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A Comparison of Quantum Gate Optimization Techniques

Deep Reinforcement Learning with an Ansatz, Limited Experimental Bandwidth,
and Analysis of CZ Gate Dynamics

PONTUS LINDGREN

Department of Microtechnology and Nanoscience

Chalmers University of Technology

Abstract

Better quantum gates are likely key to enabling fault-tolerant, useful quantum com-
puters. This thesis compares gate optimization techniques by simulating single-qubit
and two-qubit gates for superconducting qubits. The primary focus is deep reinforce-
ment learning. For single-qubit gates, the task is to optimize a w-pulse, while for
two-qubit gates, the task is to optimize the Controlled-Z gate. The results indicate
that using an ansatz for the gate’s pulse shape can enhance the performance of deep
reinforcement learning, both for single-qubit and two-qubit gates, but only signif-
icantly for single-qubit gates. A simple square-pulse ansatz approximately halves
the simulation time needed to reach the coherence limit for the single-qubit gate
studied. The speed-up in simulation should translate to a speed-up in experiments
as well. The thesis does not find evidence that the implemented deep reinforcement
learning algorithm yields better quantum gates than a state-of-the-art black-box
optimizer, despite the black-box optimizer being easier to implement experimen-
tally. For a quantum gate defined by piece-wise constant controls, a low-pass filter
seems to enhance the performance, at least if the filter is considered when opti-
mizing. This indicates that piece-wise constant controls, for example, generated
with deep reinforcement learning, are not hindered by the limited bandwidth of
control electronics. Finally, the study highlights the importance of ZZ coupling to
understanding Controlled-Z gates.

Keywords: Quantum Optimal Control, Quantum Computing, Reinforcement Learn-
ing, Controlled-Z gate, Optimization, Gradient Ascent Pulse Engineering, Derivative
Removal by Adiabatic Gate, Machine Learning
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Nomenclature

Below are the acronyms, parameters, and definitions used throughout the thesis.

Acronyms

AWG Arbitary Waweform Generator

BCH Baker-Campbell-Hausdorft

CMA-ES Covariance Matrix Adaptation Evolution Strategy
CSQR Chalmers Superconducting Qubit Repository
CZ Controlled-Z

DAC Digital-to-Analog Converter

DRAG Derivative Removal by Adiabatic Gate
DRL Deep Reinforcement Learning

GRAPE Gradient Ascent Pulse Engineering

NG Nevergrad

PWC piece-wise constant

QOC Quantum Optimal Control

SQUID Superconducting Quantum Interference Device

Parameters

tg Gate time
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At Length of piece-wise constant interval

Ur Target unitary

Ia Fidelity

1 Infidelity

1. Infidelity from decoherence
Definitions

Hermitian operator
Complex conjugate
Unitary operator
Fidelity

Infidelity
|4, 5, k)
Black-box optimizer

Deep reinforcement learning

At = H
Q= R(Q) —iS(Q)
UtU =1

A measure of the similarity of two matrices. A way
to describe how good a quantum gate is.

I=1-F

Quantum state where the first qubit is in eigen-
state ¢, the second qubit is in eigenstate j and the
coupler is in eigenstate k.

Optimization method not requiring knowledge
about the gradient of the loss function.

A class of algorithms used to train a neural net-
work to output the optimal action for every input.
The difference relative to a black-box optimizer is
that deep reinforcement learning can output dif-
ferent actions for different inputs.
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1

Introduction

If large-scale, fault-tolerant quantum computing is realized, it could have significant
consequences on everything from encryption to drug design due to the promise of
an algorithmic speed-up compared with today’s computing [1, 2|. There are several
different ways to realize quantum computing. This thesis focuses on discrete variable
quantum computing implemented with superconducting circuits, the main focus of,
for example, Chalmers’ and Google’s quantum computing efforts [3]. Alternatives
exist, for example, continuous variable quantum computing with photons [4].

1.1 Discrete Variable Quantum Computing

Discrete variable quantum computing is based on qubits. A qubit is a two-level
system

) = cos <§> 0) + € sin (Z) 1) (1.1)

where ¢ is the relative phase between the |0) and the |1) component of ¢ and 6
describes how much of |¢) is made up of the pure states |0) and |1). The surface of
a sphere can represent two variables. In quantum computing, the visualization of a
two-level system in terms of spherical coordinates based on # and ¢ is known as the
Bloch sphere.

Multiple qubits can be combined to encode binary information as bitstrings. A
simple example is the state [)) = |0) ® |1), meaning that qubit one is in |0) and
qubit two is in |1). Simplifying the notation by writing |¢)) = |01) is common. A
bitstring like 01 can encode different kinds of information, for example, the number
one if viewed as a decimal number. An advantage of quantum computing is that a
quantum system can be in a superposition of several quantum states. This means
that N qubits can represent a superposition of 2V bitstrings.

Programs run on a discrete variable quantum computer are usually reasoned about
in terms of quantum gates. A quantum gate defined by Ur changes the state of
a quantum system |¢) such that |Yagier gate) = Ur |1)), which can be understood
mathematically as matrix multiplication. Gates do, in practice, not change quantum
states instantaneously. An example of a quantum gate is a rotation by 7 on the Bloch
sphere. A m-pulse corresponds to having increased 6 (defined in Eq. (1.1)) by 7 at
the end of the gate. A m-pulse is shown by the red curve in Fig. 1.1. Unfortunately, a
two-level system is an approximation of qubits based on superconducting circuits. If
one is not careful, the quantum system can leak into higher excitation levels, such as
|2). This is one reason why, for example, a w-pulse can be challenging to implement

1



1. Introduction

correctly. The green curve in Fig. 1.1 visualizes a suboptimal m-pulse. Imperfect
quantum gates limit today’s quantum computers. For superconducting qubits, gates
are implemented using microwave pulses. This master’s thesis investigates how to
optimize those pulses.

Figure 1.1: Visualization of a m-pulse on the XZ plane of the Bloch sphere. (z =
1,z = 0) corresponds to |0). The red curve visualizes an optimized m-pulse rotating
the quantum state by 7 such that |0) — |1) while the green curve visualizes a
suboptimal 7-pulse.

Quantum gate optimization techniques can often be divided into two categories:
model-based and model-free techniques. Model-based approaches rely on a theo-
retical model of the quantum system, while model-free techniques do not need a
theoretical model. Instead, model-free approaches optimize the quantum gates by
interacting with the hardware. Model-free approaches are interesting because mod-
eling quantum computer hardware accurately enough to enable large-scale, fault-
tolerant quantum computing is challenging. An advantage of model-based methods
is that they are often faster to implement. This study considers two model-based
approaches: Gradient Ascent Pulse Engineering and Derivative Removal by Adia-
batic Gate. A way to combine model-free and model-based optimization methods
is to use an ansatz. An ansatz is an educated guess used to initialize the opti-
mization procedure. The ansatz is often based on a theoretical model of the qubit
hardware. An ansatz could benefit model-free approaches like deep reinforcement
learning because it could lead to faster convergence, so less experimental data needs
to be collected.

1.2 Quantum Error Correction

How optimization of quantum gates could help realize large-scale, fault-tolerant
quantum computing can be understood in terms of quantum error correction. The
idea behind quantum error correction is to encode quantum information in multiple
qubits to suppress the error rate of quantum gates exponentially. Using three qubits,
a logical 1 could, for example, be defined |1,) = |111). Google recently showed
that quantum error correction can be implemented experimentally to suppress error
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rates exponentially [3]. They used the surface code [5], a specific way to realize error
correction in quantum computers. A well-established model of the logical qubit’s
error rate €4 given the error rate of the physical qubit p is

d+1

p 2
€q X , 1.2
I <pthr> ( )

where py,, is the threshold error-rate (a constant), and d is the distance of the
surface code encoding. As a rule of thumb py,, is a bit below 1 %. The number
of physical qubits needed to achieve a logical qubit of distance d is n, = 2d* — 1.
Scaling the number of qubits is an engineering challenge, typically today limited to
a few hundred qubits for superconducting quantum computers. This represents a
trade-off between scale and fault tolerance, as a single high-performing logical qubit
would require a lot of physical qubits. By decreasing the physical error rate p, one
can achieve a logical qubit with the same error rate using fewer qubits, meaning
that the trade-off is less restrictive. One way to decrease p is to optimize the control
of the qubits by optimizing the control pulses, which this master’s thesis focuses on.

1.3 Purpose

The purpose of this thesis is to compare different quantum gate optimization tech-
niques through simulations. Several model-free and model-based techniques are
compared. The primary focus is on deep reinforcement learning, comparing dif-
ferent ways to use an ansatz and different ways to use the state of the quantum
system for gate optimization. Experimental implementation is also considered in
the simulations, more specifically, the limited bandwidth of control electronics. The
dynamics of the optimized quantum gates are also analyzed. Some novelty is in-
troduced, but most of the techniques compared already exist in the literature. The
simulated quantum devices in this thesis are intended to mimic the superconducting
quantum computing hardware at Chalmers. Both a single-qubit device and a two-
qubit device are simulated. Additionally, the thesis tries to give a broad, accessible
overview of quantum gate optimization.

Comparing quantum gate optimization techniques on the same set-up is valuable,
as optimization of quantum gates is a large and diverse field. [6] suggests a different
way than [7, 8] to use ansatzes when optimizing quantum gates, while [9] does not
use an ansatz at all. [9] uses the quantum state of the system for two-qubit gate
optimization with deep reinforcement learning, while [8] does not use the state.
Moreover, many different superconducting quantum computing hardware exist, [8]
uses fluxonium qubits while [10] uses transmon qubits. The qubits can be connected
in different ways, [10] uses fixed frequency couplers while [11] uses tuneable couplers.
What kind of quantum gate that is optimized can also be different.
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1.4 Quantum Gates

The two-qubit gate which this study is focused on is the Controlled-Z (CZ) gate,
acting upon the computational subspace with

Ur = [10) (10| + |01) (01] +]00) (00| — [11) (11, (1.3)
which can be expressed as a matrix,
0
0
0

Ucy = (1.4)

S O O
o O = O
O = O O

—1

A CZ gate adds 7 to the phase of the state of the system if both qubits are in
the excited |1) state, otherwise nothing changes. In other words, the gate applies a
Pauli-Z matrix o, to the second qubit if the first qubit is in the excited |1) state.
The CZ gate is used in quantum error correction, and the error rate of the gate limits
the performance of quantum error correction [3]. This gate is run on the simulated
two-qubit device.

For single-qubit gates, the focus is on the 7-pulse,

Ur = [1) (0] +10) (1], (1.5)

which in matrix format is the Pauli-X matrix,

(01
ax—lo.

The w-pulse gate is run on the simulated single-qubit device. A w-pulse is the
quantum analogy of a Boolean NOT gate.

1.5 Choice of Units

In the entire thesis, I have used units so that the reduced Planck constant h = 1,
the elementary charge e = 7w, and the magnetic flux quantum ®, = 1. The three
constants are not independent as ®5 = %ﬁ = 1. In some parts, h, e, Pg are written
out explicitly to help the reader. This choice of units is convenient writing-wise and
makes the simulations more numerically stable. Numerically, A~ = 1 is much easier
to handle than h ~ 1073%. h = 1 is the convention of all QuTiP [12] functions,
a Python library I have used in the study. With A = 1, I define the unit of the
Hamiltonian of the simulated devices considered in rad/s.

The choice of units does not impact the time evolution operator U (t) as it is
dimensionless. As such, the choice of units will not impact the error rate of quantum
gates. What will be affected by the choice of units is the meaning of the magnitude
of the controls and the time scale of the controls. Note that in SI-units the unit of
h =Js. Hence, one can achieve A = 1 by only tweaking the energy scale, not the
time scale.
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Theory

This chapter focuses on modeling the quantum hardware, the theory behind the
two model-based quantum gate optimization approaches considered, and introduces
deep reinforcement learning. No new results are derived, but more details are given
than in a typical review article.

2.1 Time Evolution of Closed Quantum Systems

Performing a quantum gate in a quantum computer corresponds to evolving a quan-
tum system in time. In this thesis, the simulated quantum computing hardware is
modeled as a closed quantum system, meaning a system whose time evolution is de-
scribed by unitary operators. The time evolution of closed systems can be described
by the Schrodinger equation

L, 0 A
i o) = () [0(). 21)

where the Hamiltonian ﬁAis a hermitian operator, and |1 (t)) the state of the system.
The solution is [¢(t)) = U(t) |(0)) where in general

O(t) = 7exp (‘FLZ / t ﬁ(t)dt) | (2.2)

where 7 is the time ordering operator and U (t) unitary. If H(t) is time independent
or commutes with itself for all times, this simplifies to

O(t) = exp (_hl / tf[(t)dt) | (2.3)

One also gets Eq. (2.3) by approximating U (t) with a first-order Magnus expansion,
a continuous version of the Baker-Campbell-Hausdorff (BCH) formula. The second-
order Magnus expansion is per [13]

U(t) = exp (;LZ /Otg(t)dt _ 2(2171)2 /Ot dt, /dtl H(t), H(tQ)D . (2.4)

H commuting with itself across all times implies [H (1), H(t;)] = 0 for every t1, t,.

It is difficult to work with operators like /() numerically. What is instead done
is to use a basis to transform an operator into a matrix. Let H be the matrix
corresponding to H, then H,; = (i;| H |1;) where {1;}N | is the basis set for the
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computation. Any operator in a (sub)space with the basis {¢;}X, can be described
by

U= Usjlé:) (¢, (2.5)

3,j=1

where Uy; = (¢;] U |¢;) is the matrix representation of U. The derivation is

U= (ZIIW <¢il> U (Zlkéj) <¢j!) = > Uyl (@il (2.6)

ij=1

where it is used that 3%, |¢;) (¢:| = I. From here on, out of notational convenience,
operators O are sometimes written as O.

2.2 Unitary Transformations

When analyzing quantum systems, working in a nice coordinate system is often
beneficial as it can make the actual physics clearer and easier to analyze analytically.
A coordinate transformation

[ (1)) = A(t) (1)) . (2.7)

is unitary if A is unitary, AA" = 1. As A(t) is known changing between [¢(t)) and
|W(t)) is straightforward. Let ih2 |U(t)) = H(t)[¥(t)). Then

0

D LD
i [6() = (zhat(A)AT + AH(t)A*) (t) . (2.8)

Hence, dynamics defined by (H, W) becomes (H, ) in the coordinate system defined
by [(t)) = A(t) |W(t)), where

- O / ~\ ~ A N
Y T T
H=ihy, (A) AT+ AH(1)AT. (2.9)
The trick is to pick a useful /Al(t) An example is the interaction picture, defined
by A(t) = exp(iHot). Let H(t) = Hy + Hy(t) and A(t) = exp(iHot). A implies a
coordinate system rotating like the intrinsic dynamics of the system given by H,.
Then per Eq. (2.9) and the BCH lemma, for example derived in [14],

nY's
Xy, —X 1 Il =
e Ye :Y+[X,Y]+§[X,[X,Y]]+...E[X,[X,...[X,Y]...]+.... (2.10)
one obtains
H = A(t)H A (t). (2.11)

X =Y = H, leads to the cancellation of the Hy term by the rotating frame /Al(t) =
exp(iHot).

6



2. Theory

2.3 Quantum Optimal Control

As defined by [15] Quantum Optimal Control (QOC) is a branch of optimal control
theory aiming to adapt optimal control to quantum mechanical systems. Optimal
control is a mathematical theory aiming to design control signals c () that manipu-
late dynamical systems to achieve specific goals. Often, the goal is to optimize some
figure of merit. In general, this is a constrained infinite-dimensional optimization
problem. The optimization parameter is the control signal. A dynamical system
influenced by a control signal C (t) can be defined by

X @00, (2.12)

where f is a function describing the time evolution of a quantity #. The dynamical
system this study focuses on is the Schrédinger equation, Eq. (2.1).

The Hamiltonian of a quantum system can be divided into two parts, the intrinsic
dynamlcs of the system given by HsyS and the dynamics induced by the control
Hcm Hctrl depends on the control signal C’( ). It is often assumed that HsyS is
time-independent, but this is an approximation of experimental hardware. In total,
ideally, the system would be described by

H®)[C(t)] = Hys + Han()[C(2)). (2.13)

This study focuses on quantum gate optimization. This means that the figure
of merit to optimize is F(U(t,), Ur) where U(t,) is the time evolution operator at
the end of the gate, Ur defines the gate, F' is a measure of the similarity of Ur and
U (ty), and t4 is the gate time. This is not the same task as state preparation, which
would be defined by F(|ir),U(t,) [10)) where |i7) is the target state and [¢) the
initial state.

Quantum gate optimization is challenging; a real system might have time-dependent
intrinsic dynamics, unknown terms in I:[Sys, and unknown distortions of the control
signals. Similarly to [9], experimental hardware could be described by

A A ~ A - =

Hieal = Hygs + Hyys(t) + Hetn (1) [D(C(2), 1)] (2.14)

where Hsys( ) is the unknown, potentially time-dependent part of the intrinsic dy-
namics, and D(C(t),t) describes the distorted control signals. Handling D(C(t), t),
]:Isys(t) is a challenge and is a motivating factor behind using model-free approaches
to QOC. I mainly simulate A = g+ Hep (1) [€2(¢)] but notably consider a distortion
D(C(t)) modeling the effect of bandwidth limited control electronics. Simulating
Flsys is a topic for future studies.

To derive quantum gates based on modeling Hyys and Hey(¢)[C(t)] one can mea-
sure the parameters of Hyys and Hep(t)[C(t)] and handle Heyo(t) and e () [D((t),1)]
by making the system robust to perturbations. A model-free approach can be opti-
mized directly using H,a1. The risk is that good model-free gates are only obtained
after testing many different control shapes on H,ea many times, while a model-based
approach, in principle, just requires measuring the system parameters. This can be

7
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addressed by hybridizing model-free and model-based approaches by initializing the
model-free approach using a model-based ansatz. This is a focus of this thesis.

The challenge in QOC is finding gates that are short, have a low error, and are
robust. It is a challenge as fast gates tend to have a higher error rate than slow
gates, while robustness sometimes comes at the cost of the error rate.

2.4 Gate Error Measure

Here, I motivate the choice of gate error measure. The goal in gate optimization is
to optimize the control pulses to ensure that the time evolution of the system at the
end of the gate U(t,) is as similar as possible to the target unitary of the gate Uy.
The similarity of Uy and U(t,) can be measured with the expected fidelity F,yy of
applying the gate to an initial state ¢y sampled from a distribution of initial states

Po,

2

N

Fog = Eggpy <’<¢0| UU (t,) |wo>]2) ~ }Vz (sl URU (8) [403) (2.15)
where the approximation is more correct for large N, 1; is a sampled 1)y. The
measure is reasonable as the global phase difference between Ur, U(t,) is of little
interest. Other choices exist. The problem with the general definition of expected
fidelity, Eq. (2.15), is that it is expensive, as a large N is required. A remedy is
to pick a distribution of initial states pg such that the expectation value can be
calculated analytically. [16] shows that for a uniform distribution across all possible
normalized initial states, any linear operator M fulfills

Eyomumit(| (o] M [0} [?) = (Tr(M M) + | Tr(M)[?) (2.16)

1
d(d+1)
where M is of dimension d x d. Noteably Tr(MMT) =3, ;|M;;|* € R, making the
full expression real for all M. Inserting the unitary M = ULU(t,) one finds

Fog(Up,U) = d(d1+1) <d+ Tr (U}U(tg))f> . (2.17)

This would mean optimizing Fjy, is equivalent to optimizing |Tr(ULU(t,))[>.

Unfortunately, the fidelity measure defined by Eq. (2.17) is problematic. For gate
synthesis applications, one does not care about what happens to states outside the
computational subspace, except that they should not evolve into the computational
subspace. This means many different Uy are equally desirable from this point of
view, with the full general description given by

N N
Ur= Y, Aylo) (@il+ D> Bijle) (o5, (2.18)
i,j€comp i,j¢comp

where B;; are arbitrary (except the unitarity criteria, which leaves a lot of degrees
of freedom) as far as the gate design problem is concerned, and comp defines the
computational subspace.

8
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Another problem with Eq. (2.17) is that the initial state is likelier to be inside
the computational subspace than outside the computational subspace. Eq. (2.17) is
based on a uniform distribution of all possible initial states, not a uniform distribu-
tion of all initial states in the computational subspace. The result according to [16]
is that Eq. (2.17) is an underestimate of the actual fidelity.

A fidelity measure F' focused on the computational subspace addressing the unde-
fined Ur problem and considering that 1) is likely in the computational subspace is
used in [10], suggested and derived by [16]. The difference relative to Eq. (2.17) is to
sample uniformly normalized initial states solely in the computational subspace and
let M = ﬁ(j}f{lj (tg)fl. ITis the projection operator for the computational subspace,

= > | (i, (2.19)

iEcomp

where comp = {0, 1} for a single-qubit system. Note that

R N
MUr= 3 Aylo) (4l (2.20)

1,j Ecomp

implying that B;; can be ignored if using the fidelity measure F' focused on the com-
putational subspace as a figure of merit instead of Eq. (2.17). Note that [II, Uy] =

11, (jTT] — 0. For notational convenience, redefine Uy — Up, UST — U}, with
this notation U}UT = II # I. The end result when rewriting Eq. (2.16) using for
example I =1, Tr(MMT) = Tr(MTM), is

1

F(0n0W) = g

<Tr (F10 (8,010 (¢,)11) + | T (0401071, )11) ]2> (2.21)

where II is the projection operator of the computational subspace (comp = {0, 1} if
qubit), d. the dimension of the computational subspace. d. = 2 for the single-qubit
case; d. = 4 for the two-qubit case. Observe that M is not, in general, unitary.
This means Tr(MMT) # d. F given by Eq. 2.21 is the fidelity measure F used in
this study, both for the single-qubit and two-qubit cases. Often, the focus is on
minimizing the infidelity I = 1 — F' instead of maximizing the fidelity F'.

2.5 Decoherence and Leakage

As a quantum computer must be controllable, it will interact with the environment.
The interaction with the environment leads to a loss of coherence. This is a reason
why faster gates are preferable. Properly modeling interactions with the environ-
ment is computationally expensive, requiring, for example, the Lindblad master
equation. Therefore, this study uses simplified models of decoherence. A model of
the decoherence infidelity due to interactions with the environment is given by [17],

I, = 2<dd+1>tg > (/7 +1/1%) (2.22)

k=1
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where d = 2% is the number of computational states, N the number of computational
qubits, t, is the gate time, T} the relaxation time and T3 the dephasing time of qubit
k. The total gate infidelity, considering decoherence,

Ligta1 = 1 — F + 1. (223)

Unless explicitly stated, the infidelity in the report is I = 1 — F', not the total
infidelity:.

Eq. (2.22) captures the decoherence if the system mainly stays in the computa-
tional subspace. For this study, this means Eq. (2.22) is applicable to the 7 pulse
(where N = 1) but not the CZ gate as it is often implemented by (on-purpose)
leaving the computational subspace. A CZ gate can be realized in several different
ways. For the CZ gate realization focused on in this thesis, the formula from [18] is

more relevant,
1 3 31 3
I.= t 2.24
<2T11 * 1077 * 4073 * 8T22> g (2:24)

where TF, Ty are the coherence times (relaxation and dephasing) of qubit k. No-

tably, Eq. (2.24) is not symmetric, which makes sense as the CZ gate realization
treats the two qubits differently. The CZ gate realization is explained in detail in
section 3.3.2. In an attempt to mimic the Chalmers device, both the single-qubit
and two-qubit systems were modeled with T} ~ 80 ps, T5 ~ 40 ps. See Table B.1
and Table B.2 for the system parameters used.

Unfortunately, shorter pulses often imply high-amplitude control signals. This will
also be bad for the gate infidelity, as intense pulses will have a higher bandwidth,
meaning there is a risk that more leakage occurs. Leakage means that the quantum
system leaves the computational subspace. This can happen if the bandwidth of the
signal is so wide that more transitions than intended are activated. An example of
leakage would be if the probability of finding a qubit in the second excited state |2)
at the end of the gate is non-zero, |(2[(t,))|* > 0.

2.6 Robustness

The true dynamics of the system studied will not be perfectly known and might
change over time as the system interacts with the environment. The uncertainty
is both in the parameters of the system (for example, the resonance frequency of
the qubit) and, if using a theoretical model, the accuracy of the model. As such,
frequent recalibrations are commonly required. In [8], recalibration for one hour is
interleaved with one hour of benchmarking. This uncertainty and parameter drift
make robustness, good performance despite perturbations, a beneficial property.

The problem is that robustness might lead to decreased performance. [19] shows
that stochastic gradient descent leads to more robustness but worse performance
compared with gradient descent when applied in a quantum optimal control task,
while [20] shows that a model-free approach beats a model-based approach when
the deviation between the model and the simulated set-up becomes large. This is
to be expected; a pulse optimized to work well on a specific Hamiltonian might be
very sensitive to small deviations in the Hamiltonian. One could hence expect a
trade-off between robustness and performance.

10
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2.7 Modeling

This study focuses on two models: a single transmon and two transmons connected
via a tunable coupler. Here, the analytical models used for the simulations are
introduced and motivated. This section closely follows what already exists in the
literature. The section is primarily based on [11, 21, 22]. The section explains why
I let the single-qubit simulation be defined by

L, (1)

o
PEPEIN
—a'a'aa +

2 2

N N N Q,(t

Hyq = Hyp+ Hen = 6(t)ata+ (a+a) +z'y2<) (a' —a) (2.25)
where 0(t) = w, — wy, w, is the qubit frequency, wy is the drive frequency, « is
the anharmonicity, @ is the annihilation operator, a' is the creation operator, and
Q,(t), Q,(t) is components of the control signal £(t) = €,(t) cos(wat)+£2;(t) sin(wat).
The section also explains why the two-qubit simulation was made with

Hogo=H.+ Y Hi — gicla; —a)(a, — af) (2.26)
i={1,2}

where g;. is the coupling strength between qubit ¢ and the coupler and H,, H, H,
are

I At A Ok ot At A A
H, = wkalak + ?alalakak, (2.27)

where wy, is the frequency of qubit (k = 1,2) or coupler k = ¢. The two-qubit system
is controlled via w.(t) = wly/|cos(m®(t))| where ®(¢) is the flux signal sent to the
system and w? is w, when ®(¢) = 0. The two-qubit simulation uses the parameters

in Table B.1, while the single-qubit simulation uses the parameters in Table B.2.
The simulation parameters are based on the experimental set-up at Chalmers.

2.7.1 Intrinsic Dynamics of a Transmon

This section summarizes how the model of the intrinsic dynamics of a single trans-
mon ]ffsys is derived. The equivalent circuit diagram of an isolated transmon is given
by Fig. 2.1. This is the basic building block of the recent 105-qubit flip-chip Chinese
processor [23] as well as Chalmers’ quantum computing efforts. The transmon is an
appealing choice for superconducting circuit qubits as the design is insensitive to
charge noise.

Using circuit quantization, explained in more details in [21], one obtains that the
transmon shown in Fig. 2.1 is described by

Hyyo = 4Ech? — Ej cos () (2.28)
where 1 = % is the reduced charge, Q is the charge of the capacitor of the transmon,

b = % is the reduced flux, & is the flux of the transmon, E; is the Josephson
energy (which can be influenced by designing the critical current of the junction),
and the charging energy Fo = %, where Cy, = C'y + (g is the total capacitance of
the transmon. The transmon’s insensitivity to charge noise comes from designing
the device such that E; > E¢, as shown by [22]. This can be achieved by making

11
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| ey

Figure 2.1: Equivalent circuit diagram of a transmon. The crossed box is the
Josephson junction. A Josephson junction consists of two superconductors separated
by a thin barrier. The Josephson junction is characterized by the Josephson energy
E; and a capacitance C';. Cy is a shunt capacitance and ® the flux of the transmon.

Cs large. Wanting to express the system in the standard harmonic oscillator basis
{n}%,, one defines the annihilation and creation operators @, a' such that

EJ 1/4 ‘ ;
n= a— a 2.2
" (32EC> i(a-a) (2.29)
and /4
n 2EC A AT
b= (EJ) (a +a ) : (2.30)

With this definition one obtains the familar annihilation and creation operator prop-
erties a|n) = /n|n — 1), al |n) = \/n|n + 1), [@,a'] = 1. This is a convention; other
ways to define @, a' exist.

Eq. (2.28) can be simplified via a Taylor expansion and perturbation theory.
Expand the cosine non-linearity to fourth order in gg (gg is small since E; > FE¢),

Ejcos () ~ E; — b;%? + giqs‘* (2.31)

and disregard all constant terms (for example, the E; term) as they only impact
the global phase. Observe that ¢* o (a + a')*. [22] suggests keeping only terms
B in (a + a)* such that |n) is an eigenstate (B|n) = B, |n)). [22] motivates this
with perturbation theory. Consider H = Hy + V with V = —%(ﬁ‘* being the
perturbation. The first-order correction of the energy E(Y) = (n|V |n). This means
that to first-order in energy, only terms in V' where |n) is an eigenstate matter. If
one keeps only such terms and disregards any constant terms, one can show that
(@ +a")* — 6a'a’aa + 12a'a. This results in, as claimed in [21],

A

Aoy = wyata + %a*a*aa. (2.32)

where @« = —E¢ = w12 —w, < 0 (wy; = E; — E; where I:[sys li) = E;li)) is the
anharmonicity of the lowest energy level outside the qubit subspace and the qubit

frequency
Wy = W1 = \/8E0EJ — EC (233)

12
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Note that E; > E¢ leads to the transmon’s insensitivity to charge noise but is
problematic as E; > F¢ is usually obtained by making Ec = |a| small, while a
large anharmonicity |a| leads to less leakage. There is, hence, a trade-off between
sensitivity to charge noise and low leakage. Fortunately, the charge insensitivity is
exponentially suppressed with increasing E;/E¢c [22], while the anharmonicity |«
only decreases linearly with F¢.

Finally rewrite ]flsys in the rotating frame

A — ei(wdter))de’ (234)
with the detuning § = w, — wy

Ay = dafa + %a*a*&a. (2.35)

The rewrite uses the BCH lemma Eq. (2.10) and [a'a,afataa) = 0 (shown in ap-
pendix A.2).

2.7.2 Control of a Transmon

So far, the focus has been on ]:Isys of the Transmon; here, modeling I:Iml is discussed.
The transmon is controlled via a weak capacitative coupling with a microwave drive
line. The set-up is described by Fig. 2.2.

Figure 2.2: The full single-qubit set-up. The transmon is controlled via a mi-
crowave drive line capacitively coupled to the transmon. The wiring dampens the
voltage signal Vy(t). The chip’s temperature is typically less than 60 mK while the
signal generator is at room temperature. ®1 is the flux of the transmon at the node.

The aim of this section is to find ﬁcm of the set-up in Fig. 2.2 in the same frame
A as Hgys. It is explained how one can use the rotating-wave approximation and a

rotating frame to derive that a transmon driven by a weak capacitive coupling is
described by

He = L(t) (a + aT) + i) (a* - a) (2.36)

13
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where the voltage signal used to drive the transmon
Va(t) oc £(t) = Qy () cos(wat + @) + (1) sin(wat + ¢). (2.37)

The aim of this thesis is to optimize the controls 2, €2,, and wq. The focus is on
£(t), not Vy(t), as the proportionality constant must be measured experimentally.

Assuming weak coupling Cy; < Cf, the system shown in Fig. 2.2 can (according
o [21]) be described by

. 0
Hctrl - £< >Q (238)
Qzprr
where Q/QZPF = —i(a—a'), Qzpr is a constant (with dimension charge) describing

the zero-point fluctuations of the system. Algebraically, when defining Q0 = Q, +14€,,
one finds that

- Q) _, Q*(t) ,
Hyn = —i ) it o + LEQT (a —a ) . (2.39)
2 2
Using the BCH lemma Eq. 2.10, [a'a,a] = —a, [a'a,a'] = af, one can derive that

the ffsys rotating frame
A = ¢ilwattoiata, (2.40)

transforms @ — ae~*@att®) gt — gfei@at+9)  This results in

[A{Cm/(—i) — Me—ﬂ(wt-ﬁ-@& + Q*<t)a _ (@) e2wat+d) 5t _ %&T (2.41)

2 2 2 2
The next step is to apply the rotating-wave approximation. The rotating-wave
approximation is an approximation that, if valid, enables discarding fast-rotating
terms. The basic intuition behind the rotating-wave approximation is that terms
that rotate faster than any other rate or frequency can be time-averaged to zero.
In this case, the rotating-wave approximation implies disregarding the e*?2«at+¢)
terms. The result is

Hep = sz(t) (a+a') + zQy;t) (a' —a). (2.42)

Rigorously motivating the rotating-wave approximation is not trivial, even though
it is used without detailed justification by other studies of single-qubit gates, for ex-
ample, [21, 24]. There are parameter regimes where the rotating-wave approximation
is invalid for single-qubit gates [25]. The key, according to [25], is to ensure that
the frequency of the fast rotations is much larger than the drive strength. In the
single-qubit case, the drive strength corresponds to €2, and €2,. The rotating-wave
approximation is hence justified if 2wy > Q,(t), Q,(¢). For the single-qubit system
considered in this thesis, 2wq > (1, (), seems reasonable as wy is typically a few GHz
while 2, and €, are typically tens of MHz. The rotating-wave approximation will
be less accurate for small gate times ¢;,. Throughout this study, the rotating-wave
approximation based He.n Eq. 2.42 is used, as is commonly done in the literature.

The control signal £(t) is according to [21], assuming weak coupling, given by

_ CaVa(t)Qzpr

&(t) CnD (2.43)
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where D is any extra damping of the control signal, C; the capacitance between
the transmission line and the qubit, Cy, = C; + C, the total capacitance of the
transmon and Q) zpp the zero-point flucations of the system. Weak coupling means
Cq < Cx. What voltage Vy(t) (£2,,) corresponds to depends the experimental
constants Qzpr,Cp,Cx and D. The magnitudes of €2, and €, in this study are
expressed in MHz as the unit choice A = 1 implies all Hamiltonians H are expressed
in rad/s.

2.7.3 Two-qubit Set-up

The experimental set-up at Chalmers consists of qubits connected via tunable cou-
plers. The simplest such system available is described in detail in [11], and the circuit
diagram is shown in Fig. 2.3. This is the set-up used when simulating two-qubit
gates.

d(1) HSFL

E, —Loa L% Isge, Lo

Figure 2.3: The two-qubit set-up considered in the thesis. Two qubits are con-
trolled via a tunable coupler. The frequency of the coupler w.(t) is controlled by
sending flux ®(¢) (marked in red) through the loop with two Josephson junctions of
the coupler. The loop with two Josephson junctions is known as a Superconducting
Quantum Interference Device (SQUID). The flux is generated by sending a current
(marked in yellow) through a high-speed flux line (HSFL). C; and C; are the total
capacitances of the two transmons.

There are two fixed-frequency transmons connected via a transmon with a tunable
frequency. The purpose of the tunable qubit is to control the interaction between
the fixed frequency qubits; its state is not used for computations in itself. The three
transmons are capacitively coupled.

According to [21] a system consisting of two qubits H; and a coupler H, is de-
scribed by

H=H,+ Hy,+ H,+ Hys + H,. + Hy,. (2.44)

There is not supposed to be any direct coupling between the two qubits per the
circuit diagram in Fig. 2.3, as such Hy, = 0. The interaction Hamiltonian can per
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[21] be modeled as

Hie = —gie(a; — a))(a. — af). (2.45)
Assuming C;, < C;, C.
C.
ic — 4 2 = illc, 2.46
g e Cngn n ( )

where 7; = in;(a; — &T) and j = i,c. Note that there are different conventions; [11]

J
uses
H;. = gio(al +a;)(al + a.). (2.47)

The coupler can be described as a transmon with a tunable frequency. The
equivalent circuit is shown in Fig. 2.3. The frequency becomes tunable via the use
of a Superconducting Quantum Interference Device (SQUID). A SQUID consists of
two Josephson junctions connected in parallel. The frequency is tuned by sending
an external flux through the SQUID. The dynamics is according to [21] given by

(29

where ®(t) is the applied external flux, and the magnetic flux quantum ®;, = 1 in
the chosen units. The external flux is controlled by a current sent through a flux
line. This is the same Hamiltonian H as the transmon, except replacing E; with

E; = 2E; ‘cos(&(t))’. Replace E; — E; in Eq. (2.33) and use that E; > E¢ to

P
obtain ’
we(t) = \/8E;Ec — Eg =~ \/8E, E¢. (2.49)

The end result is, as first derived in [22],
7d(t)
cos ( B, )

we(t) = wg\l

where w,(t) = W if ®(¢) = 0. The approximation made in Eq. (2.49) is not valid if
®(t) = (3 + n)®Po for any n € Z, in that case w,(t) should be offset by a constant.

A strong reason to avoid ®(t) = (5 +n)®Po is sensitivity to flux noise. For —0.5 <
O(t) < 0.5

[:ICoupler = 4ECﬁ2 - 2EJ

Cos (95) (2.48)

, (2.50)

Ow, —7wlsin(rd(t))

= "c . (2.51)
0P 2, /cos(n®d(t))
This means, for example
Ow,
S 155 | = o (2.52)

Hence, ®(t) close to £0.5 will imply sensitivity to noise in the flux signal. It is
therefore preferred if —0.5 < ®(¢) < 0.5 Vt.
The total two-qubit Hamiltonian

Hogo=H.+ Y Hi — gicla; —a)(a, — al) (2.53)
i={1,2}
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where ]:]1, H, and H, are transmons modeled, like previously, with
A (o'H
H, = wala; + ;a}aiaiai, (2.54)

and the system is controlled by w.(t) via Hy = we(t)ala.
In this thesis, I have not looked into having single-qubit drives in addition to
controlling w,(t). This would correspond to

; Qk(t)
He = weo(t)ala, + z
trl ( ) c k:ZL2 9

k
(ax+al) + z’QyQ(t) () — ax) - (2.55)
This could have advantages, but many electromagnetic signals at the same time
might lead to significant cross-talk, meaning that different control signals interfere
with each other, distorting the signals. It also leads to a higher-dimensional opti-
mization problem, which might lead to slower convergence. This is something future
studies could look into.

2.8 Optimization Methods in Quantum Optimal
Control

There are many different ways to optimize quantum gates. This study applies
Derivative Removal by Adiabatic Gate (DRAG), Gradient Ascent Pulse Engineer-
ing (GRAPE), deep reinforcement learning, and black-box optimized piece-wise
constant controls for the single-qubit case and deep reinforcement learning com-
bined with a black-box optimized ansatz to the two-qubit case. There are other
approaches, for example, model learning investigated in [20, 26], but they are out
of scope for this thesis. Model learning means finding a machine learning model
to replace the Hamiltonian H for describing the dynamics of the quantum system.
Here, the optimization methods are introduced. The details regarding how a two-
qubit CZ gate is realized are explained in section 3.3.2 of the next chapter, outlining,
for example, how the implementation relates to the level structure of the two-qubit
Hamiltonian.

2.8.1 Derivative Removal by Adiabatic Gate

DRAG is a method based on analytically deriving a suitable parametrization for
single-qubit gates and then optimizing that parametrization. It is specific to single-
qubit gates. It is introduced by [27] and expanded upon in [24]. The fundamental
idea is to optimize the controls to ideally achieve

Uideal = Uqb b Urest (256)

in some reference frame. This would mean that there is no connection between the
first two energy levels (the qubit) and the rest of the levels. This means no leakage.
If there is no coupling between different energy levels in H , then U(t) = Ujgear- As
such, the goal is to ensure

H = Hy, ® Hyeg. (2.57)
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The challenge is finding a reference frame that removes the connection between the
computational subspace and the rest of the energy levels. The DRAG derivation
given by [24] starts from a standard non-linear oscillator (SNO) with d levels

2 Jj—1j 2 J—1.j

frsvo =35 30) + e 1y + s (Bl + B0 ) oy

=1

where II; = |5) (jI, of; = 1) (4| + 1) (i, of) = —ilg) (k| +i|k) (j|, \i measures
the strength of the transmission |j) — [j + 1), and «; is the anharmoncity of the
|i) — |i + 1) transition.

This becomes the single transmon model

H=o(t)ata+ -afa'aa +

(a+a) +z‘Qy2<t> (af —a) (2.59)

when d — 0o, \; = Vi and a,, = $n(n — 1) for n € Ny. The single-qubit simulation
is de facto a SNO as truncation is needed numerically, d = 7 is what is used in this
study.

The approach of, for example, [24] is to find a unitary transformation A(t) so
that the qubit becomes decoupled from the rest of the energy levels in that frame.
To ensure that the effect of the gate is the intended in the lab frame, we require
/Al(()) = fl(tg) = I. The general problem is addressed by [24] while [27] just suggests

a specific A(t). [24] suggests,

Q(t) = - Qg(it) (2.60)

where
o (-42) - v ()
fatt) = M\/ 2mo?erf (\;%U) — tgexp (—%) (261)

is the standard Gaussian pulse commonly employed for single-qubit gates. erf(x) =
% JE e "dt. In the case of a m-pulse, M = 7. ¢ = t,/2 is used in [27] and in this
study. o is a trade-off between having the signal be smooth despite truncating such
that Q;(0) = Q¢(t,) = 0 and Q¢ being tight in the frequency domain. The deriva-
tion of the Gaussian pulse is given in Appendix A.1. A Gaussian pulse is preferred
over, for example, a square pulse because it has a more favorable bandwidth-to-
intensity relationship than less smooth pulses. This means there is less leakage
using a Gaussian shape instead of, for example, a square pulse. There is ongoing
research on how to improve DRAG, a recent example is [28], which suggests opti-
mizing the shape of €, (¢) and using higher order derivatives. In the methodology
used to derive DRAG, there is no prescription regarding the shape of €, (t); there
are several valid shapes.
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2.8.2 Gradient Ascent Pulse Engineering

If there is an analytical model of the system’s Hamiltonian H, the controls are
assumed to be piece-wise constant, the figure of merit is differentiable, and the sys-
tem is approximated to be closed, one can optimize quantum gates using gradients
calculated analytically. This approach is called GRAPE. The idea is interesting
because gradient-based optimization methods are good at handling large parameter
spaces. In this thesis, I have implemented a simple version of GRAPE from scratch.
GRAPE is only applied to the single-qubit set-up. There are many more sophisti-

cated approaches, see for example [29]. The goal is to derive % so that gradient
J

ascent can be applied to update the controls C with gradient descent

Cik — Cjk + 68801]1' (2.62)
€ is the learning rate, in order to minimize F'. In the thesis, the focus is on infidelity
I = 1— F. The control update Eq. (2.62) can be rewritten in terms of I. The
derivation of ;C—i consists of two-steps, finding %(;:), then 880%.

GRAPE assumes piece-wise constant controls to derive the analytical gradient.
This means that the system must be described by

H(t) = Hsys + ZCjkﬁj,Vt € [tk, tit1] (2.63)

J

where H ; are the different control Hamiltonians, and the control signal is piece-wise
constant, the j-th control at the k-th time step ¢;(t) = ¢, Vt € [tg, tit1]. In the
single-qubit case ¢1(t) = Q,(¢) and H, = (a + a')/2, for example. The end points
of piece-wise constant time intervals are defined by ¢, = tx + At, Vk where At is
a constant.

Start the GRAPE derivation by approximating U (t). In general, [H (t,), H(t2)] # 0
for piece-wise constant pulses. Do a first-order Magnus expansion approximation of

A

U(t), to obtain ‘
O(t) = exp <_sz / tﬁ(t)dt) | (2.64)

As H is piece-wise constant [7 ]fl(t)dt = At>, ]:I(tk) Then apply the Baker-
Campbell-Hausdorff expansion [14], to second order

A2
PAA+ALB o JALA ALB A [A,B] (2.65)

As At? < At keep only the first order At terms. This line of reasoning makes it
reasonable to approximate

U(tg) %nglﬁk‘ = UNUN_l...U1 (266)
where A A
Uk’ = 6_1At(Hsys+Zj Cijj) (267)
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and t, = NAt. This approximation is commonly applied in literature [30, 10]. The
next step is approximating for small At
oUy,
— ~ —iAtH;U,. 2.68
acjk t JYEk ( )
It is an approximation because [Hyys, H;] # 0, [H;, H;] # 0 if i # j in general. The
validity of the approximation is motivated in [30]. The end result is that, because
U; is independent of cj;, if k # 1,
oU (t
Cik
This can be made neater by defining the backpropagation operator Ry = U IT U 1171[] ,I
Observe that RyU(tx) = L. Insert to obtain

U (t,)
c%jk

— —iAtU(t,) Ry H;R). (2.70)

One can define a lot of figures of merit F'(Ur,U(t,)) that are differentiable with
respect to cj. For the fidelity measure used in this study

F(07,0(t,)) = dc(d;l) (1 (110 1) 1071 17) + [T (OO [) - 270

one obtains for the infidelity / =1 — F

or 1 oU'(t,) ; oU (t,)
0

LR (T (M) R (Tr (;‘i)) 193 (Tr (M) S (Tr <2§Ji>>)

M = U}HU (t,)11, 88UC(?§) is given in Eq. (2.70), the computational subspace dimen-

sion d. = 2 for the single-qubit case, z = R(z) +iJ(z).

(2.72)

2.8.3 Deep Reinforcement Learning

Here, deep reinforcement learning in general is introduced, and the specific deep
reinforcement learning algorithm used is described and interpreted. How an ansatz
can be introduced is treated in chapter 3.

Reinforcement learning is a method to control a system in an optimal way using
machine learning. The control process is viewed sequentially; the reinforcement
learning agent performs a sequence of actions, making the system transition through
a sequence of states. Reinforcement learning requires no knowledge of the dynamics
of the process. A reinforcement learning agent uses an estimate of the current state
of the system s; to select an action a; to perform on the system. The system returns
a reward r;11 and an estimate s;.; of the state the system transitioned into. This
action-feedback loop is visualized in Fig. 2.4.
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N

Agent System

N —

Si+1y Ti+1

Figure 2.4: The action-feedback loop of reinforcement learning. The reinforcement
learning agent selects an action a; based on the current estimate of the system s;
and performs that action on the system. The system returns a reward r;,; and an
estimate of the state the system transitioned into s;.1. The agent uses s;;1 to select
the next action a; 1.

The goal of a reinforcement learning agent is to learn what action a; to take in an
arbitrary state s;. This can be thought of as finding the optimal policy 7y : s; — a;
where 6 is the parameters that are learned. A policy my(a|s) describes the probability
of picking action a if the system is estimated to be in the state s and the policy is
parametrized by 6. In Deep Reinforcement Learning (DRL), 6 is the weights and
biases of a neural network. This can be reformulated as an optimization problem

ming(L(0)) = 1 — B, [R(r)] = 1 — / dr Py, (T)R(7), (2.73)

where L is the loss, 7 is a trajectory, the reward R(7) is in this case the fidelity F
and Py, () is the probability to obtain the trajectory 7 given the policy. I formulate
the gate optimization problem such that the reward is only given at the end of
the trajectory. Hence, a trajectory 7 is defined by a sequence of states and actions
ending with a reward,

T = (soaoslal ...Sr_1ar—_18T, R(T)) (274)

The connection to quantum gate optimization can be made by letting a; be the
piece-wise constant controls applied to the system for the interval ¢ € [iAt, (i+1)At].
The result is piece-wise constant controls, like GRAPE. Letting DRL output piece-
wise constant controls is what is done in [9, 10]. The controls C' can be viewed as a
matrix where the columns are the actions applied at each interval, C = (ag...ar_1).

This study uses an on-policy DRL algorithm closely resembling the well-known
REINFORCE algorithm, because [9] claims it is a good choice. There are other
DRL algorithms, such as deep deterministic policy gradients used in [10]. On-
policy means that only trajectories obtained when following the current policy are
considered when updating 6.

The theory presented here is inspired by [31, 9, 32]. The high-level idea is to
calculate VL () so that the parameters of the policy 6 can be updated with gradient
descent.
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Use
Vo log(Pr, (7)) = VJQDRF"T(;—) (2.75)
to show
VoL(0) = — / drVy Py, (T)R(T) =
(2.76)
— [ 7P (T)V108(Pry (7)) R(7) = ~Eyory [R(7) Vi log(Pr, (7).
Use .
Pry(7) = p(s0) 11 mo(alsi)p(siva]si, ai), (2.77)

to rewrite using Monte-Carlo estimation

VoL(0) = —Erwr, [R(7) Vg log(Pr,(7))] &

N T . 7
_;23(@) >~ Volog(mlails)) (279

Even though [9] does not, it is common to use a baseline b(s;) to decrease the
variance of R(7)Vylog(P,, (7)) [32]. This is important as random variables with
large variance need larger N to yield an acceptable Monte-Carlo estimate of the ex-
pectation value. For any distribution Py(x) parametrized by € and random variable
z, [ Pyp(x)Volog(Py(x))dr = 0. According to [32], [ Py(x)Vglog(FPy(z))dxr = 0 can
be used to show that for any baseline

T—1

Erry [R(T)Volog(Pr, (7))] = Err, | 3 Volog(mo(arlse))(R(T) = b(si))| - (2.79)

t=0

Motivated by numerical experiments, it is common to use b(s;) = V™(s;) where
V7™ (s,) is the expected reward of following the policy 7y starting from s;. This is an
intuitive choice. If R(7) = V™(s;), the goodness of 7 is what one would expect on
averege. Hence, it should not contribute to VyL(6). In general, V7 (s;) needs to be
approximated, for example, using a neural network. Instead I use the mean reward
R= % SN R(7;) as a baseline, b = R, a constant. This zero centers the rewards.

I decided to parametrize the policy as a Gaussian function. The mean p is output
by a neural network while the standard deviation ¢ is the exploration noise, a
hyperparameter that is kept constant. The input to the neural network is the state
of the system at the time step s;. p and o are vectors with the same dimension
as the number of controls. In the single-qubit case, there are three controls 6(t),
Q.(t), and Q,(t) so u,o € R®. This is not the only choice; one could, for example,
discretize the action space. [9] discretizes the action space while [10] uses a Gaussian
parametrization.

In practice, VgL is calculated by backpropagation of the policy gradient loss

T-1

Lpole (g) = _;[ > (R(r) - R) 3 loa(mo(ofl ) (2.80)
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where, per the Gaussian parametrization,

Nk

log(ma(as|ss)) = —= Z (at — 1lf: St)> —log (\/ﬂ) : (2.81)

with N, being the number of control variables at each time step. Note that when
calculating the gradient, only u(f,s;) depends on 6, all other variables are viewed
as constants. Backpropagation of the policy loss LP°i%(f) is very efficient. In this
thesis, the most time-consuming step in the deep reinforcement learning algorithm
is simulating the time propagator for each trajectory 7, {U(t,)}Y,. For the single-
qubit case, I have used N = 50, and for the two-qubit case, N = 40. Observe that
LPoiey =£ [, but VyL(0) = Vo LPIY when N — occ.

Here, it is described how Eq. (2.80) can be understood intuitively. Note that
log(Pr, (i) = log(Fy) + 32,2 log(m(af|sf)) where Py depends on p(so), p(se+1]s, ar).
Observe that

N
Loty () jlvz( — R) og(Py, (7)) + Constant. (2.82)

=1

The only thing that can be influenced is log( Py, (7;)) < 0 as it is the only thing that
depends on # when minimizing LP°i . If the trajectory 7; is better than the average
trajectory — (R(Ti) — R) < 0, implying log(Pr,(7;)) should be as large as possible
to minimize LP°i. Large log(Py,(7;)) implies large Py, (7;). Hence, minimization of
LPoleY will maximize the probability of sampling trajectories 7; that are better than
average. Similarly, it will minimize the probability of sampling trajectories that are
worse than average.

Note that this reinforcement learning algorithm is not necessarily a state-of-the-
art algorithm. A constant standard deviation ¢ might lead to noisy results for
low infidelities. Performance could perhaps be enhanced by using a more advanced
deep reinforcement learning algorithm, such as proximal policy optimization [33].
The idea of the reinforcement learning algorithm implementation is partly to be
a vehicle for investigating the effect of including an ansatz in deep reinforcement
learning.

2.8.4 Black-box Optimization of Piece-wise Constant Con-
trols

For quantum gate optimization, an alternative to deep reinforcement learning is
black-box optimization. Instead of sequentially generating the actions a; based on
the current state s;, the full action sequence (aq . ..ar_1) is generated immediately.
Instead of optimizing the weights of a neural network as in deep reinforcement learn-
ing, ag...ap_1 is optimized directly. The goal is to minimize the infidelity I. This
can be done with many different algorithms, such as Covariance Matrix Adaptation
Evolution Strategy (CMA-ES). Black-box optimization means that no analytical
formula for g;i i
piece-wise constant controls a model-free approach, like deep reinforcement learn-
ing. Like deep reinforcement learning and GRAPE, the actions are assumed to
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correspond to piece-wise constant actions. The batch size N = 1, meaning that just
a single control is tried for each optimization step.
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Methods

Here, the simulation and the implemented techniques are covered in detail, the con-
nection to the experimental set-up is made, and the gate ansatzes are explained.
See my GitHub repository [34] for more details. T have devised the single-qubit sim-
ulation myself, but the two-qubit simulation is heavily based on Chalmers Super-
conducting Qubit Repository (CSQR), a software package developed at Chalmers.
Both simulations are heavily based on QuTiP [12], a package for simulating quantum
systems.

3.1 Generating Control Signals Experimentally

I attempt to consider hardware limitations when optimizing the single-qubit gate;
further studies could extend this, for example, with regards to noise. A rough idea
of how the optimized control signals can be generated experimentally is given.

The signal generation set-up considered in this study is described by Fig. 3.1. The
set-up is an IQ-mixer feed signals from an Arbitary Waweform Generator (AWG)
and a local oscillator. The set-up and description of the set-up are from [35]. The
thesis does not claim that this is the only way to control qubits, nor that it is the
best way.

DAC

90°

0° C > Experiment

DAC vg(t)

Figure 3.1: Working principle of an IQ-mixer. The AWG outputs two arbitrary
band-limited signals v;(t),vo(t) via two independent digital-to-analog converters.
They are mixed with a local oscillator sent through a 90° splitter, adding /2 to
the LO signal sent to vg(t). The two signals are combined through a microwave
combiner and sent to the experiment. The purpose of the IQ-mixer is to upconvert
the frequency to go beyond the band limit of the AWG. The figure is based on [35].
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3.1.1 Single-qubit Control

For single-qubit control, the task is to generate Vy(t) o< &(t) = 2, (t) cos(wqt + ¢) +
Q. (t) sin(wgt + ¢). How Q,(¢),Q,(t),ws impacts the single-qubit set-up is defined
by Eq. (2.25). For notational convenience, let ¢ = 0 as the global phase does not
matter for dynamics. An AWG outputs a signal, for example of the form sywg =
g(t) sin(wrpt + ¢’) where v(t) is a pulse envelope. This can be done via a Digital-
to-Analog Converter (DAC). The main limitation is that sawg is limited by the
bandwidth of the AWG, limiting wir to well below 1 GHz; hence, upconverting the
frequency is required, as superconducting qubits typically have frequen(nes € [3,6]
GHz. This can be done by mixing the AWG signal with the signal from a local
oscillator with signal spo = cos(wrot) using an IQ-mixer. See [35] or Fig. 3.1 for
experimental details. A way presented in [35] to experimentally realise the control
signal £(t) = Q,(t) cos(wat + @) + Q,(t) sin(wat + ¢) is to use two digital-to-analog
converters to generate vr(t) and vg(t) where

lm] _ [COS(WIFt) Sin(wIFt)] le] ' (3.1)

V0 —sin(wipt  cos(wipt)| |2y

The effect of an IQ-mixer is to scalar product [vr,vg] with [cos(wLot), sin(wpot)].
The end result is, after applying some trigonometric identities,

£(t) = Qy(t) cos((wir + wro)t) + Q(t) sin((wir + wro)t). (3.2)

Note that wgy = wir +wro. Here, it is assumed that the IQ-mixer is behaving ideally;
in reality, there will be distortions.

The key to controlling the detuning 6(t) = w, — wy is wg = wip + wWro as wy is
fixed in the Chalmers set-up. The device used at Chalmers, [35], has frequency
resolution 0.25 Hz for wir, 1 Hz for wro. How fast wir and hence the detuning 0(¢)
can be modified is a bit uncertain, even though some control is possible according to
experimentalists at Chalmers. That a time-dependent wy is possible, is not surprising
as frequency modulation of signals is commonplace. Hence, time-dependent 6(t)
should be possible. This study assumes identical constraints on €,,€,,0(t). An
alternative to controlling wir is to put 6(¢) in Q. (%), ,(1);

Va(t) o< (1) cos((wg + (8))1) + (1) sin((wg + 6(¢))?)
Q,(t) cos(wyt) cos(d(t)t) — Q, () sin(w,t) sin(d(t)t)+ (3.3)
Q. (t) sin(w,t) cos(6(t)t) + Q,(t) cos(w,t) sin(d(¢)t).
Hence
Q) = Q, cos(0(t)t) — Q,sin(0(¢)t)
Q, = Q, cos(d(t)t) 4 Q. sin(0(t)t).

3.1.2 Two-qubit Control

The most general form of flux ®(t) = Opc + g(t) cos(weost + @(t)) + f(t) sin(wsint),
used to control the two-qubit set-up, can likely be generated similarly to the single-
qubit control. It is assumed that the current generated by the control electronics is
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proportional to the flux. The flux can be rewritten
O(t) =0+ f(t) cos(p(t)) cos(weost) — f () sin(p(t)) sin(weost) + g(t) sin (wgint). (3.5)

This is the same format as the single-qubit V;(t), for example €, <> —f(t) sin(¢(1)),
except for the addition of an offset # and ¢(t) sin (wgint), something that should
be possible to achieve experimentally, for example with an additional [Q-mixer. To
generate the signals with an IQ-mixer, one should ensure that f(t) cos(¢(t)), g(t) and
—f(t)sin(¢(t)) primarily consists of frequency components below the experimental
bandlimit.

3.1.3 Experimental Limitations

The use of an AWG implies constraints on the control signals. Experimentally,
piece-wise constant control signals are limited by the inverse sampling rate of the
AWG used to make the pulse [10]. Assuming 10° samples/s as given by one of the
devices used at Chalmers [36], the interval length of the piece-wise constant signal
At =1 ns is chosen. There are devices with a higher sampling rate than [36].

An experimental device will also have a non-zero rise time due to a limited band-
width. This means that finite pulses will be distorted as finite in time implies infinite
in frequency per Heisenberg’s uncertainty principle. This leads to distortion of the
control signal D(C(t)). This is worth looking into when optimizing, as piece-wise
constant signals, used for example in GRAPE and deep reinforcement learning, will
be a lot more distorted than, for example, DRAG. This aspect of the device [36]
is modeled with a second-order Bessel 750 MHz low-pass filter, implemented using
SciPy’s signal processing module. I decided, for simplicity, to apply the filter directly
to €, Q,, and §(¢) such that

Qfiftered (1) — T ow-pass(€;(t)). (3.6)

(t) is assumed to have the same bandwidth limitations as €2, €2,. This captures the
smoothing effect of limited bandwidth on piece-wise constant pulses. The low-pass
filter is not applied to the two-qubit controls.

Experimentally, the bandwidth limit is applied to the output of the digital-to-
analog converter in the AWG. Hence, it would be more realistic to apply the low-
pass filter to vr(t),vg(t). wvi(t),vo(t) are defined in Eq. (3.1). This complicates
£(t) as one can no longer simply replace 2, — QLovPass Tt seems likely based on
preliminary numerical experiments that if wip < 750 MHz, applying the low-pass
filter to €2, €2, and J(¢) is a good approximation of low-pass filtering v;(¢) and
vg(t). This is something future studies could consider.

Handling signal distortions is significant to achieve high-fidelity quantum gates
[37]. This is significant from the point of view of analytical ansatzes, as they are
often derived without considering signal distortions.

The effect of a more general noisy pulse distortion is considered briefly by adding
piece-wise constant Gaussian noise in addition to the low-pass filter,

QN = Low-pass ((1 +n) QZPWC(t)) n~N (0, 10_2) : (3.7)
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where N (u,0) is a Gaussian distribution with mean p and standard deviation o.
More general distortions of control signals than low-pass are likely in an experimental
set-up; this line of research is a topic for other studies.

3.2 Deep Reinforcement Learning

Here, details about how the deep reinforcement learning agent is implemented are
given and discussed. Focus is on how the state s input to the neural network is
described and the two ways to include an ansatz that have been compared.

The deep reinforcement learning algorithm is implemented with JAX [38] and op-
timized using the ADAM [39] optimizer. A lot of hyperparameters exist, and they
have been tuned differently for the single-qubit and the two-qubit cases. Tuning
hyperparameters is a challenge, as simulations are time-consuming, especially for
the two-qubit system. For the thesis, I have used the VERA computer cluster, but
more tuning could perhaps improve the performance of deep reinforcement learning
relative to, for example, DRAG. The performance of reinforcement learning algo-
rithms is known to be sensitive to hyperparameters [40]. The neural network is, like
in [9], rather small. For the single-qubit case, a single hidden neural network layer of
size 10 is used, while for the two-qubit results shown in the thesis, two hidden layers,
each of size 5, are used. For the single-qubit case, the batch size N is 50, while in
the two-qubit case it is 40. Like in [9], tanh is used as the activation function for
hidden layers.

3.2.1 The State s; Input

Many different kinds of state inputs s; to the deep reinforcement neural network
could be conceived. I have considered two different approaches, one that includes
information about the unitary time-evolution operator of the system at step i, and
one that does not use any information about the quantum state of the system.
Including information from U (t;) is similar to the approach used in [9, 10], while
not doing so is similar to the approach used in [7, 8].

The unitary
U(t:) =22 Unn Im) (n| (3.8)

is encoded in the state by the real and imaginary value of {U(t;)m,} where m €
{0,1,2} and n € {0,1}. By picking m and n in this way, information about leakage
from the computational subspace to the first excited level |2) at time ¢; is given to
the deep reinforcement learning agent. This is highly similar to the approach used
in [10]. Using just a part of the unitary by keeping m and n small is beneficial, as
it is easier to measure experimentally. For the unitary containing s; I use

si = [R(Uoo), S(Ugo) - . ., R(Us1), S(Usn), ai + b, (3.9)

where a and b are constants that can be chosen freely and z = R(z) + i(z). For
the state without unitary information, I use

s; = [ai +b). (3.10)
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For the two-qubit case, only the approach without U (t;) is used, as the single-qubit
case indicated that not including U(t;) in s; might be preferable.

a and b can be chosen to normalize ai + b to some chosen interval. In the single-
qubit case, ai + b is in the interval [-1,1], while in the two-qubit case, ai + b is in [-3,
15]. The choice of interval is something future studies could look into more.

The intuition for why deep reinforcement learning for both s; designs could be
beneficial relative to directly optimizing piece-wise constant controls with a black-
box optimizer is that at+ b encodes that there is a relationship between the controls
at different time points. In the single-qubit case, this should make it easier to learn
that €, (;) has a different relationship to Q,(;+1) than Q,(¢;1s). Another advantage
is that ai + b encodes that controls with the same ¢, for example Q,(t;), Q,(t;), and
d(t;), are related.

3.2.2 Including an Ansatz

A focus of this study is to look into the effect of including an ansatz in deep reinforce-
ment learning when optimising quantum gates. That can be done in different ways.
One way is to add the ansatz directly to the output of the DRL neural network, so
that the controls

C(t) = Consata(t) + Crn(L). (3.11)

This ansatz plus NN approach can be contrasted with the ansatz-free case C(t) =
Cnn(t). The inspiration for this approach is that it is very simple to implement.
One can ensure that the fidelity of the initialized C'(¢) is about as good as the ansatz
by initializing the output of the neural network Cyn() to be small.

[6] proposes something similar to the ansatz plus NN approach. A difference is
that the ansatz they use is DRAG, while I use a square-shaped ansatz. [6] restricts
themself to single-qubit gates. They also use a black-box optimization method,
CMA-ES, not reinforcement learning, to optimize the piece-wise constant controls
added to the ansatz. They also do not consider control of the detuning d(¢) and
implement the approach in experiments. The existence of this study was something
I was not aware of when implementing the ansatz plus NN approach.

[7] suggests pre-training the neural network with supervised learning, effectively
initializing the neural network so that Cxn(t) = Chansatz(t). It is investigated in
detail by [41] and applied experimentally by [8]. Another paper following that
approach is [42], but applied to robotics. In some sense, this can be thought of as
transfer learning, teaching the agent the knowledge in the ansatz. The pre-training
is implemented in this study by minimizing the pre-training loss

1 N
Lpre—training = N Z (CNN(tz) - Oansatz<ti>>2 (312)

=1

with ADAM before starting deep reinforcement learning optimization. With this
approach, no ansatz is added to the output of the network.
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3.3 Ansatzes

Here, the ansatzes Cypsat, supplied to the deep reinforcement learning algorithm are
described and analyzed. How they are extended by deep reinforcement learning is
also mentioned.

3.3.1 Single-qubit Ansatz
Assuming no leakage, Q,(t) = 0,0(t) = 0, a m-pulse can be achieved by

/Otg Q,()dt = . (3.13)

For details, see section A.1. The simplest solution is Q2(¢) = 7/t,, a square signal.
I limited the single-qubit ansatz to the square signal

CansatZ(t) - [Qg(t>’92(t)750<t)] = [W/tg,0,0]Vt S [Oatg]' (3-14)
The deep reinforcement learning agent outputs
Cn(t) = [N (1), Q)N (1), "N (). (3.15)

For the ansatz plus NN approach to including an ansatz in deep reinforcement
learning, the controls sent to the simulated qubit, or the low-pass filter if a low-pass
filter is considered, are

C(t) = [Q0(t) + QYN (1), (1) + AN (2), 8°(t) + N (2)]. (3.16)

The square signal is also used to initialize GRAPE.

3.3.2 Two-qubit Ansatz

A standard approach to implement a two-qubit CZ gate, as suggested by [43], is
to drive the |110) <> |200) transition. The implementation on purpose leaves the
computational subspace. The transition is activated by driving at a frequency close
t0 wi105200 = |E110 — Eono|- This thesis focuses on this way of implementing a CZ
gate. The ansatz for the two-qubit control flux ®(t) is therefore

(I)(t) =0+ 5cos Cos(wcost) + 5sin sin (Wsint), (317)

where 0, dcos, Weos, Osin, Wsin are optimization parameters. The driving frequencies
Weos and wyp, is parameterized by (i = cos,sin) Aw; where w; = wi100200 + Aw;.
To activate [110) <> |200), |Aw;| must be small. I have also tested optimizing
(Aweos, Awgin) without that constraint, leading to different ways of implementing a
CZ gate. The ansatz (Eq. (3.17)) is an extension of [11, 43] where

D(t) = 0 4 Oeos COS(Weost + ©) (3.18)

is used, but I have not been able to show a significant advantage of having non-
ZeT0 Wy, and dgy,. Ogn = 0 was therefore sometimes enforced. More investigation is
perhaps needed, but the choice of offset # seems more significant.
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At the beginning and end of the gate, the ansatz ®(¢) is smoothed by a cosine
shape such that

0+ % (1 — cos (71'%)) (cos(wsint) + Ogin Sin (Wsint)) 0<t<t,

D(t) = ¢ 6+ Ocos COS(Weost) + Osin SIN (Weint) t,<t<t,+t,
0 + 67‘“ (1 — oS (wt;ftp» (coS(Weost) + Osin Sin (wWeint))  tp + 1, <t <,
(3.19)

where ¢, is the rise time, ¢ the fall time, ¢, is the "plateau” time, the gate time
ty = t,+1t,+t;. I have constrained the ansatz to t, = ¢,. The idea behind smoothing
is that smooth signals tend to have a better intensity-to-bandwidth relationship. For
the results shown in this thesis dg, < dcos, therefore ®(¢) and %—‘f becomes almost

continuous. Note that ¢, < 1 ns risks pushing 1 — cos <7T£) beyond the bandlimit
of [36], the AWG used at Chalmers.

Deep reinforcement learning is introduced to the ansatz by making 0 piece-wise
constant instead of constant and introducing a piece-wise constant phase ¢ when
tp +t, >t > t, such that

D(t) = 0 4 Seos(t) cOS(Weost + O(t)) + Ogin Sin (wgint). (3.20)

Deep reinforcement learning is combined with the ansatz by letting deos(t) = 60 +

ONN(t) where 82, is the constant d..s of the ansatz Eq. (3.19) and 63X (¢) the deep
reinforcement learning output. Similarly, ¢(t) = ¢™~(¢). The length of the piece-
wise constant interval is At = 1 ns. The deep reinforcement learning agent also
outputs a small change dt to t, and t;. Generating ¢ with deep reinforcement

learning is implemented in a similar way to the other time-dependent controls.

The |110) <« |200) transition reasoning leaves t,, t,, dcos, dsin, & Of the ansatz Eq. 3.19
undefined. I have optimized them numerically, but tried to constrain the numeri-
cal optimizer to intervals where interesting results might be expected based on the
energy spectrum of the system. This is based on qualitative reasoning. I am not
aware of a rigorous theory for what value, for example, 6 should have to achieve an
optimal CZ gate.

The energy spectrum of the two-qubit system is shown in Fig. 3.2 from two differ-
ent perspectives. The energy spectrum is given by the eigenenergies of the two-qubit
Hamiltonian Hy.gp(w.) (defined in Eq. (2.26)). Based on the energy difference spec-
trum shown in Fig. 3.2b, it seems like picking # such that the average @, ~ 3.8 GHz
might be beneficial as the energy difference |E119 — Eago| of the [110) <+ |200) is
rather separated from other transitions. Notably, Fig. 3.2a shows that for the opti-
mized 108.3 ns ansatz, the optimized ansatz oscillates over a large range of coupler
frequencies w.(t) corresponding to many energy differences, even though |E}19— Ea
is rather constant. In my experience, all numerically optimized ansatzes seem to ex-
hibit the large oscillations in w.(t) behavior. Understanding the dynamics of such
large oscillations in w,(t) is challenging. From numerical experiments, it seems that
the choice of @ is very important for the infidelity.
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Figure 3.2: Energy spectrum of the two-qubit system shown from two different
perspectives. Fig. 3.2a shows the two-excitation energy spectrum (marked with
thick lines) with an optimized ansatz with ¢, = 108.3 ns. The two-excitation energy
spectrum is the spectrum corresponding to {|ijk)} where i+j+k = 2. The optimized
flux ®(t) ansatz implies large oscillations in w.(t). The time and energy scale have
been normalized. Fig. 3.2b shows the energy difference |E;;; — Ejn| of transitions
lijk) <> |klm) within the single-excitation (marked with dashed curves) and two-
excitation manifolds.

3.4 Simulating U(t,)

In order to calculate fidelity, the projection of the time-evolution operator U (tg) in
the computational subspace, U (tg)f[ is required. There are many ways to calculate
U (ty) in a simulation. I consider two different approaches in the thesis. The two
approaches seem to result in highly similar infidelities; the relative difference in
infidelity seems to be less than about 1%, see Fig. C.1 for details.

The first approach to calculate U (t,) is matrix exponentiation, which can be moti-
vated by a first-order Magnus expansion and a first-order Baker-Campbell-Hausdorff
expansion,

. t .
U(t) ~ exp (1 /tf](t)dt) ~ [] exp (_—Zﬁl(ti)At> . (3.21)

h Jo et h
For details, see the GRAPE theory, section 2.8.2. This can only be done in a
simulation and has no experimental analogy. Advantages are that one ensures that
Ul(t,) is unitary, the full U(t,) is calculated, and it is fast for piece-wise constant

controls.

Another approach to calculate U (ty) is to propagate the computational basis set
using the Schrodinger equation. The obtained quantum states, after truncating to
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the computational space, give IIU (tg)f[ directly. U(ty). This is roughly what is
done experimentally when measuring U (ty) with quantum process tomography. To
do this, I use QuTiP [12], which solves the Schrodinger equation using ZVODE. An
advantage of this method is that one never needs to calculate the full U(t,).

Note that there is a different way to obtain infidelity, randomized benchmarking.
This does not require calculating U(t,). Randomized benchmarking is often the
method of choice in experiments, as the quantum process tomography needed to
obtain U (t,) is computationally expensive in experiments. The idea is to repeat the
same gate many times, interleaved with random single-qubit gates corresponding to
different rotations on the Bloch sphere. Analytically, one can calculate what the
inverse of the random sequence of gates should be. Apply that gate at the end
of the sequence. If everything works as expected, the procedure should return the
starting state. If not, an error occurred. By measuring the error rate as the number
of gates applied varies, one can isolate the error per gate from the state preparation
and measurement error. The approach corresponds to sampling over all possible
contexts in which the gate could be applied, as opposed to over all states in which it
could be applied. For more details, see [44]. As this study is based on simulations,
it was decided to use quantum process tomography as it is less computationally
expensive than randomized benchmarking when simulating quantum systems with
a classical computer.

3.4.1 Calibration of U(tg) for Two-qubit Gates

For two-qubit CZ gates, any phase gained by [100) and |010) due to the time-
evolution operator U (ty) can be calibrated away, increasing the fidelity of the gate.
In this subsection, the notation is simplified by implicitly assuming the coupler to
be in the ground state. Hence |100) is simplified into |10). [21] explains how virtual
Z gates are used when calculating the fidelity of the CZ gate. The key is to get rid of
the unwanted phase accumulations ¢;o and ¢g; of the |10) and |01) states, where ¢
is defined by U(t,) [10) = ¢'%1° |10) and ¢y is defined by U(t,) |01) = e/ [01). [45]
shows that it is possible to effectively apply arbitrary rotations around the z-axis of
the Bloch sphere

. 9 A (i N 0 -
RS)(G) — ¢3 — cos () I —isin <2> &l (3.22)
where

. = 10) (0] — 1) (1] (3.23)
to any qubit ¢ in no time, without any errors, by varying the frame of reference.
Additionally, the global phase can be modified freely. This means /2R, (6)|0) =
0), €¥2R,(6) 1) = ¢ |1). Assume unintended phases added to |10) and |01),

U(t,) = €10 ]10) (10| 4 €% |01) (01] + [00) (00| 4 i@ +ér0td00) [11) (11] . (3.24)
Then

¢10+%01
e 2

RG (1) RS (62)U (1) = '@t [10) (10] + '@+ 01) (01
+ |00> <00| + ei(¢11+¢10+¢01+61+92) |11> <11| (325)
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Let 61 = —¢19, 02 = —¢p1. Then
U(t) = |10) (10] + |01) (01] +]00) (00] 4 €™ [11) (11] (3.26)
which is closer to the target gate
Ur = [10) (10| + [01) (01] + [00) (00| — |11) (11]. (3.27)

This procedure increases the fidelity of the two-qubit gate. Adopting GRAPE to
consider the calibration will require some work; this is not done in this study. As
such, GRAPE is only applied to single-qubit gates.

3.5 Derivative Removal by Adiabatic Gate

In order to numerically optimize DRAG, coefficients are introduced. DRAG co-
efficients are optimized numerically based on the simulated single-qubit system.
Following the recipe of [24] Eq. (2.60) is parametrized as

Q(t) = -5 Qg S) (3.28)
5(t) ijg) + 6,

where [a, (3,7, 0] are dimensionless fitting parameters to be optimized and ¢(?) is
a gaussian pulse shape defined by Eq. (2.61). The fitting parameters are initialized
to [1, 1, 0, 0]. Note that for the hardware parameters considered, Q%@Et) > 1, hence
0o is likely not so signficant. Note that there are several advanced techniques that

could enhance the performance of DRAG [21, 28].

3.6 Black-box Optimization

For direct optimization of piece-wise constant controls, the two-qubit ansatz, and
to optimize DRAG coefficients, I use Nevergrad [46], an open-source state-of-the-art
gradient-free optimizer. The key idea of Nevergrad is to select the best optimizer
for a given problem automatically based on benchmark data. It can even combine
different algorithms. Nevergrad uses a portfolio of optimization algorithms, such as
CMA-ES and differential evolution.
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Results

Here, the results of the single-qubit and two-qubit simulations are presented, ana-
lyzed, and interpreted. In the single-qubit section, for example, evidence that an
ansatz can speed up deep reinforcement learning optimization is presented. In the
two-qubit section, evidence that deep reinforcement learning can slightly improve
an ansatz is shown.

4.1 Single-qubit Results

Here, I look into the single-qubit m-pulse in detail, comparing the different deep rein-
forcement learning configurations considered with the other optimization methods.
I also consider the effect of including a low-pass filter to mimic the limited band-
width of experimental control electronics. Decoherence is modeled with Eq. (2.22)
where T7 = 80 ps, T, = 40 ps.

4.1.1 Deep Reinforcement Learning

In this section, I investigate the effect of including an ansatz in DRL, compare
time-evolution-free s; with using the time-evolution operator in s;, compare the pre-
training and ansatz plus NN approach to include an ansatz in DRL, and investigate
the effect of including a low-pass filter. Due to DRL being computationally expen-
sive, this section is limited to the gate time ¢, = 8 ns. GRAPE and DRAG results
for t, = 8 ns are included for comparison with DRL. The DRAG results are when
the Gaussian, derivative, detuning, and detuning offset coefficients ([, 3,7, do] in
Eq. (2.60)) are numerically optimized with Nevergrad. The results for DRAG and
GRAPE are covered in more detail in section 4.1.2 and section 4.1.3.

Fig. 4.1 compares DRAG, GRAPE, deep reinforcement learning without an ansatz
(NN), and the ansatz plus NN approach to include an ansatz in deep reinforcement
learning. The results are for the time-evolution-free s;. Fig. 4.1 seems to indicate
that using an ansatz can make deep reinforcement learning converge faster, as the
decoherence infidelity is reached in about 100-200 optimization steps with an ansatz,
while without an ansatz, it takes about 250-350 optimization steps. Hence, using an
ansatz seems to enhance deep reinforcement learning for quantum gate optimization.
Nevergrad [46] is a state-of-the-art black box optimizer, for example, preserving a
memory of previous iterations. That is why the infidelity only decreases for DRAG,
as the DRAG coefficients are optimized with Nevergrad. The noisiness of the deep
reinforcement learning infidelities could perhaps be explained by using a constant
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exploration noise o. See section 2.8.3 for details about the exploration noise. Future
studies could look into making o decrease with the number of optimization steps.
Fig. 4.1 also indicates that all four methods can reach similar minimum infidelity,
but how fast they do so and with what certainty varies.

100_
—— DRAG
Ansatz+NN
1071 — NN
----- Decoherence
10-2 —— GRAPE
iy
O]
21073
£
104
103

0 100 200 300 400 500
Optimization Step

Figure 4.1: Infidelity of optimized single-qubit m-pulse for ¢, = 8 ns for DRAG,
GRAPE, the ansatz plus NN deep reinforcement learning approach, and deep re-
inforcement learning without an ansatz (NN). The decoherence infidelity is also
shown. The DRL infidelities are for time-evolution-free DRL state input s;. The
shaded area is the minima and maxima over randomized seeds, but with the same
hyperparameters. The curve is the median. For DRAG and the deep reinforcement
learning methods, I use five random seeds. GRAPE is not a stochastic algorithm.
For each optimization method, I use 500 optimization steps.

Fig. 4.2 shows the infidelity of deep reinforcement learning without an ansatz
and the ansatz plus NN approach for inputs s; to the deep reinforcement learning
neural network that uses the time-evolution operator (Fig. 4.2a) and that does not
use the time-evolution operator (Fig 4.2b). Fig. 4.2 shows that there seems to be
no major advantage in putting information from the time-evolution operator in s;.
Having the time-evolution operator might even have a significant negative impact,
as deep reinforcement learning without an ansatz performs significantly worse in
Fig. 4.2a. 1T do not rule out, for example, that deep reinforcement learning with
much larger neural networks could show a positive impact of including the time-
evolution operator U(t;) in the state input s;, but for the reinforcement learning
implementation considered, having the time-evolution operator in s; does not seem
beneficial.
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Figure 4.2: Infidelity of optimized single-qubit ¢, = 8 ns m-pulse optimized with
deep reinforcement learning without an ansatz and the ansatz plus NN approach
when some of the time-evolution operator U (t;) is included in the deep reinforcement
learning input s; (Fig. 4.2a) and when s; is time-evolution-free (Fig. 4.2b). For both
cases, five random seeds are used. The decoherence marked is for 77 = 80 us,
T, = 40 ps. There seems to be no significant advantage in having information from
the time-evolution operator in the state s; given as input to deep reinforcement
learning.

That including information about the time-evolution operator in s; does not yield
a performance boost means the time-evolution-free s; approach is likely preferable,
as it is much easier to implement experimentally. Time-evolution-free s; is easier to
implement experimentally because measuring the time-evolution operator at time ¢;
will collapse the quantum state. [9] estimates the state at each step by sampling 256
times for each trajectory in the batch. The fidelity measurement is done with 1024
samples. This means not measuring the state at in between steps when there are n
steps in total is (1024 + 256n)/1024 times faster, assuming, rather reasonably per
[47], the time per sample is dominated by readout. For single-qubit gates consisting
of n = 8 piece-wise constant intervals, in this thesis corresponding to ¢, = 8 ns,
this implies a three times speed-up. With the interval length of this thesis, a 100 ns
two-qubit gate would be 26 times faster to optimize using the time-evolution-free s;.
From here on, all deep reinforcement learning results are for the time-evolution-free
S;.

Fig. 4.3 compares the pre-training concept used in [8, 42, 7] with the ansatz plus
NN approach similar to the approach used in [6]. Fig. 4.3 indicates that pre-training
and ansatz plus NN perform similarly; the two methods have a similar minimum
infidelity and noisy fluctuations. Pre-training might have a slight advantage; it
reaches the coherence limit slightly faster, but it could also plausibly be an effect
of using just a few random seeds. An advantage of the ansatz plus NN approach
is that no new hyperparameters are introduced; the initialization method is simpler
than pre-training. It is not so surprising that pre-training and ansatz plus NN
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yield similar results, as pre-training strives to make Cxn(t) = Cansatz(t), Vt before
starting optimization with deep reinforcement learning. Notably, there are several
ways to minimize |Cxn(t) — Cansatz(t)|? 80 pre-training can yield more or less good
initializations. Comparing pre-training and ansatz plus NN for more complicated
ansatzes than a square signal could be interesting.
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pre-trained NN
----- Decoherence

1072

Infidelity
=
<

=
<
E

107

0 100 200 300 400 500
Optimization Step

Figure 4.3: Infidelity of optimized single-qubit 7-pulse for ¢, = 8 ns for pre-training
and the ansatz plus NN deep reinforcement learning approaches. The shaded area is
the minima and maxima over randomized seeds, but with the same hyperparameters.
The line is the median. Five random seeds are used for the deep reinforcement
learning methods.

The effect of the low-pass filter (explained in section 3.1.3) when applied to DRAG
and the ansatz plus NN DRL approach is shown in Fig. 4.4. DRAG and the Ansatz
plus NN DRL approach are in Fig. 4.4 aware of the low-pass filter, meaning that they
are optimized using the infidelities obtained from a control pulse that has passed
through the filter. Fig. 4.4 indicates that the low-pass filter does not seem to have a
significant impact on DRAG as the shaded areas have a large overlap, but the low-
pass filter seems able to lower the infidelity of deep reinforcement learning below
107°. How likely the low-pass filter is to lower the infidelity of DRL is uncertain,
as only a limited number of seeds are used in Fig. 4.4, and the median in 4.4a is
similar for the filtered and unfiltered ansatz plus NN approach. However, Fig. 4.3
uses different seeds from Fig. 4.4a, and the infidelity of the unfiltered ansatz plus
NN approach also in Fig. 4.3 remains above 107 for ¢, = 8 ns. There is no example
in this thesis of deep reinforcement learning without a low-pass filter going below
infidelity 107°. It makes sense that ansatz plus NN is impacted but not DRAG,
as ansatz plus NN DRL yields piece-wise constant (PWC) controls, hence not very
smooth, while DRAG is already fairly smooth, and as such, the filter should have less
effect. That smoother controls yield better results is reasonable, as smoother signals
have a more beneficial intensity-to-bandwidth relationship. Notably, the ansatz plus
NN approach is noisy with and without a filter.
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Figure 4.4: Infidelity of DRAG and the ansatz plus NN approach to deep rein-
forcement learning when filtered with a low-pass filter. The task is to optimize a
single-qubit m-pulse with ¢, = 8 ns. The marked curve is the median, the shaded
area is the minima and maxima over randomized seeds. The figure indicates that
the low-pass filter can push the ansatz plus NN infidelity down a bit. For both
DRAG and DRL, five different random seeds are used. Both DRL and DRAG are

aware of the filter when optimizing.

4.1.2 Derivative Removal by Adiabatic Gate

A very common approach to single-qubit optimization is DRAG. Here, DRAG’s
infidelities, control shapes, and gate dynamics are analyzed in detail.

Fig. 4.5a shows the infidelities of DRAG when optimizing the DRAG coefficients
with Nevergrad, ([Gaussian, derivative, detuning, detuning offset] corresponding
to [a, 8,7, 0] in Eq. (3.28)). Fig. 4.5b shows what coefficients optimized DRAG
corresponds to. The detuning offset 9y is not shown in Fig. 4.5b despite fluctuating
a lot because replacing 60 — 0 Vt, has a negligible impact on the infidelity. It
is not surprising that dy does not matter as a large number upscales the detuning
coefficient . The relative change in infidelity I by picking oy = 0 is

Hsvmo = Taol 15 (4.1)
Is,

The infidelities of the optimized DRAG coefficients when a low-pass filter is applied
to them are also shown (the brown curve in Fig. 4.5a). This corresponds to DRAG
being unaware of the filter. In Fig. 4.5a, the approximate best infidelity of the
ansatz plus NN deep reinforcement learning approach is also marked. The optimized
DRAG shown in Fig. 4.5a is the minimum infidelity of four random seeds initialized
to [1,1,0,0] with 500 optimization steps each. Fig. 4.5 indicates that introducing a
low-pass filter makes little difference to DRAG and that optimized DRAG might
perform slightly better than the low-pass filtered NN plus ansatz DRL approach.
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Figure 4.5: Infidelity of DRAG coefficients and the optimized DRAG coefficients
for different gate times t,. Gaussian, derivative, detuning, and detuning offset are
defined by [a, 3,7, 0] in Eq. (3.28). For example, [1000]-DRAG corresponds to a
pure Gaussian. The infidelity labeled min(Ansatz+NN) is I = 6 x 107%, which is
approximately the minimum when a low-pass filter is applied to ansatz plus NN
deep reinforcement learning. For the brown curve in Fig. 4.5a DRAG is unaware of
the low-pass filter.

It is somewhat surprising [1,1,1,0] (per Fig. 4.5a) is not optimal, despite the claim
in [24] that [1,1,1,0] would be optimal. However, the numerically optimized DRAG
coefficients shown in Fig. 4.5b align well with [21]. [21] indicates that [1,2,7, ]
is optimal if v,y are optimized to minimize dephasing errors. In Fig. 4.5b, there
are some fluctuations depending on t,, but close to [1,2,2,dy| seems to be mostly
optimal. Notably, the small difference between the numerically optimized DRAG
coefficients and [1,2,2,0] in Fig. 4.5b seems to make a difference in Fig. 4.5a where
the numerically optimized DRAG is almost two orders of magnitude lower in infi-
delity than [1,2,2,0]-DRAG. Fig. 4.5b also shows that numerically optimized DRAG
seems to diverge from [1,2,2, do| for t, > 16 ns. This is difficult to explain, but not
of much practical interest, as shorter gate times are preferable due to decoherence.
That DRAG optimized with a state-of-the-art optimizer, here Nevergrad [46], per-
forms on par with the ansatz plus NN deep reinforcement learning approach is not
surprising, as DRAG has been analytically shown to perform well for single-qubit
gates and is optimized with a state-of-the-art optimizer.

The shape of some different DRAG controls and the Fourier spectrum of €2, + €,
for ¢, = 8 ns is given by Fig. 4.6. Fig. 4.6a shows the t; = 8 ns controls in
the time domain, but for the low-pass filter, some additional time has been added
to model the finite rise time. As expected from [48], there is a local minimum
in the frequency spectrum of Q, + i€, (Fig. 4.6b) at the anharmonicity . This
frequency corresponds to the energy of the |1) <+ |2) transition, meaning that leakage
is suppressed. The system is expressed in a rotating frame; as such, the Fourier
spectrum at zero, (the magnitude of the Fourier transform F{€Q,(t) + i, (t)} at
zero, | F{Q,(t) +1iQ,(t)}|(0)), corresponds to the |0) <+ |1) transistion. As expected,
the peak in Fig. 4.6b is at zero, meaning that mostly the |0) <> |1) transition is
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Figure 4.6: Analysis of Q,(t),Q,(t) for different DRAG coefficients ¢, = 8 ns with
no filter and a 750 MHz low-pass filter. Fig 4.6a shows the controls in the time-
domian while Fig. 4.6b shows the Fourier transform of €2, 4-€2,. The low-pass filter
makes little difference as the original shape is already fairly smooth. Fig. 4.6b shows
that the low-pass filter, as expected, suppresses high frequencies.

The Fourier spectrum of Q, + i€, does not explain the impact of detuning §(¢).
For DRAG 7 defines the detuning. To understand the infidelity difference between
[1220]-DRAG and [1200}-DRAG, look at Fig. 4.7 showing the dynamics on the Bloch
sphere for ¢, = 8 ns. The Bloch sphere is a way to visualize a two-level system, here
[(t)) = Co(t) |0)+C4(t) |1), using spherical coordinates. Fig. 4.7 shows that [1200]-
DRAG drifts to the side while [1220]-DRAG performs a seemingly perfect m-pulse.
[1220]-DRAG is much more ideal than [1200]-DRAG, despite them having the same
Q,(t) +iQ,(t) frequency spectrum. Hence, the Fourier spectrum of €, + i€2, shown
in Fig. 4.6b is not enough to predict infidelity. The takeaway is that it is not enough
to ensure that €2, 4 €2, has a local minimum at the anharmonicity o, the detuning
matters too. The details of this error, attributed to AC stark shift in [49], should
be studied in more detail; there seems to be a drift in a specific direction rather
than an oscillation. As such, it might be possible to compensate using a constant
detuning, too, which is what is done in [49].
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Figure 4.7: Projection of the time evolution of |¥, ¢ = 0) = |0) for [1220]-DRAG
and [1200]-DRAG onto the XZ-plane of the Bloch sphere. Ideally, a w-pulse o, |0) =
|1), corresponding to (x = 0,z = 1) — (z = 0,z = —1). [1220]-DRAG is much
closer to an ideal m-pulse than [1200]-DRAG.

4.1.3 Piece-wise Constant Controls

DRAG outputs a continuous control shape, hence something very different from
the piece-wise constant control of the deep reinforcement method. Here, the piece-
wise constant control results obtained by GRAPE and direct optimization of piece-
wise controls with Nevergrad for several different gate times ¢, are presented and
discussed. The effect of the low-pass filter on the controls is also investigated, and
the controls are compared with the deep reinforcement learning results for ¢, = 8 ns.

Piece-wise constant controls optimized by Nevergrad (PWC NG), and GRAPE
for different gate times ¢,, with and without a low-pass filter, are shown in Fig. 4.8.
All optimization methods are initialized from the single-qubit square ansatz. Note
that PWC NG has a lower cost than deep reinforcement learning per optimization
step due to a smaller batch size N. Fig 4.8, for example, shows that it can make
a difference if the optimizer knows that a filter is applied. The evidence is that
low-pass aware PWC NG consistently beats low-pass unaware PWC NG. A method
being aware of the filter means that the filter is part of the optimization loop, while
if it is unaware, the optimizer never sees the effect of the filter when optimizing.
The implementation of GRAPE does not consider filters; as such, low-pass GRAPE
is unaware of the filter. It should be possible to implement filter-aware GRAPE;,
see [29]. Notably, all methods pass the decoherence limit at similar gate times ¢,
meaning they are similarly coherence-limited.
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Figure 4.8: Figure showing the infidelity of the controls obtained from GRAPE
and directly optimizing piece-wise constant controls with Nevergrad for different
ty. For the PWC NG method, the minima of five random seeds are shown. Both
methods perform 500 optimization steps. The approximate minima / = 6 x 1076 of
the lowpass-filtered ansatz plus NN DRL approach is also shown. The decoherence
marked is for 77 = 80 ps, 77 = 40 ps. GRAPE is unaware of the low-pass filter
when optimizing.

It should be noted that black-box optimization with Nevergrad might scale badly
to two-qubit gates, as two-qubit gates likely need many more parameters. How
bad is a subject for future studies. Despite this risk, Fig. 4.8 demonstrates that
directly optimizing the quantum gate controls with a black-box optimizer is an
interesting alternative to deep reinforcement learning, as deep reinforcement learning
does not seem to have an advantage in infidelity. For ¢, = 8 ns optimization with
Nevergrad even yields a slightly lower infidelity. Nevergrad also yields low fidelities
consistently for many different ¢,, even though it does not work so well for very short
ty. Additionally, Nevergrad is considerably faster than deep reinforcement learning
per optimization step as the batch size N is much smaller.

Fig. 4.8 mostly supports the claim from the deep reinforcement learning that
applying a low-pass filter to a piece-wise constant control lowers the infidelity, seem-
ingly regardless of whether or not the optimization process takes the filter into ac-
count. There are two cases where piece-wise constant controls optimized with Nev-
ergrad without the filter beat PWC Nevergrad (NG) unaware of the filter, t, = 7 ns
and ¢, = 16 ns. Reasonably, the lowest infidelities are obtained when the optimizer
is aware of the filter. The low-pass filter seems to decrease rather than increase the
infidelity of piece-wise constant controls. This is significant, as that means piece-
wise constant parametrized controls might work well in experiments where limited
bandwidth distortions can be expected.

Fig. 4.9 exemplifies the effect of the low-pass filter on the optimized GRAPE pulse.
In the figure, the piece-wise Gaussian distorted GRAPE pulse is also marked. See
Eq. (3.7) in the methods section for details about the Gaussian distortion. Fig. 4.9b
shows a local minimum in the frequency spectrum of €2, + i€, at the anharmonicity
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«a, like for DRAG shown in Fig. 4.6b. Fig. 4.9a shows that the Gaussian distortion
is barely noticeable and that the low-pass filter has a significant smoothing effect on
piece-wise constant controls.
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Figure 4.9: Analysis of the GRAPE optimized ¢, = 8 ns m-pulse controls. 500
optimization steps were performed. Fig. 4.9a shows the GRAPE-optimized controls
Q,(t), Q,(t) with no filter, a 750 MHz low-pass filter, and a Gaussian distorted low-
pass filter. Fig. 4.9b shows the Fourier transform of Q,(t) + i€, (¢). Like in the
DRAG case, there is a local minimum at the anharmonicity «, suppressing leakage.
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Figure 4.10: Infidelity of GRAPE optimized 7-pulse with ¢, = 8 ns when there is
no filter, a low-pass filter, and a small Gaussian distortion of the low-pass filtered
signal. The low-pass GRAPE curve being below the GRAPE curve shows that the
low-pass filter can consistently lower the infidelity, and small distortions can be very
detrimental to the infidelity.

Fig. 4.10 shows the corresponding optimization process to reach the control pulses
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shown in Fig. 4.9. Like Fig. 4.8, Fig. 4.10 shows that the low-pass filter lowers the
infidelity notably, even if not considered when optimizing. This demonstrates that
piece-wise constant pulses likely can be improved by smoothing them with a filter.
This is not so surprising, as the low-pass filter dampens high-frequency components,
components that could cause leakage to higher energy levels. Fig. 4.10 also shows
that a small pulse distortion (barely noticeable in Fig. 4.9a) can have a large impact
on the infidelity, stressing the need to be robust against pulse distortions and/or
consider distortions when optimizing the pulse.

What is the difference between the aware and the low-pass filter unaware piece-
wise constant controls directly optimized using Nevergrad? Fig. 4.11 shows the
piece-wise constant ¢, = 8 ns controls optimized with Nevergrad when the optimizer
is aware and unaware of the filter. The figure shows little qualitative difference
between being aware and unaware of the filter. There is perhaps a tendency that the
aware case exhibits more features than the unaware case, for example, the oscillation
between 6 and 8 ns in the detuning §(¢) shown in Fig. 4.11b.
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(a) €2, and €, controls (b) Detuning 4(¢)

Figure 4.11: Comparison of the piece-wise constant controls optimized by Never-
grad when aware and unaware of the low-pass filter when optimizing. The controls
Q,(t), €, (t),0(t) for the aware and unaware case seem qualitatively similar. The
detuning seems qualitatively different from what DRAG suggests.

Interestingly, the detuning §(t) of the piece-wise constant controls optimized by

NG shown in Fig. 4.11b does not seem well described by the detuning shape sug-
2

gested by DRAG, dpracg(t) = 7% + dp as there is many local extremums. This

indicates that piece-wise constant controls optimized by Nevergrad are qualitatively
different from DRAG.

4.1.4 Overall Comparison of Bloch Sphere Dynamics

Many methods can yield high-fidelity single-qubit gates. Here, I visualize the dy-
namics of the obtained gates from the different methods. Fig. 4.12 visualizes the
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dynamics of some single-qubit methods and the square-shaped ansatz. The dynam-
ics is shown on a Bloch sphere with ¢, = 8 ns. The figure shows rather significant
differences in the way the Bloch sphere is traversed. DRAG follows an S-shaped
trajectory. DRAG controls are symmetric around ¢ = t,/2; this is evident in the
dynamics too. The piece-wise constant methods (GRAPE and directly optimizing
piece-wise constant controls with Nevergrad) stick much closer to the x = 0 line.
The x = 0 line corresponds to a pure rotation around the x-axis. The smoothing
effect of the low-pass filter is also visible in the dynamics, with the normal piece-wise
constant GRAPE showing larger fluctuations than the low-pass GRAPE. Intuitively,
smooth traversal of the phase space seems easier to control.
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Figure 4.12: Comparison of m-pulse dynamics from different methods visualized
on the Bloch sphere. The time evolution of |¢(t)) = |0) for the different methods
is shown on the XZ-plane projection of the Bloch sphere. The optimization task
was to realize a t, = 8 ns m-pulse. Ideally, a 7-pulse o, |0) = |1) corresponding to
(x =0,z =1) = (z = 0,z = —1). Square is the square-shaped ansatz. GRAPE
and directly optimizing low-pass filtered piece-wise constant controls with Nevergrad
(low-pass aware NG) seems to stay closer to z = 0 than DRAG.

It is not so surprising that qualitatively different ways to implement high-fidelity
single-qubit gates exist, as DRAG does not rule out alternatives to {2, being Gaus-
sian. Using another valid choice of €2, or a more advanced version of DRAG, such as
in [28], might yield DRAG dynamics closer to x = 0. It is still noteworthy that nu-
merically optimized DRAG and low-pass aware Nevergrad yield similar high-fidelity
single-qubit gates despite being qualitatively different in the dynamics.

4.2 Two-qubit Results

Here, the results related to the two-qubit set-up with the aim of optimizing a CZ
gate are presented. Two-qubit systems are much slower than single-qubit systems
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to simulate, a practical problem when investigating quantum gates with a classical
computer. In addition to analyzing two-qubit ansatzes optimized with Nevergrad,
I investigate whether the ansatz plus NN deep reinforcement learning approach is
able to increase the fidelity of a CZ gate compared to using just an optimized ansatz.
Moreover, the dynamics of the optimized CZ-gate ansatzes are investigated in detail.
Here, the low-pass filter is not considered.

4.2.1 Optimized Ansatzes

When optimizing the two-qubit ansatz (Eq. (3.19)), many different solutions can
be obtained depending on how the optimization procedure is initialized. A short
gate time t, is desired for decoherence reasons, but short gate times require larger
amplitudes, activating other transitions due to a broader frequency spectrum. The
aim is to find solutions with a favorable intensity-to-bandwidth ratio. The solutions
can be used as ansatzes for deep reinforcement learning.
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(a) 197.1 ns CZ-gate (b) 108.3 ns CZ-gate

Figure 4.13: Comparison of population |Cj; ) (¢)|> when the initial state |Wo) =
|110) (Ch10(t) = 1) for a 108.3 ns CZ gate and slower 197.1 ns CZ gate. The slower
gate mainly activates the |110) < |200) transition, while for the fast gate, |101) is
populated.

Fig. 4.13 shows the population dynamics |C); ;) (¢)|* when starting in [110) for
two different optimized ansatzes. Fig. 4.13a shows a 197.1 ns gate where mainly the
|110) <> |200) transition is active, while Fig. 4.13b shows a 108.3 ns gate activating
|101) in addition to the [110) <+ [200) transition. The ideal case is |C1,0y(ty)|* = 1
while all other populations are zero at ¢ = t,. The 197.1 ns gate has infidelity
I =1—F = 0.8 x 1073, but the fidelity reduction due to decoherence is I, ~
7.6 x 1073. The faster 108.3 ns gate has infidelity I ~ 1.9 x 1073 with fidelity
reduction I, ~ 4.2x1073. This illustrates that whether or not a fast gate is preferable
depends on the decoherence model. Here T7 = 80 ps, 75 = 40 ps and the decoherence
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infidelity I. is modeled by Eq. (2.24). The complete description of the optimized
108.3 ns and 197.1 ns optimized ansatzes is given in Table C.1.

One can perform CZ gates in many different ways. I have focused on |110) <«
|200) CZ gates, but one could also devise CZ gates that, for example, excite the
coupler. The coupler can be excited by the ansatz cosinus frequency w. being far
from |Ey19 — Eago|. Fig. 4.14b shows a 73.7 ns gate where mainly the |110) < |011)
transistion is active. It is a valid CZ gate as far as the simulation is concerned,
as the realized unitary time-evolution operator U/ (ty) is close to the target operator
Ur of a CZ gate. Fig. 4.14a shows a very slow, significantly detuned CZ-gate. The
gate is detuned because the minimum population of [110) is far from zero. The
parameters of the detuned and coupler exciting gate are given in Table C.2. The
simulated infidelity of the detuned gate I ~ 6.9 x 1072 with decoherence infidelity
I~ 16 x 1073,

The simulated infidelity of the coupler exciting gate I ~ 2.3 x 1073 with I, ~
2.9 x 1073, This corresponds to a total infidelity liota1 = I + I. lower than the
optimized |110) <> |200) CZ gates. However, a gate exciting the coupler should
be more sensitive to noise in the flux signal ®(¢) reaching the coupler, something
that I do not model with I.. A reasonable assumption based on the experimental
set-up at Chalmers is that the coupler has (77, 73) = (25, 1) ps which is much worse
than the coherence times of the qubits modeled to be (77,7,) = (80,40) ps. How
this impacts the gate decoherence is a topic for future research, but the decoherence
infidelity I, ~ 2.9 x 1073 is most likely an underestimate for the 73.7 ns coupler
exciting gate’s decoherence infidelity.
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Figure 4.14: Comparison of population |C); 4 (¢)|* dynamics when the initial state
|Wo) = [110) (Ch10(t) = 1) for two optimized CZ gates. The 412.5 ns gate is very
detuned but almost only activates [110) < |200) while the 73.7 ns gate does not
mainly use the |110) < |200) transition, instead primarily exciting the coupler.

For the optimized ansatzes included in this thesis 0.35 < 6 < max(|®(t)|) < 6 +
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dc+0s < 0.45 < 0.5 (unit defined by ®¢ = 1). Quantifying what effect max(|®(t)|) =
0.35 relative to max(|®(¢)|) = 0.45 has on the coherence times T3, T» is a subject
for future studies. It should have an effect as a larger max(|®(¢)|) implies more
sensitivity to flux noise.

4.2.2 Combining an Ansatz with Deep Reinforcement Learn-
ing

Fig. 4.15 shows the infidelity when applying deep reinforcement learning to the op-

timized 108.3 ns ansatz. Fig. 4.15 indicates that ansatz plus NN deep reinforcement

learning is able to decrease the infidelity relative to the ansatz for the 108.3 ns CZ

gate. Similar results can be obtained for other ansatzes. The study has focused on

ansatz plus NN for fast gates like the 108.3 ns gate because decoherence limits the
infidelity for slower gates.
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©
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Figure 4.15: Infidelity of CZ gate when applying deep reinforcement learning to
the optimized 108.3 ns ansatz. Deep reinforcement learning decreases the infidelity
a little bit relative to the ansatz. Decoherence is not considered in the figure. The
number of neural network updates is synonymous with the number of optimization

steps.

Fig. 4.15 shows that using ansatz plus NN deep reinforcement learning, it is pos-
sible to improve the infidelity of the CZ-gate relative to just using an optimized
ansatz. Unfortunately, the improvement is not significant; it could be due to the
ansatz already being very optimized or not using the most optimal deep reinforce-
ment learning hyperparameters. There might be a way to integrate deep reinforce-
ment learning and the ansatz that will lead to a larger improvement.
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4.2.3 CZ Gate Dynamics

So far, CZ gate has been mainly analyzed numerically. How can the dynamics of
the CZ gate be interpreted? Ref. [18, 47] uses that CZ gates implemented through
performing a |110) <+ |200) transition, can be modeled with

A

H = geg(]200) (110] 4 |110) (200]), (4.2)

where ge is the effective coupling strength. The derivation of Eq. (4.2) makes mul-
tiple assumptions, for example, that the transition is driven at resonance and that
the coupler is not excited. [18] uses the model (Eq. (4.2)) to derive the decoherence
infidelity model (Eq. (2.24)) used for the CZ gate. With initial state |¢)(0)) = |110)
(C110(0) = 1) Eq. 4.2 implies

C10(t) = cos(get). (4.3)

This Ci10(t) model does not seem to always explain the dynamics for optimized
ansatzes simulated with CSQR, as they, for example, exhibit signs of detuning.
An example with significant detuning is the 412.5 ns CZ-gate shown in Fig. 4.14a.
Detuning means that there is never a full population transfer, meaning that

mtin ’0110(25”2 >0 (44)

Detuning is not captured when assuming the transition is driven at resonance.
A well-known model that captures detuning is the Rabi model,

A hw
H = 7002 + hA cos(wt)o,. (4.5)

The solution for a two-level system starting in the ground state is

C,y(t) = e i2* (cos (?) + z‘QAR sin <Q2Rt>> . (4.6)

where A = wy — w, Qr = VA? + A2 For the two-qubit system parameters used
FE110 < Eago. Starting with Cj10(0) = 1, assuming only the [110) <+ |200) transition
is active, reduces to a two-level system starting in the ground state.

For time-independent Hamiltonians, the dynamics of an eigenstate is given by
C;(t) = e7*Ft. This means |110) could gain an extra relative phase even if the system
is in an eigenstate, Cyyo(t) = e {Fno=Foo—FowtBooo) where H |ijk) = Eyy |ijk).
Often this is interpreted as there being an extra o, term in the hamiltonian with
coefficient (77 = (E110 — Eio0 — Eo1o + Eooo). This observation is known as ZZ
coupling, see [50] for a detailed investigation. In general, E;j; and therefore (zz
could be time dependent, that would make

Cho(t) = eiifto CZZ(t/)dt/- (4.7)

The Rabi model and ZZ coupling motivate fitting
» Qgt A Qgt
Cho(t) = e_Z(CZZ“L%)t cos [ E2) 44 = gin [ -2° (4.8)
2 Qr 2
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to the data obtained from simulating the full Hamiltonian model of the system.
The model Eq. (4.8) assumes a constant ZZ coupling in order not to overfit to the
Hamiltonian data. The Ci19(t) model Eq. (4.8 is fit to data where the phase has
been calibrated to be the phase gained by |110) relative to [100), |010), and |000).
The model reduces to the commonly used Eq. (4.2) if A = 0,7z = 0, corresponding
to a resonant Rabi oscillation. The constants are initialized Ay = i, where t, is
the gate time, Ay = 0,(zz, = 0, in order to initialize cos (%) = —1. The loss
function for the fit is the root mean square,

1 X o
Loss = J N > O (L) — Cipiation (¢, (4.9)
=1

where Cff (t) is given by Eq. (4.8), Cfimulation() js obtained from the two-qubit
Hamiltonian, and the optimization method is Nelder-Mead.

Fitting A, A, (zz for the 197.1 ns and 108.3 ns ansatzes yields Fig. 4.16. In the
figure, the fit when (zz = 0 corresponding to a Rabi oscillation is marked too.
Fig. 4.16 shows that a detuned Rabi oscillation with a constant ZZ coupling much
better describes the dynamics of the optimized CZ-gate than the resonant Rabi
model. The ZZ coupling is key to a good fit; using just the Rabi model does not
work well. Notably, the imaginary and real axis scales in Fig. 4.16 are different; a
resonant Rabi oscillation corresponding to Eq. (4.2) is a decent description of the
dynamics, but not as good as a Rabi model with ZZ coupling.
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(a) 197.1 ns CZ-gate (b) 108.3 ns CZ-gate

Figure 4.16: Fits of different models to the Cj10(¢) dynamics obtained from the
two-qubit system’s Hamiltonian. The phase of Ci1o(t) is the relative phase gained
by |110). The red and blue stars mark the start t = 0 and end t = ¢,,.

There is likely something additional than a Rabi oscillation with ZZ coupling going
on in Fig. 4.16, as there are significant oscillations, especially for the 108.3 ns gate.
A possible explanation could be other transitions than [110) <+ |200) being active,
something that is plausible given other states’ populations being active in Fig. 4.13.
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Another factor could be time-dependent ZZ coupling. The Rabi oscillation and ZZ
coupling do not consider the rise and fall time, which should make the start and end
dynamics difficult to capture correctly.

The Ch10(t) dynamics for 412.5 ns gate and 73.7 ns gate is shown in Fig. C.2,
supporting the conclusion that Rabi oscillation ZZ coupling works works well for
|110) <« |200) CZ-gates while the coupler exciting 73.7 ns gate is a very different
kind of gate.

The detuning and ZZ coupling understanding could be useful for future studies.
Considering ZZ coupling could be helpful to understand what 6 to use as ZZ coupling
varies in the energy spectrum. ZZ coupling might also be important when designing
the device parameters, for example, the coupling strengths g;. and go. (defined in
Eq. (2.45)). In this study, the two-qubit model parameters were fixed at the values
shown in Table B.1.

4.2.4 Robustness

There seems to be considerable variations in robustness between different two-qubit
ansatzes. It seems like perturbations of the offset # have the most considerable
impact on the infidelity of the two-qubit ansatz. Fig. 4.17 compares the infidelity of
the 197.1 ns and the 108.3 ns ansatzes when 6 is perturbed. Fig. 4.17 indicates that
the 197.1 ns pulse is much more robust than the 108.3 ns pulse, as the infidelity when
0 is perturbed is increased a lot more for the 108.3 ns ansatz than the 197.1 ns ansatz.
It makes sense that the 108.3 ns gate is more sensitive, as the Cjy0(t) dynamics of
the 108.3 ns gate shown in Fig. 4.16 exhibit larger oscillations than the dynamics of
the 197.1 ns gate. The lack of robustness in the 108.3 ns ansatz could be a factor
in why deep reinforcement learning was unable to lower the infidelity significantly.
A more in-depth study of robustness, including modeling the noise in experimental
hardware, is needed.
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Figure 4.17: The infidelity (without decoherence infidelity) of the 197.1 ns gate
and the 108.3 ns CZ gates when the two-qubit constant offset 6 is modified. Both
are of the [110) <+ |200) type of CZ gates. There seems to be an order of magnitude
difference in sensitivity to perturbations in 6.
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The magnitude of the oscillations seen in Fig. 4.16 could be connected with the
robustness shown in Fig. 4.17. The ansatz that minimizes infidelity when there is
noise might be qualitatively different from the ansatz that minimizes infidelity when
there is no noise. If so, noise and robustness should be considered when optimizing
the two-qubit ansatz; noise cannot be an afterthought. This makes sense, if the
Earth is shaking, a bowl is a much better way to carry things around than a plate.
Robustness to noise might, hence, imply qualitatively different control shapes. This
line of reasoning is in line with [51].
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Discussion

More things than the single-qubit infidelities shown in the results section should be
considered when comparing different quantum gate optimization methods. Here,
for example, the degree of dependency on having a theoretical model and the time
it takes to do an optimization step are discussed. Some takeaways are possible
from just the infidelities, for example, that using a suitable ansatz can benefit deep
reinforcement learning for single-qubit gates.

Many methods can optimize single-qubit gates well. The detailed analysis of the
ty = 8 ns case (shown in Fig. 4.1) seems to indicate that GRAPE is preferable as
it converges fast to a reliably low value, while DRAG performs well for some seeds
but not all. Deep reinforcement learning seems more reliable than DRAG, which
only reaches low infidelities for some seeds. Looking at many different ¢, shown in
Fig. 4.5a and Fig. 4.8, it seems like DRAG optimized with Nevergrad and directly
optimizing piece-wise constant controls with Nevergrad when a low-pass filter is
considered, performs similarly well. It should be said that GRAPE and DRL do not
seem significantly worse than DRAG and piece-wise constant controls optimized
with Nevergrad when looking at many different ¢, in terms of infidelity. DRAG and
GRAPE might be advantageous for gate times ¢, < 5 ns.

An aspect that is hidden when looking at just the number of optimization steps
is the cost per optimization step. It is crucial to note that the deep reinforcement
learning approaches use a batch size of 50 for the single-qubit case. For each op-
timization step, the system is probed with 50 different controls. This means that,
compared to the two methods optimized with Nevergrad, each optimization step is
much more expensive, as the Nevergrad methods only use the infidelity of one control
signal for each optimization step. With the batch size used here, deep reinforcement
learning would be about 50 times slower per optimization step to implement in an
experiment. However, my deep reinforcement learning implementation could likely
be massively enhanced, as it uses much less sophisticated techniques than Never-
grad. A way would be to use a more advanced DRL algorithm, like, for example,
proximal policy optimization [33]. One could perhaps decrease the batch size N as
low as N = 5 using more advanced deep reinforcement learning techniques than the
ones used here.

It is important to consider how much an optimization method depends on having
an accurate theoretical model of quantum hardware. In this thesis, the theoret-
ical model used for the model-based approaches is similar to the model used for
simulations. The low-pass filter is an example of something not considered by the
theoretical model but included in the simulations. If substantial differences exist be-
tween the theoretical model and the actual hardware, model-based methods should
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perform worse. GRAPE requires a complete Hamiltonian model for the dynamics
and, as such, might be difficult to implement experimentally. In this study, the
model given to GRAPE is similar to the model used to simulate the dynamics. If
there is a significant difference between the model used to calculate the GRAPE gra-
dient and the model of the actual system, worse performance should be expected.
DRAG is also model-dependent, as the derivation of the control shapes is based on a
theoretical model. The DRAG coefficients can, however, be optimized numerically
based on the infidelities obtained from real hardware. Deep reinforcement learn-
ing and directly optimizing piece-wise constant control with Nevergrad are themself
model-free, even though using an ansatz introduces some model dependency.

It is not so surprising that Nevergrad, a state-of-the-art optimizer, seems to per-
form better (at least in terms of batch size) than the deep reinforcement learning
approach I have implemented from scratch. A fairer comparison might be compar-
ing my deep reinforcement learning approach with a simpler black-box optimizer.
It is also expected that black-box optimization can address gate optimization, as it
has been demonstrated that it can generate results competitive relative to state-of-
the-art reinforcement learning for challenging problems [52]. Based on this study,
it seems that a general-purpose state-of-the-art black-box optimizer might be pre-
ferred for quantum gate optimization instead of implementing a tailor-made deep-
reinforcement learning model, at least without significant implementation effort.
Other machine learning paradigms than deep reinforcement learning could be more
competitive relative to a state-of-the-art black-box optimizer baseline. An alterna-
tive to deep reinforcement learning is model learning, investigated for example in
[20].

It is not certain that methods performing well for single-qubit gates will perform
well for two-qubit gates. DRAG is explicitly designed for single-qubit gates and,
as such, does not apply to the two-qubit case. My implementation of GRAPE
needs to be adopted to handle the calibration of U (t,) done in the two-qubit case.
This thesis indicates that two-qubit gates, as expected based on the literature, need
longer gate times than single-qubit gates. This study has not addressed how well
directly optimizing piece-wise constant controls with Nevergrad will scale to very
long gates. The thesis finds that two-qubit gates are a much more difficult problem
than single-qubit gates and recommends future research to focus on the topic. There
are already many different methods to optimize single-qubit gates that perform well.
The fact that this thesis is unable to find a significant improvement by applying
deep reinforcement learning to an optimized two-qubit ansatz might indicate that
a high-dimensional control signal (for example the PWC signal generated by DRL
Eq. (3.20)) maybe does not have a significant advantage over a low-dimensional
signal (for instance the two-qubit ansatz Eq. (3.19)).
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Conclusion

I have compared many different quantum gate optimization techniques on simulated
hardware similar to what is used at Chalmers. I have also interpreted and compared
the control shapes that were obtained. At least for the simulated hardware and the
way techniques were implemented, the conclusions presented in this chapter seem
reasonable. A different implementation could yield slightly different conclusions, for
example, stronger deep reinforcement learning results. The number of random seeds
has also been limited.

Combining deep reinforcement learning with an ansatz seems beneficial. For the
single-qubit m-pulse, the number of optimization steps needed to reach the coherence
limit is decreased from about 250-350 to about 100-200 by using a simple ansatz.
This means the simulation time required is approximately halved. The algorithm
should also scale linearly with the number of optimization steps in experiments.
The pre-training approach suggested by [7] and adding the ansatz directly to the
output of the deep reinforcement learning neural network performs similarly. Note
that in this study, just one simple single-qubit ansatz is considered. For two-qubit
gates, it is possible to decrease the infidelity of an optimized ansatz by applying deep
reinforcement learning, but I am only able to show a minor decrease. That could be
because the ansatz is already very optimized, but other constraints might exist, such
as robustness. Modifying the implementation might yield a larger improvement.

Feeding the reinforcement learning agent information s; about the quantum state
of the system, as suggested by [10, 9], does not seem to make a considerable dif-
ference. It might even have a detrimental effect. Hence, not including information
about the quantum state of the system, similar to the approach suggested by [7]
and used in [8], might be preferable as it is easier to implement experimentally. I do
not rule out that for a different DRL implementation, including information about
the quantum state could make a difference.

I have little evidence that my deep reinforcement learning implementation would
be the best approach to optimizing single-qubit quantum gates, even if including an
ansatz. Optimizing DRAG or a piece-wise constant pulse directly using Nevergrad
seems to yield at least as good results, despite them being easier to implement
experimentally due to DRL using a larger batch size. Notably, DRAG is very model-
dependent, meaning that DRAG might perform significantly worse in experiments
where distortions of control signals are to be expected. From this study, the most
practical, high-performing, least model-dependent method to optimize single-qubit
gates seems to be directly optimizing low-pass-filtered piece-wise constant controls
with Nevergrad, a state-of-the-art, general-purpose, black-box optimizer. Most of
the considered methods seem to yield decoherence-limited single-qubit gates.
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6. Conclusion

Furthermore, the thesis finds indications based on single-qubit gates that exper-
imental devices’ limited bandwidth, in this thesis modeled with a low-pass filter,
seems not to hurt the performance of piece-wise constant controls. On the contrary,
low-pass filtered piece-wise constant controls seem to perform better than piece-wise
constant controls without a filter. This indicates that piece-wise constant controls
are experimentally relevant. A piece-wise constant control cannot be generated ex-
perimentally because control electronics have a finite bandwidth. Still, the perfor-
mance of piece-wise constant controls considering the limited bandwidth distortion
seems better, not worse. Piece-wise constant controls are common in other studies,
for example [9, 10], often without considering the experimental implementation.

The thesis highlights that optimizing two-qubit gates is a more challenging prob-
lem than single-qubit gates and is less well understood. The thesis uses Nevergrad
to optimize an ansatz based on the energy spectrum of the two-qubit set-up, find-
ing many different possible CZ-gates. Which of the optimized CZ-gates is the best
likely depends on how robust the gate needs to be and how decoherence is modeled.
Simulating two-qubit gates is time-consuming.

The investigation of two-qubit gates has highlighted that the Rabi model com-
bined with ZZ coupling describes CZ gates based on the [110) < |200) transition
well. Sometimes [47, 18], an even simpler model is used to model CZ gates; that
model does not seem to describe the dynamics of |110) <> |200) based CZ gates as
well.

6.1 Outlook

Throughout the thesis, I have highlighted things that future studies could focus on.
One example is using both microwave drive and an external flux signal to implement
two-qubit gates, see Eq. (2.55). In general, two-qubit gates are a much more open
question than single-qubit gates. Many techniques can be used to generate high-
fidelity single-qubit gates limited by coherence.

A recommendation for future studies is to first focus on the set-up of the two-qubit
optimization problem, then look into what optimization technique to use to solve
it. A state-of-the-art black-box optimizer might be a good starting choice. Deep
reinforcement learning is perhaps not a great choice, as there are a lot of hyperpa-
rameters that could be tuned. Ensure that realistic control distortions are modeled,
investigate the validity of approximations such as the rotating wave approximation
if it is used to derive the simulation model, and think about the system’s param-
eters, for example, what coupling strengths to use. Hopefully, the ZZ coupling
interpretation of the CZ-gate dynamics presented in this study will be useful.

Regarding machine learning, model learning is an approach that future studies
could investigate. One could, for example, explore the effect of including an ansatz
based on a theoretical model. Model-based reinforcement learning, the combination
of reinforcement learning and model learning, is another interesting approach. A
different implementation of deep reinforcement learning could perhaps yield strong
two-qubit results. A starting point could be [53], which claims a high-fidelity 10 ns
CZ-gate is possible.
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A

Derivations

A.1 Single-qubit Gaussian Pulse

The standard Gaussian pulse used in DRAG can be derived by considering €, (t) =
0,d6(t) = 0,\; = 0Vi > 0. For this case, the qubit subspace is decoupled from the
other energy levels and

Hy(t) = — O (A.1)

A

As Hg, in this case commutes with itself V¢ the time evolution is

Uw(£) = exp (-é / t Qx(t)dwx) (A2)

This is the form of an arbitrary rotation on the Bloch sphere, which in general is
given by

. 0, ) T I

Rz (0) = exp(—zin -0) = 005(5)1 - zsm(?n e (A.3)
where 0 is the rotation angle on the Bloch sphere and 7 is the unit length rotation
axis. This implies that the time evolution operator U (ty) = 04, a m-pulse, if § =

T 4 2mn, where n is an integer. A criterion is then

/ O ()dt = 7 (A4)

The criterion is nice as it implies the smallest €2, implying less leakage. The criterion
is fulfilled by a Gaussian pulse ,(t) = Qg (t). Q¢(0) = 0 and Q¢(t,) = 0 has also
been enforced to obtain Eq. ( 2.61).

A.2 Jata,afataal =0

Observe that

A A

[a'a,atataa) = a'(aa'a’a — ataaa’)a. (A.5)
Rewrite
aa‘a'a = (1 +a'a)(aa’ — 1) = a'aaa’ — 1+ aa' — a'a = a'aaa’ (A.6)

using [a,a'] = 1. Then
[a'a,atataal = 0. (A7)
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B

System Parameters

Table B.1: Two-qubit system.

Parameter Value

Qubit Frequency w; (GHz) 3.528528
Qubit Frequency w, (GHz) 4.056419
Coupler Frequency w? (GHz) 6.287653

Anharmonicity a; (GHz) -0.228498
Anharmonicity ay (GHz) -0.216387
Anharmonicity a. (GHz) -0.120

Coupling Strength ¢;. (GHz) 0.029770
Coupling Strength go. (GHz) 0.031085
(G

Coupling Strength g2 (GHz) 0

Truncation of |i, 7, k) i,7,k € {0,1,2}
Relaxation Time T} (ps) 80

Dephasing Time Ty (ps) 40

Table B.2: Single-qubit system. Note that due to the rotating frame, the qubit
frequency w, does not matter for the simulation.

Parameter Value

Anharmonicity @ (MHz) -350

Truncation d 7

Relaxation Time 77 (ps) 80
Dephasing Time T, (ns) 40

ITT
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C

Supporting Results

C.1 Single-qubit Supporting Results

1072

1073

1074

Relative infidelity error

10-5 —— QuTiP vs matrix exponention

0 100 200 300 400 500
Optimization step

Figure C.1: The figure shows the relative error in infidelity for the low-pass filtered
GRAPE with t, = 8 ns. The figure compares the matrix exponential simulation
method’s infidelity with QuTiP’s simulation method. The relative infidelity error

I uTi 7ch . . . oy .
is w. The takeaway is that the two methods yield infidelities that differ
exp

by at most about 1%. This shows that the matrix exponentiation approach and
QuTiP’s ODE solver approach to solving the Schrodinger equation yield results
that are similar enough for this study.

C.2 Two-qubit Supporting Results



C. Supporting Results

Parameter Value
Infidelity 0.0008
Decoherence 0.0076
brise, Lfall 3.47 ns
plateau 190.14 ns
0 0.3880
AWeos -0.0222 GHz
Ocos 0.0578
Awsin 0.0000 GHZ
Osin 0.0000

(a) 197.1 ns CZ-gate

Parameter Value
Infidelity 0.0019
Decoherence 0.0042
trise, tfau 2.04 ns
tplatean 104.20 ns
0 0.3671
Aweos -0.0457 GHz
Ocos 0.0385
Awgin 0.0074 GHz
Osin -0.0001

(b) 108.3 ns CZ-gate

Table C.1: The parameters of the 197.1 ns and 108.3 ns optimized ansatzes. The
unit of deos, dsin, 0 is defined by &y = 1. The parameters have been rounded.
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C. Supporting Results

Parameter Value
Infidelity 0.0023
Decoherence 0.0029
t1rise7 tfall 2.03 ns
plateau 69.63 ns
0 0.3468
Aweos -0.3556 GHz
Ocos 0.0590
Awsin 0.0000 GHz
Osin 0.0000
(a) 73.7 ns CZ-gate
Parameter Value
Infidelity 0.0069
Decoherence 0.0160
trise, foau 14.00 ns
tplateau 384.52 ns
0 0.3503
AWeos 0.0119 GHz
Ocos 0.0245
Awgin 0.0181 GHz
Osin 0.0000

(b) 412.5 ns CZ-gate

Table C.2: The parameters of the 73.7 ns and 412.5 ns optimized ansatzes. The

73.7 ns CZ gate does not use the [110) < |200) transition. The unit of dcos, Osin, 0 is
defined by ®; = 1. The parameters have been rounded.
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C. Supporting Results
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(a) 412.5 ns CZ-gate
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Figure C.2: The phase space dynamics of Cj10(t) with fit models for the slow de-
tuned 412.5 ns CZ gate and the coupler exciting 73.7 ns CZ-gate. For the 412.5 ns
case shown in Fig. C.2a, oscillations seem to be a lot smaller relative to (Chyo(t)).
It is not surprising that the arch has a larger amplitude as the minimal popula-
tion min(|Cy0(t)|*) shown in Fig. 4.14a is much larger than for the other ansatzes.
Fig. C.2b reinforces the difference between this ansatz and |110) < |200) CZ gates.
The fit in Fig. C.2b is a full period Rabi oscillation instead of half a period as for
the other fits.
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