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Abstract
Road friction is a fundamental factor affecting vehicle safety, especially under ad-
verse weather conditions such as rain, snow or ice. Reduced road grip increases
stopping distances and the likelihood of loss of control, contributing to a significant
number of traffic accidents each year. While modern Advanced Driver Assistance
Systems (ADAS) are designed to enhance driving safety, many systems still lack the
ability to adapt their behaviour in real time to varying road friction levels, limit-
ing their effectiveness in low-friction or rapidly changing weather conditions. This
thesis addresses this limitation by developing a friction-aware, curvature-adaptive
Adaptive Cruise Control (ACC) framework based on a Robust Nonlinear Model
Predictive Control (NMPC) formulation.

The controller anticipates road curvature and spatially-varying friction by incor-
porating predicted profiles into the optimization problem. To account for uncer-
tainty, friction is represented through position-dependent bounds in the MPC, while
stochastic realizations of friction are generated via Beta sampling and the lead ve-
hicle’s acceleration varies randomly within feasible physical limits. These variations
are reflected in dynamic safety constraints that adapt to evolving conditions ahead
of the ego vehicle.

Soft constraint relaxation is introduced to maintain feasibility under conflicting de-
mands such as sudden friction drops or aggressive lead vehicle deceleration. Despite
the nonlinear nature of the problem and the presence of uncertainty, the controller
operates using an efficient CasADi-based implementation in MATLAB.

Simulation results demonstrate that the proposed framework achieves robust, adap-
tive cruise control under friction and road curvature changes with stochastic distur-
bances. The integration of environmental awareness into predictive control enables
safer, more responsive vehicle behaviour without sacrificing passenger comfort, and
highlights the feasibility of embedding the friction information into future ADAS
systems.

Keywords: ACC, ADAS, MPC, Friction-Aware Control, Robust Control, Road Fric-
tion, Speed Control.
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Nomenclature

t Continuous time variable [s]
k Discrete timestep index
dt Discretization timestep [s]
g Gravitational acceleration (9.81 m/s2)
N Prediction horizon length
µ(s) Predicted friction coefficient along space
s(t) Longitudinal position of ego vehicle at time t [m]
v(t) Ego vehicle velocity at time t [m/s]
a(t) Ego vehicle acceleration at time t [m/s2]
j(t) Ego vehicle jerk (rate of change of acceleration) at time t [m/s3]
x(t) Ego vehicle state vector at time t: [s(t), v(t), a(t)]⊤

u(t) Control input, defined as j(t) at time t [m/s3]
κ(s) Road curvature along space
R(s) Curve radius, defined as R(s) = 1/κ(s)
tk Discrete time instant at step k [s]
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jk Ego vehicle jerk at step k
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uk Control input (jerk) at discrete time step k [m/s3]
f(x(t), u(t)) Continuous-time vehicle dynamics function
fd(x, u) Discrete-time state transition map (generic)
fRK4

d (xk, uk) Discrete-time state transition using Runge-Kutta integration
fZOH

d (xk, uk) Discrete-time state transition using Zero-Order Hold
ℓ(x, u, s) Stage cost function in NMPC

xi



ℓf (x) Terminal cost function in NMPC
X (i) Feasible state constraint set at prediction step i

U(i) Feasible input constraint set at prediction step i

W(i) Admissible disturbance set at prediction step i

Xf Terminal (final) state constraint set enforced at the end of the pre-
diction horizon

i Prediction-step index (i = 0, . . . , N)
T Horizon length in time, T = N · dt [s]
x̂k Measured or estimated initial state at time tk

g(x, u, w) Vector of time-varying constraint functions
wk+i Disturbance/uncertainty vector (enters only via constraints)
sk+i Slack-variable vector used for constraint relaxation
m Dimension of the slack-variable vector sk+i

Rm
+ Nonnegative orthant for slack variables (componentwise ≥ 0)

s(1) Slack variable for relaxing the safety distance constraint
s(2) Slack variable for relaxing the velocity constraints
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s(4) Slack variable for relaxing the comfort-oriented acceleration limits
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vref The desired cruise speed set by the ego car’s driver.
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ac,max Maximum allowable comfort-oriented acceleration/deceleration

[m/s2]
spred

ego (tk+1) Predicted longitudinal position of the ego vehicle at the next time
step tk+1 [m]

spred
L (tk+1) Predicted longitudinal position of the lead vehicle at the next time

step tk+1 [m]
δsmin(tk) Minimum required safe distance at time tk [m]
σ(s; p) Double-sigmoid function used for modeling friction and curvature

profiles
pfric,low& pfric,high Parameter vectors defining lower and upper bounds on friction pro-

file
pcurve,low&
pcurve,high

Parameter vectors defining lower and upper bounds on curvature
profile
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µlow(s)& µhigh(s) Lower and upper bound estimates of predicted friction at position
s

κlow(s)& κhigh(s) Lower and upper bound estimates of predicted curvature at position
s

p1 Transition steepness parameter that controls how rapidly road con-
ditions change. Higher values create sharp transitions between road
segments, while lower values create gradual changes that may be
more realistic for natural road conditions.

p2 Initial road condition value at the beginning of the route segment
under consideration.

p3 Intermediate road condition value representing the middle segment
characteristics.

p4 Final road condition value at the end of the route segment.
p5 Spatial position where the first transition occurs, typically repre-

senting the entry point to a different road surface type.
p6 Spatial position where the second transition occurs, typically rep-

resenting the exit point from the intermediate road condition.
µbound The position-dependent uncertainty bound
srel The relative position along the prediction horizon, measured from

the current vehicle position.
µunc,current The friction uncertainty at the vehicle’s current position, where

camera classification confidence is typically highest.
µunc,far The friction uncertainty at distant positions along the prediction

horizon, where camera confidence is typically lower.
sunc,max The maximum preview distance over which uncertainty modeling

is considered relevant.
µactual(s) Realized (sampled) road friction coefficient at position s used in

stochastic simulations
µmean(s) Expected (mean) road friction coefficient at position s

M Normalized mean friction level within the uncertainty bounds
α First shape parameter of the Beta distribution controlling its skew-

ness
β Second shape parameter of the Beta distribution controlling its

skewness
ρ Peak factor controlling the concentration (sharpness) of the Beta

distribution around the mean value
xL(k) Lead vehicle state vector at discrete time k: [sL(k), vL(k), aL(k)]⊤

sL(k) Longitudinal position of the lead vehicle at step k [m]
vL(k) Velocity of the lead vehicle at step k [m/s]
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aL(k) Acceleration of the lead vehicle at step k [m/s2]
aL,max(s) Worst-case (most aggressive) lead vehicle deceleration at position

s, assuming higher bound of friction uncertainty [m/s2]
aL,actual(k) Realized (sampled) lead vehicle acceleration at discrete time k dur-

ing stochastic simulations [m/s2]
wa,lead Physical upper bound on lead vehicle braking capability used in

prediction [m/s2]
ξk Uniform random variable ∼ U [−1, 1] used to generate random lead

vehicle acceleration commands
∆smargin(k) Predicted safety margin at step k, defined as the available gap to

the lead vehicle minus the required minimum safety distance [m]
dbrake Required braking distance to reduce ego vehicle velocity from vego

to vL,min under constant deceleration a [m]
J Total cost over the prediction horizon, combining stage and termi-

nal costs
Q State weighting matrix in cost function
R Input (jerk) weighting matrix in cost function
Rs Slack variables weighting matrix in cost function
xref Desired reference state vector used for tracking in the cost function
xN Ego vehicle terminal state at the end of the horizon (k = N)
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1
Introduction

Road traffic safety remains a major global public health concern. In the United
States alone, over 5.8 million vehicle crashes occur annually, with around 21%, nearly
1.2 million being weather-related. These crashes occur under adverse conditions
such as rain, sleet, snow, fog, strong crosswinds, or on slick pavements including
wet, snowy, slushy or icy surfaces. Each year, weather-related crashes result in
nearly 5000 fatalities and over 418000 injuries [1].

Most weather-related crashes happen on wet pavement, around 70% and during
rainfall around 46%. A smaller but still significant portion occurs in winter condi-
tions: 18% during snow or sleet, 13% on icy roads, 16% on snowy or slushy roads
and 3% in fog [1].

Similarly, in Sweden, despite having one of the lowest road fatality rates in the EU,
slippery conditions have a profound impact on road safety. Approximately 50% of
all fatal passenger car accidents occur on snowy or icy roads, rising to 90% in rural
northern Sweden. Moreover, the risk of accidents is about five times higher on snow
or ice covered roads compared to dry ones [2].

To address these safety challenges, technological solutions like ADAS (Advance Driv-
ing Assistance Systems) have been developed to improve vehicle safety in both nor-
mal and adverse conditions. ADAS features such as Lane Keeping Assist (LKA),
Driver Monitoring Systems (DMS) and Automatic Emergency Braking (AEB) have
been shown to reduce crash rates: LKA by 19.1%, DMS by 14%, and AEB by 10.7%.
However, ACC (Adaptive Cruise Control) and Cruise Control (CC) have been linked
to increased crash rates of 8% and 12%, respectively [3].

The increased crash rates associated with ACC and CC raise questions about how
well these systems handle varying road conditions, especially in challenging weather.
One possible explanation is that road conditions, such as reduced friction from rain,
snow or ice, may affect their performance and safety.

To address these challenges, this thesis develops an ACC system that proactively
accounts for both road friction variations and road curvature within a unified control
framework. The proposed controller continuously adjusts the vehicle’s longitudinal
behaviour based on predicted environmental conditions, maintaining safe following
distances and ensuring stable, comfortable driving even through curves and under
uncertain or low-friction scenarios.

1



1. Introduction

1.1 Related Work
Advancements in ADAS have increasingly emphasised the need for robust vehicle
control methods, especially for functions such as the AEB, Emergency Automated
Lane Change (EALC), Curve Speed Assistance (CSA) and ACC. Among the var-
ious control strategies explored, MPC (Model Predictive Control) has emerged as
a leading method due to its ability to explicitly handle system constraints, predict
future behaviour and balance multiple performance objectives.

One of the foundational contributions to longitudinal vehicle following using MPC
was presented by Wang et al. [4]. The hierarchical control scheme used combined
an upper-level MPC with a Constant Time Headway (CTH) policy, and a lower-
level Proportional-Integral-Derivative (PID) controller for actuation. Interestingly,
they proposed a novel inter-vehicle longitudinal dynamic model that considers the
acceleration and velocity of the lead vehicle as disturbances. This differs from many
conventional approaches that only rely on relative distance and velocity as state
variables. By formulating the spacing dynamics in this way, the model more ac-
curately captures the system’s behaviour in real traffic situations, especially under
variations in the lead vehicle’s motion.

Another key innovation in the paper, [4], is the integration of an ancillary control
law into the MPC formulation. This control structure splits the input into a nominal
component and a feedback term that compensates for disturbances. The approach
enabled better disturbance rejection while guaranteeing recursive feasibility and con-
vergence. The simulation studies presented validate the benefits of this formulation,
particularly in scenarios with speed fluctuations or changes in road friction.

This modeling structure directly influenced subsequent MPC frameworks, especially
those incorporating friction awareness and disturbance robustness. Although our
own implementation details are discussed later, the core structure of disturbance
modeling and controller layering presented by Wang et al. laid the conceptual
groundwork.

Expanding on this, Mekala et al. [5] developed an MPC framework targeting lon-
gitudinal speed control using LIDAR inputs. Their real-time validated solution
showcased effective adaptation to both low and high-speed scenarios, highlighting
MPC’s versatility and feasibility in real-world autonomous vehicle applications.

Luo et al. [6] proposed a multi-objective MPC strategy that incorporated safety,
comfort, fuel efficiency and tracking precision within its cost function. By assigning
appropriate weights to each objective, it has been demonstrated that the MPC could
effectively balance conflicting performance criteria.

A practical contribution by Naus et al. [7] focused on parameterised MPC for ACC
systems that enabled user adjustable comfort and safety settings. This approach
simplified calibration and facilitated personalization of controller behaviour, aiding
the transition from theoretical designs to practical deployment.
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Recognising the uncertainty in the the tyre-road interaction, Vaskov et al. [8] in-
troduced a stochastic MPC framework incorporating Bayesian friction estimation.
This probabilistic control design allowed safe trajectory tracking under variable road
conditions and underscored MPC’s adaptability to uncertainty.

Complementing this, Svensson and Törngren [9] examined the complementary
strengths and limitations of local and camera-based road friction estimation. This
work emphasised that local methods, while accurate, lack foresight and availability
during normal driving, whereas camera-based classification offers high foresight and
availability but only coarse friction categorisation. A Gaussian Process regression
based fusion method was proposed to combine these sources, to produce a con-
servative yet not overly pessimistic friction estimate. This approach improved the
reliability of traction adaptive motion planning and supports the assumption in our
work of utilising camera-based classification to define an interval of plausible friction
values used in constraint formulation.

In parallel, Herzfeld and Thottathodi [10] proposed a comprehensive architecture
that integrates dynamic road friction information into both braking and steering
based collision avoidance strategies. This work demonstrated how simplified vehicle
models can be used within an MPC framework to evaluate trajectory feasibility with
respect to estimated friction profiles. The concept of using friction based approx-
imations of braking and lateral force limits to constrain motion planning inspired
aspects of our constraint formulation, particularly the incorporation of friction-aware
safe distance definitions and control bounds in low grip scenarios.

Czibere et al. [11] tackled the challenge of handling vehicle dynamics at the limit of
stability. Using an Robust Nonlinear Model Predictive Control (RNMPC) design for
motion control under multiple equilibrium and variable surfaces proved to be capable
of maintaining stability and tracking accuracy even in extreme driving scenarios.

Mattsson et al. [12] addressed energy-efficient longitudinal control by evaluating
MPC against PID controllers in combustion engine and brake-actuated vehicles.
The findings confirmed the advantage of MPC in optimising comfort and energy
consumption simultaneously.

Finally, building on these foundations, Zhang et al. [13] proposed a real-time MPC
approach for predictive ACC where several solvers and problem formulations were
considered and compared. This work focused on computational efficiency while
providing a pathway toward implementation in embedded automotive platforms.

These works illustrate the evolution and diversification of MPC in the domain
of vehicle motion control. From theoretical robustness to real-world applicability,
MPC has been proven to be a powerful tool for addressing the demands of modern
autonomous and assisted driving systems, particularly in accommodating safety-
critical constraints and environmental uncertainties such as road friction variations.
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1.2 Problem Overview
This thesis addresses the challenge of improving ACC functionality in environments
where road friction and curvature vary along the driving path. Traditional ACC
systems typically rely on high friction assumptions and fail to account for spatial
changes in road surface properties, which can severely impact vehicle safety and
comfort. To overcome this limitation, we propose an enhanced ACC system capable
of adapting its behaviour based on predicted variations in both road friction and
curvature.

Two critical driving scenarios motivate this work:
Rear-End Collision under Varying Friction on a Straight Road: The first
scenario considers an ego vehicle following a lead vehicle on a road that contains a
localized low-friction segment, such as an ice patch (see Figure 1.1). Conventional
ACC systems, which do not anticipate reduced braking capability due to friction loss,
may delay deceleration, increasing the risk of rear-end collisions. This highlights the
need for predictive adaptation based on estimated friction levels.

Figure 1.1: A rear-end collision caused by an low-friction surface, where reduced
braking capability on the low-friction surface prevents the ego vehicle from stopping
in time.

Curve Negotiation under Non-Uniform Road Friction: In the second sce-
nario, a vehicle enters a curve where both the road curvature and friction change
along the path (see Figure 1.2). If the ACC system fails to adjust the vehicle speed
appropriately, the vehicle may enter the curve too fast, exceeding the frictional
limits and risking instability which may lead to lane departure. Integrating curve
awareness and friction constraints into ACC is thus essential to ensure safe handling.
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Figure 1.2: A vehicle entering a curve with a low-friction section, risking loss of
control from insufficient speed adaptation.

To tackle these challenges, a Robust Nonlinear Model Predictive Control (RNMPC)
formulation is employed. This approach allows the system to anticipate future vari-
ations in road friction and curvature along the prediction horizon and generate a
safe, comfortable, and dynamically feasible speed profile. The proposed ACC frame-
work combines safety constraints, friction-aware dynamics, and curvature adaptation
into a unified controller that dynamically adjusts the vehicle’s longitudinal motion.
Stochastic uncertainty in both lead vehicle acceleration and future friction is mod-
eled explicitly, enabling the controller to maintain safety while reducing unnecessary
conservatism.

1.3 Scope & Research Questions
This thesis focuses on enhancing longitudinal vehicle control in the presence of spa-
tially varying and uncertain road friction conditions. Specifically, it investigates how
incorporating friction and road curvature into an ACC system can improve safety,
comfort, and robustness in critical driving scenarios, such as icy straight segments
or curved roads with reduced friction.

A single control strategy based on a stochastic friction-aware MPC framework is
developed. The controller dynamically adjusts the vehicle’s acceleration and velocity
by accounting for predicted variations in road friction and curvature, while ensuring
feasibility through soft safety and comfort constraints. The control formulation also
considers uncertainty in lead vehicle behaviour and road surface properties.

The scope is limited to longitudinal motion control. Lateral dynamics, such as
steering or obstacle avoidance, are beyond the scope of this work. All evaluations
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are conducted in simulation, under the assumption that predicted road friction and
curvature profiles are available along the vehicle’s path.

Based on this scope, the following research questions are addressed:

• Friction- and Curve-Aware ACC: How can predicted road friction and
curvature be effectively integrated into an MPC-based ACC system to improve
vehicle safety in cruising and lead-vehicle following?

• Robustness vs. Comfort Trade-offs: How does a stochastic, constraint-
softening control framework balance robustness, safety margins and driving
comfort under friction uncertainty?

• Safety Benefits: To what extent can friction-aware ACC reduce collision
risk in scenarios with sudden friction changes, such as icy patches and low-
grip curves?

1.4 Delimitations
This thesis focuses exclusively on longitudinal vehicle motion control. Lateral dy-
namics and combined path-planning are excluded. The study is conducted in a simu-
lation environment using a point-mass model of the ego vehicle. Detailed powertrain
dynamics, actuation delays and embedded real-time implementation are considered
out of scope.

Assumed environment:

• A lead vehicle is assumed to be present in all ACC-related scenarios, enabling
continuous car-following behaviour. However, when road curvature limits the
safe speed or if the driver sets a lower reference speed the system operates
independently of the lead vehicle.

• Preview information of road friction and road curvature is assumed to be avail-
able the prediction horizon. Friction information is derived from a camera-
based classification and modeled as a bounded interval, with stochastic re-
alizations generated in simulation. Curvature is assumed deterministic and
known in advance.

Controller formulation:

• A single friction-aware RNMPC is implemented in the time domain. It com-
bines ACC with curve speed adaptation in a unified formulation, handling
spacing and curve constraints simultaneously.

• Soft constraints are introduced to maintain feasibility in the presence of con-
flicting requirements. This ensures that safety-critical constraints are always
prioritised, while the controller can still adaptively balance comfort and re-
sponsiveness, by violating the soft comfort constraint when safety cannot be
achieved without violating it.
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• Soft constraint utilisation improves the controller’s responsiveness in scenarios
where collision is not avoidable, by mitigating violations as better as possible,
compared to a controller with hard constraints which will simply fail.

Model simplifications:

• The ego vehicle is represented by a third-order point-mass model, with jerk as
the control input.

• Tyre-road interaction is simplified through a friction constraint envelope, with-
out explicitly modeling tyre dynamics or actuator lag.

Out-of-scope topics: Sensor fusion, lateral control, obstacle avoidance, real-time
deployment and experimental validation are not covered in this work but are iden-
tified as potential directions for future research and development.

1.5 Social and ethical aspects
Road friction- and curvature-aware ACC enables proactive adaptation to hazardous
conditions, but this complexity introduces grave social and ethical challenges. First,
user understanding and trust remain critical. Studies show that many drivers have
weak mental models of ADAS systems and tend to over-rely on features like ACC,
which may lead to inattentiveness or unsafe behaviours, especially when control
boundaries blur during edge cases [14]. When ACC adjusts speed based on unknown
or variable road friction, the risk of driver misunderstanding increases, underscoring
the ethical necessity of clear system communication and user education.

Second, assigning responsibility in shared-control systems is increasingly challeng-
ing. In semi-autonomous vehicles, both the automated system and the human driver
share control, the system handles tasks like speed regulation and constraint enforce-
ment, while the driver supervises and can intervene when needed. However, as [15]
point out, when errors occur, people tend to blame the human rather than the
machine, making it harder to hold automated systems accountable. As stated in
[15], current legal frameworks such as tort law do not fully account for this shared
responsibility. In the context of friction-aware ACC, it is therefore critical to have
transparent logging of system predictions (e.g., estimated friction or curvature) and
control decisions. This allows for clear post-incident analysis, helping to determine
whether the driver, the automation, or both were responsible.

Third, social fairness and accessibility are key ethical concerns when deploying ad-
vanced driver-assist systems. These technologies are often first introduced in high-
end vehicles, meaning that wealthier individuals are more likely to benefit early on
[16]. This can deepen existing inequalities in mobility, those with fewer resources
may not have access to the same safety features or driving assistance. However,
these systems also hold promise: if made widely available, they could improve in-
dependence and safety for elderly drivers or people with disabilities, who often face
greater mobility challenges. But realising that benefit requires intentional policy
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and design choices. That means ensuring that the technology is affordable, that
user interfaces are accessible to a broad population, and that deployment does not
prioritise only affluent or urban communities.

Fourth, privacy and data governance are paramount. ACC systems rely on con-
tinuous input from cameras and onboard sensors, which may inadvertently capture
sensitive data such as road conditions, geolocation patterns, and even driver be-
haviour. While the context differs a bit, research on AI assistants used by older
adults raises closely related concerns about data misuse, transparency, autonomy
and trust in systems that rely on personal data [17]. Emphasising the importance
of designing technologies that minimise unnecessary data collection and prioritise
user agency in data sharing. These principles are equally applicable to vehicle au-
tomation: friction-aware ACC should adopt privacy-by-design strategies, limit data
capture to what’s essential and implement clear, understandable consent mecha-
nisms.

Finally, ethical decision-making in real time becomes operationally significant.
While ACC controllers aren’t making life-and-death choices, they continuously weigh
safety vs. performance under uncertainty, such as managing grip on wet curves or
reaction to emergencies. Yet established ethical frameworks for such micro-decisions
are lacking. This absence raises concerns about consistency, fairness, and responsi-
bility. Transparent system limits and well-defined operational design domains are
necessary to maintain trust and ethical consistency.

1.6 Thesis Outline
The remainder of this thesis is organised as follows. Chapter 2 collects the necessary
background on ACC, curve-speed adaptation and MPC and motivates the choice of a
time-domain formulation that treats road friction as a stochastic previewable quan-
tity. Chapter 3 translates the overall research goal into concrete safety, comfort and
real-time requirements, derives the Key Performance Indicators (KPIs) used later
in the evaluation, and sets out ten use cases that stress the controller under varying
curvature and friction conditions. Chapter 4 presents the core technical contribu-
tion: an uncertainty-aware RNMPC. After introducing the vehicle model, friction
and curvature profiles are formulated and embedded in a probabilistic framework
and derived safety and comfort constraints with hierarchical slack variables. The
chapter closes with implementation details in CasADi/Ipopt. Chapter 5 reports the
quantitative evaluation. First, solver speed and discretisation accuracy are studied,
then a use-case by use-case analysis of distance keeping is being provided, velocity
tracking, control effort and constraint relaxations. Chapter 6 discusses the impli-
cations of these findings, examining how much additional safety margin is gained,
what comfort trade-offs arise and how close the implementation is to real-time fea-
sibility. Chapter 7 concludes by summarising the main contributions and outlining
directions for future work, such as hardware-in-the-loop validation and fusion with
lateral motion planning. Finally, the appendix collects complete parameter tables
and solver settings to facilitate reproduction of the results.
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2
Preliminaries

2.1 Vehicle Following and Speed Tracking via
ACC

To understand the challenge of autonomous vehicle control, imagine driving on a
highway during changing weather conditions. As a human driver, one would in-
stinctively adjust the following distance when rain begins to fall, knowing that wet
roads require longer stopping distances. The person would also naturally slow down
when approaching curves, understanding that taking a turn too fast could cause loss
of control. These intuitive adjustments that humans instinctively make constantly
and continuously while driving represent complex decision-making processes that
autonomous systems must replicate mathematically.

ACC represents one of the fundamental building blocks toward this goal. Unlike
traditional CC systems that blindly maintain a set speed regardless of traffic, ACC
automatically adjusts the vehicle’s velocity to maintain a safe distance from the car
ahead. ACC can be regarded as a virtual co-pilot that continuously monitors the
distance to the lead vehicle and adjusts the speed smoothly to maintain safety.

2.1.1 The Limitations of Traditional Approaches
Conventional ACC systems typically employ feedback control strategies, with PID
controllers being the most common. These controllers work on a simple principle:
measure the current error (such as being too close to the lead vehicle), and apply a
control action proportional to that error and its history. While this approach works
adequately under ideal conditions, it suffers from a fundamental limitation. It can
only react to what has already happened, not anticipate what might happen next.

Considering what happens when road conditions deteriorate, a PID-based ACC
system maintaining a fixed following distance might suddenly find itself unable to
stop in time when the lead vehicle brakes on an icy patch. The controller’s reactive
nature means it only discovers the reduced traction when braking is already urgently
needed, precisely when safety margins have already been compromised.
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Figure 2.1: Road weather classification made by Finnish Road Administration [18]

This reactive limitation becomes even more problematic when we consider the wide
variation in real-world driving conditions. The friction coefficient, denoted by µ,
between tyres and road surface can vary dramatically, as shown in Figure 2.1.

A control system that assumes dry conditions might command deceleration rates
that simply cannot be achieved on wet or icy surfaces, leading to deterioration and
dangerous situations.

2.1.2 The Predictive Control Advantage
This fundamental limitation motivates the adoption of MPC for ACC implementa-
tion. Unlike reactive controllers, MPC looks ahead, predicting future vehicle tra-
jectories over a time horizon. This preview capability enables the controller to
anticipate problems before they become critical.

To understand how MPC works in the ACC context, imagine planning a sequence
of chess moves rather than reacting to each opponent’s move individually. The con-
troller continuously solves an optimisation problem: "What sequence of accelerations
over the next few seconds will best maintain safe following distance while respect-
ing all physical constraints?". Only the first action from this optimal sequence is
implemented, after which the process repeats with updated information, a strategy
known as receding horizon control.

2.1.3 Integrating Uncertainty into ACC
A key innovation in this thesis involves incorporating probabilistic friction estimation
into the ACC framework. Traditional systems might assume either perfect road
conditions or worst-case conditions. Instead, our approach uses camera-based road
surface classification to estimate friction with associated confidence levels.
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Consider how this works in practice. A forward-facing camera identifies road surface
conditions ahead, classifying segments as dry, wet or icy. However, these classifi-
cations come with uncertainty, the system might be 90% confident about a nearby
classification but only 60% confident about surfaces farther ahead. The ACC system
translates this uncertainty into position-dependent bounds on available friction, al-
lowing it to plan conservatively for uncertain regions while taking advantage of
high-confidence information where available.

This probabilistic approach enables intelligent trade-offs. When approaching a sur-
face with low confidence that the surface might be icy, the controller gradually
increases following distance as a precaution. If the classification confidence im-
proves as the vehicle gets closer, the controller can adjust its plan accordingly. This
behaviour mimics how human drivers naturally become more cautious when road
conditions are uncertain.

2.2 Curve Adaptation in Longitudinal Control
While ACC handles longitudinal control relative to other vehicles, safe driving also
requires adapting speed to road geometry. This is sometimes referred to in literature
as CSA, but in this work it is treated as an integral part of the ACC logic and
simply referred to as curve adaptation. The goal is to ensure that the vehicle does
not attempt to navigate curves at unsafe speeds.

2.2.1 The Physics of Cornering
When a vehicle travels through a curve, it requires centripetal force to change di-
rection. This force is provided by the friction between tyres and the road surface.
The relationship is captured by a fundamental equation:

alateral = v2

R
= v2 · κ (2.1)

Here, v is the vehicle’s speed, R is the curve radius, and κ = 1/R is the curvature.
The lateral acceleration alateral represents how hard the vehicle is pushing sideways
against the road. For the vehicle to successfully navigate the curve without skidding,
this lateral acceleration cannot exceed what friction can provide:

alateral ≤ µ · g (2.2)

where µ is the coefficient of friction and g is gravitational acceleration (9.81 m/s2).
Combining these equations reveals the maximum safe speed, vmaxC, for a given curve:

vmaxC =
√

µ · g

κ
(2.3)
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This relationship has profound implications. On a sharp curve (high κ) with icy
conditions (low µ), the safe speed might be drastically lower than the posted speed
limit. Conversely, a gentle highway curve on dry pavement might safely accommo-
date speeds well above typical traffic flow.

2.2.2 The Challenge of Unknown Friction
Handling curves safely requires accurate knowledge of the available road friction.
Traditional systems often rely on fixed friction assumptions when it comes to curves
and are either optimistic (high µ) or pessimistic (low µ). Optimistic assumptions
risk vehicle instability when the real road surface provides less grip than expected.
On the other hand, overly cautious assumptions result in unnecessarily slow driving,
reducing comfort and efficiency.

In this thesis, curve handling is not treated as a separate functionality but is in-
tegrated directly into the ACC logic as a form of curve adaptation. The same
probabilistic friction estimation used to regulate safe distances to a lead vehicle is
also used to determine safe speeds through curves.

For example, when approaching a highway curve after rain, the surface classifica-
tion system may detect wet pavement with high confidence near the vehicle but
with increasing uncertainty further ahead. The controller uses the lower bound of
the estimated friction to compute safe longitudinal acceleration and velocity limits,
ensuring the vehicle enters the curve at a speed that respects both the road cur-
vature and the friction envelope, even under uncertain conditions. This approach
ensures safety without introducing excessive conservatism.

2.2.3 Unified Constraint Management
In real-world driving, safe longitudinal control must account for both surrounding
traffic and road geometry. For instance, when approaching a curve while following
another vehicle, the ego vehicle’s speed may need to be limited either by the lead
vehicle’s behaviour or by the curve’s geometry, whichever imposes the stricter con-
straint. Importantly, both limitations are influenced by the available road friction,
which is often uncertain and spatially varying.

This interdependence is addressed in this thesis by formulating a unified MPC frame-
work where both distance-keeping and curve adaptation are treated as coupled con-
straints within a unified ACC framework. Rather than separating functionalities,
the controller evaluates all relevant constraints, derived from lead vehicle motion,
road curvature, and predicted friction at every step of the planning horizon.

By incorporating all factors simultaneously, the system ensures safe behaviour with-
out conflicting priorities between subsystems. This unified treatment enables the
vehicle to adaptively balance safety, comfort and efficiency in complex driving envi-
ronments.

12
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2.3 Model Predictive Control Framework
Having motivated the need for predictive and uncertainty-aware control, the MPC
framework that enables this is now examined. MPC represents a fundamental shift
from reactive to proactive control strategies.

2.3.1 Core Principles of MPC
The essence of MPC can be understood through an analogy to human driving be-
haviour. When approaching a red traffic light, experienced drivers don’t wait until
the last moment to brake hard. Instead, they see the light ahead, predict their
future position, and begin decelerating smoothly to arrive at the stop line just as
they reach zero speed. This anticipatory behaviour is exactly what MPC enables
for automated systems.

Mathematically, MPC operates by solving an optimisation problem at each control
instant. The optimisation considers: (i) the prediction model, which predicts how
the vehicle will behave over the next few seconds given different control inputs, (ii)
the constraints, which define the physical limits and safety requirements, and (iii)
the objectives, which define what constitutes good behaviour, such as how smooth
the riding is, how the efficient operation is and how well the reference is being
tracked.

The controller finds the sequence of control actions that best satisfies the objec-
tives while respecting all constraints. Crucially, it then applies only the first action
from this sequence before re-solving the optimisation with updated information-the
receding horizon principle.

2.3.2 Advantages for Vehicle Control
MPC offers several compelling advantages for vehicle control applications:

Explicit Constraint Handling: Safety requirements can be encoded directly as
mathematical constraints. Rather than relying on the controller not to violate safety
bounds, MPC guarantees constraint satisfaction (within the accuracy of the predic-
tion model).

Preview Integration: Modern vehicles equipped with cameras, radar, and map
data have information about conditions ahead. MPC naturally incorporates this
preview information into its predictions, enabling proactive responses to upcoming
challenges.

Multi-objective optimisation: Real-world driving involves balancing multiple
goals, safety, comfort, efficiency, and progress. MPC handles these competing objec-
tives through a unified cost function that can be tuned to achieve desired behaviour.
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Uncertainty Management: Through robust optimisation techniques, MPC can
account for uncertainty in predictions, ensuring safety even when perfect information
isn’t available.

2.3.3 The Prediction-optimisation Loop
The computational heart of MPC lies in repeatedly solving optimisation problems.
At each control step, the process begins by (i) measurement, where the current
vehicle state and environmental information are collected; (ii) prediction, where
models are being used to forecast future evolution under different control scenarios;
(iii) optimisation, where the control sequence that minimises the cost while satisfying
constraints is being determined; and (iv) application, where the first control action
is implemented. This process is then repeated by shifting the horizon forward and
starting again.

Figure 2.2: Block diagram illustrating the MPC framework.

2.4 Unified Time-Domain MPC Implementation
With the foundational concepts established, this section presents how these ideas are
combined in the unified controller developed in this thesis. Several design choices
are made to enable practical deployment while maintaining theoretical rigour.

2.4.1 Time-Domain Formulation: Rationale and Trade-offs
While both time-domain and spatial (distance-based) parameterisations are viable
for vehicle MPC, this thesis employs a time-domain formulation. Rather than claim-
ing universal advantages, it is acknowledged that each approach has distinct trade-
offs. The rationale for this choice is as follows.

Advantages of Time-Domain Formulation:

• Intuitive Lead Vehicle Modeling: Time-domain formulations naturally
incorporate lead vehicle dynamics through temporal coordination, enabling
direct representation of relative velocity and acceleration profiles [4].
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• Natural Constraint Expression: Speed limits, acceleration bounds, and
comfort requirements are typically specified in time-domain units, aligning
with human driving experience and regulatory frameworks [7].

• Consistent with Control Implementation: Vehicle actuators operate with
time-based control loops, making temporal formulation more directly imple-
mentable [5].

Disadvantages and Spatial Domain Benefits:

• Speed-Dependent Prediction Range: The spatial coverage of a fixed time
horizon varies with vehicle speed, potentially providing insufficient lookahead
at high speeds or excessive computation at low speeds.

• Friction Modeling Complexity: Since road friction varies with position
rather than time, spatial formulation could provide more linear relationships
for friction-dependent constraints [8].

• Sensor Fusion Challenges: While some sensors operate in time domain,
others like cameras and radar often have fixed spatial ranges, creating mixed
temporal-spatial information that must be reconciled [9].

The time-domain formulation has been chosen for this implementation, primar-
ily due to its intuitive modeling approach, particularly for lead vehicle prediction
and human-interpretable constraints. The friction-position relationship is handled
through spatial interpolation within the temporal framework, accepting the addi-
tional complexity for the benefit of more natural vehicle following dynamics.

2.4.2 Probabilistic Friction Integration
A distinguishing feature of this implementation is its sophisticated handling of fric-
tion uncertainty. The system maintains two representations:

• Deterministic Mode: Used as a baseline, this mode assumes friction follows
the expected (mean) profile without deviation. This provides a performance
benchmark and simplifies initial testing.

• Stochastic Mode: The full implementation models friction as a random
variable following a Beta distribution. The distribution parameters are cho-
sen to respect the confidence bounds from camera-based classification while
concentrating the probability mass near the expected value.

The Beta distribution is particularly well-suited for this application because:

• It’s naturally bounded to a finite interval (matching physical friction limits)

• Its shape can be adjusted to represent different confidence levels

• It allows efficient sampling for Monte Carlo evaluation
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2.4.3 Constraint Softening Strategy
Real-world driving occasionally presents scenarios where all constraints cannot be
simultaneously satisfied. For example, if a lead vehicle brakes harder than physically
possible given friction estimates, maintaining the minimum following distance might
require deceleration exceeding comfort limits. The implementation addresses this
through a carefully designed slack variable framework. Each constraint type receives
a slack variable with associated penalty weight:

Figure 2.3: Slack penalty weights showing constraint relaxation hierarchy

This hierarchy ensures that when trade-offs are necessary, passenger comfort is re-
laxed before safety. In addition to that, the soft constraint implementation results
in collision mitigation due to preventing of the solver’s failure when the problem
becomes infeasible, by trying its best to eliminate constraint violations.

2.4.4 Lead Vehicle Prediction
Predicting lead vehicle behaviour represents a crucial challenge for ACC systems.
The implementation takes a robust approach, assuming the lead vehicle might brake
at its physical limit (determined by the upper friction bound). This conservative
assumption ensures safety even when following aggressive drivers.

The prediction also includes behavioural bounds based on typical human driving
patterns. While a vehicle might theoretically achieve 1g deceleration on dry pave-
ment, human drivers rarely brake harder than approximately 0.3 in non-emergency
situations [19]. The controller uses these behavioural bounds to avoid overly con-
servative planning during normal driving while maintaining the ability to respond
to genuine emergencies.

2.5 Contribution of This Thesis
This thesis advances the state of autonomous vehicle control in several significant
ways, addressing critical gaps between academic research and practical deployment
requirements.

16



2. Preliminaries

2.5.1 Theoretical Contributions
Unified Uncertainty Framework: The thesis presents a comprehensive integra-
tion of probabilistic road surface classification with MPC-based longitudinal con-
trol. The position-dependent uncertainty model captures the realistic behaviour of
perception systems while remaining computationally tractable for real-time imple-
mentation.

Constraint Integration Methodology: The work demonstrates how multiple
safety-critical constraints (following distance, friction limits, curvature limits) can
be unified within a single optimisation framework, eliminating conflicts between
subsystems and ensuring consistent behaviour.

Robustness Analysis: The thesis provides a systematic analysis of controller
behaviour under different uncertainty scenarios, quantifying the trade-offs between
conservatism and performance.

2.5.2 Practical Contributions
Implementation Framework: The developed CasADi-based implementation pro-
vides a template for deploying advanced MPC strategies in real-time systems, with
careful attention to computational efficiency and numerical reliability.

Validation Methodology: The testing framework covers diverse scenarios from
routine highway driving to emergency situations, providing confidence in the con-
troller’s real-world applicability.

Performance Metrics: The thesis establishes metrics for evaluating the
uncertainty-aware controller, enabling objective comparison with traditional ap-
proaches.

2.5.3 Broader Impact
The contributions of this thesis extend beyond the specific problem of longitudinal
control. The uncertainty handling framework could be extended to lateral control,
integrated trajectory planning and other domains where environmental uncertainty
affects control decisions. The probabilistic approach to constraint formulation pro-
vides a template for other applications where perfect information is unavailable but
safety must be guaranteed.

As autonomous vehicles move toward widespread deployment, the ability to handle
real-world uncertainty becomes increasingly critical. This thesis provides theoretical
foundations and practical tools for building systems that are safe, efficient, and
robust to the complexities of real-world driving.
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Requirements, KPIs & Use Cases

3.1 Definition of Requirements
The camera assisted, friction-aware RNMPC developed in this work addresses the
critical challenge of vehicle control under uncertain road conditions. The system
integrates real-time camera based road surface classification to achieve safe and
comfortable autonomous driving.

Safety Requirements form the foundation of the controller design. The system
must maintain a safe following distance under all conditions, accounting for both
deterministic and uncertain road surface estimates. Vehicle speed is limited by
curvature and friction constraints, with position-dependent uncertainty bounds that
reflect increasing confidence of camera-based classification along the preview horizon.
Safety requirements include preventing collisions through robust gap maintenance
and ensuring acceleration never exceeds available friction.

Comfort Requirements ensure acceptable passenger experience by constraining
acceleration and jerk to physiologically comfortable ranges. The controller avoids
abrupt maneuvers and provides smooth, gradual adaptation to changing road con-
ditions by leveraging the predictive horizon to anticipate and prepare for upcoming
surface changes.

Robustness Requirements address the uncertainty in camera based road surface
classification. The controller must remain feasible and effective even when surface
classifications are inaccurate or actual friction falls at the conservative bounds of
the estimated friction ranges. It must handle unpredictable lead-vehicle behaviour,
including sudden acceleration or deceleration, while maintaining safety margins that
account for both surface uncertainty and behaviour unpredictability. Robustness is
achieved by balancing conservatism and performance under uncertainty.

Computational Requirements ensure real-time feasibility on automotive hard-
ware. The MPC optimisation must converge within acceptable time limits to enable
closed-loop control at the specified sampling frequency. The controller design incor-
porates efficient warm-starting strategies and carefully structured constraint formu-
lations to maintain computational tractability while preserving the rich uncertainty
representation.
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3.2 Key Performance Indicators
The assessment of controller performance relies on a comprehensive set of quantita-
tive metrics that capture safety, comfort, robustness and computational aspects of
the system behaviour.

Safety Metrics provide fundamental measures of collision avoidance and constraint
satisfaction. The minimum time headway and distance headway throughout simu-
lation scenarios indicate how closely the controller approaches safety limits. Safety
distance constraint violations are tracked both in the actual simulation trajectory
and within MPC predictions, providing insight into the controller’s predictive ac-
curacy and conservative margin selection. The magnitude of friction constraint
violations indicate whether uncertainty modeling provides adequate safety margins.

Comfort Metrics quantify passenger experience through acceleration and jerk
characteristics. The root mean square and maximum absolute values of acceleration
and jerk provide measures of ride quality, while the frequency of abrupt changes
indicates the smoothness of control actions. The rate of change in acceleration com-
mands reflects the controller’s ability to provide gradual transitions when adapting
to new road surface classifications or lead vehicle behaviours.

Robustness Metrics assess the controller’s ability to handle uncertainty and main-
tain feasibility under challenging conditions. The utilisation of slack variables in the
soft-constrained MPC formulation serves as a direct indicator of constraint satis-
faction difficulty, where increased slack usage signals scenarios where the nominal
constraints cannot be satisfied without performance degradation. The comparison
between deterministic and probabilistic friction scenarios quantifies the value of the
uncertainty aware approach. Prediction accuracy metrics compare the MPC’s in-
ternal predictions to actual trajectories.

Performance Metrics evaluate tracking capability and efficiency. Speed tracking
error with respect to desired velocity profiles indicates the controller’s ability to
maintain performance objectives while satisfying safety constraints. The adherence
to curvature based velocity limits shows proper integration of geometric road con-
straints with friction limitations. Solver convergence statistics, including iteration
counts and computation times, provide essential feedback for real-time implementa-
tion feasibility.

Uncertainty Handling Metrics specifically assess the probabilistic aspects of the
system. Beta-distributed friction realizations generated in simulation are compared
against the predicted confidence intervals to validate the uncertainty modeling. In
addition, the frequency of surface classification changes and the controller’s adapta-
tion responsiveness indicate the practical effectiveness of the camera-based percep-
tion system integration.
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3.3 Use Cases
The validation framework comprises eleven systematically designed use cases that
comprehensively evaluate different aspects of the friction-aware ACC with integrated
road geometry adaptation. Each use case targets specific controller capabilities un-
der realistic driving conditions, enabling isolated analysis of individual system com-
ponents while building toward comprehensive system validation. Detailed Common
Fixed Parameters Specifications are provided in Appendix A, Use Case Parameters
as in Appendix B and for the Additional Scenarios as shown in Appendix C.

UC1: Baseline ACC with Nominal Friction Uncertainty

Establishes baseline ACC performance with standard uncertainty bounds (µunc =
[0.1, 0.3]) in a nominal following scenario. The ego vehicle (50 km/h) follows a
constant-speed lead vehicle (70 km/h) through the complete three-segment friction
profile (0.8 → 0.3 → 0.8 µ) on a straight road. Uses deterministic friction mod-
eling to isolate controller tracking performance from stochastic effects. Critical for
establishing reference performance metrics and validating basic ACC functionality.
(Parameters: Table B.7)

UC2: Robustness Test with Random Lead Acceleration

Tests ACC robustness under unpredictable lead vehicle behaviour. Both vehicles
start at 100 km/h with 50m separation while the lead vehicle applies bounded ran-
dom accelerations (±3 m/s2) on straight road. Employs stochastic friction modeling
with Beta distribution sampling to evaluate safety margin adaptation under com-
bined lead vehicle unpredictability and surface uncertainty. Validates constraint sat-
isfaction during dynamic following scenarios rather than emergency braking events.
(Parameters: Table B.8)

UC3: High Uncertainty Friction Transition

Evaluates controller conservatism with significantly increased uncertainty bounds
(µunc = [0.1, 0.7]), simulating degraded camera confidence due to environmental
conditions. Starting at 400m positions the ego vehicle to experience major friction
transitions during the prediction horizon on straight road. Tests how elevated
uncertainty propagates through MPC predictions and affects safety margin selection
with constant-speed lead vehicle. (Parameters: Table B.9)

UC4: Curve Navigation at High Speed

Validates proactive speed reduction for safe curve navigation by initialising the ego
vehicle at 140 km/h approaching a curved section (κmax = 0.04 rad/m, 25m radius)
starting at 600m. With the lead vehicle traveling at constant 90 km/h, the sce-
nario tests geometric constraint handling and the controller’s ability to anticipate
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curvature-limited speeds while maintaining following objectives. Uses determinis-
tic friction to isolate curvature effects from stochastic uncertainty. (Parameters:
Table B.10)

UC5: Combined Following and Curve Challenge

Comprehensive validation scenario combining lead vehicle following, curve naviga-
tion (κmax = 0.04 rad/m), and friction transitions with elevated uncertainty bounds
(µunc = [0.15, 0.4]). Starting at 700m with random lead acceleration (±3 m/s2)
creates simultaneous demands on all constraint types. Tests the controller’s abil-
ity to prioritise and satisfy competing objectives while maintaining safety margins
across multiple operational domains including geometric, friction, and following con-
straints. (Parameters: Table B.11)

UC6: Low-Speed Convergence Test

Initialises ego vehicle at low speed (30 km/h) with large separation (100m) from
a faster constant-speed lead vehicle (70 km/h) on straight road. Tests the ACC’s
acceleration strategy and speed matching behaviour under stochastic friction con-
straints during catch-up maneuvers. Uses Taylor expansion discretisation to evaluate
numerical accuracy at low speeds. Validates convergence behaviour and constraint
handling during sustained acceleration phases. (Parameters: Table B.12)

UC7: Close-Following Robustness Scenario

Starts with minimal safe separation (30m) between vehicles traveling at 80 km/h
while the lead vehicle applies random accelerations (±3 m/s2) on straight road
with stochastic friction. Tests the ACC’s ability to maintain safety when initial
margins are already constrained and lead vehicle behaviour is unpredictable. Critical
for validating terminal constraint effectiveness and emergency response capabilities
under realistic following distances. (Parameters: Table B.13)

UC8: Stochastic vs Deterministic Comparison

Executes identical driving scenario (70 km/h constant-speed following on straight
road) in both deterministic and stochastic friction modes with fixed random seed for
reproducibility. Directly quantifies the impact of explicit uncertainty modeling on
ACC performance, safety metrics, and constraint satisfaction. Provides comparative
analysis of conservative vs. mean-value friction handling strategies. (Parameters:
Table B.14)

UC9: Extreme Initial Speed Differential

Tests ACC robustness with extreme initial conditions: ego vehicle at 150 km/h ap-
proaching a much slower constant-speed lead vehicle (50 km/h) with 120m initial
separation on straight road. Challenges the prediction horizon adequacy, constraint
feasibility, and deceleration capabilities under stochastic friction conditions. Vali-
dates controller performance under aggressive deceleration requirements. (Parame-
ters: Table B.15)

22



3. Requirements, KPIs & Use Cases

UC10: Minimal Uncertainty Validation

Uses very low uncertainty bounds (µunc = [0.05, 0.1]) to test ACC behaviour with
high-confidence friction estimates, representing ideal camera conditions and excellent
road surface classification. Starting at 400m with matched speeds (90 km/h) on
straight road, this case validates that the controller can operate efficiently without
excessive conservatism when uncertainty is minimal. (Parameters: Table B.16)

3.4 Additional Simulation Scenarios
This section defines additional scenarios designed to explore specific aspects of the
controller’s behaviour that were not fully covered in the main use cases. These
scenarios investigate controller performance under different reference speed settings,
varied friction profiles and challenging combinations of road geometry and surface
conditions.

AS1: Driver-Imposed Speed Limitation

Evaluates the controller’s ability to track a driver-specified reference speed (80 km/h)
that is lower than the lead vehicle’s speed (100 km/h). The ego vehicle starts at 60
km/h with 80m separation on a straight road with standard friction profile. This
tests whether the controller appropriately prioritises the driver’s comfort preference
over unnecessary speed matching when safety permits, using deterministic friction
to isolate speed tracking behaviour. (Parameters: Table C.1)

AS2: Progressive Friction Degradation

Tests the controller’s adaptation to continuously worsening conditions through a
progressive degradation from dry asphalt (µ = 0.8) to wet conditions (µ = 0.5) and
finally to icy surface (µ = 0.2), unlike the standard dry-wet-dry transition. The ego
vehicle starts at 80 km/h following a constant-speed lead vehicle through transitions
at 400m and 700m, evaluating performance without the recovery phase present in
standard profiles. (Parameters: Table C.2)

AS3: Curve Coincident with Low Friction

Investigates controller response when geometric and friction constraints become ac-
tive simultaneously by positioning a moderate curve with a radius around 20m to
coincide with the low-friction region. The ego vehicle approaches at 100 km/h from
position 300m, requiring significant speed adaptation for both curvature and re-
duced traction constraints, with elevated uncertainty bounds (µunc = [0.15, 0.4]) to
increase challenge. (Parameters: Table C.3)

AS4: Extended Low-Friction Region

Evaluates operation on slippery surfaces by extending the low-friction region from
400m to 800m which is longer than standard scenarios. Testing whether appropriate
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safety margins are maintained over extended distances rather than just managing
brief transitions, with stochastic friction modeling. (Parameters: Table C.4)

AS5: High-Speed Curve Entry with Mid-Curve Friction Change

Presents a demanding scenario combining high initial speed (120 km/h) with a
moderate curve (κmax = 0.025 rad/m) that transitions from dry to wet conditions
at the apex (700m). Starting from 400m with 150m lead separation, this tests the
controller’s ability to handle sudden traction loss during lateral load conditions,
representing critical real-world stability challenges. (Parameters: Table C.6)

AS6: Ice Patch on a Curve

Creates a worst-case cornering event by overlaying an abrupt ice patch (µ = 0.1)
at the apex of a tight curve (κmax = 0.05 rad/m, radius = approx. 20 m). The
ego vehicle enters the bend at 90 km/h with a 75 m gap to a constant-speed lead
vehicle. The scenario tests whether the controller can simultaneously moderate
speed for curvature and react instantly to a sudden traction loss halfway through
the curve, under stochastic friction modelling. (Parameters: Table C.6)

Note: All additional scenarios use the standard MPC controller parameters as per
Table B.1, vehicle physical constraints in Table B.2 and simulation parameters in
Table B.4 as defined for the main use cases. Only the specific parameters listed
above differ from the standard configuration.
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Conventional ACC systems either assume fixed nominal friction, which can be dan-
gerously optimistic under adverse conditions, or worst-case friction, which ensures
safety but leads to overly conservative behaviour. Nominal assumptions may cause
control commands to exceed available traction on wet or icy roads, risking instability,
while worst-case planning results in large gaps, harsh braking, and sluggish accel-
eration that compromise comfort and traffic flow. Both approaches fail to reason
about uncertainty in a structured way.

Modern perception systems, such as camera-based road surface classification, pro-
vide probabilistic estimates with confidence levels that increase as the vehicle ap-
proaches. This preview information offers an opportunity to balance safety and
performance, but conventional controllers lack the mathematical framework to ex-
ploit it. The challenge is further complicated by multiple uncertainties: friction
limits affect both longitudinal and lateral dynamics during curve navigation, while
lead-vehicle behaviour introduces additional variability. Traditional methods treat
these separately or through conservative assumptions, missing more nuanced trade-
offs.

This chapter introduces a unified, uncertainty-aware predictive controller that inte-
grates safe following distances, curvature-based limits, and friction-dependent accel-
eration bounds into a single optimisation problem. Road-surface uncertainty is rep-
resented by position-dependent confidence bounds; in simulation, Beta-distributed
samples capture stochastic realizations, while MPC relies on bounded intervals for
tractable real-time optimisation.

The objective function explicitly balances comfort, tracking, and safety. Penalis-
ing control effort improves ride comfort but reduces responsiveness, while relaxing
comfort penalties enables faster reactions at the cost of sharper maneuvers. A
time-domain formulation avoids spatial transformations, handles dynamic scenarios
naturally, and supports both deterministic (mean friction) and stochastic (sampled
friction) cases.

Feasibility is maintained through slack variables that prioritise safety-critical con-
straints while allowing controlled relaxation of comfort or performance requirements.
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This design ensures the controller remains responsive, robust, and efficient under
conflicting demands.

Overall, the framework provides a rigorous yet practical approach to friction-aware
longitudinal control, capable of handling real-world uncertainty. The following sec-
tions detail its formulation, constraint structure, and implementation.

4.1 Mathematical Formulation

4.1.1 State-Space Model
The ego vehicle is modeled as a point-mass system, capturing its longitudinal dy-
namics through a concise yet effective set of ODEs as per the following:

ṡ(t) = v(t), (4.1)
v̇(t) = a(t), (4.2)
ȧ(t) = j(t). (4.3)

where s(t) is the longitudinal position, v(t) the velocity, a(t) the acceleration, and
j(t) the jerk serving as the control input. The state vector and the control input
are thus:

x(t) = [s(t), v(t), a(t)]⊤, u(t) = j(t) (4.4)

Since the vehicle dynamics represent a triple integrator, they can be expressed in
the standard linear state-space form:

ẋ(t) = Ax(t) + Bu(t) (4.5)

where

A =

 0 1 0
0 0 1
0 0 0

 , B =

 0
0
1

 (4.6)

For generality throughout this thesis, the dynamics are represented using the com-
pact notation:

ẋ(t) = f(x(t), u(t)) (4.7)
where f(·) denotes the system dynamics. While the vehicle dynamics themselves
are linear, this general representation allows the framework to accommodate non-
linear vehicle models through the implemented RK4 discretisation method. The
nonlinearities in the overall control problem arise from the state and input con-
straints, particularly those involving friction and curvature limitations, which will
be introduced in subsequent sections.

For numerical implementation within the time-domain MPC, the above continuous-
time dynamics must be discretised. In this thesis, two discretisation methods have
been implemented and evaluated, providing flexibility in terms of accuracy and
computational load as per:
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4.1.1.1 Runge-Kutta 4 (RK4)

The classical fourth-order Runge-Kutta (RK4) method provides an accurate numer-
ical integration scheme. At each step, the discrete-time update is given by:

xk+1 = fRK4
d (xk, uk), (4.8)

where the intermediate slopes are computed as:

k1 = f(xk, uk), (4.9)

k2 = f
(
xk + dt

2 k1, uk

)
, (4.10)

k3 = f
(
xk + dt

2 k2, uk

)
, (4.11)

k4 = f (xk + dt k3, uk) , (4.12)

and the state update becomes:

xk+1 = xk + dt
6 (k1 + 2k2 + 2k3 + k4). (4.13)

4.1.1.2 Closed-Form Discretisation (Zero-Order Hold)

Since the system is linear and the jerk input is assumed constant within each sam-
pling interval, the ODEs can be integrated exactly to obtain the closed-form discrete-
time dynamics under a Zero-Order Hold assumption. This leads to the following
update equations:

xk+1 = fZOH
d (xk, uk), (4.14)

where the state update is obtained by exact integration of the ODEs:

sk+1 = sk + vk dt + 1
2ak dt2 + 1

6jk dt3 (4.15)

vk+1 = vk + ak dt + 1
2jk dt2 (4.16)

ak+1 = ak + jk dt (4.17)

Both discretisation methods can represent the continuous-time dynamics. RK4 is
a general purpose numerical integrator that is accurate for nonlinear systems and
larger time steps, but it is computationally more expensive. The closed-form ZOH
discretisation, by contrast, is exact for linear model under constant jerk and is
computationally efficient, making it well-suited for real-time predictive control.

This simplified yet comprehensive dynamic formulation captures the essential longi-
tudinal vehicle behaviour required for real-time implementation of predictive control.
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4.1.2 Time Domain Formulation
The RNMPC formulation operates in discrete time with a fixed sampling interval
dt, predicting the ego vehicle’s future state trajectory over a horizon of N steps. The
controller solves an optimal control problem at each time instant tk, generating a jerk
input sequence {jk, jk+1, . . . , jk+N−1} so that the ego trajectory {xk, xk+1, . . . , xk+N}
satisfies dynamics and constraints while minimizing a cost function. With xk ∈ R3

showing the state at time tk = k · dt where:

xk =

sk

vk

ak

 ∈ R3, uk = jk,

the discrete-time dynamics are

xk+1 = fd(xk, uk), (4.18)

where fd(·) is obtained via RK4 or the exact ZOH discretisation of the linear ODEs
(see Sec. 4.1.1).

At each tk, the controller solves:

min
{xk+i,uk+i,sk+i}

N−1∑
i=0

ℓ(xk+i, uk+i, sk+i) + ℓf (xk+N) (4.19)

s.t. xk+i+1 = fd(xk+i, uk+i), i = 0, . . . , N − 1 (4.20)
g(xk+i, uk+i, wk+i) ≤ 0, ∀ wk+i ∈ W(i) (4.21)
xk+i ∈ X (i), uk+i ∈ U(i), sk+i ∈ Rm

+ (4.22)
xk = x̂k, (4.23)
xk+N ∈ Xf (4.24)

Here, wk+i represents bounded disturbances/uncertainties, which in this thesis enter
only through the constraints. The road curvature κ(s) is treated as a deterministic
previewed profile and is not included in W(i). The time-varying constraints, consist-
ing of both linear bounds and nonlinear inequalities, are collected in g(x, u, w) ≤ 0.
Examples include:

vmin ≤ vk+i − s
(2)
k+i ≤ vmax, (4.25)

v2
k+i κ(sk+i) ≤ µ(sk+i) g + s

(2)
k+i, (4.26)

− amax ≤ ak+i + s
(3)
k+i ≤ amax, (4.27)

− µ(sk+i) g ≤ ak+i + s
(3)
k+i ≤ µ(sk+i) g, (4.28)

− ac,max ≤ ak+i + s
(4)
k+i ≤ ac,max, (4.29)
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together with the safe-distance constraint relative to a conservatively predicted lead
vehicle:

spred
L (tk+i) − sk+i ≥ δsmin(tk+i) − s

(1)
k+i. (4.30)

The slack variables relax the constraints in a structured way: (i) s(1): safety distance
, (ii) s(2): velocity limits, (iii) s(3): acceleration limits, (iv) s(4): comfort acceleration
limits.

This formulation directly incorporates previewed road and traffic information, en-
forces robust feasibility under bounded uncertainty, and remains compatible with
standard nonlinear solvers such as IPOPT.

4.1.3 Friction and Curvature Prediction
The RNMPC framework relies on preview information of road friction and curvature
to proactively adapt control actions. The controller incorporates spatially-varying
friction µ(s) and curvature κ(s) profiles as position-dependent parameters within
the optimisation problem. These are modeled using smooth, differentiable functions
to reflect realistic transitions between road segments, where friction captures surface
changes and curvature encodes upcoming geometric features.

The key innovation lies in treating friction as a bounded uncertain parameter reflect-
ing the confidence of camera-based surface classification, while curvature is treated
as a deterministic previewed profile. Friction bounds are evaluated at predicted
positions sk+i within the MPC horizon. Conservative lower-bound friction values
are used for ego vehicle constraints, while lead vehicle behaviour is predicted using
upper bounds, ensuring robust constraint satisfaction and adequate safety margins
under all plausible scenarios.

4.1.4 Camera-Based Probabilistic Road Parameter Estima-
tion

The foundation of uncertainty-aware vehicle control lies in accurately modeling road
parameters while explicitly accounting for the inherent uncertainty in their estima-
tion. This section presents a comprehensive framework that transforms camera-
based road surface classifications into mathematical representations suitable for real-
time MPC implementation.

Considering the challenge facing any camera-based perception system. When a
camera classifies a road segment as "wet pavement", this classification comes with
associated uncertainty that depends on factors such as lighting conditions, distance
to the classified region and algorithm confidence levels. Traditional control ap-
proaches either ignore this uncertainty entirely or handle it through overly conser-
vative worst-case assumptions. Our approach instead creates a mathematical bridge
between realistic sensor capabilities and sophisticated control algorithms.
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4.1.4.1 Double Sigmoid Spatial Modeling Framework

Road parameters such as friction coefficient µ(s) and curvature κ(s) exhibit spatial
variation that must be captured through smooth, differentiable functions suitable
for optimisation-based control. Rather than using discrete segments or piecewise
linear approximations that can cause numerical difficulties in the MPC solver, a
unified double sigmoid function that creates smooth transitions between different
road conditions is employed. The double sigmoid function is defined as:

σ(s; p) = p2 + p3 − p2

1 + e−p1(s−p5) + p4 − p3

1 + e−p1(s−p6) (4.31)

This mathematical structure enables modeling of complex road scenarios through
six interpretable parameters contained in the vector p = [p1, p2, p3, p4, p5, p6]T . This
parameterisation directly connects to realistic driving scenarios. For example, a
route might begin on dry asphalt (p2 = 0.8), transition through an icy patch (p3 =
0.3), and return to dry conditions (p4 = 0.8). The positions p5 and p6 would
correspond to the camera-detected boundaries of the icy region, while p1 would
reflect how quickly road conditions change at these boundaries.

Figure 4.1: Double sigmoid profiles showing smooth transitions in road friction
µ(s) and curvature κ(s) along the route. The friction profile shows a transition
from dry conditions through a low-friction region (representing icy area) and back
to dry conditions, while the curvature profile indicates an upcoming curve section.

For friction coefficient estimation, the mean friction profile becomes:

µmean(s) = σ(s; pfric) (4.32)

where pfric represents the camera-classified friction parameters. Similarly, for road
curvature:

κmean(s) = σ(s; pcurve) (4.33)

The beauty of this unified approach lies in its flexibility and numerical properties.
The double sigmoid function is infinitely differentiable, ensuring that optimisation
algorithms can compute reliable gradients. Moreover, the same mathematical struc-
ture can represent diverse road scenarios simply by adjusting the parameter values,
making the framework adaptable to different geographical regions and road types.
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4.1.4.2 Position-Dependent Uncertainty Modeling

The critical innovation that distinguishes this framework from traditional ap-
proaches lies in how uncertainty is modeled as a function of position relative to
the ego vehicle. This approach directly reflects the realistic behaviour of camera-
based classification systems, where confidence typically increases as the vehicle ap-
proaches a classified road segment. The position-dependent uncertainty bound is
mathematically expressed as:

µbound(srel) = µunc,current + srel

sunc,max

· (µunc,far − µunc,current) (4.34)

Here, srel denotes the distance ahead of the ego vehicle, i.e., the relative position
along the MPC prediction horizon. This distinction is important since the mean
profiles µ(s) and κ(s) are defined over absolute road position s, while the uncertainty
bounds are expressed relative to the ego vehicle. The linear interpolation captures
the fundamental characteristic of camera-based perception: nearby classifications
are more reliable than distant ones. At the current vehicle position, the uncertainty
might be quite low (e.g., ±0.1 for friction coefficient), reflecting high confidence
in immediate road conditions. However, at the far end of the prediction horizon,
uncertainty could be significantly higher (e.g., ±0.3) acknowledging the inherent
limitations in classifying distant road segments.

The resulting friction bounds that constrain the optimisation problem are:

µlow(s) = max(0.1, µmean(s) − µbound(s − scurrent)) (4.35)
µhigh(s) = min(1.1, µmean(s) + µbound(s − scurrent)) (4.36)

The maximum and minimum operations ensure that friction bounds remain phys-
ically realistic. Friction coefficients below 0.1 would represent extremely icy con-
ditions that are rare in practice, while values above 1.1 exceed the capabilities of
standard tyre-road interfaces under normal conditions.

4.1.4.3 Operational Modes for Comprehensive Evaluation

The framework supports two distinct operational modes that enable thorough evalu-
ation of controller performance under different uncertainty assumptions. This dual-
mode capability is essential for validating the robustness of the control approach
and understanding the value of probabilistic uncertainty handling.

Deterministic Mode: In this baseline configuration, the actual friction experi-
enced during simulation follows the mean profile exactly:

µactual(s) = µmean(s) (4.37)

This mode serves multiple important purposes. First, it provides a baseline for
performance comparison by eliminating stochastic variation that could confound
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analysis results. Second, it allows assessment of controller behaviour when predic-
tions perfectly match reality, revealing the fundamental capabilities of the control
algorithm without uncertainty complications. Third, it enables verification that the
mathematical framework correctly implements the intended friction profiles.

Stochastic Mode: This advanced configuration introduces realistic uncertainty by
randomly sampling actual friction values from probability distributions that respect
the uncertainty bounds:

µactual(s) ∼ Beta(α, β) scaled to [µlow(s), µhigh(s)] (4.38)

The Beta distribution provides an ideal mathematical tool for this application be-
cause it is naturally bounded to a finite interval and offers flexible shape control
through its parameters. The distribution parameters are computed to achieve the
desired mean value while respecting the uncertainty bounds:

M = µmean(s) − µlow(s)
µhigh(s) − µlow(s) (4.39)

α = ρ · M, β = ρ · (1 − M) (4.40)

The peak factor ρ controls the concentration of the distribution around the mean
value. Higher peak factors create distributions that cluster more tightly around
the mean, representing scenarios where camera classifications are generally accurate
but subject to small variations. Lower peak factors create broader distributions,
representing scenarios with higher classification uncertainty.To reflect increasing un-
certainty with preview distance, the uncertainty bounds used to generate the Beta
distribution are implemented as a linear function of position s along the prediction
horizon. This ensures that the prediction uncertainty grows with distance. A visual
representation of this can be seen in the following figure:

Figure 4.2: Uncertainty increase through the camera’s preview distance, reflecting
the uncertainty increase in the prediction horizon
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This stochastic mode enables comprehensive robustness testing by subjecting the
controller to realistic friction variations while maintaining statistical consistency
with the uncertainty bounds. The random sampling approach ensures that each
simulation run explores different uncertainty realisations, providing statistical con-
fidence in controller performance assessments.

4.1.4.4 Conservative Constraint Application Strategy

The probabilistic framework employs a sophisticated strategy for applying uncer-
tainty bounds within the MPC constraints that balances safety with performance.
This approach recognises that different vehicles in the traffic scenario have different
roles and should be modeled with appropriate conservatism levels.

For Ego Vehicle Constraints: The controller employs pessimistic friction esti-
mates to ensure safety margins are maintained:

µego(s) = µlow(s) (for acceleration limits) (4.41)
κego(s) = κhigh(s) (for speed limits) (4.42)

This conservative approach ensures that the ego vehicle never commands accelera-
tions or speeds that exceed the available traction, even when actual conditions fall at
the lower bound of the estimated friction range. The underlying philosophy is that
it is better to be slightly conservative in ego vehicle control than to risk stability or
safety violations.

For Lead Vehicle Prediction: The controller uses optimistic friction estimates
to model the most aggressive possible lead vehicle behaviour:

aL,max(s) = − min(µhigh(s) · g, wa,lead) (4.43)

This approach assumes that the lead vehicle has access to the best possible traction
conditions and may brake as aggressively as physically possible. By planning for
this worst-case lead vehicle behaviour, the ego vehicle maintains safety even when
the lead vehicle exploits superior traction or driver aggressiveness.

4.1.5 Lead Vehicle Prediction and Uncertainty Modeling
The lead vehicle’s future trajectory represents a critical source of uncertainty that
significantly impacts ego vehicle planning decisions. Unlike road parameters that
can be estimated through camera based classification, lead vehicle behaviour involves
human decision-making processes that are inherently unpredictable. The framework
addresses this challenge through a conservative prediction model that accounts for
both kinematic constraints and behavioural uncertainty.

The lead vehicle state evolution is modeled using the same discrete-time dynamics
as the ego vehicle:

xL(k) = [sL(k), vL(k), aL(k)]T (4.44)
xL(k + 1) = fd(xL(k), 0) (4.45)
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The assumption of zero jerk for lead vehicle prediction reflects the practical limita-
tion that future lead vehicle control inputs cannot be predicted reliably. Instead,
the model assumes that current acceleration levels will be maintained over short
prediction horizons, which provides a reasonable approximation for safety-critical
planning purposes.

The predicted lead vehicle acceleration incorporates both physical constraints and
uncertainty bounds:

aL(k) = − min (µhigh(sL(k)) · g, wa,lead) (4.46)

This formulation ensures several important properties. First, the lead vehicle’s pre-
dicted deceleration never exceeds the physical limits imposed by available friction,
preventing unrealistic assumptions about braking capability. Second, the accelera-
tion is bounded by the parameter wa,lead, which represents the maximum expected
acceleration or deceleration that a human driver might command under normal cir-
cumstances. Third, the use of µhigh(s) assumes that the lead vehicle has access to
the best possible traction conditions, creating a conservative safety margin for ego
vehicle planning.

The behavioural uncertainty parameter wa,lead requires careful calibration based
on empirical driving data. Typical values range from 2 − 4m/s2, reflecting the
range of accelerations that human drivers commonly employ during normal driving
situations. This parameter enables the framework to distinguish between normal
traffic scenarios and emergency situations where more aggressive maneuvers might
be necessary.

During stochastic simulation modes, lead vehicle behaviour can be further ran-
domised to test controller robustness:

aL,actual(k) = ξk · min (µactual(sL(k)) · g, wa,lead) (4.47)

where ξk ∼ U [−1, 1] represents random acceleration commands that reflect the un-
predictability of human driving behaviour. This stochastic lead vehicle model en-
ables comprehensive robustness evaluation under scenarios that include both road
surface uncertainty and behavioural unpredictability.

4.1.5.1 Integration with MPC Constraint Structure

The probabilistic road parameter framework integrates seamlessly with the MPC
constraint structure through careful mathematical formulation that preserves opti-
misation efficiency while incorporating uncertainty bounds. At each prediction step
i = 0, . . . , N , the controller evaluates road parameters at the predicted ego vehicle
position:

µk+i = µlow(sk+i) (for ego vehicle constraints) (4.48)
κk+i = κhigh(sk+i) (for curvature constraints) (4.49)
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These position-dependent values directly enter the velocity and acceleration con-
straints:

v2
k+i · κk+i − s

(2)
k+i ≤ µk+i · g (4.50)

−µk+i · g ≤ ak+i + s
(3)
k+i ≤ µk+i · g (4.51)

The inclusion of slack variables s
(2)
k+i and s

(3)
k+i provides controlled constraint relax-

ation when conflicting requirements arise. This formulation ensures that the opti-
misation problem remains feasible even when aggressive maneuvers are required for
safety, while strongly discouraging unnecessary constraint violations through appro-
priate penalty structures in the cost function.

By embedding continuous, smooth friction and curvature predictions directly into
the optimisation constraints, the RNMPC framework avoids numerical difficulties
associated with discontinuous constraint changes while maintaining robust perfor-
mance under significant uncertainty. This mathematical structure enables real-time
implementation while preserving the sophisticated uncertainty handling capabilities
that distinguish this approach from traditional vehicle control methods.

4.2 Constraints Formulation
The RNMPC framework employs a sophisticated constraint structure that balances
safety requirements with computational efficiency. Understanding how these con-
straints interact with the uncertainty framework is crucial for appreciating the con-
troller’s robustness properties.

4.2.1 Slack Variable Framework
The implementation utilises slack variables to maintain optimisation feasibility when
physical constraints conflict. This approach is essential because rigid constraint
enforcement could lead to infeasible optimisation problems, particularly when the
vehicle encounters unexpected scenarios requiring aggressive maneuvers.

At each prediction step k, the slack vector contains four components:

sk = [s(1)
k , s

(2)
k , s

(3)
k , s

(4)
k ]T ∈ R4

≥0 (4.52)

4.2.1.1 Safety Distance Constraint Implementation

The safety distance constraint demonstrates the unique formulation used in the
implementation:

0 ≤ sego(k) − s
(1)
k ≤ spred

L (k) − δsmin (4.53)
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This double-sided inequality can be decomposed into two constraints:

sego(k) ≥ s
(1)
k (position non-negativity with slack) (4.54)

sego(k) ≤ spred
L (k) − δsmin + s

(1)
k (safety distance) (4.55)

The key insight is that the slack variable s
(1)
k appears on both sides, allowing con-

trolled violation of the minimum distance requirement when absolutely necessary
while ensuring the ego vehicle position remains physically meaningful.

4.2.1.2 Velocity Constraint Structure

The velocity constraints incorporate both operational limits and physics-based cur-
vature restrictions:

vmin ≤ vk − s
(2)
k ≤ vmax (4.56)

v2
k · κ(sk) ≤ µlow(sk) · g + s

(2)
k (4.57)

Notice that the slack variable s
(2)
k is subtracted from the velocity in the bound

constraints but added in the curvature constraint. This asymmetric formulation
reflects the different physical meanings: the first constraint allows temporary speed
limit violations, while the second permits slightly higher speeds through curves when
necessary for safety.

4.2.1.3 Acceleration Constraint Hierarchy

The implementation enforces a hierarchy of acceleration constraints:

Physical limits: − amax ≤ ak + s
(3)
k ≤ amax (4.58)

Friction limits: − µlow(sk) · g ≤ ak + s
(3)
k ≤ µlow(sk) · g (4.59)

Comfort limits: − ac,max ≤ ak + s
(4)
k ≤ ac,max (4.60)

The use of separate slack variables for physical/friction constraints (s(3)
k ) versus com-

fort constraints (s(4)
k ) enables the controller to distinguish between safety-critical and

comfort-oriented requirements. This distinction becomes crucial when aggressive
maneuvers are necessary to avoid collisions.

4.2.2 Friction and Curvature Integration
The constraint formulation directly incorporates the position-dependent friction and
curvature models, creating a dynamic constraint structure that adapts to road con-
ditions.
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4.2.2.1 Conservative Friction Application

For ego vehicle constraints, the controller uses the lower bound of the friction esti-
mate:

µego(s) = µlow(s) = max (0.1, µmean(s) − µbound(s − scurrent)) (4.61)

This conservative approach ensures that the ego vehicle never plans maneuvers that
would exceed available traction, even under worst-case friction realisations within
the uncertainty bounds.

4.2.2.2 Curvature-Based Speed Limitation

The curvature constraint prevents excessive speeds through curves:

v2 · κ(s) ≤ µ(s) · g + s(2) (4.62)

This reformulation avoids the numerical issues associated with the standard form
v ≤

√
µg/κ when κ ≈ 0. The implementation further handles near-zero curvature

by effectively disabling this constraint when κ < 10−5, preventing unnecessary speed
restrictions on straight road sections.

4.2.3 Lead Vehicle Prediction and Safety Margins
The safety constraint formulation requires careful prediction of lead vehicle be-
haviour under uncertainty. The implementation employs a conservative yet realistic
approach that balances safety with performance.

4.2.3.1 Worst-Case Lead Vehicle Dynamics

Within the MPC prediction, the lead vehicle acceleration is computed as:

apred
L (k) = − min (µhigh(sL(k)) · g, wa,lead) (4.63)

vpred
L (k + 1) = vpred

L (k) + apred
L (k) · dt (4.64)

spred
L (k + 1) = spred

L (k) + vpred
L (k) · dt + 1

2apred
L (k) · dt2 (4.65)

The implementation includes important safeguards:

vpred
L (k + 1) = max(vpred

L (k + 1), vL,min) (velocity floor) (4.66)
spred

L (k + 1) = max(spred
L (k + 1), spred

L (k)) (monotonic position) (4.67)

These safeguards prevent physically unrealistic predictions while maintaining con-
servatism.

37



4. Uncertainty-Aware Robust Predictive Controller

4.2.3.2 Safety Margin Evolution

The predictive safety margin incorporates both position and velocity dynamics:

∆smargin(k) = spred
L (k) − sego(k) − δsmin (4.68)

The constraint ∆smargin(k) ≥ −s
(1)
k allows temporary margin reduction only when

absolutely necessary, with the slack penalty ensuring minimal violation.

4.2.4 Terminal Constraint for Recursive Feasibility
The terminal constraint ensures that the optimisation problem remains recursively
feasible by guaranteeing that the terminal state allows safe future evolution.

4.2.4.1 Kinematic Derivation

Starting from the kinematic relationship for safe following, the ego vehicle must be
able to match the lead vehicle’s speed within the available distance. The required
braking distance from velocity vego to vL,min with deceleration a is:

dbrake =
v2

ego − v2
L,min

2|a|
(4.69)

For safety, this must not exceed the available distance:

dbrake ≤ sL − sego − δsmin (4.70)

4.2.4.2 Implementation Form

The implementation uses a specific form that accounts for the ego vehicle’s current
acceleration:

v2
ego,N − v2

L,min + 2aego,N(sL,N − sego,N − δsmin) − s
(1)
N−1 ≤ 0 (4.71)

This formulation is conservative because it assumes the ego vehicle maintains its
terminal acceleration aego,N , which may be positive (reducing braking capability).
The inclusion of the previous slack variable s

(1)
N−1 maintains consistency with the

safety distance constraints throughout the horizon.

4.2.5 Constraint Activation Analysis
Understanding when and how constraints become active provides insight into the
controller’s behaviour under different scenarios. The implementation includes com-
prehensive monitoring of constraint activation through the slack variables.

During normal highway driving with good road conditions, all slack variables remain
at zero, indicating that the controller satisfies all constraints without relaxation.
However, specific scenarios trigger constraint activation:
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1. Emergency braking: When the lead vehicle brakes suddenly, s(1) may ac-
tivate temporarily to allow closer following distances while the ego vehicle
decelerates.

2. Low friction conditions: On icy roads, s(3) may activate when comfort
limits demand accelerations exceeding available traction.

3. Curve entry: The velocity slack s(2) may activate briefly when entering un-
expected sharp curves, allowing controlled speed reduction.

4. Comfort violations: The comfort slack s(4) activates during emergency ma-
neuvers where passenger comfort must be sacrificed for safety.

4.3 Cost Function Design
The cost function design represents a critical aspect of the RNMPC formulation, di-
rectly influencing how the controller balances competing objectives. The quadratic
cost structure enables efficient optimisation while providing intuitive tuning param-
eters for different performance aspects.

4.3.1 Complete Cost Formulation
The total cost over the prediction horizon consists of stage costs and a terminal cost:

J =
N−1∑
k=0

ℓ(xk, uk, sk) · dt + ℓf (xN) (4.72)

where the stage cost is:

ℓ(xk, uk, sk) = (xk − xref )T Q(xk − xref ) + uT
k Ruk + sT

k Rssk (4.73)

and the terminal cost is:

ℓf (xN) = (xN − xref )T Q(xN − xref ) (4.74)

The multiplication by dt ensures proper scaling of the continuous-time objectives in
the discrete-time implementation.

4.3.2 State Tracking Penalties
The state penalty matrix Q = diag(0, 0.1, 0.1) reveals important design choices:

Q11 = 0 (position not tracked) (4.75)
Q22 = 0.1 (velocity tracking) (4.76)
Q33 = 0.1 (acceleration regulation) (4.77)

The zero penalty on position reflects that absolute position is irrelevant for highway
driving; only relative position to the lead vehicle matters. The equal penalties on
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velocity and acceleration create balanced tracking of the desired cruise speed while
discouraging unnecessary acceleration variations.

The reference state is set as:

xref = [0, vref , 0]T (4.78)

where vref = 100 km/h represents the desired cruise speed set by the ego car’s driver.
The zero acceleration reference encourages smooth driving when traffic conditions
permit.

Control Smoothness Penalty
The relatively low value (R = 1) compared to the slack penalties indicates that con-
trol smoothness is sacrificed when necessary for constraint satisfaction. Smoothness
can be observed throughout the simulations, indicating the abscence of the need for
excessive penalisation on the control input.

4.3.3 Slack Penalty Structure
The slack penalty matrix Rs = diag(103, 102, 102, 1) set a clear hierarchy of con-
straint importance:

r1 = 103 (safety distance - highest priority) (4.79)
r2 = 102 (velocity limits - high priority) (4.80)
r3 = 102 (physical acceleration - high priority) (4.81)
r4 = 1 (comfort acceleration - lowest priority) (4.82)

This method of penalisation ensures that lower-priority constraints relax before
higher-priority ones. The implementation effectively creates a lexicographic order-
ing where safety distance is maintained unless doing so would make the problem
infeasible.

4.3.4 Cost Function behaviour Analysis
To understand how the cost function influences controller behaviour, consider the
effective trade-offs in different scenarios:

4.3.4.1 Normal Cruise Conditions

When following a steady lead vehicle on a straight road with good friction. All
slack variables remain at zero (no constraint violations), the velocity tracking term
(v − vref )2 · 0.1 dominates, the control penalty j2 · 1 ensures smooth acceleration
adjustments and finally the system naturally settles to the desired cruise speed.
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4.3.4.2 Emergency Braking Scenario

When the lead vehicle brakes suddenly, the safety distance slack s(1) may briefly
activate, its high penalty (103) ensures minimal violation, comfort constraints relax
first (low penalty on s(4)) and finally the controller accepts high jerk to maintain
safety.

4.3.4.3 Low Friction Conditions

On icy roads with reduced traction, physical acceleration constraints tighten, the
controller may need to violate comfort limits to stay within friction bounds, and the
penalty structure will ensure friction limits are respected over comfort.

4.3.5 Tuning Considerations
The cost function parameters provide several tuning knobs for adjusting the con-
troller’s behaviour:

1. Increasing Q22: More aggressive speed tracking, potentially at the cost of
comfort

2. Increasing R: Smoother control actions, but potentially slower constraint
response

3. Adjusting r1/r4 ratio: Changes how readily comfort is sacrificed for safety

4. Scaling all penalties: Affects optimiser convergence without changing rela-
tive behaviour

The current parameter values represent a balanced configuration validated through
extensive simulation, prioritising safety while maintaining reasonable comfort and
performance.

4.3.6 Integration with Probabilistic Framework
The cost function design complements the probabilistic constraint framework by
providing smooth trade-offs between objectives. When uncertainty bounds tighten,
the controller naturally becomes more conservative through the constraint structure,
while the cost function ensures this conservatism manifests as smooth, predictable
behaviour rather than abrupt mode switches.

The quadratic penalties create continuous gradients that guide the optimisation
solver efficiently, even when navigating the complex feasible region created by
position-dependent friction and curvature constraints. This smooth formulation
is essential for real-time implementation, ensuring reliable convergence within the
available computation time.
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4.4 CasADi Implementation and Warm Starting
The practical implementation using CasADi requires careful attention to symbolic
framework capabilities and integration with IPOPT optimisation. Understanding
this implementation bridge is crucial for transforming theoretical mathematics into
working control software.

4.4.1 Symbolic Variable Structure and Function Definition
CasADi enables the creation of symbolic variables that represent the optimisation
decision variables:

Symbolic states: X = opti.variable(3, N + 1) ∈ R3×(N+1) (4.83)
Symbolic controls: U = opti.variable(1, N) ∈ R1×N (4.84)

Symbolic slacks: S = opti.variable(4, N) ∈ R4×N (4.85)

The discrete-time dynamics function is created using CasADi’s symbolic framework:

fsymbolic = casadi.Function(′f ′, {x, u}, {xnext}) (4.86)

where xnext represents either the RK4 or the exact ZOH discretisation of the con-
tinuous time dynamics.

4.4.2 Warm Starting Strategy
To improve convergence speed and solution quality, the RNMPC employs a warm
starting strategy:

1. State trajectory initialisation: The previous solution is shifted forward by
one time step

Xinit(:, 1 : N) = Xprev(:, 2 : N+1), Xinit(:, N+1) = fd(Xprev(:, N+1), Uprev(:, N))
(4.87)

2. Control trajectory initialisation: The control sequence is shifted with the
last control duplicated

Uinit(:, 1 : N − 1) = Uprev(:, 2 : N), Uinit(:, N) = Uprev(:, N) (4.88)

3. Dual variables: The Lagrange multipliers from the previous solution are
preserved to warm-start the interior point method

This warm starting reduces the average iteration count from approximately 15-20
to 8-12 iterations per MPC update.
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4.4.3 Parametric Function Integration for Road Conditions
The double sigmoid functions for friction and curvature are implemented as para-
metric CasADi functions that enable efficient evaluation during optimisation:

Friction function: µfunc = casadi.Function(µ, {s, pfric}, {σ(s; pfric)}) (4.89)

Curvature function: κfunc = casadi.Function(κ, {s, pcurve}, {σ(s; pcurve)}) (4.90)

These functions are evaluated at predicted vehicle positions within the optimisa-
tion loop, enabling dynamic constraint adaptation based on spatial road parameter
variation.

4.5 RNMPC Implementation
This section shows the complete numerical formulation and implementation details
of the RNMPC for integrated ACC. The implementation leverages CasADi’s sym-
bolic framework and Opti interface to transform the theoretical framework into a
computationally efficient optimisation problem solved in real-time using IPOPT.

4.5.1 MPC Settings and Parameter Selection
The RNMPC parameters represent a careful balance between competing objectives:
prediction accuracy, computational tractability and control performance. Each pa-
rameter was selected based on systematic analysis and empirical validation. The
specific parameters used in the implementation can be seen in Tables B.1), B.2),
B.3), B.4), B.5).

The prediction horizon T = N · dt = 5 seconds provides sufficient preview for
highway driving scenarios while maintaining computational feasibility. The discreti-
sation time step dt = 0.5 seconds represents a compromise between capturing rapid
dynamics (which would favor smaller dt) and reducing computational burden (which
favors larger dt).

4.5.2 CasADi Opti Interface Formulation
The implementation utilises CasADi’s Opti interface, which provides an intuitive
way to formulate and solve nonlinear optimisation problems. The symbolic variables
are declared as:

X ∈ R3×(N+1) (state trajectory) (4.91)
U ∈ R1×N (control trajectory) (4.92)
S ∈ R4×N (slack variables) (4.93)
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Additionally, the framework employs optimisation parameters for real-time updates:

px0 ∈ R3 (initial state) (4.94)
pdsL0 ∈ R (initial lead distance) (4.95)
pvL0 ∈ R (initial lead velocity) (4.96)
pfric ∈ R9 (friction parameters) (4.97)

pcurve ∈ R6×2 (curvature bounds) (4.98)

4.5.3 Complete optimisation Problem Structure
At each time step k, the RNMPC solves the following optimisation problem using
the Opti interface:

min
X,U,S

J =
N−1∑
i=0

[
(X:,i − xref )T Q(X:,i − xref ) + UT

i RUi + ST
:,iRsS:,i

]
dt

+ (X:,N − xref )T Q(X:,N − xref ) (4.99)

subject to the constraints detailed in the following subsections.

4.5.3.1 Dynamic Constraints

The discrete-time dynamics are enforced through equality constraints:

X:,i+1 = fd(X:,i, Ui), i = 0, . . . , N − 1 (4.100)

where fd represents either the RK4 or the exact ZOH discretisation as selected by
the user.

4.5.3.2 State and Control Constraints with Slack Variables

The implementation enforces constraints at each prediction step k = 1, . . . , N :

Safety Distance Constraint:

0 ≤ X1,k+1 − S1,k ≤ X1,k+1
L − δsmin (4.101)

Velocity Constraints:

vmin ≤ X2,k+1 − S2,k ≤ vmax (4.102)
X2

2,k+1 · κk − S2,k ≤ µk,low · g (4.103)
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Acceleration Constraints:

−amax ≤ X3,k+1 + S3,k ≤ amax (4.104)
−µk,low · g ≤ X3,k+1 + S3,k ≤ µk,low · g (4.105)

−ac,max ≤ X3,k+1 + S4,k ≤ ac,max (4.106)

Note that the implementation uses a specific slack variable formulation where slacks
are consistently included with appropriate sign (added or subtracted) depending on
whether they relax upper or lower bounds.

4.5.3.3 Lead Vehicle Prediction

The lead vehicle trajectory is predicted conservatively within the optimisation:

X3,k
L = − min(µhigh(X1,k

L ) · g, wa,lead) (4.107)
X :,k+1

L = fd(X :,k
L , 0) (4.108)

X2,k+1
L = max(X2,k+1

L , vL,min) (4.109)
X1,k+1

L = max(X1,k+1
L , X1,k

L ) (4.110)

4.5.3.4 Terminal Constraint

The terminal constraint for recursive feasibility:

X2
2,N − v2

L,min + 2X3,N(X1,N
L − X1,N − δsmin) − S1,N−1 ≤ 0 (4.111)

This constraint ensures the ego vehicle can safely decelerate to the lead vehicle’s
minimum speed within the available distance at the end of the prediction horizon.

4.5.4 Numerical Solution Strategy
The optimisation problem is transformed into a parametric function using CasADi:

mpc_ctrl = opti.to_function(’mpc_ctrl’,
{p, X, U, S, opti.lam_g}, {X, U, S, opti.lam_g, XL},
{’parameters’, ’guess_X’, ’guess_U’, ’guess_S’, ’guess_duals’},
{’X_opt’, ’U_opt’, ’S_opt’, ’dual_vars’, ’XL’});

This function encapsulates the entire optimisation problem and enables efficient
warm-starting through the provision of initial guesses and dual variables.

4.5.4.1 Warm-Starting

The warm-starting strategy to improve convergence:

1. Control trajectory shift:

Uinit = [Uprev,2:N , Uprev,N ] (4.112)
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2. State trajectory propagation:

Xinit = [Xprev,2:N+1, fd(Xprev,N+1, Uprev,N)] (4.113)

3. Dual variable preservation:

Linit = Lprev (4.114)

This warm-starting approach significantly reduces iteration counts, typically achiev-
ing convergence in 8-12 iterations compared to 15-20 iterations without warm-
starting.

4.5.5 Operational Modes for Uncertainty Evaluation
The implementation supports two distinct operational modes for comprehensive
performance evaluation:

4.5.5.1 Deterministic Mode

In this mode, the actual friction follows the mean profile exactly:

µactual(sk) = µmean(sk) (4.115)

The vehicle’s acceleration is bounded deterministically:

ak = saturate(ak, −µactual(sk) · g, µactual(sk) · g) (4.116)

4.5.5.2 Stochastic Mode

In this mode, friction is randomly sampled from a Beta distribution:

M = µmean(sk) − µlow,k

µhigh,k − µlow,k

(4.117)

α = ρ · M, β = ρ · (1 − M) (4.118)
µactual(sk) ∼ µlow,k + (µhigh,k − µlow,k) · Beta(α, β) (4.119)

This stochastic sampling occurs at each simulation step, creating realistic friction
variations that test the controller’s robustness while respecting the uncertainty
bounds used in the optimisation.

4.5.6 Computational Performance Monitoring
The implementation includes comprehensive performance monitoring through the
get_stats function, which extracts solver statistics including iteration count, ob-
jective value, and convergence status. This enables real-time assessment of compu-
tational performance and helps identify scenarios that challenge the optimisation
solver.
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4.5.7 Lead Vehicle behaviour Modes
The implementation supports two modes for lead vehicle behaviour simulation:

4.5.7.1 Constant Speed Mode

In normal operation, the lead vehicle maintains constant speed:

aL,actual(k) = 0 (4.120)

This mode enables evaluation of the controller’s tracking performance and response
to road condition changes without the additional complexity of lead vehicle dynam-
ics.

4.5.7.2 Random Acceleration Mode - Robustness Test

For robustness testing, the lead vehicle exhibits random acceleration within physical
limits:

aL,actual(k) = ξk · min(µhigh(sL(k)) · g, wa,lead), ξk ∼ U [−1, 1] (4.121)

This mode tests the controller’s ability to maintain safe distances under unpre-
dictable lead vehicle behaviour while managing friction uncertainty.
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5
Results

5.1 Performance Metrics and Evaluation
The controller performance is evaluated through multiple metrics that capture safety,
comfort and efficiency:

5.1.1 Discretisation Method Impact Analysis
Under the road conditions illustrated in Figure 5.1 featuring a pronounced drop
in road friction and a localised curvature increase, the proposed MPC framework
was evaluated by the ZOH and the RK4 scheme. In both cases, the simulation
involved stochastic lead vehicle acceleration and probabilistic friction estimation
with spatial uncertainty, making the control task sensitive to both environmental
and dynamic changes. The complete set of simulation parameters used can be found
in Section B.1.

Figure 5.1: Road parameters used in the discretisation comparison scenario.
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Figure 5.2: Comparison of position, speed, and acceleration trajectories between
ZOH and RK4 discretisation methods.

Despite the very small numerical differences in discretisation accuracy, the resulting
trajectories in terms of position, velocity and acceleration remain nearly identical as
shown in Figure 5.2. This high consistency suggests that for the tested prediction
horizon and sampling time (∆t = 0.5s), both discretisation methods capture the
system dynamics, heavily due to the linear dynamics and the existence of an exact
analytical solution.

5.1.2 Constraint Violation Analysis
The framework tracks multiple types of constraint violations to assess controller
performance:

Distance Violations:

violationdist(t) = max(0, δsmin − (sL(t) − sego(t))) (5.1)

Friction Violations:

violationfriction(t) = max(0, |a(t)| − µactual(s(t)) · g) (5.2)

The following table summarises the constraint satisfaction status and key perfor-
mance metrics for all use cases. Each constraint type is evaluated for violations
throughout the entire simulation duration.
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Table 5.1: Constraint Violation Analysis Summary for All Use Cases

UC Constraint Status Performance Metrics
Distance Velocity Accel. Comfort Min Dist. Max Speed Max Accel.

(m) (km/h) (m/s2)
1 ✓ ✓ ✓ × 61.16 82.22 2.42
2 ✓ ✓ ✓ × 50 100.51 2.70
3 ✓ ✓ ✓ × 60 79.85 2.30
4 ✓ ✓ ✓ × 150 100.76 2.93
5 ✓ ✓ ✓ × 80 100.68 2.73
6 ✓ ✓ ✓ × 70.77 89.16 2.72
7 ✓ ✓ ✓ ✓ 30 100.47 1.92
8 ✓ ✓ ✓ × 61.16 82.22 2.42
9 ✓ ✓ ✓ × 43.40 82.38 2.60
10 ✓ ✓ ✓ × 70 100.18 2.75

As can be seen in Table 5.1, the comfort bounds are violated across several use
cases. It is observed that these violations primarily occur during the initial tran-
sient phase as the controller stabilises the vehicle toward the reference speed and
following distance while respecting safety-critical constraints. This behaviour is fur-
ther illustrated in Section 5.2, where the transient stabilisation phases and their
effects on comfort are shown in detail.

5.1.3 Robustness Testing Framework
The robustness testing is being performed through random lead vehicle acceleration.
The test scenario uses the same road parameters as shown earlier in Figure 5.1,
including a spatially varying curvature profile and a friction transition from high to
low values and back.

Stochastic Lead Acceleration:

aL(t) = ξ(t) · min(µhigh(sL(t)) · g, wa,lead) (5.3)

where ξ(t) ∼ U [−1, 1] represents random acceleration commands.

Prediction Accuracy Metrics:

Distance Error: edist(k) = sL,actual(k) − sL,pred(k) (5.4)

Violation Rate: rviol = Number of violations
Total MPC updates (5.5)

To assess robustness, two cases were evaluated: one with a constant-speed lead ve-
hicle and another where the lead vehicle’s acceleration varied randomly but within
bounds (±3m/s2) at each MPC update step. This setup simulates sudden or unpre-
dictable braking and acceleration events, testing the controller’s ability to maintain
safety margins under dynamic uncertainty.
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(a) Maintained gap with constant lead
speed

(b) Maintained gap with random lead
acceleration

Figure 5.3: Maintained gap under the two lead-vehicle scenarios. The green solid
line shows the actual inter-vehicle distance, the blue dashed line the minimum dis-
tance predicted by the MPC, and the red dashed line the imposed safety threshold.

(a) Gap error with constant lead speed
(b) Gap error with random lead acceler-
ation

Figure 5.4: Gap-prediction error edist = spred,min − sactual.

In both scenarios, the prediction error, defined as the difference between the min-
imum predicted distance and the actual gap remains consistently negative. This
means that the predicted minimum distance is always smaller than the actual
distance observed during the closed-loop execution, which aligns with the safety-
oriented design philosophy of the controller. The MPC makes conservative predic-
tions to ensure that, even under worst-case assumptions the ego vehicle can maintain
a safe distance.

When comparing the constant acceleration case to the stochastic one, it can be
observed that the overall shape and magnitude of the prediction error curves are
similar. While the randomly accelerating lead vehicle introduces more fluctuations in
the prediction error, the error values themselves remain within comparable bounds.
This indicates that the controller adapts well to variations in lead vehicle behaviour
and is not overly sensitive to unpredictability in acceleration profiles.
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The reason the errors are not drastically more negative in the random case is likely
due to the conservative design of the controller, which already plans under high
uncertainty. Additionally, the prediction horizon length and update rate contribute
to stabilising the error over time, preventing large deviations between predicted and
actual distances. This conservative behaviour is also influenced by the controller’s
tuning parameters, such as cost weights and safety margins, which could be adjusted
to yield different outcomes.

5.1.4 Computational Performance Analysis
Solver Convergence:

Avg. Iterations: n̄iter = 1
Nupdates

Nupdates∑
k=1

niter(k) (5.6)

Success Rate: rsuccess = Nconverged

Nupdates

(5.7)

Table 5.2: Computational Performance using RK4 discretisation

UC Iterations Computation Time (ms) Success
Mean Max Std Mean Max Std Rate

1 9.2 14 0.9 14.9 46.3 2.9 100%
2 12.3 17 1.5 34.7 631.7 64.8 100%
3 11.1 16 1.4 38.4 534.1 55.8 100%
4 10.1 17 1.8 42.2 518.2 58.0 100%
5 9.7 18 1.9 42.9 568.7 58.3 100%
6 8.4 15 1.0 47.0 803.4 72.9 100%
7 10.5 15 1.1 51.1 535.0 54.0 100%
8 9.1 14 0.7 49.5 715.5 59.4 100%
9 9.7 15 1.0 57.0 591.9 59.0 100%
10 10.4 16 1.4 60.7 561.9 54.5 100%

Table 5.3: Computational Performance using ZOH discretisation

UC Iterations Computation Time (ms) Success
Mean Max Std Mean Max Std Rate

1 8.4 14 1.0 14.0 35.5 2.6 100%
2 12.0 17 1.5 36.9 974.1 82.5 100%
3 10.9 15 1.1 36.2 592.4 61.3 100%
4 9.9 16 1.6 37.3 572.6 61.3 100%
5 9.5 15 1.6 40.9 602.0 59.4 100%
6 8.4 15 1.0 41.4 670.4 67.1 100%
7 10.5 16 1.2 51.2 674.9 65.1 100%
8 8.3 13 0.9 48.2 700.2 68.1 100%
9 10.1 15 0.9 56.2 615.6 63.2 100%
10 10.5 15 1.4 60.8 593.9 60.8 100%
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(a) RK4: Average Computation Time (b) RK4: Max. Computation Time

(c) ZOH: Average Computation Time (d) ZOH: Max. Computation Time

Figure 5.5: Computational performance comparison between RK4 and ZOH dis-
cretisation methods. The red dashed line indicates a value representing the real-time
computation time limit, set equal to 500 ms.

Average Performance: Both discretisation methods show excellent average com-
putational performance, with RK4 having a mean computation time of around 40
ms, average iterations 9 and ZOH has almost the same mean values and with only
negligible differences.

Worst-case Performance: Maximum computation times represent a limitation
for real-time deployment, with RK4 having a maximum of 803.4 ms across in the
worst computation time case, and ZOH method with maximum of 974.0 ms across
the worst occuring case scenario (the case with the highest computational time).

Method Comparison: Both discretisation methods show similar performance
characteristics, with differences mainly in specific worst-case scenarios rather than
systematic advantages. The 40 ms average computation time represents excellent
performance for typical MPC operations. However, it is important to note that there
are values exceeding the threshold equal to 500ms, which comes from the sampling
time which is once again equal to 500ms. This phenomenon, when the MPC is im-
plemented in real-time could result to infeasibility. This is because sensor measure-
ments enter as input at every 500ms, however at specific time steps the computation
time for finding an optimal solution exceeds that value, meaning that the resulting
control input will not be for the latest measurement input. However, real-time im-
plementation is outside the scope of this thesis, and further improvements can be
applied for further improving the computation time for real-time feasibility.
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5.2 Scenario Results
This section presents a series of use cases designed to evaluate the performance and
robustness of the proposed MPC framework under diverse road conditions, friction
profiles and lead vehicle behaviours. Each scenario targets a specific challenge to
assess tracking accuracy and constraint satisfaction. Results are analysed across key
control signals including distance, velocity, acceleration, jerk and slack variables. All
the controller parameters for the evaluated scenarios can be found in Appendix B.2.

UC1: Baseline ACC with Nominal Friction Uncertainty
UC1 evaluates baseline ACC performance under nominal friction-estimation bounds
(µunc = [0.1, 0.3]). The ego vehicle starts at 50 km/h and follows a constant-speed
lead vehicle at 70 km/h while travelling through a friction profile with friction coef-
ficients varying based on the sequence 0.8 → 0.3 → 0.8 on a straight road.

Figure 5.6: Spatial friction PDFs along the route. The surface encodes the Beta
PDF; the band at z=0 is the actual uncertainty; the dashed line is the mean; the
blue line is the realised friction; black curves are PDF slices.

Figure 5.6 provides a spatial map of road-friction uncertainty along the route. At
each position s, the vertical section of the surface is the Beta-distributed friction
PDF; color encodes probability density. The shaded band on the ground is the actual
uncertainty interval, the dashed curve traces the mean friction profile, the blue line
is the realized friction, and the black curves are a few illustrative PDF slices. This
is a spatial view: it summarizes what is expected at each road position. When MPC
forms a prediction horizon at the current position s, the first step coincides with the
slice at s; subsequent steps widen and flatten as uncertainty increases. The next
figure makes this explicit by (i) showing a local snapshot of a single prediction step
within the MPC horizon and (ii) comparing the predicted bounds with the actual
uncertainty in a compact 2D view.
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(a) Spatial snapshot friction-prediction
envelope at 350 m.

(b) Temporal evolution of friction under
deterministic mode.

Figure 5.7: Friction behaviour under UC1.

Figure 5.7a shows the probabilistic friction estimation in the spatial domain, visu-
alised as a series of evolving probability density functions along the vehicle path.
The black curves show the Beta-distributed PDFs used to model friction uncertainty,
while the grey region shows the predicted bounds of this uncertainty envelope. The
blue line represents the actual friction realisation used during simulation. Since this
scenario uses deterministic friction, the actual values align exactly with the mean of
the predicted distributions. Note that this visualisation represents a single predic-
tion step within the MPC horizon. Since the friction mean and bounds vary along
the vehicle path, the friction distribution changes shape before, during, and after the
drop. The snapshot shown here, taken at 350 m, captures the distribution before
the start of the transition.

Figure 5.7b illustrates the temporal evolution of road friction and its associated un-
certainty throughout the scenario. The blue line represents the deterministic friction
profile applied during the simulation, the shaded grey region shows the actual un-
certainty envelope, while the orange and blue hatchings indicate the predicted upper
and lower bounds used by the MPC. The actual friction remains fully deterministic
in this use case, and thus fully tracks the mean. The visualisation highlights a sharp
friction drop and recovery, demonstrating how the controller anticipates changes.
This figure represents the full horizon evolution across the entire drive.

(a) (b)

Figure 5.8: Additional snapshots of the friction-prediction envelope
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(a) (b)

Figure 5.9: Additional snapshots of the friction-prediction envelope

Figures 5.8 and 5.9 present additional prediction-horizon snapshots at different cur-
rent positions, using the same colour-coded PDF surface as Fig. 5.6. Consistent with
Fig. 5.7a, the predicted uncertainty envelope widens and the PDFs flatten as look-
ahead increases. These snapshots illustrate representative cases: before, during, and
after the low-friction segment.

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.10: Distance and velocity tracking performance under UC1.

Figure 5.10 illustrates the evolution of inter-vehicular distance and ego vehicle ve-
locity over time for UC1. Figure 5.10a shows that the controller’s predictions are
accurate, as the actual following distance closely aligns with the MPC trajecto-
ries and remains consistently above the minimum safety margin. Notably, during
the friction drop, a proactive increase in the inter-vehicular gap can be observed,
followed by stabilisation of the spacing.

As shown in Figure 5.10b, this behaviour is coordinated with a corresponding de-
crease in ego speed, demonstrating that the controller anticipates reduced traction
and adjusts accordingly to maintain safety. The ego vehicle subsequently stabilises
around the lead vehicle’s velocity, which is the intended ACC objective in this case.
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This confirms that the controller achieves steady-state following while respecting
acceleration constraints and adapting effectively to varying friction conditions.

(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.11: Acceleration and jerk response of the ego vehicle under UC1.

Figure 5.11 illustrate the acceleration and jerk profiles for the ego vehicle in UC1.
In Figure 5.11a, the acceleration profile remains strictly within both comfort and
friction limits during steady-state operation. A small overshoot occurs at the start
of the scenario, corresponding to the transient phase as the controller responds to
initial conditions. This behaviour is expected and remains within acceptable limits.

Figure 5.11b shows that the jerk input remains within reasonable limits, ensuring
smooth transitions. The profile gradually converges to zero after the transient phase,
indicating that the controller achieves stable and comfortable control inputs as the
vehicle reaches steady-state conditions.

Figure 5.12: Evolution of slack variables under UC1.

Figure 5.12 presents the slack-variable evolution for UC1. As shown, all slack values
remain effectively zero throughout the entire simulation, indicating that the MPC
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controller consistently satisfies all hard and soft constraints without requiring any
relaxation. Slight comfort acceleration slack relaxation at the beginning can be
observed, but as mentioned earlier, this occurs during the transient phase. This
confirms that under nominal uncertainty conditions, the controller maintains full
feasibility while enforcing safety gaps, velocity bounds and comfort-related accel-
eration and jerk constraints. The absence of active slack usage also demonstrates
that the optimisation remains well conditioned and conservative behaviour is not
triggered unnecessarily.

UC2: Robustness Test with Random Lead Acceleration

UC2 investigates controller robustness under combined stochastic friction and ran-
dom lead-vehicle acceleration. This scenario stresses the RNMPC by introducing
unpredictable variations in both road and traffic conditions, testing its ability to
maintain safety margins, respect physical limits, and deliver smooth control inputs
under uncertainty

Figure 5.13: Spatial friction PDFs along the route.

Compared with UC1, the realised friction in UC2 does not track the mean, reflecting
the random draws from the Beta distribution. This figure provides the spatial
context for the snapshot and time plots in Fig. 5.14.
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(a) Spatial snapshot of friction-
prediction envelope.

(b) Temporal evolution of friction under
stochastic mode.

Figure 5.14: Friction behaviour under UC2.

Figure 5.14a shows the spatial evolution of friction prediction under stochastic un-
certainty in UC2. As mentioned, unlike the deterministic baseline, the actual friction
realisation deviates from the predicted mean at several points, reflecting the random
draws from the Beta distribution.

Figure 5.14b provides the temporal perspective. The actual realisation oscillates
within the predicted envelope, demonstrating that the stochastic sampling intro-
duces small-scale fluctuations around the mean. Here, the MPC’s predictive uncer-
tainty is visualised through the orange and blue hatched regions, which represent
the upper and lower bounds of friction prediction. Compared to UC1, these bounds
are noticeably wider. The expanded uncertainty bands illustrate that the controller
must prepare for both optimistic and pessimistic friction scenarios, ensuring robust
constraint satisfaction.

(a) (b)

Figure 5.15: Additional snapshots of the friction-prediction envelope

Figure 5.15 shows some additional prediction-horizon snapshots for UC2 under
stochastic friction.
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(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.16: Distance and velocity tracking performance under UC2.

Figure 5.16a shows that the ego vehicle increases its separation from the lead vehicle
when passing through the friction drop. Instead of trying to exactly match the lead
vehicle’s motion with aggressive accelerations, sharp braking, or jerky manoeuvres,
the controller smooths its trajectory to prioritise safety and comfort. As a result, it
does not always attempt to catch up immediately when the lead vehicle accelerates,
which also contributes to the growing gap. A slight decrease in distance is observed
around 60 s when the lead vehicle brakes more heavily, the ego vehicle smooths this
deceleration thanks to the available safety margin, so it does not need to brake as
abruptly.

Figure 5.16b illustrates this effect more clearly. While the lead vehicle’s velocity
fluctuates due to random acceleration inputs, the ego vehicle responds more cau-
tiously, following the general trend but avoiding the high-frequency variations. This
smoothing effect prevents abrupt manoeuvres, demonstrating the MPC’s ability to
prioritise robustness and passenger comfort at the cost of falling slightly behind the
lead vehicle.

(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.17: Acceleration and jerk response of the ego vehicle under UC2.
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Figure 5.17a shows the ego vehicle’s acceleration profile under stochastic friction
and random lead-vehicle behaviour. The acceleration remains within both comfort
and friction bounds at all times. However, due to the randomness in lead dynamics,
small oscillations appear in the acceleration signal. These are expected, as the
controller continuously readjusts to unpredictable inputs, but the magnitude remains
moderate.

Figure 5.17b illustrates the corresponding jerk profile. The jerk remains bounded
within a narrow range, around ±0.5m/s3, and exhibit minor fluctuations in response
to the varying lead vehicle behaviour. Although some oscillations are observed due
to the stochastic nature of the scenario, the controller still maintains smoothness
and stability, ensuring passenger comfort is not compromised.

Figure 5.18: Evolution of slack variables under UC2.

Figure 5.18 illustrates the slack-variable evolution during the UC2 scenario. In
this case, the ego and lead vehicle start at the same initial speed, which eliminates
the large transient observed previously. Throughout the entire simulation, all slack
values remain effectively zero, reflecting the system’s ability to adapt effectively
without relying on constraint relaxation as a regular mechanism.

UC3: High-Uncertainty Friction Transition

This use case investigates the controller’s behaviour under significantly increased
friction uncertainty, where the predicted friction bounds span µunc = [0.1, 0.7]. Such
a scenario represents degraded sensor confidence, e.g., due to adverse weather or
poor visibility. This scenario evaluates how high uncertainty propagates through
MPC prediction and affects the ego vehicle’s safety margin selection.
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Figure 5.19: Spatial friction PDFs along the route.

Figure 5.19 provides the spatial map of road-friction uncertainty along the route.

(a) Spatial snapshot of friction-
prediction envelope.

(b) Temporal evolution of friction under
stochastic mode.

Figure 5.20: Friction behaviour under UC3.

Figure 5.20a shows the spatial evolution of the probabilistic friction predictions un-
der the high-uncertainty setting. Compared to UC1-UC2, the predicted uncertainty
envelope is considerably wider, reflecting degraded sensing confidence. This directly
implies that the MPC must adopt more conservative safety margins, as the likelihood
of encountering critically low friction is substantially higher.

Figure 5.20b illustrates the temporal evolution of friction, where a sharp drop occurs
early in the scenario followed by recovery. Compared to UC1-UC2, both the upper
and lower prediction bounds expand, with the lower bound widening significantly.
This captures the increased risk of critical low-friction outcomes and explains why
the controller must plan cautiously throughout the scenario.
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(a) (b)

Figure 5.21: Additional snapshots of the friction-prediction envelope

Figure 5.21 shows some additional prediction-horizon snapshots for UC3.

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.22: Distance and velocity tracking performance under UC3.

Figure 5.22a shows the inter-vehicular distance under UC3. Despite the significantly
wider friction uncertainty bounds, the distance prediction envelope does not expand
much compared to UC1. This is because the MPC already plans conservatively using
the lower friction bound, so the effect of uncertainty is absorbed at the constraint
level rather than appearing as a wider spread in the distance trajectory. The realised
inter-vehicular spacing increases primarily because of the early friction drop, which
forces the ego vehicle to reduce its speed relative to the lead.

Figure 5.22b shows the ego vehicle velocity relative to the lead vehicle. The early
friction drop causes an immediate reduction in ego speed, as the controller proac-
tively lowers the speed to remain within feasible bounds. This velocity drop explains
the growing inter-vehicular gap seen in Figure 5.22a. Once the road friction recovers,
the ego vehicle gradually increases its speed and converges back toward the lead’s
velocity.
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(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.23: Acceleration and jerk response of the ego vehicle under UC3.

Figure 5.23a shows that the ego vehicle’s acceleration remains well within both
comfort and friction bounds throughout the scenario. Since the ego starts at the
same speed as the lead vehicle, only minor adjustments are required due to the early
friction drop and the need for braking to increase the safe distance. Otherwise, no
strong accelerations or harsh braking are necessary, resulting in a smooth and feasible
profile.

Figure 5.23b illustrates the corresponding jerk input, which stays at very small values
for the entire horizon. The absence of large fluctuations confirms that no aggressive
corrections were required, consistent with the smooth acceleration behaviour.

Figure 5.24: Evolution of slack variables under UC3.

Figure 5.24 shows that despite the increased uncertainty range in friction predictions,
no significant slack activations are observed during the scenario. A brief activation
of the acceleration slack is visible in the beginning, likely due to the controller’s
proactive adjustment to the sudden drop in friction. However, this usage remains
minimal and transient.
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UC4: Curve Navigation at High Speed
UC4 focuses on validating the controller’s ability to proactively reduce speed for
safe curve negotiation at high initial velocity. The ego vehicle starts at 140km/h
and approaches a sharp curve, while the lead vehicle cruises at a constant 90 km/h.

Figure 5.25: Spatial friction PDFs along the route.

Figure 5.25 provides the spatial map of road-friction uncertainty along the route.

(a) Spatial snapshot of friction-
prediction envelope.

(b) Temporal evolution of friction under
deterministic mode.

Figure 5.26: Friction behaviour under UC4.

Figure 5.26a shows the evolution of friction prediction in UC4 where the friction is
treated deterministically. This setup ensures that the controller’s behaviour can be
directly linked to curvature handling rather than variability in surface estimates.

Unlike the previous cases, Figure 5.26b shows that friction increases initially, starting
from a low value before stabilising. The friction then remains constant, meaning that
any subsequent control adjustments, such as proactive deceleration, are dictated
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purely by the geometric road constraint rather than changing surface conditions.
Around 40 s, a widening of the prediction envelope can be observed. This stem
from the relaxation of the curvature constraint as the ego vehicle exits the sharp
bend. With fewer limitations imposed by road geometry, the MPC generates a
broader set of feasible trajectories, which appears as a more spread prediction band.

(a) (b)

Figure 5.27: Additional snapshots of the friction-prediction envelope

Figure 5.27 shows some additional prediction-horizon snapshots for UC4 under
stochastic friction.

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.28: Distance and velocity tracking performance under UC4.

Figure 5.28a shows that the spacing between vehicles initially decreases as the ego
car, starting at a higher speed than the lead vehicle, naturally begins to close the
distance. Once the curvature-limited speed becomes the active constraint, the ego
vehicle slows down below the lead vehicle’s speed, and the distance grows sharply.
After exiting the curve, the ego accelerates toward the reference speed, here capped
by the maximum speed limit, as the large gap provides sufficient buffer. As the
distance then decreases again, the controller reduces speed and stabilises around
the lead vehicle’s velocity, restoring steady-state following.
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Figure 5.28b complements this reasoning by showing the velocity profile that drives
the distance evolution. The ego speed tracks the curve-imposed limit instead of
the lead car velocity, falls below the lead for the duration of the bend, then briefly
overshoots, and finally starts to converge to the same steady speed as the lead
vehicle. The ego speed is significantly lower than the curvature limit during the
curve due to the conservative MPC design. The curvature constraint is evaluated
with respect to the lower friction bound, which reduces the admissible curve speed
compared to the nominal physical limit. At the same time, the controller accounts
for inter-vehicular distance and comfort constraints, avoiding aggressive manoeuvres
that would close the gap too quickly or violate smoothness requirements. This
conservatism is amplified by the high initial ego speed, and without an explicit cost
incentive to track the curve limit precisely, the optimizer naturally settles at a lower,
feasible velocity that maintains safety and comfort, prioritizing robust satisfaction
of all constraints.

(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.29: Acceleration and jerk response of the ego vehicle under UC4.

Figure 5.29a shows that the controller initiates a strong braking phase immediately
at the start due to the combined effect of high initial ego speed, low-friction zone and
the approaching curvature-imposed speed limit. The acceleration remains for most
of the run within both comfort and friction bounds but with a saturation at the lower
limit during the initial braking. After passing through the low-friction region and
exiting the curve, the ego vehicle applies a sustained positive acceleration to regain
speed and close the spacing to the lead vehicle, before stabilising as it converges
towards the lead’s steady velocity.

Figure 5.29b shows a negative jerk spike at the onset of braking, caused by the
sharp deceleration demand under both friction and curvature constraints. Once the
transient is over, jerk values remain small and bounded, reflecting smooth control
effort. Slight fluctuations are visible during the transitions into and out of the curve,
but no discomfort-inducing oscillations occur.
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Figure 5.30: Evolution of slack variables under UC4.

Figure 5.30 reveals that multiple slack variables are briefly activated in the initial
phase of the scenario. This includes acceleration slack, comfort acceleration slack
and velocity slack. The activations coincide with the sharp deceleration required at
the beginning, where the combined effect of high initial speed and tight curvature
constraints makes it temporarily infeasible to satisfy all limits simultaneously.

Some slack variables exhibit a short settling period before converging to zero. This
behaviour indicates that the controller uses constraint relaxation momentarily to
maintain feasibility, while gradually steering the system back within all constraint
boundaries as soon as conditions permit. Once the vehicle exits the curvature-
limited region, all slacks remain inactive for the remainder of the drive, confirming
successful constraint recovery and stable operation.

UC5: Combined Following and Curve Challenge

This use case evaluates the controller’s response when multiple constraints become
active simultaneously: curve limits, random lead vehicle motion, and increased fric-
tion uncertainty.
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Figure 5.31: Spatial friction PDFs along the route.

Figure 5.31 provides the spatial map of road-friction uncertainty along the route.

(a) Spatial snapshot of friction-
prediction envelope.

(b) Temporal evolution of friction under
stochastic mode.

Figure 5.32: Friction behaviour under UC5.

Figure 5.32a shows the spatial friction predictions under increased uncertainty. The
probability density functions are spread more widely, which reflects a greater lack of
confidence in friction estimation. This wider envelope implies that the MPC must
plan more conservatively, anticipating that significantly lower friction values may
occur along the trajectory.

In Figure 5.32b, the mean friction remains constant around µ = 0.8, with no de-
terministic drop. Instead, the realised friction oscillates stochastically around this
mean. Around t ≈ 40 s, a widening of the prediction envelope can be observed,
similar to UC4, which, as mentioned, originates from the relaxation of the curvature
constraint as the ego vehicle exits the sharp bend. However, unlike UC4, the enve-
lope here expands more noticeably. This broader spread is caused by the increased
friction uncertainty in UC5, which results in larger prediction bands overall.
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(a) (b)

Figure 5.33: Additional snapshots of the friction-prediction envelope

Figure 5.33 shows some additional prediction-horizon snapshots for UC5 under
stochastic friction.

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.34: Distance and velocity tracking performance under UC5.

Figure 5.34a shows that the ego vehicle adjusts its spacing dynamically under the
combined influence of the curve and the stochastic lead vehicle. As in UC4, a
sharp increase in distance occurs when the ego slows down for the curve. However,
compared to UC4, the spacing here is more volatile due to the additional fluctuations
introduced by the random lead vehicle behaviour.

Figure 5.34b illustrates the corresponding velocity profile. The ego car preemptively
reduces speed before entering the curve and remains below the curvature-imposed
velocity limit. This behaviour arises for the same reasons as in UC4. After exiting
the curve, the ego accelerates toward the maximum speed limit since sufficient spac-
ing is available, but later reduces speed as the inter-vehicular gap shrinks, eventually
converging to the lead vehicle’s motion.
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(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.35: Acceleration and jerk response of the ego vehicle under UC5.

Figure 5.35a shows that the ego vehicle’s acceleration remains within both comfort
and friction bounds throughout most of the scenario. Similar to UC4, a strong
deceleration is enforced at the start due to the initial ego speed and the curvature
constraint. Here, however, the profile is less smooth because random lead vehicle
slowdowns introduce additional braking events.

Figure 5.35b illustrates as in UC4, a sharp negative jerk which initiates the strong
braking phase when approaching the curve. In UC5, however, the profile is notice-
ably more volatile: fluctuations appear throughout the horizon due to stochastic
lead vehicle accelerations. Despite these disturbances, jerk values remain bounded
and short-lived, ensuring smoothness and preserving passenger comfort.

Figure 5.36: Evolution of slack variables under UC5.

Figure 5.36 shows that several slack variables are briefly activated at the beginning of
the scenario. This is primarily due to the sharp braking required as the ego vehicle
approaches the curve, which momentarily pushes both acceleration and comfort
constraints to their limits.
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The overall slack usage is slightly lower than in UC4, likely due to the ego vehi-
cle’s more moderate starting speed, giving the controller additional margin to react.
However, compared to UC 1-3, the slack activations are still more pronounced, re-
flecting the increased challenge of simultaneously satisfying curvature and following
constraints.

UC6: Low-Speed Convergence Test
UC6 initialises the ego vehicle at a low speed with a large separation from a faster,
constant-speed lead vehicle on a straight road. This scenario tests the controller’s
speed matching, acceleration planning, and constraint handling under stochastic
friction conditions at low velocities.

Figure 5.37: Spatial friction PDFs along the route.

Figure 5.37 provides the spatial map of road-friction uncertainty along the route.

(a) Spatial snapshot of friction-
prediction envelope.

(b) Temporal evolution of friction under
stochastic mode.

Figure 5.38: Friction behaviour under UC6.
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This scenario exhibits the same stochastic friction behaviour as in UC2, with un-
certainty modeled using Beta-distributed sampling. The friction follows the same
drop-recovery pattern with stochastic deviations around the mean. Compared to
UC2, the prediction bounds appear narrower here since no additional variability
from the lead vehicle is present, leaving only the friction uncertainty to shape the
envelope.

(a) (b)

Figure 5.39: Additional snapshots of the friction-prediction envelope

Figure 5.39 shows some additional prediction-horizon snapshots for UC6 under
stochastic friction.

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.40: Distance and velocity tracking performance under UC6.

Figure 5.40a shows that since the ego vehicle starts at a much lower speed, the
spacing initially increases. The ego then accelerates strongly at the beginning to
catch up with the lead vehicle, causing the gap to shrink. When the friction drop
occurs, the ego vehicle reduces its speed temporarily to maintain safety, which leads
to a stabilisation of the distance evolution. Once the speeds align again after re-
covery, the distance converges toward a steady value, confirming successful spacing
regulation.
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Figure 5.40b illustrates how the ego car accelerates at the start, as necessary to
catch up from the low initial speed. A reduction in speed is then observed during
the friction drop, reflecting the controller’s adaptation to reduced traction. After this
phase, the controller achieves smooth convergence, and the velocity aligns with that
of the lead vehicle. The trajectory remains well within physical and safety limits,
demonstrating stable catch-up under stochastic friction and low-speed initialisation.

(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.41: Acceleration and jerk response of the ego vehicle under UC6.

Figure 5.41a shows the acceleration profile, where the ego vehicle applies a strong
positive acceleration at the beginning to compensate for its much lower initial speed.
This transient peak is necessary to initiate catch-up with the faster lead vehicle.
Once the velocity gap narrows, the acceleration quickly reduces and stabilises close
to zero, remaining well within both friction and comfort bounds. No sharp braking
phases are required, since the scenario primarily demands speed increase rather than
deceleration.

Figure 5.41b shows the corresponding jerk trajectory. A short burst of positive jerk
initiates the strong initial acceleration, followed by small transients as the controller
smooths the velocity convergence. After this phase, jerk stays zero, confirming that
the vehicle reaches steady following without oscillations or aggressive corrections.

Figure 5.42: Evolution of slack variables under UC6.
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Figure 5.42 shows that slack usage is also minimal throughout the scenario. A small
activation appears during the initial acceleration phase as the controller adjusts to
the speed mismatch.

UC7: Close-Following Robustness Scenario
UC7 stresses the controller with an aggressive lead-vehicle profile while the ego car
begins with a distance gap equal to 30m. The lead vehicle executes a bounded
random acceleration profile ±3 m/s2 that repeatedly demands both hard braking
and rapid catch-up manoeuvres from the ego vehicle. Road is straight but the
pavement undergoes an early ice patch (µ ≈ 0.25) followed by recovery to high
friction. Stochastic friction prediction is therefore enabled. Key parameters are
summarised in Table B.13.

Figure 5.43: Spatial friction PDFs along the route.

(a) Spatial snapshot of friction-
prediction envelope.

(b) Temporal evolution of friction under
stochastic mode.

Figure 5.44: Friction behaviour under UC7.
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(a) (b)

Figure 5.45: Additional snapshots of the friction-prediction envelope

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.46: Distance and velocity tracking performance under UC7.

(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.47: Acceleration and jerk response of the ego vehicle under UC7.
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Figure 5.48: Evolution of slack variables under UC7.

Despite the lead vehicle’s unpredictable bursts of acceleration in Figure 5.46b, the
ego car never infringes the minimum distance (Fig. 5.46a), and without any aggres-
sive reactions. The RNMPC reaches a gap to nearly 200m which is then further
increasing to 400m. While friction is uncertain at approximately (t < 15s), it grad-
ually re-optimises once grip recovers. Acceleration stays within ±1.2 m/s2 for most
of the run (Fig. 5.47a), and jerk remains below ±1 m/s3 after the first 10 s in Fig-
ure 5.47b. Slack variables in Figure 5.48 show only slight comfort relaxation during
the initial hard brake; safety constraints are never violated. Overall, UC7 demon-
strates that the stochastic RNMPC maintains collision avoidance and ride comfort
even when starting from a minimal headway and following a lead vehicle with highly
erratic behaviour under rapidly changing friction conditions.

UC8: Deterministic vs Stochastic Friction Comparison

UC8 repeats an identical straight-road car-following task in two modes: Determin-
istic mode - follows the mean friction profile. Stochastic mode - actual friction
is sampled from Beta distribution respecting uncertainty bounds while MPC’s plan-
ning is using the same conservative bounds in both cases. Key parameters are
summarised in Table B.14. The goal of the experiment is to expose how explicit
uncertainty modelling affects safety margins, control effort and comfort.
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(a) Spatial friction PDFs along the route
- deterministic.

(b) Spatial friction PDFs along the route
- stochastic.

(a) Spatial snapshot of friction-
prediction envelope deterministic.

(b) Spatial snapshot of friction-
prediction envelope - stochastic.

(a) Additional spatial snapshot of
friction-prediction envelope determin-
istic.

(b) Additional spatial snapshot of
friction-prediction envelope - stochas-
tic.
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(a) Temporal friction evolution - deter-
ministic.

(b) Temporal friction evolution -
stochastic.

Figure 5.52: Friction envelopes and ground-truth for UC8.

(a) Inter-vehicular distance - determin-
istic. (b) Inter-vehicular distance - stochastic.

(a) Velocity - deterministic. (b) Velocity - stochastic.

Figure 5.54: Distance-keeping and speed tracking for UC8.
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(a) Acceleration - deterministic. (b) Acceleration - stochastic.

(a) Jerk - deterministic. (b) Jerk - stochastic.

Figure 5.56: Control effort comparison for UC8.

(a) Slack variables - deterministic. (b) Slack variables - stochastic.

Figure 5.57: Constraint-relaxation demand for UC8.

Key observations drawn from the side-by-side comparison reveal that the distance
evolution, velocity profiles, acceleration, and jerk trajectories are essentially iden-
tical between both operational modes (Figures 5.53a-5.56b). This result validates
a fundamental aspect of the control design, and that is because the MPC uses the
same conservative uncertainty bounds for planning in both cases, regardless of the
actual friction realisation.
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In deterministic mode, the actual friction perfectly follows the assumed mean pro-
file, yielding a narrow prediction envelope (Figures 5.50a-5.52a). When stochastic
sampling is enabled (Figures 5.50b-5.52b), the Beta-distributed friction realisations
remain well within the predicted uncertainty bounds, validating the probabilistic
modeling framework. The identical trajectories demonstrate that the controller’s
conservative design, by for example using lower friction bounds (µlow) for ego vehi-
cle constraints. This, provides sufficient safety margins such that stochastic friction
variations within the uncertainty envelope require no additional control adjustments.

Slack variable usage remains negligible (no activation) in both modes (Figure 5.57),
indicating that the uncertainty bounds are appropriately sized and the controller
maintains feasibility without requiring constraint relaxation, even when actual fric-
tion deviates from the mean. This behaviour confirms that the uncertainty-aware
MPC framework successfully decouples planning conservatism from execution vari-
ability, maintaining consistent control behaviour across different friction realisations
within the uncertainty envelope.

This demonstrates that the probabilistic uncertainty framework provides robust and
predictable control behaviour. The system does not experience unnecessary sensitiv-
ity to friction variations that fall within the predicted bounds, avoiding over-reactive
control adjustments that could compromise comfort while preserving the safety mar-
gins essential for practical deployment where actual road conditions may vary within
sensor confidence bounds.

UC9: High Curvature Scenario with Standard Friction
UC9 evaluates ACC robustness with extreme initial conditions, and with an ego
vehicle starting at 150 km/h approaching a much slower constant-speed lead vehicle
(50 km/h) with 120m initial separation on straight road. Challenges the prediction
horizon adequacy, constraint feasibility and deceleration capabilities under stochas-
tic friction conditions.

Figure 5.58: Spatial friction PDFs along the route.
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(a) Spatial snapshot of friction-
prediction-envelope.

(b) Temporal evolution of friction under
stochastic mode.

Figure 5.59: Friction behaviour under UC9.

(a) (b)

Figure 5.60: Additional snapshots of the friction-prediction envelope

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.61: Distance and velocity tracking performance under UC9.

Distance management (Figure 5.61a) adjusts smoothly, initially decreasing to ap-
proximately 40m due to the extreme initial speed and then stabilising effectively.
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The velocity profile (Figure 5.61b) shows proactive and significant deceleration in
response to the lead car’s speed, stabilising at around 30s near the lead vehicle’s
speed, after it maintained again a safe distance.

(a) Acceleration profile with MPC pre-
dictions and comfort/friction limits. (b) Jerk profile with MPC predictions.

Figure 5.62: Acceleration and jerk response of the ego vehicle under UC9.

The acceleration profile (Figure 5.62a) remains comfortably within predefined limits,
demonstrating controlled deceleration. The jerk profile (Figure 5.62b) indicates
gentle transitions with minimal spikes, reflecting smooth and stable control actions.

Figure 5.63: Evolution of slack variables under UC9.

Slack analysis (Figure 5.63) displays brief initial activations of comfort and velocity
slack variables, highlighting the controller’s effectiveness in managing constraints
primarily at the start. Overall, UC9 confirms the MPC’s capability in handling
high-curvature scenarios, ensuring stability, comfort, and safety consistently.
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UC10: Standard Preview Distance with Stochastic Friction

UC10 evaluates the MPC controller using stochastic friction uncertainty and the
standard friction preview distance (150m). The ego vehicle starts with a traveling
speed at 100 km/h and 80m gap to a leading vehicle traveling at constant speed.
Key parameters are summarised in Table B.16

Figure 5.64: Spatial friction PDFs along the route.

(a) Spatial snapshot of friction-
prediction envelope.

(b) Temporal evolution of friction under
stochastic mode.

Figure 5.65: Friction behaviour under UC10
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(a) (b)

Figure 5.66: Additional snapshots of the friction-prediction envelope

(a) Inter-vehicular distance tracking
with MPC predictions.

(b) Ego vehicle velocity tracking relative
to the lead vehicle, including MPC pre-
dictions and constraint limits.

Figure 5.67: Distance and velocity tracking performance under UC10.

Figure 5.67a shows the controller effectively maintaining and smoothly adjusting
the safe distance gap. The velocity profile (Figure 5.67b) indicates proactive and
smooth velocity adjustments in response to friction variations. In addition to this, it
can also be observed that due to the very demanding requirements at the beginning,
involving sudden friction drop and initial velocity with respect to the safe separation
distance required, the controller it is trying to increase the distance gap. Due to the
followed restoration of the friction realisation to ideal dry conditions, the gap can
then be decreased; therefore, the controller is then prioritising the driver-imposed
speed for a short amount of time, due to reaching the optimal safe distance gap.
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(a) Acceleration profile with MPC pre-
dictions and imposed comfort/friction
limits. (b) Jerk profile with MPC predictions.

Figure 5.68: Acceleration and jerk response of the ego vehicle under UC10.

The acceleration profile (Figure 5.68a) illustrates smooth adjustments within com-
fort and friction limits, while the jerk profile (Figure 5.68b) shows controlled tran-
sitions, especially around friction variations.

Figure 5.69: Evolution of slack variables under UC10.

Slack analysis (Figure 5.69) indicates minor comfort constraint relaxations, mainly
at initial acceleration, confirming MPC’s effectiveness in maintaining safety con-
straints. Overall, UC10 demonstrates robust MPC performance, effectively manag-
ing stochastic friction uncertainty while maintaining safe and comfortable driving
behaviour.
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5.3 Additional Scenario Results

AS1: Driver-Imposed Speed Limitation
The ego vehicle is instructed to stay at 80 km/h even though the lead car cruises at
100km/h. The road is essentially straight and features a short dry-wet-dry friction
dip (see Fig. 5.70).

Figure 5.70: Friction envelope for AS1.

Figure 5.71: Inter-vehicular distance.

Figure 5.72: Ego and lead speed.
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Figure 5.73: Ego acceleration versus comfort and friction limits.

In this scenario, the ego vehicle is instructed to maintain the driver-imposed speed
of 80 km/h. Since the lead vehicle continues at a higher constant velocity, the
inter-vehicular gap increases steadily and approximately linearly over time. The
longitudinal acceleration remains comfortably within the ±2m/s2 comfort band.
No slack variables are activated, confirming strict feasibility of the optimisation.
This demonstrates the controller’s ability to respect driver-defined limits even when
external conditions would otherwise encourage higher speeds.

AS2: Progressive Friction Degradation
Starting from dry asphalt, the available grip degrades in two steps (µ : 0.8 → 0.5 →
0.2) as the vehicle reaches 400 m and 700 m respectively; see Fig. 5.74. The lead car
keeps a steady 80 km/h while the ego must adapt to the diminishing friction.[2pt]

Figure 5.74: Time history of the experienced friction in AS2.

Figure 5.75: Inter-vehicular distance.
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Figure 5.76: Ego and lead speed.

Figure 5.77: Ego acceleration versus comfort and friction-based limits.

When the first drop to µ = 0.5 occurs, the ego vehicle reduces its speed to around 72
km/h. The second drop to µ = 0.2 produces an even steeper deceleration, bringing
the velocity down to about 62 km/h. After this transient, the ego gradually increases
its speed again until it aligns with the lead vehicle at 80 km/h. As a result, the
inter-vehicular distance grows steadily and stabilises around 180 m, maintaining a
wide and safe margin.

The acceleration profile confirms this smooth behaviour: both deceleration phases
are well contained within the ±2 m/s2 comfort band, and no slack variables are
used. This shows that the controller can handle progressive friction degradation
while keeping manoeuvres safe and comfortable

AS3: Curve Coincident with Low Friction

A moderate left-hand curve of approx. 20m radius is deliberately aligned with the
worst part of the friction dip (µ ≈ 0.1-0.2). Both effects are captured in Fig. 5.78
where curvature (blue, left axis) and the realised stochastic friction trace (red, right
axis) are plotted together.
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Figure 5.78: Combined curvature and friction envelope for AS3.

Figure 5.79: Inter-vehicular distance.

Figure 5.80: Ego and lead speed.

Figure 5.81: Ego acceleration versus comfort and friction-based limits.

In this scenario, a tight curve coincides with the lowest friction dip, creating the most
demanding conditions tested. As curvature rises and grip collapses, the controller
brakes sharply, reducing ego speed to about 20km/h. Meanwhile, the lead vehicle
maintains a constant pace, so the inter-vehicular gap grows rapidly. This widening
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is a direct result of the ego being forced to respect the stricter curve limit while the
lead car continues unhindered.

Once the curve ends and friction recovers, the ego accelerates decisively. Since the
spacing remains ample, the controller allows the vehicle to approach the driver-
imposed limit of 100km/h in this case, consistent with the behaviour also observed
in UC4 and UC5. The acceleration profile shows a strong but feasible braking phase
followed by smooth recovery, always within the ±2 m/s2comfort band. No slack
variables are triggered, confirming that the MPC can safely satisfy simultaneous
curvature and friction constraints.

AS4: Extended Low-Friction Region

A 400m-long stretch is assigned a low friction level (µ ≈ 0.25). The realised stochas-
tic trace is shown in Fig. 5.82.

Figure 5.82: Friction envelope.

Figure 5.83: Inter-vehicular distance.
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Figure 5.84: Ego and lead speed.

Figure 5.85: Ego acceleration versus comfort and friction-based limits.

The MPC reacts immediately to the drop in grip: the ego speed falls sharply from
100 km/h to around 62 km/h within the first 15-20 s. Because the lead vehicle
continues steadily at 80 km/h, the inter-vehicular spacing increases throughout the
low-friction segment and stabilises around 180 m.

Once the ego exits the slippery stretch, it accelerates back toward the lead-vehicle
speed. The recovery is smooth and does not overshoot, confirming that the controller
balances caution with efficiency.

Acceleration remains consistently within the ±2 m/s2 comfort range, and the friction
limits are never violated. Also, no slack variables are activated.

AS5: High-Speed Curve Entry with Mid-Curve Friction
Change

The ego vehicle approaches a moderate curve (κmax = 0.025 rad/m) at 120 km/h
while a dry-wet-dry transition is placed inside the turn apex. Figure 5.86 highlights
the simultaneous drop in available grip and the build-up of lateral curvature.
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Figure 5.86: Curvature (blue, left axis) and friction trace (red, right axis). The
wet patch coincides with the highest lateral load.

Figure 5.87: Inter-vehicular distance.

Figure 5.88: Ego and lead speed.

Figure 5.89: Ego acceleration compared with comfort and friction.

The ego enters the curve at a high initial speed of 120 km/h. A sharp speed reduc-
tion occurs at the beginning as the controller reacts to the build-up of curvature.
When the mid-curve friction drop is introduced, the curvature-based limit decreases
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further, but because the trajectory is planned conservatively, the ego is already
slowed to a sufficiently low speed.

Since the lead vehicle maintains a constant velocity without accounting for cur-
vature, the inter-vehicular gap grows rapidly during this phase. After exiting the
curve, the ego accelerates back toward the driver-imposed reference of 100 km/h.
The large spacing allows this higher cruising speed to be maintained, consistent with
the behaviour observed in AS3.

The acceleration profile shows a short violation of the comfort bound during the
initial braking phase. This is attributed to the combined effect of high entry speed,
strong curvature, and the sudden friction change, but stability and safety are pre-
served throughout.

AS6: Ice Patch on a Curve
In this final scenario the ego car enters a 40 m-radius curve (κmax = 0.025 rad/m) at
120 km/h just as a short ice patch drives the friction coefficient down to µ ≈ 0.15
(Fig. 5.90).

Figure 5.90: Measured friction envelope.

Figure 5.91: Inter-vehicular distance.
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Figure 5.92: Ego and lead speed.

Figure 5.93: Ego acceleration within comfort and friction limits.

The high entry speed makes this manoeuvre critical: as the vehicle enters the curve,
friction suddenly collapses due to the ice patch, drastically lowering the admissible
safe speed. The MPC reacts and brings the ego velocity down to about 17 km/h,
which coincides almost exactly with the curve- and friction-limited bound. This
shows that the optimiser prioritises strict feasibility.

Once the patch is cleared and both friction and curvature constraints relax, the ego
accelerates smoothly toward the imposed reference speed as discussed in AS3.

Compared to AS5, where the ego remained safely below the curve limit due to
conservative planning, AS6 demonstrates a far more demanding case: here the ego
speed is forced directly onto the constraint boundary itself. This highlights the
controller’s ability to exploit the full feasible envelope when necessary, while still
guaranteeing safety.
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Discussion

The evaluation presented in Chapter 5 shows that the proposed friction-adaptive
ACC framework successfully addresses the fundamental challenge of safe longitudinal
control under uncertain road conditions. This chapter synthesises the key findings
and examines their implications for real-world deployment.

6.1 Safety and Robustness
Across all 16 evaluated scenarios (10 use cases and 6 additional stress tests) the
controller maintained safety without a single collision or hard constraint violation.
The hierarchical constraint structure proved particularly effective when competing
demands rose up, such as in UC4 where curve limits conflicted with comfort bounds,
and the controller systematically relaxed lower priority constraints while preserving
safety critical ones. The minimum achieved distance of 30m in UC7, despite aggres-
sive lead vehicle behaviour and minimal initial separation, validates the terminal
constraint design and confirms recursive feasibility even under extreme conditions.

The robustness analysis in Section 5.1.3 showed that the prediction errors remained
consistently negative, indicating conservative yet not overly pessimistic planning.
This safety oriented bias aligns with the design philosophy while avoiding the ex-
cessive conservatism that plagues worst-case approaches.

6.2 Computational Performance
The computational analysis reveals promising real-time capabilities. Average solve
times across all scenarios remained below 60ms for both RK4 and ZOH discretisation
methods, with typical iteration counts between 8-12 when warm-started. While
maximum computation times occasionally exceeded 500ms, these peaks occurred
rarely and primarily during severe transients.

The similarity in performance between discretisation methods suggests that the
simpler ZOH offers the best practical choice, providing comparable trajectory quality
with marginally lower computational overhead.
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6.3 Value of Uncertainty Quantification
As shown in UC3, increasing the friction uncertainty visibly widened the MPC’s
predicted friction bounds. However, this did not cause major changes in distance or
velocity behaviour because the controller plans conservatively using the lower and
upper friction bounds, which expand progressively along the prediction horizon.
This absorbs the effect of uncertainty at constraint level.

This explains why in UC8, enabling stochastic Beta-distributed friction sampling
produced almost identical results to the deterministic run. Since the planner already
assumes the worst-case friction within the predicted envelope, random realisations
within that envelope do not require any additional control effort or constraint re-
laxation.

6.4 Limitations and Future Directions
While the proposed framework demonstrates strong performance across a wide range
of scenarios, certain limitations remain that open avenues for further development. A
key assumption throughout this work is the availability of reliable preview data from
a forward-facing camera with a 150m range. Although sufficient for moderate speed
highway driving, this assumption can break down in adverse weather, occlusions,
or night conditions. In such cases, sensor fusion with radar, LiDAR, or map-based
friction estimates could improve robustness.

Additionally, the control model used a simplified particle-based vehicle representa-
tion, which is appropriate for longitudinal control in single-lane contexts. However,
expanding to lateral behaviours such as lane changes or curve negotiation under com-
bined slip conditions would require transitioning to a full bicycle or planar model.
Furthermore, the system’s handling of lead vehicle behaviour, currently modeled
through bounded random acceleration, could be improved by learning-based predic-
tors or intention-aware models that better capture real driver behaviour in traffic.

On the implementation side, while the controller typically solves the optimisation
problem in under 60ms on average, there were occasional peaks where the solve time
exceeded 500ms, especially during sudden changes or highly dynamic situations.
These peaks, while rare, suggest the need for tighter warm-starting strategies and
perhaps more efficient solver initialisation tailored to embedded systems. Similarly,
while jerk as control input provides smoother trajectories, reformulating the problem
using acceleration may reduce the state dimension and solver complexity.

Finally, the degree of conservatism observed in some scenarios is directly influenced
by the level of uncertainty in road classification. Therefore, improving the precision
of friction estimates, through better training data, model calibration, or multimodal
sensing, could directly reduce the required safety margins and increase system re-
sponsiveness.
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6.5 Broader Implications
Beyond the specific application to ACC, this work demonstrates that sophisticated
uncertainty quantification can be embedded within real-time vehicle control without
sacrificing performance. The framework’s ability to maintain safety across diverse
scenarios, from routine highway driving to emergency manoeuvres on icy curves
while respecting comfort constraints suggests that similar approaches could enhance
other ADAS functions such as emergency braking, lane keeping and eventually fully
autonomous navigation.

The measured conservatism introduced by explicit uncertainty modeling aligns with
human driving behaviour, such as when experienced drivers naturally increase fol-
lowing distances and reduce speeds when road conditions become challenging and
uncertain. By quantifying and systematically handling this uncertainty, the pro-
posed framework represents a step toward ADAS systems that not only match hu-
man performance but exceed it in consistency and reliability.
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7
Conclusion

This thesis developed and validated a friction-aware Adaptive Cruise Control (ACC)
framework based on a Robust Nonlinear Model Predictive Control (RNMPC) for-
mulation. The controller integrates spatially varying road friction and curvature
into its decision-making by embedding position-dependent uncertainty bounds di-
rectly into the optimisation problem. Friction uncertainty is represented through
lower and upper bounds derived from camera-based classification confidence, while
stochastic friction realisations are generated via Beta sampling during simulation.
Conservative constraint tightening ensures that the controller always plans within
the worst-case bounds while still adapting to higher-confidence regions as they ap-
proach.

Extensive simulation experiments, including ten main use cases and six additional
stress scenarios, showed that the framework consistently maintained safety, comfort,
and feasibility under widely varying operating conditions. It successfully handled
sharp friction drops, high-speed curve negotiation, and aggressive lead-vehicle be-
haviour. Safety margins were preserved in all cases, and slack variables were rarely
activated, demonstrating that the hierarchical constraint structure effectively bal-
ances competing objectives. Notably, the controller’s behaviour often resembled
that of a cautious human driver, proactively increasing spacing and reducing speed
when confidence in surface conditions decreased while still ensuring strict constraint
satisfaction through formal optimisation.

The computational performance analysis showed that using both RK4- and ZOH-
based time-domain integration, the optimisation typically solved within 50-60 ms,
with only rare peaks above 500 ms during severe transients. Warm-starting and
structured problem formulation helped maintain low iteration counts even in com-
plex, multi-constraint environments. These results indicate that the proposed ap-
proach is well suited for future embedded implementation.

Overall, this work demonstrates that integrating probabilistic friction and curvature
estimation into NMPC enables safe and comfortable control on uncertain roads. By
unifying friction-aware constraint handling, soft constraint relaxation, and robust
optimisation, the proposed controller shows that uncertainty-aware predictive con-
trol can be both cautious and efficient offering a foundation for next-generation
ADAS systems.
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A
Common Fixed Parameters

The following parameters remain constant across all use cases unless otherwise spec-
ified in the individual use case tables.

Table A.1: MPC Controller Parameters

Parameter Value Description
Sampling time dt = 0.5 s Discretization interval
Prediction horizon N = 10 Number of prediction steps
State penalty matrix Q = diag(0, 0.1, 0.1) Position, velocity, acceleration weights
Control penalty R = 1 Jerk penalty weight
Slack penalty matrix Rs = diag(103, 102, 102, 1) Safety, velocity, accel., comfort penalties

Table A.2: Vehicle Physical Constraints

Parameter Value Description
Maximum acceleration amax = 10 m/s2 Physical acceleration limit
Comfort acceleration ac,max = 2 m/s2 Passenger comfort limit
Maximum velocity vmax = 180 km/h Speed limit (50 m/s)
Minimum velocity vmin = 0 m/s Vehicle cannot reverse
Minimum safety distance δsmin = 2 m Absolute minimum gap
Lead acceleration bound wa,lead = 3 m/s2 Maximum lead vehicle acceleration

Table A.3: Road Profile Parameters

Parameter Value Description
Friction Profile

Friction segments µmean = [0.8, 0.3, 0.8] Dry-wet-dry sequence
Transition positions strans = [500, 700] m Friction change locations
Transition steepness kfric = 0.1 Sigmoid transition rate

Curvature Profile
Curve start position scurve,start = 800 m Beginning of curved section
Curve end position scurve,end = 1000 m End of curved section
Curvature steepness kcurve = 0.1 Sigmoid transition rate
Curvature uncertainty κinterval = 0.05 Fixed uncertainty interval
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A. Common Fixed Parameters

Table A.4: Simulation and Uncertainty Parameters

Parameter Value Description
Simulation duration Tsim = 120 s Total simulation time
Beta distribution shape ρ = 8 Distribution concentration factor
Minimum friction bound µmin = 0.1 Physical lower limit
Maximum friction bound µmax = 1.1 Physical upper limit
Random seed 0 When reproducibility required

Table A.5: Derived Quantities from Fixed Parameters

Quantity Formula/Value Description
Prediction horizon time T = N · dt = 5 s Total preview time
Simulation steps Nsim = Tsim/dt = 240 Total discrete time steps
Curve radius R = 1/κmax = 25 m Minimum curve radius
Optimization variables nz = 7N + 3 = 73 Total decision variables
Max safe curve speed (dry) v =

√
0.8 · 9.81/0.04 ≈ 14 m/s At peak curvature with µ = 0.8

Max safe curve speed (wet) v =
√

0.3 · 9.81/0.04 ≈ 8.6 m/s At peak curvature with µ = 0.3
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B

Appendix - Use Case Parameter
Specifications

B.1 Discretization Method Parameter Table
Table B.1: MPC Controller Parameters

Parameter Value Description
Sampling time dt = 0.5 s Discretization interval
Prediction horizon N = 10 Number of prediction steps
State penalty matrix Q = diag(0, 0.1, 0.1) Position, velocity, acceleration weights
Control penalty R = 1 Jerk penalty weight
Slack penalty matrix Rs = diag(103, 102, 102, 1) Safety, velocity, accel., comfort penalties
Reference speed vref = 100 km/h Desired cruise speed (27.78 m/s)

Table B.2: Vehicle Physical Constraints

Parameter Value Description
Maximum acceleration amax = 10 m/s2 Physical acceleration limit
Comfort acceleration ac,max = 2 m/s2 Passenger comfort limit
Maximum velocity vmax = 180 km/h Speed limit (50 m/s)
Minimum velocity vmin = 0 m/s Vehicle cannot reverse
Minimum safety distance δsmin = 2 m Absolute minimum gap
Lead acceleration bound wa,lead = 3 m/s2 Maximum lead vehicle acceleration
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Table B.3: Road Profile Parameters

Parameter Value Description
Friction Profile

Friction segments µmean = [0.8, 0.3, 0.8] Dry-wet-dry sequence
Transition positions strans = [700, 1100] m Friction change locations
Transition steepness kfric = 0.1 Sigmoid transition rate

Curvature Profile
Curve start position scurve,start = 900 m Beginning of curved section
Curve end position scurve,end = 1000 m End of curved section
Curvature steepness kcurve = 0.05 Sigmoid transition rate
Curvature uncertainty κinterval = 0.05 Fixed uncertainty interval

Table B.4: Simulation and Uncertainty Parameters

Parameter Value Description
Simulation duration Tsim = 120 s Total simulation time
Beta distribution shape ρ = 8 Distribution concentration factor
Minimum friction bound µmin = 0.1 Physical lower limit
Maximum friction bound µmax = 1.1 Physical upper limit
Random seed 0 When reproducibility required

Table B.5: Derived Quantities from Fixed Parameters

Quantity Formula/Value Description
Prediction horizon time T = N · dt = 5 s Total preview time
Simulation steps Nsim = Tsim/dt = 240 Total discrete time steps
Curve radius R = 1/κmax = 25 m Minimum curve radius
Optimization variables nz = 7N + 3 = 73 Total decision variables
Max safe curve speed (dry) v =

√
0.8 · 9.81/0.04 ≈ 14 m/s At peak curvature with µ = 0.8

Max safe curve speed (wet) v =
√

0.3 · 9.81/0.04 ≈ 8.6 m/s At peak curvature with µ = 0.3
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Table B.6: Configuration Details for Uncertainty-Aware ACC Simulation

Parameter Value Description
Initial Conditions

Ego initial speed 50 km/h v0 = 13.89 m/s
Ego initial position 0 m s0 = 0
Lead initial separation 70 m dsL0 = 70 m
Lead initial speed 70 km/h vL0 = 19.44 m/s

Operational Settings
Lead vehicle mode Random acceleration aL ∈ [−3, 3] m/s2
Friction mode Stochastic Beta distribution
1st Discretization Taylor expansion Third-order accuracy
2nd Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature 0.04 rad/m κmax (25m radius)
Curve start position 900 m Curve entry point
Curve end position 1000 m Curve exit point
Curve steepness 0.05 Transition parameter

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m

B.2 Use Case Parameter Tables

Table B.7: UC1: Baseline ACC with Nominal Friction Uncertainty

Parameter Value Description
Initial Conditions

Ego initial speed 50 km/h v0 = 13.89 m/s
Ego initial position 0 m s0 = 0
Lead initial separation 70 m dsL0 = 70 m
Lead initial speed 70 km/h vL0 = 19.44 m/s
Reference speed vref = 100 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed No acceleration
Friction mode Deterministic Mean profile only
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m
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Table B.8: UC2: Robustness Test with Random Lead Acceleration

Parameter Value Description
Initial Conditions

Ego initial speed 100 km/h v0 = 27.78 m/s
Ego initial position 0 m s0 = 0
Lead initial separation 50 m dsL0 = 50 m
Lead initial speed 100 km/h vL0 = 27.78 m/s
Reference speed vref = 200 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Random acceleration aL ∈ [−3, 3] m/s2
Friction mode Stochastic Beta distribution
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m

Table B.9: UC3: High Uncertainty Friction Transition

Parameter Value Description
Initial Conditions

Ego initial speed 80 km/h v0 = 22.22 m/s
Ego initial position 400 m s0 = 400 m
Lead initial separation 60 m dsL0 = 60 m
Lead initial speed 80 km/h vL0 = 22.22 m/s
Reference speed vref = 100 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed No acceleration
Friction mode Stochastic Beta distribution
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.7 µunc,far = 0.7
Preview distance 150 m sunc,max = 150 m
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Table B.10: UC4: Curve Navigation at High Speed

Parameter Value Description
Initial Conditions

Ego initial speed 140 km/h v0 = 38.89 m/s
Ego initial position 600 m s0 = 600 m
Lead initial separation 150 m dsL0 = 150 m
Lead initial speed 90 km/h vL0 = 25 m/s
Reference speed vref = 200 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed No acceleration
Friction mode Deterministic Mean profile only
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature 0.04 rad/m κmax (25m radius)
Curve start position 900 m Curve entry point
Curve end position 1000 m Curve exit point
Curve steepness 0.05 Transition parameter

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m

Table B.11: UC5: Combined Following and Curve Challenge

Parameter Value Description
Initial Conditions

Ego initial speed 90 km/h v0 = 25 m/s
Ego initial position 700 m s0 = 700 m
Lead initial separation 80 m dsL0 = 80 m
Lead initial speed 85 km/h vL0 = 23.61 m/s
Reference speed vref = 200 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Random acceleration aL ∈ [−3, 3] m/s2
Friction mode Stochastic Beta distribution
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature 0.04 rad/m κmax (25m radius)
Curve start position 900 m Curve entry point
Curve end position 1000 m Curve exit point
Curve steepness 0.05 Transition parameter

Uncertainty Parameters
Current uncertainty 0.15 µunc,0 = 0.15
Far uncertainty 0.4 µunc,far = 0.4
Preview distance 150 m sunc,max = 150 m
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Table B.12: UC6: Low-Speed Convergence Test

Parameter Value Description
Initial Conditions

Ego initial speed 30 km/h v0 = 8.33 m/s
Ego initial position 0 m s0 = 0
Lead initial separation 100 m dsL0 = 100 m
Lead initial speed 70 km/h vL0 = 19.44 m/s
Reference speed vref = 100 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed No acceleration
Friction mode Stochastic Beta distribution
Discretization Taylor expansion Third-order accuracy

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m

Table B.13: UC7: Close-Following Robustness Scenario

Parameter Value Description
Initial Conditions

Ego initial speed 80 km/h v0 = 22.22 m/s
Ego initial position 450 m s0 = 450 m
Lead initial separation 30 m dsL0 = 30 m
Lead initial speed 80 km/h vL0 = 22.22 m/s
Reference speed vref = 180 km/h Desired cruise speed (50 m/s)

Operational Settings
Lead vehicle mode Random acceleration aL ∈ [−3, 3] m/s2
Friction mode Stochastic Beta distribution
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m
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Table B.14: UC8: Stochastic vs Deterministic Comparison

Parameter Value Description
Initial Conditions

Ego initial speed 70 km/h v0 = 19.44 m/s
Ego initial position 0 m s0 = 0
Lead initial separation 70 m dsL0 = 70 m
Lead initial speed 70 km/h vL0 = 19.44 m/s
Reference speed vref = 100 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed No acceleration
Friction mode Both modes Run twice
Discretization RK4 Fourth-order accuracy
Random seed 0 Fixed for reproducibility

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m

Table B.15: UC9: Extreme Initial Speed Differential

Parameter Value Description
Initial Conditions

Ego initial speed 150 km/h v0 = 41.67 m/s
Ego initial position 0 m s0 = 0
Lead initial separation 120 m dsL0 = 120 m
Lead initial speed 50 km/h vL0 = 13.89 m/s
Reference speed vref = 100 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed No acceleration
Friction mode Stochastic Beta distribution
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.1 µunc,0 = 0.1
Far uncertainty 0.3 µunc,far = 0.3
Preview distance 150 m sunc,max = 150 m
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Table B.16: UC10: Minimal Uncertainty Validation

Parameter Value Description
Initial Conditions

Ego initial speed 90 km/h v0 = 25 m/s
Ego initial position 400 m s0 = 400 m
Lead initial separation 70 m dsL0 = 70 m
Lead initial speed 90 km/h vL0 = 25 m/s
Reference speed vref = 100 km/h Desired cruise speed (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed No acceleration
Friction mode Stochastic Beta distribution
Discretization RK4 Fourth-order accuracy

Road Geometry
Maximum curvature N/A κmax (straight road)
Curve location N/A Essentially straight

Uncertainty Parameters
Current uncertainty 0.05 µunc,0 = 0.05
Far uncertainty 0.1 µunc,far = 0.1
Preview distance 150 m sunc,max = 150 m
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Appendix - Additional Scenarios
Parameter Specifications

Table C.1: AS1: Driver-Imposed Speed Limitation

Parameter Value Description
Initial Conditions

Ego initial state [0; 60/3.6; 0] Position 0m, speed 16.67 m/s
Lead initial separation 80 m dsL0 = 80 m
Lead initial speed 100/3.6 m/s vL0 = 27.78 m/s
Reference speed 80/3.6 m/s Driver preference (22.22 m/s)

Operational Settings
Lead vehicle mode Constant speed random_leading_vehicle_acceleration = false
Friction mode Deterministic random_friction = false
Discretization RK4 use_exact_discretization = false

Road Geometry
Maximum curvature N/A κmax (straight road)
Friction profile [0.8, 0.3, 0.8] Standard dry-wet-dry
Friction transitions [500, 700] m Standard positions
Curve location [800, 1000] m Standard curve section

Uncertainty Parameters
Uncertainty bounds [0.1, 0.3] µunc = [0.1, 0.3]
Preview distance 150 m pos_mu_unc = 150 m

XI



C. Appendix - Additional Scenarios Parameter Specifications

Table C.2: AS2: Progressive Friction Degradation

Parameter Value Description
Initial Conditions

Ego initial state [0; 80/3.6; 0] Position 0m, speed 22.22 m/s
Lead initial separation 70 m dsL0 = 70 m
Lead initial speed 80/3.6 m/s vL0 = 22.22 m/s
Reference speed 100/3.6 m/s Standard reference (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed random_leading_vehicle_acceleration = false
Friction mode Stochastic random_friction = true
Discretization RK4 use_exact_discretization = false

Road Geometry
Maximum curvature N/A κmax (straight road)
Friction profile [0.8, 0.5, 0.2] Dry-wet-icy degradation
Friction transitions [400, 700] m Progressive worsening
Curve location [800, 1000] m Standard curve section

Uncertainty Parameters
Uncertainty bounds [0.1, 0.3] µunc = [0.1, 0.3]
Preview distance 150 m pos_mu_unc = 150 m

Table C.3: AS3: Curve Coincident with Low Friction

Parameter Value Description
Initial Conditions

Ego initial state [300; 100/3.6; 0] Position 300m, speed 27.78 m/s
Lead initial separation 100 m dsL0 = 100 m
Lead initial speed 90/3.6 m/s vL0 = 25 m/s
Reference speed 100/3.6 m/s Standard reference (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed random_leading_vehicle_acceleration = false
Friction mode Stochastic random_friction = true
Discretization RK4 use_exact_discretization = false

Road Geometry
Maximum curvature 0.05 rad/m κmax (33m radius)
Friction profile [0.8, 0.3, 0.8] Standard dry-wet-dry
Friction transitions [500, 700] m Coincides with curve
Curve location [500, 700] m Aligned with low friction

Uncertainty Parameters
Uncertainty bounds [0.15, 0.4] µunc = [0.15, 0.4]
Preview distance 150 m pos_mu_unc = 150 m
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C. Appendix - Additional Scenarios Parameter Specifications

Table C.4: AS4: Extended Low-Friction Region

Parameter Value Description
Initial Conditions

Ego initial state [200; 100/3.6; 0] Position 200m, speed 27.78 m/s
Lead initial separation 90 m dsL0 = 90 m
Lead initial speed 80/3.6 m/s vL0 = 22.22 m/s
Reference speed 100/3.6 m/s Standard reference (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed random_leading_vehicle_acceleration = false
Friction mode Stochastic random_friction = true
Discretization RK4 use_exact_discretization = false

Road Geometry
Maximum curvature N/A κmax (straight road)
Friction profile [0.8, 0.3, 0.8] Standard profile
Friction transitions [400, 800] m Extended low region
Curve location N/A No curve on straight road

Uncertainty Parameters
Uncertainty bounds [0.1, 0.3] µunc = [0.1, 0.3]
Preview distance 150 m pos_mu_unc = 150 m

Table C.5: AS5: High-Speed Curve Entry with Mid-Curve Friction Change

Parameter Value Description
Initial Conditions

Ego initial state [400; 120/3.6; 0] Position 400m, speed 33.33 m/s
Lead initial separation 150 m dsL0 = 150 m
Lead initial speed 90/3.6 m/s vL0 = 25 m/s
Reference speed 100/3.6 m/s Standard reference (27.78 m/s)

Operational Settings
Lead vehicle mode Constant speed random_leading_vehicle_acceleration = false
Friction mode Stochastic random_friction = true
Discretization RK4 use_exact_discretization = false

Road Geometry
Maximum curvature 0.025 rad/m κmax (40m radius)
Friction profile [0.8, 0.5, 0.8] Dry-wet-dry
Friction transitions [700, 750] m Mid-curve transition
Curve location [600, 800] m Contains friction change

Uncertainty Parameters
Uncertainty bounds [0.1, 0.35] µunc = [0.1, 0.35]
Preview distance 150 m pos_mu_unc = 150 m
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C. Appendix - Additional Scenarios Parameter Specifications

Table C.6: AS6: Ice Patch on a Curve

Parameter Value Description
Initial Conditions

Ego initial state [350; 90/3.6; 0] Pos. 350 m, 25 m/s (90 km/h)
Lead initial separation 75 m dsL0 = 75 m
Lead initial speed 90/3.6 m/s vL0 = 25 m/s
Reference speed 100/3.6 m/s Same as ego start speed

Operational Settings
Lead vehicle mode Constant speed random_leading_vehicle_acceleration=false
Friction mode Stochastic random_friction=true
Discretisation RK4 use_exact_discretization=false

Road Geometry
Maximum curvature 0.05 rad/m Tight curve (20 m radius)
Friction profile [0.8, 0.1, 0.8] Dry–ice–dry
Friction transitions [650, 700] m Ice patch centred at apex
Curve location [600, 800] m Curve spans the ice section

Uncertainty Parameters
Uncertainty bounds [0.1, 0.35] µunc = [0.1, 0.35]
Preview distance 150 m pos_mu_unc=150 m
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