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Models of sub-cycle electromagnetic pulse generation in laser-plasma interaction
CHRISTOFFER OLOFSSON
Department of Physics
Chalmers University of Technology

Abstract
Sub-cycle pulses are ultra-short laser pulses containing less than a single oscillation
and are essential tools in the study of matter at the shortest timescales. It has
been recently proposed that such pulses can be attained by letting laser pulses
interact with a plasma to generate amplified and compressed pulses. In the scheme
of laser wakefield driven amplification (LWDA), an initial seed pulse is modulated by
traveling electron plasma waves, forming amplified sub-cycle pulses. In this thesis we
investigate the underlying mechanism of sub-cycle pulse generation in the scheme
of LWDA. An analytical approach using the method of Green’s functions is used
in conjunction with particle-in-cell simulations. Moreover, a custom code solving
Maxwell’s equations with a source term given by a non-linear plasma wave model is
implemented and its results compared with particle-in-cell simulations.
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1
Introduction

Electromagnetic fields performing less than a single oscillation are commonly referred
to as sub-cycle pulses and are invaluable tools when studying matter at the shortest
timescales. Said pulses have a temporal duration of only a few-femtoseconds or even
an attosecond which can be utilized to control and collide electron wavepackets in
solids [1]. These generate high-harmonic radiation which in turn contains valuable
information about the structure of atoms and molecules. Furthermore, with at-
tosecond pulses it is also possible to render electron dynamics in real time since the
electron motion, caused by the mutual influence of the electrons in an molecule or
atom along with the nuclear potential happens on the attosecond scale [2].

One of the first approaches of producing short pulses was by mode-locking discovered
in 1964 [2] and has been able to produce few-cycle pulses with durations below 10
fs [3]. Ever since, other methods to produce short pulses have been developed such
as Optical Parametric Amplification (OPA) or optical synthesis [4]. However, these
common ways of producing few-cycle pulses are susceptible to equipment damage
as one is trying to scale the interaction to high intensities [5]. As an alternative,
it is possible to make use of a plasma or electron beams as a generating medium.
A plasma is an ionized gas consisting of ions and electrons which in this sense has
already undergone ionization damage and is a viable option for sub-cycle pulse gen-
eration at very high intensities. Electromagnetic fields and plasmas exhibit a wide
range of phenomena already and the ability for the plasma to amplify and shorten
laser pulses are well-known.

One seemingly simple approach to achieve sub-cycle fields is to let incident radi-
ation impinge on a dense plasma which can produce various reflected harmonics
which is known as high harmonic generation (HHG). In the work of [6], [7] and [8],
electromagnetic radiation is incident normally onto a dense plasma and reflected
subfemtosecond pulses is returned in the form of pulse trains. Another interesting
example of this is coherent synchrotron emission (CSE) which was treated in [9],
[10] and [11]. In this framework, the principle is that a few-cycle pulse is obliquely
incident onto an overdense plasma in the ultrarelativistic regime which produce
ultrathin electron layers at the plasma boundary. These layers are referred to as
nanobunches and emit attosecond radiation coherently. A difference between the
two schemes is that in the latter case it is possible to yield an isolated sub-cycle
pulse instead of a pulse train due to the cycles contained in the driving laser. Thus
it should be stressed that in order to yield isolated sub-cycle pulses, also single-cycle
driving fields are needed which is technically demanding [12]. Other means to iso-
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1. Introduction

late a single pulse can be achieved by spectral filtering [13] or polarization gating [14].

Two other interesting setups employing plasma based sub-cycle pulse generation
is electron beam driven amplification (EBDA) [5] which relies on the interaction
between a short electron beam with a standing wave and laser wakefield driven am-
plification (LWDA) [15] employing non-linear electron plasma waves to modulate a
seed electromagnetic field. Both EBDA and LWDA are relevant to this thesis but
the focus will be put on LWDA. More specifically, in the arrangement of LWDA, a
seed laser pulse will interact with non-linear plasma waves which has been excited
by a high-intensity, co-propagating laser pulse within a plasma. This has shown to
produce intense, isolated sub-cycle pulses with the possibility to tune their carrier-
envelope phase (CEP). This means that the issue of using single-cycle driving lasers
to generate isolated sub-cycle fields can be overcome. In addition to this, isolated,
CEP-stable pulses are very desirable as they have applications in solid-state physics
[16] but also in nano-engineering [17].

As mentioned, both EBDA and LWDA make use of electron pulses with short di-
mensions in order to modulate the seed beam into sub-cycle pulses, meaning that
there ought to be a common theoretical description linking them together. So far
the schemes of EBDA and LWDA have only been investigated numerically and have
been modeled by a qualitative analytical theory. To this day there does not exist
a common theory that can make quantitative predictions for the sub-cycle radia-
tion emitted in these frames. In this thesis, an attempt to develop such a theory
in one dimension will be made by utilizing analytical tools which have been used
in the study of ultra-intense HHG [9]. In addition to this, simulations employing
the particle-in-cell (PIC) approach will be applied to the setup of LWDA in 1D
in order to compare results of the theory but also further investigate the underly-
ing mechanism of the sub-cycle pulse generation. Another procedure in unveiling
the quantitative understanding towards LWDA will also be by applying a custom
code solving Maxwell’s equations. This code will be using the finite-difference time-
domain (FDTD) method in conjunction with a theoretical model for non-linear
plasma wake formation to simulate the interaction of LWDA. This has the potential
to tailor the plasma properties which will help the investigation of the problem.
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2
Theory

The relevant theory required in order to fully understand the analytical description
behind sub-cycle pulse generation and simulation procedures will be found here.
This chapter begins by introducing basic concepts of laser-plasma theory and ex-
plains how a plasma can be described macroscopically by both the kinetic and cold
fluid description. In section 2.2 the numerical PIC approach is introduced, explain-
ing the physics it implements and its numerical routines. Lastly, in section 2.3 the
setup of LWDA is thoroughly discussed along with the qualitative theory it comes
with.

2.1 Laser plasma theory
A plasma, commonly known as the fourth state of matter is an ionized gas consisting
of electrons and ions. Although plasma appears to be an exotic state of matter, it
is believed that 99% of our universe is composed of it [18]. This state can be found
on our Earth in the shape of lightning strikes, welding arcs but also inside magnetic
fusion devices. Plasmas can also be found in our Solar system in the form of solar
winds and solar flares. In our Galaxy, a common example where to find plasma would
be inside the galactic spiral arms. Due to the wide range of areas where plasmas
can be observed, understanding this exotic state of matter is of utmost importance.
A class of important applications is related to exploiting the properties of plasmas
interacting with electromagnetic fields. By laser-plasma interaction it is possible
to generate short, intense electromagnetic pulses. Such pulses can in some cases
be generated in order to perform only one optical oscillation (single-cycle pulse) or
even less than one oscillation (sub-cycle pulse). In this thesis it will be interesting
to investigate one such scheme in particular. This method is referred to as Laser
Wakefield Driven Amplification (LWDA) [15] and will be described in detail later
on. For now it is important to give some basic laser plasma theory and present the
equations which govern the underlying physics.

2.1.1 A brief note on plasma units
In this thesis, dimensionless and normalized units will be used in order to improve
readability of the equations. As a starting point, charges are normalized to the fun-
damental charge, e. As an example, the charge of an electron, qe would be written
as qe = −1 and not qe = −e. In addition, all masses and velocities are measured in
units of the electron rest mass, me and speed of light, c respectively.
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2. Theory

Reference quantity Reference value
Momentum, pr mec
Energy, Kr mec

2

Time, Tr 1/ωr
Length, Lr c/ωr
Electric field, Er ωrmec/e
Magnetic field, Br ωrmec/e
Particle density, nr meε0ω

2
r/e

2

Current, Jr mecε0ω
2
r/e

Table 2.1: A table containing the reference quantities relevant to this thesis, ε0 is the vacuum
permittivity of free space.

From this it is now possible to form more quantities which can be used for normal-
ization such as a reference energy Kr = mec

2 and a reference momentum pr = mec.
Units are further normalized to some relevant quantity of the laser-plasma interac-
tion such as a typical length scale or frequency of the problem. In this work it will
be the frequency of a laser pulse used in the interaction that will be investigated.
If this frequency is denoted ωr, even more reference quantities can be constructed.
All of the reference values are given by table 2.1. In the end, it is always possible
to switch back to dimensional units when calculations are finished.

2.1.2 Basic plasma physics
In general, a plasma and its ability to couple to electromagnetic fields has the po-
tential to display a vast number of different phenomena. In this section some of
the more familiar and often used physical effects will be discussed. A good starting
point is to consider how a plasma can screen out changes in electric potential which
is commonly known as Debye screening [18]. Here we omit the calculation but the
result can be extracted by the Poisson equation for a neutral plasma following a
Boltzmann distribution along with an additional "test charge". One finds that the
electrostatic potential (in spherically symmetric coordinates) is proportional to

φ(r) ∼ e−r/λD

r
(2.1)

where λD =
√

Te
ne

is the Debye length. This means that for r > λD, the plasma
effectively blocks the vacuum potential. In other words, any charge separation will
induce some electromagnetic field that the neighboring charged particles will respond
to. They will arrange themselves in such a manner as to erase this field and remain
quasi-neutral. Quasi-neutral means that the plasma is only neutral when considered
on a macroscopic scale. Only when observing the plasma on a scale d . λD the
charge separation will become apparent. For a non-collisional plasma, this action
happens on a time-scale connected to the plasma frequency [19]. This is the typical
oscillation frequency of displaced charged particles in a plasma. Usually, this is
given as the electron plasma frequency as the ions can be treated as immobile due
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2. Theory

to their heavy mass compared to that of the "free" electrons and is written
ωpe = √ne (2.2)

where ne is the number density of electrons.

Another useful result of the plasma response to electromagnetic fields is how its
density can dictate whether an electromagnetic signal will propagate through it. To
see this we first give the dispersion relation for electromagnetic fields propagating
through a cold, non-magnetized, homogeneous plasma [20]

ω2 = ω2
pe + k2 (2.3)

where ω is the angular frequency of the wave in question, ωpe is the plasma frequency
of the plasma and k is the wavenumber of the wave. It is easy to see that the
wavenumber k can become imaginary in cases where ω < ωpe depending on the
wave frequency and plasma density. This would imply that inside the plasma the
field would be exponentially damped and if the slab of plasma is not extremely thin,
the incoming wave will be totally reflected. On the contrary, if ω > ωpe waves will
be transmitted through the plasma. An important quantity to define is a critical
density, nc, satisfying ωpe = ω. From equation (2.2) one finds

nc = ω2 (2.4)
where again ω is the angular frequency of the wave. Now it is straightforward to
see that i.e. no propagation takes place if ne > nc.

2.1.3 Maxwell’s equations
Every electromagnetic field follows a set of equations known as Maxwell’s equa-
tions. These equations encapsulate all electromagnetic phenomena, including their
interaction with charges and are given as

∇ · E = ρ (2.5)

∇× E = −∂B
∂t

(2.6)

∇ ·B = 0 (2.7)

∇×B = (J + ∂E
∂t

) (2.8)

where E is the electric field, B is the magnetic field1, ρ is the charge density and J is
the associated current density. Equation (2.5) is known as Gauss’s law and describes
e.g. how electric fields can be generated by distributions of charge. Maxwell-Faraday
or simply Faraday’s law is the frequently used name for equation (2.6) which explains
how time-varying magnetic fields can give rise to electric fields. Equation (2.7) states
that there exists no magnetic monopoles or put in other words : the absence of
magnetic charges. Lastly there is Ampères law (equation (2.8)) which again states
that a time-varying electric field may give rise to a magnetic field. In addition
to this, distribution of charges in motion also produce magnetic field, hence the
contribution of J.

1B is in fact the magnetic flux density but it is commonly referred to as the magnetic field.
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2. Theory

2.1.4 Kinetic description of a plasma
So far we have discussed some basic properties of the plasma but not how to describe
the plasma itself. To model the plasma as individual, charged particles is obviously
too difficult as the number of particles is astronomically large in a plasma and the
interaction is also coupled to Maxwell’s equations. In addition to this, all charged
particles within the plasma are interacting with each other via the Lorentz force
equation given by

FLorentz = qi(E + v×B) (2.9)
where qi is the charge of the species in question and v is the instantaneous velocity
of the particles. Again, E,B are electromagnetic fields present within the plasma
due to its constituent charge and potentially externally applied fields. Therefore it
is necessary to adopt a statistical point of view known as a kinetic description of the
plasma. In this framework, the relevant quantity in question will be the distribution
function of the species within the plasma. Such a function, fi = fi(r,p, t) gives the
number of particles per unit volume located at a given position in phase space (r,p)
and time, t where i denotes the species (e.g. e for electrons). Having information
about the distribution function for each species in the system is enough for one to use
the kinetic approach [18]. This is because when fi is known, physical quantities can
be constructed by taking "velocity moments" of the distribution fi. An important
example of this would be the total number density

ni(r, t) =
∫
fi(r,p, t)d3p (2.10)

where the integration is over the whole of momentum space. This is referred to as
a zeroth-order velocity moment since the integrand contains only fi with a zeroth
power of the velocity, v0 = 1. Another important quantity derived from a (first-
order) velocity moment is the mean velocity

ui(r, t) = 1
ni

∫
vfi(r,p, t)d3p (2.11)

where v can be expressed as v = p
miγ

.

Lastly, it can be shown that the distributions, fi satisfy the so called Vlasov equation
which is used to determine fi [18]( ∂

∂t
+ p
miγ

· ∇r + qi
miγ

(E + p×B) · ∇p

)
fi = 0 (2.12)

where mi is the mass of a certain species, γ =
√

1 + p2

m2
i
is the Lorentz factor and

∇r,p denote differentiation with respect to space and momentum respectively. Thus,
all electromagnetic fields are coupled to Maxwell’s equations (2.5)-(2.8) and are
produced by the total charge and current densities related to equation (2.10) and
(2.11) via

ρ(r, t) =
∑
i

qini =
∑
i

qi

∫
fi(r,p, t)d3p (2.13)

J(r, t) =
∑
i

qiniui =
∑
i

qi

∫
vfi(r,p, t)d3p. (2.14)
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2. Theory

These form together with the Lorentz force (2.9) and the Vlasov equation (2.12) a
closed system of equations that governs the whole laser-plasma interaction.

2.1.5 Cold fluid description of a plasma
A different approach to model a plasma is through the fluid description where the
plasma as a whole is treated as a single charged fluid or composed of several such flu-
ids due to different particle species. As previously mentioned, the ions in this work
are assumed to be stationary due to their heavy mass so that the plasma should be
modeled by a single electron fluid with a neutralizing background.

Contrary to the kinetic description of working with the distribution function, fi,
velocity moments of the Vlasov equation (2.12) are computed [18]. This is done
to yield equations governing the dynamics for the averaged quantities introduced in
equations (2.10) and (2.11). It is possible to generate an infinite amount of equations
and quantities which at some point has to be closed by an appropriate equation of
state. Relevant to this thesis is the relativistic cold fluid description which has
an equation of state corresponding to the temperature of the electrons being zero,
i.e. neglecting thermal effects. However, it should be noted that the electrons are
still able to attain relativistic momentum in this model from intense laser-plasma
coupling. In order to arrive at the relativistic cold fluid equations the assumption
of cold electrons implies an insignificant thermal spread which in turn means that
the momentum distribution for them will be a Dirac delta distribution [20]. Then,
introducing an average momentum, p similarly to equations (2.10) and (2.11) one
obtains the relativistic cold fluid equations (in this case given for a single electron
fluid)

∂ne
∂t

+∇ · (neu) = 0 (2.15)
dp
dt

= qe(E + u×B) (2.16)

∇2φ = k2
p(ne/n0 − 1) (2.17)

where d
dt

= ∂
∂t

+u ·∇, p = γeu is the electron fluid momentum, u is the electron fluid
velocity, φ is the electrostatic potential and n0 is the ambient plasma density. Recall
that ne is the electron density and that the electron charge is qe = −1. Equation
(2.15) is known as the continuity equation and states the conservation of mass for
the interaction. Furthermore, equation (2.16) describes how the fluid momentum
evolves in time and (2.17) is the electrostatic formulation of Gauss’ law (2.5). With
the fluid equations being coupled to the set of Maxwell’s equations they will fully
model the laser-plasma dynamics.

2.1.6 Wakefield generation using cold fluid model
When an intense laser pulse impinges a plasma, the electrons will experience a net
force which will push them in front of the laser and to its sides [20]. Since the ions are
much heavier than electrons, a charge separation is induced by the displaced elec-
trons and stationary ions, resulting in plasma oscillations trailing the pulse. These
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2. Theory

are known as wakefield oscillations and can be linear or non-linear depending on the
intensity of the driving laser pulse.

As a measure of laser intensity, we can consider the normalized peak vector potential
given by

a0 = E0

ω
(2.18)

where E0 is the peak electric field of a laser and ω is the laser frequency. Equa-
tion (2.18) describes the peak momentum of electrons attained from an electric field
with amplitude E0 and frequency ω [20]. A laser can be considered relativistically
intense if a0 ∼ 1 which means that the induced momentum from the field drives the
electrons to relativistic velocities which in turn makes interactions non-linear. This
means that relativistic effects become important and can be seen in e.g. the second
term of equation (2.9) where the velocity of the charged species matter regarding the
Lorentz force. Also, approaching relativistic velocities means that the momentum
takes on the form p = mvγ. Thus, a velocity close to the speed of light will have
a significant impact on γ = γ(| v |) which in turn will impact other quantities in a
non-linear way.

In the non-relativistic, linear regime, a0 < 1 and the wakefield oscillations are seen
to be purely sinusoidal and travel at a velocity, vφ = vg [20], where vg is the group
velocity of the laser pulse. Furthermore, the electric field created by the charge sep-
aration is also periodic. An example of linear plasma waves in one dimension (1D)
can be seen in figure 2.1. However, if a0 & 1 the interaction can be considered as
non-linear and the density perturbations are no longer sinusoidal but rather appear
as density spikes. In addition, the space-charge electric field attains a characteristic
"sawtooth" shape instead of being sinusoidal. Both these features can be seen in
figure 2.1.

5 0 5 10 15 20 25 30
/ d

1.0

0.5

0.0

0.5

1.0 (a)

n/ne 1
E /E0

5 0 5 10 15 20 25 30
/ d

0

2

4

6 (b)

n/ne 1
E /E0

Figure 2.1: Numerical solution of the wakefield model showing the density perturbations (black
lines) and electrostatic field (dashed black lines) as functions of the co-moving variable ξ = x− vφt
in (a), the linear regime using a0 = 0.6 and (b) the non-linear regime using a0 = 2.5. Both solutions
used vφ = 0.961, L =

√
2

kp
and kd = ωd

vφ
. Here L is the spatial width of the driver pulse whereas kd

and ωd are its wavenumber and frequency respectively.
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2. Theory

To model the wakefield oscillations, one can exploit the cold fluid model described
previously to find numerical solutions for the non-linear interaction in 1D. As a
starting point, a useful approximation is to write equations (2.15), (2.16) and (2.17)
in 1D with x being the laser propagation direction. Equations (2.15) and (2.17)
remain rather unchanged but it is useful to pause and derive the equations of motion
for the quantities γe and px. From the rate of change in four-momentum it is found
that [21]

dEe
dt

= dγe
dt

= Florentz · u = −E · u (2.19)

where Ee denotes the electron fluid energy which is directly proportional to γe and
u is again the electron fluid velocity. Expressing the longitudinal and transverse
electric field in terms of its electrostatic potential as well as vector potential and
expressing the transverse fluid velocity in terms of its momentum one can put:

E = −
(
∂φ

∂x
,
∂A⊥
∂t

)
, u =

(
ux,
−A⊥
γe

)
(2.20)

where in the expression for the transverse component of u, the conservation of
transverse canonical momentum, p⊥ = qeA⊥ has been used. This relation will be
explained in detail under section 2.3.3. Moving on, the scalar product in equation
(2.19) now reads

dγe
dt

= ux
∂φ

∂x
+ 1
γe
A⊥ ·

∂A⊥
∂t

= ux
∂φ

∂x
+ 1

2γe
∂A2

⊥
∂t

. (2.21)

On the other hand, the longitudinal component in equation (2.16) can be used in
conjunction with equation (2.21) to yield the evolution of ux. To begin with, the
left hand side can be written

d

dt
(px) = d

dt
(γeux) = ux

dγe
dt

+ γe
dux
dt

(2.22)

where the chain rule has been used. Using the same procedure as before, the x-
components of the right hand side of equation (2.16) reads

Ex = −∂φ
∂x
, [u×B]x = ... = A⊥ ·

∂A⊥
∂x

. (2.23)

Moving around terms to isolate dux
dt

it is found that

dux
dt

= 1
γe

(
∂φ

∂x
− 1

2
∂A2

⊥
∂x
− ux

dγe
dt

)
. (2.24)

Applying equation (2.21) the previous equation instead reads

dux
dt

= − 1
γ2
e

[
∂

∂x
+ ux

∂

∂t

]
A2
⊥

2 + (1− u2
x)

γe

∂φ

∂x
. (2.25)
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2. Theory

Finally, abbreviating A2
⊥ = a2 the full set of cold fluid equations are:

∂2φ

∂x2 = k2
p [ne/n0 − 1] , (2.26)

∂ne
∂t

+ ∂

∂x
(neux) = 0, (2.27)

dux
dt

= − 1
γ2
e

[
∂

∂x
+ ux

∂

∂t

]
a2

2 + (1− u2
x)

γe

∂φ

∂x
, (2.28)

dγe
dt

= ux
∂φ

∂x
+ 1

2γe
∂a2

∂t
. (2.29)

In order to discuss wakefield formation in a simple fashion [22] it is necessary to
perform an algebraic transformation from the laboratory frame to a moving frame
where the traveling density perturbations are stationary. Such a transformation
implies that the independent variables [x, t] −→ [ξ, τ ] where ξ = x− vφt and τ = t.
As a consequence, also the spatial and temporal derivatives transform according to

∂

∂x
−→ ∂

∂ξ
,

∂

∂t
−→ ∂

∂τ
− vφ

∂

∂ξ
. (2.30)

With this in hand it is possible to rewrite (2.26)-(2.29) as [25]

∂2φ

∂ξ2 = k2
p [ne/n0 − 1] , (2.31)

∂

∂ξ
(ne[vφ − ux]) = ∂ne

∂τ
, (2.32)

∂

∂ξ
(γe[1− vφux]− φ) = − ∂

∂τ
(γeux) . (2.33)

To progress, the set of equations (2.31)-(2.33) can be simplified even further. This
is done by applying the quasistatic approximation [23]. In other words, in the speed
of light frame (vφ = vg = 1) the laser pulse is more or less stationary and the plasma
is now flowing into it [24]. If in addition the laser field is short enough, the pulse
itself and the electrostatic potential driving the wakefield oscillations are assumed
to change little during the transit time of the laser pulse through the plasma and a
quasistatic state exists [25]. This implies also that the fluid quantities ne, ux and
γe also are in the quasistatic state. Virtually, it means that all fields and quantities
are functions of ξ alone and the Poisson equation is seen to take on the form [23]

∂2φ

∂ξ2 = (kpγφ)2

vφ
[
1− (1 + a2)

γ2
φ(1 + φ)2

]−1/2

− 1

 (2.34)

where γφ = (1 − v2
φ)−1/2. Once the solution from equation (2.34) is extracted, one
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can then evaluate all of the fluid quantities as [23]

ne/n0 = γ2
φvφ

(1− (1 + a2)
γ2
φ(1 + φ)2

)−1/2

− vφ

 , (2.35)

px = γ2
φ(1 + φ)

vφ −
(

1− (1 + a2)
γ2
φ(1 + φ)2

)1/2
 , (2.36)

γ = γ2
φ(1 + φ)

1− vφ
(

1− (1 + a2)
γ2
φ(1 + φ)2

)1/2
 . (2.37)

Equations (2.35)-(2.37) are fully non-linear and encapsulate the wakefield genera-
tion. In fact, figure 2.1 was generated by solving equation (2.34) numerically and
then using the solution for φ to compute the remaining fluid quantities.

2.2 Particle-in-cell approach
A well-established method for simulating the interaction of plasma and electromag-
netic fields is through a particle-in-cell (PIC) scheme. There are several PIC codes
available for download online such as EPOCH [26] and SMILEI [27] but in this thesis
SMILEI will be used. In this section the general approach of simulating laser-plasma
interactions via the SMILEI PIC scheme will be described. Other PIC codes may
differ in terms of code structure and numerical modules but the general method is
the same. SMILEI is written in C++ and is developed to run simulations in 1D,2D
or 3D on either personal computers or on supercomputer architectures. SMILEI
also has a Python interface, allowing the user to launch a simulation using a simple
Python script. Post-processing data is also handled through various tools in Python.
A brief explanation on how the code simulates laser-plasma phenomena will be given
below.

2.2.1 PIC distribution function and quasi-particles
A PIC code simulates plasmas using so called quasi-particles, which represent a
large number of real particles combined since it is impossible to simulate all charged
species within a real plasma. A quasi-particle composed of several electrons will
have the same charge to mass ratio as a single electron. This means that both
entities are accelerated equally by the Lorentz force. Quasi-particles are used to
model the distribution function fi which is used to describe the plasma as was
discussed in section 2.1.4. In SMILEI the simulation is discretized onto a grid of
cells where e.g. the electromagnetic fields and the currents are evaluated. In addition
the distribution function is discretized as a sum including all of the quasi-particles
present within the simulation [27]

fi(r,p, t) =
Ni∑
p=1

Mp S(r− rp(t))δ(p− pp(t)) (2.38)

where Ni is the total number of particles of species i, rp the position of the quasi-
particle, pp the momentum of a quasi-particle, S is the shape function for the
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particles, δ is the Dirac distribution and Mp is the weight of a quasi-particle defined
as

Mp = density of species · hypervolume of cell
number of quasi− particles within the cell . (2.39)

Note that the units of Mp can vary depending on if the simulation is carried out in
1D,2D or 3D. As an example, if the simulation grid is in 2D the units of Mp is nrL2

r

(see units of table 2.1). Moving on, it can be shown [27] that the relativistic equations
of motion for the quasi-particles can be obtained by first using the expression for
fi in equation (2.38) and putting it into Vlasov’s equation (2.12). Then, this result
should be integrated over all momenta p as well as the volume of quasi-particles to
yield the final equations of motion

drp
dt

= up
γp

(2.40)

dup
dt

= qi
mi

(Ep + up
γp
×Bp) (2.41)

where the reduced momentum has been introduced as up = pp
mi

and again the Lorentz
factor is γp =

√
1 + u2

p. This allows the PIC code to integrate the equations of
quasiparticles as if they were real particles subject to the Lorentz force.

2.2.2 Maxwell’s equation on the Yee grid
To solve Maxwell’s curl equations (equation (2.8) and (2.6)) one makes use of the
finite difference time domain (FDTD) method [28]. This means that both space and
time are discretized into equidistant points on a special space-time grid which is also
known as a Yee grid. For instance, in 1D it would be possible to divide a simulation
of spatial length X and temporal length T into finite points Nx,t with distance ∆x,t

as X = Nx∆x and T = Nt∆t respectively. Differential operators acting on the
fields are then replaced with Taylor approximations around these distinct space-
time points. To illustrate this, consider the 1D example where any function f of
a single variable x is Taylor expanded around ±∆x up to order O(∆x2). These
expressions can be combined to form

∂f

∂x
= f(x+ ∆x/2)− f(x−∆x/2)

∆x +O(∆x2) (2.42)

which is useful whenever expressions for the fields such as ∂B
∂t

or ∂E
∂x

appears in the
Maxwell curl equations. Please note that this choice of discretization introduces a
shift of ∆t/2 and ∆x/2 in By and Ez respectively which defines the staggered Yee
grid. The reason for this is that the Yee grid provides a robust way to approximate
Maxwell’s equations which ensures that phyiscal boundary conditions are fulfilled
[28]. In addition to this, equation (2.42) is also "second-order accurate" which means
that the error term, O(∆x2) approaches zero as the square of the grid step.

2.2.3 SMILEI simulation loop
With the relevant tools and equations at hand it is time to explain how SMILEI
generates output given input parameters.

12
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The SMILEI code is initialized by loading the charged quasi-particles into the sim-
ulation domain (if any are prescribed by the user) which are then used to calculate
the total charge and current densities in accordance with equation (2.13) and (2.14).
Note that the user also has to specify how the particles are oriented in the grid and
what momentum initialization they will have. Then the Poisson equation is solved
to yield the initial electrostatic fields. Lastly the code begins to repeat a number of
steps for the Nt timesteps assigned to the simulation which will advance it in time.
These steps are as follows:

• Electromagnetic fields are first interpolated at the quasi-particles positions.
• Positions and velocities for the particles are computed using a so called leap-

frog scheme [27] which utilizes equations (2.40) and (2.41) on the staggered
grid.

• The new charge and current densities are projected into the simulation grid.
• The corresponding new electromagnetic fields are now computed on the grid.

After Nt timesteps the simulation is completed and the output can be post-processed
by the user. This is a very brief overview on how the SMILEI code works and the
interested reader may find a detailed explanation in [27].

2.3 Plasma wakes and sub-cycle pulse generation
mechanism

It is possible to amplify a long-wavelength laser by having it interact with moving
electron plasma wakes generated by an intense driving laser pulse. This is referred to
as laser wakefield driven amplification (LWDA) and will be reviewed below. In addi-
tion to this, the relevant theoretical framework to describe LWDA will be presented
as well.

2.3.1 Laser wakefield driven amplification
One mean of generating sub-cycle laser pulses is through the scheme of laser wake-
field driven amplification [15]. This is done by letting a relativistically intense
(a0 > 1) laser pulse propagate through a plasma and induce wakefield oscillations.
As was stressed earlier, with such intense lasers, the laser-plasma interaction is non-
linear which implies that the density perturbations are pronounced and virtually
Gaussian in nature. Then, a sub-relativistic (a0 � 1) seed laser pulse with much
longer wavelength is injected along with the driving laser field. This seed field has
orthogonal polarization to the driver. As the seed pulse is traveling inside the plasma
it interacts with the electron plasma wake induced by the driver pulse. Each density
perturbation can modulate the seed, increasing its amplitude as well as up-shifting
its frequency. However, only the first and most prominent density spike will increase
the laser pulse amplitude significantly meaning that highly intense, isolated pulses
are produced. In [15], 2D and 3D PIC simulations on LWDA were carried out which
yielded sub-cycle fields with amplitudes almost 20 times larger than the initial seed
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laser as can be seen in figure 2.2(b). Moreover, this method allows to tune the
carrier envelope phase (CEP) using the seed pulse CEP or driver delay which is
demonstrated in figure 2.2(c). Frequency tunability can be achieved by changing
the driving laser and plasma parameters and is depicted in figure 2.3.

(a) (b)

(d) (e)

(c)

(f)

Figure 2.2: 2D SMILEI PIC simulations using a seed pulse with electric field amplitude E0
s = 0.04

GV/cm. In (a) electron density contours with ne(x, y) = max(ne)/3 is shown (dashed lines)
whereas the electric field contours are shown with Ey(x, y) = max(Ey)/4 (solid lines), (b) shows
the amplified electric field Ez along with electron density contours, (c) depicts the on-axis electric
field Ez for different CEP of the seed under their common envelope (gray), (d) and (e) are the
corresponding power spectrum and spectral phase and (f) shows the plasma length Lp dependency
on the sub-cycle pulse energy. Reprinted from [15].
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Figure 2.3: On-axis electric field Ez for the sub-cycle field (top panel) is shown together with
its corresponding power spectrum (bottom panel). In (a,c) the spectral tunability is demonstrated
by altering the electron density whereas in (b,d) spectral tunability is induced by changing the
driving electric field amplitude E0

d . Reprinted from [15].
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2.3.2 Energy gain in LWDA
It is possible to use the framework of the cold fluid description in order to qualita-
tively understand why amplification occurs. It can be shown that laser fields can be
amplified by the ne/γe distributions to gain energy (in 1D) [5], [15]

Ugain(t) = 1
2

∫ t

−∞
A2
z

∂

∂τ

(
ne
γe

)
dτ (2.43)

where Az is the transverse vector potential of the field. From this it is a simple
matter to see that whenever the electron plasma ne/γe profile is increasing in time,
there is also an energy gain to the field. On the contrary, if the profile is descending,
a net loss of energy is present. Another important feature of equation (2.43) is that
the existence of A2

z determines whether energy can be gained, i.e. if amplification is
possible. If Az is rapidly oscillating, as is the case of a short wavelength laser, then
loss and gain can compensate each other. This implies that in order to have ampli-
fication, the wavelength of the seed laser needs to be greater than the dimensions of
the electron density spike. While this provides qualitative picture of the interaction,
it is the purpose of this thesis to go beyond this theory and gain a quantitative
understanding.

2.3.3 Evolution equation for the transverse vector potential
in 1D

Dynamics of the cold fluid model also allows one to derive the evolution equation
for the transverse electromagnetic vector potential in the framework of LWDA. To
derive this, it will be useful to first examine the transverse components of equation
(2.16) in 1D along x ( ∂

∂y
= ∂

∂z
= 0) :

(
∂

∂t
+ ux

∂

∂x

)
py = qe(Ey − uxBz) (2.44)(

∂

∂t
+ ux

∂

∂x

)
pz = qe(Ez + uxBy) (2.45)

where ux is the longitudinal component of the electron fluid velocity and qe is again
the electron charge. By introducing the electromagnetic vector potentialA = A(r, t)
and exploiting the freedom of using the Coulomb gauge (∇·A = 0) the electromag-
netic fields are written

E = −∂A
∂t
, B = ∇×A. (2.46)

Now equations (2.44) and (2.45) can be cast in the following form

∂

∂t
(py + qeAy) = −ux

∂

∂x
(py + qeAy) (2.47)

∂

∂t
(pz + qeAz) = −ux

∂

∂x
(pz + qeAz) (2.48)
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where Ay and Az are the transverse components of A. In the far past, before any
interaction with the laser pulse takes place (t −→ −∞) [5]

py + qeAy = 0 (2.49)
pz + qeAz = 0 (2.50)

everywhere in the spatial interaction region. This means that equations (2.47) and
(2.48) indicate that the transverse fluid momentum evolves as (writing in terms of
the electric field)

∂p⊥
∂t

= qeE⊥ (2.51)

which is also the statement of conservation of transverse canonical momentum

p⊥ = −qeA⊥. (2.52)

Equation (2.51) is coupled to the set of Maxwell’s equations in order to describe the
laser-plasma dynamics and will be of importance later when discussing the numerical
approach of LWDA. However, working with equation (2.52) it is possible to attain
the wave equation for the transverse components of A. To begin with, stating the
Maxwell-Ampère law for the vector potential in Coulomb gauge gives

−∇2A = J− ∂2A
∂t2

(2.53)

where J is the current density. Rearranging and examining only the z-component
of equation (2.53) it now reads

( ∂
2

∂t2
− ∂2

∂x2 )Az(x, t) = Jz. (2.54)

In this framework, the transverse current density, Jz will be given as

Jz = ρevz = (neqe) ·
pz
γe

= −ne
γe
pz (2.55)

where ρe = neqe = −ne is the electron charge density, ne is the electron number
density and γe is the Lorentz factor of the moving electron fluid. Again pz is the
transverse momentum of the electron fluid. In the last step of equation (2.55),
qe = −1 has been used. Before moving on, it will be assumed that γe remains
constant throughout the interaction but allow ne to be a function of x and t. To
progress, the expression of equation (2.55) can be used in conjunction with the
conservation of transverse canonical momentum which will turn equation (2.54)
into the following form

( ∂
2

∂t2
− ∂2

∂x2 )Az(x, t) + ne
γe
Az(x, t) = 0. (2.56)

This is the evolution equation for the electromagnetic interaction for the transverse
vector potential Az. This can be solved numerically but in this thesis the analytical
solution will be examined as well. Take note of the appearance of ne/γe in equation
(2.56) which implies that refraction does not depend on the electron density alone
and is true for non-stationary plasmas in this framework. Refraction is what in turn
governs signal transparency.
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This chapter will be divided into two major sections with section 3.1 focusing on the
analytical approach of LWDA, briefly introducing the method of Green’s functions
and then giving the derivation of the outgoing field using equation (2.56). Then,
section 3.2 will cover the numerical implementation of LWDA using the SMILEI PIC
code. Moreover, a custom code utilizing the technique of FDTD combined with the
non-linear wakefield model from section 2.1.6 is proposed and benchmarked.

3.1 Analytical approach
For the theoretical analysis, this section begins by introducing the method of Green’s
functions in order to solve partial differential equations in the framework of LWDA.
This framework is applied to equation (2.56) in order to attain the solution for the
transverse vector potential Az which in turn is related to the transverse field Ez.
Once the expression for Ez is extracted it is possible to inspect how the frequency
and amplitude of the field has changed.

3.1.1 Method of Green’s functions
A versatile way of solving inhomogeneous partial differential equations is by utilizing
Green’s functions. Consider the following example PDE in two dimensions

Lf(x, y) = S(x, y) (3.1)

where L is any linear differential operator, f(x, y) is the solution and S(x, y) is any
function depending on the variables x and y. To solve equation (3.1) by general
means can be quite tedious since S(x, y) is not a constant. A method making use of
so called Green’s functions can be a viable alternative to solve equation (3.1). For
this example, such a function would satisfy

LG(x, x′, y, y′) = δ(x− x′)δ(y − y′) (3.2)

where G(x, x′, y, y′) is the Green’s function and δ(x) is the Dirac delta distribution.
By solving (3.2) one can obtain G subject to some boundary conditions. A Green’s
function depends on what kind of linear operator one has and also what the boundary
conditions are. Once G is known, the solution to equation (3.1) is obtained by
integrating G together with S over the domain in question, σ

f(x, y) =
∫ ∫

σ
G(x, x′, y, y′)S(x′, y′)dx′dy′. (3.3)
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To show that this is a solution, apply the linear differential operator to equation
(3.3) and then make use of equation (3.2) :

Lf(x, y) =
∫ ∫

σ
LG(x, x′, y, y′)S(x′, y′)dx′dy′ = (3.4)

∫ ∫
σ
δ(x− x′)δ(y − y′)S(x′, y′)dx′dy′ = S(x, y).

In the last line of equation (3.4) the integral property of the Dirac distribution was
employed, namely ∫

C
f(x)δ(x− b)dx = f(b) (3.5)

which holds as long as b ∈ C. This result can of course be generalized to any
dimension of the problem. In this thesis and especially in the study of waves, f
would be the wave solutions generated by a localized source distribution S. Then
one can describe the Green’s equation (3.2) as a simple wave equation generated by
a strongly localized unit source. Thus, adding (integrating) the unit contributions
over the distributed source S with G is seen to solve the wave equation.

3.1.2 Application of Green’s function to wave equation
It is now time to apply the method of Green’s functions in order to solve equation
(2.56). This will be studied under the assumption that the electron plasma wake is
interacting with a continuous wave (CW) seed laser. Then it will be of interest to see
if this can describe how the frequency and amplitude of the incoming wave is altered.

As a starting point, the second term of equation (2.56) is moved to the right-hand
side which will be interpreted as our source that will produce solutions for Az (see
equation (3.1)). From the discussion of Green’s functions above it is possible to
write the solution for Az (equation (3.3)) as

Az(x, t) = 1
γe

∫ ∞
−∞

∫ ∞
−∞

G(x, x′, t, t′)ne(x′, t′)Az(x′, t′)dt′dx′ (3.6)

where G(x, x′, t, t′) is the Green’s function corresponding to the interaction setup.
Integration needs to be over all space and all times in order to add up all of the
source. Note that it was clarified in section 2.3.3 that γe is allowed to be considered
constant whereas now ne should be a function of space and time. Moving on, G has
to be specified for the calculation to continue. Such a function depends on the linear
operator L of the problem as well as the boundary conditions. A similar approach
has been done in [9] where a Green’s function of the form

G(x, x′, t, t′) = 1
2Θ [t− t′− | x− x′ |] (3.7)

is used and Θ is the Heaviside step function. To support this choice of Green’s
function further, in [29] the same expression is attained for the linear operator
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appearing in wave equation (2.56). Since there is a term of | x − x′ | within our
Green function, it is possible to write it as

G(x, x′, t, t′) =


1
2Θ [t− t′ − (x− x′)] x > x′

1
2Θ [t− t′ + (x− x′)] x < x′

and the form of G should be chosen so that x > x′ which should be interpreted as
waves traveling to the right of the source. In what follows, the source is the traveling
electron plasma wake which is taken to have a non-evolving shape. Therefore, it is
assumed that no waves are reflected and only the incident wave is modulated and
keeps propagating to the right. With this Green function we write the solution for
Az as

Az(x, t) = 1
2γe

∫ ∞
−∞

∫ ∞
−∞

Θ [t− t′ − x+ x′]ne(x′, t′)Az(x′, t′)dt′dx′. (3.8)

In order to make progress, it is possible to employ a trick also used in [9] which is to
work with the electric field, Ez = −∂Az

∂t
. Then, by applying − ∂

∂t
to equation (3.8)

one ends up with the electric field on the left-hand side whereas the Heaviside step
function inside the integral becomes

∂

∂t
Θ [t− t′ − x+ x′] = δ (t− t′ − x+ x′) . (3.9)

This is very convenient because there is an option to eliminate one of the integration
variables by using the Dirac delta distribution property of equation (3.5). Employing
this when integrating with respect to t′ the solution is now written

Ez(x, t) = −1
2γe

∫ ∞
−∞

ne(x′, t− x+ x′)Az(x′, t− x+ x′)dx′ (3.10)

where the function ne and the solution Az are now evaluated at t′ = t−x+x′. Equa-
tion (3.10) is an integral equation 1 and there are numerous yet limited analytical
techniques to solve them [30]. To find a closed form of the expression for Ez(x, t),
an assumption will be made on the solution, Az appearing under the integral sign
in equation (3.10). It can be approximated by the incoming CW seed laser. This
means that the electron plasma wake is affected only by the seed laser and is not
self-consistently modulated by any produced fields. This approximation allows one
to replace the expression for Az under the integral sign by

Az(x, t) −→ As(x, t) = a0
se
i(ksx−ωst) (3.11)

where a0
s is the dimensionless amplitude, ks is the wavenumber and ωs is the fre-

quency of the CW seed laser. Here the complex representation is used due to its
mathematical versatility and it is understood that one will take the real part of the
final result. In addition to this, the electron density is specified as

ne(x, t) = nmaxe e
−

(x−vφt)
2

v2
φ
t2e (3.12)

1For the interested reader this is properly referred to as a homogeneous Fredholm integral
equation of the second kind.
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where nmaxe is the peak density of the density perturbation, vφ is the corresponding
phase velocity and te its duration.

By putting in the expressions of (3.11) and (3.12) into equation (3.10) and making
some simplifications it is found that

Ez(x, t) = −n
max
e a0

s

2γe
eiωs(x−t)e

− (t−x)2

t2e

∫ ∞
−∞

e
−x
′2ṽ−2
t2e e

(
i(ks−ωs)− 2(t−x)̃v−1

t2e

)
x′

dx′ (3.13)

where ṽ−1 = 1 − 1/vφ has been introduced. Note that all independent terms have
been taken outside the integral in equation (3.13) and that the remainder of terms
appearing under the integral sign can be converted into a standard Gaussian integral
by completing the square in the exponents. This calculation is omitted and the final
result is simply stated as

Ez(x, t) = −n
max
e a0

ste
√
π

2γeṽ−1 · ei(ωs+
ks−ωs
ṽ−1 )(x−t) · e−

(ks−ωs)2

4̃v−2 . (3.14)

Looking at equation (3.14) one will see that the wave solution is again in the CW
mode and not a laser pulse. The reason is because in the latter, the field expres-
sion should contain an oscillatory component multiplied with a Gaussian envelope.
Moreover the oscillating part of equation (3.14) appears to be frequency shifted by a
term ks−ωs

ṽ−1 along with the amplitude of the wave being different due to the prefactor
and the exponential term. Thus, it appears that the initial seed laser has a new
frequency and amplitude which is the desired property to describe LWDA. How-
ever, a dispersion relation for ks = ks(ωs) is needed to make predictions regarding
the frequency and amplitude alterations. Since the interaction takes place within a
plasma containing wakefield oscillations there is no linear dispersion relation avail-
able and it will prove difficult to make physical results of equation (3.14). This will
be discussed more in detail later.

3.2 Numerical approach
In order to compare and justify the 1D theory outlined above, numerical investi-
gations of LWDA have been performed in 1D. To add further, 2D and 3D PIC
simulation results have already been introduced in section 2.3.1 and could also be
used to analyze said theory.

This section begins by explaining how the 1D SMILEI PIC simulations were initial-
ized in the framework of LWDA. Then, the approach of building an independent
code solving Maxwell’s equations in 1D using the method of FDTD in conjunction
with the non-linear wakefield model is presented. This code can be viewed and
downloaded at https://github.com/Chriolo/FDTD_Wakefields.

3.2.1 PIC approach to LWDA in 1D
A brief explanation of how the SMILEI code works has been provided in section 2.2
and here it will be described how the simulations were initialized in order to yield
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the results of a 1D LWDA setup.

As a start, it is crucial to choose a reference frequency of the problem and that
other quantities will have its units normalized in terms of this frequency (see ta-
ble 2.1). For this thesis the frequency of the driving laser pulse, ωd is chosen as a
reference so that ωr = ωd. This means that e.g. all spatial lengths are measured
in terms of the driver wavelength, λd as Lr = 2πc/ωd = λd and all temporal dura-
tions in optical-cycles of the pulse. To clarify this, one optical-cycle of the driving
pulse amounts to the reference time, Tr = 2π/ωd which is the inverse of its frequency.

This simulation has a duration of 250 ·Tr and uses a spatial grid with a total length
of 64λd and a plasma extending up to 37.5λd. This plasma slab has a linear density
ramp up and ramp down to and from 0.026nr over the length of one driver wave-
length so in total the plasma slab occupies 39.5λd of the spatial grid. Moreover the
plasma is composed of two species, ions and electrons where the ions are immobile
and only act as a neutralizing background. Furthermore, all quasi-particles con-
stituting this plasma are initialized with a random spatial position within the slab
profile and their initial momentum are set so that they have momentum correspond-
ing to zero temperature. This simulation uses 1000 quasi-particles per cell.

Regarding electromagnetic fields, a pump laser pulse which will excite the plasma
wake is launched from the leftmost part of the simulation grid along with a monochro-
matic seed laser having orthogonal polarization to it. It is possible to place diagnostic
tools inside the simulation grid which can measure a wide variety of output such as
electromagnetic fields, densities, energy and so on. Such tools are placed within the
grid so that it is possible to extract information on how the seed laser is modulated.
All important input quantities are listed in table 3.1. Note that the value used for
the FWHM of the driving laser temporal envelope is chosen to be in an efficient
regime to generate plasma wakes [23]. More specifically, the driver pulse length has
to be smaller than a plasma period.

Results for the sub-cycle pulse generation in this frame will be given later but it is
useful to show how SMILEI can describe wake formation using the above setup. In
figure 3.1 one can find how the electron number density varies in space along with
the driving laser field at one particular timeframe. Indeed the code produces non-
linear wakes with the rightmost one (x/λd ∼ 25) being the most prominent having
almost an order of magnitude increase as compared to the ambient density.

3.2.2 LWDA using an independent FDTD code
By using SMILEI, the Vlasov-Maxwell equations are solved self-consistently pro-
vided input parameters in the form of a Python script given by the user. Another
option is by studying and solving equation (2.56) which can be done numerically
using the FDTD scheme which is utilized by SMILEI. Actually, to be able to use
the method of FDTD its easier to work with the E and B fields instead of the
vector potential A. Instead, starting from the transverse components of Maxwell’s
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equations (2.6) and (2.8) in 1D they read

∂xEz = ∂tBy, ∂xBy = ∂tEz + Jz (3.15)
∂xEy = −∂tBz, −∂xBz = ∂tEy + Jy. (3.16)

From here it is assumed that the plasma is cold so that the cold fluid model can
be employed. As a reminder, the electron fluid evolves according to equation (2.51)
and has to be coupled with equations (3.16) and (3.15). Since the interaction is
identical in the transverse directions it is enough to couple (3.15) with the electron
fluid evolution in the code. Finally, by writing Jz = ne

γe
pz one arrives at the coupled

equations governing the laser-plasma interaction :

∂tEz = ∂xBy −
ne
γe
pz (3.17)

∂tBy = ∂xEz (3.18)
∂tpz = Ez. (3.19)

To solve this by the method of FDTD equation (2.42) must be used to approximate
the derivatives appearing in this system. In doing so, a shift of ∆x/2 and ∆t/2
in Ez(x, t) and By(x, t) is produced as can be seen in equation (2.42). To better
illustrate this, consider writing any continuous field, F = F (x, t) onto the grid as
described in section 2.2.2 on a discrete space-time point [xi, tk] as

F (xi = i∆x, tk = k∆t) ≡ F i
k (3.20)

where it is understood that i and k represent at which temporal and spatial step
the function is evaluated at and i, k = 0, 1, 2, 3.., Nx,t are the spatial and temporal

Input quantity Value
Simulation duration 250 · Tr
Simulation grid length 64 · Lr
Cell length Lr/180
Time step Tr/194
Plasma flat top length 37.5 · Lr
Plasma ramp length 1 · Lr
Ambient plasma density 0.026 · nr
Driver laser normalized amplitude 2.5
Driver frequency 1ωr
FWHM of driver envelope 3.115 · Tr
Seed laser normalized amplitude 0.005
Seed laser frequency 0.2ωr
Particles per cell 1000
Position initialization "random"
Momentum initialization "cold"

Table 3.1: Table containing the input quantities used for the simulation and their values.
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Figure 3.1: PIC simulation demonstrating electron density perturbations driven by a laser pulse
with a0 = 2.5. In (a) the electron density modulations is shown whereas in (b) the electric
field of the driving laser pulse is depicted. Both frames have been taken at the same timeframe
corresponding to ∼ 60% of the simulation time.

indices respectively. Then, as an example consider using equation (2.42) (neglecting
the error term) to evaluate the spatial derivative of F so that

∂F (i∆x, k∆t)
∂x

= F (i∆x+ ∆x/2, k∆t)− F (i∆x−∆x/2, k∆t)
∆x = F

i+1/2
k − F i−1/2

k

∆x
(3.21)

which induces a shift of ∆x/2. For the sake of readability, the transverse fields,
momentum and electron density are now written as Ez = E, By = B, pz = p and
ne = n. Using the above procedure the set of equations (3.17)-(3.19) are transformed
and can be expressed recursively as :

Ei
k+1/2 = Ei−1

k+1/2 + ∆t
∆x(Bi−1/2

k+1 −B
i−1/2
k )− ∆t

γe
n
i+1/2
k+1/2p

i+1/2
k+1/2 (3.22)

B
i+1/2
k = B

i−1/2
k + ∆t

∆x(Ei
k+1/2 − Ei

k−1/2) (3.23)

p
i+1/2
k+1/2 = p

i−1/2
k+1/2 + ∆tEi

k+1/2 (3.24)
so that all quantities involving the future temporal and spatial steps can be written
in terms of the previous ones. Thus, equation (3.22) gives the new electric field
sample at a spatial step i using the previous value at i − 1 which is taken to be
already known plus the rest of the fields evaluated at intermediate steps. Further-
more, these equations have to be solved in the order E −→ B −→ p since e.g. the
updated value of Bi+1/2

k in equation (3.23) requires the value of Ei
k+1/2 from equa-

tion (3.22) and so on. Lastly, as with all FDTD schemes, these must satisfy the
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Courant–Friedrichs–Lewy (CFL) condition [28] which is related to the spatial and
temporal steps ∆x,t. In 1D the condition states that to ensure numerical stability
and avoid exponential growth of the electromagnetic fields, the time step must sat-
isfy: ∆t ≤ ∆x. FDTD simulations in this thesis uses a temporal step ∆t ∼ 0.875∆x
in order to respect the CFL limit while still maintaining a good temporal resolution.

All of this can be programmed into Python where a user-specified density profile
can be used so that the system of updating equations (3.22)-(3.24) can be solved to
give output in the form of arrays of field values. Next, some brief benchmarks are
given to illustrate how this scheme can describe vacuum propagation of laser fields
but also their reflection at overdense plasmas.

3.2.3 Laser pulse propagation and reflection
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Figure 3.2: FDTD simulation demonstrating the vacuum propagation of the seed electric field in
time.

To make sure the code is functioning properly it is useful to see if it will describe
basic physical features such as laser propagation in vacuum and reflection at an
overdense plasma. For these simulations, a forwards propagating laser pulse with
ωs = 0.2ωd having the initial condition Ez(t) = E0

s sin(ωst)e−t
2/(2t0)2 where t0 is the

width of the pulse, set to contain few cycles. In figure 3.2 one can see how the laser
pulse is properly traveling to the right whereas in figure 3.3 the very same laser
is perfectly reflected at the surface of an overdense plasma. In vacuum, the code
properly simulates the speed of propagation of the laser pulse in vacuum which was
found to be vg = 1.000074±5.5 ·10−6. For the density of the plasma slab, a number
density of ne > ndc along with a width of 20λd is used.
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Figure 3.3: FDTD simulation demonstrating the reflection of a seed laser pulse at an overdense
plasma.

It is also possible to manipulate a seed laser pulse with an arbitrary ne/γe profile
in this scheme. However, for the setup of LWDA, such profiles have to travel at a
certain phase velocity and have the correct non-linear structure as given in section
2.3. Theory regarding non-linear wakefield oscillations was also given in section 2.3
and the remaining part is to give a brief explanation how this is imported into the
FDTD code.

Equation (2.34) is solved numerically2 with a basic Python integration tool in the
co-moving frame where ξ is the dependent variable. Once this is done, the remain-
ing fluid quantities (equations (2.35)-(2.37)) can then be computed by specifying a
driving laser pulse profile a. As previously mentioned, such a profile can be specified
as a function of ξ only. To see this, the vector potential of the short, driving laser
pulse with frequency ωd and wavenumber kd can be expressed as

a(x, t) = a0
d sin(kdx− ωdt) · e−

(x−vgt)2

L2 = a0
d sin(kd(x− vpt)) · e

− ξ
2

x2
0 (3.25)

where L is the spatial width, a0
d is the normalized driver amplitude, vp and vg are the

phase and group velocities of the driver respectively. Further, it is assumed that the
pulse is centered at x = 0. By adding and subtracting the term vgt to the argument
of the oscillating part of equation (3.25), one can form

a(ξ, t) = a0
d sin(kd(ξ + (vg − vp)t)) · e−

ξ2

L2 . (3.26)
2Analytical solutions of this equation can be found by using square laser pulse profiles, see [31]

and [32].
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Note that vg ∼ vp ∼ 1 which implies that the additional term (vg − vp) can be
neglected. Finally, this leads to the desired expression for the pulse profile

a(ξ) = a0
d sin(kdξ)e−ξ

2/L2
. (3.27)

Having both the density and γe profile for the non-linear interaction it is possible
to interpolate the total ne/γe profile onto the simulation grid given by the FDTD
code. It is interpolated in such a way that the total profile is given by each value
of x − vgt so that it is co-moving with the seed laser pulse to the right. With this
in hand one is very close to the SMILEI simulation setup of LWDA as one can now
simulate how Maxwell’s equations behave when there is a source term given by the
non-linear plasma wake model.

Results following from the wakefield model will use the following input parameters:
a0
d = 2.5, vφ = vg = 0.987 kd = ωd/vp = 1/0.987, n0 = 0.026 and L =

√
2/kp where

kp is again kp = √n0.
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4
Presentation and discussion of

results

In this chapter, all of the results are presented and discussed which are divided
into three parts. Section 4.1 cover results from the PIC simulations regarding the
amplification of the seed laser. Section 4.2 presents and discusses the analytical
result regarding the amplification and frequency-shift of the initial seed field. Lastly,
section 4.3 is dedicated to results produced by the custom FDTD code using non-
linear wakes and Gaussian density distributions.

4.1 PIC results of 1D LWDA
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Figure 4.1: PIC simulation of 1D LWDA using normalized driver vector potential a0
d = 2.5 and

seed vector potential a0
s = 0.005: (a) electron density perturbations normalized to the driver critical

density, (b) seed electric field normalized to the initial seed amplitude. This data is taken at a
specific time to depict how the most prominent plasma wake is giving rise to the most amplified
sub-cycle pulse.

As a start, launching a PIC simulation as presented in section 2.2 will yield ampli-
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fied sub-cycle pulses which can be examined in figure 4.1. Here the most prominent
electron plasma wake is giving rise to the most amplified pulse whereas the other
wakefield oscillations modulate other parts of the seed albeit to much lower ampli-
tudes. The amplitude increase is over an order of magnitude as compared to the
initial seed amplitude. To determine the frequency up-shift one can take a look at
the power spectrum of the sub-cycle train in figure 4.2. To isolate the properties of
the most intense sub-cycle pulse, a Super-Gaussian filter has been applied to flatten
out any other spectral component, as depicted in the same figure. Here most of
the frequency content resides within the broad part of the spectrum peaked around
∼ 9ωs, but there is also a component which lies around ∼ 2.5ωs. This shows that
LWDA is possible in 1D as it exhibits similar features as the 2D and 3D investi-
gations made in [15]. For the 2D and PIC simulations of LWDA with the same
parameters, the maximum amplification factor was found to be 19. Furthermore,
spectral components were found to be up-shifted by 7 times in 2D as compared to
the seed frequency.
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Figure 4.2: (a) Registered seed electric signal as a function of time at the end of the plasma
using PIC simulations and a demonstration of where the Super-Gaussian filter is applied, (b)
corresponding power spectrum of the filtered signal in (a) normalized to the seed frequency.
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Figure 4.3: Comparison of the ne/γe profile for: (a) PIC simulation using the same parameters
as in figure 4.1, (b) non-linear wakefield model using the input parameters presented in section
3.2.2.

Moving on, in figure 4.3 the comparison of the ne/γe profile between that of PIC
simulations (a) and the wakefield model (b) can be seen. Plasma waves from the
PIC simulation decrease in amplitude for each oscillation whereas the non-linear
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model maintains the same magnitude for each wave. Overall, the magnitude of the
perturbations are similar. Since the profile from the non-linear model agrees with
PIC results, this justifies the use of cold fluid theory in the treatment of LWDA. On
the other hand, it should be clarified that PIC simulation encapsulates the realistic
behavior of plasma wave generation since each density perturbation decreases in
amplitude. In the non-linear wakefield model, this is not accounted for and each
plasma wave has the same magnitude.

To further validate the use of cold fluid theory in the scope of LWDA, figure 4.4
demonstrates the phase space distribution of 1D LWDA for a given time in the
simulation. This shows that the electron plasma has a well defined momentum, i.e.
the width of the distribution is small with respect to the maximum momentum. In
other words, each spatial point corresponds to one value of longitudinal momentum
which confirms the assumption of a Dirac delta distributed fluid momentum made
in section 2.1.5. This is very useful since the 1D LWDA PIC results can be used
as a reference when discussing the analytical theory or results which are based on
cold fluid theory. Lastly, note that the rightmost peaks corresponds to electron
momentum attained by the driver laser.
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Figure 4.4: PIC simulation of 1D LWDA showing the longitudinal phase space inside the plasma
slab for a given time t. This specific time is similar to that of figure 4.1 and uses the same simulation
parameters.

29



4. Presentation and discussion of results

4.2 Analytical results

To gain a quantitative understanding as to why laser pulses are amplified by moving
density perturbations, one of the theoretical methods was presented in section 3.1
where the analytical calculation was given by making a few assumptions for the laser-
plasma interaction. Again, looking at the result (taking the real part of equation
(3.14)) of that calculation and comparing it with the incident monochromatic seed
laser one finds that

Ez(x, t) = −n
max
e a0

ste
√
π

2γeṽ−1 · e−
(ks−ωs)2

4̃v−2 · cos
(

(ωs + ks − ωs
ṽ−1 )(x− t)

)
(4.1)

Es(x, t) = E0
s sin(ksx− ωst) (4.2)

where E0
s = −a0

sωs is the dimensionless seed laser amplitude and ωs is the seed
laser frequency. Looking at equations (4.1) and (4.2) it is obvious that both of the
expressions are monochromatic waves, rather than broadband pulses. However, in
the previous section, 1D PIC simulations show that the modulated part of the seed
contains an envelope. To explain this, recall figure 4.2(a) which displays the electric
field signal at the end of the plasma. Here it is evident that the the amplified pulse
has a larger number of cycles as compared to figure 4.1, where the interaction is not
yet finished. The longer the seed is allowed to interact with a density perturbation,
the larger the number of cycles will be in the amplified pulse. Now, recalling the
integration procedure from equation (3.8), it is evident that the interaction proceeds
for an indefinite amount of time, as the integration limits extend to infinity. There-
fore, an indefinite number of cycles should be produced, losing the pulse envelope in
this procedure. This is the reason why expression (4.1) is of CW nature. A possible
remedy would be to restrict the density profile to last for a finite amount of time or
space which would in turn impact the integration limits. However, this makes the
analytical calculation very difficult and requires the need of numerical tools which
will reduce the insight gained.

Moving on, the analytical expression suggest that key parameters such as the velocity
(which enters ṽ−1 and γe), temporal duration te and peak magnitude of the density
profile nmaxe will affect both the amplification and the frequency shift. Another
interesting feature is that the seed dispersion relation is crucial in this problem
since the expression in (4.1) contains terms of (ks − ωs). Thus, by an appropriate
dispersion relation it should be possible to evaluate the frequency and amplitude
alterations in this framework. In the simplest case one could try to use the vacuum
dispersion relation, ks = ωs and insert this into equation (4.1). Obviously, this is not
possible as then both the frequency shift and amplitude modification vanishes and
already indicate that refraction plays an important role in this problem. Since the
interaction takes place inside a plasma the next option is to use the homogeneous
plasma dispersion relation (equation (2.3)) to give an estimate for ks = ks(ωs). To
compare the frequency one can form the following quotient using the normalized
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values ωs = 0.2, ω2
pe = n0 = 0.026 and vφ = vg = 0.9869

(ωs + ks(ωs)−ωs
ṽ−1 )

ωs
=

(ωs +
√
ω2
s−ω2

pe−ωs
ṽ−1 )

ωs
∼ 31.8 . (4.3)

Having used the homogeneous dispersion relation it is seen that the frequency is
increased more than 30 times as compared to the initial seed frequency.

Further, it is possible to use the same values along with te = 0.21 and nmaxe = 0.18
to conclude what the amplification factor is. Forming the quotient between the
amplitude in equation (4.1) with E0

s gives

−nmaxe a0
ste
√
π

2γeṽ−1 · e−
(ks(ωs)−ωs)2

4̃v−2

a0
sωs

= −n
max
e te

√
π

2ωsγeṽ−1 · e
−

(√
ω2
s−ω

2
pe−ωs

)2

4̃v−2 ∼ 1.55 · 10−4 (4.4)

which is a significant reduction in the overall amplitude. By contrast, in the PIC
simulations from the previous section spectral components are found to be around
9 times as large compared to the central component of the seed laser. Simulations
in [15] found spectral increase within the same order of magnitude in 2D and 3D
PIC simulations but never such a large frequency shift as predicted by the analytical
expression. For the amplification factor, it appears that using the simulation values
in expression (4.4) yields a damped field which is not the case of LWDA. Thus, it
appears that the theoretical calculation cannot provide comparable results unless a
proper non-linear dispersion relation is provided, which is to this point unknown.
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Figure 4.5: Cold fluid simulations demonstrating the modulated part of a seed pulse after the
interaction with a Gaussian density distribution: (a) seed field modulation after interacting with a
Gaussian density spike having no background plasma, (b) seed field modulation with background
plasma nb = 0.7n0. With the exception of nb, the common simulation parameters are nmaxe = 0.18,
vφ = vg = 0.9869, te = 0.21 and φs = 0.

4.3 Results from custom FDTD cold fluid code
As was discussed in section 3.2.2, it is now possible to simulate how an initial seed
laser pulse will be affected by an arbitrary ne/γe profile. In this section, such profiles
will be examined in the scope of their ability to compress and amplify the initial seed
laser. Further, the CEP tunability and parameteric dependence is also investigated.
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Figure 4.6: Simulation using the cold fluid code to generate the interaction between the seed
pulse and a non-evolving Gaussian density spike with background plasma: (a) seed electric field
modulation depicted along with a Super-Gaussian filter, (b) corresponding filtered spatial power
spectrum.

4.3.1 Gaussian density distribution
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Figure 4.7: Cold fluid simulations depicting the electric field modulation after the interaction
of a non-evolving (blue), peak amplitude evolving (yellow), width evolving (green) and both peak
amplitude/width evolving (red) density spike.

It is a strong motivation to first look at the laser interaction with a Gaussian density
spike as this was used in the analytical framework (see equation (3.12)) and appears
to capture well the shape of the density spike in a plasma wave (see e.g. figure 4.1).
To begin with, a Gaussian density distribution with constant γe = (1 − v2

φ)−1/2 is
examined with and without background plasma. This can be viewed in figure 4.5
where the modulated transverse field of the seed is shown after the interaction with
said distribution. Having this setting allows the field to be slightly amplified in both
cases. However, it is clear that including a background plasma has an impact on
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the field modulation structure. To justify the use of this ambient plasma, consider
figure 4.1(a) where PIC simulations indicate that the electron number density does
not go to zero at the end of the density spikes, but rather some background value
nb ∼ 0.7n0 where again n0 = 0.026. This in turn also justifies the suggestion from
the analytical theory that refraction may be crucial for LWDA.
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Figure 4.8: Cold fluid code simulation of the interaction between a seed pulse with a non-evolving
Gaussian density spike for four different initializations of the seed phase φs. Every sub-cycle pulse
is shown together with a common field envelope (black line) which stems from the standard case
φs = 0 (blue line).

Moving on, a spatial power spectrum of the electric field signal in figure 4.5(b) can be
found in figure 4.6. Here, there are spectral components from the seed fundamental
k = 0.2kd but also that of the modulated part which has a very broad component
peaked around k = 0.9kd. From here on, all other simulation results uses a back-
ground plasma and will have similar parameters as in figure 4.5.

Next, it is important to examine whether the time-evolution of the peak amplitude
and width of the Gaussian electron plasma will have an impact on the compression
and amplification of the seed signal. To check this, the distribution (with back-
ground plasma) is allowed to have a linear increase in its peak density and decrease
in width. In other words, a simulation is started with initial values of nmaxe = 0.18
and te = 0.21, which will increase respectively decrease linearly in time by 50%
until the end of the simulation. A result for this can be seen in figure 4.7 where the
electric field after the interaction with various density spikes is displayed. All types
of distributions result in the field modulation having similar structure. In addition
to this, having growing density spike yields greater amplification (yellow) and the
decrease in width decreases it (green). Having them both evolving together (red) is
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very similar to the standard, non-evolving case (blue). This agrees to some extent
with the analytical theory: increasing nmaxe will indeed amplify the seed whereas
decreasing te will decrease the amplification. Here it should be acknowledged that
the analytical theory fails to predict the exact increase respectively decrease as the
field modulation does not scale linearly with nmaxe and te.

Lastly, it is of interest to check if the Gaussian, non-evolving profile will allow to
tune the sub-cycle CEP by varying the seed phase. For figure 4.8, simulations
were initialized with different phases φs for the seed laser and the sub-cycle pulse is
registered at the end of the simulation. Using this density profile results in no CEP
tunability as the different phases φs have an impact not only on the phase but also
on the magnitude of the outgoing pulse.

4.3.2 Non-linear plasma wake distribution

60 80 100 120 140 160

1

0

1

E s
/E

0 s

(a)
dt = 0.00

ne/ e

60 80 100 120 140 160

2.5

0.0

2.5

E s
/E

0 s

(b)
dt = 19.24

ne/ e

60 80 100 120 140 160

x/ d

2.5

0.0

2.5

E s
/E

0 s

(c)
dt = 38.49

ne/ e

Figure 4.9: Cold fluid simulation result demonstrating the sub-cycle pulse formation when the
seed pulse is propagating together with a non-linear plasma wave structure: (a) seed electric field
and the ne/γe profile at the beginning, (b) at the middle and (c) at the end of the simulation.

Another approach to model the laser-plasma interaction is to make use of the cold
fluid model presented in section 2.1.6 to yield non-linear solutions for the fluid quan-
tities ne and γe which enter equation (3.17). With this in hand, the FDTD code is
loaded with said profile and the result is available in figure 4.9 where the seed pulse
is propagating to the right along with the electron plasma waves. Evidently, the
perturbations is giving rise to one sub-cycle field each and amplifies the laser by a
factor of roughly three. This is also in agreement with 1D PIC simulations which dis-
play amplification and compression for each density perturbation. By contrast, the
overall amplification is roughly one third compared to the amplification predicted
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4. Presentation and discussion of results

by PIC results. It is important to note that there are large reflected components
appearing in the simulation. They are also apparent in simulations with Gaussian
distributions but are not shown here. This happens whenever the seed laser pulse is
instantly initialized into a preformed plasma profile which will introduce reflections
or backwards propagating waves. This might have an impact when determining the
amplification factor of a specific interaction. If a substantial part of the field is car-
ried away by reflections, the amplification factor could be underestimated. A better
approach would be to modify the code in order to fit the PIC simulations better.
There, the density perturbations are created over a finite time and do not instantly
appear at the simulation initialization. Also the seed laser is allowed to enter the
plasma with a ramp up from vacuum which is not the case of the cold fluid code
presented in this thesis. However, pursuing such an approach would complicate the
model while not altering the basic results significantly.
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Figure 4.10: Cold fluid simulation using both a single and multiple non-linear plasma wave
oscillations as a ne/γe profile: (a,c) seed electric field modulation after the interaction with multi-
ple respectively a single density spike shown together with a Super-Gaussian filter (dashed line),
(b,d) corresponding spatial power spectrum of the filtered signal in (a,c) normalized to the driver
wavenumber.

It is useful to compare the interaction of the seed pulse with different number of
plasma wave oscillations. Thus, in figure 4.10 both the seed electric field modula-
tions and their corresponding filtered power spectra are displayed for interactions
with a single and multiple oscillations. Disregarding the fact that each plasma wave
period can generate a pulse, the electric field structure is very similar in both cases
(a,c). An exception is that the leftmost amplified part of the seed pulse is slightly
lower in case (a) as compared to case (c). Due to there being more oscillations and
hence more opaque plasma in (a) the reflected component is thus larger than for case
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(c). This explains why the two differ in terms of amplification since the reflected
portion can carry away some of the amplitude. In terms of spectral components,
the spatial power spectrum of case (a) appears to peak somewhere around k ∼ 0.8kd
whereas case (b) has the major component peaked at k ∼ 0.6kd.

Another interesting feature is that this model does exhibit CEP tunability with
respect to the seed phase. Figure 4.11 shows how the most amplified sub-cycle pulse
CEP differs when using different relative phase of the seed. Clearly, the electric
field shape remains within a common envelope regardless of the initial phase of the
seed, making it CEP tunable. Compared with figure 4.8 from simulations with a
Gaussian plasma distribution with constant γe, it seems that the shape of the ne/γe
profile based on cold fluid theory will properly capture the CEP dependence. We
recall that this choice of profile is further confirmed by PIC simulations due to the
good agreement in figure 4.3.
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Figure 4.11: Cold fluid simulation results for the interaction of a seed pulse with non-linear
plasma waves for four different initializations of the seed phase φs. Every sub-cycle pulse is shown
together with a common field envelope (black line) which stems from the standard case φs = 0
(blue line).
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5
Conclusion

In this thesis, a 1D analytical theory was developed in order to gain quantitative
insights into the sub-cycle pulse generation using LWDA, which has so far been
treated in previous works with PIC simulations and qualitative theory. In addition
to the theoretical description, a custom code solving Maxwell’s equations with a
source term from cold fluid theory was written to further understand the underlying
mechanism of LWDA. Both methods were compared to 1D PIC simulations.

In the theoretical approach, an expression was obtained which predicts the ampli-
tude change and frequency shift of the outgoing field. According to that expression,
parameters such as the peak density, temporal duration and velocity of the Gaussian
plasma profile could shift the amplitude and frequency of the seed beam. Further-
more, this also provided an indication that refraction of the seed pulse is important
for LWDA as both the seed wavenumber and frequency also appeared in the expres-
sion. Nevertheless, it was concluded that the seed dispersion relation is crucial in
order to give a full quantitative description of LWDA and that the Green’s function
method cannot produce comparable results with the simulations.

Simulations with the cold fluid code agreed with 1D PIC simulations since amplified
sub-cycle pulses can be generated by having both Gaussian and non-linear plasma-
wake ne/γe profiles. However, the latter was favored since it could capture the CEP
tunability with respect to the seed phase, in agreement with PIC simulations. In
general, the seed amplification for the interaction with a Gaussian and non-linear
plasma wakes was lower than what was predicted by 1D PIC simulations. This was
also true for their frequency up-shift. However, the change in both amplitude and
frequency remained within the same order of magnitude when compared with the
1D PIC results. The reason for this is believed to be that the laser is not properly
initialized within the plasma which introduces reflected waves, underestimating the
overall amplification. In contrast to the PIC approach, the cold fluid code using a
Gaussian density profile was based on the fact that the distribution was non-evolving
with a constant γe which was not confirmed by PIC simulation nor the non-linear
wakefield model. Moreover, the non-linear model, which is a better approximation
for the ne/γe profile, is ultimately solved under the quasi-static assumption, meaning
that there is no temporal evolution of the non-linear electron waves. This implies
that amplification should be reduced compared to PIC, in which the leading den-
sity spike amplitude evolves to higher amplitudes during the course of the simulation.

For future investigations, both the analytical theory and the custom cold fluid code
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5. Conclusion

could be improved to come even closer to the underlying mechanism of LWDA. PIC
simulations demonstrated that γe is not entirely constant and perhaps the entire
ne/γe structure should enter as a specific function of space and time in equation
(3.6). In addition to this, finite interaction time should be considered in forthcom-
ing generalizations of the analytical theory, as this should lead to amplified pulses of
proper duration. Moreover, the custom code should be improved to reduce the re-
flected components when interacting with ne/γe distributions. Thus, the seed pulse
should not be loaded into the profile instantaneously but rather enter the plasma
slab from vacuum and perhaps the density spike could be formed slowly over a finite
time. Lastly, it would be interesting to have an extended study of the parameter
space for LWDA using the cold fluid code.

In conclusion, this thesis has developed a quantitative model for the scheme of
LWDA. Models based on cold fluid theory has shown that indeed amplification
and compression of electromagnetic pulses can be achieved with both Gaussian
and plasma wake ne/γe profiles. The latter model captures the interaction more
faithfully than the former, both qualitatively and quantitatively. Most importantly,
interactions with non-linear plasma wakes could capture the CEP invariance when
tuning the seed phase, in good agreement with PIC results.
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