.3 Unscented Kalman Gain

Since we already derived the form (4.10) for the updating equation in section 4.1, using
the method of Mazimum Likelihood Estimation, we shall assume the updating form
(4.10) for kalman filtering. Without assuming Gaussian distributions we may then just
use the method of Minimum Mean Square Error estimation to find the kalman gain for
the unscented filter. The posterior covariance matrix, denoted Py, is derived in (5.12)
using the updating equation (4.10).

(
(i — (Rt + Ki(zi — 2g5-1)))%}
= E{((xt — Xpjp—1) — Ki(zp — Zk\k—l))Q}
= E{(x — Rpp—1)” — 2Kp(xp — Rpjp—1) (2 — Zp—1) + K3 (26 — 2g-1)°}
= B{(xx — Xpp—1)"} — 2Kp E{(xr — Xppp—1) (21 — 2gp—1)} + KiE{(2k — Zppp1)?}
= Pyp1 — 2K Pz + KiSk1
(5.12)

As in section 4.1.2 we minimize the trace of the posterior covariance matrix to find the
optimal gain.

OTr(Pyi)
The optimal Unscented Kalman Gain is thus (5.14).
K, =Py S;‘k ) (5.14)

5.4 Unscented Smoothing Gain

The conceptual solution (3.9) to the smoothing problem can be written as (5.15).

Ny _ N N _p(xk,ka]Zk) N
p(Xk, Xk1|Z27) = p(Xpe|Xpet1, 27 )p(xp411Z7) = ——— 5 p(Xe1|Z7)  (5.15)
p(Xk41|ZF)

We start by describing the joint probability distribution p(x,Xp41|Z*).

P(xp, Xp11|ZF) =N<< * )7< Axk“{” )»( P;flk et >> (5.16)
Xk+1 Xkt1]k Cit1 Prrip

Ci+1 in equation (5.16) is the cross correlation as described in (5.17).
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N-1
Cr1 = E{(xp—Rpp) Xk —Kppap) = Y W;ﬁl)(xl(f)’x—iuk)(x,(ﬁr’ﬁk—ﬁmlm)T (5.17)
=0

To compute p(xx|xx11, ZY), we divide (5.16) by p(xx41|Z¥), according to (5.15), which
yields (5.18).

p(xk[Xp11, ZV) :N<Xk;m;€+1?P;€+l>

_ -1
Ay - Ck+1Pk+1\k

(5.18)
my. = Xgp + Ap(Xk+1 — Xpp1jr)
P =Py — ArPryip Al
The joint distribution p(xy, X4 1]|Z") can then be expressed as (5.19).
N o Xk . " "
p(Xk, Xk +1|Z7Y) =N (( > 7mk+17Pk+1>
Xk+1
2 )Ackk—i-Aka 1—}A(k k
my = ( | A( * +1) ) (5.19)
Xk+1|N
p’ . ( AkPk+1|NA£—|—P;€+1 AkPk+1\N >
k+1 =
Pryi AL Prin

Marginalizing over x4 then gives the unscented smoothing equations (5.20). Note that
these are equivalent to the Rauch-Tung-Striebel smoothing equations (4.24) and (4.26),
but the smoothing gain Ay is defined according to (5.18).

p(xi|ZN) =N (xk; Xpv, Pryw)
Xk|N = Xpfe + Ak (Rog1|v — Kps1jk) (5.20)
Py =Py + Ap(Pryyn — Proap) AL

For more details on the Uncsented Rauch-Tung-Striebel smoother, see [3].
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Solution for multiple models

N some situations one filter is not sufficient to describe the process or measurements
with good enough accuracy. One might want to apply one process model for a
maneuvering aircraft and another when it is on straight course, for example. There
might also be scenarios when one would like to apply different measurement models.

One solution to this problem is the hybrid solution (6.1), visualized in figure 6.1. We
simply make the assumption that in each interval t;_; < t < t; the process is in a
discrete mode my. Each mode represents one way to describe the process we observe
and also the measurements we make. For each mode we thus have one process model
and one measurement model, so that we can construct one filter and one smoother for
each mode.

Xy = fe—1(Xp—1,mp) + vi(my) (6.1)
2 = hp(Xp, my) + wi(mg)

For transition between modes, we assume a first order markov system (6.2).

P{mi|mj,_,} = mj; (6.2)

This system will become a decision tree with M* terminal nodes for M modes over k
measurement intervals. We define path ¢ through this tree as Mi. The probability for
each such path can be derived as (6.3).

P{MY|Z*}  P{zp| M}, ZF"1 Y P{ML|ZF 1}

B . B B (6.3)
= Plag| My, Z 1 Pimi MGy ZV Y P{M; 4 |28

Under the markovian assumption, (6.2), we may rewrite the second factor in (6.3) as
(6.4).
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CHAPTER 6. SOLUTION FOR MULTIPLE MODELS

P{my| Mi_1,Z*'} = P{mi|mj,_y, ZF"} = P{mi|mj_,} = 75 (6.4)

This model is refered to as a Jump Markov System (JMS). The problem with this model
is that the decision tree has exponentially growing number of terminal nodes. To handle
this exponential complexity, we may want to use a suboptimal solution to this problem.
One obvious solution is to prune the tree, which means removing paths with low likeli-
hood. Another way to go is to merge the terminal nodes. The latter is the foundation
for the Interacting Multiple Model (IMM). In Section 6.1 we will discuss filtering with
an IMM and in Section 6.2 we will discuss how we can use the same framework for
smoothing.

TETYTYT
TETETYT
O © &

Figure 6.1: Visual schematic for the assumed model, if we disregard the possibility of
multiple measurement models. The state x is a markov process described by the process
mode m. The switching between modes is a discrete markov process. The measurement zj
is assumed to be dependent only on the process state x; at the same instant of time.

6.1 IMM Filtering

6.1.1 Conceptual solution

In the IMM filter the posterior pdf is described by the mode probabilites, P{mﬁzk},

and a Gaussian pdf, p(xk|mi, Z*) associated with each mode at each instant of time.
This Gaussian mixture is described in equation (6.5).

p(xk|Z) =7 plxp|mi, 2°) P{m]|Z*} (6.5)
J
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As in the conceptual solution, Section 3.1, the mode-conditioned posterior density can
be divided into a prediction step and an updating step, using Bayes’ formula, see (6.6).

pzk|xk, my, 28 )p(xp|my, Z41)
p(zi|m],, ZF1)

p(xk|mi, Z") = (6.6)

The predicted pdf at time k for model mi is a marginalization over the process variable
Xk—1, (67)

p(xilmi, Z¥1) = / p(xklxr—1,m], 2" )p(xp—1|m], ZF 1) dxp (6.7)

We know the pdf p(xg_1|m: _;,ZF1), but to calculate p(x;@_llmi,zk_l) in (6.7) we
must mix posterior densities from the prior time step, as shown in (6.8).

p(xk1|mi, Z81) = p(xga|mi_y,mi, 25 Pmi_y i, 28 (6.8)
i
The mixing probability P{m};_l\mi, ZF=11 can be derived using Bayes’ rule and the
markovian assumption (6.9).
P{m]imi,_,, 251 P{mi_, 12
P{my|Z+1}

P{m},_,|m},Z"'} = (6.9)

Where the predicted mode probabilities P{m£|Zk_1} can be decribed as the sum (6.10).

P{m}|Z¥"'} =" P{mi|m}_,, ZF "'} P{mj,_,|Z"'} (6.10)

7

The posterior mode probabilities are derived using Bayes’ rule (6.11).

P{m]|Z"} = P{m] |2y, Z" '} o p(zx|mi, Z"1) P{m]|ZF 1} (6.11)

The factor p(zk|m£, Z*=1) is simply the likelihood of measurement z; given mode mi
which is derived by equation (6.12).

p(zk mj, ZF1 = [ p(zs xk,mj, ZF Y p(x mj,Zk_1 dxp 6.12
k k k

6.1.2 Algorithm

The implementation of the algorithm goes as follows: The two moments of the gaussian
mixture defined in (6.5) is calculated by (6.13) and (6.14). wij' , is the posterior mode

probability for mode i at time k, defined in (6.11).
M . .
Xkl = Zwim%m (6.13)
j=1
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P, = Zwk\k { Kk T (Xpepr — Xk\k)(xmk i‘k)T (6.14)

The mixing probabilities ;" ils , defined in (6.9) is calculated by (6.15), where w;
the predicted mode probablhties defined in (6.10).

k|k I8

Wy 1)
= L (6.15)
Wk—1
j ¢
w‘17c|k71 = Z W1 |k—1 (6.16)
=1

The two moments of the matched gaussian (6.8) is calculated by expressions (6.17) and
(6.18). This is the data that then goes into filter j as the posterior data from time k — 1,
to predict according to (6.7).

%) 1|k 1 Zﬁ‘k K1k (6.17)

j i - (J) i ~(9) T
k 1|k 1 ZF‘ [P2—1|k—1 + (Kp—1jp—1 — ij_1|k_1)(x7f_1\k_1 - ij_1|k_1) (6.18)

The posterior mode probabilities defined in (6.11) is calculated according to (6.19),
where Ai is the likelihood for measurement k according to prediction made by filter j,
calculated by expression 6.20.

A

; kwkk 1
Wl = e (6.19)
> Akwk\kfl
AL = p(zg|m], 251 (6.20)

For more details on IMM filtering see [4, 7].

6.2 IMM Smoothing

6.2.1 Conceptual solution

We wish to find p(xx|Z" ), the probability distribution of x predicated on measurements
Z". We naturally begin with describing p(xy|Z") as a Gaussian mixture (6.21).

POkl ZN) = p(xi|mi, ZV) P{mi|ZN} (6.21)
J
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The factor p(xk|mi, Z") is unknown, but we may marginalize over x;,; according to
(6.22).
p(xk|mi,ZN) = /p(xk,xk+1|mi,ZN)dxk+1 (6.22)

The joint smoothed distribution in (6.22) can be expressed as (6.23).

p(xk, Xp 41|, ZN ) = p(xg|Xpep 1m0, ZN ) p (x5 41|, Z7) (6.23)

Measurements {z;}Y , _, in P{xy|xp41,m}_,,Z"} are redundant since we assume that
we know the full state {xx41, m}c +1} at time k+41. This insight plus Bayes’ formula gives
us (6.24).

P(Xps1 1,0, ZF)p (x|, ZF)

p(Xpt1|m],, ZF)

p(xk\xk_,_l,mi,ZN) = p(xk|xk+1,mi,zk) = (6.24)

Using (6.23) and (6.24) we may write out the joint smoothed distribution as (6.25).

P(Xpp 1| X510, ZF)p (x|, ZF)

p(karl |miazk)

Pk, Xp41|mip, 2N) = p(xps1|mi ZN) (6.25)

This is essentially the same equation as (3.9). One big difference though is that in the
smoothed distribution at time k + 1, p(xj41|m7,Z"), xp41 is also conditioned on mj,.
This leads us to the backward moment matching described in (6.26).

Pk M, ZY) = p(eha [miyy, mi, ZN)P{mj i Imi, ZN} (6.26)

(2

P{m}, +1|mi, ZN} is not known, and is therefore manipulated using Bayes’ formula, ac-
cording to (6.27).

Pimy|mjy, ZV}P{m |27

P{m} mjij = ,
{1 |mi. ZY) e

(6.27)

Measurements {z;}¥ ., in P{mﬂm}c .1, Z"} are redundant since we assume that we
know mj, +1- This insight plus Bayes’ formula leads to the expression (6.28).

Pl lml, %) P{m} 2"}
P{m}g+1|Zk}

P{mi|mi 1, ZN} = P{m]|m} |, Z"} = (6.28)

To derive an expression for the smoothed mode probability P{mi\ZN } we may represent
the knowledge gained by measurements {Z,}f\; k41 Dy the smoothed Gaussian mixture
M 41 N, consisting of the mode conditioned distributions p(xk+1|m};+1, Z"Y), and the
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mode probabilites p(m}; +1|ZN ). Due to this approximation and Bayes’ formula we get
(6.29).

P{ M1 \n|mi, ZFY P{m}|Z*}

P{ml|ZN} & P{m]| M ZkY =

(6.29)

P{mzﬂlmf;, VAN P{m};+1|m‘,i} according to the first order markov model. We may
also note that the Gaussian mixture Mk is reduced to the, single mode conditioned
Gaussian MY, if we know the model my, at time k. This leads to equation (6.30).

P{Mysyn|mi, 25} =" P{Myiqnlmi g1, mi, 25} P{mi, ., [mi, Z*}
=S ZP{MkH\N‘mi:HamLMk\k}P{m;cH‘mi} (6.30)
=3 PAMG MY I Pl i}

6.2.2 Algorithm

The implementation of the algorithm goes as follows: Calculate bj; = P{mﬁmz 41 ZN}
according to (6.31) as described in (6.28).

J
Tij M|
b — KiF (6.31)
7 Zz Wiéﬂiuf
Then calculate the mixing probabilites “Qiu N = P{m}, +1|mi, ZN} according to (6.32),
following (6.27).
i bjiwj 1y
“liH\N ‘ (6.32)

Y
20 bﬂwk+1|N

The matched distribution p(xk+1|mi,ZN ) for timestep k + 1 is calculated according to
(6.26), and is thus described by its two moments (6.33).

k+1\N Z“k+1\NXk+1|N
(6.33)
ilj ; i 2 (7) i )\
k+1\N Z’uk—i—l\N [PZHN + <X2+1\N - Xk+1\N> (X§c+1lN - Xk+1\N> }

With the matched distribution we may then perform the smoothing step 6.34 for all
smoothers to arrive at distributions p(xy|m7,Z™) !

1See section 4.2 for a derivation
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A | J (20 _
XN = Xy T A (Xk+1|N Xk:+1|k)

o ) .
Py v =P + Ay (Pk:-i-l\N - Pl

6.34
> Al (6.34)

The smoothed mode probabilites wil N= p(mi]ZN ) are calculated according to (6.29),
following (6.35).

A

J J
§ kN Wt

_ _HNTHE 6.35)
kIN J4 4 (
| > Ak|Nwt\t

w

The likelihood A’

KN for model mi, in (6.35) is calculated as (6.36) which is the same as
(6.30).

A;ﬂN = Z ﬂ-jiN <§(;g+1|N; }A(?H_l‘ka Pi+1|k> (636)

Finally the smoothed distribution (6.21) is described by its two moments (6.37).

XpN = Zwi\N&?dN
’ (6.37)
. . . . T :
Pyn = Zwizw [PicN - (f(i;\N - ’A‘k\N> (%\N - ’A‘k\N> }
i

For more details on IMM smoothing, see [4].
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Process models

ROCESS MODELS are easiest formulated as differential equations with a stochastic
component vg(t). The general form is described in (7.1), and the linear model
equivalent is (7.2). In both cases, the process noise is uncorrelated over time,
and is Gaussian distributed around zero with process noise covariance Qg(t) as

described in (7.3).

x(t) = £(x(t)) + va(t) (7.1)
x(t) = Ax(t) + Bu(t) + va(t) (7.2)
va(t) ~ N (0,Qu(t)) (7.3)

But in the filter equations that we have encountered in previous sections, the process is
described as a difference equation predicting the process state vector at time tx11 = tx+71
given the process state vector at time t;. In the following section 7.1 we will reformulate
the linear process differential equation (7.2) to a difference equation such that it is
applicable for the filter equations in chapter 4. In the subsequent section 7.2 we then
do the same for the general case, so that the result is even applicable for the nonlinear
filtering equations in chapter 5.

7.1 Discretization of linear differential equations
Since we assume that we know x at time ¢, then x(tx) is our initial condition and we
wish to solve equation (7.2) for time variable ¢; + 7 over the interval 7 € [0, T] to arrive

at an explicit expression for x;11 = x(tx + 1).

x(ty +7) = Ax(ty, + 7) + Bu(ty + 1) + va(tp + 7) (7.4)

26



CHAPTER 7. PROCESS MODELS

We then multiply e 7 into (7.4) which, as we will see, will make things easier.

e ATX(ty +7) = e ATAX(tp +7) + e ATBu(ty +7) + e ATvy(ty + 7) (7.5)
We then subtract e A7 Ax(t; + 7) from (7.5) and use the fact that:

a4
dr
, and we get (7.6).

(e_ATx(t;C +7)) = e ATX(ty +7) — e ATAX(ty + 7)

d
E(e_ATx(tk +7) = e A"Bu(ty +7) + e ATvytp + 1) (7.6)

To get x(tx + T') we then integrate over the interval 7 € [0, T].

T T T

d

/ %(e*ATX(tk +7))dr = / e ATBu(ty, + 7)dr + / e ATvylty +7)dr  (7.7)
0 0 0

T T
e ATx(ty +T) — x(ty) = / e ATBu(ty, + 7)dr + / e ATvg(ty +7)dr (7.8)
0 0

We now have an explicit expression (7.9) for x(t; + 1), albeit with some rather compli-
cated terms still.

T T

z(ty +T) = eATx(ty,) + / AT Bu(ty + 7)dr + / ATyt +1)dr  (7.9)
0 0

We make the approximation that the control input u(tx) and the noise term v(tj) are

constant over the interval. We may do this if the interval is short enough and if they

are fairly constant over the time interval. For convenience, we also make the change of

variables v = T — 7, after which may write (7.10)

T T
o(ty +T) ~ eATx(ty) + / eAduBul(ty,) + / eAduv(t) (7.10)
0 0

We then simply use the definition for the exponential function and the assumption that
the matrix A is nilpotent, which means that A¢ = 0 for some positive integer q. We
may then write (7.11) and thus arrive at the solution (7.12).

q—1 A .
AT = ; T (7.11)
x(ty + T) = F(T)x(tr) + G(T)Bu(ty) + v(tg,T) (7.12)
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-1 _A" v
F(T) =Y arp ™ (7.13)

G(T) =0 AT

As can be seen in equation (7.12), the discrete process noise term v(t;,T) has a depen-
dence on both ¢ and T, as described in (7.14).

v(te,T) ~ N (0,Q(t.T)) (7.14)

The discrete process noise covariance matrix Q(tx,7") is derived in (7.15).

QtrT) = E{[x(te +T) = %(ti + T)] [x(t +T) = (t + 1))}
= F{ /TeAle/V (tr) /TeA”dvv (tr) T}
=B ) alte) | | | a(tk (7.15)
T T
= / eA”dVE{vd(tk)vd(tk)T}/ eA dy
0 0
Thus Q(#,T") is calculated according to (7.16), where Qg (%) is defined in (7.3).
Q(t,T) = G(T)Qu(tr)G(T)" (7.16)
7.2 Discretized linearization

To make use of the derivations in section 7.1 we want to rewrite (7.1) so that it looks
something like (7.2). What we do is to use the second order taylor expansion for f(x) at
x(t,) and rearranging the terms.

%~ E(%()) + VER()(x(t) = X(1)) + Va(t)

)
= VE(x()x(t) + (F(x(1)) — VF&()%X(t)) + va(t) (7.17)

According to the derivation in 7.1, we may express the estimate X(t; +7") as (7.18).
X(tk + T) = F(x(tr), T)x(tx) + G (%(tk), T)(E(x(tk)) — VEX(tr)) X(tx)) (7.18)
F(x(ty,),T) = eVE&EIT (7.19)

T
G(x(t),T) = / eVEEEDY gy (7.20)
0

G (x(tg),T) may then be expressed as (7.21).
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G(x(ty), T) = eVEEOVE(x(2)) ! ' = VEEOITYE(%(1) ™! — VE(x()™  (7.21)
0

Using some algebra in (7.22) we then arrive at the simpler expression (7.23).

X(ty +T) ~ eVEEEDT 5 (1)) — eVEEENT g (1) + %(t),)+
+ (TIEEDTR (1) — VER(t) ) F(X(2)) (7.22)
= x(ty) + (VTEODTTE(R(1)) " — VEK(8) ) £*(1))

x(tp+T) ~ x(t) + /O ! eVEEOT quf (x(t)) (7.23)

We then drop the approximation notation and state (7.24) where G (x(tx), T) is described
as the sum (7.25), if the jacobian Vf(x(¢x)) is nilpotent.

x(tp + T) = x(t) + G(x(tx), T)f(x(tx)) + v(tr) (7.24)
) g—1 ) . T
G(x(ty),T) = 2 (VE(x(tk))) ] (7.25)

The predicted mean value at time t;1 = ¢ + T can thus be expressed as (7.26).

g1 il
K(t, +T) = x(t) + (Z (VEX(t)))’ <+1>') F(%(t)) (7.26)
i=0

The noise term is basically no different from (7.14), except that we have to add the
dependence on X(tx) due to possible nonlinearity.

v(X(tk), te, T) ~ N (0, Q(x(tr), tk,T)) (7.27)

Q(X(t), tr, T) = G(X(tr), T)Qul(tr) G(X(t1), T)" (7.28)

See [5] for more details on state space model discretization.

7.3 Degrees of freedom for process noise

Usually, the noise term vgy(tx) is only non-zero for the highest order variables in the
process state. Thus, we can describe the noise with the lowerdimensional stochastic
variable s;(t) described by (7.29).

sa(tr) ~ N (0, (1)) (7.20)

29



CHAPTER 7. PROCESS MODELS

To project the lowerdimensional noise into the state space, we simply use a projection
matrix B, and get the relations (7.30) and (7.31).

Vd(tk) =B- Sd(tk) (7.30)

Qua(te) = BE(ty)B" (7.31)
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Evaluation

HE aim of this study is to be able to estimate the state of the process that we
measure with as good accuracy as possible. Since tracking for air surveillence
radar is the application of this study, we will use aircraft trajectories as eval-
uation data. More precisely, we use six benchmark scenarios among which the

classes large commercial aircraft, small agile commercial aircraft, medium bomber and
fighter jet are represented. Measurements are then simlulated by Monte Carlo sampling
from a given measurement model, which is also used in all the filters and smoothers.
The assumption being that we know the statistical properties of the sensor noise. To
eliminate dependence on the direction of the aircraft, and radial its distance in relation
to the radar sensor, which is an issue for radial measurements, we simply use a carte-
sian measurement model with gaussian distributed noise. More about the benchmark
scenarios and the measurement model is given in section 8.1.
We define the absolute error, e,(;) at time step k for monte carlo simulation ¢, out of
N simulations, as (8.1). The variable x; in this case meaning either position, velocity or
acceleration in cartesian coordinates for the aircraft at the time for measurement k, and
)Acgz) being the tracker estimate at the same instant of time.

el = 1) — x| (8.1)
The measure that we will focus on in the evaluation part is the Root Mean Square Error
(RMSE), at the time for measurement k, defined as (8.2).

RMSE (%) =
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8.1 Evaluation data

The data set used for evaluation is synthetic and was propsed by Blair and Watson
[10]. The data constitutes the six benchmark scenarios 8.1(a)-8.1(f) emulating aircraft
maneuvers, each scenario representing a specific kind of aircraft. Scenario one represents
the class large commercial aircraft, scenario two represents agile commercial aircraft,
scenario three and four represents medium bomber and scenario five and six fighter jet.
The acceleration in tangential and normal directions for all six scenarios are graphically
represented in figures 8.2(a)-8.2(f). The benchmark scenarios are sampled with sampling
interval:
T =t —tx—1 = 1.0(s)

which generates the discrete process states:
N
X = X1, X9, eeey Xy ey XN

The measurements
N
7" = Z1,29,...,2f,...,ZN

are then generated by monte carlo simulation using a cartesian measurement model with

HleOOOO,
010000

and gaussian noise with covariance

R _ o2 0 7
0 05

where 0, = 0, = 100(m). The trackers are evaluated over 100 monte carlo simulations
for each benchmark scenario.

8.2 Process model selection

The mathematical deitals for the evaluated process models are presented in Appendix
A. In words, the process models are summarized:

CA Linear model, assuming constant acceleration and gaussian distributed noise in
[Tz, Jy]T =7, y]T Advantagous for tracking of accelerating aircraft.

CV Linear model, assuming constant velocity and gaussian distributed noise in [Z, y]T.

Advantagous for tracking of aircraft on straight course.

CAL Nonlinear model, assuming constant acceleration and gaussian distributed noise
in [Jy, Ju]" = [a¢, an]”. Advantagous for tracking of aircraft that is accelerating in
tangential and/or normal direction.
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CT Nonlinear model, assuming constant tangential velocity, constant angular velocity

1T AT
and gaussian distributed noise in [at, Q} = [i;, gb] . Advantagous for tracking of

aircraft during constant turn.

To evaluate the advantage of combining process models using the IMM, we have
selected three model combinations for evaluation:

CV+CV+4CA One CV model, with small noise covariance, describes the motion during
straight course. Another CV model, with larger noise covariance, describes the
motion during moderate turns. The CA model describes the motion during swift
turns and accelerations.

CV+CV+4CAL One CV model, with small noise covariance, describes the motion
during straight course. Another CV model, with larger noise covariance, describes
the motion during moderate turns. The CAL model describes the motion during
swift turns and tangential acceleration.

CV+CT+CAL The CV model describes the motion during straight course. The CT
model describes the motion during moderate turns. The CA model describes the
motion during swift turns and tangential accelerations.

8.3 Process parameter estimation

One problem that we face while comparing the different process models is parameter
setting. All the trackers each have one or a set of process models, and possibly even
a markov switching model. Depending on the kind of tracker, there are a number of
parameters to be set, typically process noise and markov switching probabilities. The
problem is thus to compare one tracker with another in an objective manner without
exploring the entire parameter space. The solution used here is to optimize the paramter
setting for each tracker with respect to the mean of the root mean square error in accel-
eration for the smoothed estimates over all six benchmark scenarios. In order to search
the parameter space for an optimal setting, we use evolutionary optimization with a
binary gene representation, mutations, crossover, tournament selection and elitism. The
fitness being the invers of the acceleration mean of the root mean square error for the
smoothed acceleration estimates.

For more information on evolutionary optimization, see [11].

8.4 Evaluated trackers

Each tracker have one, or a set of filters. The filters are either of the type KF, if the
filter process model is linear, or UKF), if the filter process model is nonlinear. The
corresponding smoothers are of the type RTS for linear process models and URTS for
nonlinear models. All the filters contain the same measurement model, the same one
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which was used for monte carlo simulation, see Section 8.1. The evaluated trackers are
described below. See appendix A for information on the evaluated process models.

CV KF/RTS - constant velocity process model.
7i = 0 = 9.985(m/s?)
CA KF/RTS - constant acceleration process model.
oy, =0J, = 4.15(m/s?)
CAL UKF/URTS - constant acceleration local coordinates process model.
Gy, = 2.83(m/s?)
Gy, = 5.16(m/s%)
CV+CV+4+CA MM filter /smoother:
1. KF/RTS - constant velocity process model.
Gz = oy = 0.873(m/s?)
2. KF/RTS - constant velocity process model.
Gz = Gy = 5.37(m/s?)
3. KF/RTS - constant acceleration process model.
=5y, = 13.39(m/s”)

ayJ

x

Mode switching probabilities:

0.94850 0.07515 0.00010
™= 0.01124 0.89514 0.00205
0.04026 0.02971 0.99785

CV+CV+4CAL MM filter /smoother:

1. KF/RTS - constant velocity process model.
Gz = &y = 0.718(m/s%)
2. KF/RTS - constant velocity process model.

Gz = 0y = 4.975(m/s?)
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3. UKF/URTS - constant acceleration local coordinates process model.
G, = 7.000(m/s3)
gy, = 9.981(m/s?)
Mode switching probabilities:

0.98690 0.00186 0.00108
™= 0.01153 0.97430 0.00059
0.00157 0.02385 0.99833

CV+CT+CAL MM filter /smoother:

1. KF/RTS - constant velocity process model.
Gi = 0y = 2.143(m/s?)
2. UKF/URTS - coordinated turn process model.
Ga, = 6.35016(m/s%)
&, = 0.059(rad/s?)
3. UKF/URTS - constant acceleration local coordinates process model.
Gy, = 5.619(m/s?)
57, = 8.906(m/s)
Mode switching probabilities:

0.91713 0.00224 0.04357
™= 0.00568 0.98129 0.02163
0.07717 0.01654 0.93477
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(c) Benchmark scenario 3: Medium bomber
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Figure 8.2: Acceleration for benchmark scenarios
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Results

HE presented results constitutes of three tables 9.1, 9.2 and 9.3, and figure 9.1,
as well as the figures in appendix B. Tables 9.1, 9.2 and 9.3 contain the mean
and standard deviation for the position, velocity and acceleration root mean
square error for all the evaluated filters and smoothers over each benchmark

scenario separately and aggregated. Figure 9.1 contains relative computational time
for the evaluated algorithms. Appendix B contains root mean square error cumulative
frequency distributions for various combinations of filters and smoothers. Before con-
structing the frequency distributions, all measurement times ¢; for the six benchmark
scenarios are divided into the three sets:

Straight course t, € {t; : a,(t;) < 0.2g}
Turn ty € {t; : an(ty) > 0.2¢}

Sharp turn t; € {t : an(tx) > 59}

The RM SE(%x;) cumulative frequency distribution for the filters and smoothers can thus
be studied separately for those three cases.
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—o—KF
—=— UKF
- o--RTS

Computational time

5 6
Number of multiple models

Figure 9.1: Computational time for multiple model filtering and smoothing for linear
models (KF/RTS) and nonlinear models (UKF/URTS). Note: The time axis is logarithmic,
and computational time for coordinate transformations in the nonlinear case is included.
The computational time for a single UKF is a factor ~ 10 longer than for KF.

39



uorjewr}se uorsod 10J UOIIRIAGD pIepue)s pue ueow HSINY :T°6 9[qelL

CU'TT G6'SV | GR'TT ¢0'¢S | ST'ST CLPS | 8L'TT LT'6% | €868 LT'9F | GGL'® CE'SY | ¢OL'8 LTSV | TVOTLO+TAD
6'TT  SP8% | CI'CT G€GS | TP GT ST'C€S | ¢€Cl  LC9V | 67°0T 8L9V | 8L9'6 6L°GY | 9701 67 '€V | TVOTADTAD
8LCT 99°CG | G0CT €0'8G | €8°¢T  ¥¥%S | 8C'CT 80S | ¥9CT ¥E€0S | LL°CT 907¢S | €0¢T ¢€0S | VOTADTAD
€€'9c 809G | ¢V'8C 8V'99 | 1€'8C 1VTV9 | ¥P'9¢ ¢9T7S | 6L°€C €9°¢S | ST'V¢ LL°0G | C861 LC'SP VO
GG'9¢ 6°LS | 1€CE 8969 | 90'6C €V'G9 | €6'L¢ 859G | 90'¢c  TTVS | G€VC 90°¢S | 96'1¢ TV 6P VO

1€°GE €C€9 | 88°GYy PL'6L | TT'GY 6L°GL | GE'9E P8'BG | 8E€'8C  €'6G | 9v'Gc ¢I'GS | I8€C LG09 AD

SI9T[j00MIg
90v¢ TL'L8 | TT'GC L6'C6 | 86'CC GR'E6 | 8C'CC IV ¥8 | 8T°GC <CL'GR | €T'¥¢ CT'G8 | ¥G4°€C ¥ ¥8 | TVOTILOTAD
Vrce  LGL8 | L9°CE  8L'G6 | 9V'TE  T9°L6 | 99'6C LLF8 | VVE  LTWS | LL'TE €TES | TGCE  L86L | TVOTADTAD
GG'6C ¢C68 | IR0E 6€£96 | G9°8C T¥'L6 | 9F'ST T8GR | CL'6C TC'G8 | €408 66'G8 | G6'8C S¥V'¥S | VOTADTAD
Iv've 1G0T | L6'8C V¥IT | G0€ G€IT | ¥w¥Cc €€01 | ¥6'1¢ ¥'¢0l | €E'I¢ 6L°66 | 8V'9T  8C L6 VD
G6¥¢ GLOT | ¢9°6¢ Q9L | ¢9'I€ §'GIT | e8¥¢ €701 | 91°0¢ 6F0L | 96°'I¢  L'¢OT | €8°8T €001 VO
L8188 TI¢T | 8901 G°GvI | 9’01 €0VL | LE'0L ¢G0T | 48 7vL €QIT | ¢6'09 VII Sv'6v  ¢'G01 AD
SI9TH
0 7l 0 il 0 7l 0 7l 0 il 0 il 0 7l
(4
[®I0L

OLIBUQOS Y Iewyouay




UoIjRWIISe A)ID0[oA I0J UOIJRIADD PIepuR)s pue uedw HSINY :Z'6 9[qelL
¢r9'9  LLS6 | PIT'6  LL'CT | 8G6°L GL°CT | ¢0L9 €S8 | €49°G 8998 | 8CLF 1998 | 9% ¥00'S | TVO+TLO+AD
G00'L 6CS'8 | T0S'6 6L 1T | 8806 L&CT | 6F9°9 LICL | 967G SLL9 | STO'S ¥99 | 148F 9LT°9 | TVOTADTAD
G00°L ©6E€6 | €896 6V'Ccl | 19€'8 8€CI | €99 €9°L | G9L°G 66L°L | 9L7'G 6078 | 80C'G €¥9L | VOTADTAD
GE9'8 8R'EL | L9CT L6'ST | 99'IT 68°LT | ¢96'8 VI'EL | 66L°¢ ¢l'¢l | VILV €011 | ¢V <10l VO
¢0L6 ¢8VL | 197D 1€1¢ | ¢6'IT LVP'ST | G801 €¢VIl | ¥€€9 ¢cL'cl | L&9'G 1IL1T | GEV'Y 6701 VO
L8 TT 6I°GT | ¢L'LT €Ccc | 6€°GT ¥861 | 8¢l  VOVI | ¢c0'8 FO'€T | 9799 €8'IT | 6697 SGT°0T AD
SI9T[j00MIg
€8°1C TEECE | 98¢ 96'T¥ | €L'SC V8TV | LV'IC 88'8C | €6'61 C6'6C | 6E°LT C9°6C | ISV PLLZ | TVOTLOTAD
99'8C L¥'CE | 9L°9¢ 8TTV | VOVE SOVY | TV'LC 6°AC | €9°9C TC'RC | 6L°€C SVLT | 99°'TC  ¥6'¥C | TVOTADTAD
CC'8C LEGE | 9R°GE T6'GY | €CCE  LLVV | 8L 60°0¢ | ¥'9C  TR0E | €9€C CEIE | ¥8'TC L6 | VOTADTAD
61¥C GT'Lv | 67€ ¥8T9 | 88FE LE'BG | €9°€C L8EV | 61°LT TICE€V | L6'CT 6€6€ | LVE'L T1€9€ VD
G9°9¢ LV6V | 83°LE CY€9 | PCLE  C09 | €R®9C LEGY | LL6T 96°GY | 9V'GT  9CY | 9L7'6 8I6E VO
L€°¢S 19°€y | ¢€°0L LEGS | 6689 8V'9S | vC'Sv €€ 16,y ¢9°0V | T'6€ GP'RE | 98°'T€ TLEE AD
SI9TH
0 7l 0 il 0 7l 0 7l 0 il 0 il 0 7l
(4
[®I0L

OLIBUQOS Y Iewyouay




UOT)RUIIISS UOT)RIS[OD0R 10] UOIJRIASD pIepue)s pue ueswl SINY :€°6 2[qeL

8C'G TSY'V | LIS'L 1669 | G98°9 €699 | 98LF O9FF'¢ | GL6'C CSYV'E | 669°C  S€¢ | 968°C €16°C | TVOTLOTAD

C8¥% L8G'C | TEL €T6S | 8LG9 90L°G | I8EC TL9C | ST€ VYT | GLT'G €9G°C | PIL'C S8ST'C | TVOTADTAD

9297 LC9'¢ | 1669 6¥L'G | €809 ¥9¢'C | TI€C 6¥F'C | LLE'C T69°C | TPE'E 6S6°C | LGOS LVSC | VOTADTAD

680G GEG'G | 688°L GP9® | LOT'L 68L°L | 609V 6T | 960°€ VPPV | 6€V'C 85G6°€ | 06T CLV'E VO

Ire'G €I’G | 6188  1G°6 | GLEL 1V6°L | €09°G 8IESG | 8VE'E 1499V | POL'C 980°F | €68'T I.LV'E VO

8L6°¢ 998°G | GEV'6 <096 | €66°L TRI'® | 1€6'S €9¢°G | LIL'E ¢997 | ¥SO'E €917 | ¢€0'c 1€V'€ AD

SIoYj00Wg

80°¢l 60°1T | GO'LT 91 8%'GT CI'GT | G TT GLV'8 | GL8°6 6LL6 | ¥SC'8 LVI6 | TE6'9 CVO'S | TVOTILOTAD

TTE€T €696 | CV'8T GL¥I | CT'LT ¥9¥I | 6F°CT 869°L | #L°0T 6CL°L | 8SL'8 TFOT'L | 8IT'L TIET'9 | TVOTADTAD

89°CT LT'IT | T#W6T 86'9T | ST'AT  L°GT | LL'ET ¥80°6 | 98°0T 610°6 | G666 <COL'S | T99°L CSS'L | VOTADTAD

90°¢l  68°CL | LV'AT L2961 | €891 TGLT | 99'IT 9€°IT | LE6'8  LO'IT | L96'9 6L9°6 | ¥VeV'vy  €E€T'8 VD

98¢l T9GE€L | 98T €861 | TGLT €C'8T | 99¢T G911 | 8496 €611 | 169°L 8S0L | ¥61°G 9I0°6 VO

SV'GT  TLC'8 | €9'1¢ 8¢l | 16'61 G611 | AV ET  GIL'G | IVE€T IPL'L | €CTT ¢8L9 | €616 ¥99°¢ AD
ST

0 7l 0 il 0 7l 0 7l 0 il 0 il 0 7l
[®I0L

OLIBUQOS Y Iewyouay




10

Conclusion

N section 10.2, "Performance and parameter settings”, we will discuss the parameter
setting that resulted from the evolutionary optimization and also the results from
evaluation. Relevant data being the figures in Appendix B and the tables in Chapter
9. The focus will be to determine how the use of different process models, linear and

nonlinear, separate and combined, affect the process state estimation error. In section
10.3, "Future work”, we will discuss what additional work that may be done. First,
though, we examine figure 9.1 and discuss the computational cost for the evaluated
algorithms.

10.1 Computational complexity

From figure 9.1 we can conclude that the computational time for URTS and RTS are
almost equivalent. Since they are essentially the same algorithm, once the smoothing
gain has been calculated, this result is expected. In the uscented filter we construct,
in this case, 21 sigma points. We then perform a coordinate transformation on these
sigma points before filtering, and then transform the result back to linear coordinates.
The additional factor =~ 10 in computational time, compared to a linear filter, therefor
seems reasoneble. The computational time for multiple filters is obviously linear if we
disregard the IMM calculations, which supposedly is dominated by a component that
has a quadratic complexity. This also corresponds to the results that we can observe.
What we also may notice is that this component is more dominant in the smoothing step,
which for fewer multiple models takes less time than the filtering step, but increases its
computational time relative the filtering step as the number of multiple models grow
larger.

43
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10.2 Performance and parameter settings

Comparing the separate CV and C'A filters/smoothers there is not one right answer to
the question whether the process is best described by the assumption of constant veloc-
ity or constant acceleration. It seems that the C'A process model is superior to C'V in
the case of position estimation, with a lower RMSE mean and standard deviation for
all benchmark scenarios ,for both filtered and smoothed position estimates, see table 9.1
and figures B.1(a)-B.1(c). In the case of filtered velocity estimates, C'V generally has a
lower RMSE mean but a higher standard deviation. As the figures show, this is due to
the fact that C'V is clearly better designed for straight course, but cannot handle turns
very well. For smoothed estimates, though, it seems as C A again has a lower RMSE
mean and standard deviation than CV, see table 9.1 and figures B.2(a)-B.2(c). For
the filtered acceleration estimates, C'V again yields a lower RMSE mean but a slightly
higher standard deviation than C'A. For filtered acceleration estimates the RMSE mean
and standard deviations for the two process models are almost equal, see table 9.3 and
figures B.3(a)-B.3(c). In conclusion, we may state that the C'A process model benefits
from smoothing in a greater extent than does C'V.

Looking at the separate C'A and C'AL filters/smoothers we can see the following:

\/7, +05, =5.8823, /55 +057 =5.8648

The optimal total acceleration variance is essentially the same for the two process mod-
els, but the nonlinear model, since it has separate variances for the tangential and normal
directions may adapt itself better. This is confirmed by tables 9.1, 9.2 and 9.3 where the
mean RMSE is lower for C AL than it is for C'A on all the benchmark scenarios for both
filtering and smoothing. In figures B.4(a)-B.6(c) it seems that the two process models
yield roughly equally good results for straight course, but for turns the C AL model is
slightly but consistently better for both filtering and smoothing.

Comparing the separate CV and C'A process models with the markov system process
model CV 4+ CV + C'A, one may first note that the optimal process parameters differ.
In the markov system process model, the C'V process noise standard deviation is lower,
and thus handles straight course better. The C'A process noise standard deviation is
higher and thus handles turns better than does the separate C'A model. As expected
each model is allowed to be optmized for its respective purpose when they are combined
in a markov system. Looking at the results in Tables 9.1, 9.2 and 9.3, we also see that
this adaptability almost consistently yields lower RMSE mean for both filtering and
smoothing. The only exception being filtered acceleration estimates where separate C'V
process model still yields the lowest RMSE mean. For filtered estimates, the separate
C AL process model still consistently yields the lowest RMSE standard deviation. For
smoothed estimates, though, the markov system process model is superior to the sepa-
rate process models in close to every aspect, see figures B.13(a)-B.18(c).
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Comparing the optimal parameters for the combined process models CV + CV + CAL
and CV 4+ CV + CA, we see that the use of the CAL process model lower the pro-
cess noise optimal standard deviation for the C'V' process models. The adaptability of
the CAL model allows the C'V models to improve straight course performance further
without affecting performance during turns. Trading one of the C'V process models for
a C'T model as in the C'V + CT + C AL markov system process model, the single C'V
model left will have to play an intermediate role compared to the dual C'V models in
the CV + CV + CAL model. This results in higher RMSE on straight course, but the
additional C'T" model seems to lower the RMSE during maneuvers, especially for filtered
position- and velocity estimates, and may thus be seen as a complement to the CAL
model, see figures B.13(a)- B.15(c). The results 9.1, 9.2 and 9.3 consistently show that
CV +CV + CAL yields the lowest RMSE mean while CV +CT + C AL yields the lowest
RMSE standard deviation, except for smoothed acceleration estimates.

In conclusion we may state that the use of multiple process models yields good results,
especially in the case of smoothing. Also the use of nonlinear models generally have
a positive effect on state estimation accuracy, if the models are choosen wisely. One
additional conclusion we may draw from these results is that smoothing is necessary
for acceptable accuracy in state estimation for purposes such as object classification on
kinematic basis, at least for maneuvering aircrafts under the studied circumstances.

The comparison between filtering and smoothing for multiple models is not easy to
make, since it turns out that the optimal process model parameter settings may differ
for the two cases. In this report the we wanted to compare performance for filtering and
smoothing for identical parameter settings in the two cases, and the choice to optimize
on smoothed estimates was made in the belief that this would give a better process
identification. It turns out that optmization on filtered estimates would most likely not
have resulted in any different results for the parameters of the individual models in a
multiple model filter /smoother. But the optimized transition probabilities seem to put
a heavier emphesis on models with a higher process state vector dimensionality, such as
CA and CAL, when optimized on smoothed estimates. These process models seem to
give more room for improvement while smoothing but decreases straight course stability
while filtering. There is thus room for improving the filtering performance in the case of
multiple models.

10.3 Future work

Further work may involve studies on the effects of measurement uncertainty and sam-
pling frequency on the accuracy of the state estimates. An extension of the process
models into three spatial dimensions, and the impact this will have on the results is
also an interesting extension. Also the effect of nonlinear measurement models involving
radial velocity, due to doppler measurements, may be studied. Futher work within the
area of markov system process models may be to evaluate the results of additional pro-
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cess models, such as the combination CV + CV + CT + CAL. Does additional process
models come with a cost additional to heavier computations?

A proposed smoothing extension to the Switch-Time Conditioned IMM (STC-IMM)

filter proposed by D. Svensson and L. Svensson [7] has been partially evaluated, but
without promising results so far. This is an especially interesting topic for future work.
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Application specific process
models

A.1 Constant Acceleration (CA)
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A.3 Contant Acceleration Local Coordinates (CAL)
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The noise covariance matrix Q was too large to fit on one paper, so I leave the
computation of Q as an exercise. Have fun!

A.4 Coordinated Turn (CT)
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Figure B.1: Position estimation RMSE cumulative frequency distributions for CV and CA
filters and smoothers
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Figure B.2: Velocity estimation RMSE cumulative frequency distributions for CV and CA
filters and smoothers
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Figure B.5: Velocity estimation RMSE cumulative frequency distributions for CA and
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Figure B.8: Position estimation RMSE cumulative frequency distributions for CV, CA
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Figure B.9: Velocity estimation RMSE cumulative frequency distributions for C'V, CA
and CV+CV+CA filters
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Figure B.11: Acceleration estimation RMSE cumulative frequency distributions for CV,
CA and CV+CV+CA filters
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Figure B.13: Position estimation RMSE cumulative frequency distributions
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Figure B.14: Position estimation RMSE cumulative frequency distributions
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Figure B.17: Acceleration estimation RMSE cumulative frequency distributions for
CV+CV+CA, CV+CV+CAL and CV+CT+CAL filters
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Figure B.18: Acceleration estimation RMSE cumulative frequency distributions for
CV+CV+CA, CV+CV+CAL and CV+CT+CAL smoothers
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