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Abstract
With the widespread deployment of intelligent embedded systems across various
application scenarios, the processing capabilities and scheduling strategies of single-
processor platforms are increasingly unable to meet the growing computational de-
mands of real-time tasks. To host more and more functions with additional process-
ing requirements and stricter real-time constraints, multiprocessor platforms are
attracting growing attention and adoption. However, scheduling real-time tasks on
multiprocessor platforms still faces many challenges.

One major challenge is how to assign priorities in an optimal way for scheduling
on multiprocessors. There are many methods for assigning fixed priorities to tasks
in multiprocessor systems, but the optimal method is still unclear, and some tasks
cannot be scheduled feasibly under fixed-priority assignments. To overcome the
limitations of fixed-priority scheduling, it becomes necessary to introduce some form
of dynamic priority. Although the schedulers under dynamic-priority may perform
better in terms of schedulability, they are significantly more complex to implement
than the schedulers under fixed-priority. This leads to another challenge: how to
make a compromise between static and dynamic priority behaviour?

Dual-priority (DP) scheduling provides a new approach to balance between
pure fixed-priority and full dynamic-priority scheduling strategies. In dual-priority
scheduling, each task is assigned two priorities: an initial priority and a promoted
priority. The task begins execution with the initial priority, and after a fixed dura-
tion, which is called priority promotion time, its priority is elevated to the promoted
priority. However, to the best of our knowledge, there has been no prior research
on applying DP scheduling to multiprocessor platforms. This thesis focuses on the
study of global scheduling with priority promotion in multiprocessor systems and
proposes a DP scheduling algorithm for multiprocessors, along with two tests to
verify schedulability.

Furthermore, with a priority assignment algorithm known as Audsley’s optimal
priority assignment, we develop a hybrid algorithm where a subset of the tasks
will have pure fixed priority, and each of the other tasks will have two priorities:
one before the priority promotion point(PPP) and one after the PPP. We have
evaluated the proposed test using extensive simulation experiments, and the results
demonstrate that the proposed test performs well compared to the existing test.

Keywords: Global Scheduling, Dual Priority, Multi Processors, Schedulability Test,
OPA Algorithm.
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1
Introduction

With the widespread deployment of intelligent embedded systems across various ap-
plication scenarios, the processing capabilities and scheduling strategies of unipro-
cessor platforms are increasingly unable to meet the growing demands of real-time
tasks. To address higher computational loads and stricter real-time constraints,
multiprocessor platforms are attracting growing attention and adoption. However,
effectively allocating and scheduling real-time tasks in multiprocessor systems re-
mains a complex and challenging research focus [1].

Existing studies have shown that scheduling real-time tasks on multiprocessor plat-
forms remains a fundamentally challenging problem due to the complexity of co-
ordinating task execution across multiple processors while satisfying strict timing
constraints. Unlike uniprocessor systems, where optimal algorithms such as earliest
deadline first (EDF) can guarantee schedulability under certain conditions, there
exists no universally optimal scheduling algorithm for multiprocessor systems. The
lack of such an optimal solution is due to several factors: the compromise between
the different strategies, the need to handle both preemptions and migrations effi-
ciently, and the combinatorial explosion of scheduling possibilities. Finding glob-
ally optimal real-time scheduling solutions for multiprocessor systems under general
conditions is computationally difficult, with many related problems proven to be
NP-hard [2]. Consequently, from both theoretical and practical perspectives, the
pursuit of efficient and reliable real-time scheduling strategies remains a primary
goal for researchers. Simultaneously, the development of rigorous and trustworthy
schedulability analysis methods to determine whether a given task set can meet
its deadlines under specific multiprocessor scheduling strategies is a key research
direction.

In terms of global scheduling, especially global fixed-priority scheduling, such as
global rate monotonic (RM), the well-known Dhall’s effect can lead to unschedula-
bility even when the task utilization (i.e., computational load) of a task set is not
very high [3]. A key problem is that tasks’ periods/deadlines and execution times
may have a complex relationship, which makes it difficult for all tasks to meet their
deadlines. However, in critical systems such as the braking system of cars and the
scheduling system in aircraft, meeting all task deadlines is crucial. Currently, as-
signing priority to the tasks and determining their feasibility are both challenging
for global scheduling. The works in [4] demonstrated that the optimal priority as-
signment (OPA) algorithm in [5] can also be applied to determine the fixed-priority
ordering of the tasks scheduled using a global approach on multiprocessors when
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1. Introduction

the schedulability test meets three specific conditions. Based on these three con-
ditions, a schedulability test can be OPA-compatible or OPA-incompatible. For
OPA-incompatible schedulability tests, the test cannot be applied with OPA to find
a schedulable priority assignment, but if a priority assignment is given, we can use
these tests to check if all the deadlines will be met or not. For OPA-compatible
schedulability tests, not only can they determine whether a given priority assign-
ment makes the task set schedulable, but they can also find the optimal or feasible
priority assignment that makes the task set schedulable.
In the current research, OPA-compatible global schedulability tests are the state-of-
the-art tests and the most advanced tools [1]. But when the test applied to the OPA
is a “poor” or imprecise test, such as a test that may always signal some task set
as unschedulable, whereas the task set in fact is schedulable. We cannot use these
imprecise tests to find a good schedulable priority assignment. To that end, there are
feasible task sets that may not be deemed schedulable using any of the state-of-the-
art tests. More noteworthy is that [4] also shows that any exact schedulability test
for general periodic task sets is incompatible with OPA. Thus, the OPA algorithm
with any OPA-compatible test we know so far is suboptimal. This means there may
be some task sets that are schedulable using global fixed priority scheduling, but
existing OPA-compatible tests cannot find the priority assignment. In this case,
introducing dynamic priority can help determine whether the task set is schedulable
or not. And the work on [6], [7] and the example shown in section 2.3.2 shows that
the minimal dynamic priority behavior approach based on the priority promotion
strategy could be a viable alternative to schedule real-time tasks, as is explained in
next paragraph.
In fixed-priority global scheduling, all arriving tasks wait in a global waiting queue,
and the scheduler always assigns the highest-priority task to each processor. A task
with a relatively higher priority is never preempted by a relatively lower priority
task in fixed-priority global scheduling. Nevertheless, with the priority promotion
mechanism, each task will have one or more promotion points (PPP), which are
the fixed offset relative to the arrival time of the task. Then, when the promotion
point comes, the task in execution or in the ready queue will get a promoted priority.
What’s more, introducing priority promotion ensures that a task’s priority over other
tasks can change only at the promotion points, which are related to the minimal
dynamic priority behavior approach by dual priority scheme in [7]. In this study,
each task has at most one PPP, which essentially means a task can have two fixed
priority levels, one before the PPP and one after the PPP. Since the number of these
PPPs is bounded, the mechanism is easy to implement and thus more practical
for the industry. Therefore, whether there exist some task sets that could achieve
better performance under a global scheduling algorithm with priority promotion still
requires further investigation.

1.1 Contribution
This master’s thesis focuses on the study of global scheduling with priority promotion
in multiprocessor systems. To apply the priority promotion mechanism within global

2



1. Introduction

scheduling, several key issues must be addressed:
1. Given a task set and a set of PPPs, how can the schedulability be analyzed?
2. How should PPP be assigned?
3. How much is the performance improvement after applying the priority promo-

tion mechanism?
For the first problem, we need a schedulability test to evaluate whether a given task
set is schedulable. With the priority promotion mechanism, each task is assigned two
fixed priorities. Compared to pure fixed-priority scheduling, the pattern of preemp-
tion among tasks becomes significantly more complex due to the priority change
during the execution. Thus, deriving the schedulability test requires considering
various scenarios and substantial mathematical reasoning.
Regarding the second problem, because task priority changes at PPP, the task pre-
emption patterns before and after these points can be totally different. The assign-
ment of PPPs significantly affects preemption between tasks. Additionally, what
priority is before and after the PPP will influence the changes in task priority at
PPP. Therefore, we need a strategy to assign the PPP, and it is necessary to carefully
consider each task’s priority both before and after the PPP.
For the third problem, we need to establish a method for comparing our proposed
approach with existing theories and methods. To ensure the reliability of results,
extensive simulations using numerous task sets across varying numbers of processors
and tasks are required. Consequently, we will need to implement a simulator to
evaluate the effectiveness of our proposed approach.
More specifically, this thesis provides the following contributions:

• We propose a dual-priority (DP) scheduling algorithm for a set of periodic
tasks on the multiprocessor platform.

• We propose a schedulability test for the DP scheduling algorithm: dead-
line analysis with dual priority scheduling (DA-DP), is proposed to evaluate
whether a given task set, with assigned priority promotion points, can be
successfully scheduled.

• Based on the DA-DP and the existing test for global fixed-priority (GFP)
scheduling, we propose a hybrid priority assignment algorithm using OPA
where a subset of the tasks are assigned a lower fixed priority without any
priority promotion, and the rest of the tasks are assigned dual priorities. This
priority assignment introduces dual priority to a subset of the tasks only when
needed; otherwise, the task set can still be scheduled using GFP scheduling.

• There are numerous ways to assign promotion points, and finding the best
one is very difficult since some PPP assignments are effective for one task set
while not as effective for another task set. This thesis also proposes different
heuristics to assign PPP for arbitrary task sets and shows the effectiveness of
these heuristics.

• To evaluate the performance of our proposed test and algorithm, we develop
both the algorithms and the schedulability tests in a simulator and compare
them with those of the state-of-the-art approach.

3



1. Introduction

1.2 Thesis Outline
The structure of this thesis is as follows:

• Chapter 2 provides an overview of real-time scheduling theory and essential
background information for understanding global scheduling with priority pro-
motion. It also reviews related works on priority promotion mechanisms.

• Chapter 3 derives a schedulability test for global scheduling with priority pro-
motion and summarizes the proposed schedulability test in formula form.

• Chapter 4 proposes a hybrid algorithm to assign the priority of the task and
also discusses the different priority promotion point assignment strategies.

• Chapter 5 details the implementation of the simulation framework, including
task set generation and two simulations for evaluating the schedulability test
and different priority promotion point assignment strategies.

• Chapter 6 shows the simulation results, evaluates the effectiveness of the pro-
posed schedulability test, and provides an analysis of the results.

• Chapter 7 discusses areas where this thesis is worth expanding and potential
improvements.

• Chapter 8 concludes the thesis work.

4



2
Technical Background

This chapter presents the required technical background to understand the problem
that this master’s thesis will focus on.

2.1 Real-time Systems
Real-time systems are computing systems designed to process data and deliver out-
puts within strictly defined timing constraints or deadlines. Unlike general-purpose
systems, the correctness of real-time systems depends not only on logic accuracy but
also on timely execution. Missing timing constraints can lead to system failures.
In a real-time system, a real-time application like control and monitoring may be
designed as a collection of periodic tasks, and each task τi is an independent unit of
execution that needs to be completed periodically.
The model of the basic real-time task is shown in Figure 2.1. For each task τi, there
are parameters such as the execution time Ci, deadline Di, and period Ti. Each
execution of such a periodic task is referred to as a job. And the upward arrow in
Figure 2.1 is used to represent the release of the jobs, the downward arrow is used
to represent the absolute deadline of the jobs. The kth job of the task arrives at a
specific release time rk

i . The interval between consecutive jobs’ release times is the
period Ti. The time that is needed to finish the job is the execution time Ci, and
the task needs to finish its execution time before the deadline Di.

𝜏i 𝜏i

iC

iT

: Release : Deadline

iD

0
1

ir

3

ir

2

ir

Figure 2.1: Real-time task model

Moreover, tasks in real-time systems sometimes have additional parameters: ex-
ecution time, deadline, and priority, where the latter can represent the order of

5



2. Technical Background

execution of tasks when more than one task is ready for execution and can influence
the running of the task beyond the basic period.
We will discuss more details about the priority in section 2.3. Specifically, certain
specialized scheduling algorithms may include other parameters like priority promo-
tion point Pi, which is a variable we will use for our research. Pi is not necessary for
the task model, and we will discuss Pi in detail in section 2.3.2. The utilization of a
task τi is defined as Ci

Ti
, which represents the computational load of the task. Then

the sum of utilization for each task: C1
T1

+ C2
T2

+ ...... + Cn

Tn
, is the load of the task set

or the application. For a single processor, it is necessary that the utilization load is
less than 1 to meet the deadlines.
Furthermore, when a task’s deadline is equal to its period, it is called an implicit-
deadline task; otherwise, it is known as a constrained-deadline task. In this thesis,
we consider a set of implicit-deadline periodic tasks.

2.2 Global Scheduling
In multiprocessor scheduling, two main approaches are commonly discussed: global
scheduling and partitioned scheduling.
Under partitioned scheduling, which is shown in Figure 2.2, each processor has its
own local ready queue. Once tasks are allocated to a specific processor based on
a partitioning strategy such as first fit, they can only execute on that processor.
Consequently, the scheduling on each processor can be treated as a separate unipro-
cessor scheduling problem [1]. Since there are no task migrations between processors
in partitioned scheduling, it is simple to implement. However, it lacks flexibility and
makes it difficult to achieve balanced workloads across processors in the sense that a
task may need to wait in its assigned local ready queue even if some other processor
is idle.

Local Ready Queue Processor 1

Processor 2

Scheduler

.

.

.

Local Ready Queue

Tasks assign to 

processor 1
𝜏1 …..

Tasks assign to 

processor 2
𝜏2 …..

Tasks Ready

Tasks Ready

.

.

.

.

.

.

Figure 2.2: Partitioned scheduling

Under global scheduling, which is shown in Figure 2.3, there is only one global
ready queue. When the tasks are ready, they will be stored in the same global ready
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queue, and when a new task needs to be scheduled, the scheduler selects the task
by an algorithm from this global queue and assigns it either to an idle processor or
preempts a relatively lower priority task that is currently executing on a processor.
Although this approach helps avoid overloading a single processor, it also introduces
several challenges. As mentioned in [1], Dhall’s effect in global scheduling can lead
to unschedulability even when the task utilization or load is high.

Global Ready Queue

𝜏1

𝜏2

𝜏3

Processor 1

Processor 2

Scheduler

.

.

.

All Tasks

Tasks Ready

Figure 2.3: Global scheduling

In this thesis, we will focus on global scheduling, and in the following subsection,
we will discuss the global scheduling algorithm that the scheduler uses to select a
task from the global ready queue and assign it to a processor.

2.2.1 Global Scheduling Algorithm
The global scheduling algorithm is an algorithm that the scheduler uses to decide
which task should be assigned to the processor when the task is ready to run. Exam-
ples of widely studied global scheduling algorithms include global earliest deadline
first (GEDF) and global fixed priority (GFP).
GFP assigns fixed priorities to tasks regardless of runtime conditions. These fixed
priorities are determined before execution and are maintained consistently through-
out runtime. This static assignment ensures simplified implementation, but some-
times the task with higher priority keeps running in the processor will leading to
the starvation of tasks with lower priority. What’s more, the priority assignment
is a big challenge in GFP scheduling for the multiprocessor system. The optimal
priority assignment strategy for the uniprocessor system is known, but there is no
optimal one known for the multiprocessor system. There are many strategies to
assign priority to tasks in global scheduling, such as the TkC priority assignment
strategy, which can be used to circumvent Dhall’s effect [8].
The GEDF assigns priorities based on the earliest absolute deadlines. Since tasks
have different deadlines and are released periodically, some tasks may have the
nearest absolute deadline at the beginning, but as the run-time changes, the task
has the nearest absolute deadline will change too. So the priority order will change
at run-time when applying the GEDF algorithm, which means a highly dynamic
priority behavior. This dynamic priority behavior can solve the starvation that
happened when applying the GFP, but the pattern of preemptions may be different
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and may even increase for some task set in comparison to the pure GFP scheduling.
When switching the task from one processor to another, systems need to spend time
and resources on saving/restoring the task states and other things, resulting the
high overhead. Maintaining the dynamic priority scheduling is more complex than
implementing fixed priority scheduling, which may incur more overhead.
The challenge arises when attempting to compromise between these two algorithms.
Fully dynamic priorities, like those in GEDF, are effective but at the cost of increased
scheduling overhead and complexity. Conversely, fully static priorities, as in GFP,
are simple to implement and reduce overhead, but can significantly reduce efficiency.
The priority promotion mechanism we will discuss in section 2.3.2 is an effective way
to balance between the fully dynamic priorities and the pure fixed priorities. To the
best of our knowledge, there is no study that applies the priority promotion in
the global scheduling, so it is worth trying and find the potential of the priority
promotion in the multi-processor system.

2.3 Task Priority
Task priority refers to a level assigned to each task, which determines the order in
which tasks are selected for execution. In preemptive scheduling, higher-priority
tasks can interrupt and preempt the execution of lower-priority tasks, thereby gain-
ing earlier access to processor resources. The assignment of priorities decides the
sequence in which tasks access computational resources, thereby deciding which task
can execute first, and such an assignment is important in ensuring whether all the
deadlines are met or not.

2.3.1 Priority Assignment Strategy
The priority assignment strategy can be categorized into fixed and dynamic strate-
gies. In fixed-priority scheduling, each task is assigned a predetermined static prior-
ity, typically based on timing parameters such as deadlines or periods. For example,
rate monotonic (RM) scheduling assigns priorities based on task periods. It will
assign a higher priority to the task with a shorter period. In contrast, the dynamic
priority assignment strategy allows task priorities to change at runtime based on
the task’s parameters. A classic example is earliest deadline first (EDF), which as-
signs priorities dynamically according to the tasks’ absolute deadlines, adapting to
changes during system execution.
The priority assignment strategy has a significant impact on system schedulability.
If a task with high utilization, i.e., heavy load, is assigned a lower priority, the task
is likely to miss its deadline. How to find a good strategy to assign the priority is
still a challenge. For a task set containing n tasks, there are n! possible priority
assignments, most of which may not result in a schedulable system if the utilization
or load of the task set is relatively high. Under a specific scheduling algorithm, only
a small fraction of these assignments typically lead to a feasible schedule. To address
this, [1] summarizes the optimal priority assignment (OPA) algorithm proposed by
Audsley [9], which systematically determines an optimal static priority ordering for
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a given schedulability test. A schedulability test is a test that can be used to test
whether the task set is schedulable or not under a given scheduling algorithm on a
particular processing platform.

The OPA algorithm is shown in Algorithm 1. It starts from the lowest available
priority and attempts to assign it to one of the tasks that haven’t been assigned a
priority. A schedulability test A is then applied, and assuming all the other tasks
that have not yet been assigned any priorities will have higher priorities. If the test is
passed, the algorithm proceeds to assign the next priority level to another task. If the
test fails, the algorithm tries another task for that priority. This process continues
iteratively until all tasks have been successfully assigned priorities, in which case
the task set is deemed schedulable. If none of the tasks can be assigned a priority at
a particular level, then the task set is deemed to be not schedulable. The run-time
complexity of the tests is N2 times the time complexity of the test. For example, if
the test can be solved in polynomial time O(1), then the overall algorithm can run
in polynomial time O(N2), which can be completed within a limited time.

Algorithm 1 :OPA
1: N = Number of Task
2: for each priority n from level N to level 1, lowest first do
3: for each unassigned task τi do
4: if τi is schedulable at priority level n according to schedulability test A
5: with all unassigned tasks assumed to have higher priorities then
6: Assign τ to priority n
7: break (back to line 2, continue a new loop with priority level n-1)
8: end if
9: if none of the tasks can be assigned at priority n then

10: return unschedulable
11: end if
12: end for
13: end for
14: return schedulable

However, most existing schedulability tests are conservative in nature, which means
the test will have some pessimism, and some schedulable task sets will be recog-
nized as unschedulable. We will discuss the schedulability test in detail in the next
section. Then, if the test is overly pessimistic, the OPA algorithm may fail to iden-
tify any valid priority assignment, leading to potentially schedulable task sets being
pessimistically recognized as unschedulable.

2.3.2 Priority Promotion
Under the priority promotion mechanism, each task has one or more promotion
points. When a promotion point is reached, the priority of the task either in the
running or in the ready queue is promoted. In the example shown in Figure 2.4, we
consider four periodic tasks executing on two processors under GFP scheduling. We

9
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assume that each task is assigned an initial priority level, for which a lower number
indicates a higher priority.
In the example of Figure 2.4, we use the model of the basic real-time task with
parameters such as the execution time Ci, deadline Di, and period Ti that were
introduced in the previous section 2.1. The value of Ci and priority are shown in
the top left corner of Figure 2.4. We then use the upward arrow to represent the
release of the jobs and the downward arrow to represent the absolute deadline of the
jobs. Then the execution of the task is drawn as the rectangular block, and the red
block shows the execution that occurs after the deadline. So this example shown in
Figure 2.4 is unschedulable under the GFP scheduling.
We then apply the PPP and try to apply the priority promotion mechanism for the
same example. We assume that each task is promoted by one priority level at each
promotion point until it reaches the highest level. As shown in Figure 2.5, we use
the dotted upward arrow to show the PPP.
It can be observed that at time t = 8, if τ3 had not been promoted to priority
level 1 via priority promotion, it would have been preempted by τ2 and subsequently
missed its deadline. A similar situation occurs at t = 24. At time t = 28, τ4 is not
preempted by τ1 because τ4 was promoted to the same priority level as τ1 at t = 27.
Consequently, when τ1 is released, it cannot preempt a task with the same priority
level, allowing τ4 to meet its deadline just in time.
If we only apply GFP scheduling, multiple tasks would miss their deadlines, but the
same task set is schedulable within the priority promotion mechanism. This demon-
strates that introducing a dynamic behavior to the priority assignment through
priority promotion can indeed offer improvements. The remaining question is how
to determine the promotion points that enable tasks to meet their deadlines. A
priority promotion policy or a heuristic algorithm is required to determine these
promotion points. In the example shown in Figure 2.5, we use a strategy from [10]
to assign the PPP that uses relative deadlines among tasks to decide when each
task’s priority should be promoted.
The study in [11] also proposes a heuristic called execution-based priority promotion
(EPP) for task PPP assignment under uniprocessor FP scheduling, and further
improves EPP by introducing an adjustment factor to control the speed of this
heuristic. In [11], they also propose a schedulability test and experimentally evaluate
the schedulability of systems applying EPP, demonstrating promising results on
uniprocessor platforms. We will try EPP with our scheduling algorithm in the global
multiprocessor scheduling setup and design other heuristics based on the EPP, which
will be shown in section 5.1.1.
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Figure 2.4: Example of FP with global scheduling
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Figure 2.5: Example of priority promotion with global scheduling
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2.4 Schedulability Test
In real-time systems, schedulability analysis is a method used to determine whether a
given set of tasks can meet all their deadlines under specific constraints and schedul-
ing policies. A widely used approach to construct schedulability tests is based on
the fundamental strategy proposed by Baker [12]. The key steps are as follows:

1. Consider a time interval [t0, t] and assume that a task τi misses its deadline at
the end of this busy interval.

2. Derive the necessary condition under which the task misses its deadline.
3. Derive an upper bound on the maximum interference caused by other tasks

within this interval.
4. Formulate a necessary unschedulability test by combining the necessary con-

dition from step 2 with the upper bound derived in step 3.
5. Negate the necessary unschedulability test to obtain a sufficient schedulability

test.
As shown in step 5, we obtain a sufficient schedulability test by negating the nec-
essary unschedulability test. Currently, all tests are sufficient for GFP scheduling
because the workload or interference computation is pessimistic for global schedul-
ing. This pessimism arises from the fact that neither priority assignment nor the
critical instant is known for scheduling under a multiprocessor platform. A critical
instant for τi is an arrival time that yields τi’s worst-case response time, i.e., the
longest delay between its release and completion that can occur while higher-priority
tasks behave according to their specifications.
A sufficient test has pessimism and cannot guarantee the offline schedulability of all
the possible schedulable task sets. Some schedulable task sets can be recognized as
unschedulable due to pessimism; a task set that passes such a test is schedulable,
but a task set that fails the test cannot determine its schedulability. Therefore,
among a large number of theoretically schedulable task sets, the more schedulable
task sets the schedulability test can find, the better the schedulability test is.

2.5 Related Work
In this section, we introduce some of the most important findings in real-time sys-
tems research, specifically focusing on multiprocessor scheduling and dual-priority
scheduling.

2.5.1 Partitioned Scheduling
Partitioned scheduling has always been a popular paradigm due to its approach of
statically assigning tasks to individual processors, enabling the extensive theory de-
veloped for single-processor scheduling to be leveraged on multiprocessor systems.
However, early research indicated that assigning sporadic or periodic tasks to pro-
cessors under partitioned scheduling is an NP-hard problem, even when each pro-
cessor subsequently employs an optimal single-processor scheduling algorithm (e.g.,

13
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EDF or fixed priority (FP) scheduling). Consequently, practical work has primar-
ily concentrated on heuristic partitioned algorithms, such as the first-fit heuristic.
For instance, the rate monotonic first-fit (RMFF) algorithm was introduced in [13],
which applies the first-fit rule to rate-monotonic scheduling and uses a sufficient
schedulability test proposed in [14] to test the feasibility of the task for each pro-
cessor. [15] provided a utilization-based schedulability test for RMFF, establishing
that RMFF guarantees schedulability if the total utilization of the task set does not
exceed M(2 1

2 − 1), where M represents the number of processors. Nevertheless, this
limit permits only about 41% total utilization, leading to under-utilization of pro-
cessor resources. Subsequent research, such as [16], has applied different heuristic
partitioned strategies to improve this utilization bound to 69.3% using an approach
called task splitting, where a few tasks are allowed to migrate from one processor
to another, and the rest of the tasks are never allowed to migrate.

This master’s thesis will focus on investigating the potential of priority promotion
mechanisms on multiprocessor platforms. Since the main research in partitioned
scheduling revolves around heuristic packing rules, we will focus on the related work
of global scheduling in the next subsection.

2.5.2 Global Scheduling
Under global scheduling, tasks can migrate between processors during execution, re-
sulting in better average processor utilization but complicating schedulability anal-
ysis and implementation. Since each task may run on any processor, the rich theory
from single-processor scheduling cannot be directly applied to global scheduling.
Therefore, research in global scheduling primarily focuses on priority assignment
strategies and schedulability tests specifically suitable for global scheduling.

Regarding priority assignment strategies, considerable research has been conducted
on GFP scheduling. One common method is a straightforward heuristic priority as-
signment approach compatible with any schedulability test. Another approach em-
ploys Audsley’s OPA algorithm [9], which can only handle schedulability tests meet-
ing OPA’s compatibility conditions. On a single-processor platform, FP scheduling
schedulability tests rely on the concept of critical instants—moments when tasks ex-
perience their worst response times, typically occurring when all competing tasks si-
multaneously release their computation requests [14]. However, in global FP schedul-
ing, these critical instants are generally unknown because simultaneous releases do
not necessarily lead to the worst-case response time [17]. To effectively determine
the schedulability when applying the global FP scheduling, the state-of-the-art anal-
ysis method is RTA-LC, as mentioned in [1]. Further improvements were introduced
in [17], proposing the RTA-CE analysis method. Among various schedulability tests
evaluated in [1], the combination of the OPA algorithm and the DA-LC schedulabil-
ity test provided the best performance. Nonetheless, even the most effective DA-LC
(OPA) approach fails to identify all schedulable task sets due to the limitations
inherent in purely static priority strategies.

Dynamic priority strategies, however, potentially address this limitation. A response-
time analysis (RTA) for global EDF (GEDF) scheduling was presented in [18], ex-
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plicitly detailing its consideration of critical instants. The results from [18] demon-
strated that EDF scheduling employing RTA generally outperforms all fixed-priority
assignment methods. However, implementing GEDF in practice is complicated and
requires consideration of the overhead caused by dynamic priority-induced task mi-
grations.
Current research rarely addresses hybrid solutions between purely static and purely
dynamic approaches on multiprocessor platforms. However, dual priority scheduling
research on single-processor platforms has successfully achieved a balance between
static and dynamic priorities with significant improvements, as discussed in the next
subsection.

2.5.3 Dual Priority Scheduling
Dual priority (DP) scheduling, initially proposed by Burns et al. in [19], assigns
each low background priority task a fixed idle-time stealing delay after which it is
promoted to a higher priority. This priority promotion mechanism achieves nearly
optimal responsiveness for aperiodic tasks while maintaining hard real-time guar-
antees for periodic tasks. Existing research on DP scheduling primarily focuses
on single-processor platforms, investigating issues such as whether it can achieve
the 100% utilization bound [20], how to determine appropriate priority promotion
points, and developing suitable schedulability tests for DP scheduling [11]. Due
to priority promotion, even on single-processor platforms, critical instants become
uncertain, complicating schedulability analysis. Subsequent studies on DP schedul-
ing, such as [11], introduced a PPP assignment strategy suitable for single processors
and developed schedulability tests based on given priority promotion points. Pathan
[21] further investigated priority promotion mechanisms for single processors by ap-
plying more than two PPPs. Nevertheless, current research lacks studies applying
DP scheduling to multiprocessor platforms, primarily due to the increased complex-
ity of preemptions and the challenges in determining critical instants necessary for
deriving the schedulability test on a multiprocessor platform.
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Schedulability Analysis

In this section, we propose a schedulability test for dual-priority scheduling, which
is called deadline analysis with dual-priority scheduling (DA-DP). In the subsequent
subsections, we present the system model, deadline analysis, workload calculation,
improved calculation of workload in a more accurate way, and an overview of ap-
plying the DA-DP.

3.1 System Model

This section introduces the real-time system model used to derive our schedulability
tests. We first show the task model, followed by the priority assignment model, and
finally, we describe the scheduling model in our analysis.

3.1.1 Task Model

To derive our schedulability tests, we consider a task set τ consisting of N periodic
tasks. Each task is a single unit of execution with basic parameters such as its exe-
cution time, deadline, and period, along with an additional parameter: the priority
promotion time. The priority promotion time defines a specific PPP at which the
task’s priority is promoted, resulting in two different fixed priorities before and after
this PPP.

Figure 3.1 illustrates the task model for the ith task τi within the task set τ . Here,
Ci represents the execution time required by each job of task τi, Ti indicates the
period, i.e., the interval between consecutive job arrivals, and Di denotes the relative
deadline, which is the maximum allowed interval between a job’s release and its
completion. Additionally, Pi marks the priority promotion time, indicating the
interval between the job’s release and its PPP.

Furthermore, in Figure 3.1, the execution of each job is represented by rectangles,
with upward arrows meaning job release times, downward arrows indicating abso-
lute deadlines, and dotted arrows marking the PPP. We refer to the two different
fixed priorities before and after the promotion point as the initial priority and the
promoted priority, respectively.

17
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𝜏i

: Release : Deadline

Initial priority Promoted priority

: Priority Promotion Time

𝜏i

iP

iD

iT

iC

Figure 3.1: System task model

3.1.2 Priority Assignment Model

We utilize positive integers to represent task priorities, where smaller numerical val-
ues represent higher priorities. Each task in the task set τ is assigned two priorities:
an initial priority and a promoted priority. We adopt the initial priority and pro-
moted priority assignment approach proposed in [22], where the promoted priority
of any task is set higher than the initial priority of all other tasks, and tasks with
higher initial priorities are assigned correspondingly higher promoted priorities.

This approach ensures that tasks assigned a lower initial priority can complete their
execution after their initial priority is promoted, without significantly disrupting
tasks with a higher initial priority. Table 3.1 shows an example of priority assign-
ments for a task set containing four tasks.

Task Initial Priority Promoted Priority
τ1 5 1
τ2 6 2
τ3 7 3
τ4 8 4

Table 3.1: Priority example

A summary of the notation and symbols is given in this chapter is shown in Table 3.2.

3.1.3 Scheduling Model

We consider a multiprocessor platform employing global scheduling with M proces-
sors. Under global scheduling, tasks may execute on any available processor and
are permitted to migrate between processors. Additionally, we assume a preemptive
scheduling policy: a currently executing lower-priority task can be preempted at
any time by a higher-priority task, interrupting the execution of the lower-priority
task and allocating the processor to the higher-priority task.

18
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Symbol Description
τ Task set
τk k-th task ∈ τ

J l
k l-th job of task τk

Ck Worst-case computation time of τk

Dk Relative deadline of τk

Pk Relative priority promoted time of τk

rl
k Release time of job J l

k

pl
k Absolute priority promoted time of job J l

k

dl
k Absolute deadline of job J j

k

Rk max
Jj

k
∈τ

(f j
k − rj

k), i.e. response time of τk

W i
k(L) Workload that τk should be work done

in length L

W i
k(a, b) Same as W i

k(L) but the length L is replaced by
the length of the interval (a, b) and L = b − a

W i
k(a, b)UB The upper bound of W i

k(a, b)
I i

k(Dk) an upper bound on the interference from a
higher-priority task τi within an interval of length Dk

Table 3.2: List of symbols and descriptions for DA-DP

3.2 Deadline Analysis
Deadline analysis is a straightforward sufficiency test, and a famous approach was
introduced by Bertogna et al. in [23].
The main method of deadline analysis is expressed in Equation (3.1). Here, we do
analysis for task τk, for which Dk represents the deadline of the task τk, Ck denotes
the execution time of τk, and I i

k(Dk) indicates the interference experienced by τk

within an interval of length Dk. Interference I i
k(Dk) occurs when all processors

are occupied, leaving no available processor to execute task τk. Therefore, if we can
accurately calculate the total interference caused by other tasks to τk, Equation (3.1)
allows us to verify whether there is enough time available for task τk to complete its
execution before its deadline. If Equation (3.1) holds, which means time is available,
we conclude that task τk is schedulable.

Dk ≥ Ck + I i
k(Dk) (3.1)

However, without performing a simulation, it is impossible to precisely calculate
the actual interference. An effective existing approach estimates an upper bound
on interference by computing the workload generated by each task with a higher
priority than τk, as shown in Equation (3.2). Workload can be understood as the
time higher-priority tasks are running on a processor, and the task τk cannot be
executed on this processor. In Equation (3.2), W i

k(Dk) represents the workload
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imposed by the higher-priority task τi over an interval of length Dk. Although not
all of this workload necessarily results in interference, dividing this workload by the
number of processors M provides an upper bound for the interference.

I i
k(Dk)UB =

 1
M

∑
i∈hp(k)

min(W i
k(Dk), Dk − Ck + 1)

 (3.2)

Under GDP scheduling, calculating W i
k(Dk) becomes significantly more complicated

due to PPP. Tasks’ priorities change at these PPPs, resulting in different sets of
tasks that can preempt τk before and after its PPP. For instance, before the priority
promotion of τk, any task with a higher initial priority or already promoted can
preempt τk. However, after τk’s PPP, only tasks whose priority has been promoted
and possesses a higher promoted priority than τk can preempt it. Thus, we sepa-
rately estimate the upper bounds of workload for two intervals to compute the total
workload, as shown in Equation (3.3). Here W i

k(rl
k, pl

k)UB is refers to the workload
during the interval (rl

k, pl
k), which is the workload before τk’s priority promotion

point, from the job release time rl
k to τk’s priority promotion point pl

k. Conversely,
W i

k(pl
k, dl

k)UB is the workload after τk’s priority promotion point.

W i
k(Dk)UB = W i

k(rl
k, pl

k)UB + W i
k(pl

k, dl
k)UB (3.3)

After we calculate W i
k(Dk)UB, we can use this value as the workload to calculate

the upper bound of the total interference as shown in Equation (3.2). Then we can
do the deadline analysis as expressed in Equation (3.1) to test the schedulability of
the task.

Next, we will analyze and derive the corresponding expression for W i
k(Dk)UB under

dual-priority scheduling.

3.3 Computing the Workload

This section will focus on calculation of W i
k(rl

k, pl
k)UB and W i

k(pl
k, dl

k)UB. We will
consider two cases to calculate the workload: When i is smaller than k, and when i
is larger than k.

For each case, we consider a time window length of L. The length of the interval L
is equal to the length of the interval under calculation of the workload. For example,
when we calculate W i

k(rl
k, pl

k)UB, L will equal to length of interval (rl
k, pl

k), which is
Pk.

When i is smaller than k:
The initial priority of task τi is higher than that of task τk, and task τi’s promoted
priority is greater than both the initial and promoted priorities of task τk.
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During interval (rl
k, pl

k) L = Pk:

During the interval (rl
k, pl

k), task τk maintains its initial priority. In this interval,
task τi has a higher priority than task τk, regardless of whether task τi is at its
initial or promoted priority. Under these conditions, the calculation of the worst-
case workload W can be treated as calculating the worst-case workload W under
the worst-case scenario that is depicted in Figure 3.2.

h
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+ 2h
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𝜏i𝜏i𝜏i

Figure 3.2: Worst-case scenario

This scenario is similar to the scenario for classical GFP scheduling described in
Theorem 4 of [18]. There is a job of τi that starts at rl

k and finishes after Ci

time units at its deadline, and the subsequent jobs are released and executed as
soon as possible. Under this scenario, task τi can cause the maximum number of
interferences on task τk, as shown in [24].
Thus, the number of complete executions of jobs of τi within the interval Pk can
be calculated as in Equation (3.4). Pk + Di − Ci is the length from rh

i to pl
k, so

by dividing this value by Ti and taking the lower bound, we can get the number of
complete executions of jobs. This approach will be used many times to calculate
the number of fully executed jobs in this section.

NL
i =

⌊
Pk − (Ci + Ti − Di)

Ti

⌋
+ 1 =

⌊
Pk + Di − Ci

Ti

⌋
(3.4)

The carry-out workload can be calculated as Equation (3.5). The carry-out workload
is the last job at the end of the interval (rl

k, pl
k), which may not finish execution before

pl
k. In order to lower bound the value, we use [a]0 = max(a, 0) as follows.

εout = min(Ci,
[
L + Di − Ci − NL

i Ti

]
0
) (3.5)

Now W i
k(rl

k, pl
k)UB then can be calculated as Equation (3.6). By summing the exe-

cution time of fully executed jobs and the last job, we can get the total workload
because of τi during the interval (rl

k, pl
k).

W i
k(rl

k, pl
k)UB = NL

i × Ci + εout (3.6)

During interval (pl
k, dl

k) (L = Dk − Pk):

In this interval, we will discuss the different positions of pl
k and dl

k. We will consider
all possible different positions, and the maximum workload should be one of the
cases. Then we can take the maximum workload as W i

k(pl
k, dl

k)UB.
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Figure 3.3: Possible position of priority promotion time and deadline

As depicted in Figure 3.3, the possible positions of pl
k and dl

k are defined within
regions a, b, and c. Therefore, to cover all possible workload upper bounds, the
following cases must be considered:
(Note that each interval is left closed and right open, for example: the region a or
b belongs to [dh−1

i , ph
i ), while the region c belongs to [ph

i , dh
i ).)

1. pl
k in region a or b, dl

k in region a or b.

2. pl
k in region a or b, dl

k in region c.

3. pl
k in region c, dl

k in region c.

These three cases cover all the possible positions for the following reason.

First, the regions a, b, and c cover a full execution period of the task, so these three
regions actually cover all the time.

Second, due to the priority assignment model that we introduced in section 3.1.2,
and i is smaller than k, the promoted priority of task τk will be higher than the initial
priority of task τi. Task τi can only cause interference to τk in region c. Then we can
consider the regions a and b in the same scenario. Based on this, we can consider
the regions a and b together, so there will be only four possible combinations.

Moreover, since when i < k, task τi cannot impact the execution of task τk in regions
a or b, we only need to specifically consider how to compute the workload in region
c, if pl

k is in region a or b while dl
k is in region c. Conversely, if dl

k is in region a
or b while pl

k is in region c, we again only need to specifically consider computing
the workload within region c. As we calculate the upper bound rather than the
exact value of the workload, we only need one calculation pattern to calculate the
workload for these two cases. Thus, the three cases we listed can cover all possible
scenarios.

Scenario 1: pl
k in region a and b, dl

k in region a and b

In Scenario 1, the possible maximum and minimum lengths of L for interval (pl
k, dl

k)
are shown in Figure 3.4. The difference between them, denoted as Ldiff , is given by
Equation (3.7). Thus, the range of L can be expressed as: L ∈ (Lmin, Lmin + Ldiff ).

Ldiff = 2(Pi + Ti − Di) (3.7)
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Assuming L = Lmin, we can use Equation (3.8) to calculate the number of complete
executions of jobs of τi within the interval L.

NL_S1
i =

⌊
L + (Ti − Di) + Pi

Ti

⌋
=

⌊
L − (Di − Pi)

Ti

⌋
+ 1 (3.8)

Since L ∈ (Lmin, Lmin + Ldiff ), as L gradually increases from Lmin to Lmax, the
calculation result from Equation (3.8) may increase. This causes the computed
workload to increase, introducing pessimism into the schedulability test and making
it unnecessarily strict. However, Ldiff is upper bounded by Equation (3.7), so the
increase is also bounded.
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Figure 3.4: Scenario 1

In (pl
k, dl

k), the work of τi can interfere with τk in whole or in part execution time.
If the length of the interval (ph

i , dh
i ) is larger than Ci, the entire execution time

of τi can interfere with τk. If the length of (ph
i , dh

i ) is smaller than Ci, τi will be
partially executed and cause interference equal to the length of (ph

i , dh
i ). The rest of

the execution must take place at the initial priority part of the task τi, which is the
lower priority part and thus won’t interfere with τk’s analysis window.
Then, the maximum interference each job of task τi can impose on task τk is
max(Di − Pi, Ci). Consequently, the upper bound of interference under Scenario 1
can be calculated using Equation (3.9), and the equation is valid for all possible
values of L in the range (Lmin, Lmin + Ldiff ).

W i
k(L)UB

S1 = W i
k(pl

k, dl
k)UB

S1 = NL_S1
i × max(Di − Pi, Ci) (3.9)

Scenario 2: pl
k in region a and b, dl

k in region c

Scenario 2 is depicted in Figure 3.5. Similarly, we can determine that Ldiff = Ti,
indicating that L ∈ (Lmin, Lmin + Ldiff ),(L = Dk − Pk).
To compute the number of complete executions of task τi for the minimum case, we
obtain the result shown in Equation (3.10).

NL_S2
i =

⌊
L

Ti

⌋
(3.10)
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Figure 3.5: Scenario 2

Since Ldiff = Ti, the result calculated from Equation (3.10) remains unchanged
under Scenario 2 as L varies within (Lmin, Lmin + Ldiff ) due to the floor function.
Assuming pl

k is positioned at ph
i (the position corresponding to Lmin), the carry-out

interference can be computed using Equation (3.11).

εS2
out = min(

[
L − NL_S2

i × Ti

]
0

, Ci, Di − Pi) (3.11)

Thus, W i
k(pl

k, dl
k) in Scenario 2 can be calculated as shown in Equation (3.12).

W i
k(L)UB

S2 = W i
k(pl

k, dl
k)UB

S2 = NL_S2
i × Ci + εS2

out (3.12)

Scenario 3: pl
k in region c, dl

k in region c

Scenario 3 is illustrated in Figure 3.6. Similarly, we can determine that Ldiff =
2(Di − Pi). For the minimum-length interval, the number of complete executions of
jobs of τi can be calculated using Equation (3.13).

NL_S3
i =

⌊
L − (Ti − Di) − Pi

Ti

⌋
=

⌊
L + Di − Pi

Ti

⌋
− 1 (3.13)

In the case depicted in Figure 3.6, NL_S3
i × Ti can represent the length from rh+1

i

to rh+2
i . 1

The length from dh
i to rh+1

i is equal to Ti − Di and the length from rh+2
i to ph+2

i

is equal to Pi. What’s more, regardless of whether there is carry-in interference,
carry-out interference, or both, the total “carry interference” can be calculated as
the length of L(that is from pl

k to dl
k) minus the length from dh

i to ph+2
i . So the

interference can be computed using Equation (3.14).
1(Notice that, there is not only one instance in the length of L, NL_S3

i × Ti can represent the
length from rh+1

i to the release time of the last fully executed job. In order to make the figure
easy to understand, we assume there is only one job here. And we do this assumption for all the
fully executed jobs in this section.)
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Figure 3.6: Scenario 3

εS3
in + εS3

out = min(
[
L − NL_S3

i × Ti − (Ti − Di) − Pi

]
0

, 2Ci, 2(Di − Pi)) (3.14)

When Ldiff ≤ Ti, which means 2(Di − Pi) ≤ Ti, the result obtained from Equa-
tion (3.13) remains constant as L increases from Lmin to Lmax.
However, when Ldiff > Ti, the result from Equation (3.13) may increase as L grows
from Lmin to Lmax, they may introduce pessimism, but not necessarily.
Thus, the workload interference W i

k(pl
k, dl

k) in Scenario 3 can be calculated as shown
in Equation (3.15) for all the L in range of (Lmin, Lmin + Ldiff ).

W i
k(L)UB

S3 = W i
k(pl

k, dl
k)UB

S3 = NL_S3
i × Ci + εS3

in + εS3
out (3.15)

When i is larger than k:
The initial priority of task τi is lower than that of task τk, and task τi’s promoted
priority is also lower than the promoted priority of task τk.

During interval (rl
k, pl

k):

Within this time interval, task τi can only preempt task τk during its own high-
priority execution phase (ph

i , dh
i ). This case has three scenarios which are similar

to the previously discussed case where i < k and the interval of interest is (pl
k, dl

k),
which are shown in Figure 3.4, Figure 3.5, and Figure 3.6. The value of the workload
still depends on the relative positions of rl

k and pl
k with respect to rh

i , ph
i , and dh

i .
The only difference lies in the starting point of the interval. Thus, to adapt the
original formula, it is sufficient to replace the relevant parameter L with Pk.
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During interval (pl
k, dl

k):

Since task τi has a lower priority than task τk even after promotion, it cannot
preempt τk at any time during the interval (pl

k, dl
k). Therefore, in this case, the

interference function W i
k(pl

k, dl
k) = 0.

3.3.1 Summary and Evaluate

W i
k(Dk)UB is calculated by Equation (3.16) in which W i

k(rl
k, pl

k)UB is calculated
as Equation (3.17) and W i

k(pl
k, dl

k)UB is calculated as Equation (3.18). W i
k(L)UB

S1 ,
W i

k(L)UB
S2 and W i

k(L)UB
S3 in Equation (3.17) and Equation (3.18) is calculated as

Equation (3.9), Equation (3.12) and Equation (3.15) respectively. The length of the
interval L is equal to the length of the interval under calculation of the workload.

W i
k(Dk)UB = W i

k(rl
k, pl

k)UB + W i
k(pl

k, dl
k)UB (3.16)

W i
k(rl

k, pl
k)UB =



⌊
Pk + Di − Ci

Ti

⌋
Ci

+ min
(

Ci, L + Di − Ci −
⌊

Pk + Di − Ci

Ti

⌋
Ti

)
with L = Pk,

if i < k

max
(
W i

k(L)UB
S1 , W i

k(L)UB
S2 , W i

k(L)UB
S3

)
with L = Pk,

otherwise

(3.17)

W i
k(pl

k, dl
k)UB =



max
(
W i

k(L)UB
S1 , W i

k(L)UB
S2 , W i

k(L)UB
S3

)
with L = Dk − Pk,

if i < k

0, otherwise

(3.18)

We perform many experiments for this workload calculation approach. We calculate
the workload for different task sets by using Equation (3.16), Equation (3.17), and
Equation (3.18). We then found that most of the time, the calculated workload will
be significantly larger than the actual workload.
We identified these two main reasons:
First, we partitioned the computation of W i

k(Dk)UB into two intervals without fully
considering the potential impact of unfinished jobs from the first interval on the
second interval’s workload. Specifically, we independently calculated the upper-
bound workloads for each interval. As a result, if there were unfinished jobs in
interval one, their entire execution times were counted as workload in both intervals,
introducing unnecessary pessimism.
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Second, we categorized workload calculation into three separate scenarios. However,
since the scenario applicable to each task is uncertain, and to ensure the correct-
ness of the schedulability test, we consistently selected the maximum value from
these scenarios. This approach introduced additional pessimism, particularly if the
maximum computed workload frequently overestimates the actual workload.
Our approach can be improved based on these insights, but this is for future work.
In order to calculate the workload in a good way, we propose another approach for
dual-priority scheduling in the next section.

3.4 Improved Workload Computing
This section will focus on a new approach to calculate W i

k(rl
k, pl

k)UB and W i
k(pl

k, dl
k)UB.

When i is smaller than k:
The initial priority of task τi is higher than that of task τk, and task τi’s promoted
priority is greater than both the initial and promoted priorities of task τk.

During interval (rl
k, pl

k):

We consider the worst-case scenario shown in Figure 3.7, where a job of task τi

starts execution at time rl
k and finishes at its deadline after executing Ci time units,

and the subsequent tasks execute as early as possible. This scenario aligns with the
worst-case condition described in [18]. This scenario represents the worst case, and
no other pattern would lead to a higher workload.
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Figure 3.7: Worst-case scenario when Ci < εp

As shown in Figure 3.7, the interval from rh
i to pl

k has a length of Pk + Di − Ci.
Therefore, using Equation (3.19), we can determine the number of jobs of task τi

that complete full execution time within the interval (rl
k, pl

k), denoted as N low
i .

N low
i =

⌊
Pk + Di − Ci

Ti

⌋
(3.19)

We define Llow as the length from the release of the first job and the release of the
last job in the interval (rl

k, pl
k). The range of Llow is also shown in Figure 3.7. This
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length is the same as the total period for the jobs that complete full execution time
within the interval (rl

k, pl
k). Consequently, the length of Llow is given by N low

i × Ti.
The εp shown in Figure 3.7 is the carry-out workload that is due to the last job
of task τi in the interval (rl

k, pl
k). This job may not be fully executed inside the

interval (rl
k, pl

k). We need to calculate the value of the execution time for this job,
and calculate the remaining part of its execution time in the interval (pl

k, dl
k). There

is some pessimism if we calculate this job as a fully executed job, because when we
calculate the workload for the interval (pl

k, dl
k), we may calculate it again as a fully

executed job, which will introduce unnecessary pessimism.
Since Llow + εp = Pk + Di − Ci, we can derive the value of εp using Equation (3.20).

εp =
[
Pk + Di − Ci − N low

i × Ti

]
0

(3.20)

When Ci > εp, the maximum carry-out interference is εp; however, when Ci < εp,
the maximum carry-out interference becomes Ci. Thus, the interference within the
interval (rl

k, pl
k) can be calculated using Equation (3.21).

W i
k(rl

k, pl
k)UB = N low

i × Ci + min(εp, Ci) (3.21)

During interval (pl
k, dl

k):

In the interval (pl
k, dl

k), the maximum interference depends on the relationship be-
tween εp and Ci. If Ci < εp, the worst-case scenario remains as shown in Figure 3.7.
However, when Ci > εp, as shown in Figure 3.8, the last job of task τi before pl

k

cannot be completed and will instead execute after the priority of task τi promoted.
This unfinished part of the work needs to be finished at the first promoted priority
part of the task τi in the interval (pl

k, dl
k). Specifically, in Figure 3.8, the job release

at rh+2
i cannot finished before pl

k, then the remaining part need to be executed
at τi’s promoted priority, which is the interval (ph+2

i , dh+2
i ), introducing additional

workload to W i
k(pl

k, dl
k)UB,

First, we will discuss the case when Ci < εp:
When Ci < εp, as shown in Figure 3.8, all jobs of task τi before pl

k can complete
execution, thus not causing execution after ph+2

i .
We define Lhigh as the length from the release time of the first fully executed job
in the interval (rl

k, pl
k) to dl

k. In Figure 3.8, it is the interval (ph+3
i , dl

k). In order to
calculate Lhigh, we need to calculate the length of the number of fully executed jobs
of τi before pl

k, including the last job of task τi before pl
k. We obtain Nhigh

i as shown
in Equation (3.22). The upper bound function can include the last period of task τi

before pl
k in the count.

Nhigh
i =

⌈
Pk + Di − Ci

Ti

⌉
(3.22)

Then Nhigh
i × Ti can represent the length of the interval (ph

i , ph+3
i ), and we can use

the length of the interval (ph
i , dl

k) minus the length of the interval (ph
i , ph+3

i ) to get
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Lhigh. Consequently, the length from ph
i to rh+3

i can be computed as Nhigh
i × Ti, and

Lhigh can be calculated using Equation (3.23).

Lhigh =
[
Dk + Di − Ci − Nhigh

i × Ti − Pi

]
0

(3.23)

Then we can use Lhigh to calculate the carry-out workload εd in the interval (pl
k, dl

k),
which is the workload due to the last job of task τi in (pl

k, dl
k). This job may not

be fully executed, as shown by εd in Figure 3.7, so we need to calculate this part
separately.
Since task τi can only preempt task τk after its priority promoted point after pl

k, the
maximum interference caused by task τi in the interval (pl

k, dl
k) is min(Di − Pi, Ci),

as shown in Equation (3.24).

C
′

i = min(Di − Pi, Ci) (3.24)

It can be noticed that the length from ph+3
i to ph+4

i is also Ti; Therefore, we can
calculate the length of the interval (ph+3

i , ph+4
i ) by

⌊
Lhigh

Ti

⌋
Ti. Then we just need

to use Lhigh minus the length of the interval (ph+3
i , ph+4

i ) to calculate εd, shown as
Equation (3.25). We also bounded it by C

′
i because it cannot execute beyond its

execution time. Thus, the interference within the interval (pl
k, dl

k) can be computed
using Equation (3.26).

εd = min(C ′

i , Lhigh −
⌊

Lhigh

Ti

⌋
Ti) (3.25)

W i
k(pl

k, dl
k)UB =

⌊
Lhigh

Ti

⌋
C

′

i + εd

(while Ci < εp)
(3.26)

Now we will disscuss the case when Ci > εp:
When Ci > εp, as shown in Figure 3.8, the last job of task τi before pl

k cannot
complete execution, which leads to additional workload after the priority promoted
point at ph+2

i . We use a dashed rectangle in Figure 3.8 to represent this additional
workload, and use εaddi to represent it in the equations.
This additional interference εaddi can be calculated as Ci − εp, but since after pl

k,
task τi can only executed after its PPP, so we need to bound this workload by the
length of the promoted priority part Di − Pi. Then the calculation of εaddi is as
shown in Equation (3.27).

εaddi = min(Di − Pi, Ci − εp) (3.27)

Consequently, based on Equation (3.26), the value of W i
k(pl

k, dl
k)UB when Ci > εp is

given by Equation (3.28), which εaddi is considered.
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Figure 3.8: Worst-case scenario when Ci > εp

W i
k(pl

k, dl
k)UB =

⌊
Lhigh

Ti

⌋
C

′

i + εd + εaddi

(while Ci > εp)
(3.28)

Moreover, we can noticed that when Ci > εp, the value of εaddi is positive, whereas
when Ci < εp, εaddi is negative. Hence, we can integrate the calculations for
W i

k(pl
k, dl

k)UB under both conditions Ci > εp and Ci < εp into a unified expres-
sion, as presented in Equation (3.29).

W i
k(pl

k, dl
k)UB =

⌊
Lhigh

Ti

⌋
C

′

i + εd + [εaddi]0 (3.29)

When i is larger than k:
The initial priority of task τi is lower than that of task τk, and task τi’s promoted
priority is also lower than the promoted priority of task τk.

Since in the interval (pl
k, dl

k), the priority of task τi will never be higher than
that of task τk. So there is no interference in the interval (pl

k, dl
k), which means

W i
k(pl

k, dl
k)UB = 0. N low

i we can calculate as same approach when i<k, but task τi

can only cause the interference on task τk after its priority promotion point, so we
need to bound Ci here as well, as shown in Equation (3.30). Then the new N bound

i

can be calculated as Equation (3.31).

Cbound
i = min(Di − Pi, Ci) (3.30)

N bound
i =

⌊
Pk + Di − Cbound

i

Ti

⌋
(3.31)

When i is larger than k, we still need to consider the carry-out workload, which we
use εp to represent in this case. As shown in Figure 3.9, if εp < Pi, the carry-out
interference is equal to 0. If εp > Pi the carry-out interference is equal to min(εp −
Pi, Ci

bound). Thus, W i
k(rl

k, pl
k)UB can be calculated as shown in Equation (3.33).
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Figure 3.9: Worst-case scenario when i>k

Since we use a bounded Ci here, the calculation of εp should be bounded too. We
can calculate εbound

p by Equation (3.32).

εbound
p = Pk + Di − Cbound

i − N bound
i × Ti (3.32)

W i
k(rl

k, pl
k)UB = N bound

i × Cbound
i + min(

[
εbound

p − Pi

]
0
, Cbound

i ) (3.33)

3.5 Overall DA-DP test

The DA-DP test is shown in Equation (3.34). Note that under GDP scheduling,
even tasks initially assigned lower priorities can interfere with higher initial priority
tasks after their priority promotion points. Specifically, once a task’s priority has
been promoted, its priority level may be promoted during execution, and higher
than the priorities of tasks that had a higher priority at the beginning, enabling
it to preempt and cause interference to these tasks. As a result, when computing
the workload W i

k(Dk), it becomes essential to consider the workload contributions
from all tasks (except the task currently being analyzed, τk), rather than restricting
the calculation solely to tasks initially assigned higher initial priorities. This com-
prehensive approach ensures that all potential interference scenarios, resulting from
priority promotions, are accurately captured.

If Equation (3.34) holds, then the task set is schedulable. The calculation of
W i

k(Dk)UB is shown in Equation (3.35), Equation (3.36) and Equation (3.37).

N low
i , εp, in Equation (3.36) is calculated as Equation (3.19) and Equation (3.20).

Cbound
i , N bound

i and εbound
p is calculated as Equation (3.30), Equation (3.31) and

Equation (3.32).

εd, εaddi, Lhigh and C
′
i in Equation (3.37) is calculated as Equation (3.25), Equa-

tion (3.27), Equation (3.23) and Equation (3.24) respectively.
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3. Schedulability Analysis

Dk ≥ Ck +

 1
m

∑
i∈{τ\τk}

min(W i
k(Dk)UB, Dk − Ck + 1)

 (3.34)

W i
k(Dk)UB = W i

k(rl
k, pl

k)UB + W i
k(pl

k, dl
k)UB (3.35)

W i
k(rl

k, pl
k)UB =


N low

i × Ci + min(εp, Ci), if i < k

N bound
i × Cbound

i + min(
[
εbound

p − Pi

]
0
, Cbound

i )
otherwise

(3.36)

W i
k(pl

k, dl
k)UB =



⌊
Lhigh

Ti

⌋
C

′

i + εd + max(0, εaddi) if i < k

0, otherwise

(3.37)
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4
Priority Assignment Algorithm

Based on the DA-DP test we have in section 3.5, we know how to test the schedu-
lability of a task set with a given set of PPPs. Then, in order to apply the global
dual priority scheduling, we still need to know how to assign the priority and PPPs
for a task set.
In this chapter, we will first introduce an existing algorithm to assign the priority for
the task under the global fixed priority scheduling, which is the DA-OPA algorithm.
Then, based on the DA-OPA algorithm, we derive a hybrid algorithm called the
DA-OPA-DP algorithm, which can be used for the global dual priority scheduling.
At the end of the chapter, we talk about how to assign the PPPs as well.

4.1 DA-OPA Algorithm
The OPA algorithm can determine an optimal static priority ordering for a given
schedulability test, as we introduced in section 2.3.1. We will show how the existing
DA test from [1] works with the OPA algorithm in this section.
The algorithm with the DA test is shown in Algorithm 2. Starting from the lowest
priority level, the algorithm attempts to assign each unassigned task to the current
priority, treating all other tasks as having higher priorities, and performs the DA test
on the selected task. If it passes the test, the task is assigned to this priority, and
the algorithm proceeds to the next higher priority level. If the task does not pass
the test, the algorithm tries to assign other unassigned tasks at the current priority
level until all tasks have been tested. If no tasks can be assigned to this priority
level, the algorithm concludes that the task set is unschedulable and terminates.
If all tasks are successfully assigned priorities, the algorithm returns a schedulable
result.

4.2 DA-OPA-DP Algorithm
To combine the strengths of DA-DP and the existing DA-OPA approach, we intro-
duce a hybrid algorithm, the DA-OPA-DP algorithm. In this hybrid algorithm, we
will first assign the priority in the DA-OPA algorithm. If the algorithm returns an
unschedulable result, we will take the remaining tasks that haven’t been assigned a
priority by the DA-OPA algorithm, into a new subset of the original task set. Then
we will assign the priority promotion points to the tasks in this subset. After the
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4. Priority Assignment Algorithm

Algorithm 2 :DA-OPA
1: N = Number of Task
2: for each priority level n from level N to level 1, lowest first do
3: for each unassigned task τi do
4: if τi is schedulable at priority level n according to schedulability test DA
5: with all unassigned tasks assumed to have higher priorities then
6: Assign τ to priority n
7: break (back to line 2, new loop with priority level n-1)
8: end if
9: if none of the tasks can be assigned at priority n then

10: return unschedulable
11: end if
12: end for
13: end for
14: return schedulable

PPPs are assigned, we will do the OPA algorithm again for the subset, but with the
proposed DA-DP test for the global dual priority scheduling.

Next, we will introduce in detail the DA-OPA-DP algorithm. The overall DA-
OPA-DP algorithm is shown in Algorithm 3. The strategy we used on line 10 in
Algorithm 3 will be discussed in detail in the next section.

As shown in Algorithm 3, the DA-OPA-DP algorithm introduces some main modi-
fications to the existing DA-OPA algorithm:

When the DA-OPA algorithm using the DA test fails to assign a task at a certain
priority level, as shown in the loop from line 13 in Algorithm 3, instead of imme-
diately concluding unschedulability, the DP algorithm is then only applied to these
priority-unassigned tasks. These tasks’ both initial and promoted priorities will have
higher priority than the fixed priority of the tasks for which priorities are already
assigned, as shown in lines 16 and 17 in Algorithm 3.

Notice that the way we assume all unassigned tasks have higher priorities in line
16 of Algorithm 3 is that we assume that both the initial and promoted priorities
of the remaining unassigned tasks are higher than that of the initial and promoted
priority of the task τk under consideration.

A straightforward example is illustrated in Figure 4.1. The procedure of this example
follows the blue line, starting from the bottom left to the top right. Consider a task
set with 10 tasks. The DA-OPA-DP algorithm initially attempts to assign priorities
using the DA test, and each task here only has one priority level without any PPPs.
Starting from priority level 21 and progressing to the next higher priority level until
a failure occurs. Assuming a failure occurs at priority level 17, this means 4 tasks
have successfully been assigned priorities. At this stage, the remaining 6 unassigned
tasks are going to the DP-OPA procedure, starting from priority level 16. Thus, the
remaining tasks’ initial and promoted priorities are both higher than those assigned
previously using DA-OPA.
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Algorithm 3 :DA-OPA-DP
1: N = Number of Task
2: for each priority level n from 2N + 1 to level N + 1, lowest first do
3: for each unassigned task τi do
4: if τi is schedulable at priority level n according to schedulability test DA
5: with all unassigned tasks assumed to have higher priorities then
6: Assign τi to priority n
7: break (back to line 2, continue new loop with priority level n-1)
8: end if
9: if none of the tasks can be assigned at priority n then

10: Take all the unassigned tasks left in the task set as a new task set.
11: assign the priority promotion point by a strategy
12: Nremain = Number of unassigned tasks
13: for each priority level n

′ from Nremain to level 1, lowest first do
14: for each remaining unassigned task τk do
15: if τk is schedulable at priority level n

′ according to the DA-DP
test, assuming all unassigned tasks have higher initial and promoted priorities
in comparison to that of the task τk’s initial and promoted priority, respectively
then

16: Assign initial priority of τk to n
′

17: Assign promoted priority of τk to n
′ − N

18: break
19: (back to line 13, continue a new loop with n

′-1 priority
level)

20: end if
21: if none of the tasks can be assigned at priority n

′ then
22: return unschedulable
23: end if
24: end for
25: end for
26: end if
27: end for
28: end for
29: return schedulable

35



4. Priority Assignment Algorithm

Level 

2N + 1 = 21
DA Test

τ3 assigned to 

level 21

Level N = 10

Level N+1 = 

11

Level 17

Priority Level

DA Test
Assign failed

6 tasks remain

Level 

Nremain = 6

Level 1

Level 2

Level 4

Priority Level

DP Test

τ7 assigned to 

Initial priority level: 

Nremain + N =16

Promoted priority level: 6

DP Test

τ9 assigned to 

Initial priority level: 

4 + N =10

Promoted priority level: 4
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Figure 4.1: Example of DA-OPA-DP

4.3 Priority Promotion Time Assign Strategy
To implement the DA-OPA-DP algorithm, it is necessary to develop a strategy for
assigning the priority promotion point (PPP) for each task within the task set.
The study in [10] describes a heuristic for assigning PPP for single-processor dual-
priority scheduling scenarios, where the PPP for task τk is computed according to
Equation 4.1, where hp means the task set that includes the task has higher priority
than task τk.

Pk = Dk − Ck −
∑
i∈hp

Ci (4.1)

However, directly applying this method would require the assigned task priorities to
determine the PPP of higher-priority tasks, making it incompatible with the OPA
algorithm.
To address this issue, we propose calculating the PPP based solely on fundamental
task parameters such as deadlines, periods, or utilization.
After extensive simulations with various strategies, we found that setting PPP based
on task utilization yields superior results. Specifically, tasks with higher utilization
should have earlier PPP (smaller Pk values), whereas tasks with lower utilization
should have later PPP (larger Pk values).
Different PPP assignment strategies were extensively tested, and their comparative
performance will be discussed further in Chapter 6 and Chapter 7.
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Simulation

In this chapter, we introduce the simulator that we implemented to evaluate our
proposed DA-OPA-DP algorithms with schedulability tests. What’s more, the sim-
ulator is also used to test different PPP assignment strategies. We will first introduce
how we do the different simulations, then talk about the details of the simulator.

5.1 Simulation Methods
In this section, we introduce the simulation method used to identify a strategy for
assigning the PPP, as well as the simulation conducted to evaluate the performance
of the DA-OPA-DP algorithms.

5.1.1 Simulation 1
In order to use a good strategy to assign the PPP when we evaluate the DA-OPA-DP
algorithm, we will first do a simulation to test different PPP assignment strategies in
simulation 1. In this simulation, we will only change the PPP assignment strategy
before we apply the DA-OPA-DP algorithm.
Existing research lacks studies applying dual-priority scheduling on multiprocessors;
hence, there is no established PPP assignment strategy suitable for multiprocessor
systems. However, some studies have applied priority promotion on single-processor
systems, providing PPP assignment strategies that can serve as references. We
referred to the PPP assignment strategy from [11] that we discussed previously in
section 2.3.2, which is called the EPP strategy, represented as Equation (5.1), termed
as Heuristic 1.

H1 : Pk = Dk − Ck −
∑
i∈hp

Ci (5.1)

In Equation (5.1), Pk represents the relative priority promotion time of task τk. By
adding Pk to the job’s release time, we calculate the job’s absolute PPP. Ck is the
execution time of task τk, and ∑

i∈hp
Ci is the cumulative execution time of tasks that

have a higher initial priority than τk.
Since Heuristic 1 was designed for a single-processor platform, we adapted it for
multiprocessors by dividing ∑

i∈hp
Ci by the number of processors M , as shown in
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Equation (5.2), termed Heuristic 2. However, Heuristic 1 and Heuristic 2 need to
know the priority order to calculate the total execution time of higher priority tasks.
But when applying the OPA algorithm, we do not know the exact priority order. So
we cannot use Heuristic 1 and Heuristic 2 to assign the PPP with the OPA algorithm.
Since we do not know the PPPs, we cannot apply our schedulability test. So we
cannot use our hybrid DA-OPA-DP algorithm. Instead, we do a simple simulation
that does the deadline analysis first, using the same way in [11] to consider the
tasks for assigning priorities (i.e., the task with a relatively larger period will have
the lower initial and promoted priorities, respectively, in comparison to that of the
tasks with shorter periods). We filter out(i.e., discard) the schedulable task set, since
these are already schedulable using the test for GFP. For the rest of the task sets, we
apply the DA-OPA test to see how much improvement Heuristic 1 can have. When
we generate 2000 tasks, there are only one or two task sets that are unschedulable
under GFP with the DA test, but schedulable under GDP with the DA-DP test.
This shows that these two heuristics are not suitable for a multiprocessor platform.
So we will not consider these two heuristics.

H2 : Pk = Dk − Ck −

 1
M

∑
i∈hp

Ci

 (5.2)

Considering the fact that the tasks require priority promotion because they cannot
be completed within their execution time before the deadline due to preemption
from other tasks, we proposed Heuristic 3 (Equation (5.3)) by incorporating task
utilization. Here, Uk denotes the utilization of task τk, calculated as its execution
time divided by its period, reflecting the task load.

H3 : Pk = (Dk − Ck)(1 − Ui) = Dk(1 − Uk)2 (5.3)

During testing, Heuristic 3’s results remained unsatisfactory. Therefore, we modi-
fied Heuristic 3 by changing the squared term to an exponent x as shown in Equa-
tion (5.4), and simulated various x values. Although different values of x affected
results differently, there was no significant improvement. Detailed results are also
discussed in Chapter 6.

H4 : Pk = Dk(1 − Uk)x (5.4)

Considering that our hybrid algorithm will only try GDP scheduling for the re-
maining tasks that cannot be scheduled by OPA with GFP, as shown in line 13
of Algorithum 3, we thought of taking the number of remaining tasks Nremain into
account as a parameter in the heuristic. Then we formulated Heuristic 5 (Equa-
tion (5.5)). Simulation results showed that Heuristic 5 performed notably better,
which will be discussed in detail in Chapter 6.

H5 : Pk =
(

1 − Uk

Nremain × 10

)
× Dk (5.5)
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5.1.2 Simulation 2
To evaluate our proposed DA-OPA-DP algorithm, we apply the best PPP assign-
ment strategy from Simulation 1 and simulate varying input parameters. To isolate
and assess the impact of individual parameters, the following tests were conducted:

1. Varying only the number of tasks within task sets across different utilizations.
2. Varying only the number of processors across different utilizations.

5.2 Simulator
Our simulator aims to evaluate our proposed algorithms and test different PPP
assignment strategies.
First, in order to evaluate our proposed DA-OPA-DP algorithms, we need to test
our DA-OPA-DP algorithms with different randomly generated task sets. We will
generate many random task sets under different configurations of simulation param-
eters to see how many task sets can get a schedulable result under the DA-OPA-DP
algorithms. If the task set cannot be schedulable under other algorithms, but can
be schedulable under DA-OPA-DP algorithms, that means the DA-OPA-DP test is
better. The more task sets that can be schedulable under the algorithm, the better
the algorithm is.
We will generate the task set based on the input shown on the left of Figure 5.1. Here,
N is to decide how many tasks in the task set, M means the number of processors,
and U means the total utilization/load of the task set. The range of period [a, b]
means that the task set generator will generate the period in the interval [a, b].

Selecte an 

algorithm

Apply 

DA-OPA
Assign the PPP and

apply DA-OPA-DP

Record the output of the 

selected algorithm

Task Generator

Generate a 

new task 

set and test 

it again

Get the total numbers of 

schedulable result.

Input: M: number of processors.

N: number of task in a task set.

U: total utilization/load.

[a,b]: range of the period.

Figure 5.1: Simulator process

The simulator primarily consists of three stages shown in Figure 5.1: the task set
generator, the schedulability tests, and the result.
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The task set generator will generate a task set based on the input, such as the
number of processors, the number of tasks, the total utilization, and the range of
periods. Then we apply a selected algorithm with the generated task set and get the
output of the algorithm, schedulable or unschedulable. We will run this loop that
generates a task set and applies an algorithm 2000 times. The task set generator
will generate different task sets based on the input for each loop. We will record
the output of the algorithm for each loop, and calculate the number of the loop
that returns a schedulable result. Then divide this number by 2000, and we get the
percentage of the task set that can be deemed to be schedulable under the selected
algorithm. The higher the percentage, the more effective the algorithm.
After finishing the evaluation of the algorithms, we can simply change the strategy
used to assign the PPPs and run the simulator to compare the different percentages
of schedulable output of the DA-OPA-DP algorithm to test different PPP assignment
strategies.

5.2.1 Task Set Generator
The first component of the simulator is the task set generator. We will introduce
the implementation details of the task set generator in this subsection. The overall
workflow is illustrated in Figure 5.2.

Uunifast

Allowcate Utilization
Random Period Calculate Execution time

Set Other 

Parameter

Re-allowcated if 

Utilization>1

Figure 5.2: Task set generator process

Initially, we adopt the UUnifast-Discard algorithm, as described in [1], to assign
individual task utilization, and shown as algorithm 4. Ui in the algorithm is the
utilization/load of the task τi.
It is important to note that the discard part of the UUnifast-Discard algorithm is
to throw away task sets that are invalid. These invalid task sets are mainly because
this algorithm cannot directly generate task sets with a total utilization U > 1.
When applied in the context of multiprocessor systems, this limitation may lead to
some tasks being assigned a utilization greater than 1, as noted in [1]. To address
this issue, whenever a task with utilization exceeding 1 is detected, the entire task
set is discarded and regenerated. This retry process is repeated until a valid task
set is obtained or until a maximum of 1000 attempts have been reached.
Once all task utilizations are successfully generated, a random period is assigned
to each task within the input period range. The execution time of each is then
calculated by multiplying the utilization and the period of the task. For implicit-
deadline tasks, the deadline is set equal to the period. For constrained-deadline
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Algorithm 4 :UUnifast-Discard
Input: Total Utilization = U
Number of tasks in a task set = N
Number of processors = M
for i = 1 to n − 1 do

assign task τi’s utilization Ui to U(1 − rand
1

n−i )
assign U = U − Ui

end for
assign Un = U

tasks, the deadline is randomly selected to be greater than the execution time but
less than the period. Other task parameters, such as priority and PPP, are initialized
as 0, and we will assign a value to these parameters when we need to use them. For
example, we will only assign the PPP when we need to apply the DA-OPA-DP
algorithm.
It is worth noting that for computational simplicity, the unit of time is normalized
to 1. As a result, all parameters except utilization are integers. This normalization
may lead to a discrepancy between the actual and target total utilization of the
generated task set, especially when the period range is small. For example, if the
utilization of a task τi is 0.2, and the period of task τi is 37. Then the execution
time of task τi should be 0.2×37, which is equal to 7.4, but we will assign an integer
value 7 to the execution time of task τi. This will make the real utilization of task
τi equal to 7/37, which is around 0.189. However, when the period range is very
large, this mismatch becomes negligible.

5.2.2 Result Recording
After generating a task set, we apply either the DA-OPA or DA-OPA-DP algorithm
to it. Both algorithms are implemented in the C programming language, following
the pseudo code presented in Algorithm 2 and Algorithm 3, respectively.
For Simulation 1, we generate 2000 task sets and apply only the DA-OPA-DP al-
gorithm to each task set. We use a counter variable to track the results: each time
the DA-OPA-DP algorithm determines that a task set is schedulable, we increment
the counter by one. After completing the test of all 2000 sets, the final value of this
counter represents the total number of schedulable task sets identified by the DA-
OPA-DP algorithm. Since all task sets are randomly generated, a higher number of
schedulable task sets suggests that the algorithm can successfully manage a wider
range of scenarios, reflecting better overall schedulability performance. The number
of schedulable task sets serves as a direct indicator of the algorithm’s effectiveness,
and we will use this result to evaluate the performance of the algorithm; the larger
the number of schedulable task sets, the more effective the algorithm is. Moreover,
in order to show a clear figure, we divide the number of schedulable task sets by
2000 to get the percentage of schedulable task sets as our final result.
For Simulation 2, we again generate 2000 task sets. First, we apply the DA-OPA
algorithm to these task sets and record the number of schedulable sets using the same
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method as in Simulation 1. Then, we generate another 2000 task sets and apply
the DA-OPA-DP algorithm to obtain their corresponding result. The task sets we
generate are all random, so we apply each algorithm to different randomly generated
task sets to ensure the generality of the results. This approach helps maintain
both the fairness and general applicability when we use the result to evaluate the
performance of different algorithms. We will show and discuss the results we get for
Simulations 1 and 2 in the next chapter.
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Results

In this chapter, we present the results of simulations 1 and 2, which were introduced
in sections 5.1.1 and 5.1.2.

6.1 Simulation 1 Results
For Simulation 1 in section 5.1.1, we aim to determine an effective strategy for
assigning priority promotion points (PPPs). Therefore, we will focus on common
combinations of input parameters. Specifically, we will evaluate performance across
varying utilizations with the following parameter sets: (N = 10, M = 4, Period ∈
[20, 1000]), (N = 20, M = 8, Period ∈ [20, 1000]), and (N = 40, M = 16, Period ∈
[20, 1000]).

As we discussed in section 5.1.1, we will first do the simulation for Heuristic 3 as
shown in Equation (5.3).

Figure 6.1 illustrates the percentage of schedulable task sets as a function of total
utilization for the input combination (N = 10, M = 4, Period ∈ [20, 1000]) under
Heuristic 3. The blue line represents the schedulable percentage using the DA-OPA
algorithm, while the orange line indicates the schedulable percentage using DA-
OPA-DP. At low total utilizations, both algorithms achieve a 100% schedulability
rate, whereas at very high utilizations, schedulability drops to 0% for both. In
the intermediate utilization range, DA-OPA-DP performs similarly to DA-OPA,
suggesting that Heuristic 3 is not particularly effective for assigning PPPs.

When we change the inputs to (N = 20, M = 8, Period ∈ [20, 1000]) and (N =
40, M = 16, Period ∈ [20, 1000]), the results are shown in Figure 6.2 and Figure 6.3,
respectively. The improvement achieved by applying DA-OPA-DP with Heuristic 3
for assigning PPPs remains negligible.

Subsequently, we test Heuristic 4 with varying x values ranging from 2 to 6, as
defined by Equation (5.4). We initially test the input set (N = 10, M = 4, Period ∈
[20, 1000]), starting from x = 3 and incrementing by 1 at each step. The results
are presented in Figure 6.4. We observed minimal changes across different values
of x. Given that setting x = 2 makes Heuristic 4 identical to Heuristic 3, the
improvement achieved by varying x remains negligible. When we change the inputs
to (N = 20, M = 8, P eriod ∈ [20, 1000]) and (N = 40, M = 16, P eriod ∈ [20, 1000]),
the result shown in Figure 6.5 and Figure 6.6 respectively. The percentage of the
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Figure 6.1: Percentage of the schedulable task sets against the total utilization
when N = 10 and M = 4, applying Heuristic 3, compare the performance of DA-
OPA and DA-OPA-DP algorithms
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Figure 6.2: Percentage of the schedulable task sets against the total utilization
when N = 20 and M = 8, applying Heuristic 3, compare the performance of DA-
OPA and DA-OPA-DP algorithms

schedulable task sets still has minimal changes. This indicates that Heuristic 4 is
still not particularly effective for assigning PPPs.
When we consider the remaining number of tasks in the heuristic, as we discussed
in section 5.1.1, we get Heuristic 5 as shown in Equation (5.5).
As depicted in Figures 6.7 and 6.8, for the input (N = 10, M = 4, P eriod ∈
[20, 1000]) and(N = 20, M = 8, P eriod ∈ [20, 1000]) at medium total utilization
levels, the DA-OPA-DP algorithm consistently achieves an improvement of approx-
imately 5% or greater compared to DA-OPA algorithm. Furthermore, the perfor-
mance of both algorithms remains equivalent at very low or high utilization levels.
What’s more, as shown in Figure 6.9 for the input (N = 40, M = 16, P eriod ∈
[20, 1000]), the improvement of the DA-OPA-DP algorithm over the DA-OPA al-
gorithm is less than the result of (N = 10, M = 4, P eriod ∈ [20, 1000]) and(N =
20, M = 8, P eriod ∈ [20, 1000]) cases. This indicates that Heuristic 5 still has
potential to be improved, which will be discussed further in Chapter 7.
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Figure 6.3: Percentage of the schedulable task sets against the total utilization
when N = 40 and M = 16, applying Heuristic 3, compare the performance of DA-
OPA and DA-OPA-DP algorithms
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Figure 6.4: Percentage of the schedulable task sets against the total utilization
when N = 10 and M = 4, applying Heuristic 4, compare the performance of DA-
OPA-DP via different values of x in Heuristic 4

6.2 Simulation 2 Results
Since the result for Heuristic 5, as shown in Figures 6.7, 6.8, and 6.9, already shows
the significant improvement that DA-OPA-DP with a good strategy to assign the
PPP. We then do simulation 2, which is discussed in section 5.1.2, to investigate the
influence of the different inputs.

First, we change the number of tasks for the same number of processors to investigate
the influence of the number of tasks in the task set. As shown in Figure 6.10, we set
the number of processors M equal to 4, and change the number of tasks N to 10,
15, and 25. When N increases, the performance of DA-OPA and DA-OPA-DP both
decreases. Also, the difference between DA-OPA and DA-OPA-DP decreases too,
which indicates that the improvement of DA-OPA-DP compared with the DA-OPA
is decreasing while the number of tasks increases when the number of processors is
fixed. This may be because each task’s interference will have a pessimistic workload,

45



6. Results

3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5
Total Utilization

0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100

Pe
rc

en
ta

ge
 o

f t
he

 S
ch

ed
ul

ab
le

 Ta
sk

 S
et

s (
%

)

 N = 20   M = 8
x=6
x=5
x=4
x=3
x=2

Figure 6.5: Percentage of the schedulable task sets against the total utilization
when N = 20 and M = 8, applying Heuristic 4, compare the performance of DA-
OPA-DP via different values of x in Heuristic 4
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Figure 6.6: Percentage of the schedulable task sets against the total utilization
when N = 40 and M = 16, applying Heuristic 4, compare the performance of DA-
OPA-DP via different values of x in Heuristic 4

and such pessimism increases as N increases.
The same situation happens when we change M to 8, and apply different N equal to
15, 20, and 30, respectively, as shown in Figure 6.11. Also, as shown in Figure 6.12,
when M is equal to 16, and N changes to 15, 20, and 30, the performance of DA-
OPA and DA-OPA-DP, and the difference between DA-OPA and DA-OPA-DP both
decrease.
Then we investigate the influence of the number of processors. We keep N equal to
20, and change M to 4, 8, and 12, as shown in Figure 6.13. It is noticeable that when
M increases and is close to the value of N , the improvement of the DA-OPA-DP
compared with the DA-OPA also increases. This may be because when the difference
between M and N is small, the average utilization/load will be close to 1, which
results in a high utilization for each task. These situations will make every task a
high load, and it is difficult to schedule all the tasks under GFP scheduling. But,
GDP scheduling can solve this problem, which has significantly better performance
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Figure 6.7: Percentage of the schedulable task sets against the total utilization
when N=10, M=4, applying Heuristic 5, compare the performance of DA-OPA and
DA-OPA-DP algorithms
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Figure 6.8: Percentage of the schedulable task sets against the total utilization
when N=20, M=8, applying Heuristic 5, compare the performance of DA-OPA and
DA-OPA-DP algorithms

than GFP scheduling. This improvement will be discussed further in Chapter 7.
We have the same situation when we keep N equal to 40, and change M to 8, 12,
and 16, which is shown in Figure 6.14.
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Figure 6.9: Percentage of the schedulable task sets against the total utilization
when N=40, M=16, applying Heuristic 5, compare the performance of DA-OPA
and DA-OPA-DP algorithms
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Figure 6.10: Percentage of the schedulable task sets against the total utilization
when M=4, applying Heuristic 5, compare the performance of DA-OPA and DA-
OPA-DP algorithms via different numbers of tasks N
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Figure 6.11: Percentage of the schedulable task sets against the total utilization
when M=8, applying Heuristic 5, compare the performance of DA-OPA and DA-
OPA-DP algorithms via different numbers of tasks N
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Figure 6.12: Percentage of the schedulable task sets against the total utilization
when M=16, applying Heuristic 5, compare the performance of DA-OPA and DA-
OPA-DP algorithms via different numbers of tasks N
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Figure 6.13: Percentage of the schedulable task sets against the total utilization
when N=20, applying Heuristic 5, compare the performance of DA-OPA and DA-
OPA-DP algorithms via different numbers of processors M
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Figure 6.14: Percentage of the schedulable task sets against the total utilization
when N=40, applying Heuristic 5, compare the performance of DA-OPA and DA-
OPA-DP algorithms via different numbers of processors M
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7
Discussion

In this chapter, we will discuss areas where this thesis is worth expanding and
possible improvements.

7.1 Priority Promotion Point Assignment Strat-
egy

As previously discussed, the assignment of PPP significantly affects the performance
of the DA-OPA-DP algorithm. In many cases, especially when the number of tasks
is large, the pass ratio for dual-priority scheduling on multiprocessor systems is not
very high. Under traditional fixed-priority global scheduling, lower-priority tasks
frequently miss deadlines due to preemption by higher-priority tasks. After in-
troducing a priority promotion mechanism, tasks with higher utilization that pro-
mote earlier may preempt other tasks with originally higher priorities but relatively
later/longer promotion times, potentially causing those higher-priority tasks to miss
their deadlines. This issue becomes especially pronounced as the number of tasks
increases. Consequently, it becomes challenging to identify a single, universally ef-
fective method to assign promotion points to all tasks. A feasible alternative is
to apply different strategies for assigning priority promotion points based on task-
specific parameters such as utilization or deadlines.
Ideally, the most effective approach would involve an adaptive strategy that dynam-
ically adjusts promotion points based on runtime task behavior and system state.
However, such dynamic adaptation would prevent predicting priority promotion
points beforehand, and we need to know the priority promotion points to apply the
schedulability test to know whether the task is schedulable at the assumed priority
level. Thus, such dynamic adaptation will lead to unknown schedulability when a
task is assigned to a priority level during the OPA algorithm, making it impossible
to employ the OPA algorithm directly for assigning task priorities. Thus, priority
assignment itself becomes an additional challenge that needs further investigation.

7.2 The Impact of Input on Performance
As shown in section 6.2, when we change N and M separately, the decrease of N
and the increase of M will both make the DA-OPA-DP algorithm perform better.
Besides the reason we discussed in section 6.2 that pessimism of the task’s workload
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will be increased when N increases, the difference between N and M can be another
reason.
As it can be noticed from Figure 6.10, Figure 6.11, and Figure 6.12, the input with
best improvement is (M = 4, N = 10), (M = 8, N = 15) and (M = 16, N = 30).
We can use M

N
to indicate the average utilization for each task. Then, in Figure 6.10,

the performance of DA-OPA-DP when the input is (M = 4, N = 10) is better than
the input is (M = 4, N = 15) and (M = 4, N = 20). If we consider these three cases:
(M = 4, N = 10), (M = 4, N = 15), and (M = 4, N = 20), the results of these three
cases are shown in Figure 6.10. Case (M = 4, N = 10) will have the largest value
of M

N
, and also the DA-OPA-DP algorithm has the best performance in this case.

If we compare these three cases, the larger the value of M
N

, the better performance
the DA-OPA-DP algorithm has. A similar trend is evident in the results presented
in Figure 6.11 and Figure 6.12.
What’s more, we can also compare the results between different inputs with both
M and N changes. For example, when the input is (M = 4, N = 10), the result
is shown in the red and blue lines in Figure 6.10, M

N
is equal to 0.4, the task sets’

schedulable percentage of the DA-OPA-DP algorithm is about 5% higher than that
of the DA-OPA algorithm in the middle part. When the input is (M = 8, N = 15),
the result is shown in the red and blue lines in Figure 6.11, the value of M

N
is around

0.53 which is larger than the value of (M = 4, N = 10) case, the improvement of the
percentage is grown to around 7%. This further illustrates that M

N
has an impact

on the performance of the DA-OPA-DP algorithm.
It seems that the higher the value of M

N
is, the more improvement that DA-OPA-DP

has, compared with the DA-OPA. Additionally, the higher the value of M
N

means
the higher the average utilization for each task. This also shows the potential that
the priority promotion mechanism has when the load is high in global scheduling.
When the load of each task is high, the schedule of the task will become difficult,
and the classical GFP priority scheduling cannot handle it, but by introducing the
priority promotion mechanism can have a big potential to schedule these difficult
task sets.

7.3 Future Improvement
Several promising research directions arise from this study, as discussed below:
Improving the Accuracy of the DA-OPA-DP Test: Although the proposed
DA-OPA-DP algorithm demonstrates approximately a 5% improvement over the
existing DA-OPA test, the theoretical potential gains from dual-priority scheduling
mechanisms may be much greater. Future research could explore methods to further
reduce pessimism, including more accurate modeling of carry-in interference and
heuristic approaches for assigning PPP.
Analyzing Effective Application of Dual-Priority Scheduling in Real-Time
Systems: While this thesis mainly focuses on schedulability analysis and theoretical
aspects, practical considerations such as inter-processor synchronization and task
migration overhead are not thoroughly examined. However, the increased dynamic
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scheduling behavior introduced by dual-priority mechanisms inherently increases
task migration costs. Therefore, further research is necessary to analyze and mitigate
task migration overhead associated with the DA-OPA-DP algorithm.

Limited the Carry-in and Carry-out Interference: The DA-LC schedulability
test in study [1] considers only carry-in interference, and the “LC” in DA-LC means
that it considers the number of processors in the schedulability test to limit carry-in
interference, which is the interference caused by a job that was released before the
start of the scheduling window. This can also be considered in our schedulability
test. In the previously introduced DA-OPA-DP algorithm, carry-in and carry-out
interference from all other tasks is fully accounted for in the total interference. How-
ever, in reality, only as many tasks as the number of processors can run concurrently,
implying that at most M − 1 tasks could realistically cause carry-in and carry-out
interference for a specific task. To reduce this pessimism further, we can adopt
the approach described by the DA-LC schedulability test in reference [1], which
explicitly limits carry-in and carry-out interference.

The specific approach to limit the carry-in interference is as follows: Calculate the
individual carry interference of each task toward the tested task, then select and sum
only the largest M −1 interference values as the total carry interference. Adding this
total to the non-carry interference will yield a more accurate and less pessimistic
schedulability test.

Improving the task generation algorithm: In the task generator, the utilization
allocation algorithm is the UUnifast-discard algorithm proposed in [1]. It should
be noted that the UUnifast-discard algorithm requires restricting the number of
processors and tasks to maintain task-set validity, particularly when discarding up
to 1000 invalid sets (Details shown in Figure A.1 from [1]). It means that when
the input number of tasks and the number of processors are very close, the task set
generated by the UUnifast-discard algorithm may be invalid. For example, when we
use (M = 3, N = 4) as the input, most of the time, there will be task’s utilization
will be higher than 1. Then, each time we detect that the task’s utilization is
higher than 1, we will discard this task set and generate a new task set. If the
new task set still has this problem. We will generate again until we discard 1000
times. Since we generate the task set randomly, sometimes the task set still has
tasks with utilization higher than 1 even after we re-generate for 1000 times. This
happens when the value of M is close to N . According to [1]), if we want to avoid
this problem, we need to follow the constraint shown in Figure A.1 to set the input.
Thus, we have not tested the performance of the DA-OPA-DP for some inputs with
a small difference of M and N . But it is worth testing the performance of the
DA-OPA-DP under the small difference of M and N . Further work can be done to
improve the utilization allocation algorithm for generating the task sets, and test
the DA-OPA-DP algorithm when using inputs has a small difference of M and N ,
such as (M = 3, N = 4), (M = 4, N = 6), and so on.
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7.4 Ethical Consideration
From a societal perspective, this research aims to improve the performance and
reliability of real-time applications in critical domains such as autonomous vehicles,
industrial automation, and medical systems. Enhancing system responsiveness and
predictability contributes to safer and more efficient services, benefiting a broader
user base. It is crucial to ensure that these technologies remain accessible to all
users, regardless of socioeconomic status.
Ecologically, the proposed scheduling method is designed to minimize context switch-
ing, thereby improving processor efficiency and reducing unnecessary resource con-
sumption while maintaining system schedulability. This can lead to reduced en-
ergy consumption, particularly in embedded and battery systems. By advocating
energy-efficient computing, this research contributes to the development of sustain-
able computing infrastructures and reduces the environmental impact associated
with large-scale real-time implementations.
Ethically, the design and implementation of scheduling algorithms should prioritize
system safety and fairness. Real-time decisions can have significant implications for
critical systems such as traffic control or medical devices, thus making correctness
and robustness essential. Transparent documentation of algorithmic limitations and
rigorous testing under various conditions are necessary to prevent unintended con-
sequences. Additionally, in systems managing sensitive data, it is important that
real-time mechanisms do not compromise privacy or data integrity.
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Conclusion

In this thesis, we analyzed the potential of dual-priority scheduling in multiproces-
sor systems and proposed a deadline analysis for dual-priority (DA-DP) schedula-
bility test specifically designed for multiprocessor dual-priority scheduling. We first
propose an approach with excessive pessimism to calculate the workload for the
schedulability test. After identifying and analyzing the pessimism, we developed an
improved approach to calculate the workload. Furthermore, we combined DA-DP
with the existing deadline analysis with optimal priority assignment (DA-OPA) al-
gorithm, proposing a hybrid DA-OPA with dual priority (DA-OPA-DP) algorithm.
This combined approach achieves roughly a 5% improvement over the existing DA-
OPA algorithm, enabling more precise predictions of task set schedulability.
Our exploration of various priority promotion assignment strategies revealed that
assigning priority promotion points based on task utilization provides effective re-
sults, though alternative strategies may further enhance system performance. Addi-
tionally, addressing limited carry-in interference through refined analytical methods
represents another valuable path toward reducing pessimism in schedulability tests.
Overall, the methods and insights presented in this thesis not only enrich existing
real-time scheduling theory but also offer practical contributions toward the effec-
tive application and further development of dual-priority scheduling mechanisms in
multiprocessor environments.
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Real-Time Syst (2011) 47: 1–40 25

Fig. 7 Utilisation limits for the
UUnifast-Discard algorithm as a
function of taskset cardinality
and the discard limit used

to generate the 100 tasksets required by the experiment in the permitted number of
iterations (given by the discard limit multiplied by the number of tasksets required).

Figure 7 shows that, UUnifast-Discard, with a discard limit of 1000, can be used
to generate tasksets with a target utilisation of up to 8 (suitable for investigation of
8 processor systems), provided that the taskset cardinality exceeds 14. Lower utilisa-
tion levels of 7.5 and 6.7 are possible with 12 and 10 tasks respectively. (Note that
the behaviour of the UUnifast-Discard algorithm is independent of the number of
processors.)

As we will see in the next section, the scope of this taskset generation method is
sufficient to examine the effectiveness of schedulability tests over a wide range of
interesting parameter values.

6 Empirical investigation

In this section, we present the results of an empirical investigation, examining the
effectiveness of different priority assignment policies when used in conjunction with
two sufficient schedulability tests: the DA-LC test (equation (14)), which is OPA-
compatible, and the RTA-LC test (equation (13)), which is OPA-incompatible. The
priority assignment policies studied are DMPO, D-CMPO, DkC and the OPA algo-
rithm (DA-LC test only).

We also used the C-RTA condition combined with the OPA algorithm to deter-
mine an upper bound on the potential performance of the RTA-LC test for any pri-
ority ordering. It is however important to remember that the C-RTA condition is not
a schedulability test, it can only tell us which tasksets are definitely unschedulable.
Some of the tasksets that it apparently deems schedulable may in fact be unschedu-
lable. Further, the optimism inherent in the C-RTA condition means that the actual
performance of the RTA-LC test assuming optimal priority assignment is likely to be
some way below the bound shown in the graphs.

We also compared the performance of the tests for global FP scheduling with the
iterative response time test for global EDF scheduling given by Bertogna and Cirinei

Figure A.1: Utilisation limits for the UUnifast-Discard algorithm as a function of
taskset cardinality and the discard limit used from [1]
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Real-Time Syst (2011) 47: 1–40 31

Fig. 16 Taskset cardinality
from 9 to 40

Fig. 17 Taskset cardinality
from 40 to 200

We note that overall, (2, 4, 8, and 16 processors, implicit and constrained deadline
tasksets) the method with the best performance is the polynomial time DA-LC test
combined with optimal priority assignment. This confirms our hypothesis that finding
an appropriate priority ordering is as important as using an effective schedulability
test. Further, this test also significantly outperforms the EDF-RTA test for global EDF
scheduling in all of the cases studied.

6.3 Experiment 2 (number of tasks)

In this experiment we investigated the effect of varying the number of tasks. Figure 16
shows the percentage of tasksets that were schedulable on an 8 processor system, for
taskset cardinalities of 9, 10, 12, 16, 24, and 40, using the DA-LC test with optimal

Figure A.2: Taskset cardinality from 9 to 40 from [1]

II


	List of Figures
	List of Tables
	Introduction
	Contribution
	Thesis Outline

	Technical Background
	Real-time Systems
	Global Scheduling
	Global Scheduling Algorithm

	Task Priority
	Priority Assignment Strategy
	Priority Promotion

	Schedulability Test
	Related Work
	Partitioned Scheduling
	Global Scheduling
	Dual Priority Scheduling


	Schedulability Analysis
	System Model
	Task Model
	Priority Assignment Model
	Scheduling Model

	Deadline Analysis
	Computing the Workload
	Summary and Evaluate

	Improved Workload Computing
	Overall DA-DP test

	Priority Assignment Algorithm
	DA-OPA Algorithm
	DA-OPA-DP Algorithm
	Priority Promotion Time Assign Strategy

	Simulation
	Simulation Methods
	Simulation 1
	Simulation 2

	Simulator
	Task Set Generator
	Result Recording


	Results
	Simulation 1 Results
	Simulation 2 Results

	Discussion
	Priority Promotion Point Assignment Strategy
	The Impact of Input on Performance
	Future Improvement
	Ethical Consideration

	Conclusion
	Bibliography
	Appendix 1

