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Abstract
The growing focus on electric vehicles has led to a high demand for advanced bat-
tery management system (BMS) technologies for optimal utilization of batteries in
terms of energy efficiency, safety, and robustness. In particular, battery estima-
tion functions like state of charge (SoC) and state of health (SoH) are a crucial
part of BMS. Recently, dual state and parametric estimation using Kalman filtering
has emerged as a prominent solution to the SoC estimation problem. Many aug-
mentations and improvements on dual state and parametric estimation have been
individually proposed in the battery estimation community. In this thesis a com-
prehensive SoC and SoH estimation scheme is developed, which incorporates many
recent advances of battery estimation. This includes adaptive tuning of the state
filter in SoC estimation, a sensitivity analysis feature to enhance the parameter filter
in SoC estimation and changes made to the estimation algorithms to accommodate
these enhancements. The SoC estimator is developed in two variations, where one
version uses extended Kalman filtering (EKF) and the other version uses unscented
Kalman filtering (UKF). The most significant contribution made by this thesis is
the approach of cascading the dual SoC estimator with a moving horizon estimator
(MHE) for SoH estimation. This improves SoC estimation by incorporating SoH
estimates and vice versa.
The proposed SoC and SoH estimation scheme is validated both in simulations and
in experiment. The results show that it gives higher SoC estimation accuracy even
when compared to estimators using high fidelity battery model data not available
to it. The SoC and SoH estimator developed in this thesis distinguishes itself by
the superior quality of its estimates in the presence of effects like battery aging, low
measurement accuracy and trajectories exhibiting low sensitivity with respect to
the system’s parameters. Additional research is needed in order to employ adaptive
tuning of the SoC estimator in the presence of large sensor bias.

Keywords: state of charge, state of health, battery management system, state and
parametric estimation, Kalman filter, moving horizon estimation, adaptive tuning,
sensitivity analysis
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1
Introduction

The automotive industry is on the move towards environmentally sustainable modes
of transportation. We continue to see a strong push away from cars powered by
internal combustion engines and towards electric vehicles (EVs) and plug-in hybrid
electric vehicles (PHEVs). Relying on EVs as a major means of transport brings as
many challenges as it brings opportunities. Many technologies have to be developed
further in order to make the new form of mobility as sustainable, efficient and reliable
as possible. One challenge of prime importance is the development of modern, highly
accurate battery management systems (BMS).
At the heart of every EV lies its source of power: the battery. The battery as a mode
of energy storage, while highly valued for its environmental sustainability, comes
with many challenges. Some of these challenges arise from the sheer complexity of
the system: the battery is a complex electrochemical system featuring a multitude of
chemical, thermal and electric phenomena. Correct function of a battery results from
the interplay of all these and requires specific conditions such as proper operation
and temperature of the battery. Ensuring this is the purpose of a BMS.

1.1 Motivation

The battery management system has the main task of ensuring that the battery is
operated inside its safe operating area. This plays a major role in protecting the
battery from damage. There are many good reasons why this is highly desirable:
First and foremost, user safety critically depends on the battery’s integrity. Batteries
contain highly reactive, corrosive and toxic materials. Unsafe operation of batteries
can potentially lead to catastrophic damage, such as battery explosion. Second,
the battery is the main source of power of EVs. This means that the immediate
functionality and mobility of the vehicle depends on the battery’s ability to supply
power to the vehicle’s powertrain. This ability can only be guaranteed, if the battery
is operated in its safe operating area. Third, battery damage will result in a reduced
battery lifespan (i.e. short timespan where the battery’s quality is adequate for
usage). The immediate outcome of this is that the battery has to be replaced more
often. On the one hand this leads to a rising cost of the vehicle throughout its period
of usage. On the other hand this also undermines the sustainability of the EV, as
frequent battery changes also mean higher demand on critical resources needed for
modern, high capacity batteries. Such materials include Lithium, Cobalt, Nickel,
Manganese and other metallic oxides. These materials not only have to be mined
when new demand arises, they also have to be recycled or disposed of properly.

1



1. Introduction

Serious damage to the environment can result, if excessive quantities of battery
waste material are generated or discarded improperly. The extraction of rare metals
needed for EV batteries is often connected to serious harm to the environment, as
well as inhumane conditions for local workers, since these materials are often mined
in developing countries [25].

One features that lies at the core of a BMS is battery state of charge (SoC) esti-
mation. A useful metaphor to give readers new to the area of research an intuitive
idea of the concept is the following: The battery’s SoC is the closest equivalent an
EV has to the fuel gauge of a combustion engine driven car.

The importance of having accurate information about the SoC cannot be overstated.
SoC monitoring is used to predict the vehicles remaining range. SoC is also a
critical factor in delimiting the battery’s safe operating area. Here, the concept
of overcharging and overdischarging is key. This means continuing to charge or
discharge the battery once its SoC has reached 0% or 100% respectively. This leads
to adverse chemical reactions. During overcharging the electrolyte decomposes and
reacts with the material of the cathode. During overdischarging both the anode’s
and the cathode’s structures corrode [16]. Both of the above lead to a permanent
deterioration in the battery’s quality. This comes in the form of increased internal
resistance or decreased total capacity. Conversely, having an accurate estimate of
SoC allows optimal use of the battery within the design limits. This enables robust
and safe utilization of available energy resource leading to higher efficiency of the
vehicle powertrain.

In contrast to the level in a fuel tank, SoC cannot reasonably be measured in auto-
motive applications. Rather. SoC depends on the concentration of Lithium ions in
the electrolyte. To use the language of control theory, SoC is an internal state of the
system, rather than a measurable quantity. Principally, the two quantities readily
measurable are the current supplied to the system and the system’s final (terminal)
voltage. This is why state estimation algorithms from the field of control theory
are applied widely to find a given battery’s SoC. In order to apply the methods of
model based control, we first need a model.

Knowledge about the battery’s state of health (SoH) is another important factor of a
BMS. Battery SoH as a quantity describes the battery’s health, that is how much the
battery’s energy and/or power delivery ability has deteriorated since its fabrication.
Such deterioration takes place even when not triggered by improper operation of the
battery. A wide array of aging mechanisms are responsible for this behavior. For a
more detailed review, see [2, 3, 30]. As such, SoH is a useful indicator of whether
a battery has outlived its usefulness for a certain application. Once battery SoH
has dropped below a certain threshold, a BMS can use this information to trigger a
replacement of said battery. It is pertinent to underline that a battery need not be
discarded when its SoH disqualifies it from serving its previous application. Different
applications place different demands on batteries. A battery that can no longer be
used for one application, can still be used for a less challenging application.

2



1. Introduction

1.2 Battery Modeling

Model based control relies heavily on the fact that the controlled system is accurately
reflected by the model used for the design of any applied control methods. However,
we also have to make application of the developed control solutions feasible in the
automotive sector. Therefore, when planning to design an estimator, one should
make very conscious choice of design model. The tradeoff between model fidelity and
model complexity can have wide-reaching repercussions in estimator performance.
This is even more important, when advanced and computationally intensive methods
of state observation are applied. Examples of this are Unscented Kalman Filtering
(UKF) and Moving Horizon Estimation (MHE). Batteries exhibit thermal as well
as electric dynamics. As they are quite complex systems, a wide array of modeling
approaches has been explored in the literature.

1.2.1 Electrochemical Modeling

Electrochemical models are derived from first principles of physics. They set out
to capture all characteristics of the complex battery system. To achieve such high
fidelity, the battery has to be modeled as having distributed dynamics. This leads
to a model consisting of a set of partial differential equations (PDEs). This model
is then highly useful for understanding the electrochemical processes that take place
inside the battery. For all the benefits of this model’s high fidelity, there are a couple
of drawbacks, which render this approach all but useless for the present application.
First, models using PDE’s require significant computational and memory resources,
rendering it infeasible for on-board systems. Second, electrochemical models involve
a large number of unknown parameters, which have to be determined (usually ex-
perimentally) in order to be able to run the model. Third, using a model consisting
of PDEs complicates observer design, considerably.
For the above drawbacks, electrochemical models are seldom used in automotive
applications of SoC estimation, despite generating a lot of academic interest. They
are not investigated further in this thesis.

1.2.2 Black Box Modeling

Black box models try to model the system’s behavior using no knowledge of the
underlying system dynamics. This is mainly done using some available amount of
experimental training data. One way to achieve this sort of model is to use neural
networks. To achieve suitable accuracy, large amounts of data and parameters are
needed. Model accuracy is highly dependent on correct excitation of the plant and
may be restricted to those areas where the system was explored experimentally. Due
to limited availability of data, and because high accuracy is very much needed, this
thesis does not pursue this type of model further.

3



1. Introduction

1.2.3 Equivalent Circuit Models
Equivalent Circuit Models (ECMs) are widely used in SoC estimation, as they com-
bine favorable features like low complexity and easy observer design with adequate
model accuracy. The model seeks to capture the key effects of electrochemical
phenomena happening inside a battery cell using an ordinary differential equation
(ODE) based model. ECMs fall in the category of lumped models, since they de-
scribe phenomena normally modeled by PDEs using ODEs only. The battery system
is represented by a combination of electric elements such as voltage sources, resistors
and capacitors [7].
Populating ECMs with suitable parameters is challenging. Due to these parameter’s
complicated nonlinear dependence on SoC, temperature and battery current, finding
an explicit model for them is not practical. Therefore, using this type of model for
SoC estimation requires simultaneous parametric estimation to ensure satisfactory
fidelity of the ECM.
There are abundant variations on the ECM. Within the family of ECMs one once
again faces the tradeoff between model fidelity and simplicity. Variations on ECM
include different model orders, as well as varying degrees of hysteresis modeling.
For an overview of different ECMs see [7]. A second order model with two resis-
tance capacitor (RC) branches is found to perform very well with many different
battery chemistries and under various conditions. The paper states clearly, however,
that temperature, SoC and current dependencies are not captured and need to be
captured through varying model parameters.

1.3 Estimation Algorithms
The task of SoC estimation of a battery cell is best described as a problem of internal
state estimation. We are given a dynamical system, where some system inputs and
outputs are measureable. The task is to reconstruct the system’s internal state.
The Kalman filter (KF) is among the most widely used linear state observers. Given
some linear process and measurement equations the KF can give accurate estimation
of a linear, observable dynamical system. The KF has been widely and successfully
applied to a great variety of engineering problems such as global positioning (GPS).
The Kalman filter is also immensely popular in control applications, where a re-
construction of internal state is needed for the purpose of state feedback control.
However, due to its linear nature the KF is decidedly limited in the range of prob-
lems it is applicable to. Many relevant technical systems require nonlinear process
equations to be modeled accurately. EV and PHEV battery systems are no excep-
tion here: The nonlinear dependence of battery systems’ output voltage on SoC
makes it infeasible to model them using a set of linear differential equations. For
applications like this, the KF is not applicable.
There exist several extensions to the KF to enable it to observe nonlinear processes.
The most common of these extensions is the Extended Kalman Filter (EKF). It
applies the principles of the KF to nonlinear processes. This can be done by calcu-
lating the first order Taylor approximation of the process equations, and thus a set
of linear equations, at every computational step. This is equivalent to supplying the

4
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KF with a linear time varying system as opposed to a linear time invariant system,
as in the case of regular KF. Note that Taylor approximation requires differentiation
of the process equations and is always performed at the current estimated state. Ac-
cess to accurate estimations of the previous states is therefore paramount to ensure
convergence of the filter. Approximation of the process equations away from the
true state may lead to linear equations that no longer sufficiently model the pro-
cess. The EKF has developed into the quasi-standard option for state observation
of nonlinear processes.
Despite the EKF’s popularity there exist other extensions of the KF to make it
applicable to nonlinear processes. The Unscented Kalman Filter (UKF) is another
modified Version of the KF, which also allows for observation of nonlinear systems.
Instead of relying on linear approximations of the system, the UKF executes a
number of function evaluations at every step to approximate the covariance matrix.
This comes with a couple of advantages. Notably, derivatives of the system equations
are not required, nor does the system even need to be differentiable. The UKF also
has the potential to perform better than the EKF, whenever the system is highly
nonlinear and linearization doesn’t constitute a sensible approximation.
Gregory L. Plett applies both the EKF and the UKF to the problem of SoC es-
timation in his highly influential series of papers [20, 21, 22, 23, 24]. Here, EKF
and UKF are used to perform simultaneous state and parametric estimation. Ex-
perimental data from the Urban Dynamometer Driving Schedule (UDDS) is used to
validate the filters. This drive cycle assumes constant temperatures and relatively
gentle changes in SoC. UKF is found to slightly outperform EKF, while requiring
the same computational resources.
Since then, using dual state and parametric estimation techniques for SoC estimation
has been widely studied, with researchers trying to improve many different aspects
of SoC estimation.
One field of research in recent times has been the introduction of adaptive tuning
mechanisms [5, 28, 6]. This aims to improve robustness and performance of the dual
estimation scheme under challenging conditions such as extreme SoC or temperature
values.
Some researchers try to optimize the computational efficiency of Kalman filtering
setups [11].
Capacity estimation is another highly important field. Battery capacity estimation
is both crucial to ensuring SoC estimate accuracy throughout a battery’s lifespan
and highly useful as a SoH indicator. Therefore, capacity estimation has been widely
studied in recent years [4, 27, 9].
Other parameters used in battery modeling can vary over the lifetime of a battery.
Recently, there has been research on adapting the OCV-SoC curve throughout a
battery’s lifetime in order to improve estimation quality [10].
Further practical challenges in SoC estimation include handling the sensor bias of
automotive grade sensors, which can be highly detrimental to estimation quality.
This issue is tackled in [18, 14].
The problem of mitigating observability issues in parametric observation has been
researched, recently. Sensitivity based data selection schemes have been proposed
by [12, 13].
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However, much work focuses on improving estimation techniques in one isolated
area, neglecting numerous other issues of battery estimation. There is still a lot of
work to be done in researching the relationship between many of the above aug-
mentations. The compatibility of these feature and their combined improvements
to SoC estimation need to be investigated.

1.4 Objectives

This thesis aims to take a more holistic approach to battery estimation. We incor-
porate many of the above improvements into a standard state and parametric dual
estimation scheme. In particular, we set the following objectives for this thesis:

1. We implement a dual estimation algorithm to realize simultaneous state and
parameter estimation of the battery system. Herein the technique of dual es-
timation serves to decouple the nonlinear dependencies of the parameters of
the battery’s electrical dynamics on a multitude of variables, such as state of
charge, input current and temperature. Thus, we employ two Kalman filters,
where one filter is used to estimate the battery system’s state in terms of the
electrical component of the battery and the other filter is used to estimate the
parameters of the model to account for the parameters’ dependency on state,
temperature and input. This is achieved using only the commonly available
measurements of the battery system’s current and voltage. The above is im-
plemented using the two filtering approaches of Extended Kalman filtering and
Unscented Kalman filtering.

2. We augment each of the constituent filters of the dual estimator by a feature
designed to improve performance under difficult conditions: In order to im-
prove estimation performance under extreme circumstances such as extreme
SoC values or temperatures, we augment the state estimator by an adaptivity
feature. This feature allows the filter to self-tune its design parameters dur-
ing run-time. Specifically, we adjust the covariance matrices supplied to the
Kalman filters.

3. We improve the estimator’s performance by augmenting the parameter filter
by a data sensitivity feature. This feature has the purpose of checking the data
received from the battery for sensitivity with respect to the battery parame-
ters. The parameter filter only updates its estimate when sufficient sensitivity
to the parameters has been established. This serves to avoid amplification of
measurement noise by operating the filter with data insensitive to the param-
eters it estimates.

4. We improve the above dual estimation scheme by introducing a MHE, which
takes as an input past values of the battery system’s voltage and current to
estimate the battery’s actual capacity to account for the process of battery
aging. The estimate of actual capacity is used to adapt the battery model
upon which the dual estimator is based. This helps to decrease model plant
mismatch and thereby improve estimation quality.

At the end of this thesis we review our success in accomplishing these objectives.
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1.5 Scope
The thesis is limited to deliberations on the battery cell level. This means that
the estimation scheme described therein is limited to observing the state of a single
battery cell. Thus, no battery uniformity and equalization issues are treated. The
terms "battery" and "cell" are used interchangeably in this thesis.
This thesis does not explicitly take the thermal dynamics of the battery into account.
Instead, the influence of this part of the cell’s dynamics is simply be taken into
consideration as noise inside the estimation scheme.

1.6 Organization
This thesis is structured in the following way:
Chapter 2 starts by giving a brief review of the key issues and variables used in
battery management. It proceeds by presenting the theory needed to effectively
employ ECM for battery estimation. The Chapter then presents a thorough review
of the Kalman filtering methods used in this thesis, including their background.
This is followed by
Chapter 3 will detail how the theory presented in Chapter 2 is implemented to suit
the peculiarities of the present task.
In chapter 4 we validate our resulting estimation setup. This is done both in simu-
lation using a high fidelity validation model and using experimental data gathered
from battery laboratories.
In chapter 5 we give some closing remarks and recommendations for future work,
where further research is still needed.
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2
Theory

The following chapter introduces theory required to work with battery estimation.
We start by introducing our readers to the key concepts of battery management
and introducing some useful terminology. We proceed to derive an ECM to serve as
the basis of all our following efforts to design an estimator. A preliminary system
analysis follows. We bear in mind, that the ECM only partly encapsulates our
system’s dynamics, which limits our ability to analyze the system rigorously using
this model.
We continue to provide a thorough theoretical introduction to the family of state
estimation methods collectively known as Kalman filtering. On that basis we ac-
quaint our readers with the algorithms of Unscented Kalman filtering (UKF) and
Extended Kalman filtering (EKF) for state estimation of nonlinear systems. The
general approach to explore Kalman filtering in this thesis is to motivate all varia-
tions of Kalman filtering hereinafter presented as special cases of the more general
sequential probabilistic inference approach to state estimation of dynamical systems.

2.1 Review of Key Issues of Battery Management

A battery is an energy storage device. More specifically, a battery is a device
capable of using electrical energy to cause a reversible chemical reaction. This
process is known as charging the battery. A charged battery can revert this process
by using another chemical reaction to generate electrical energy, which is known as
discharging the battery. The ability to charge or discharge a battery is limited by
the availability of the required chemicals within the battery.
We pick the example of a Lithium-Ion battery to further illustrate the workings of
a battery. Internally, a battery cell is constructed as follows: two electrodes are
soaked in electrolyte and divided by a separator (i.e. a semi-permeable membrane)
to stop electric short circuit. The discharging process consists of the following:
Lithium active particles diffuse to the surface of the negative electrode. Here, they
react to produce positively charged Lithium ions and electrons. The Lithium ions
pass through the separator, while the electrons, which cannot pass through the
separator, pass through the outer circuit. This results in a current through the outer
circuit. The capacity of a battery in terms of the amount of energy it can supply
depends on the amount of Lithium available in the cell. The inverse reactions take
place during charging of the battery [34]. Let this description suffice to gain an
intuitive understanding of the chemical inner workings of a battery. More detailed
descriptions of these reactions are very complex and add nothing to the readers
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understanding of this thesis.
To understand the Equivalent Circuit Model that is used in the course of this thesis,
we need some concepts regarding the electric part of the model. Most importantly,
we review the concepts of SoC and SoH and get a grasp of the time scales of the
battery as a dynamical system.

2.1.1 State of Charge
The battery SoC is the EVs figurative stand-in for the fuel gauge in conventional
vehicles. This means that SoC is an indicator of how much energy is stored in the
battery at the current time. As we have seen, the amount of energy stored in a
battery is directly linked to its pool of Lithium ions and, thus, to its resources in
terms of number of electrons. This is quantified in the form of capacities
The total capacity Q is defined as the number of Coulombs drawn from a battery
in order to transition it from its fully charged state to its fully discharged state.
While we must expect this value to be subject to change due to battery aging and
fluctuating temperature, we expect it to remain constant over short to medium time
spans.
The residual capacity Qr is the number of Coulombs drawn from the battery as to
transition it from its present state to its fully discharged state. We readily expect
this quantity to vary even over small time spans, as we charge or discharge the bat-
tery during operation. We pose the limit of Qr ∈ [0, Q] by definition, where Qr = Q
means that the battery is fully charged and Qr = 0 means that the battery is fully
discharged. Charging a battery beyond its fully charged state or discharging it below
its fully discharged state is known as overcharging and overdischarging respectively.
Overcharging and overdischarging are to be avoided at all costs: they provide no
additional charge, while decomposing the battery’s electrodes, decomposing its elec-
trolyte and accelerating capacity fade in irreversible chemical reactions. In addition
to this, they pose a threat to the functionality and integrity of the battery by caus-
ing internal short circuits and exothermic reactions [16]. This, aside from damaging
the battery may cause safety hazards as serious as leakage of corrosive substances
and explosion.
The SoC is the relationship between the battery’s current capacity Qr and its total
capacity Q. We describe SoC by

z = Qr

Q
, (2.1)

where z ∈ [0, 1] is the SoC [32]. Defining battery SoC becomes more of a challenge
when considering battery systems consisting of more than one cell. In this case the
definition of SoC depends on the presence of absence of a cell balancing mechanism
[16]. The problem of cell balancing is very important when dealing with multiple cell
batteries. Specifically, having a battery with well balanced cells is beneficial, since
it allows one to fully utilize the battery’s charge without overcharging or overdis-
charging individual cells. Since this thesis concerns itself with single cell estimation
only, equalization approaches will not be discussed in detail. See [25] for a general
overview of balancing techniques and further references.
Since SoC is very much an internal state of the battery, in that it is the direct
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result of the chemical configuration inside the battery, we see that SoC cannot be
conveniently measured. We also observe the utility of SoC and terminal voltage
in preventing overcharging and overdischarging of the battery: to prevent further
charging at z = 1 or at the end-of-charge-voltage (EoCV) is to prevent overcharging.
To prevent further discharging at z = 0 or at the end-of-discharge-voltage (EoDV) is
to prevent overdischarging. Therefore, we recognize that having accurate informa-
tion on battery SoC and terminal voltage is paramount to ensuring safe operation
of the battery.

2.1.2 State of Health
As we have seen the SoC of a battery seeks to encapsulate information about the
amount of charge or, by extension, energy currently stored in the battery. SoH on the
other hand is used to describe how much the battery, as a device, has deteriorated
in its functionality since fabrication. While the definition presented for the SoC in
(2.1) is, at least for the single cell case, universally accepted, the definition of SoH
remains subject to debate.
Battery deterioration manifests itself in two forms: capacity fade and increase in in-
ternal resistance. As such, SoH describes irreversible change in the battery, whereas
SoC describes reversible change. Capacity fade is mainly a side effect of the battery
undergoing cycling, i.e. repeatedly charging and discharging the battery. Capacity
fade and impedance growth is also due to the calendar aging of the battery. From
these causes we have an intuitive grasp of the necessary difference in time scale be-
tween SoC and SoH. While changes in SoH only accrue over many days of battery
usage, changes to SoC can happen in minutes or even seconds. We will realize as we
develop a model for our estimation scheme that even changes in the time scale of
milliseconds are relevant for SoC estimation. It is therefore prudent to also organize
our estimation schemes for SoC and SoH so as to reflect this difference in time scale.
Despite having solid phenomenological insight in the effects that cause battery aging
the information is still not easy to encapsulate in a single variable [25].
Since battery health deterioration is best represented by capacity fade and inter-
nal resistance growth, the parameters best suited to carry this information are the
battery’s total capacity Q and the battery’s internal resistance, which we will call
R0. Although both characterize SoH, there is one central difference that sets them
apart.
Internal resistance R0 , in addition to being caused by declining battery health,
depends on the systems thermal state and to a lesser degree on current supplied
to the battery and SoC. Thus, R0 can potentially undergo fluctuations much faster
than the usual time scale of SoH. Internal resistance is commonly included in dual
SoC estimation [20, 24, 1, 12, 13]. This will also be the case in this thesis.
In terms of the total number of active particles in a battery, total capacity Q can
reasonably assumed to be constant with regards to changes in temperature within
the safe operation limits of the battery. The amount of charge we can actually draw
from the battery can vary due to change in the end-of-charge and end-of-discharge
voltages. Despite these effects, total capacity is usually taken to be entirely constant
in SoC estimation [20, 24, 1, 12, 13]. Defining SoH using the total capacity facilitates
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the use of more advanced estimation methods for SoH estimation, as this enables us
to fully capitalize on the slower time scale of SoH.
The more common approach to define SoH is by examining the battery’s capacity
fade. However, since we will observe the battery’s internal resistance in the course
of parametric estimation, we can get a more complete image of battery health by
analyzing this information, too.
We compare the battery’s current total capacity Q with its rated total capacity
Qrated as supplied by the battery’s manufacturer at fabrication. Note that Qrated
describes capacity at 23◦C and a C-rate of 1. This leads to

Ψ = Q

Qrated
, (2.2)

where Ψ is battery SoH. The definition in (2.2) makes estimating SoH tantamount
to estimating total capacity Q. Consequently, we can use our estimate of SoH to
further improve SoC estimation as total capacity Q is critical for model accuracy
of the ECM. In our final estimation setup, the SoH estimator will directly feed the
SoC estimator.
From the definition in (2.2) we expect SoH to decline monotonically with total
capacity Q throughout the battery’s life span.
Whereas accurate estimates of total capacity Q are highly useful for improving SoC
estimation accuracy, proper usage of information about SoH is unclear. Rather
than being self-explanatory, SoH estimates pose new questions: how far will we
allow SoH to sink before discarding the battery from its current application? What
applications can the battery feasibly be used for after this?
Finding well-founded answers to these questions is crucial to making efficient and
sustainable use of existing battery resources. This is where SoH exerts its full utility.
We see that information on SoH can help to replace batteries at the proper time and
reuse them in the proper application when interpreted correctly. The interpretation
of SoH data in this sense falls outside the scope of this thesis. We use SoH estimation
to improve SoC estimation and observe that it has the aforementioned inherent uses.

2.1.3 Open Circuit Voltage
Open-circuit voltage (OCV) is the voltage measured across the battery’s terminals
when no load is applied to the battery and it has reached an equilibrium. This
means that influences from past dynamic loads have been allowed to decay and we
measure the intrinsic electromotive force of the battery cell. Usually, we find an
injective function

VOC : [0, 1]→ R, z 7→ VOC(z) (2.3)

which maps SoC to OCV. That is, we find a function that maps SoC uniquely to
OCV. Figure 2.1 shows a plot of the function VOC for the battery used for validation
in this thesis. The function VOC is notably influenced by hysteresis, meaning that it
will differ depending on whether the cell was lately charged or discharged. VOC also
varies slightly under changing temperatures. Both of these influences are, however,
widely taken to be negligible for NMC batteries in estimation problems [20, 23, 12].
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Figure 2.1: This Figure shows the plot of an example of the function VOC(z), which
maps SoC to OCV. The function shown is the OCV curve of the battery used for
validation of the estimation setup used in this thesis.

In theory measuring OCV could be used to determine SoC using VOC. In practice,
this idea is difficult to apply and often highly inaccurate.
In automotive applications, measuring OCV is simply infeasible due to almost con-
tinuous battery operation over a wide region of SoC under heavy dynamic load.
This precludes any measurement of OCV, as OCV can only be accurately measured
under no load. Additionally, batteries commonly used in automotive applications,
such as LiFePO4 cells feature flat portions. This means that there are regions of
SoC, where a very small change in OCV leads to a big change in the correspond-
ing SoC value. Thus, for such batteries, even small measurement noise can lead to
heavily distorted inferred SoC values.
We conclude that measuring OCV does not constitute a satisfactory method of
estimating SoC.

2.1.4 Terminal Voltage
Terminal voltage is the voltage we measure across the battery’s terminals during
operation. We assign the variable Vt to mean terminal voltage. Whenever the
battery is under load, or has recently been under load, terminal voltage Vt differs
from OCV VOC. As the load is removed, terminal voltage converges back to OCV.
The difference between terminal voltage and OCV is due to a variety of effects.

2.1.4.1 Static polarization

Static polarization is a term that captures static resistances in the battery. This in-
cludes the resistance of the electrolyte itself and resistance at the battery connection
ports. We may model static polarization simply using a resistor.
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2.1.4.2 Dynamic Polarization

Dynamic polarization describes a family of effects caused by the battery chemicals’
inertia. To change the internal state of the battery, physical movement by its con-
stituent elements, such as its electrolyte is required. This movement, in the form of
diffusion, cannot happen instantaneously. This dynamic behaviour of the battery
is readily modeled by one or more resistor-capacitor (RC) sub-circuits, where each
sub-circuit models the kinetics of a different chemical process. For a more in-depth
look at these processes, see [8]. A small number of RC sub-circuits usually suffices
to characterize all present diffusion effect satisfactorily [29]. Modeling dynamic po-
larization by two RC sub-circuits provides a good trade off between model accuracy
and keeping model order reasonably low [7].

2.2 Equivalent Circuit Model
In order to apply the methods of model-based control to any system, one first needs
to derive a set of modeling equations, which describe the system with sufficient
fidelity. One widespread and extremely versatile way of doing this is using a state-
space model. In a state-space model, the internal state of the system is represented
by a set of variables called the system’s state. The state variables and the inputs to
the system are linked by a system of first-order differential equations. The measured
outputs of the system depend on the state and input algebraically. Mathematically,
we represent this as

ẋ = f(x,u), x(0) = x0

y = g(x,u),
(2.4)

where x ∈ Rn is the state vector, u ∈ Rm is the input vector, y ∈ Rp is the output
vector, f : Rn × Rm → Rn is the state transition function, g : Rn × Rm → Rp is the
output function and x0 ∈ Rn is the initial state.
We will strive to find a battery model of satisfactory fidelity, which preserves the form
given in (2.4).To this end we will explore in detail the family of Equivalent Circuit
Models (ECMs) in the following section . We will start by outlining the general
modeling approach of this class of models, while describing the advantages and
disadvantages thereof. We will then proceed to derive a specific ECM for application
in battery estimation in the present thesis.

2.2.1 Modeling approach
Deriving a battery model from first principles leads to a system of partial differen-
tial equations (PDEs). Such a model grants precise insights into the chemical and
thermal dynamics of a battery and is an effective tool in understanding its inner
workings at the most fundamental level. To complement their imposing fidelity,
electrochemical models require considerable computational and memory resources
to simulate [34]. In order to be able to simulate an electrochemical battery model,
however, first, one has to populate them with vast numbers of unknown parame-
ters. Due to their large number of parameters electrochemical models are typically
prone to over-fitting problems, when identifying said parameters [7]. In addition to
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these challenges, models using PDEs can be quite problematic to use as a basis for
designing an estimator with the methods of control theory, especially in the case of
nonlinear PDEs as we encounter in battery modeling.
We deem electrochemical battery models unfit as a basis for our SoC and SoH
estimation scheme. The main reason for this is because we cannot hope to allot the
computational and memory resources needed to power an electrochemical model
on the embedded system found in EVs. Not using an electrochemical model also
saves us the chore of identifying its myriad parameters and designing a PDE-based
estimator.
To circumvent the significant downsides to models consisting of systems of PDEs we
turn to lumped models. Lumped models seek to describe dynamical systems origi-
nally modeled by PDEs with a finite number of ODEs, while reasonably preserving
model fidelity. The most notable class of lumped battery models is called Equiva-
lent Circuit Models (ECMs), which are used to represent the electrical dynamics of
batteries. It is important to note, that ECMs do not directly model the dynamic
characteristics of battery impedance. This is, instead, captured by state-dependent
variations of the electrical circuit parameters [7].
All ingredients necessary for constructing an ECM have been presented in section
2.1, where we specifically introduced lumped electrical components to model complex
electrochemical processes inside the battery.

2.2.2 Model Derivation
In order to derive an ECM we first have to choose a model complexity. This means,
that we have to choose a number of RC sub-circuits sufficient to model the battery’s
dynamic behavior. As hinted before, we choose to use two RC sub-circuits as a
good trade off between fidelity and complexity of the model. In doing so we follow
the example of [15, 1, 33, 12]. Other sensible choices within the class of ECMs are
possible. For an excellent overview of sensible model choices, see [7].
Figure 2.2 depicts an equivalent circuit in the style of ECM, which represents the
electrical sub-component of the battery. As reasoned above, the model employs 2
RC sub-circuits to model the kinetics of the battery’s internal chemical components,
such as diffusion of the electrolyte. These effects were explored under the term of
dynamic polarization in section 2.1.4.2. The electric parameters of these RC sub-
circuits are named R1, C1 and R2, C2 respectively. The voltage drop over these
branches is termed V1 and V2, respectively.
We model the battery’s internal resistance, also called static polarization, using a
resistor with resistance R0. We call the voltage drop at this resistor V0.
We model the battery’s supply of OCV as a voltage source. This voltage source
supplies the SoC- dependent voltage VOC(z). The function VOC(·) is experimentally
determined in lab tests.
The system’s terminal voltage is represented by the variable Vt. This is the voltage
measured across the battery’s terminals, which is used to power external loads.
The current I supplied to the battery is defined to be positive during charging and
negative during discharging.
We emphasize that this equivalent circuit does not in itself model the battery
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Figure 2.2: This Figure shows the equivalent circuit used by the ECM to model
the battery. The ECM uses 2 RC sub-circuits to model chemical mechanisms inside
the battery. Arrows pointing from positive to negative potential are used to indicate
voltages.

impedance dynamics. We aim to capture the impedance dynamics in the form
of time varying parameters R0, R1, C1, R2, C2. We do not, however, derive an ex-
plicit model for the change of said parameters. We instead assume the impedance
dynamics of the system to evolve more slowly than its electric dynamics and perform
parametric estimation to identify the parameters. This assumption of different time
scales of the electric states and impedance parameters of the system is widely made
in the literature [20, 23, 12].
We are now in a position to derive state space equations to describe the model in
Figure 2.2.
Using Kirchhoff’s circuit laws we can capture the behavior at the RC sub-circuits
with the equations

V̇1(t) = − 1
R1(t)C1(t)V1(t) + 1

C1(t)I(t), V1(0) = V1,0

V̇2(t) = − 1
R2(t)C2(t)V2(t) + 1

C2(t)I(t), V2(0) = V2,0.
(2.5)

Further, we find the equation

Vt(t) = R0(t)I(t) + V1(t) + V2(t) + VOC(z(t)) (2.6)

to describe the systems measured terminal voltage. As motivated above, we model
the parameters R0, R1, C1, R2, C2, which vary with temperature, SoC and battery
current, as time varying in (2.5) and (2.6).
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For easy representation, we concatenate the parameters of the ECM into the vector

θ(t) =



R0(t)

R1(t)

τ1(t)

R2(t)

τ2(t)



, (2.7)

where τi(t) = Ri(t)Ci(t) are the time constants of the RC-branches.
SoC is best modeled as an integrator, where the battery’s input current is integrated.
This leads to

z(t) = η

Q
I(t), z(0) = z0, (2.8)

where η is the battery’s coulombic efficiency. It is important to note, that this
equation describes the dynamics of the SoC only within the interval of z ∈ [0, 1]

We use x(t) =



V1(t)

V2(t)

z(t)


as the state, u(t) = I(t) as the input and y(t) = Vt(t) as the

output. For brevity of notation we omit the time argument of state, input, output
and parameters, hereinafter. We find a state space representation of the form

ẋ = f(x, u; θ) =



− 1
θ3

0 0

0 − 1
θ5

0

0 0 0


︸ ︷︷ ︸

:=Ac

x +



θ2
θ3

θ4
θ5

η
Q


︸ ︷︷ ︸
:=Bc

u, x(0) =



V1,0

V2,0

z0



y = g(x, u; θ) = θ1u+ x1 + x2 + VOC(x3).

(2.9)

2.2.2.1 Model Discretization

In the context of data processing and filtering it is convenient to have a discrete
representation of one’s model. Especially Kalman filtering, the mode of state esti-
mation we will avail ourselves of in this thesis, depends on having a discrete state
space model. Therefore, we discretize the model given in (2.9). We use the method
of zero-order-hold discretization to discretize the model (2.9).
We choose some samll sample time h and assume constant input during this sampling
time. We plug this into the state space’s solution from time t = kh to t = (k + 1)h,
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with k ∈ N. Let x(kh) := xk and u(kh) = uk = const.. We obtain

xk+1 = eAchxk +
∫ (k+1)h

kh
eAc((k+1)h−τ)dτukBc. (2.10)

We plug in Ac and Bc from (2.9) to get a process equation of the form

xk+1 = Axk + Buk, x0 =



V1,0

V2,0

z0


, (2.11)

where

A =



exp
(
− h
θ3

)
0 0

0 exp
(
− h
θ5

)
0

0 0 1


(2.12)

B =



θ2(1− exp
(
− h
θ3

)
)

θ4(1− exp
(
− h
θ5

)
)

ηh

Q


. (2.13)

We leave our output equation unchanged to reach the discrete state space represen-
tation

xk+1 = Axk + Bu, x0 =



V1,0

V2,0

z0


yk = θ1u+ xk,1 + xk,2 + VOC(xk,3),

(2.14)

where yk is the output, that is the terminal voltage, at time t = kh. With this
we have reached a form of model with which we can work within the framework of
Kalman filtering. Before starting any kind of observer design, however, we analyze
our derived model.

2.2.3 Observability Analysis
As we have motivated in section 2.1, its is our stated goal to estimate the internal
state of the battery as represented in our state space model from (2.14). The field
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of observability analysis within control theory is concerned with whether a system’s
internal states can be inferred from its external inputs and outputs. This property
is called observability of a system. Since the bulk of literature on observability
describes continuous systems, we analyze the system given in (2.9) and assume
sufficient quality of discretization so that the results of our observability analysis
apply even when we deal with the system in the time-discrete characterization we
have derived.
Consider nonlinear systems of the form

ẋ = f(x) +
m∑
i=1

gi(x)ui, x(0) = x0

y = h(x),
(2.15)

where x ∈ X is the state, ui ∈ R is the input, y ∈ Rp is the output, f : X → Rn,
gi : X → Rn and h : X → Rp are all smooth functions.
We first define local observability.
Definition 1 Consider system (2.15) and two states x1 and x2. Denote the system
output at time t with initial state xi and input u as y(xi,u, t), where i = 1, 2.
x1 and x2 are said to be distinguishable e if there exists an input function u such
that y(x1,u, t) 6= y(x2,u, t) for a finite t. System 2.15 is locally observable at x1,
if there exists a neighborhood N of x1, such that the only state in N that is not
distinguishable from x1 is x1 [31].
We now have the language to understand the following theorem on local observabil-
ity:
Theorem 1 Consider the system described by (2.15), and suppose x0 ∈ X is given.
Consider the forms

(dLzsLzs−1 · · ·Lz1hj)(x0), s ≥ 0, zi ∈ {f , g1, · · · , gm} , (2.16)

evaluated at x0. Suppose there are n linearly independent row vectors in this set.
Then the system is locally observable around x0 [31].
To evaluate the condition given in (2.16) we compute the needed gradients of the
Lie derivatives. We arrive at

dh =
[
1 1 dVOC

dz

]

dLkfh =
[

1
(−τ1)k

1
(−τ2)k 0

]

dLkgh =
[
0 0 1

Qk

dk+1VOC

dk+1z

]
,

(2.17)

where k ∈ Z+. Lie derivatives along both f and g are constants and can be ignored
since they give gradients of rank 0 (i.e. LgLfh = 0). In accordance with theorem 1
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we examine the matrix

O =



dh

dLfh

dLgh

dL2
fh

dL2
gh

...



(2.18)

for column rank. Plugging in (2.17), we see that O has full column rank, iff

dkVOC

dz (x0) 6= 0 (2.19)

holds for at least one k ∈ Z+. We remark that we also require τ1 6= τ2. This is
considered as given, since τ1 and τ2 model different chemical processes. In case
τ1 = τ2 the first two states both model the same chemical process, which makes
them indistinguishable.
We conclude that the battery model is locally observable if all derivatives of VOC(z)
are not zero at the same point in the state space. For a deeper exploration of the
topic of observability of nonlinear systems, see [31]. For a study in the observability
of ECM-like battery models, albeit deviating slightly from the modeling conventions
this thesis uses, see [35].
We note that the standard criterion of testing the first-order Taylor approximation
of the system for observability leads to the observability matrix

P =



1 1 dVOC

dz
− 1
τ1
− 1
τ2

0

1
τ 2

1
− 1
τ 2

2
0


. (2.20)

This matrix only has full rank when dVOC

dz 6= 0.

Figure 2.3 shows a plot of dVOC

dz at different temperatures. We observe that dVOC

dz
never becomes zero, regardless of temperature or SoC. With this we regard the
observability of the ECM as established for all observer types. We note, however,
that (2.19) is less restrictive as an observability criterion. Therefore, higher order
observers like the unscented Kalman filter have an advantage in observability over
first order observers like the extended Kalman filter.
The prerequisites for state observation of this model are given. Of course, in order
to be able to run this model, we need to populate it with appropriate parameters.
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Figure 2.3: This Figure shows a plot of dVOC

dz for the battery used for experimental
validation in this thesis at different temperatures.

2.2.4 Sensitivity Analysis
Sensitivity analysis concerns itself with how well parameters, as estimated by a
parameter filter, can be identified from a given set of data. Using the methods of
classical observability analysis in this context does not present itself as practical
[33]. The parameters dynamics themselves are not modeled in the approach chosen
in this thesis, making observability analysis of the parameters infeasible.
Sensitivity analysis, in turn, has developed as a more practical approach to im-
proving dual estimation schemes. Given a continuous stream of measurement data,
sensitivity analysis tries to identify information-rich segments of this data for use
in parameter estimation. Poor data in terms of identifiabilty of the parameters is
identified and discarded.
One approach recently charted in battery estimation is deriving filter equations,
which allow for the online computation of the partial derivatives of the states with
respect to the parameters ∂V

∂θ
[13]. This quantity is called data sensitivity. Use of

these partial derivatives can be motivated using a more general measure of estimation
accuracy called the Cramer-Rao bound. For further information, see [13, 12].
To compute analytic expressions for the sensitivities we take the discrete version of
the state equations

Vk = exp(−h
τ

)Vk−1 +R(1− exp(−h
τ

))uk−1, (2.21)

governing the voltages at the RC sub-circuits. We compute the Z-transform of this
equation, which leads to

V (z) =
R(1− exp(−h

τ
))z−1

1− z−1 exp(−h
τ

)
U(z). (2.22)
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Finally, by computing the partial derivatives of this transfer function, we find filter
equations to compute the required sensitivities in real time. The equations are

SRi
(z) = ∂V

∂R
(z) =

(1− exp(−h
τ

))z−1

1− z−1 exp(−h
τ

)
U(z)

Sτi
(z) = ∂V

∂τ
(z) = R

h

τ 2 exp(−h
τ

) z−2 − z−1

(1− z−1 exp(−h
τ

))2
U(z).

(2.23)

Thus, we have derived filtering equations to describe the model’s sensitivity to the
parameters characterizing the diffusion processes taking place inside the battery.
However, we will also estimate the static resistance R0, which does not appear in
the process equations. Therefore, the above approach is not applicable to estimating
the sensitivity of R0.
Thankfully, a much simpler but effective way to estimate sensitivity with respect to
R0 exists. We point to the fact that R0 is the only parameter to feature in the output
equation. Interpreting it, for argument’s sake, as an input, we see that it has relative
degree 0, whereas the "inputs" R1, R2, τ1 and τ2 all have relative degree 1. Another
way of saying this is that R0 is the only parameter with direct feedthrough. This
motivates the following tactic: Whenever the system input changes rapidly, before
the other parameters "have time" to influence the system output, we can estimate
R0 well from the output. Thus, sensitivity towards R0 is high, whenever

SR0,k = uk − uk−1 (2.24)

is high.
With this, we have arrived at a set of equations which take the system input and
compute sensitivity of the states to parameter changes based on this data. We use
this information to improve parameter estimation.
We now have a firm grasp of the properties of the model we use as a basis to
implement our state and parameter estimation scheme. In the next section, we
proceed to introduce algorithms suited to carry out the imposing task of dual state
and parameter estimation.

2.3 Estimation Algorithms
Any causal system can be represented by a function that computes the system’s
output from its past and present inputs. For a large class of systems we can define
a variable to sum up all past inputs into one array. This variable is called the
system’s state. Thus, system output can be computed solely based on the present
input and state. Since the state comprises a history of all past states it is generally
not measurable at the present time. For many applications we desire knowledge
of the state. The field of estimation theory provides methods of estimating hidden
states, given uncertain knowledge of the observed process and noisy measurements
thereof.
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For example, this thesis has the goal of estimating the internal state of a battery,
given a model that approximately describes the processes inside the battery and
imperfect measurements. The following derivation of Kalman filtering algorithms
from a more general probabilistic inference framework has been adapted from [23].

2.3.1 Background of Kalman filtering
To explore the methods of estimation theory we look at a general system in discrete-
time state-space form

xk = f(xk−1, uk−1, wk−1, k − 1) (2.25)
yk = h(xk, uk, vk, k), (2.26)

where k is the time index, xk ∈ X ⊆ Rn is the state at time k, uk ∈ Rp is the input
at time k, yk ∈ Rq is the output at time k. (2.25) is called the process equation.
(2.26) is called the measurement equation. wk and vk are stochastic variables called
the process noise and measurement noise, respectively. wk models deviation of the
process equation from the actual real world process. vk represents errors in the
sensor used to observe the system.
We conclude from this system representation that the relationship between the
states, inputs and outputs at different times cannot be expressed in determinis-
tic way. Instead, we use the language of conditional probability. For example,
p(xk|xk−1) is the probability of xk after xk−1. This probability explicitly depends on
the stochastic variable wk.
Our goal now is to use the available information of all past and present measurements
Yk = {y0, y1, · · · , yk} to give the best possible estimate of the present state x̂k. This
problem is known as probabilistic inference.
We take the best estimate of the state to be the expected value of the state, given
all past measurements. We may compute this by the conditional mean

x̂k = E[xk|Yk−1] =
∫
X
xkp(xk|Yk)dxk, (2.27)

where E[·] is the statistical expectation operator. In Bayesian inference we recur-
sively compute the posterior probability density p(xk|Yk) in two steps:

Step 1: Prediction
During the prediction step we use the past posterior probability density func-
tion and our knowledge of the process to predict the present probability density

p(xk|Yk) =
∫
X
p(xk|xk−1)p(xk−1|Yk−1)dxk−1, (2.28)

given only past measurements.
Step 2: Correction
We then correct our prediction using Bayes’ rule by

p(xk|Yk) = p(yk|xk)p(xk|Yk−1)
p(yk|Yk−1) , (2.29)
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which assumes a conditionally independent series of measurements yi given xk.
This is satisfied by any system where any state is exclusively dependent on
the state that immediately preceded it, also known as the Markov property.
Computing the constituent elements of equation (2.29) is only a question of
utilizing one’s knowledge of the process and measurement equations, like so:

p(yk|Yk−1) =
∫
X
p(yk|xk)p(xk|Yk−1)dxk (2.30)

p(xk|xk−1) =
∑

w:xk=f(xk−1,uk−1,wk−1,k−1)
p(w) (2.31)

p(yk|xk) =
∑

v:yk=h(xk,uk,vk,k)
p(v). (2.32)

Finding a closed-form solution to this is outside the realm of feasibility for nearly
all real world applications. This fact renders the algorithm in its present form and
generality unusable for our purposes.
The algorithms we will use in this thesis can all be derived from this general frame-
work by making some simplifying assumptions, in order to make implementing them
in real world applications more tractable. One very natural such assumption is the
assumption of Gaussian probability density functions. In fact, it is this assump-
tion that lies at the heart of the family of algorithms called Kalman filtering. A
Gaussian probability density function can be fully characterized by only its mean
value and covariance. Under this assumption we no longer have to propagate the
probability density functions using integrals and instead end up with a much sim-
plified general Kalman filtering framework, that revolutionizes the way sequential
probabilistic inference can be implemented. The Gaussian recursion equations read

x̂+
k = x̂−k + Lk(yk − ŷk) = x̂−k + Lk(ỹk) (2.33)

Σ+
x̃,k = Σ−x̃,k + LkΣỹ,kL

T
k , (2.34)

where

x̂+
k = E[xk|Yk] (2.35)
x̂−k = E[xk|Yk−1] (2.36)
ŷk = E[yk|Yk−1] (2.37)

Σ−x̃,k = E[(xk − x̂−k )(xk − x̂−k )T ] = E[(x̃−k )(x̃−k )T ] (2.38)
Σ+
x̃,k = E[(xk − x̂+

k )(xk − x̂+
k )T ] = E[(x̃+

k )(x̃+
k )T ] (2.39)

Σỹ,k = E[(yk − ŷk)(yk − ŷk)T ] = E[(ỹk)(ỹk)T ] (2.40)
Lk = E[(xk − x̂−k )(yk − ŷk)T ]Σ−1

ỹ,k = Σ−x̃,ỹΣ−1
ỹ,k. (2.41)

Here, a circumflex indicates an estimated quantity, the superscripts "+" and "-"
represent a posteriori and a priori estimates respectively and a tilde represents the
deviation of a quantity. Using these equations we can compile a set of 6 general
steps to implement Kalman filtering:

Step 1: State prediction
We compute an estimation of the present state x̂−k by using our knowledge of
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the process equation (2.25), and computing the state’s expected value using
(2.36). This is done using all previous measurements Yk−1, hence the terms
prediction and a priori estimate are applied to this step. Thus, we obtain the
form

x̂−k = E[xk|Yk−1] = E[f(xk−1, uk−1, wk−1, k − 1)|Yk−1] (2.42)

Step 2: State covariance prediction
Based on our predicted state, we compute an a priori estimate of the error co-
variance matrix. This is done using estimation (2.38) and using our knowledge
of the process equations (2.25).
Step 3: Output prediction
We can now predict an estimate of the system output by plugging the above
a priori information into (2.26) and (2.37), hence obtaining

ŷk = E[yk|Yk−1] = E[h(xk, uk, vk, k)|Yk−1]. (2.43)

Step 4: Compute estimator gain Lk
We can now compute the estimator gain or Kalman gain Lk using equation
(2.41).
Step 5: State correction
In this step we use the estimator gain Lk and the output prediction error
ỹk = yk − ŷk to correct out a priori state estimate with the help of (2.33).
Step 6: State covariance correction
Finally, using the a posterori state estimate x̂+

k and equation (2.34), we cal-
culate a corrected estimate of the error covariance matrix Σ̂+

x̃,k. With this we
have computed a posteriori estimates for the state and error covariance of the
system. This, under the assumption of Gaussian noise is equivalent to prop-
agating the probability density function using integrals, where no Gaussian
noise can be assumed. We now wait for the next sampling interval, update k
and repeat the process from step 1.

In the following sections, more specific forms of this general Kalman filtering algo-
rithm is derived by plugging in further assumptions on the process and the way it is
impacted by stochastic disturbances. In doing this, we establish a continuous line of
reasoning between probabilistic inference and the Kalman filtering algorithms used
in this thesis. These approaches to Kalman filtering mainly differ in their ways of
calculating the statistical variables given in (2.35) - (2.41), that is in their way of
computing expected values and error covariance matrices.

2.3.2 Unscented Kalman filtering
The unscented Kalman filter (UKF) is a specialization of Kalman filtering, which
approximates the mean values and covariance matrices in (2.35)-(2.41) by using
repeated function evaluations. This approach of repeated function evaluation is more
generally utilized by a class of filters called particle filters. In particle filters, a large
number of stochastically distributed, possible states (particles) around the previous
best estimate is propagated using the process equations. The set of propagated
particles is then used to approximate the statistical quantities in (2.35)-(2.41), with
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a larger number of particles leading to a better approximation of the mean values
and covariance matrices. The big advantage of this approach is that no direct
assumptions are made on the structure of the probability density functions that
appear in the problem. For this reason, particle filtering can even be applied to
processes affected by non-Gaussian noise. Because of their need for vast numbers
of particles, however, particle filters tend to be very computationally intensive and
thus infeasible for the bulk of practical applications.
The UKF makes use of the assumption of Gaussian noise to vastly reduce the number
of particles needed in order to obtain good estimates of the state. This is done
by using the information about the probability density function contained in the
covariance matrix to deterministically choose a small number of highly representative
particles called the sigma points. The UKF thus belongs to the class of Kalman
filters known as sigma-point Kalman filters, with the UKF distinguishing itself as
using the so-called unscented transform, in order to choose the sigma points. We
will explore two key concepts of UKF before we are ready to apply
The most basic step of UKF is choosing the array of particles or sigma points.
Taking some mean value x̄ ∈ Rn and covariance Σx̃ we take the set

X =
{
x̄, x̄+ γ

√
Σx̃, x̄− γ

√
Σx̃

}
, (2.44)

of p + 1 = 2L + 1 sigma points indexed from 0 to p, where γ is a weighing factor.
The matrix square root can be efficiently computed numerically as a lower triangular
matrix using Cholesky factorization [23]. This constitutes one of the most vulnerable
parts of the entire algorithm, as calculating the matrix square root of covariance
matrices with potentially very small entries is numerically susceptible.
Conversely, we can calculate the mean

x̄ =
p∑
i=0

α
(m)
i Xi (2.45)

and covariance
Σx̂ =

p∑
i=0

α
(c)
i (Xi − x̄)(Xi − x̄)T , (2.46)

where α(m)
i and α

(c)
i are scalar weighing parameters. The values for the design

parameters γ, α(m)
i and α(c)

i can be taken from Table 2.1. It can be easily verified
that using these parameters, the backtransformations in (2.45) and (2.46) hold.
Applying UKF to an estimation problem we consider an augmented state vector xa
and an augmented covariance matrix Σa

x. This serves to consider information about
the process and measurement noise explicitly, as well as information about the state.
These augmented variables are defined by

xak =



xk

w̄

v̄


, (2.47)

26



2. Theory

γ α
(m)
0 α

(m)
i α

(c)
0 α

(c)
i

UKF
√
L+ λ

λ

L+ λ

1
2(L+ λ)

λ

L+ λ
+ (3− a2) 1

2(L+ λ)

Table 2.1: This table shows the design parameters used to create a UKF. Here,

λ = a2(L+ κ)− L

is a scaling parameter, where
10−2 ≤ a ≤ 1

and κ is chosen as 0 or 3− L. We note
p∑
i=0

α
(m)
i = 1

but
p∑
i=0

α
(c)
i 6= 1.

We conclude that the main design parameter in this procedure is a.

where w̄ and v̄ are the mean values of the process noise and measurement noise,
respectively and

Σa
x̃,k = diag(Σx̃,k,Σw,Σv). (2.48)

Armed with the knowledge about the unscented transform and augmented state
and covariance, we now set about adapting the general Kalman filtering algorithm
as presented in 2.3.1. The steps in applying UKF look as follows:

Step 1: State prediction
We first calculate the set of p + 1 sigma points to propagate, according to
(2.44). This leads to

X a,+
k−1 =

{
x̂a,+k−1, x̂

a,+
k−1 + γ

√
Σ̂a,+
x̃,k−1, x̂

a,+
k−1 − γ

√
Σ̂a,+
x̃,k−1

}
. (2.49)

This is a critical step in UKF, as computing the matrix square root of the aug-
mented covariance matrix

√
Σ̂a,+
x̃,k−1 is computationally intensive and vulnerable

for badly conditioned matrices, even when done with the effective method of
Cholesky factorization. From this set we extract the portions describing the
state and term them X x,+

k−1,i, and the portions describing the noise and term
them Xw,+

k−1,i and X
v,+
k−1,i. Here, the subscript i refers to the index of the original

sigma point. We now propagate these p + 1 sigma points using the process
equations (2.25) to obtain the set of a priori sigma points

X x,−
k,i = f(X x,+

k−1,i, uk−1,Xw,+
k−1,i, k − 1). (2.50)
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Subsequently, we can approximate (2.36) using the weighted mean

x̂−k = E[f(xk−1, uk−1, wk−1, k − 1)|Yk−1] (2.51)

≈
p∑
i=0

α
(m)
i f(X x,+

k−1,i, uk−1, wk−1,Xw,+
k−1,i, k − 1) =

p∑
i=0

α
(m)
i X

x,−
k,i . (2.52)

This constitutes an approximation, since the weighted mean does not neces-
sarily coincide with the true expected value of the state in the sense of (2.27).
With this, we obtain our a priori state estimate.
Step 2: State covariance prediction
We use the set of a priori sigma points to calculate an a priori estimate of the
error covariance. Thus, we calculate the predicted error covariance by

Σ̂−x̃,k = Σw +
p∑
i=0

α
(c)
i (X x,−

k,i − x̂−k )(X x,−
k,i − x̂−k )T . (2.53)

Step 3: Output prediction
We predict the system output by evaluating the measurement equation (2.26)
for all predicted sigma points X x,−

k,i to obtain the set of predicted outputs

Yk,i = h(X x,−
k,i , uk,X

v,+
k−1,i, k). (2.54)

By plugging these points in a weighted sum, we reach an overall prediction

ŷk ≈
p∑
i=0

α
(m)
i Yk,i. (2.55)

of the systems output. This is again an approximation due to substituting a
weighted sum of sigma points for a true expected value.
Step 4: Compute estimator gain Lk
We first use the predicted sigma points and outputs to compute the covariance
matrices

Σ̂ỹ,k = Σv +
p∑
i=0

α
(c)
i (Yk,i − ŷk)(Yk,i − ŷk)T (2.56)

and
Σ̂−x̃,ỹ,k =

p∑
i=0

α
(c)
i (X x,−

k,i − x̂−k )(Yk,i − ŷk)T (2.57)

required in (2.41). Plugging this into (2.41), we can compute the Kalman gain
Lk.
Step 5: State correction
This step remains unchanged. We simply correct the predicted state using

x̂+
k = x̂−k + Lkỹk (2.58)

exactly as in (2.33)
Step 6: State covariance correction
The last step remains equally unchanged. We insert our results up until now
into (2.34) to get our corrected estimate of the error covariance

Σ̂+
x̃,k = Σ̂−x̃,k − LkΣ̂ỹ,kL

T
k . (2.59)
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With this we have derived a highly efficient version of the general Kalman filtering
algorithm presented in 2.3.1 for use on nonlinear systems. The accuracy of this
filter is largely only limited by how representative the particular sigma points are
of the true probability density functions, as this is the only place we have conceded
approximations in the general Kalman filtering algorithm.

2.3.3 Extended Kalman filtering
Extended Kalman filtering is the most widely used variety of the Kalman filtering.
In many fields, it is employed as a quasi-standard for internal state observation of
nonlinear processes [20]. EKF finds a comparatively easy formulation of the Kalman
filtering framework by making some assumptions and approximations in addition to
the ones we have already made.
In particular, the EKF assumes both the process equations and the measurement
equations to be "close to linear", in the sense that it should be possible to approx-
imate these functions well using a first order Taylor expansion at any given point
in the state-space. Another way of saying this is that the system has no "hard"
nonlinearities. If this holds true, the system can be reasonably approximated using
a time-varying linear system. If this is a good approximation, notably, we obtain

E[f(·)] = f(E[·]) (2.60)

and
E[h(·)] = h(E[·]), (2.61)

which tremendously simplifies handling (2.35)-(2.41).
We see the specific instances of these approximations in the adapted steps 1 and 3
of the EKF framework, where we make approximations in the style of (2.60) and
(2.61) and in steps 2 and 4 where approximate nonlinear equations by a first order
Taylor approximation around the current operating point.
Using the EKF algorithm reduces the Kalman filtering framework to the following:

Step 1: State prediction
We produce an a priori state estimate by approximating (2.36) with

x̂−k = E[f(xk−1, uk−1, wk−1, k − 1)|Yk−1] ≈ f(x̂+
k−1, uk−1, w̄k−1, k − 1), (2.62)

where w̄k−1 = E[wk−1] = 0 in the case of white noise. This is an approximation
as presented in (2.60). In comparison to UKF, this is the same as to only
propagate the central sigma point and neglect all others, giving a worse a
priori state estimate.
Step 2: State covariance prediction
We calculate

Σ̂−x̃,k = E[(x̃−k )(x̃−k )T ] (2.63)

by finding an estimate of x̃−k . To that end we start from the definition

x̃−k = xk − x̂−k = f(xk−1, uk−1, wk−1, k− 1)− f(x̂+
k−1, uk−1, wk−1, k− 1) (2.64)
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and perform a first-order Taylor expansion of the second term around the
current operating point {xk−1, uk−1, wk−1, k − 1} to get

x̂−k =f(xk−1, uk−1, wk−1, k − 1)

+
[
∂f

∂xk−1

]
(xk−1=x̂+

k−1,uk−1,wk−1=w̄k−1,k−1)︸ ︷︷ ︸
:=Âk−1

(x̂+
k−1 − xk−1)

+
[

∂f

∂wk−1

]
(xk−1=x̂+

k−1,uk−1,wk−1=w̄k−1,k−1)︸ ︷︷ ︸
:=B̂k−1

(w̄k−1 − wk−1).

(2.65)

Inserting this into (2.64) we obtain

x̃−k ≈ Âk−1x̃k−1 + B̂k−1w̃k−1. (2.66)

This, we can substitute into (2.38), which leads to

Σ̂−x̃,k ≈ Âk−1Σ̂+
x̃,k−1Â

T
k−1 + B̂k−1ΣwB̂k−1. (2.67)

Very often in practical applications, we assume additive noise due to not having
an explicit model for how process noise affects the system. This is to say we
assume

f(xk, uk, wk, k) = f(xk, uk, k) + wk, (2.68)

whereby the above simplifies to

Σ̂−x̃,k ≈ Âk−1Σ̂+
x̃,k−1Â

T
k−1 + Σw, (2.69)

since
B̂k−1 = I. (2.70)

Step 3: Output prediction
We make approximation (2.61) to get an estimate of the predicted output

ŷk = E[h(xk, uk, vk, k)|Yk−1] ≈ h(x̂−k , uk, v̄k, k), (2.71)

where in some applications we may assume white noise. Again, in comparison
to UKF this corresponds to only evaluating the output function at the central
sigma point.
Step 4: Compute estimator gain Lk
In order to calculate the estimator gain matrix, we first need to find the output
prediction error

ỹk = yk − ŷk = h(xk, uk, vk, k)− h(x̂−k , uk, v̄k, k), (2.72)
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which we can do analogously to step 2 with a first-order Taylor expansion of
the second term. We find

ŷk =h(xk, uk, vk, k)

+
[
∂h

∂xk

]
(xk=x̂−

k
,uk,vk=v̄k,k)︸ ︷︷ ︸

:=Ĉk

(x̂−k − xk)

+
[
∂f

∂vk

]
(xk=x̂−

k
,uk,vk=v̄k,k)︸ ︷︷ ︸

:=D̂k

(v̄k − vk).

(2.73)

from there we can compute the necessary covariance matrices as
Σ̂ỹ,k ≈ ĈkΣ̂−x̃,kĈT

k + D̂kΣvD̂
T
k , (2.74)

or in the case of white noise
Σ̂ỹ,k ≈ ĈkΣ̂−x̃,kĈT

k + Σv, (2.75)
and

Σ̂−x̃,ỹ,k ≈ E[(x̃−k )(Ĉkx̃−k + D̂kṽk)T ] = Σ̂−x̃,kĈT
k . (2.76)

The Kalman gain is now calculated as
Lk = Σ̂−x̃,ỹ,kΣ̂−1

ỹ,k = Σ̂−x̃,kĈT
k [ĈkΣ̂−x̃,kĈT

k + D̂kΣvD̂
T
k ]−1 (2.77)

Step 5: State correction
The state correction step remains unchanged from the general Kalman filtering
framework:

x̂+
k = x̂−k + Lkỹk. (2.78)

Step 6: State covariance correction
We can plug the above into (2.39) to obtain

Σ̂+
x̃,k = Σ̂−x̃,k − LkΣ̂ỹ,kL

T
k = Σ̂−x̃,k − LkΣ̂ỹ,k(Σ̂ỹ,k)−T (Σ̂−x̃,ỹ,k)T

= Σ̂−x̃,k − LkĈkΣ̂−x̃,k = (I − LkĈk)Σ̂−x̃,k.
(2.79)

We have thus derived a very simple Kalman filtering algorithm based in the general
framework given in 2.3.1. The validity of this simple, efficient variation of Kalman
filtering rests upon the questionable assumptions we made at the beginning of this
section. They are the assumption that the process equations (2.25) and the measure-
ment equations (2.26) can be well approximated using linear functions, as well as
the assumption that the past corrected state estimate x̂+

k−1 lies at the true expected
value of the state’s probability density function in the sense of (2.27).
Whenever these assumptions do not hold, filter performance of the EKF will suf-
fer, falling behind the performance of filters that do not make these problematic
approximations, such as the UKF. On the other hand, whenever these assumptions
hold well, EKF performance will rival that of UKF despite being based on a much
simpler variation of Kalman filtering.
One notable difficulty in implementing the EKF algorithm is the need to compute
the partial derivatives of the process and measurement equations, as presented in
steps 2 and 4 of the EKF algorithm.
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k − 𝑁 + 1 k + 1

ො𝑥(k)

ො𝑥(k − N + 1)

𝑦(k)

𝑦(k − N + 1)

Figure 2.4: This Figure illustrates the principle of MHE. Here, t is the current time
and our horizon extends N samples into the past, where all measurements between
t and t−N + 1 are considered. The state is equally observed in this period.

2.3.4 Moving Horizon Estimation

In Kalman filtering in general, we sum up the entirety of the systems history in the
past best estimate x̂+

k−1 and covariance Σ̂+
x̃,k−1. All information about the system’s

past trajectory is then surmised from these two variables. Moving horizon estimation
(MHE) takes a different approach to this. Instead of considering only one time step
of the dynamical system to be observed, we examine the system’s trajectory, that
is, its explicit history of past inputs and outputs to get an estimate of the present
state.
Ideally, we would like to use all past measurements, an approach known as full
information estimation. This, however, becomes computationally intractable in real-
world applications. We therefore content ourselves with using just a finite number,
say N , past measurements. This window of N samples is moved to include the
present measurement at every new sampling period, hence the name moving horizon
estimation.
Considering this horizon of N samples, we would like to compute an estimate of
the present state using the methods of numerical optimization. In the process, we
compute a past trajectory of the states to explain the observed measurements. One
big advantage of using numerical optimization is that it enables us to systematically
include constraints on the variables we estimate. This turns out to be of great utility,
as we use MHE to estimate battery parameters, which must lie within a certain valid
range.
To be able to solve this problem using optimization, we first need a problem formu-
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lation. We assume a nonlinear dynamical system of the form

xk = f(xk−1, wk−1) (2.80)
yk = h(xk) + vk, (2.81)

where k is the time index, xk ∈ X ⊆ Rn is the state at time k, yk ∈ Rq is the
output at time k. wk and vk are bounded, stochastic noise variables. Using this, we
formulate a standard MHE optimization problem

min
x(·|k),w(·|k),v(·|k)

k∑
i=k−N−1

L(w(i|k), v(i|k)) + Γ(x(k −N |k))

s.t. x(i+ 1|k) = f(x(i|k), w(i|k))
y(i) = h(x(i|t)) + v(i|t)

x(i|k) ∈ X , i ∈ {k −N, . . . , k − 1} ,

(2.82)

where x(i|k) is the state at time step i, predicted at step k, X is its domain, L(·, ·)
is some general cost function into which we plug the noise terms and Γ(·) is a prior
weighting function to penalize deviation from the first estimate x(t − N |k). The
trajectories solving this optimization problem are termed x∗(i|k), w∗(i|k) and v∗(i|k).
The cost function L(·, ·) penalizes the model disturbance w and the measurement
error v. A typical choice of cost would be

L(w, v) = qw2 + rv2, (2.83)

where q and r are positive scalars. This function is positive definite, which comes
with substantial benefits regarding numerical solution of the problem (2.82). A
similar typical choice for the prior weighting function would be

Γ(x((t−N)|k)) = (x((t−N)|k)− x̂(t−N))TP (x((t−N)|k)− x̂(t−N)), (2.84)

where P is a positive definite weighing matrix. The basic MHE scheme can now be
performed as follows:

1. Obtain new measurements
2. Solve the optimization problem (2.82)
3. Extract the last element in the sequence of best state estimates x∗(k|k) as a

final estimate for the current state.
4. back to step 1

Depending on the system properties as well as the noise terms, theoretical results
on MHE are available. However, such theoretical guarantees, as in [17], require
complex mathematical frameworks, which go beyond the scope of this thesis. For a
more complete introduction to MHE, see [26].
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3
Implementation

In the following chapter, we apply the theoretical methods introduced in chapter 2
to battery state estimation.
We use the methods of Kalman filtering we have presented, namely EKF and UKF
to empower us to perform SoC estimation. We choose Kalman filtering for SoC
estimation, because this is a time and safety critical task in a nonlinear system,
which does not allow for the computational complexity that comes with methods
based in numerical optimization such as MHE. We alluded in section 2.2.2 that the
model we have chosen as a design model for our state observers does not model all
relevant dynamics of the system. Instead, the ECM relies on parameter variations
of its electrical constants in order to reflect the entirety of the battery cell system
accurately. For this reason, we have to employ Kalman filtering not only to estimate
the battery systems states, in terms of the ECM, but also to identify the systems
parameters. The process of estimating model parameters is called parametric es-
timation. In order to successfully perform SoC estimation of the present battery
system we need a framework of simultaneous state and parameter estimation.
We apply MHE to SoH estimation, since SoH estimation is not a time critical process,
evolving on a much slower time scale than SoC and other dynamic battery behavior.
From this application of MHE we hope to gain improved estimation accuracy over
the estimates we would get from using a simpler estimation setup, such as Kalman
filtering.
The SoC and SoH estimators, do not, however, work separately from each other. In-
stead, information exchange between the two is vital in improving estimates. Figure
3.1 shows the information flow of our overall scheme. The SoH estimator’s capacity
estimates are fed to the SoC estimator, in order to improve SoC estimates. Con-
versely, the SoC estimator’s state and parameter estimates are used by the SoH
estimator to improve its capacity estimates. This results in a feedback loop between
the SoH estimator and the SoC estimator. The SoC estimtator in turn contains the
feedback loop of the state and parameter filters. We populate the block diagram in
Figure 3.1 with algorithms in the following chapter.

3.1 State of Charge Estimation

In section 2.3 we derived an array of state estimation algorithms to find the internal
state of a dynamical system of the form (2.25) and (2.26). As we have remarked
before, we cannot hope to use the ECM model in estimation without populating it
with a set of time-varying parameters in real time. This can be done by observing
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SoC EstimationSoH Estimation

Capacity MHE

Parameter 
Estimator

State 
Estimator

𝜃 𝑥

𝑥, 𝜃

𝑄

Figure 3.1: This Figure shows the information exchange between the SoC and SoH
estimators.

the parameters using an estimator, much in the same way that we use an estimator
to find a system’s state.
One very useful approximation we can make is to assume different time scales of the
dynamics of the ECM’s states and its parameters, with the parameters evolving on
a much slower time scale than the states. Such an assumption means that, while we
model the dynamic behavior of the states using a standard state-space formulation

xk+1 = f(xk, uk; θk) + wk, x0 = xinit

yk = h(xk, uk; θk) + vk,
(3.1)

we use a random walk model

θk+1 = θk + rk, θ0 = θinit

dk = h(xk, uk; θk) + vk,
(3.2)

in order to model the slower change of the parameters. xk, uk and yk are defined as
in (2.25) and (2.26). The definitions of f and h are slightly changed; we model the
battery system using additive, white process and measurement noise wk and vk. The
process equations have no explicit time dependency. In (3.1) the parameters are not
assumed to be true arguments of f and g, but by virtue of our assumption of different
time scales of the dynamics are assumed to be constant. This is often referred to
in the literature as quasi-static [24]. (3.2) assumes that the slow parameter change
can be modeled using a random walk with the white noise term rk and the initial
value θinit. Although it seems counter intuitive to model parameter change as a
random walk, this can be done within the framework of Kalman filtering, since our
estimator then uses measurement data to adapt the estimated parameters to the
"true" parameters of the system. Finding an explicit model for the parameters θ is
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difficult, since they are not exclusively affected by temperature, but also by system
current, cell aging and other effects.
Since we now have state-space representations of both the states and the parameters
we wish to estimate, we are in a position to adapt the Kalman filtering algorithms
presented in section 2.3 to simultaneous state and parametric estimation. The most
natural approach to do this would be to simply concatenate the state and parameter
dynamics to obtain xk+1

θk+1

 =

f(xk, uk; θk) + wk

θk + rk

 ,
xinit
θinit


yk = h(xk, uk; θk) + vk,

(3.3)

which can be used as an estimation model in the Kalman filtering algorithms from
2.3. This technique is called joint estimation. The simplicity of this approach,
however, comes at some disadvantages.
Firstly, we incur the disadvantage of having to perform large matrix operations,
since concatenating the states and parameters inflates the dimensionality of the
estimation problem.
Secondly, we face an implementation with a propensity for poor numeric conditioning
due to the vastly different time scales within the augmented state space model [24].
For these reasons, we choose to employ two separate Kalman filters to estimate the
state and parameters separately. Since the Kalman filter used for state estimation
depends on information about the parameters, and vice versa, the two Kalman
filters form a feedback loop. Thus, both filters use the estimate of the other filter,
respectively, as an input. This approach is called dual estimation. Dual estimation,
although avoiding the problems of joint estimation suffers from one draw back:
by decoupling the state and parameter dynamics we disregard any potential cross-
correlations between the two [24].
In the following sections we apply the previously derived algorithms of EKF and
UKF to the problem of dual state and parametric system using an ECM battery
model. Throughout the entire filtering algorithms we thus replace the general state
space in equations (2.25) and (2.26) with the ECM, such that

f(xk, uk, wk; θk) = A(θk)xk +B(θk)uk + wk, (3.4)
where A(θk) and B(θk) are the matrices from the ECM model as given in (2.14)
with the parameters θk inserted and

h(xk, uk, vk; θk) = VOC(xk,3) + xk,1 + xk,2 + θ1uk + vk. (3.5)
For brevity of notation and to help understanding, we refrain from plugging these
definitions into the algorithms below, wherever omitting them doesn’t detract from
the clarity of our description.

3.1.1 Dual Unscented Kalman Filtering
In this section we present our implementation of the dual unscented Kalman filtering
algorithm (DUKF), which works to realize dual state and parametric estimation of

37



3. Implementation

Predict 
𝑈𝐾𝐹𝑥

Predict 
𝑈𝐾𝐹𝜃

Correct 
𝑈𝐾𝐹𝑥

Correct 
𝑈𝐾𝐹𝜃

𝑧−1

𝑧−1

𝜃𝑘
− መ𝜃𝑘

+

መ𝜃𝑘−1
+

ො𝑥𝑘
−

ො𝑥𝑘
+

ො𝑥𝑘−1
+

State Estimator

Parameter Estimator

𝑦𝑘

𝑢𝑘 , 𝑢𝑘−1

Figure 3.2: This Figure shows the information flow in DUKF. The state estimator
is shown in blue; the parametric filter is shown in yellow. Regular information
flow is represented by black arrows; information exchange between the filters is
represented by thick, pink arrows. Information about the measurement and input
data is assumed to be available at every part of the DUKF.

a battery. We begin by modifying the UKF algorithm for use in dual state and
parametric estimation of battery systems. The adapted algorithm is presented in
the following section.

3.1.1.1 Algorithm

In DUKF the state estimator relies on the parameter filter’s estimates and vice versa.
Because of the different time scales of these processes, we choose to supply the state
estimator with the predicted estimates of the parameter filter and the parameter
estimator with the past corrected estimates of the state filter. A diagram of the
information flow in DUKF is depicted in Figure 3.2.
We change the output equation used in the parameter estimator to

dk = h(f(xk−1, uk−1; θk−1), uk; θk−1) (3.6)

explicitly include the effect of the process equation.
Using this information we can integrate two instances of the UKF algorithm into
the following dual estimation scheme. We label each step in the DUKF algorithm to
indicate which of the individual filters we mean and which step in the general UKF
algorithm we perform. For example, step θ.1 means that we are performing the first
step in the UKF algorithm for the parameter filter. We present the full algorithm
below:

Step θ.1: parameter prediction
We compute an a priori estimate of the parameters. Since we model the change
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in parameters as a random walk, we simply assume them to stay constant,
which leads to the prediction

θ̂−k = E[θk|Yk−1] = θ+
k−1. (3.7)

Note that this is a stark simplification from the original UKF algorithm.
Step θ.2: parameter covariance prediction
By virtue of our assumption of additive noise we can predict parameter co-
variance as

Σ̂−
θ̃,k

= Σ̂+
θ̃,k−1 + Σr. (3.8)

Step x.1: state prediction
Based on this prediction of parameters we can perform the time update of the
state filter. We start by computing the sigma points

X a,+
k−1 =

{
x̂a,+k−1, x̂

a,+
k−1 + γ

√
Σ̂a,+
x̃,k−1, x̂

a,+
k−1 − γ

√
Σ̂a,+
x̃,k−1

}
. (3.9)

This necessitates a Cholesky factorization of Σ̂a,+
x̃,k−1. Using the process equa-

tion we propagate these to the a priori sigma points

X x,−
k,i = f(X x,+

k−1,i, uk−1; θ̂−k ) + Xw,+
k−1,i, (3.10)

which can, via a weighted average, be converted to our final state prediction

x̂−k =
p∑
i=0

α
(m)
i X

x,−
k,i . (3.11)

Step x.2: state covariance prediction
Using the set of predicted sigma points, we compute an a priori estimate of
the state covariance matrix. This, as presented in the general UKF algorithm,
is done using the weighted average

Σ̂−x̃,k = Σw +
p∑
i=0

α
(c)
i (X x,−

k,i − x̂−k )(X x,−
k,i − x̂−k )T . (3.12)

Step θ.3: parameter filter output prediction
We give an a priori estimate of the parameter filter output function d̂k. In
order to do this, we first compute a set

Wk =
{
θ̂−k , θ̂

−
k + γθ

√
Σ̂−
θ̃,k
, θ̂−k + γθ

√
Σ̂−
θ̃,k

}
(3.13)

of sigma points for the parameters. These points we propagate through the
output function to get the set

Dk,i = h(f(x̂+
k−1, uk−1,Wk,i)uk,Wk,i), (3.14)

which we can average to our predicted output of the parameter filter

d̂k =
p∑
i=0

α
(m)
i Dk,i. (3.15)
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Step x.3: state filter output prediction
This step remains relatively unchanged from the general UKF algorithm, ex-
cept that we use the predicted parameters again. We calculate a set of points
by passing the a priori state sigma points through the output function, using
our predicted parameters. We get

Yk,i = h(X x,−
k,i , uk, θ̂

−
k ) + X v,+

k−1,i. (3.16)

The predicted output of the state estimator is calculated by averaging these
points to

ŷk =
p∑
i=0

α
(m)
i Yk,i (3.17)

Step x.4: state filter estimator gain
Analogously to the general UKF formulation, we calculate the required covari-
ance terms

Σ̂ỹ,k = Σv +
p∑
i=0

α
(c)
i (Yk,i − ŷk)(Yk,i − ŷk)T (3.18)

and
Σ̂−x̃,ỹ,k =

p∑
i=0

α
(c)
i (X x,−

k,i − x̂−k )(Yk,i − ŷk)T . (3.19)

These can be plugged into the estimator gain’s definition

Lxk = Σ̂−x̃,ỹ,kΣ̂−1
ỹ,k (3.20)

Step θ.4: parameter filter estimator gain
We compute the estimator gain matrix for the parameter filter using the sigma
points generated in the parameter filter. This leads to

Σd̃,k = Σv +
p∑
i=0

α
(c)
i (Dk,i − d̂k)(Dk,i − d̂k)T (3.21)

and
Σ−
θ̂d̂,k

=
p∑
i=0

α
(c)
i (Wk,i − θ̂−k )(Dk,i − d̂k)T . (3.22)

We insert this into the definition of the estimator gain to obtain

Lθk = Σ−
θ̂d̂,k

Σ−1
d̃,k
. (3.23)

Step x.5: state correction
We calculate an a posteriori state estimate

x̂+
k = x̂−k + Lxk ỹk. (3.24)

Step x.6: state covariance correction
Using previous results, we correct our estimate of the state covariance matrix.
The final covariance estimate is

Σ̂+
x̃,k = Σ̂−x̃,k − LxkΣ̂ỹ,k(Lxk)T . (3.25)
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Step θ.5: parameter correction
We use the parameter estimator gain to get the a posteriori estimate

θ̂+
k = θ̂−k + Lθk(yk − d̂k) (3.26)

of the parameters. Note that we use a different measurement residual to correct
the parameters, than we use to correct the state.
Step θ.6: parameter covariance correction
We calculate the corrected parameter covariance by

Σ̂+
θ̃,k

= Σ̂−
θ̃,k
− LθkΣd̃,k(Lθk)T . (3.27)

With this, we have integrated the workings of two distinct UKF to create a func-
tioning DUKF.

3.1.2 Dual Extended Kalman Filtering
In the following section we demonstrate our adaptation of the EKF algorithm pre-
sented in section 2.3 to the problem of dual state and parametric estimation of our
battery system and thus its transformation into the dual extended Kalman filter
(DEKF). We choose the same approach as in DUKF in that we modify one filter
to estimate the system parameters. We then carefully integrate it with our state
estimator such that the two filters works in synergy to perform state and parametric
estimation. The following section presents the algorithm.

3.1.2.1 Algorithm

As in DUKF the individual EKFs must be placed in a feedback loop in order to
function and give accurate estimates of the states and parameters. As such, we
choose the same order of arranging the individual filter steps of the two filters in
DEKF we chose in DUKF. The state filter uses the predictions of the parameter filter
to calculate its state estimates. The parameter filter uses the state estimator’s past
corrected estimates to compute its parameter estimates. The information flow in
DEKF is depicted in Figure 3.3. We remark that there is more information exchange
between the individual EKFs in DEKF than there is between the individual UKFs
in DUKF. Unlike in DUKF, in DEKF we pass the state filter’s past estimator gain
to the parameter filter. To explore why this is necessary we set about computing
the Jacobians required in the EKF algorithm as presented in 2.3. Because we use
the state space models in (3.1) and (3.2) to model the two processes of change in
the system’s state and parameters respectively, we need to compute the Jacobians
∂f

∂x
(x̂−k , uk; θk),

∂h

∂x
(x̂−k , uk; θk) and

∂h

∂θ
(x̂−k , uk; θk). The first two terms are computed

easily enough by taking the partial derivatives of the ECM in (2.14). This leads to
∂f

∂x
(x̂−k , uk; θk) = A(θk) = diag(exp

(
− h
θ3

)
, exp

(
− h
θ5

)
, 1) (3.28)

and
∂h

∂x
(x̂−k , uk; θ̂−k ) =

[
1 1 ∂VOC

∂x3
(x̂−k,3)

]
︸ ︷︷ ︸

:=Cx
k

. (3.29)
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We determine the unknown function ∂VOC

∂x3
(·) using numeric derivation of the func-

tion VOC(·), which we identified experimentally. We find the third Jacobian to be

∂h

∂θ
(x̂−k , uk; θk) =

[
1 0 0 0 0

]
. (3.30)

We substitute this by the corresponding total derivative in hopes of capturing the
effect of the states’ dependency on the parameters. This was not necessary in (3.28)
and (3.29), as the process and measurement equations already explicitly depend on
the states. The measurement equation, however, only implicitly depends on the
parameters, with the exception of R0, on which it depends explicitly. Thus we get

dh
dθ (x̂−k , uk; θ̂−k ) = ∂h

∂θ
(x̂−k , uk; θ̂−k ) + ∂h

∂x
(x̂−k , uk; θ̂−k )dx̂−k

dθ := Cθ
k , (3.31)

the last term of which can be expanded to

dx̂−k
dθ = ∂f

∂θ
(x̂+

k−1, uk; θ̂−k ) + ∂f

∂x
(x̂+

k−1, uk−1; θ̂−k )dx̂+
k−1

dθ ,

dx̂+
k−1

dθ = dx̂−k−1
dθ − Lxk−1

dh
dθ (x̂−k−1, uk−1; θ̂−k ),

(3.32)

where

∂f

∂θ
(xk, uk; θ̂−k ) =

0 [1−exp(−
h

θ̂−k,3
)]uk

h

(θ̂−k,3)2
exp(−

h

θ̂−k,3
)[x1,k−θ̂−

k,1uk] 0 0

0 0 0 [1−exp(−
h

θ̂−k,5
)]uk

h

(θ̂−k,5)2
exp(−

h

θ̂−k,5
)[x2,k−θ̂−

k,4uk]

0 0 0 0 0


.

(3.33)
With this, we have a recursive way of computing the total derivative dh

dθ (x̂−k , uk; θk).
The computation of this total derivative requires the past estimator gain of the state
filter Lxk−1. This explains the additional information exchange between the state and
parameter filter, as depicted in Figure 3.3. We also note that this recursive way of
computing dh

dθ (x̂−k , uk; θk) necessitates initial values for the variables dh
dθ (x̂−k , uk; θk)

and dx̂−k−1
dθ , the choice of which are discussed later.

We now have all necessary derivatives for the DEKF to work. Thus, we integrate
two EKF filters to perform the dual estimation task. Generally this happens by
plugging in our results up until now into the general EKF algorithm from 2.3. We
label each step in the following algorithm to indicate which of the individual filters
we mean and which step in the general EKF algorithm we perform. For example,
step θ.1 means that we are performing the first step in the EKF algorithm for the
parameter filter. The algorithm reads:
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Figure 3.3: This Figure shows the information flow in DEKF. The state estimator
is shown in blue; the parametric filter is shown in yellow. Regular information
flow is represented by black arrows; information exchange between the filters is
represented by thick, pink arrows. Information about the measurement and input
data is assumed to be available at every part of the DEKF. We note that there is
more information exchange between the two individual filters than in DUKF. This
comes in the form of the past estimator gain of the state filter being supplied to the
parameter filter.
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Step θ.1: parameter prediction
Since we model the parameters as performing a random walk, our prediction
is for them to stay constant, which means

θ̂−k = E[θk|Yk−1] = θ̂+
k−1. (3.34)

Step θ.2: parameter covariance prediction
We predict the additive noise rk to increase the parameter error covariance to

Σ̂−
θ̃,k

= Σ̂+
θ̃,k−1 + Σr. (3.35)

Step x.1 state prediction
We predict the current state by propagating the past best estimate of the state
through the process equation. We obtain

x̂−k = f(x̂+
k−1, uk−1; θ̂−k ) = A(θ̂−k )x̂+

k−1 +B(θ̂−k )uk. (3.36)

Step x.2 state covariance prediction
Since we have assumed additive noise, we can simply use (2.69) to compute
an a priori estimate of the state error covariance

Σ̂−x̃,k = A(θ̂−k )Σ̂+
x̃,k−1A(θ̂−k )T + Σw. (3.37)

Step θ.3 and x.3: parameter filter output prediction
We use the same output prediction for both filers, leading to one common a
priori estimate of the system output

ŷk = g(x̂−k , uk; θ̂−k ) = VOC(x̂−k,3) + x̂−k,1 + x̂−k,2 + θ̂−k,1uk. (3.38)

Step x.4: parameter filter estimator gain
We get the estimator gain for our state filter by simply evaluating (2.77) using
the variables of the state filter. We get

Lxk = Σ̂−x̃,k(Cx
k )T [Cx

k Σ̂−x̃,k(Cx
k )T + Σv]−1 (3.39)

Step θ.4: parameter filter estimator gain
In order to compute the estimator gain for the parameter filter, we need
Cθ
k = dh

dθ (x̂−k , uk; θk). This we compute by updating the recursive equations in
(3.31) and (3.32). Having done this, we compute the parameter filter gain by
evaluating (2.77), which leads to

Lθk = Σ̂−
θ̃,k

(Cθ
k)T [Cθ

kΣ̂−
θ̃,k

(Cθ
k)T + Σv]−1. (3.40)

Step x.5: state correction
We correct our state estimate

x̂+
k = x̂−k + Lxkỹk (3.41)

using the state estimator gain and measurement residual.
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Step x.6: state covariance correction
We compute an a posteriori state covariance estimate

Σ̂+
x̃,k = Σ̂−x̃,k − LxkΣ̂ỹ,k(Lxk)T (3.42)

by (2.79).
Step θ.5: parameter correction
The corrected parameter estimate can be computed by

θ̂+
k = θ̂−k + Lθkỹk. (3.43)

Step θ.5: parameter correction
Our final estimate of the parameter error covariance matrix is

Σ̂+
θ̃,k

= Σ̂−
θ̃,k
− LθkΣ̂ỹ,k(Lθk)T (3.44)

computed in analogy to (2.79).
Thus we have combined two EKFs as detailed in the general algorithm in 2.3 to
solve the present task of dual state and parametric estimation in our DEKF.

3.1.3 Filter Weight Adaptation
We wish now to augment our dual estimation schemes by an uncertainty adaptivity
feature. Specifically, we add to our dual estimators by adding a program that adapts
the values chosen for the process noise covariance Σw and sensor noise covariance Σv.
This corresponds to tuning the state filters online, in accordance with the trajectory
the system is following. We pursue two main goals with this approach.
The adaptivity mechanism should improve overall filter performance. In particular it
helps the estimator to adapt to varying conditions where the effect of all disturbances
modeled by the process and sensor noise wk and vk changes throughout operations.
An example of such conditions is operation in extreme temperatures or at the limits
of the SoC range, where the simplified modeling approach we chose in this thesis
may be brought to the limits of its validity.
Adding this adaptivity feature greatly reduces the burden placed on the user of our
estimation algorithms, as tuning the covariance matrices of the state UKF becomes
unnecessary. This may sound like a trifle initially, but ends up making a huge
difference in man-hours required to set up a working example of our estimation
scheme.
We adapt the covariance matrices Σw,k and Σv,k at every time step k using an
algorithm called covariance matching. In order to do this, we choose a suitable
adaptivity horizon Lad and compile an approximation

Fk = 1
Lad

k∑
n=k−Lad+1

µnµ
T
n (3.45)

of the measurement residual covariance, using the measurement residuals µn of the
past Lad time steps. Covariance matching is based on this quantity and all further
computations derive from it.
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Using the state estimator gain Lxk and our estimate of the measurement residual
covariance Fk, we obtain an approximation of the process noise covariance

Σw,k = LxkFk(Lxk)T . (3.46)

An intuitive motivation of this equation is that Lxk maps measurement residuals to
state corrections in the state correction step of Kalman filtering (2.33). Here it is
used to map from measurement residual covariance to state error covariance.
Due to the different natures of the DUKF and DEKF algorithms, we have different
quantities at our disposal with in the two estimation schemes. Because of this, we
have to calculate the sensor noise covariance by two slightly varying equations.
In DUKF, we add the output covariance Σ̂ỹ,k generated by the sigma points’ varia-
tion from step x.4 to Fk, to get an estimate

Σv,k = Fk +
p∑
i=0

α
(c)
i (Yk,i − ŷk)(Yk,i − ŷk)T (3.47)

of the sensor noise covariance at the current time.
In DEKF, we compute an estimate of the sensor noise covariance using

Σv,k = Fk + Cx
k Σ̂+

x̃,k(Cx
k )T . (3.48)

The matrices Σw,k and Σv,k are then used as process and sensor covariance matrices
in the UKF and EKF algorithms. Since they require variables from the correction
step, such as Σ̂+

x̃,k, we delay them by one sample. This means that Σw,k−1 and Σv,k−1
are used at time k.
In the DEKF algorithm, this changes (3.37) in step x.2 to

Σ̂−x̃,k = A(θ̂−k )Σ̂−x̃,kA(θ̂−k )T + Σw,k−1 (3.49)

and (3.39) in step x.4 to

Lxk = Σ̂−x̃,k(Cx
k )T [Cx

k Σ̂−x̃,k(Cx
k )T + Σv,k−1]−1. (3.50)

For the DUKF scheme, this changes equation (3.12) in step x.2 to

Σ̂−x̃,k = Σw,k−1 +
p∑
i=0

α
(c)
i (X x,−

k,i − x̂−k )(X x,−
k,i − x̂−k )T (3.51)

and equation (3.18) in step x.4 to

Σ̂ỹ,k = Σv,k−1 +
p∑
i=0

α
(c)
i (Yk,i − ŷk)(Yk,i − ŷk)T . (3.52)

Using this approach to adapt the DUKF in the present application, we face a problem
that seriously affects the integrity of the entire filter. Since we only have one system
output, namely the battery’s terminal voltage Vt, Fk is a scalar in our case. We
recognize that this reduces the definition of Σw,k in (3.46) to an outer product, such
that Σw,k is never of rank greater than 1. Since the augmented state covariance
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matrix Σ̂a,+
x̃,k−1 is a block diagonal matrix incorporating Σw,k, this means that Σ̂a,+

x̃,k−1
also doesn’t have full rank and is thus not positive definite. Because of this, Cholesky
decomposition of Σ̂a,+

x̃,k−1 fails and the DUKF algorithm does not work.
To remedy this we use a reduced formulation of the DUKF where we use the sigma
points to explore the state space around our last estimate only, choosing not to
explore the noise space anymore. This is equivalent to refraining from ever using
the augmented state and covariance matrix and setting all noise terms calculated
in the state UKF to zero. Σ̂a,+

x̃,k−1 now no longer has Σw,k as a block diagonal entry,
and is positive definite once more. However, making this modification also slightly
changes the structure of the state UKF. In particular, this reduces the equations for
finding the a priori state estimate in step x.1 to

X+
k−1 =

{
x̂+
k−1, x̂

+
k−1 + γ

√
Σ̂+
x̃,k−1, x̂

+
k−1 − γ

√
Σ̂+
x̃,k−1

}
(3.53)

and
X x,−
k,i = f(X+

k−1, uk−1, , θ̂
−
k ). (3.54)

In step x.3 the propagation of sigma points through the output function reduces to

Yk,i = h(X x,−
k,i , uk, θ̂

−
k ). (3.55)

This results in a slight loss in complexity and estimation quality of the filter. We see
in validation, that this loss is outweighed by the benefits of the adaptivity feature.
Since we compute the covariance matrices used in the next step, we need initial
values for them. The choice of these initial values are discussed later.
We remark that because of its derivation from the measurement residual this adap-
tivity feature is very susceptible to sensor bias. It can be easily verified that large
sensor bias leads the mechanism to tune the filter so as to prefer its predictions
vastly and neglect the measurements.
Because of the adaptive tuning mechanism’s reliance on measurement residual to
compute process and sensor noise covariances it is susceptible to incorrect initial-
ization of the estimator. Transient large measurement residuals due to inaccurate
initial values may lead to bad tuning by the filter weight adaptation. To avoid this,
we choose to only activate the adaptive tuning mechanism after we have allowed the
estimator to converge. We allot a fixed time tsa for this, the choice of which will be
discussed together with all other design variables.
This mechanism is now usable for online choice of process and sensor covariance
in both filtering strategies. We implement an adaptive version of our DUKF and
DEKF, incorporating this covariance matching feature. The above adaptivity mech-
anism was adapted from [28, 19]. See there for further references and theoretical
background.

3.1.4 Sensitivity Analysis
In section 2.2.4 we introduced some filter equations in order to determine data
sensitivity. Data sensitivity is a quantity meant to help us identify input trajectories
to the system which permit estimation of the system’s parameters. We proposed
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to improve the quality of our estimates of the battery system’s parameters by only
choosing to update our parameter estimate whenever our sensitivity filters indicate
an information-rich trajectory.
Applying this approach in practice one soon runs into a problem: What to do with
the parameter error covariance, when the sensitivity check decides to freeze the
parameter estimate?
Suppose the sensitivity filter, at some time step, returns the information, that the
current input trajectory is poor in information about one particular parameter. We
can simply decide, instead of computing a correction θ̂+

k,i of that parameter based on
low-quality data, to freeze that parameter, that is to propagate its old value θ̂+

k−1,i
in time. It follows from this, that we also don’t want to update the entries in the
parameter error covariance matrix Σ̂+

θ̃,k−1 corresponding to this particular parameter
in accordance with the poor data. However, simply freezing the corresponding
values in the error covariance matrix does not solve the problem, as editing the
parameter error covariance matrix in such an arbitrary way compromises its positive
definiteness. Opting to perform only the prediction step

Σ̂−
θ̃,k

= Σ̂+
θ̃,k−1 + Σr (3.56)

is an equally bad idea, as this leads to covariance build-up in case of long input
trajectories without sensitive data. Covariance build up can destabilize the filter.
We combat this problem by dividing the parameter UKF into three different sub-
filters, where one filter estimates the static resistance R0, and the other two filters
each estimate the parameters of one of the RC-branches. This way, if one of the
filters receives the signal, that sensitivity with respect to one of its parameters is
low, it can simply freeze all estimates without compromising the functionality of the
entire parameter filter. Subdividing the parameter filter in this way doesn’t change
the inner workings of parameter UKF as such. The algorithms presented in 3.1.1
and 3.1.2 can still be applied in their unchanged form, the only distinction being
that there is now more than one parameter filter, but each of them estimates less
parameters on its own.
With this, we now only need to define suitable sensitivity thresholds for our data
sensitivity feature to improve estimation performance.
It has to be remarked, however, that there is a feedback loop between the parameter
filter and the sensitivity check feature, in the sense that each uses the other’s past
output to compute its own current output. Since we use logical operators in this
design concept, there can be no trivial stability analysis of this feedback system.
Thus, performing such a stability analysis falls out of the scope of this thesis, but
should be kept in mind for future research.

3.1.5 Tuning and Initialization
The performance of any Kalman filter is critically dependent on tuning and ini-
tialization. By initialization we mean the choice of initial values for the states,
parameters and their respective covariance matrices in this context. Generally, the
filter should be robust against initialization with wrong values, as knowing the sys-
tem’s state precisely at initialization is almost impossible in practice. By tuning
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Figure 3.4: This Figure shows information flow in the sensitivity analysis feature.
The grey part inside the parameter filter depicted in yellow is the sensitivity check.
It evaluates the sensitivity equations and freezes the measurement update in case of
low sensitivity. In case of high sensitivity, the parameter filter works as usual.

we mean choosing suitable estimates for the covariance matrices of the process and
measurement noise for both the state and parameter filters. It is pertinent to stress
here that all Kalman filters are prone to divergence and instability when tuned badly.
Manual tuning of Kalman filters often turns out to devour many hours of work, as
it is not an exact science. Instead tuning is an iterative process of choosing some
tuning parameters and validating them in simulation. There are, however, some
guidelines to help make sensible choices of tuning parameters.

3.1.5.1 Initialization

To make a well-reasoned choice of initial values for our dual estimation setup, we once
again consider the physical characteristics of the battery system. We recall that the
first two states in our state estimator represent the voltages resulting from dynamic
polarization of the battery cell. These voltages, which we modeled as dropping over
an RC sub-circuit decay quickly in the absence of an input current. If we assume
some time to pass between disengaging the estimation setup and reactivating it, we
can reasonably assume these states to start at 0 on startup.
Choosing a good initial value for the SoC can be a more tricky affair. There are
certainly many cases, where using the last estimated SoC value upon shutdown of
the estimator as an initial value at startup is a good choice. Due to self-discharging
of batteries, however, this may not always be the case, especially in the case of very
long resting times of the battery. Another way to find initial SoC values would be to
measure battery terminal voltage and take the SoC that corresponds to this voltage
in the OCV-SoC function. The accuracy of this method depends on whether the
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battery has reached equilibrium and on the shape of the OCV-SoC curve. Since there
is no guaranteed way to find accurate initial SoC values in all operating scenarios,
we initialize our estimators at z = 0.5 in all our tests. This method requires no
previous knowledge, whatsoever, and is at least sure to keep the initial deviation of
the SoC below 0.5.
By these deliberations, we obtain an initial state vector

xinit =



0

0

0.5


, (3.57)

which we can use for initializing our estimation scheme independently of the simu-
lation scenario of experiment.
Choosing the initial error covariance matrix for the state estimator Σ̂x̃,0 boils down
to the question of how certain we are that our initial guesses for the states are
accurate. We choose Σ̂x̃,0 as a diagonal matrix, where the intuition for choosing
each of the diagonal entries is the following: the more certain we are of the initial
value we chose for the corresponding state, the smaller the value for that specific
diagonal entry of Σ̂x̃,0. However, scaling of the individual variables and algorithm
choice play a role in choosing a magnitude for the entries in Σ̂x̃,0, making the process
of finding Σ̂x̃,0 less straightforward, than may seem from this guideline. Choosing
the right values is an iterative process, in any sort of estimator tuning.
We argued that the initial guesses for the first two states can be regarded as accurate
in most scenarios. As an initial value for the SoC, we did not find a good candidate
for all cases. Considering this, our first guess would be for the first two diagonal
entries of Σ̂x̃,0 to be small in relation to their respective state’s magnitude and the
last diagonal entry to be large in relation to its respective state’s magnitude. After
a process of tuning, we end up with the covariance matrix

Σ̂DUKF
x̃,0 = diag(10−8, 10−8, 10−1) (3.58)

for use with the DUKF algorithm and with the covariance matrix

Σ̂DEKF
x̃,0 = diag(10−4, 10−4, 1) (3.59)

for use with the DEKF algorithm.
Finding initial values for the parameter set is not a straightforward task. None of the
parameters can be measured directly, of course, so we have to use some experimental
system identification methods to get an idea of what good starting values would look
like. In this thesis we have at our disposition experimentally determined data under
a couple of different temperatures for the specific battery cell we use for validation.
These measurements must be considered as approximations and do not reflect the
true parameters as the true parameters depend on SoC, current and other factors.
We use this data in order to obtain initial guesses for the parameter vector θinit, solely
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based on the ambient temperature measured for each validation experiment. This
information we can assume as readily available in all battery estimation applications.
To arrive at an initial guess for the error covariance matrix of the parameter filter
we base our first guess mainly on the variables’ magnitude. The resistances used
in the ECM model lie in the order of magnitude of 1mΩ, the time constant of the
first branch lies in the order of magnitude of 1s and the time constant of the second
branch lies in the order of magnitude of 10s. Using this information and performing
a process of tuning, we get the initial covariance matrices

Σ̂DUKF
θ̃,0 = Σ̂DEKF

θ̃,0 = diag(10−8, 10−10, 10−4, 10−10, 10−5). (3.60)

In the case of DEKF, we also need some initial values for dh
dθ (x̂−k , uk; θ̂−k ) and dx̂−k−1

dθ .
Since no obvious way of computing sensible initial values presents itself, we choose
0 for both.
We also need initial values for the covariance matrices in the adaptivity feature.
However, these initial values hardly affect the filter performance at all, since they
only affect the first sample, where covariance is mainly determined by our choice of
initial covariance anyway. We chose this initial value equal to the covariance matrix
we employ when we don’t use the adaptivity feature.

3.1.5.2 Tuning

By tuning we mean choosing a certain set of design parameters for a filter. Tuning
can make or break an estimator in terms of performance and even destabilize it.
The main design parameters in our estimation setup are the state process noise
covariance Σw and the measurement noise covariance Σv and the parameter process
noise Σr. The DUKF needs an additional design variable for each component filter
ax and aθ to control the spread of the sigma points around the past best estimate
of both its sub-filters. In case we use the adaptivity feature described in 3.1.3, we
need no estimate of Σw, since our adaptivity algorithm chooses it autonomously.
Very generally, the covariance matrices tell the estimation algorithm, how trustwor-
thy a certain source of information is. If we choose large entries in a covariance
matrix, we tell our algorithm, that the source of information is noisy and thus the
information is not trustworthy. Small entries mean that we assume a noise-free
source of information, thus giving trustworthy information.
We tune the estimators in an iterative process of trial and error, validating the tuning
with simulations and experimental data at every step. Following this method, after
many hours of tuning, we arrive at the values

ΣUKF
w = diag(10−3, 10−5, 10−8), (3.61)

ΣUKF
v = 5 · 10−3, (3.62)

ΣUKF
r = diag(10−12, 10−12, 10−10, 10−11, 10−4), (3.63)

ax = 0.5 (3.64)
and

aθ = 0.12 (3.65)
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for the DUKF. We get

ΣEKF
w = diag(10−5, 10−7, 10−9), (3.66)

ΣEKF
v = 5 · 10−1 (3.67)

and
ΣEKF
r = diag(10−11, 10−15, 10−5, 10−6, 10−3) (3.68)

for the DEKF.
We also need to choose design parameters for our sensitivity analysis and adaptivity
features. Again from an iterative tuning process, we choose the sensitivity thresholds

sR0 = 5 (3.69)
sR1 = 10 (3.70)
sτ1 = 10−3 (3.71)
sR2 = 5 (3.72)
sτ2 = 5 · 10−5. (3.73)

For the adaptivity feature, an adaptivity horizon of

LEKFadapt = 103 (3.74)

samples works well for the DEKF, whereas a longer horizon of

LUKFadapt = 7 · 103 (3.75)

is preferable for the DUKF. We choose to activate the adaptivity feature at

tsa = 100s, (3.76)

when the filter has had ample time to converge.

3.2 State of Health Estimation
In the following section, we apply the method of MHE as presented in section 2.3
to estimate battery state of health. As we explored in 2.1, SoH can be estimated
indirectly by estimating the battery’s total capacity Q.

3.2.1 Moving Horizon Estimation
The main task in setting up a MHE is to find a suitable optimization problem
formulation in the form of (2.82). A natural place to start is to formulate the
equality constraints resulting from the dynamics of the system. We start using the
state space equations from the first two states in their unchanged form, since they
don’t contain the total capacity Q. We thus have the constraints

x(i+ 1|k) =


exp(− h

τ1,k
) 0

0 exp(− h

τ1,k
)


︸ ︷︷ ︸

:=Ak

x(i|k) +


R1,k(1− exp(− h

τ1,k
))

R2,k(1− exp(− h

τ2,k
))


︸ ︷︷ ︸

:=Bk

ui. (3.77)
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This means that the MHE depends on the parameters estimated by the SoC estima-
tor in order to evaluate the equality constraints that capture the system dynamics.
Next, we tentatively formulate the SoC dynamics as a constraint and get

z(i+ 1|k) = z(i|k) + hη

Q
ui. (3.78)

We recognize, that this is a nonlinear constraint, since Q is our main decision vari-
able. To prevent this, we introduce the transformation

Q̃ = 1
Q
, (3.79)

where Q̃ is our new decision variable. Substituting this in (3.78), we get a linear
constraint

z(i+ 1|k) = z(i|k) + hηQ̃ui. (3.80)
With this, we have made constraints encapsulating the process equations. Next, we
use the system’s output equation as a constraint to obtain

yi = h(x(i|k), z(i|k), ui, ei) = VOC(z(i|k)) +x1(i|k) +x2(i|k) +R0ui + e(i|k), (3.81)

where e(i|k) is a decision variable with the purpose of simulating measurement noise.
We take due notice of the fact that this is a nonlinear constraint. It is therefore not
be possible to find a formulation as a quadratic program, nor is the problem convex.
This also necessitates the use of a nonlinear solver. We choose the cost function

L(e) = eTDe, (3.82)

where e = [e(i|k), . . . , e(i|k − N + 1)]T with k as the current step and N as the
horizon length and D = diag(d1, . . . , dN). This cost function motivates to explain
the measured outputs as well as possible by adapting the ECM. We choose the prior
weighting function

Γ(x̂(t−N)) = (x(t−N |k)− x̂(t−N))TP (x(t−N |k)− x̂(t−N)), (3.83)

where P = diag(p1, p2, p3). This prior weighting enables us to vary the initial con-
dition x(t − N |k) around that estimated by our SoC estimator, to give the MHE
the flexibility to correct possible estimation errors by the SoC estimator. Choos-
ing D and P is a matter of tuning, which we do after finding a suitable problem
formulation.
Finally, we can constrain all decision variables to stay within specific domains. This
is one of the unique benefits of MHE’s numerical approach to estimation. Capacity
estimation can benefit from this by posing the constraint

Q̃ ∈ Q =
[

1
Qmax

,
1

Qmin

]
, (3.84)

where Qmax = 42Ah and Qmin = 30Ah are natural limits within which our capacity
estimate should lie. Similarly, we restrict our state estimates to the domain

x(i|k) ∈ X = R× R× [0, 1], (3.85)
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meaning that we require the SoC to be between 0 and 1 at all times. With this we
arrive at the problem formulation

min
x(·|k),Q̃,e(·|k)

eTDe+ (x(k −N |k)− x̂k−N)TP (x(t−N |k)− x̂k−N)

s.t. x(i+ 1|k) = Akx(i|k) +Bkui

z(i+ 1|k) = z(i|k) + hηQ̃ui

yi = h(x(i|k), z(i|k), ui, e(i|k))
z(i|k) ∈ [0, 1]

Q̃ ∈ Q, i ∈ {k −N, . . . , k − 1} .

(3.86)

We can implement this formulation. However, there is one additional problem we
face in making this setup work: Our ability to accurately estimate Q critically
depends on the trajectories reflected in the MHE prediction horizon. We want
trajectories that traverse the entirety of the state space in terms of SoC. With the
step size h we use in the SoC estimator and using such trajectories, the number
of decision variables skyrockets. We have 4(N + 1) decision variables. Even when
we charge and discharge the battery very rapidly, one cycle has about N = 104

steps in SoC estimation. Having as many as 4 · 104 decision variables is not feasible
in an automotive application, especially considering that the problem is nonlinear.
We tackle this challenge by choosing a larger step size for discretization in MHE, an
approach known as downsampling. Downsampling can be dangerous by exacerbating
unwanted discretization effects. This is a necessary evil here, since there is no other
sensible way to reduce the problem size.
We choose a step size for MHE in the following manner: first, we choose a horizon
N . Second, we let our battery system follow a suitably long trajectory, and divide
that trajectory into N steps of step size hMHE. In case we experience significant
errors due to discretization effects, we can adapt N during tuning.
To implement this problem numerically, we first gather our decision variables in one
vector

ξ =
[
Q̃ xTk−N zk−N xTk−N+1 zk−N+1 ek−N+1 . . . xTk zk ek

]T
. (3.87)

Using this vector, we reformulate the optimization problem to

min
ξ

ξTHξ + f(x̂k−N)ξ

s.t. Aeq(θ̂)ξ = beq

Aineq(θ̂)ξ = bineq

Υ(ξ; θ̂) = 0,

(3.88)

the matrices H, f,Aeq, beq are presented in Appendix A. Υ(ξ; θ̂) evaluates the nonlin-
ear measurement constraint at N points given ξ and the trajectory θ̂ of parameters
estimated by the SoC estimator.
We elaborate on the data exchange between the SoC and SoH estimators: the SoH
estimator obtains the full trajectory of the parameters θ estimated by the SoC
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estimator. The reasoning behind this is that we wish to capture the uncertainty
of our capacity estimate only in the noise terms used in MHE. We do not wish to
capture disturbances caused by uncertainty in the system’s electrical parameters.
For the states, we only take one initial estimate x̂k−N from the SoC estimator, since
we want a consistent fit of the capacity to our model. Beyond this, there is no
information exchange between the SoC and SoH estimators.

3.2.2 Tuning
The tuning parameters of the MHE as presented in (3.86) are the weighing factors
D and P in its cost function and the number of samples N . Here, large values in D
encourage fitting our model predictions closely to the measured output trajectory.
Large values in P favor small initial deviations from the estimate x̂k−N . Big values
for N leads to decreased discretization effects, which is why we aim to choose N as
large as numerically possible.
To get a good estimate of capacity, it is vital to fit our predicted trajectories es-
pecially well at the fringes of the SoC range (i.e. the low and high regions of the
OCV-curve). To this end, we prepare to assign higher values to the di corresponding
to the points with the highest and lowest values of terminal voltage yi. After an
iterative tuning process, we choose the values

dtop = 70 (3.89)
dbottom = 103 (3.90)
delse = 0.1 (3.91)

for D, where dtop is assigned to points with a maximum in yi, dbottom is assigned
to points with a minimum in yi, and delse to all other points. The larger choice of
dbottom is motivated by larger model and measurement errors that frequently occur
in this range. This means that strong reliance on the modeling equations, as would
be signified by small values in di, yields bad estimates.
We choose

P = diag(10−4, 10−4, 10−1) (3.92)

to allow for some variation in initial SoC ẑk−N to curb the effects of potentially
slightly incorrect SoC estimates at time k−N . For the number of samples considered,
we find N = 500 to be a good trade off between accuracy and efficiency. This,
however, strongly depends on the system we implement our dual estimator on and
the computational restrictions that come with that system.
The quality of the SoH estimates is heavily dependent on the trajectories we let the
algorithm explore. The importance of traversing the SoC range completely cannot
be overstated. To illustrate this, consider the example of a trajectory with no
change in SoC. The capacity Q is impossible to identify, since it does not change the
estimated trajectories. Conversely, consider a trajectory where the SoC traverses its
entire domain from 0 to 1. Throughout this the capacity will influence the derivative
of the SoC. Thus, wrong values for the capacity will generate large measurement
residuals by making the SoC diverge from its true value. This means that the
capacity can be identified from this type of trajectory. For this reason, we only
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estimate capacity for trajectories where the system has passed through the upper
and lower 15% of the SoC range.
With this, our SoH estimator in the form of a capacity filter is set up and ready for
validation.
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Results

In the following chapter, we validate the dual SoC and SoH estimators presented
in this thesis. We start by presenting our setup for validating the estimators using
simulations and experimental data. We proceed by introducing some performance
indices to help describe the estimators’ performance. We then show the effective-
ness of our estimators by applying them to the simulation and experimental setup,
measuring their performance using the performance indices. The reference values
needed to evaluate the performance indices and shown in plots are measured using
high precision measurements under lab conditions. For simulated trajectories, they
are taken directly from the simulation model.

4.1 Validation Setup

We begin by describing the setup used for validation. We introduce the following
nomenclature for our different filtering implementations: A filter using the data
sensitivity feature is prefixed DS-. A filter using the adaptive tuning mechanism is
prefixed A-. For example, a dual extended Kalman filter using both augmentations
is thereby termed ADSDEKF. We validate our estimators using two different plants
and three performance indices.

4.1.1 Validation Plants

A preliminary validation of our implementation can be done by using a high-fidelity
battery model. This serves as a preliminary validation for two reasons. First, since
even this high-fidelity model makes some necessary abstractions from a real battery
system and therefore produces less meaningful data than a real battery. Second,
because we use a proprietary model for this purpose, which can’t be discussed in
terms of its structure.
We obtain a thorough validation of our estimators by using a lithium nickel man-
ganese cobalt oxide (LiNiMnCoO2 or NMC) battery for evaluation of the state es-
timators’ performance. This is a type of lithium-ion cell. The battery we use has a
nominal capacity of Qnom = 37Ah, with a cell voltage ranging from 3− 4.2V . The
battery has a nominal impedance of approximately 1mΩ at a frequency of 1kHz.
The same type of cell is used in short term testing cycles for verifying SoC estimation
and long term testing cycles for investigating SoH estimation.

57



4. Results

4.1.2 Performance Indices
In this section, we introduce a variety of performance indices. These help us in
quantifying, how well SoC is estimated by our estimators.

4.1.2.1 Root Mean Square Error

The first performance index we use is the root mean square error (RMSE). We
compute the RMSE of our SoC estimate. Thus, we get the index

z̃RMS =

√√√√ 1
T

T∑
k=1

(zk − ẑk)2 (4.1)

Here, T denotes the total number of time steps in the experiment. Smaller values of
the RMSE quantities designate good estimates. RMSE encapsulates the estimation
quality over a whole trajectory in a single scalar value.

4.1.2.2 Infinity Norm of the Estimation Error

Next, we are interested in the maximum deviation of our SoC estimate from the
true value throughout the entire trajectory. This is known as the infinity norm of
the estimation error and designated by

|z̃|∞ = max
k∈Ip

√
(zk − ẑk)2, (4.2)

where Ip = {250, . . . , T}. We omit the first 250 samples because we initialize our
SoC estimator with significant error in SoC. We don’t, however, want to capture this
initial error in our performance index. 250 data points are equivalent to 20 seconds
with a step size of 0.08 seconds.

4.1.2.3 Mean Error

We average the SoC error over the entire trajectory. To prevent corrupting the
performance index, we again exclude the first 250 samples. This leads to a mean
SoC error of

µz̃ = 1
T − 250

∑
Ip

(zk − ẑk). (4.3)

With this, we have introduced our readers to our validation setup and presented the
tools to interpreting the results gained from it.

4.2 SoC Estimation Validation
In this section, we validate the dual estimators we have implemented with respect to
their ability to estimate SoC. We subject our plants to load profiles and conditions
characteristic of the application in EVs. This means that we have battery cycles
with medium C-rates (≈ 2C).
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4.2.1 Simulation Results
We start by running some simulations using the high-fidelity model for validation.
This should count as a preliminary validation, since the high-fidelity model makes
some necessary simplifications from a real battery system. It is therefore easier to
perform state estimation.

4.2.1.1 DUKF vs DEKF

Our first test involves simulating a battery in an EV-like trajectory which moves the
battery’s state throughout the SoC range of approximately 90-20 %. We simulate a
standard temperature of T = 25◦C. In this test, we pit the standard DUKF against
the standard DEKF.
Figures 4.1 and 4.2 show the estimated and actual SoC trajectories.
Figures 4.3 and 4.4 depict the SoC errors. We observe that both of the estimators
are highly successful in removing the initial SoC error of 40%. We already suspect
from this plot that the DUKF does a better job of keeping the SoC error low. This
is confirmed by our performance indices as given in Table 4.1: DUKF outperforms
DEKF in all performance indices. The most noticeable decrease therein is achieved
in the mean of the error, which is µUKFz̃ = 0.32237%, which is a 67% improvement
on the value µEKFz̃ = 0.98098% scored by the DEKF. The DUKF also achieves a
markedly lower SoC RMSE than the DEKF, cutting SoC RMSE of the DEKF by
48%.
In Figures 4.5 and 4.6 we see the measurement residual trajectories. Here we observe
a stark difference between DEKF and DUKF. While the DUKF stays within the
limits of ±20mV , and indeed ±10mV of measurement residual for most of the
simulation. In contrast to this, the DEKF exceeds even the limits of ±40mV at
some instances.
Overall, we see that the theoretical advantages of UKF over EKF as shown in
Chapter 2 are now verified in our simulation.

Norm DEKF DUKF Improvement

z̃RMS[%] 1.9033 0.99078 47.9441%

|z̃|∞[%] 4.339 4.1664 3.9779%

µz̃[%] 0.98098 0.32237 67.1380%

Table 4.1: This table contains the values of the performance indices describing the
trajectories of DEKF and DUKF for the simulated EV trajectory.
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Figure 4.1: This figure shows SoC trajectories from the simulation with DUKF.
The SoC of the simulation plant is shown in black, the SoC trajectory estimated by
the DUKF in blue and the 3σ error bounds in red, dotted lines.
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Figure 4.2: This figure shows SoC trajectories from the simulation with DEKF.
The SoC of the simulation plant is shown in black, the SoC trajectory estimated by
the DEKF in blue and the 3σ error bounds in red, dotted lines.
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Figure 4.3: This figure shows the SoC error trajectory from the simulation with
DUKF. The SoC error trajectory is shown in black and the 3σ error bounds in red,
dotted lines.
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Figure 4.4: This figure shows the SoC error trajectory from the simulation with
DEKF. The SoC error trajectory is shown in black and the 3σ error bounds in red,
dotted lines.
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Figure 4.5: This figure shows the measurement residual trajectory from the simu-
lation with DUKF.
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Figure 4.6: This figure shows the measurement residual trajectory from the simu-
lation with DEKF.

4.2.1.2 DSDEKF vs DEKF

Next, we would like to validate the efficacy of our sensitivity analysis feature in use
with the DEKF. To that end, we simulate the same EV load cycle we previously
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used to compare DEKF and DUKF for two variations on the DEKF: We simulate
once with our regular DEKF setup as used above, and once with the DSDEKF
setup, that is making use of our data sensitivity check feature.
In Figures 4.7 and 4.8 we see the trajectories for the estimated resistances by both
versions of the filter. We immediately note that they are strongly dissimilar.
R0 is estimated as mildly decreasing in a smooth manner by the DSDEKF. The
DEKF gives perfectly erratic estimates of R0. In particular, its estimates of R0
jump suddenly, whenever there is no system input. In addition, it estimates R0 as
negative for well over half the simulation time, which compromises the validity of
our model.
R1 is taken to decrease smoothly by the DSDEKF, while increasing in small jumps
in the version without sensitivity feature. We note that these small jumps happen
at the same time as the jumps in R0. It seems probable that the bad estimate in R0
has a corrupting effect on the estimate of R1. To investigate this further, we look
at the plots of the sensitivity of R0 and R1 gathered from the sensitivity analyzer.
They are shown in Figures 4.11 and 4.12. This confirms our suspicion: shortly after
time t = 104, the sensitivity analyzer prevents the parameter filter from updating
its estimate for R0, as sensitivity for that parameter is zero. At the same time, R1
enjoys a period of high sensitivity. In Figure 4.8 we can see that at this exact time,
both R0 and R1 change suddenly.
R2 changes little in the estimation of both filters.
The trajectories for the estimated time constants can be seen in Figures 4.9 and
4.10.
We observe that the estimates of τ1 remain nearly constant in both versions. τ2 fol-
lows a relatively smooth downward trajectory in DSDEKF. In DEKF, τ2 is changed
quite abruptly and increases. We check the plots of the sensitivity of τ2 in Figure
4.13 to corroborate our suspicion that this is due to episodes of low sensitivity, where
the DSDEKF freezes its estimate of τ2 and the DEKF simply gives a bad estimate.
Table 4.2 gives the values of our performance indices for this experiment. We see
that the low quality of the parameter estimates of the DEKF lead to a deterioration
of its SoC estimates, overall. The SoC RMSE increases markedly, we observe a slight
increase in the SoC infinity norm and the mean SoC estimate error moves farther
away from zero. In short, the DSDEKF scores better in all three performance
indices.
We can conclude that the data sensitivity analysis feature verifiably improves the
SoC estimates of the DEKF.
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Norm DEKF DSDEKF Improvement

z̃RMS[%] 1.9033 1.5563 18.2315%

|z̃|∞[%] 4.339 4.233 2.4430%

µz̃[%] 0.98098 0.66141 32.5766%

Table 4.2: This table contains the values of the performance indices describing the
trajectories of DSDEKF and DEKF for the simulated EV trajectory.
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Figure 4.7: This figure depicts the resistances used in the ECM as estimated by
the DSDEKF.
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Figure 4.8: This figure depicts the resistances used in the ECM as estimated by
the DEKF.
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Figure 4.9: This figure depicts the time constants used in the ECM as estimated
by the DSDEKF.

65



4. Results

0 1 2 3 4 5 6 7 8

Time [s] 10
4

1.2227

1.2228

1.2229

1.223

1.2231

1.2232

ti
m

e
 c

o
n
s
ta

n
t 

1
 [
s
]

DEKF: Estimated Time Constants

0 1 2 3 4 5 6 7 8

Time [s] 10
4

40

45

50

55

ti
m

e
 c

o
n
s
ta

n
t 

2
 [
s
]

Figure 4.10: This figure depicts the time constants used in the ECM as estimated
by the DEKF.
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Figure 4.11: This figure shows the sensitivity with respect to R0 in the simulation
of DSDEKF. The upper plot shows the sensitivity as calculated in our sensitivity
feature. The lower plot shows a value of 1, whenever the sensitivity feature decides
to update the parameter estimate and 0, whenever it decides to freeze the estimate.
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Figure 4.12: This figure shows the sensitivity with respect to R1 in the simulation
of DSDEKF. The upper plot shows the sensitivity as calculated in our sensitivity
feature. The lower plot shows a value of 1, whenever the sensitivity feature decides
to update the parameter estimate and 0, whenever it decides to freeze the estimate.
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Figure 4.13: This figure shows the sensitivity with respect to τ2 in the simulation
of DSDEKF. The upper plot shows the sensitivity as calculated in our sensitivity
feature. The lower plot shows a value of 1, whenever the sensitivity feature decides
to update the parameter estimate and 0, whenever it decides to freeze the estimate.
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4.2.1.3 DSDUKF vs DUKF

Our next step is to validate the data sensitivity analyzer in conjunction with the
DUKF. We simulate the same trajectory as used above to validate the DSDEKF.
We simulate both the DUKF and the DSDUKF, in order to verify that we get
performance improvements from the data sensitivity feature.
In Figures 4.14 and 4.15 we see the trajectories for the estimated resistances by both
versions of the filter.
R0 is estimated as mildly decreasing in a smooth manner by the DSDUKF. The
DUKF, much like the DEKF, gives erratic estimates of R0. In particular, its esti-
mates of R0 jump suddenly, whenever there is no system input. This is prevented
in the DSDUKF, which gives a much smoother estimate of R0
The change in the estimates of R1 is less clear. The DUKF estimates R1 to be
negative at one point where there is no input to the battery. It estimates R1 to
be zero at another. The DSDUKF fails to prevent this, instead predicting negative
values at both points. This is despite the fact that the filters are tuned to change
the parameters of the ECM slowly, when compared to the DEKF and DSDEKF.
The estimations of R2 change little between the DUKF and DSDUKF. Figure 4.20
shows the sensitivity with respect to R2 and when we update our estimate of R2 in
the DSDUKF. We confirm that the data sensitivity feature is active, even though
this does not seem to manifest itself clearly in the trajectory of R2.
The trajectories for the estimated time constants can be seen in Figures 4.16 and
4.17. They both change relatively little.
Table 4.3 gives the values of our performance indices for this experiment. Despite not
improving the trajectories of the parameter estimates as much as the DSDEKF, the
DSDUKF scores better than the DUKF in all performance indices. Improvements
are slight, ranging from 4 to 6%.
We can conclude that the data sensitivity analysis feature improves the SoC es-
timates of the DUKF. It becomes clear from the parameter trajectories, that this
technology requires further research in conjunction with DUKF, since the parameter
estimates do not immediately suggest higher estimation quality.

Norm DUKF DSDUKF Improvement

z̃RMS[%] 0.99078 0.93313 5.8186%

|z̃|∞[%] 4.1664 3.9119 6.1084%

µz̃[%] 0.32237 0.30848 4.3087%

Table 4.3: This table contains the values of the performance indices describing the
trajectories of DSDUKF and DUKF for the simulated EV trajectory.
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Figure 4.14: This figure depicts the resistances used in the ECM as estimated by
the DSDUKF.
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Figure 4.15: This figure depicts the resistances used in the ECM as estimated by
the DUKF.
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Figure 4.16: This figure depicts the time constants used in the ECM as estimated
by the DSDUKF.
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Figure 4.17: This figure depicts the time constants used in the ECM as estimated
by the DUKF.
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Figure 4.18: This figure shows the sensitivity with respect to R0 in the simulation
of DSDUKF. The upper plot shows the sensitivity as calculated in our sensitivity
feature. The lower plot shows a value of 1, whenever the sensitivity feature decides
to update the parameter estimate and 0, whenever it decides to freeze the estimate.
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Figure 4.19: This figure shows the sensitivity with respect to R1 in the simulation
of DSDUKF. The upper plot shows the sensitivity as calculated in our sensitivity
feature. The lower plot shows a value of 1, whenever the sensitivity feature decides
to update the parameter estimate and 0, whenever it decides to freeze the estimate.

71



4. Results

0 1 2 3 4 5 6 7 8

Time [s] 10
4

-20

0

20

40

S
e
n
s
it
iv

it
y
 t
o
 R

2
DSDUKF: R

2
 Sensitivity

R
2
 sensitivity

sensitivity threshold

0 1 2 3 4 5 6 7 8

Time [s] 10
4

0

0.2

0.4

0.6

0.8

1

U
p
d
a
te

 R
2

Figure 4.20: This figure shows the sensitivity with respect to R1 in the simulation
of DSDUKF. The upper plot shows the sensitivity as calculated in our sensitivity
feature. The lower plot shows a value of 1, whenever the sensitivity feature decides
to update the parameter estimate and 0, whenever it decides to freeze the estimate.

4.2.2 Experimental Results
Having performed an initial validation of our estimators using simulations, we want
to verify their performance in the application on a real battery system. We use
the NMC battery described in 4.1.1. In this section we also validate the adaptivity
feature designed in this thesis. We have previously remarked on its susceptibility
to sensor bias. Because of this, we use a high-resolution, bias-free sensor to oper-
ate the adaptive filters. To demonstrate their ability to deal with otherwise noisy
measurements, we add Gaussian white noise to this precise measurement.
We benchmark all our filters against a state EKF, which looks up the ECM’s pa-
rameters in lookup-tables generated in lab tests. These lab tests constitute an
enormous effort, and should be seen as a big advantage over our dual filters in
terms of information available to the filter. In terms of development, however, they
are a disadvantage because of the additional cost and effort associated with them.
We remind our readers that the dual filters developed in this thesis perform online
parametric estimation and work without prior experimental data. We refer to the
benchmark filter as bEKF for brevity of notation.

4.2.2.1 ADSDEKF vs DEKF vs benchmark EKF

In the first experiment, we validate the DEKF under real conditions. We also
validate the version of adaptivity feature we developed for use with the DEKF, by
pitting our regular DEKF against a DEKF enhanced by the adaptivity and data
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sensitivity check features. For convenience, we refer to the DEKF with adaptivity
and data sensitivity check feature as ADSDEKF. We use a similar load profile as
previously, where the battery starts at a SoC of 91%, goes down to 13% and back
to its initial state again. Lab tests were conducted at a temperature of T = 37◦C.
Figures 4.21 and 4.22 show the battery current and voltage measurement values
supplied as inputs to our filters. The current data given to the DEKF has a bias.
The ADSDEKF receives bias-free, more noisy data. To give a fair comparison, we
run the benchmark filter with both data sets and compare our filters to values given
by the benchmark filter using the same inputs.
Figures 4.23 and 4.24 illustrate the SoC values estimated by the two filters. We see
in Figure 4.23 that the DEKF’s performance is very similar to the benchmark EKF
and stays similarly close to the reference trajectory. Figure 4.26 shows us that the
ADSDEKF gives a much improved SoC estimate compared to the benchmark filter.
Both the benchmark filter and the DEKF increase in their deviation from the ref-
erence SoC in the lower SoC ranges. This can be seen more clearly in Figure 4.25,
where SoC error is depicted.The ADSDEKF avoids this almost altogether as can be
seen in the corresponding SoC error plot in Figure 4.26. We conjecture that this is
due to better handling of poor measurement information in the lower SoC ranges.
To verify this, we look at the trajectories of the measurement residuals in Figures
4.27 and 4.28. We observe that the ADSDEKF’s measurement residual develops
a bias, whenever the SoC goes to its lower values. This behavior is not present
in DEKF. The DEKF’s measurement residual does not change qualitatively in this
region. We conclude from this, that the accuracy of our measurement equations is
poor in this region. To explain why the ADSDEKF performs better, we look at
the tuning values used in the noise covariance matrices of the ADSDEKF. They are
plotted in Figure 4.29. We observe that the adaptivity feature tunes the covariance
matrix entries corresponding to the SoC to be very small at the lower end of the
SoC spectrum. This estimate then increases by a factor of more than 100 as soon as
the SoC rises again. This means that the adaptivity feature tunes the filter to take
its own predictions into account more than the measurement at the lower edge of
the SoC range, where measurement quality in this experiment is poor. Once mea-
surement quality increases again, the filter is tuned to adapt more strongly towards
the measurement information again. Sensor noise covariance estimates by the adap-
tivity feature undergo a mirrored development. They rise in the lower SoC regions,
which leads to the measurement’s influence on the state estimate diminishing. They
plummet when the battery system exits the lower SoC regions to push the state
estimate to reflect the measurement more closely. As a side effect of this we see the
measurement residual of the ADSDEKF, as shown in Figure 4.28 increase when the
SoC is at its lowest points and converge to zero again once the SoC rises. The mea-
surement residual of the DEKF, as shown in Figure 4.27 displays uniform behavior
throughout the experiment.
The performance indices in Table 4.4 show that the DEKF, despite working with
less information, gives slightly even better SoC estimates than the benchmark filter.
The DEKF’s SoC RMSE is 0.7% lower than that of the benchmark filter. The
maximum SoC error of the DEKF’s estimates is a 43% improvement on that of the
benchmark EKF. On average, however, the benchmark EKF stays decisively closer
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to the true SoC. This can be seen from the smaller magnitude of its average SoC
error.
The ADSDEKF gives drastically improved performance indices from the benchmark
EKF. The SoC RMSE is improved by 51%. The maximum SoC error magnitude
is 43% lower than that of the benchmark filter. On average the ADSDEKF’s SoC
estimate stays very close to the true SoC, improving the benchmark filter’s mean
error by 69%.

Sensor quality low high

Norm DEKF bEKF Impr. ADSDEKF bEKF Impr.

z̃RMS[%] 1.5449 1.5559 0.7070% 0.49239 0.99909 50.7162%

|z̃|∞[%] 3.2688 5.7262 42.9150% 2.1754 4.0123 45.7817%

µz̃[%] -1.3752 0.35357 -288.9470% -0.17149 -0.56093 69.4276%

Table 4.4: This table contains the values of the performance indices describing the
performances of DEKF and ADSDEKF. The data is generated from an experiment.
The experiment consists of discharging the battery from 91% to 13% and charging
it back to 91%.
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Figure 4.21: This figure shows the system inputs and outputs for the validation
experiment as provided to the DEKF. Low-resolution sensors are used. The current
measurement displays bias.
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Figure 4.22: This figure shows the system inputs and outputs for the validation
experiment as provided to the ADSDEKF. Although a high resolution current sensor
is used to avoid bias, zero-mean Gaussian noise is artificially added to challenge the
filter and see how it handles this kind of measurement uncertainty, at least.
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Figure 4.23: This figure shows the SoC trajectory as estimated by the DEKF
from the experimental data in blue. True SoC measured by a high-precision sensor
is shown in black. The red trajectory is the benchmark EKF.
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Figure 4.24: This figure shows the SoC trajectory as estimated by the ADSDEKF
from the experimental data in blue. True SoC measured by a high-precision sensor
is shown in black. The red trajectory is the benchmark EKF.
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Figure 4.25: This figure shows the SoC error trajectory of the DEKF’s estimate
in blue. The red trajectory is the benchmark EKF’s SoC error.
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Figure 4.26: This figure shows the SoC error trajectory of the ADSDEKF’s esti-
mate in blue. The red trajectory is the benchmark EKF’s SoC error.
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Figure 4.27: This figure shows the measurement residual of the DEKF using
experimental data.
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Figure 4.28: This figure shows the measurement residual of the ADSDEKF using
experimental data.
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Figure 4.29: This figure shows the plots of the sensor noise covariance and the
diagonal entry of the process noise covariance matrix corresponding to the SoC as
approximated by the adaptivity feature. Sensor noise covariance is shown in black,
process noise covariance is shown in blue. The vertical axis is logarithmic.

4.2.2.2 ADSDUKF vs DUKF vs benchmark EKF

In the second experiment, we validate the DUKF under real conditions. We again
validate the adaptivity and sensitivity analysis feature developed for use with the
DUKF by running the ADSDUKF and DUKF in parallel.
We use the same experimental data as in the previous experiment. This means that
the benchmark filters performance in this experiment is identical to its performance
in the previous experiment. The input data given to the DUKF is the same as shown
in 4.21. The ADSDUKF receives the same, bias-free current data with additional
noise as the ADSDEKF. This data is shown in Figure 4.22. Both the ADSDUKF
and the DUKF are always compared with the benchmark EKF receiving the same
inputs they receive.
The SoC trajectories are shown in Figures 4.30 and 4.31. The DUKF performs
markedly better than the benchmark filter. Its SoC estimates remains closer to
the true SoC especially in the region of 50%− 20% SoC. The higher quality of the
DUKF’s SoC estimates can be seen more clearly in Figure 4.32, where the SoC error
of the DUKF and the benchmark filter is shown. The DUKF’s SoC estimation error
stays closer to zero at nearly all points. Notably, the DUKF also outperforms the
DEKF in this experiment, which results from the theoretical advantages presented
in chapter 2.
In Figure 4.31 we see that the ADSDUKF displays improved SoC estimates com-
pared to the DUKF in the lower SoC regions. The trajectory looks similar to the
ADSDEKF’s SoC trajectory for the same experiment.
The plot of the SoC estimate error of the ADSDUKF is shown in Figure 4.33.
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We observe that the ADSDUKF gives decisively lower errors than the benchmark
filter. We see a tendency of the ADSDUKF to generate a bias in the measurement
residual and tune the noise covariance matrices towards preferring model information
over measurement information in the lower SoC ranges. This is analogous to the
phenomenon described in more detail in section 4.2.2.1. A plot of the measurement
residual can be seen in Figure 4.35. The relevant adaptive tuning matrix entries are
plotted in Figure 4.36.
Table 4.5 contains the performance indices describing the filter performances in this
experiment. The DUKF achieves a significantly lower values than the benchmark
EKF in SoC RMSE. On average, its SoC estimate also stays 34% closer to the true
SoC. In addition, the DUKF gives a maximum SoC error that is 35% lower than
the benchmark EKF’s maximum SoC error. As indicated by the SoC and SoC er-
ror trajectories, the performance indices show that the adaptive tuning mechanism
improves the performance of the DUKF in every measure, with improvements over
50% on the benchmark filter in all categories. This pushes the ADSDUKF’s perfor-
mance beyond that of the ADSDEKF in all three of the performance indices, further
corroborating the UKF algorithms superiority.

Sensor quality low high

Norm DUKF bEKF Impr. ADSDUKF bEKF Impr.

z̃RMS[%] 1.0331 1.5559 33.6011% 0.43909 0.99909 56.0510%

|z̃|∞[%] 3.7283 5.7262 34.8905% 1.6489 4.0123 58.9039%

µz̃[%] -0.23627 0.35357 33.1759% -0.10503 -0.56093 81.2757%

Table 4.5: This table contains the values of the performance indices describing the
performances of DUKF and ADSDUKF. The data is generated from an experiment.
The experiment consists of discharging the battery from 91% to 13% and charging
it back to 91%.
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Figure 4.30: This figure shows the SoC trajectory as estimated by the DUKF
from the experimental data in blue. True SoC measured by a high-precision sensor
is shown in black. The red trajectory is the benchmark EKF.
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Figure 4.31: This figure shows the SoC trajectory as estimated by the ADSDUKF
from the experimental data in blue. True SoC measured by a high-precision sensor
is shown in black. The red trajectory is the benchmark EKF.
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Figure 4.32: This figure shows the SoC error trajectory of the DUKF’s estimate
in blue. The red trajectory is the benchmark EKF’s SoC error.
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Figure 4.33: This figure shows the SoC error trajectory of the ADSDUKF’s esti-
mate in blue. The red trajectory is the benchmark EKF’s SoC error.
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DUKF: Measurement Residual

Figure 4.34: This figure shows the measurement residual of the DUKF using
experimental data.
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Figure 4.35: This figure shows the measurement residual of the ADSDUKF using
experimental data.
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Figure 4.36: This figure shows the plots of the sensor noise covariance and the
diagonal entry of the process noise covariance matrix corresponding to the SoC as
approximated by the adaptivity feature. Sensor noise covariance is shown in black,
process noise covariance is shown in blue. The vertical axis is logarithmic.

4.2.2.3 DSDUKF vs DSDEKF vs benchmark EKF

In this experiment, we validate the DSDEKF and the DSDUKF under challenging,
realistic conditions, where even the benchmark EKF struggles to give good SoC
estimates. Begin with a battery at 74% charge and discharge it completely to 0%
charge. We then charge it back up to 74% charge. The experiment is conducted
at 14◦C, which is below the optimal operating temperature. Aside from comparing
DSDEKF and DSDUKF, this test also gives an indication as to whether the dual
estimators developed in this thesis can compete with the preexisting benchmark
EKF. All filters are operated using automotive-grade, low-resolution sensors.
Figure 4.38 shows the SoC trajectory estimated by the DUKF compared to the
benchmark filter. The DUKF follows the trajectory of the benchmark filter rela-
tively closely throughout most of the experiment. Towards the end of the test cycle,
however, during the phase of rapid charging, the DUKF shows improved convergence
to the true SoC compared to the benchmark filter. This is due to rapidly travers-
ing the SoC ranges, where the battery’s dynamics are poorly approximated by the
linearizations of the EKF. Consequently, the DSDEKF, whose SoC estimates are
plotted in Figure 4.39, does not show such improved convergence during charging.
The DSDUKF’s SoC estimate error is depicted in Figure 4.40. The DSDUKF’s
improved convergence is especially visible around t = 3 · 104, where the benchmark
EKF reaches its maximum error values, while the DSDUKF’s SoC estimation error
converges back to zero. Figure 4.41 shows the DSDEKF’s SoC estimation error. It
stays relatively close to zero until around t = 2.5 · 104, where it grows due to the
hard nonlinearities in that region of the state space. During charging, the estimation
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error grows rapidly to its maximum value of 7%.
Table 4.6 contains the performance indices for this experiment. We ascertain that
both the DSDEKF and DSDUKF perform better than the benchmark filter in terms
of SoC RMSE. The DUKF has the smallest value for SoC RMSE out of the three
filters. The DSDUKF also achieves the smallest maximum SoC estimate error out
of all three filters, improving the benchmark filter’s score in this category by 26%.
We can see from the average SoC error, however, that both the DSDUKF and the
DSDEKF have a larger average bias than the benchmark filter. The DSDEKF’s
maximum SoC error is only 3% lower than that of the benchmark filter, however,
its average SoC error’s magnitude is lower than that of the DSDUKF.
We again see from this experiment the slight edge the DUKF gains over its EKF-
based competitors by virtue of its theoretical advantages. In summary, we see
that our dual estimators with data sensitivity checks are highly successful in giving
accurate SoC estimates. They give more precise estimates than the benchmark filter,
despite having access to less information.

Norm DSDUKF DSDEKF benchmark EKF Improvements over benchmark

DSDUKF DSDEKF

z̃RMS[%] 2.6743 2.7342 3.6154 26.0303% 24.3735%

|z̃|∞[%] 5.1744 7.3556 7.5735 31.6776% 2.8771%

µz̃[%] 1.4637 -1.1759 1.1286 -29.6917% -4.1910%

Table 4.6: This table contains the values of the performance indices describing the
performances of DSDUKF and DSDEKF for the experimental EV trajectory.
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Figure 4.37: This figure shows the system inputs and outputs for the validation
experiment as provided to both the DSDEKF and the DSDUKF. Low-resolution
sensors are used. The current measurement displays bias.
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Figure 4.38: This figure shows the SoC trajectory as estimated by the DSDUKF
from the experimental data in blue. True SoC measured by a high-precision sensor
is shown in black. The red trajectory is the benchmark EKF’s estimate.
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Figure 4.39: This figure shows the SoC trajectory as estimated by the DSDEKF
from the experimental data in blue. True SoC measured by a high-precision sensor
is shown in black. The red trajectory is the benchmark EKF’s estimate.
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Figure 4.40: This figure shows the SoC error trajectory of the DSDUKF’s estimate
in blue. The red trajectory is the benchmark EKF’s SoC error.
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Figure 4.41: This figure shows the SoC error trajectory of the DSDEKF’s estimate
in blue. The red trajectory is the benchmark EKF’s SoC error.

4.3 SoH Estimation Validation
In this section we will validate the SoH estimator developed in this thesis. To verify
our estimator’s ability to determine actual battery capacity, we perform the following
experiment: We continually charge and discharge a battery over long periods of
time, so as to cause capacity fade through aging of the battery. To be more precise,
we cycle the battery between 95% and 5% SoC at 22◦C. At specific intervals, we
do a so-called reference performance test (RPT) in laboratory using high-precision
measurement equipment to characterize the battery’s actual capacity at two different
C-rates. The current and voltage measurement data from life-cycle testing (i.e.
continuous charge/discharge testing, not RPT), is used by our dual SoC and SoH
estimation scheme to give an estimate of actual capacity. This estimate should lie
between the two measured battery capacities (1C capacity and 0.1C capacity).
The SoH estimator receives the estimates of the SoC estimator. In return the SoC
estimtator receives the capacity estimates of the SoH estimator, in order to be able
to continuously give accurate SoC estimates. This way, we not only validate our
SoC and SoH estimators individually, but also validate correct interplay between the
two estimators. Thus, we verify the functionality of our entire estimation scheme.
We use the DSDEKF setup for SoC estimation in this experiment.
The results of the experiment are shown in Figure 4.42. It can be seen, that the
SoH estimator generally gives reliable estimates of the battery’s actual capacity.
The second measurement point is the only instance where the SoH estimator gives
an estimate that is more than 0.5 Ah away from the nearest measurement point.
After this, the capacity estimate quickly reconverges to the accurate zone, despite
the SoC estimator working with inaccurate capacity values until the next sample.
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This shows that the dual estimation scheme is robust to some error in its belief
about battery capacity.
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Figure 4.42: This figure shows the capacity estimates given by the SoC and SoH
estimator. Green circles are the capacity estimates at different times. The red line
is generated by linear interpolation between capacity estimates and only shown for
better readability of the plot. High-precision capacity measurements at different
C-rates are shown as black crosses and blue pluses. The unit of the x-axis is number
of charging cycles.

It is helpful to look at some estimated SoC trajectories to understand the impact
capacity estimates have on SoC estimation. Figure 4.43 shows two estimated SoC
trajectories. They are SoC estimates made during the experiment we use for valida-
tion of the capacity estimator. One series of estimates is made by a DEKF without
information about capacity fade. The other series of estimates is made by our com-
bined SoC and SoH estimator. In the lower SoC ranges, the difference between the
two estimates exceeds 10%. The combined SoC and SoH estimator continues de-
creasing to 5% SoC. The SoC estimator without information about the SoH vastly
underestimates the depth of discharge, estimating more than 15% SoC, where the
true SoC is at 5%. In a real use case scenario this can make the difference regarding
driving range and reliable/robust utilization of a battery.
We see that using the combined SoC and SoH estimator developed in this thesis leads
to accurate SoC estimates in spite of aging effects. This also shows the importance
of said robustness against aging effects and the superiority of the setup presented in
this thesis compared to simple dual SoC estimation.
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Figure 4.43: This figure SoC estimates of the DEKF during the final stages of
experimental validation of the capacity estimator. In these final stages of cycle life
testing the battery is at the end-of-life stage. The red trajectory is estimated by our
dual SoC and SoH estimator. The blue trajectory is estimated by our SoC estimator
without the capacity data from SoH estimation.
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5
Summary and Conclusion

In the following chapter, we give a summary of the thesis and assess our success in
accomplishing the objectives set in Chapter 1.4. We then give recommendations for
future research.

5.1 Summary

We begin this thesis by motivating the importance of SoC and SoH estimation for
the rapidly growing electric vehicle industry. We give an overview of the literature
in battery modeling and estimation.
In chapter 2 we give a thorough introduction to the theoretical concepts employed
in this thesis. We start by discussing key issues of battery management. Among
these are state of charge, state of health, open-circuit voltage and terminal volt-
age. We then use this knowledge to derive an equivalent-circuit model as a design
model for the estimators developed in this thesis. We note that the model must be
populated with time varying parameters during run-time, necessitating dual state
and parametric estimation. Thereupon, we analyze this model for observability. We
proceed to present the estimation algorithms extended Kalman filtering, unscented
Kalman filtering and moving horizon estimation. We give a detailed background to
extended Kalman filtering and unscented Kalman filtering by deriving them from
the more general probabilistic inference framework.
We adapt the theoretical concepts presented in chapter 2 to the present project in
chapter 3. We implement dual state and parametric SoC estimators by adapting
extended Kalman filtering and unscented Kalman filtering. We propose several
ways of enhancing this dual estimation scheme: first, we develop an adaptive tuning
mechanism to improve convergence of the state filter and adapt it for use in both
Kalman filtering algorithms. Second, we design a data sensitivity check feature
to improve the parameter filter by only letting it estimate the parameters from
information-rich data sets. Third, we establish a synergy between our SoC and SoH
estimators, with each filter profiting from the information provided by the other
filter’s estimates. We develop a SoH estimator using moving horizon estimation.
Finally, we describe our tuning and initialization of all developed estimators.
In chapter 4 we validate the estimation schemes designed in chapter 3. We begin
by performing a preliminary validation using a high-fidelity simulation model. We
confirm the efficacy of our basic dual estimation schemes and the data sensitivity an-
alyzer in simulation. We proceed to validate our SoC estimators’ performance under
realistic conditions in a series of lab tests. We compare them to a benchmark SoC
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estimator. This benchmark filter is an extended Kalman filter, which estimates the
battery system’s state and takes the varying model parameters from lookup-tables
generated in lab tests. We find that our adaptive tuning feature greatly improves
estimation accuracy in both unscented Kalman filtering and extended Kalman fil-
tering. It is, however, susceptible to sensor bias and not ready for application with
automotive-grade sensors. We ascertain that our filters perform well, even under
harsh, realistic conditions. We find that our dual estimators generally outperform
the benchmark filter despite having access to less information than it. In a final
experiment we show the effectiveness of our entire SoC and SoH estimation scheme.
A battery is put through many charging cycles to cause capacity fade. Throughout
this process, we employ our SoC and SoH estimation scheme. In so doing, we show
that our setup gives greatly improved performance over a simple dual SoC estimator.

5.2 Main Achievements
We review our success with respect to the objectives set at the beginning of the
thesis.
Objective 1 is achieved fully in this thesis. We present all necessary background on
battery estimation and perform the modeling and system analysis that are prereq-
uisite for any estimation. We proceed to give an introduction in some estimation
techniques suitable for this problem. We succeed in implementing dual state and
parametric SoC estimation schemes based on both extended Kalman filtering and
unscented Kalman filtering. The two dual estimators’ functionality, performance
and robustness is validated. We do this by testing them both in simulation and
using experimental data collected from automotive-grade sensors. We compare per-
formance to a benchmark filter. Both filters perform better than the benchmark
estimator used in validation.
We achieve Objective 2 partly in this thesis. We succeed in developing adaptive tun-
ing mechanisms both for extended Kalman filtering and unscented Kalman filtering.
Using these adaptivity features, we achieve much improved performance of our SoC
estimators. In particular, the adaptive tuning mechanism is shown to improve SoC
estimation quality radically under harsh conditions both in simulation and in ex-
periments. However, the developed adaptivity mechanisms are found to be highly
susceptible to the sensor bias present in automotive grade sensors. In the conducted
experiments they are only shown to improve SoC estimation quality when used with
high-grade, bias-free sensors. Therefore, at the state to which this thesis develops
this technology, it is not yet ready to be used in automotive applications.
Objective 3 is accomplished in this thesis. We investigate the sensitivity of our
process equations with respect to the parameters estimated by the SoC estimator.
Using our knowledge of the system’s dynamics, we develop sensitivity filters, which
output a measure of how well the parameters can currently be estimated from the
measurements. Using this sensitivity indicator, we develop a sensitivity analyzer as
an augmentation to the dual SoC estimator. In particular, the sensitivity analysis
feature improves the dual SoC estimator’s parameter estimates by only allowing
parameter estimate updates on the basis of information-rich data. This improves
the overall quality of SoC estimates significantly, which we show in simulation.
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We accomplish Objective 4 as set at the beginning of this thesis. We give a brief
introduction to the technique of moving horizon estimation. We present a method
to use the unique benefits of this technique to extract precise information about a
battery’s actual capacity from past trajectories of the state and parameter estimates
of the dual SoC estimator. We confirm experimentally that this method works well
to accurately estimate a battery’s actual capacity throughout its aging process. We
experimentally test this SoH estimation together with the previously developed SoC
estimator. We demonstrate the improvement in SoC estimate quality caused by the
synergy between SoH and SoC estimation.

5.3 Future Work
While this thesis has made some progress in harnessing many different ideas to
improve battery estimation, there are areas, where further research is needed.
One important topic for future research is fortifying adaptive tuning mechanisms
against sensor bias. Adaptive tuning of Kalman filters used for SoC estimation
shows great promise in terms of improving estimation quality. However, we showed
in this thesis, that further research is needed to make this technology work in the
presence of sensor bias. Overcoming this challenge is key to using adaptive filtering
in automotive applications. One possible way to do this would be to estimate sensor
bias.
It has been shown in this thesis, how sensitivity analysis modifications can be used
to improve parametric estimation. Additional research is needed to analyze the
stability of sensitivity filtering equations like the ones presented in this thesis. The
sensitivity analyzer developed in this thesis was used more successfully on DEKF
than on DUKF. Consequently, the compatibility of such sensitivity analysis features
with dual unscented Kalman filters should be investigated further.
This thesis achieves an estimation setup that works well despite battery aging effects.
This robustness to battery aging could be increased further by developing methods
of estimating the battery’s SoC-OCV curve, as this changes over the course of the
battery’s life span. Developing methods for the estimation of the SoC-OCV curve
could also decrease the reliance on experimental system identification, since the
SoC-OCV curve is usually determined experimentally.
Having an estimate of SoH as given by the estimation scheme in this thesis is already
highly useful for the systematic reuse and recycling of rechargeable batteries. The
next step in powering large-scale efficient reuse of systems is giving health and
remaining-useful-life prognoses. Such technologies could lead to great improvements
in the sustainability of battery usage. Future researchers should also consider life
long impedance tracking, which can give a more complete picture of a battery’s SoH.
Capacity estimation using MHE is a very young field and the method presented in
this thesis can be further refined. The downsampling technique used in this the-
sis can seriously harm estimation accuracy. Especially at the extremes of the SoC
ranges, where battery voltage typically changes rapidly, small changes in sampling
time can make a big difference in estimation accuracy. Minimizing such discretiza-
tion errors can be key to improving MHE capacity estimation. One possibility to
ameliorate the capacity MHE developed in this thesis would be to choose the sample
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points more intelligently, thereby making sure to capture the system behavior well
in the most important regions.
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Appendix 1

The matrices used in the numeric optimization problem formulation (3.88) are

H =
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[
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beq =
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