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Sequential Bayesian inference with intractable likelihoods

A sequential mixture model method for posterior and likelihood estimation
HENRIK HAGGSTROM

Department of Mathematical Sciences

Chalmers University of Technology

Abstract

In a Bayesian setting with realistic models it is not unusual that it is not possi-
ble to perform exact parameter inference. This is typically due to the fact that
the likelihood function is not available in closed form or is intractable. Likelihood-
free methods perform parameter inference in models where evaluating the likelihood
is an intractable problem, but sampling data from a generative model is possible.
With the expansion of machine learning, recent approaches learn the posterior dis-
tribution of the parameters by sequential updates of neural-network based density
estimators. While these methods perform well, they require a network architecture
to be specified and training the neural-network can be computationally demanding
and time consuming. In this work we present a Bayesian inference method which,
in place of neural networks, uses Gaussian mixtures sequentially learned through
an expectation-maximization procedure. Posterior samples are then obtained via
MCMC through an informative and self-tuned proposal sampler. Only the number
of components in the Gaussian mixture needs to be specified to run the algorithm.
We show the feasibility of this method and benchmark it against two neural-network
based state-of-the-art Bayesian methods in 4 simulation studies. The results show
that the proposed method is competitive and in some cases even outperforms the
other methods in terms of simulation efficiency. Additionally, it is in most cases
significantly faster to run.

Keywords: Bayesian inference, simulation-based inference, likelihood-free methods,
multimodal posteriors, posterior estimation, likelihood estimation, R, Python.
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1

Introduction

This chapter introduces the subject and gives some background into why this is of
interest to study. Additionally, the aim of this thesis is stated and a short overview
of the chapters is provided.

1.1 Background

In many areas of science, complex simulations have been developed to describe phe-
nomena of interest. Such simulator models is a natural way of modeling mechanistic
processes in fields such as physics, protein folding, evolutionary biology and eco-
nomics. With the power of modern computing even complex simulator models can
be run forward to generate synthetic data which enables the use of new statistical
methods.

A simulator, in the context of this thesis, is a generative model M(6) taking as
input a vector of parameters 8 and producing an output vector of data y as following
0 - Y The data y produced this way is such that y ~ p(y | 8). To give a simple

example of how this works let us assume that we do not know how to sample from
a generic Gaussian distribution N (i, 0?), but we do know how to sample from a
standard Gaussian distribution X ~ N (0, 1). With 6 = (u, o) the generative model

M@O)=p+o0xuz, (1.1)

allows for generation of samples y ~ N(u,0?). Note that sampling y from the
generative model M(0) is equivalent to drawing samples from the likelihood p(y | 0),
even if the likelihood is analytically unavailable.

In the setting of statistical inference one wants to perform inference about the pa-
rameters of the simulation model given observed data of the phenomena of interest.
The difficulty is that the likelihood function is in many realistic cases intractable.
The likelihood function may be unavailable in closed form or may be a high di-
mensional integral, making it intractable to evaluate. In Bayesian inference, the
likelihood function is essential and without it traditional Bayesian methods, such as
Markov Chain Monte Carlo (MCMC), are not applicable.

Statistical inference in the setting where the likelihood function is intractable has
been named likelihood-free inference and simulation-based inference. A compact
account of the current state of simulation-based inference is provided in [4]. One
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popular method in likelihood-free inference is called Approximate Bayesian Compu-
tation (ABC) [1]. A more detailed introduction is given in section 2.3, but the idea
is that observed and simulated data is compared based on some distance measure to
learn about which parameter values likely could have generated the observed data.

Likelihood estimation and posterior estimation are two other approaches to likelihood-
free inference. The idea with these methods is to use the simulator to train a like-
lihood estimator or posterior estimator. In these methods, parameters are sampled
from a prior distribution or other proposal distribution and corresponding data is
generated by the model simulator. The likelihood or posterior estimate is then ob-
tained by training or fitting a surrogate distribution to the data set of proposed
parameters and simulated data. Likelihood estimation and posterior estimation
methods differ from ABC methods in the way that one obtains a parametric esti-
mate of the likelihood or posterior respectively that can be used for sampling from
the posterior.

Instead of sampling parameters from the possibly uninformative prior distribution,
the current posterior estimate or posterior sample can be used to guide the proposal
distribution to propose parameters that increases our knowledge about the posterior
distribution the most. In [4] this is referred to as active learning and it can reduce
the number of simulations required to obtain accurate inference drastically.

Recently there has been an accelerated expansion of simulation-based methods com-
ing from the introduction of machine learning based methods. Two such algorithms
are Sequential Neural Posterior Estimation C (SNPE-C), first denoted Automatic
Posterior Transformation (APT) in [12], and Sequential Neural Likelihood (SNL)
[19]. SNPE-C and SNL are described in section 2.7.1 and 2.7.2 respectively. These
methods use neural networks trained on parameter and simulated data pairs to
approximate the posterior density and likelihood respectively, by a surrogate distri-
bution. Using neural networks to approximate probability densities is called neural
density estimation. Stochastic gradient descent is typically employed altogether
with the backpropagation algorithm towards obtaining such surrogate functions.

In this thesis, a new simulation-based algorithm called Sequential Mixture Posterior
and Likelihood Estimation (SeMPLE) is introduced. It is similar to SNPE-C and
SNL in the sense that likelihood estimation and posterior estimation is used and it
also uses active learning to guide the proposal distribution. One major difference
is that the introduced method uses an expectation-maximization (EM) procedure
to fit Gaussian mixtures to approximate the likelihood and posterior, as opposed
to neural density estimation. This means that no network architecture has to be
defined, only the number of components in the Gaussian mixture. Additionally,
training the neural-network can be computationally demanding and time consuming,
which is avoided with SeMPLE. It is of interest to investigate if the EM procedure is
powerful enough to provide exact density estimations while being computationally
less demanding.
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1.2 Aim

The aim of this thesis is to investigate this proposed method of simulation-based
inference. We want to see how well this alternative approach performs compared to
existing state-of-art Bayesian algorithms such as SNPE-C and SNL. It is of interest
to find the limitations of SeMPLE and possibly expand the initial implementation
according to these findings.

The intended outcome is an implementation of the method and comparisons of
results from applications to several different simulation models with results from
SNPE-C and SNL.

We will consider questions such as:

e Does SeMPLE produce samples from a posterior distribution similar to the
true posterior?

o How can the different simulation-based algorithms be compared in a meaning-
ful way?

e Is SeMPLE competitive compared to, or even outperforming, existing state-
of-art simulation-based inference methods?

o What are the limitations of SeMPLE, are there ways to improve it by modi-
fying the initial implementation?

1.3 Overview

In Chapter 2, the SeMPLE method and its underlying theoretical components are
introduced. Additionally, the state-of-the-art algorithms SNPE-C and SNL are ex-
plained. Next, Chapter 3 explains how computations were performed in R and
Python. Furthermore, the methods of benchmarking the algorithms are explained
and motivated. Chapter 4 contains simulation studies with 4 different models and
results. Lastly, Chapter 5 summarizes the main conclusions and presents open ques-
tions and future work.
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2

Theory

In this chapter, a fundamental introduction to Bayesian inference is given and the
Metropolis-Hastings algorithm used to sample from a probability distribution is ex-
plained. Next, Approximate Bayesian Computation (ABC) is introduced to give
insight into a simple likelihood-free method. The SeMPLE method and its under-
lying theoretical components is introduced. Lastly, the neural density estimation
methods SNPE-C and SNL are explained.

2.1 Bayesian inference

Bayesian inference methods are a way of updating one’s beliefs upon observing data.
The way this is performed is given by Bayes’ theorem. Let 6 be the (possibly mul-
tidimensional) parameter of interest and let yo be the observed data. Furthermore,
let p(@) be the prior probability density function which incorporates the prior be-
liefs about @ before observing yg, and let p(y | @) be the likelihood function. Bayes’
theorem formulated in terms of probability density functions is then given as

_ plyo|0)p(6)

(2.1)
The probability density function p(@|yg) is called the posterior distribution of
given the observation yo and incorporates one’s beliefs about 8 after observing the
data yo. The goal of Bayesian inference is to compute the posterior distribution of
some parameter of interest. It can also be of interest to obtain a sample from the
posterior distribution.

From equation (2.1) it is clear that the likelihood function plays a central role
in Bayesian inference. But what if the likelihood function for some reason is in-
tractable? Computing the posterior by using Bayes theorem explicitly becomes
impossible if the likelihood function can not be evaluated. It is even the case that
other traditional methods such as the Metropolis-Hastings algorithm, explained fur-
ther in section 2.2, can not be used to sample from the posterior if the likelihood
function can not be evaluated. This is where likelihood-free inference methods are
required. There are different likelihood-free methods and they all provide inference
without evaluation of the likelihood function. This is the setting that this thesis is
concerned with, the likelihood function is assumed to be intractable and it can not
be evaluated.



2. Theory

In section 2.2, we introduce the Metropolis-Hastings MCMC method. It would
ideally be used to obtain a posterior sample if the likelihood function is explicitly
available for a given model, which is not our working scenario. However, we will use
it to produce samples from the exact posterior distribution of toy models to be used
as ground truth in comparisons. We also use it in the implementation of SeMPLE
in order to obtain posterior samples with this method.

2.2 Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm is a MCMC method to obtain random samples
from a probability distribution. It is commonly used in settings where direct sam-
pling is difficult, and has the advantage that it is sufficient to evaluate a function
proportional to probability density function of the target distribution in order to
obtain a sample from the target distribution. If one wants to sample from the pos-
terior distribution, this means that the marginal likelihood p(y) in equation (2.1),
which can be computationally expensive to compute, does not have to be computed.
The Metropolis-Hastings algorithm is given in Algorithm 1.

Algorithm 1 Metropolis-Hastings

1: Pick an initial value 6,
2: for j =2: N do
3: Sample 8* ~ ¢(010;_4)

6 a=min (1, 5675 765 %5)
5: Sample u ~ U[0, 1]

6: if u < o then

7 Oj - 0*

8: else

9: Oj = 9]'_1

10: end if

11: end for

Let P(0) be the target density one wants to sample from and let g(@|6,_1) be a
proposal density that suggest a new sample value given the previous value 0;_;.
The algorithm produces a Markov chain by proposing values, possibly influenced
by the previous value, and accepting or rejecting them according to the acceptance
probability « which is based on the proposal and target distribution probability
density functions. It can be shown that the limiting and stationary distribution
of the produced Markov chain will be the target distribution P(8). Note that due
to the fraction of target distribution densities in «, the target distribution is only
required to be known up to a constant factor with respect to 6.

In section 2.3, one method of likelihood-free inference called approximate Bayesian
computation is introduced. It gives insight into a simulation-based inference method
and provides some background to what problems with such methods that newer
methods try to solve.

6
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2.3 Approximate Bayesian Computation

The simplest version of Approximate Bayesian Computation (ABC) is the ABC
rejection algorithm [21]. Tt is given in Algorithm 2 and presented similarly to the
introduction given in [16]. The observed data is denoted as yo. The algorithm
repeatedly draws parameters 8 ~ p(-) from the prior distribution and simulates
corresponding data y ~ p(- | 0’) from the generative model. The proposed parameter
@' is then accepted or rejected based on the distance of the simulated data y to the
observed data y, determined by some distance measure p. The distance measure
p can for example be the Fuclidian distance. The distance threshold of acceptance
is denoted as € > 0. In the limit ¢ — 0, the ABC rejection algorithm will provide
samples from the exact posterior distribution under the assumption that no summary
statistic of the data is used, but at the same time the acceptance probability vanishes.
In practical applications, small values of € requires unfeasibly many simulations,
leading to a trade-off between sample efficiency and inference quality.

ABC methods suffer from the curse of dimensionality. When the data is high-
dimensional, all data will have a high distance to the observed data, introducing
the need for summary statistics to reduce the dimensionality of the data. Finding
powerful summary statistics that preserves much of the information in the data is
case specific and can require domain knowledge.

Improvements to the ABC rejection algorithm include Sequential Monte Carlo (SMC)
methods, thus giving rise to SMC-ABC [2] that make proposal of parameters more
efficient than sampling from the prior by using the knowledge of previously accepted
parameters. This is the same idea that was previously referred to as active learning
and it can reduce the number of model simulations needed to obtain high quality
inference drastically.

Algorithm 2 ABC rejection
1: fori=1:N do
2 repeat
3 Generate 6’ from the prior distribution p(-)
4: Simulate y from the generative model p(-|8’)
5: until p(yo,y) < ¢
6
T

set 6, = 0’
end for

An important goal with SeMPLE is to incorporate a method of active learning.
Section 2.4 introduces a core component of SeMPLE, named GLLiM, that will be
used to produce a well-targeted proposal function as well as likelihood and posterior
approximations.
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2.4 GLLiM

Gaussian Locally-Linear Mapping (GLLiM) was originally introduced in [5]. The
problem the authors intend to solve is high-dimensional to low-dimensional regres-
sion. Their approach is to exchange the roles of the input and response variables
in the regression, such that the low-dimensional variable becomes the regressor.
The parameters of the low-to-high regression model are estimated and the authors
derive the forward parameters, characterizing the high-to-low regression, in closed
form. By using (Gaussian) mixture models, this inverse-then-forward strategy be-
comes tractable. The mixture model parameters are estimated using a maximum
likelihood principle with an expectation-maximization (EM) procedure that can be
found in [5].

To formalize the explanation above with much of the notation borrowed from [9],
let @ € R! be (presumably low-dimensional) parameters and y € R? be (possibly
high-dimensional) observations. Assume that the observed y is the image of the
parameter 8 by an affine transformation 7, among K, plus an error term. This is
modeled by a latent variable z such that z=k if and only if y is the image of @ by
the transformation 7,. Let ¢ denote the parameters of the model. The following
decomposition of the joint probability distribution is used in [5]:

K
p(y,0;¢) = Z Y10,z =k;¢)p(0 |z = k; @)p(z = k; ). (2.2)
The locally affine function mapping @ onto vy is
K ~ ~
y = 1{z=k}(A0 + by + &), (2.3)
k=1

where 1 denotes the indicator function, and A, and by, define the affine transforma-
tion 7. The variable €, corresponds to an error term capturing both the observation
noise and the reconstruction error due to the affine approximation.

Assuming €, ~ Ny(0,3;) does not depend on 8, y or z we obtain

p(y |0,z =k;P) = Ny(y; ArO + by, ). (2.4)

For the posterior distribution p(@ |y) and the likelihood p(y | @) to be easily derived
it is important to control the joint distribution p(y,@). In [5] the GLLIM model is
derived assuming the joint distribution p(y, 8) is a mixture of Gaussian distributions.
To complete the hierarchical definition in (2.2), € is assumed to follow mixture of
Gaussians specified by
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This assumption specifies a prior distribution of @, however our main interest is in
the the posterior distribution and the likelihood that can be derived with this prior
assumption.

The mixture model parameters can be summarized as

& = {7, G Ty, Ay, by, T 1 (2.6)

Once the parameter vector g& has been estimated by an EM procedure explained in
detail in [5] and [9], one obtains the conditional density

K
sy 0) Z O)Nu(y; Arb + by, 3y), (2.7)

with o
(0) = e L)

> i1 miN(0; €5, 1)
that we will use as a likelihood estimation. The change in notation of the likelihood
to g4 is to emphasize that this is the density estimator with parameters ¢ that will be
used in SeMPLE. The forward relation parameters ¢ = {my, ¢y, Tx, Ay, by, Zp }
can easily be deduced from ¢ and are given in [5] by

(2.8)

T, =35+ A5 A, (2.9b)
¥, = (f,;l + AkTi];lAk)_l (2.9¢)
Ay =S, A, 50 (2.9d)
b = (T 'e, — Ay 5¢y). (2.9¢)
With the forward relation parameters ¢ we obtain the conditional density
+(0]y) Z Nk (yY)N1(0; Ary + by, i), (2.10)
with v r
() = e Nel¥i e To) (2.11)

> miNa(y; ¢, 1)
that we will use as a posterior estimate. Note that once ¢ has been estimated by

the EM procedure ¢ can easily be computed by the equations (2.9) and we obtain
both a likelihood estimate and posterior estimate in the same GLLiM run.

In the context of this thesis, the conditional densities (2.7) and (2.10) are used to
approximate the likelihood and posterior respectively. They will be referred to as the
surrogate likelihood and surrogate posterior, respectively. The way this is performed
and integrated with the rest of the SeMPLE method is explained in section 2.6.

In section 2.5 a neural density estimation based algorithm is introduced. SeMPLE
builds strongly on this method, which is why it is important to introduce it prior to
introducing SeMPLE. The SNPE-C and SNL algorithms are also strongly connected
to this algorithm.
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2.5 SNPE-A

Sequential Neural Posterior Estimation A (SNPE-A) [17] is a parametric approach
to likelihood-free inference where a parametric approximation to the exact posterior
is learned by sequential updates. This approximation is acquired by training a
mixture density network (MDN) [3], which is a Gaussian mixture where the mean
and covariances are parameterised via neural networks. However, no method of
estimating the number of mixture components is provided in SNPE-A.

What would later be named the SNPE-A algorithm is given in Algorithm 3 and
4. The MDN with parameters ¢ is denoted by ¢,(0|y) and the proposal distri-
bution that parameters are drawn from is denoted p(€). The intuitive explanation
of SNPE-A is that parameters 6,, are drawn from a proposal distribution p(8) and
corresponding data y, are simulated from the generative model p(y | 8,,), the MDN
q»(0]y) is then trained on the data set {0,,y,}Y_; to obtain a posterior approxi-
mation.

The authors of [17] show that using preliminary posterior fits to guide future sim-
ulation reduces the number of simulations required to learn an accurate posterior
approximation drastically. In terms of notation, this means that parameters are pro-
posed from p(@), which can be different from the prior p(8). However, not sampling
from the prior distribution requires a correction factor to target the true posterior
distribution. The motivation behind this is given in the proposition below, which is
the same as Proposition 1 in [17].

Proposition 1 We assume that each of a set of N pairs (0,,,y,) was independently
generated by
0, ~pO) and y,~p(y|o). (2.12)
In the limit N — oo, the probability parameter vectors [1,, qs(On | Yn) s mazimized
w.r.t ¢ if and only if
p(6)

qp(0 | y) x mp(e ly), (2.13)
p(0)

provided a setting of ¢ that makes q4(0 | y) proportional to Wp(@ |y) exists.

The proof of Proposition 1 can be found in [17]. The intuition is that if we simulate
enough parameters from the prior, the density estimator g4 would learn a conditional
of the joint prior model over parameters and data, which is the posterior p(@ |y).
When we draw parameters from another distribution it is necessary to “importance
reweight” the result.

Based on Proposition 1 the authors of [17] suggest to estimate the posterior by

961 0) o< 2 g3 00(6 o). (2.14)

as this will target the the true posterior.

In SNPE-A the proposal prior p(@) trained in Algorithm 3 is restricted to be Gaus-
sian distribution. The prior p(@) is assumed to be a uniform or Gaussian to allow

10
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analytical calculation of p(€ |y = yo). While it is convenient to be able to compute
p(0 |y = yo) analytically, it is quite restrictive in terms of the the proposal prior
and prior distribution.

Algorithm 3 Training of proposal prior ~ Algorithm 4 Training of posterior

initialize ¢, (0 | y) with one component initialize ¢(0 | x) with K components
p(0) < p(0) {if g4 available by Algorithm 3
repeat initialize by replicating its
forn=1:N do one component K times}
sample 6, ~ p(8) forn=1:N do
sample y,, ~ p(y | 6,) sample 8,, ~ p(0)
end for sample y, ~ p(y | 0,)
retrain ¢,(0 | y) on {6, yn}gzl end for
P(8) « 29 4,0 y,) train g5(6 |y) on {6, yn},_,
until p(0) has converged POy =y,) ﬁgzg PACAES)

After explaining SNPE-A, we are now ready to introduce the SeMPLE algorithm,
which builds strongly on SNPE-A| in section 2.6

2.6 SeMPLE

The sequential Bayesian inference method explained in this section is the main
contribution of this thesis. It is likelihood-free in the sense that the true likelihood
function does not have to be evaluated at any point to obtain inference. Instead it
relies on simulations from a simulator that are used to approximate the likelihood
and posterior by a mixture of Gaussians through GLLiM. The method is suitable
for multimodal posteriors due to the mixture distribution nature of GLLiM.

The full SeMPLE algorithm is given in Algorithm 5 and the details of the MCMC
step in line 4 is given in Algorithm 6. With p(@) being the prior distribution and
p(y | @) being the generative model that enables simulating data given a parameter 6.
The intuitive explanation to Algorithm 5 is that parameters 6,, ~ p(0) are sampled
from the proposal distribution and corresponding simulated data y, ~ p(y|8,)
are generated from the generative model, GLLiM is then used to fit a surrogate
likelihood ¢g(y | @) and surrogate posterior ¢4(0|y) to this data set {6y, y.}5,.
Next, the proposal distribution is updated to the surrogate likelihood times the
prior p,11(0) = q5(yo | @) p(), which is the current posterior estimate. In the next
algorithm iteration, MCMC is used to sample from the proposal distribution and
the procedure is repeated. In each algorithm iteration the algorithm output is the
approximate posterior sample {6, }»_, from the proposal distribution 5, (8).

11
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Algorithm 5 SeMPLE
1 p1(0) < p(0)
2: forr=0: R do
3: forn=1:N do

4: sample 0,, ~ p,(6) via MCMC using Algorithm 6
5: sample y,, ~ p(y | 6,)
6: end for
7: if r = 0 then
8: collect Dy = {0,,, yn } 2,
9: train g (y | 0) and g, (6 |y) on Dy using GLLIM
10: Dr+1(0) < q4,(6 | yo)
11: else
12: collect D, = D,_; U{0,,,y,}_, \ Dy
13: train g (y|0) and ¢4, (0 [y) on D, using GLLIM
14: Pr+1(0) < a5, (yo | 0)p(6)
(optional) Fr41(8) < 2% g5, (8 wo))
15: end if
16: end for

Algorithm 6 Metropolis-Hastings with GLLiM surrogate posterior as proposal
distribution

1: Pick an initial value 6,

2: for 7 =2: N do

3 Sample 0* ~ g4, (0 |yo)

b o mingl, At
5: Sample u ~ U0, 1]

6: if u < o then

7: 7 — 0*

8: else

9: Bj = 0j,1

10: end if

11: end for

A benefit of using GLLiM is that one easily obtains approximations of both the
likelihood and posterior. This means that one can choose to target the (corrected)
posterior distribution, similarly to SNPE-A, or the likelihood times prior in line 14
of Algorithm 5. In theory, this flexibility could be beneficial if either the likelihood
or posterior is easier to learn for a given model. While we report the optional pro-
cedure of targeting the corrected surrogate posterior, we anticipate that we actually
discourage its use as from the suboptimal results it produces. Note that we select
one of the choices about the proposal distribution in line 14 of the algorithm and
stick with it throughout all algorithm iterations.

The exception of MCMC being used to sample from the proposal distribution is in
iteration r=0, when py(6) = p(@), and in iteration r=1, when p;(0) = ¢4,(0 | yo). In

12
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iteration r=0, there is no need to use MCMC since the prior distribution is assumed
to be simple enough for explicit sampling. The reason for the surrogate posterior
being used as proposal distribution in iteration r=1, is that the MCMC step can
be avoided by sampling explicitly from the Gaussian mixture surrogate posterior
440 (0| yo). In later iterations, the correction factor in equation (2.14) is needed to
continue sampling from the approximate posterior, which makes the use of MCMC
necessary.

By using MCMC to sample from the proposal distribution p(@) we do not rely on
being able to compute the proposal distribution analytically, instead being able to
evaluate it is sufficient. Hence, the restrictions on the prior distribution and proposal
prior in SNPE-A are not present in SeMPLE, which allows more flexibility.

The initial training set Dy is disregarded in the coming data sets D,, r > 0. This
is because in Dy, the parameters 6,, are sampled from the prior, which is typically
not very informative, and if the number of samples NV is large, too much weight of
the cumulative training set D, would be put on Dy. The idea of gathering data
cumulatively in D, is to improve the GLLiM fit by giving it more data, as compared
to using the parameter, data pairs {6, y, }>_, from the most recent iteration only.

The MCMC sampling in Algorithm 5 is performed by the Metropolis-Hastings algo-
rithm. A benefit of acquiring both the surrogate likelihood gz(y |€) with GLLiM,
and the surrogate posterior g4(0 | y) through the closed formulas in equation (2.9), is
that the surrogate posterior can be used as a proposal distribution in the Metropolis-
Hastings algorithm. This procedure is given in detail in Algorithm 6. Using the
surrogate posterior as a proposal sampler in the Metropolis-Hastings algorithm has
the benefit of avoiding manual tuning of a proposal distribution. Another benefit
is that the surrogate posterior should improve in the sense that proposals become
closer to true posterior samples with further SeMPLE iterations. This could re-
sult in high Metropolis-Hastings acceptance ratios and good mixing of the produced
Markov chain without the need for manual tuning of the proposal distribution.

One thing to note with using the surrogate posterior as proposal distribution is
that both the proposal distribution and the target distribution are influenced by
the GLLiM fit. This could mean that Algorithm 5 converges relatively quickly
because the proposal distribution will most likely propose parameter values that
results in high surrogate likelihood values and high surrogate posterior values due to
the forward/backwards relationship between the surrogate likelihood and surrogate
posterior. One way of mitigating the effect of a too narrow proposal distribution
and too early convergence is to inflate the covariance of the proposal distribution
by a multiplicative factor.

In GLLiM, the number of components K in the Gaussian mixture model has to be
specified prior to performing the EM procedure. In [5], the Bayesian Information
Criterion (BIC) is proposed as a method of selecting the value of K. This procedure
is outlined in section 3.4.

Next, the two neural density estimation methods SNPE-C and SNL to be used for
comparisons are introduced in section 2.7.

13
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2.7 Neural density estimation methods

Note that in this section the posterior and likelihood estimators denoted ¢4(6|y)
and gy(y | @) are neural density estimators with parameters ¢, instead of Gaussian
mixtures as in equation (2.10) and (2.7).

2.7.1 SNPE-C

The SNPE-C algorithm was introduced in [12] under the name Automatic Posterior
Transformation (APT) with the name SNPE-C first being used in [6]. As the name
suggests, SNPE-C is a successor to the SNPE-A algorithm. It shares the iterative re-
finement of the posterior estimate and proposal distribution, which is what is known
as sequential neural posterior estimation (SNPE). SNPE-C is given in Algorithm 7,
which is the same as Algorithm 1 in [12] with some adaptations in the notation. To
account for the fact that the proposal distribution p(@) is different from the prior
distribution, they introduce

N B pe) 1
4p(0|y) = q4(0 | y)zTO)Z(y, o)’

(2.15)

where Z(y, ) = [,45(0 | y)% is a normalization constant. In SNPE-C a neural
network with weights ¢ is trained on a data set of parameters and simulated data
{6;,9y;} to minimize the loss function £(¢) = — Zévzl log G»(0; | y,) over the weights
¢. This results in a neural density estimate ¢,(6|y) of p(@|y) that approximates
the true posterior when the observed data yq is plugged in. Note that the correction
for not sampling from the prior happens during the learning step in SNPE-C as

opposed to after the learning step in SNPE-A.

Algorithm 7 SNPE-C

1: Input: simulator with (implicit) density p(y | @), data yo, prior p(0), density
family g4, simulations per round /N, number of rounds R.

2: p1(0) :=p(0)

3: forr=1: R do

4: for j=1: N do

5: Sample Hr,j ~ ﬁr(e)

6: Simulate y,.; ~ p(y | 6,)

7 end for N

8: ¢+ argmin Y > —logds(0;;|vi;) > using (2.15)
i=1j=1

9 Pry1(0) = q4(0 | yo)

10: end for

11: return ¢,(0 | yo)

Despite the similarities an important difference between SNPE-C and SeMPLE is
that SNPE-C uses a neural network to fit the posterior approximation to the pa-
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rameter and simulated data pairs, whereas SeMPLE uses GLLiM to fit mixture
distributions to approximate the likelihood and posterior.

2.7.2 SNL

Sequential Neural Likelihood (SNL) [19] is similar to SNPE-C in the sense that the
it trains a conditional neural density estimator and a proposal density is updated
sequentially. The most important difference is that SNL estimates the likelihood
instead of the posterior. This eliminates the need for corrections stemming from
the proposal distribution not being the prior, but introduces an additional MCMC
step to sample from the posterior distribution. In SNL, MCMC is used to sample
from the posterior using the estimation ¢, (y, | @) of the likelihood. SNL is detailed
in Algorithm 8, which is the same as Algorithm 1 in [19].

SeMPLE share evident analogies with SNL when p,11(0) < ¢4, (Yo | 0)p(0) in SeM-
PLE. The main difference is that SeMPLE uses GLLiM to approximate the likeli-
hood instead of using a neural density estimator.

Algorithm 8 Sequential Neural Likelihood (SNL)

Input: observed data yo, estimator g,(y | @), number of rounds R, simulations
per round N
Output: approximate posterior H(6 | yo)

set Po(0]yo) = p(0) and D = {}
forr=1: R do
forn=1: N do
sample 6, ~ p,_1(0 | yo) with MCMC
simulate y,, ~ p(y | 6,)
add (0,,y,) into D
end for
(re-)train g4(y | @) on D and set p, (0 | yo) x q4(yo | 0) p(6)
end for
return pr(8 | o)
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Methods

This chapter explains the method of producing inference results with the SeMPLE,
SNPE-C and SNL methods. Additionally, it explains the method of comparing
inference results using metrics. Furthermore, we introduce a method of selecting
the number of mixture components in GLLiM.

3.1 Simulation studies

Four simulation studies with different models were performed to asses and compare
the performance of SeMPLE, SNPE-C and SNL. The Two Moons model and the
multiple hyperboloid model provide the challenge of multimodal posterior distri-
butions. The Ornstein-Uhlenbeck process gives a high dimensional time series as
output from the simulation, and the Simple Likelihood Complex Posterior (SLCP)
model is purposely designed to have a simple likelihood function, but complex pos-
terior distribution. All models are introduced in Chapter 4. The use of several
models with different characteristics provides insight into how SeMPLE performs in
different scenarios.

The goal of all simulation-based inference algorithms is to obtain a posterior distri-
bution as similar as possible to the true posterior, that one would compute analyti-
cally if possible. The similarity between the true posterior and the one inferred by
an algorithm can be quantified with a suitable distance measure between posterior
samples. However, this requires access to a reference sample from a ground-truth
posterior, obtained by some other method. All models considered in this thesis
makes it possible to obtain such a reference sample that can be used to measure
performance.

SeMPLE was implemented in the programming language R with help of the xLLiM
package [20] that provides a GLLiM implementation. The output {6,}"_, from
the MCMC step in line 4 of Algorithm 5 was saved from every iteration r, except
r=0 because this is simply a sample from the prior distribution. Obtaining an
approximate posterior sample from every algorithm iteration r enables evaluation of
how the posterior approximation improves with further iterations.

To avoid having a too narrow proposal distribution in SeMPLE (explained in section
2.6), the covariance of the proposal distribution was multiplied by 1.2 from algorithm
iteration r=2 and forward in all the simulation studies. The value of 1.2 was found
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to be a reasonable trade-off between widening the proposal distribution without
decreasing the acceptance rate of the Metropolis-Hastings step to problematically
low levels.

3.2 Benchmarking

To perform inference with SNPE-C and SNL the Python package SBIBM (Simulation-
Based Inference Benchmark) [15] built on the SBI (Simulation-Based Inference) [23]
package was used. One major challenge is how to make fair comparisons with algo-
rithms that are inherently different. SBIBM tries to solve this problem by providing
a framework where different algorithms can be run and compared on the same prob-
lems with publicly available settings. SBIBM has been used both to produce the
SNPE-C and SNL posterior samples and to compute the C2ST metric introduced
in section 3.3.1. The SNL default neural density estimator in SBIBM, Masked Au-
toregressive Flow (MAF) [18], was used when running SNL. Similarly, the SNPE-C
default neural density estimator in SBIBM, Neural Spline Flow (NSF) [7], was used
when running SNPE-C.

SBIBM provides true posterior reference samples corresponding to 10 different ob-
served data sets of the Two Moons and SLCP models. The multiple hyperboloid
model and the Ornstein-Uhlenbeck process were not implemented in SBIBM by de-
fault, but have been implemented in the framework to make comparisons possible
for these models. In the case of the multiple hyperboloid model and the Ornstein-
Uhlenbeck process, reference samples were obtained by the Metropolis-Hastings al-
gorithm using the meme package [11] in R. The Metropolis-Hastings algorithm is
likelihood-based which means that the models considered are for benchmarking pur-
poses only and likelihood-based methods can be used to provide parameter inference.

A posterior sample size of 10* was used for both the reference samples and the sam-
ples from posteriors approximated by the different algorithms. The chosen sample
size is a balance of being large enough to draw accurate conclusions about the quality
of the approximation while being small enough for computational convenience.

As explained in [15], it is typically assumed that the total computation cost is
dominated by simulation cost when the simulation model is complex. Therefore,
SBIBM is based around reporting performance at different simulation budgets and
the same approach has been used in this thesis to benchmark different algorithms.
However, one should note that this is not the only way of comparing algorithms and
sometimes simulation budget comparisons does not provide the full picture.

SBIBM is based around setting a total simulation budget and obtaining a poste-
rior sample after all those simulations at the final iteration of the algorithm (if the
algorithm is sequential). Because all the algorithms considered in this thesis are
sequential, the SBIBM code of the algorithms SNPE-C and SNL was modified to
output a posterior sample after each iteration instead of only from the last algo-
rithm iteration. This provides more information about how the posterior estimation
changes over iterations without the need to run each algorithm multiple times with
different simulation budgets.
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Another modification that was implemented in the SBIBM code of the SNPE-C and
SNL algorithms was to output the runtime after each iteration r. This was done
to be able to compare runtimes, as the runtimes with the same simulation budgets
could vary heavily between different algorithms. However, there are some problems
with this way of comparing runtime because the algorithms are implemented in
different programming languages. This means that the implementations and internal
optimizations are inherently different and can not be compared directly. However,
it can still provide an idea of differences in runtime if the difference is very large.

All computations were run on a desktop computer with a 6-core (12 threads) AMD
Ryzen 5 2600 CPU.

3.3 Performance metrics

To quantify how well the posterior distribution is approximated there are a number
of performance metrics. In the setting of this thesis, inference quality is measured
by comparing samples from the true posterior, usually obtained by some MCMC
method, with samples from the posterior approximation. SBIBM has the same
approach and provides true posterior reference samples for the implemented tasks
and the ability to compute the C2ST metric. The benefit of using performance
metrics is that average results over multiple algorithm runs easily can be summa-
rized. However, the performance metric values do not always correspond to what
one can observe visually when comparing samples. For example, different metrics
are affected differently by outliers in the samples. With this in mind, it can be
problematic to consider one metric only when assessing performance, which is why
both the C2ST metric and the Wasserstein distance presented in sections 3.3.1 and
3.3.2 were used.

3.3.1 C28T

Classifier 2-Sample Tests (C2ST) [10], [14] trains a classifier to discriminate samples
from the true and inferred posterior. The accuracy of the classifier can then be
used to quantify how well the inferred posterior approximates the true posterior.
An accuracy of 1 means that the classifier always manages to correctly discriminate
samples from the two distributions, and an accuracy of 0.5 means that the classifier
is as bad as randomly guessing which posterior distribution the samples come from.
A high accuracy means that the classifier finds that there is a significant difference
between the two set of samples, rejecting the hypotheses that the two sets are gener-
ated from the same distribution. On the other hand, an accuracy of 0.5 means that
the classifier is unable to reject such hypothesis. Since the comparison is between
samples from an approximate method and samples from an exact method, we wish
to get scores close to 0.5. The C2ST implementation in SBIBM, using a multi-layer
perceptron classifier, was used.
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3.3.2 Wasserstein distance

The Wasserstein distance, originally defined in [13] in the context of optimal trans-
port, is a distance function between probability distributions. Viewing each distri-
bution as a unit of mass, it can intuitively be understood as the minimum total
"cost” of turning one distribution into the other. The cost in this analogy is defined
as the amount of mass moved times the distance moved. This optimal transport
problem can only make sense if the distributions have the same mass. In the con-
text of this thesis, this means that the samples to be compared have to be of equal
size. Naturally, a lower Wasserstein distance means that the distributions are more
similar. The implementation in the Python package POT [8] was used to compute
the Wasserstein distance.

3.4 BIC

In GLLiM, the number of components in the Gaussian mixture model K has to
be specified prior to performing the EM procedure. A too large value of K can
result in overfitting and unnecessary computational effort, while a too small value
of K could mean that the relationship between input and response variables can
not be represented well enough. The Bayesian Information Criterion (BIC) [22] is a
criterion for model selection that guides the selection of a parameter such as K. It is
given in equation (3.1) where L£(¢) is the maximal value of the likelihood function,
D(¢) is the total number of parameters in the model and N is the number of data
points in the data set. The BIC is based on the likelihood function and the idea
is that increasing the number of parameters of a model can increase the maximum
likelihood value L(¢), but may result in overfitting. The BIC tries to resolve this
problem by introducing the penalty term D(¢)log N for the number of parameters
in the model. By construction, the aim is to to minimize the BIC when selecting a
model, as this becomes a balance between maximizing the likelihood while limiting
the number of model parameters.

BIC = —2L(¢) + D(¢p)log N (3.1)

In [5], the BIC is suggested as a method of selecting the value of K. One problem
with the BIC and the likelihood-free setting is that the true likelihood is assumed
to be intractable and one can not assume that it can be evaluated. A solution to
this is to produce a data set {6,,y,}"_, by sampling parameters 6, ~ p(@) from
the prior and simulating corresponding y, ~ p(y|6,) from the generative model,
then use GLLiM to fit surrogate likelihoods ¢;(y|6) to the data set {6, y,},_, for
different values of K. The surrogate likelihood can then be used in place of the true
likelihood in the BIC computations. In [5], the log-likelihood

L(p) = _logqs(yn, 0n), (3.2)

n=1
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with
K
j=1
Note that
qg{y(yna en’Zn = k) = q$(yn’0n> Zn = k)q(ﬁ(enyzn = k) (34)

= N (yn; A + by, SN (0,,; &1, Ty).

The number of parameters that GLLiM needs to estimate
D(¢p) = (K — 1)+ K(DL+ D + L + nbpary, + nbpary), (3.5)

where nbpary, and nbpary are the number of parameters in the covariance matrices
3, and Ty, respectively, in equation (2.6). The covariance structure of the matrices
Y. and T can be can be constrained to reduce the number of parameters that
GLLiM needs to estimate. One possible constraint to the covariance structure is
to set the covariance matrices to be isotropic, which means that they must be
proportional to the identity matrix. The BIC computations were implemented and
performed in the programming language R.

The GLLiM implementation in the zLLiM package removes mixture component k
if the posterior mixture probability 7;(0) in equation (2.8) becomes zero. Empir-
ically it was found that when a posterior mixture probability becomes very small,
GLLiM would sometimes crash with errors about failed internal matrix inversions.
To prevent this, a threshold was set to remove mixture components with posterior
mixture probability below this threshold. This also shows the need of having a
method to select the initial number of mixture components K, as setting a too large
value inflates the problem of small mixture component probabilities.
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Results

This chapter containts simulation studies with the Two Moons model, the multiple
hyperboloid model, the Ornstein-Uhlenbeck process and the SLCP model. The
chapter is divided into 4 sections, one for each simulation study. In each section, the
model is explained, the implementation details are provided and finally the results
are presented.

4.1 Two Moons

The Two Moons model is a relatively simple inference task that serves well as an
initial example. The purpose of using this model is to illustrate how algorithms deal
with multimodality and the local crescent shape of the posterior distribution. In this
simulation study, results with different SeMPLE settings are presented, something
that is not done to the same extent in the other simulation studies to avoid too
much repetition.

4.1.1 Model

The Two Moons model, described in [12], generates y € R? for a given parameter
0 € R? according to

a ~ u(_g’ g) (41)
r ~ N(0.1,0.01?) (4.2)
p = (rcos(a) + 0.25, rsin(a)) (4.3)
T _|(91+62‘ —(91+92

Yy =p+ < 7 73 ) . (4.4)

A uniform prior #4(—1,1) independent on each component of 8 was used, as sug-
gested in [12]. By construction, this toy example has a posterior distribution with
two crescent shapes for a given observation, an example is shown in Figure 4.1.

4.1.2 Implementation

The BIC was used to determine a suitable value of the number of components K in
the Gaussian mixture distribution in GLLiM. All BIC values are computed on the
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Figure 4.1: Example scatter plot of a Two Moons posterior sample. Bright colors
indicates higher density.

same prior-predictive data set {6,,, y, }_, with N = 2500 prior to running SeMPLE.
Figure 4.2 shows BIC as a function of K. The minimum BIC of the evaluated values
is obtained at K=50 but the BIC values decreases the most from K=10 to K=30.
By the Occam’s razor principle, K=30 was used when running SeMPLE. Empirical
experiments showed that a larger value of K did not improve results. The runtime
to compute all BIC values in Figure 4.2 was 93 seconds ~ 1.5 minutes. Note that
the BIC computation is independent of the observed data set and only has to be
performed once before running SeMPLE.

The three algorithms were run with the 10 different observed data sets and corre-
sponding posterior reference samples provided in SBIBM. Hence, the metric results
are averaged over 10 different data sets.

The relatively easy Two Moons inference task was set up with 10* total model
simulations uniformly distributed across R=4 algorithm iterations. In the notation
of the algorithms this corresponds to N = 2 500. This was the same for all algorithms
to make the comparison as fair as possible. A comparison with a similar number of
model simulations but with a different set of algorithms can be found in [12].

4.1.3 Results

Figure 4.3 shows the C2ST metric and the Wasserstein distance as a function of
number of model simulations for different SeMPLE settings. The settings com-
pared differ in the choice of using the surrogate likelihood to update the proposal
distribution in line 14 of Algorithm 5 to p,11(6) = g4 (yo | 8)p(8), or using the sur-
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Figure 4.2: BIC as a function of number of Gaussian mixture components K for
the Two Moons model.

rogate posterior to update the proposal distribution to p,.1(0) = ; ((99)) 96, (0 | o).
In both settings, the GLLiM covariance matrices were set to be isotropic. Ad-
ditionally, the combination of using fully-specified covariance matrices in GLLiM
with the surrogate likelihood in the proposal distribution is included. It is clear
that running MCMC using the surrogate likelihood to sample from g5 (yo | 6)p(60)
yields better results than running MCMC targeting the corrected surrogate posterior
; ((00)) 4, (0| yo). Targeting the corrected surrogate posterior gives higher variance in
the metric results and both the C2ST metric and the Wasserstein distance increases
with further iterations instead of decreasing (and improving). A possible explana-
tion to why targeting the surrogate posterior results in inaccurate inference is that
at iteration s the proposal distribution ps(@) will contain factors from all previous
surrogate posteriors gy, (6 | yo), r < s. Since we use MCMC, sampling from such a
distribution is not a problem, but it could be that the variance of the MCMC target
distribution becomes high as a consequence of the many surrogate posterior factors
from previous iterations.

Based on these results, it was concluded that using the surrogate likelihood to
target g (yo|@)p(@) in the MCMC step, with the surrogate posterior gy, (6 |yo)
as proposal distribution in the Metropolis-Hastings algorithm is a superior method
overall. This will be used in all the other simulation studies. Using fully-specified
covariance matrices in GLLiM and hence increasing the number of mixture model
parameters seems to yield slightly better results with the Two Moons model.

To provide further insight into what happens in the Metropolis-Hastings step of
SeMPLE, Figure 4.4 shows the acceptance rates when using the surrogate likelihood
or surrogate posterior in the target distribution. The acceptance rates are higher
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Figure 4.3: Two Moons: Median C2ST and Wasserstein distance of 10 SeMPLE
runs with different data sets as a function of number of model simulations. The
three different SeMPLE settings refers to if the surrogate likelihood or the corrected
surrogate posterior is used in the MCMC target distribution, and constraints used
on the GLLiM covariance matrices. Error bars show min/max values.

and increases when the surrogate likelihood is used to sample from g (yo | 0)p(0)
in the MCMC step. The higher acceptance rates means that there are more unique
samples in the posterior samples and hence more of the posterior distribution could
potentially be explored. The increase in acceptance rate with further iterations
could indicate that the algorithm converges when the surrogate posterior proposes
parameters with high surrogate likelihood values.
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Figure 4.4: Two Moons: Median acceptance rate of the Metropolis-Hastings step
of 10 SeMPLE runs with different data sets. The MCMC target refers to the choice
of using the surrogate likelihood or surrogate posterior in line 14 of Algorithm 5.
Error bars show min/max values.
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With the insights of what SeMPLE settings seem to be the most effective, it is nat-
ural to present the performance comparison with the SNPE-C and SNL algorithms.
Figure 4.5 shows the C2ST metric and the Wasserstein distance as a function of
number of model simulations for SeMPLE, SNPE-C and SNL. One can immediately
identify that all three algorithms manages solve the inference task and approximate
the posterior distribution quite well, although the SNL results have high variance.
In terms of the C2ST metric SeMPLE outperforms both SNPE-C and SNL and
achieves better results with fewer model simulations. In terms of the Wasserstein
distance the difference between algorithms is much smaller.

. Algorithm T Algorithm
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Figure 4.5: Two Moons: Median C2ST and Wasserstein distance of 10 runs with
different data sets as a function of number of model simulations. Error bars show
min/max values.

As mentioned previously, performance metrics are a useful way of summarizing
multiple results, but can not present all details. Figure 4.6 shows a pair plot with
Kernal Density Estimate (KDE) marginals of the posterior samples of the final
iteration r=4 of each of the algorithms. This is using observed data set number 1 in
SBIBM. With this specific data set, SNPE-C is very close to the reference posterior
sample when looking at the parameter marginals. However, the SNPE-C sample
has many outliers outside of the crescent shapes of the reference posterior sample.
The SeMPLE posterior sample has almost no such outliers outside of the reference
posterior region and in this regard approximates the posterior shape very well. This
can likely be contributed to the mixture distribution structure of SeMPLE.
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Figure 4.6: Two Moons: Pair plot of posterior samples from the last iteration
(r=4) of each algorithm. Observed data set number 1 in SBIBM.

Pair plots and scatter plots colored by density of posterior samples from the final
iteration r=4 of all algorithms using all 10 different SBIBM data sets can be found
in the Appendix sections A.1.1 and A.1.2. The median runtimes of the algorithms
can be found in Figure A.1 in the Appendix.

4.2 Multiple hyperboloid

The multiple hyperboloid model in [9] is constructed from a real sound source lo-
calization problem in audio processing, however the connection to audio processing
is only illustrative. A detailed explanation of the model is provided in the sup-
plementary material of [9] Section S4.5. In the context of this thesis, the multiple
hyperboloid model serves as an example of more challenging inference task with a
complex symmetrical and multimodal posterior distribution.
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4.2.1 Model

Referring to the audio processing illustration the unknown parameter 8 € R? can be
interpreted as a sound source location and the two pairs of 2-dimensional parameters

m! = (ml,ml) and m?> = (m? m3) can be interpreted as the location of two
microphone pairs. An observation y € R¢ has the likelihood function
1 1
p(y | 0) = 58(:1/, Fo (9)]1617 Uz]d? V) + §S(y7 Fin2 (e)ﬂda UQ[da V)v (45)
where
Fn(0) = (10 — mylls — [|6 — mal]y), it m = (my, m,). (4.6)

The likelihood in equation (4.5) is a mixture of two Student’s t-distributions with a d-
dimensional location parameter with all dimensions equal to F,1, F,2 respectively,
a diagonal scale matrix ol; and v degrees of freedom. It is assumed that v = 3
and o = 0.01. Generating data y, given a parameter 0, is as simple as sampling
from a mixture of Student’s t-distributions. The prior is set to U(—2,2) for both
components of @ with the true parameter 8* = (1.5,1) as in [9]. The number of
dimensions of the data d = 10.

4.2.2 Implementation

Figure 4.7 shows the BIC for different values of K computed by fitting surrogate
likelihoods using the same prior-predictive data set {0,,y,}Y_, with N = 10000
prior to running SeMPLE. Isotropic covariance matrices were used in GLLIM as it
was found that using fully-specified covariance matrices did not improve results. The
decrease in the BIC slows down significantly at K=30 which motivates a starting
value of K=40 in SeMPLE. This is close to the value of K=38 in [9] selected for
the same multiple hyperboloid model by BIC. The runtime to compute all the BIC
values in Figure 4.7 was 270 seconds = 4.5 minutes. Note once again that the BIC
computation is independent of the observed data set and only has to be performed
once before running SeMPLE.

Since the multiple hyperboloid model is not implemented in SBIBM there exist no
observed data sets or reference posterior samples in SBIBM. To produce an observed
data set yg, the model simulator p(y | %) was run with the true parameter value 6*.
Since the posterior shape varies widely depending on the true parameter value and to
keep the connection to the experiment in [9], only a single such observed data set was
produced. Instead, the metric results were averaged over 10 independent runs with
this same observed data set. To produce a reference posterior sample corresponding
to the produced observed data set, the Metropolis-Hastings algorithm was used. The
sample size of the reference posterior sample was set to 10* to match the reference
sample size in SBIBM.

As the multiple hyperboloid model is a more challenging inference task compared
to the Two Moons model, the total number of model simulations when running the
algorithms was set to 40000, while the number of algorithm iterations was kept
to R=4. We spread the simulations uniformly across the R=4 algorithm iterations
which results in N = N = 10000.
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Figure 4.7: Multiple hyperboloid: BIC as a function of number of Gaussian mix-
ture components K.

4.2.3 Results

Figure 4.8 shows the C2ST metric and the Wasserstein distance as a function of
the number of model simulations for each algorithm. Regardless of metric, SNL has
poor results with high variance, and it can clearly be seen in the scatter plots of
each run in section A.2.1 of the Appendix that SNL completely fails to approxi-
mate the posterior in this simulation study. In terms of both performance metrics,
SeMPLE performs better than SNPE-C. The SNPE-C scores in terms of the C2ST
metric and Wasserstein distance actually increases sligthly with increasing number of
model simulations, suggesting that SNPE-C struggles with approximating the pos-
terior even though more model simulations are provided. The Metropolis-Hastings
acceptance rate plot of the internal SeMPLE step can be found in Figure A.22 in
the Appendix.

In terms of simulation efficiency, SeMPLE performs very well compared to SNPE-C
and SNL. Another aspect to compare is the runtime of the algorithms. Figure 4.9
shows the elapsed time as a function of iteration number for each algorithm. The
SNL results are not that relevant because of the poor inference results, but there is
a considerable difference in computational time between SeMPLE and SNPE-C in
the favor of SeMPLE, even after taking the 4.5 minutes of BIC computational time
into consideration. In this case study, SeMPLE is outperforming both SNPE-C and
SNL in terms of inference quality, simulation efficiency and runtime.
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Figure 4.8: Multiple hyperboloid: Median C2ST and Wasserstein distance of 10
independent runs with the same observed data set as a function of number of model
simulations. Error bars show min/max values.
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Figure 4.9: Multiple hyperboloid: Median elapsed time of 10 independent runs as
a function of algorithm iteration. Error bars show min/max values.

Figure 4.10 shows a pair plot of a multiple hyperboloid posterior sample from the
final iteration (r=4) of each algorithm. Note that this is only one of the 10 inde-
pendent runs that make up the averaged metric results. The SeMPLE and SNPE-C
posterior samples appear to be quite similar to the reference sample when looking
at the scatter plots of this figure. The SeMPLE sample contains some samples near
the origin that are not present in the reference sample. However, when looking at
the marginals it appears that the SeMPLE sample is in fact more similar to the
reference sample compared to SNPE-C and SNL. The pair plots of all repetitions
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can be found in the Appendix section A.2.2.
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Figure 4.10: Multiple hyperboloid: Pair plot of posterior samples from the last
iteration (r=4) of each algorithm. Run 2 out of 10.

4.3 Ornstein-Uhlenbeck

The Ornstein-Uhlenbeck process [24] is a stochastic process with original applica-
tions in physics to model the velocity of a Brownian particle. In this thesis it serves
as an application where the data can be set to a high-dimensional time series, while
the likelihood function is tractable and can be used to produce true posterior refer-
ence samples.

4.3.1 Model

The Ornstein-Uhlenbeck process X; is defined by the stochastic differential equation
(SDE)
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where > 0, « € R, 0 > 0, Xy = z¢ and W, denotes the Wiener process. The
solution to equation 4.7 is

t
Xy =a+ (2o —a)e™ P + O'/ e Py, (4.8)
0
The Ornstein-Uhlenbeck process has known Gaussian transition densities which en-
ables evaluation of the exact likelihood function. This means that a reference sample
from the true posterior can be produced by MCMC. For a generic time t and an
arbitrary state zy at time ¢y = 0 the conditional transition density is given as
o2
(X:| Xo = 20) ~ N(a+ (z9 — a)e™™, ﬁ(l — e 72, (4.9)

The transition density in equation (4.9) allows exact simulation of a solution path
to the Ornstein-Uhlenbeck SDE. Starting at ty; = 0 one can simulate n — 1 further
points of the solution at instants t1,...,%,_1, letting A; = t; — t;,_1, by using the
transition recursively as following

2
g
Xy, =x, ) ~N(a+ (xg — Oé)efBAij o

(1—e2P2)), i=1,...,n—1.
(4.10)

The likelihood function for the parameters 6 = («, /3, 0) can due to the Markovanity
of the solution of an SDE be written as

n—1
L(zo,...,2n-1]0) = [] p(xi|2i-1;0), (4.11)
i=1

where p(x; | x;_1;0) is the transition density in equation (4.10).

The interpretation of the parameter « is the asymptotic mean. This can be seen by
letting ¢ — oo in equation (4.9) which shows that asymptotically X; ~ N (a, %)
The parameter o can be interpreted as the variation or the size of the noise while
[ can be interpreted as the growth-rate or how strongly the system react to pertur-
bations.

4.3.2 Implementation

The fixed initial value was set to xg = 0. Uniform priors distributions according
to a ~ U(0,10), B ~ U(0,5) and o ~ U(0,2) were used with the true parameter
values 0 = («, 5,0) = (3,1,0.5). In this study, 50 points were simulated from the
process to obtain a time series of length n = 51 (including the fixed starting value)
in each simulation. The time frame of the process was set to [to, 7] = [0, 10] and the
discrete time points ¢1,...,t,_1 set to be equally spaced in this interval.

Similarly to the multiple hyperboloid model a single observed data set was produced
by running the simulation model with the true parameter values 8 = (3, 1,0.5) once.
Metrics are instead averaged over 10 independent algorithm runs with the same

33



4. Results

|
o o o
o o° \ 0 o° o
Q| ° 7 L %0q °0°0 o % o oOO
™ / 000 © \ \ / o
20 \/ Oo'O o000
Ts} o o
N /
o
/
o oo
N /
>Z‘_ o
T}
- | /
o | ;
— o
o |
o | o
o |/
oo
| T T T T T
0 10 20 30 40 50

Figure 4.11: Ornstein-Uhlenbeck: Observed time series data of the process.

observed data set. The observed data set is shown in Figure 4.11. Note how the
time series moves towards to the asymptotic mean o = 3.

The covariance structure in GLLIM was set to be fully-specified with this model,
because through empirical experiments, it was found that this improved the infer-
ence results substantially. This could be because the data is correlated due to the
Markovanity of the time series data.

Figure 4.12 shows the BIC for different values of K, computed by fitting surrogate
likelihoods using the same prior-predictive data set {6,,y,})_; with N = 10000
prior to running SeMPLE. The minimum value is obtained at K=8 but because of
this relatively small value, K was instead set to 15 to have some buffer to remove
unnecessary mixture components if needed. The runtime to compute all BIC values
in Figure 4.12 was 973 seconds ~ 16 minutes. Note that the BIC computation is
independent of the observed data set and only has to be performed once before
running SeMPLE.

4.3.3 Results

Figure 4.13 shows the C2ST metric and Wasserstein distance as a function of number
of model simulations for each algorithm. At iteration r=2 (20 000 model simulations)
SNL consistently shows an unexpected behaviour where the posterior sample is
clearly worse than in the first iteration (r=1). This happened in some scenarios with
SNL where the number of simulations in the first iteration is low enough. Apart from
this, SNL scores best in both metrics after the full 40 000 model simulations (R=4
algorithm iterations). In terms of the C2ST metric it clearly performs the best, but
the difference compared to SeMPLE is much smaller in terms of the Wasserstein
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Figure 4.12: Ornstein-Uhlenbeck: BIC as a function of number of Gaussian mix-
ture components K.

distance. SeMPLE obtains better metric values than SNPE-C with the difference
between the algorithms being larger in terms of the Wasserstein distance compared
to the C2ST metric. The Ornstein-Uhlenbeck process could be a simulation model
where it is easier to estimate the likelihood compared to the posterior, which could
explain the outcome of metric scores since both SNL and SeMPLE uses a surrogate
likelihood to obtain posterior samples. Based on the C2ST metric score, one could
assume that providing more model simulations or running the algorithms for more
iterations could improve the inference quality.

The increasing acceptance rate of the Metropolis-Hastings step of SeMPLE in Figure
4.14 suggests that SeMPLE is converging to a surrogate likelihood and surrogate
posterior in the later algorithm iterations.

Figure 4.15 shows that the runtime of SeMPLE is much lower compared to both
SNL and SNPE-C, even after taking the 16 minutes of BIC computations into ac-
count. Especially SNPE-C has much longer runtimes with this model, combined
with the worst performance metric results out of all three algorithms. However,
SNL interesting in comparison to SeMPLE when we consider the added time of the
BIC computations for SeMPLE and the promising performance metric results of

SNL.

Pair plots of the posterior sample from the last algorithm iteration (r=4) of all 10
algorithm runs, as well as the Markov chains of the Metropolis-Hastings output can
be found in the Appendix section A.3.
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Figure 4.13: Ornstein-Uhlenbeck: Median C2ST and Wasserstein distance of 10
independent runs with the same observed data set as a function of number of model
simulations. Error bars show min/max values.
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Figure 4.14: Ornstein-Uhlenbeck: Median acceptance rate of the Metropolis-
Hastings step of 10 independent SeMPLE runs with the same data set. Error bars
show min/max values.
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Figure 4.15: Ornstein-Uhlenbeck: Median elapsed time of 10 independent runs as
a function of algorithm iteration. Error bars show min/max values.

4.4 SLCP

The Simple Likelihood Complex Posterior (SLCP) model [19] [12] is a challenging
inference task that is designed to have a simple likelihood function but a complex
posterior distribution. In [19], it is used as an example where SNL performs better
than posterior estimation methods. In this thesis, it serves as an example of a model
where the likelihood function is supposed to be considerably easier to approximate
compared to the posterior distribution.

4.4.1 Model

Given parameters @ € R, the data y € R® can be generated according to the
following equations:

my = [0y, 05] (4.12)
s1 = 03 (4.13)
So = 02 (4.14)
p = tanh(05) (4.15)
s 518
Sp = lpsllsz P E 2] (4.16)
y; ~ N(mg,Sp) for j=1,...,4 (4.17)
Y=Y, - Y] (4.18)

The data y € R® is a set of four two-dimensional points independently sampled from
a Gaussian likelihood. The model is (pairwise) multimodal by construction and the
variance Sy is a nonlinear function of 8. The prior distribution was set to U(—3, 3)
independently on each component of € as in [19].
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4.4.2 Implementation

Figure 4.16 shows the BIC for different values of K computed by fitting surrogate
likelihoods using the same prior-predictive data set {0, y,}Y_, with N = 20,000
prior to running SeMPLE. The minimum value is obtained at K=10, but similarly to
the case with the Ornstein-Uhlenbeck model, K was set to 15 to have some buffer to
remove mixture components with small posterior mixture probabilities. The runtime
to compute all BIC values in Figure 4.16 was 276 seconds ~ 5 minutes. Note that
the BIC computation is independent of the observed data set and only has to be
performed once before running SeMPLE.
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Figure 4.16: SLCP: BIC as a function of number of Gaussian mixture components
K.

The three algorithms were run with the 10 different observed data sets and corre-
sponding posterior reference samples provided in SBIBM. Since the initial inference
results with SeMPLE were poor, the total number of model simulations was in-
creased to 80000 to show the results with a larger budget of model simulations.
The number of algorithm iterations was set to R=4. The covariance structure in
GLLiM was found to not have any considerable impact on the result with this model
and was set to be isotropic.

4.4.3 Results

Figures 4.17 shows the C2ST metric and Wasserstein distance as a function of num-
ber of model simulations for each algorithm. While SNL and SNPE-C both perform
relatively well, SeMPLE obtains poor results in terms of both metrics. It seems
like SeMPLE is not able to learn much of the posterior or likelihood even though
more model simulations are provided. This could indicate that GLLiM struggles
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4. Results

to approximate the likelihood and posterior with this specific model. We expect
SNL to perform better than SNPE-C, since the simple likelihood should be easier to
approximate compared to the complex posterior, which seems to be the case. The
difference between SNL and SNPE-C is much larger in terms of the C2ST metric
compared to the Wasserstein distance where the results are more similar.
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Figure 4.17: SLCP: Median C2ST and Wasserstein distance of 10 runs with dif-
ferent data sets as a function of number of model simulations. Error bars show
min/max values.

The acceptance rates in Figure 4.18 are surprisingly high considering the poor in-
ference results with SeMPLE. However, the acceptance rates remains relatively con-
stant with increasing algorithm iterations, which suggests that the algorithm is not
converging or learning the likelihood or posterior.

The computational time displayed in Figure 4.19 shows once again that SeMPLE
is much faster to run compared to SNPE-C and SNL. However, this is not of much
use in this case when the inference quality of SeMPLE is very poor.

Pair plots of posterior samples from the final iteration r=4 of all algorithms, using
all 10 different SBIBM data sets, can be found in the Appendix section A.4.
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4. Results

Figure 4.18: SLCP: Median acceptance rate of the Metropolis-Hastings step of 10
SeMPLE runs with different data sets. Error bars show min/max values.
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Figure 4.19: SLCP: Median elapsed time of 10 runs with different data sets as a
function of number of algorithm iterations. Error bars show min/max values.
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Conclusion

The simulation studies show that SeMPLE performs well compared to state-of-art
methods such as SNPE-C and SNL in a variety of different inference tasks. In some
scenarios even outperforming SNPE-C and SNL in both simulation efficiency and
runtime. In many cases the EM procedure in GLLiM seems to be powerful enough
to provide accurate likelihood and posterior estimations, while in all the simulations
studies considered SeMPLE was significantly faster to run compared to SNPE-C
and SNL.

Apart from the promising results in the Two Moons, Hyperboloid and Ornstein-
Uhlenbeck simulation studies, SeMPLE did not perform well in the SLCP inference
task. There could be a number of possible explanations to this as there were no
signs of improved metric results with increasing number of model simulations. This
could be due to the GLLiM procedure having problems estimating the likelihood or
posterior due to the design of the model. Recall that the SLCP model is designed
to have a complex posterior and simple likelihood and because SeMPLE relies on
estimating both, this might cause problems. A further investigation by someone
having deeper knowledge in GLLiM would probably be required to fully understand
why SeMPLE does not perform well in the SLCP inference task.

A general question is weather it is preferable to learn the likelihood or posterior.
Depending on the model considered the posterior or likelihood might be easier to
approximate. A likelihood approximation can be reused with different priors, but on
the other hand an additional MCMC step is required to obtain a posterior sample,
which increases the computational cost. SeMPLE provides the flexibility of targeting
either the surrogate likelihood times the prior or the corrected surrogate posterior
in the MCMC step, but it was found that using the likelihood approximation in
general provided better inference results.

With some of the models it was found that a sufficiently large number of parameter
and simulation pairs N was needed in the SeMPLE iteration r=0. If this number
was not high enough the acceptance rate of the first Metropolis-Hastings iteration
(r=2) would be very low with many samples being identical. This then leads to
internal matrix inversion problems in the next GLLiM fit as the input data is heavily
correlated. This lower limit of prior predictive samples varied between models and
could often be resolved by adjusting other parameters such as the number of mixture
components K. Still, it could be a problem if there exists a lower limit of first iteration
model simulations N under which the SeMPLE algorithm can not complete. With
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5. Conclusion

SNPE-C and SNL, no such problems occurred even with very low number of model
simulations. However, with a very low number of model simulations the quality of
the resulting inference is usually very low.

SeMPLE is still a new algorithm with room for improvements and modifications.
For example, the xLLiM package provides the possibility of using a mixture of
Student’s t-distributions instead of a mixture of Gaussians. This could be beneficial
if the likelihood or posterior is heavy-tailed. It could be interesting to see if Student’s
t mixtures are more expressive and better at handling more disperse observations
compared to Gaussian mixtures. Experiments with different mixture distributions
has not been conducted and is left as a question of further research.

In the Ornstein-Uhlenbeck model, the length of the time series and dimension of
the data was 51, showing that SeMPLE works well with higher dimensional data
compared to the other models tested. However, if the dimension of the observed
data set d > 51, SeMPLE would not work because of numerical issues with inversion
of large matrices in the internal GLLiM computations. One way of dealing with this
would be to consider summary statistics of the data to reduce the dimensionality
of the data and use these in place of the raw data. This raises the question of
how to create informative summary statistics of the data prior to starting SeMPLE,
something that is also left as a question of further research.
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Appendix 1

This appendix contains figures and is divided into four sections, one for each simu-
lation study.

A.1 Two Moons

Figure A.1 shows the median algorithm runtime of 10 runs with different data sets
as a function of algorithm iteration.
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Figure A.1: Median elapsed time of 10 runs with different data sets as a function
of algorithm iteration. Error bars show min/max values.

A.1.1 Density scatter plots

Figures A.2 - A.11 shows scatter plots colored by density of the Two Moons posterior
sample from the last iteration (r=4) of each algorithm for each of the 10 observed
data sets in SBIBM.
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Figure A.6: Two Moons: Density scatter plot of posterior sample from the
iteration (r=4) of each algorithm. Observed data set number 5 in SBIBM.
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Figure A.7: Two Moons: Density scatter plot of posterior sample from the
iteration (r=4) of each algorithm. Observed data set number 6 in SBIBM.
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Figure A.8: Two Moons: Density scatter plot of posterior sample from the
iteration (r=4) of each algorithm. Observed data set number 7 in SBIBM.
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Figure A.9: Two Moons: Density scatter plot of posterior sample from the last
iteration (r=4) of each algorithm. Observed data set number 8 in SBIBM.
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Figure A.10: Two Moons: Density scatter plot of posterior sample from the last

iteration (r=4) of each algorithm. Observed data set number 9 in SBIBM.
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Figure A.11: Two Moons: Density scatter plot of posterior sample from the last
iteration (r=4) of each algorithm. Observed data set number 10 in SBIBM.

A.1.2 Pair plots

Figures A.12 - A.21 shows pair plots of posterior samples from the last iteration
(r=4) of each algorithm for each of the 10 observed data sets in SBIBM.
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Figure A.12: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 1 in SBIBM.
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Figure A.13: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 2 in SBIBM.
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Figure A.14: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 3 in SBIBM.
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Figure A.15: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 4 in SBIBM.
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Figure A.16: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 5 in SBIBM.
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Figure A.17: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 6 in SBIBM.
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Figure A.18: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 7 in SBIBM.
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Figure A.19: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 8 in SBIBM.
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Figure A.20: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 9 in SBIBM.
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Figure A.21: Two Moons: Pair plot of posterior sample from the last iteration
(r=4) of each algorithm. Observed data set number 10 in SBIBM.

A.2 Multiple hyperboloid

Figure A.22 shows the median acceptance rate of the Metropolis-Hastings step of
10 independent SeMPLE runs with the Multiple hyperboloid model using the same
data set.
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Figure A.22: Multiple hyperboloid: Median acceptance rate of the Metropolis-
Hastings step of 10 independent SeMPLE runs with the same data set. Error bars
show min/max values.

A.2.1 Density scatter plots

Figures A.23 - A.32 shows scatter plots colored by density of the Multiple hyper-
boloid posterior sample from the last iteration (r=4) of each algorithm for each of
the 10 independent algorithm runs.
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Figure A.23: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 1.
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Figure A.24: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 2.
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Figure A.25: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 3.
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Figure A.26: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 4.
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Figure A.27: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 5.
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Figure A.28: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 6.
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Figure A.29: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 7.
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Figure A.30: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 8.
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Figure A.31: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 9.
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Figure A.32: Multiple hyperboloid: Density scatter plots of posterior sample from
the last iteration (r=4) of each algorithm. Repetition 10.

A.2.2 Pair plots

Figures A.33 - A.42 shows pair plots of Multiple hyperboloid posterior samples from
the last iteration (r=4) of each algorithm for each of the 10 independent algorithm
runs.
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Figure A.33: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 1.
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Figure A.34: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 2.
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Figure A.35: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 3.
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Figure A.36: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 4.

XXI



A. Appendix 1

2.0 1
1.5 1
1.0 A
0.5 4

—0.5 A1

-1.0 1

—1.5 A

Algorithm
SNL
SNPE-C
SeMPLE
Reference

—-2.01

2.0 1
1.54

1.0
0.5 4

—0.5 ~
—-1.0 A1
-1.5 1
—-2.0-

91 92

Figure A.37: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 5.
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Figure A.38: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 6.
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Figure A.39: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 7.
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Figure A.40: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 8.
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Figure A.41: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 9.
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Figure A.42: Multiple hyperboloid: Pair plot of posterior sample from the last
iteration (r=4) of each algorithm. Repetition 10.

A.3 Ornstein-Uhlenbeck process

Figures A.43 - A.52 shows pair plots of Ornstein-Uhlenbeck posterior samples from
the last iteration (r=4) of each algorithm for each of the 10 independent algorithm

runs.
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Figure A.43: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 1.
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Figure A.44: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 2.
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Figure A.45: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 3.
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Figure A.46: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 4.
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Figure A.47: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 5.
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Figure A.48: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-

ation (r=4) of each algorithm. Repetition 6.
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Figure A.49: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 7.
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Figure A.50: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 8.

XXXV



A. Appendix 1

b 1 co Algorithm
e SNL
SNPE-C
SeMPLE
Reference

1.5 1 - . . ]
© 1.0

0.5 1

Figure A.51: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 9.
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Figure A.52: Pair plot of Ornstein-Uhlenbeck posterior sample from the last iter-
ation (r=4) of each algorithm. Repetition 10.

Figures A.53, A.54 and A.55 shows the Markov chains of each model parameter re-
spectively of the true posterior sample used in the performance metric calculations.
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Figure A.53: Markov chain of parameter
x obtained by the Metropolis-Hastings algorithm as the true posterior sample.
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Figure A.54: Markov chain of parameter
x obtained by the Metropolis-Hastings algorithm as the true posterior sample.
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Figure A.55: Markov chain of parameter
x obtained by the Metropolis-Hastings algorithm as the true posterior sample.

A.4 SLCP

Figures A.56 - A.65 shows pair plots of SLCP posterior samples from the last iter-
ation (r=4) of each algorithm for each of the 10 observed data sets in SBIBM.
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Figure A.56: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 1 in SBIBM.
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Figure A.57: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 2 in SBIBM.
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Figure A.58: Pair plot of SLCP posterior sample from the last iteration
each algorithm. Observed data set number 3 in SBIBM.
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Figure A.59: Pair plot of SLCP posterior sample from the last iteration
each algorithm. Observed data set number 4 in SBIBM.
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Figure A.60: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 5 in SBIBM.
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Figure A.61: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 6 in SBIBM.
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Figure A.62: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 7 in SBIBM.
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Figure A.63: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 8 in SBIBM.
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Figure A.64: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 9 in SBIBM.
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Figure A.65: Pair plot of SLCP posterior sample from the last iteration (r=4) of
each algorithm. Observed data set number 10 in SBIBM.
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