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On the Yield to Maturity Curve Implied by the Heath-Jarrow-Morton-fitted Forward
Market Model

Victor Brun

Department of Mathematical Sciences

Chalmers University of Technology

Abstract

The transition from the forward-looking LIBOR to backward-looking rates such as
SOFR presents a modelling challenge, as the widely used LIBOR Market Model
(LMM) is designed for forward-looking rates. To address this, the generalised For-
ward Market Model (FMM) has been proposed, capable of describing both forward-
and backward-looking rates.

In this thesis, we study the properties of the FMM, focusing on the differen-
tiability of the yield to maturity curve implied by the Heath-Jarrow-Morton-fitted
FMM. We investigate the non-differentiability of the yield to maturity curve, and
show that it is heavily influenced by the choice of zero-coupon bond interpolation
method.

Keywords: Interest rates, backward-looking rates, LIBOR, generalised forward
market model, yield curve.
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Measures and expectation

P Real world measure.

Q Risk-neutral measure.

Q7 T-forward measure.

EX Expectation in the measure X.

Interest rates

r(t) Instantaneous risk-free interest rate.
f(t,T) Continuously compounding forward rate.
Fi(t) Forward-looking forward rate.

Ry (1) Backward-looking forward rate.
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1

Introduction

Interest rates are central to the financial landscape, impacting everyone from fam-
ilies fixing their mortgage rates to Wall Street traders analysing price movements
in sophisticated interest rate derivatives. Despite their apparent differences, these
contracts share a commonality—the type of interest rate used.

The most frequently employed type of interest rates are Interbank Offered Rates
(IBORs), of which the most well-known is the London Interbank Offered Rate (LI-
BOR), but there are various regional counterparts like EURIBOR, TIBOR, and
CDOR. For simplicity, we will collectively refer to them as LIBOR or LIBOR rates,
given their similar characteristics and functions.

LIBOR rates are simply compounding forward-looking rates specifying interest
rates between banks and are utilised across a wide range of financial products,
from everyday home mortgages to intricate interest rate derivatives. Due to their
widespread usage, great efforts have been made to model them, with the most well-
known model called the LIBOR Market Model (LMM). However, historically, these
rates were determined by a panel of banks providing suggested rates. This resulted
in significant concerns being raised regarding the potential for rate manipulations
after the 2008 financial crisis, prompting the need for a more robust benchmark
rate.!

In response to the vulnerability of LIBOR rates, financial authorities and market
participants have acknowledged the necessity for a comprehensive solution. Conse-
quently, LIBOR is being phased out, with the last U.S. dollar LIBOR published
on the 30th of June.? In its place, various overnight rates have emerged. These
rates are based on actual transactions and therefore resolve the issue that motivated
them.

However, the problem with overnight rates is that they, as the name suggests,
have an accrual period of only one night. To turn these rates into term rates like
LIBOR (e.g., rates with different length tenors such as 1 month, 3 months, 6 months,
etc.), a compounded setting-in-arrears rate is used. This rate is constructed from
the overnight rates and is backward-looking in nature, meaning that it continues
to evolve until maturity, i.e., it both settles and pays at maturity. Just as for
the IBORs, these setting-in-arrears rates have regional variants; SOFR has been
selected to replace the LIBOR in the US, while the UK has opted for SONIA as the
replacement rate.

'https://archive.nytimes.com/www.nytimes.com/interactive/2012/07/10/business/
dealbook/behind-the-libor-scandal.html?_r=0

’https://wuw.sec.gov/oiea/investor-alerts-and-bulletins/
what-you-need-know-about-end-libor-investor-bulletin


https://archive.nytimes.com/www.nytimes.com/interactive/2012/07/10/business/dealbook/behind-the-libor-scandal.html?_r=0
https://archive.nytimes.com/www.nytimes.com/interactive/2012/07/10/business/dealbook/behind-the-libor-scandal.html?_r=0
https://www.sec.gov/oiea/investor-alerts-and-bulletins/what-you-need-know-about-end-libor-investor-bulletin
https://www.sec.gov/oiea/investor-alerts-and-bulletins/what-you-need-know-about-end-libor-investor-bulletin

1. Introduction

From a modelling perspective, the transition from LIBOR to alternative rates
like SOFR is, therefore, a shift from forward-looking to backward-looking rates.
Because the LMM is only capable of modelling forward-looking rates, this transition
has significant implications for financial institutions, as many of them rely on the
LMM for pricing and hedging products based on interest rates. Therefore, a new
model, capable of describing both forward- and backward-looking rates, has been
proposed—the generalised Forward Market Model (FMM).

The generalised Forward Market Model, proposed in [9], enjoys many of the con-
venient properties of the LMM, such as martingale dynamics under the appropriate
measure and the possibility for log-normal dynamics. But it also provides some
additional features, such as having convenient dynamics under the risk-neutral mea-
sure. Moreover, because of its ability to model rates that continue to evolve until
maturity, it is possible to fit a Heath-Jarrow-Morton model to each accrual period,
which is done in [10].

In this thesis, we build upon the work done in [10] by studying the properties of
the FMM. Specifically, we study the differentiability of the time to maturity curve
implied by the Heath-Jarrow-Morton-fitted FMM.
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Preliminaries

2.1 Stochastic calculus and related topics

In this section, we establish the mathematical foundation that will be utilised
throughout this thesis. It is important to note that this section does not serve
as an introductory explanation of the concepts involved. Instead, it can be utilised
as a refresher and a reference for the definitions and theorems that will be employed
later on.

For a gentle introduction to the concepts covered in this chapter within the
context of financial mathematics, we recommend [12]. For a more technical and
mathematically rigorous discussion, we highly recommend [8] and [7].

2.1.1 Functional analysis

Definition 2.1.1 (Variation). Let g : R — R. We define the variation of g on the
interval [a, b] as

Vy(la, b)) = sup 3 lg(t2) — g(t2),

i=1
where the supremum is taken over the set of all partitions such that

a=t; <ty <---<ty=0b

It is often convenient to consider the variation over an interval starting at 0, e.g.
[0,]. To simplify notation, we use the shorthand notation V([0,t]) = V,(¢).

Definition 2.1.2 (Finite and bounded variation). A function g is said to be of
finite variation if Vy(t) < oo for all t. The function is moreover said to be of
bounded variation if sup, Vy(t) < oo, i.e., V,(t) < C where C is a t-independent
constant.

Definition 2.1.3 (Quadratic variation). Let g : R — R. We define the quadratic
variation of g on the interval [0,¢] as the limit (when it exists)

a)(0) = Jim S (9(e7) — g(t11)),

where 0 =t <t <--- <t =t and 6, = maxy<;<,(tF — 1" ).

Theorem 2.1.1. If g : R — R is continuous and of finite variation, it has zero
quadratic variation.
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Proof. We will bound [g](¢) from above and then show the bound to be zero as a
result of the properties imposed on ¢g. By definition of quadratic variation it follows
that

= hm Z( gt 1))2

< lim max lg(t?) — g(t? )] Z lg(t) — g(tiy)]

Sn =0 i=1
< lim max |g(t]") — g(£i-1)[Vy(t) = 0,
on—0 1
where the last equality follows from V,(t) < oo and continuity of g on [0,¢], as the
latter implies that lims, o |g(t}) — g(t71)| = 0. O

Definition 2.1.4 (Covariation). Let g, h : R — R. We define the covariation of g
and h on the interval [0, ¢] as the limit (when it exists)

(g, 1] m > (g(t) = g(ty) (Rt = h(ty)
'L 1
where 0 =t <t} <--- <t =t and 6, = maxy<;<,(t} —tI" ;).

Theorem 2.1.2. If g is continuous and h is of finite variation on [0,t], then their
covariation is zero, i.e., g, h](t) = 0.

The proof of theorem 2.1.2 is almost identical to that of theorem 2.1.1, with
the only addition being that the function to move outside the sum must be the one
which is continuous.

2.1.2 Measure theoretic probability theory

When dealing with uncountably large sample spaces, as we will throughout this
thesis, it is not possible to assign a probability to each element while ensuring that
the probability of the entire sample space is one. To address this technical issue, we
rely on o-fields.

Definition 2.1.5 (o-field). Let F be a field consisting of subsets of the sample
space ). F is then called a o-field if it satisfies:

1. 9,Q e F,
2. Ae F = A® e F,
3. Ay, Ao, A€ Fthen U2 A, € Fand N2, A, € F.

Definition 2.1.6 (Filtration). A filtration {F;}:>¢ is an increasing family of sub-o-
fields of the o-field F, i.e.

{@}thogﬂlgftnggf, Ogtn—lgtn
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The concept of a filtration will play a crucial role later on in this thesis by
representing information. For example, we will often let all information available in
some market up until, and including, time ¢ be represented by the filtration F;.

Definition 2.1.7 (Measurable). Any subset of €2 that belongs to the o-field F is
called F-measurable.

Definition 2.1.8 (Probability measure). A probability measure P on the measur-
able space (€2, F) is a non-negative set function on the o-field F such that

L P@Q) =1,
2. if A€ F, then P(A%) =1— P(A),

3. and if Ay, Ag, ..., A,, - € F are mutually exclusive, then
P(U4) -3 P,
n=1 n=1

Definition 2.1.9 (Equivalent probability measures). Let P and @ be two proba-
bility measures on a measurable space (€2, F). We say that P and @ are equivalent,
denoted P ~ @, if they are zero on the same sets, i.e.,

P(A)=0<= Q(A)=0 VA€ F.

Definition 2.1.10 (Absolutely continuous probability measures). Let P and @ be
two probability measures on a measurable space (2, F). We say that @ is absolutely
continuous with respect to P, denoted () < P, if

P(A)=0=Q(A)=0 VA€ T

Note that if Q@ < P and P < () the measures are equivalent.

The following is a central measure theoretic result and its proof relies on several
concepts that are beyond scope of this thesis. Therefore, we will state the theorem
in a probability theoretic formulation and leave it without proof.

Theorem 2.1.3 (Radon-Nikodym theorem). Let (2, F) be a measurable space with
two probability measures P and @) such that QQ < P. Then there exists a P-almost
surely unique random variable A such that A >0, EPA =1, and

Q(A) = EP[Al,] = /A AdP, VA€ F, (2.1)

where 14 denotes the indicator function on A. Conversely, if there exists a random
variable A with the above-stated properties, and Q) is defined in accordance with (2.1),
then it is a probability measure and Q) < P.

Definition 2.1.11 (Radon-Nikodym derivative). We define the Radon-Nikodym
derivative as the random variable A from the Radon-Nikodym theorem. Moreover,
it is often denoted as the ratio of the differentials of the measures,

_4Q

A= .
dP
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Theorem 2.1.4 (Abstract Bayes’ theorem). Let (Q, F) be a measurable space with
two probability measures P and @), and let G be a sub-o-field of F. If QQ < P with
A =dQ/dP and E?|X| < oo, then EF|AX| < co and

EF[AX | G]

EC[X | G] = EPA[G]

Q-a.s. (2.2)

Proof. That E¢|X| < oo implies EF|AX| < oo follows directly from the definition
of expectation and the fact that A is a Radon-Nikodym derivative.

Now, by the definition of conditional expectation provided by [8, page 44] we
have, for any bounded G-measurable random variable &, that

E[(X] = EEE[X | G]]. (2.3)

Then, by multiplying (2.2) with ¢ and taking the @Q-expectation of the right-hand
side we get

Q EPAX | d] — EP — 7EP[AX 9] is erivative
E [EP[A|Q] 51 E _A EP[A [ C] 5] (Ais RN. d tive)
_ o |pp [ZETAX | G]
—E _]E [AW ] g} f] (use (2.3))
= E" |EP[A | g]Wﬁ] (fraction G-measurable)
=E"[E"[AX | gl
= E9[X¢]. ((2.3), RN. derivative)
= E° [E9[X | Gl¢]. (tower rule)

To finalise the proof we notice that by letting £ = 14 for any A € F the equality in
expectation becomes equality in probability, i.e.

EPAX|G] [ oo
Awdcg_/AE (X | GldQ, VA€ F.

This means that above integrands are equal on every set, A, with non-zero Q-
measure, or in other word; they are (Q-almost surely equal. O

2.1.3 Stochastic processes

A stochastic process is an ordered set of random variables {X,,}°°,, which can be
uncountably large. This notation will be used when it is essential to emphasise
the ordering. However, as this thesis primarily focuses on continuous stochastic
processes, the notation {X(¢)}>o will be used more frequently. Finally, when it is
clear from the context, we will omit the set notation and denote the process as X (t).

Definition 2.1.12 (Adapted process). A stochastic process {X (¢) }1>¢ is said to be
adapted to the filtration {F;}i>o if X (t) is Fr-measurable for ¢ > 0.
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Definition 2.1.13 (Predictable process). A stochastic process {Y,,}22; is said to
be predictable with respect to the filtration {F,}2, if Y, is F,,_1-measurable.

Definition 2.1.14. A stochastic process {X(?)}co,r), adapted to some filtration
{Fi}iepom is said to be in

o Sr if there exists a grid 0 = ty < --- < t, = T, and random variables
&o,&1, ..., &1, with & being F;.-measurable, and E[€2] < oo fori =0,1,...,n—
1, such that

X(t) = 501{0}@) + Zn:fifll(ti_hti](t) for ¢t € [0, T].
i=1

L4 ET lf

< OQ.

E VOTX(t)th

L4 PT lf
P (/ X ()2t < oo> — 1.
0
Definition 2.1.15 (Markov property). Let F; denote the o-field generated by the
stochastic process X (t) up until time ¢. We say that X (¢) possesses the Markov

property if for any t and s, the conditional distribution of X (¢ + s) given F; is the
same as the conditional distribution of X (¢ + s) given X (¢), i.e.,

P(X(t+s)€eA|F)=P(X(t+s)e€A|X(t) as.,
where A is an F;  s-measurable set.

Definition 2.1.16 (Brownian motion). We call the stochastic process W (t) a Brow-
nian motion if it, for any 0 < s < ¢, satisfies the following properties:

1. (Independent increments) W (t) — W (s) is independent of the past, i.e., it is
independent of the o-algebra F" (s) generated by W (s).

2. (Normal increments) W (t) — W (s) ~ N(0,t — s).
3. (Continuity of paths) W (t) is a continuous function of t.

From this definition of Brownian motion, it follows easily that it is a Markov
process.

Theorem 2.1.5. Let W (t) be a Brownian motion, then [W](t) = t.
Proof. Define

Wh(t) = 3 (W(e) = wie,)’

i=1
Then, our objective is to prove that [W],(t) — ¢ almost surely. To do this we will
first show L?-convergence. Let

0, = (Wit - Wy) = (1 —y).
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From the fact that the increments of Brownian motions are independent, it follows
that 0; and 6, are independent for ¢ # j. Moreover, the time increment term in 6;
will cancel the mean of the square Brownian increments, making 6; have zero mean.

Next we observe that .

[Wa(t) —t = Z; ;. (2.4)

By relying on the result that EZ* = 30* for Z ~ N(0,0?) and the properties of 6;
derived above, it is possible to bound the second moment of (2.4) from above:

I

@
I
—

E[(Wa(t) = t)°] = Y E[62] + 2> E[0,0)]

i#j

| (W) - wie)) - (e - t?l)ﬂ

I

@
Il
—

I

ﬁ
Il
—

E (WD) - W) | -2 30— )+ 2o - )
- =1 i=1

2>t —t7y)°

-

i=1

< 2max [t} — ] 1|Zyt” — "
= 2t max |t —t?_1| — 0 asn — 0.
7

The third equality utilises that 6; has zero mean and that ¢; and ¢; are independent

for i # j. The fourth equality takes advantage of the above result for the forth

moment of Z, and finally the last equality notices that the sum is a telescope sum.

With L2-convergence shown, we move on to convergence in probability. For this

we consider some partition of [0,¢], such that it converges to 0 faster than n=2.

Moreover, let €, be a series decreasing to zero. We can then specify our partition by
€n

no__n G
mlax|t t ] ol

Markov’s inequality yields that

P00 > 26} < (V1) = 0] _ ot max 7 — 1] _ i3

2€, - 2¢, n

Notice that the sum over all probability is finite, i.e. 3°° , tn~2 < oo. Therefore, by
applying the Borel-Cantelli lemma we have

P (ﬁ U {(Wa(t) = 1)* > 2en}> = 0.

n=1k=n

In other words, the probability of the squared difference between the partial quadratic
variation and ¢ being larger than 2¢,, is zero. Moreover, since €, — 0, this must entail
that the probability of {lim,[W],(t) # t} is zero, which means that the quadratic
variation of a Brownian motion is equal to t, almost surely. O

8
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Definition 2.1.17 (Martingale). A stochastic process M (t), adapted to the filtra-
tion Fy, with E|M (t)| < oo for ¢t > 0 is said to be a martingale if

E[M(t) | Fs] = M(s)
for 0 <s <t

Theorem 2.1.6 (Lévy’s characterisation theorem). The stochastic process W (t) is
a Brownian motion if and only if

1. W(0) =0,
2. W(t) is a continuous martingale,
3. and W, W](t) =t.
Proof. See [8, proof of theorem 7.36]. O

Note that it is possible to relax the martingale property to a local martingale in
Lévy’s characterisation theorem. However, we will stay with the above formulation
as it facilitates our use of the theorem. Moreover, if we have several Brownian
motions, e.g. Wi(t) and Wy(t), we say that they are independent if [W7, W] (t) = 0
and correlated if [Wy, Wh](t) = p1at, where p1o € [—1,1].

Definition 2.1.18 (Radon-Nikodym derivative process). Consider the filtered mea-
surable space (2, F;, F) with two probability measures ) and P such that @ < P.
Moreover, let A be the related Radon-Nikodym derivative, i.e., A = d@Q/dP. We

define the Radon-Nikodym derivative process as
A(t) =E"[A | F).

The following result follows directly from the properties of conditional expecta-
tion since F; C Fy, for s < t.

Corollary 2.1.7. The Radon-Nikodym derivative process is a P-martingale, i.e. for
0<s<titholds that
EP[A(t) | F] = A(s).

Lemma 2.1.8. A process M(t) is a Q-martingale if and only if A(t)M(t) is a P-
martingale.

Proof. See [8, corollary 10.11]. O

2.1.4 1It0 calculus

Definition 2.1.19 (It6 integral process). Let X be an Fp-measurable random vari-
able in Sp and let W () be a Brownian motion. Moreover, let &, &1, ...,&,-1 be
random the variables used in the definition of St (see definition 2.1.14), i.e. & is



2. Preliminaries

Fy,-measurable and E&? < co. Then we define the [t6 integral process { [ XdW }i>o
by

/00 XdW =0,
/Ot XdW = égi—l(W@i) — W (tie1)) + Em(W(t) — W (tm)),
/:XdW:/OthW—/OstW,

fort € (tm,tms1], m=0,...,n—1land 0 <s <t <T.

Definition 2.1.20 (It6 process). Let p(t) and o(t) be two processes adapted to the
filtration generated by the Brownian motion W (t). Then, if fi |u(s)|ds < oo and
o € Pr we define an [té process as a process that can be written on the form

X () = X(0) +/0tu(s)ds+/0ta(s)dW(s).

Corollary 2.1.9 (Leibniz’ stochastic product rule). Let X (t) and Y (t) be two Ito
processes. Then the differential of their product is given by

dAX@)Y(t) = X(t)dY (t) + Y(t)dX(t) +d[ X, Y](t),
where |-, -] denotes the covariation.
Proof. See [8, page 113]. O

To be able to formally manipulate stochastic differentials we introduce the con-
vention that, for two Itd processes X (t) and Y'(¢), the differential of the covariation
is the product of the differentials, i.e. d[X,Y](t) = dX (t)dY (¢).

Theorem 2.1.10 (Itd’s lemma). Let X (t) be an Ito process, then for f: R — R in
C? it holds that

FX0) = FXO) + [ X + 5 [ FXDAXG),
or equivalently, on differential form,
df (X (t)) = f(X(1))dX (t) + ;f”(X(t))d[X] (t),
where [-] denotes the quadratic variation.

Proof. See [7, proof of theorem 3.3] O

Theorem 2.1.11 (Martingale representation theorem). Let W(t) be a Brownian
motion on some probability space (Q, F, P), and let F}V be the filtration generated
by W (t) up until time t. Moreover, let X(t) be a martingale with respect to F}V.
Then there exists a predictable process T'(t) such that [ T?(s)ds < oo with probability
one, and it holds that

X(t) = X(0) + /Ot I (s)dW (s).

10
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2.1.5 Stochastic differential equations

Definition 2.1.21 (Stochastic differential equation). Let p: R* — R and o : R* —
R be two F;-adapted processes called the drift and diffusion coefficient, respectively.
A stochastic differential equation (SDE) is then, on differential form, given by

dX(t) = p(X (), t)dt + o(X(t),t)dW (t),

for t € [0, 7] and X (0) = xo, where W () is a Brownian motion. Or equivalently, on
integrated form

t t
X(t) = o + /0 W(X(s), s)ds + /0 (X (s), 8)dW (s),
for t € [0,7T]. Additionally, the solution to this SDE is called a diffusion Itd process.

Later on in this thesis we will rely on the concept of SDEs. We will however use
the notion in a somewhat extended manner, namely systems of SDEs where each
individual equation is connected together by the same driving noise. This notion of
multiple coupled SDEs are very closely related to that of systems of ODEs, with the
addition of correlated Brownian motions.

Definition 2.1.22 (System of stochastic differential equations). Let the drift co-
efficient o : R? x R — R? and the diffusion coefficient o : R? x R — R>", A
d-dimensional system of stochastic differential equations, driven by n Brownian mo-
tions, is then on differential form given by

dX (1) = p(X (1), )dt + o(X (£), )dW (¢), (2.5)

where W (t) is an n-dimensional vector Brownian motion with instantaneous corre-
lation dW;(t)dW;(t) = p;;dt. Alternatively, written without vector notation

AX(1) = (X (), )t + 3" 3y (X (8), )W, ().

=1

The fact that above definition of systems of SDEs uses correlated Brownian
motions makes it a powerful modelling tool, but it does have some draw backs. One
such example is in the proof of Girsanov’s theorem as we will see below. To solve
this problem we embed the correlation within the drift coefficient making the driving
noise vector easier to handle. To do this we simply utilise Cholesky decomposition
of the correlation matrix, p = CCT. Then we can rewrite (2.5) as

dX (1) = w(X (), t)dt + o(X (t),t)CAW (1),

where W(t) is a vector Brownian motion with independent elements.

The existence and uniqueness of solutions to SDEs is not guaranteed. Instead, it
is only assured under certain conditions, which we collect in the theorem below. An
important remark is that these constraints will seldom be discussed in this thesis.
Instead, unless otherwise stated, they are assumed to hold.

11
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Theorem 2.1.12 (Existence and uniqueness of solution to SDE). Let X (t) satisfy
(2.5) and define the matriz norm as ||o||* = X2, ; 07;. If the following three conditions
are satisfied:

1. Coefficients are locally Lipschitz in @ uniformly in t, i.e. for every T and
N there exists a constant K (T, N), such that for all ||z||,||ly|| < N and all
0 <t <T it holds that

(. t) — p(y, Dl + llo(x, 1) — oy, 1)]] < K|z —yl|.
2. Coefficients satisfy the linear growth condition, i.e.
I, O + [lo(a, )]]* < K1+ ||]).
3. X (0) is independent of {W (t)}o<i<t, and E[X?(0)] < oco.

Then there exists a unique strong solution X (t) to (2.5) with continuous paths, and

E l sup X?2(t)

0<t<T

<C(1+E[X*0)]),

where C' is a constant only dependent on K and T
Proof. See [7, proof of theorem 2.5 and theorem 2.9]. n

Definition 2.1.23 (Log-normal dynamics). We say that X (¢) evolves under log-
normal dynamics if its differential is on the form

dX () = (u(t)dt + o(t)dW () X ()T, (2.6)

where p(t) and o(t) are Fi-adapted processes, o(t) is almost surely not zero, and
W (t) is a vector Brownian motion with correlation given by dW;(t)dW;(t) = p;;dt.

Notice that, for a one-dimensional system of SDEs, driven by a single Brownian
motion, the solution to (2.6) is given by

X(t) = X(0) exp {/Ot <,u(u) - ;02(u)> du + /Ot a(u)dW(u)} .

If the drift and diffusion coefficient would be constants, this expression would co-
incide with that of a geometric Brownian motion. Thus, the solution to an SDE
describing log-normal dynamics is sometimes called a generalised geometric Brown-
ian motion.

Theorem 2.1.13 (Girsanov’s theorem). Consider the probability space (2, F, P)
and the d-dimensional SDE

dX (1) = p(X (1), )dt + o(X (), )dW (¢), (2.7)

where W (t) is an n-dimensional P-Brownian motion vector with independent ele-
ments. Define ©(t) by

o(X(1),1)0(t) = p(X(1),1) — (X (1), 1), (2.8)

12
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where (X (t),t) is the drift for (2.11). Moreover, let

A®) :exp{—/ot(a(s)-dW(t) _ ;/Ot||®2(s)||ds}, (2.9)

fort € [0, T]. As A(t) constitutes a Radon-Nikodym derivative process, define the
measure Q(A) = EP[14A\(T)] for all A € F, and let

B(t) = W(t) — /Ot@(@ds. (2.10)
Then, X (t) satisfy the following SDE under Q:
dX(t) = p(X(t),t)dt + o(X(t),t)dB(t), (2.11)

where B(t) is an n-dimensional Brownian motion under () with independent ele-
ments.

Proof. Firstly we will verify that (2.8) indeed yields (2.11). Secondly we will confirm
that A(t) is a Radon-Nikodym derivative process, and lastly we will show that B(t)

is a vector Brownian motion under Q).
Using the (2.10) on differential form in (2.11) yields:

where we in the last equality recognise the expression as (2.7).

Next we note that A(t), by construction, is non-negative. Moreover, we have
that A(0) = 1, and because, by corollary 2.1.7, Radon-Nikodym derivative processes
are martingales it holds that A(T") = A(0) = 1.

To show that B(t) is a Brownian motion under ) we will employ Lévy’s charac-
terisation theorem (see theorem 2.1.6). That B(0) = 0 follows directly from (2.10)
since W (0) = 0. Continuity of B(t) is ensured by the fact that we define the process
as the sum of two continuous functions. The martingale property will require a bit
more work.

From lemma 2.1.8 we know that B(t) is a @Q-martingale if and only if A(t)B(t) is
a P-martingale. To utilise this result we will employ the martingale representation
theorem (see theorem 2.1.11) from which we know that the drift term of a martin-
gale on differential form must be zero. Therefore, let us look at the differential of
A(t)B(t). To avoid clutter we drop the explicit dependence notation:

d(AB) = AdB + BdA + dAdB
= A(dW — Odt) + BAOIW + AQdW (dW — Odt)
— A(1 + BO)dW,

where we in the last step have used that dW;(t)dW;(t) = 0 for i # j, and

dW(t)dt =0, dtdt =0,

13
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which follow from theorem 2.1.2 for differentials and theorem 2.1.5. From this we
conclude that B(t) is a martingale.

Lastly we need to show that dB;(t)dB;(t) = 0 for i # j and dB;(t)dB;(t) = dt.
But this follows directly from (2.10) and the fact that W (¢) is a Brownian motion.
We have therefore shown everything we intended to. O]

2.2 Financial mathematics

In this section, we will introduce and discuss a selection of central concepts in
mathematical finance. These concepts are essential for understanding the contents
of this thesis and are closely related to the theory discussed in section 2.1. It’s
important to note that the contents of this section are not exhaustive; rather, they
serve as a collection of ideas necessary to comprehend this thesis without requiring
extensive knowledge of mathematical finance.

We begin by introducing the risk-free rate process, which forms the foundation for
the concept of discounting. Building upon this, we proceed to describe traded assets
and portfolios. Next, we put forward a simple model of asset value processes, and
define portfolios and arbitrage. Thereafter, we connect the risk-free rate process with
our asset model to introduce the notion of a risk-neutral measure and discuss how it is
closely related to arbitrage. Additionally, we put forward the concept of numéraires
and generalise the ideas behind the risk-neutral measure to introduce numéraire-
associated measures. Next we introduce zero-coupon bonds, and demonstrate the
numéraire-associated measure toolkit. Specifically, we define the T-forward measure,
which will play a prominent role in this thesis. Lastly, we introduce different types
of interest rates that will be frequently encountered throughout this thesis.

Throughout this section, if nothing else is mentioned, the filtration F; represents
all available information in the market at time t.

2.2.1 The risk-free rate and discounting

One of the most fundamental concepts in mathematical finance is that of an instan-
taneous risk-free interest rate process. This process, often stochastic, specifies the
time evolution of an interest rate to which you may borrow or lend money over an
infinitesimally short time period. Because of the instantaneous nature of this rate
it can be seen as default free.

Definition 2.2.1 (Instantaneous risk-free interest rate process). The instantaneous
risk-free interest rate process, r(t), is the time-t rate at which you can borrow or
lend money, over an infinitesimally short period of time, in the money market.

The risk-free interest rate is often used to construct something called the money
market account (MMA), or simply bank account. Assume that you at time ¢t = 0
find yourself with one unit currency to spare and decide to lend it to some bank.
You place the money in an account and in return the bank pay you interest, given
by the instantaneous risk-free interest rate process. If you place the payments you
receive by the bank back into the interest carrying account, the amount of money
in the account will compound. Moreover, because the risk-free interest payments

14
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are done continuously, since the lending period is infinitesimally short, the money
in the account at time ¢ will be given by exp [; 7(u)du.

Definition 2.2.2 (Money market account process). A bank account which lends
its money to the money market at the risk-free rate r(t) is called a money market
account, and its time-t value is given by the process

M(t) = edorwin.

Because the interest collected by a money market account is assumed to be risk-
free it means that given some cash, you can either invest it in a money market
account and be guaranteed a return, or place the cash in some other investment
without the same guarantee. Subsequently, the money market account becomes a
natural reference level for all other investments, as it is of interest to compare them
with the risk-free one. The simplest example of such a comparison is when you have
one unit currency of cash stuffed under your mattress. The nominal value of this
investment will of course stay constant with time. Its value relative to our reference
level will, however, not be constant. To check the value of your money under your
mattress against our reference level, we denominate it by the money market account,
i.e. at time ¢ we have that our one unit currency of cash has the value of 1/M ()
units of cash in a money market account. Assuming a non-negative interest rate
process, M (t) will be increasing, and therefore we have that the relative value of
our mattress investment decreases over time. In other words; it would have been a
better investment to place the cash in a money market account.

The above reasoning alludes to the fact that the value of cash is not constant
over time. In a market with a positive instantaneous risk-free interest rate, one unit
of currency today has a higher value than the same amount tomorrow.

The notion of comparing investments against the money market account easily
generalises to investments other than those under your mattress. In fact, to de-
nominate the value of an investment by the MMA is of such importance within
mathematical finance that the reciprocal of the MMA is defined as its own process.

Definition 2.2.3 (Stochastic discount process). The stochastic discount process is
defined as the reciprocal of the money market account, and is given by

D0 = = K

2.2.2 Asset modelling, portfolios and arbitrage

With the foundational processes established, we now delve into how to model assets,
portfolios and arbitrage. Let S(t) represent the value of a non-dividend-paying stock
at time t. Drawing from our experience, we anticipate the value of this stock to follow
a certain trend, perhaps the average return of all stocks on a particular exchange.
Additionally, we expect it to exhibit random fluctuations. These two characteristics
of a stock’s value process make a diffusion process (see definition 2.1.21) a natural
choice for modelling it. The differential of the stock’s value process becomes

dS(t) = p(S(t),t)dt + o (S(t), ) dWr (),
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where W (t) is a Brownian motion under the real world measure, P. The drift
coefficient, 1(S(t),t), determines the trend, while the diffusion coefficient, o(S(t), 1),
specifies the magnitude of the random movements.

The drift and diffusion coefficients are commonly selected such that the diffusion
process becomes a geometric Brownian motion. In such a case the differential is
given by

dS(t) = S(t) (adt + cdW (1)),

with « and o being constants. This assumption allows for an exact strong solution
to the SDE:

S(t) = S(0)exp {O'WP(t) + (a - ;0‘2> t} ,

which forms the foundation of the well-known Black-Scholes-Merton formula.
Throughout this thesis, we adopt log-normal dynamics, a generalisation of the

aforementioned dynamics. We assume that o and o are F;-adapted random pro-

cesses, which applied to the stock’s value process leads to the following dynamics:

dS(t) = S(t) (a(t)dt + o (t)dW " (1)) . (2.12)

We call this model the log-normal asset model as it may describe any non-dividend-
paying asset.

Definition 2.2.4 (Log-normal asset model). Let V;(t) be the value process of some
non-dividend-paying asset. Then, the log-normal asset model assumes it evolves
according to

d
dVi(t) = Vi(t) (ai(t)dt +2 Uz'j(t)deP(f)) :
j=1
where W/ (t) represents Brownian motions under the real-world measure such that
AW (t)dWF (t) = pydt, and a;(t) and o;(t) are F-adapted processes.

This model is an extension of (2.12), where we introduce several, possibly corre-
lated, driving noises. This provides greater flexibility to the model. As the number
of the Brownian motions increases the model becomes capable of incorporating a
wider range of variations. A model with more driving noises possesses greater degrees
of freedom and can thus accommodate more diverse shapes. For a comprehensive
discussion of this topic as it pertains to interest rate modelling, see [1, chapter 12].

Thus far, we have only considered a single asset. However, in practice, you are
often in possession of several assets at the same time, forming a portfolio. The
value process of this portfolio is called a portfolio process, and its definition arises
naturally as it is just a linear combination of single value processes.

Definition 2.2.5 (Portfolio process). Let (Vi(t), Va(t), ..., Va(t))T be a vector of
value processes for some type of assets. Moreover, let (Aq(t), As(t), ..., Apn(t))T be
the number of each asset in the portfolio at time ¢. Then, the time-t value of the
portfolio is called a portfolio process and is given by

X(t) = Z:Ai(t)vi(t).
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Next, we will introduce the concept of arbitrage. Arbitrage refers to a portfolio
process that requires no initial investment and performs as good, or better, than the
money market account, with no risk involved.

Definition 2.2.6 (Arbitrage). An arbitrage is a portfolio value process, X (t), sat-
isfying X (0) = 0 and, for some time 7" > 0,

P{X(T)>0} =1, P{X(T)>0}>0.

2.2.3 The risk-neutral measure and risk-neutral pricing

The log-normal asset model introduced in the previous section is convenient, but
it could be immensely improved by removing the drift term. As a result of the
martingale representation theorem (see theorem 2.1.11), the value process would,
in such a case, become a martingale. This would allow us to utilise the powerful
machinery of martingale theory.

Consider a single value process, V' (t), following the log-normal asset model driven
by a one-dimensional Brownian motion. To arrive at our desired model with the
martingale property, we begin by taking the differential of the discounted value
process. By applying Leibniz’ stochastic product rule and It0’s lemma, we get:

d(DL)V (£)) = dD()V (t) + D(t)dV (t) + dD(t)dV (¢)

= D)V (1) ([ot) = r(t))dt + o()dW " (1)) . (2.13)

It becomes evident that if the drift were equal to the instantaneous risk-free interest
rate, we would have a martingale. However, it is seldom the case that a(t) = r(t).
But luckily for us, we are equipped with Girsanov’s theorem (see theorem 2.1.13).
From this theorem, we know that

Wet) =WPr(t) + [J t@(s)ds

is a Brownian motion under the measure defined by

Q(A) =E” llA exp {— /OTG)(s)dW(s) - ;/OT @2(s)dSH , VAelF.

Therefore, by defining

we are able to rewrite (2.13) as
d(D(t)V(t)) = DOV (D)o (t)dW(t),

which is our sought after martingale dynamics.

The measure @ defined above is called the risk-neutral measure, and by defining
it in the proper way, it can be utilised to yield martingale dynamics for a discounted
value process. The toy example used to illustrate the reasoning behind the con-
struction of the measure is, however, a simplification of the context in which the
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model is normally used. In the toy example we considered a universe consisting of
only one single asset, but in practice, there are often several. The same reasoning as
above is still employed, but Girsanov’s theorem becomes multidimensional, and the
existence of the multidimensional equivalent of ©(t) is not as straightforward. In
the definition and theorem below, we collect the formal definition of the risk-neutral
measure and provide the conditions under which it exists.

Definition 2.2.7 (Risk-neutral measure). The probability measure @ is said to be
risk-neutral if the discounted prices of all non-dividend-paying assets in a market,
D(t)V;(t), are martingales under Q.

Theorem 2.2.1 (Existence of the risk-neutral measure). The risk-neutral measure,
Q, exists if and only if there exists a Fi-adapted process O;(t) such that

a;(t) —r(t) = Z:a,-j(t)@j(t) (2.14)

are solvable. (2.14) are called the market price of risk equations.

Proof. By definition of the risk-neutral measure, (), we want every discounted non-
dividend-paying asset to be a martingale under it. Assuming that they follow the
log-normal asset model (see definition 2.2.4), their discounted value processes will
be martingale under @), according to the martingale representation theorem (see
theorem 2.1.11), if the following holds:

d(D(t)Vi(t)) = D(t)Vi(t) ([m(t) )|dt + Z 03 (t)dW ' (t ))
7= (2.15)
Z oij(t dWQ

where W]Q(t) is a ()-Brownian motion.

From (2.15) we can see that we want the drift to be embedded in the new
Brownian motion, rendering the expression a martingale under ). By Girsanov’s
theorem (see theorem 2.1.13) we have that the new Brownian motion satisfies

AW (t) = dW?F (t) — ©;(t)dt.

Using this relation in (2.15) and matching the dt-terms, we arrive at the market
price of risk equations

ai(t) —r(t) = ;aij(t)@ t

which in turn determine ©,(¢). Therefore, in order for Girsanov’s theorem to hold,
and for us to be able to construct ) there must exist a O;(t) satisfying this system
of equations. If it does not, () does not exist. O

There are several important things to note in the above definitions and argu-
ments. The first one is that it is possible that a set of non-dividend-paying assets,
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constituting a market or universe, makes the market price of risk equation non-
solvable. In such a case, the model admits arbitrage. This connection between the
market price of risk equations and arbitrage is considered to be one of the most
fundamental theorems in mathematical finance, and is conveniently named the first
fundamental theorem of asset pricing.

Theorem 2.2.2 (First fundamental theorem of asset pricing). If there exists a risk-
neutral measure for a given market model, then the model is arbitrage-free.

Proof. Let X(t) be a portfolio value process with zero initial capital, i.e. X (0) = 0.
Then, because the portfolio value process is just a linear combination of traded
assets, the discounted value process is a martingale under the risk-neutral measure

Q, i.e.
EC[D(T)X(T) | Fi] = D(t)X (1),

especially E®[D(T)X (T)] = 0. Now assume that X(T) satisfies
P{X(T) < 0} = 0.

Because @) is equivalent to P the same must hold under the risk-neutral measure,
ie. Q{X(T) < 0} = 0. By reminding ourselves that D(t) is non-negative for all
t we can conclude that Q{X(T) > 0} = 0, because otherwise E¢[D(T)X(T)] = 0
would not hold. This means that the portfolio has a zero probability of having a
positive return, and it is therefore not an arbitrage. O

The second important thing to note is that in the case of a model admitting
arbitrage, it may be possible to select a subset of assets that make the market price
of risk equations solvable. This means that a global model encompassing all assets
may not be feasible, but several local models, each including a small subset of assets,
may be possible. Although it is not possible to directly compare the results between
the models, as each one will have its own risk-neutral measure, they are still useful
for comparing behaviours within the model, which is often what is done in practice.

The third important remark to note is that there exists a more general formula-
tion of the first fundamental theorem of asset pricing. In discrete time, the existence
of a risk-neutral measure is equivalent to having an arbitrage-free model. Because
we are working in continuous time, the formulation mentioned does, however, only
state that the existence of a risk-neutral measure implies an arbitrage-free model. In
the continuous case, it is possible to maintain the equivalence, but at the expense of
introducing the concept of no free lunch with vanishing risk. This broader result is
beyond the scope of discussion within this thesis. For readers interested in exploring
this topic further, a comprehensive discussion can be found in [6] or in the original
article [5]. Additionally, for a counterexample where the absence of arbitrage does
not imply the existence of a risk-neutral measure, see [2].

The last detail worth pointing out is that the arguments leading up to the risk-
neutral measure are all set in the real world, with the real-world measure. This
is often not the case. Instead, when modelling assets of this kind, you assume
the existence of a risk-neutral measure, and then, if necessary, calibrate the model
against real-world data. If the aim of the model is only to compare behaviours of
different assets within the model, a direct change to the real-world measure is not
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necessary. This motivates the following definition, which provides a tool to start the
modelling directly in the risk-neutral measure. It becomes very useful in the coming
context of numéraires.

Definition 2.2.8 (Traded asset). A traded asset driven by d Brownian motions is
an Fi-adapted process with a differential given by

J=1

dVi(t) = Vi(t) (T(t)dt + iUij(t)dW;Q(t)) ;

where W]-Q(t) represents Brownian motions under the risk-neutral measure such that
dVViQ(t)dW]Q(t) = pi;dt, v(t) is the instantaneous risk-free interest rate, and o;;(t)
is an J-adapted processes.

This definition makes it evident that all discounted traded assets are martingales
under the risk-neutral measure.

The introduction of the risk-neutral measure was motivated by the extensive and
convenient mathematical toolkit available within martingale theory. An example of
this is the ability to price any traded asset at any time ¢ as the best approximation of
the payoff at time ¢, i.e., the conditional expectation given all information available
up until that time. Let V(T represent the value process of a traded asset at time
T, such as the payoff of an option. Thanks to the martingale property of the risk-
neutral measure, we can calculate the time-¢ value of this traded asset as follows:

D)V (t) =EQ [D(T)V(T) | F] < V(t) =E° [exp (— /fr(s)ds) V(T) | .7-}] :

where we have utilised the fact that D(t) is Fi-measurable. This formula for V(¢)
is known as the risk-neutral pricing formula, and is summarised below proposition.

Proposition 2.2.3 (Risk-neutral pricing formula). Let V(T') be a Fr-measurable
random variable representing some value at time T. Its time-t value is then given
by

D(t)V(t) = E°[D(T)V(T) | F].

We have now discussed the importance of the existence of the risk-neutral mea-
sure, but just like many mathematical concepts, uniqueness is equally crucial. Unique-
ness of the risk-neutral measure is closely related to the concept of hedging, but as
this is not addressed in this thesis, we will omit discussing the measure’s uniqueness.
The interested reader is referred to [12, section 5.4.4].

2.2.4 Numeéraires and their associated measures

Up until now, we have only compared investments against the money market ac-
count. In this section, we expand this notion and begin comparing investments
against traded assets.

Consider a non-zero, non-dividend-paying traded asset with a time-t price de-
scribed by the Fi-adapted process N(t). Now, imagine you hold a contract that
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guarantees a payment at time 7', represented by the Fpr-measurable random variable
&. We can express the value of this payment at time 7' relative to the aforemen-
tioned asset as £/N(T). In other words, we can quantify the value of our payment
in terms of equivalent units of another asset. This is the essence of using N(¢) as a
numéraire.

The most commonly used numéraire is the money market account, denoted as
M (t). By comparing the payment £ to the value of the money market account at the
payment time, M (T'), we can easily determine which investment is more favourable.
Specifically, if £/M(T') > 1, it is more profitable to invest in the contract with the
fixed payment. It is worth noting that the reciprocal of the MMA corresponds to
the discount process, which explains why it is frequently chosen as a numéraire.

Definition 2.2.9 (Numéraire). A numéraire is a strictly positive non-dividend-
paying traded asset.

In section 2.2.3, we explored how the money market account is associated with
the risk-neutral measure. This concept can be extended to arbitrary numéraires,
leading us to the following definition, which is a generalisation of the ideas behind
the risk-neutral measure (see definition 2.2.7).

Definition 2.2.10 (Numéraire-associated measure). We define the probability mea-
sure QV, associated with the numéraire N(t), as the measure that satisfies the fol-
lowing conditions:

1. QY and Q) are equivalent measures, and

2. the value process of any traded asset V(t), denominated by the numéraire
N(t), is a martingale under Q.

It is important to note that the above definition is formulated in terms of the risk-
neutral measure (). Therefore, the existence of numéraire-associated measures relies
on the existence of (). This connection ensures that the numéraire measures do not
admit arbitrage, as they are constructed based on a measure whose existence implies
an arbitrage-free model. However, this relationship is not immediately apparent, and
we will therefore delve into the details in section 2.2.6.

Because the definition of a numéraire-associated measure is a generalisation of
the risk-neutral measure, we get a slightly more general way of pricing traded assets.

Let V(t) be a traded asset with some payoff at time 7', then its price at time ¢
is given by

N(T)

V(t)=EY [MV(T) y ft] :

This formula will prove very useful in section 2.2.7.

2.2.5 Change of numéraire inside expectation

As will be proven throughout this thesis; changing numéraire, and thereby also the
related measure, can simplify calculations immensely. In this section we derive the
general formulas which makes these changes a game of plug-and-play.
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Considering two numéraires, N (), and No(t), where E! and E? denote expected
value in the respective related measures. The goal of this section is to deduce
the factor, Z, which facilitates the following change of measure inside conditional
expectation:

E'(Z¢ | B =E*[¢ | A, (2.16)

for any random variable &.
By definition of a numéraire (see definition 2.2.9), N;(t) and Na(t) are two Fi-

adapted processes which each describe a strictly positive traded asset. We want to

construct a Radon-Nikodym derivative which can be used to define the measure Q2

via QM. Let

_ Ni(0)N,(T)
Na(0)Ny(T)’

and notice that it indeed is a Radon-Nikodym derivative since Z; o(7") > 0 and

1 ~ N1(0) | No(T) ~ N1(0) No(0)
B0 = 7ok [M(T) 7 (Oﬂ MO MO

Zy12(T) (2.17)

where the second to last equality follows from Ny(T)/N1(T') being a martingale
under @M, by definition. Using this we can now, via the Radon-Nikodym theorem
(see theorem 2.1.3), define the measure associated with Ny as

Q"(4) = [ Z11)iQ™ = G [ Q. vae

In (2.16) we are however dealing with a change of measure inside conditional
expectation, which means abstract Bayes’ theorem (see theorem 2.1.4) needs to be
utilised, and for that we need the Radon-Nikodym derivative process. Because of
the martingale property it easily computes to

Z1o(t) = B[ Z1o(T) | Fi] = S5 -202 (2.18)

Now, let £ be an Fpr-measurable random variable representing some payoff at a
later time 7. Then, by denominating the payoff by N, define the Fpr-measurable
variable

P
No(T)
Directly applying abstract Bayes’ theorem yields

EX | Fi) = =B Za(T)X | A
o Nit) | €
“m0" lN1<T> 'Ft]'
Or equivalently
Me [ 5517 = e [ 51 7] (219
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This result can in turn be utilised to answer the question posed by 2.16. For the
arbitrary JF;-measurable random variable Y we can write

Sy ]J\Zz(% (Y %22(3) | ft]

o [ V() [, Na(T)
B M) (Y A0 ) | ft]
-ZLQ(T)
| Z12(t)

This result is stated in below corollary.

— !

Y|;Et1.

Corollary 2.2.4. Let Y be an arbitrary F;-measurable random variable, Ny(t) and
Ny (t) be numéraires with related measure Q™' and QN2. Furthermore, let the Radon-
Nikodym derivative process enabling the change of measure from QN to Q™2 be
denoted by Zy 5(t). Then the following relation holds:

1 [ Ni(t)No(T)
Ny (t)N1(T)

Y|]—}]:E1 [ZLZ(T)YU-}].

2.2.6 Numeéraire’s effect on Brownian motion

In this section, our goal is to derive two formulas used to construct the new Brownian
motion and associated measure after changing the numéraire. Let N;(t) and Ny(t)
be the numéraires discussed in section 2.2.5, and let Z; 5 be the Radon-Nikodym
process defined in the same section. When the risk-neutral measure exists, the
numéraire-related measures Q™ and Q™2 also exist. By utilising Girsanov’s theorem
(see theorem 2.1.13), we know that if W (¢) is a @™*-Brownian motion, the equation

AW (t) = —O(t)dt + dW (t)

represents a Q™2-Brownian motion. However, the specific form of ©(#) is not imme-
diately deduced from this line of reasoning. Therefore, the objective of this section is
to determine this form and explain why it always exists given the existence of (), as
stated at the end of section 2.2.4. To accomplish this, we will derive two expressions
for the Brownian motion under the new measure.

Deriving these expressions begins with the observation that the Radon-Nikodym
process used to transition from QM to Q™2, as given by (2.18), must be a martingale
according to Girsanov’s theorem. The martingale representation theorem states that
this is equivalent to its differential being driftless, i.e.,

071 5(1) = ]]\Vflgggd (%ﬁ%) — 0dt + Zy()O(t)dW (2).

Expanding the above differential using the Leibniz’ stochastic product rule and Itd’s
lemma yields

= %;Egi (AN ()N (8) + Ni(6)d (N3 (1)) + dNv (t)d (N3 (1))

= ZLQ(t)(O'Q(t)dWQ — 01 (t)dWl)

dZ(t)
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In the last step, we utilise the fact that the numéraires are traded assets, and their
differentials are given by

AN, (t) = Ny () ((- -+ )dt 4 o1 (8)dW (1)),

dNo(t) = No(t)((- - - )dt + oo(t)dWa(t)), (2.20)

where W (t) and Ws(t) are Brownian motions under Q™'. Note that the dt-terms
above are not explicitly stated as they have no effect on the computation.
The next step is to notice that W (t)Z; 5(t) must be a martingale under Q™'. To

arrive at this we utilise corollary 2.2.4 and the fact that W (¢) is a Brownian motion
under Q™2 in the following computation;

Z1o(t ]
) -Fs
ZLQ(S |

= Z1o(8)EX W (t) | F| = Zio(s)W(2).

~—

E[W (t) Z1a(t) | Fo] = Z15(s)E! [W(t)

~—

We will utilise the martingale property as it is equivalent with a driftless differential.
Dropping the explicit time dependence to avoid clutter and, again, using Leibniz
stochastic product rule and [t6’s lemma we get

d(WZ12) = Z12dW + dZy s W + dZy ,dW

= ZLQ (—@dt + dW) + WZLQ (O’gsz — aldVVl)
+ Z1 2(09Corr[dWy, dW| — oy Corr[dWy, dW])dL.

Setting the dt-term to zero to enforce the martingale property we finally arrive at
O(t) = oo(t)Corr[dWy, dW](t) — oy (t)Corr[dWy, dW](1). (2.21)

Notice that the expression will only be undefined if either the volatilities oy (t)
and o9(t) or the Q™ -Brownian motions dW (t), dW;(t), and dWs(t) are undefined.
While we can assume the existence of the volatilities, the existence of Brownian
motions may not be guaranteed. However, let’s consider the case when Np(t) is the
money market account. In this case, Q™' = @Q, and the Brownian motions W (t),
Wi(t), and Wy(t) are @-Brownian motions. We know that (-Brownian motions
exist when the market price of risk equations are solvable. Therefore, Q™2 exists
for any N,(t) as long as the market price of risk equations are solvable. By the
same reasoning as in the proof of the first fundamental theorem of asset pricing (see
theorem 2.2.2) this measure will not admit arbitrage.

We collect (2.21) in the below corollary.

Corollary 2.2.5. Let Ny(t) and No(t) be numéraires with differentials on the same

form as (2.20) and with related measure Q™ and QN*. Moreover, let W (t) be an
arbitrary Q™' - Brownian motion, then

AW (t) = —O(t)dt + dW (t)
is a Brownian motion under Q™* where

O(t) = oa(t)Corr[dWs, dW](t) — o1 (t)Corr[dWy, dW](1).
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The above formulation requires knowledge about the actual processes that define
the numéraires, which can sometimes be difficult to obtain. However, it is possible
to reformulate the expression in terms of the log-returns between the numéraires and
their relationship with the Brownian motion W (t). This result is presented in the
following corollary, and it can be shown to be equivalent to the previous formulation
by applying It&’s lemma.

Corollary 2.2.6. Let Ni(t) and Ny(t) be numéraires with associated measure Q™M
and QN2. Moreover, let W (t) be an arbitrary Q™' -Brownian motion, then

AW (t) = —O(t)dt + dW (t)
is a Brownian motion under Q™? where

d[W,In(Ny/Ny)]

o(t) = - ().

2.2.7 Zero-coupon bond and the T-forward measure

Above we have introduced concepts which are at the epicentre of mathematical
finance, but we have yet to discuss one of the ideas this thesis revolves around; the
zero-coupon bond.

Definition 2.2.11 (Zero-coupon bond). A T-maturity zero-coupon bond (ZCB) is
a contract, and traded asset, that guarantees the holder a payment of one unit

currency at time 7', with no intermediate payments. Its time-¢ price is denoted by
P(t,T).

Proposition 2.2.7 (Risk-neutral zero-coupon bond price). The risk-neutral zero-
coupon time t < T price is given by

T
T

P, T)=E? |e [ <“>d“|;ft}.

Proof. As the contract price is a martingale under the risk-neutral measure, @), it
follows directly from the risk-neutral pricing formula (theorem 2.2.3) that

DW)P(t,T) = EQ[D(T) | Fi] < P(t,T) = E? [e‘ftTT(“)d"]}} |

]

An important remark about the zero-coupon bond price is that ¢ usually repre-
sents the observation time. This means that, even though conditional expectation is
defined as a random variable, the price of a ZCB is deterministic. However, would
you observe P(t,T) at some time s < t, the price would be stochastic.

To illustrate the usefulness of this contract we consider two examples below.

Assume that you hold a contract guaranteeing a fixed payment of ¢ at time
T. As discussed in section 2.2.1, the time-t value of this contract is given by the
discounted payment, i.e., cD(T')/D(t). However, in the case of a stochastic risk-free
rate, this discounted payment becomes a random variable. To address this, we aim
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to obtain a non-stochastic value that reflects the time-t value of the payment. The
best approximation for this random variable is its expected value, resulting in

E® lc%g)) \ ft] = cE“

%(g)) | ]—“t] — P(t,T). (2.22)

A subtle but important remark is that conditional expectation generally results in
random variables, but this quantity is indeed deterministic because we are observing
it from time ¢.

From (2.22), it becomes evident that the zero-coupon bond price serves as the
deterministic equivalent of the stochastic discount process. To further establish this
equivalence, we observe that for a deterministic risk-free rate r(¢), they are indeed
equal:

P(t,T) _ EQ e_ftT r(u)du ’ -Ft e ftT r(u)du — @’
D(t)
where D(T') and D(t) are deterministic due to the deterministic r(t).

Now, let’s consider another contract guaranteeing a payment H(S(T')) at the
same time 7', where S(t¢) is an underlying traded asset, and H(z) some payoff
function. Unlike the previous payment, this payment is not predetermined but
rather random, and it is fixed at the payment date. Similar to the previous case,
the time-t value of this payment is given by H(S(¢))D(T)/D(t). However, a new
challenge arises: we cannot employ the expectation in the same manner as in (2.22)
since the payment itself is random. This means that to compute the expected value,
we would need knowledge about the joint distribution of H(S(¢)) and D(T'). Or do
we?

Let V/(t) denote the time-t value of the aforementioned contract. By applying
the risk-neutral pricing formula (see proposition 2.2.3), we have that

(s 2| ft]

V(t) = E¥ D)

M(t)P(T,T)

— P(t, T)E® M(T)P(t,T)

H(5())

=l

where we have used M (t) = 1/D(t), P(T,T) = 1, and the fact that P(¢,T) is JF;-
measurable. Notice that M (t) serves as the numéraire for the risk-neutral measure,
and P(t,T) is a valid numéraire. By reminding us about the corollary for change of
measure inside conditional expectation (see corollary 2.2.4) we recognise the factor
within the expectation as the Radon-Nikodym derivative process used to change
from @) to the measure associated with P(t,T") as numéraire. This measure is called
the T-forward measure denoted by Q7. Consequently, the pricing formula simplifies
to
V(t) = P(t, T)E'[H(S(t)) | Fil.

The above example illustrates the usefulness of the T-forward measure, as it
enables us to compute the value of a contract without requiring knowledge of the
joint distribution of the random payout and the discount process. We formally define
this measure as follows:
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Definition 2.2.12 (T-forward measure). Let ) be the risk-neutral measure, and T
be the fixed maturity of the zero-coupon bond with time ¢ price P(¢,7). Then, we
define the T-forward measure, Q7, as

Q" (A) = P((iT)/AD(T)dQ VA€ F.

2.2.8 Compounding rates

As the subject of study in this thesis is interest rates, it is essential to understand
the different types of interest rates. In this section, we will briefly introduce three
distinct types of interest rates that will be utilised throughout this thesis.

We begin by examining the continuously compounding forward interest rate,
denoted as f(t,T). This rate captures the rate at which a zero-coupon bond con-
tinuously compounds between times t and 7T'.

Definition 2.2.13 (Continuously compounding forward interest rate). For 0 < ¢ <
T, let P(t,T) be the price at time ¢ of the zero-coupon bond paying 1 at time 7.
Then, the continuously compounding forward interest rate f(t,T) is defined as

Ft,T) = —a(?rln P(t,T).

Moving on, we consider the simply compounding forward interest rate, denoted
as F'(t,T,T + ). This rate represents the rate at which a zero-coupon bond simply
compounds between times T and T+ 9, where o denotes the time difference between
the maturity and expiry dates. The computation of this rate involves linearly inter-
polating the prices of zero-coupon bonds at times ¢ with maturities 7" and T + ¢.
Note that lims o F(¢t, T, T +6) = f(t,T).

Definition 2.2.14 (Simply compounding forward interest rate). For § > 0 and
0<t<T,let P(t,T) and P(t,T + ) be the prices at time ¢ of the zero-coupon
bonds that pay 1 at time 7" and T'+9, respectively. The simply compounding forward
interest rate F(t,T,T + ¢), with expiry date T" and maturity date T+ 9, is defined

as
P(t,T)

Lastly, we define the yield to maturity curve.

Definition 2.2.15 (Yield to maturity curve). The yield to maturity curve, denoted
as y(t,T), represents the average continuously compounding interest rate over a
given period [t,T] and is given by

y(t,T) = Tl—t /tT f(t,u)du.

The yield to maturity curve becomes the yield curve when 7' = t+s, i.e. Ry(s) =
y(t,t+s).
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2.3 Financial instruments

Definition 2.3.1 (Interest rate swap). Consider the notional amount N, and let
{Tw, To+1,-.., T3} be aset of dates, 7; be the year fraction between 7; and 7};_;, and
F;(t) be the simply compounding forward interest rate with maturity 7; and expiry
T;_1 (floating leg). Lastly, let K be some fixed interest rate (fixed leg). The interest
rate swap (IRS) is then defined as the contract which exchanges payments between
the fixed and floating leg. This means that at every instant T; € {T,,, T\41, ..., 15}
the payment of N7;K is exchanged for the payment N7;F;(7;_1). The times at
which the floating rate is settled for the upcoming payment are called reset dates
and those are T, ...,T3_1.

When the fixed leg is paid and the floating leg is received, we call it a payer
interest rate swap (PFS), whilst in the case when the fixed leg is received and the
floating leg is paid we call it a receiver interest rate swap (RFS).

The PFS discounted payoff is given by

B
p3} Z?((Tﬂ) N7(F(Ti) — K).

The RFS discounted payoff is given by

B
izgrl ZZ;(%))NTZ-(K — Fi(T;-1)).

Proposition 2.3.1 (Risk-neutral interest rate swap price). The time t risk-neutral
payer interest rate swap value is given by

PFS(t,N,K) =N zﬁj 7P(t, T;)(Fi(t) — K)

i=a+1
B
= —NP(t,T,) + NP(t,Ts) + N > 7KP(t,T)).
i=a+1

and the corresponding value for the receiver interest rate swap is given by

RFS(t’ N, K) =N zﬁj Tip(taTi)(K - Fz(t))

i=a+1
B
=NP(t,T,) — NP(t,15) — N Z T KP(t,T;),
1=a+1

Proof. The idea of our proof is to use the risk-neutral formula (see proposition 2.2.3)
and then utilise corollary 2.2.4 to change from the risk-neutral measure, (), to the
T;-forward measure Q. This change will allow us to utilise the martingale property
of the simply compounding forward interest rate under this measure to achieve an
expression for the price free from expectation operators. By the risk-neutral pricing

28



2. Preliminaries

formula the time-t price, V(¢), of a payer interest rate swap payoff is given by

B
D)V (t) = Eq Nzln (T)(K = Fi(Ti1)) | F(t)
5
:N;ZITZ‘]EQ[D(T)(K Fi(Tia)) | F(8)] - (2.23)

Now, by dividing by the left-hand side discount factor and multiplying by P(t,T;)/P(t,T;)
inside the expectation, each expectation part of (2.23) becomes

1
B DT = F(T0) | 7o)
- e D(mjjg’;;m F(T ) | F(t)

1
= =5 Bo D) P(T, 1) P Th) (K — Fi(Ti1)) | F(E),
Bip T Be PP T)P T)K — F(T)) | Fir)
where the introduction of P(T;,T;) is allowed as it equals one. In our expression we
recognise
D(T)P(T;,T:) _ M(t)P(T3, Ti)
D(P(t,T,)  M(T)P(tT,)
as the ratio between numéraires in corollary 2.2.4 used to transition between the
risk-neutral measure and the T;-forward measure. It thus follows that
B
V(t)=N Y nEn[P(t T)(K — Fi(T;-1)) | F(t)]

1= a+1

—NZTZ V(K — Fi(t))

i=a+1

= PFS(t, N, K).

The second equality follows from the facts that P(t,T;) is F;-measurable, and Fj(-)
is a martingale under the T;-forward measure. RFS(t, N, K) is achieved mutatis
mutandis. O

Definition 2.3.2 (Forward swap rate). The time-t forward swap rate is the fixed
rate S, 5(t) = K for a receiver interest rate swap, for which the discounted value of
the price at first payment is fair, i.e. the K such that

D) o, "PETIE =~ £(0) =0
= Sas(t) = P(t, To) = P(t, Tj)

Zf:aﬂ T P(t,T;) .
The swap rate allows us to find an alternative expression for the time ¢ discounted

value of interest rate swap payoffs. For a receiver IRS we have that the discounted
value is given by

D(T,) B
D) (Sas(Ta) = K)i%;rlnP(Ta,ﬂ). (2.24)
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Definition 2.3.3 (Interest rate caplet). We define an interest rate caplet as a payer
interest rate swap consisting of one payment, where the payment is executed only if
it has a positive value. Using the same notation as above the caplet payoff is given
by:

N7 (Fi(Ti-1) — K)Jra

where -T = max(0, -). This is payoff form is referred to as a call option.

Definition 2.3.4 (Interest rate cap). We define an interest rate cap as a payer
interest rate swap where each exchange payment is executed only if it has a positive
value. Using the same notation as above the cap discounted payoff is given by:

6 .
i:%;d 1137((77})) N7(F(Ti—) — K)*.

2.4 The Heath-Jarrow-Morton framework

In this section we briefly introduce the Heath-Jarrow-Morton framework. This will
be needed in section 4.2 where the framework is extended and later used to derive
the full zero-coupon bond curve for the Forward Market Model.

2.4.1 Construction of the framework and its no-arbitrage
condition

The objective of the HIM framework is to model the instantaneous forward rate
(see definition 2.2.13) as a diffusion process, where its dynamics under the physical
measure P are given by

df(t,T) = p(t, T)dt + o (t,T)TdW?*(t), (2.25)

where W (t) is a d-dimensional Brownian motion with independent elements under
the physical measure. To simplify notation, we will implicitly assume that the
coefficients may depend on the rate itself.

Up until now, we have only encountered one particular model, namely the log-
normal asset model (see definition 2.2.4). The no-arbitrage condition for assets
following the log-normal asset model has been discussed in section 2.2.3, and it
relies on selecting a drift such that the discounted asset value is a martingale under
the risk-neutral measure. However, this approach does not apply in the HJIM case.
The reason for this is that f(¢,7) is not a traded asset. But we do know how it
relates to one very common traded asset.

The zero-coupon bond is a traded asset, and as it is related to the instantaneous
forward rate by

P(t,T) = exp {—/tT f(t,u)du}, (2.26)

we aim to utilise it to derive the no-arbitrage condition for the HJM framework.
More specifically we will derive the dynamics of (2.26) under the physical measure,
and then use them to define the risk-neutral measure.
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We begin by assuming f is nice enough. It is then possible to apply Leibniz’
integral rule, yielding the differential of the exponent:

d (- /tTf(t,u)du> _ f(t,t)dt—/tT df (¢, ) du

— r(t)dt — /t " ot w)dtdu — /t o (£, u)T AW () du.

Moreover, assuming that sufficient conditions are satisfied by the drift and diffu-
sion coefficient, we may apply Fubini’s stochastic theorem to change the order of
integration. This results in:

d (- /t ! f(t,u)du) — r(t)dt — /t " ot w)dudt — /t " ot u)TdudW P (1)
=r(t)dt — o*(t, T)dt — o*(t, T)TdWT (),

(2.27)

where the shorthand notation
T T
o (t,T) = / a(t,u)du, o*(t,T) = / o (t, T) du,
t t

is used.
Via It6’s lemma and (2.27) the dynamics for (2.26) now become:

dP(t,T) = P(t,T) [(r(t) — ot (4, T) + ;a*(t, TY o (t, T)) dt — o™ (t, T)AW (1)

And subsequently, the discounted ZCB dynamics become:

d(D(t)P(t,T)) = D(t)P(t,T) K—a*(t, T) + ;a*(t,T)Tcr*(t,T)) dt — o (1, T AW (1)] .

From Girsanov’s theorem, we know that if there exists a unique process ©(t), such
that

(—oz* (t,T) + ;a*(t, TYo* (1, T)) dt — o (t, T)TdW " (¢) (2.28)
= o’ (t,T) (Ot T)dt + dW" (1)) , (2.29)

then
We(t) = /OtG)(s)ds—i— WP (),

will be a Brownian motion under the measure Q(A) = EF[14A(T)], where A(T)
is defined by (2.9). Furthermore, the discounted zero-coupon bond will under this
measure be a martingale, meaning that it is a risk-neutral measure.

From (2.28) one can easily derive the condition that ©(¢) must satisfy for the risk-
neutral measure to exist, which by the first fundamental theorem of asset pricing also
becomes the condition for an arbitrage-free model. By differentiating this condition
with respect to T', we arrive at below theorem.

Theorem 2.4.1 (Heath-Jarrow-Morton no-arbitrage condition). A model in the
HJM framework, i.e. on the form given by (2.25), does not admit arbitrage if there
exists a process O(t) which uniquely and for all 0 <t < T satisfy

ot,T)O()=at,T)T—o"(t,T)o(t,T).
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2.4.2 Risk-neutral dynamics

In the previous section we established the condition needed for a model in the HJM
framework to not admit arbitrage. In this section we will assume that it holds
and derive the dynamics of the instantaneous forward rate under the risk-neutral
measure.

Since theorem 2.4.1 is assumed to be satisfied, we know that an SDE on the
following form exists:

df(t,T) = 1! (¢, T)dt + o (1, T)TdW (1),

where W@(t) is a d-dimensional Brownian motion under the risk-neutral measure.
Here the superscript is used to emphasise that the coefficients relate to the instan-
taneous forward rate, as we will later make a similar ansatz for the ZCB dynamics.
Moreover, to simplify notation, the coefficients may implicitly be dependent on
)

To derive the risk-neutral dynamics for the instantaneous forward rate, or more
specifically show that the dynamics are fully determined by the diffusion o (¢,T'),
we will rely on the zero-coupon bond. Because the zero-coupon is a traded asset,
we assume the following risk-neutral dynamics:

dP(t,T) = P(t,T) (r(t)dt + o"(t, T)TdW (1)), (2.30)

where r(t) represents the risk-free rate. Next, we introduce the auxiliary process
T
Y(t) = P(t,T) = — / F(t, w)du.
t

By assuming f is nice enough, it is possible to apply Leibniz’ integral rule, yielding
the differential of this process:

dY (t) = f(t,t)dt — / A (b u)du

t

= r(t)dt — /t () dtdu — /t "ot (4 u) W) du.

Moreover, assuming sufficient conditions are satisfied by the drift and diffusion coef-
ficient we may apply Fubini’s stochastic theorem to change the order of integration.
This results in

T

dY () = (r(t) - /t ! /,Lf(t,u)du) dt — < /t ' O'f(t,u)du> AW (). (2.31)

Since Y (¢) is the logarithm of the ZCB, we must be able to arrive at the same
dynamics via It6’s lemma applied to (2.30):

dY (1) = (r(t) _ ;ap(t, Ty, T)> dt + o P (8, T)TdAW S (t). (2.32)

By matching the drift and diffusion terms in (2.31) with the ones in (2.32) and
differentiating with respect to T, we obtain the drift term

W4, T) = of (1, T / ot (., u)du.

t
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We summarise this in below definition, which makes it obvious that the dynamics
are fully determined by the diffusion coefficient.

Definition 2.4.1. The risk-neutral dynamics of the instantaneous forward rate,
f(t,T), in the HIM framework, is given by:
T
df (t,T) = <af(t,T)T / a'f(t,u)du> dt + o/ (t, T)dW (),
t

where W¥(t) is a d-dimensional vector of independent Q-Brownian motions.

In general, the process f(¢,T") does not adhere to the Markov property. However,
by selecting the correct volatility ansatz, it is possible to make it a Markov process.
We will briefly discuss one possible ansatz in the context of the extended HJM
framework in section 4.2. For a more detailed discussion, we refer to [4] and [1,
chapter 12].
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The LIBOR Market Model

Interest rate derivatives with LIBOR rates as underlying have been prevalent in the
markets for decades. Consequently, the LIBOR Market Model (LMM) has been
the preferred model for studying many of these derivatives. The model postulates
log-normal dynamics for LIBOR rates, leading to convenient pricing formulas for
caps and caplets.

In this chapter, we offer a brief overview of the LIBOR Market Model (LMM)
and provide motivation for its use. We begin by presenting the necessary theory
required to develop the model. Next, we demonstrate its utility by valuing caplets
and caps, after which we explore the zero-coupon bond curve and the interpolations
required to construct it. Finally, we consider the yield to maturity curve implied by
the LMM.

The contents of this chapter are heavily inspired by [12] and [3], the latter of
which we refer to for a more nuanced discussion about the LMM and all its intrica-
cies. Moreover, [1] also contains some illuminating discussions about the LMM.

3.1 Theory

In order to introduce the LIBOR Market Model, we require some notation. Let
us assume that we are on a filtered probability space (2, F, F;, @), where @ is the
risk-neutral measure. Additionally, let 7 = {10,171, ..., Ty} represent a set of dates,
called the time grid, and let Fj(t) denote the simple compounding forward rate at
time ¢ with an expiry date of T;_; and a maturity date of T}, (see definition 2.2.14).
Consequently, the set of expiry dates becomes & = {Ty, T4, ...Tn_1}, and the set of
maturity dates becomes M = {T,Ts,...,Tx}. Finally, we define 7 as the tenor
for rate Fj(t), representing the time from expiry to maturity: 7, = T), — Tp_;1.

By rewriting the definition for the simple compounding rate, we have that

P(t,Ty—1) — P(t,Ty)

Fu(t)P(t,T},) = - . (3.1)

The right-hand side of (3.1) is a linear combination of the traded assets P(t,7)—1)
and P(t,Ty). Therefore, since linear combinations of traded assets are also traded
assets themselves, the quantity Fj(t)P(t, T;) represents a traded asset.

Now, let us select P(-, Ty) as the numéraire, then the related measure, Q7. is the
Ty-forward measure (see definition 2.2.12). Our quantity denoted in this numéraire
is, by definition, a martingale under the Tj-forward measure. Therefore, we have
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that
Fk(t)P(t, Tk) . Fk(S)P(S, Tk)

P(t,Ty) [ 7| = P(s,Ty)
In other words, the simple compounding rate Fj(t) is a martingale under the Tj-

forward measure. By the martingale representation theorem, it conveniently follows
that there exists an Fi-adapted process I'x(t) such that

DR = Fr(s), s<t.

dFy,(t) = Tk (t)dW,k (t),

where W (t) = (W] (t), Wy (), ..., Wxk(t))" is a vector Brownian motion under
the Tj-forward measure with instantancous correlation pjdt = dW,* (t)deT’“ ().

Moreover, to enforce log-normal dynamics we set 'y (t) = ox(t) Fx(t). Together, this
provides the following definition of the LIBOR Market Model.

Definition 3.1.1 (LIBOR Market Model). Let {7y, T},..., Ty} be a set of expiry
and maturity dates, and let F(t) be the simply compounding rate with expiry date
Ty, and maturity date Tj. Then the LIBOR market model assumes that the rate’s
dynamics under the Ti-forward measure follows the log-normal martingale dynamics

AFL(t) = ou () Fu(t) AW (0), (3.2)

where o (t) is a deterministic function, and W, *(¢) is a Brownian motion under the
Ti.-forward measure with instantaneous correlation

AW (£)dW*(t) = pydt.

However, when dealing with these rates in practice, the above dynamics are not
sufficient. When comparing simulations of multiple rates or performing computa-
tions involving multiple rates, it is necessary to express them in the same measure.
Therefore, our objective is to fix the measure to a specific Tj-forward measure and
utilise the tools developed in section 2.2.6 to express every rate’s dynamics in this
measure.

There are three cases to consider. The first case has already been considered,
namely when 7 = k. The other two cases are for j > k and j < k, respectively.

In the second case; begin by fixing j > k. Next, notice that Q7+, for which we
have the dynamics, is the measure associated to P(t,T};) as numéraire, while Q7+
is the measure associated with P(t,Tyy1) as numéraire. We can therefore utilise
corollary 2.2.6 to yield the Ty ;-forward dynamics:

Pheet1 Th1 041 (1) Flo1 ()
1+ Ty 1 Frya (1)

dFy(t) = —ok(t) Fi(t) dt + ak(t)Fk(t)dW,;‘F’““ (t). (3.3

To arrive at the T)-forward dynamics, take (3.3) and add one to the maturity
index and derive the new drift. Repeat this procedure until the maturity index is
equal to j

We employ the same method in the third case, but with a slight modification.
Instead of adding one to the maturity index, we subtract one. This yields a similar
formula, with the important distinction that the time at which we express the for-
ward rate, ¢, should not exceed 7Tj. The rationale behind this is that 7 represents

36



3. The LIBOR Market Model

the maturity of the underlying ZCB, which serves as the numéraire for the measure.
As the numéraire is not defined beyond T, neither is the associated measure.
The results are collected in the theorem below.

Theorem 3.1.1 (Tj-forward dynamics). Let F(t) be the simply compounding rate
with expiry date Ty_y and maturity date Ty,. The dynamics of Fy(t) under the T}-
forward measure is then, in the LMM, given by:

— ok (t) Fio(t) YO, 2emioilB G gy o o (B (8)dW, 7 (1), G >k, t < Ty,

1+T¢Fi(t)
k() Fr(t) Sy 2n2 QRO dt 1 oy (1) Fu(dW, (), G <k, t <T;.

A subtle, but important, detail that can be observed when carrying out the
derivation of (3.3) is that the instantaneous correlations, p;;, are measure indepen-
dent, i.e. we need only specify one correlation matrix, and it will be the same in all
measures. This follows directly from Girsanov’s theorem.

Consider the QT-Brownian motions W (t) and the Q7'-Brownian motion W]-Tj (t)
for ¢ # j. We then know that the instantaneous correlation can be written as

AW ()W, (t) = ([ ]dt + dW(0)) ([ dt + dw™ (1))
= AW (t)dW ' (t)
= pijdt,

where the last equality follows from the facts that dW (t)dt = d[W,-](t) = 0, for any
Brownian motion W (t), and d[-,-](t) = 0 (see theorem 2.1.2 and theorem 2.1.1).

3.1.1 Valuation of LIBOR caplets and caps

Although the focus of this thesis is not the valuation of interest rate derivatives, we
want to show the utility of the LMM in this setting, as it is one of its motivating
factors.

With the dynamics of our model defined we are able to price interest rate caplets
on simply compounding forward rates. From the definition of a caplet (see defini-
tion 2.3.3) we have that its payoff at Tj_; is given by

Ti(Fi(Th-1) — K)*. (3.4)

This payoff is strikingly similar to that of a call option with maturity 7;_; on the
"stock” F}, struck at K. Therefore, by assuming that Fj adheres to the LMM, and
thereby also following log-normal dynamics, its price has a closed form expression
given by the Black-Scholes-Merton formula. For a proof of the Black-Scholes-Merton
formula see [12, section 5.2.5].

Proposition 3.1.2 (Black caplet formula). Let Fy(t) be the forward rate with expiry
date Ty_1 and maturity date Ty and assume that it follows the log-normal dynamics
in the LIBOR Market Model (see definition 3.1.1). Moreover, consider the Ty_y
caplet which has payoff

T (Fr(Thr) — K)7,
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where 1, =Ty, —Ty_1, and K 1is the strike rate of the caplet. Then, the time-t Black
price for this caplet is given by

Caplet®**(t k, K) = P(t, Tp) (Fp(Tp—1)®(d_) — K&(dy)),

where P(t,Ty) is the time-t price of the ZCB with maturity T,

O(x —#/24

=

= — e
21 J—

is the cumulative function for the normal distribution, and

1 F 1 (T
dp = —= (log +(0) + 7/ o Ji(t)dt) :
ot epae N R 20

Black’s caplet formula is easily extended to a caps (see definition 2.3.4) formula.
Notice that a cap’s payoff is the sum of caplet payoffs with a common strike. There-
fore, as a consequence of the linearity of the expectation used by the risk-neutral
pricing formula in the proof of the Black-Scholes-Merton formula, the time-t price
of a cap with first payment at T;,4; and last payment T} is the sum of time-¢ prices

for the T,,-, T\,41-, ..., Tp—_1-caplets with a common strike, i.e.
B
Cap”*(t,a, 8, K) = > Caplet®?*(t i, K).
1=a+1

3.2 Completing the zero-coupon bond curve

Thus far, our primary focus has been on the forward rate F(t) defined in terms
of the zero-coupon bond price. However, in this section, we shift our attention to
the ZCB itself, as it serves as one of the fundamental building blocks in derivatives
pricing.

It is possible to rewrite the relationship between the forward rate and the zero-
coupon bond, as given in (3.1), in terms of the forward rates, resulting in

J
1
P(T,T) =[] ——,
(T, T3) 1+ 7, F3(T))

k=i

(3.5)

where T; and T} belong to the time grid 7, and 7; < T;. This representation
highlights that the ZCB can be viewed as the inverse product of the compounded
rate of changes dictated by the simply compounding forward rates.

However, there is a caveat with (3.5): it requires both the observation time and
the maturity to align with the time grid. Since many derivative pricing calculations
require P(t,T) for arbitrary ¢ and 7', additional considerations are needed.

Consider the case when T;_; < t < T;. Because t is between two time grid points
we would like to compound the ZCB using only a portion of the forward rate that
settles at T;_; and matures at T;. The problem therefore becomes to valuate the
forward rate inside its accrual period. Because the LMM does not provide the tools
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necessary for doing this, an interpolation of P(t,T) in T' < T; must be constructed.
This interpolation is referred to as the front-stub interpolation and is denoted as
P(t,T,w), where
n(t) = mingj : Ty > ¢, T; € T},

Similarly, when the maturity lies between two time grid points yet another inter-
polation must be constructed. This interpolation is called back-stub interpolation,
and is denoted as

P(t,T)
P<t7 TW(T)—1> '
Notice that this expression ought to be interpreted as the discount factor between
Tyr)—1 and T' viewed from t. Figure 3.1 visualises how both stubs relates to the
whole ZCB curve.

With these interpolations specified it is possible to use the Schlogl ZCB repre-
sentation, specified in [11], to construct the zero-coupon bond price for arbitrary ¢
and 1"

P(tv T??(T)—h T) =

n(T)-1 1
P(t.T) = P(t.T T ) e h
(&, T) (t, Thw) (j=nl;[)+1 1+¢ij(z€)) (t, Tyry—1,T) (3.6)
P(t,t) =1
.p(t7 Ty)
Front-stub .P(t7 T) ——
Back-stub
@t T3)
R ol (t,Ty)
_________________________ P(t,T)
------------- o P(t,T)

Ty
| | |
‘ T ‘ ‘ ‘ ‘ ‘ T\

Figure 3.1: Visualisation of (3.6). The front- and back-stub factors can be observed
to represent the portions of the ZCB curve that do not align with the time grid.

As mentioned, the LMM does not provide the necessary tools to specify these
interpolations, which is one of the significant drawbacks of the model. Since the
model does not imply the entire structure of the zero-coupon bond curve, a choice
must be made, introducing the potential for undesired behaviour such as arbitrage.

The remainder of this section will discuss some possible choices for interpolations.

3.2.1 Linear back-stub interpolation

The simplest possible interpolation is naturally a linear one matching the values
provided by the LMM at the time grid points. Assume that 0 <t < T, < T <
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Ty, where k = n(T), and observe the following limits between which we wish to
interpolate:

Pim P T, T) =1, (3.7)
. o -1
Th—{% P(t, Tk—l; T) == (1 + Tka<t)) . (38)

The interpolation, in terms of T, between these two points is given by:

Tk—T T_kal
— P, Ty 1,T:._ _—
Ty — Th— (t: Te-1, Ti 1)+Tkz_Tk—1

T.—-T T-Ti, B
= 1 Fi(t .
Ty, — Ti— * Ty, — Tk—l( *7fi()

P(t,Ty—1,T) = P(t,Ti—1,Ty)

We collect this result in the following definition.

Definition 3.2.1 (Linear back-stub interpolation). Assume that 0 <t < T4 <
T < Ty, where k = n(T). Then, the linear back-stub interpolation is given by:

_ L-T  T-T,
Ty —Tpy  Tp =Ty
_ B-T | T-T,
Ty —Thor T —Th

P(t, T4, T)

P(t, Ty_1,Ty)
(3.9)
(1 + Tka(t))il.

This linear interpolation is simple in nature, but it possesses one fatal flaw, it
admits arbitrage. To show this we observe the following necessary conditions:

P(0,Ty_1,T) = ET1[P(t, T},_1, T)], (3.10)
P(0,Ty_1,Ty) = EB=[P(t, T}, 1, Ty)). (3.11)

The reasoning behind these conditions is that they relate the initial ZCB curves,
P(0,Ty_1,T), given by the market, to the ones produced by the interpolation. There-
fore, if the interpolation enforces something that is not guaranteed by the market,
arbitrage can occur.

Moreover, notice that (3.11) is a necessary no-arbitrage condition for ZCBs ma-
turing on the time grid. In the setting of the LMM this condition is always satisfied
because the model builds on the assumption (actually included in the definition in
this thesis) that the zero-coupon bond is a traded asset.

By taking expectation of (3.9), we get that condition (3.10) imposes

_ B-T | T-T,
Ty —Tp1r T —Tip

P(07Tk717T) P(07Tk717Tk)

on the initial ZCB curves P(0,7) and P(0,T;_1). These are given by the market,
and there is no guarantee they hold true, and thus the model may admit arbitrage.
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3.2.2 Arbitrage-free back-stub interpolation

As seen in the previous section, the no-arbitrage conditions impose a relation be-
tween the initial ZCB curves provided by the market. By having this in mind, it is
possible to select an interpolation that is guaranteed to satisfy these constraints.

Let «(t,T) be a deterministic function of observation time and maturity such
that a(t,Tx—1) = 0 and «a(t,T;) = 1, and set

P(t, kab T) = P(O, kal, T) + Oé(t, T) (P(t, kal, Tk) - P(O, kal, Tk)) . (312)

Because the choice of a(t,T) at the time grid points, this expression will line up
with (3.7) and (3.8). It will also satisfy (3.10), by construction, as long as (3.11) is
respected.

Following the discussion in [1, section 15.1.2], the function a(t, T") can be specified
almost arbitrarily. However, to avoid unwanted consequences, e.g. unrealistic ZCB
dynamics, one possible choice is via the HJM framework.

Taking the differential of (3.12) yields:

dp(t, Tk—h T) = [P(t, Tk—la Tk) - P(O, Tk—la Tk.)]doz(t, T) + a(t, T)dp(t, Tk;—la Tk)
= ( B )dt + Oé(t, T)dp(t, kala Tk),
where we have realised that since «(t,7T) is deterministic, its differential will only
contain a dt-term. Next, by employing the same ZCB dynamics ansatz as in the

HJM framework, (2.30), and using Leibniz’ stochastic product rule and 1td’s lemma,
we arrive at

dP(t, Ty 1, T) = P(t, Te1,T) [(---)dt + (op(t, Tio1) — op(t, T))T dWO(t)]
dP(t, Ty, Ty) = P(t, Teo1, Ti) [(-+ - )dt + (op(t, Thr) — op(t, T)TdWE(1)] .

Combining the dynamics derived from our interpolation ansatz with the dynam-
ics used in the HJIM framework, we arrive at an equality between two SDEs:

(' < )dt + Oé(t, T)P(t, kal, Tk)<0'P(t, kal) — O'P(t, Tk))TdWQ<t)
= (- )dt + P(t, Th_1, T)(op(t, Tp_1) — op(t,T))TdW(t).

To determine «(t,T') it suffices to match the diffusion terms. Via Lévy’s character-
isation theorem this leads to

a(t, )P (t, Ter, Tl (t, To-1) — o (£ T2 = P(t, Tt Dlor(t, Teo1) — (8,
or equivalently

lo(t, Tkn) — o (t, T)|l2
lo(t, Thi1) — o (t, Th) |2

Oé(t, T) = P(t7Tk—1>Tk)

Because «(t,T) is deterministic, the right-hand side must be as well. This can
be achieved by freezing the stochastic factors at t = 0, which yields the following
approximation:

lo(t, Ths) = o, T)ll2

t.T)~ P(0,Ty_1,T, ’
CY(, ) (7 k—15 k)Ho-(t,qu)—U(t?Tk)H?
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Notice that the volatilities are assumed to be deterministic. But if they were to
be stochastic, freezing them as well is a viable option to arrive at an approximate
deterministic expression for a(t,T).

The problem has hereby been changed from interpolating bond prices to in-
terpolating bond volatilities. Because the former, as shown, has the challenge of
tampering with the model in such a way that arbitrage may be emitted, the latter
is preferred. Reason being that there are almost no constraints on volatilities to
ensure an arbitrage-free model.

We collect this result in the following definition.

Definition 3.2.2 (Arbitrage-free back-stub interpolation). Assume that 0 < t <
Tir1 < T < Ty, where k = n(T). Then, one possible arbitrage-free back-stub
interpolation is given by

P(t,Ty—1,T) = P(0,Tx—1,T) + a(t,T) (P(t, T—1,Ty) — P(0, Ty—1,T%)) -
where

lo(t, Tis) — o (t, T)|l2
lo(t, Tir) — o (t, Th)l2

Oé(t,T) = P(O, kalka>

3.2.3 Simple front-stub interpolation

Assume k = n(t) = n(T), and Ty <t < T < T. Then, the front-stub is given by
P(t,T). Comparing this setting to that of the back-stub, we notice that the limit
corresponding to (3.7), P(t,t) = 1, is given. However, the limit corresponding to
(3.8), P(t,T}), is not provided. Therefore, performing a linear interpolation in the
same fashion as for the back-stub is not possible.

The second simplest interpolation, after a linear one, is based on a piece-wise
constant instantaneous forward rate. Assume that the instantaneous forward rate,
f(t,u) = C, is constant for u € [t,Ty11]. Then we obtain the following relations:

Tk

Tyt
P(t, Ty, Tiy1) = (14 Tog1 Fry1(t)) ™! = exp {—/ ’ f(t,u)du} =exp{—7x1C}.

From this it follows that C' = —7;, ', In P(t, T}, T41). Thus

P(t,T) = exp {— /tTf(t, u)du}
— exp {~(T — 6)C)
= P<t7Tk7Tk+l)%

= (1 + i1 Frpa () ™41

Therefore, by simulating the LIBOR rate with maturity 7, up until ¢, we are able
to interpolate the front-stub P(¢,T), for k = n(t) = n(T"). We collect this result in
the following definition.
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Definition 3.2.3 (Log-linear front-stub interpolation). Assume that 0 < T} <
t <T < T, where k = n(t) = n(T). Then, the log-linear front-stub interpolation of
the time-t price the of zero-coupon bond with maturity 7" is given by:

T—t

P(t,T) = P(t, Ty, Ts) 51
(t.7) = Pt 1, Ticn) s

T—t

= (L4 g1 Frga (1) 7ot

Much like the linear back-stub interpolation, this interpolation is flawed. Firstly
it admits arbitrage. To show this we use the same reasoning that is behind (3.10);
if the interpolation imposes some relation on the initial ZCB curves that is not
guaranteed by the market, the interpolation admits arbitrage.

Consider front-stubs in the first accrual period, i.e. let Ty =0 <t < T < Tj.
Moreover, introduce a new time 0 < s < ¢. Then, following the arguments of (3.10)

P(0,t,T) = E'[P(s,t,T)],

imposes a necessary condition on the initial ZCB curves for the interpolation to not
admit arbitrage. However, we have that

E'[P(s,t,T)] = E' P(t,Tl,T2)TT;S_tT_23] ~ ! [P(S,Tl,TQ)TT;t £ P(0,t,T),

in general.
The second flaw with this interpolation is the constraint it imposes on the volatil-
ity. Via It6’s lemma and (2.30) we have the following dynamics:

din P(t,T) = (---)dt + op(t, T)TdW(t),
dln P(t,Tk,Tk+1) = ( e )dt + (Up(t, Tk+1) - Up(t, Tk))T dW(t),

Moreover, from (3.13) we have that these dynamics are related via

T—t
dln P(t, T) =d ( In P(t, Tk, Tk—f—l))
Thk+1
T—t T—t
= dlnP(t,Tk,TkH) +lnP(t,Tk,Tk+1)d< )
Tk+1 Tk+1
T—1
+d< >d1ﬂp(t,Tk7Tk+1>,
Tk+1

where the last term is zero. Thus, by matching the diffusion coefficients we get that
the interpolation imposes

Jp(t, T) =

(UP(tv Tk—i—l) - O-P(ta Tk))7
Tk+1
which is not ensured to be respected by the market at ¢t = 0.

It is possible to construct more advanced front-stub interpolations which are bet-
ter suited for pricing applications. Such interpolations will however not be discussed
in this thesis as they require some more preliminaries, but most importantly this
simple interpolation suffices for our intents and purposes. The interested reader is
referred to [1].
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3.3 Implied yield to maturity curve

When equipped with interpolations for both the front- and back-stub, (3.6) consti-
tutes a complete ZCB curve, defined for all 0 < ¢ < T < Tyx. We may therefore turn
our focus to the yield to maturity curve, y(¢,7"), implied by this ZCB curve. From
definition 2.2.15 and definition 2.2.14 it follows directly that

1 T log P(t,T)
©T :—/ tou)duy = — 282\ ) 3.14
y(6,1) = [ 7w = 2 (314)

There are many interesting properties of the yield to maturity curve worth study-
ing. Our focus will be on the non-differentiability in maturity at the time grid points.

3.3.1 Non-differentiability

In this section we will provide the conditions necessary for a yield to maturity curve,
constructed from the log-linear front-stub interpolation (see definition 3.2.3) and the
linear back-stub interpolation (see definition 3.2.1), to be differentiable in maturity.
We will furthermore show that these conditions are in general not met.

When differentiating (3.14) there are two different cases to consider.

Case 1 (Tj—1 <t <T < Ty, k=n(t) =n(T)). In this we will only have a front-stub
(see figure 3.1). The ZCB, given by (3.6), in the yield to maturity expression will
therefore reduce to only the front-stub P(¢,7"). This yields the following derivative:

oy(t,T) InP(t,T) 1 0

T s ~ gy WPt T). (3.15)

As this case only occurs when approaching T}, from the left, we need only consider
the left limit of the derivative in (3.15). It follows directly from definition 3.2.3 and
is given by:

In P(t, Tk, Tk—i—l)

0
lim — In P(¢,T) = : 1
N T (t,T) — (3.16)

Together this yields that

ay(ta T) _ (Tk o t)_2 In P(t,Tk) . (Tk o t)—lln P(taTk>Tk+1)

=0 3.17
Tl/‘Ir%k oT Tk+1 ' ( )

where the second equality comes from substituting P(¢,T}) in the first term by the
front-stub interpolation.

Case2 (t <Ty—1 <T < Ty, k=n(T)). In this case we have all three parts of (4.17).
The front-stub and middle factor(s) do however have fixed maturities, meaning that
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their T-derivatives become zero. This results in the following:

dy(t,T)

57 =(T —t)*In P(t,T)
o n(1)-1
- (T - t)ilaiT In P(t, Tn(t)) — Z hl(l + TZRz@)) + In P(t, Tn(T)—h T)
i=n(t)+1

Pt Ty) "%—1 In(1+7Ri(t))  WnP(t, Tyry1,T)
(Tt (T'—1) (T =)

i=n(t)+1

1o
T—t0T

In P(t, Tn(T)—b T)
(3.18)

Notice that above expression for the yield to maturity derivative is undefined for T
on the time grid points. This follows because at these times, the number of factors in
the Schlogl ZCB representation changes, leaving the derivative of the sum undefined.
As we will only consider the limits as T" approaches these points, this poses no issue
for us.

Using definition 3.2.1, the left limit of the derivative in (3.18) becomes

1 1

0
Iim —InPt. T, 1,T) = — — .
s n Pt D1, T) e TP (t, Th-1,Tk)

T,/T, OT

(3.19)

To compute the right limit of the derivative in (3.18) we note that approaching
Ty from the right means approaching it from the interval (T}, Tyy1]. Therefore, the
limit will be that of the derivative of In P(¢,T},T). Again, using definition 3.2.1

yields

B, Pt Ty, T, 1
lim — In P(t,T,,T) = T Tir) 1 (3.20)
TN, OT Th+1 Th+1

By expanding the first term in (3.18) using the Schlogl ZCB representation, (3.6),
and combining it with (3.19) we arrive at the following left limit of (3.18):

lim Oy(t,T) WPt Tyy) 3 In(1 + 7;F;(t))
T,/Ty oT (Tk — t)2 j=n()+1 (Tk — t)2
1 1

+ .
Tk(Tk - t) Tk(Tk - t)P(t, kala Tk)

(3.21)

Next, by the same procedure but using (3.20) instead of (3.19) we arrive at the
following right limit of (3.18):

oy T) P Tyw) Zk: In(1+ 7;F;(t))
NI OT (L=t agn et (3.22)
P(t, Ty, Tr11) 1

Tropt(Te =) 7o (T — 1)
With these limits established we can finally analyse the yield to maturity curve’s

differentiability. It turns out that the right limit does not coincide with any of the
left limits. To convince ourselves of this, consider the differences between the limits.
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Beginning with, (3.17) and (3.22), when T,y <t <T < Ty and k = n(t) = n(T):

im ———— — lim = — —
T/T, 0T ™I, 0T (Tk — t)2 Tk+1(Tk — t) Tk+1(Tk — t)
_ _111 P(t,Tk,Tk_H) P(t,Tk,Tk+1) 1

Tk—i—l(Tk - t) Tk—i—l(Tk - t) - Tk—i—l(Tk - t>.

This difference is not guaranteed to be zero, but equating with zero and solving for
P(t, Ty, Txy1) would give the conditions on the zero-coupon bonds necessary for the
yield to maturity derivative to be defined at Ty. However, the only real positive
solution to the resulting equation is for P(¢, Ty, Tyy1) = 1, i.e. P(t,Ty) = P(t, Tg11).
As this generally does not hold, the chosen front- and back-stub interpolations will
produce a discontinuity at T} in the T-derivative of the yield to maturity curve.
Next, in the case when ¢t < T,y < T < T} and k = n(T), the limit difference
becomes the difference between (3.21) and (3.22). This works out to be:
T /T or TNTy or Th41 (Tk — t) Tk (Tk — t)P(t, kala Tk)
1 1

(T —t) (T —t)

Equating this with zero and using that P(t,7;,T;) = P(t,1;)/P(t,T;) for T, < T;
yields

T}H_l(P(t,Tk_l) — P(t, Tk)) = Tk(P(t,Tk) — P(t, Tk+1)),

and is the condition necessary for the T-derivative of the yield to maturity curve to
exist at Ty, given the chosen interpolations. This can be seen to not hold in general
by taking the differential of the relation and using (2.30).

We have hereby shown that the log-linear front-stub and linear back-stub inter-
polations produce a yield to maturity curve which is non-differentiable at the time
grid points 11,715, ..., Ty.
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4

The Generalised Forward Market
Model

The Generalised Forward Market Model (FMM) is an extension of the LIBOR Mar-
ket Model presented in [9]. The FMM retains many of the analytical features of the
LMM, such as the martingale property under the related T-forward measure, while
also providing additional benefits. Notably, the model offers a closed analytical form
for the forward rates under the risk-neutral measure, eliminating the need for an
approximate measure like the spot-LIBOR measure in derivative valuation.

This chapter will commence by introducing the concepts needed to define the
FMM, such as the extended zero-coupon bond price and backward-looking forward
rate. Subsequently, the chapter will introduce the model and its peculiarities. Fol-
lowing that, we will recapitulate the results of [10], which extends the FMM to fit
a Markovian Heath-Jarrow-Morton model (HJM-fitted FMM). Lastly, we will anal-
yse the T-differentiability of the yield to maturity curve implied by the HIM-fitted
FMM.

4.1 Theory

4.1.1 The extended zero-coupon bond and related measure

The foundation of the generalised Forward Market Model rests on the concept of a
zero-coupon price, which continues to be defined even after the bond’s maturity. We
call this type of bond an extended zero-coupon bond. Proposition 2.2.7 provides us
with the time ¢ price of a zero-coupon bond, which represents the expected value of
the accumulated risk-free interest rate over the period from ¢ to the bond’s maturity,
conditioned on the information available at time ¢. Mathematically, we express it as

T
P(t,T) = B2 [eJe r@du| 7,1

where () denotes the risk-neutral measure.

In our previous discussion of this quantity, we were content with stating that it
is undefined for times beyond the bond’s maturity, i.e., ¢ > T. However, there is
no inherent requirement for us to define this behaviour at maturity. By allowing
time to surpass the maturity in the above expression, we observe that we are left
with something JF;-measurable and closely linked to the money market account. In
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mathematical terms, for ¢ > T, we have that

_ mQ f;r(u)du _ f;r(u)du: M<t)
P(t,T) = E [e ].7—}] e et

This leads us to the definition of the extended zero-coupon bond price.

Definition 4.1.1 (Extended zero-coupon bond price). The time-t price of an ez-
tended zero-coupon bond with maturity 7" is defined as:

T
o [eft rwde L <

M(t)
N(T) t>1T.

P, T)=

In the remainder of this chapter, if not explicitly stated otherwise, P(t,T) will
denote the time-t price of the extended zero-coupon bond.

Similarly to the standard ZCB, the extended ZCB is a traded asset. This follows
directly from the fact that for ¢ < T’ it is equal to the ZCB, and for ¢ > T its,
differential is given by

r(t)
dP(t,T) = M(T) dt,

which has drift equal to that of the instantaneous risk-free interest rate. Therefore,
by definition (see definition 2.2.8) it is a traded asset. Consequently, the extended
ZCB is a traded asset for all t.

Since P(t,T) is a traded asset that is strictly positive and does not pay dividends,
it also serves as a numéraire (see definition 2.2.9). We refer to the measure associated
with this numéraire as the extended T-forward measure, which is defined below.

Definition 4.1.2 (Extended T-forward measure). Let V(¢) be a traded asset, and
P(t,T) be the time-t price of an extended zero-coupon bond. The extended T'-
forward measure is then defined as the measure Q7 such that Q7 ~ @, and, for

s <t,
Ve ] Vi)
. [P(t,T) |7 S]_P(S,T)'

Similar to other measures associated with numéraires, the existence of Q7 is guar-
anteed in an arbitrage-free market model, as extensively discussed in section 2.2.6.
However, it is worth noting that this measure is a hybrid measure since the numéraire
is the ordinary ZCB before T and switches to the money market account after ma-
turity.

4.1.2 Backward- and forward-looking forward rates

In chapter 3, we have primarily dealt with forward rates, which are rates that settles
at a specified expiry and are paid at a later maturity. In this section, we generalise
the concept of forward rates by introducing two types: one that settles at the expiry
and another that settles at the maturity.
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Let’s consider a time grid 7 = {0 = Ty, T3, ..., Ty} consisting of expiry and
maturity dates, where 7 represents the year fraction for the interval [Ty_q,T}). Us-
ing the risk-free rate r(t), we can construct a rate with expiry 7;_; and maturity
Ty, denoted as R(Ty_1,Ty), that accumulates interest linearly over its accrual pe-
riod [Ty_1,T}), similar to the definition of simply compounding forward rates (see
definition 2.2.14). This rate is given by

R(Tk_th) _ :k [efék_l r(u)du B 1‘| _ :k [m _ 1] = :k [P(Tk;,Tk—l) - 1] .
(4.1)

The notable aspect of (4.1) is that it aligns with the framework of extended
zero-coupon bonds. As demonstrated above, we can express the rate in terms of the
time-T}, price of the extended ZCB with maturity Tj_;. This implies that R(Ty_1, T})
continues to be a random variable until the maturity of the rate.

This property of the rate continuing to be a random variable until the end of
the accrual period is called backward-looking or settle-in-arrears. We will primarily
use the former name, motivated by the fact that the rate waits until the end of the
period and then "looks back”, taking into account the realised evolution of r(t) over
the accrual period before determining its value. In contrast, the forward rate we
are accustomed to, as modelled by LMM, is referred to as forward-looking. This
name derives from the fact that it determines its value at the beginning of the
accrual period through a prediction of the future cumulative evolution of r(t) (see
proposition 2.2.7).

It is possible to define a simply compounding rate that settles at the beginning of
the accrual period, i.e. a forward rate, as the best approximation of the backward-
looking rate at expiry. Mathematically, the forward-looking rate with an expiry at
Ty—1 and maturity at Ty, denoted as F'(Ty_1,Ty), is defined as

F(Th1,T) = E™ [R(Ty, Th) | Fr,,]- (4.2)

As the measures we are working with are equivalent, the above definition can be
made in any of the discussed measures. However, we adopt the definition above
using the extended Tj-forward measure as it provides a convenient expression for the
time-t approximation of both R(T}_1,7%) and F(Ty_1,T}), as will be demonstrated
below.

Note that this definition also coincides with the time-T},_; fair price of an interest
rate swap on the backward-looking rate over the single period (T}y_1, T].

However, both of these rates are random variables, meaning they are unknown
until Tp_; and Ty, respectively, at which point they are realised. However, the
model we intend to construct later relies on random processes describing the rates.
To construct random processes from these random variables, we utilise the best
time-t approximation of the backward- and forward-looking rates.

Definition 4.1.3 (Backward-looking forward rate). Let R(7Tj_1,T}) be the simply
compounding backward-looking rate given by (4.1). We then define the backward-
looking forward rate as the best time-t approximation of this rate, i.e.

Ri(t) = E™ [R(Ty_1, Ty) | F] .
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Definition 4.1.4 (Forward-looking forward rate). Let F(Tj_1,Tx) be the simply
compounding forward-looking rate given by (4.2). We then define the forward-
looking forward rate as the best time-t approximation this rate, i.e.

Fi.(t) = E™ [F(Ty_1, T},) | Fi] -

Again, notice that this approximation construction coincides with the time-t fair
price of single period interest rate swaps on the two rates, respectively.

Both the backward- and forward-looking forward rates have explicit formulas
that can be derived by changing to the risk-neutral measure. Starting with the
backward-looking rate, we have that

Ry,(t) = E™[R(Ti—1, T3) | Fi]

1
_ m QID(T)P(Ty, Te)R(Tyo-1, T3,) | Fi]

TthTk

Tk 1, 1
TkP t Tk ¢ Tk

= ( f(’t(tT;k)l ! 1) (43)

This expression for Ry (t) reveals that it is a martingale under Q7+, that Ry (T}) =
R(Ty_1,T}), and that the rate is constant for ¢ > Tj. The latter is due to the cancel-
lation of the time-varying money market account in the definition of the extended
ZCB.

Regarding the forward-looking rate, it can be rewritten as
Fp(t) = E™[F(Ty1,Ty,) | Fi)
= E™ [E™[R(Ty1,Ti) | ] | 7]
= E"[R(Ty—1,Ty) | Fi] = Ri(t).

This clearly demonstrates that by modelling Ry(t), we also obtain a model for Fj(t)
"for free”. Furthermore, the computation above shows that Ry (Ty_1) = F(Ty—1,Tx).

4.1.3 The model

In Section 4.1.2, we derived several important characteristics of both the backward-
and forward-looking (forward) rates that our model should incorporate. These char-
acteristics are:

1. Ry(t) is a martingale under the extended T}-forward measure.

(

2. Rp(T—1) = F(Th1, Th).

3. Rp(Ti) = R(Tj—1,Ty,).
Ry (

t) is constant for ¢ > Tj.
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Characteristic 1 allows us to conveniently select our model by specifying the
differential of Ry (¢) under the extended Tji-forward measure as a martingale. To
satisfy characteristic 4 is simply a matter of multiplying the diffusion term by a
function that is zero for ¢t > Tj. This function is chosen, in accordance with [9],
to be linearly decreasing from one to zero over the accrual period. It’s important
to note that this choice can be made differently, and the current choice affects
the differentiability of the yield to maturity curve, as seen in section 4.4.1. The
remaining two characteristics follow directly from the definition of the rates.

Based on these considerations, we specify the following dynamics for the backward-
looking forward rate.

Definition 4.1.5 (Generalised Forward Market Model). The differential of the
backward-looking forward rate is assumed to be given by

dRi(t) = ox(t)y(t)dW* (1), (4.4)

where oy (t) is an Fi-adapted process, W,CT *(t) is a Brownian motion under 7T}-forward
measure such that dW,™ (t)dVVjT‘“ (t) = pi;dt, and

() = min{%,l}. (4.5)

Comparing this model with the LMM presented in definition 3.1.1, we can
see that this model does not enforce log-normal dynamics. In fact, the FMM
dynamics are more general than the presented LMM dynamics. To enforce log-
normal dynamics resembling those of the LMM is however only a matter of selecting
ok (t) = ox(t)Ri(t), where 74 (t) is a deterministic function.

Another significant advantage of the FMM is that one can derive explicit dy-
namics under the risk-neutral measure. This arises from the fact that the quotient
between the numéraires, i.e., the money market account and the extended zero-
coupon bond, has an explicit formula, unlike in the LMM setting. We employ the
tools developed in section 2.2 to derive the FMM dynamics under the risk-neutral
measure in the theorem below.

Theorem 4.1.1 (FMM risk-neutral dynamics). The risk-neutral dynamics of the
backward-looking forward rate is given by

i Ti0i(t)7i (1)

dRi(t) = or(t)(t) D pir

i=n(t)

Lt )y () dW 2 (t 4.
where WE(t) is a Q-Brownian motion such that dWiQ(t)dWJQ(t) = p;;dt, and
0t = minj: Ty > 4, Ty € T).

Proof. We will simply employ the result in corollary 2.2.6 to directly arrive at the
above-stated differential. According to this result, we want to replace the Brownian
motion in (4.4) with

AWk (t) = d [W[* log(M/P(-, Ti)) | (£) + dW2(1),
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where dW2(t) is a Brownian motion under the risk-neutral measure.
Let us first simplify the logarithm of the numéraire quotient

M(t) . P(t,0) & P(tTi)
P(t7Tk)_lnP(t7Tk) B nl_[ P(tT Zln 1+Tz i ))’

=1 =1

In

where the first equality utilises the relation between the extended ZCB and the
money market account. The second and third equality arise from it being a tele-
scoping product and the definition of the extended ZCB, respectively.

This means that the dynamics specified by (4.4) becomes, under the risk-neutral
measure,

de(t) = O t

(t) e (£) AW, (1)
()(t) (d W, In(M/P(-, Ty))] (8) + dWE (1))
(

= O}
= O}

1=1
k

t) ; H:Ri(t)deTk (t)dR;(t) + dWE (t))

k
Ti0; t

— (Y pu PO

i=1

The final step is to recognise that ~;(t) = 0 for @ < n(t), which yields the sought

after dynamics. |

(

Vi (
() (
%(

t)

:O-k

(
t) (de ")) dIn (14 7 Ri(t)) + dW,?(t))
dt + o () (£)dWE.

By replicating the steps in the above proof, it is possible to derive the FMM
dynamics under, for example, the Tj-forward measure or the spot-LIBOR measure,
which can be useful for valuing derivatives. However, the valuation of derivatives is
not the focus of this thesis, and interested readers are referred to [9].

The dynamics defined by (4.6) rely on one driving noise per forward rate. How-
ever, to combine the FMM with an extended version of the HJM framework later in
this chapter, each forward rate must be driven by a vector Brownian motion with
the identity matrix as the correlation matrix. Fortunately, it is possible to rewrite
the above dynamics in such a form.

Let C; be the i:th row of the N-dimensional matrix C', such that p;; = C;C7.
The existence of C' follows from Cholesky decomposition and the fact that correlatlon
matrices are positive semi-definite. Moreover, let W () = (Wi (¢), ..., Wx(t)), where
the correlation matrix is given by the identity matrix. Then, we can write

(WE (D), ..., WR(t) = CW (1),

where W2(t), ..., W(t) are the Brownian motions from theorem 4.1.1. By intro-
ducing the N-dimensional vector process

o (t) = ok (t)Cy

if follows that
ol (t)Toli(t) = 0i(t)CT C;o;(t) = pijoi(t)o;(t). (4.7)
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Hence, (4.6) can be reformulated as

Ti%i (t)

™t V(o () dW (t). (4.8)

dRy(t) = (o (t) > ofi(t)

i=n(t)

4.2 The extended HJM framework

In section 2.4 we introduced the well known HJM framework for modelling the
instantaneous forward rate. In this section we intend to extend this framework to
be applicable to the extended zero-coupon bond.

The derivation and motivation behind the drift condition that ensures the arbitrage-
free nature of the HJM framework relied on the fact that the ordinary ZCB is, by
definition, a traded asset. As discussed, our extended ZCB is also a traded asset.
However, due to the fact that it is defined for times after its maturity, the dynamics
change.

Consider the definition of the extended ZCB together with the definition of the
continuously compounding forward rate. This yields the following relation:

t t
P(t,T) = exp {/ r(u)du} = exp {/ f(t,u)du} , t>T.
T T
For our continuously compounding forward rate to be consistent with this relation
it must hold that r(u) = f(u,u) = f(t,u) for u € [T,t]. This implies that the value
of f(t,u) must be set at u, leading to the following dynamics ansatz:

df (t,u) = Lp<uy 1 (8, u)dt + o (£, u)TdWO (1) (4.9)

where pf (t,T) is a 1-dimensional Fp-adapted process with possible f(t,u) depen-
dence being implicit, o/ (¢, T') is an N-dimensional Fr-adapted process with possible
f(t,u) dependence being implicit, and W(t) is an N-dimensional Q-Brownian mo-
tion, with the identity matrix as correlation matrix. The latter means that the
correlation structure for the driving noise must be embedded into the volatility vec-
tor. The method for doing this relies on Cholesky decomposition of the correlation
matrix and is discussed at the end of section 4.1.3.

Next, let’s consider the dynamics of the extended zero-coupon bond. Since it
evolves as the money market account after maturity, its dynamics must take the
form IP(.T

P(ES,’T)) =r(t)dt + l{tST}aP(t, T)TdWC(t), (4.10)
where o' (t,T) is an N-dimensional Fr-adapted process with possible P(¢,T) de-
pendence being implicit, and W®(¢) is the same Brownian motion as in (4.9). The
indicator function ensures that the volatility is zero for ¢ > T', which means that
the extended zero-coupon bond becomes deterministic after maturity, in accordance

with its definition.
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By utilising Leibniz’ integral rule, Fubini’s theorem, and [t6’s lemma in the same
way as in section 2.4 we arrive at the following relations:

T
! (8, T) = 1peryo! (8, 1) / o (t, u)du, (4.11)
t

T
ol (t,T) = / Lyi<uyo! (t,u)du, (4.12)
t

which allow us to define the arbitrage-free risk-neutral dynamics of the instantaneous
forward rate.

Definition 4.2.1. The arbitrage-free risk-neutral dynamics of the instantaneous
forward rate, f(t,7T), in the extended HIM framework, are given by:

df (t,T) = 1y<ry [(af(t,T)T /tT O'f(t,u)du> dt + o’ (t, T)TdWC(t)| ,

where p/ (¢, T) is a 1-dimensional Fr-adapted, o/(¢,T) is an N-dimensional Fp-
adapted process, and W®(t) is an N-dimensional Q-Brownian motion, with the
identity matrix as correlation matrix.

Akin to the ordinary HIM framework, the process f(t,T') becomes Markov by
selecting the correct volatility ansatz. Omne such possible choice is considered in
below theorem.

Theorem 4.2.1. Let the instantaneous forward rate volatility have the following
separable structure:

N
T) =" C(t)ge(T) L re,_, 1

= Cn(T) <t>gn(T) (T)7

where N number of elements in the time set grid, Cx(t) is an N-dimensional F;-
adapted process, and gi(T) is a deterministic scalar function. Then,

_)F0.T) +g(I)X @) +9(T)Y()GET), t<T,
ens {rm:f(o 7)+g(TV X (1) =1,
where
dX (t) =Y (t)g(t)dt + C(t)dWQ(t), X (0) =0,
dY (t) = ¢(t)T¢(t)dt Y(0) =0,
and
9(T) = (u(T),...,gn(T))T,
G(t,T)=(G:(t,T),...,Gn(t,T))T,
) =G, ~N(®)T),

where Gi(t,T) = [ gr(u)du. Moreover, f(t,T) is Markov in X (t) and Y (t).
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The proof of this theorem can be found in [10, appendix A]. It mainly contains
straight forward computations to show that the integrated forward rate dynamics
indeed satisfy (4.13). However, when (4.13) is established, it can be directly seen
from the formulation of theorem 4.2.1 that f(¢,7) is Markov in X (¢) and Y(¢).
The state variables X (f) and Y'(¢) form a Markov process as neither of them are
dependent on anything before t. Moreover, because g, and therefore also G, is
deterministic, f(¢,T) becomes Markov in X (¢) and Y (¢).

4.3 Completing the extended zero-coupon bond
curve

Section 3.2 explains why the LMM only provides the zero-coupon bond price for ¢
and 7" on the time gird. Similarly, in the current context, we face a similar situation.
However, instead of relying on an arbitrary interpolation method, we can employ
an alternative approach—the extended HJM framework.

In this section, we will first align the extended HJM dynamics for the instanta-
neous forward rate with the dynamics postulated by the FMM, resulting in a model
for the instantaneous forward rate called the HJM-fitted FMM. This model is defined
for all positive ¢t and T', and encompasses the entire extended ZCB curve, thereby
providing us with the back- and front-stub formulas without any assumptions other
than those made in the FMM and the extended HJM framework.

4.3.1 Fitting the model to the extended HJM framework

The idea behind utilising the extended HJM framework to yield back- and front-stub
interpolations hinges on the fact that the forward rate we are modelling is defined
for all times, especially inside the accrual periods. It allows for the possibility of
connecting the evolution of the simple forward rate, dictated by the FMM, in the
accrual period with the evolution of the instantaneous forward rate, dictated by
the HIM framework. Thereby creating a HJM model, defined for all times and
maturities, which implies the FMM dynamics. This is also the reason why this
type of interpolation is not possible in the setting of the LMM, because there the
modelled forward rate becomes undefined for times after expiry, and there is thus no
evolution of the simple forward rate to be matched with the instantaneous forward
rate inside the accrual period.

Following procedures similar to those below, it is however possible to define
a HJM model for the instantaneous forward rate which match, and thereby also
implies, the LMM. But again, this model will only be defined up until expiry, and
it therefore provides no interpolations.

To connect the FMM with the extended HJM framework we take the differential
of the definition of Ry(t) and combine it with (4.10). This yields the risk-neutral
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dynamics of the backward-looking forward rate in the extended HJM framework:

1 Tk T Ty
) ( 1{t§u}0'f(t, u)du) ( 1{t§u}a'f(t,u)du> dt
¢ t

Tk

ARu(t) = (Re(t) +
+ 1 P(t, Ty—1) P(t, Ty) </tTk 1{t<u}0' (t,u du) (/ 1{t<u}a (¢, u)du) dt

+ <Rk(t)+71k) ( / a 1{t§u}a'f(t,u)du> AW 1),

Ty—1
(4.14)

To make this extended HJIM model align with the FMM it suffices to match the
diffusion terms in (4.14) and (4.8), i.e

R 1 T f !
Wl (t) = (R + =) ([ ool b wdu
Tk Ty
TVt T
/ a,f(t,u)du) :
Tk71Vt

(oo 3)

Moreover, to make the underlying HJM model Markovian we utilise theorem 4.2.1
by assuming the following separable structure for the volatility:

(4.15)

Z C’L ’L 1T€ Tk 1, Tk]

= Cn(T)( )gn(T) (1),

where ¢;(t) is an N-dimensional F;-adaptable process and g¢;(T') is a deterministic
function, for each i =1,... N.
Now, by introducing

¢t 1) = [ gy

the integral over the instantaneous forward rate volatility can be written as

/ B I T) = ) / ) = G GR(Toy V£ T V 1),

kal\/t kal\/t

Substituting this into (4.15) yields

1) Gi(Timt V £, Ty V 1)Ci(2)

Tk

WoR(®) = (Rult) +

To simplify our expression we, without loss of generality, assume that Gy (Ty_1, 7)) =
1. Now, by matching the deterministic and stochastic factors we conclude that

’yk(t) = Gk(Tk,1 V t, Tk V t),
olit) = (Rult) + ) Gutt).
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4. The Generalised Forward Market Model

By solving for the components in the separable volatility structure we get

al() = —Lon(t), te (T,

at (4.16)

= Wc’f(t).

This entails that, by selecting the instantaneous forward rate volatility in accordance
with (4.16), the implied forward rate dynamics will coincide with the dynamics
defined by the FMM. Combining this with theorem 4.2.1 results in below proposition.

Proposition 4.3.1 (HIM-fitted FMM). Let f(t,T) satisfy theorem 4.2.1 and choose
the volatility in accordance with (4.16). Then, the integrated forward dynamics will
imply definition 4.1.5 and are given by

F(0,7) = F(0,T) = 3 Xut) 3ron(T) + z Vin ()~ (D) (D),
where
dXp(t Z Yien () dy(t) Wak F()TAW (1),
AYion(t) = ! R4 R (1) dt.

(R0 +2) (a0 + £) ™

4.3.2 Implied extended zero-coupon bond curve

After the work we thus far have done, the integrated extended zero-coupon bond
dynamics follow easily. By combining definition 2.2.13 and (4.13) we directly get
the result in the below proposition.

Proposition 4.3.2. Using the same notation as in theorem 4.2.1, the extended
zero-coupon bond price is, for any non-negative t and T, given by

P(0,t,T)exp{~G(t, T X (t) - }G(t, T)Y H)G(t,T)},  t<T,
exp {ftTr(u)du} : t>T,

where P(s,t,T) = P(s,T)/P(s,t) is the forward discount factor between t and T
observed at time s.

P(t,T) = {

By the same reasoning as for the (4.13), the above zero-coupon bond price process
is Markov in X (¢) and Y (¢).

The formulation of the extended ZCB curve presented in proposition 4.3.2 is
however cumbersome to use in a practical setting where we rely on simulations. The
reason being that in order to compute P(¢,T') for every 0 <t < T < Ty, where Ty
is the last element in the time grid 7, one need to simulate

e Yin(t) for each k,h =1,..., N, up until time T},
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4. The Generalised Forward Market Model

o and, X(¢) for each k =1,..., N up until time 7.

The number of state variable to simulate thus grows quadratically with the number
of forward rates, Ry. We therefore seek for a more efficient way of computing P(¢,T').

To find a more computationally efficient expression for the extended ZCB we
remind us of the Schlogl ZCB representation, (3.6), described in section 3.2. Because
Ry (t) is defined much in the same way as the forward-looking forward rate we are
concerned with in chapter 3, this representation is just as valid for the extended
zero-coupon bond. Using Ry(t) it becomes:

n(T)-1 1

P(t,T)IP(taTn(t))( 11 1+ 7;R;(t)

) P(t, Toyry—1, T). (4.17)
J=n(t)

Since the central factor(s) can be computed directly from the FMM-simulated for-
ward rates, we only need to deploy proposition 4.3.2 in the stubs. This will make
the number of state variables grow linearly as the dependence of Xj(¢) on the off-
diagonals, Y}, x(t), h # k, will be eliminated when k = 7(t).

This more efficient way of computing the extended ZCB curve does however
come at a cost, the Markov property. As will be seen in section 4.3.4 the front-stub
interpolation becomes path-dependent.

4.3.3 The back-stub interpolation

Proposition 4.3.3 (Back-stub interpolation). Let t < Ty < T < Ty. The back-
stub formula for the forward extended ZCB, P(t,Tyry-1,T) = P(t,T)—1,T), is then
given by

P(t,Tp_1,T) =P(0, Tj—1, T)(1 + 7, Ry, (t)) "+ 1D P(0, Tjo_y , Ty,) =TT

. exp {;Gk(Tk_l, T)GH(T, Tk)kak(t)} .
(4.18)

Proof. Let t < Ty_1 where k = n(T'), then we are sure of there being a back-stub.
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4. The Generalised Forward Market Model

Using proposition 4.3.2 and the additivity of G(¢,T) in its arguments, we can write

P(t,T)
P(t,Ty_1)

—P(0, T 1, T}) exp { _G(Th, TYTX () — ;G(t, )Y ()Gt T)

P(t, kal, T) ==

+ ;G(t, Ty 1)Y () G(t, Tk—l)}

—P(0, Tyt Ty) exp { — G(Thr, TTX ()

~ LG Tis) + G(Tr, )Y ({1, Ti) + G(Tir, T))

. ;G(Tk_l, )Y (H)G(t, Tk_l)}
=P(0,Ty—1,T}) exp { = G(Th—1, T)T[X (1) + Y (1) G (¢, Ti—1)]
_ ;G(Tk_l, T)TY(t)G(Tk—laT)}’

where we have used that G(t,T-1)"Y (t)GT-1,T) = G(Ti—1,T)Y (t)G(t, Ti—1)
stemming from the fact that Y'(¢) is symmetrical. We can simplify this expression
by realising that the all components, except at index k = n(T), of G(T}_1,T) are
zero because T,_1 < T < T},. Therefore, we can drop the vector notation yielding

1
P(t,To_1,T) = P(0,Ts1,T) exp {—Zk(t)Gk(Tk_l,T) _ QY,C,,C(t)Gi(t,Tk_l)} ,

(4.19)
with the auxiliary process Z(t) defined as

Zi(t) = Xp(t) + kf Yii(0)Gi(t, Te—1).

i=n(t)

The last step is finding an alternative formulation for Z(t). By letting T' = Ty
we get

1 1
P(t,Ty—1,T}) = T4 () = P(0,T;—1,T}) exp {_Zk(t) - 2Yk,k(t)} :

where we have used our assumption that G(Ty_1, 7)) = 1. Solving for the auxiliary
process yields

1
Zk<t) = hl(l 4+ TkRk(t)) + hl P(O,Tk_l,Tk) — §Yk7k(t)

Substituting this into (4.19) results in the sought after back-stub formula. O

4.3.4 The front-stub interpolation

For us to be able to establish an explicit expression for the front-stub we first need
to do some preparatory leg work. Theorem 4.2.1 tells us how the instantaneous
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4. The Generalised Forward Market Model

forward rate at time ¢ differs from the initial curve f(0,7'). However, to derive
the front-stub interpolation we are interested in the more general case: how f(¢,7T)
differs from the same quantity but evaluated at a time different from 0.

Let 0 < S <t <T, then by utilising (4.13) we get the following difference:

f@,T) = f(5,T) =g(T)"[X(t) = X(S)] +g(T)'Y()G(t,T) = Y(S)G(S,T)]
( )X () = XS] +g(T)Y )G T) = Y(S)G(t,T)]
+g(I)Y (9SG, T) =Y (S)G(S,T)]
=g(T)T[X (1) = X(5) = Y(S)G(S,1)]
g(M)Y (1) = Y9G, T)
=g(T)"X5(t) + g(T)Y*()G(t, T), (4.20)
where we have used the additivity of G(t,7T") and introduced

X5(t) = X(t) - X(S) ~ Y(S)G(S,1),
Y5(t) =Y (t) = Y(9).
Now, when comparing (4.20) to (4.13) we notice that they have the same form,
only introducing an S-dependence in the former case. This means that we can

express the time-t price of an extended zero-coupon bond in terms of the time-S
curve instead of the time-0 curve as:

PS(t,T) = P(S.4,T) exp {—G(t, T)TXS(#) ;G(t, TVYS)G(t, T)} |

for S<t<T.
To tie this to the front-stub interpolation we consider the case when n(t) =
n(T) = k and S = Tj_4, i.e. the case when we are ensured to have a front-stub.

Then, by simple substitution we get the following instantaneous forward rate and
extended ZCB formulas:

F&T) = f(Tee1, T) + gi(T)x(t) + gu(T)yn(t)Gi(t, T),
P(,T) = P(Tit,t, T)exp {~Galt, D) — SG0 Tw(0 } - (421
where we have introduced
() = Xg" 7' (1) = Xi(t) = Xi(Te1) = GilTio1, 1) Vir(Thn),
ye(t) = Y= () = Yiw(t) = Yir(Ten),

for Ty < t < Ty. This means that the scalar processes zx(t) and yx(t) are only
defined locally on the intervals between the time grid points [T}_1,T)|. Moreover,
their dynamics are given by

dui(t) = ge(t)ye(t)dt + u(t)TAW ()

= ge(Oyp(t)dt + R?)(lde( ),

dyi(t) = Ci(t)TCk(t)dt

e
()
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4. The Generalised Forward Market Model

with z(Ty—1) = yx(Tr—1) = 0. Notice that we in these scalar processes have,
via (4.7), reverted to the scalar volatility used in the definition of the FMM (see
definition 3.1.1).

The front-stub formula is now only a matter of computing P(Ty_1,t,T) using
the back-stub formula and plugging it into (4.21). We collect this result as below
proposition.

Proposition 4.3.4 (Front-stub interpolation). Let Ty <t < T < Ty. The front-
stub formula for the ZCB P(t,T) is then given by

P(t,T) =P(0,t,T)P(0, Tp_1, T) "D (1 + 7, R (Tp—y)) =D exp { — G(t, T)ap(t)

— ;G,Z(t, Ty (t) + ;Yk,k(Tkl)[Gk(T, T)Ge(To1, T) — Gi(t, Tp) G (Th—1, t)]}.
(4.22)

It can be directly observed that the front-stub interpolation is not Markov.
When T;_; < t, (4.22) depends on the forward rate Ry(T;_1) and the state variable
Yk (Ty—1), thus making it path-dependent.

4.4 Implied yield to maturity curve

As already discussed, one of the advantages provided by the FMM-fitted HIM is
that it directly implies the value of a ZCB for any maturity and at any time. Due to
the relation between the ZCB value and the yield to maturity curve, the FMM-fitted
HJM also provides an expression for the yield to maturity curve for any (¢,7) € RZ,,.
From definition 2.2.15 and definition 2.2.13 it follows directly that -

log P(1,T)

e (4.23)

1 T
y(tT) = = [ f(t.wdu =
Apart from providing a closed formula for the yield to maturity curve, the model
also provides a way to simulate the yield to maturity curve. By using the simulation
scheme for P(t,T) presented in [10] the yield to maturity curve can efficiently be
computed via (4.23) and (3.1). In figure 4.1 and 4.2 two different realisations of such
simulated yield to maturity curves are presented. Note that these curves are sample
paths where the underlying rates have been simulated with log-normal dynamics
under the risk-neutral measure with diag(1l) as instantaneous correlation matrix,
and instantaneous volatility given by o(t) = 0.5. Therefore, the characteristics
of these presented curves can be very much influenced by the randomness in the
underlying rates.
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Figure 4.1: Yield curves at different observation times Ry(s), t € {0,1/2,1,3/2}.
The extended zero-coupon bonds used to compute the curves have been simulated
according to the scheme presented in [10], which relies on the Schlogl ZCB represen-
tation, (4.17). Moreover, the underlying forward rates Ry (t) have been simulated
under the log-normal formulation of theorem 4.1.1 with uncorrelated driving noise

and instantaneous volatility o (t) = 0.5.
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Figure 4.2: Yield curves at different observation times Ry(s), t € {0,1/2,1,3/2}.
The extended zero-coupon bonds used to compute the curves have been simulated
according to the scheme presented in [10], which relies on the Schlogl ZCB represen-
tation, (4.17). Moreover, the underlying forward rates Ry (t) have been simulated
under the log-normal formulation of theorem 4.1.1 with uncorrelated driving noise
and instantaneous volatility o (t) = 0.5.

With the randomness’ influence on the characteristics of the curves in mind, there
is still one specific behaviour which stands out, namely that the curves in figure 4.2
seem to have points, coinciding with the time grid points {0, 7}, T, ..., Tx}, where
they are non-differentiable.

4.4.1 Non-differentiability

In this section we will provide the conditions necessary for the yield to maturity
curve, constructed from the Schlogl ZCB representation and the front- and back-
stub interpolations given by the HJM-fitted FMM, to be differentiable in maturity.
We will subsequently show that these conditions are not guaranteed to hold.

To investigate the property we differentiate the yield to maturity curve and derive
its left and right limits as 1" approaches Tj.

When differentiating (4.23) there are two different cases to consider.

Case 1 (Ty—y <t < T < Ty, k = n(t) = n(T)). In this case we will only have
a front-stub (see figure 3.1). The ZCB, given by (4.17), in the yield to maturity
expression will therefore only reduce to the front-stub P(¢,7). This yields the
following derivative:

oy(t,T) InP(t,T) 1 0

ot = e T P (4.24)
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where the derivative of the logarithm of the front-stub follows directly from (4.22),
and is given by

Oln P(t,T) du(T)
T —f(0,T)+ [In P(0, Tx—1, Tk) + In(1 + 76 R (Ty—1)) + zx(t)] C];T

+§”w“%1NGMﬂ:uT>GATJDV7$T)+GAaTw4wd§§v5

4.25

Since the front-stub will only be present when approaching 7}, from the left, only
the left limit needs to be considered. By recognising that

lim = — = ——,
T/, dIl’ T, — T Tk
the left limit of (4.25) simplifies to
Oln P(t,T

L lyk,km_l) ()]
Tk 2

Now, by combining the above limit with (4.24) and performing some simpli-
fications, we arrive at one of our sough after results. The left limit of the T-
derivative of the yield to maturity curve, in the case when T},_; < t < T < T,
and k = n(t) = n(T), is given by:

lim oy(t,T) _ InP(0,¢,T%)  f(0,T%)  yx(t) n Yk (Th-1)
)T, OT (T), — )2 T, —t = 277 21,

(4.26)

Case2 (t <Ty—1 <T < T}, k=n(T)). In this case we have all three parts of (4.17).
The front-stub and middle factor(s) do however have fixed maturities, meaning that
their T-derivatives become zero. This results in the following:

ay(taT) _ -2
5T =(T —t)"InP(t

L0 n(T)-1

— e IDP t T Z 11’1(1 -+ Tle<t>> -+ In P<t7Tn(T)—17T)
or

i=n(t)+1
In P(t, T,0) E)Zl In(1+7Ri(t)) W P(t, Tyry1,T)
T—1p 2=, (T-1p T— 1)
1 0

(4.27)

where the derivative in the last term follows directly from (4.18), and is given by

Ol P(t, Ty, T) o
o —f(O,T)+[11n (1+ 7 Ri(t) +1n P (O’Tk_l’Tk)]d iy (@42)
+§Yk,k(t) [Gi(T1, T) = G(T', T)] 7dkT '
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Moreover, notice that above expression for the yield to maturity derivative is unde-
fined for T" on the time grid points. This follows because at these times, the number
of factors in the Schlogl ZCB representation changes, leaving the derivative of the
sum undefined. As we will only consider the limits as T" approaches these points,
this poses no issue for us.

The left limit of (4.28) simplifies

. OlmP(t, Ty, T) 1 1
711/(H%k 8T = —f(O, Tk) — ?k 111(1 + TkRk(t)) + In P(O, Tk:—la Tk) + §Yk7k(t) .
To compute the right limit we note that approaching T} from the right means
approaching it from the interval (7T}, Ty+1]. Therefore, the limit will be that of the
derivative of In P(t, T}, T). With this in mind, and by recognising that
d’}/k+1 (T) 1 1

lim = — = — ,
TNTy, dT Tk+1 - Tk Tk+1

the right limit of (4.28) becomes

OlnP(t, T, T 1
Tl\n%k éT b ) = — f(O, Tk) - ?—H [111(1 -+ Tk+1Rk+1(t)) + In P(O, Tk, Tk+1>]
1

e — t).
+ e et 1,k41(t)

Now, by combining (4.27) with above limits and performing some simplifications,
we get the two remaining sought after results. The left and right limits of the T-
derivative of the yield to maturity curve, in the case when t < Ty < T < T} and
k =n(T), are given by:

Oy(t, T) _InP(t Tyw) In(1+7;R;(t) | f(0,Th)

| = _
TI/Hle oT (T, — t)? j%ﬂ (T), — t)? T, — 1t
1 1
+ m [ln(l + TkRk(t)) -+ hl P(O, kal, Tk) =+ 2Yk,k(t>:| ,
(4.29)
i Oy(t,T) _WmP(t, Typ) Zk: In(1+7R;(t))  f(0,T})
NI o7 (T = 1)? J=n(t)+1 (1), — 1) Ty —t
1 1
+ m ln(l + Tk+1Rk+1(Zf)) —+ In P(O, Tk, Tk+1) - §Yk+1,k+1<t) .
(4.30)

To tie the derivative limits back to the characteristics seen in figure 4.2 we begin
by observing that when Ty <t < T < T} and k = n(t) = n(T), the difference
between (4.26) and (4.30) becomes:

dy(t,T) lim dy(t,T) 1 [ln(l + 1 R(t))  In(l+ Tk+1Rk+1(t))]

Tlfn%k oT ™1, 0T T, —t

Tk Tk+1
1 [ln P(O,kal,Tk) In P(O,Tk,Tk+1))‘|
_|_ J—
T, —t Tk Th+1
1 Y t Yi (T T (t t
i k+1,k+1( ) X kk( k 1) I k( ) i Z/k(Q)
T, —t 2Tk 2Tk Tk i
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By equating this with zero, using that P(¢,T;,T;) = (1 + 7;R;(¢))"!, and by rear-
ranging we get that

1 Pt, Ty, Tri1) 1. P, Th1,Th) | Yarirsa()

Yik(Th-1) L (t)

In + —1In = +
Ter1 PO, T, Try1) 7 P(0,Tk—1,T}) 2Tp11 27y, Tk
t
+ (T; —t)yk(z).
T

(4.31)

If this relation holds true, the derivative will be continuous in this case. However,
in figure 4.2 simulations of the curve R;(s) = y(t,t + s) clearly suggests, due to
its sharp corners, that the yield to maturity curve is non-differentiable in 77, and
therefore, that (4.31) does not hold in general.

In the second case, when t < T}, 1 < T < T}, and k = n(T'), the corresponding
difference is between (4.29) and (4.30). This is given by

Loy T) oy T) 1 [+ meRe(®) (1 + 7 Rea (1)
T/,T, OT NI, 0T T, —t Tk Th+1
1 [ln P(O,Tk_l,Tk) In P(O,Tk,Tk+1)‘|
+ _
Ty —t Tk Th+1
1 Y k(2 Y, t
+ l kk( ) + k+1,kz+1( )] ’
2(Tk - t) Tk Th+1

and mutatis mutandis we get the following constraint for differentiability at the time
grid points:

1
In + —1n ==
o1 PO, T, Tryr) 7 P(0,Tk-1,1y) 2

| P(LT.T Pt Toor, T) 1 [Yix(t)  Yierwnlt
(t, The, Tht1) (t, Ti—1, T) [’“’“<)+ ’““’k“()]. (4.32)

Tk Tk+1

Again, via the same argument as for (4.31) we conclude from figure 4.2 that (4.32)
is not satisfied in general.

We have hereby used the simulations, that made us question whether the yield
to maturity curve had a continuous derivative, to show that it indeed does not.
Furthermore, (4.31) and (4.32) show that the non-differentiability of the curve at
the time grid points is something that is closely tied to the interpolation chosen for
the front- and back-stub.
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Discussion and future research

5.1 Discussion

The LIBOR has, to varying success, been in use since the 1980s in everything from
sophisticated financial derivatives to bank loans. During recent years, there has,
however, been a growing concern about the manipulation of the LIBOR. This has
resulted in the decision to phase out the LIBOR, with the last US-dollar LIBOR
published on 30th June 2023. The replacing rates are overnight rates, which must
be converted into term rates. To do this, a compounded setting-in-arrears method
is used, leaving the replacing term rates backward-looking, i.e., both settling and
paying at maturity. Because the term rates modelled by the LIBOR Market Model
are undefined after expiry, a new model is required to describe the replacing rates.

In this thesis, we have considered the LIBOR Market Model and one model
capable of replacing it, namely the generalised Forward Market Model, first proposed
in [9]. As for the LIBOR Market Model, we introduced the theory necessary to define
it. Moreover, we stated its dynamics under the T-forward measure and thereafter
demonstrated how the ansatz of log-normal dynamics for the LIBOR results in a
Black-Scholes-Merton-like formula for valuing caplets. The last topic concerning
the LIBOR Market Model is the zero-coupon bond curve and the yield to maturity
curve it implies. We developed three different interpolations, of which the log-linear
front-stub interpolation and the linear back-stub interpolation was were to derive
conditions necessary for a continuous 7T-derivative of the yield to maturity curve.
These conditions were then shown to not be respected by our model in the general
case.

Armed with the theory behind the LIBOR Market Model, we extend it and in-
troduce the generalised Forward Market Model. Particularly, we define the extended
zero-coupon bond, which allows us to construct both forward- and backward-looking
rates. The former exactly coincides with the rate modelled by the LIBOR Market
Model, and the latter possesses all the desired properties of the rates replacing the
LIBOR. Then, following the approach of [10], we match an HJM model to the FMM.
Since the extended zero-coupon bond is defined after its maturity, the HJM-fitted
Forward Market Model enables us to directly derive the dynamics for the entire
extended zero-coupon curve. However, the expression for this curve is computa-
tionally cumbersome, leading us to utilise the Schlogl ZCB representation presented
in [11]. This drastically improves the computational efficiency of simulating the
ZCB curve as the number of state variables needed to simulate goes from increasing
quadratically to increasing linearly with the number of forward rates.
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5. Discussion and future research

Finaly we, similarly to the chapter about the LIBOR Market Model, focus on
the yield to maturity curve. Akin to the analysis of this curve in the LMM setting,
we derive conditions necessary for the T-derivative of the curve to be differentiable
at the time grid points. We note that these conditions are closely related to the
fitted HJM model and use simulations to show that they are generally not met. We
do however recognise that these simulation results could be made more rigorous,
instead of relying solely on the observable characteristics of the curves in figure 4.2.

0

As the left and right limits of % can be computed explicitly, this could be done

by ensuring that their differences are non-zero at the time grid points.

5.2 Future work

This thesis focuses on only a small part of the yield to maturity curve implied by the
Heath-Jarrow-Morton-fitted Forward Market Model, and there are many questions
left unanswered.

Firstly, we have seen that the non-differentiability of the yield to maturity curve
is influenced by the choice of front- and back-stub interpolations. This begs the
question; is it possible to choose interpolations such that differentiability is guaran-
teed?

Next, because yield curves observed in the market are generally not differentiable
in maturity it is essential to investigate whether the property of non-differentiability
of the yield to maturity curve holds practical significance. Can real-world scenarios
be constructed where this property poses an actual issue?

Furthermore, while we have considered the differentiability of the yield to matu-
rity curve implied by the HIM-fitted FMM directly, it is of interest to examine its
behaviour under expectation. We have preliminary results utilising simulations to
suggest that the curve is non-differentiable under expectation as well. Can this be
proven analytically, and does the front- and back-stub interpolation play a role in
this case?

Lastly, in [1], they use the yield to maturity curve to showcase the possible shapes
that the yield curve can take. Do these shapes coincide with the ones that can be
produced by the HIM-fitted Forward Market Model?
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