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Pisa

Facilitating conjecture generation in Lean

Nor Fiihr

Erik Nygren

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg

Abstract

As time has passed, the rigour needed for mathematical proofs has increased. Inter-
active theorem provers were introduced to help with proof verification during proof
development. This project aims to aid users while they use a particular interactive
theorem prover, known as Lean 4, by facilitating the use of conjecture generation
for the language. Conjecture generation can help users understand the domain that
they are working in, or automate what proofs might be needed for a more intricate
proof.

To facilitate conjecture generation in Lean, a tool called Pisa was introduced. It
utilizes tooling from Haskell to generate conjectures. To be able to utilize Haskell
tooling for conjecture generation, a translation from Lean to Haskell was created,
that supports data type translation and has an interpreter for functions. The
translation works for enumerable, recursive, and polymorphic data types. With
the translation, generation of conjectures is performed and then translated back
into Lean code for the user to prove them. This was all tied into a macro, that is
callable from the users’ editor, meaning that usage of Pisa can be done while adding
and modifying definitions.

Keywords: Transpilation, Conjecture generation, Theory exploration, Interactive
theorem prover, Interpreter.
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1

Introduction

Computer verification of mathematical proofs has become more and more prevalent.
This is commonly accomplished using interactive theorem provers (ITPs). ITPs
provide an interface for users to iteratively work on a proof, while the proof itself is
verified to hold. During formalizations of proofs, an ITP can hide tedious aspects
such as rearranging terms due to commutativity (Buzzard, 2024). An ITP will
record all necessary steps that constitute a proof, and is then able to verify that the
final proof is indeed correct (Geuvers, 2009). It will, however, not necessarily help
with the discovery of a proof nor the presentation of it.

Tooling for the discovery of proofs was presented by Buchberger (2000) along with
the concept of “Theory Exploration”. Conceptually, while working on proofs, one
would typically consider more than just a single theorem. The process is better
described as an exploration “of an entire theory”. In other words, one can extend
the understanding of a field by looking at interactions between concepts in said field.

This idea of theory explorations has been further explored by QuickSpec (Smallbone
et al., 2017) and then implemented in Hipster (Johansson et al., 2014). QuickSpec is
a tool created using QuickCheck (Claessen & Hughes, 2000) that will, given a set of
functions, heuristically find conjectures that seem to hold based on auto generated
inputs to them. Hipster integrates the “Theory exploration” of QuickSpec into the
ITP known as Isabelle/HOL, by way of exporting the current context of proofs and
functions. Furthermore, there has been an extension of QuickSpec called RoughSpec
(Einarsdéttir et al., 2021). RoughSpec is able to limit the search space of Quick-
Spec based on given shapes of lemmas. These can be in the form of associativity,
commutativity, or identity but can also take other forms.

The idea for this project, called Pisa, is to implement a similar function as Hipster
does, but for the ITP and programming language Lean (de Moura et al., 2015).
Lean has a growing user-base with a mathematical focus. When exploring a new
problem domain, a tool such as this could help users find new ways of thinking, or
help users that are new to the field work through their own understanding of the
domain.
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1.1 Aim

The project aim is to facilitate conjecture generation within Lean, in a tool called
Pisa. A transpiler (compilation from one language to another) from a subset of Lean
to Haskell is needed in order to utilize existing frameworks in Haskell. QuickSpec
and RoughSpec could then be used in conjunction with the transpiler to create Pisa.

Pisa allows a user to find conjectures that may assist in proving aspects in the domain
they are working in. For example, if one is working in the domain of Booleans and
asking Pisa for conjectures regarding the functions not and and, one could get
conjectures such as the ones seen in listing 1.1. This leaves the user to implement
the proofs of the conjectures. Further, no conjecture generation tool exists for Lean
4 as far as we, the authors, know. Pisa would therefore provide the functionality of
conjecture generation for Lean.

theorem conjecture0 : not false = true

theorem conjecturel : not true = false

theorem conjecture2 (x y : Bool) : and x y = and y x
theorem conjecture3d (x : Bool) : and x X = X

theorem conjecture4 (x : Bool) : and x false = false

theorem conjecture5 (x : Bool) : and x true = x

theorem conjecture6 (x : Bool) : not (not x) = x

theorem conjecture? (x : Bool) :  and x (not x) = false

theorem conjecture8 (x : Bool) : and true x = x

theorem conjecture9 (x y z : Bool) : and (and x y) z = and x (and y z)

Listing 1.1: Conjectures generated in the domain of Booleans with the
functions not and and. The code snippet has been altered to improve
readability.

As well as adding support for conjecture generation, a new backend for Lean would
be created. The creation of a different backend was outlined as future work by de
Moura and Ullrich, 2021. This could also allow for analysis on the generated Haskell
code by other tools.

1.1.1 Goals

The problem statement is expanded into the following goals:

(A) Translation: Support for enumerated types

Theorems in Lean are primarily modeled with data types and functions. Simple
types, such as Booleans, are essential to perform the bare necessities of Pisa. With-
out such capabilities, no more complex values can be created. To properly translate
any Lean code, Pisa must be able to create a corresponding representation to these
enumerable types when generating Haskell code.
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(B) Translation: Support for recursive types

Furthering goal (A) is recursive data types. This would allow functions that utilize
recursion to achieve their result. Recursive functions are not handled in the same way
between Haskell and Lean, and therefore is a necessary part to ensure compatibility.
One example of this is the natural numbers.

Recursion is by necessity a more involved process than one using only enumerable
data types. It requires the generated code to handle calls to the same function
and handling the operations after the sub call is finished. Further, the evaluation
strategy that Lean uses is different from Haskell. This difference has to be handled
in some way to ensure that the translation is representable of the original.

(C) Translation: Support for polymorphic types

Many simple types are similar and may be represented by a more generic type. For
example, List A may contain elements of any data type A. This abstraction, called
polymorphism, may be a little more intricate to create a correspondence when gen-
erating code and is not strictly necessary. However, it is commonly used and useful
when reasoning about the shared properties that types have. Polymorphism can also
lead to conjectures that hold more universally for a concept than instantiated types.
Concepts such as eq. (1.1) holds a higher importance for a proof than eq. (1.2).

VA. Xa : List A — reverse (reverse a) =a

Aa : List N — reverse (reverse a) = a (1.2)

(D) Conjecture generation: Conjecture about the translation

The translation mentioned in goals (A) to (C), are created in order to facilitate the
conjecture generation. Therefore, utilizing them as a base would allow the usage of
tooling in Haskell to generate conjectures. With conjectures generated, one could
then port them back into Lean for a better user experience.

(E) Tool: Integration of the subsystems

To complete Pisa the different components have to be integrated with each other.
A unified tool would greatly improve ease of use as opposed to a bundle of separate
utilities the user has to stitch together. A way of utilizing Pisa within a code editor
would be a desirable function of the system.

(F) Conjecture generation: Relevance of the generated conjectures

For Pisa to help with explorations of theorems, it needs to produce relevant con-
jectures. A comparison to existing libraries would therefore indicate how well Pisa
performs.
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1.2 Limitations

As mentioned in section 1.1, Pisa aims to support a subset of Lean. This is due to
Lean being a complete programming language and this thesis is solely focused on
the ITP aspects of it. Therefore, a subset was used, and it is explained in section 3.5.
However, for use as an I'TP Pisa is still able to handle the most general cases. This
means that the fundamentals of a user’s chosen domain will be able to be found
using Pisa.

1.3 Overview of Pisa

L de of ject .
call coce o coljectures (Conjectures to Lean cod(D

Size parameter for term
Set of definitions generation and aliases
to use for definitions

\

Definiti t lated to Haskell .
CHRTtons Transatec o Taske (Haskell Conjecture generatoD

List of conjectures
in an internal format

@ean to Haskell transpilerj

Figure 1.1: An overview of the information flow of Pisa.

Figure 1.1 shows a high level of how Pisa operates. The macro will traverse the
structure of definitions provided by the user and collect them for translation. This
is done by traversing both an intermediate representation of functions, and a typed
lambda calculus for data types. These definitions are sent to the transpiler to
generate Haskell versions of the definitions. With a Haskell representation of the
Lean code, conjectures are generated utilizing QuickSpec and RoughSpec. Last, the
conjectures generated are ported back into Lean where they are provided to the
user.
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Background

2.1 Dependent types

Dependent types extend the common notion of types in programming languages by
qualifying a type on other values. This is similar to how polymorphism allows the
inverse; values that depend on types (Pierce, 2002). A familiar example involves a
representation of vectors. Their type may be contingent on the type of the values
they contain, i.e. Vector o for any type a. Polymorphism enables generalized
definitions, such as a function that appends any two similar instances of these vectors.
With dependent types, properties can be encoded in the type, such as the vector’s
length. The type Vector N 3 informs us that a value contains three natural numbers.

Encoding properties in types becomes particularly useful with the realization of the
Curry—Howard correspondence (Nordstrom et al., 1990). The correspondence relates
propositions and their proofs with types and the construction of well typed values
of said type. In other words, if a proposition can be represented with a type, finding
a value of that type is a sufficient proof of the proposition. By encoding properties
in the types, other propositions may be represented. As an example, eq. (2.1) states
that the sum of two odd numbers is even. Without dependent types this could not
be expressed as a type.

An:N — Am: N — odd n — odd m — even (n + m) (2.1)

This notion can also sometimes be conceptualized as embedding a proof in the type.
Using the earlier example of vectors, an inductive Lean definition is provided in
listing 2.1. By definition, the only possible construction of a vector with length 0 is
the empty vector, Nil. Similarly, vectors of length n 4+ 1 can only be constructed
by adding an element to a vector of length n, using Cons. The definition thus
ensures the length property is sound. When coming across a vector of length m in
an expression accepted by the type checker, it can be presumed to indeed contain
m items.

With a proof of the length in the type, functions can be constructed that otherwise
would result in . This is exemplified by the definition of head in listing 2.1. The
function describes that it handles the domain of vectors with at least one element
(due to the length being non-zero). It is therefore able to return the first element
of the vector. Without dependent types the result type has to change. This could
be done by wrapping the result in a type containing the value or an exception.
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Sometimes this exception is not encoded by the type system and throws a runtime
error.

inductive Vector : Type - Nat - Type where
| Nil : Vector o O
| Cons : a » Vector o« n -+ Vector o (n+1)

def head (v : Vector a (n+1)) : o :=
match v with
| .Cons a _ => a

def append (v : Vector o n) (w : Vector a m) : Vector a (m+n) :=
match v with
[ .Nil => w
| .Cons a v' => .Cons a (append v' w)

Listing 2.1: Example of a vector defined with dependent types in Lean.

However, this embedding requires that any function operating on these types must
express how it affects the property. A dependently typed definition of append for
vectors has to describe that the combined vector has the combined length of the
arguments. As can be seen in listing 2.1, since the length is a regular value the
resulting length can be described by a simple addition of the two obtained in the
arguments. With this signature Lean will ensure that the definition indeed does
return a vector of the combined length. In this case the proof is trivially realized
by expanding the definitions of Nil, Cons, and append. Lean will automatically do
this without any further assistance.

What proofs to include in the types mostly depends on which guarantees are needed
in the context. The signature of append is not sufficient to ensure that all values
of the vectors are retained or that the final ordering is as one would expect. A
more precise signature could be formulated with another definition for vectors, but
may not be necessary in most situations. Likewise, the length of a list is often not
necessary or possible to determine.

If a property is mostly irrelevant, the proof may instead be derived separately when
needed. This is shown by the alternative definition of head in listing 2.2. In this
example, the match is complete without a branch on .Nil as it would cause a
contradiction with the premise that as is not empty.

def head (as : List a) (proof : as # []) : a :=
match as with
| .Cons a _=> a

Listing 2.2: An alternative definition of head to the one in listing 2.1.
This version keeps the proof is separate from the primary type.
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2.2 Lean

Lean is a dependently typed functional programming language that is combined
with text editor plugins to make a proper interactive theorem prover (ITP). In this
thesis Lean refers specifically to the latest version, Lean 4. It is significantly more
extensible than earlier iterations and features a compiler that is able to generate
relatively efficient C code (de Moura & Ullrich, 2021). The efficient compiler has
enabled it to be mostly bootstrapped, however, the kernel used for verification is
yet to be ported from C++.

Three of the concepts utilized by Lean are of particular relevance to this thesis.
First, a typed lambda calculus that relates to the source code, encodes definitions,
and the types of definition (Leanprover Community, 20251). The lambda calculus
allows for type checking and reductions. Second, a kernel that is a small, trusted
computing base. The kernel is used for verification of correctness for Lean programs.
The reason why it is small is so that it should itself be verifiable, in order to trust its
output. Third, an intermediate representation (IR) which is used for compilation
of programs, that allows for evaluation of statements or running entire programs
(Leanprover Community, 2025k).

2.2.1 Example of syntax

Familiarity with Lean syntax may help to better understand parts of this thesis. The
examples that follows should give a sense of the syntax used in some Lean listings.
However, syntax in Lean is very extensible as will be explained later, and the same
code may be written in multiple ways.

Algebraic data types can be defined as in listing 2.3. The start of such a
declaration use the keyword inductive, which signifies a type that induction can
be done on. Booleans are, for example, defined as the sum of two trivial values, t and
f representing true and false respectively. Each variant of the sum is syntactically
initiated by a vertical bar followed by its name and type.

inductive B where | t : B | £ : B
inductive P where | p : B+ B =+ P
inductive N where | z : N | s : N+ N
inductive L : Type - Type where

| Nil : L o
| Cons : « = L oo » L «

Listing 2.3: Example of inductive types declared in Lean.

All inductives in Lean are a sum of product types. In the second definition a product
type, P, is exemplified by adding premises, or arguments, to the variant type. In

7
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an inductive definition these arguments may be of the type that is constructed, as
shown by N. Here, natural numbers are defined recursively as in the Peano axioms; a
zero, Z, is trivially constructed, and by providing any number n a successive number
n + 1 is constructed with S n.

A type itself may be parametric, that is to say the type itself takes arguments in
the form of types. The final example in listing 2.3 demonstrates a definition of a
polymorphic list, which takes a type as an argument. In this definition the given
type is referred to by a free variable, «, that will be resolved by Lean from the
context where the constructors are used. In Cons t Nil the type can be inferred to
lists of Booleans since the first argument to Cons is a boolean, which is consistent
with Nil since it is a list of any type.

Definitions associate any expression with a name. Some examples are given in
listing 2.4. Since types are ostensibly values of the type Type there is no strict
distinction between values and types. Thus, what would be defined as a type alias
in languages such as Haskell where values and types are distinguished, is a regular
definition, such as the example NatList. However for this thesis, definitions are
typically functions, which is shown in the three last def in listing 2.4.

Case matching on types is done in two different ways: one where it is specified what
is matched on, as can be seen in not and add, and the other where the case can be
done instead of a lambda, which is seen in sum. The dot seen before the constructors
in the match is to avoid opening the inductive types scope, that is to say adding
the constructor as a function in the current context. The way Lean finds the right
constructor using the dot syntax is by looking through the context for a constructor
with that name and type.

def NatList := L N

def not (b : B) :=
match b with | .t => .f | .f => .t

def add : N N= N := Anm=>
match m with | .Z=>n | .Sm' => .S (add n m')

def sum : NatList =+ N
| .Nil => .Z
| .Cons a as => add a (sum as)

Listing 2.4: Example of how definitions can be declared in Lean.

Theorems are a special case of regular definitions that are used when proving
propositions. The truth value of a proposition is proven by having a resulting type
that is a Prop. Reflexivity or equality, is the proposition that is relevant for the
conjectures generated by Pisa. Reflexivity states that the left and right hand sides
are definitionally equivalent and has a special syntax which is 1hs = rhs (Lean-
prover Community, 2025i). The example in listing 2.5 is a theorem proving that

8
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not (not b) is equivalent to b. This verified by the type checker, ensuring that
both potential cases of b resolve to the same definition. In the case where b = .t,
not (not .t) resolves to .t, and is therefore being able to construct rfl (rfl is
one of the constructors of properties). Theorems are the basis of using Lean as a
proof engine, since the resulting type should be a truthful statement.

theorem not_not (b : B) : not (not b) = b :=
match b with | .t => rfl | .f => rfl

Listing 2.5: Example of a theorem in Lean. In this case proving
elimination of double negations by constructing a reflexivity value.

2.2.2 Extensible syntax

A central feature of Lean is that the parser may be extended by the code that itself is
parsing (Ullrich & de Moura, 2020). This is a more generalized approach to syntactic
sugar supported by many other languages, including Lean 3. By supporting arbitrary
syntax Lean can embed domain specific languages appropriate for the context in
which a proof is developed. This greatly improves usability as an I'TP.

The core idea to this extensibility is to quantify syntax elements and their rules,
which is done through syntactic categories, e.g. identifiers, terms, or commands.
Additional new categories may be devised, and any category can be extended with
syntax rules. There are two kinds of rules, macros and elaborators. A macro
transforms syntax into other syntax, which in turn may be described by another
macro. When no macros are applicable to a piece of syntax it is finally evaluated
by a matching elaborator. These produce computations with side effects, that have
access to the internal compiler state.

Elaborators enable context aware syntax. An example provided by leanprover,
2025b, is the syntax a !: b, which means that a will only evaluate if it is not
of the type b. In listing 2.6, !: allows the compiler to verify that the first term is
not of a certain type, even if it depends on a larger context.

#eval ([1, 2, 3] !: String) -- Ewaluates to [1,2,3]
#eval (5 !: Nat) -- Fails type checking due to 5 being of the type Nat

Listing 2.6: Example of extensible syntax, which elaborates a term to a
different term that may or may not type check.

Elaboration produces expressions for the Lean kernel, that may either be evaluated
for soundness or transformed into executable code. The former relying on the typed
lambda calculus, and the latter on the IR, both described in the following sections.

2.2.3 Typed lambda calculus

Lean has a dependently typed lambda calculus that is used for type checking which
enables the use of dependent types (de Moura et al., 2015). It has fundamental

9
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declarations, but the main ones that are used for this thesis are definitional,
constructor, inductive and recursor values. These all explain different aspects
of the language, where constructor is the explanation of how the constructor works,
inductive for data types, definitional for definitions (such as functions), and
recursor for how recursion is done on inductives (Leanprover Community, 20251).
All the before mentioned, have a type, which is an expression.

Expressions are the lambda calculus in action. The lambda expressions have the
standard application, lambda, and variable constructors one would expect. The
lambda expressions use de Bruijn Indices, which uses numbers to represent what
binder a variable references.! Worth of note, is the constructor Const. Const is how
definitions are mentioned, for example in an application, in the current definition.

The recursor value is used to represent mathematical induction on inductive
types. A set of functions are auto generated for each inductive type to use this.
An example of an auto generated function is .rec. .rec is a unique part of the
language, that is based on the structure of its inductive counterpart. This enables
higher level concepts such as case matching and recursion to be simple to represent.
Using the natural numbers as an example, as can be seen in listing 2.7. The first
argument of .rec is the motive, which there may be more than of depending on
what criteria is needed for recursion. The motive is what the resulting operation
should resolve to, for example a boolean. In the case of a boolean the motive would
look like the following: motive : N - B. Following this is how the cases should
result in different resulting values. Last, is the value that recursion is performed on.
The return type of .rec is dependent on the motive, as mentioned, therefore, the
motive is applied to the value, to figure out what the resulting type is.

inductive N where
| Z : N
| S : N-=N

N.rec {motive : N = Typel}
(Z : motive Z)
(S : (a : N) » motive a - motive (S a))
(t : N)
motive t

Listing 2.7: Pseudo Lean code demonstrating how the auto generated
function .rec is added to natural numbers.

2.2.4 Intermediate representation

To construct efficient C code Lean definitions are transformed into an intermediate
representation (IR). This additionally enables efficient interactive evaluation of Lean
code. Built into Lean is a provided command #eval. #eval is used to evaluate most
Lean expressions, similar to an external interpreter but within the document editor.
For example, #eval 4 + 4 would, as one would expect, print 8.

!There also exists free and meta variables that do not use de Bruijn Indices.
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The IR of Lean is based on APure and ARc, explained in “Counting immutable
beans: reference counting optimized for purely functional programming” by Ullrich
and de Moura, 2021. The IR could be seen through the lens of C; it deals with a list
of sequential instructions and branches of instructions. All values are represented
by the following types, described by Leanprover Community, 2025k:

o float e uint32 e irrelevant o float32
e uint8 e uint64 » object o struct
e uintl6 e usize o tobject e union

For this thesis, values in Lean will usually be encoded as a constructor, based on an
inductive tagged with an identifying type. In listing 2.8, n would be encoded as
a constructor with the tag 1 due to being the second constructor in the inductive

type. n would then have a pointer to the sub constructor S(Z) in its list of values
associated to the constructor.

inductive N where
| Z : N
| S: N=N
-— zero = Constructor (Tag 0) []
-- one = Constructor (Tag 1) [zero]
def n := S(8(Z)) -- Constructor (Tag 1) [one]

Listing 2.8: Illustration of the IR representation for some Lean values.
Numbers constructed using an inductive Peano definitions with
comments showing their respective IR representation.

In contrast to how listing 2.8 would be encoded, values of B in listing 2.9 would be
encoded as an unsigned integer. Since no constructor in B requires any arguments,
it is interpreted as an enum, since it only needs a tag. true would therefore be
encoded to a 0, and false as 1.

inductive B where

| t : B

| £ : B
def true = .t — 0 : uint8
def false := .f —— 1 : wint8

Listing 2.9: Illustration true and false encoding the Boolean value for
true and false and comments with their respective IR representation.
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2.3 QuickSpec

QuickSpec (Smallbone et al., 2017) is a theory exploration tool. With a list of
functions, with their type signatures annotated, QuickSpec is able to test its way
to conjectures using said functions. Based on these signatures that can be seen
in listing 2.10, one can run QuickSpec on them to retrieve laws such as the ones
outlined in listing 2.11. In this example, laws such as commutativity, associativity
can be found, but also tautologies, as can be seen in number 8 and 9.

signatures :: [Sig]

signatures =
[ con "0" (0O :: Int)
, con "+" ((+) :: Int -> Int -> Int)
, con "not" (mot :: Bool -> Bool)
, con "and" ((&&) :: Bool -> Bool -> Bool)
, con "or" ((||) :: Bool -> Bool -> Bool)
]

Listing 2.10: Example declaring signatures that QuickSpec can utilize.

== Laws ==
l.x+y=y +x
2. and x y = and y x
3. and x x = X
4. or x y =0r y x
5. or x X = X
6. x +0=x
7. not (not x) = x
8. and x (not x) = and y (not y)
9. or x (not x) = or y (not y)

10. (x+y) +z=x+ (y + 2)

11. and (and x y) z = and x (and y z)
12. and x (or x y) = x

13. or x (and x y) = x

14. or (or x y) z = or x (or y 2z)

15. and (not x) (mot y) = not (or x y)

[y
(0]

. and (not x) (or x y) = and y (not x)
. and (or x y) (or x z) = or x (and y 2z)

[
~

Listing 2.11: Outputs from running QuickSpec on listing 2.10.

Signatures are what QuickSpec relies on to generate conjectures. For this thesis,
the most common signature is con. con is used to represent a function that should
be explored for conjectures. It may need to be specified on what types that the
functions operate on, for example when using polymorphic functions since QuickSpec
only allows for monomorphic ones.
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When using QuickSpec, the user will have to write a list of signatures themselves.
For usage in Pisa, these signatures will have to be autogenerated, since the user
should not have to interact with the Haskell translation.

2.3.1 RoughSpec

RoughSpec (Einarsdéttir et al., 2021) expands on the work in QuickSpec. Rough-
Spec allows the user to provide templates of the shape of conjectures, that the user
wants to explore. With these templates, RoughSpec is able to limit the search space
more than QuickSpec, since QuickSpec will try to find all applicable laws within the
search space.

The syntax of templates can be seen in listing 2.12. The 7F means that there is a
meta variable F which is a function, meanwhile X and Y are variables.

PFXY=7FYX
?F (?F XY) Z=7F X (?F Y 2)
?F (?G X) =X

Listing 2.12: Example of RoughSpec templates for commutativity,
associativity, and invertible functions.

As an example, using the same functions shown in listing 2.10, listing 2.13 was cre-
ated. Using these, and the templates, one can generate the laws seen in listing 2.14.
As one can see, even though the same functions are used as in the QuickSpec example,
there are fewer results than listing 2.11. However, one law is found in this example
that is not found by QuickSpec, which is 0 + x = x. 0 + x = x can be derived
fromx + 0 = xand x + y = y + x, which why it was discarded by QuickSpec.

One of the more important aspects for RoughSpec is the limitation in search space
compared to QuickSpec. This allows for faster search times for the end user. Run-
ning a test on listing 2.13 on a computer with a AMD Ryzen 7 7735HS, and 16
Gigabytes of RAM at 6400 MHz, in Haskell’s interpreter ghci, took 0.20 seconds
for RoughSpec and 4.70 seconds for QuickSpec.

signatures :: [Sig]
signatures =
[ con "O0" (0 :: Int)
, con "+" ((+) :: Int -> Int -> Int)
, con "not" (not :: Bool -> Bool)
, con "and" ((&&) :: Bool -> Bool -> Bool)
, con "or" ((||) :: Bool -> Bool -> Bool)

, template "comp-id" "?F (?G X) = X"

, template "op-id-elem" "7F X 7G = X"
, template "op-elem-id" "7F 7G X = X"
, template "commutative" "7F X Y = 7F Y X"

Listing 2.13: Example declaring signatures that RoughSpec can utilize.

13



2. Background

== Laws ==

Searching for comp-id properties...
1. not (not x) = x

Searching for op-id-elem properties...
2. x+0=x

Searching for op-elem-id properties...
3. 0+ x=x

Searching for commutative properties...
4. x +y=y +x
5. and x y = and y X
6. or x y = 0or y X

Listing 2.14: Outputs from running RoughSpec on listing 2.13.

A hybrid system, utilizing both QuickSpec and RoughSpec in tandem, is explored
by Einarsdéttir et al., 2021. This allows QuickSpec to find smaller laws, while
also allowing more specified templates for RoughSpec. RoughSpec is thus able to
utilize the more general laws found by QuickSpec, rather than having the user
provide general templates. Einarsdottir et al. note that this helps pruning away
larger properties, that are less elegant. An example of a less elegant property is
length [] + y = y, which could expressed with length [] = Oand 0 + y = y.

2.4 Hipster

Hipster is a similar project to Pisa, as in it adds a theory exploration tool into the
ITP known as Isabelle/HOL (Johansson et al., 2014). This is accomplished using
the following main parts. First, Isabelle/HOL has a built-in code generator that is
able to translate definitions into Haskell. This allows the use of the second part,
which is QuickSpec. QuickSpec allows Hipster to find conjectures on the definitions,
and these conjectures are then translated in to the proof style of Isabelle/HOL.
These conjectures are then attempted to be automatically proven by tooling in
Isabelle/HOL, and are then presented to the end user.

Comparing this to Pisa, the main difference to this thesis is the presence of a code
generator to Haskell. Since Lean does not have a code generator to Haskell, one has
to be implemented to attempt the same approach that was taken by Hipster.

There is a difference in how functions that are partially defined are handled between
Isabelle/HOL and Lean. In Isabelle/HOL, partially defined functions will, if using
an unspecified input, return an arbitrary value. Meanwhile, in Haskell there is a
specified behavior, which is crashing. Therefore, Hipster had to implement behavior
to handle this difference. In Lean, you are unable to construct a partially defined
function, without marking it as such. One has to match on all the cases that can
occur from a data type. Further, if a function is marked as partial, it cannot be
used in proofs. Thus, dealing with partial functions is not an aspect that needs to

be handled.
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One major aspect of Hipster that is not attempted is that of discarding lemmas that
can be solved by routine reasoning. Pisa does not attempt to do this. Every part
of the rewrite needs to be represented in the context, and this would therefore be a
hindrance to the users of Pisa.

2.5 Hopster

Hopster is another theory exploration tool, made for HOL4 (Ricart, 2019). It is
inspired by Hipster and therefore uses systems similar to those explained in sec-
tion 2.4. However, similar to Lean, HOL4 does not have code generation to Haskell,
and therefore a transpiler had to be created. Similarly to Hipster, Hopster does
routine reasoning, but instead of throwing away trivial examples Hopster keeps
them.

A difference that exists between Lean and HOL4 is the way that types are encoded.
In HOL4, as Ricart mentions, there is a difference between types and terms. They
exist on two different levels of the language, meanwhile, in Lean, such a distinction
is harder to make. Lean uses dependent types which allows for values as types, as
mentioned in section 2.1. This means that a more involved translation would be
needed for Pisa.

Hopster uses TIP tools by Rosén and Smallbone, 2015, and therefore had to extend
TIP tools to be able to preserve names. This was done by annotating function
definition with comments labeling the HOL4 equivalent names. Pisa instead utilized
a mapping between names when converting the naming scheme back, which was
implemented in Pisa itself.
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Figure 3.1: An overview of the information flow of Pisa.

Pisa is constructed by multiple distinct modules that will be explained in this
chapter. An overview of how they interact can be seen in fig. 3.1.

A rundown of Pisa starts at the end user working with Lean as an I'TP. They interact
with Pisa by providing a set of definitions to explore through a macro within Lean.
An optional size parameter can also be specified to control how large the generated
terms may be when searching for conjectures. The given definitions, and all their
transitive dependencies, are resolved and serialized by the exporter (Example can
be seen in section 3.1.1). This information is then dispatched to an executable
containing the remaining subsystems. Conjectures then replace the call site in the
ITP upon request from the user by inserting the output of this executable.

To produce conjectures the executable uses QuickSpec and RoughSpec. This first
requires that the serialized Lean definitions are transformed into Haskell code. This
is presented in section 3.2.1. The generated Haskell code can then be run in an
interpreter. This is utilized by QuickSpec and RoughSpec to generate a set of
conjectures, that finally is transformed back into Lean syntax.

Since the differences between the languages are non-trivial multiple approaches could
be taken to solve the problem. Several are presented and discussed in section 5.1.1.

3.1 Lean interface

Two modules of Pisa interface with Lean: a macro to interact with the complete sys-
tem and an exporter to extract relevant definitions. The distinction of the modules
is partly conceptual as there is a natural coupling between their implementations.
Although the exporter does work as a standalone tool, it is tailored to the macro
and other parts of Pisa. The macro depends on all parts of the system.
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3.1.1 Exporter

Parsing arbitrary Lean syntax is non-trivial due to potential user defined parser
extensions as explained in section 2.2.2. The most plausible and sound approach
is therefore to utilize reflection within Lean. An existing solution, “ast_export”
(Carneiro, 2024), generates a JSON representation of the abstract syntax tree for
a set of definitions. However, determining the semantics of this syntax involves a
similar problem due to extensibility. Another solution is “leandexport” (Ullrich et
al., 2024) that exports fully elaborated terms (see section 2.2.3) compatible with
the Lean 3 low-level format. Although leanjexport is sufficient, some missing Lean
4 concepts and relatively slow performance make it inconvenient for the use in Pisa.
A custom export tool was therefore created.

Given a list of identifiers, the custom export tool first resolves the minimum complete
set of required definitions, that being the provided identifiers and their transitive de-
pendencies. These definitions are then serialized as JSON documents, and together
with a header of metadata, sent to the caller. The metadata informs of the root
nodes and what identifiers are referred to them.

Transitive dependencies are fetched by traversing the declarations and the structure
they hold. For example, if a user would be interested in conjectures regarding or3
from listing 3.1, the translation would need the definitions of B and or. Through
traversal of the internal representation, the dependencies are added as objects to
also be exported, and then their definitions are also traversed, in the case of more
nested definition.

inductive B where
| t : B
| £ : B

def or : B+ B =+ B
| .t, = .t

| .f, b =>b

def or3 (abc :B) : B :=o0or (or ab)c

Listing 3.1: Lean code demonstrating transitive dependencies by
defining a Boolean type as well as the disjunction operator for two and
three values, or and or3 respectively.

The exporter is available both as a self-contained executable, as functions within
Lean. When used as an executable it can be called in the following manner:

pisa-lean Examples.Bool : Examples.Bool.B=B Examples.Bool.not=not

In this case pisa-lean is called with the namespace Examples.Bool and a list of
functions within this namespace after the colon.! The output of pisa-lean will
begin with a JSON list of the definition names used in the call to pisa-lean, called

!The = used in the example is to rename the functions to a more readable output.
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roots. The reason that the names in the output are doubled in a pair formation is
to allow for reverse translation explained in section 3.2.4. The output is followed by
representations of inductives, constructors, and definitionals used in the roots. This
can be seen in the example listing 3.2. The inductives, constructors, and definitionals
are all encoded as separate JSON values.

[["Examples.Bool.B","B"], ["Examples.Bool.not","not"]]
{
"conInfo": {
"ctorInfo": {
"val": {
"type": {
"const": {
"us": [],
"declName": "Examples.Bool.B"
}
},
"numParams": O,
"numFields": O,
"name": "Examples.Bool.B.f",
"levelParams": [],
"isUnsafe": false,
"induct": "Examples.Bool.B",
"cidx": 1
}
}
}
}

..truncated...

Listing 3.2: Example output from the exporting tool pisa-lean.

3.1.2 Macro

A macro was created utilizing the same concept as section 3.1.1, but for use within
the language itself and to generate conjectures based on the output. It is called
within a code editor with LSP-support. The calling is done via the macro #pisa
followed by an optional number that is the size of terms for QuickSpec and Rough-
Spec, then the names of definitions. An example is #pisa B not. This will generate
the same output as listing 3.2. However, the output will be piped to Pisa directly,
which will generate the conjectures as explained in section 3.2. This output is then
captured by the macro, which converts it into multiple theorem and applies the
sorry keyword as a proof of each theorem. This then replaces the call site of the
macro.

The sorry is a default implementation of something that is yet to be defined. sorry
is of every type, and will give a warning during compilation. This allows the user to
not have to do all the proofs at once, but can do the ones that feel relevant at the
time.
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3.2 Haskell interface

The Haskell interface will, with the output from the Lean interface (see section 3.1),
generate conjectures. It goes through several steps to achieve this described below.

3.2.1 Translation

In order for the translation to hold a renaming of functions and data types need to
occur due to Haskell being a more restrictive language. This means that the Haskell
interface requires a mapping between the Haskell name and the Lean name. When
a root is translated, they are added to a list of signatures with their Lean name
instead of their Haskell counterpart. These signatures are then used in section 3.2.2.
However, the names of types are not able to be retained in this way, and are instead
handled by the method explained in section 3.2.4.

A key distinction between Lean and Haskell relates to dependent types. In Haskell
types and values are two separate domains whereas types are values in Lean. To
handle this aspect, a translation of data types and the type information was imple-
mented together with an interpreter for the function bodies.

Translation of the data types is straightforward. Each data type has a set of
constructors which are translated into their equivalent Haskell version. However,
there are certain aspects that need to be handled in order to allow for QuickSpec
and RoughSpec to be utilized. First is ensuring that the data types do not have type
variables. Usually, one would utilize the data types A ... E to symbolize polymorphic
aspects, but due to the need for an interpreter for the function bodies, a separate
type known as Poly was introduced. Poly replaces each occurrence of polymorphism
in the constructor and types of functions. The reason that the data types are kept
at this level and not directly done for the intermediate representation is to be able
to autogenerate them through QuickCheck, and ensuring invariants.

For the interpreter the intermediate representation from section 2.2.4 is used as the
base language. There are particular aspects of this IR that one can ignore in the
information sent by the exporter from section 3.1.1, since the exported code is not
yet fully optimized.

The type signature in listing 3.3 is the one for the interpreter. Decl is the declaration
used for evaluation, and the Map is the scope of other declarations that might be
used in the body of the function. The list of Val is the arguments for the function.
For this to work with QuickSpec, [Val] needs to contain values that conform to the
expected shape of objects, that the function uses.

eval :: Decl -> Map Name Decl -> [Val] -> Val

Listing 3.3: Type signature of the interpreter function, called eval.

Val is the values in the IR language, and therefore the data type definitions pre-
viously mentioned need to be able to be converted. This is done by creating two
functions, one from and one to Val for each type. Each input to the function can be
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converted for use in the interpreter using toVal, and fromVal can be used after the
computation. An example of how this is done can be seen from the Lean definition
in listing 3.4 to the Haskell version in listing 3.5.

Another aspect that needs accommodation is how the IR expects values to be placed
in constructors. One would expect that the values would be mapped in the same
order as the types in the constructor. However, that is not the case. Instead the
values of a type that is an enum, that is to say one that can be encoded as a unsigned
integer, will appear before the other values that are not of an enum type. This means
that a little fix in the from and to Val needed to be implemented to handle this.

inductive L (a : Type u) where
| Nil : L «
| Cons : « = L a~L «a

Listing 3.4: Lists data type written in Lean.

newtype Poly = Poly Natural

fromValPoly :: Val -> Poly
fromValPoly (Unsigned a) = Poly a

toValPoly :: Poly -> Val
toValPoly (Poly a) = Unsigned a

data L where
Nil :: L
Cons :: Poly -> L -> L

toVallL :: L -> Val
toVall Nil = VCtor (Object 1 0) []
toVall (Cons b c) = VCtor (Object 1 1) [toValPoly b, toValL c]

fromVallL :: Val -> L
fromVall. (VCtor (Object _ 0) [1)
fromVall (VCtor (Object _ 1) [b, c]

Nil
Cons (fromValPoly b) (fromVallL c)

Listing 3.5: listing 3.4 as converted into Haskell, using the Poly type.
This includes the functions to transformation to and from values for the
IR interpreter.

3.2.2 Interpretation of Haskell

With the translation to Haskell code, as outlined in section 3.2.1, one can utilize
the library “hint” (The Hint Authors, 2025) to run the definitions and generate
values. “hint” an interpreter for Haskell, built upon GHC’s API. This allows Pisa
to run the autogenerated code to fetch the signatures generated. The process above
is similar to the tool “tip-spec” from “TIP: Tools for Inductive Provers” by Rosén
and Smallbone, 2015.
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3.2.3 Conjecture generation

QuickSpec is able to be run with a list of names and associated functions. In
addition to the list, a max term size is given by the end user. Then, with the
output of this as background, RoughSpec is called. It uses the general templates
mentioned in section 2.3.1, to run through the same definitions. This will output a
list of properties, in which the terms will use names from the translation. This is
same approach that Einarsdéttir et al. did, in their hybrid approach, as explained
in section 2.3.1.

One noteworthy aspect is that the functions the end user is interested in can be
renamed in signatures generated for QuickSpec and RoughSpec. This allows Pisa
to use the Lean naming, which is less strict than Haskell. The function names were
converted to an acceptable Haskell version in the translation step, and the Lean
counterpart used in the signature, as explained in section 3.2.1.

3.2.4 Reverse translation

Reverse translation is needed for the data types used to regain their Lean names
instead of their Haskell counterparts. Further, reverse translations are needed when
there is an implicit argument, such as in the case for Nil in the case of lists. The
names of the functions that the theory is being explored on can be retained by other
means, as mentioned in section 3.2.1.

To allow the user to easily use the generated conjectures, the names have to be
reverted into the form they have in Lean. Throughout the process of translation,
seen in section 3.2.1, a mapping between Haskell and Lean names are kept. This is,
in this step, inverted. This allows a reversal of translation, meaning a translation
from Haskell into their Lean counterpart. Further, this is then converted into
theorems that are able to be copied into Lean code to start the proof aspect of
these conjectures.

3.2.5 Example

As an example of what the different stages do, N and add will be used, assuming the
definitions are exported and present.

Step 1: Translate the definitions, it should look similar to listing 3.6.

Step 2: Export the translation from step 1 to a Haskell file.

Step 3: Interpret the Haskell file to retrieve the signatures.

Step 4: Use QuickSpec and RoughSpec on the signatures to generate “laws” (conjec-
tures), the conjectures generated in this example can be seen in listing 3.7.

Step 5: Reverse translate the “laws”, creating the Lean version of these conjectures,
as can be seen in listing 3.8.2

2Tt will actually be in a JSON format, that Lean then can import.
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environment :: Map Name Decl
environment = fromList [..truncated..]

data N where
Z :: N
S :: N->N

toValN :: N -> Val
toValN Z = VCtor (Object 1 0) []
toValN (S b) = VCtor (Object 1 1) [toValN b]

fromValN :: Val -> N
fromValN (VCtor (Object _ 0) [ 1)
fromValN (VCtor (Object _ 1) [bl)

Z
S (fromValN b)

add = FDecl {f = "Examples.Nat.add", ..truncated..}

signatures :: [Sig]
signatures =
[ monoType (Proxy :: Proxy N)
, con "add" (\a b -> fromValN (eval add environment
[ tovalN a, toValN b 1))

Listing 3.6: Example of auto-generated code based on N and add. It has
been simplified be more readable.

== Laws ==
1. add x y = add y x
2. add (add x y) z = add x (add y 2z)

Listing 3.7: Output from running QuickSpec and RoughSpec on
signatures from listing 3.6.

theorem conjecture0 (x y : N)
add x y = add y x := sorry
theorem conjecturel (x y z : N)
add (add x y) z = add x (add y z) := sorry

Listing 3.8: Lean translation of listing 3.7.
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3.3 Integration of subsystem

Pisa has been incorporated into a macro for use within Lean. A user utilizes #pisa
within a namespace. They give an optional natural number which regulates the
term size, and the identifiers they are interested in. This provides the user with a
Language Server Protocol (LSP) code action. The code action will begin by fetching
the definitions as explained in section 3.1. With these definitions, Pisa is called with
a given size, and then the definitions are streamed to Pisa’s process. After some
time, the output of Pisa is parsed and then added to the file where the macro was
called.

3.4 Partial and unsafe definitions

One difference between Lean and Haskell is how a function is defined. If a function
doesn’t properly define all the cases for a match in Lean it will not type check and
therefore, not be able to be translated. In Haskell, this is a warning and will give
an error at runtime. This means that by translating functions from Lean to Haskell,
functions which do not match all the cases cannot occur. However, functions using
the sorry keyword are still translated. The output of these functions utilize a lot
of built-in definitions (handled by the runtime) that are not added by the exporter.
These built-in definitions are not implemented by the interpreter. This means that
these functions will potentially fail at runtime, which is to be expected. QuickSpec
and RoughSpec will, because of this, fail to utilize this function if the execution is
terminated with an error. In addition to what was mentioned above, data types
and constructors can be marked as unsafe. They are handled by terminating the
process, and mentioning that they contain unsafe values.

3.5 The supported subset of Lean

Pisa tries to support most of Lean. However, there are some features that are not
able to be translated with the current implementation.

Enumerable and recursive data types are supported and functions utilizing them
are able to be represented. Polymorphic data types are also representable, how-
ever, instantiating them with a type is not. This comes from the conversion to
monomorphic representations, outlined in section 3.2.1.

Dependent types are not supported. The construction of values for these types hin-
ders the implementation since the IR is able to handle certain aspects of dependent
types, such as type level values in a constructor. But the types for functions would
not be able to be converted as that would require dependent types in Haskell.

Type classes is another aspect that could be difficult to represent. Depending on
what the type class encodes, it could be doable, but that would require knowledge of
what the intention about said type class is aiming to do. To implement type classes,
one would either have to translate the definitions of the class, or implement specific
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versions of the common ones. Neither of these approaches were taken for this thesis.
Further, a translation of the classes would also have to be supplied to the IR.

Not supporting type classes means that I0 is not representable. Further, I0 utilizes
a lot of opaque definitions. Opaque definitions are definitions that are not exposed
to the kernel (leanprover, 2025a). For IO specifically, these functions are usually
implemented by the runtime.

Higher order functions are not able to be represented using the current implemen-
tation. By default, QuickCheck is able to generate functions for usage, which
enables QuickSpec and RoughSpec to use higher order functions. With the current
implementation of Pisa, this would require a layer between the generation of these
functions, and their usage, in order to translate them into Lean IR.
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Results

The result of this thesis can be compared to the aim outlined in section 1.1. With
Pisa, a user is able to generate conjectures based on their own definitions, from
a subset of Lean. It was feasible to do a translation from Lean to Haskell via a
combination of the IR and Lambda calculus to encapsulate the different aspects
of functions contra types. A combination of QuickSpec and RoughSpec were then
able to generate conjectures that then were translated to Lean theorems, left to be
proven by the user.

To show that Pisa is able to translate and conjecture about the goals, multiple data
types were chosen that encapsulate the different aspects of goals (A) to (C). Booleans
were chosen as the enumerable type, due to it being one of the fundamental types
used by most programming languages. For recursive data types, natural numbers
were chosen, encoded as Peano numbers. Natural numbers show a practical example
in which recursion is needed to be able to use the basic functions one would expect.
As for Polymorphic data types, lists and binary trees were chosen. They both
use polymorphism, and are both recursive. Each data type and their associated
functions were implemented. All the chosen data types and associated functions
were able to be translated which means that the implemented Haskell interface is
able to support these classes of types. Furthermore, the chosen data types and their
associated functions are able to used for conjecture generation using the translation,
thus fulfilling (D) “conjecture generation: Conjecture about the translation”. Pisa
was also able to be utilized from within the editor, using a macro, as outlined in 3.3
“integration of subsystem”, fulfilling goal (E).

To show the relevance (see goal (F)) of the generated conjectures, the data types
which has an equivalent in Mathlib (The mathlib Community, 2024) will be com-
pared using precision and recall analysis (Powers, 2020). The formulas that will be
used can be seen in equation set 1. Recall shows how well Pisa generates all of the
potential true cases, while precision measures the degree of conjectures that can be
found in mathlib based of the generated ones. Both of these values range between
0 and 1. Discussion of these results will be covered in section 5.1
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4. Results

TP = No. lemmas both in generated conjectures and in mathlib
FP = No. lemmas in generated conjectures, but not in mathlib

FN = No. lemmas in mathlib, but not in generated conjectures

Precisi TP
recitsion = ——————
TP+ FP
TP
fecall = 7 p T FN

Equation set 1: Precision and recall formulas.

4.1 Enumerated types

The boolean definition shows one of the base data types of which are enumerable.
The definitions used, the generated code, and the generated conjectures in Lean
can be found in appendix A.1. A noteworthy point is that the definitions were
written with different types of syntax to show that a user can write in different ways
without impacting the semantics. Using Pisa, the conjectures shown in conjecture
set 1 are generated. In the resulting conjectures one can find conjectures regarding
inverse function (eq. (4.11)), commutativity (egs. (4.3) and (4.5)), associativity
(egs. (4.24) and (4.25)), De Morgan laws (eqgs. (4.18) and (4.23)), among others.
These conjectures portray a baseline for the domain, allowing more intricate proofs
to use them.

To measure the relevance of the generated conjectures the following sources of
mathlib were used: “SimpLemmas” (Leanprover Community, 2025j), “Bool.and”
(Leanprover Community, 2025a), “Bool.or” (Leanprover Community, 2025c), and
“Bool.distrubitivity” (Leanprover Community, 2025b). Some of the definitions had
to be cut, due to utilizing functions not implemented, or equivalences which is not
supported. The lemmas that is tested against can be seen in conjecture set 2. This
results in a TP = 22, FP = 3, FN = 13, which means that Recall = 0.6286 and
Precision = 0.88. For the exact list of categorization to generate the values, see
appendix A.4.
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not false = true
not true = false
Vry:B.andxy=andy«x
Ver:B.andxzrz ==
Vrxy:B.orxy=oryx
Vr:B.orxx==x
Vz :B. and x false = false
Vz :B. and x true =z
Vz:B. or x false==x
Vzx : B. or x true = true
Vx : B. not (not z) ==
Vz :B. and z (not x) = false
Vz : B. or x (not z) = true

Vryz:B.and x (and y z) = and y (and = 2)

) =
)=
)
YV y: [Bandx(ormy)—x
Ve y:B. or z (and z y) =
Vo yz:B. orx(oryz)—ory(orxz)
Vz y: B. and (not z) (not y) = not (or z y)
Vz y: B. and (not x) (or z y) = and y (not x)
Vo y z:B. and (or z y) (or x z) = or x (and y 2)
Vo :B. and true x =
Vz :B. or falsez =x
Vz y: B. or (not z) (not y) = not (and z y)
Vryz:B. and (and = y) 2z = and x (and y z2)

Ve yz:B.or (orzy) z=orz (ory z)

=~ B B o~ ~  —~ —~ —~ —~ —~ — —
N e i
© 0 ~J O UL = w N =

—_ = =
—_

Conjecture set 1: Generated by Pisa for the domain B. The Lean

versions of these conjectures can be seen in listing A.3.
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30

(Ifalse) = true

(Itrue) = false

Ve y:B. (z && y (y&&x)
Vb:B. (b && b
oy B (ol y <ny>
Vb:B. (b b

Vb : B. (b && false) = false
Vb : B. (b && true
Vb:B. (b || false
Vb:B. (b || true) = true

vb: B. (b
Vz:B. (z && lz) = false
Vr:B. (z || lz) = true
Vey z:B. (x && (y && 2)) = (y && (x && 2))
Veyz:B (z]l (yll2)=(ll (=] =2)
Vo y:B. (Mz || y) = (lz && ly)
= ((z [l y) && (2 ] 2))
Vb : B. (true && b) =
Vb:B. (false || b) =b
Vo y:B. (M &&y)) = (= || ly)
Vabc:B. (a && b && ¢) = (a && (b && ¢))
Vabe:B. (a|lb] (@l ()

Vb : B. (true || b) = true
Vb : B. (false && b) = false

Vab:B. (a && (a && b)) = (a && b)
Vab:B. ((a && b) && b) = (a && b)

Vo : B. (lx && x) = false
((z && 2) && y)
(@l b)
(a H b)
tr

Veyz:B. (x && y) && =
Vab:B. (a]| (a|lb)
Va b:B. ((a]lb) ]|
Ve :B. (lz || x
Voeyz:B ((z]ly) |l 2) = ((« || 2) 'y
Veyz:B. (x && (y ] 2) = (x && y || = && 2)
Veyz:B. (z||y) && 2) = (x && 2z || y && 2)
Veyz:B (z&&yl|l2)=((z | 2) && (y || 2))

) =
) =
) =
) =
) =
) =
) =
) =
) =
) =
) =
)
)
) =
) =
)
Veyz:B. (x ]y && 2)
)
)
)
) =
)=
)
) =
) =
) =
) =
) =
) =
) =
)
)
)
) =

Conjecture set 2: Mathlib equivalent for the domain B.
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4.2 Recursive types

For recursive data types, the Peano encoding of the natural numbers was chosen.
The definitions used, the generated code, and the generated conjectures in lean can
be found in appendix A.2. Using Pisa, the conjectures shown in conjecture set 3 are
generated. In the resulting conjectures one can find conjectures regarding identity
elements (egs. (4.63), (4.66) and (4.73)), zero property (eq. (4.64)), commutativity
(egs. (4.61) and (4.62)), associativity (eqs. (4.74) and (4.75)), among others.

To measure the relevance of the generated conjectures the following sources of math-
lib were used: “Nat.add theorems” (Leanprover Community, 2025¢) and “Nat.mul
theorems” (Leanprover Community, 2025h). Some of the definitions had to be cut,
due to utilizing functions not implemented, or equivalences which is not supported.
The lemmas that is tested against can be seen in conjecture set 4. This results
inaTP = 12, FP = 3, FFN = 14, which means that Recall = 0.4615 and
Precision = 0.8. For the exact list of categorization to generate the values, see
appendix A.5.

Vry:N addrzy=addyx (4.61)

Ve y:N mult x y =mult yzx (4.62)

Vr:N. add = zero = x (4.63)

YV : N. mult = zero = zero (4.64)

Vz y:N. add x (succ y) = succ (add x y) (4.65)

Vz : N. mult z (succ zero) = (4.66)

Vryz:N. add z (add y z) = add y (add = z) (4.67)

Vo y:N. add z (mult = y) = mult = (succ y) (4.68)

Vo y:N. mult z (add y y) = mult y (add = z) (4.69)

Ve y z:N mult x (mult y 2) = mult y (mult z 2) (4.70)

Vo yz:N. add (mult z y) (mult x z) = mult = (add y 2) (4.71)
Vo : N.

succ (mult z (succ (succ (succ x)))) = add x (mult (succ z) (succ z)) (4.72)

Vz : N. add zero z = x (4.73)

Vo yz:N. add (add z y) z = add = (add y 2) (4.74)

Vo y z: N mult (mult z y) z =mult z (mult y 2) (4.75)

Conjecture set 3: Generated by Pisa for the domain N. The Lean
versions of these conjectures can be seen in listing A.6.
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Vnm:N.n+m=m+n (4.76)
Vnm:N.nxm=mx*n (4.77)
Vn:N.nx0=0 (4.78)

Vn m: N. n+ succ m = succ (n+m) (4.79)
Vn:N.nxl=mn (4.80)
Vnmk:N.n+(m+k)=m+ (n+k) (4.81)
(nm: Nat):nx(m+1)=nxm-+n (4.82)
Vnmk: N nx(mxk)=m=(nxk) (4.83)
Vnmk:N.nx(m+k)=nsxm+nx*k (4.84)
Vn:N.O4+n=n (4.85)
Vonmk:N. (n+m)+k=n+(m+k) (4.86)
Vnmbk:N. (nxm)xk=nx(msxk) (4.87)
Vn m : N. (succ n) +m = succ (n+m) (4.88)
Vn:N.n+1=succn (4.89)
Vn:N.succn=n+1 (4.90)
Vnmk:N. (n+m)+k=(Mn+k)+m (4.91)
Vnm:N. nxsuccm=nsxm+n (4.92)
Vn:N.0Oxn =0 (4.93)

Vn m:N. (succ n)*m = (n*xm)+m (4.94)
Vnm:N. (n+1)*m=(n*m)+m (4.95)
Vn:N.1xn=n (4.96)
Vnmk:N. (n+m)xk=nxk+mxk (4.97)
Vnmk:N.nx(m+k)=nsxm+nx*k (4.98)
Vnmbk:N. (n+m)xk=nxk+mxk (4.99)
Vn:n.nx2=n+n (4.100)

Vn:n. 2xn=n+n (4.101)

Conjecture set 4: Mathlib equivalent for the domain N.

4.3 Polymorphic types

For polymorphic data types, lists and binary trees were defined. The definitions
used, the generated code, and the generated conjectures in lean can be found in
appendix A.3. Using Pisa, the conjectures shown in conjecture set 5 and 6 are
generated. In the resulting conjectures one can find conjectures regarding inverse
function (eqs. (4.105) and (4.116)), identity elements (eqs. (4.103) and (4.104)), asso-
ciativity (eq. (4.107)), fixpoints (egs. (4.102), (4.106), (4.111), (4.113) and (4.115)),
and combinations of functions that are equal to another function (egs. (4.112)

and (4.114)).
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4. Results

To measure the relevance of the generated conjectures for List, since Tree doesn’t
have an equivalent implementation, the following sources of mathlib were used:
“List.Lemmas.reverse” (Leanprover Community, 2025f), “List.append” (Leanprover
Community, 2025d), and “List.reverse” (Leanprover Community, 2025¢). Some
of the definitions had to be cut, due to utilizing functions not implemented, or
equivalences which is not supported. The lemmas that is tested against can be
seen in conjecture set 4. This results in a TP = 7, FP = 2, FN = 2, which
means that Recall = 0.7778 and Precision = 0.7778 for lists. For the exact list of
categorization to generate the values, see appendix A.6.

As mentioned, Tree was not implemented in the same way as mathlib (Leanprover
Community, 2025m). The implementation that can be found in mathlib has values
in nodes instead of leaves, and the proofs associated are mostly about size and map
functions.

reverse Nil = Nil (4.102)

Vo : Type. Vo : List o. append x Nil =z (4.103)

Vo : Type. Vo : List «. append Nil z =z (4.104)

Va : Type. Vz : List «. reverse (reverse z) =z (4.105)
Va : Type. Vz : a. reverse (Cons x Nil) = Cons x Nil (4.106)

Va : Type. Vo y z: List a.
append (append z y) z = append x (append y z) (4.107)
Va : Type. Vo : a. Vy 2z : List a.
Cons z (append y z) = append (Cons z y) z  (4.108)
Vo : Type. Vo y : List a.
append (reverse ) (reverse y) = reverse (append y ) (4.109)
Vo : Type. Vo : List a. Yy 2 : a.
append = (Cons y (Cons z Nil)) =
reverse (Cons z (Cons y (reverse z))) (4.110)

Conjecture set 5: Generated by Pisa for the domain List «. The Lean
versions of these conjectures can be seen in listing A.9.

Va : Type. Vo : . leftmost (Leaf z) =z (4.111)

Va : Type. Vo : Tree a. leftmost (swap z) = rlghtmost x (4.112)

Va : Type. Vo : .. rightmost (Leaf ) = (4.113)

Va : Type. Vo : Tree a. rightmost (swap x) = leftmost x (4.114)

Vo : Type. Vo : . swap (Leaf x) = Leaf z (4.115)

Va : Type. Vz : Tree «. swap (swap x) = (4.116)

Va : Type. Vo y : Tree a. leftmost (Node x y) = leftmost x (4.117)
Va: Type. Vo y : Tree a. rightmost (Node x y) = rightmost y (4.118)
Va : Type. Vo y : Tree o Node (swap z) (swap y) = swap (Node y z) (4.119)

Conjecture set 6: Generated by Pisa for the domain Tree a. The Lean
versions of these conjectures can be seen in listing A.12.
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reverse [] = [] (4.120)

Va : Type. Vas : List a. as ++ [] = as (4.121)

Va: Type. Vas : List a. [1 ++ as = as (4.122)

Vo : Type. Vas : List «. as.reverse.reverse = as (4.123)
Vo : Type. Vas bs cs : List a.

(as ++ bs) ++ c¢s = as ++ (bs ++ cs) (4.124)
Va : Type. Va : a. Yas bs : List a.

(a::as) ++ bs = a :: (as ++ bs) (4.125)

Va : Type. Vas bs : List a.

(as ++ bs).reverse = bs.reverse ++ as.reverse
(4.126)

Vo : Type. Vas : List a. Vb : a. Vbs: List a.
as ++ b :: bs = as ++ [b] ++ bs (4.127)
Va : Type. Va : a. VYas : List a.

reverse (a :: as) = reverse as ++ [a]l  (4.128)

Conjecture set 7: Mathlib equivalent for the domain List a.
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Conclusion

5.1 Discussion & Future work

Relevance was measured in chapter 4 using precision and recall analysis. The
precision gathered shows that precision was around 80% — 90% for the different
cases. This means that when Pisa generates conjectures, most of them will be a
known lemma. When it comes to recall, it varied from 45% — 80%. Pisa is therefore
not able to find all the potential conjectures, using the default settings. Increasing
the size term when call Pisa could help with this, but what is more likely the
impacting factor is QuickSpec’s pruning. For example, eq. (5.1) wasn’t found by
Pisa. However, it could be derived from eq. (5.2) and eq. (5.3). This means that
the measurements taken here are a worst case scenario for this metric, but it still
performed well in the polymorphic case. Further, some are defintionally equal, such
as egs. (5.4) and (5.5) due to n + 1 = succ n, but are split in mathlib.

Vn m : N. (succ n) + m = succ (n+m)
Vn m : N. n + succ m = succ (n +m)
Vnm:N.n+m=m+n
Vnom:N. (succ n)*m = (n*xm)+m
Vnm:N. (n+1)«xm=(n*m)+m

A~ Y~~~
gr ov gvooton
(O R
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Performance is an aspect that could have been evaluated due to the approach
taken. The time for finding conjectures is an aspect of the work that influences the
usability of the tool. We instead took the approach that it was more important to
provide conjectures at some point, rather than to be fast. The reason for this is
that utilizing an I'TP will inherently have a slower type checking and compile time,
therefore user are not as bothered by tooling taking a bit longer to execute.

Instantiations of polymorphic data types is a limitation with the current
implementation. The implementation is not able to create an alias for these types,
and therefore the ability to reason about these types are lost. This is a consequence
of the monomorphic conversions to and from values and data types described in
section 3.2.1. By instead constructing a type class for this conversion, Haskell could
resolve these instantiations. However, Poly as a type would still be needed for the
general cases when one wants to check polymorphic functions.

35



5. Conclusion

An auto proof engine as the final step was considered. However, this was not
implemented for two main reasons, one being time constraints, the other being how
the usage of auto proof engines such as “Aesop” (Limperg & From, 2023), or “Lean-
auto” (Leanprover Community, 2024) work. The issue with how they work is that
they usually require more user interaction than other auto proof engines for other
languages. This can be in the user saying which lemmas are available, or how it can
do case splits. This addition makes it harder to use with auto generated conjectures.

Lean’s syntax is extensible as mentioned in section 2.2.2. It is therefore hard to
define where the base syntax ends and extended begins. Because of this, attempting
to parse the source code is not applicable, without first resolving the extensions.
An attempt at using “ast_export” by Carneiro, 2024 was done, but this approach
was deemed too complicated because of the nature of the AST. Further, attempting
to fetch transient dependencies based on the AST would be more difficult, if the
extensions have not been resolved.

5.1.1 Alternative approaches

During the project, we saw multiple approaches we could have taken, and imple-
mented some of them to a point.

The translation approach that was initially used for the project proved difficult to
implement. It attempted to do a faithful translation from Lean to Haskell syntax.
The issue that arose was the utilization of dependent types throughout the AST of
the lambda calculus generated by the exporter. For example, when case splitting
on a boolean, it will utilize the recursor, which uses dependent types. This made
this approach unfeasible to implement, without hacking in edge cases. An idea that
we thought of was to try to evaluate these statements when encountered, to find out
what it would resolve to, since they should be fully satisfied. This was however not
implemented.

Another approach that we tried was creating an interpreter for the AST of the
lambda calculus itself. Like the pure translation, it hit snags as well. These snags
were usually related to the recursor, which would be called in many different ways.
Dependent types could theoretically be encoded using lambda expressions, since it
is kept in the AST, however we believe it would have been difficult to auto generate
arguments that keep these invariants with QuickCheck. This is the reason that the
current implementation separates the values from the IR when generating them.

The approach that we did not attempt, but think is the most reasonable now is
to reimplement QuickSpec or RoughSpec in Lean. With that, one could build up
macros to utilize a tool in a similar way to Pisa. At the beginning of the project, we
did not know of “Plausible” (Leanprover Community, 2025n), which fits the same
part as QuickCheck does for QuickSpec and RoughSpec. Based on Plausible’s source
code, it is heavily inspired by QuickCheck. This would avoid some issues, such as
a translating the definitions into a different type system which doesn’t have the
same capabilities as Lean. However, one thing that might happen is that certain
issues may arise due to dependent types in the reimplementation, similarly to the
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full translation approach. Therefore, we would recommend limiting the scope by
utilizing a similar template system as RoughSpec, just to make something work.

5.2 Final remarks

Pisa is able to generate conjectures for Lean and translate a subset of Lean code
into Haskell. The subset includes data types that are either enumerable, recursive
or polymorphic. With a translation, Pisa is able to generate conjectures using
QuickSpec and RoughSpec, which then can be ported back into Lean for the user
to prove. Through precision and recall analysis, it was shown that Pisa has high
precision (80% — 90%), but a wider range of recall (45% — 80%).

Pisa was integrated into a macro with an associated code action. This allows users
to utilize Pisa within their editor while adding or changing definitions.

There are some limitations, mostly regarding more complex types. For example,
instantiating polymorphic types (such as lists of natural numbers) is not supported.
Further, dependent types and type classes are not constructable, which limits the
potential of Pisa.

An extension to Pisa would be that of dependent types and type classes. To attempt
this, our recommendation would be to reimplement the full functionality in Lean.
We believe this has the best potential to be successful. Implementing Pisa fully in
Lean would also allow for the usage of instantiation of Polymorphic data types.
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A

Generated code & conjectures

A.1 Enumerated types

inductive B where | t : B | £ : B

def not (b : B) : B :=
match b with | .t => £ | .f => .t

def and : B+ B =+ B := A ab =>
match a with | .t =>b | .f => .f

def or : B+ B =+ B := A
| .t, _ => .t
| .f, b =>D

#pisa 7 B .t .f not and or

Listing A.1: A call to #pisa on definitions constructed using different
approaches to demonstrate its ability to manage a variety code
involving an enumerated type, that being booleans.



A. Generated code & conjectures

environment :: Map Name Decl
environment = fromList [..truncated..]

data B where
B_.t :: B
Bf :: B

toValB :: B -> Val
toValB B_t = Unsigned O
toValB B_f = Unsigned 1

fromValB :: Val -> B
fromValB (Unsigned 0) -> B_t
fromValB (Unsigned 1) -> B_f

not = FDecl {f = "Example.not", ..truncated..}

and = FDecl {f = "Example.and", ..truncated..}

or = FDecl {f = "Example.or", ..truncated..}

sigs :: [Sig]
sigs =
[ monoType (Proxy :: Proxy Poly),
monoType (Proxy :: Proxy B),
con "B.t" B_t,
con "B.f" B_f,
con "not" (\a -> fromValB (eval not environment [toValB a])),
con "and" (\a b -> fromValB
(eval and environment [toValB a, toValB b]l)),
con "or" (\a b -> fromValB
(eval or environment [toValB a, toValB b]))

Listing A.2: The auto-generated translation of listing A.1.

IT



A. Generated code & conjectures

theorem
theorem
theorem
theorem
theorem
theorem
theorem
theorem
theorem
theorem
theorem
theorem
theorem
theorem

: and
theorem
theorem
theorem

conjecture0

conjecturel

conjecture2 (x
conjectured (x
conjecture4 (x
conjectureb (x
conjecture6 (x
conjecture7 (x
conjecture8 (x
conjecture9d (x
conjecturel0 (
conjecturell (
conjecturel?2 (
conjectureld (
x (and y z) =
conjectureld (
conjecturelb (
conjecturel6 (

: or x (or y z) = or

theorem
: and
theorem
: and
theorem
: and
theorem
theorem
theorem

conjecturel7 (
(not x) (not y
conjecturel8 (
(not x) (or x
conjecturel9 (
(or x y) (or x
conjecture20 (
conjecture2l (
conjecture22 (

: or (mot x) (mot y)
theorem conjecture23 (x y z : B)

: and

(and x y) z =

: not (.f : B) = (.t : B) := sorry
: not (.t : B) = (.f : B) := sorry
y : B) :and x y = and y x := sorry
: B) : and X X = X := sorry
y : B) :or xy=oryx := sorry
: B) : 0r X X = X := SOrry
: B) :and x (.f : B) = (.f : B) := sorry
: B) :and x (.t : B) = x := sorry
: B) :or x (.f : B) = x := sorry
: B) corx (.t :B) = (.t : B) := sorry

x : B) : not (mot x) = x := sorry
x : B) : and x (not x) (.f : B) := sorry
x @ B) : or x (not x) = (.t : B) := sorry

Xyz:B)

and y (and x z) := sorry
xy :B) :and x (or x y) = x := sorry
xy :B) :orx (and x y) = x := sorry
Xyz:B)

y (or x z) := sorry
Xy : B)

) = mnot (or x y) := sorry

Xy : B

y) = and y (not x) := sorry

Xy z:B)

z) = or x (and y z) := sorry

x @ B) : and (.t : B) x = x := sorry
x @ B) :or (.f : B) x = x := sorry
xy : B)

= not (and x y) := sorry

and x (and y z) := sorry

theorem conjecture24 (x y z : B)
: or (or x y) z = or

x (or y z) := sorry

Listing A.3: Conjectures as generated by invoking the code action on

#pisa in listing A.1.

ITT



A. Generated code & conjectures

A.2 Recursive types

inductive N where
| Z : N
| S : N-= N

def add (nm : N) : N :=
match m with
| .Z =>n
| .Sm' => .S (add n m")

def mult (mm : N) : N :=
match m with
| .Z => .Z
| .Sm' => add n (mult n m')

#pisa 7 N N.Z N.S add mult

Listing A.4: Demonstration that #pisa manage definitions for a
recursive type, that being natural numbers.
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A. Generated code & conjectures

environment :: Map Name Decl
environment = fromList [..truncated..]

data N where
N.Z :: N
NS :: N->N

toValN :: N -> Val
toValN (N_Z) = VCtor (Object 1 0) []
toValN (N_S b) = VCtor (Object 1 1) [toValN b]

fromValN :: Val -> N
fromValN (VCtor (Object _ 0) [ 1)
fromValN (VCtor (Object _ 1) [bl)

N Z
N_S (fromValN b)

add = FDecl {f = "Example.add", ..truncated..}

mult = FDecl {f = "Example.mult", ..truncated..}
sigs :: [Sig]
sigs =

[ monoType (Proxy :: Proxy Poly),
monoType ((Proxy :: Proxy N)),
con "N.Z" N_Z,
con "N.S" N_S,
con "add" (\a b -> fromValN
(eval add environment [toValN a, toValN b])),
con "mult" (\a b -> fromValN
(eval mult environment [toValN a, toValN b]))

Listing A.5: The auto generated code based on listing A.4.



A. Generated code & conjectures

theorem conjecture0 (x y : N) add x y = add y x := sorry

theorem conjecturel (x y : N) : mult x y = mult y X = SOrry
theorem conjecture2 (x : N) tadd x (.Z : N) =x := sorry

theorem conjecture3 (x : N) cmult x (LZ @ N) = ( N) := sorry
theorem conjecture4 (x y : N) add x (.Sy) = .8 (add X y) 1= sorry
theorem conjectureb (x : N) :mult x (.S (.Z : N)) = x := sorry

theorem conjecture6 (x y z : N)

: add x (add y z) = add y (add x z) := sorry
theorem conjecture? (x y : N)

: add x (mult x y) = mult x (.S y) := sorry
theorem conjecture8 (x y : N)

: mult x (add y y) = mult y (add x x) := sorry
theorem conjecture9 (x y z : N)

: mult x (mult y z) = mult y (mult x z) := sorry
theorem conjecturell (x y z : N)

: add (mult x y) (mult x z) = mult x (add y z) := sorry
theorem conjecturell (x : N)

.8 (mult x (.S (.S (.S x)))) = add x (mult (.S x) (.S x)) := sorry

theorem conjecturel2 (x : N)

:add (.Z : N) x = x := sorry
theorem conjectureld (x y z : N)

: add (add x y) z = add x (add y z) := sorry
theorem conjectureld (x y z : N)

: mult (mult x y) z = mult x (mult y z) := sorry

Listing A.6: Conjectures as generated by invoking the code action on
#pisa in listing A 4.

A.3 Polymorphic types

inductive L : Type - Type where
| Nil : L «
| Cons : « = L a~L «a

def append (xs : L o) (ys : Lo : (L o) :=
match xs with
| .Nil => ys
| .Cons a as => .Cons a (append as ys)

def reverse (1 : L o) : (L o) :=
match 1 with
| .Nil => .Nil
| .Cons a as => append (reverse as) (.Cons a .Nil)

#pisa 7 L L.Nil L.Cons append reverse

Listing A.7: Demonstration that #pisa manage definitions for a
polymorphic type, that being lists.
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A. Generated code & conjectures

environment :: Map Name Decl
environment = fromList [..truncated..]

data L where
L_Nil :: L
L Cons :: Poly -=> L -> L

toVallL :: L -> Val
toVall (L_Nil)
toVall (L_Cons b c)

VCtor (Object 1 0) []
VCtor (Object 1 1) [toValPoly b, toValL c]

fromVallL :: Val -> L
fromVall (VCtor (Object _ 0) [ 1)
fromVall (VCtor (Object _ 1) [b,c])

L_Nil
L_Cons (fromValPoly b) (fromValL c)

append = FDecl {f = "Example.append", ..truncated..}

reverse = FDecl {f = "Example.reverse", ..truncated..}
sigs :: [Sig]
sigs =

[ monoType (Proxy :: Proxy Poly),
monoType ((Proxy :: Proxy L)),
con "L.Nil" L_Nil,
con "L.Cons" L_Cons,
con "append" (\a b -> fromValL
(eval append environment [toValL a, toValL b]l)),
con "reverse" (\a -> fromVallL (eval reverse environment [toVall al))

Listing A.8: The auto-generated translation of listing A.7.
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A. Generated code & conjectures

theorem conjecture0

: reverse (.Nil : L o) = (.Nil : L o) := sorry
theorem conjecturel (x : L o) : append x (.Nil : L o) = x := sorry
theorem conjecture2 (x : L o) : append (.Nil : L a) x = x := sorry
theorem conjecture3 (x : L o) : reverse (reverse x) = X := SOrIy
theorem conjecture4 (x : o)

: reverse (.Cons x (.Nil : L a)) = .Cons x (.Nil : L o) := sorry
theorem conjectures (x y z : L a)

: append (append x y) z = append x (append y z) := sorry
theorem conjecture6 (x : a) (y z : L o)

.Cons x (append y z) = append (.Cons x y) z := sorry

theorem conjecture? (x y : L a)

: append (reverse x) (reverse y) = reverse (append y x) := sorry
theorem conjecture8 (x : L o) (y z : o)

: append x (.Cons y (.Cons z (.Nil : L o)))

= reverse (.Cons z (.Cons y (reverse x))) := sorry

Listing A.9: Conjectures as generated by invoking the code action on

#pisa in listing A.7.

inductive T (a : Type u) where
| Leaf : o = T «
| Node : Ta=»Toa=»Ta

def swap : T oo = T «
| .Leaf x => .Leaf x
| .Node 1 r => .Node (swap r) (swap 1)

def leftmost : T a @ «
| .Leaf x => x
| .Node 1 _ => leftmost 1

def rightmost : T o =+ «
| .Leaf x => x
| .Node _ r => rightmost r

#pisa 7 T T.Leaf T.Node swap leftmost rightmost

Listing A.10: Demonstration that #pisa manage definitions for a
polymorphic type, that being binary trees.
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A. Generated code & conjectures

environment :: Map Name Decl
environment = fromList [..truncated..]

data T where
T_Leaf :: Poly -> T
T Node :: T ->T ->T

toValT :: T -> Val
toValT (T_Leaf b) = VCtor (Object 1 0) [toValPoly b]
toValT (T_Node b c) = VCtor (Object 1 1) [toValT b, toValT c]

fromValT :: Val -> T
fromValT (VCtor (Object _ 0) [b 1)
fromValT (VCtor (Object _ 1) [b,c])

T_Leaf (fromValPoly b)
T_Node (fromValT b) (fromValT c)

swap = FDecl {f = "Example.swap", ..truncated..}
leftmost = FDecl {f = "Example.leftmost", ..truncated..}
rightmost = FDecl {f = "Example.rightmost", ..truncated..}

sigs :: [Sig]
sigs =
[ monoType (Proxy :: Proxy Poly),
monoType ((Proxy :: Proxy T)),
con "T.Leaf" T_Leaf,
con "T.Node" T_Node,
con "swap" (\a -> fromValT (eval swap environment [toValT al)),
con "leftmost" (\a -> fromValPoly
(eval leftmost environment [toValT al)),
con "rightmost" (\a -> fromValPoly
(eval rightmost environment [toValT al))

Listing A.11: The auto-generated translation of listing A.10.
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A. Generated code & conjectures

theorem conjecture0 (x : o) : leftmost (.Leaf x) = x := sorry

theorem conjecturel (x : T o) : leftmost (swap x) = rightmost x := sorry
theorem conjecture2 (x : o) : rightmost (.Leaf x) = x := sorry

theorem conjecture3d (x : T a) : rightmost (swap x) = leftmost x := sorry
theorem conjectured4 (x : o) : swap (.Leaf x) = .Leaf x := sorry
theorem conjectureb (x : T o) : swap (swap x) = X := sorry

theorem conjecture6 (x y : T a)

: leftmost (.Node x y) = leftmost x := sorry
theorem conjecture7? (x y : T o)

: rightmost (.Node x y) = rightmost y := sorry
theorem conjecture8 (x y : T a)

: .Node (swap x) (swap y) = swap (.Node y x) := sorry

Listing A.12: Conjectures as generated by invoking the code action on
#pisa in listing A.10.

A.4 Precision and recall analysis for Enumerated

types

True positives are the following « egs. (A.10) and (A.35)
(paired between generated and e egs. (A.11) and (A.36)
mathlib version): e eqgs. (A.12) and (A.37)
e egs. (A.13) and (A.38)

e egs. (A.1) and (A.26) e egs. (A.14) and (A.39)

e cgs. (A.2) and (A.27) « egs. (A.17) and (A.40)

e egs. (A.3) and (A.28) e egs. (A.18) and (A.41)

e cgs. (A.4) and (A.29) e eqs. (A.20) and (A.42)

e egs. (A.5) and (A.30) e egs. (A.21) and (A.43)

e egs. (A.6) and (A.31) e eqs. (A.22) and (A.44)

e egs. (A.7) and (A.32) o+ eqgs. (A.23) and (A.45)

+ egs. (A.8) and (A.33) » cgs. (A.24) and (A.46)

e egs. (A.9) and (A.34) e eqs. (A.25) and (A.47)

False positives are the following e eq. (A.15)

(generated but not in mathlib): « eq. (A.16)
e eq. (A.19)

False negative are the following (in e eq. (A.53)
mathlib but not generated): e eq. (A.54)
e eq. (A.5D)

« cq. (A48) e eq. (A.56)

* eq. (A.49) e eq. (A.57)

e eq. (A.50) o eq. (A.58)

* eq. (A.51) e eq. (A.59)

* eq. (A.52) e eq. (A.60)



A. Generated code & conjectures

not false = true

not true

Vz y:B. and x y
Vr:B.and x x
Vxy:B.orxy
Vr:B.orxx

Vz :B. and x false
Vz : B. and x true

Vr:B. or x false

Vr:B. or x true = true

Vx : B. not (not z) =

Vz :B. and z (not x) = false
Vz : B. or x (not z) = true

Vryz:B.and x (and y z) = and y (and x 2)

Ve y:B.or z (and z y

Vryz:B.orz (oryz —ory(orasz)

Vz y: B. and (not z) (not y) = not (or z y)

)=
) =
)
Vz y:B. and x (or x y) =
) =
)
)=
)=

Vz y: B. and (not x) (or z y) = and y (not x)
Vo y z:B. and (or z y) (or x z) =

Vr : B. and true
Vz : B. or false

z) (ot y)
Vr y z:B. and (and x y) 2

Vz y: B. or (not

Vo yz:B.or (or xzy) z

(A.1)

= false (A.2)
=andyz (A.3)
=x (A.4)
=oryx (A.5)
=z (A.6)
= false (A.7)
=z (A.8)
=z (A.9)
(A.10)

=z (A.11)
(A.12)

(A.13)

(A.14)

=x (A.15)
(A.16)

(A.17)

(A.18)

(A.19)

or z (and y z) (A.20)
=z (A.21)
=z (A.22)
= not (and z y) (A.23)
= and x (and y z2) (A.24)
=or x (or y 2) (A.25)

Conjecture set 8: Generated by Pisa for the domain B for comparison

to mathlib.
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(Ifalse) = true

(Itrue) = false

Ve y:B. (z && y (y&&x)
Vb:B. (b && b
oy B (ol y <yum

Vb:B. (b b

Vb : B. (b && false) = false
Vb : B. (b && true
Vb:B. (b || false
Vb:B. (b || true) = true

vb: B. (b
Vz:B. (z && lz) = false
Vr:B. (z || lz) = true
Vey z:B. (x && (y && 2)) = (y && (x && 2))
Veyz:B (z]l (yll2)=(ll (=] =2)
Vo y:B. (Mz || y) = (lz && ly)
Veyz B (x| y &k ) = (|| ) &k (2 || 2))
=b
Vb:B. (false || b) =b
Vo y:B. (M &&y)) = (= || ly)
Vabc:B. (a && b && ¢) = (a && (b && ¢))
Vabe:B. (a|lb] (@l ()

Vb : B. (true || b) = true

Vb : B. (false && b) = false
Vab:B. (a && (a && b)) = (a && b)
Vab:B. ((a && b) && b) = (a && b)

Vo : B. (lx && x) = false

Veyz:B. (x && y) && 2) = ((z && 2) && y)

Vab:B. (al| (al]lb)=(al|lb)
Vab:B. ((a]| D) || (a Hb>
Va: B. (lx || tr

((z || 2) [l y)
(x && y || = && 2)
(

x && 2 || y && 2)
(2 [| 2) && (y ] 2))

Ve y z:B. (x && (y ||
Vey z:B. ((z]]y) &&
Veyz:B. (x && y |

) =
) =
) =
) =
) =
) =
) =
) =
) =
) =
) =
)
)
) =
) =
)
z)
Vb : B. (true && b)
)
)
) =
)=
)
) =
) =
) =
) =
) =
) =
b) =

)

Ve yz:B. ((z [ y) [ 2)
z))

z) =

z) =

Conjecture set 9: Mathlib equivalent for the domain B for comparison.
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A.5 Precision and recall analysis for recursive types
True positives are the following « eqs. (A.66) and (A.80)

(paired between generated and e egs. (A.67) and (A.81)
mathlib version): e eqs. (A.68) and (A.82)
e eqs. (A.70) and (A.83)

« egs. (A.61) and (A.76) e egs. (A.71) and (A.84)

e egs. (A.62) and (A.77) e egs. (A.73) and (A.85)

e egs. (A.64) and (A.78) e eqs. (A.74) and (A.86)

+ egs. (A.65) and (A.79) e egs. (A.75) and (A.87)

False positives are the following e eq. (A.63)

(generated but not in mathlib): e eq. (A.69)
e eq. (A.72)
False negative are the following (in e eq. (A.94)
mathlib but not generated): e eq. (A.95)
. eq. (A.89) « eq. (A.96)
e eq. (A.97)
e eq. (A.89)
e eq. (A.98)
e eq. (A.90)
e eq. (A.99)
e eq. (A91)
« eq. (A.100)
e eq. (A.92) . eq. (A.101)
. eq. (A.93) F
Vry:N. addry=addyx (A.61)
Vry:N mult x y =mult yzx (A.62)
Vz:N. add = zero = x (A.63)
Vz : N. mult x zero = zero (A.64)
Vz y:N. add x (succ y) = succ (add x y) (A.65)
Vz : N. mult = (succ zero) = (A.66)
Vryz:N. add z (add y z) = add y (add = 2) (A.67)
Ve y:N. add z (mult = y) = mult = (succ y) (A.68)
Vo y: N mult z (add y y) = mult y (add = z) (A.69)
Ve y z:N mult x (mult y 2) = mult y (mult z 2) (A.70)
Vo y z:N. add (mult z y) (mult z 2) = mult = (add y 2) (A.71)
Vo : N.
succ (mult z (succ (succ (succ x)))) = add x (mult (succ z) (succ z)) (A.72)
Vz : N. add zero z = x (A.73)
Vo yz:N. add (add z y) z = add = (add y 2) (A.74)
Ve yz: N mult (mult  y) 2 = mult z (mult y 2) (A.75)

Conjecture set 10: Generated by Pisa for the domain N for comparison
to mathlib.
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Vnm:N.n+m=m+n (A.76)
Vnm:N.nxm=mx*n (A.77)
Vn:N.nx0=0 (A.78)

Vn m: N. n+ succ m = succ (n+m) (A.79)
Vn:N.nxl=mn (A.80)
Vnmk:N.n+(m+k)=m+ (n+k) (A.81)
(nm: Nat):nx(m+1)=nxm-+n (A.82)
Vnmk: N nx(mxk)=m=(nxk) (A.83)
Vnmk:N.nx(m+k)=nsxm+nx*k (A.84)
Vn:N.O+n=n (A.85)
Vonmk:N. (n+m)+k=n+(m+k) (A.86)
Vnmbk:N. (nxm)xk=nx(msxk) (A.87)
Vn m : N. (succ n) +m = succ (n+m) (A.88)
Vn:N.n+1=succn (A.89)
Vn:N.succn=n+1 (A.90)
Vnmk:N. (n+m)+k=(Mn+k)+m (A.91)
Vnm:N. nxsuccm=nsxm+n (A.92)
Vn:N.0Oxn =0 (A.93)

Vn m:N. (succ n)*m = (n*xm)+m (A.94)
Vnm:N. (n+1)*m=(n*m)+m (A.95)
Vn:N.1xn=n (A.96)
Vnmk:N. (n+m)xk=nxk+mxk (A.97)
Vnmk:N.nx(m+k)=nsxm+nx*k (A.98)
Vnmbk:N. (n+m)xk=nxk+mxk (A.99)
Vn:n.nx2=n+n (A.100)

Vn:n. 2xn=n+n (A.101)

Conjecture set 11: Mathlib equivalent for the domain N for comparison.
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A.6 Paired polymorphic conjectures

True positives are the following e egs. (A.104) and (A.113)
(paired between generated and + egs. (A.105) and (A.114)
mathlib version): e egs. (A.107) and (A.115)
‘ e cgs. (A.108) and (A.116)

egs. (A.102) and (A.111) . eqs. (A.109) and (A117)

e egs. (A.103) and (A.112)

False positives are the following e eq. (A.106)

(generated but not in mathlib): « eq. (A.110)
False negative are the following (in e eq. (A.118)
mathlib but not generated): e eq. (A.119)
reverse Nil = Nil (A.102)
Va : Type. Vo : List o append x Nil =z (A.103)
Vo : Type. Vo : List «. append Nil xz =z (A.104)
Va : Type. Vz : List «. reverse (reverse z) =« (A.105)
Va : Type. Vz : . reverse (Cons x Nil) = Cons z Nil (A.106)

Va : Type. Vo y 2z : List a.
append (append z y) z = append x (append y z) (A.107)
Vo : Type. Vo : o. Vy z: List a.
Cons z (append y z) = append (Cons z y) z  (A.108)
Va : Type. Vx y : List a.
append (reverse ) (reverse y) = reverse (append y z) (A.109)
Va : Type. Vo : List a. Vy 2 : a.
append = (Cons y (Cons z Nil)) =
reverse (Cons z (Cons y (reverse z))) (A.110)

Conjecture set 12: Generated by Pisa for the domain List « for
comparison to mathlib.
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reverse [] = [] (A.111)

Va : Type. Vas : List a. as ++ [] = as (A.112)

Vo : Type. Vas : List . [] ++ as = as (A.113)

Vo : Type. Vas : List «. as.reverse.reverse = as (A.114)
Vo : Type. Vas bs cs : List a.

(as ++ bs) ++ cs = as ++ (bs ++ cs) (A.115)
Va : Type. Va : a. Yas bs : List a.

(a::as) ++ bs = a :: (as ++ bs) (A.116)

Va : Type. Vas bs : List a.

(as ++ bs).reverse = bs.reverse ++ as.reverse

(A.117)

Vo : Type. Vas : List a. Vb : a. Vbs: List a.
as ++ b :: bs = as ++ [b] ++ bs (A.118)

Va : Type. Va : a. VYas : List a.
reverse (a :: as) = reverse as ++ [a] (A.119)

Conjecture set 13: Mathlib equivalent for the domain List « for
comparison.
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