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Comparison of Moving Horizon Estimation and Single-Input Single-Output Methods
for state and disturbance estimation, and formulation of Moving Horizon Estimation
for solution via Sequential Quadratic Programming

OSKAR THOMASSON

PUMMARIN KHAMKHACHORN

Department of Electrical Engineering

Chalmers University of Technology

Abstract

In a closed-loop control system, measurements from sensors are used as feedback to
improve the system’s performance. However, these measurements can be affected by
unknown disturbances or noise. Therefore, a state estimator plays a crucial role in
the closed-loop system. Borealis, a polyolefins production company, currently uses
a Single-Input Single-Output (SISO) estimation algorithm that updates the actual
state, z, and the correction factor, e, which is an extended state included in the
system model, separately. However, since some measurements are dependent on
each other, it is more appropriate to use a multivariable estimation technique, such
as Moving Horizon Estimation (MHE). Thus, the MHE algorithm was implemented
to evaluate whether it can perform better than SISO.

Two systems were used to assess the performance of the estimators. The first is a
simple system called the Double Tank System, and the second is a real polyethylene
production system, the Polyethylene Reactor System, which is much more complex.
The performance of MHE is clearly better than SISO for the Double Tank System.
In the Polyethylene Reactor System, MHE performs at least as well as SISO but
does not show a clearly better performance. Therefore, it can be concluded that
MHE can match the performance of SISO, but it is not recommended to replace the
SISO algorithm due to the significantly longer computation time required by MHE.

Keywords: Model Predictive Control, Moving Horizon Estimation, Sequential Quadratic
Programming, Single-Input-Single-Output.
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MHE Moving Horizon Estimation

MPC Model Predictive Control
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Nomenclature

Below is the nomenclature of indices, parameters, and variables that have been used
throughout this thesis.

Indices

Parameters

;U'Q

T o= < "

O
-

At

T'Dev

eGain, xGain

Ny

b, len

Indices for sample steps within the cost function
Indices for block number within the cost function

Index for current sample

Weighting matrix for the process noise (for e)

Element in Q. matrix

Weighting matrix for the measurement noise

Element in R matrix

Weighting matrix for the initial state penalty

Cost function or objective function

Length of horizon

Hessian matrix in the Quadratic Programming subproblem

Transpose of gradient vector in the Quadratic Programming sub-
problem

Time step size
Relative deviation

Gains used for updating the correction factor e and the state = in
SISO estimator

Number of blocks
A vector represents the lengths of each block

X1



€mins Cmax Minimum and maximum value of the correction factor

Aeémin, Aemax Minimum and maximum value of the change of the correction factor

Qsens, unscale Unscaled sensitivity matrix used in the QP subproblem

Qsens,scale Scaled sensitivity matrix used in the QP subproblem

Aeopt Aeyp from previous QP iteration

Tost Estimated measurement from previous QP iteration

€ss, Oss Scaling matrices

Eperturb Predefined constant used to determine the magnitude of the per-
turbation

Variables

x State
Output

u Input

w Process noise

n Measurement noise

e Correction factor (disturbance introduced in the system)

z Extended state, z = [z ¢]'

Qreas Actual measurement

Qost Estimated measurement

Ae Change of the correction factor

Aeopt Change of the correction factor in reduced cost function (blocking
technique)

Aeéopt scale Scaled Aegp in QP subproblem

xii
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Introduction

This chapter introduces the background of the project to explain why Moving Hori-
zon Estimation is an interesting approach to explore for this application. It also
includes a discussion of the ethical aspects of improving the estimation algorithm.
The research questions are then presented, followed by a discussion of the limitations
that define the scope of the project.

1.1 Background

A control system is designed to regulate the behavior or output of a dynamic system
to achieve desired objectives. It manages the inputs of a system to produce specific
outcomes while striving for stability, accuracy, and optimal performance[1]. Borealis
employs a control system to control the process of producing advanced and sustain-
able polyolefins. The company uses nonlinear model predictive control (NMPC) to
operate industrial-scale polyolefin reactors. For state and disturbance estimation,
Borealis currently employs a simplified Single-Input, Single-Output (SISO) model
update strategy. This is sufficient when all measurements are independent, but this
strategy struggles when measurements are interdependent, leading to suboptimal
estimation and reduced real-world accuracy.

In order to address this challenge, a true multivariable estimation approach should be
explored, one that incorporates multiple interdependent measurements to enhance
overall estimation accuracy. Moving Horizon Estimation (MHE) is one of several
multivariable methods suitable for this purpose. MHE estimates system states and
disturbances by solving a constrained optimization problem over a moving time hori-
zon. It can directly integrate both physical and measurement constraints, making
the estimation more robust.

1.2 Ethical Aspects

Improving precision in estimation enhances the control over polyolefin production
in the factory. This improved control helps optimize the production process, which
reduces the unnecessary use of energy and resources. As a result, the greenhouse
gas emissions released during production are minimized, contributing to a reduction
in global warming and promoting a more sustainable approach to manufacturing.
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Moreover, by using energy and resources more efficiently, the same amount of mate-
rial can yield a greater volume of product. This also reduces operational costs while
aligning the production process with environmental and economic goals. Such im-
provements support sustainable development by balancing industrial growth with
environmental responsibility. From an ethical perspective, improving precision in
state estimation ensures that all the ingredients used in production are in optimal
amounts. This guarantees the consistent quality of the products, meeting established
standards and ensuring they are safe and reliable for consumers. High-quality prod-
ucts help reduce defective outputs, which could otherwise pose risks to consumer
health and safety.

1.3 Purpose

The purpose of this project is to develop an advanced estimator based on the MHE
algorithm. The primary objective of MHE is to improve the accuracy of model esti-
mation by addressing inaccuracies inherent in the model itself. With this approach,
the performance of the controller can be significantly enhanced, as the improved
state estimation allows the controller to make more accurate and reliable control
decisions. This will lead to more efficient system operation, reduced waste, and
optimized production processes, which make production more effective and cost-
efficient. Here are the research questions that this study will answer:

o How can the optimization problem of Moving Horizon Estimation be formu-
lated to be compatible with a Sequential Quadratic Programming solver?

o Will Moving Horizon Estimation provide improved performance over Single-
Input Single-Output estimation methods? What are the advantages and dis-
advantages of using MHE compared to SISO approaches?

1.4 Limitations

The performance of the designed estimator will be evaluated in a simulation environ-
ment. In the closed-loop control setup, the estimator’s performance will be assessed
in combination with the controller to evaluate the overall closed-loop control perfor-
mance. Additionally, real measurement data from the industrial process will be used
to evaluate the estimator’s performance independently in a open-loop system. Using
simulations and not tests on a running reactor ensures that the estimator can be
tested under controlled and repeatable conditions, which allow a simple analysis of
its behavior, accuracy, and robustness. The reason for not applying this in the real-
world applications is that the estimator must first demonstrate reliable performance
to ensure it does not cause any harm to the factory or its components.
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Theory

In this chapter, information relevant to this project will be introduced and explained
in detail. This includes the closed-loop control system and its components, such as
the controller, estimator, and system’s model. In the end of the chapter, the solver
used for the optimization problem of the controller and estimator will be introduced.

2.1 Closed-Loop Control System

The purpose of a control system is to regulate the behavior of a real-world process
(often referred to as the plant) to achieve desired performance, while maintaining
stability and efficiency. In its simplest form, a control system consists of a controller
that determines the control input to adjust the process variables (or states) so that
the system output reaches the desired value. The desired output is known as the
setpoint or reference, which serves as the target value that the control system aims
to maintain. A system in which the control input is applied without using any feed-
back from the output is called an open-loop control system. In such a system, the
controller does not consider whether the desired output has been achieved. It simply
sends the input based on a predefined logic or schedule. In contrast, a closed-loop
control system uses feedback to compare the actual output with the desired setpoint.
The controller then automatically adjusts the control input to minimize the error
between the actual and desired outputs|[2]. This feedback mechanism significantly
improves the robustness and accuracy of the control system, especially in the pres-
ence of disturbances or model uncertainties.

By integrating a mathematical model of the real-world process, the plant, into the
control system, the system dynamics can be used to predict future behavior of the
plant. This enables the controller to find the optimal input sequence to reach a cer-
tain setpoint. By driving the model with the same input as the process, deviations
of the plant measurement and the predicted measurement can be handled by a state
estimator, also called a state observer. The goal of the estimator is to determine the
most likely current state given the models prediction and the measurements from
the plant[3].

In a closed-loop control system, the actual output that is fed back into the system
is typically measured by sensors. However, these measurements can be affected by
unknown disturbances or noise. Therefore, a state estimator plays a crucial role in
the closed-loop system. It estimates the true current state of the system by using
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both output from the model, which represents the dynamics of the real-world system,
and the sensor measurements. Based on this information, the estimator determines
a more accurate estimate of the output. This estimated output is then fed to the
controller, enabling more reliable and effective control despite the presence of noise
and uncertainty. A holistic view of a closed-loop control system is shown in Figure

2.1.
Actual Measurements
_> Llllll!il\
Plant ﬁ
+
MHE /
- SISO
——]
Model —
Estimated Measurements
9y

Inputs States and Correction Factors
u
Outputs xand e

¥

MP C Reference
| ——————

Figure 2.1: Closed-loop control system where the plant, model (used for both
estimation and control of the system), estimator and controller interacts with one
another.

2.2 Model and Plant

The plant is the physical process that the control system aims to regulate. It takes
input in the form of control signal and outputs measurements according to its dy-
namics. Since it is a physical system it can be restricted by physical limits, both on
input and on plant’s variables. These limits are referred to as constraints.

A mathematical model in a control system aims to describe the plant process as
accurately as possible. One common method of describing a system is state-space
representation, where the behavior of a system is described using system variables,
known as states. States are derived from the physics of the plant, often by describ-
ing the conservation of key quantities through balance equations. Some common
quantities are mass, energy and momentum. The state equation in discrete time
describes how states are updated as

Tr+1 = f(ﬂ% Uk)

where the updated states zj; are a function f of the current states x; and inputs wy.
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The states can the be used to calculate predict output, which refers to the output
of the system. The output equation are defined by the function ¢

Y = g('rlm uk)

where 1 is a function of the current states x; and inputs wuy.

To reduce computational complexity and since many real-world factors are unknown,
it is often necessary to make simplifications by neglecting certain dynamics, which
means that the model representing the real-world behavior is imperfect[4]. This is
especially important when calculations are needed in real time. Typical simplifica-
tions include linearizing nonlinear dynamics, discretizing continuous-time systems,
and making assumptions such as ideal mixing or constant external conditions[5].
These simplifications, along with other external disturbances create differences be-
tween the predicted output from the model and the actual output from the plant.
These differences will be used by the estimator to estimate the appropriate states.

2.3 Estimation

In control theory, estimation refers to the process of determining the current states
of a system. An estimator uses the actual output from the plant and the predicted
output, calculated using a model that describes the real-world system dynamics,
as inputs[6]. The actual output is typically measured by sensors, but these mea-
surements can be affected by noise, reducing their accuracy. Additionally, unknown
disturbances may influence the plant, causing a mismatch between the plant and
the model. Furthermore, the model itself may be simplified to reduce computa-
tional complexity, which introduce additional discrepancies. These sources of mis-
match can degrade the overall performance of the control system. To address these
issues, an estimator is employed to provide more accurate state estimates by com-
paring the actual output with the predicted output and updates its estimate based
on this information. This approach will enable the controller to determine more
appropriate control actions. There are several methods for state estimation. One
approach is fixed-gain estimation, where the estimator uses predefined gains that do
not change over time to estimate the current states. Another approach is Moving
Horizon Estimation (MHE), which determines the current states by using actual
output measurements over the previous /N time steps.

2.3.1 Fixed-Gain Estimator

A fixed-gain estimator (also known as a predefined-gain estimator) is an estima-
tion method in which the estimator’s gain remains constant over time. The gain is
typically precomputed offline using known information about the system’s dynam-
ics. This gain is used in real time to update or estimate the system states. One
key advantage of this approach is its computational efficiency. The gain does not
need to be recalculated at each time step, the estimator is very fast and well-suited
for real-time applications with limited computational resources. However, a major
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disadvantage of fixed-gain estimators is their lack of adaptability. Since the gain
is fixed, the estimator can not adjust to changing system dynamics, modeling er-
rors or unexpected disturbances, which makes it less robust in uncertain or varying
environments. One approach that uses predefined gain to update the states is the
Luenberger observer. This method estimates the system’s internal states by com-
paring the predicted output with the actual measured output and multiplying the
difference by a constant predefined gain matrix L[7]. For linear time-invariant (LTT)
systems represented in state-space form, the model update can be described as:

Zpy1 = Ay + Bug + L (yr — Gr)
O = C2y, + Duy,

where A B,C and D are the system matrices, Z is estimated states and ¢ is predicted
outputs.

2.3.2 Nonlinear Moving Horizon Estimation

Nonlinear Moving Horizon Estimation (NMHE) is a multivariable state estimation
technique that uses a sliding window of past measurements to estimate the system’s
states over a finite time horizon of length N. The sliding window moves forward at
each sampling instant, keeping the number of data points constant and equal to the
horizon length. At each sampling instant, NMHE solves a constrained optimization
problem over this horizon by minimizing an objective function (or cost function) to
provide a sequence of the optimal estimate of the system’s states. However, only the
last estimated state, the state at the current sample, from this sequence is applied
to the system. The constraints in the optimization problem typically reflect the
system’s physical limitations and safety margins. The objective function in NMHE
usually includes terms that penalize deviations between the system outputs and the
actual measurements, as well as mismatches between the modeled and actual system
dynamics[8, 9]. Let the time-invariant dynamic equations of the nonlinear modeled
system in discrete time be formulated as:

Tpy1 = f (ﬂ%uk)

Y = 4g (wkv uk)

Assume that the actual dynamic system is the modeled system that is affected by
process noise, w, and that measurement errors occur due to measurement noise, n

Thp1 = f (@, up) + wy

Ui = g (Tg, ug) + ng

The cost function that minimizes the process noise and measurement noise can be
expressed as:

k—1 k
J=(zpn—2(k=N) Py —z(k-N)+ Y w/ Qu+ Y n/Rn

i=k—N i=k—N
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The general formulation of NMHE optimization problem can be expressed as:

minimize J = (zj_y — z(k — N))" P (z)_n — z(k — N)) (2.1)
Tp—NTk
E—1 .
+ (i1 — [ (xi,u5) Q(wig1 — [ (z4,u4))
i=k—N
i T
+ > Wi—gxiw) Ry —g(xiu))
i=k—N
subject to
vi = g (x4, u;) + ng (2.3)
r,€X, w, e W, n; e N, Viek— N,k (2.4)
where

J = Cost function of the optimization problem
R = Weighting matrix for the measurement noise
P = Weighting matrix for the initial state penalty
Q = Weighting matrix for the process noise
W = Limitation of process noise
N = Limitation of measurement noise
y; = Measured output at sample ¢
x; = State at sample ¢
u; = Input at sample ¢
n; = Measurement noise at sample ¢

xr_n = Initial state estimate at sample &k — N

x(k — N) = Prior initial state at sample k — N

The first term in the cost function (2.1) is known as the arrival cost. It reflects
the difference between the estimated initial state, xy_n, and the prior initial state,
xz(k — N). A larger difference indicates that the estimated state deviates more from
the prior. Therefore, the arrival cost can be interpreted as a measure of how far
the estimated state is from the expected or desired initial state[10]. This term is
particularly important when the horizon, N, is short, since the cost of this term will
dominate in the cost function. However, for longer horizons, other terms in the cost
function become more significant, and this term can often be neglected. The arrival
cost term is also commonly formulated as:

(20 — z(0))" P (zg — 2(0)) (2.5)

In this form, the term only accounts for the deviation at the initial sample, ¢+ = 0,
rather than at every estimation time. It specifically measures how inaccurate the

7
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guessed initial state, xg, is compared to the prior estimate.

The second term in the cost function tries to penalize large values of process noise.
This term prevents the optimizer from assuming large and unrealistic disturbances,
which maintain the smoothness of the estimates. The last term measures how close
the estimated output is to the actual measured output. Minimizing this term ensures
that the system’s estimation match the real measurements as closely as possible. The
equations (2.2)-(2.4) represent the constraints of the problem. These constraints
ensure that the optimization respects the physical and operational limits of the
system and noises while estimating the states and disturbances as accurately as
possible. They are crucial for ensuring the feasibility and safety of the system
during the estimation process. Note that there are multiple ways to formulate the
cost function. The one used in this project will be presented later in this report.

2.4 Controller

In control systems, a setpoint tracking controller is a mechanism or algorithm
that aims to minimize the deviation between the system’s output and a desired
value, known as the reference or setpoint. The main objective of the controller is
to ensure that the system behaves in a desired manner, despite disturbances and
uncertainties[11]. The controller takes the estimated output of the system’s model,
y, and the reference signal, ¢, as inputs to determine the deviation between them.
The estimated output of the system’s model is calculated using the outputs of the
estimator, which typically include the estimated state, x. Based on these, it com-
putes the control input, u, which is then applied to the system to drive the output
toward the desired reference.

2.4.1 Nonlinear Model Predictive Control

Nonlinear Model Predictive Control (NMPC) is a type of controller designed for
nonlinear systems. Similar to NMHE, NMPC solves a nonlinear optimal control
problem at each sampling instant over a receding horizon, N.[12] The objective is to
minimize a defined cost function, which is typically modeled to penalize deviations
between the reference and system’s output. At each sample instant, NMPC uses the
current state to predict the future behavior of the system. It computes a sequence of
optimal control inputs, u, over a finite time horizon. However, only the first control
input, the input at current sample, from this sequence is applied to the system[13].
Let the time-invariant nonlinear system which depends on state, x and input, u, be
modeled as:

Tiv1 = f (@i, w;)

Yi = g (i, u;)
The general formulation of NMPC optimization problem can be expressed as:

minimize V
U U+ N
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subject to

Tiv1 = f (@)
vi = g (T3, u;)
r,e€X u; €U, Vielkk+ N]|

where V' is the cost function and X and U describe the limits of the state and input,
respectively.

2.5 Sequential Quadratic Programming

Sequential Quadratic Programming (SQP) is an iterative method used for solving
nonlinear constrained optimization problems. The nonlinear optimization problem
can be expressed as:

minimize J
X

subject to

h(z)

9(x)
Where J is the objective function to be optimized, x is the optimization variable,
h(z) represents the equality constraints, and g(z) represents the inequality con-
straints. SQP solves a nonlinear optimization problem by approximating it as a
series of Quadratic Programming (QP) subproblems[14]. This means that at each
SQP iteration, one QP problem is solved. There are several ways to derive a QP
subproblem, but the most common approach is to use a second-order Taylor expan-
sion of the Lagrangian function combined with a linearization of the constraints.
The Lagrangian function can be expressed as:

Ll dp) = J(x) + 3 Nhl@) + 3 ()

0
0

IN

The subproblem at iteration £ can then be expressed as:
1
minimize §pT "H-p+c'-p
p
subject to

Vg(zr) 'p+g(z) <0

where ¢ is the transposed gradient vector of the function f and H is an approxi-
mation of the Hessian of the Lagrangian

H=V:C.L
" =Vflx)'
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It should be noted that if the Lagrangian is convex the Hessian does not need to
be approximated. However, in general, the Lagrangian can be locally non-convex.
Then, an approximation is needed since there the Hessian cannot be negative as
it will lead the Newton direction towards a maximum, instead of minimum. The
solution of the subproblem, p, will be used to update x

Tk+1 = T — P

where zy, is the state of the previous iteration[15]. SQP iterates Newton’s method to
find critical points of the Lagrangian function to minimize the cost function. This
means that SQP will perform the iteration until a termination criteria is met where
the gradient of the Lagrangian is smaller than a threshold as

|V Li(wh, Ay i) || < €

where € is the termination threshold.

10
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Estimator Implementation and
Result Interpretation in a
Simulated Environment

In this chapter, an overview of the closed-loop control system implemented in this
project will be presented. It provides detailed information about each estimator
used in the project, beginning with the one currently implemented at Borealis,
continuing with introducing the Moving Horizon Estimation method, followed by
a description of the criteria used to evaluate estimator performance and how the
results are interpreted.

3.1 Simulation Environment

To evaluate the performance of the implemented estimator, a simulation environ-
ment has been created, as shown in Figure 3.1. The control system consists of
a plant, a model, an MPC controller, and an estimator, either Moving Horizon
Estimation or a Single-Input Single-Output approach.

Actual Measurements

1 =
Plant
—+l MHE /
- SISO
MOdel Estimated Measurements

q 1

es
Inputs States and Correction Factors
u ;
Outputs xande

Y

Y

MPC Reference
| ——

Figure 3.1: The closed-loop control system used in the project. Inputs to the
estimator are the actual measurement, ¢neas, and the estimated measurement, .
The outputs of the estimator are the updated state, x, and correction factor, e.

11



3. Estimator Implementation and Result Interpretation in a Simulated
Environment

The plant is modeled similarly to the model, but with the addition of noise and
other types of disturbances. These are deliberately introduced to create simulation
scenarios in which the estimator must compensate for these imperfections. The
specific scenarios will be presented in the following chapters. The model’s nonlinear
dynamic equations, which describe the system behavior, are based on a physical
representation of the real-world process. In addition to the system states, x, and
inputs, u, a disturbance variable, also referred to as a correction factor e, is included
in the model’s dynamics. The correction factor helps the model compensate for
errors or unmeasured disturbances occurred in the plant, ensuring that the system’s
output reaches the desired setpoint. This is also known as implementing integral
action into the model. It can be considered an extended state in the system as
z=1z €

The correction factor can be incorporated into the system’s model either as an ad-
ditive term or through multiplicative coupling with the system’s actual states, x.
Since the state vector is extended, the estimator must estimate or update both the
actual system states and the correction factor. In this control system, the inputs to
the estimator are not directly the system outputs that the controller aims to regu-
late. Instead, the inputs to the estimator are called measurements. These include
(meas, the actual measurement from the plant, and ¢, the estimated measurement
from the model. These measurements are related to the system states, thus some
of these variables serve as both measurements and system’s outputs, y. However,
some outputs are not directly measurable. In such cases, additional measurements,
though not control outputs, can still be valuable for feedback, as they help estimate
system states and apply necessary correction factors. This allows the estimator to
utilize more information for improved state estimation. They are modeled in the
same way, but ¢ueas derives from the states of the plant, while ¢ uses the states
from the model. After the estimation process, the estimated states and correction
factor are fed into the model to calculate the predicted output. This output is then
passed to the controller, which compares it with the reference value to determine
the appropriate control input for the system. This input is then applied to the plant
and model, and the cycle repeats. This creates a closed-loop cycle, where the system
continuously updates its model and thus the control of the plant.

The nonlinear dynamic equations of the model, formulated to describe the system
in this report, are expressed in the time domain

A(t) F()u(t)
Gest(t) = g (x(t), e(t), u(t)) = g (2(1), u(t)) (3.2)
y(t) = h(xz(t), e(t), u(t)) = h(z(t), u(t)) (3.3)

>

The correction factor is treated as a constant variable because its future changes
are unknown. Consequently, its time derivative is zero. In simulation, since the

12
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system must be represented in the discrete domain, these continuous-time dynamics
are converted to discrete-time form using Euler’s method

lxkﬂl _ [xk + f (21, ug) - At] PR lf(z;c,uzc)] — F (o ) (3.4)

€k+1 €k €k
Zkt1 fCzrur)
Qestk = 9 (2k, U) (3.5)
Ye = h (21, ur) (3.6)

3.2 Single-Input Single-Output Estimation

The current estimation method Borealis uses is a predefined gain approach, known as
Single-Input Single-Output (SISO) updating. In this approach, correction factors, e,
and states, x, are updated independently. In a SISO estimator, the model updates
its states and correction factors by adjusting the relative deviation, rpe,. This
deviation quantifies the difference between the actual measurement, pess, (from
the real-world plant) and the estimated measurement, e, (calculated based on the
system states).

Qmeas — (est

TDev = —
qmeas

As seen in the formulation above, rpe, is valid only when ¢ueas is non-zero. In prac-
tice, a minimum value of qc.s is assigned to ensure that it is not too close to zero.
The states and correction factors can be updated in two ways: additive update and
multiplicative update.

Additive update at sample £ is defined as:

er = €odk + eGain - rpey (3.7)

T = Toldk + 2GAIN - TDey

where, e,q and z4q represent the values of the correction factor and state before es-
timation at the corresponding sample. Here, the correction factor, e;, and the state,
T, are adjusted by directly adding the product of the relative deviation, rpe,, and
the corresponding gain, eGain / xGain. In the case that multiple measurements
are available, the relative deviation is calculated individually based on the difference
between each actual measurement and estimated measurement associated with the
relevant state and correction factor.

Multiplicative update at sample k is defined as:

€k = €old,k * (1 + eGain - TDev) (38)

T = Tolak - (1 + 2Gain - rpey)

In this case, the update scales the current values based on the relative deviation.

13
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eGain and xGain are predefined gains that can be chosen as desired. They can be
seen as tuning parameters. The gains determine how quickly the system updates
its estimates. They typically range between -1 and 1, where values close to zero,
result in slower updates, and higher values closer to 1 or -1 allow faster adjustments.

The criteria for selecting the update approach depend on whether the updated vari-
able can physically take negative values. If a negative value would be physically
incorrect, the multiplicative update is used to ensure the result remains positive.
On the other hand, if the variable can be negative, the additive update is applied.

3.3 Moving Horizon Estimation

In this section, the cost function used in the Moving Horizon Estimation (MHE)
algorithm will be presented. Furthermore, it will be shown how the dimensionality
of the cost function can be reduced to decrease the computational time required to
solve the MHE optimization problem. Finally, the simplified cost function will be
reformulated into a Quadratic Programming (QP) form, making it suitable for use
with a Sequential Quadratic Programming (SQP) solver.

3.3.1 Cost Function and Constraints Formulation

The cost function used for the optimization problem, in both the Double Tank
System and the Polyethylene Reactor System, is formulated in the same manner.
These systems will later be explained in following chapters. As explained previously,
the correction factor is also included in the state vector.

=z ¢

Therefore, the equations of the nonlinear dynamic system with the extended state
are formulated as follows:

A

Zip1 = f (Zlmuk)

Gest,k = G (Zka uk)

Assume that the actual dynamic system, the plant, is the modeled system that is
affected by process noises, w = [w, we]T, and that measurement errors occur due
to measurement noise, n.

A

Zpr1 = [ (2, ug) + wy

Qmeas,k — G (Zk, uk) +ng = Gest, k + N

In the Nonlinear Moving Horizon Estimation (NMHE) algorithm, the optimization
problem over a horizon of length, N, that minimizes the process noises and mea-
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surement noise can be defined as!:
k T
minimize J = Z (qmeas,i - qest,i) R (Qmeas,i - Qest,i) (39)
Aek,N:Aek,l i—k—N
k—1
T
i=k—N

subject to

Gmeas,i = 9 (Ti, €5, U;) + 1 = Qesti + i
€min < €; < Emax
Aemin < Ae; < Aépax
n; €N, Vie[k— N,k

Note that the cost function (3.9) is different from the one introduced before in pre-
vious chapter, cost function (2.1).

Imeas; 1 (3.9) is a vector containing the measurements at sample ¢
T
Gmeas,i = [Gmeas;i(1)  Gmeas,i(2) - - - @measi(Nq)] , Mg = number of measurements

(est; 1S a vector containing all the estimated measurements (related to states, inputs
and correction factors calculated by the model at sample ¢

Gest,i = [qest,i(l) qest,i(2) o« Gest i (nq)]T

Ae; represents a vector of the rate of change in the correction factor obtained by
solving the optimization problem (3.9) at sample i

Ae; = [Ae;(1)  Aei(2)...Aei(ne)], ne.= number of correction factors

e; represents a vector of correction factor at sample ¢

e(i) = [e;(1) ei(2)... ei(ne)]
The weighting matrices, R and Q,, are defined as

R = diag(ri,72, ..., Tn,)
Qe = diag(Qh q2, .- - 7Qne)

The first term in the cost function (3.9) represents the mismatch between the actual
measurement and the estimated measurement along the horizon N. The second
term is used to penalize movement in the correction factor estimates, preventing
them from fluctuating excessively from sample to sample due to noise. Since the op-
timization problem only optimizes Ae, the responsibility for reducing the mismatch

'For full derivation of the cost function, please see Appendix A.1
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lies entirely with the rate of change in the correction factor. The correction factor
e is updated as follow:

ei = €, + Ae;

where egq,; is the old correction factor before the estimation at sample 7. Since Ae
is only optimized up to sample ¢ = k — 1, the last update for the state is xp. For
the update of the correction factor, the update at current sample i = k corresponds
to the update at the previous sample.

ek = €ex—1 = €oldp—1 + DNegx_q

3.3.2 Reducing the Computational Complexity of the Cost
Function

As explained in the previous section, in the MHE algorithm, the change in correc-
tion factor is obtained by solving a constrained optimization problem over a finite
horizon with length N. As the horizon length increases, the number of decision
variables in the optimization problem also increases, which can lead to high compu-
tational costs and longer computational time, particularly for systems with many
variables or fast sampling rates. To mitigate this issue, blocking technique is ap-
plied to reduce the dimension of the optimization problem. This technique divides
the moving window (horizon length) into smaller blocks. Within each block, only
the first variable is treated as an estimation variable, while the rest are ignored and
not directly optimized. In other words, instead of optimizing the parameter at every
sample along the horizon of length N, only one parameter is optimized in each block.
This means that fewer parameters are necessary to perform the optimization over
the entire horizon. This approach significantly reduces the number of optimizations
from N to the number of blocks. As a result, the size of the optimization problem
and computational time are reduced, while still using data from the entire horizon.
The length of each block can be defined flexibly, but the sum of all block lengths
must equal the total horizon length.

The cost function (3.9) can be reformulated by applying the blocking technique. Let
the horizon length, N, be divided into ny, blocks, and let the new optimization pa-
rameters be denoted as Ae,pe. Thus, the correction factor is denoted as eqp. Each
element of Ae,p corresponds to the optimal value of the change rate in correction
factor for its respective block. Since only the first variable of each block is included
in the optimization problem, the last estimated parameter in the sequence Aegp,
estimation at sample ¢ = k—length of the next last block, is equal to the optimized
parameter at sample i = k — 1 (the last optimized parameter without reducing the
number of optimized parameters). See Figure 3.2 on the next page.
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Aek N Ae.k-length of block3 = Aek-?
) e

Ae opt,3

opt,1 Aek—NHength of block1

Aeopf,z
: : :
block1 block2 block3
| l - Sample
KN k-N k - length of block3 PRI
+ length of block1

| ]
— 1
Horizon length N

Figure 3.2: The horizon of N previous samples before the current time k,is
divided into three blocks, where the variables Aey_n, Ae€gr_Ntiength of block1 and
Aeég_length of blocks are treated as the optimized variables in the optimization problem.
The change of the correction factor at sample i = k—1 is equal to Aex_jength of blocks-

The optimization problem (3.9) can be reformulated as:

k
minimize J = Z (qmeas,i - Qest,i)T R (qmeas,i - qest,i) (310)
-

Aeopt,l :Aeopt,nb i N

Np
-
+ Z Aeomj QeAeOth
Jj=1

subject to
Qmeas,i = g(xz; €Z',UZ‘) +n; = Gest,i +n;, n; € N Vi € [k - N7 k]
Emin < €opt,j < €max vj € [Lnb]
Aemin S Aeopt7j S AeInax ] =1
Aernin : nb,len(j_1> S Aeopt,j S Aernax . nb,len(j_l) \V/] S {27 nb]

where ny, denotes the number of blocks and ny, jen (j) represents the length of block j

Nben = [Mhien(1)  Mbien(2) .- -nb,len(nb>]T

Aegpt,j is a vector that represents the optimal change rate of the correction factors
in block j, which are obtained by solving the optimization problem (3.10) at sample
i=k—N+3>7_ npen(b — 1) (where block j begins)

Aegpt,j = [Aeopt,j(l) Aeom,j(2) o Aeoptj (ne)]T

Note that Y7, npben(b — 1) represents the sum of the previous block length. For
the first block, 7 = 1, the sum of the previous block length is set to zero, i.e.
Nbien(j — 1) = 0, since the optimization starts at the beginning of the horizon.
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Since the number of parameters in the optimization is decreased to ny,, it is important
to limit the change rate of the correction factor. The constraint

Aemin : nb,len(j_l) S Aeopt,j S Aemax : nb,len(j_l)

ensures that the change rate stays within the allowed range, scaled by the length
of the previous block. In other words, the change rate in block j must stay within
the limit multiplied by the number of samples skipped since the last optimized pa-
rameter. This constraint is necessary because Ae,py can not change too quickly, and
it ensures that the solver does not propose estimates that behave too aggressively
(either upwards or downwards).

For the first optimization step (i.e., when j = 1), there is no need to multiply by the
block length since it occurs at the beginning of the horizon. Thus, the limitation
remains the same, without needing to scale it by the block length

Aemin S Aeopt,j S Aernax

When reducing the number of optimization parameters, the number of updates for
the state and correction factor is also decreased accordingly. The correction factor
is updated as follows:

€opt,i = €opt,old,i + Aeopt,j

where j € [1,np) and i =k — N 4+ X7_ npen (b — 1).
The update of correction factor at current sample ¢ = k can then be expressed as:

€opt,k = Copt,k—1 = CEopt,old,k—1 + Aeopt,nb

Since the correction factor is optimized only once per block, the graph presenting
(Figure 3.3) the correction factor along the horizon is generated using a linear
update approach. This means that the optimized correction factor values at the
beginning of each block are connected using linear interpolation across the blocks.
Note that the correction factor in the last block remains constant, as its optimization
point occurs at the beginning of the block (no more update after that sample).

—EsMeasq_ |
ACE > = Neas. q Lan

0.466 S 1-0.720
. / = Corr. Fact. e |
0.412 e 10540

= Lo

0.304 . - e 10,180

:'m-ms 15 1.3 1.1 -1.0 -0.8 07 05 -03 02 o_ln:':::

Figure 3.3: The correction factor e is updated using the linear update approach
with 5 blocks. The x-axis represents time in hours, where -0.8 corresponds to 48
minutes in the past, and 0 indicates the current time. Magnitude of measurements
and estimated measurements are shown on the left y-axis, correction factor magni-
tude is shown on the right y-axis.

18



3. Estimator Implementation and Result Interpretation in a Simulated
Environment

3.3.3 Quadratic Programming Formulation

In this report, the optimization problem (3.10) is solved using Sequential Quadratic
Programming (SQP) of Newton type to find a local minimum. To enable this, the
problem must first be reformulated into a Quadratic Programming (QP) subprob-
lem. The optimization problem (3.10) can then be expressed as follows?:

1
minimize J = §A€T “H - Aeopt scate + el Aeopt scale (3.11)

opt,scale
Aeopt,scale ’

subject to

-1 1 . S e
max (ess : (6min - 6opt) y €ss (Aemin : nb,len(] - 1) - Aeopt>>
< Aeopt,scade <
. -1 _ -1 . -~
min (ess . (6max - eopt) ; €ss (Aemax . nb,len (] - 1) - Aeopt))

Vj € [1,ny], but for j =1 (Aeoptscale,1) — Mbjen(] — 1) =1
where

T A A
H= Qsens,scale ° R- Osens,scale + Qe
T T -1 —\T -1 T
c = Aeopt : (ess ) ' Qe - (qmeas - Qest) : (qss ) R - Qsens,scale
and their dimensions are

ng-NXnen ». ngNxng-N 3 Ne Np XNe N
qsens,scaleeRq Eb,RGRq K ,QQGREb etb
~ . . . N N

Aeopt c R nb’ e, € R7e b XNe nb’ Qss € R Nxng

ngN —— ng- N Ne N
Qmeas € R™a y Qest € R™a ) Aeopt,scale € R

In this formulation, the optimization parameters are denoted as Aegp scale, Which
represent the solution of QP problem and it will be used for updating Aep, and
Gest -

-

Aeopt,scale = [Aeopt,scale,l,l o Aeopt,scale,ne,l Aeopt,scale,l,Q s Aeopt,scamle,ne,nb]

The first subscript of Aegpt scale indicates the index of the correction factor element
and the second subscript represents the block number. This scaling is applied to
ensure that the outcomes of the QP iterations have the same order of magnitude
regardless of units. The other variables introduced in this formulation are defined
as follows:

Usens,scale 15 the scaled version of Qgens,unscale; Which is a sensitivity matrix that is
recalculated at every estimation step and used during each SQP iteration. It is used
to define the direction of the update. It can be computed as:

q o = Gest,perturb — Gest . €ss
sens,scale —

Eperturb Qss

Qsens,unscale

2For full derivation of QP formulation, please see Appendix A.2
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Here, g is a vector of the estimated measurement at current sample instant and
Qest,perturb 18 & vector of perturbed estimated measurement which is calculated as:

Gest,perturb = g (xa €opt + Eperturb u)

where epertur 15 a vector of predefined constant used to determine the magnitude of
the perturbation which has dimension ne - ny,. €gs and qgs are scaling matrices which
represent €,p; and ges; corresponding to that sample instant before SQP iteration
starts. They are diagonal quadratic matrices.

R and Q. are the weighting matrices corresponding to R and Q.

f{ = d@ag (Rk—Na ce ,RN)

Qe = diag (Qe,h ceey Qe,nb)

and Gegy and Ae,p, define the trajectories at the previous QP iteration.

The optimization problem (3.11) is the one solved in every QP iteration. Since the
solution Aegps scale 15 scaled, the unscaled update is defined as follows:

Gest = {est Qss - qsens,scale : Aeo t,scale
P
Aeopt - Aeopt €ss - Aeopt,scale

€opt = Copt + €55 Aeopt,scale

These values need to be updated at the end of each SQP iteration, as ges; and Aegp
will become and Gesy and Aegpy for the next iteration and used to build the hessian
matrix H and transposed gradient vector ¢'. e.p is the updated correction factor.

When the SQP iterations are complete, the optimized correction factor, eqpt
_ T
€opt = [eopt,l,l -+« €optne,1 Copt,1,2 - - - eopt,ne,nb]

is used to update the states, x, of the system. Note that the first subscript of
eopt indicates the index of the correction factor element and the second subscript
represents the block number.
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3.3.4 Sequential Quadratic Programming Iteration

Figure 3.4 illustrates how the Sequential Quadratic Program (SQP) iteration pro-
cess works.

Initial values
xand e

A
' 1. Sensitivity Matrix ‘

Calculation

.4 Criteria not
2. Cost Function }< Fulfilled |

4. Checking the
Criteria

and Optimization

Problem Setup Criteria

v Fulfilled

He

., L.t N opt,scal
‘ 3. Solving the

Optimization
Problem

Figure 3.4: Sequential steps in the SQP algorithm, where the optimization problem
is constructed, solved, and evaluated against the termination criteria.

The SQP iteration consists of the following five steps:
1. Sensitivity Matrix Calculation: In this step, the sensitivity matrix is cal-
culated.

o €ss
Osens,scale = Usens,unscale *
ss

2. Cost Function and Optimization Problem Setup: In this step, all com-
ponents of the cost function are prepared, and the hessian matrix H and
transposed gradient vector ¢' are constructed.

3. Solving the Optimization Problem: In this step, the optimization prob-
lem is solved, and Aegpt scale 15 computed.

4. Checking the Criteria: In this step, the termination criteria, €, is evaluated
to determine whether the SQP iteration should stop.

T
\/Aeopt,scale : AeOpt,scaLle S €

If the termination criteria are fulfilled, the SQP algorithm ends. Otherwise,
repeat from Step 2 using the updated variables.
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3.3.5 State Update

Since the MHE algorithm only updates the correction factor, ey, these optimized
values are then used to update the actual state x. The estimated state at the current
sample k is updated using the values of the last block in egpt, €opt,1my - - - Copt,ne,n >
as it corresponds to the correction factor at sample k — 1.

Tp = Tp_1+ f(xk—l, eopt,nb7uk—1) - At
——

€opt,k—1

3.4 Performance Criteria

The criteria that will be used to evaluate the performance of the estimator are: the
convergence sample, the variance of the correction factor, and the variance of the
deviation between the measurement and estimated measurement.

o (Convergence sample: indicates how quickly the outputs converges to a region
around the defined reference or setpoint. In this problem, the output is consid-
ered to have converged when it enters and remains within +1% of the reference
value. A low number of convergence samples means that the system responds
faster and tracks the reference more effectively.

o Variance of the correction factor(Corr. Var): reflects how much the correction
factor fluctuates around its mean value. A high variance indicates that the
correction factor oscillates significantly. This behavior is undesirable since the
controller (MPC) must continuously adapt to these fluctuations, making it
more difficult to maintain appropriate control performance. Variance of dis-
turbance as evaluation criteria has been used in previous reasearch in the same
area, for example in the work by Ramlal, Allsford and Hedengren[16].

o Variance of the deviation between the measurement and estimated measurement
(Dev. Var): shows how closely the estimated measurement, g, follows the ac-
tual measurements, ¢ueas- A high variance indicates a large mismatch between
the estimated measurement and the actual measurement, which suggests that
the estimator is performing less effectively.

3.5 Graph Interpretation Guide

This section will provide a guide on how to interpret the graphs showing the results
in the following chapters. Some graphs will have dual axes, meaning they feature
two y-axes (one on the left and one on the right) sharing the same x-axis. An ex-
ample of a dual-axis graph can be illustrated in following figures.

Figure 3.5 shows the system measurements: the blue line represents the estimated

measurement, and the green line represents the actual measurement. Both lines
correspond to the left y-axis, which is colored green. The red line represents the
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correction factor associated with the measurement and corresponds to the right y-
axis, which is colored red. Therefore, the color of each line indicates which y-axis
it belongs to. Red line corresponds to the right y-axis (red), while green and blue
lines correspond to the left y-axis (green). The x-axis represents the sample interval
in the simulation.

~—— Measq_,

w——— Est. Meas. s
Corr. Fact e

—

pi3 50 75 10 15 150 75 20 225 250 255 30 35 30 5 40 45 40 455 50

Figure 3.5: The blue and green lines, which represent the estimated and actual
measurements respectively, correspond to the left y-axis. While the red line, which
represents the correction factor, corresponds to the right y-axis. The x-axis repre-
sents the sample interval.

In the input-output graph, the output line is colored green and corresponds to the
left y-axis, which is also colored green. The blue line represents the reference for
the output and also belongs to the left y-axis. In this graph, the red line represents
the input associated with the output and corresponds to the right y-axis, which is
colored red. See Figure 3.6 below.

N

=== Qutput y
= Refy,
= Inputu

: L | .
0 2 5 75 100 15 150 175 200 25 250 275 300 35 3B 375 400 425 450 475 500

Figure 3.6: The blue and green lines, representing the reference and output re-
spectively, correspond to the left y-axis, while the red line, representing the input,
corresponds to the right y-axis. The x-axis represents the sample interval.
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4

Double Tank System

This chapter will describe the Double Tank System and present simulations con-
ducted to evaluate and compare the performance of the SISO and MHE approaches.
The evaluation is done by finding the optimal tuning for MHE in two cases, one
with initial state error and one with a model error. The performance of MHE is
then compared with that of the SISO approach in the same two cases.

4.1 Problem Description of the Double Tank Sys-
tem
The double tank system consists of a pump connected to two tanks in series, an

upper (tank 1) and a lower (tank 2), with the outflow from the lower tank exiting
the system. The full system is shown in Figure 4.1

BRI
G
-

Figure 4.1: The flows between the pump and the two connected tanks in the
Double Tank System. The disturbances e; and ey are modeled as additional inflows
to respective tank.
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4. Double Tank System

The states representing the fluid levels in each tank are denoted as x; for the upper
tank and x5 for the lower tank. The changes in these levels define the state equations
for the Double Tank System. These nonlinear equations derived from the mass
balance can be expressed as

#1(t) = u(t) - Aol o (1) +er (1

Ay
fnflow Outflow
A A,
2o(t) = ;ff’l 2g - 21 (t) — Z;’Q 29 - (1) +es(t)
Inflow Outflow

where u is the flow created by the pump, Aqu 12 are the cross-sectional areas of
the output holes in tank 1 and 2 respectively, A; 5 are the cross sections of each
tank and e; o are the model disturbances or correction factors in the system. Both
correction factors are modeled as additional inflows to each tank, i.e. as additive
terms in the system’s state equations. A positive disturbance corresponds to an in-
creased inflow, whereas a negative disturbance represents an increased outflow from
the corresponding tank.

The output of the system is the fluid level in the lower tank

y(t) = za(t)
The measurements represent the fluid levels in each tank.

Geas1 (1) = 21(t), Gmeas2(t) = x2(t) where 1 and x5 from the plant
Gest1 (t) = T1(t), Qest2(t) = x2(t) where 27 and x5 from the model

There are two measurements used in the control system, ¢yeas, and two estimates of
these measurements, g They are calculated in the same way, but the estimated
measurement uses the states from the model, while the actual measurement uses the
states from the plant. Since the correction factors are introduced in the system, they
are treated as part of the state vector. The dynamic equations above are formulated
in the time (continuous) domain. To implement these equations in a simulation,
they must be converted to the discrete domain. This conversion is performed using
Euler’s method. The discrete time dynamic equations can then be written as shown
in equations (3.1)—(3.6).

A

k1= f (Zkauk)
Qest.k = G (Zk, U)
yr = h (zx, ug)

26



4. Double Tank System

4.2 Test Cases and Simulation Setup
The following cases will be used to evaluate the performance of the estimators:

Case 1: Initial State Error

In this case, a closed-loop control simulation is performed with a constant output
reference value of 0.55. This means that the water level in tank 2 is desired to
be 55% of the tank. The model’s initial states start at steady state, matching the
reference. However, the plant states are initialized to half the value of the model
states, which introduces an initial error. This case is therefore designed to evaluate
the estimator’s performance under incorrect initial state conditions.

Case 2: Model Error

This case is also a control simulation with a constant output reference value of 0.55.
Both the model states and plants states are initially equal to the reference until a
disturbance is introduced at sample 25 where the cross section of the outlet hole in
the upper tank of the plant is enlarged by 10%. The purpose of this is to evaluate the
performance of the estimator when the model’s system differs from the real-world
system.

Each simulation will run for 1000 samples, during which the correction factor, the
deviation between the measurement and the estimated value, and the convergence
sample will be recorded. The variance of both the correction factor and the devia-
tion will then be calculated from this data. The sample time is set to one minute
per sample, as the system is relatively slow and does not require high-frequency
sampling.

4.3 Setup and Performance Evaluation for Single-
Input Single-Output Estimation

The predefined gains for the Single-Input Single-Output (SISO) estimator, eGain
and xGain, will not be tuned, and the impact of tuning these gains will not be
included in this report. The gains used here are the ones currently implemented at
the company, which are already considered the best parameters. The value of these
gains are presented below:

Table 4.1: The gains for the SISO estimator in the Double Tank System.

xGaing | 0.1
xGaing | 0.1
eGaing | 0.1
eGaing | 0.1

In this problem, the states x; and x5 are updated using a multiplicative update
approach, according to equation (3.8). The reason for this approach is that the
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states are usefully positive as the fluid level can not be negative. The states update
at sample k are:

Qmeasl,k — Qestl,k>

Tk = Tiolak - | 1+ xGaing -
Gmeasl k

Qmeas2,k — Qestl,k>

To gk = Toolak - | 1 + xGaing -
Qmeas2,k

and the correction factors are updated using an additive update approach, since
they can be either positive or negative. According to equation (3.7), the update at
sample k are:

Qmeasl,k — Yestl,k

ek = €1od i + eGaing -
Gmeasl k

Qmeas2,k — Gest2,k

ear = €0k + eGaing -
Qmeas2,k

Note that the denominator of the quotient can not be zero. To address this issue,
a minimum values for ¢ue.s are defined in case it becomes very close to zero. The
performance of the SISO estimator will be presented in the following section.

4.3.1 Case 1: Initial States Error

The table below presents the performance of the SISO estimator using predefined
gains in Table 4.1

Table 4.2: The resulting convergence sample, variance of correction factor and
deviation when using the SISO-estimator in Case 1.

Convergence 156
Sample
Corr. Var 2.160 x 1073
€1
Corr. Var 9 496 x 10-3
€2
Dev. Var 1.968 x 10~
Jestl — Gmeasl
Dev. Var 2.118 x 10~
Jest2 — Qmeas2

Figure 4.2 shows how the SISO estimator compensates for the initial states error
using the correction factor. The SISO estimator only took 75 samples to converge,
corresponding to 75 minutes since the sample time is one minute per sample. This
indicates that the estimator performs well in correcting initial state errors. The
correction factor e; also found its steady state around that sample.
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Figure 4.2: The measurement ¢yeas2, the estimated measurement from the model
Gest2 describing the filled portion of the lower tank, and the correction factor e, for
the SISO estimator in Case 1. The figure shows the first 500 samples of the 1000

sample long simulation.

The resulting controlled output, i.e. fluid level in lower tank, is shown in Figure
4.3. As the fluid level in the lower tank, was lower than the setpoint, the input,
fluid being pumped into the system, was increased to reach the desired setpoint.
Since the plant’s fluid level in the lower tank (gmeas2) Was only half of the model’s
value (gest2), the system first lowered the output y, to match the plant’s value before

tracking the setpoint.

0.583

A T

0.201 - |

= Qutput y
Refly .
Input u

2% 50 75 10 135 150 175 200 225 250 275 300 35 30 375 A0 45 450 475 50

Figure 4.3: Controlled output and the reference signal describing fraction of filled
water level in lower tank, and control input (pump flow) for the SISO estimator in
Case 1. The figure shows the first 500 samples of the 1000 sample long simulation.
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4.3.2 Case 2: Model Error

The performance evaluation results of the SISO estimator in Case 2 are shown in
the table below

Table 4.3: The resulting convergence sample, variance of correction factor and
deviation when using the SISO-estimator in Case 2

Convergence 902
Sample
Corr. Var 3.138 x 107
€1
Corr. Var 3.166 x 10~°
€2
Dev. Var 6.690 x 10~7
Jestl — Gmeasl
Dev. Var 6.545 x 1077
Jest2 — Qmeas2

Figure 4.4 shows how the SISO estimator compensates for the disturbance at
sample 25 using the correction factor. The estimator finds the correct estimation
around sample 85, as the blue line starts matching the green line. This occurs only
50 samples after the disturbance introduced into the system.

T

1 !
osis ] /\—/’_—*—u ~

Meas. q__ ,
= Est. Meas. q_,

s Corr. Fact. e

2% 75 100 125 150 175 200 25 250 275 300 25 350 a7s 400 425 450 475 50

Figure 4.4: The measurement ¢ueaso Of filled water level in the lower tank, the
estimates of these measurements from the model g2, and the correction factor e,
for the SISO estimator in Case 2. The figure shows the first 500 samples of the 1000
sample long simulation.

The resulting controlled output is shown in Figure 4.5. When the disturbance is
introduced into the system at sample 25, it drives the output out of the convergence
region. Even though the estimator finds the correct estimation value at sample 85,
it still takes a while for the system to converge. As shown in the figure, the output
starts decreasing around sample 85, where the estimator finds the correct value.
After that, the output exhibits an undershoot before converging to the setpoint.
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Figure 4.5: The controlled output, i.e. the filled tank portion in the lower tank,
the reference signal, and control input (pump flow) when using the SISO estimator
in Case 2. The figure shows the first 500 samples of the 1000 sample long simulation.

4.4 Tuning and Performance Evaluation of Mov-
ing Horizon Estimation

In the Double Tank System, several parameters are involved in the optimization
process for MHE and they need to be defined and tuned. The parameters included
are shown in Table 4.4 below.

Table 4.4: Parameters in Moving Horizon Estimation for Double Tank System.

Category

Parameter

Description

To be Defined

€1,min; €2 min

e1,max7 eZ,max

AeLmin ) AeQ,min
Ael,maxa Ae2,max

€1 perturbs €2, perturb

Minimum and maximum value of correction
factors e; and es

Minimum and maximum value of the change
rate in correction factor Ae; and Aey

Constants used to calculate qgens in SQP it-
erations

To be Tuned

Q.=diag(q1, g2)
R=diag(ry,72)
N

Ty

b, len

Weighting matrix for process noise
Weighting matrix for measurement noise
Horizon length

Number of blocks

Length of each block
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where the defined parameters are given in Table 4.5 below.

Table 4.5: The value of the defined parameters in MHE for Double Tank System.

el,mina e2,min -10

€1,max, €2,max 10
Ae17mina AeQ,min -0.01
Ael,maxa AeQ,max 0.01

€1,perturb; €2 perturb 0.01

In the tuning process, combinations of different tuning parameters will be tested.
This makes it difficult to isolate and understand the effect of changing individual
parameters. Therefore, a set of standard parameters is introduced, allowing one
parameter to be changed at a time, to more easily determine its effect. Note that the
standard values are initial estimates that are considered reasonable. The parameters
of the standard tuning are given in Table 4.6 below.

Table 4.6: Standard parameters in MHE for Double Tank System.

a1, G2 1
1,72 100
ny 5
N 100
uniform distribution
Tb,len 20,20,20,20,20

These parameters will be used as standard values for simulation in different cases
of the problem. The impact of tuning parameters will be presented in the following
sections.

4.4.1 Case 1: Initial States Error

The impact of tuning different parameters in the MHE algorithm is presented below.

Weight Tuning:

The impact on convergence sample, the variance of the correction factors, and the
variance of the deviation when tuning the weight matrices Qe and R in different
combinations is shown in Table 4.7 and Table 4.8 below. When tuning the weight
matrices, the horizon length, horizon distribution, and number of blocks were kept
at their standard values as shown Table 4.6. It is the ratio between the matrices
that determines the estimator’s behavior, rather than the absolute values of elements
in the matrices. This means that lowering Q. while keeping R constant yields the
same result as keeping Q. constant and increasing R. The results of increasing
the elements of R, while keeping the Qe matrix constant, is shown in Table 4.7,
whereas the results of keeping R constant while increasing Qe is shown in Table
4.8.
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Table 4.7: Effect of tuning the elements in weighting matrix R while keeping
Q. constant on convergence sample, correction factor variance, and measurement
deviation variance in Case 1. The result of the standard tuning is shown in bold
text.

Weighting q1,q2 =1 Q1,92 =1 q1,q2 =1
Matrices ry,r2 =100 ri, 12 = 107 r,re = 10°
Convergence 958 258 258
Sample
COH; v 1.087 x 10~4 1.094 x 10~* 1.094 x 10~*
1
COH; v 3.181 x 1077 3.593 x 1077 3.610 x 1077
2
Dev. Var 3485 x 106 | 3428 x 10° | 3427 x 10°°
Gestl — Gmeasl
q o qv " 4.432 x 108 4.769 x 1078 4.785 x 1078
est2 = {meas2

According to Table 4.7, the results demonstrate that increasing the values of the
elements in the weighting matrix R does not lead to any improvement in perfor-
mance compared to the standard parameter tuning. Higher ratio of R to Q. result
in almost the same variances for both the correction factors and the deviations,
and the convergence sample remains unchanged. This indicates that increasing R
beyond 100 provides no significant benefit.

The results from increasing the elements in Q. show that higher values increases
the correction factor and deviation variance and lead to slower convergence. When
the Qe values are 100 or greater, the update of the correction factor is so heavily
penalized that the output does not converge within the simulation duration. The
results are shown in Table 4.8 on the next page.
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Table 4.8: Effect of tuning parameters in weighting matrices Q, and R on con-
vergence sample, correction factor variance, and measurement deviation variance in
case 1. The result of the standard tuning is shown in bold text.

Welghtlng d1,92 = 1 q1,q2 = 100 q1,q92 = 103 qi,q2 = 104
Matrices ri,r2 =100 | 71,79 = 100 r1, 79 = 100 r1,79 = 100
Convergence 258 264 529 No Convergence
Sample
COH; v 1.087 x 1074 | 1.179 x 107* | 1.354 x 1074 -
1
COH; var 3.181 x 1077 | 3.238 x 107 | 1.662 x 107 -
2
Dev. Var 3.485 % 10~6 | 9.142 x 106 1.330 x 104 -
Qestl — Qmeasl
Dev. Var | 4 432 x 1075 | 4.305 x 107 | 7.579 x 10-5 -
Gest2 — Qmeas2

The measurement estimates when using the standard tuning and a tuning with Q.-
values of 10* are shown in Figure 4.6 (a). The figure shows that a tuning with
higher Q. does not estimate the measurement very accurately. The estimator can
not estimate correctly until around sample 500 because the penalty for changing
the correction factor is higher. This is also shown in Figure 4.6 (b) where the
correction factor does not reach a steady state value during the simulation. As a
result, the output in Figure 4.7 with the higher Qe tuning also does not convergence
fully during the simulation. It causes a larger overshoot of the output before the
output decreases again.
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(a) The true and estimated measurement describing the filled portion in the lower
tank with standard tuning parameters for Q. and higher values of 10%.
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(b) The corresponding correction factor with standard tuning parameters for Qe
and higher values of 10%.

Figure 4.6: The measurements of the fluid level in the lower tank and correction
factor e, using the standard tuning and a tuning with Qe-values of 10%.
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Figure 4.7: The output y describing filled portion in the lower tank using the
standard tuning and a tuning with Qe-values of 10*. The corresponding pump feed
u is also shown.

Horizon Length:

When tuning horizon length, the other parameters are kept as standard values.
The results of 4 different horizon lengths on convergence sample, correction factor
variance and deviation variance are shown in Table 4.9 and Table 4.10 below.
In Table 4.9 all horizons are divided into 5 blocks evenly distributed whereas in
Table 4.10 all block lengths are of length 10, while the amount of blocks change
between horizon lengths.

Table 4.9: Effect of tuning horizon length N, the uniformly distributed over 5
blocks, on convergence sample, correction factor variance, and measurement devia-
tion variance. The result of the standard tuning is shown in bold text.

Horizon Horizon = 10 Horizon = 50 Horizon = 100 | Horizon = 200
Length
Block
Length 2 10 20 40
Convergence 278 260 258 278
Sample
Corr. Var 4 _5 4 4
. 4.209 x 10 4.462 x 10 1.094 x 10 2.199 x 10
1
Corr. Var 4 -7 _7 _7
. 3.920 x 10 8.765 x 10 3.593 x 10 5.778 x 10
2
Dev. Var _5 7 _6 _5
4.048 x 10 3.838 x 10 3.428 x 10 3.185 x 10
Gestl — Qmeasl
DeV. Var _5 _8 _8 7
a q 3.727 x 10 2.378 x 10 4.769 x 10 5.871 x 10
est2 — {meas2

According to Table 4.9, the system achieves the fastest convergence when using a
horizon length of 100 with 5 uniformly distributed blocks. Using a longer horizon,
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e.g. 200, or a very short horizon, e.g. 10, does not improve the variance or conver-
gence sample. However, when the horizon length is reduced to 50 while keeping the
same number of uniformly distributed blocks, the variance of the correction factors
and the deviations decreases by nearly one-tenth. Although the variance of ey in-
creases slightly, the system still converges almost at the same time, only two samples
slower. This result suggests that using a shorter horizon tend to advantageous, as it
maintains acceptable estimation performance. Although, a longer horizon includes
more historical information, it is important to consider how the number of blocks
affects the recency of the last update. For example, with a horizon of 100 and 5
uniformly distributed blocks, the last update occurs 20 samples before the current
sample, whereas with a horizon of 50, the last update is only 10 samples earlier.
This means that, with the same number of blocks, a shorter horizon provides up-
dates that are closer in time to the current sample, which is an important benefit.
To ensure a fair comparison, the number of blocks will also be adjusted so that the
last update occurs at the same sample for different horizon lengths. The results can
be seen in Table 4.10.

Table 4.10: Effect of tuning horizon length N on convergence sample, correction
factor variance, and measurement deviation variance. All blocks are of length 10,
thus increasing horizon lengths increases the amount of blocks. Thereby, the last
update occurs 10 samples before the current sample.

Horizon Horizon = 10 | Horizon = 50 | Horizon = 100 | Horizon = 200
length
Number of
1 1 2
Blocks . 0 ’
Convergence 263 260 260 260
Sample
COH; Var 3.426 x 1073 | 4.462 x 107® | 5.086 x 107° 5.082 x 107°
1
Corr. Var _3 _7 _9 _9
. 3.475 x 10 8.765 x 10 7.531 x 10 6.150 x 10
2
Dev. Var 1.609 x 10_4 3.838 X 10_7 4.164 x 10—7 4.154 % 10—7
Gestl — Gmeasl
Dev. Var _4 _g ~10 -10
‘ . 1.653 x 10 2.378 x 10 3.607 x 10 3.087 x 10
est2 7 {meas2

The results from Table 4.10 show that increased horizon lengths with more blocks
lower both correction factor and deviation variances. Even though, the estimator
performance improves, convergence sample remains unchanged. Thus, if the main
requirement is minimize the computation time and cost, it is more beneficial to use
a shorter horizon and fewer blocks, as less parameters included in the optimization
problem while maintaining acceptable performance. On the other hand, if low vari-
ance is also a critical requirement, it is preferable to use a longer horizon and more
blocks, as this generally provides more accurate estimates. However, increasing the
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horizon to 200 and the number of blocks to 20 does not yield significant improve-
ments compared to using a horizon of 100 with 10 blocks. Therefore, a horizon
length of 100 with 10 blocks can be considered a good balance between accuracy
and computational efficiency. Only the correction factor variance of e; and the the
deviation variance of gesto — Gmeas2 decrease as the horizon length and the number
of blocks increase, starting from a horizon of 50 with 5 blocks. While the other val-
ues remain unchanged. The difference in measurement estimates between a horizon
length of 50 and 200, across 5 and 20 blocks is shown in Figure 4.8 below.

/]

= Meas.q__ ,

Horizon = 50, Blocks =5
— Est. Measq_,

=== Corr. Fact. e,

Horizon = 200. Blocks =20
sesest Est. Meas q__ ,

------ Corr. Fact. e,
)
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8 10 13 15 18 2 2 25 28 E 3 35 38 40 43 45 43 50

Figure 4.8: Measurement estimates describing the filled portion of the lower tank,
as well as the corresponding correction factors, when using a horizon length of 50
and 200 samples, across 5 and 20 blocks. The figure shows the first 50 samples of
the simulations.

The figure shows that even though the estimator performance is increased with
longer horizon and more blocks, the difference is only noticeable in the first 25
samples.
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Block Distribution:

The result of three different block distributions with total horizon length of 100 is
shown in Table 4.11 below.

Table 4.11: Effect of tuning block distribution with horizon length N = 100 on
convergence sample, correction factor variance, and measurement deviation variance.
The result of the standard tuning is shown in bold text.

Block | 20, 20,20, [ 10,10, 20, 40, 20, 20,
length 20, 20 20, 40 10, 10
Convergence 258 267 267
Sample
COHé Var 1 1004x1074 |  1.708 x 101 7.610 x 107°
1
CO”; Var | 3503 % 107 | 1435 x 10~ 5.254 x 107°
2
Dev. Var | 5 428 1076 | 1435 x 10 | 9.170 x 107
(estl — Qmeasl
Dev. Var | 4 769 x 108 | 1.101 x 107 1.459 x 1077
(est2 — (meas2

The results show that modifying the block distribution do not lead to any improve-
ments compared to the uniform distribution case. Using longer blocks toward the
end of the horizon results in a slower response to initial errors. This is reasonable,
as the last update occurs further away from the current sample. Therefore, if a dis-
turbance arises at that time, the system is less able to adapt quickly. Using shorter
blocks near the end of the horizon was expected to improve performance by allow-
ing more frequent updates close to the current sample. However, this configuration
actually leads to worse results, see Figure 4.9. The system reacts too aggressively
to early errors, resulting in overshooting of the output. This also causes a larger
mismatch between the estimated and actual measurement, see Figure 4.10.
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Figure 4.9: The outputs y describing the filled portion in the lower tank and
corresponding inputs u (pump feed) when using standard tuning and a tuning using
a block distribution with shorter blocks towards the end of the horizon in Case 1.
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Figure 4.10: The measurements ¢ue.s2 describing the filled portion in the lower
tank and estimates of these measurements g2, as well as correction factors when

using standard tuning and a tuning using a block distribution with shorter blocks
towards the end of the horizon in Case 1.
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Amount of Blocks:

The results of 4 different amounts of blocks in 100 sample long horizons are shown
in Table 4.12. The blocks in each individual horizon is of equal length.

Table 4.12: Effect of tuning number of blocks with horizon length N = 100 on
convergence sample, correction factor variance, and measurement deviation variance.
The result of the standard tuning is shown in bold text.

Number of
1 2 5 10
Blocks
Convergence 430 276 258 260
Sample
Corr. Var _3 _4 4 _5
. 1.004 x 10 1.805 x 10 1.094 x 10 5.086 x 10
1
COl“r. Val“ 4 5 _7 _9
. 3.850 x 10 1.525 x 10 2.593 x 10 7.531 x 10
2
Dev. Var _4 5 _6 7
6.524 x 10 3.519 x 10 3.428 x 10 4.164 x 10
Gestl — Qmeasl
Dev. Var

1.415x 107> | 9.787 x 107 | 4.769 x 1078 | 3.607 x 10~1°

(est2 — (meas2

The results show that increasing the number of blocks dividing the horizon leads
to improved performance. Specifically, both the correction factor and the deviation
variances decrease with each additional block. A higher number of blocks means
more optimization steps are performed along the horizon, which provide the esti-
mator with more flexibility to adapt to the stored data, ¢ueas- This results in more
accurate state estimation. However, the drawback is that increasing the number of
blocks also increases the number of optimization parameters, which in turn raises
the computational cost. The difference in output when using 1 and 5 blocks in the
horizon of 100 samples is shown in Figure 4.11 on the next page.
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Figure 4.11: The output y depicting the filled portion of the lower tank with
corresponding input u, pump feed, when using standard tuning and a tuning with
the same horizon length with only 1 block.

With fewer blocks, the output results in a much larger overshoot, causing the system
to converge more slowly and resulting in higher variances.

Optimal Tuning Parameters for Case 1:

From the tuning results presented in previous sections, a conclusion can be made
that longer horizon and increased amounts of blocks improves the performance of
the estimator in this case. The best tuning from the previous sections can be found
in Table 4.10 with the horizon length of 200. However by comparing the results
in Table 4.9 with Table 4.12, it is evident that increasing the number of blocks
improves performance more effectively than increasing the horizon length. The
tuning with horizon length 200 was therefore compared with 3 other combinations
of number of blocks and horizon lengths. The results of these combinations are
shown in Table 4.13 below.
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Table 4.13: Effect of tuning number of blocks with different horizon lengths on
convergence sample, correction factor variance, and measurement deviation variance.
The blocks in each individual horizon is of equal length. All other tuning parameters
are set to the standard tuning in Table 4.6.

Horizon
Length 200 20 40 60
Number of
20 20 20 30
Blocks
Indiv. Block
Lonsth 10 1 2 2
Weighting ¢, 2 =1 ¢, =1 ¢, g2 =1 Q,q2 =1
Matrices r1,72 = 100 r1,72 = 100 ri,m9 = 104 ri,m9 = 104
Convergence 260 261 261 261
Sample
Corr. Var _5 _5 _6 _6
. 5.082 x 10 1.019 x 10 7.475 x 10 7.518 x 10
1
Corr. Var -9 -6 ~10 ~10
. 6.150 x 10 8.484 x 10 1.052 x 10 1.068 x 10
2
Dev. Var 1y 154 1077 | 3.506 x 10-7 | 2.317 x 109 | 2.379 x 10~
QEstl - Qmeasl
Dev. Var

3.087 x 10719 | 6.827 x 10719 | 2.235 x 10712 | 2.730 x 10712

Gest2 — Gmeas2

In the first combination, shown in column 3 in Table 4.13, where the horizon
was shortened while keeping the number of blocks constant, resulted in a very small
difference in performance. However, when the horizon length and thus the individual
block length was doubled, the results improved significantly. Extending the horizon
further and adding more blocks did not result in any further improvements. Thus
the best tuning found in this case was the combination in column 3, as it achieves
fast convergence while maintaining low correction factor and deviation variances.

4.4.2 Case 2: Model Error

The impact of tuning different parameters are presented below.

Weight Tuning:

The impact on converge sample, correction factor variance and deviation variance
when tuning the weights matrices, Q. and R, in different combinations is shown
in Table 4.14 and Table 4.15 below. Horizon length, horizon distribution and
number of blocks were kept to the standard values shown in Table 4.6.
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Table 4.14: Effect of increasing the elements in weighting matrix R while keeping
Q. constant on convergence sample, correction factor variance, and measurement
deviation variance in Case 2. The result of the standard tuning is shown in bold
text.

Weighting qi,q2 =1 Qg0 =1 G,q2 =1
Matrices ri, Ty = 100 1,79 = 104 r,Treo = 106
Convergence 194 194 194
Sample
COH; v 3.110 x 10~® | 3.093 x 107° 3.093 x 107°
1
Corré v 3.083 x 10~® | 3.067 x 107° 3.067 x 107
2
Dev. Var 1 5 509 % 1077 | 3354 x 107 | 3.352 x 107
(estl — Gmeasl
q o ;/ " 3.208 x 1077 | 3.059 x 1077 | 3.057 x 1077
est2 = Ymeas2

Table 4.15: Effect of tuning parameters in weighting matrices Qe and R on con-
vergence sample, correction factor variance, and measurement deviation variance in
Case 2.

Weighting a1, a2 =1 | q1,¢2=100 | ¢y,q, =10° qi,q2 = 10°
Matrices ry,rp =100 | 71,72 =100 | 7,7y =100 ri, T2 = 100
Convergence 194 206 179 No Convergence
Sample
COH; VAT | 3110 x 1075 | 3.802 x 107 | 4.989 x 107 -
1
COH; VAT | 3083 x 1075 | 3.783 x 1075 | 4.823 x 107 -
2
Dev. Var 3522 %« 107 | 1.810 x 106 1.526 x 10~° -
Qest1 — (measl
Dev. Var 3.208 x 1077 | 1.569 x 1075 | 1.135 x 10~° -
Qest2 — (meas2

The results of increasing the elements of R while keeping the Qe matrix constant,
i.e. increasing the ratio of R relative to Qe, are shown in Table 4.14. The results
indicate that increasing this ratio does not significantly improve performance. The
convergence sample remains unchanged, while the variances of both the correction
factors and the deviations decrease slightly but not substantially. On the other hand,
increasing the ratio of Qe relative to R leads to higher variances in the correction
factor and the deviation. This effect is shown in Table 4.15. However, increasing
Qe to 1000 while keeping R at 100 results in faster convergence. Even though the
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measurement estimates are not converging with the true measurements as fast as
using standard tuning, shown in Figure 4.12, the resulting overall control output
has a smaller undershoot of the reference, which makes it converge faster. See
Figure 4.13.
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Figure 4.12: The measurements describing the filled portion of the lower tank
and estimates of these measurements, as well as correction factors when using the
standard tuning and a tuning with a higher Q. weight of 103.
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Figure 4.13: The outputs and reference describing the filled portion of the lower
tank, as well as corresponding inputs using standard tuning and a tuning with a
higher Q. weight of 103.
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Horizon Length:

The results for four different horizon lengths are shown in Table 4.16 below. All
horizon lengths have a uniform block distribution across 5 blocks, meaning each
block within a given tuning case is of equal length. Other parameters are kept as
standard values.

Table 4.16: Effect of tuning, the uniformly block distributed, horizon length N on
convergence sample, correction factor variance, and measurement deviation variance
in case 2. The result of the standard tuning is shown in bold text.

Horizon Horizon = 10 | Horizon = 50 | Horizon = 100 | Horizon = 200
length
Convergence 184 185 194 213
Sample
Corr. Var _5 _5 _5 _5
. 2.652 x 10 2.725 x 10 3.110 x 10 4.008 x 10
1
Corr. Var _5 _5 _5 _5
. 2.652 x 10 2.716 x 10 3.083 x 10 3.909 x 10
2
Dev. Var 1 118 w107 | 6.766 x 10~ | 3.522 x 10-7 | 2.751 x 106
Jest1l — Gmeasl
Dev. Var 7 _8 _7 _6
a ‘ 1.359 x 10 6.421 x 10 3.208 x 10 2.265 x 10
est2 = {meas2

The results from comparing different horizon lengths show that shorter horizons
generally lead to faster convergence and lower correction factor and deviation vari-
ances, except for the horizon length of 10, which resulted in slightly higher deviation
variances. However, the overall trend indicates that shorter horizons yield better
performance.

As explained earlier, since each horizon is divided into 5 blocks, changing the horizon
length also changes the length of each block. Therefore, it is important to consider
cases where the last update occurs at the same point in time. In Table 4.17, the
results for four different horizon lengths are presented, with block lengths adjusted
to ensure that the last update occurs 10 samples before the current sample.
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Table 4.17: Effect of tuning horizon length N on convergence sample, correction
factor variance, and measurement deviation variance. All blocks in all the horizon
lengths have a length of 10 samples.

Horizon Horizon = 10 | Horizon = 50 | Horizon = 100 | Horizon = 200
length
Number of
1 5 10 20
Blocks
Convergence 186 185 185 185
Sample
COH; v 2.628 x 107° | 2.725 x 107° | 2.726 x 107° 2.726 x 107°
1
Corr. Var -5 -5 =9 -5
) 2.622 x 107° | 2.716 x 10 2.717 x 10 2717 % 10
2
Dev. Var 4.813 x 10—8 6.766 X 10—8 6.769 x 10—8 6.769 x 10—8
Gestl — Gmeasl
Dev. Var 8 -8 —8 -8
s — 4 4.600 x 107% | 6.421 x 10 6.425 x 10 6.425 x 10
est2 = Ymeas2

When all the different horizon lengths use the same block lengths, the results are
very similar. With a horizon length of 10, the system converges one sample slower
but yields slightly lower variances for both the correction factor and the deviation.
Therefore, using a longer horizon and more blocks does not provide any significant
benefit, as it only increases the computational time and cost.

Block Distribution:

The results for three different block distributions over a 100-sample-long horizon are
shown in Table 4.18 below, one with uniform distribution, one with longer blocks
at the end of the horizon, and one with shorter blocks at the end. Weight matrices
Q. and R, as well as number of blocks in the horizon were kept to the standard
values.

47



4. Double Tank System

Table 4.18: Effect of tuning block distribution with horizon length N = 100 on
convergence sample, correction factor variance, and measurement deviation variance.
The result of the standard tuning is shown in bold text.

Block 20, 20, 20, 10, 10, 20, 40, 20, 20,
length 20, 20 20, 40 10, 10
Convergence 194 206 185
Sample
COH; var 3.110 x 10°° 3.649 x 107 2.758 x 107°
1
COH; e 3.083 x 105 3.587 x 1077 2.746 x 1077
2
Dev. Var 3522107 | 1.500 x 10~° 7.677 x 1078
Gestl — Gmeasl
Dev. Var 3.208 x 1077 1.286 x 1076 7.282 x 1078
Gest2 — (meas2

The results show that longer blocks at the end of the horizon increase the correction
factor variance, deviation variance, and convergence sample compared to a uniform
distribution. In contrast, shorter blocks towards the end of the horizon decrease all
these values. This is reasonable, as the final update occurs closer to the current
sample, allowing the system to better adapt to more recent information. This sug-
gests that simply adjusting the block distribution can enhance system performance
without increasing computational time or cost. The different outputs and measure-
ment estimates using standard tuning and the tuning with shorter blocks toward
the end of the horizon are shown in Figure 4.14 and Figure 4.15 below.

T
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= Qutput y Standard Tuning

------ Output y Block Dist.: 40, 20, 20, 10, 10

Input u Standard Tuning

------ Input u Block Dist.: 40, 20, 20, 10, 10

T

T T T T T
125 150 175 200 225

T
275

T
300

35 30 35 40 455

4

0 475 50

Figure 4.14: The outputs describing the filled portion in the lower tank and inputs
describing the pump feed when using the standard tuning and a tuning with a
horizon with shorter blocks toward the end. Both horizons are of length 100.
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Figure 4.15: Measurements of the filled portion in the lower tank, along with their
estimates and correction factors, using two tunings: standard tuning and a tuning
with shorter blocks toward the end of the horizon. Both horizons are of length 100.

The figures show improved estimates of the measurements when using a tuning with
shorter blocks toward the end of the horizon. The tuning makes the estimator react
faster to the disturbance, while also converging to the setpoint faster, resulting in a
better overall control performance.

Amount of Blocks:

The results of four different amounts of blocks with horizon length of 100 samples
are presented in Table 4.19 below. Other parameters are kept as standard values.

Table 4.19: Effect of tuning number of blocks with horizon length N = 100 on
convergence sample, correction factor variance, and measurement deviation variance.
The result of the standard tuning is shown in bold text.

Number of
1 2 5 10
Blocks
Convergence 185 221 194 185
Sample
CO“; Var | o 50 % 10-5 | 4.300 x 105 | 3.110 x 10-5 | 2.726 x 10-5
1
Corr. Var _5 _5 _5 _5
. 5.445 x 10 4.174 x 10 3.083 x 10 2.717 x 10
2
Dev. Var _5 _6 _7 _8
2.309 x 10 4.548 x 10 3.522 x 10 6.769 x 10
Qestl - Qmeasl
Dev. Var

q ¢ 1.415x 107° | 3.613 x 107 | 3.208 x 1077 | 6.425 x 1078
est,2 = Umeas,2
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When comparing different numbers of blocks within the horizon, increasing the
number of blocks reduced both the deviation and correction factor variances. Addi-
tionally, results with more blocks showed faster convergence. This is reasonable, as
a higher number of blocks introduces more parameters into the optimization prob-
lem, allowing for more accurate estimation. However, using a single block led to
the same convergence time as using ten blocks. This indicates a trade-off: if there
are requirements on how much the correction factor is allowed to oscillate or how
closely the estimated measurement should track the actual measurement, then a
higher number of blocks may be preferred. The different outputs and measurement
estimates using standard tuning and the tuning with 10 blocks in the horizon are
shown in Figure 4.16 and Figure 4.17 below.

T
—— Refy,
= OQutput y Standard Tuning

------ Output y Blocks = 10

Input u Standard Tuning |
+=+ Input u Blocks = 10

T T T T T T T T T T T T T T
25 50 7 100 125 150 175 200 225 250 275 300 325 350 375 400 425 450 475 500

Figure 4.16: Outputs depicting the filled portion in the lower tank and inputs
(pump flow) when using standard tuning and a tuning with 10 blocks in the horizon.
Both horizons are of length 100 with uniform block distribution.

Standard Tuning

—— Est. Measq,,,
— Meas.q,,,
—— Cor. Fact. e, 1 0160

Blocks = 10

E: %0 100 110 120 120

Figure 4.17: Measurements depicting the filled portion of the lower tank and the
estimates of these, as well as correction factors using standard tuning and a tuning
with 10 blocks in the horizon. Both horizons are of length 100 with uniform block

distribution.
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Optimal Tuning Parameters for Case 2:

Based on the previous results from tuning the parameters of the moving horizon
estimation algorithm, four parameter combinations were selected to determine the
optimal tuning for Case 2. Since the trends in horizon length, number of blocks, and
block distribution indicated that shorter horizon length improved the results, the
first combination was set to the shortest possible horizon length of 1. To stabilize the
estimator behavior, the elements of weighting matrix R was increased in the second
combination. Lastly, the number of blocks was increased to 5 and then to 10, while
keeping the block lengths constant at 1. This means that the horizon length was
also increased to 5 and 10, respectively. The purpose of this setup was to investigate
whether increasing the number of blocks, even with fixed short block lengths, would
further stabilize the estimator. Since the blocks were of the shortest possible length,
resulting in a very short total horizon length, different block distributions would
have a very small impact on the result. This can be seen as the block lengths are
uniformly distributed. The results of the four combinations is shown in Table 4.20
below.

Table 4.20: Effect of four different tuning combinations on convergence sample,
correction factor variance, and measurement deviation variance.

Weighting Q1,2 =1 q,q2 =1 q,q2 =1 G,q2 =1
Matrices ri,m2 = 100 ri, T2 = 10 ri, 2 = 10* ri,r9 = 104
Number of
1 1 5 10
Blocks
Horizon
\eagth 1 1 5 10
Convergence 304 175 176 176
Sample
Corr. Var _5 _5 _5 _5
. 6.290 x 10 2.345 x 10 2.293 x 10 2.293 x 10
1
Corr. Var _5 _5 _5 _5
. 5.201 x 10 2.342 x 10 2.292 x 10 2.293 x 10
2
Dev. Var _6 9 ~10 ~10
9.652 x 10 4.703 x 10 7.060 x 10 7.069 x 10
Gestl — Qmeasl
Dev. Var

8.391 x 107 | 4.669 x 107 | 6.980 x 1071° | 6.987 x 10~1°

(est2 — (meas2

The first combination, shown in the second column in Figure 4.20, did not re-
sult in any improvements, as the estimator behavior was too aggressive. Both the
correction factor variance and deviation variance increased, along with a later con-
vergence sample, compared to the previous results. However increasing the elements
of R from the standard values of 100 to 1000 improved the results drastically. By
adding blocks of length 1 to the horizon, the deviation variance decreased while
keeping the same convergence sample and correction factor variance as the previous
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combination. Thereby, having more blocks than 5 in the horizon did not result
in any improvements. Thus, the parameter combination shown in column 3 is se-
lected as the optimal configuration for this case, as it achieves fast convergence while
maintaining low correction factor and deviation variances.

4.4.3 Optimal Tuning Parameters for Moving Horizon Es-
timation in the Double Tank System

To determine the overall optimal tuning for MHE, each optimal tuning from the
individual cases was applied to the other case. The result of applying the optimal
tuning for Case 1 in Case 2 is shown in Table 4.21, with the optimal tuning for
Case 2 provided as a reference.

Table 4.21: Results of applying the optimal tuning in Case 1 to Case 2 problem on
convergence sample, correction factor variance, and measurement deviation variance.
The optimal tuning for Case 2 is provided as reference marked in bold text.

Horizon
length > v
Number of
5 20
Blocks
Weighting qi,9qz2 =1 0 g2 =1
Matrices r1,r2 = 104 r, e = 10°
Convergence 176 176
Sample
Com;. Var 29293 x 105 2.302 x 107
1
Corz Var 2.292 x 1075 2.301 x 107°
2
Dev. Var 7 060 x 10-19 7173 x 10710
Gestl — Gmeasl
Dev. Var

6.980 x 10710 7.071 x 10710

Gest2 — (meas2

The results show that the optimal tuning parameters for Case 1 yield very similar
correction factor and deviation variances, as well as convergence sample, compared
to the optimal tuning for Case 2 in Case 2 problem. Therefore, it can not be
determined which combination performs better. The results of applying the optimal
tuning for Case 2 in Case 1 problem is shown in Table 4.22.
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Table 4.22: Results of applying the optimal tuning of Case 2 to Case 1 on conver-
gence sample, correction factor variance, and measurement deviation variance. The
optimal tuning for Case 1 is provided as reference marked in bold text.

Horizon
length 40 g
Number of
20 5
Blocks
Weighting q1,92 =1 qi,q2 =1
Matrices ry,ry = 104 7,79 = 10%
Convergence 261 950
Sample
CO“; Var | 475 % 1076 | 2.201 x 102
1
CO“; Var | 052 x 1071 | 2.201 x 102
2
Dev. Var 15 217 1079 | 1.548 x 10
Qestl - Qmeasl
Dev. Var 1 g o096 1012 | 1.629 x 10+

Gest2 — (meas2

Applying the optimal tuning parameters from Case 2 to the Case 1 problem results
in poorer performance. Although the convergence is slightly faster and the com-
putation time is reduced, due to a shorter horizon and fewer blocks, the correction
factor and deviation variances are significantly higher compared to using the optimal
parameters for Case 1. The difference in measurement estimates for Case 1 using

the optimal tuning and the optimal tuning for Case 2 is shown in Figure 4.18.
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Figure 4.18: Difference in estimates of the filled portion measurements in the lower
tank for Case 1 using the optimal tuning for Case 1 and the optimal tuning for Case
2. The figure displays the first 100 samples of the simulation.
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As shown in the figure, the optimal tuning for Case 1 estimates the measurements
faster than the optimal tuning for Case 2, as the blue line consistently aligns with the
green line from the start of the estimation. Since the MPC controller prefers lower
deviations and reduced oscillation in the correction factor, the optimal parameters
for Case 1 are chosen as the best parameters for HME in Double Tank System.

Table 4.23: Best tuning parameters for Double Tank System.

q1, Q2 1
r1,79 1000
Ny 20
N 40
N jen | Uniform distribution

4.5 Performance Evaluation and Analysis of the
Estimators

In this section, the performance of each estimator, MHE and SISO, will be compared
for each test case to evaluate their effectiveness.

4.5.1 Case 1: Initial States Error

The results of comparing the two estimator algorithms for Case 1 in the Double
Tank System are presented in Table 4.24 below.

Table 4.24: The impact of the two estimators on convergence sample, correction
factor variance, and measurement deviation variance in Case 1.

Estimator SISO MHE
Convergence
156 261
Sample
Corré Var 19160 x 1078 | 7.475 x 108
1
Corre. Var 2.426 x 1073 | 1.052 x 10710
2
Dev. Var 1.968 x 10~4 | 2.317 x 10~
(estl — Gmeasl
Dev. Var

2.118 x 1074 | 2.235 x 10712

(est2 — (meas2

The results in the table above suggest that while MHE results in lower correction
factor and deviation variances, but leads to significantly slower convergence. The
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4. Double Tank System

system output, reference signal, and input for both estimators in Case 1 are pre-
sented in Figure 4.19 below. The corresponding estimated measurements and true
measurements are shown in Figure 4.20 along with the correction factor.

SISO
—Quiput ¥
— Refy 107
— Tnputu

MHE
wasses Output y
wvuiee Refy,_
reenes Tnputd

T T T T T T T T T T 012
125 150 175 200 225 250 275 300 325 350 375 400 425 450 475 500

Figure 4.19: Shows the output and reference depicting the filled portion of the
lower tank, as well as input (pump flow) for SISO (solid) and MHE (dotted) in Case
1. The figure shows the first 500 samples of the 1000 sample long simulation.

/ SISO MHE
0520 0301 ot Il { [ i [ e

s Meas q et Meas q_,
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(a) True measurements, (b) True measurements,
estimated measurements and estimated measurements and
correction factor when using correction factor when using
the SISO estimator for Case 1. the MHE estimator for Case 1.

Figure 4.20: The true and estimated measurements depicting the filled level in
the lower tank when simulating Case 1 with SISO and MHE. The figures shows the
first 200 samples of the 1000 sample long simulation.

Figure 4.19 shows that, although MHE quickly estimates the true measurements
and reaches the setpoint earlier than the SISO, it causes the output to overshoot the
reference, resulting in slower convergence because the output leaves the convergence
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region before it enters again and remains within it. Comparing the measurements,
(meas aNd Gest, in Figure 4.20, it is clear that the estimated measurements converge
with the true measurements faster when using MHE. When using the SISO estimator
in Figure 4.20 (a), it takes around 70-80 samples for the estimated measurements
to converge with the true measurements. This is further supported by the correction
factor, shown in red in the same figure, which also reaches a steady state after about
70-80 samples into the simulation. However when using MHE, shown in Figure
4.20 (b), the estimated measurements closely match the true measurements already
from the beginning and the correction factor remains nearly constant throughout
the simulation. This indicates that MHE provides better estimation performance,
as it quickly reaches the steady state for the correction factor, resulting in very low
correction factor variance.

These findings indicate that the controller is too aggressive for fast estimation, lead-
ing to an overshoot of the reference signal. This can be observed as the output
reaches the reference quickly but exceeds the convergence region before settling
back within it, leading to an overshoot. However, since the SISO estimator updates
the estimated states, z, and correction factors, e, more slowly than MHE, it inad-
vertently compensates for the controller’s limitations. It can therefore be concluded
that MHE provides better estimation performance in general. However, this ad-
vantage is not fully realized when combined with the current controller tuning. To
fully leverage MHE’s capabilities, the controller can be tuned to better adapt to the
estimator’s behavior.

4.5.2 Case 2: Model Error

The results of comparing the two estimator algorithms for Case 2 in the Double
Tank System are presented in Table 4.25 below.

Table 4.25: The impact of the two estimators on convergence sample, correction
factor variance, and measurement deviation variance in Case 2.

Estimator SISO MHE
Convergence
202 176
Sample
Corre. Var 3.138 x 107° | 2.302 x 107°
1
Corre. Var 3.166 x 107° | 2.301 x 10=°
2
Dev. Var 6.690 x 10~7 | 7.173 x 10-10
(estl — Gmeasl
Dev. Var

6.545 x 1077 | 7.071 x 10710

Gest2 — (meas2
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The results in Table 4.25 show that MHE provides more accurate measurement
estimates, as evidenced by the reduced variance in both the correction factor and the
deviation. Particularly, the deviation variance decreases significantly. The system
also converges faster when using MHE, indicating that the MHE estimator outper-
The simulations with each estimator are
compared in Figures 4.21 and Figure 4.22 below.

forms the SISO estimator in this case.
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Figure 4.21: Shows the output and reference describing the filled portion of the
lower tank, as well as input (pump flow) for SISO (solid) and MHE (dotted) in Case
2. The figure shows the first 500 samples of the 1000 sample long simulation.
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Figure 4.22: The true and estimated measurements describing the filled portion
of the lower tank when simulating Case 2 with SISO and MHE. The figures shows
the first 200 samples of the 1000 sample long simulation.

57



4. Double Tank System

In Figure 4.22 (b), the estimated measurements follow the true measurements
very accurately and the correction factor reaches steady state more quickly than
with the SISO estimator shown in Figure 4.22 (a). MHE quickly adapts to the
model error introduced at sample 25, as the estimated measurement closely matches
the actual measurement, as the green doted line is barely visible. When using the
SISO estimator the estimated measurements are lower than the true measurement
from when the error occur at sample 25 to around sample 70. This deviation shows
that the input, u, with the SISO estimator shown in Figure 4.21 responds less ag-
gressively and slower to the error compared to MHE, resulting in slower convergence
and higher variances.

4.6 A New Strategy of Implementing the Correc-
tion Factor

The correction factors used in this control system are implemented in a general and
somewhat non-precise way, with one correction factor affecting each measurement
as an additional inflow. This is a very effective way of dealing with disturbances
since almost all disturbances can ultimately be described as an inflow/outflow. An
alternative approach to estimating disturbances in the system is to implement the
correction factors across multiple measurements, where the purpose of the correction
factor is not general, but specific to a certain type of disturbance. For example, in
the Double Tank System, a correction factor can be implemented directly to the
outlet hole from the upper tank to the lower tank. In other words, the correction
factor becomes a factor multiplied with the flow between the tanks, instead of a
general inflow/outflow to the tank. The model’s dynamic equations can then be
formulated as

5i(0) = ult) - 225 fog (61 + (1)

Ay
Inflow Outflow
. Aoy Aou
0 :Tfl 2g~x1(t)~(1+el(t))—T;’2 2g - w5(t) +ea(t)
Inflow Outflow

where the same correction factor, ey, affects both states, which means it also impacts
both measurements, since the measurements correspond to the states x; and x5 as

g1 = T

G2 = T2

A comparison was made between the disturbance model used in this report and the
disturbance model shown above. The tuning applied to the new disturbance model
was set to the same as the optimal tuning from the performance evaluation of MHE
in the Double Tank System given in Table 4.23. The results of simulations made
in both Case 1 and Case 2 are shown below.
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Table 4.26: The resulting convergence sample, deviation- and correction variance
when using the two disturbance models in Case 1. Both estimators use the same
tuning.

Disturbance
N Old
Model v
Convergence 245 261
Sample
COHé Var 16,934 x 1075 | 7.475 x 106
1
Corl;. Var | s 919 % 10-5 | 1.052 x 1010
2
DeV. Val" 8754 X 10—7 2317 X 10_9
Gestl — Qmeasl
Dev. Var

2.078 x 1079 | 2.235 x 10712

Gest2 — Qmeas2
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Figure 4.23: The outputs and reference describing the filled portion in the lower
tank, as well as inputs (pump flows) using the old and new disturbance models in
Case 1. The figure shows the first 500 samples of the simulation.
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Figure 4.24: The measurements and estimates describing the filled portion in the
lower tank, as well as the correction factors when using the old and new disturbance
models in Case 1. The figure shows the first 20 samples of the simulations.

The results of the simulations in Case 1 show no improvement when using the new
disturbance model. As can be seen in Figure 4.24 the estimated measurements
are not as accurate using the new disturbance model. Just as when comparing
MHE with the SISO estimator in Case 1, the decreased accuracy in measurement
estimation counteracts the aggressive tuning of the controller, leading to an earlier
convergence sample but higher correction factor- and deviation variances (see Table
4.26). The results for Case 2 are shown below.

Table 4.27: The resulting convergence sample, deviation- and correction variance
when using the two disturbance models in Case 2. Both estimators use the same
tuning.

Disturbance
N Old
Model v
Convergence 197 176
Sample
Corré Var 2.642 x 1074 | 2.302 x 1075
1
Corré Var | g art w107 | 2.301 x 10
2
Dev. Var 5876 x 10~2 | 7.173 x 10~10
Qestl — Qmeasl
Dev. Var 5.937 % 10~1° | 7.071 x 10-10
Gest2 — Qmeas2
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Figure 4.25: The outputs and reference describing the filled portion in the lower
tank, as well as the inputs (pump flows) using the old and new disturbance models
in Case 2. The figure shows the first 500 samples of the simulation.
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Figure 4.26: The measurements and estimates describing the filled portion in the
lower tank, as well as correction factors, when using the old and new disturbance
models in Case 2. The figure shows the first 20 samples after the disturbance
introduced at sample 25.

Simulations in Case 2 show that using the new disturbance model results in an earlier
convergence sample. The estimated measurements of ¢,cas2 and the correction factor
es shown in Figure 4.26 lead to lower correction factor variance and lower deviation
variance shown in Table 4.27. This shows that the new disturbance model results
in better control performance while having very similar estimation performance.
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4.7 Conclusion and Discussion on the Double Tank
System

The comparison between the SISO and MHE estimators leads to the conclusion
that an optimally tuned MHE estimator provides better estimation performance. In
both cases, the use of MHE results in lowered correction factor and deviation vari-
ance. However, as demonstrated in Case 1, improved estimation does not necessarily
translate to better overall control performance. Since the control system in these
simulations use full feedback, the performance is determined by both the controller
and the estimator combined. However, since this report focuses on evaluating the
performance of the estimator, rather than optimizing its tuning to compensate for
control tuning, MHE is found to yield better results. To improve the control system,
the MPC controller can be tuned to be less aggressive. As shown in Figure 4.19,
the controller drives the output to reach the reference level very quickly. However,
due to the fast updates, this results in an overshoot beyond the convergence region,
which in turn slows down the overall convergence. Additionally, the convergence
criterion was quite strict, £1% around the setpoint. If the convergence region was
instead extended to +£10%, the resulting convergence sample evaluation would ac-
cept a larger overshoot. This would in turn benefit a more aggressive and accurate
estimator. However, the appropriate convergence region also depends on the system
requirements and how much deviation from the setpoint was acceptable for the given
application. Since the Double Tank System is a very simple and stable system with
no measurement noise, a relatively small convergence region of 1% was chosen.
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Polyethylene Reactor System

This chapter will describe the Polyethylene Reactor System and present simulations
conducted to evaluate and compare the performance of SISO and MHE approaches.
The evaluation is done by finding the optimal tuning for MHE under a case with
catalyst error. The performance of MHE is then compared with that of the SISO
approach by simulations using measurements from 3 different real-world datasets.

5.1 Problem Description of the Polyethylene Re-
actor System

The polyolefin reactor used in this report is a low pressure gas phase polymeriza-
tion reactor (GPR). Polymerization is the process of reacting monomer molecules
together in a chemical reaction to form polymer chains.[17] A co-monomer is a
secondary monomer introduced during this process to modify the structure or prop-
erties of the resulting polymer. While the monomer in this reactor is ethylene, the
co-monomer can be either butene or hexene depending on the desired end prod-
uct, referred to as the grade. Changing the desired grade will be referred to as a
transition.

A simplified flowchart of the polymerization reactor system is shown in Figure 5.1
below.
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Figure 5.1: Simplified flowchart of the polymerization reactor system with the
most essential components for the polymerization process.

Just as in the double tank system, the dynamics of the GPR system is derived from
mass balances, meaning that the derivative of gas is modeled as the difference be-
tween inflow and outflow. The inflows of all the gases to the GPR are independent
feeds of respective gas. Whereas the outflow of each gas is dependent on the con-
trolled flare flow, consumption in the polymerization process and a gas loss caused
by the retrieval of end product. The flare flow vents the gas from the GPR. This
means that the individual outflow of a gas, caused by the flare flow, is dependent
on the concentration of that gas in the reactor. The amount of gases consumed in
the polymerization process; hydrogen, monomers and co monomers are dependent
on reaction kinetics. The reaction rate at which the gases are consumed can be
described by the non-linear function R

k
r = R(e, Py, m, X) exp (71 + k2> (5.1)

where ¢ is the catalyst properties, Py is the total pressure in the reactor, m are
the molar concentrations, X are the masses of the gases, k; and ks two empirical
constants and 7' the temperature in the reactor. The correction factors for the
monomers and co monomers are integrated in the state equations as multiplicative
disturbances affecting the reaction rates. While the correction factors for the other
gases are modeled as additive disturbances as extra inflows.
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The states, i.e. the masses of each gas, with respective state equation can be written
as

Hydrogen : @y, (t) =
Ethylene : ¢,
Butene : ¢,

Nitrogen :  on,(t) =

where u is the input feed of each gas, w is the individual outflow caused by the flare
flow and gas loss caused by extraction of product combined, r is the reaction rate
and e the correction factor.

The total pressure in the GPR is determined by the properties of the reactor contents
and temperature through a non-linear function

Piot = [( Xk, mp, pi, T') (5.2)

where X are the masses of the gases, m are the molar concentrations, p are the
densities and 7' is the temperature in the reactor. The total pressure can be con-
trolled by increasing the flare flow to release excess gas from the reactor or by adding
nitrogen to raise the pressure.

The measurements from the reactor are

Table 5.1: Measurements in the GPR system.

Measurement | Model Name Description
Qmeas,H, Qest 1, Hydrogen concentration [mol%]| in reactor
(meas,C, Gost,C, Ethylene concentration [mol%]| in reactor
(meas,C, est,C, Butene concentration [mol%)] in reactor
(meas, Proy est, Proy Total pressure [barg] in reactor

The properties of the resulting polymer depend on the ratios of monomer, co-
monomer, and hydrogen. This report will therefore foucs on the outputs of the
system given in Table 5.2.

Table 5.2: Outputs in the GPR system.

Output Description
YHE Hydrogen/Ethylene concentration ratio in reactor
UYBE Butene/Ethylene concentration ratio in reactor
YPos Total pressure in reactor
YEpp Ethylene partial pressure in reactor
YFlare Flare flow from reactor
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As a clarification, Table 5.3 shows a summary of all the signals in the GPR system.

Table 5.3: A summary of all signals in the GPR system.

Controlled Control Correction
Measurements ¢

Outputs y Inputs u Factors e
YHE Uy, Qmeas,Hga Qest,Hg €H,
YBE uc, Qmeas,C4> qest,C4 €0y
YPiot UC, (meas,Cy s Gest,C, €Cy
yEpp U’NQ Qmeas,Ptot ) Qest,Pmt eNQ
YFlare UFlare

5.2 State Interactions and System Dynamics

To better illustrate how the states in this multivariable system influence each other,
a simple test case will be introduced to help understand the system dynamics and
interactions between feeds and outputs. In the simulation controlled inputs are sent
to an independent process model, which means some degree of model error will occur.

At the beginning of the simulation, the setpoints for the outputs are set according
to the values shown in column 2 of the Table 5.4. To clearly observe the effect of
changing setpoints, the simulation maintains these values until sample 500. At that
point, a new setpoint for pressure is introduced. It is increased from 20 to 20.2, while
the other reference values remain unchanged. This change is introduced to evaluate
the response of the GPR system to a small setpoint variation. The complete set of
setpoints used throughout the simulation is summarized in the Table 5.4.

Table 5.4: The setpoints used to clarify the dynamics of the system. At sample 30,
the initial setpoints are introduced, and a change in the setpoints occurs at sample

500

Setpoints t =30 |t =500
YHE 60 60
YBE 1.5 1.5
yEpp 6 6
YPot 20 20.2
YFlare 0 0

As the pressure setpoint at sample 500 is increased, the ethylene feed is briefly raised.
The ethylene feed is then gradually decreased until it returns to a similar steady
state value. The relation between total pressure in the GPR and it’s reference, as
well as ethylene flow can be seen in Figure 5.2.
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Figure 5.2: Total pressure in the reactor expressed in barg (gauge pressure in bars),
with reference change at sample 500 together, as well as ethylene feed in ton/h.

Since ethylene is added to the reactor, increasing its concentration, both the Hy-
drogen /Ethylene and Butene/Ethylene ratios decrease. To maintain these ratios at
their reference values, the controller compensates by adding Hydrogen and Butene.
Hydrogen/Ethylene and Butene/Ethylene with hydrogen and butene flows are shown
in Figure 5.3 and Figure 5.4 below.
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Figure 5.3: Hydrogen/Ethylene ratio expressed in mol/kmol together with hydro-
gen feed in kg/h. The hydrogen correction factor does not fully reach a steady state,
hence the deviation between controlled output and reference before and after the
disturbance.
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Figure 5.4: Butene/Ethylene ratio expressed in mol/kmol together with butene
feed measured in kg/h. The butene correction factor does not fully reach a steady
state, hence the deviation between controlled output and reference before the dis-
turbance.

The added ethylene will also increase the overall partial pressure of ethylene. To
compensate for this, nitrogen is added to the reactor, increasing the total pressure
in the reactor, while not affecting the ethylene concentration. Ethylene Partial
Pressure and Nitrogen flow is shown in Figure 5.5.
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Figure 5.5: Ethylene partial pressure in barg together with nitrogen feed in kg/h.
The nitrogen correction factor does not fully reach a steady state, hence the deviation
between controlled output and reference before and after the disturbance.
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Although flare flow is undesirable (with a setpoint of 0), there will almost always
be some present to stabilize drastic changes in the system. In this system, both
flare and nitrogen flow are non-ideal, as the measurements are either 18 or zero and
cannot pick up any value in between. The flare flow for the test case is shown in
Figure 5.6 below.

== Flare Flow y
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0 100 200 300 400 500 539 639 799 839 999

Figure 5.6: Flare flow with input signal, both expressed in kg/h.

5.3 Test Case and Simulation Setup

In this system, only one case will be used to evaluate the performance of the esti-
mators. The case is described below:

Catalyst Error:
In this case, a closed-loop control simulation is performed. At the beginning of the
simulation, the reference values for the outputs are set to

Outputs | yug | YBE | YEpp | YPi: | YFlare
Setpoints | 60 | 1.5 6 20 0

Since the initial values of the system are not at steady state, it is necessary to allow
the system to reach steady state before introducing any disturbances. This ensures
a clearer evaluation of the estimators performance. The disturbance is applied as an
excessive catalyst input, the catalyst feed of the plant is increased by 10% at sample
500. The effect of the catalyst is an increased reaction rate, which the system must
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then regulate.

Since the system is not at steady state at the beginning, it is necessary to wait until
steady state is reached before introducing the disturbance into the system. There-
fore, the outcomes of the first samples will not be used to calculate the variance
of the correction factors and the deviations. Based on testing, the system reaches
steady state at approximately sample 100. Thus, data collection begins from sample
100 onward. To compensate for the discarded samples, each simulation runs for 1100
samples in total, ensuring a sufficient number of valid data, 1000 data samples.

The disturbance will then be added to the system at sample 500. If the disturbance
does not cause the outputs to deviate beyond 1% of their setpoints, the system
is considered capable of handling the disturbance effectively, and the convergence
sample is set to 500. However, if the disturbance drives the outputs out of the
convergence region, the convergence sample is defined as the point at which the
outputs re-enter and remain within the convergence region. The setpoint of ypjae is
set to zero, but it is not intended to be actively tracked. The purpose of the flare
flow is to rapidly reduce the pressure in the reactor when necessary. Therefore, if
gas needs to be released to reduce the pressure, it must be released regardless of the
setpoint. Thus, the flare’s setpoint is important, but it is not of primary significance.
This is achieved by setting the weight value low for controlled ygjae. The sample
time is set to one minute per sample, as the system is relatively slow and does not
require high-frequency sampling.

5.4 Setup and Performance Evaluation for Single-
Input Single-Output Estimation

The gains in this system will not be tuned either, but instead, the gains currently
used by the company will be applied.

Table 5.5: The gains for the SISO estimator in the Polyethylene Reactor System.

xGainy, | 0.1 eGaing, | 0.05
xGaing, | 0.1 eGaing, | -0.05
rxGaing, | 0.1 eGaing, | -0.05
xGainy, | 0.1 eGainy, 30

In this problem, the states are updated using multiplicative approach since the mass
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of gases can not be negative. The states at sample k are updated as follow:

Qmeas,Ha,k — Gest,Ho,k

THyk = THyoldk * | 1 + xGaing,
Qmeas,Hs,k

Qmeas,Ca,k — Gest,Co .k

TCyk = TCyoldk * | 1+ 2Gaing,
Qmeas,Ca,k

Qmeas,Cy,k — Qest,C4 k

Tk = Tyoldk | 1+ 2Gaing,
Gmeas,Cy,k

Qmeas, Piot,k — Qest,Pios,k

TNy,k = TNy,o0ldk ° 1 + :L'Gaz'nN2
Qmeas, Pot, k

The correction factors at sample k are updated as follow:

Qmeas,Hg,k - Qest,HQ,k

CHy b = €Hyold k T €Gaing, -
Gmeas,Hs,k

Gmeas,Co,k — Jest,Co,k

€Cyk = €Choldk - | 1+ eGaing, -
Gmeas,Co,k

Gmeas,Cy,k — Qest,C4 k

ek = €Cyoldk - | 1 +eGaing, -
(meas,Cyq,k

qmeas,Ptot,k - qest,Ptot,k

ENyk = ENyold kT eGainy, -
Qmeas, Pyot k

Note that minimum values for g¢ue.s are also defined to prevent division by zero
during the update. The performance of the SISO estimator for the test case will be
presented in the following subsection.
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5.4.1 Test Case: Catalyst Error

The table below shows the performance of SISO estimator using the gains shown in
Table 5.5

Table 5.6: The resulting variance of correction factor and deviation when using the
SISO-estimator in the test case. All outputs stayed within the convergence region,
thus they converge by sample 500.

Corr. Var 4.412 x 1074
€H2
Corr. Var 1.260 x 10-1
€0y
Corr. Var 1,766 x 10-2
€0y
Corr. Var 2.968 x 10~
6N2
Dev.
ev. Var 2.990 x 10~°
Qest,H, — Ymeas,H,
Dev. Var 4.480 x 1073
Qest,Cy — Gmeas,C,
Dev. Var 6.144 x 1077
Qest,C, — Gmeas,C,
Dev. Var 2.196 x 107
Qest,Pyoy — Qmeas, Piot
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5.5 Tuning and Performance Evaluation of Mov-
ing Horizon Estimation

The parameters involved in this problem are presented in the table below:

Table 5.7: Parameters in Moving Horizon Estimation for Polyethylene Reactor

System.

Category

Parameter

Description

To be Defined

€H,,min; €C4,min
€C5,mins ENy,min
€H,,max; €C4,max

€Cy,max; ENg,max

AeHg,mina AeC4,1‘ﬂin
ABCQ,mina AeNg,min
AeHg,maxa AeCL;,max
AeC2,rnaxu AeNg,max

€H,,perturbs €Cy4,perturb
€Cy,perturb; ENy perturb

Minimum and maximum value of correction
factors

Minimum and maximum value of the change
of correction factors

Constants used to calculate sens in SQP
iteration

To be Tuned

Qe:diag(qH2, qc,,qCsy» qu)
R:diag(TH2 yTC4yTCas rPtot)
N

ny

b len

Weighting matrix for process noise
Weighting matrix for measurement noise
Horizon length

Number of blocks

Length of each block

where the defined parameters are set to be:

Table 5.8: The value of the defined parameters in MHE for Polyethylene Reactor

System.

C€min | Cmax Aemin Aemax Eperturb
Hy | -5 ) -0.01 0.01 0.1
Cys| 0.1 10 | -0.05 | 0.05 0.1
Cy | 0.1 30 | -0.05 | 0.05 0.1
Ny | -500 | 500 -5 ) 1

In the tuning process, a set of standard parameters is introduced to make it easier
to isolate and understand the effect of changing individual parameters. These values

are:

Table 5.9: Standard parameters in MHE for Polyethylene Reactor System.

dH,5 4Cy5 4Cos AN, 0.1, 10, 10, 1
THyy T'Cyy TCss T Piot 10, 10, 100, 100
Np )
N 100
uniform distribution
"iblen 20,20,20,20,20
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These parameters will be used as standard values for simulation in different cases
of the problem. The impact of tuning parameters will be presented in the following
sections.

5.5.1 Test Case: Catalyst Error

The impact of tuning different parameters are presented below.

Weight Tuning:

The impact on converge sample, correction factor variance and deviation variance
when tuning the weights matrices, Qe and R, in different combinations is shown
in Table 5.11 and Table 5.10 below. Horizon length, horizon distribution and
number of blocks were kept to the standard values shown in Table 5.9.

Table 5.10: Effect of tuning the elements in weighting matrix R while keeping
Q. constant on convergence sample, correction factor variance, and measurement
deviation variance in test case. All combinations of the weight matrix keep the
output within the convergence region after the error is introduced. Thus, all outputs
converge by sample 500. The result of the standard tuning is shown in bold text.

qu, = 0.1 qu, = 0.1 qu, = 0.1
. ) qN2:1 QN2:1 QN2:1
V\l\clel%h'tlng qc,;dcy = 10 qdcy,qdcy, = 10 qdcy,qdc, = 10
atrices I'm,, ey, = 10 THy, TCy = 10° THy, TCy = 10°
rc,, TPy = 100 TCos TPy = 105 TCyy TPy — 107
Corer‘ Var 8.624 x 103 4.979 x 1073 4217 x 1073
Ha
Cor;' Var 1.284 x 101 1.272 x 10~ 1.272 x 10~
Co
Corer' Var 2141 x 102 92.155 x 102 9.154 x 102
Cy
Cm:' Var 1.046 x 10! 1.046 x 10" 1.046 x 10"
Ng
Dev.
ev. Var 4.151 x 10~5 1.248 x 10-5 1.254 x 10~
Qest,H, — Qmeas,H,
Dev. Vi
ev. vat 5.178 x 104 6.747 x 10~ 6.794 x 10~
Qest,C, — Gmeas,C,
Dev. Vi
ev. vat 4794 x 10710 | 9.667 x 10~ 1.000 x 1010
Qest,C, — Gmeas,C,
Dev.
ev. Var 3.838 x 105 1.844 x 1077 1.864 x 10~7
Qest,Pyoy — Qmeas, Piot

The results of increasing the elements of R while keeping the Qe matrix constant,
i.e. increasing the ratio of R relative to Qe, are shown in Table 5.10. Similarly to
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the observations from the Double Tank System the results indicate that increasing
this ratio does not significantly improve performance. To determine if this was the
case for a large region of magnitudes of R, the increment of elements in R for each
simulation was increased. The convergence sample remains unchanged. All outputs
stayed within the convergence region, while the variances of both the correction
factors and the deviations decrease slightly but not substantially.

Table 5.11: Effect of tuning the elements in weighting matrix Qe while keeping
R constant on convergence sample, correction factor variance, and measurement
deviation variance in test case. The result of the standard tuning is shown in bold
text.

qa, = 0.1 qu, = 1 qu, = 10
o qn, =1 an, = 10 gn, = 100
VIY/Flfhtmg qc,,dc, = 10 qcy, qc, = 100 qc,» qc, = 10°
atrices I'y,,I'c, = 10 THys TCy = 10 THy TCy = 10
rc,,rp,,, = 100 | r¢,,7p,, = 100 TCys TP = 100
Convergence 500 500 500
Sample yyg
Convergence 500 500 583
Sample ypg
Convergence 500 500 500
Sample Yppp
Convergence 500 500 694
Sample yp,,
Corer' Var 8.624 x 1073 3.984 x 1072 6.633 x 1072
H»>
Cor(f' Var 1.284 x 101 1.304 x 10~ 2.165 x 10~
Ca
Corcf' Var 2.141 x 102 2.371 x 1072 3.476 x 1072
Cy
Cor(f' Var 1.046 x 10! 1.169 x 102 3.265 x 103
N2
Dev.
ev. Var 4151 x 10°5 7747 x 107 1.721 x 10~
Qest,H, — Ymeas,H,
Dev.
ev. Var 5.178 x 104 1.498 x 10~3 3274 x 102
Qest,Cy — Gmeas,C,
Dev.
ev. Var 4794 x 10710 | 1320 x 10°8 3.149 x 10~6
Qest,C4; — Gmeas,C,
Dev.
ev. Var 3.838 x 105 8.023 x 10~ 5.568 x 1072
Qest,Pmt - Qmeas,Ptot

On the other hand, increasing the ratio of Q. relative to R leads to higher variances
in the correction factor and the deviation. When the elements of Q. increase by a
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factor of 100, column 3, the correction factor update is so heavily penalized that the
outputs ypg and yp,,, exit the convergence interval. These outputs are compared
with the standard tuning in Figure 5.7

Total Pressure
— Ref
201+ —— Outputy, Standard Tuning [~
seeeee Outputy, Q, %100

Butene / Ethylene Ratio et
—— Refy,,
—— Outputy,_ Standard Tuning

weeees Outputy,, Q, X100

(a) Butene / ethylene ratio output in (b) The total pressure output in barg
mol/kmol when standard tuning and with standard tuning and with a higher
when the Q. matrix is multiplied with Qe-weight, together with the setpoint of
100, together with the setpoint of 1.5 20 barg.

mol/kmol.

900

Figure 5.7: The butene / ethylene ratio output and total pressure output with
standard tuning compared with a higher Qe-weight. The figures show the results
from sample 500, where the disturbance occurred.

Figure 5.7 (a) shows that the butene / ethylene ratio output slightly goes outside
the convergence region, causing the system to converge slower. Looking at Figure
5.7 (b), the tuning parameters makes the estimator so slow, that the total pressure
output does not converge before the disturbance occurs in the system. This indicates
that a higher Q, worsens the overall system performance.

Horizon Length:

The results for four different horizon lengths are shown in Table 5.12 below. All
horizon lengths have a uniform block distribution across 5 blocks, meaning each
block within a given tuning case is of equal length. Other parameters are kept as
standard values, see Table 5.9.
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Table 5.12: Effect of different horizon lengths, with uniform block distribution
across b blocks, on convergence sample, correction factor variance, and measurement
deviation variance in test case. The result of the standard tuning is shown in bold
text.

Horizon . . . .
Length Horizon = 10 Horizon = 50 Horizon = 100 | Horizon = 200
Block 2,2, 2 10, 10, 10 20, 20, 20 40, 40, 40
Length 2,2 10 10 20, 20 40, 40
Convergence 800 500 500 500
Sample yug
Convergence 500 500 500 500
Sample ypg
Convergence No Convergence 500 500 628
Sample Yrpp
Convergence 500 500 500 500
Sample YPiot
Corer' Var 1.707 x 101 9.147 x 103 8.624 x 103 1.772 x 102
Ho
Corr. Var 1 1 _1 —1
) 1.854 x 10 1.289 x 10 1.284 x 10 1.241 x 10
Co
Corer' Var 1.912 x 102 2.231 x 102 2.141 x 102 2.9263 x 10~2
Cy
Corr. Var 3 1 1 9
. 1.179 x 10 3.452 x 10 1.046 x 10 2.809 x 10
N
Dev. V.
. HeV . ar y 1.550 x 10~ 2543 x 1074 | 4.151x10~° | 1.004 x 10~4
est,Hy, = Ymeas,H,
Dev. Var 2 4 -4 -2
o — 2.522 x 10 1.162 x 10 5.178 x 10 1.012 x 10
est,Cy, 7 Ymeas,C,
Dev. Var 7 ~10 -10 -8
3.427 x 10 6.601 x 10 4.794 x 10 9.755 x 10
Gest,C, — Qmeas,C,
Dev. Var _9 _4 _5 —4
—p 7.136 x 10 1.003 x 10 3.838 x 10 3.313 x 10
est,Piot — Ymeas,Piot

The results across different horizon lengths show that a short horizon of 10 exhibits
higher deviation and greater correction factor variance compared to the standard
tuning. Additionally, two outputs, yug and ygpp, exits the convergence region during
the simulation. Increasing the horizon to 50 samples yields performance equivalent
to that at the standard 100-sample length. However, the performance declines again
when the horizon is extended to 200 samples, suggesting that longer horizons do not
improve the performance of the estimator. Measurements with estimated measure-
ments of ethylene from the MHE tuning with horizon lengths 100 and 200 are shown
in Figure 5.8 below.
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(a) The true and estimated measurements of ethylene concentra-
tion expressed in mol% from simulating test case with uniformly
distributed horizon lengths 100 and 200 after the disturbance is
introduced at sample 500.

— ot Ethylene Corr. Fact. 1-858
../ —— Horizon= 100

...... Horizon = 200

(b) The ethylene rate correction factor (unitless) for the same
two horizon lengths.

Figure 5.8: The true and estimated measurements of ethylene concentration in,
along with the ethylene rate correction factor, are compared between horizon lengths
of 100 and 200. The figures show the results from sample 500, where the disturbance
occurred.

By observing Figure 5.8 (b) it is clear that the ethylene correction factor is updated
slower when the horizon is extended to 200. This causes an increased gap between
measurements and estimated measurements in Figure 5.8 (a), which also match
slower than using a horizon length of 100. This leads to a downswing causing the
ethylene partial pressure output to exceed the convergence interval of + 1% at
around sample 625, as illustrated in Figure 5.9 below. Thereby, with a horizon of
200, ygpp converges very late, only a few samples before the disturbance occurs at
sample 500. This causes it to start from a high value of 6.06.
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Ethylene Part. Pres.

= Ref.y_,
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E
= |
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Figure 5.9: Outputs of ethylene partial pressure and the reference, both in barg,
when using horizon lengths 100 and 200 together with the reference ygp,. The figure
shows the results from sample 500, when the disturbance occurred.

In the previous tunings, all horizons were divided into five uniformly distributed
blocks, which led to an unfair comparison, since a longer horizon results in updates
that are further from the current sample. Alternatively, the same horizons can be
divided so that all blocks have a constant length. The results for the same horizon
lengths, but with a constant block length of 10 across all horizons, are presented in
Table 5.13.
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Table 5.13: Effect of different horizon lengths on convergence sample, correction
factor variance, and measurement deviation variance in test case. All combinations
of the parameters keep the output within the convergence region after the error is
introduced. Thus, all outputs converge by sample 500.

Horizon . . . .
Horizon = 10 Horizon = 50 Horizon = 100 Horizon = 200
Length
Number of
Bl 1 5 10 20
Corer' Var 2.303 x 102 9.147 x 103 3.529 x 103 2.728 x 103
Hy
Corr. Var 1 1 1 1
. 1.293 x 10 1.289 x 10 1.287 x 10 1.275 x 10
Co
Corr. Var 9 9 9 o
. 2.199 x 10 2.231 x 10 2.177 x 10 2.154 x 10
Cy
CO‘:' Var 3.387 x 10! 3.452 x 10! 4.527 1.251
N
Dev.
ev. Var 1.715 x 103 2543 x 1074 | 4.855 x 107 3.044 x 106
qest,H2 - QmeaS,H2
Dev. Var 9,184 x 104 1.162 x 104 5.951 x 105 5.401 x 105
Qest,C, — dmeas,C,
Dev. Var _9 —10 —10 —10
2.925 x 10 6.601 x 10 6.582 x 10 7.992 x 10
Qest,C, — qmeas,C,
Dev. Var 4 4 _5 —6
4.101 x 10 1.003 x 10 2.984 x 10 6.828 x 10
QEst,Pmt - Qmeas,Pmt

The results across different horizon lengths with constant block length show that
a short horizon of 10 still exhibits higher deviation and greater correction factor
variance compared to the longer horizons. However, none of the output trajectories
from any combination of tuning parameters exit the convergence region during the
simulation. Increasing the horizon length leads to improved performance, as indi-
cated by a decrease in variances. The ethylene measurements and correction factor
from the MHE tuning with horizon lengths of 100 and 200 are shown in Figure
5.10.
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(a) The true and estimated measurements of
ethylene concentration in mol% from simulating
test case with horizon lengths 100 and 200, con-
sisting of 10 and 20 blocks respectively, after the
disturbance is introduced at sample 500.
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(b) The ethylene rate correction factor (unitless)
for the same two horizon lengths.

Figure 5.10: The true and estimated measurements of ethylene concentration,
along with the ethylene rate correction factor, are compared between horizon lengths
of 100 with 10 blocks and 200 with 20 blocks. The figures show the results from
sample 500, where the disturbance occurred.

By observing Figure 5.10 (b) it is the horizon of 200 that updates the ethylene
correction factor faster than when the horizon is 100. This reduces the deviation
between the actual and estimated measurements, as shown in Figure 5.10 (a),
where the estimated measurements match the actual measurements more quickly
and closely compared to using a horizon length of 100. Using these parameters does
not cause significant downswings, instead, it results in a more stable ygp, output
compared to the shorter horizon, as illustrated in Figure 5.11 below.
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Figure 5.11: Ethylene partial pressure outputs in barg when using horizon lengths
100 and 200 together with the reference ygpp. Aside from horizon length and block
distribution all other tuning parameters were kept to the standard tuning. The
figure shows the results from sample 500, where the disturbance occurred.
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Block Distribution:

The results for three different block distributions over a 100-sample-long horizon are
shown in Table 5.14 below, one with uniform distribution, one with longer blocks
at the end of the horizon, and one with shorter blocks at the end. Weight matrices
Q. and R, as well as number of blocks in the horizon were kept to the standard
values.

Table 5.14: Effect of tuning the elements in weighting matrix R while keeping
Q. constant on convergence sample, correction factor variance, and measurement
deviation variance in test case. All combinations of the parameters keep the output
within the convergence region after the error is introduced. Thus, all outputs con-
verge by sample 500. The result of the standard tuning is shown in bold text.

Block 20, 20, 20 10, 10, 20 40, 20, 20
Length 20, 20 20 40 10, 10
Cor;r. Var 8.624 x 10-3 6.952 x 103 1.994 x 1072
Ho
Cors v 1.284 107" | 1267x107" | 1.285x 107
Ca
Cor; s 2.141 x 1072 6.952 x 1073 2.222 x 1072
Cy
Cors v 1.046 x 10° 8.312 x 10! 2.749 x 10
No
Dev. Vi
. HeV . ar | 4151x10°° 2.755 x 10~ 5.860 x 10~
est,Hy ™ Ymeas,Hy
Dev. Vi
q ceV q N c 5.178 x 1074 3.319 x 1073 9.780 x 107°
est,Cy = Ymeas,Cqy
Dev. V.
q cev q N o | 474X 1010 1.939 x 1078 7.983 x 10710
est,Cy = Ymeas,Cy
Dev.
q - anr 3.838 x 107° 6.318 x 107° 2.687 x 107°
est,Piot — Umeas, Piot

The results show that using longer blocks at the end of the horizon reduces the
variance of some correction factors, all but not ey, which increase slightly. However,
all deviation variances increase, indicating worse estimation performance compared
to using uniform blocks. In contrast, using shorter blocks toward the end of the
horizon decreases all deviation variances, except for butene, C4. On the other hand,
all correction factor variances increase, except for hydrogen, Hs. This suggests
that achieving lower deviation variance comes at the cost of greater variance of the
correction factors.
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Amount of Blocks:

The results of four different amounts of blocks with horizon length of 100 samples
are presented in Table 5.15below. Other parameters are kept as standard values.

Table 5.15: Effect of different amounts of blocks in an horizon with N = 100 on
convergence sample, correction factor variance, and measurement deviation variance
in test case. All block distributions are uniform. The result of the standard tuning
is shown in bold text.

Number of
Blocks 1 2 5 10
Convergence 500 628 500 500
Sample yug
Convergence 500 500 500 500
Sample ygg
Convergence 500 648 500 500
Sample Yrpp
Convergence 500 500 500 500
Sample yp,,
Corer' Var 3.764 x 1073 5470 x 1073 | 8.624x 103 | 3.529 x 1073
Ha
Corr. Var 1 1 1 1
) 1.242 x 10 1.236 x 10 1.284 x 10 1.287 x 10
Co
Corr. Var 9 9 o 9
) 2.042 x 10 2.092 x 10 2.141 x 10 2.177 % 10
Cy
Corer' Var 8.611 x 10~ 2.460 x 10" 1.046 x 10* 4.527
N
Dev. V;
ev. var 2.090 x 104 8.047x 1075 | 4.151x10~° | 4.855x 105
Gest,H, — Gmeas,H,
Dev.
ev. Var 1.077 x 102 6.248x 103 | 5178 x10~% | 5.951 x 10~
Qest,C, — dmeas,C,
Dev. V;
ev. var 1.053 x 106 1.078 x 1077 | 4794 x 10719 | 6.582 x 1010
Gest,C, — Qmeas,C,
Dev. Var 4 4 -5 -5
3.595 x 10 1.171 x 10 3.838 x 10 2.284 % 10
Gest,Pyor — Qmeas, Pt

When comparing different numbers of blocks within the horizon, increasing the num-
ber of blocks reduced the deviation variances, while the correction factor variance
showed only a very small change across all horizons. Only the outputs yug and ygpp
when dividing the horizon in 2 blocks reacted enough to the catalyst error to leave
the convergence region of + 1%. However, increasing the number of blocks from 5
to 10 does not result in improvement. This indicates that while adding more blocks
can improve performance, the increase in computational time eventually outweighs
the benefits. In simulations performed using one block in the horizon, the compu-
tational time was 0.4 seconds per sample, while in simulations using 10 blocks, the
computational time was 1.1 seconds per sample.
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Optimal Tuning Parameters:

The trends from tuning the previous parameters of MHE shows that longer hori-
zons in combination with more blocks increase the performance of the estimator.
Additionally, block distributions with shorter blocks towards the end of the horizon
showed lower deviation variance on the expense of higher correction factor variances.
The MHE tuning with horizon of length 200 across 20 blocks shown in Table 5.13
that had the best performance of previous tests, was therefore compared with a
smaller horizon of 100 across the same amount of blocks, leading to overall shorter
block lengths. The result is shown in Table 5.16 below.

Table 5.16: The effect of different combinations of tuning parameters given by the
trends.

Horizon . : i
Length Horizon = 200 Horizon = 100 Horizon = 200
Number of
Blocks 20 » ,
Block ) 50, 20,
Df)(é Uniform Uniform 20, 20, 20, 20
ist. 10, 10
Corr. Var 2728 x 10% | 3.929x 10 | 9.651 x 103
Ho
Cof e 1.275 x 101 1.392 x 10~ 1.279 x 10~
Cq
Cor; v 2.154 x 1072 2.133 x 1072 2.316 x 1072
Cs
COT; Var 1.251 2.534 9.433 x 10
N2
Dev.
q - qV N 3.044 x 1076 2.856 x 107° 2.580 x 1073
est,Hy, = Ymeas,H,
Dev.
q cev ;/ar . 5.401 x 1077 5.753 x 1075 1.461 x 10~
est,Cy 7 Ymeas,Cy
Dev.
q cev ;/ar c 7.992 x 1071 6.382 x 10710 6.345 x 10710
est,Cy = Ymeas,Cy
) Dev. q\/ar 6.828 x 1076 2.087 x 1079 3.600 x 107
est,Piot ~ Ymeas, Piot

The results indicate that shortening both the horizon length and the block lengths
does not lead to a performance improvement. Therefore, the optimal tuning for
MHE in test case was determined to use a horizon length of 200 and 20 blocks, with
all other parameters set to their standard values.
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5.6 Performance Evaluation and Analysis of the
Estimators on the Test Case

The results of comparing the optimal tuning of MHE with SISO estimator is shown
in Table 5.17 below.

Table 5.17: Comparison of results between the SISO estimator and MHE for
test case, showing convergence sample, correction factor variance, and measurement
deviation variance. None of the estimator tunings left the convergence interval of +
1%. All outputs converge at sample 500.

Estimator SISO MHE
Corer' Var 4.412 x 1074 2798 x 1073
Ho
Corer' Var 1.260 x 10! 1.275 x 10!
Ca
COY;' Var 1.766 x 102 2154 x 102
Cy
Cor(f' Var 2.968 x 10~ 1.251
No
Dev.
. v anr 92.990 x 105 3.044 x 10~
est,Hy, = Ymeas,H,
Dev.
. o anr 4480 x 107 | 5.401 x 1077
est,Cy = {meas,C,
Dev.
. Cev anr ) 6.144 x 107 7.992 x 10-10
est,Cy = UYmeas,Cy
. Dev. q\/ar 2,196 x 10~° 6.828 x 106
est,Ptot - meas,Ptot

Aside from the hydrogen correction factor variance, the results show that both the
SISO and MHE estimators yield similarly low correction factor variances. However,
MHE achieves significantly lower deviation variances compared to SISO, which sug-
gests that MHE performs better than the SISO estimator in test case. This is
expected since a multivariable estimator should perform better than a SISO esti-
mator because MHE uses data from previous samples to estimate the current state.
The estimates of the ethylene concentration measurements for both estimators are
compared in Figure 5.12 below.
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(a) The true and estimated measurements of ethylene concentration in mol%
from simulating test case with SISO and MHE, after the disturbance is
introduced at sample 500.
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(b) The ethylene rate correction factor (unitless) for SISO and MHE.

Figure 5.12: Comparison of the performance of MHE and SISO in estimating
ethylene concentration and the ethylene rate correction factor. The figures show the
results from sample 500, where the disturbance occurred.

The results show that MHE handles the catalyst disturbance a lot faster than using
SISO. In Figure 5.12 (b) it is shown that the ethylene correction factor approaches
the new correction factor steady state faster than using SISO. This minimizes the
deviation between estimated and true measurements shown in Figure 5.12 (a).
This leads to much less impact on, for example, the total pressure output shown in
Figure 5.13 below.
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Total Pressure
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Figure 5.13: Total pressure outputs in barg when using SISO and MHE with the
reference yp, .. The figure shows the results from sample 500, where the disturbance
occurred.

5.7 Performance Evaluation and Analysis of the
Estimators on True Industrial Measurements

In this section, the performance of each estimator, MHE and SISO, will be com-
pared under different datasets based on real industrial measurements to evaluate
their effectiveness. Since the real measurements are used, it will be an open-loop
simulation, i.e. no control actions will be applied. Only the estimation performance
will be evaluated. The figure below shows the control system used for the estimation
when no controller is included.

Measurements

Reactor s
Data .
MHE /
- SISO
MOdel Estimated Measurements

qes[
States and Correction Factors
x and e

Figure 5.14: Open loop system for estimator evaluation, where the controller is
decoupled. At each sample, real measurements from the dataset are compared to
the estimated measurements produced by the estimator model. Simulations with
each estimator algorithm enables performance evaluation.
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5.7.1 Dataset 1: Transition

This datasets shows a transition to a new end product where the setpoints of ygpp
and yyg are decreased, ypg is increased, while yp, , is kept constant. The transition
occurs at around sample 700. The purpose of this dataset is to evaluate the perfor-
mance of the estimators during product changeovers, when transitions occur. The
performance of the estimators is presented in Table 5.18 below.

Table 5.18: The performance of the estimators with correction factor variance and
measurement deviation variance in dataset 1.

Estimator SISO MHE
Corr. Var 2.013 x 102 2787 x 102
€H,
Corr. Var 1.166 1.376
6(;2
Corr. Var 1.497 x 10! 92.498 x 10~
€Cy
Corr. Var 4,532 x 10! 9.124 x 10"
6N2
Dev. V.
ev. vat 6.926 x 10~ 5.867 x 104
Qest,H, — meas,H,
Dev. V.
ev. vat 1.707 x 10~ 7.559 x 102
Qest,C, — Gmeas,C,
Dev. V.
ev. vat 92,879 x 1073 3.807 x 10~3
Qest,C4 - Qmeas,C4
Dev.
ev. Var 3.904 x 103 6.657 x 10~3
Qest,Ptot - Qmeas,Ptot

The results from Table 5.18 shows clearly that the correction factor variances of
the MHE estimator is higher than with the SISO estimator. This can also be seen
in Figure 5.15 (b) and Figure 5.16 (b) where the correction factor of ethylene
and nitrogen are more fluctuating using MHE. While the deviation variances for
hydrogen and ethylene slightly decrease with the use of MHE, those for butene and
total pressure increase. Measurements of ethylene concentration and total pressure
are shown in Figure 5.15 (a) and Figure 5.16 (a) below.
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(a) The true and estimated measurements of ethylene concentration in mol% from
simulating dataset 1 with SISO and MHE.
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(b) The ethylene rate correction factor (unitless) for SISO and MHE.

Figure 5.15: The true and estimated measurements of ethylene concentration and
ethylene rate correction factor for SISO and MHE in dataset 1.
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(a) The true and estimated measurements of total pressure in the reactor given
in barg with SISO and MHE.
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(b) The nitrogen correction factor in kg/h for SISO and MHE.

Figure 5.16: The true and estimated measurements of total pressure and the
nitrogen correction factor for SISO and MHE in dataset 1.

The figures comparing the estimated measurements of both estimators show that
MHE performs significantly worse than SISO at the first samples of the simulation.
This suggests that MHE is more sensitive to deviations in the initial state estimates.
However, overall the performance of the two estimators are very similar for test case.
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5.7.2 Dataset 2: Start-Up Process of the Reactor

The purpose of this dataset is to evaluate the performance of the estimators during
the start-up process, in order to determine the best initial values to use in the
MPC controller. The performance of the estimators in tracking the current states
is presented in Table 5.19 and Figures 5.17 and 5.18 below.

Table 5.19: The performance of the estimators under correction factor variance
and measurement deviation variance on the dataset 2.

Estimator SISO MHE
Corr. Var 6.967 x 10~ 4.168 x 10!
6H2
Corr. Var 4.152 x 102 2.029 x 10~
602
Corr. Var 3.877 x 102 8.702 x 102
604
Corr. Var 1.725 x 102 4.241 x 102
€Ny
Dev.
ev. Var 6.971 x 10~! 92527
Gest,H, — {meas,H,
Dev. V.
ev. vat 3.980 x 10~ 1.819
Qest,C, — Gmeas,C,
Dev. V.
ev. vat 7.932 x 10-5 1.369 x 10~°
Gest,Cy — Qmeas,C4
Dev.
ev. Var 1.114 x 10! 5173 x 102
Qest,Ptot - Qmeas,Ptot

According to Table 5.19, the MHE estimator results in higher correction factor
variance for all cases except hydrogen, where the variance is slightly lower. The
deviation variances for butene and total pressure using MHE are slightly higher, but
slightly lower for hydrogen and ethylene. Since the differences are not significant,
it can be concluded that their performances are similar. Although both estimators
are exposed to initial errors, MHE begins with a very low estimate, whereas SISO
overshoots the measurements, which can be seen in Figure 5.17 (a) and Figure
5.18 (a). As shown in Figure 5.17 (b), the initially low estimate from MHE
results in a slower convergence to the steady-state value of the ethylene correction
factor compared to SISO, which reaches it more quickly. However in Figure 5.18
(b), even though the initial estimate of the nitrogen correction factor is less accurate
with MHE, it reaches the steady-state value of around 70 faster than with SISO.
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(a) The true and estimated measurements of ethylene concentration in mol%
with SISO and MHE.
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(b) The ethylene rate correction factor (unitless) for SISO and MHE.

Figure 5.17: The true and estimated measurements of ethylene concentration and
the ethylene rate correction factor for SISO and MHE in dataset 2.
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(a) The true and estimated measurements of total pressure in the reactor given in
barg with SISO and MHE.
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(b) The nitrogen correction factor in kg/h for SISO and MHE.

Figure 5.18: The true and estimated measurements of total pressure and the
nitrogen correction factor for SISO and MHE in dataset 2.
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5.7.3 Dataset 3: Steady State

In this dataset, the system is in steady state, meaning that the same grade (same
product) of polyethylene is being produced. The purpose of using this dataset is
to evaluate the performance when the same product is consistently produced. The
performance of the estimators is presented below.

Table 5.20: The performance of the estimators under correction factor variance
and measurement deviation variance on the dataset 3.

Estimator SISO MHE
Cor;.hvar 1701 x 1071 | 6.785 x 102
Corer.CQVar 5.552 x 1073 2979 x 102
Corelf.C4Var 2.320 x 1073 1.528 x 102
Corerl.\b\/ar 1.020 x 102 6.353 x 10!
qestif‘i q\; Y| emsexi0t | 7030
qestgf‘i q\; Y| ka0t | sas2x0
qestgf‘i ch 25704 1.716 x 1076 3.465 x 1076
qest;i eV_ q\frp 1.189 x 1073 8.095 x 10~3

From the results shown in Table 5.20 using the SISO estimator results in lower
correction factor and deviation variance compared to MHE. A comparison of ethy-
lene concentration measurements using both MHE and SISO is shown in Figure
5.19 below.
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(a) The true and estimated measurements of ethylene concentration in mol% with
SISO and MHE.
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(b) The ethylene correction factor (unitless) for SISO and MHE.

Figure 5.19: The true and estimated measurements of ethylene and the ethylene
correction factor for SISO and MHE in dataset 3.

The results show that, once again, MHE begins with a very low estimate of the ethy-
lene concentration. The deviation between the estimated and true measurements
is also shown in Figure 5.19 (b), where the ethylene correction factor similarly
starts at a low value before converging with the SISO estimation of the correction
factor. However, a closer look at the ethylene concentration measurements between
samples 2000 and 3000 (shown in Figure 5.20 (a)), reveals that the estimates using
MHE are closer to the true values than those obtained using SISO. This suggests
that MHE outperforms the SISO estimator. However, because of the low initial
estimate, it results in an overall higher deviation variance.
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(a) True and estimated measurements of ethylene concentration in mol% with
SISO and MHE.
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(b) Ethylene correction factor (unitless) for SISO and MHE.

Figure 5.20: The true and estimated measurements of ethylene and the ethylene
correction factor for SISO and MHE in dataset 3.

5.8 Conclusion and Discussion of the Polyethy-
lene Reactor System

Overall, the performance of both algorithms shows similar behavior. In the test
case where a catalyst error occurs, it is clear that MHE performs better as an es-
timator, as all deviation variances are much lower, although some correction factor
variances are slightly higher or at the same level as those from SISO. This indicates
that MHE provides better estimation while maintaining the same variance level for
the correction factor and the same convergence sample. However, when examining
the actual measurements from the industrial process, MHE does not show a clear
advantage, as the correction factor variances are slightly higher. This can be seen
in Tables 5.18 to 5.20. The results are even clearer in Figures 5.15 to 5.20,
where the correction factor graphs oscillate more. Despite the larger variation in
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correction factors, MHE still performs estimation as well as SISO, since the devi-
ation variances of MHE are similar to those of SISO. This is shown in the graphs,
where the estimated output ¢ from MHE matches the actual measurements as
closely as the estimates from SISO. This suggests that MHE can perform just as
well as SISO. Even though the performance is similar, replacing SISO with MHE is
still not recommended, as MHE takes much longer to run. Using the MHE tuning
with a horizon length of 200 across 20 blocks resulted in a computational time of
4.4 seconds per sample due to the complexity of the optimization problem, while
the computational time using the SISO estimator was only 0.2 seconds per sample.
Therefore, replacing SISO with MHE is not worthwhile, as the performance gain is
negligible and the computation time is significantly longer.

Another factor that can affect the performance of MHE on the actual industrial
dataset is that MHE has only been tuned to handle errors in the catalyst. This
means that when other issues arise, which may not be related to the catalyst, it is
not surprising that MHE does not perform well in those cases. Therefore, it may be
worthwhile to tune MHE on a wider range of cases and select the optimal tuning
parameters, as was done in the Double Tank case. This could potentially improve
MHE’s performance.
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Conclusion and Discussion

The comparison between the SISO and MHE estimators in both the Double Tank
System and the Polyethylene Reactor System leads to the conclusion that MHE has
the potential to perform better than SISO in simpler systems like the Double Tank
System. This is supported by the results, which show that the deviation variances
are much lower for MHE than for SISO, indicating that MHE is a better estimator.
Even in the more complex polyethylene reactor system, MHE can still perform better
in test case, as the deviation variances are lower, although the correction factor
variances are not lower than those from SISO. However, when using real industrial
data, there are clear signs that MHE does not outperform SISO. Their performances
are similar, which means that MHE can at least perform as well as SISO. However,
the complexity of MHE is still much higher, which increases the computation time
required to solve the MHE problem. Thus, MHE is not yet a suitable replacement for
SISO due to these disadvantages. Even so, the performance of MHE in the test cases
provides important evidence that it has good potential to outperform SISO, since
MHE can handle multiple variables simultaneously, which is a significant advantage.
Nevertheless, further work is needed to improve the algorithm.
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Future Work

Working through this project provides perspectives from various angles. There are
some positive aspects that are worth building upon, as well as negative aspects that
could be improved. The following parts will present the possibilities for improving
the performance of the Moving Horizon Estimation.

A New Strategy for Implementing the Correction Factor:

The correction factors used in both systems, Double Tank and Polyethylene Reactor,
are implemented in a general and somewhat non-precise way, with one correction
factor affecting each measurement. As already mentioned this is a very effective
way of dealing with disturbances, since almost all disturbances can ultimately be
described as an inflow/outflow of a state. An alternative approach to estimating
disturbances in the system was tested in section 4.6. Where the purpose of the
correction factor was not general, but specific to a certain type of disturbance. The
disturbance model tested in the Double Tank System used a correction factor imple-
mented directly to the outlet hole from the upper tank to the lower tank. In other
words, the correction factor became a factor multiplied with the flow between the
tanks, instead of a general inflow/outflow to the tank.

Future work in this area would mean finding a more disturbance-specific distur-
bance model for the Polyethylene Reactor System, where correction factor could be
implemented to a disturbance source instead of as an additional inflow/outflow. An
example of this is a disturbance model with a correction factor affecting the catalyst
activity, which will in turn affect all gases in the polymerization reaction. The chal-
lenge in implementing new disturbance models in more complex systems is to find
where the disturbances originate from. This demands more information of potential
disturbances which should be investigated further.
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Full Cost Function:

The cost function (3.9) used in this project is a simplified version. The full cost
function is expressed as:

J = (ze_y —x(k — N))" P (z4_y — z(k — N))

k—1
~ T ~
+ Z (l’iﬂ - f(xi,ez‘,ui)) Qx ($i+1 - f(xiyeiaui))
i=k—N
k—1
+ AeiTQeAe,»
i=k—N
i T
+ Z (Qmeas,i - Qest,i) R (Qmeas,i - Qest,i>
i=k—N

In the simplified cost function, the first and second terms are neglected. The ad-
vantage of not including these two terms is that the optimization problem becomes
much easier to solve. However, a major disadvantage is that the estimation then
relies only on changes in the correction factor. In other words, only the correction
factor can be optimized to compensate for disturbances occurring in the system.
For the Double Tank System, it can be appropriate since the system is not complex.
However, for a more complex problem, it can then be inappropriate. To address this
problem, the second term

= - T .
‘7%_: (Ii+1 — f(x, ei,ui)) Qx (aciﬂ — [ (x, e, Uz))

will play a crucial role. This term includes the state, z, which also needs to be
optimized. By including the states in the optimization problem, the overall perfor-
mance of optimization will improve, as the states are also optimized. This makes the
optimization parameters, both x and e, more adaptive to the unknown disturbances
that occurred to the system.
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A

Appendix

A.1 Derivation of Cost Function

According to extended state, the equations of nonlinear modeled dynamic system
are formulated as:

Zk+1 = f(Zk,Uk)

Qest,k = g (Zk7 uk)

Assume that the actual dynamic system, the plant, is the modeled system that is
affected by process noises, w = [w, w,]', and that measurement errors occur due
to measurement noise, n.

g1 = f(zk; ug) + wy,

Gmeas,k — G (Zk;, ukz) +ng = Qest k + ng

The cost function that minimizes the process noises and measurement noise is defined
as:

k—1 k
J=(rpn—2(k=N) Py —ak-N)+ Y w/ Qu+ Y n/Rn
i=k—N i=k—N

combining with the system’s dynamic equations, the cost function can be reformu-
lated as:

J = (zp_y —x(k = N))" P (z4_y — z(k — N))

+ izEN (ZiJrl — J?(Z@',uz'))T Q\C}, (ziﬂ — f(z“ul))
x 0 . r T € U
& el )

k
+ Z (%neas,i - (]est,i>—r R (Qmeas,i - Qest,i>
i=k—N
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which can be expanded as:

J = (zp_ny — x(k — N))" P (zp_y — z(k — N))

k—1
+ Z <$i+1 —f (xuei,ui))T Qx ($i+1 —f (551',6@',“1'))
i=k—N
k—1
+ (€iv1 — ei)T Qe (€i41 — €i)
i=k—N
k
+ Z (qmeas,i - Qest,i)—r R (qmeas,i - qest,i>
i=k—N

Since Borealis does not have any requirements or references related to the state, the
first term, arrival cost, of the cost function can be neglected. The another common
form of the arrival cost

(o — 2(0)) " P (zg — 2(0))

includes the initial state as an optimization parameter. However, this is not consid-
ered significant in this case. One reason is that the company already has another
controller running continuously, which makes it easy to track the current situation
of the factory, the current states are always known.

Ty ~ l’(O)

Therefore, to reduce the complexity of the optimization problem, this term can
be neglected. To further simplify the optimization problem, Borealis chooses to
optimize only the disturbance parameter or correction factor, e, which is used to
adjust the model to better match real-world behavior. The mismatch between the
estimated model and the real-world plant can be considered a result of unknown
disturbances. Therefore, adjusting the correction factor that represents these dis-
turbances should be sufficient enough to address the mismatch. Thus, the matrix
Qx is set to be zero. This approach will also reduce computation time, as the num-
ber of parameters being optimized is decreased. The optimization problem can be
formulated as:

k

minimize J = Z (Qmeas,i - Qest,i)T R (Qmeas,i - Qest,i)
Aek,N2A6k71 L_N

k-1
T
i=k—N

i

eit1—ei
subject to
Gmeas,i = 9 (Zi, ;) + Ny = Gest,i + N
emin < €; < €max
Aemin < Ae; < Aemax
n, €N, Vielk— N,k

IT
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A.2 Derivation of the Quadratic Programming For-
mulation

To enable the use of SQP as a solver for the optimization problem, the problem

k
minimize  J = Y (¢measi — qest,i)T R (Gmeas i = Gest.i) (A1)
€opt,1:A€opt,ny, i=k—N

N
T
+ Z Aeopt,j QeAeOPtvj
Jj=1

subject to
Qmeas,i - g(xzp eiaui) + n; = qest,i + ng, Nn; S N VZ € [k - N7 k}
Emin < €opt,j < €max; Vj € [Lnb}
Aemin S Aeopt7j S AeInax ] =1
Aemin : nb,len(j_1> S Aeopt,j S Aernax . nb,len(j_l) \V/] S {27 nb}

must first be reformulated into standard QP form, subproblem. The cost function
(A.1) can be reformulated into standard matrix QP form as follows:

1 A
J =z (Qmeas - Qest)—r R (Qmeas - Qest> (AZ)

2
1 ~
+ 5 Aezpt Qe Aeopt

where

T
Qmeas = [Qmeas,l,ka s Qmeas,nq,ka Gmeas,1,k—N+1 - - - Qmeas,nq,k}

T
Gest = [Qest,l,k—N -+ Gestng,k—N  Gest,1,k—N+1--- Qest,nq,k}
T
Aeopt = [Aeopt,l,l S Aeopt,nc,l Aeopt,l,Q oo Aeopt,nc,nb]

R = dZCLg (Rk7N7 c. ,RN)
Qe = dla’g (Qe,h R Qe,nb)

The first subscript of gmeas and ges; indicates the index of the measurement element,
while the second subscript denotes the sample number within the horizon. The first
subscript of Ae,yp indicates the index of the correction factor element and the second
subscript represents the block number.

In each SQP iteration, ges; and eqpy can be updated as a linear prediction model:

Qest = Qest + AC]est = Qoest 1 Jsens,unscale * Aeopt,unscale (A?’)
Copt — ?pt + Aeopt,unscale (A4>

where Geg; defines a vector of trajectories at the previous iteration and Aegps unscale 15
the solution in QP subproblem. Here, qgsens,unscale Tepresents the unscaled sensitivity

ITT
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matrix used to define the direction of the update. It contains the coefficients that
describe how the estimated measurement responds to changes in eq,¢. The unscaled
sensitivity matriX, Qsens,unscale, 15 recalculated at every estimation step and used
during each SQP iteration. It is computed as follows:

_ {est,perturb — est
Usens,unscale =

€perturb

where Gegt perturb 18 @ vector of perturbed estimated measurement which is calculated
as:

ng-N
Gest,perturb = g <x7 €opt + Eperturb U) ; Gest,perturb € R™

Here eperturn 1S @ vector of predefined constant used to determine the magnitude of
the perturbation and it has dimension n, - ny.

To ensure that all parameters have the same order of magnitude regardless of units,
Qest) Aest; Deoptunscale ANA gmeas Need to be scaled before solving the QP problem.
The scaled Agest and Aegpt unscale are defined as:

AQest,scale = (sens,scale * Aeopt,scale (A5)
Ae,
pt,unscale
Aeop‘c,scale = (A6)
€ss
Gest,perturb — Gest €ss
(sens,scale — : (A?)

Eperturb Qss

Qsens,unscale

i.e they are scaled by diagonal quadratic matrix ess and qss which represent the
matrices of eypy and gest corresponding to that sample instant before SQP iteration
starts.

Now apply (A.5)-(A.7) into (A.3) and (A.4). gest and eqp, can then be expressed as:

Gest = {est + Qss * Qsens,scale * A‘eopt,scale

Aqes‘c,scale

€opt = Copt + €gs - Aeopt,scale

Note that to preserve the original form of the equations, qss and egg are also added
as multiplicative factors.

The solution at the current QP iteration of the SQP procedure is a function of the
solution at the previous iteration plus the solution from the QP solver, i.e. eqp; and

Aeopy at the current iteration is expressed as:

Aeopt = Aeopt + Aeopt,unscale = Aeopt + €5 - Aeopt,scale
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est, Aeopt and Gmeas can then be scaled as:

Gest -1 —
Qest,s = = (ss * Gest + Osens,scale * Aeopt,scale (AS)
Qss
Gmeas -1
Qmeas,s = = (ss  ° Qmeas (Ag)
Qss
Ae, -
pt -1
Aeopt,s = = €gs : Aeopt + Aeopt,sca»le (AlO)
€ss
=St el A Al
€opt,s — ei = €5 * Eopt + €opt,scale ( . )
ss

Note that Aegprs and Aegpg scale are not the same. Aegpt scale is a scaled solution
from QP while Aegpy s is a scaled update in each SQP iteration. To prevent division
by zero, as some elements in qss and egs are very close to zero, the minimum values
for them are defined.

The scaled version of the cost function (A.2) can then be expressed as:

1

J = 5 (Qmeas,s - Qest,s)T R (Qmeas,s - Qest,s)

1 o
+ iAe;rpus QeAeopt,S

Now insert (A.8)-(A.10) into the cost function above

1 _ L T A
J = 5 (qss L. <Qmeas - Qest) - qsens,scale : Aeopt,scale) R ( .. )
1 PR T «
+ 5 (ess . ABopt + Aeopt,scale) Qe ( . e )
1

= 5 (Qmeas - @)T : qss_l . ﬁ' . qss_l . (qmeas - @)

T T D -1 —
- Aeopt,scale * Jsens,scale - R- Oss ' <Qmeas - Qest>
1 A
T T
+ iAeopt,scale * Qsens,scale R- Osens,scale * Aeopt,scale
l— 7, &g
+ iAeopt * €ss ' Qe " €55 : Aeopt

T 4 1 AT
+ Aeopt,scale ’ Qe "Css - Aeopt

]. A
T
+ iAeopt,scale ’ Qe ’ Aeopt,scale

WhiCh can be Shorlen as:
J — A H Ati ‘I‘ A(Z
9 eopt,scale : . opt,scale c - opt,scale

where

T.P )
H = Qsens,scale * R- (sens,scale + Qe

I—— N\ T ~ T L N\ T
CT = Aeopt : (ess 1) : Qe - (Qmeas - qest)T : (qu 1) . RT . qsens,scale
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and their dimensions are
Qsens,scale € an.ane'nb, ].:A{ € ]an.NanN’ Qe S Rne.nbxne‘nb
Fopt c Rne.nb’ ey € Rne.nbxne-nb’ Qss € an~N><nq~N
Qmeas € an.N, Qest € an'N, Aeopt,scale c R ™

There is also a constant term

1

K = § (Qmeas - @)T : qssi

1—7 a
-1 -1
+ iAeOpt " €ss : Qe " €ss . Aeopt

. R : qssi1 . (Qmeas - @)
However, this term is not significant and can therefore be neglected.

Since the optimization parameters are scaled, the constraints must also be scaled
accordingly. For the scaled correction factor eqpts (using (A.11)):

-1 -1
€ss " Cmin < €opt,s < €gg * €max
-1 -1 — A -1
< €ss * €min < €ss * Eopt + €opt,scale < €gg * €max
-1 —-— -1 —
= €gs : (emin - 60pt> < Aeopt,scale < €gs : (emax - 6opt) <A12)

For the scaled deviation of correction factor Aeqp s (using (A.10)):
essi1 - Aemin - nb,len(j -1)< Aeopt,s < essi1 * €max nb,len(j —1)
S ess ' Aemin Mblen(d — 1) < €ss - Aeopt + Aeoptscale < €ss * €max - Mhlen(j — 1)
& ess ! (Aewmin h1en(j — 1) — Beopr)
< Aeopt scale <
ess ! (Aemax - mpgen(j — 1) ~ Beopr) (A.13)

Thus, there are two lower bounds and two upper bounds that need to be satisfied,
(A.12) and (A.13).

The optimization problem that will be solved in QP iteration can then be formulated
as:

1
. T T
minimize J = ~Aeqy seate - H - Aoptscale €+ Aeopt scale
Aeopt,scale 2

subject to
1 (emin — @ont) s €t (Aemin - 1) —A
max | €gg (emm eopt) y €ss €min nb,len (] ) eopt
< Aeopt,scaule <
i -1, — Cont (A . —1)—A
min | € (emax eopt) y €ss €max * Tlb,len (] ) €opt
Vj € [17 nb] ) for j =1 (Aeopt,scale,l) — nb,len(j - 1) =1
Since the solution Aegp scale is scaled, the unscaled update is defined as follows:

Qest = Gest T Qss ° Osens,scale * Aeopt,scale
Aeopt = Aeopt + €5 Aeopt,scale

€opt = Eopt + €55 Aeopt,scaule
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