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Towards probing zero energy bound states with circuit QED in topological insulator
junctions
NÚRIA ALCALDE HERRAIZ
Department Microtechnology and Nanoscience
Chalmers University of Technology

Abstract
Majorana fermions are aimed to be observed in a spin-non-degenerate system where
particle-hole symmetry is imposed. Such a landscape was proposed by Fu and Kane
to be formed at the interface between a topological insulator and a superconductor.
Topological insulators are insulating materials in the bulk, but that present metallic
states with spin non-degeneracy at the surface. These metallic states in the vicinity
of an ordinary superconductor become superconducting by proximity effect imposing
the particle-hole symmetry, hence an scenario were Majorana fermions observation
is possible.
Taking first steps towards Majorana engineering, the aim of the thesis is to study the
energy band structure of a STIS junction. The STIS junction studied was made from
bismuth selenide nanowires and aluminium electrode contacts and then embedded in
a RF-SQUID loop coupled to a resonator. This configuration allowed to characterize
the band structure of the STIS junction probing its susceptibility through microwave
reflectometry measurements. The experimental data was then compared to an STIS
short ballistic junction model obtaining a relaxation parameter γD = 2 GHz and
a microwave transitions rate of γND = 3 GHz for probing frequency 4.20 GHz and
γND = 10 GHz at 8.16 GHz.

Keywords: majorana fermions, topological insulator, josephson junction, band struc-
ture, susceptibility, microwave reflectometry.
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ABS Andreev Bound State
AC Alternative Current
AFM Atomic Force Microscope
BCS Bardeen Cooper Schrieffer
CPR Current Phase Relation
CPW Coplanar Waveguide
DC Direct Current
EBL Electron Beam Lithography
JJ Josephson Junction
N Normal metal
RF Radio-frequency
SEM Scanning Electron Microscope
SC, S Superconductor
SQUID Superconducting Quantum Interference Device
TI Topological Insulator
VNA Vector Network Analyzer
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Nomenclature

Below is the nomenclature of constants, parameters, and variables that have been
used throughout this thesis.

Constants

h Planck constant ≃ 6.63 × 10−34J · s

ℏ Reduced Planck constant = h/2π ≃ 1.1 × 10−34J · · ·
e Elementary charge ≃ 1.6 × 10−19C

kB Boltzmann constant ≃ 1.38 × 10−23J/K

µ0 Vacuum permeability ≃ 4π × 10−7H/m

Φ0 Magnetic flux quantum = h/2e ≃ 2.07 × 10−15Tm2

fJ Josephson Frequency = 2eV/h ≃ V × 483.6MHz/µV

Symbol Definition

φ Phase difference across a junction
IC Critical current
lJJ Junction length
wJJ Junction width
tJJ Junction thickness
Tc Critical temperature
kB Boltzmann constant
h Planck constant
ℏ Reduced Planck constant
λL London penetration depth
λJ Josephson penetration depth
Φ0 Magnetic flux quantum
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e Elementary charge
µ0 Vacuum permeability
fJ Josephson Frequency
LJ Josephson Inductance
EJ Josephson Energy
IS Screening current
Φext External flux
βL,RF Screening parameter
Lk Kinetic inductance
Lg Geometric inductance
∆ Superconducting gap
T NS transparency
t Transmission coefficient
c Nanoribbon circumference cross section
τn Quantized transparency
kn Electrons momentum
ky Electrons transverse momentum
f±

n Fermi occupation probability
χ Total junction susceptibility
χJ Josephson susceptibility
χD Josephson diagonal susceptibility
χND Josephson non-diagonal susceptibility
χ′ Real susceptibility
χ′′ Imaginary susceptibility
γD Relaxation rate
γND Microwave transitions rate
w0, f0 Fundamental resonator frequency
Q Resonator quality factor
Qint Resonator internal quality factor
Qext Resonator external quality factor
Γr Reflection coefficient
LR Resonator characteristic inductance
CR Resonator characteristic capacitance
CC Resonator coupling capacitance

xii



LSQUID SQUID inductance
M Mutual inductance
Ll Inductance per unit length
Cl Capacitance per unit length
Rl Resistance per unit length
lSQUID SQUID length
wSQUID SQUID width
Pc Circulating power
Pin Input power
N Number of photons
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1
Introduction

Predicted in 1937 yet still to be observed, Majorana fermions are charge-neural
particles that are their own anti-particle. The interest around Majorana fermions
arises in their observation per se and the step that represent towards topological
quantum computing providing protected error correction [1]. A way to engineer
these particles was proposed by Fu and Kane [2] to be formed at the interface
between a topological insulator and a superconductor.
Topological insulators (TIs) introduce us to an scenario with an strong spin-orbit
coupling, where the magnetic field of the atom nucleus is strongly coupled to the spin
of the atom electrons [3]. This relativistic phenomena is reflected in the TIs band
structure both in the bulk and at the surface states. In the bulk of the material, the
band structure follows an inverted electronic energy band structure with a band-
gap like feature as an ’ordinary insulator’ [1]. Instead, TIs surface states present a
gapless interface state, in other words, a metallic state. And, still influenced by the
strong spin-orbit coupling, the electron momentum along the surface remains well
defined, and thus the spin of the electron locked [4].
A particularity of these metallic surface states appears when TIs are placed next to
Bardeen-Cooper-Schrieffer superconductors, like niobium (Nb) or aluminium (Al),
as the metallic state becomes superconducting by proximity effect [5]. Supercon-
ductivity brings into the table two constraints: particle-hole symmetry and fermion
parity conservation. The former reflecting that interactions between quasi-particles
and their anti-particle will be the same and the latter referring that the system will
always have an odd or even number of fermions. The confluence between these three
properties in the TI-S interface, defined spin, particle-hole symmetry and fermion
parity conservation, are the ones making this new interface a landscape predicted to
host Majorana fermions. However, when implementing the theorized junction to a
fabricated one there are more constrictions, for example to probe Majorana one has
to be allocated in the Dirac point of the TI material, which becomes a challenging
task to realize. Therefore, the objective of this thesis is to study the energy band
structure of a superconductor-topological insulator-superconductor (STIS) junction,
taking a first step towards probing Majorana energy states.
We propose the nanofabrication of STIS junctions using bismuth selenide (Bi2Se3)
nanowires provided by the Institute of Chemical Physics in Latvia University [6]
inducing the superconductivity through aluminum electrode contacts. Following re-
cent works [7], [8] we integrated the junction on a superconducting loop and coupled
it to a resonator. The aim of this configuration is to probe the susceptibility of the
junction through microwave reflectometry measurements. As when the junction is
flux biased the susceptibility will present a new adiabatic and dissipation behaviour
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1. Introduction

that modify the resonator characteristic parameters. When one compares the exper-
imental data of these variations to a short ballistic junction model, one can extract
information about the junction energy states.
Overall, this thesis describes the design, fabrication and characterization of STIS
junctions. Providing results where one can observe the different mechanisms that
drive the band structure of the TI.

The thesis is structured as it follows.

Chapter 2 introduces the macroscopic phenomena in Josephson Junctions, and de-
scribes the mesoscopic transport of the junctions first through a superconducting-
normal metal-superconducting junction and afterwards through a superconducting-
topological insulator-superconducting junction. Also, a probing set-up for the STIS
junctions is given. Chapter 3 describes the devices design, nanofabrication and char-
acterization. Measurement results are showed and discussed in Chapter 6. Chapter
7 is devoted to conclusions and future outlook.

2



2
Theory

Majorana fermions are aimed to be engineered placing a superconductor on the sur-
face of a topological insulator. In other words, weakly coupling two superconductor
electrodes through a TI. This junction receives the name of Josephson Junction
(JJ) and conventionally an insulator or a normal metal is used to couple the two
superconductor electrodes.
Therefore, before focusing on our particular case, conventional JJs are briefly defined
through a macroscopic point of view. The transition from a conventional weak link
to a TI is done while discussing the mesoscopic transport in the junctions. Because
using TI weak links enable to discuss Majorana bound states, this chapter concludes
with a proposed probing setup.

2.1 Macroscopic treatment of Josephson Junctions

This first section introduces the Josephson equations, the concept of Josephson
inductance and the use of Josephson Junctions as magnetosensors.

2.1.1 AC and DC Josephson Equations
Josephson Junctions are formed by two superconducting electrodes weakly coupled
through a barrier. Conventionally, the barrier, named weak link, can be made from
either a geometrical constriction or a different material such as an insulator, a semi-
conductor, a normal metal or another superconductor with lower critical tempera-
ture, TC , than the electrodes. In 1962 it was predicted that for very thin barriers,
Cooper pairs can tunnel from one superconductor electrode to the other without
any applied voltage [9]. The phenomena received the name of the Josephson Effect
and was proven a year later [10].
The Josephson Effect can be described through a microscopic viewpoint using the
Bardeen-Cooper-Schrieffer (BCS) theory. According to BCS theory, the Cooper
pairs in each superconducting electrode are in the same quantum state, thus they
can be described by a single wavefunction, Ψ(θ) = |Ψ0| exp iθ. Here, the amplitude
reflects on a local density of Cooper pairs and the phase on the superconducting
order parameter of each electrode. Because inside a JJ the two superconductor
electrodes are weakly coupled, their wavefunctions overlap inside the barrier and
enable the tunneling of Cooper pairs, see Figure 2.1. The dissipationless tunneling
current is related with the superconducting critical current of the electrodes and the

3



2. Theory

phase difference between the two electrodes φ = θR − θL by:

I = Ic · sin φ (2.1)

This equation is known as DC Josephson Effect and it is used to describe the current-
phase relation (CPR) of ordinary JJs. However, Josephson introduced a second
equation to describe the Josephson Effect[9].

Figure 2.1: Schematic of a Josephson Junction. Indicated there is the wavefunction of the two
superconductors and their overlap inside the weak link that enables de Josephson Current.

The second equation, AC Josephson Effect, describes the behaviour of JJs when a
potential difference is applied. In this scenario the phase difference of the junction
changes over the barrier according to:

V = ℏ
2e

∂φ

∂t
(2.2)

where ℏ is the reduced Plank constant and e is the electron charge. Equation
(2.2) allows to obtain the phase difference as a function of time and the Josephson
frequency:

fJ = ωJ

2π
= 2eV

h
= V

Φ0
= V · 484MHz (2.3)

Here, Φ0 is the quantum flux and can be related to the Planck constant h and the
electron charge e by 2e/h = 1/Φ0. As equation (2.3) relates frequency and voltage
through fundamental constants JJs can be used as a voltage standard.

2.1.2 Josephson Inductance
When the junction phase varies over time, it reflects both on the voltage across the
junction, equation (2.2), and the current, equation (2.1). Hence, both equations can
be used to understand the dynamics of JJs.
By differentiating equation (2.1) and replacing δI

δt
in equation (2.2), one obtains:

V = ℏ
2eIC cos φ

∂I

∂t
= LJ

∂I

∂t
(2.4)

4



2. Theory

which is an expression that reflects on a non-linear inductance behaviour of JJs
where

LJ = ℏ
2eIC cos φ

= Φ0

2πIC cos φ
(2.5)

is called Josephson inductance. At this point, it is interesting to calculate the energy
stored inside the junction:

EJ =
∫ t

0
I · V dt = Φ0

2π
Ic(1 − cos φ) (2.6)

where I has been substituted by DC Josephson Effect expression, equation (2.1),
and V by AC Josephson Effect, equation (2.2). The non-linear potential obtained
has been exploited in quantum computation field as the non-harmonicity allows to
emulate two-level systems [11].
The energy expression of equation 2.6 allows to derive a new CPR of the Josephson
Junction:

I(φ) = 2π

Φ0

∂EJ

∂φ
(2.7)

And through it a generalized Josephson inductance:

1
L

=
(2π

Φ0

)2 ∂2EJ

∂φ2 (2.8)

These last two equations will be relevant in the following sections, when Josephson
Junctions are evaluated using a TI as a weak link and not a conventional barrier.

2.1.3 Superconducting Quantum Interference Devices (SQUIDs)

Figure 2.2: Schematic representation of a RF-SQUID: a superconducting loop with inductance
LSQUID and width wSQUID ≫ λL and critical current IC interrupted by a weak link of thickness
tJJ . The external flux Φext and the screening current IS in response are also indicated.

One of the conventional applications of JJs are Superconducting Quantum Interfer-
ence Devices (SQUIDs). SQUIDs are highly sensitive magnetosensors that consist of

5
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a superconducting loop of inductance LSQUID interrupted by one (RF) or two (DC)
parallel Josephson junctions. The device is able to operate combining the phenom-
ena of fluxoid quantization and Josephson effect. Focusing on the RF-SQUID, to
understand its operation the variation of the screening current as a function of the
magnetic flux, and vice versa, needs to be derived. From the fluxoid quantixation
in a superconducting loop, we obtain:

φ = 2π(n − Φ/Φ0) (2.9)

where Φ0 is the flux quantum and Φ is the total magnetic flux inside the loop which
is the sum of the external flux Φext and the self-induced flux created by the loop
screening current IS:

Φ = Φext + IsLSQUID (2.10)
Inserting equation (2.9) in equation (2.1), the DC Josephson effect:

Is = −Ic sin (2π
Φ
Φ0

+ βL,RF
Is

I0
) (2.11)

where we introduce the screening parameter βL,RF = 2πIcLSQUID/Φ0. This param-
eter is key to study the effect of loop inductance in the response of the SQUIDs
critical current as a function of an external applied magnetic flux. Equivalently, the
flux across the junction can be deduced:

Φ = Φext − Φ0

2π
βL,RF sin (2π

Φext

Φ0
+ βL,RF

Is

I0
) (2.12)

Equations (2.11) and (2.12) describe the physics of the RF-SQUID and have to
be solved numerically. However, a qualitative analysis of the RF-SQUID opera-
tion can be done considering the screening parameter βL,RF . In the presence of an
external field, when βL,RF ≪ 1, the self-induced flux due to the screening contri-
bution becomes negligible and the total flux across the RF-SQUID is proportional
to the external flux applied. Instead, when βL,RF >1, equation 2.12 becomes multi-
valued. As it can be seen in Figure 2.3 the flux behaviour becomes sinusoidal-like
with increasing amplitude as βL,RF increases. However, when βL,RF is high enough,
βL,RF = 10 in the figure, the physical behaviour differs from the mathematical one
as the screening current tries to oppose Φext, until the critical current of the loop
is reached. Then, the RF-SQUID becomes resistive, and one flux quantum is al-
lowed inside the loop until superconductivity is restored. This hysteric behaviour is
reflected in Figure 2.3 by arrow jumps.
As a final note, it is important to consider that the SQUID inductance LSQUID

has two components: the geometric inductance Lg ≈ µlJJ (again, lJJ is the junc-
tion length), and the kinetic inductance Lk = µ0λ

2
L/wt (where λL is the London

penetration depth, and w and t are the width and the thickness of the supercon-
ducting electrodes).The kinetic inductance Lk is related to the kinetic energy of the
circulating current, in other words, to the inertial mass of the Cooper pairs under
an alternating electric field. Therefore, Lk is a parameter related to the density of
Cooper pairs and thus to the temperature T . Hence, Lk decreases as the Cooper
pair density increases and T decreases. Furthermore, Lk is dominant when the
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width wSQUID and/or the thickness tSQUID of the SQUID loop are comparable to
or smaller than the London penetration depth λL.

Figure 2.3: Normalized total flux Φ/Φ0 as a function of the normalized external flux Φext/Φ0.

2.2 Microscopic treatment of a Josephson Junc-
tion

Topological insulators hold metallic surface states, therefore, analogously when a
metal (N) is in the vicinity of a BCS superconductor (SC), Cooper pairs can leak
from the superconductor to the surface modifying its properties. This is the so-
called proximity effect and despite being first discussed by Gennes [5], the transport
mechanism underneath was proposed by Andreev [12].
To understand the mesoscopic transport for a Josephson Junction with a TI weak
link, it is important to first describe the transport phenomena within a superconductor-
normal metal-superconductor (SNS) junction and then to apply the constrictions
born from using a TI, as its metal surface states are key for the transport.

2.2.1 Superconductor-normal-superconductor junction
A SNS junction presents two media, the normal metal and the superconductor,
where the current is transported by single electrons, for the former, and by Cooper
pairs, for the later. To enable the transport through the junction there has to be a
mechanism that enables the Cooper pairs to turn into electrons and single electrons
to combine in Cooper pairs. As stated beforehand, the transport mechanism was
described by Andreev [12] and is schematized in Figure 2.4. As it is illustrated,
Andreev proposed that an electron with E <∆ traveling within the N region can
couple with one of the Fermi sea of the normal metal, hence both can be transferred

7



2. Theory

as a Cooper pair. Moreover, to preserve charge and momentum, a hole is formed
in the normal metal with energy −E. This process is also reversible, if a hole
approaches the NS interface a Cooper pair will be annihilated and an electron back-
scattered. Overall, the mechanism is called Andreev reflection and is described as
an elastic scattering phenomena where the total energy and spin are conserved. In
the SNS junction it leads to the formation of a bound state called Andreev Bound
States (ABS).

Figure 2.4: Schematic representation of an ABS in the normal metal region of an SNS junction.

From this point on-wards, the mesoscopic transport considerations will be for a
short ballistic junction, where the conduction channel with length l is shorter than
the superconducting coherence length ξN . Particularly, the one dimensional case.
According to reference [13], the energy dependence of ABS with respect the phase
difference across the junction φ is a periodic function given by

E±(φ) = ±∆
√

1 − T sin2 φ/2 (2.13)

where the ± sign refers the upper and lower energy bands and T to the transparency
of the junction. If we plot the energy expression, Figure 2.5, it can be appreciated
that the value of the gap between two Andreev bound states at φ = π depends on
the transparency at the interface T .

Figure 2.5: ABS for junction transparencies T = 1, 0.99, 0.75 and 0.30.
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The transparency of the junction is also related to the transmission probability as
T = |t|2 [14], therefore, for a normal metal weak link there is still a probability that
a travelling electron does not combine with an electron of the Fermi sea to be trans-
mitted to the superconductor. In other words, the electron can be backscattered
at the NS interface. This scenario, where the electron is backscattered instead of
transmitted is the most feasible due to material limitations in SNS junctions.

2.2.2 Superconductor-topological insulator-superconductor
junction

Here is when to consider the STIS is interesting as TIs are materials that present
strong spin-orbit coupling [1], [15]. This relativistic interaction describes the cou-
pling between the magnetic field generated by an atom nucleus and an electron
circulating around it. The coupling depends on both the direction and magnitude
of the electron as well as its spin-orientation. As a consequence, when the coupling
occurs the electron spin locks. If this electron faces the TI-S interface it can not
backscatter as an electron, as it will imply changing the spin orientation. This is
the scenario were Andreev Bound States are depicted as Majorana bound states. In
other words, to look for Majorana, is to look for a protected zero energy crossing
that reflects on T = 1 or transmission t = 1.

Figure 2.6: Schematic representation of electrons with electron momentum kn for n = 1, 2 in
the topological insulator region of an STIS junction with finite width.

However, when we extend the formalism to a junction with a finite width, this pro-
tected backscattering breaks down because the electrons trajectories follow a finite
angle [16]. As a consequence, the energy spectrum is redefined, turning equation
(2.13) to

E±
n (φ) = ±∆

√
1 − τl sin2 φ/2 (2.14)

where each transparency has associated a quantized vector kn corresponding to the
electron momentum [14]. This is schematized in Figure 2.6. Therefore, every single
pair of ABS is defined by a conduction channel and the overall consideration of the
channels establishes the superconducting current inside the weak link.
For the particular case of TI nanoribbons with a circumference cross section c =
2wJJ +2tJJ being wJJ the width and tJJ the nanoribbon thickness, the transparency
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Figure 2.7: A comparison about the geometry impact on ABS : (a) Energy dispersion for a
junction of thickness tJJ = 19 nm and wJJ = 25 nm. (b) Transparency against the angle between
the propagation direction and the normal to the interfaces for a junction of thickness t = 19 nm
and wJJ = 25 nm. (c) Energy dispersion for a junction of thickness tJJ = 19 nm and wJJ =
75 nm.(d) Transparency against the angle between the propagation direction and the normal to
the interfaces for a junction of thickness tJJ = 19 nm and wJJ = 75 nm.

τ quantization relies on transverse momentum ky perpendicular to the current [17],
being

τn = k2
n

k2
n cos knL + (µ/ℏvf )2 sin2 knL

(2.15)

where the electron momentum kn =
√

(µ/(ℏvf ))2 − k2
y and transverse electron mo-

mentum ky = (n+ 1
2)2π

c
with integer n = 0, 1, 2, ... [18]. Therefore, it is interesting to

analyse the energy spectrum of a short STIS junction as a function of c. This is illus-
trated in Figure 2.7 that depicts the ABS of junctions of thickness tJJ = 19 nm and
width wJJ = 25 nm in Figure 2.7(a), and wJJ = 75 nm in Figure 2.7(c). When these
two figures are compared, it is clearly seen that the number of channels increases
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when c does. The figure also shows the τ of the junctions against the angle between
the propagation direction and the normal to the interfaces θ = arctan ky/kn for a
continuous -line- and quantized -dots- case. Analogously Figure 2.7(b) corresponds
to the junction of width 25 nm and Figure 2.7(d) to junction wJJ = 75 nm. Note
that for Figure 2.7(c) τ = 0.9999 is repeated, however when compared to Figure
2.7(d) the trajectories vary, this is due to lack of numeric resolution in the graph.
As stated before, the overall consideration of each conduction channel, each ABS
single pair, establishes the superconducting current inside the weak link. In fact,
the CPR can be found inserting the energy spectrum of equation (2.14) in equation
(2.7):

I(φ) = −e∆
2ℏ

∑
n

τn sin φ√
1 − τn sin2 φ/2

(2.16)

When the temperature considered is different from zero, T ̸= 0, the energy popula-
tions will vary according to Fermi-Dirac statistics, turning the CPR to:

I(φ) = 2e

ℏ
∑

n

∂E+
n (φ)
∂φ

f+
n + ∂E−

n (φ)
∂φ

f−
n (2.17)

where a f+
n and f−

n are the Fermi occupation probabilities of the two levels corre-
sponding to f±

n = 1/(1 + exp(E(φ)/kBT )). That can be simplified as:

I(φ) = 2π∆2

4Φ0

∑
n

τn sin φ

(E+
n (φ))2 · tanh(E+

n (φ)
2kBT

) (2.18)

Until this point the energy spectrum of a STIS has been described with an emphasis
on the impact of the junctions dimensions on the ABS conformation. Furthermore
it has been stated that the superconducting current depends on the contributions
of each conduction channel. The step that follows is to define an observable that
reflects on this energy spectrum.

2.2.3 The TI Susceptibility
As hinted in the title of this section, an observable that reflects on the energy
spectrum is the TI susceptibility χ. This observable is not as foreign as it may seem
if we go back to Section 2.1.2 which models JJs as non-linear inductances L. Section
2.1.2 concludes giving a generalized inductance expression in equation (2.8) which
relates the inverse of the inductance 1/L with the second derivative of the junction’s
stored energy δ2EJ/δφ2. Now, if one considers that χ is proportional to the inverse
of the inductance χ = 1/L, one can turn equation (2.8) to

χJ =
(2π

Φ0

)2 ∂2EJ

∂φ2 (2.19)

Moreover, through equation (2.7) one can relate the JJ current I and the energy
first derivative δEJ/δφ, so equation (2.19) becomes:

χJ = 2π

Φ0

∂I(φ)
∂φ

(2.20)
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Equation (2.20) relates the junctions susceptibility and the Josephson current which
reflects on the ABS as described in the last section. This susceptibility term is re-
ferred in literature as Josephson Susceptibility χJ [7], [19] and is purely adiabatic.
However, when the junction is AC biased with a certain probing frequency ω, two
new non-adiabatic susceptibility contributions arise. One term that reflects on pop-
ulation relaxation of the Andreev levels with a relaxation rate γD:

χD(ω) = −
∑

n

i2
n

∂fn

∂ϵn

iω

γD − iω
(2.21)

where in is the phase dependent current of bound state n and ∂fn

∂ϵn
is the derivative of

this Andreev level occupation. This non-adiabatic relaxation term receives the name
of Diagonal Susceptibility, as the current in can be derived from the diagonal terms
of the current operator for Bogoliubov–de Gennes Hamiltonian of a short ballistic
SNS junction.

Figure 2.8: (a) A single pair of ABS for transparency different than one (τ ̸= 1). (b) A single
pair of ABS for transparency one (τ = 1). (c) Imaginary component of the Diagonal Susceptibility
for a channel of (τ ̸= 1). The in(π) = 0 leads to a characteristic two-peak behaviour. (d)
Imaginary component of the Diagonal Susceptibility for a channel of τ = 1. The in(π) ̸= 0 leads
to a characteristic single-peak behaviour. Figures (c) and (d) are from [20].

Moreover, as in is proportional to the phase derivative of the ABS energy, in ∝
∂E+

n /∂φ, the behaviour of χD is interesting to analyse, particularly its imaginary
component χ′′

D. This is because its genuine reflection of the TI band structure,
which can be seen in Figure 2.8. Here two scenarios are proposed: a junction with
a conduction channel of transparency different than one (τ ̸= 1), Figure 2.8(a),
and a junction with a conduction channel of transparency equal to one (τ = 1),
Figure 2.8(b). Because of in ∝ ∂E+

n /∂φ, when the energy levels do not cross, χ′′
D

translates into a two-peak dissipative response at φ = π, Figure 2.8(c). Instead,
when the energy levels cross χ′′

D presents a single-peaked behaviour, Figure 2.8(d).
However, when considering a junction with finite width, there is going to be more
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than one conduction channel, in other words more than one single pair of ABS to
be considered.
Let’s not forget that there was another susceptibility term arising from ac-biasing
a JJ: the Non-diagonal Susceptibility. This second term derives from the induced
microwave transitions within the Andreev spectrum and it receives its name after the
non-diagonal term of the current operator for Bogoliubov–de Gennes Hamiltonian
of a ballistic SNS junction.

χND(ω) = −
∑

n,m ̸=n

|inm|2 fn − fm

ϵn − ϵm

iℏω

i(ϵn − ϵm) − iℏω + ℏγND

(2.22)

where γND is the non-diagonal relaxation term and it presents a single-peak be-
haviour at φ = π when γND is similar or larger than the probe frequency ω.
Overall, the total ac-susceptibility response for a STIS junction can be defined as

χ(ω) = χJ − χD − χND (2.23)

Hence, when probing the susceptibility of an ac-biased junction one obtains:

χ(ω) = χ′(ω) + iχ′′(ω) (2.24)

In contrast with a unbiased junction, where the susceptibility χ is equivalent to the
Josephson Susceptibility χJ and is purely real. Therefore, the two new susceptibility
terms, χD and χND, contribute to the real χ′ , in addition to χJ , and the imaginary
susceptibility component χ′′ . Furthermore, these two mechanisms are frequency
dependent, so its contributions to the susceptibility vary with the probing frequency.
We expect that they follow the behaviour described in reference [20]. In particular
for the dissipative component they propose that at low frequency, χ′′ is dominated
by χD, whereas at high frequency the term that dominates the dissipative response
is χND. In Section 2.2.4 we proposed a measuring set-up to analyse this response
and characterize the band structure.

2.2.3.1 The TI: Bismuth Selenide

Figure 2.9: Crystal structure
of Bi2Se3 with a quintuple layer
marked in red.

The TI material used in this thesis is bismuth se-
lenide (Bi2Se3) which is an archetypical tetradymite.
Tetradymites are M2X3 compounds, where M is a
group V metal and X is a group VI anion, that crys-
tallize in a rhombohedral structure. As seen in Fig-
ure 2.9, the unit cell of Bi2Se3 is build by a five
layers stacked along z-direction. Referred as quin-
tuple layer the coupling within is stronger between
two quintuple layers, being this of the Van der Waals
type [1], [15].
In the bulk, Bi2Se3 presents an inverted band struc-
ture as consequence of the strong spin orbit cou-
pling of the elements. However, the metallic sur-
face states were theorized and supported by angular-
resolved photoemission spectroscopy to consist of a
single Dirac cone [4].
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2.2.4 Probing the Josephson Susceptibility

Figure 2.10: Circuit schematic of a RF-SQUID coupled to a λ/4 resonator. The RF-SQUID
has a loop impedance Lloop connected in parallel with a JJ that is flux biased. The RF-SQUID
couples inductively to the λ/4 resonator with strength M . The λ/4 resonator can be modelled as
lumped inductance LR, lumped resistance RR and lumped capacitance CR and couples capacitively
CC to the reflectometry setup.

In recent works [7], [19]–[21] susceptibility measurements of STIS junctions have
been carried embedding the junction in a RF-SQUID and applying an ac phase-
bias φ to it. To probe the susceptibility, the RF-SQUID is coupled to a multimode
superconducting resonator.
Throughout this thesis, we have used quarter wavelength resonators, realized by a
coplanar waveguide (CPW) transmission line of length l = λ/4. The effective circuit
around the resonance frequency of λ/4 resonator circuit can be seen in Figure 2.10 as
a parallel of a lumped inductance LR, lumped capacitance CR and lumped resistance
RR, and a coupling capacitance CC through which the resonator is probed to perform
microwave reflectometry measurements. Through these measurements, one obtains
the reflection coefficient Γr which reflects on the variation of the input and output
circuit signal [22], [23].
Note that the effective circuit of the resonator is derived from the equivalent dis-
tributed element circuit around the resonance frequency relating the lumped ele-
ments to their equivalent per unit length, using LR = 8Lll/π2 for the inductance,
CR = Cl · l/2 for the capacitance and RR = Z0/αl for the resistance where Z0 is
the characteristic impedance Z0 =

√
Ll/Cl and α reflects on the real part of the

propagation constant of the signal in the transmission line.
There are two key parameters to characterize the resonator: the fundamental reso-
nance frequency ω0 and the quality factor Q. And both will be modified when the
resonator couples to a RF-SQUID. In the following sections ω0 and Q are going to
be defined and then their variation quantified and related to χ.

2.2.4.1 Parameters that describe a λ/4 resonator, ω0 and Q

The fundamental resonance frequency ω0 of the resonator can be defined as:

ω0 = 1√
LRC

(2.25)

where LR is the lumped inductance of the resonator and C the sum of the lumped
capacitance CR and the coupling capacitance CC . Out of ω0 one can extract the
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multiple harmonics of the resonator as they are odd multiples of the resonators
length l = nλ/4, being wn = nw0 with n = 1, 3, 5, 7....
The quality factor Q is defined by the ratio of energy stored in the resonator to the
energy loss per cycle times. It distinguishes between internal Qint and external or
coupling Qext losses, being Q defined by the parallel of the two terms:

Q = ( 1
Qint

+ 1
Qext

)−1 (2.26)

2.2.4.2 Variation of the parameters that describe a λ/4 resonator, δω
ω0

and δ 1
Q

As advanced, when the resonator couples to the RF-SQUID, Figure 2.10, both ω0
and Q vary. To define such variation it is important to define the contribution of
the RF-SQUID. In our device the λ/4 CPW resonator is inductively coupled to a
RF-SQUID, the strength of the coupling is represented by the mutual inductance,
M . Also, the RF-SQUID is modeled as a loop with self-inductance Lloop in parallel
with a JJ with inductance LJJ , this last term is the one equal to the inverse of the
susceptibility LJJ = 1/χ. Therefore, the RF-SQUID inductance is the sum of the
two terms LSQUID = Lloop +1/χ. Thus, the total inductance to consider in equation
(2.26) is:

L = LR − M2

LSQUID

(2.27)

And the resonance frequency in equation (2.26) becomes:

ω = 1√
(LR − M2

LSQUID
)C

(2.28)

Using the Taylor expansion on equation (2.28), one obtains that the resonance fre-
quency variation δω = ω − ω0 is:

δω

ω0
= 1

2
M2

LR

1
LSQUID

(2.29)

where it has been argued [7], [20] that the term 1
LSQUID

reflects on the susceptibility
χ. Particularly, it can correlated with the real χ′ susceptibility component as:

δω

ω0
= 1

2
M2

LR

χ′ (2.30)

The quality factor is related to the relative frequency variation as Q = f0/δf [22]
and it is proposed that Q relates to the imaginary component of the susceptibility
χ′′:

δ
1
Q

= 1
2

M2

LSQUID

χ′′ (2.31)

Note, the resonance shift can also be obtained following R.Halle derivation from
[8]. In his work he determines the frequency variation considering the influence of a
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purely inductive Zload coupled to the λ/4 resonator, the result is as follows

δf

f0
= 8

π2
M2

LR

χ′ (2.32)

where one can relate w = 2πf . As it can be seen there is a 8/π2 prefactor that
mismatches equation 2.31. Moreover, in some works [7], [19], [20] the 1/2 factor
on equation (2.31) is disregarded, but in this thesis, out of definition, it has been
maintained here as it does not interfere with the result discussion.
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3
Methods

The following chapter focuses on translating Figure 2.10 onto a physical devices
and its characterization. The first section contemplates design details of the pat-
terned resonator and RF-SQUID, followed by the nanofabrication process and the
experimental set-up and fittings used to characterize the device.

3.1 Devices Design

The overall design consisted on two λ/4 CPW resonators, Figure 3.1a, and the
corresponding RF-SQUIDs patterned on a 5 mm × 5 mm chip, Figure 3.1b with
a junction close up in Figure 3.1c. The following section focuses on giving the
specifications of the λ/4 resonators and the RF-SQUIDs.

Figure 3.1: Devices design. (a) Overall CAD design of chip, the two λ/4 CPW resonators can
be seen on each side of the chip. (b) Close-up of the RF-SQUIDS coupled to the λ/4 CPW left
resonator. (c) Close-up to the RF-SQUID junction.
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3.1.1 λ/4 CPW Resonators
Two λ/4 CPW resonators were patterned on a 100 nm thin NbN films on a 525 µm
thickness sapphire substrate with lengths lL

λ/4 = 36 mm and lR
λ/4 =30 mm, where

the super-index, R or L, corresponds to the position on the chip, left or right. The
characteristic parameters of the resonator were obtained via a Matlab software and
the final design simulated in Sonnet. As seen in Table 3.1, the two resonators were
chosen to have the same inductance Ll, resistance Rl and capacitance Cl per unit
length. However, the coupling capacitance CC was also modified for each resonator.
The result were two λ/4 CPW resonators with fundamental frequencies at 872 MHz
and 1.05 GHz.

Component Resonator Resonator
lL
λ/4 = 36 mm lR

λ/4 = 30 mm
Inductance per unit length Ll 0.41 µH/m 0.41 µH/m
Resistance per unit length Rl 10 µW/m 10 µW/m
Capacitance per unit length Cl 157 pF/m 157 pF/m
Couple capacitance CC 28 fF 70 fF
Fundamental frequency f0 872 MHz 1.05 GHz

Table 3.1: Specifications on the λ
4 NbN Resonators.

The design of the resonators was done taking into account a measuring band-pass
between 4 GHz and 8 GHz. Thus, the fundamental frequency was picked to enable
different harmonics to fall into that band-pass. However, after fabrication there was
a shift on the fundamental frequencies of both resonators. Particularly, the l = 36
mm resonator moved from 872 MHz to 628 MHz and the l = 30 mm resonator moved
from 1.05 GHz to 720 MHz. We attribute this change to a variation of the kinetic
inductance of the NbN thin film, however more exploration is required. The final
harmonics to fall into the band-pass are given in Table 3.2.

Harmonic Resonator Harmonic Resonator
n lL

λ/4 = 36 mm n lR
λ/4 = 30 mm

7 4.40 GHz 5 3.70 GHz
9 5.65 GHz 7 5.29 GHz
11 6.91 GHz 9 6.80 GHz
13 8.16 GHz 11 8.30 GHz

Table 3.2: Harmonics within the 4 GHz and 8 GHz band-pass of the nanofabricated λ
4 NbN

Resonators.

3.1.2 RF-SQUID
There are three main parts of the RF-SQUID designs that need to be addressed in
this section: the RF-SQUID dimensions for its relevance on the device sensitivity,
the junction dimensions and the mutual inductance that coupled the CPW and
SQUID. They are going to be discussed following this order.
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Figure 3.2: Dimensions specifications of the RF-SQUID: loop external length LSQUID, loop
external width wSQUID, loop thickness tSQUID. There are also two close up parameters, one that
indicates the junction length lJJ and s distance between the loop and the central line of CPW.

3.1.2.1 RF-SQUID loop

The internal area of the SQUID loop Aloop is a key parameter to its flux sensitivity.
When Aloop is increased, it leads to higher flux sensitivity, however it increases the
loop inductance Lloop which in its turn increases the screening parameter βRF,LC .
It has to be kept in mind that for the purpose of the experiment the interest is to
maintain βRF,LC ≪ 1 and be in its linear regime, Section 2.1.3.
In our design the Aloop was aimed to be 100 µm2, however, as the nanoribbon position
does not always have to be straight the final area may vary. The RF-SQUID loop
parameters for each resonator can be seen in Table 3.3.

Component Resonator Resonator
lL
λ/4 = 36 mm lR

λ/4 = 30 mm
External loop length lloop 25 µm 27 µm
External loop width wloop 13 µm 12 µm
Loop thickness tloop 3 µm 3 µm
Internal Area Aloop 133 µm2 126 µm2

Table 3.3: Geometric parameters of the RF-SQUID loops designed.

3.1.2.2 RF-SQUID junction

The last relevant parameters to comment on the RF-SQUID design is the Josephson
Junction dimensions. The junctions, in order to reduce the number of current modes
in the nanoribbon as seen in Section 2.2.2, were selected to have a thickness tJJ infe-
rior than 20 nm with a junction width wJJ less than 100 nm. These two parameters
are indicated as an approximation as they depend on the nanowire characteristics.
The only parameter that could be controlled on design was the junctions length lJJ ,
as it depended on the electrodes distance, and it was chosen to be of 100 nm.
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3.1.3 Estimation of the mutual inductance
As seen in Figure 2.10 the coupling between the λ/4 CPW resonator and RF-SQUID
depends on the mutual inductance between resonator and loop. The mutual induc-
tance can be estimated approximating CPW to a wire as the central line of the
resonator has the highest current density [8], [24]:

M = µ0

2π
lSQUID ln s + wSQUID

s
(3.1)

where µ0 is the vacuum permeability, lSQUID is the loop external length, wSQUID is
the loop width and s the distance between the loop and CPW central line. Given an
s of 0.5 µm, for the left resonator RF-SQUID, this equation gave a mutual inductance
of 20 pH. However, Sonnet simulations lowered the value to 16 pH.

3.2 Devices Nanofabrication
The following section describes the nanofabrication process of the devices.

3.2.1 Nanofabrication process
The overall device fabrication consists of four lithography processes. First, the
λ
4 NbN Resonators were patterned onto sapphire substrates. The second process
comprises engraving a window pattern to protect the resonator when stamping the
Bi2Se3 nanoribbon. The third process corresponds to fabricating two gold pads to
clamp the selected nanoribbon, and finally do a forth lithography to embbed the
TI in a aluminium RF-SQUID loop. In the following sections there is an insight of
each lithography process.

3.2.1.1 Lithography I. Pattern λ
4 NbN Resonators

The first lithography process patterned the λ
4 NbN resonators. The overall etching

lithography is showed in Figure 3.3 from left to right, it starts with a 5 mm ×
5 mm sapphire substrate with 100 nm layer of sputtered NbN. Afterwards, 450 nm
of PMMA A6 was span and soft-baked at 170 °C. The pattern was then tranferred
using Electron Beam Lithography (EBL) and, once developed, etched via reactive
ion etching (RIE) using an argon and chloride mix .

Figure 3.3: Process flow for patterning λ
4 NbN resonators: (a) Sapphire substrate with sput-

tered NbN thin film. (b) Span PPMA A6 single layer. (c) EBL exposed pattern of the resonators.
(d) Developed device before etching. (e) Patterned λ

4 NbN resonators.
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3.2.1.2 Lithography II. Pattern a window in the SQUID area

The method chosen to transfer the nanoribbons was stamping, therefore to avoid
shorting the resonator due to misplaced nanoribbons, this second lithography was
designed. The lithography consists of spinning a 160 nm of MMA8 EL6 with a
softbake of 130 °C and then to pattern a 100 µm by 100 µm window around the
SQUID area via EBL. As the objective of this process is just the window pattern,
no more steps are required after development.

Figure 3.4: Fabrication to pattern a window in the SQUID area: (a) Patterned λ
4 NbN

resonators. (b) A single layer of MMA8 EL6 is spun. (c) Device with the EBL exposed window
(d) Final result of the MMA8 EL6100 µm by 100 µm window patterned on the device.

3.2.1.3 Lithography III. Clamping the Bi2Se3 nanoribbons with gold
pads

Once a nanoribbon of thickness inferior 100 nm is transferred onto the SQUID area,
the next step is to clamp it. Figure 3.5 illustrates the clamping process that avoids
the nanoribbon to move when the SQUID is patterned.

Figure 3.5: Schematic sketch of the gold nanopads patterning: (a) (b) Single 450 nm single
layer of PMMA A6. (c) Exposure through EBL of the gold nanopads pattern. (d) Gold pads
pattern developed. (e) Deposition of a Ti/Au thin film. (f)Result of the gold pads to clamp the
nanoribbon.

Showed in Figure 3.5 (b) a 450 nm PPMA A6 layer is span and soft-baked at 130 °C
an inferior temperature that in the first lithography due to the degradation of Bi2Se3
at higher temperatures (introducing Se vacancies). Afterwards, two gold pads of size
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1 µm × 1 µm are patterned through EBL and, once developed, a 5 nm Ti layer is
evaporated, for adhesion purposes, and then 40 nm of gold. Using a different resist
from 3.2.1.2, the window pattern, also allows to remove the new PMMA A6 layer
while keeping the MMA8 EL6 resist. Notice also, that it is important to avoid
sonication during the resist removal to prevent that the nanoribbon detaches from
the substrate.

3.2.1.4 Lithography IV. RF-SQUID Pattern

The last lithography step refrains to pattern an aluminium RF-SQUID interrupted
by the TI junction. As stated in the last chapter, the fabricated Josephson Junc-
tion aims to have 100 nm length. It can be seen in Figure 3.6 that in terms of
nanofabrication, this translates to the use of a trilayer recipe, where the resolution
is determined by the center resist, a 90 nm layer of ARP 1:2. The other resists spun
were 160 nm layer of MMA8 EL6 and 450 nm layer of PMMA A6. All resists were
soft-baked at 130 °C. Following [25], [26], after 60 s development for each resist, 4 nm
of Pt and 100 nm of Al were deposited through thermal evaporation.

Figure 3.6: Illustration of the process employed to pattern the SQUIDs: (a) Bi2Se3 nanoribbon
clamped with two gold pads. (b) Trilayer recipe of 160nm of MMA EL6, then 60nm of ARP 1:2 and
later 450nm of PMMA A6. (c) RF-SQUID pattern exposure by EBL. (d) Pattern development.
(e) Deposition of 4 nm of Pt and 100 nm of Al. (f) Schematic result of two Al RF-SQUID loops
with a Bi2Se3 weak links coupled to λ

4 NbN resonators.
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3.2.2 Final Device

Figure 3.7: Optical microscope image of the nanofabricated device. (a) False colored of the
device. (b) Aluminum RF-SQUID coupled to the right resonator. (c) Aluminium RF-SQUID
coupled to the left resonator.

The overall device can be seen in the false-colored Optical Microscope (OM) picture
depicted in Figure 3.7a. Figure 3.7b shows a close up of the left aluminium RF-
SQUID resonator and Figure 3.7c the one for the left. In these last OM pictures
misplaced nanoribbons can also be observed.

Figure 3.8: AFM images of the RF-SQUID junction where the TI nanoribbon is distinguished
with a grey discontinuous line. (a) Nanoribbon of thickness t = 16 nm embedded in the RF-SQUID
coupled to the right resonator in Figure 3.7b. (b) Nanoribbon of thickness t = 19 nm embedded in
the RF-SQUID coupled to the left resonator Figure 3.7c.
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Details of the aluminum RF-SQUIDs Josephson Junctions can be observed through
Atomic Force Microscope (AFM) images in Figure 3.8, corresponding Figure 3.8(a)
to the RF-SQUID in Figure 3.7(b) and Figure 3.8(b) to the RF-SQUID in Figure
3.7(c). The nanoribbons of both junctions are indicated with a discontinuous grey
line, being the one in Figure 3.8(a) of thickness tJJ = 19 nm and the one in Figure
3.8(b) of thickness tJJ = 16 nm.
Note that the junction in Figure 3.8(b) appears to be shorted, however it was con-
firmed through measurement data that it is not. What appears to be a short in the
junction is probably because the AFM tip could not map accurately the weak link
as the length is roughly 100 nm. This hypothesis could have been confirmed through
Scanning Electron Microscope (SEM), however the measurement was not performed
to avoid surface charging that would have caused doping the nanoribbon.

3.3 Characterization
This section contemplates all relevant parts of the devices characterization. It com-
prises the experimental set up description and the experiments performed which
include a power response analysis of the system. It also explains the experimental
data fitting considerations to obtain the fundamental frequency and quality fac-
tor variation of the resonator and concludes with the simulation model realized to
support the characterization.

3.3.1 Experimental Set Up and measurement
The experimental set up to probe the device susceptibility can be seen in Figure 3.9.
The circuit was mounted on a dilution refrigerator cryostat from Oxford Instruments
which is a commonly used device that allows to reach 20 mK temperature regime
using a mixture of two Helium isotopes, He3 and He4. In particular, the cryostat
used in the measurements was equipped with a magnetic field shield that protected
the system from environment magnetic fluctuations. Furthermore, as three devices
were measured in the same cool down, each device was protected by their own
magnetic shield.
To obtain the different sets of data, we set up the mixing chamber, represented in
Figure 3.9 below the 2 K stage, at a temperature between 20 mK and 1000 mK. A
Vector Network Analyzer (VNA) was connected at the input and output signal ports
at room temperature, which allowed this instrument to characterize the transmitted
and reflected signal across a band gap of interest. In particular, the parameter used
to further analyse the measurements was the reflexion coefficient, Γr. Furthermore,
the VNA also allowed to determine a specific measurement power, in particular data
was obtained at 0 dB and −5 dB, further details are provided in the next section.
Send from VNA Port 1 the microwave signal had centered frequency of one of the
resonator harmonics, frequencies at Table 3.2, and went down to through a set of
attenuators which reduced the input signal thermal noise. These attenuators were
mounted at different stages of the dilution refrigerator according to thermalization
power of each stage [27]. At the mixing chamber the signal reached the device,
represented by a yellow square in Figure 3.9, that was biased through a magnet coil.
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Figure 3.9: Sketch of the experimental set up. The signal is send from a microwave source at
room temperature to the refrigerator and transmitted down to 10 mK through a set of attenuators.
At the mixing chamber the signal reaches the device, that is biased through a coil magnet, and
passes through two circulators. Afterwards, the signal is filtered through a 4 GHz high-pass filter
and a 8 GHz low-pass filter before reaching the low temperature amplifier at the 5 K stage and to
the VNA. A second amplifier is placed at room temperature.
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The signal for the magnet coil was send from room temperature through a set of
RC filters with cutoff frequency below 50 Hz to filter the dc-bias of the signal. Once
the signal was transmitted through the device, it went through two circulators, that
discriminated the signal up to its propagation direction. Afterwards, the signal
was filtered through a 4 GHz high-pass filter and a 8 GHz low-pass filter as the low
temperature amplifier at the 5 K stage has a band-pass between those frequencies.
Another amplifier was incorporated at room temperature to the circuit before the
signal reached the VNA Port 2.

3.3.1.1 Power response analysis

A power response analysis was carried in order to obtain the best S/N ratio in the
measured data. As mentioned, the two powers chosen were 0 dBm to −5 dBm. How-
ever, effectively, the fridge experienced a variation of 15 dBm, going from −40 dBm
to −25 dBm as the room temperature attenuator in Figure 3.9 for the first measure-
ment was of −40 dBm, instead of −20 dBm.
For a further analysis, the number of photons for each power can be obtained using

N = Pc

hf 2
n

(3.2)

where h is the Planck constant and fn the resonance frequency and Pc is the circu-
lating power. To calculate Pc, one can use the following expression:

Pc = Pin
Q2

intQext

π(Qint + Qext)2 (3.3)

Here, Pin is the power that goes inside the device, Qint is the internal quality factor
and Qext is the external quality factor which are obtained through data fitting the
measurements data sets.

3.3.2 Experimental data fitting
For a given power, the data sets were taken for a temperature range between 20 mK
and 1000 mK, sweeping around the center frequency fn while biasing the coil current
φ. Therefore, through the VNA, one obtains the reflexion coefficient Γr for a given
temperature T as a function of f , φ which can be fitted as:

Γr(f, φ) = |Γr0|e−2πifτd

1 − Qtot

Qext

eiφ0

1 + 2iQtot
f−fn

fn

 (3.4)

where Γr0 is a given amplitude, τd expresses a signal delay, φ0 reflects on a rotation,
Qtot is the total quality factor, Qext is the external quality factor and fn is the res-
onance frequency. Through equation (3.4) one can identify the frequency variation
δf/fn as:

δf

fn

= f − fn

f
(3.5)

which is proportional to the real susceptibility component χ′ through equation (2.29)
where ω = 2πf . Instead, the imaginary susceptibility term χ′′ relates to variation
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of the quality factor, δ(1/Q) that is contained in the internal quality factor Qint.
Considering that through equation (3.4) one can obtain Qtot and Qext, the Qint can
be calculated through equation (2.26).
The quality factor variation δ(1/Q) reflects on the dissipative response of the STIS
junction having as contributions the diagonal χD and non-diagonal χND susceptibil-
ity components. As seen in Section 2.2.3, χD and χND are frequency dependant, so
their contributions will vary with the probing frequency f . Particularly, at high tem-
peratures and low frequencies δ(1/Q) is expected to be dominated by χD, whereas
at low temperatures and high frequencies is dominated by χND [7], [19], [20]. The
objective here is to obtain an estimation of the diagonal γD and non-diagonal γND

relaxation rates using these two frequency and temperature regimes.

3.3.3 Model of TI Susceptibility Response
To characterize the energy band structure of the TI junction, we compared the
experimental data to a short ballistic junction model and subtracted the relaxation
γD and microwave transitions γND rates.
The model implements the behaviour of a short ballistic junction described in Chap-
ter 2, this approximation has been taken because in previous experiments we could
observe Fabry-Pérot oscillations using this material. Given a determined frequency,
it takes into account the geometrical junction parameters, width wJJ , length lJJ

and thickness tJJ , and the material ones considering a critical temperature for the
superconducting electrodes of aluminium and the chemical potential at the Dirac
point. With these parameters, it calculates the corresponding conduction channels,
equation (2.15), and the ABS energy distributions.
Then, inserting the temperature T and the chosen relaxation γD and microwave
transitions γND rates, it calculates the three susceptibility contributions. All the
Josephson Susceptibility χJ , equation (2.20), the diagonal susceptibility χD, equa-
tion (2.21) and the non-diagonal susceptibility χND, equation (2.22) considered are
calculated for every conduction channel, in other words for every τ or every individ-
ual pair of ABS, and then they are summed. In this way, we can obtain the total
susceptibility of the junction and the different susceptibility components.
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The results presented in the following chapter belong to the tJJ = 19 nm Bi2Se3
nanoribbon. Here, we first discuss the system’s power response and then focus on
the study of the susceptibility response.

4.1 System’s behaviour at 0 dBm and −5 dBm power
To characterize the power response of the circuit at 0 dBm and −5 dBm, this section
analyses the results of quality factor variation δ(1/Q) measurements at resonance
frequencies 4.40 GHz and 8.16 GHz. The result of the δ(1/Q) measurements can
be seen in Figure 4.1, where the first row are the measurements at 0 dBm with (a)
being the experimental data taken at 4.40 GHz and (b) at 8.16 GHz, whereas the

Figure 4.1: Experimental data of the quality factor variation, δ(1/Q) taken at: (a) 4.40 GHz
and power 0 dBm, (b) 8.16 GHz and power 0 dBm, (c) 4.40 GHz and power −5 dBm and 8.16 GHz
and power −5 dBm

second row are the corresponding measurements at −5 dBm for (c) 4.40 GHz and
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(d) 8.16 GHz. When the power increases the S/N ratio is expected to improve as
the output signal also increases in power, decreasing the background noise. Also,
it saturates noise sources. The result, as observed in Figure 4.1, is a much more
smoother curve for the −5 dBm signals.
The number of photons and corresponding circulating power is found in Table 4.1:

Power fn =4.40 GHz fn =8.16 GHz
Pcirc(mW ) N Pcirc(W ) N

0 dB 1.64 · 10−11 1500 1.93 · 10−11 500
−5 dB 2.15 · 10−9 150.000 1.99 · 10−9 50.000

Table 4.1: Circulating power Pcirc and number of photons N of measurements at frequencies
4.40 GHz and 8.16 GHz for powers 0 dBm and −5 dBm

These results are consistent with previous studies related to microwaves loses at low
power in milikelvin regime carried by the group [28].

4.2 Characterization of TI energy band structure
As stated in the previous chapter, the χ is frequency and temperature dependant.
Particularly, the dissipative term χ′′ is expected to vary according to χD or χND

contributions. Therefore, to identify γD and γND the results discussed in this chapter
belong to the 4.40 GHz and 8.16 GHz harmonics for a two-set of temperatures. An
initial evaluation of the temperature response is provided before characterizing γD

and γND.

4.2.1 TI susceptibility response at low and high tempera-
tures

The following section analyses the temperature response of the TI junction for tem-
peratures comprising 20 mK and 1000 mK taken at −5 dBm. The frequency varia-
tion δf/fn scans against the junction flux bias are found in Figure 4.2. Here, Figure
4.2(a) gives the result of the data measurement at 4.40 GHz and Figure 4.2(b) for
8.16 GHz. As expected, there is not a significant difference between the scan at the
two frequencies, just a tendency towards the sinusoidal behaviour of this response
due to equation (2.18).

Figure 4.2: Experimental data of −2δf/fn plotted against the flux bias of the junction for
temperatures between 20 mK to 1000 mK at −5 dBm for: (a) 4.40 GHz and (b) 8.16 GHz.
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However, the dissipative response, reflected on quality factor variation δ(1/Q), shows
indeed a mismatch for low and high frequencies. Figure 4.3(a) shows the result of
measurements at 4.40 GHz, with a mismatch δ(1/Q) behaviour at low, from 20 mK to
400 mK, and high, from 500 mK to 1 K, temperatures. The low temperatures scans
present a single peak behaviour that turns to a two-peak for the high temperatures.
According to literature predictions, this indicates that for higher temperatures and
lower frequencies the χD contribution is dominant.
For the measurements at 8.16 GHz, Figure 4.3(b), we found that δ(1/Q) presents
a single-peak behaviour enhanced at low temperatures, which is in agreement with
the prediction of χND dominating.

Figure 4.3: Experimental data of δ(1/Q) plotted against the flux bias of the junction for
temperatures in a range from 20 mK to 1000 mK taken at −5 dBm for: (a) 4.40 GHz and (b)
8.16 GHz.

4.2.2 TI susceptibility characterization, γD and γND

To perform a qualitative analysis of the TI junctions and obtain an estimate value
of γD and γND, this section focuses on the evaluation of the 300 mK and 500 mK
temperature data sets.
Figure 4.4 shows the experimental data sets -line- and the simulated response -
dashed lines- for δf/fn and δ(1/Q). Figure 4.4(a) illustrates the δf/fn results at
4.40 GHz, Figure 4.4(a), and 8.16 GHz, Figure 4.4(b). Analogously, Figure 4.4(c)
depicts the data for δ(1/Q) at 4.40 GHz and Figure 4.4(d) for 8.16 GHz.
Despite the simulation model not fitting the data experiments, it reproduces the
behaviour of the measurements using a γD = 2 GHz and γ4.40GHz

ND = 3 GHz and
γ8.16GHz

ND = 10 GHz. Aside from implementing the TI model to a fitting programme,
we argue that the high value of γ8.16GHz

ND can be due to two reasons. As this param-
eter reflects on the induced microwave transitions within the energy spectrum, we
propose that the gold pads used to clamp the nanoribbon act as an ohmic bath. One
possible solution would be to substitute them with aluminium, so all the nanoribbon
is covered except the junction. However, there is also the possibility that the high
γND is intrinsic of the TI, generated by an oxidized layer at the surface. The only
possible solution for this would be to change the material, though this route was ex-
plored using [BixSb1−x]2Te3 thin films obtaining too high contact resistances, in the
range of 47 Ω to 100 Ω for different fabrication methods, to move on in fabrication.
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Figure 4.4: Experimental data -line- and the corresponding fitting from the model -dashed line-
plots for: (a) −2δf/fn plotted against the flux bias of the junction for temperatures 300 mK and
500 mK at 4.40 GHz. (b) −2δf/fn plotted against the flux bias of the junction for temperatures
300 mK and 500 mK at 8.16 GHz. (c) δ(1/Q) plotted against the flux bias of the junction for
temperatures 300 mK and 500 mK at 4.40 GHz (d) δ(1/Q) plotted against the flux bias of the
junction for temperatures 300 mK and 500 mK at 8.16 GHz.
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5
Conclusion

In this thesis we designed, nanofabricated and characterized a device through mi-
crowave reflectometry measurements to probe the susceptibility of a STIS junctions
made from Bi2Se3 nanowires and aluminum electrode contacts. Through the suscep-
tibility measurements we could study the mechanisms that drive the band structure
of the TI: population relaxation and induced microwave transitions. In fact, when
the experimental data was compared to a short ballistic junction model, we were
able to identify the relaxation and microwave transition rates.
There are different directions to take in this project. In the nanofabrication regards,
if we continue using the same TI material, the next step is to replace the gold pads
to clamp the nanowire by aluminium, disabling a possible ohmic source. It will also
be interesting to modify the RF-SQUID design and include a gate to be able to
tune the Dirac point of the material. However, there is the option to go back to use
[BixSb1−x]2Te3 thin films. In this case, the next step is to continue exploring the
different routes of the thin film contacts to lower the contact resistance. As for data
processing, the short ballistic junction model proposed should be implemented to a
fitting model to characterize finely the experimental data.
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