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Constrained Portfolio Optimization in Liability-Driven Investing
FILIP HALLQVIST
Department of Mathematical Sciences Chalmers University of Technology

Abstract

In this thesis we formulate and implement a multi-stage portfolio optimization
model, and solve it using a genetic algorithm. The goals of the thesis are, apart
from formulating and implementing the problem, to estimate suitable parameters
for the scenario generation, and to make sure that the problem is solved in a com-
putationally efficient manner. Lastly, we investigate and discuss the performance
of the complete system, including financial aspects of the produced solutions, the
stability of the solutions, and the computational complexity of the model. We find
that our problem formulation is useful, and that it it allows for great flexibility with
regards to adding new constraints. We also find that our genetic algorithm solves
the problem in reasonable time. Before the model can be used in practice however,
results show that it needs to be improved with regards to stability in the solutions.

Keywords: portfolio, optimization, genetic, algorithm, asset, management, liability,
driven, investing
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1

Introduction

1.1 Background and motivation

Following the large financial crisis of 2009, the European Insurance and Occupational
Pensions Authority released the Solvency II directive [24]. The directive included
regulations for insurance companies on how to assess the value of their liabilities,
instructions on minimum capital requirements, and guidance on what financial infor-
mation to disclose and to whom. Even though it took nearly 10 years to implement
the directive, being lawfully obliged to manage both their assets and liabilities was
nothing new for insurance companies at the time. Back in 1982 however, it was
[1]. With skyrocketing interest rates, insolvencies in the savings and loans industry
became commonplace, and so in the ripples after the impasse had settled, it was
clear to the whole industry that improved regulations were necessary [25]. This led
to the birth of asset-liability management (ALM) as a practice.

ALM is a risk management methodology focusing on the liabilities in contrast to
the assets of an insurance company or financial institution. Consider the case of a
pension fund for an example. The liabilities of a pension fund mostly consist of the
money that it owes to its beneficiaries as they enter retirement age. This money
can be perceived as a loan with shorter or longer maturity, depending on the age
of the beneficiaries. The value of this loan changes depending on current interest
rates, and so by performing ALM studies the pension fund strives to manage the
risks arising from changes in interest rates in the future.

In this sense, the historically low interest rates pose an interesting issue: How should
insurance companies invest their money so they can repay liabilities, without taking
too much risk? A reasonably safe hedge against its liabilities would be to invest all
of the money into bonds with the same maturity as the time to retirement of its
beneficiaries. Unfortunately, the liquidity of the bond market dries up for longer
maturities, and even if this wasn’t the case, investing only in interest rates would
still not yield enough return to match the liabilities [23].

What further complicates the issue is that the liabilities of pension funds span over
several decades. Evaluating the chances of a worldwide recession occurring in the
near future is fairly easy (it is very unlikely that it will happen tomorrow), but when
looking far into the future, the task becomes a lot harder (it is not too unlikely that
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it will happen sometime in the next hundred years) [62]. This puts a lot of pressure
on the financial models we use today. Not only should they be accurate enough for
the short term, a challenge which is hard to conquer on its own, but they must also
be robust enough to stand the test of time.

One solution, suggested in [75], [22], and [65], is to mathematically formulate the
problem in such a way that one can evaluate several market scenarios over several
time steps, so-called multi-stage stochastic programming as will be described in Sec-
tion 2.2.1. By using this approach, we can reap the benefits of producing more
robust results. But on the other hand, it gives rise to a new problem, namely: how
do we solve the optimization problem in a computationally efficient manner? The
computational complexity of the formulation grows exponentially with the number
of scenarios, and therefore it is critical that the solver is fast enough to handle the
jump in complexity [75]. Moreover, if we were to use off-the-shelf optimization soft-
ware to solve the optimization problem, we might be limited by the way the software
expects us to specify parameters and inputs.

An alternative to using off-the-shelf software is by implementing a genetic algorithm
to solve the optimization problem. There is no true novelty in applying genetic
algorithms to portfolio optimization problems in the general case. However, there is
seemingly little research for the case where the end user of the portfolio optimization
is a large institution such as a pension fund, which is shown in Section 3. This leads
us to the main research question of this thesis, namely:

How can we define a multi-stage stochastic optimization model in an asset-liability
setting, and solve in a computationally efficient manner using a genetic algorithm?

1.2 Goals and limitations

The primary research objectives are defined as follows:

o Define a multi-stage stochastic optimization model in an asset-liability man-
agement setting

o Implement a genetic algorithm which can solve the optimization problem in a
computationally efficient manner

o Generate scenario trees based on historical data

o Investigate and discuss the performance of the complete system, including
financial aspects of the suggested solution, stability of the solution, and com-
putational complexity.

To finish the project within the given time limit, the model will be simplified to
some extent.

First and foremost, we assume that liabilities move exactly like a bond with a
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maturity of 20 years. In reality, the liabilities of a pension fund depends on several
different parameters, such as interest rates, changes in salaries and tax rates, life
expectancy of the population, and so on [52].

Furthermore, the value of assets and liabilities are only affected by changes in the
underlying risk factors. This means that the model does not, for example, consider
cases where the number of participants in the pension plan varies through time. The
model also assumes that the participants have made a lump sum payment before the
simulation starts, and do not perform further payments. Naturally, most defined
benefit pension plans involve participants infusing money into the plan on a monthly
or annual basis [§].

Our model includes a total of 12 instruments, 2 of which are bonds, and 3 of which
are financial derivatives. A bond is merely a contract which allows one party to
borrow money, just to pay all of the money back at a future date. Usually, the
borrower is also obliged to pay an interest rate to its counterparty. Sometimes,
this interest rate is paid in annual or semi-annual coupons. Bonds which involve
the interest rate being paid in the form of coupons are called coupon bonds. The
bonds in our model however, do not include coupons, but rather we use so called
zero-coupon bonds. Zero-coupon bonds incorporate the interest rate by trading at
a price below (or, if the interest rate is negative, above) their intrinsic value. This
simplifies the implementation aspect, since we only have to keep track of prices and
not both prices and coupons.

Moreover, we renew the batch of bonds at each time step. As an example, if we
buy a zero-coupon bond with maturity 7', we are allowed to hold it for one time
period dt, at which point its tenor has decreased by dt. To compute its value after
0t, we compare it with a new zero-coupon bond with maturity 7" — dt. We can then
compute the profit or loss from holding the bond for one time period, but then we
are forced to sell it and buy a new one. Of course, in reality, zero-coupon bonds
can be held until they reach maturity. Refer to Section 5.1.1 for a more in-depth
explanation on the matter.

1.3 Structure of the thesis

The structure of the thesis is outlined as follows. In Chapter 2 we give a theoret-
ical background on relevant subjects. Chapter 3 contains descriptions of previous
research on multi-stage stochastic programming, asset-liability management, and ge-
netic algorithms. We then give a theoretical formulation of our optimization problem
in Chapter 4. A description of how the theoretical formulation is implemented in
practice, is given in Chapter 5. Finally, we present our findings in Chapter 6, and
discuss the results in Chapter 7. We wrap up the thesis with a conclusion given in
Chapter 8.
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Theory

2.1 Modern portfolio theory

One of the most influential contributions to portfolio theory was made by Harry
Markowitz in the early 1950’s. Markowitz argued that not only should an investor
strive to maximize the returns of an investment, but also consider the amount of risk
coinciding with it. Markowitz formulated an optimization problem, parameterized
on the so called risk aversion of the investor. The optimization problem maximizes
the returns of a portfolio, while simultaneously minimizing risks. The risk aversion
parameter describes the investors attitude towards risk. A low risk aversion value
means that the investor is more willing to take on risk, whereas a high risk aversion
value means that the investor is less willing to take on risk [45].

The mathematical formulation of the Markowitz model is as follows:

max p'w— A\w'Zw),

s.t. Zwl = 1,

)

where
i is the vector of expected returns for each asset,
w is the vector of asset weights,
Y. is the covariance matrix of the assets,
A is a given parameter specifying the risk aversion of the investor,
n is the total number of assets.

The definition given in this equation defines risk as variance, but one can also use
other definitions, such as one of the following.

Value at risk (VaR)
VaR,(X) =min{c: P(X <¢) > a}
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X is a random variable describing the return of some portfolio, and the «a-VaR
describes how much the investor stands to at least lose, with a probability of a, over
some fixed time span, usually a year. Note that the metric does not give an upper
bound on the potential losses, and as such is might be useful to combine the VaR
with another risk metric.

Conditional value at risk (CVaR)
CVaR,(X) =E[X | X > VaR,(X)]

An extension to the VaR metric is the Conditional Value at Risk (CVaR), also
known as Fxpected Shortfall (ES). The CVaR describes the expected loss, given
that it exceeds the a-VaR.

Target shortfall

B = E[max(T — R,0)] (2.1)

Like VaR and CVaR the target shortfall B is a downside risk metric. For a given
target wealth, T, the target shortfall simply measures the negative difference between
a target wealth and the total return of a portfolio, R. This is the risk metric that
will be used in this thesis.

2.2 Stochastic programming

Many real-world optimization problems involve uncertainty in one way or another.
For example, when predicting tomorrow’s value of a stock price, or when predicting
the number of cars sold during the next year. In these cases, ordinary optimization
schemes might not neecessarily suffice, and so we must make use of optimization
techniques which are able to handle these uncertainties. One such technique is by
formulating the optimization problem as a stochastic program, in which we minimize
the expectation of the function.

As an example, borrowed from Shapiro and Philpott [55], let G(z, D) be a goal
function to be minimized, where D is a random variable. One can imagine that
G(z, D) is the production cost of some commodity, and the unknown variable D
is the demand of the commodity one year from now. The decision variable z then
denotes the amount to be produced.

Furthermore, assuming that we know the statistical distribution of D, we can for-
mulate the problem as

min E[G(z, D)]

xT
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where D is a discrete random variable, which takes the values {d;, ds, ..., dy}, each
one occurring with a fixed probability p;. We call each value a scenario. For the
production example, it follows that

k
E[G(z,D)] => p;G(z, D), G(z,d) = cx —bld — 7],
where
x is the decision variable, denoting the amount to be produced,
¢ is the cost of producing some commodity,
b is the cost for storing over-producing the commodity,
d is the demand of the commodity.

We can also extend the problem by adding constraints, and only in a few cases is it
possible to find a closed form solution to the problem.

2.2.1 Multi-stage stochastic programming

A natural extension to stochastic programming involves optimizing over several so
called stages. The idea is that we should only make our decisions based on data
known at the present stage, and that optimal value for future stages should be con-
sidered uncertain. This is also known as the non-anticipativity constraint. Keeping
the production example in mind, we can define a simple two-stage stochastic pro-
gramming problem as

rnwin ar + E¢[Q(x,€)]

where cz is the cost of producing z items. Q(z,&) is the optimal value of a new
optimization problem, defined as

in b
min - by,

S.t. Tx+ Wy < h.

Summarizing the variables in our formulations:

ax is the cost of production in the first year,

by is the cost of production in the second year,

Tx + Wy < h handles inconsistencies in our system,

1S is the data available in the second year, £ = (b, T, W, h).
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For the production example, Tx + Wy < h might for example handle cases where,
for some reason, producing x items makes it impossible to produce y items in the
second year. Note that the constraints are linear. However, this is not to say that
we cannot have more complex, non-linear constraints in a multi-stage optimization
problem.

Furthermore, as the future is uncertain, we use £ to represent a specific scenario.
Recall that Q(z,€) is the optimal value of the second-stage problem, and so by
taking the expected value of all scenarios, we get E¢[Q(z,§)]| as a simple way of
capturing the uncertainty of the future.

The uncertainty gives rise to a stochastic data process

I ={w,wy...,wy},

where each w; is an event, and [ is a path in the probability space (2, F,P). Sim-
ply put, I can be thought of as a scenario, or a sequence of observations. Again
considering the production example, any I will contain exactly two events, since we
model exactly two stages.

Note that the space of stochastic data processes {/ W@ T (m)} is infinitely
large by definition, as it represents everything that can possibly happen. This is
not an issue if the optimization problem can be solved analytically. However, more
complex optimization problems must be solved numerically, and in these cases we
are faced with the task of discretizing this infinitely large space into a countable set
of scenarios.

The process of discretizing the probability space into a countable set of scenarios is
called scenario generation, and is discussed in Section 2.2.2.

2.2.2 Scenario generation

As explained in Section 2.2.1, one of the key components of a multi-stage stochastic
programming problem is scenario generation. Scenario generation is a broad re-
search area, and an extensive list of surveys and technical articles on the subject is
given in [75]. In a nutshell, scenario generation is the process of generating scenario
trees, which are directed acyclic graphs describing the various sequences I of events
that can occur in a probability space (€2, F,P). Each I is a scenario in our scenario
tree, that is, a path of events from the root to a leaf node. An example of a scenario
tree is depicted in Figure 2.1.

8



2. Theory
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cCooco OO

Figure 2.2: A scenario tree with 7 states, stored as an adjacency matrix.

Figure 2.1: A scenario tree with 7 events.

A reasonably simple technique for generating scenarios is sample average approx-
imation (SAA). The technique is closely related to monte-carlo methods, and is
extensively described in [68]. The idea is to exploit the law of large numbers by
naively sampling a large number of scenarios, and constructing trees out of them.
The optimization part then involves evaluating all trees, and scoring each solution
by taking the average of the scores resulting from evaluating the objective function
over each individual tree [68].

In order to use the generated scenario trees in our model, we must make sure that
they are stored in an appropriate structure. One of the simplest ways of organizing
the scenario tree is by organizing scenarios as an adjacency matriz. An adjacency
matrix is a matrix composed of 1’s or 0’s. The value at row ¢, column j, is 1 if there
is an edge from node 7 to node 7, and 0 otherwise. For example, consider Figure 2.1,
where we have a binary scenario tree with a total of 7 states. The corresponding
adjacency matrix is depicted in Figure 2.2.

A benefit with using adjacency matrices is that they allow modelling more complex
types of trees. For example, there might be cases where we want two states in the
same step to share a common successor. We do not have to change the structure of
the adjacency matrix, but rather it is only a matter of flipping bits in the matrix.

A drawback with this approach, however, is that in most cases a lot of space is left
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2. Theory

unused. This is due to the fact that during scenario generation, we produce directed
acyclic graphs, which by definition means that at least half the matrix will consist
of 0’s. The reason is that the scenario tree is acyclic, and so for an adjacency matrix
A, if we have A;; = 1 then clearly we must have A,;, = 0. For our specific case,
where the scenario trees are complete binary trees, the cons of using an adjacency
matrix outweighs the pros.

An alternative to storing the scenario trees as matrices, is to store them as vectors.
Consider Equation (2.2). At the first index of the vector we find the root of the
tree, whereas at the last index we find the last leaf node.

B=11,2,3,4,5,6,7] (2.2)

By simple vector arithmetic, the parent of a node i can thus be found at [i/2].
The left and right children of a node ¢ can be found at 2¢ and 2i + 1, respectively.
Of course, these simple formulae can only be used if the branching is consistent
throughout the tree, meaning that each non-leaf node in fact has exactly two chil-
dren. Other implementations, [9] for example, mentions a 1-8-4-4-2-1-tree, meaning
the trees have 8 nodes on the second level, 4 nodes on the third level, and so on.
The simple vector arithmetic becomes a lot more involved, since the equations for
finding parents and children of nodes depend on their level in the tree.

2.3 Quasi-random number generation

At the very base of simulation lies a random number generator. If we for example
want to sample random numbers from a normal distribution, we can first generate
a set of uniformly distributed variables in the range [0, 1], and then transform the
numbers so that they are normally distributed instead of uniformly distributed.

Several techniques exist for transforming uniformly distributed variables to normally
distributed ones. For example, we can supply the numbers as inputs to the inverse
normal cumulative distribution function (also known as the normal quantile func-
tion). There are also other methods such as the Ziggurat transform [46] or the
Box-Muller transform [56].

For most intents and purposes, a pseudo-random number generator will be the right
choice of generator. By pseudo-random, we mean that the generator is actually a
deterministic algorithm which produces seemingly random numbers. However, for
some applications, as in optimization, we would rather aim to explore the search
space as fast as possible. Then it makes sense to use a random number generator
producing numbers which are evenly spread out throughout the search space. These
types of random number generators are denoted as quasi-random. Figure 2.3 shows
the difference between using a quasi-random number generator and a pseudo-random
number generator.

10



Figure 2.3: The left plot was produced using a quasi-random number generator,
and the right plot was produced using a pseudo-random number generator.

To measure exactly how evenly spread out numbers are along multiple dimensions,
we use the term discrepancy. Its mathematical formulation, originally defined in
[51], can be seen in Equation (2.3). Let

D(J,N) =| % — V| (2.3)

where

I'™ is an m-dimensional half-open unit cube in the range [0, 1)™,
is a set of points {x1, z9,...,2,} € I,

is the number of points in J,

is the total number of points in 1",

is the volume of the set J.

SR

We also define here the star discrepancy D*(N) = max | D(J,N) |, as formulated

in [51]. By minimizing the star discrepancy, one can produce a low-discrepancy
sequence. Multiple low-discrepancy sequences have been defined throughout the
years, one of the earlier examples being the Van Der Corput sequence [67], a more
modern example being the Sobol sequence [59], which is the one we will use in this
thesis.

The intricacies of the definition of the Sobol sequence makes it quite complex. A
comparatively simple description of how to produce a Sobol sequence is given in
[40], and we now briefly outline the process.

11
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First, we generate a set V' = {vy,vq,...,0,} of so called direction numbers, v; =
m;/2', where m; is an odd integer, and 0 > m; < 2°. Let d be some integer such
that d > 0.

Now, for ¢ < d, each m; can be chosen freely. For ¢ > d however, we construct an
arbitrary d-dimensional primitive polynomial P, as

P=z'+az + a1z +1.

Then, m; and v; for ¢ > d are computed using the coefficients of the primitive
polynomial P,

—d
Vi = a10i—1 P agV; o D - B Ui_qg B 27y,

2 d—1 d —d
m; = 2a1m;—1 © 27°agm;_o - -+ D 27 ag_1mi_qy1 D 2°m_q O 27"m,_g,

where @ is the bitwise XOR operation. Finally, the n:th number z, of the one
dimensional Sobol sequence is given by

l’n:blvl@bgvg@...

where each b; is the 7:th bit in the binary representation of n [40].

As for s-dimensional Sobol sequences, we simply construct s primitive polynomials
P, P, ..., P, by defining dy,ds, ... ,ds to be a set of integers such that d; > 0. The
polynomials are then used to generate new sets of direction numbers Vi, V5, ..., Vi,
one set for each dimension [40].

The interested reader can find more examples of low-discrepancy sequences in [44]
and [17]. The source code for an implementation of the Sobol sequence can be found
in [7].

2.4 Geometric Brownian Motion

There are numerous ways of modelling assets, ranging in complexity from simpler
ones, such as by using a geometric Brownian motion [39], to more intricate ones,
such as by using jump-diffusion processes [48]. The geometric Brownian motion is
defined as

12
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The stochastic differential equation given in Equation (2.4) can be solved by appli-
cation of It6’s Lemma [57].

First, divide both sides by S;, like so:

d
-
St

Applying 1t6’s Lemma with with f(¢,z) = Inz yields

1
d(hl St) = (ln St)//LStdt -+ (111 St)/O'Stth -+ i(ln St)//(fzsfdt

1
= ,udt + O'th - §U2dt

= (- U;)dt + odW,.

Recall that the previous expression is really just an integral written using shorthand
notation. Thus, we can rewrite the expression as

2
InSr —1InS; = (u — %)7’ + oW,

where 7 =T — t. Now, by applying the exponential to each side we get

2
_aZ W
ST = Ste(“ 2 )T+ T,

The equation is a continuous stochastic process, although it can also be discretized,
leading to the discrete stochastic process:

0_2
Sp = Syl F)THoVTZ, (2.5)

where 7 =T —t and Z ~ N(0,1).

2.5 LIBOR market model

The LIBOR Market Model (LMM) was originally developed by Brace, Gatarek, and
Musiela in 1997 [6]. The model is used for pricing interest rate derivatives such as

13
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interest rate swaps, but also more exotic derivatives such as Bermudan swaptions.
Unlike other pricing models, such as the Hull-White Model [38] or the Cox-Ingersoll-
Ross Model [13], it is not based on instantaneous rates, which cannot be observed
in the market. Instead, it is based on LIBOR forward rates [39]. We now give a
formal definition of the model.

Consider a set of dates Tq,Th, ..., Ty, which are approximately equally spaced. A
forward interest rate between dates T;_; and 7T} is denoted L® wherei =1,2,..., N—
1. In the LIBOR market model, each forward rate LY is modelled as a stochastic
process, and the movements of each forward rate depends on its correlation with the
other forward rates.

The dynamics of each forward rate is a martingale under a forward measure Q*
[43], meaning that forward rates have no drift under this measure. Thus, if we define
dW®(t), i < k < j, under the forward measure Q) the dynamics of L(¥)(t) are
defined as

dLD(t) = LD ()eD (£)dw D (1), i=1,2,...,]. (2.6)

In Equation (2.6), o(t) is a deterministic function of time, and L®(0) must be given
for all @ = 1,2,...,j [43]. It is common practice to define initial values on the
forward rates L(0) by looking at current market data. For example, the forward
rates could be bootstrapped from current par rates [30]. An example of bootstrapping
is given in Section 5.1.4.

Note that dW® forms a multi-dimensional stochastic process. Informally, we can
think of each dW®) as a stochastic process in one dimension, which is correlated
with another stochastic process diW ) moving in another dimension. Specifying all
of the correlations is a lot of work, and so to bypass this hurdle one can apply
principal component analysis.

Principal component analysis (PCA) is a powerful technique for reducing the di-
mensionality of data. An excellent description of the technique is given in [58], and
some specific applications in finance is described in [41] and [30]. We will devote the
end of this chapter to describe the method briefly.

Consider the set of historical forward rates L (t;) at time t;. We begin by com-
puting the mean of each forward rate,

@ _ L o= L) = LO(te)
N =1 L") (tk-1)

1

where N is the total number of samples.

We can then compute the set of centered annual returns as

14



2. Theory

1 LO(ty) = LO(t)
Lyt — Lk LO(t,)

AW (t,) =

Next, we compute the covariance matrix C' using the centered annual returns. Each
entry C; ; in the matrix is given by

1M .
Cii =+ > AD () A (ty).

k=1

Finally we can now compute the principal components. By eigendecomposition,
C = UTAU, where A contains the eigenvalues of C, and U a matrix which columns
are the corresponding eigenvectors. The eigenvalues and eigenvectors are ordered
according to Ay > Ay > -+ > A\,

The 4:th principal component is then given by

k .
fi= Y YA A®,
J

Each u,(f) denotes the k:th element of the i:th eigenvector. It can then be shown
that by solving for A®) we get a new, approximated, expression for the dynamics
of the model [30]. The expression is formulated as

dLO () = S\ AP div(¢),
k

where n denotes the number of principal components, and Wi (t) == fg.

The number n of principal components can be set freely, but when modelling for-
ward rates, using three or four principal components appears to be a reasonable
choice. For example, as for the data used in [30], the first three principal compo-
nents explained more than 90% of the market volatility.

2.6 Normal-log-normal mixture distribution

A thorough description of the normal-log-normal (NLN) mixture distribution is
given in [71] and [11], so in this section we will only present it briefly. The benefits
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of using an NLN distribution to model asset returns is made clear in [11], where
we see that Kolmogorov-Smirnov tests yield better results for the NLN distribution
compared to the normal distribution when applied to asset returns.

A normal-log-normally distributed random variable u is given by

u=mez™, (2.7)

where

) =) )

In other words, n; and 7y are two normally distributed variables, with variances 1
and correlation p. Its first two moments are

1
E(u) = §P¢€%¢2
and

1

E(u — B(u))? = Var(u) = (14 7021 — e %)),

Furthermore, both the third and fourth moments exist, but their definitions are
quite unwieldy (see [71]). However, for small p, we have

1 :
E(u—E(u)’ ~ gpues (9 -3¢,

and

E(u— E(u))* ~ 3¢*’.
Both equations can be found in [71], and specifically the kurtosis equation originates
from [11] for p = 0.

A comparison between the normal-log-normal mixture distribution and the standard
normal distribution is depicted in Figure 2.4.
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Normal distribution vs. Normal-log:
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Figure 2.4: A plot showing the approximated probability density function of a
normal-log-normal mixture distribution and the standard normal distribution.

As can be seen in [71], a standardized normal-log-normally distributed random vari-

able v = 2w possesses some interesting properties. In particular
v/ Var(u)

o m(v; 1, p) is leptokurtic and symmetric for ¢» > 0 and p = 0,
o m(v; 1, p) is skewed to the left for ¢ > 0 and p < 0,
o m(v;1, p) is skewed to the right for ¢» > 0 and p > 0.

One inconvenient feature with the NLN distribution is that the analytical form of
its density function is unknown, hence it can only be evaluated by numerical means

71).

We can construct normal-log-normally distributed variables with parameters ¢ and
p by using two normally distributed variables w; ~ N(0,1) and ws ~ N (0, 1), and
setting

m = wi (2.8a)

ne = Y(pwi + (/1 — p?)ws) (2.8b)

and then inserting 7, and 7, into (2.7).
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2.7 Simulating correlated normal-log-normal pro-
cesses

Several methods exist for simulating non-normal correlated random variables in the
general case, as can be seen in [29], [33], or [66]. These methods tend to be quite
hard to use, or might in some cases yield inaccurate results [53]. Had the variables
which we wanted to simulate been normal instead, one could Cholesky decomposition
instead, which is much simpler by comparison [32]. Since NLN distributed random
variables can be constructed using two normally distributed variables (see Equation
(2.8), we can actually make use of the Cholesky decomposition method.

Our approach to simulating correlated NLN distributed variables involves correlating
their two underlying normally distributed variables. More specifically, consider the
two normally distributed variables n%w) and néx), given by Equation (2.8), and the
corresponding normal-log-normally distributed variable x given by Equation (2.7).

Also consider another normal-log-normally distributed variable y. We have

1. (=)
o= e,

gy)e%ngm .

We now would like to find a correlation Pry() pw) between the underlying normally
distributed variables, given by

() (v)
[n%w)] A ﬁn“),n(” — [n%y)]
2 T2

so that the correlation between the corresponding normal-log-normally distributed
variables x and y match their historical correlation p,,. This estimated correlation
P ) can be computed numerically by minimizing the following expression:

P g — poy)? (2.9)

for ﬁn(z)m(y) € [—1, 1]. Having estimated the correlations, we can now generate corre-
lated normal-log-normally distributed variables by applying Cholesky decomposition
to their underlying normally distributed numbers, as described in [32].
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Initialization
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Mutation

—  Replacement

Figure 2.5: An example structure of a simple genetic algorithm.

2.8 Genetic algorithms

The class of genetic algorithms (GA) are algorithms inspired by the evolution of
organisms in biology. Genetic algorithms form a subset of so called evolutionary
algorithms. Other examples of evolutionary algorithms include particle swarm al-
gorithms or ant colony algorithms [69]. In this thesis however, we only concern
ourselves with genetic algorithms.

The main actor in a genetic algorithm is a chromosome, which in practice is just a
vector. Each value ¢; in a chromosome ¢ = [cy, ¢o, ..., ¢,] is called a gene, and each
gene maps to a value of a decision variable x; in our optimization problem. Hence,
each chromosome is a potential solution to our optimization problem. The idea of a
genetic algorithm is to maintain and evolve a pool of chromosomes until a satisfying
solution is found [69]. An outline of the flow of a simple genetic algorithm is given
in Figure 2.5. The components are described in the next few sections.
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Encoding Schemes

We want to transform the values of our chromosomes into values which makes sense
for our problem. Specifically, we want to transform the chromosome genes ¢; to a
decision variable x; in our optimization problem, but how to do this depends on what
encoding scheme is employed. For readability, we refer to decoded chromosomes as
individuals.

The end goal of the genetic algorithm is to produce individuals with a high fitness.
During the evaluation step, we pass each individual to a fitness function, defined as
f(c) — F, where F' € [0, 1] is the fitness score of the individual c. The purpose of
the fitness function is to measure the quality of the produced solutions. However,
as will be seen in the next section, it is also used to compute the probability of a
specific individual being used when producing offspring.

Evolutionary Operators

Following the evaluation of each individual, the main loop of a genetic algorithm
usually involves three steps: selection, crossover, and mutation. Sometimes, we also
employ so called elitism as a final step before entering the next iteration of the loop.
These techniques are commonly known as evolutionary operators [34].

The key mechanism of a genetic algorithm is that it produces offspring using the best
individuals of the current generation. However, to maintain the stochastic aspect of
the optimization, the best individuals are selected only with a fixed probability. This
probability depends on the fitness of the individual, as well as the selection method
used. A very basic selection method is called roulette wheel selection. As the name
suggests, the probability of selecting any one individual is directly proportional to
its fitness in relation to the total fitness of all individuals [69].

Having selected individuals, we then proceed by mixing individuals together, for
example by splitting individuals in two and swapping the halves with another indi-
viduals. An extension to the just described two point crossover, is k point crossover,
in which we do not use halves, but rather sequences of some other size.

The crossed individuals are then mutated according to our choice of mutation
method. For chromosomes using real value encoding, a frequently employed ap-
proach is creep mutation [69]. In creep mutation, we slightly adjust the value of a
gene, using for example a uniform distribution. Formally, we do this as

cé(—ci—c;"—i—Cr-U, (2.10)

where ¢; denotes the current value of a gene, ¢; denotes the next value of the gene,
C, is a constant describing the magnitude of the mutation, and U is a uniformly
distributed random variable in the range [0, 1].

20



2. Theory

Finally, some genetic algorithms also include elitism in the main loop. Elitism means
that the next generation of individuals always contains at least k£ identical copies of
the individual from the previous generation, which had the highest fitness score. By
employing elitism, we can make sure that the best solution is never lost, allowing
the algorithm to keep searching near the individual with the highest fitness. Both
crossover and mutation can damage perfectly fine solutions, and elitism functions
as an insurance against it.

The perceptive reader will note that elitism is missing in Figure 2.5. The simple
reason is that elitism is considered to be a part of the replacement step.

Constraint Handling

Cpstraint handling for genetic algorithms can be divided into four main areas (see

[2]):
1. Reducing the search space
2. Repairing infeasible individuals
3. Separating individuals and constraints
4. Penalization

The categories are ordered by preference, meaning that one should use penalization
only if no other method is applicable.

An example of a search space reducing technique is the so called death penalty
method. In this method, we simply remove infeasible individuals and generate new
ones, hoping that the new ones will be feasible. If not, we iterate until we end
up with a set of feasible individuals [49]. Instead of completely removing faulty
individuals, one could also try to repair them, by making small or large adjustments
to their genes.

If we cannot reduce the search space, and are unable to repair the individuals, [2]
suggests to separate individuals and constraints. In this case we compute both a
fitness score and an unfitness score. The latter described the degree to which an
individual violates the constraints.

Finally then, if none of the previous alternatives are applicable, we might look into
penalization. Applying penalization to optimization problems is not unique for the
cases where genetic algorithms are employed [69]. Consider the equation

max f(x)
s.b 9i(x) <0
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By using penalization, the problem can be reformulated as an unconstrained, penal-
ized, problem, we get

max  p(x;A) = f(x) — A(f:(maX(gi(XL 0))* + Z(’%‘@Q)

% %

where ) is a parameter controlling the magnitude of the penalty. Setting A\ = 0
yields a fully unconstrained problem, and on the opposite end, setting A = oo takes
us back to the constrained version of the problem.

Finally, we note that there are many other ways of handling constraints in a genetic
algorithm. In-depth discussions on this subject can be found in [15], [12], and [10]

22


Rootzen
Inserted Text
)


3

Related Work

This thesis pertains to three main areas: asset-liability management, multi-stage
stochastic programming, and evolutionary algorithms. A lot of research has been
done in each of these areas individually, but comparably little in which ideas from
all of the mentioned areas are combined.

One paper, which applies genetic algorithms to a portfolio optimization problem in
an asset-liability setting is [26]. However, the optimization problem formulated in
the paper is a single-stage problem, whereas in this thesis, we formulate a multi-stage
problem instead.

As for multi-stage stochastic programming in an asset-liability management setting,
[73] contains several examples, some specifically tailored for pension funds which is
the main focus area of this thesis. One of the most famous examples of an asset-
liability model for pension funds is the InnoALM model by Geyer et al. [31], which
was originally developed at Innovest for the pension fund of the company Siemens
in Austria. Other notable examples include [5] for the pension fund industry in
the United Kingdom, [21] for Swiss pension funds, [74] for American pension funds,
and lastly [18] for the pension fund industry in Brazil. The differences between
each of these papers mostly lie in the way that they formulate their optimization
problem, and less attention is spent on the solution procedure. All of the examples
use proprietary optimization libraries to solve multi-stage stochastic programss. In
fact, one of the benefits with formulating a portfolio optimization problem as a
multi-stage stochastic program is that one can then utilize an off-the-shelf solver,
and thus spend more time on the modelling part. However, as the main research
question of this thesis covers both the modelling and the solving part, we implement
our own solver from scratch.

We finally now relate to some papers which describe evolutionary algorithms applied
to portfolio optimization problem. Note that none of the of the following papers
define their portfolio optimization in an asset-liability setting, and only a few of the
papers define their optimization problems as multi-stage stochastic programs.

First, [61] solves the Markowitz optimization problem described in Section 2.1. The
problem involves maximizing the return of a portfolio while simultaneously minimiz-
ing the risk, and in the paper the problem is solved using an evolutionary algorithm.
In [70], a multi-stage portfolio optimization problem is defined, and then solved using
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a particle swarm algorithm. In [60], a constrained single-stage portfolio optimization
problem is formulated. The paper implements a genetic algorithm to solve the prob-
lem. More research papers regarding the subset of evolutionary algorithms denoted
as genetic algorithms, applied to portfolio optimization, include [34], [72], [54], [26],
and [10].

To summarize, there are several papers which touches on one or two of the main areas
mentioned in the beginning of this section. However, to the extent of our knowledge,
there are very few, if any, which combine all three of asset-liability management,
multi-stage stochastic programming, and genetic algorithms.
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Theoretical model description

The model presented is mainly based on ideas from [31], [9], and [65]. The general
idea is to evaluate a series of purchases and sales of N instruments over 1" time steps,
and the goal is to maximize the expected wealth in the final time step, conditioned
on a set of constraints. We use a complete binary scenario tree, meaning that each
time step t contains 21 events, except for the last one, which contains 272
events. Thus, the scenario tree models S = 2(T=Y scenarios in total. See Figure 2.1
for an example of a scenario tree.

Parameters

We define the following parameters for the model.

N is the set of non-derivative instruments.

M is the set of derivative instruments.

S is the set of scenarios in our scenario tree.

rgs)(t) is the percentage return of asset ¢, in time step ¢, under scenario s.
LB)(t) is the value of the liabilities in time step ¢, under scenario s.

pl) is the probability that scenario s occurs (35 p®) = 1).

Vinit is the initial total wealth.

™m; is the percentage transaction cost for asset i.

i is the collateral requirement for asset i.

A is a matrix of allocation constraints.

ay) is the minimum allocation for constraint j.
a§~") is the maximum allocation for constraint j.
A is the risk aversion parameter.

Decision variables

The decision variables in our system are portfolio weights, defined as below.

25



4. Theoretical model description

w'® (t) s the proportion of the portfolio allocated to asset ¢, in time step ¢,
under scenario s.

W () is the portion of the wealth held in cash, in time step ¢, under scenario
S.

) (t) s the amount purchased or sold of asset i, between time step ¢t — 1 and
t, under scenario s.

Auxiliary variables

Apart from the parameters and decision variables, we also define the following aux-
iliary variables to improve readability.

BG)(t)  is the target shortfall at time ¢, under scenario s, as given in Equation
(4.1j).

D®) (t) is the total transaction cost paid, in time step ¢, under scenario s.
W) () is the total wealth after rebalancing, in time step ¢, under scenario s.

Complete model

Having defined the parameters, decision variables, and auxiliary variables, a formal
definition of the complete model is then given in (4.1).

max Z="> pt® (W(S) (T) =X B®) (t)) (4.1a)

seS teT
st WOM) = Wi - S w®()-rP(t) (4.1b)
iENUM
WOt = (WOt —1) = DO0)- X w”(t) -7 (1) (4.1c)
1ENUM
DY) =Wt -1) > mi|d ()] (4.1d)
1IENUM
Sw® =1 (4.1e)
iEN
wgs)(l) = Wj, init (4.1f)
wi (1) = w? (t = 1) + (1) (4.1g)
al) < Awl(t) <alW (4.1h)
wid(t) < 3w (1) - ¢ (4.10)
€M
B®(t) = max(W® (t) — L) (),0) (4.1j)
wES)(t) = wgsl)(t), for s and s’ on the same path before time step ¢
(4.1k)
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We first give the model objective in (4.1a). As in [54] and [31], the objective maxi-
mizes expected terminal wealth, while penalizing accumulated target shortfalls.

Constraints (4.1b, 4.1d) describe the relationship between the total portfolio wealth
at various time steps. As for derivative instruments, we do not invest in the under-
lying directly, but rather, a counter party takes the position for us, and the financial
security is just a contract between us and the counter party. Hence, constraint (4.1e)
maintains that the portfolio wealth can only be used to invest directly into assets.
Constraint (4.1f) describes the changes in allocation between time steps. As per
Equation (4.1d) we pay a transaction cost for each allocation change.

At any point in time we must make sure that the optimizer does not borrow money
to invest in non-derivative instruments. This is done using constraint (4.1e). For
derivative instruments however, the optimizer can invest however much it likes, as
long as the margin constraints in Equation (4.1i) are fulfilled.

Furthermore, our model also supports so called allocation constraints, as given in
Equation (4.1h). This allows us to set limits on linear combinations of weights in
our model. For example, we can enforce that a minimum of 60% of the portfolio
always consists of interest rates, or that the optimizer invests at most 40% of the
portfolio in equities and real estate.

Lastly, we have a non-anticipativity constraint. In practice, it only means that
decisions made at any time step ¢ can only be made using information known at
that time step. Of course, looking into the future is not possible.

The percentage return TES) (t) of an instrument 4, in time step ¢, under scenario s, can

for example be sampled from historical time series, or be produced by simulation.
As will be described in Section 5.1.1. The same holds true for the target in the target
shortfall B®(¢). Our definition of the percentage return of each instrument r'* (t),
as well as our definition of the targets in the target shortfall B(*)(¢), is described in
detail in chapter 5.
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Implementation

In this chapter we describe our approach to implementing and solving the multi-
stage portfolio optimization problem defined in chapter 4. The chapter is divided
into three main parts. First, we describe how scenarios are generated in Section 5.1.
Then, Section 5.2 contains a description of our genetic algorithm, including how it
can be used to solve the portfolio optimization problem. Lastly, we discuss some of
the practical aspects of implementing the complete application in Section 5.3.

5.1 Scenario generation

The end goal of the scenario generation step is to construct several scenario trees, as
described in Section 2.2.2. Each node in a scenario tree contains a set of price move-
ments of all instruments. In this thesis, we employ the sample average approximation
method for constructing scenario trees. By using sample average approximation, we
assign an equal probability to each scenario occurring, and so the complete scenario
tree can be constructed by generating a large set of individual events, and then
connecting the events so that they form a tree. The process is repeated until we
have a satisfying number of scenario trees.

We use a binary tree structure for our scenario trees, meaning that each event at a
time step t branches into two new events at time step ¢+ 1. Such a tree is illustrated
in Figure 2.1. A complete binary scenario tree contains 2 — 1 events where t is the
number of time steps. Note that we could have used any other type of structure for
our tree, but using a binary tree allows us to traverse the tree using simple vector
arithmetic, as described in Section 2.2.2. Refer to [54] or [31] for examples of other,
more complex tree structures.

While constructing scenario trees might appear to be an easy task, there is a lot
of edge cases which make the whole process quite complex. The following few
subsections will outline the complete scenario generation process, starting with an
overview of the relationship between risk types, risk factors, and instruments.
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5.1.1 Risk types, risk factors, and instruments

Each node in the scenario tree is an event, and for each event we need to know
the price movements of the instruments. In our model, the price movements of
instruments are based on the movements of their underlying risk factors, and each
risk factor then belongs to a specific risk type. A brief description of each of these
components is given below.

Risk type
The mathematical formulation of a stochastic process. For example a geomet-
ric Brownian motion or a jump-diffusion process.

Risk factor
The result of manifesting the parameters of a certain risk type. In other words,
when fitting the parameters of a specific risk type to historical data, we get a
risk factor.

Instrument
An arbitrary function of zero or more risk factors.

To make the relationship between the three components even clearer, consider Figure
5.1. In this figure we have depicted each risk type, risk factor, and instrument used
in this thesis.

Note specifically the 1 year forward rate risk factor, the three dots below it, and the
n year forward rate risk factor. The three dots represent all of the forward rates
between the 1 year forward rate and the n year forward rate. Recall that in order to
compute the value of a zero coupon bond with a maturity of 5 years, we first need
to compute the forward rate for all years up until year 5. As will be described in
Section 5.1.7, the liabilities in our model move like a bond with a maturity of 20
years, which means that we need to model forward rates up to year 20.

Note also, that the cash instrument in our model has no dependency to any risk
factor. The reason is that the value of cash does not change in our model.

For our rather small and simple set of investable assets, it suffices to model two risk
types. The generic risk type is loosely based on the Black-76 Model [3], and is used
as a generic, one-size-fits-all type of risk. The forward rate risk type is based on the
LIBOR Market Model [6], and is used for modelling forward rates. The two risk
types are thoroughly described in Section 5.1.3 and 5.1.4 respectively.

We define a total of 17 risk factors, five of which are based on the generic risk type,
and 12 of which are based on the forward rate risk type. In the next section we
describe the data used for constructing the risk factors.
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Risk Risk
Instruments
types factors
Domestic equities
Domestic Domestic equity
market risk futures
Global I Global equities

market risk

Generic Real estate . — Real estate
risk type market risk
Alternative Alternative
market risk investments
Credit . Credit

market risk

2 year bonds

Forward rate 1 year 5 year bonds
risk type forward rate risk

2 year zero coupon

swaps

n year 5 year zero coupon
forward rate risk swaps
Cash

Figure 5.1: A relationship graph describing the relationship between risk types,
risk factors, and instruments.

31



5. Implementation

5.1.2 Data acquisition

Risk factors are constructed by fitting a certain risk type to historical data. In this
section we give a short description of each time series data used in our model. All
time series data range from 2009-01-05 to 2019-03-08.

NASDAQ Swap Fixing
An interest rate swap involves two parties swapping interest rates. One party
pays a fixed interest rate, known as the fixed leg, and the other party pays a
floating interest rate, known as the floating leg. The NASDAQ Swap Fixing
data set contains daily fixings for the fixed rate leg in an interest rate swap.
The data is used to construct the forward rate risk factors.

OMXS30 GI
Tracking the 30 most traded stocks on the Stockholm stock exchange, and
includes reinvested dividends. The data set contains daily observations of the
index values, and is used for constructing the domestic market risk factor.

DB CDX High Yield Excess Return A
This index reflects the excess returns of a credit position with a maturity of
5 years, over a bond with a maturity of 5 years. The data consists of daily
observations, and we use it to construct the credit risk factor.

MSCI World Index
A global equity index, covering large and mid-cap equities from 23 countries.
The index includes reinvested equity dividends, and the data consists of daily
observations of the index value. The data is used for constructing the global
market risk factor.

NHX Composite
An equal weighted index tracking the performance of Nordic hedge funds. The
data contains monthly observations, and is used to construct the alternative
market risk factor.

HOX Sweden
A price index tracking the prices of houses and apartments in Sweden. The
data consists of monthly observations, and we use it to construct the real
estate market risk factor.

5.1.3 Generic risk type

While the geometric brownian motion is extensively used in financial modelling,
for example in the Black-Scholes option pricing model [4], it is primarily useful for
demonstrational purposes. The reason is that the shocks in the geometric brownian
motion are normal, whereas historically, the shocks in asset returns generally admit
to distributions with heavier tails [62]. In this sense, more complex models, such as
the jump-diffusion model, might be a more realistic candidate.
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For this thesis, we will use a model quite similar to the geometric brownian motion,
based on ideas from [3], but modify it to use non-normal shocks. Equation (2.5)
gives a discrete formulation of the model, as our main area of application is only
concerned with discrete time intervals. Our model is given by

S(T) = Ste’”e_wgﬁy (5.1)
where

i is the drift of the process,

v is a convexity correction term,

o is the volatility of the process,

Y is a random variable following a normal-log-normal mixture distribution,
7 is the difference T — ¢ in time.

Note that unlike a geometric brownian motion, which uses normally distributed
shocks, our definition makes use of normal-log-normal shocks instead. This is also
the reason as to why we need the convexity correction term . The —o?/2 term in
the ordinary geometric brownian motion formulation (Equation (2.5)) is a convexity
correction term, originating as a result of It6’s lemma[57]. When we exchange the
normally distributed random variable Z for the normal-log-normally distributed ran-
dom variable Y, the convexity correction term has to be adjusted as well. However,
since an analytical formulation of the density function of the normal-log-normal dis-
tribution does not exist [71], the convexity correction term is computed numerically.
The specific details regarding the convexity correction term is given in Section 5.1.5.

Finally, constructing risk factors from the generic risk type is just a matter of es-
timating the drift u, the volatility o, the convexity correction term v, and the
parameters 1) and p for the normal-log-normal random numbers, as described in
Section 5.1.5.

5.1.4 Forward rate risk type

The forward rate risk type is based on the LIBOR market model [6], with the
difference that we use normal-log-normally distributed shocks instead of normally
distributed shocks (as in the original LIBOR market model). Note that the primary
purpose of the forward rate risk type is to use it when constructing risk factors of
forward rates of various maturities.

We will continue this section by giving the mathematical formulation of the forward
rate risk type. We will then describe the specific details of how we can construct
forward rate risk factors using the forward rate risk type.

The definition of the forward rate risk type is given in Equation (5.2).
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k
fiT) = filtyerme YTV L Vv (5.2)
where
i is the drift of the process.
v is a convexity correction term,
k  is the number of principal components used,
Y, is a normal-log-normally distributed random variable

<.

vj; is the j:th factor loading for the i:th forward rate
A;  is the variance of the 7:th forward rate
7 is the difference T — t in time

Having defined the risk type, we now describe how to construct risk factors based
on the forward rate risk type. Apart from estimating a few statistical parameters, a
process which is described in Section 5.1.5, and which has to be done for the generic
risk type as well, there are some additional steps involved when using the forward
rate risk type.

Firstly, the initial value f;(0) of a forward rate risk factor is computed from current
par rates using a technique called bootstrapping. The bootstrap method involves
looking at par rates, and then using forward substitution to compute discount fac-
tors. The discount factors can then be used to derive forward rates.

Moreover, since this thesis is primarily concerned with portfolio optimization for
pension funds, we must also take into account some extra precautionary steps added
to the bootstrap method by Finansinspektionen (FI). The extra steps added by FI
can be found in [28] and [27], and in the section below we will describe how to
incorporate these extra steps into our model.

Bootstrapping

We will now describe how the bootstrap method is applied. To improve readability
the following few paragraphs will use another notation for the forward rates. Specif-
ically, we denote f®)(T;_1,T};) to be the forward rate between maturities 7;_; and
T}, at time ¢.

The first step in the bootstrap method is to collect par rates for all possible maturi-
ties 11, ..., T,,. We then, as per the instructions in [28], deduct 0.35 basis points from
the par rates to account for credit risk. Let par(7}) be the par rate of a treasury
note with maturities 7;. We define the adjusted par rate par(1}) as

par(T;) = par(1;) — 0.0035
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The next step is to recursively compute discount factors from the adjusted par rates.
Let DF(Tj;) be the discount factor for cash flows at time 7;. We have

1 —par(T;) Y1Z) DF(T))
B 1+ par(T})

DF(T;)

with DF(Tp) = 1.

Now, if we have T; —T;_1 > 1 for any ¢ = 2,3, ..., 7 — 1, the recursive formula above
does not suffice since we do not know the intermediate discount factors. It is not
uncommon that par rates exist for treasury notes with maturities up to 10 years,
but the next par rate might be for a note with a 12 year maturity, the one after that
for a note with a 15 year maturity, and so on.

To compute the intermediate discount factors we must resort to a numerical method,
such as the Newton-Raphson algorithm [19]. We make the assumption that the
forward rate is constant between T;_; and T;. It follows that

AT—k

DF(T; + k) = DF(T,_,) &t DF(T})s7 (5.4)

where k =T, _1,T;_1+1,....T;, and AT =T; — T;_;.

To find the discount factor DF(T;) we solve the following expression using the
Newton-Raphson algorithm

J 2
min  (par(j) Y. DF(T;) = (1= DF(T}))) (5.5)
i=1
Forward rates can now be computed using

. DF(T;.,)

F00.T) = gy ! (5.6

Our computed forward rates must also be shifted in accordance with the ultimate
forward rate (UFR), currently set to 4.2%. The UFR is gradually incorporated into
the forward rates. At Typg, := 10 the UFR is just barely noticeable, whereas at
Turr, := 20 the forward rate is exactly the UFR.

We define the UFR adjusted forward rate f(7;_1,7}) as

Jorr(Tj-1,T;) = (L= w(T}y)) - f(Tj-1, Tj) — w(T;) - UFR,
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where

w(T’]) =0 fOI'T’j < TUFR17
T; — 1
w(Tj) = TUFRJ — TZ;? 1 for Tyrr, <Tj < Tyrr,,
2 1
w(T]) =1 for TUFRQ < TY]

Lastly, one final adjustment is made to the forward rate. Our assumption on the
log-normality of the forward rate risk type prevents the forward rates from ever
going below 0. While unusual, negative interest rates do exist in the markets today,
and to account for this we simply shift the produced forward rate upwards by a
factor of a,ey. For this thesis, we set ane, := 1%. The value of a,e, can be set freely,
and the model would likely work just as well with an even lower value. At last we
can compute our final forward rates f(7_1,7}) as

f<Tj—17Tj> = fUFR(Tj—l’Tj) +0.01 (5'7)

For an in-depth description of the bootstrap method, see [39].

Principal component analysis

Much like the bootstrapping method as described in this section, we initialize the
method of PCA by collecting historical par rates, computing the corresponding
discount factors using Equation (5.3). Discount factors can then be used to compute
forward rates using equations (5.4), (5.5), and (5.6). We then compute the changes
of the forward rates throughout time, and it is these numbers onto which we then
apply PCA. The method is thoroughly described in [30] as well as [41].

For our purposes, using k£ = 3 principal components is enough. In fact, it can be
shown that the first principal component affects a level shift of the complete curve.
The second component drives the slope or tilt of the yield curve, and the third
component alters the curvature [30].

5.1.5 Parameters, correlations, and convexity correction

In this section we describe the process of estimating parameters, correlations and
the convexity correction term for all risk factors.
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Risk type parameters

Each risk factor must be defined in terms of a few parameters, namely its drift ; and
the two parameters ¢ and p, effectively controlling the distributions of the shocks.
Furthermore, risk factors based on the generic risk type also uses a parameter o
controlling the magnitude of the volatility. Risk factors based on the forward rates
however, employ another method to control the magnitude of the volatility. More
specifically, the shocks of risk factors based on the forward rate risk type, are defined
using values retrieved from the PCA.

All-in-all; this results in the following steps:
o Estimate drifts p for all risk factors.
o Estimate parameters for the shocks ¢/ and p for all risk factors.
» Estimate volatilities o for all risk factors based on the generic type risk.

e Perform PCA to retrieve values for the shocks of all risk factors which are
based on the forward rate risk type.

o Estimate correlations between all risk factors.

The estimated drift i of each process is computed as

p=t
A,
where

it is the sample mean logarithmized return,
A; is the annualization factor.

Note that the drift really just represents the annualized logarithmized returns. The
logarithmized returns are given by i = SN In (y;11/p). As for the annualization
factor, using daily data would for example result in A; = 1/253, assuming there are
253 trading days in a year.

Likewise, estimation of volatilities 6 are done according to

. J (N = 1)1 5 g — o
Ay

Estimating parameters v and p for the normal-log-normal variables can be done
using a two-sample Kolmogorov-Smirnov test [41]. Essentially, we're guessing values
for ¢ and p, and select the pair which yields the highest p-value. A fuller explanation
is given in [20].
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Correlations

It is clear that in reality, some risk factors are correlated with others. We now
describe how we capture this behavior in our model.

In our case, we have two risk types: the generic risk type and the forward rate
risk type. Both risk types employ non-normal shocks, and a method for simulating
correlated stochastic processes with normal-log-normal shocks was given in Section

2.7.

For correlations between risk factors based on the generic risk type, it is merely
a matter of following the steps outlined in Section 2.7. Correlations between risk
factors based on the forward rate risk types on the other hand, have already been
implicitly defined. This follows from the fact that their shocks are defined in terms
of principal components. What also follows from this fact, is that we cannot define
correlations between a generic risk factor and a single forward rate risk factor, but
can only model the correlation between a generic risk factor and all forward rate
risk factors.

We now proceed by describing the process of estimating the correlation between a
generic risk factor and all forward rate risk factors.

Recall that the forward rate risk type uses three principal components. By definition,
the first principal component explains most of the variance. Hence we settle with
correlating only the normal-log-normally distributed variable corresponding to the
first principal component of the forward rate risk type. The remaining two random
variables in the shocks of the forward rate risk type are left uncorrelated.

By way of demonstration, consider two normal-log-normally distributed random
variables Y@ and Y). Y9 corresponds to the shocks of a generic risk factor, and
YY) corresponds to the first principal component in the shocks of the forward rate
risk factors. As described in Section 2.7, in order to simulate correlated normal-log-
normally distributed variables, we might instead correlate their underlying normally
distributed variables. In our case, we want to estimate a correlation ﬁny@) JRAGE given

by

[ vy (9) y ()

1 A 1
y(g)] 0 vl y()) — [ Y(f)‘| .
2 K b

However, instead of minimizing the expression given in Equation (2.9), we minimize
the following expression:

|
N /A
j 2is1 Dy v = Py y o)

N
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where f; corresponds to the i:th forward rate risk factor, and N := 12 is the total
number of forward rate risk factors that we use in our model. Hence we minimize
over the root mean squared error between the estimated correlation parameter, and
the historical correlation parameter for all the forward rates risk factors. We now
simulate correlated risk factors, both those based on the generic risk type, and
the ones based on the forward rate risk type, by using Cholesky decomposition as
described in [32].

Convexity correction

Both the model for the generic risk types, and the model for the forward rate risk
types, contain a convexity correction term, denoted as 7 in the models. A description
as for why it exists is given in Section 5.1.3, but in this section we will describe the
process of computing it. A more in-depth explanation is given in [41].

Let € = 0/TY for risk factors based on the generic risk type, and ¢; = /7v/\; 25:1 Yiv;,
for forward rate risk factor ¢, be the shocks of each risk factor. The end purpose of
the convexity correction term is to nullify the drift coming form the shocks. Hence
we have

= log(E[¢f]) ~ log (;f > ¢) (5.8)

The last approximate equality in Equation (5.8) comes as a result of the law of large
numbers, assuming N >> 1.

5.1.6 Generating price movements

Having described all of the prerequisites for the scenario generation, we can now
finally generate price movements of instruments. As mentioned in the beginning of
Section 5.1, we use sample average approximation to produce scenario trees. With
all the mathematical equations in place, the next step is to sample random numbers
for our risk factors.

In our case, we use a Sobol sequence as defined in Section 2.3, to sample quasi-
uniformly distributed numbers. The quasi-uniform numbers are used as input to the
quantile function of a normal distribution, which yields quasi-normally distributed
numbers. Finally, the normally distributed numbers are then used to generate ran-
dom numbers following a normal-log-normal mixture distribution. Some technical
details regarding quasi-randomness is given in 2.3.

The quasi-uniformly random numbers are adapted to the normal distribution using
the normal quantile function

39



5. Implementation

W; = (I)(il) (TZ)

Having constructed our correlated normal-log-normally distributed numbers, we

then generate new generic risk factor values using (5.1), and forward rates using
(5.2).

The forward rates are used for computing discount factors, which then can be used
to valuate bonds and interest rate swaps. Before we compute the discount factors
however, we must reset the adjustment we made in order to allow for negative
interest rates to occur (see Equation (5.7)).

Let f®(T;_;,T) be the value of a generated forward rate between T;_; and T} in
time step t. We then have

f(t) (7}717 7}) = f(t) (7}',1, T) - aneg
Ty, T) = 0.01.

Now, by rearranging (5.6), and using the regulated forward rates f(7j_1,7}) instead

of f(T;-1,T;) we can compute the discount factors in time step ¢

_ DFO(T,)
Oy, T5) + 1

DF(T;)
with DEJ) = 1.
Finally, as per (5.9) we can now derive the zero coupon rates 2 (7}). For the sake

of completion, the price P® (T;) at time t of a zero coupon bond maturing at 7; is
given by (5.10).

L . )T —1 (5.9)

POT) =

— (5.10)
(L+20(T; — 1))

5.1.7 Target wealths

Apart from generating asset price movements, we also generate changes in liability
values. During our simulation, we want to make sure that the total wealth of the
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portfolio at any point in time is always worth more than the current value of the
liabilities. The starting value Ly of the liabilities is indirectly controlled by the
funding ratio parameter ry supplied by the user. The funding ratio describes the
relationship between assets and liabilities, and can be used as a metric for the
solvency of a company or financial institution.

The starting value of the liabilities is given by

VVinit
r f .

LOI

The target wealth movements are then the exact same as the price movements of a
20 year zero coupon bond. That is, they can be computed using Equation (5.10).

5.2 Genetic algorithm

In this section we will discuss our approach for solving the multi-stage portfolio
optimization problem using a genetic algorithm. We first give an overview of the
various steps of the genetic algorithm. We then proceed by describing how the
theoretical model, with all its constraints, is incorporated into our genetic algorithm.

5.2.1 Algorithm overview

Genetic algorithms usually follow a fixed structure, such as the one given in Figure
2.5, and so does ours, albeit with some small tweaks.

We will begin this section by describing the chromosomes used in our algorithm.
The section contains quite a few different variables, which are decribed continuously
throughout the section.

The chromosomes used in our genetic algorithms employ real-value encoding, and
each gene describes how large proportion of the portfolio is invested in a specific
instrument, at a specific time step, under a specific scenario.

Assuming our scenario tree consists of ng events, and we have n; instruments in our
model, the total length of the chromosome will be ng - n;. For example, assuming
ny = 2 and ng = 3, the total length of a chromosome ¢ would be 2 -3 = 6. At
c3, we find the proportion invested in instrument 1, in event 2. In other words, the
first n; genes of the chromosome describe the instrument weights in the first event.
The next n; genes describe instrument weights for the second event, and so on. An
example chromosome is depicted in Figure 5.2.

As with most genetic algorithms, we begin by generating an initial set of individuals.
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1 2 3
/—/H/—/H/—/H

0.1110.89(0.38(0.62|0.55|0.45

Figure 5.2: An illustration of a real-valued chromosome and a tree describing how
each cell in our chromosome maps to a state in the scenario tree. Each gene in
the chromosome corresponds to the portion of the portfolio which is invested in a
particular instrument. The bracketed numbers above the chromosome show what
genes correspond to which event.

Using a plain uniform distribution, we sample | ¢ | random values between 0 and 1
for each individual, where | ¢ | denotes the number of genes in chromosome c.

Next, we make sure that all non-derivative instrument weights sum to 1 (constraint
(4.1e)) by normalizing all indices which map to non-derivative instruments. While
our optimization problem is indeed unconstrained by definition, applying penalties
for breaking constraints should generally be avoided if possible [15], and by normal-
izing these specific indices, we reduce the search space instead. Refer to Section
5.2.2 for a further description on how constraints are handled in our model.

Having generated an initial population, we then enter the main loop of the algo-
rithm. In each iteration we compute the fitness of all individuals, as will be described
in Section 5.2.2. We then perform roulette wheel selection to select two individuals.
We then apply k-point crossover to the selected individuals. In k-point crossover,
one usually cuts the chromosome at k arbitrary positions, and then swap the re-
sulting sequences of genes between the two chromosomes. In our case, swapping
subsequences like this could potentially result in the new chromosomes violating the
constraint that all non-derivative instrument weights sum up to 1 (constraint 4.1e).
Thus, we make sure that chromosomes can only be cut so that each subsequence
of genes contain a complete set of instrument weights for a single event, by only
placing the cuts at n; sized intervals, where n; is the number of instruments. An
example is given in Figure 5.3.

Following the crossover step, we then mutate individuals using uniform real-value
creep. Formally, genes of selected chromosomes are mutated according to (2.10).

Mutation occurs with a probability pu., and we also truncate each gene of the
chromosome so that the allocation constraints (see Equation (4.1h)) are fulfilled.
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0.11{0.89]0.3810.62|0.55|0.45| ----» 10.72]0.280.380.62]0.55|0.45
0.05{0.95]0.72]0.280.13|0.87| ----» 10.05{0.95[{0.11{0.89]0.13]0.87

Figure 5.3: The k-point crossover process, in which a complete set of instrument
weights are swapped. In this example there are 2 instruments, and 3 states. To
the left we is a pair of chromosomes before the crossover, and to the right are the
resulting chromosomes after the crossover.

The final step of the main loop of the algorithm involves replacing the old set of
individuals with the new one. Our implementation uses generational replacement
with elitism. This means that all individuals from the old generation are replaced
with the offspring produced by applying evolutionary operators. However, by also
incorporating elitism, we keep ke; unmodified copies of the best individual of the
old generation. All other individuals of the old generation are remogd. In this way,
we can guarantee that the best individual seen so far is never lost or destroyed by
evolutionary operators.

We iterate in this loop for exactly S generations, after which the algorithm returns
with the best individual of all generations.

5.2.2 Objective function

We now describe the objective function, also known as the fitness function, used in
the genetic algorithm. As can be seen in Section 4, the optimization problem includes
several constraints. Some constraints can be enforced by reducing the search space
which, as mentioned in Section 5.2.1, is generally the preferred method. However,
some constraints require other approaches, such as applying penalties [54]. Hence,
in order to map the model as it is given in (4.1) to a genetic algorithm, we must
give special attention to each part of the formulation.

First of all, we note that the constraint that the sum of all instrument weights for an
event should be equal to 1 (see Equation (4.1e)), can be satisfied by just normalizing
the relevant values in each individual. For each gene ¢; pertaining to a specific event,
we compute

/ Ci
S N
2jen = 1¢;

where N is the set of non-derivative instrument indices pertaining to this particular
event. This is done after initialization as well as after mutation.

Individuals violating allocation constraints (Equation (4.1h)) or margin constraints
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(Equation (4.1i)) on the other hand, cannot be repaired. For example, if an individ-
ual contains a gene crossing the upper bound of an instrument, ambiguity arises on
how the exceeding part should be distributed onto other instruments. It leads to an
under determined system of equations, and so we resort to using a penalty function
instead.

Note that by defining a penalty function, we effectively separate the constraints
into two categories: soft constraints and hard constraints. For example, the con-
straint that all non-derivative instrument weights should sum up to 1 (Equation
(4.1e)) becomes a hard constraint, since we can make sure that no solution violates
it by normalizing the values of the chromosome. On the other hand, the margin
constraints (Equation (4.1i)) becomes a soft constraint, since the algorithm might
produce solutions with a high fitness, despite the added penalty arising from violat-
ing the constraint. In practice however, margin constraints are seldom negotiable.

Adding the the penalties to (4.1a) results in a new objective function

max 7'=7-3 3 Pw9(t),a"” a™ A Jwl), (1), ¢) (5.11)

seSteT

where

Pw(t),a®,a™, A, wil (1), c) =

3 (max(0, (Agw' (t) — al)? +

1=1 jeNUM

Z (max (0 l) — Aijwj(-s) (1) +
1=1 jeNUM

max(0, Z wj (Zf) “Cj — wf:?sh(t))z
jeM

—~

and

is the value given by (4.1a),

is the set of non-derivative instruments,

is the set of derivative instruments,

is the set of scenarios in our scenario tree,
is the collateral requirement for asset j,

is a n-by-m matrix of allocation constraints,

wEz =N

O

al!

f is the minimum allocation for constraint i,
(
7

() is the maximum allocation for constraint s.

Thus in our case we apply quadratic penalty for both the allocation constraints and
the margin constraints. Equation (5.11) describes the fitness function used in our

genetic algorithm. That is, Z’, describes the fitness of an individual.
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5.3 Practical implementation aspects

To implement the model as described in sections 5.1 and 5.2, we use several different
tools and programming languages. For parameter and correlation estimation we use
MATLAB[64]. Both the scenario generation, including bootstrapping of forward
rates, and the genetic algorithm, is implemented in raw C++[14]. The C++ code is
then compiled to WebAssembly|[50], which in turn can be called from a web browser
using JavaScript. By compiling the C++ code to WebAssembly, allowing it to be
called and run directly in a web browser, we can also develop a simple graphical
interface for interacting with our model. Unlike the models developed in [65] and
[31], this allows a user without programming knowledge to use our system.
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Results

As we have now given a formal definition of our model in chapter 4, and a description
of our implementation in chapter 5, it is time to evaluate it. We do so by using
example settings, collected from a real world use case.

We introduce this section by describing the settings used, and then proceed by show-
ing the results from the parameter and correlation estimation process. We run the
model several times in order to produce and approximation of the efficient frontier
Finally, we conclude the section by describing the graphical interface developed for
interacting with the model.

6.1 Example application

The constraints, margins, and transaction costs which we use to evaluate our model
are based on the investment guidelines of a large Swedish defined benefit pension
plan. The allocation constraints can be found in Table 6.1, the collateral margins
for derivatives in Table 6.2, and lastly, the transaction costs can be found in Table
6.3.

As described in Section 5, our implementation uses binary scenario trees. We con-
sider each time step in the binary tree to be one year in length, and simulate over a
horizon of 3 years in total. As previously described, the optimizer evaluates a set of
scenario trees, and for this example application a set consists of 1 000 scenario trees.
The initial wealth is 1 unit. The target wealth moves, as mentioned in 5.1.7, as if it
was a bond with a maturity of 20 years. We set the initial funding ratio to 1.2, and
the target funding ratio to 1.3. Allocation constraints and margin requirements was
set as per Table 6.3 and 6.2, respectively.

Parameters for the genetic algorithm is given as follows. The population size is set
to 200, which—ig a good compromise between speed and stability. Note that for
example [16] uses a population size of 500, and [34] uses 30. Thus our population
size of 200 seems like an acceptable choice. For each generation we employ elitism
for 10 individuals. The total number of generations is set to 1 000. The mutation
rate is set to 0.02, and the crossover rate is set to 0.05. All the parameters up to
this point are fixed throughout the evaluation process. One parameter which does
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6. Results

Instrument Min (%) Max (%)
Equities and equity futures) 0 60
Bonds and interest rate swaps 40 100
Real estate 0 15
Alternative investments 0 15
Any single instrument 0 100

Table 6.1: Table of the allocation constraints used for evaluating the optimization
model.

Instrument Margin (%)
Domestic equity futures 3
2-year zero coupon swap 3
D-year zero coupon swap 3

Table 6.2: Table of the sample collateral requirements for investing in derivatives.

not remain fixed throughout the evaluation process is the risk aversion parameter,
which will be discussed further down this section.

The application is run on an 8:th generation Intel i7-8550U 1.80GHz processor. Our
implementation uses no multithreading capabilities.

6.2 Results from parameter calibration

Parameters for the risk factors were computed as described in Section 5.1.5, using
data as described in Section 5.1.2. The results are listed in Table 6.4 and Table 6.5.

To recap, p is the annualized return, o is the annualized volatility, and ¥ and p
are parameters for the normal-log-normal mixture distribution which controls the
shocks of the risk factors.

Instrument Transaction cost (%)
Domestic equity 0.1
Domestic equity futures 0.2
Global equity 0.1
Real estate 0.1
Alternative investments 0.1
2-year zero coupon bonds 0.1
5-year zero coupon bonds 0.1
2-year zero coupon swap 0.2
d-year zero coupon swap 0.2

Table 6.3: Table of the sample transaction costs used to evaluate the model.
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Risk factor Correlations
1 o P p 1 2 3 4 5 6
1 | Domestic market | 0.11 0.24 1.00 -0.05| 1.00 -0.27 -0.13 -0.15 -0.07 0.03
2| Global market | 0.06 0.17 1.90 -0.15 1.00 041 -0.04 -0.09 -0.11
3 Real estate 0.06 0.06 1.40 0.10 1.00 -0.03 0.18 -0.34
4 Alternative 0.04 0.03 1.30 0.15 1.00 -0.17 -0.01
5 Credit 0.00 0.02 2.35 0.00 1.00 0.09
6 Forward rates 0.00 - 1.35 0.10 1.00

Table 6.4: Estimated parameters for all risk factors, and the correlation parameters
between the risk factors. Note that the forward rate risk factor is missing a o as it is
defined in terms of principal components. The relevant eigenvectors and eigenvalues
for the forward rate risk factors are given in Table 6.5.

As can be seen in Table 6.4, both the domestic market risk factor and the global
market risk factor have p < 0, thus the distribution of their shocks is skewed to the
left. The shocks of the real estate risk, alternative investments risk, and interest rate
risks, are skewed to the right. Lastly, we have the shocks of the credit risk factor,
which is symmetric in terms of skew, but shows a higher spread than all other risk
factors.

We also find that the domestic market risk and global market risk show higher
volatility than the other risk factors. Both the global market risk and real estate
risk have got an annual return of 6%, but due to its greater volatility, investing in
the global market would appear as a less attractive investment opportunity. Note
that the forward rate risks do not have a ¢ parameter, as it is implicitly computed
using PCA.

As for the correlations, we find that the global market shows reasonably high cor-
relation to real estate. We also see that real estate and forward rates are inversely
correlated. Except for these two cases, we find all risk factors to show relatively low
correlation.

6.3 Results from optimization

One of the research objectives of the thesis is to investigate the performance of the
complete system, taking multiple aspects into consideration, including the stability
of the produced solutions and the computational complexity of the optimization.
Furthermore, we also wanted to evaluate the usefulness of the model. To capture
all of these aspects, several different experiments were run.

As a preliminary test, we evaluated the convergence of our genetic algorithm. We
created a set of 1 000 scenario trees, and then ran the optimizer 10 times on these
scenario trees, using the parameters as described in Section 6.2, and the risk aver-
sion A set to 1.0. Each iteration we stored the fitness of the current globally best
individual, and this resulted in the convergence curve shown in Figure 6.1. As can
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1 2 3 4 b} 6 7 8 9 10 11 12
A 022 0.08 0.048 0.041 0.025 0.02 0.02 0.02 0.02 0.01 0.01 0.01
0.18 034 035 039 035 032 026 025 026 025 022 021
-0.60 -0.53 -0.25 -0.04 0.09 0.17 0.18 0.24 023 027 0.18 0.12
049 0.03 -0.35 -0.31 -0.34 -0.12 -0.02 0.09 0.17 035 0.30 0.39
056 -043 -0.25 0.11 0.19 026 0.12 0.18 0.06 0.06 -0.29 -0.44
-0.19 032 012 -0.13 -0.36 0.08 -0.23 046 0.17 038 -0.43 -0.28
-0.00 -0.19 0.02 037 0.07 -0.03 -0.33 -0.39 -0.20 0.55 -0.35 0.32
0.14 -043 065 -0.23 -0.14 0.15 -0.25 0.18 -0.31 0.07 0.28 -0.01
0.01 -0.07 032 -028 -0.21 0.11 045 -0.58 038 0.19 -0.13 -0.15
-0.06 0.15> -0.13 0.10 0.10 -0.07 -0.27 -0.24 0.01 035 0.56 -0.61
0.01 0.05 0.10 -0.35 0.47 -055 0.33 0.15 -0.29 0.33 -0.11 -0.06
0.06 -0.10 0.13 -0.24 044 -0.18 -0.51 -0.03 0.62 -0.14 -0.09 0.08
0.06 -025 0.20 050 -0.32 -0.64 0.13 0.16 027 -0.05 0.06 -0.10

Table 6.5: Eigenvectors and their corresponding eigenvalues (marked with ) for
the forward rate risk factors as a result of the principal component analysis.

be seen in the figure, the chromosomes doesg not seem improve too much after 1 000
generations.

Convergence

03

0.2

0.1

. . . . . . . . . |
0 100 200 300 400 500 600 700 800 900 1000
Generations

Figure 6.1: Plots showing the convergence curve of the genetic algorithm. Each
curve shows a new run of the optimizer using the same set of scenario trees and the
same parameters. Fitness is defined as per Equation (5.11).

Having evaluated the convergence rate of the optimizer, we then proceeded by in-
vestigating the stability of our model. One way of doing this is by running the
optimize several times of a set of scenario trees, and plotting each solution on a
two-dimensional space with expected return on the y-axis and expected standard
deviation on the x-axis. The leftmost points in this scatter plot form a curve, which
is called the efficient frontier. A robust model will result in most of the points on
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Figure 6.2: Scatter plots of the solutions produced by running the algorithm
several times over two sets of scenario trees. The solutions for the first set is shown
in Figure 6.2a, and the solutions for the second set is shown in Figure 6.2b.

the efficient frontier, whereas on the opposite end, an unstable model will have a
large spread between each point.

For these purposes we performed two experiments. Both experiments involved
restarting the optimizer 200 timesy each time producing one new solution. How-
ever, each one of the two experiments used its own <ot of scenario trees. For both
experiments we ran the optimizer 240 times. The risk aversion parameter A was set
to 0 in both experiments.

For the first set of scenario trees (Figure 6.2a), we see that the efficient frontier is
convex. However, there are many outliers in the produced solutions, and only a few
are on or close to the efficient frontier.

For the second set (Figure 6.2b), we also find that most of the solutions are quite
far away from the efficient frontier. We also note that the optimizer seems to jump
between two clusters of solutions, which might indicate that it gets stuck in local
minima.

Having briefly looked into the stability of our model, we then wanted to evaluate
the usefulness of the model, in particular with regards to the risk aversion. Ideally,
a pension fund manager should be able to supply his or her own risk aversion as a
parameter A to the optimizer. The optimizer should then return a portfolio wit
sane instrument weights, matching the risk aversion of the pension fund manager.

Specifically, we ran two experiments for investigating how our model behaves for dif-
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Figure 6.3: Area plots showing the resulting allocations for two experiments in-
volving varying the risk aversion parameter A\. The allocations for the first set is
shown in Figure 6.3a, and the allocations for the second set is shown in Figure 6.3b.

ferent values of the risk aversion parameter A. Apart from using two different sets of
scenario trees, both experiments were done exactly equal, using the same parameters
as defined in Section 6.2. Each experiment involved running the optimizer 40 times
for each risk aversion value A that we tested, namely A € {0.0,0.1,0.2,...,1.0}.
This resulted in a total of 440 runs.

Each run, we collected the instrument weights of the optimal solution that the
optimizer came up with, and plotted it in an area graph. The results from both
experiments can be found in Figure 6.3.

First off; note that solutions do not sum up to 1, but rather sum up to 4. The reason
is that our universe of investable assets also contains financial derivatives, which are
bought using borrowed money. Our allocation constraints prevents us from investing
more than 100% of the total portfolio value into any single instrument. This means
that if the instrument weights sum up to 4, we invested all of our own money into
ordinary financial assets (or cash), and also bought invested in financial derivatives
for as much as the allocation constraints allow us to.

For the first experiment, we find that the solutions contain a broader set of financial
assets the more we increase the risk aversion parameter . The same holds true for
the second experiment. Also note that unlike the allocations in the first experiment,
the allocations from the second experiment tend to jump between two solutions.
In one solution, we make heavy use of domestic equity futures, whereas in another
solution we barely have any domestic equity futures at all.

Having evaluated the stability of the solutions, as well as the impacts from varying
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Figure 6.4: A screenshot of the graphical interface used for interacting with our
model.

the risk aversion parameter, we also timed the optimization procedure to deduce
whether or not the optimization problem is in fact solved in reasonable time. We
found that running the optimization on the hardware described in Section 6.1 tekes
about 1 minute and 21 seconds on average. While this is quite a lot faster than
the model described in [31], the results from the paper was produced using a much
weaker hardware [31].

6.4 Graphical interface

In order to run the system, one can make use of a graphical interface. The opti-
mization problem and genetic algorithm was implemented using WebAssembly, as
described in 5.3. This allows us to interact with the model directly from a web
browser. A screenshot of the interface is depicted in Figure 6.4. Note that the plots
produced in the previous section are not part of the graphical interface. Moreover,
the graphical interface only shows the optimal result after running the optimizer a
single time, unlike the figures in the previous section which depict solutions produced
from running the optimizer several times.
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Discussion

7.1 Evaluation of the results

The research question of this thesis is as given in 1.2. The primary research objectives
involves defining a multi-stage stochastic optimization model in an asset-liability
management setting, and to implement a genetic algorithm to solve the optimization
problem in a computationally efficient manner. A theoretical model description of a
multi-stage stochastic programming problem was given in Section 4. A description
of its implementation, as well as a description of the implementation details of the
genetic algorithm was given in Section 5.

Feature-wise, the model supports evaluation of portfolios over several time periods,
investing in financial derivatives, and maintaining the funding ratio of the portfolio
above a pre-defined goal. These were identified as key features of a portfolio opti-
mizer in an asset-liability management setting, and as such, the model structure is
clearly useful for many practitioners in the insurance industry.

Our implementation is able to optimize over several thousand scenarios in just over
a minute. Despite there being a lot more room for improvement (see Section 7.2),
it does not suffer from computational issues of the magnitude described in [65].

However, while [65] does match our model in terms of functionality, current state-
of-the-art models are a lot more complex. For example the Russell-Yasuda-Kasai
model includes storing cash in multiple different accounts, allows interacting with
the sponsor company of the pension fund, incorporates taxes, and so on [9]. Other
examples include [31], which allows for greater flexibility in terms of scenario tree
structure, [18] supports withdrawing and depositing money into the fund during the
simulation, and [42] which also models the life-expectancy and retirement age of
beneficiaries. Our own model supports none of these features.

On the other hand, and as mentioned in Section 3, there are relatively few models
which describe both the mathematical formulation of the optimization problem, as
well as a bespoke method for solving the problem. In our thesis, we have described
both, which in practice should make the process of extending the model a lot more
efficient.
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Furthermore, by implementing both the optimization model and the solver, we im-
prove the usability aspect of the system. Both [31], [18], and [42], among others, do
require at least some familiarity with programming in order to use them, whereas
our model comes with a graphical interface. Nenetheless—it—should-benoted—that

LA caoioals

Our project involves modelling both assets and liabilities. Both can be thought of as
time series models, moving up and down throughout time, depending on a multitude
of various factors. Whereas the price of assets might change based on things like
company earnings or the production of oil, this is usually not the case for liabilities.
Instead, the liabilities of a pension fund for example, depends on current interest
rates, payment policies, global salary indices, and more. To prevent the scope of
our thesis from growing out of hand, we simply modelled the liabilities as a 20-year
bond.

7.2 Potential issues with the model

Naturally, there are several aspects of our model which could be improved. The
way in which we model risk factors, using normal-log-normal distributions, might
appear as a deficient model of reality. Still, several authors, including [37], [11], [63],
and [71] suggest that the distribution is useful for modelling asset prices. But of
course modelling asset prices is a huge research area, suggesting that there are many;,
and perhaps better, alternatives. The model described in [31] supports simulating
scenarios using either a normal distribution or a t-distribution, none of which are
considered in our work. Another approach, described in [36] and applied in [65], is
the moment matching method. The general idea is to not concern oneself with what
type of distribution should be used, but rather just try to make sure that the first
k moments match the moments of the population.

Further, simulating correlated non-normal variables is a challenging task, and as
was described in Section 5.1.6, our approach leads to a slight error in the correlation
structure when generating new samples. Another approach to simulating correlated
random variables with non-normal marginals is by using the Vale-Maurelli method
[66] or the Headrick method [33]. However, as suggested in [53], these methods
could potentially lead to biased values on skewness and kurtosis. Furthermore,
the Headrick method is computationally expensive, and for our already complex
problem, increasing the complexity further is undesirable. It is likely that a better
approach would be to use copulas as described in [47].

Another issue is the stability of the model. While it does indeed produce feasible
portfolio weights, they do tend to vary substantially between runs. To get around
this issue, one might simply run the solver several times, although this is really a
symptomatic treatment of the matter, curing the symptoms instead of the cause.
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However, curing the problem would require quite a bit of research, as the non-
stability might come from multiple sources. In [35] it is suggested that using plain
real-value encoding for the chromosomes in our genetic algorithms seldom leads to
stable solutions. This was not investigated further in this thesis.

7.3 FEthical considerations

While the optimization model introduced in this thesis does indeed pose an interest-
ing mathematical problem on its own, it is also worth considering the ethical aspects
connected with it.

As stated in the introduction of this thesis, strategic investment decisions made
behind the closed doors of a pension fund have enormous implications on the lives
of its beneficiaries. Even in a worst case scenario, where the performance of a fund
deteriorates to a new all time low, the fund must still be able to pay current and
future retirees, hence it is of utmost importance that the fund always considers its
liabilities when developing its investment policies.

While this section indeed described the usefulness of our model, this is not to say
that the model cannot be misused. Indeed, a model and the reality, are two separate
units, and only in some cases are we able to develop realistic models of reality. For
example, estimating parameters from historical data, might yield fantastic results
in theory, but when applying the same practices in reality, might have disastrous
consequences if the real world is changing.

Another important point, is that our implementation makes heavy use of numerical
computation. While our problem setting is reasonably small, one could still use the
model with a much greater universe of investable assets, larger scenario trees, and
more complex methods of sampling scenarios. The computational complexity grows
exponentially with the number of time steps simulated, and so clearly for very large
problems the computational power required is quite substantial. Hence it is not only
the time it takes to run such a system which might be problematic, but also the
energy consumed by running it.

7.4 Further research topics

One of the benefits with implementing and solving the theoretical model defined in
Section 4 using a genetic algorithm is that it is easy to extend. As pointed out in
Section 7.2, our model does have its weaknesses, but it is not only these areas that
could be explored as future research.

There are several aspects of the genetic algorithm which could be explored. For
example, it could be interesting to compare the performance of our implementation
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with that of others’, such as [70] or [54]. Further, it would be interesting to in-
vestigate what parameters, such as population size or mutation rate, are the most
optimal for our problem. The genetic algorithm developed in this thesis is quite
bland, so it could be tailored even further for our specific optimization problem,
which might improve the results.

While the model does solve the optimization problem in reasonable time, it still
could be improved even further. Many parts of our model can be parallellised,
which would lead to even better computation time.
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Conclusion

In this thesis we formulated a multi-stage stochastic programming problem in an
asset-liability management setting, and solved it using a genetic algorithm. The
project is quite broad in scope, which required us to simplify some aspects of the
thesis, mostly the parts related to financial modelling.

Our multi-stage stochastic programming formulation optimizes towards expected
future wealth, and penalizes the solution depending on the specified risk aversion
level. Risk is defined as the expectation of accumulated liability shortfalls through-
out the stages. The liabilities were modelled to move as a 20-year bond, and the
targets were adjusted according to initial funding ratio settings.

We defined two types of risk types: a generic risk type, and a forward rate risk type.
Both types used non-normal shocks to capture the non-normal behaviour of market
returns. Our stochastic process models did result in some difficulties concerning
how to estimate the correlations between each process. We also used quasi-random
numbers to improve the convergence rate of our system.

In order to solve the optimization problem we implemented a genetic algorithm. The
algorithm operates on real valued chromosomes, and includes mutation, crossover,
and elitism.

The results showed that our implementation indeed provides useful results, and
that the optimizer runs in a computationally efficient manner. We also find that
solutions have relatively low stability in terms of produced solutions. While the
average target shortfalls are quite high, we can still produce the efficient frontier,
which might suggest that one can change the parameters of the genetic algorithm
to produce even better results.

Conctusivety; the findings of our thesis perhaps might require some further develop-
ment in order to be implemented at a pension fund. Nonetheless, our thesis serves
as a good ferndation for extending or constructing new multi-stage stochastic pro-
gramming systems in an asset-liability management setting.
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