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Abstract

This thesis investigates how two different steering configurations, tire steering and
pivot steering, as well as control strategies can be utilized to reduce ground impact
caused by shear forces in different scenarios. The vehicle dynamics for the two steer-
ing configurations and their ground interaction on deformable soil is modelled and
simulated using Matlab. A state space formulation for each steering setup is derived
and used for the development of an LQR and MPC controller. The control objective
is reference tracking of the longitudinal velocity, and front and rear steering angles
with the ultimate goal of reducing excessive shear forces. The developed model-
based controllers utilize input rate penalties to promote smooth control actions, as
well as weighting terms on slip ratio and slip angle, which are directly related to
the generated shear forces. In addition, the MPC formulation incorporates explicit
constraints, allowing tire slip to be directly limited. A PI controller is also developed
as a benchmark for comparison with the model-based controllers.

Both the steering configurations and developed controllers are evaluated in simu-
lation under both uniform and asymmetric terrain conditions. The pivot steering
model combined with the implemented controller shows a reduction in total shear
force compared to the tire steering model. However, it shows slightly reduced ca-
pabilities in reference tracking performance compared to tire steering. The model
based controllers were successfully implemented and shows improved performance
compared with the PI controller in terms of ground impact reduction as a result of
the input rate limitations. Furthermore, the model based controllers could success-
fully incorporate slip ratio weights for reduction of longitudinal shear forces. The
MPC also provided promising results in incorporating weights on slip angle and di-
rect constraints on tire slip. Both steering configurations successfully incorporates
an extended Kalman filter for state estimation, although with reduced performance.

Keywords: LQR, MPC, Slip reduction, Pivot steering, EKF, Model based control,
Ground shear stress
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Nomenclature

Below is the nomenclature of indices, parameters, and variables that have been used
throughout this thesis.

Indices

Parameters

Front left tire

Front right tire

Rear left tire

Rear right tire

Front axis

Rear axis

Discrete time step index

Continuos time

Tire radius

Mass at each tire

Total vehicle mass

Tire moment of inertia

Vehicle moment of inertia

Axle moment of inertia

Longitudinal distance to tire from vehicle centre of mass

Lateral distance to tire from vehicle centre of mass

Longitudinal distance to axle mid point from vehicle centre of mass

Lateral distance to tire from axle mid point

X1
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Variables

Yt

xii

Shear deformation modulus
Cohesive pressure sinkage module
Frictional pressure sinkage module
Sinkage exponent

Soil cohesion

Shear displacement

Internal friction angle

Normal stress

Soil density

Wheel sinkage coefficient

Tire sinkage

Tire static sinkage

Tire static contact angle

Tire entry angle

Tire exit angle

Bulldozing resistance

Steering time constant

Longitudinal velocity at vehicle’s centre of mass in vehicle coordi-
nates

Lateral velocity at vehicle’s centre of mass in vehicle coordinates
Longitudinal velocity at tire in vehicle coordinates
Lateral velocity at tire in vehicle coordinates
Longitudinal velocity at tire in tire coordinates
Lateral velocity at tire in tire coordinates
Longitudinal tire force in vehicle coordinates
Lateral tire force in vehicle coordinates
Longitudinal tire force in tire coordinates

Lateral tire force in tire coordinates

Angular velocity for tire

Applied torque for tire

Tire slip ratio



Tire slip angle

Longitudinal tire shear stress
Lateral tire shear stress
Front steering angle

Rear steering angle

Vehicle yaw angle

Vehicle yaw rate
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1

Introduction

1.1 Background

Modern agriculture relies on a variety of heavy vehicles for daily tasks such as field
work and transportation. Although these vehicles are necessary for many agricul-
tural tasks, their interaction with the ground can cause unwanted effects such as soil
compaction and surface tear damage. The latter is caused by shear forces between
the tires of the vehicle and the ground. The reduction of ground damage is especially
desirable in fields and on sensitive roads where vehicles continuously use the same
transportation route. High shear forces can arise when there is excessive relative
motion between the tires and the ground, both longitudinally due to wheel slip and
laterally due to slip angle, where the wheel heading differs from its actual direction
of motion. Therefore, there is an interest in vehicle steering and control strategies
that reduce these forces while also maintaining sufficient tracking performance to
handle the heavy tasks.

A possible tool for reducing the ground impact lies in how the vehicle’s steering
is realized. Vehicles equipped with distributed drive, such as hub-mounted wheel
motors, provide additional control authority since the driving torque at each wheel
can be regulated independently. This enables a more flexible distribution of tire
forces during manoeuvring. Furthermore, vehicles with over-actuated steering pos-
sess more inputs than strictly required to realize a desired vehicle motion, which also
creates possibilities for optimizing the turning command to reduce peaks in shear
forces. Instead of using one fixed steering motion to achieve a desired yaw rate, the
available actuators can be coordinated so that the required tire forces are distributed
more evenly between the wheels. This can reduce local peaks in slip ratio and slip
angle, which are closely related to the shear forces acting on the ground. Therefore,
over-actuated steering and distributed drive systems provide a promising basis for
control strategies aimed at reducing ground damage while maintaining vehicle ma-
noeuvrability.

At Flivab, an electric assistance vehicle for agricultural applications is currently be-
ing developed in collaboration with QRTECH. The vehicle has distributed electric
drive and is over actuated with independent yaw rotation for the front and rear
axles. The steering works by controlling the velocities of the different tires. This
setup creates opportunities for innovative steering algorithms and can be utilized in
order to reduce the ground impact. The current implementation uses a PI controller
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for the realisation of the steering and movement. While this setup works, it may
not be optimal for reducing the generated shear forces. Other control methods are
therefore of interest. This thesis focuses on modelling the vehicle for simulation as
well as analysing model based control strategies with the aim of reducing ground
impact while maintaining reference tracking capabilities. A Linear Quadratic Regu-
lator (LQR) as well as Model Predictive Controller (MPC) is investigated together
with an implemented PI controller used for comparison. The controlled outputs are
the velocity as well as the steering on the front and rear axle. The model based con-
trollers allows for additional control authority where slip may be considered directly
in the control objective. The developed pivot steering method will also be analysed
and compared with a more traditional tire steering model from a ground impact
perspective. The two types of steering configurations are visualized in Figures 1.1a
and 1.1b.

Se+dl s 5 +dr

Pose s
r\ > s

BR +dl 5R+ dr

(a) Tire steering. (b) Pivot steering.

Figure 1.1: Visualization of tire steering and pivot steering.

1.2 Purpose

The purpose of this report is to analyse how the tire and pivot steering configurations
described in Figures 1.1a and 1.1b differ in terms of generated shear forces. Two
model based controllers, an LQR and MPC, are developed and compared with a PI
controller for both of the steering implementations. For the developed controllers,
reference tracking and slip reduction capabilities are investigated and compared with
the implemented PI controller.



1. Introduction

1.3 Research Questions

This thesis aims to answer the following research questions:

How do tire steering and pivot steering differ in terms of generated shear forces
during manoeuvring?

Can model-based controllers such as LQR and MPC reduce excessive slip and
shear forces compared to the existing PI controller?

How does reducing slip affect the reference tracking performance of the vehicle?

How robust are the different steering configurations and controllers when the
ground conditions change?

1.4 Limitations

In order to narrow down the project and make it feasible within the time-frame, the
following limitations are set:

The project will only analyse shear forces along the ground surface and not
ground impact related to the sinkage.

The simulations will only be conducted on even terrain without slopes.

The ground type and corresponding coefficients will be assumed to be known
and not estimated for use in tire modelling and controller tuning. Different
ground types with known parameters will be investigated.

Performance results will be based merely on simulations.
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Theory

This chapter presents the theory used for the project. It is divided into two sections,
the first of which covers theory related to vehicle and tire dynamics that was used
for developing the simulation models for the tire and pivot steering vehicles. The
second section defines relevant theory and definitions related to control theory that
were used as basis for the model based controller implementation.

2.1 Tire Dynamics

This section describes the theory for tire-ground interaction on deformable terrain
that is used in the vehicle simulations.

2.1.1 Tire Slip
Following [1], the slip ratio and slip angle are defined as

rw — Uy

A= (2.1)

max (rw, vy)

and

f = — arctan (vy) : (2.2)

T

respectively. Here, 1 is the tire radius, w is the tire angular velocity, and v, and v, are
the longitudinal and lateral velocities of the tire center in the tire-fixed coordinate
frame, see Figure 2.1. The slip ratio describes the longitudinal slippage between
the tire and the ground and is bounded to the interval [-1,1]. A value of A = 0
corresponds to pure rolling, while A > 0 indicates tractive slip, where rw > v,, and
A < 0 indicates braking slip, where rw < v,. The slip angle describes the difference
between the direction in which the tire is pointing and the actual direction of motion
of the tire.
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——

Figure 2.1: Slip angle for the tire.

The slip ratio A and slip angle 3 of a tire are directly related to the longitudinal and
lateral tire forces, as described further below.

2.1.2 Wheel Sinkage

The wheel sinkage model used in this section follows the terramechanics formulation
presented in [1]. On deformable terrain, a tire will sink a certain amount. The
sinkage of a moving tire can be divided into two parts: static sinkage, that depends
on the vehicle’s vertical load and dynamic sinkage, that arises from the tire rotation.
The static sinkage can be determined from Bekker’s pressure—sinkage relationship
for a flat plate with sinkage h and width b as

p(h) = (ke/b+ kg )h" (2.3)

where p(h) is pressure, k. and k, represent ground specific pressure-sinkage modules
and n is the sinkage exponent. The wheel sinkage at an arbitrary wheel angle 6 is
given by

h(0) = r(cos — cosby) (2.4)

where 6, is the static contact angle. Substituting equation 2.4 into equation 2.3
gives

p(0) = r"(kc/b+ ky)(cos @ — cos b,)". (2.5)

The static contact angle is found from vertical force equilibrium. For a given value
of f,, the pressure distribution over the contact patch is known from the previous
equations. The correct value of 6, is therefore the one for which the integrated
vertical terrain reaction equals the applied wheel load W:

05 0s
W = / p(0)br cos 0df = r" (k. + kyb) / (cos @ — cosB)" cos 0db. (2.6)
—0s 0,

This equation does not give 6, explicitly, since 6, appears both in the integration
limits and inside the integrand. Therefore, 0, is obtained numerically by varying 6,
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until the right-hand side of the equation matches the known wheel load W. The
static sinkage, hg, is then determined as

hs = r(1 — cosby) (2.7)

and is visualized in Figure 2.2. The dynamic sinkage is a function of wheel sur-
face patterns, soil characteristics, and slip ratio and is neglected in this report for
simplicity.

Figure 2.2: Static contact angle and static sinkage for a tire.

2.1.3 Wheel Contact Angles

The entry angle 6 of a tire on deformable soil is defined as the angle from the
vertical to where the tire makes contact with the soil. Similarly, the exit angle 6,
is defined as the angle from the vertical to where the wheel departs from the soil.
These can be expressed as functions of the sinkage h as

0 = cos (1 — h/r) (2.8)

0, = cos (1 — Ah/r) (2.9)

where A is the wheel sinkage ratio. The value of A depends on soil characteristics,
tire patterns, and slip ratio. A value of A < 1 indicates soil compaction behind
the tire, whereas A > 1 indicates that soil is dug up by the wheel and transported
backwards. The wheel angles used in the model are illustrated in Figure 2.3. A
tire’s contact patch on deformable soil is defined by the region between 6 and 0,.
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Figure 2.3: Wheel contact angles §; and 6,. For this case, A < 1.

2.1.4 Stress Distribution

The stresses beneath a rotating wheel consist of normal stresses, acting perpendic-
ular to the wheel—soil contact surface, and shear stresses, acting tangentially along
the contact interface. Following [2], the normal stress at a given angle 6 can be
determined as

o(8) = { (5 + k) (cos(0) — cos(6y)" ns0<0;
1 (5 4 ko) (cos (0 — =207 — ) — cos(0y))" 6, <60 < Oy,
(2.10)

where 6, is the angle at which the normal stress is maximized. This angle is defined
as

0m = (CLO + al)\)Qf, (211)

where ag and a; are parameters that depend on the interaction between the wheel
and the soil. The values are generally assumed as ay =~ 0.4 and 0 < a; < 0.3.

The soil shear stress at a given angle 6 under a tire is determined using the Janosi-
Hanamoto formula as described in [3], given by

7(0) = Tnax (0) (1 _ e—j(9)/K) ’ (2.12)

where j(0) is the shear displacement and K is the shear deformation modulus. The
maximum shear strength of the soil is expressed as [3]

Tmax(0) = ¢+ o(0) tan(¢), (2.13)

where ¢ denotes the soil cohesion and ¢ is the internal friction angle of the soil.
In the tire-fixed coordinate frame, the longitudinal shear displacement is defined
according to [3] as
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Jz(0) =7 (0 — 60 — (1 — X\)(sin(0y) —sin(0))), (2.14)

while the lateral shear displacement is defined according to [4] as
Ju(0) = (1 = \) (65 — 6) tan(B). (2.15)

2.1.5 Tire Forces

The resulting longitudinal force of the tire can be determined by integrating the

shear stress 7,(f) and longitudinal component of the normal stress o(f) over the
contact patch according to [3] as
0

Fo=rb [ 7,(0)cos(§) — o(6) sin()dd (2.16)

0,
The lateral tire force has two components

F,=F,+F,

where F, represents the force developed by 7,(#) and Fj is the force generated by
the bulldozing phenomenon on the side face of the tire [4]. The total force can be
calculated by integrating the two components over the contact patch as

Fg:éwm@wy+30—hwn%w»w (2.17)

where B is the bulldozing resistance [5], which can be expressed as

B= ;ph(G)2 tan? (Z + 2) + 2h(0)ctan (Z + 2) (2.18)

where p is the soil density.

2.2 Model Based Control

This section defines the base for the theory used for developing the model based
controllers.

2.2.1 Discretization

A system with states, x, whose dynamics can be described by a set of first order
equations with known inputs, can be written in state space form as

& = Ax(t) + Bu(t)
y = Cx(t) + D(u(t)

where u is the input and y describes the output of the system. The continuous time
state space model can be discretized using the using the matrix exponential method.
For a sampling time T the discrete time matrices given by [6]
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Ay = s (2.19)

Ts
By = / A" Bdr (2.20)
0

where T's is the sampling time and A; and By represents the discretised matrices of
A and B. The discretized state space then becomes

x(k+1) = Agx(k) + Bau(k)

y(k) = Ca(k) + Du(k) (2.21)

2.2.2 Linearization

A non linear system can be describe in the state space form as

T = F(z,u)
Y= G(a:,u)

where F'(x,u) and G(z,u) are nonlinear function of the states and inputs. In order
to use linear control method is it necessary to linearize these models around an
operating point. This is done with a first order Taylor expansion of F' and G,
evaluated at a desired state zy and input uy. The deviation variables are defined as

Ar =2 — 29

Au = u — ug

The linearized state space model can then be written as the deviation from the
operating point

A# = AAz + BAu,

Ay = CAx + DAu

where the system matrices are given by [7]

_ OF(z,u) _ O0F(z,u)

= L P | (222)
~ 0G(z,u) ~ 0G(z,u)

C = “or . uo, D = “ou . (2.23)

This only approximates the states close to the linearized point.
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2. Theory

2.2.3 LQR

Linear Quadratic Regulator (LQR) control is a model based control strategy that
minimizes a quadratic cost function that considers state error against control effort.
For discrete time, the cost function is defined as [8]

J= Z ()T Q(k) + u(k)T Ru(k)) (2.24)

With the solution to the discrete algebraic riccati equation
P=A"PA— (A"PB)(R+ B"PB)"'(B"PA) + Q (2.25)
the optimal discrete gain is determined as
K =(R+B"PB) 'B'PA (2.26)
The controller law is therefore

u(k) = —Kx(k) (2.27)

2.24 MPC

Model predictive control (MPC) is a model based control strategy that works by pre-
dicting future system behaviour to compute an optimal sequence of control actions.
At each time step, a finite-horizon constrained optimization problem is solved using
a system model. The objective is to minimize a cost function that penalizes tracking
errors and control effort. Only the first control input is applied to the system and
the optimization is repeated at the next time step using updated measurements.
The optimization can be formulated in terms of the system outputs where future
outputs are predicted over a prediction horizon N,, while the control inputs are
optimized over a control horizon N, < N,. Constraints on both inputs and outputs
can be included explicitly. The optimization problem can be defined as

Np Ne—1
min > (y(k) - (k)T Qy(y(k) ) + Z k)" Ru(k)
k=1
st. z(k+1)= Ax(k) + Bu(k), k=0,.. .,Np —1
y(k) = Cz(k) + Du(k), k=1,...,N, (2.28)
Umin < U(k) < Upax, k=0,...,N.—1
ymingy(k) Syma)u :]-7"'7Np

u(k) =u(N,—1), k=DN.,...,N,—1

with 2(0) given[9]. Here, (), and R are weighting matrices that balance tracking
performance and control effort.
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2. Theory

2.2.5 Extended Kalman Filter

In many systems, not all states in a state space can be measured directly. This may
be due to physical limitations or that the system is not equipped with the relevant
sensors. Furthermore, sensor measurements are often affected by noise, which can
reduce the accuracy. For this reason, state estimation is often necessary to esti-
mate unmeasured states or increase accuracy in the measured states. For nonlinear
systems, an Extended Kalman Filter (EKF) can be used. The EKF extends the
standard Kalman filter by using a non-linear process and measurement model. The
process model describes how the states evolve over time while the measurement
model describes the expected sensor values. Since the standard Kalman filter as-
sumes a linear model, the EKF' linearizes the nonlinear model around the current
operating point [10].

The EKF recursion used in this work is given by [10]. The system is described by

2(k) = fla(k — 1), u(k — 1) + w(k — 1))

(k) = h(z(k) + o(k))

where f(-) is the nonlinear process model, A(+) is the measurement mode, w(k), v(k)
are the process respectively measurement noise. Both the process and measurement
noise is assumed to be zero mean with the covariance matrixes Q(k) and R(k). The
prediction is initially computed with the nonlinear process model

2(k) = f(&(k = 1), u(k — 1))

with the predicted covariance as
P(k) = A(k)P(k — D)AK)T + Q(k).
The Kalman gain is then computed as

K(k) = P(k)H(E)"(H(E)P(k)H (k)" + R(k))™". (2.29)

The prediction is then updated using the Kalman gain along with the difference in
sensor measurement and the measurement model

&(k) = 2(k) + K (k) (Ymeas(k) — h(2(K))).
Finally, the covariance is updated

P(k) = (I — K(k)H(k)P(k)).
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Methods

3.1 Modelling

The vehicle modelling was done in Simulink with Simscape components using the
equations defined in this section. A separate model was made for tire steering and
pivot steering but with a similar structure except for a few differences which follows
from the difference in tire position relative to the centre of mass, described further
below.

3.1.1 Tire Forces Modelling

Assuming that the wheel’s entry angle 6; and exit angle 0,, defined in 2.1.3, are
known, the integrals in Equations 2.16 and 2.17 can be estimated using three points
along the tire contact patch, ¢, 6, and the mid point 6,,,s = (07 + 6,)/2. Given
the tire velocities v} ; and v ; and the tire’s angular velocity w;, the slip ratio A
and slip angle 3 can be determined using Equations 2.1 and 2.2. The lateral and
longitudinal shear displacement can be calculated at each of the three points using

Equations 2.14 and 2.15. The total shear displacement is then determined as

= \Vio(02)2 + j, (0,)2 (3.1)

where ¢ € {f, mid,r}. The total shear stress is calculated using equation 7?7 as

7(04) = Tmaz(6,)(1 — e_j(e‘Z)/K) (3.2)
where
Tmax(eq) = (C + (7(9,1) tan(¢)) (3'3)

and o(6;) is determined for each point using Equation 2.10. The lateral and longi-
tudinal shear stresses are then determined as

o (6,) = 7(6,) (jj(ﬁq))) (3.4

and

(6,) = (6, (ﬁ?((iq))) . (35)

The integrand of the integrals in Equations 2.16 and 2.17 is evaluated for each point,
according to

fo.g = T2(0y) cos b, — o(6,)sinb, (3.6)

13
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and
fy.q =1b75(0,) + Ryp(r — h(6,) cosb,). (3.7)

Simpson’s 1/3 rule [11] is then applied, resulting in the approximate longitudinal
and lateral tire forces

do
F;ﬁ,i = Tbg (fw,f + 4fz,mid + fac,r) (38)
and
. de
Fy,i = E (fy,f + 4fy,mid + fy,r) (39)

where df = 07 — 0,.

3.1.2 Tire Steering Vehicle Modelling

For the tire steering model, the forces F;,; and F}; are transformed from the tire
fixed coordinate system to the vehicle fixed coordinate system as

EYi|  |cosd; —sind;| [FL;
[F;z] - [sin d;  cosd; ] [ng]
where §; is the steering angle of tire 7. The total force acting on the vehicle’s centre
of mass is obtained by summing all of the tire forces expressed in the vehicle fixed
coordinate system. Since the acceleration is expressed in the vehicle fixed coordinate
system, the translational acceleration also contains a coupled velocity term caused

by the coordinate system rotating with the yaw rate. The longitudinal and lateral
accelerations in the vehicle-fixed coordinate system are therefore given by

. v _ Z vaﬂ v i
Um,cm - M + Uy,CM¢
and )
oY _ 2 Fy,i — ¢
y,em M z,CM ¥

The yaw acceleration is calculated from the total yaw moment around the centre
of mass. Each tire force contributes to the yaw moment depending on the relative
position to the centre of mass. The yaw dynamics can then be written as

. M,
Y= T
where
M, =3 F)iLei— Fy Ly, (3.10)

Here, L,; and L, ; are the longitudinal and lateral distances to each tire from the
centre of mass as shown in Figure 3.1.
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F 3
v

Ly

Figure 3.1: Tire steering model forces

The angular acceleration of the wheels is calculated from the torque balance around
the rotational axis of the wheels as

Wi — T'z - F:c,rot,ir
7 ]t
Here, F, ,o is is the rotational force caused by 7,, which is calculated similarly to

F}; and F}; in Equations 3.8 and 3.9 using Simpson’s 1/3 rule with 67, 0,,,¢ and 6,
as

de
Faz,rot,i = Tbg (Tx(ef) + 4Tx(6mzd) + 7-:1:((91"))

The velocity at each wheel, v ; and vy ;, is calculated from the velocity at the centre

of mass along with the contribution from the yaw rate,
Vgi = Uponr — YLy,

v W ]
Uyi = Vyom + Pl

15
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The wheel velocities are then transformed to the tire fixed coordinate system as
vii| | cosdp  sind;| [vl,
vi;|  |—sind; cosdg| vy,

which are used to determine A\ and (3, which are then used to calculate the shear
displacements in 3.1.

The steering angles were determined using Ackerman geometry [12] based on the
physical vehicle configuration shown in Figure 3.1. Since both the front and rear
axles are steered, the instantaneous centre of rotation was defined relative to the
midpoint between the two axles, rather than from either the front or rear axle. This
gives a symmetric steering geometry that is consistent with the four wheel steering
configuration. To represent the actuator dynamics of the physical implementation,
where the turning motion is generated by a linear actuator, the steering motion was
constrained by a fixed rate limit.

3.1.3 Pivot Steering Vehicle Modelling

The modelling for pivot steering follow the same overall structure as described for
tire steering in 3.1.2 except the distances from the centre of mass to the wheels vary
with the steering angle. Equation 3.10 is therefore changed to

2
M. =Y F sl (3.11)
ia=1
where F] ,; is the lateral force at the axle mid point, defined as
F] 4, =sin 5F(F£,1 + F£2) + cos 5F(Fyt,1 + ng,?)
and

Y

for the front and rear axle. The velocity in vehicle frame at each wheel with a static
axle, disregarding the rotational speed of each axle, is determined as

v? = Uy o — YLy

x,i,static x,cm

v ) i )
Uy,i,static - Uy,cm + sz,z

where L, ; and L, ; are now varying with J as

La: 1(6) = l:c,ia — sin 5ly,i

)

and
L,;(0) = cosdl,;

The velocity in the tire fixed coordinate frame is then determined as
Ui,i _ | cos 0i  SINO;| |V3; static| 5Fly,i
v, —sind; cos ;| | Uy static 0
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for the front tires, i € {1,2}, and

vhil [ cosdi sing;| (02 warie]  [Orly
vt.|  |—sind; cosd; 0

v
Y, Uy,i,static

for the rear tires, i € {3,4}, where dr and dz is the yaw rate for the front and rear
axles. These are then used to calculate the shear displacements in 3.1. The angular
acceleration for each axle is computed similarly to the yaw acceleration as

E?:l (_Fxt,ily,i)

op = T

and A ,
5= ¢:3(—Fx,ily,i)
R I
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Figure 3.2: Pivot steering model forces

3.2 State Space Formulation

For the controller, the tire forces in Equations 3.8 and 3.9 are approximated using
a linear relationship where the longitudinal force is is proportional to the slip rate
and the lateral force is proportional to the slip angle,

Fl,i~Cuhi, i=1:4 (3.12)
El i~ Cyf, i=1:4 (3.13)

This assumption is mainly relevant when the slip is small. The constants C, and
C, are approximated as
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F,
C, = OF,
O |\
and oF
C =Y
Y 65 5o

3.2.1 Tire Steering State Equations

As the steering is directly controller by the actuators, the steering states are modelled
as a first order delay. The delay constant T, is based on the modelled steering rate
limit mentioned in 3.1.2. These are represented using only the steering rate for each
axle, p and 0. The Ackerman geometry is not modelled and the same steering
angle is therefore applied both on the left and right wheel calculations. The state

vector then consists of the following

v
z,cm
v

y,cm

(0
w1
xr = (09))
ws
Wy
oF
OR

with the non-linear equations as derived in Section 3.1.2

where dp cma and dg cmq are the commanded angle inputs.

For the MPC controller, integral states are also included, giving

x
Tmpe = T

S\ U S 1 4 v v ]
Vzem = M i=1 Fz,z) + Uy,cmd}
U _ 1 4 v v
Vyem = 37 \2mi=1 Fy,z‘) -V

4 \
1; — Zi:l(F;,i'Lw,i_F;,i'Ly,i)

I

. Tlf’r‘Fi 1
w1 = 7, >
. T27T'Ft‘2
y = 2—=2
. T3—rFt 3
W3 _= ]t T,
. Ty—rF? 4
C(.)4 _= It T,
g 1
5F = i((SF,cmd - 5F)
g 1
5R = TC((SR,cmd - 6R)

(3.14)

(3.15)

(3.16)

19



3. Methods

where
Vg e int
Ty = 5F,e,int (317>
5R,e,'mt
with

Uft,e,iﬂt(t) - fg (U;,cm,ref(,r) - U;,cm(T)) dr
6F,e,int(t) = fg (6F,7‘€f<7-) - 5F(7—)) dr (318)
Oneint(t) = Jo Orref(T) = Or(T)) dT
The inputs to the system is the torque on all wheels along with the commanded
steering angle on the front and rear wheels.

(3.19)

S
I

5F,cmd
_5R,cmd_

As the controller receives a reference velocity v;, ,, along with references for the front

and rear steering angles, dr and Jp, these are chosen as the model outputs, along
with the slip ratio A and slip angle § for each tire. The MPC controller includes the
integral states as outputs. For the two controllers, the output vectors are

[ U;,cm ]
o A
Ug,em )\2
A1 \
A2 .
» 5
Aq
yrer = | B Ympc = gz (3.20)
Do 53
5, i
i ’
Sp 4
(5 U:r,e,int
- TR 6F,e,int
_6R,e,int_

The nonlinear differential equations are then linearized around the steady state
operating point, xy and ug, equivalent to the vehicle travelling 1 m /s forward without
turning according to Equations 2.22, 2.23.
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1
0 o
0
10
zo = |10 and ug =
10
10
O L~
0

o O OO oo

It is also discretized with a sampling rate of 10 ms in order to be used in the discrete
controllers according to Equations 2.19, 2.20.

3.2.2 Pivot Steering State Equations

For the pivot steering model, two additional integrator states are introduced to
model the necessary angle states, as these no longer are directly controlled by an
actuator. The resulting state vector then becomes the following

v
x,cm
v

y,cm

(G
w1
W2
Tr=| ws (3.21)
Wy
op
Or
oF
OR

with the non linear state equations

v 1 4 v v i
z,em — M i=1 Fx,i + Uy,cm¢
U 1 4 v v i
Uy,cm - M Zi:l Fx,i - vx,cmw
2
b = D= Basalas)
t]U
. T, —rF
wl — - x,l
. To—rF?
Wy = — =2
. T3—rF?
oy = BT (3.22)
. Ty—rF?
w4 — 7 x,4
2 t t
s 21:1(_Fz,ily;i)
op = e
4
< Zizs(fFaz,ilyyi)
op = SR S—
Op = Op
Or = Or
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For the MPC controller, the states are again extended with the integral states in
Equation 3.17. The steering is no longer directly controlled with the input, so the
input vector only consists of the applied torque on each wheel as

Ty
_ |13
u=\p (3.23)

Ty

The outputs y are the same as defined for tire steering in Equation 3.20. The
equations are again linearized around the same operating point as for tire steering,
using Equations 2.19 and 2.20. The operating points are

F 1
0
0
10
10

zo = |10 and wuy =

10
0

o O O O

0
0
L0
where xy and ug has been adjusted for the changes in  and wu.

3.3 Simulation Environment

The simulation environment was constructed using Simscape and Simulink in Mat-
lab. The environment is divided into three main components: a plant model which
handles the vehicle simulation, a filter block with the EKF for estimating the states
and a controller block that takes references from a scenario handler block. The
overview of the simulation environment is shown in Figure 3.3. The vehicle simula-
tion was modelled using Simscape and consists of a tire block handling the tire and
ground interactions as well as a body block which handles the general vehicle move-
ment. The pivot model also contains two additional blocks for the axle simulation.
These simulation configurations can be seen in Figure 3.4.
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Figure 3.4: Simulation setup in Matlab for the tire and pivot steering models.
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3.4 Controller Implementation

3.4.1 LQR

The first controller developed is a discrete time LQR controller, extended with refer-
ence feedforward, and with an input increment formulation. The controller is based
on the discrete time state space model

x(k+1) = Agx(k) + Bgu(k)

where z(k) is the state vector and u(k) is the control input, where k is the discrete
time sampled. The control law is then structured as follows

u(k) = —Kx(k)

Where K is the feedback gain. This formulation regulates the states to the origin.
However, Since the objective is to track a non-zero reference, the controller is for-
mulated as a deviation from the steady state operating point. The control law can
then be written as

u=ug — K(x — x4)

where the feedforward terms x,, is the desired steady state corresponding to the
given reference and ug is the steady state control input required to maintain the
reference operating point. The steady-state values were computed using the feed-
forward matrices K,, and K,,, such that

xss(k) - eryref(k)a U55<k7) - Kuryref(k)~

The derivation of these feedforward matrices is given in Appendix A.1. This feed
forward input term will be zero for most of the states as the linearized state space
does not include any constant friction terms, and no input would therefore be re-
quired to keep the reference steady state. However, in the tire steering model a
simple first order delay is used to model the steering mechanism and a constant
signal is therefore required to achieve a non zero steady state for those states.

With a standard LQR controller with feed forward, the controller could instantly
demand a high input when the tracking error changes rapidly. The rapid increase
in torque and steering angles could then amount to excessive shear stress when
the reference changes abruptly. One possible solution to the problem is to shape
the reference signal externally. However, this shifts part of the control problem
to the separate external planner. Instead, the controller is formulated using input
increments allowing rapid changes in the input to be penalized directly in the LQR
cost function. The input increment is defines as

Au(k) = u(k) —u(k — 1)

instead of the absolute value of u. The control action is then updated according to
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u(k) = u(k — 1) + Au(k)

The augmented state vector then becomes

Tk
Rk —
Uk—1

For tracking around a non zero state, the deviation state is written as

~ Tk — Tss
2L =
|]Mc1 - uss]
The previous input is treated as an additional state and the augmented state space
for the input increment controller then becomes

-l ) e

The LQR cost function then need to penalise both the state deviation and the
deviations from the steady state input. The outputs used in the LQR cost are
obtained from the state vector as

yr = Cx(k).

For reference tracking, the output deviation is written as

J(k) = y(k) = yret = C(a(k) — s).

The augmented output deviation is then defined as follows

0 = [ T = e

To penalize both the output deviation and the input deviation, the augmented
weight matrix is introduced as
_|@Qy O

Using this formulation, the cost function becomes

J = i (3: (k) T Q-3 (k) + Au(k) " RauAu(k)) .

By inserting the augmented output deviation, the expanded cost function can be
written as

T =352 ((Clak) = 2) " Qy (Cla(k) — 2)) + (ulk — 1) = us) T Qululk — 1) — ) + Au(k) T RauAu(k)) .

The gain is then computed with the MATLAB function dlqr, which solves the dis-
crete LQR problem. The input deviation controller action is then defined as
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Au(k) = =K, (v(k) — KorYrep(k)) — Ky (u(k — 1) — KypYrep (k)

Finally, the total controller input is obtained by adding the input increment to the
previous input,

u(k) = u(k — 1) + Au(k)

As the frictional or resistance forces from the ground are not modelled in the state
space the feed forward input will be wrong as it assumes no input is required to hold
a non zero forward velocity. To reduce this, the input torque needed in the steady
state is estimated. This is done by integrating the error r — C'x and adding this to
the steady state input uss which allows it to be non-zero if there are non-modelled
external forces.

The resulting block diagram for the controller is seen in Figure 3.5

X

Yref I\ Xss + Xerror
Y »ll » K
X

\
A
§ 7
N
=
h

+ N
Uss
+
C - Kuyr . "4 Ky
Tr TS1 ! L1
z- uk-1) [ %

Figure 3.5: LQR controller block diagram

3.4.2 MPC

An MPC controller was developed in order to investigate and compare an alterna-
tive model based control method, with the main benefit of being able to handle
constraints. The MPC controller was developed using Matlab’s quadprog function,
which solves a quadratic objective function with linear constraints on the form

1
min §xTHx + flz (3.24)
subject to:
A-x<b (3.25)
Aeq - x = beq (3.26)
Ib<xz<ub (3.27)
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The implemented controller is a linear Model Predictive Controller (MPC) in con-
densed form. The formulation is based on the discrete-time linear state-space model
defined by Equation 2.21. The controller predicts the future system behaviour over
a prediction horizon of length N,. A separate control horizon of length IV, is intro-
duced, where

N, <N,

The MPC optimization problem minimizes a finite horizon quadratic cost function
based on output tracking errors and control effort as defined in Equation 2.28. For
this project, the rate of change of the control inputs and soft constraint violations
are added to the cost function, which is modified as

J = ki(’y(k)—yref(k))TQy(y(k)—yref(k))vL ki u(k)" Ryu(k)+ ki Au(k)" RauAu(k)+pee?

where @), is the output weighting matrix, R, is the input weighting matrix, Ra,, is
the input rate weighting matrix, y,.s is the output reference signal to be tracked,
and p, is a large positive weighting factor penalizing the slack variable e. The addi-
tional Au-term penalizes rapid changes in the control inputs and provides smoother
actuator behaviour. In the condensed MPC formulation, the predicted states are not
treated as optimization variables. Instead, the future states are expressed explic-
itly as functions of the initial state and the future control sequence. The predicted
outputs can therefore be written in compact form as

Y =Fzxy+ @,U.

where Y is the stacked future output vector, x( is the current state, and U, is the
stacked control sequence over the control horizon. The matrices F' and ®,, describe
the free response and the forced response of the system. A control horizon N, is
used to reduce the number of optimization variables. For prediction steps beyond
the control horizon, the final optimized control input is held constant. The detailed
construction of the condensed prediction matrices is provided in Appendix A.2. The
finite horizon cost function can be written in compact matrix form as

J=Y -R"Q,(Y — R)+U'RU. + (TU. + d)" Rau(TU, + d) + p.€*

where R is the stacked reference vector, @y is the lifted output weighting matrix,
R is the lifted input weighting matrix, and Ra, is the lifted input rate weighting
matrix. The matrix 7" and vector d are used to express the stacked input increments
as a function of the optimized control sequence U, and the previously applied input
u(—1). The full derivation of the compact cost function and its conversion to the
quadratic programming form used by quadprog is shown in Appendix A.2. Input
constraints are incorporated as hard linear inequality constraints. Upper and lower
bounds are imposed on the control inputs according to

Umin < w(k) < Upax, k=0,...,N.—1

27



3. Methods

In addition, constraints are imposed on selected predicted outputs. To improve
robustness and avoid overly aggressive behaviour near the constraint boundaries,
the output constraints are implemented as soft constraints using the slack variable
€. The softened output constraints are written as

ymin_€§y0<k)§ymax+€, ]{?:1,...7Np
with

e > 0.

Here, y.(k) denotes the selected constrained outputs at prediction step k. This al-
lows the controller to temporarily violate the output constraints if necessary, while
still penalizing the violation through the term p.e? in the cost function. The de-
tailed matrix formulation of the input and output constraints is given in Appendix
A.2. After constructing the Hessian, gradient vector, and inequality constraints,
the quadratic program is solved using Matlab’s quadprog solver with the active-
set algorithm. The previous optimal solution is used as an initial guess for the
optimization, which provides warm-starting and improves computational efficiency.
After each optimization step, the optimal control sequence is shifted forward by one
control interval and reused as the initial guess for the next optimization problem.
The optimizer returns the optimal future control sequence

u( N, :— 1)*

The first control input «(0)* is applied to the system. At the next sampling instant,
the system state is measured again and the optimization problem is solved repeatedly
using updated state information.

3.5 Filter Implementation

The filter was constructed using the same non linear state space as for the controller
modelling, with minor modifications to avoid numerical problems caused by division
by small values at standstill. As the current implemented vehicles does not have
an IMU, only the wheel speeds are used as measurements for movement. In the
pivot steering model, the front and rear steering angles are also measured, whereas
in the tire steering model, the steering angles are assumed to follow the commanded
controller inputs and are therefore not included in the measurement vector. The
filter is then constructed according the EKF equations in Section 2.2.5.

The measured output vectors for the pivot and tire steering models are defined as
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Ld1<k?)_
w2(k’) wl(k’)
Ypivot (k) = Zigg Yrire(K) = Z;EZ% (3.28)
6r (k) wy(k)
or(k)]

Since the measurements quantifies directly available states, the measurement func-
tions are linear and only select the corresponding entries from the state vector. They
are therefore given by

i) ()

hewnl2(0) = | 2200 | o al) = {2240 (3.29)
z19(k) z7(k)
(711 (k) ]

3.6 Evaluation Method

The evaluation method aims at evaluating both the impact on the ground of pivot
steering compared to tire steering and the performance and robustness of the de-
veloped controllers. Table 3.1 shows the values for the ground parameters of the
ground types used for testing [3]. The majority of the tests were conducted on sandy
loam, which is a type of soil that contains a mix of sand, silt and clay. It is used for
farming and gardening and is sensitive to excessive shear stress.

Table 3.1: Ground parameters for sandy loam and heavy clay.

Parameter Description Sandy loam | Heavy clay Unit
¢ Cohesion stress 1720 20690 Pa
K Soil deformation 0.01 0.005 m
0] Friction angle 0.5061 0.1047 rad
ke Cohesive modulus | 5.27-10° 1.84-10° | N/m"!
kg Frictional modulus | 1515-10% | 103.27-10% | N/m"*2
n Sinkage exponent 0.7 0.11
ao 0.4 0.4
ay 0.15 0.15
p Soil density 18000 18000 kg/m3
A Wheel sinkage ratio 0.9 0.9

Both the soil density p and the wheel sinkage ratio A are set to the same value
for both types of soil. This is because there is no information on the exact density
or sinkage ratio for the different soils and these are difficult to determine without
further testing of the specific materials. The parameters ay and a; are also set to
assumed values and are not changed for the two ground types for the same reason.
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This causes some inaccuracies in the simulation, but was determined to be functional
as the other parameters varies and the main goal is to gather results for the behaviour
under changing conditions rather than achieve an exact representation of real-world
operation. The static contact angle 6, for each tire is determined numerically in
Matlab using Equation 2.6. The corresponding static sinkage hg is calculated with
Equation 2.7. Dynamic sinkage is not considered and, therefore, h = hy when the
vehicle is in standstill and when moving. The entry angle 0 and exit angle 6, are
determined using Equations 2.8 and 2.9. The resulting values are shown in table
3.2.

Table 3.2: Static sinkage and wheel contact angles for sandy loam and heavy clay.

Ground type | hs (m) | 05 (rad) | 6f (vad) | 6, (rad)
Sandy loam | 0.0031 | 0.2480 | 0.2480 | -0.2352
Heavy clay | 0.0005 | 0.0993 | 0.0993 | -0.0942

3.6.1 Vehicle Parameter Values

The total mass for the vehicle, M, mass at each wheel m, wheel radius r, tire width
b, and lengths [, and [, were measured from the physical tire steering model. The
moment of inertia for both the axle and the body, were calculated using Steiner’s
theorem [13]. To ensure a consistent comparison between the tire steering and pivot
steering models, the same inertia calculation procedure and measured dimensions
were used for both models. The distances from the centre of mass were taken from
Figure 3.6a, and the cross-sectional dimensions of the model frame are shown in
Figure 3.6b. The body frame was constructed out of steel with an assumed density
of 8000 kg/m?, the mass of the wheels and boxes located in the front and rear of
the vehicle was set to 1.5 kg and 15 kg for the simulation. The measurements and
calculated parameters can be seen in Table 3.3.
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Table 3.3 shows the values for the different vehicle parameters that are used for
testing.

Table 3.3: Table of vehicle parameters.

Parameter | Value | Unit
M 40 kg
m 10 kg
r 0.1 m
b 0.1 m
I, 12.8 | kg- m?
1, 2.2 | kg- m?
Iy 0.007 | kg- m?
lz 0.35 m
ly 0.24 m

3.6.2 FEvaluation Metrics

Below are the definitions for the evaluation metrics used in Section 3.6.3. The tests
performed evaluated one or multiple of these metrics.

3.6.2.1 Ground Impact Metrics

The sum of the longitudinal and lateral shear stress for a tire at a discrete time step
k is calculated as

Totot(K) = ; | 724 (K)| (3.30)
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and .
Tyiot(K) =Y |74(k)] (3.31)
=1

where 7,; and 7,, is the longitudinal and lateral shear stress for each tire. The
resulting shear stress for a tire is calculated as

Ti(k) = \/72:(k) + 72,(k) (3.32)

The RMS value for the total resulting shear stress for the vehicle after N samples

can be determined as
1 N
TRMS = A| %7 Z thot(k)7 (3-33)
N =

4

Tt (k) = Zﬂ(k) (3.34)

i=1

where 7, (k) is defined as

The peak shear stress value reached by any tire for a given interval Z,, is defined as

7P = max |ni(k 3.35
k i=1,...,4

=1,...,

3.6.2.2 Performance Metrics

To evaluate the reference tracking performance of the controllers, the RMSE values
for the longitudinal velocity vy ,, and steering angles d; and dg are defined for a
test case as follows,

1 N
VRMSE = \J N ;(Ug,cm,ref(k) — 08 (k))? (3.36)
Semse =\ 57 2 0rres(4) ~dr (4)? (337)
Sunssse = \| 57 32 (O (K) = 3’ (339)

where N denotes the number of samples in the evaluated time interval. The rise
time from 10 % to 90 % of the reference value for v¥ __ and dp are determined as

x,cm
tr,v = tvg’cm,QO% - tvgcm,lﬁ% (339>
and
trs = tsp,00% — L5p,10% (3.40)
A maximum error for vy ., for a certain evalation interval Z, is calculated as
evI,Jmax = max U;,cm,refa{:) - U;,cm(k)‘ (341)

kET,
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The peak values for A\ and [ reached for any tire are defined as

)‘Peak = m%X |)‘Z(k)| (342)
and

ﬂpeak = HZI%X ’6@<k)| (343)

where ¢ € {1,...,4} and k € {1,...,N}.
The RMSE values for the estimated and simulated state vales are defined as

1 Y N2

k=1

where i € {U:mUya¢7w17w27w37w475F75R75F75R}

3.6.3 Test Cases

The following is a description of the different test cases that were conducted and the
evaluation metrics recorded for each test. All tests were conducted in the simulation
environment described in Section 3.3.

3.6.3.1 Steering Configurations Test

To compare the impact on the ground of the two different steering configurations,
a constant-velocity turn was performed at v} ., = 1 m/s, 6 = 0.436 rad and
0r = —0.436 rad. The goal of the test was to obtain a comparison of the two
steering configurations in the absence of control impact. The sum of the lateral and
longitudinal shear stresses, 7, ot and 7, ;o¢, defined by Equations 3.30 and 3.31, were
reported together with the resulting yaw rate ¢) of the vehicle. To obtain a more
detailed comparison between the two steering methods, a second constant turn test
was conducted where the pivot steering vehicle was tuned to reach an identical yaw

rate as the tire steering vehicle. Again, 7, and 7, Was reported.

3.6.3.2 Controller Verification and Tuning

To evaluate that the developed controllers behave as expected for both tire steering
and pivot steering while simultaneously tuning the controllers, a simple reference
tracking test was conducted. The PI, LQR and MPC controllers were tuned for each
steering configuration, resulting in six tests in total. For the test scenario, the vehi-
cle started from standstill and was given a forward reference velocity of vy ., .. = 1
m/s after 1 second. After 10 seconds, steering angle references of dp,; = 0.25
rad and 0p,.r = —0.25 were set for the front and rear tires respectively, while the
forward velocity reference was maintained. The simulation was stopped after 15

seconds.
Since ground impact is of main importance, the controllers were tuned based on the

value of the total shear stress 7; for each tire, defined in 3.32. The simulation was
divided into two evaluation intervals: the acceleration phase Z,.. for t € [1,10] s and
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the turning phase Z,., for t € [10,15] s. The controllers were tuned such that the
peak shear stress, defined in Equation 3.35, satisfies

7_(p)k =0.25" Tmax, p € {acec,turn}. (3.45)

pea

The test was conducted on sandy loam, view table 3.1, where Tyax = 9428 N/m? for
cach tire. The LQR controller was tuned first where Bryson’s rule [14] was used as
a starting point for determining the initial weighting matrices ), and Ra,,, as

Qi = 1
v ezz,max
R 1
AuJ] B Auimax

where €; max is the maximum acceptable error for output y; and A, may is the max-
imum acceptable control input rate. The weights were then adjusted based on the
criterion for TISZ;E) and TI()ZZIT{”). The weights for @, were used as the main tool for
tuning and were not based on Bryson’s rule. No weights were set for slip ratio A

and slip angle 8 as that is investigated in Section 3.6.3.4.

The weights determined for the LQR controller were used as a starting point when
tuning the MPC. For the MPC controller, the prediction horizon N, and control hori-
zon N, were determined in an iterative process. To determine [V, the control horizon
was kept fixed at N. = 2 while N, was increased in steps of ten, N, = {10, 20, 30...},
until further increases did not have a major impact on performance. Then N, was
iteratively increased as N. = {1,2,3...}. Finally, the weights for @), and R, were

adjusted until the criterion for rgf;;i) and TFEZ;T) was also fulfilled for the MPC con-
troller. The weights for Ra, were kept from the LQR tuning for simplicity. For
the PI controller, the proportional gain constant was tuned based on the criterion
for Téiii) and TIE';Z;"). For all three controllers, integral action was applied to remove
steady state errors.

The reference tracking performance for the longitudinal velocity vy ., and steering
angles 6r and dr was plotted, as well as the shear stress 7 for each tire. The
rise times ¢,, and ?,;, together with the maximum velocity error eq()fﬁfg))( for Ziyrn,
described by Equations 3.39-3.41, were also reported. Finally, the RMSE values
VRMSE; OFpysp a0d Orp,,qp, described by Equations 3.36-3.38, were also reported,
as well as Tryrg, defined by Equation 3.34. These performance metrics do not have
required limits but were noted to determine if the criterion for Tézgi) and Tégl;")
could be deemed reasonable and used as comparative metrics between the different
tests. The extended kalman filter was evaluated in a separate test and was not
used. Therefore, no uncertainty in the states was assumed. The controller weights
acquired from this test were used for the rest of the tests apart from in 3.6.3.4, where

the effect of non-zero weights on slip ratio A\ and slip angle 8 was investigated.
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Figure 3.7: Illustration of the tuning test for the tire steering model. The vehicle
starts of from standstill, begins accelerating to 1 m/s after 1 second, and starts
steering to dp = 0.25 rad and 6z = —0.25 rad after 10 seconds

3.6.3.3 Asymmetric Terrain Conditions Test

To evaluate the performance of the tuned LQR and MPC controllers for tire steering
and pivot steering in varying conditions, a test was conducted where the right hand
tires enter an area with a different ground type. For each steering configuration, the
PI, LQR and MPC controllers were evaluated, resulting in six test cases in total. A
forward reference velocity was set to vy .., .., = 1 with no steering references. After
the vehicle has travelled 5 meters, the right hand side tires enter an area with heavy
clay, view table 3.1. The reference tracking performance for vy ., 0 and dr was

plotted, as well as the shear stress 7 for each tire. The performance metrics vgysE,
OFparsns ORpyse ad Trars were recorded.

t=6.00s

X[m]

X
X(m]

vim " o T v " S T v
(a) (b) (c)

Figure 3.8: Illustration of the asymmetric terrain test. The vehicle starts of on
uniform ground (white), later the right side drives into a different type of terrain
(brown)

3.6.3.4 Slip Weights Test

To investigate the slip reduction capabilities of the model based controllers, a series
of tests were conducted using both tire steering and pivot steering configurations.
For each steering configuration, the LQR and MPC controllers were evaluated using
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three different weighting values applied for the slip ratio A and slip angle S on all
tires. The weighting values tested were 500, 2500, and 5000, resulting in six test
cases per steering configuration and twelve test cases in total. The test scenario
was identical to that described in Section 3.6.3.2. For each controller and steering
configuration, the peak values Apeqr and Bpeqr, defined by Equations 3.42 and 3.43,
were recorded together with Téggz) and TZSZZZL). In addition, the performance metrics

VRMSE; OFpyses ORpuse aNd Trarg were reported.

3.6.3.5 MPC Constraints Test

The MPC controller allows for the use of constraints on both the controlled outputs,
y, and inputs, u. As the slip ratio A and slip angle g are directly related to the
lateral and longitudinal shear stress, a test was conducted where these outputs were
constrained in the MPC controller for both tire and pivot steering for the same test
scenario as described in 3.6.3.2. The constraints were set to A = 0.08 and g = 0.08
rad on each tire. The peak values Apeak, Bpeak, TISZSZ) and T[EEZZ") were recorded as
well as the rise times ¢, , and ¢, s, together with the maximum velocity error efj‘gg}z.
The values for vrvsE, Orpyser ORpuse a0d Trars Were also reported. Finally, the
reference tracking performance for vy ., dr and dg was plotted, as well as the shear
stress 7 for each tire.

3.6.4 EKF Test

The EKF was tested in two parts. First, the estimated states were compared with
the simulated states according to 3.44 in order to see how accurate the filter is
as estimating both the measured and non measured states. Secondly, the LQR
controller was used together with the estimated states and the tracking abilities
were evaluated using the RMSE for the longitudinal velocity and the steering angles
using Equations 3.36, 3.37 and 3.38. Gaussian noise was applied to the wheel angular
velocities with zero mean and variance of 0.1 for both steering configurations. The
pivot steering had a noise with zero mean and variance of 0.01 applied to the angle
measurements.
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Results

4.1 Steering Configurations Test

Table 4.1a shows the total shear stresses 7, 1,; and 7, and vehicle yaw-rate w for
the test described in 3.6.3.1. The values for both 7, ;o and 7, ;,+ are higher for the tire
steering model compared to the pivot steering model. The value for ¢ is also higher
for tire steering. Table 4.1b shows the resulting values for 7., and 7, for the
pivot steering model with steering angles changed to 0 = 0.4415 and 6z = —0.4415,
resulting in the same value for ¢ as the tire steering model in table 4.1a. Again, it
can be noted that the values for 7, 4,; and 7, ;¢ are less than for tire steering.

Table 4.1: Compayison of total longitudinal and lateral shear stress, 7, and
Ty.tot, and yaw rate 1 for the tire steering and pivot steering configurations during
a constant velocity turn at v? ., =1 m/s.

z,cm

(a) Total longitudinal and lateral shear stress and vehicle yaw rate for tire steering
and pivot steering with dp = 0.436 rad and dg = —0.436 rad.

Steering configuration | 7, ;o1 (N/m?) | 7ysot (N/m?) | ¥ (rad/s)
Tire steering 3797 14070 1.5045
Pivot steering 3294 13316 1.4741

(b) Total longitudinal and lateral shear stress for pivot steering when operated at
the same yaw rate as the tire steering case in Table 4.1a.

Steering configuration | 7,01 (N/m?) | Tysor (N/m?) | ¥ (rad/s)
Pivot steering 3454 13629 1.5045

4.2 Controller Verification and Tuning

4.2.1 LQR Tuning

The controller was tuned based on the method described in 3.6.3.2. The values for @,
and Ra, were based on Bryson’s rule, where the maximum acceptable error for vy .,
was set to 0.04 m/s and the maximum acceptable error for 07 and dr was set to 0.02
rad, resulting in the initial values @, 11 = 625 and Q1010 = Qy,11,11 = 2500. The
maximum allowed input rate for the torques on each wheel was initially set to 1 Nm/s

and the diagonal elements of the weighting matrix Ra, corresponding to the torques
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were therefore set to 10000 given the sampling time of 10 ms. For tire steering, the
maximum allowed input rate was set to 0.001 rad/s and the diagonal elements of
Ra, corresponding to the steering angles were therefore set to 10° initially. The
weights were adjusted together with ), based on the criterion for TIEZ;C() and Tégl;n).

Table 4.2 shows the final weights determined for the LQR controller for tire and
pivot steering.

Table 4.2: Final LQR controller tuning weights for tire and pivot steering.

Tire steering LQR weights

Q, = diag(625,0,0,0,0,0,0,0,0,2500, 2500),
Q. = diag(47,47,47,47,100, 100),
Ra, = diag(10%,10%,10*, 10%, 4.7 - 10°%,4.7 - 10%).

Pivot steering LQR weights

Q, = diag(625,0,0,0,0,0,0,0,0,3100, 3100),
Q. = diag(47,47,47,47),
Ra, = diag(10*,10*,10%,10%).

Figures 4.1a and 4.1b shows the resulting reference tracking performance for tire
and pivot steering respectively. It can be observed that vy ., decreases during ini-
tial turning for both steering configurations.
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(a) Tire steering configuration. (b) Pivot steering configuration.

Figure 4.1: Reference tracking of the longitudinal velocity v, and the steering
angles 0 and di for the tire steering and pivot steering configurations using the
tuned LQR controller.

Figure 4.2 shows the resulting shear stress 7 for each tire for the tire steering and
pivot steering model. It can be observed that the requirements for Tlﬁ‘;;i) and TIE':;T)

are fulfilled. For the turning phase, the front right tire reaches the highest value for
T.
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Figure 4.2: Shear stress 7 for each tire during the LQR tuning test for the tire
steering and pivot steering configurations.

Table 4.5a shows the rise times ¢, , and ¢, 5 as well as the maximum velocity tracking
error during the turning phase, egf%g, for pivot steering and tire steering using the
tuned LQR controller. It can be noted that ¢,, is close to identical for the two
steering configurations. On the other hand, ¢, differs more clearly with a higher
value for tire steering which in turn leads to a slightly reduced value of ™) Table

v,max*
4.5b shows the values for vryse, OrrirsEs OrRrRMsE and Trars-

Table 4.3: Performance metrics for tire steering and pivot steering using the LQR
controller.

(a) Rise times for v} ., and 0r, and maximum velocity tracking error during turning

for the different steering configurations.

Steering configuration | #,, (s) | trs (s) | el™n) (m/s)
Tire steering 1.4141 | 0.8000 0.0633
Pivot steering 1.4139 | 0.6402 0.0696

(b) RMSE value for v}

vem> OF and Og, and RMS value for 75, for the two steering
configurations.

Steering configuration

URMSE (m/ S)

dppuse (rad)

dRRMSE (Tad)

TRMS (N/mQ)

Tire steering
Pivot steering

0.1725
0.1726

0.0376
0.0416

0.0376
0.0417

3014
2766

4.2.2 MPC Tuning

The MPC controller was tuned based on the method described in 3.6.3.2. The
control horizon was initially determined to N,, = 50 and the control horizon to N, =
5, which resulted in similar behaviour as the LQR controller. A lower N, resulted
in overshooting and no major impact on performance was noted when increasing
N, beyond 50. For pivot steering, the peak shear stress requirement for the turning
phase, TIEZZT) = 0.25 - Tjuae, Was not achievable with this prediction horizon and it
was therefore increased to N, = 70. For tire steering it was kept at N, = 50. The

resulting MPC weights are shown in table 4.4.
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Table 4.4: Final MPC controller tuning weights for tire and pivot steering.

Tire steering MPC weights

Q, = diag(625,0,0,0,0,0,0,0,0,2500, 2500, 500, 0, 0),
R, = diag(118, 118,118, 118,100, 100),
Ra, = diag(10%,10%,10*, 10%,2 - 10°,2 - 10).

Pivot steering MPC weights

Q, = diag(625,0,0,0,0,0,0,0,0,1.45 - 10*,1.45 - 10*, 500, 0, 0),
R, = diag(142, 142, 142, 142),
Ra, = diag(10%,10%, 10*, 10%).

Figure 4.3 shows the resulting reference tracking performance for tire steering and
pivot steering respectively. Again, v} ,,, decreases during the initial turning for both
steering configurations.
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(a) Tire steering configuration. (b) Pivot steering configuration.

Figure 4.3: Reference tracking of the longitudinal velocity v? and the steering

angles 0 and dg for the tire steering and pivot steering configurations using the
tuned MPC.

Figure 4.4 below shows the resulting shear stress 7 for each tire for tire steering and
pivot steering with the tuned MPC controller.
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(a) Tire steering configuration. (b) Pivot steering configuration.

Figure 4.4: Shear stress 7 for each tire during the MPC tuning test for the tire
steering and pivot steering configurations.

Table 4.5a shows the rise times ¢, , and ¢, 5 as well as the maximum velocity tracking
error during the turning phase, egf%gg, for pivot steering and tire steering using
the MPC controller. It can be noted that ¢, , differs significantly between the two
steering configurations, which is a result of the higher prediction horizon and weights
in R, required for the pivot steering to achieve the requirement for rp‘“”“”). Table

eak
4.5b shows the values for vryse, OrrirsEs OrRrRMsE and Trars-

Table 4.5: Performance metrics for tire steering and pivot steering using the MPC.

(a) Rise times for v} ., and 0r, and maximum velocity tracking error during turning

for the different steering configurations.

Steering configuration | #,, (s) | trs (s) | el™) (m/s)
Tire steering 1.4507 | 0.8000 0.0584
Pivot steering 1.6320 | 0.6662 0.0672

(b) RMSE value for v}

o em 0r and dg, and RMS value for 7,; for the two steering
configurations.

Steering configuration

URMSE (m/ S)

dprumse (rad)

Sprmse (rad)

TRMS (N/In2)

Tire steering

0.1721
0.1725

0.0385
0.0408

0.0385
0.0409

2930
2810

Pivot steering

4.2.3 PI Tuning

The Figures in 4.5 displays the generated total shear stress for each wheel during
the tuning test with the PI controller for both tire and pivot steering. It can be
noted that the peak during the initial acceleration is sharper compared to the other
controllers.
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Figure 4.5: Shear stress 7 for each tire during the PI tuning test for the tire

steering and pivot steering configurations.
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(a) Tire steering configuration. (b) Pivot steering configuration.

Figure 4.6: Reference tracking of the longitudinal velocity vZ and the steering
angles 0 and dp for the tire steering and pivot steering configurations using the
tuned PI controller.

Table 4.6a and 4.6b shows the resulting rise time and RMS error for the PI controller
during the tuning test as described in 3.6.3.2. The rise time for both the longitudinal
velocity and the front steering angle is higher than for the other controllers.

Table 4.6: Performance metrics for tire steering and pivot steering using the PI
controller.

(a) Rise times for v} ., and dr, and maximum velocity tracking error during turning
for the different steering configurations.

Steering configuration | £, (s) | t.s (s) | el™") (m/s)
Pivot steering 2.0312 | 1.2109 0.0614
Tire steering 2.0315 | 0.8000 0.0535

(b) RMSE value for v? 0r and dg, and RMS value for 7,; for the two steering

configurations. 7
Steering configuration | RMSE v | RMSE 6z | RMSE 6 | RMS 7
Tire steering 0.1793 0.0376 0.0376 3018
Pivot steering 0.1796 0.0549 0.0552 2943
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4.3 Asymmetric Terrain Conditions Test

The results below shows how the different controllers handle when two of the wheels
are driving on a different type of ground for the two steering configurations, as
described in Section 3.6.3.3.

4.3.1 Tire Steering

Figure 4.7 shows the reference tracking performance for the tire steering model using
the PI, LQR and MPC controllers with the weights determined in Section 4.2.
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Figure 4.7: Reference tracking of the longitudinal velocity vy .,, and steering angles

0r and dg during the asymmetric terrain test for the tire steering configuration using
the PI, LQR and MPC controllers.

Figure 4.8 shows the resulting shear stress 7 at each tire using the PI, LQR and
MPC controllers for tire steering. The shear stress settles at different values for the
left- and right hand side tires.
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Figure 4.8: Shear stress 7 for each tire during the asymmetric terrain test for the
tire steering configuration using the PI, LQR and MPC controllers.

Table 4.7 shows the RMSE values for v} ., 0r and g, as well as the RMS value for
Tiot- 1t can be seen that the steering angles are not affected by the terrain change.
The LQR and MPC controllers demonstrate comparable performance whereas the

PI controller yields higher values for vgysg and Tras.

Table 4.7: RMSE value for v} ,,,, 0r and g, and RMS value for 7;,; for tire steering

using the LQR, MPC and PI controllers for the asymmetric terrain test.

Controller | vryse (m/s) | dpryse (tad) | drrarse (rad) | Trars (N/m?)
LQR 0.1713 0.0000 0.0000 1297
MPC 0.1713 0.0000 0.0000 1294

PI 0.1788 0.0000 0.0000 1426

4.3.2 Pivot Steering

Figure 4.9 shows the reference tracking performance for the pivot steering model
using the LQR and MPC controllers with the weights determined in 4.2. It can be
observed that the steering angles settle with a steady state error after the vehicle
enters the asymmetric terrain.
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Figure 4.9: Reference tracking of the longitudinal velocity v? . = and steering angles

z,cm

0r and J0r during the asymmetric terrain test for the pivot steering configuration
using the PI, LQR and MPC controllers.

Figure 4.10 shows the shear stress 7 for each tire using the PI, LQR and MPC
controllers for pivot steering. The shear stress settles at closer values for the left
and right hand side tires than for the tire steering configuration.
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Figure 4.10: Shear stress 7 for each tire during the asymmetric terrain test for the
pivot steering configuration using the PI, LQR and MPC controllers.

Table 4.8 shows the RMSE value for vy ., 0r and 0g, as well as the RMS value
for 7;. Unlike for tire steering, the steering angles are affected by the change of
terrain, with non-zero values for 0ppyrsp and drpirsp- It can also be noted that the
values for 7rys are lower for all three controllers compared to the tire steering case
in Table 4.7. Once again, the LQR and MPC controllers perform comparably while
the PI controller results in higher tracking errors and RMS value for the total shear

stress.

Table 4.8: RMSE value for v}, r and dr, and RMS value for 7, for pivot

steering using the LQR, MPC and PI controllers for the asymmetric terrain test.

Controller | vryse (m/s) | dpryse (rad) | drrarse (rad) | Trars (N/m?)
LQR 0.1713 0.0053 0.0051 1210
MPC 0.1715 0.0057 0.0055 1206

PI 0.1788 0.0210 0.0200 1228

4.4 Slip Weights Test

The tables below shows ground impact and performance metrics with different non-
zero weights on the slip ratio A and slip angle 8 on all tires for the two steering

configurations using the LQR and MPC controller.
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4.4.1 Tire Steering

Table 4.9a shows the peak values reached for the slip ratio, Ajeqx, slip angle, Byeqr,
and shear stress, Tpeqr, for different weights on slip ratio and slip angle using the
LQR controller for tire steering. Increased weights result in a lower value for A,cqx.
The same does not hold for for the slip angle, where weights set to 5000 results in a
higher value for Sp.., than weights set to 500 or 2500. Table 4.9b shows the values
for vrysE, OrrMsE, OrRrRMsE and Trays where it can be observed that all values
increase with higher weights on slip ratio and slip angle.

Table 4.9: Ground impact and performance metrics for weights on slip ratio and
slip angle set to 500, 2500 and 5000 using the LQR controller for tire steering.

(a) Peak values for slip ratio A, slip angle 5 and shear stress 7 for different weights
on slip ratio and slip angle for tire steering. The peak value for 7 is reported for the
acceleration and turning phase.

Weights | Apear | Bpear (rad) 7'15352) (N/m?) TIEZZ};") (N/m?)
500 0.1282 0.1223 2353 2358
2500 0.1016 0.1212 2118 2414
5000 0.0915 0.1449 1949 2826

(b) RMSE value for v

T,cm)

on slip ratio and slip angle.

Weights | vriyrse (m/s) | dppurse (tad) | drpyse (rad) | Trars (N/m?)
200 0.1743 0.0380 0.0376 3052
2500 0.1814 0.0444 0.0405 3570
5000 0.1894 0.0559 0.0482 3980

0r and dgr, and RMS value for 7, for different weights

Table 4.10a shows the peak values reached for the slip ratio, slip angle and shear
stress for different weights on slip ratio and slip angle, using the MPC controller for
tire steering. Increasing the weights result in a lower value for both A,cqr and Bpeqr-
Table 4.10b shows the values for vryse, drpvseE, OrRruse and Trys. It can be
observed that the RMSE values increase with higher weights while 7z¢ decreases.
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Table 4.10: Ground impact and performance metrics for weights on slip ratio and
slip angle set to 500, 2500 and 5000 on each tire using the MPC controller for tire
steering.

(a) Peak values for A\, g and 7 for different weights on slip ratio and slip angle for
tire steering. The peak for 7 is reported for the acceleration and turning phase.

Weights | Apear | Bpear (rad) | 7ier) (N/m?) | 7™ (N/m?)
500 0.0943 0.1145 2001 2029
2500 0.0530 0.0960 1262 1912
5000 0.0331 0.0792 874 1610

(b) RMSE value for v 0r and 0, and RMS value for 7, for different weights

ICTTL’

on slip ratio and slip angle.

weights | vryse (m/s) | Oprase (tad) | drpuse (tad) | Trars (N/m?)
500 0.1873 0.0400 0.0382 2882
2500 0.2395 0.0498 0.0378 2772
5000 0.2911 0.0654 0.0391 2722

4.4.2 Pivot Steering

Table 4.11a shows the peak values reached for the slip ratio, slip angle and shear
stress for different weights on slip ratio and slip angle, using the LQR controller for
pivot steering. Similarly to tire steering, increased weights result in a lower value for
Apear: DUt a higher value for Bpeq,. Table 4.11b shows the values for vryse, OrrymsES
Orrvse and Tryrs. It can be observed that all values increase with higher weights,
as for tire steering.

Table 4.11: Ground impact and performance metrics for weights on slip ratio and
slip angle set to 500, 2500 and 5000 on each tire using the LQR controller for pivot
steering.

(a) Peak values for A\, g and 7 for different weights on slip ratio and slip angle for
pivot steering. The peak for 7 is reported for the acceleration and turning phase.

Weights | Mpear | Bpear (rad) | i) (N/m?) | 704" (N/m?)
500 0.1129 0.1285 2299 2507
2500 0.1018 0.1513 2118 2879
5000 0.0915 0.1696 1949 3150

(b) RMSE value for v? 0r and dgr, and RMS value for 7, for different weights

x,cm)

on slip ratio and slip angle.

Weights | vgpayrse (m/s) | dppurse (tad) | drpyse (rad) | Trars (N/m?)
500 0.1749 0.0409 0.0412 2811
2500 0.1828 0.0481 0.0439 2898
5000 0.1912 0.0630 0.0522 2950
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Table 4.12a shows the peak values reached using the MPC controller for pivot steer-
ing. Similarly to the MPC controller for tire steering, increasing the weights results
in a lower value for both A,cqr and Bpeqr. Table 4.12b shows the values for vruse,
OrrvsEs OrRrvse and Trayrs. The RMSE values increase with higher weights while
Tryms decreases.

Table 4.12: Ground impact and performance metrics for weights on slip ratio and
slip angle set to 500, 2500 and 5000 using the MPC controller for pivot steering.

(a) Peak values for A, g and 7 for different weights on slip ratio and slip angle for
pivot steering. The peak for 7 is reported for the acceleration and turning phase.

Weights | Apear | Bpear (rad) | 7ier) (N/m?) | 7™ (N/m?)
500 0.1007 0.1189 2092 2332
2500 0.0635 0.1157 1448 2271
5000 0.0513 0.1138 1060 2232

(b) RMSE value for v

ICTTL’

on slip ratio and slip angle.

weights | vryse (m/s) | Oprase (tad) | drpuse (tad) | Trars (N/m?)
500 0.1836 0.0410 0.0411 2795
2500 0.2220 0.0419 0.0418 2755
5000 0.2602 0.0435 0.0427 2749

4.5 MPC Constraints Test

0r and 0, and RMS value for 7,,; for different weights

Table 4.13 shows the values for A\peqr and Bpeqr for tire steering and pivot steering
for the unconstrained case in Section 4.2.2.

Table 4.13: Peak values for slip ratio A and slip angle 3 for tire steering and pivot
steering with no constraints.

Steering configuration | A constraint | Apequ | O constraint (rad) | Spear (rad)
Tire steering - 0.1162 - 0.1219
Pivot steering - 0.1175 - 0.1200

Tables 4.14 and 4.15 shows the values for Ajeak, Bpeak rlaco)

peak

(turn)
and 7, ~ for tire

and pivot steering with constraints set to 0.08 on each tire for both slip ratio and

slip angle.

unconstrained case, as required in the tuning process.

For reference, the values for 7

(acc)
peak

and T

(turn)
peak

result in lower peak values for tire slip and consequently for the shear stress.

Table 4.14: Peak values for A and 8 when constrained to 0.08.

were 2357 N/m? for the
As shown, the constraints

Steering configuration | A constraint | Apeq | B constraint (rad) | Spear (rad)
Tire steering 0.08 0.0638 0.08 0.1008
Pivot steering 0.08 0.0637 0.08 0.0899
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Table 4.15: Peak values for 7 during the acceleration and turning phase with

constraints on A and .

Steering configuration

(acc
peak

(N/m?)

(turn)
peak

(N/m?)

Tire steering
Pivot steering

1463
1459

1996
1831

Figures 4.11a and 4.11b shows the reference tracking performance for tire steering
and pivot steering with constraints on slip ratio and slip angle. For pivot steering,
less overshooting can be observed for 0 and dz compared to the unconstrained case.
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(a) Tire steering configuration. (b) Pivot steering configuration.

Figure 4.11: Reference tracking of the longitudinal velocity vZ and the steering
angles 0 and di for the tire steering and pivot steering configurations using the
MPC controller with constraints on slip ratio A and slip angle 5.

Figure 4.12 shows the resulting shear stress 7 for each tire for the tire steering
and pivot steering model with constraints on slip ratio and slip angle. For the
acceleration phase, it can be noted that the peak values reached a more flat value
compared to the unconstrained case, shown in Figure 4.4.
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(b) Pivot steering configuration.

Figure 4.12: Shear stress 7 for each tire for the tire steering and pivot steering
configurations using the MPC with constraints on A and /.

Table 4.16a shows the rise times ¢,, and ¢, 5 as well as eff%’gfg for pivot steering and
tire steering using the MPC controller with constraints on A and 3. The values for ¢, ,,

and t, s increase while the value for evt%;lx decrease compared to the unconstrained
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case, shown in Table 4.5a. Table 4.16b shows the values for vgyrsE, OrrirsEs ORRMSE
and 7Tryg for the constrained case.

Table 4.16: Performance metrics for the MPC controller using tire steering and
pivot steering with slip ratio A and slip angle g constrained.

(a) Rise times for v} ., and dr, and maximum velocity tracking error during turning

for the different steering configurations.

Steering configuration | t., (s) | t.s (s) | el™") (m/s)
Tire steering 1.6190 | 1.280 0.0417
Pivot steering 1.6922 | 1.3850 0.0409

(b) RMSE value for v?

o em 0r and g, and RMS value for 7, for the two steering
configurations.

Steering configuration

URMSE (m/ S)

dFRMSE (fad)

ORRMSE (rad)

TRMS (N/mQ)

Tire steering
Pivot steering

0.1998
0.2004

0.0397
0.0474

0.0385
0.0436

3083
2694

4.6 EKF Test

Table 4.17 lists the RMSE values of the estimated states for both the tire and pivot
steering model compared to the simulated states during the scenario described in
Section 3.6.4. The error is relatively low for the non observed states and a bit higher
for the observed states with added noise levels.

Table 4.17: RMSE values between the simulated and estimated states for the
implemented EKF during acceleration and steering.

State | Tire steering RMSE | Pivot steering RMSE
Vs 0.0065 0.0069
v, 0.0002 0.0020
¥ 0.0143 0.0030
w1 0.1134 0.1273
W 0.1833 0.1230
ws 0.1299 0.1238
Wy 0.1676 0.1337
O - 0.0004
o - 0.0060
o 0.0005 0.0001
O 0.0005 0.0002

The performance of the LQR controller together with the EKF for state estimation
is summarized in the Tables 4.18, 4.19 and 4.20. Both the steering configurations
achieve a lower rise time using the implemented filter compared to using the simu-
lated states as controller input. They also reach slightly higher peak shear stress as
well.
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Table 4.18: Rise times for v?

T,cm

and dp, and maximum velocity tracking error

during turning for the different steering configurations using the EKF and LQR.

Steering configuration | #,, (s) | trs (s) | el™n) (m/s)
Tire steering 1.3290 | 0.8100 0.0546
Pivot steering 1.3269 | 0.6121 0.0614

Table 4.19: RMSE during acceleration and steering with the implemented EKF

and LQR.

Steering configuration | vgyse (m/s)

dppuse (rad)

drrmse (rad)

TRMS (N/mQ)

0.1703
0.1698

Tire steering
Pivot steering

0.0376
0.0412

0.0376
0.0412

3.0855 - 10°
3.1895 - 103

Table 4.20: Peak values for 7 during the acceleration and turning phase with the
implemented EKF together with the LQR controller.

Steering configuration ;gg? Igzzzn)
Tire steering 2392 | 2390
Pivot steering 2410 | 3153
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Discussion

5.1 Model Limitations and Inaccuracies

A simplified model is used for the simulation, which introduces uncertainty regard-
ing how well the results translate to a practical application. One limitation is that
the wheel sinkage ratio A is unknown and set to an assumed value for the simulation.
However, in reality it changes depending on the soil and type of surface the vehicle
is driving on. If the value differs drastically from the simulation, the shear forces
generated in reality could vary greatly from the simulation, making the developed
controllers less applicable. Furthermore, dynamic sinkage is neglected for simplic-
ity, as described in Section 3.6, which adds to the mismatch between simulation and
reality.

The tests are carried out on a limited selection of soils, and it is therefore difficult
to predict how it would behave on other types of soils. The soil is also modelled
as a uniform material, without any deviation such as stones, or compact regions
and can therefore not say anything about these scenarios. The tire model used is
also a simplification as it does not model a decrease in shear forces after reaching a
certain slip rate or angle but instead approaches a saturated maximum. However,
this is not as relevant in this case as the tests are only performed in scenarios where
slip rate and angle are well under these limits. Higher accuracy could potentially
be achieved by using alternative soil and tire interaction models, such as particle-
based or finite element methods, to model these variables in greater detail. Another
modelling assumption is that the bulldozing force was only included as a lateral
tire force, since the longitudinal contribution was assumed to be negligible for the
driving cases considered and is more difficult to model accurately. It could however
contribute more when driving on very loose terrain that could build up in front of
the tires.

Another simplification is Simpson’s 1/3 rule that is used to estimate the integrals
2.16 and 2.17. It gives a computationally efficient approximate value for the in-
tegrals but introduces some error. It is deemed reasonable to use since the stress
distributions for the normal stress () and shear stress 7(6) vary smoothly with the
wheel angle . Therefore, the method is assumed to capture the overall behaviour
of the stresses with just three evaluation points which reduces computational cost
while still providing reliable estimates of the longitudinal and lateral tire forces. For
the calculation of F, . ;, the normal stress o(6) is not assumed to provide a rota-
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tional force for the tire. This is a simplification meaning that the vector for o ()
goes through the tire’s rotational center for all #. In reality this is not necessarily
the case but is assumed for computational simplicity.

Because of the simplifications made for the simulation, the results should primarily
be interpreted as a relative comparison between the different steering configurations
and controller implementations under different circumstances rather than exact pre-
dictions of how the modelled vehicles and controllers will behave during physical
implementation.

5.2 Steering Configurations Effect of Shear Stress

When it comes to the two steering mechanisms, pivot steering reduces the shear
stresses T, 4o and 7,4, generated by the vehicle on the ground compared to tire
steering, as seen in the Table 4.1. It also reduces Trjrs during the asymmetric ter-
rain test as seen in Tables 4.7 and 4.8. However, as seen in tables 4.3b, 4.5b and
4.6b, the pivot steering method consistently has larger steering angle tracking er-
rors, Orparse and dgpirsg, than the tire steering configuration. For the asymmetric
terrain test, Tables 4.7 and 4.8 show large differences in these values. The reason is
that 0 and dr settles with a steady state error during the asymmetric terrain phase.
Based on the tuning results, it was deemed that integral action for steering was not
required for any of the setups, but as shown it is required for the pivot steering
model. This could simply be added to both the LQR and MPC controller. The
steering angles for pivot steering also tend to overshoot slightly as seen in Figures
4.1b and 4.3b and consistently perform worse when it comes to controlling the steer-
ing angles with as high precision as the tire steering method. Table 4.1a, shows that
there is a larger increase in the shear stress in x compared to in y, which indicates
that the pivot steering method trades part of the lateral shear to longitudinal as the
steering is not able to be changed aggressively without causing a higher longitudinal
shear stress.

In Figures 4.8 and 4.10, the shear stress on the right hand side differs more for the
tire steering configuration than for the pivot-steering configuration on asymmetric
terrain. This is because the tire steering controller only controls the longitudinal
velocity and steering angles, while the applied wheel torques are decoupled from the
steering motion. As a result, approximately the same torque is applied to all four
wheels regardless of terrain conditions, causing the right hand side wheels to generate
higher shear stress when they enter the changed terrain. For the pivot-steering
configuration, the steering angles are directly affected by the wheel torques. The
controller therefore redistributes the torques to counteract the axle rotation caused
by the asymmetric terrain and maintain the desired steering angle. This reduces
the relative increase in shear stress on the righthand side, but instead increases the
shear stress on the left hand side as compensation. For the tire steering model,
the same limitation applies in general driving scenarios, since the wheel torques are
not adjusted according to each wheel’s distance from the turning centre, which has
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the additional consequence that the Ackermann steering mechanism will not work
ideally. This can cause excessive tire slip and is a likely reason for the difference in
generated shear stresses reported in 4.1. However, if the individual wheel angular
velocities or the vehicle yaw rate were controlled, the tire steering configuration could
potentially adapt through differential wheel torques in a similar way to the pivot
steering configuration. This would require a redesign of the state space formulation.

5.3 Controller Analysis

The PT controller tuned for the same criterion for 75, and 7.4 as the LQR and
MPC controllers has higher rise times for the velocity, ¢,,, as well as for the front
steering angle, ¢, 5, for pivot steering, as shown in Tables 4.3a, 4.5a and 4.6a. This
is likely because of the smoother control inputs applied as a result of the input
rate penalty incorporated in the cost function for the model based controllers. For
tire steering, t, s is identical for all three controllers. The reason is that the steer-
ing rate was limited by a fixed maximum value. As a result, the steering angle
rise time becomes less relevant for comparing controller performance, since all con-
trollers produce nearly identical steering responses once the rate limit is reached. A
less restrictive rate constraint could have provided a clearer comparison between the
controllers. However, the chosen limit was based on the physical vehicle model and
was therefore kept consistent with the first-order steering delay used in the state-
space representation.

The LQR and MPC controllers perform similarly for tire steering and pivot steering
with the chosen N, and N., as shown in Section 4.2. The rise time t,, increase
for the MPC controller compared to the LQR controller for both tire steering and
pivot steering as shown in Tables 4.3a and 4.5a. For pivot steering, the increase is
greater than for tire steering which is a result of the change in prediction horizon
and different weights in @, and R, required to fulfil the tuning criterion for rggZ;”)
The rise time ¢, 5 also increases when using the MPC controller for the pivot steering
model. For tire steering, there is no difference in ¢, s because the maximal steering
rate is reached for both the LQR and MPC controller. Because the controllers are
only performing setpoint tracking with unknown future references, it is expected
that the MPC solution will converge to the corresponding LQR solution with in-
finite horizons. Therefore, the MPC controller cannot exploit one of its principal
advantages of anticipating known future reference trajectories. The integral action
is implemented differently for the LQR and MPC controller and therefore the values
for VrMmSE, ORpyses ORpwse a0d Trars in Tables 4.3b and 4.5b cannot be compared
directly but it may be assumed that the reference tracking capabilities are better for
the LQR controller because of its optimal feedback gain. The main benefits of using
the MPC controller becomes apparent in the tests described in Sections 3.6.3.4 and
3.6.3.5, as discussed further below.

Both the LQR and MPC controllers behave as desired when setting weights on the
slip ratio A, with higher weights resulting in lower values for A, and TZSZ;Z) on

all tires, as shown in Tables 4.9a, 4.10a, 4.11a and 4.12a. Setting weights on the
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slip angle ( results in different behaviour for the LQR and MPC controller. Higher
weights resulted in a higher value for Sp..r when using the LQR controller whereas
it resulted in a lower value when using the MPC controller. This result is consis-
tent for both tire steering and pivot steering. One potential explanation is that the
MPC controller benefits from its shorter horizon in this case. The LQR controller
computes a feedback gain by minimizing an infinite-horizon cost function, which
results in a control law that prioritizes overall long-term performance. In contrast,
the MPC controller optimizes over a finite prediction horizon and therefore places
greater emphasis on short-term transient behaviour. Since the peak in # occurs over
a relatively short time interval, the MPC controller is better able to actively sup-
press this transient peak, while the LQR controller may instead accept a temporary
increase in 3 in order to improve the overall trajectory. Tables 4.9b, 4.10b, 4.11b
and 4.12b show that the values for vrysE, Orryse and drpirse generally increase
with higher weights on the slip ratio and slip angle for both steering and controller
setups, which is expected because the solution to the optimization problem priori-
tizes reduced slip at the cost of reference tracking performance. The value of Try/g
increases for the LQR controller and decreases for the MPC.

The MPC controller was able to incorporate output constraints on slip ratio and slip
angle as shown in Section 4.5. The constraints resulted in lower values for \,.,; and
Bpeak for both tire steering and pivot steering, as shown in Table 4.14, although it was
not able to keep the exact constraints that were set. Because of the soft constraints
used it is expected that the outputs may surpass the constraints, as observed for .
Potential reasons for A,.q; settling below the constraint could be a model mismatch
between the non-linear vehicle system and the linearized state space formulation or
insufficient prediction horizon. Figure 4.12 shows that the shear stress 7 for each tire
reaches lower values compared to the unconstrained case in Figure 4.4. In particular,
it can be noted that during acceleration, 7 has a flatter peak values instead of sharp
transient peaks, which is beneficial for reducing excessive ground impact while still
maintaining high reference tracking performance. Tables 4.5a and 4.16a show that
the rise times ¢, , and ¢, ; increase for the constrained case compared to the uncon-

strained case. Notably, for tire steering, an increase in ¢,, of 11.6% is accompanied

by a reduction in T]SZSZ) of 37.9%. Similarly, for pivot steering, a 3.7% increase in ¢,

results in a 38.1% reduction in T;EZCCLZ)- Thus, a relatively high reduction in ground
impact is achieved at the cost of a relatively low impact on performance in this
case. Another benefit of the MPC controller is that it allows for input constraints
on the applied torque as well. For tire steering, constraints can also be set for the
steering angles. While only the soft output constraints were explicitly evaluated,
the hard input constraints are enforced directly by the optimizer and are therefore

guaranteed to be satisfied for any feasible MPC solution.

A detailed execution time analysis was not performed for the LQR or MPC controller
during simulation, as simulation results do not reflect the actual hardware. While
the controller consistently stayed below the sampling rate of 10 ms during testing,
these results were influenced by the simulation computer’s performance rather than
the target embedded processor. Therefore, these figures were used as a feasibility
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check rather than as a final measure of real-time performance. Although the MPC
showed promising result, implementing a high frequency MPC could be difficult on
a physical system because of the high computational cost. It is however suspected
that a high sampling rate is needed for the MPC to be able to handle the constraints
efficiently as the slip dynamics can change rapidly. In contrast, LQR is less demand-
ing and could therefore be more suitable for real time implementation. Further test
of the controller sampling time should therefore be investigated regarding how it
effects the controllers ability to regulate the slip ratio and slip angle as a lower sam-
pled MPC could be more realistic. A development potential for the MPC is to add
terminal weights to the cost function

A possible development of the MPC is to add a terminal cost on the final predicted
output deviation. This terminal cost could be designed using a Riccati equation,
and in a more complete formulation it could also account for the input-rate penalty
by augmenting the system with the previous input. The purpose of a terminal cost
is to encourage the optimizer to end the prediction horizon in a state from which
continued regulation is inexpensive. This may allow for a shorter prediction horizon
to be used while maintaining similar closed-loop performance, which is especially
relevant for hardware implementation as it would lower the execution time.

The extended Kalman filter seems to be able to estimate the non measured states
and remove most of the measurement noise in both of the steering configurations
as seen in Table 4.17. Further improvement could possibly be made with better
tuning of the filter parameters. It can be observed in 4.18 that there is a decrease
in rise time for both the longitudinal velocity and steering angles compared to when
simulated states are used for the controller in 4.3a. This is likely because of the
deviation in the state estimation, resulting in the initial tuning overshooting the
limit of 25% of the soils maximal shear stress. Table 4.20 shows the resulting stress
higher than the 25% limit. As a result, the controller becomes more aggressive,
resulting in a higher peak acceleration.

5.4 Future Work

This work has analysed how different model based control methods could benefit
the reduction in ground tear, but it still lacks the ability to fully compensate and
adjust the control input with the changes in ground parameters. It would therefore
be of interest to estimate these parameters live on the vehicle in order to adjust the
control action to better suit the ground type. This could potentially be done with a
simple rule based classification or online parameter estimation with an EKF, where
the state vector is expanded with unknown slow changing parameters. This could
then be used together with gain scheduling for the LQR controller and MPC.

A more in depth sensitivity analysis should also be performed to evaluate the ro-
bustness of the controller against model uncertainties. This could include changes in
miss match in controller model parameter and the physical system, variations in the
vehicles mass or more extreme changes in terrain conditions. This would give better
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understanding on how dependent the controllers are on accurate model parameters.

Future work should also include physical implementation of the developed con-
trollers. This would make it possible to evaluate the computational feasibility of
both the LQR, but most importantly the MPC and whether the simulated perfor-
mance can be achieved in practice. Such an implementation would also allow for
a more detailed investigation of the sampling time and the choice of control and
prediction horizons for the MPC. In addition, experimental testing could be used to
evaluate both the runtime performance of the controllers and the generated shear
forces under real operating conditions.
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Conclusion

This study has analysed how two different steering methods, tire steering and pivot
steering, can be utilized together with model based control methods for reference
tracking of the longitudinal velocity, and front and rear steering angles, with the ul-
timate goal of minimizing the vehicle’s ground impact. An LQR and MPC controller
was developed with weighting capabilities on slip ratio and slip angle, since these
are directly related to the shear forces between the vehicle tires and the ground.
Furthermore, the controllers were developed with the ability to incorporate input
rate penalties in order to penalize rapid changes in the controller input, allowing
for incremented increases in control effort which reduce sudden changes in tire forces.

To evaluate the steering methods and controller, the tire and ground interaction
was modelled and implemented for both steering methods in Simulink and Simscape.
The controllers were tuned for a selected ground type to achieve a peak shear stress of
25% of the maximum shear stress the ground can withstand. Several simulation tests
were then performed and the results were compared to a traditional PI controller.
The results show that the pivot-steering configuration can reduce the total gener-
ated shear forces while achieving a similar yaw rate during turns compared to the
tire steering configuration. Under asymmetric terrain conditions, the pivot steering
configuration also results in a lower total shear force. However, this reduction is not
necessarily associated with improved overall performance, since the steering angle
tracking performance is reduced slightly as the angles often overshoot their refer-
ences.

Both LQR and MPC improved the longitudinal acceleration while maintaining the
shear stress limitation compared to the PI controller, likely due to the input incre-
ment implementation. Increasing the weight on slip ratio reduced the longitudional
shear stress for both controllers. However, only the MPC was able to reduce the lat-
eral shear through the introduction of cost on the slip angle. The MPC was also able
to implement soft constraints on both the slip ratio and slip angle with promising
results. The slip angle was nevertheless more difficult to regulate than the slip ratio.

Overall, the results indicate that both the selection of steering method and controller
has significant influence on the generated shear. Pivot steering along with the MPC
controller showed the greatest potential when it comes to reducing ground shear
forces as it is also capable at handling constraints.
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Appendix 1

A.1 LQR feedforward derivation

For reference tracking, the steady-state values (zs) and (uss) were computed from
the discrete-time state-space model

z(k+ 1) = Agx(k) + Bau(k).

At steady state, the state is constant, which gives

Tss = Adxss + Bduss‘

Rearranging gives

(I - Ad)xss = Bdu857

and therefore

Tss = (I - Ad)_leuss'
The controlled output is defined as

y = Cu.

Since the desired steady-state output should satisfy yss = yycf, the following relation
is obtained:

Yref = Ozss~

Substituting the expression for x,, gives

yref = C(I - Ad)_leuss.

The steady-state input can therefore be written as

Uss = DurYref,

where

(1 - 40)7'Ba)".
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Since the matrix (C(I — A4)"'B,) is not square in the implemented models, the
Moore Penrose pseudoinverse was used. The corresponding steady-state state vector
is then

Tss = DgrYref,

where

(I — Ag) 'ByKy,.

A.2 MPC derivations

This appendix presents the detailed matrix formulation used for the condensed MPC
implementation described in Section 3.4.2. To formulate the optimization problem
in compact matrix form, block diagonal weighting matrices are constructed over the
prediction horizon. The lifted output weighting matrix is defined as

Qy = blkdiag(Qy, ..., Qy).
Similarly, the lifted input weighting matrix is defined as

R = blkdiag(R., ..., R.).
and the lifted input rate weighting matrix is defined as

Ray = blkdiag(Rau, - - ., Rau).
These matrices penalize the predicted output tracking errors, control effort, and the
variation in the control inputs over the prediction horizon. The prediction model
used in the condensed MPC formulation is then constructed. Instead of treating the
predicted states as optimization variables, the future states are expressed explicitly
as functions of the initial state and the future control sequence. The stacked future
state vector is defined as

x(Np)

u(NC:— 1)

Using repeated substitution of the system dynamics, the future state trajectory can
be written compactly as

IT
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X =Qxy+TU

where €2 is the free response prediction matrix and I is the forced response prediction
matrix. The matrix €2 contains the autonomous evolution of the system and is
constructed as

Ag
o |
A
The matrix I'" describes how future control inputs influence future states and has
the lower block triangular structure

By 0 0 e 0
AyBy By 0 e 0
r— | A2By AyBy By o0
AY'By, AYTPB, AYT°By - By

The predicted outputs are then constructed by stacking all future outputs into the
vector

y(Np)
To obtain a compact output prediction equation, block diagonal matrices containing
the output matrices are introduced as

A

C=1Iy ©Cy

A

D=1y, ® D,

where ® denotes the Kronecker product. Using the previously derived state predic-
tion equation, the predicted outputs can be written as

Y =CX+DU
and substituting the state prediction equation yields

Y = C(Qxo +TU) + DU.

To reduce the number of optimization variables and improve computational effi-
ciency, the future control inputs are only optimized over the control horizon N,.. For
prediction steps beyond the control horizon, the final optimized control input is held
constant. This is implemented using the mapping
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U= SU.

where S'is a block selection matrix mapping the reduced control sequence U, to the
full prediction horizon input sequence U. The condensed output prediction equation
can therefore be written as

YZFZEO—FCI)UUC

where
F=CO
and
®, = DS
with
Ppy = CT + D.

The condensed formulation eliminates the predicted states from the optimization
problem and expresses the future outputs solely as functions of the current state
and future control sequence. To penalize the rate of change of the control input, the
stacked control increment vector is defined as

u(0) —u(—1)
u(1) —u(0)
AU = u(2) — u(1)

| u(N. — 1) — u(N, —2)

where u(—1) denotes the previously applied control input. The stacked input incre-
ments can be expressed compactly as

AU =TU.+d

where T is the lower bidiagonal difference matrix

I 0 0 --- 0
-7 I 0 --- 0
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The finite horizon cost function can now be rewritten in compact matrix form as

J=Y -RTQ,(Y — R)+U'RU, + (TU, + d)" Rao(TU, + d) + p.€*.

where R is the stacked reference vector

yref

Yre
rR=|""
Yre f

Substituting the condensed output prediction equation into the cost function gives

J = (Fro+®,U.—~R)'Q,(Fro+®,U.~R)+ULX RUA(TU+d)" Rau(TUA+d)+pee’.

Expanding the quadratic expression results in

J=U" (cpfc‘gycbu + R+ TTRAUT) U A2(Fro—R)' Q,®,UA-2d" Ray TU,+p.€*+constant.

Since the constant term does not affect the optimization, it is omitted. The opti-
mization problem is then converted into the standard quadratic programming form
used by Matlab’s quadprog solver. The optimization vector is augmented with the
slack variable according to
z = :
€

The Hessian matrix is therefore defined as

where B - B
Hy=2(®}Qu®, + R+ T"RaT)

and the gradient vector is defined as

. [Q@EQ?}(MO —R)+ QTTRAud]
0 .

Input constraints are incorporated as hard linear inequality constraints. Upper and
lower bounds on the control inputs are defined as

uminéu(k)éumax, k:O,...,Nc—l

These constraints are rewritten as
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and stacked across the control horizon as

I Umax
(el sme ]

In addition to input constraints, constraints are imposed on selected predicted out-
puts. To improve robustness and avoid overly aggressive behaviour near the con-
straint boundaries, the output constraints are implemented as soft constraints using
the slack variable €. The softened output constraints are written as

Ymin — € < Ye(k) < Ymax +6, k=1,..., N,

with

e > 0.
Here, y.(k) denotes the selected constrained outputs at prediction step k, while
Ymin aNd Ymax are the corresponding lower and upper output bounds. The stacked

output bounds over the prediction horizon are denoted by #min and ymax. Using the
condensed prediction model, these constraints can be stacked across the prediction

horizon as - _
A, -1\ U, < | Ymax — CyFxo
Ay =1 €| 7 |=Ymin+ CyF g

A, =C,9,

where

and 1 denotes a column vector of ones.
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