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Abstract
Slippery road conditions are known to influence the car’s ability to brake or steer.
Conventional Advanced Driver Assistance Systems (ADAS) such as Autonomous
Emergency Braking (AEB) and Autonomous Emergency Steering (AES) systems
do not consider road friction at all or assume constant friction in the threat as-
sessment. This is to ensure that the system does not intervene if the driver can
still avoid a collision, thereby reducing the number of false positive interventions.
Ignoring the varying road friction leads to inefficient operation under slippery road
surface conditions. Therefore in this thesis, we present a novel AEB and AES system
that exploits friction information ahead of the ego vehicle which is predicted using
onboard vehicle sensors as well as cloud services. The proposed algorithms utilize
dynamic friction profiles and enable collision prevention by braking or steering.

The AEB system is realized by implementing a simplified vehicle model that en-
ables fast online computations to evaluate the braking distance. Next, the braking
sequence is initiated by an anti-lock braking system with slip control. The perfor-
mance of the proposed algorithm and controller is simulated and evaluated in terms
of the braking distance metric that evaluates the relative distance between the ego
vehicle and the threat vehicle at standstill. The proposed algorithm achieves an
improvement of up to 95.8% for varying friction profiles when compared to braking
error obtained assuming constant friction profiles. Furthermore, the proposed algo-
rithm is capable of preventing collisions in all experimental tests while also reducing
false interventions, thus making it suitable for designing active safety functionalities.

The AES system is realized in two separate ways, by incorporating the friction as a
constraint on a model predictive control (MPC) regulator and by using it to influ-
ence the maximum curvature in a curve-based path planner. The performance of the
proposed solutions are simulated and evaluated in terms of the distance to the threat
vehicle at which a lane change is initiated and if a collision is prevented. It is shown
that both approaches prevented collisions in all experimental tests. While the MPC
showed the best performance for perfect friction measurements and was able to pro-
vide smooth trajectories it lacked robustness against noise on the predicted friction
measurements. The path planner based solution provided more conservative results
but showed to be more robust against noise on predicted friction measurements.

Keywords: Emergency Braking, Emergency Steering, AEB, AES, ADAS, Road Fric-
tion, MPC, Path Planning, Motion Control.

v





Acknowledgements
We would like to express our gratitude to Professor Jonas Sjöberg who helped us
with valuable advice and always found time to discuss problems and solutions with
us. Furthermore, we would like to thank Mats Jonasson for his help and availability
especially concerning topics of Vehicle Modeling as well as Sohini Roychowdhury for
her frequent advice. A special thanks is going to Srikar Muppirisetty from Volvo
Cars Corporation for initiating this project and supporting us in every way.

Jonas Herzfeld and Sanjiv Thottathodi, Gothenburg, June 2020

vii





Contents

List of Figures xi

List of Tables xiii

Acronyms and Nomenclature xv

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.3 Evaluation Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Scientific Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Mathematical Models 5
2.1 Road Surface Friction Estimation . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Definition of Road Friction . . . . . . . . . . . . . . . . . . . . 5
2.1.2 Friction estimation under tire . . . . . . . . . . . . . . . . . . 5
2.1.3 Friction prediction ahead of vehicle . . . . . . . . . . . . . . . 6

2.2 Vehicle Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.1 Point-Mass Model . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.2 Bicycle Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.2.1 Linear Bicycle Model for Lateral Motion . . . . . . . 8
2.2.2.2 Non-Linear Bicycle Model for combined Lateral and

Longitudinal Motion . . . . . . . . . . . . . . . . . . 9
2.2.3 4-Wheel Model . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.4 Tire Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Baseline for Emergency Steering . . . . . . . . . . . . . . . . . . . . . 14

3 Autonomous Emergency Braking 17
3.1 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.2 AEB Architecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2.1 Longitudinal Controller . . . . . . . . . . . . . . . . . . . . . . 18
3.2.2 Lateral Controller . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.3 Decision Making for AEB . . . . . . . . . . . . . . . . . . . . . . . . 21
3.3.1 Simulation of Vehicle Motion . . . . . . . . . . . . . . . . . . 21
3.3.2 Optimization of the last time to brake . . . . . . . . . . . . . 22
3.3.3 Ego Vehicle Motion Model . . . . . . . . . . . . . . . . . . . . 24
3.3.4 Maximum Longitudinal Forces . . . . . . . . . . . . . . . . . . 24

ix



Contents

3.3.4.1 Longitudinal Load transfer . . . . . . . . . . . . . . 25
3.3.4.2 Actuator Delay . . . . . . . . . . . . . . . . . . . . . 25
3.3.4.3 Camber and Toe Angle Compensation . . . . . . . . 25
3.3.4.4 Lateral Forces Compensation . . . . . . . . . . . . . 26

4 Autonomous Emergency Steering 27
4.1 Emergency lane change system architecture . . . . . . . . . . . . . . 27
4.2 Model Predictive Control for Emergency Steering . . . . . . . . . . . 28

4.2.1 Introduction to MPC . . . . . . . . . . . . . . . . . . . . . . . 28
4.2.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2.3 Vehicle Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.2.4 Obstacle Avoidance . . . . . . . . . . . . . . . . . . . . . . . . 31
4.2.5 System Constraints . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2.6 Friction-based Constraints . . . . . . . . . . . . . . . . . . . . 35
4.2.7 Cost Function . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.3 Curve-based Path Planning for Emergency Steering . . . . . . . . . . 36
4.3.1 Friction incorporation in path . . . . . . . . . . . . . . . . . . 36
4.3.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.3.3 Trajectory Generation . . . . . . . . . . . . . . . . . . . . . . 39

4.3.3.1 Optimization to determine start point of lane change 40
4.3.3.2 Path Planning using Clothoid Curves . . . . . . . . . 41
4.3.3.3 Computation of curve parameters for Bi-elementary

path . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.3.3.4 Trajectory Planner Algorithm . . . . . . . . . . . . . 44
4.3.3.5 Noisy friction measurements . . . . . . . . . . . . . . 45
4.3.3.6 Collision Detection . . . . . . . . . . . . . . . . . . . 46

4.3.4 Decision Making for AES . . . . . . . . . . . . . . . . . . . . . 47
4.3.5 Path Tracking Controller . . . . . . . . . . . . . . . . . . . . . 47

5 Results 49
5.1 Evaluation of AEB using road friction information . . . . . . . . . . . 49

5.1.1 Friction profiles . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.1.2 Test scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.1.3 Test results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.2 Evaluation of AES using road friction information . . . . . . . . . . . 51
5.2.1 Friction profiles . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.2.2 Test scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.2.3 Results of MPC based AES . . . . . . . . . . . . . . . . . . . 53
5.2.4 Results of Path Planning based AES . . . . . . . . . . . . . . 56
5.2.5 Comparison of MPC and Path Planning based Results . . . . 60

6 Conclusion 61

Bibliography 63

x



List of Figures

1.1 Rear-end emergency braking scenario with known road friction profile. 2
1.2 Lane change emergency steering scenario with known road friction

profile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Example of the brake distance from initiation to standstill for the pro-

posed AEB and the baseline systems. Example of evaluation metric
eb for the case of assuming snow. . . . . . . . . . . . . . . . . . . . . 3

1.4 Example of lane change maneuver from initiation to completion for
the proposed AES and the baseline systems. Example of evaluation
metric es for the case of assuming dry roads. . . . . . . . . . . . . . . 4

2.1 Definition of µ̃-grid on road . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Bicycle Model - Free body diagram . . . . . . . . . . . . . . . . . . . 8
2.3 Circle of forces at a tire limiting the maximum lateral and longitudinal

forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 4-Wheel vehicle model with force definitions. . . . . . . . . . . . . . . 11
2.5 Tire force as a function of side slip angle and slip ratio . . . . . . . . 13
2.6 Approximation of lateral forces based on the tanh model. . . . . . . . 13
2.7 Lane change path planned for Baseline . . . . . . . . . . . . . . . . . 15

3.1 System architecture for AEB . . . . . . . . . . . . . . . . . . . . . . . 18
3.2 Longitudinal force as a function of the slip ratio for Fy = 0. Indicates

the optimal slip ratio value corresponding to maximum braking force,
beyond which the sliding/locking of wheels occurs. . . . . . . . . . . . 19

3.3 Decision Making Structure in proposed AEB system . . . . . . . . . . 21
3.4 Visualization of g and h as functions of the ego and threat vehicle’s

initial positions xE,0 and xT,0 as well as the given friction profile ahead µ̃ 22
3.5 Application of bisection method based on brake simulation results . . 23
3.6 Simplified two-track model and µ̃-cell selection . . . . . . . . . . . . . 24

4.1 System Architecture AES . . . . . . . . . . . . . . . . . . . . . . . . 27
4.2 Constraints on lateral ego vehicle position (red), predicted lateral

position (blue) and lateral reference (green) . . . . . . . . . . . . . . 31
4.3 Illustration of the influence of a dynamic lower steering limit on the

trajectory generation in the lane change scenario . . . . . . . . . . . . 34
4.4 Force acting on vehicle moving in a curved path . . . . . . . . . . . . 37
4.5 Lane change - Laterally varying friction profile . . . . . . . . . . . . . 38
4.6 Trajectory Generation Block . . . . . . . . . . . . . . . . . . . . . . . 39

xi



List of Figures

4.7 Bisection method to determine the last point to initiate lane change
to avoid collision with threat vehicle. . . . . . . . . . . . . . . . . . . 40

4.8 Bi-elementary lane change trajectory with maximum curvature de-
fined by constant µ = 0.3 and entry speed 30m

s
. Clothoids C1 and C2

make up an elementary path E1. . . . . . . . . . . . . . . . . . . . . . 41
4.9 Visualization of components of Bi-elementary path for laterally vary-

ing friction profile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.10 Visualization of Bisection Method applied to select the curvature

switch point Y 0. Here point C refers to the candidate switch point Y 0
i 44

4.11 Visualization of road patches used to select friction coefficient of each
lane in the presence of noisy measurements. . . . . . . . . . . . . . . 46

4.12 Collision Detection on Bi-elementary path . . . . . . . . . . . . . . . 46
4.13 Decision Making block diagram . . . . . . . . . . . . . . . . . . . . . 47

5.1 The evaluated AEB friction profiles: (1), (2) Longitudinal difference
and (3) Lateral difference . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.2 AEB scenario setup with ego vehicle starting in distance L behind
threat vehicle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.3 The evaluated AES friction profiles: (1) Low friction / snow, (2), (3)
Different friction on left and right lane . . . . . . . . . . . . . . . . . 52

5.4 AES scenario setup with ego vehicle starting in distance L behind
threat vehicle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.5 Friction profile 1, velocity 15m
s
and velocity 30m

s
with perfect mea-

surements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.6 MPC trajectories for emergency lane change on friction profile 2 and

3 with perfect measurements . . . . . . . . . . . . . . . . . . . . . . . 55
5.7 MPC trajectories for emergency lane change on friction profile 1 with

noisy measurements including failed lane changes. . . . . . . . . . . . 56
5.8 Lateral and longitudinal safety distances at threat vehicle for lane

change using curve-based path planning. . . . . . . . . . . . . . . . . 57
5.9 Friction profile 1, velocity 15m

s
and velocity 30m

s
with perfect mea-

surements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.10 Path planning trajectories for emergency lane change on Friction Pro-

file 2 and 3 with perfect measurements . . . . . . . . . . . . . . . . . 58
5.11 Lateral Controller Tracking for Friction Profile 2, velocity 30m

s
with

perfect measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.12 Path planning trajectories for emergency lane change on Friction Pro-

file 2 and 3 with noisy measurements . . . . . . . . . . . . . . . . . . 59

xii



List of Tables

5.1 Test vehicle parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.2 Error of Braking distance calculation in meters for different friction

profiles for the proposed algorithm in comparison to assuming con-
stant dry and snow road conditions . . . . . . . . . . . . . . . . . . . 51

5.3 Mean and Variance of the Error in Braking distance calculation in
meters for different friction profiles assuming noisy measurements for
20 iterations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.4 MPC vehicle model and optimization parameters . . . . . . . . . . . 53
5.5 Initiation of lane change relative to threat vehicle in meters for differ-

ent friction profiles for the proposed MPC in comparison to assuming
constant dry and icy road conditions. Collisions are indicated by
bold, red numbers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.6 Initiation of lane change relative to threat vehicle in meters for noisy
friction. Crashes as percentage of simulation runs for which a collision
occurred or the vehicle left the road due to loss of control. . . . . . . 56

5.7 Initiation of lane change relative to threat vehicle in meters for dif-
ferent friction profiles for the proposed Path Planning approach in
comparison to assuming constant dry and icy road conditions. Colli-
sions are indicated by bold, red numbers. . . . . . . . . . . . . . . . . 59

5.8 Initiation of lane change relative to threat vehicle in meters for noisy
friction. Percentage of simulation runs for which a collision occurred
or the vehicle left the road due to loss of control. . . . . . . . . . . . . 60

5.9 Comparison of test results for the proposed MPC and Path Planning
based AES solutions. Best value per test case in green. . . . . . . . . 60

5.10 Comparison of prevented collisions for test cases with added noise on
measurements as percentage of run simulations. . . . . . . . . . . . . 60

xiii



List of Tables

xiv



Acronyms and Nomenclature

Acronyms
ABS Anti-lock Braking System
ADAS Advanced Driver Assistance Systems
AEB Autonomous Emergency Braking
AES Autonomous Emergency Steering
COG Center of gravity
DOF Degrees of freedom
MPC Model Predictive Control
TTC Time To Collision
TTS Time To Steer

xv



Acronyms and Nomenclature

Nomenclature
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1
Introduction

1.1 Motivation
This thesis investigates the influence of road friction information in Advanced Driver
Assistance Systems (ADAS) such as Autonomous Emergency Braking (AEB) and
Autonomous Emergency Steering (AES) applications. Conventional AEB systems
are designed to minimize the number of false interventions of the system i.e the sys-
tem should not intervene if the driver can handle the situation. Therefore, the AEB
system is developed by estimating the shortest braking distance under high road
friction conditions. This leads to a reduction in the number of false interventions
from the system, though also yields the threat of overestimating the real braking
performance under low road friction conditions.

The road surface friction information is not always constant and plays an important
role in active safety development. For instance, a change in the road profile or the
weather conditions will impact the braking capabilities of the vehicle and influence
the performance of active safety systems. Studies have shown the great impact road
conditions can have on the occurrence of collisions. For example, the work in [1]
analyses accidents on U.S. roads from 1995 to 2005 and states that 24% of the col-
lisions are weather-related, 99% of which occur on slick pavement. Furthermore [2]
indicates that the risk of an accident in rainy conditions is two to three times greater
than in dry conditions.

To ensure the safe operation of the autonomous vehicle in all weather conditions,
road awareness is key. With the technology and sensors available today it is possible
to predict the road conditions and studies have been carried in [3] which describe
the use of vision sensors and deep learning models to predict the road surface coeffi-
cient. This thesis assumes access to road surface friction information and focuses on
exploiting the friction information to develop a novel vehicle motion control archi-
tecture and path planning algorithms to improve the performances of active safety
systems.

1.2 Overview
The objective of the thesis is to develop novel vehicle motion control and path plan-
ning algorithms that effectively utilize the predicted friction information in collision
avoidance applications. With these new algorithms, it shall be possible to prevent or

1



1. Introduction

mitigate collisions for varying, non-uniform friction as well as prevent false-positive
interventions. An accurate vehicle model shall be designed to effectively capture
the influence of friction on the vehicle dynamics. They shall be compared with
conventional active safety systems that do not take predicted non-uniform friction
information into account to trigger an intervention with common evaluation metrics
such as the last point to start braking/steering.

Two critical scenarios are investigated, collision avoidance by emergency braking
and collision avoidance by emergency steering. The emergency braking scenario as-
sumes a stationary threat vehicle in the path of the ego vehicle and the active safety
system triggers a braking maneuver to prevent a collision. The system takes the
varying friction conditions ahead of the ego vehicle into account like for example an
ice patch on the braking path. Figure 1.1 illustrates the problem.

IceIce

Figure 1.1: Rear-end emergency braking scenario with known road friction profile.

An alternative to prevent a rear-end collision is to perform an emergency steering
maneuver and change the lane when the threat vehicle in lane appears to be slowing
down or stopped. The intention is that the developed algorithm should calculate
an optimal lane change path based on the friction, that the vehicle needs to follow
in order to prevent a collision based on steering. This is aimed to be achieved by
two methods, one that utilizes a model predictive control (MPC) regulator which
performs optimal path planning inherently and the alternative is to modify existing
path planning algorithms to incorporate friction information in them to calculate
the desired path.

WetWet

Figure 1.2: Lane change emergency steering scenario with known road friction
profile.

2



1. Introduction

1.3 Evaluation Metrics

The performance measure for the emergency braking scenario used in this thesis is
the error in braking distance calculation, i.e., how far from the threat the ego vehicle
comes to a standstill. Positive values indicate stopping in front of the stationary
vehicle, while negative values indicate a collision as the vehicle comes to hold behind
the stationary vehicle. The measure is chosen as a value of zero indicates an optimal
triggering of the brake maneuver and utilization of the road friction. A high positive
or negative value on the other side indicate under-/overestimation of road friction
and possible false-positive interventions.

As a baseline, the developed algorithm shall be compared to the performance achieved
without online friction information i.e. assuming a constant value. Two road surface
conditions have been assumed as constant conditions, dry concrete and snow. The
baseline brake distance for these cases is determined based on the tool given in [4].
It is expected that assuming a braking distance based on dry concrete will lead to
collisions in all test cases as the braking performance is overestimated. In contrast,
assuming constant snowy road conditions leads to rather conservative results and
potential false positive AEB deployment. Figure 1.3 illustrates the evaluation metric
for the proposed AEB in comparison to the baseline systems.

200 150 100 50 0 −50

Assuming Dry

Proposed AEB

Assuming Snow eb

Distance to Threat Vehicle [m]

Figure 1.3: Example of the brake distance from initiation to standstill for the
proposed AEB and the baseline systems. Example of evaluation metric eb for the
case of assuming snow.

In the emergency steering scenario, a similar metric is chosen. The goal is to utilize
the road friction to the maximum amount such that the lane change is performed
in the last moment while keeping the vehicle stable. Therefore the chosen measure
is the distance to the threat vehicle at which the lane change is initiated. As base-
line, a simple polynomial curve-based path is generated based on the assumption of
constant friction. The baseline is explained in more detail in Section 2.3.

3
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60 40 20 0 −20 −40

Assuming Dry

Proposed AEB

Assuming Ice

es

Distance to Threat Vehicle [m]

Figure 1.4: Example of lane change maneuver from initiation to completion for
the proposed AES and the baseline systems. Example of evaluation metric es for
the case of assuming dry roads.

1.4 Scientific Contribution
The main scientific contributions from this thesis are:
Autonomous Emergency Braking

• A novel brake distance algorithm is developed that utilizes varying friction
information in its estimation of required braking distance.

• A simple 4-wheel vehicle model with approximations and modifications is mod-
eled to ensure accurate predictions in braking distance while retaining compu-
tational speed.

• The performance of the proposed algorithm is validated using a high accuracy
IPG CarMaker model [5].

• An improvement in the estimation of brake distance up to 95.8% of the pro-
posed algorithm is achieved for dynamic friction profiles in comparison to a
system that assumes constant friction profiles.

Autonomous Emergency Steering
• An AES algorithm using Model Predictive Control based regulator which takes

varying friction as part of the constraint set on lateral forces is developed.
• A novel AES algorithm using a path planning framework is proposed that

utilizes varying friction information in a path to determine the last point to
steer.

• The two proposed AES algorithms are validated using a high accuracy IPG
CarMaker model [5].

• Results achieved from the developed algorithms show successful collision avoid-
ance for dynamic friction information and improvement of path prediction
quality in comparison to the assumption of constant friction.

4



2
Mathematical Models

This section will explain the most important concepts and theories necessary to
follow the outline of the thesis. In particular, the methods used to predict the road
surface conditions will be explained as well as the basics of vehicle modeling which
are fundamental for path planning and motion control applications. Additionally
the baseline system for the AES evaluation will be introduced.

2.1 Road Surface Friction Estimation
The relation between road surface friction and the forces acting on the vehicle tires
is introduced in this chapter. Furthermore, the different approaches used to estimate
the road surface friction under the tire or ahead of the vehicle are presented.

2.1.1 Definition of Road Friction
The road friction coefficient µ is defined as the maximum normalized traction force
which can be generated at the tire

µ =

√
F 2
x − F 2

y

Fz
, (2.1)

where Fx, Fy are the longitudinal and lateral forces acting on the tire and Fz is the
normal force [6, pp. 433]. The value of µ depends on the road condition which
means that for example on dry concrete surfaces µ can reach values of 1 while for
icy surfaces the value of µ tends to be below 0.1. This has a major impact on the
performance of active safety and vehicle automation applications as it limits the
amount of force which can be applied at the tire.

2.1.2 Friction estimation under tire
There is a variety of friction estimation algorithms used in practice that are ap-
plied to provide input for example to traction or anti-lock braking system (ABS)
controllers. These estimators can be roughly summarized in two categories:

1. Experiment-based,
2. Model-based.

Experiment-based approaches try to estimate the road friction by analyzing sensor
data of friction-correlated parameters. Such sensors include for example infrared
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cameras directed at the road surface which give information about the road condi-
tion based on the wavelength of the reflected light, acoustic sensors can be used to
estimate the road condition and type from the noise generated by the tire or tread
sensors give an indication on the deformation of the tire based on the road condi-
tions. With this sensor input, it was shown that an accurate estimation of the road
surface is possible though the experiment-based approaches cannot often repeatedly
achieve similar results. As the approach is highly fitted to a certain test and car
setup, a change in the parameters (e.g. tire pressure, tire temperature, etc.) has a
high influence on the accuracy of the results [7].

The second category of friction estimation algorithms is model-based algorithms.
Here models of the wheel and vehicle dynamics, slip dynamics, or the tire model are
used to approximate the road friction coefficient. Vehicle model-based approaches
make use of simplified equations of vehicle dynamics together with state estimator
algorithms like Kalman Filters to approximate the friction. Slip-based models make
use of a relation between the slope of the friction curve for low slip values and the
maximum achievable friction value at saturation of the tire. Tire model-based ap-
proaches apply a detailed tire model like the Magic formula, Brush model, etc. to
estimate the friction from tire forces and slip [7].

The proposed methods are well proven in several applications and give valuable input
for safety functions like traction and ABS control. A limitation of the approaches
though is that they can only give accurate estimates of the friction values under or
behind the ego vehicle as they rely on sensor measurements at the tire. To make
more sophisticated active safety functions like AEB or AES robust against adverse
weather and changing road conditions an accurate prediction of friction values ahead
of the vehicle is necessary.

2.1.3 Friction prediction ahead of vehicle
Research has been carried out to predict the road friction values ahead of the vehicle
based on machine learning models. The method described in [3] takes advantage of
the onboard vehicle sensors of the ego vehicle to estimate the road friction profile
ahead. The data from the sensor is processed into road patches and using deep
neural networks it is shown that it is possible to classify the road surface conditions
into three classes: dry, wet, and icy. A rule-based model is then utilized to estimate
the road friction coefficient with an accuracy of 89.3%. The results from [3] show
that it is possible to perform real-time estimation of road surface conditions ahead
of the vehicle. This new information can be exploited in redesigning current active
safety systems to improve their performance and operation domain. Additionally,
there are existing services that provide road friction information as a cloud-based
service. Predictions are made based on weather forecasts and can be combined with
swarm intelligence-based algorithms. Cars can send the estimated friction coeffi-
cients calculated under the vehicle tires with high accuracy to a cloud service and
provide it to following vehicles [8].
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In this thesis it is assumed that a road friction coefficient prediction ahead of the
ego road section is provided by a sensor based on machine learning or cloud-based
services. The varying friction ahead is predicted as µ̃ with mean and standard
deviation in a grid with cell size ∆s (see Figure 2.1). Friction values may vary
between 0.1 (icy road patches) and 1 (dry concrete).
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Figure 2.1: Definition of µ̃-grid on road

2.2 Vehicle Modelling
This section introduces the concept of vehicle modeling. The creation of realistic
models to study vehicle behavior is essential in various disciplines of mechanical and
mechatronic engineering and is a branch of vehicle dynamics. It is the basis for the
development of many vehicle components and safety functions as the models can be
used to accurately simulate and predict the vehicle behavior [9, pp. 1].

2.2.1 Point-Mass Model
The point-mass model is a simple vehicle model that reduces the vehicle to a particle
which is only bounded by the acceleration that can be applied to it [10]. A typical
state space representation of a point-mass vehicle model in 2D is


ṡx
ṡy
s̈x
s̈y

 =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0



sx
sy
ṡx
ṡy

+


0 0
0 0
1 0
0 1


[
s̈x
s̈y

]
(2.2)

with ṡx = vx, ṡy = vy and s̈x = ax, s̈y = ay subject to
√
a2
x + a2

y ≤ amax. Therefore,
the forces applied to the point-mass can be limited by amax, the model ignores though
that the point-mass has an orientation. This model is used in many applications
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concerning motion estimation, planning and control due to its simplicity. In [11] a
point mass model is used in path planning for a car in a highway scenario and it was
shown that a 4-wheel model was able to accurately follow the path generated by the
point mass model. By discretizing the continuous model given in (2.2) it becomes

sx(k + 1)
sy(k + 1)
vx(k + 1)
vx(k + 1)

 =


1 0 ∆t 0
0 1 0 ∆t
0 0 1 0
0 0 0 1



sx(k)
sy(k)
vx(k)
vy(k)

+


1
2∆t2 0

0 1
2∆t2

∆t 0
0 ∆t


[
ax(k)
ay(k)

]
, (2.3)

where ∆t is equal to the sampling time used to discretize the model.

2.2.2 Bicycle Model
For a more accurate description of the vehicle movement, a commonly used model is
the bicycle model. The name originates from the fact that the front and rear wheels
of the car respectively are combined into a single wheel per axis and therefore the
model representation looks similar to that of a bicycle. The free-body diagram and
the respective forces and moments acting on the model is shown in Figure 2.2.
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Fx,R

Fx,F

Fy,F

δ

α

Ψ̇

Vy
V

Vx

β
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l

Figure 2.2: Bicycle Model - Free body diagram

2.2.2.1 Linear Bicycle Model for Lateral Motion

The linear bicycle model has 2 degrees of freedom the lateral dynamics and yaw
stability. The linear model is usually used when studying the lateral dynamics of
the vehicle and longitudinal motion is not of prime importance. The longitudinal
velocity is assumed to be constant and the longitudinal forces are neglected in the
analysis. The longitudinal and lateral acceleration in the inertial frame are given by

ax = v̇x − vyΨ̇
ay = v̇y + vxΨ̇.

(2.4)
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By neglecting roll and pitch motion the vehicle forces can be written as

v̇y = −vxΨ̇ + Fy,R + Fy,F cos(δ)− Fx,F sin(δ)
m

Ψ̈ = aFx,F sin(δ) + aFy,F cos(δ)− bFy,R
J

(2.5)

where δ is the steering input angle, Ψ is the yaw angle, and J is the moment of inertia
of the vehicle. The respective longitudinal and lateral tire forces are approximated
with a linear tire model which is given by

Fx,i = Cσiσxi i ∈ (F,R)
Fy,i = Cαiαi i ∈ (F,R)

σxi = reffω − vx
max(vx, reffω)

αF = δ − tan−1(vy + aΨ̇
vx

)

αR = − tan−1(vy − bΨ̇
vx

)

(2.6)

where Cσi , Cαi are the longitudinal stiffness, cornering stiffness coefficients and σxi
, αi are the longitudinal slip ratio and side slip angle respectively. The effective tire
radius is depicted as reff and the wheel speed as ω. The linear bicycle model can
be written in state space form

[
v̇y
Ψ̈

]
=
[
−CαF+CαR

mvx

−aCαF+bCαR
mvx

− vx
−aCαF−bCαR

J
−a2CαF+b2CαR

J

] [
vy

Ψ̇(k)

]
+
[
CαF
m

aCαF
J

] [
δ
]
. (2.7)

As stated earlier the lateral dynamics can be expressed in a linear model because the
longitudinal velocity vx is considered constant. To model the longitudinal dynamics
a nonlinear model or a linear parameter varying model has to be used.

2.2.2.2 Non-Linear Bicycle Model for combined Lateral and Longitudi-
nal Motion

To enable efficient longitudinal and lateral control, the longitudinal dynamics of
the vehicle have to be modeled accurately. By introducing the longitudinal force
components into the force balance equations we get

max = Fx,R + Fx,F cos(δ)− Fy,F sin(δ)
may = Fy,R + Fy,F cos(δ) + Fx,F sin(δ)

JΨ̈ = aFx,F sin(δ) + aFy,F cos(δ)− bFy,R
(2.8)

The lateral and longitudinal acceleration in inertial frame are given as in (2.4).
Based on (2.4) and (2.8) the motion equation for the bicycle model with 3 degrees
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of freedom can be expressed as

v̇x = vyΨ̇ + Fx,R + Fx,F cos(δ)− Fy,F sin(δ)
m

v̇y = −vxΨ̇ + Fy,R + Fy,F cos(δ)− Fx,F sin(δ)
m

Ψ̈ = aFx,F sin(δ) + aFy,F cos(δ)− bFy,R
J

(2.9)

The forces Fx and Fy depend on the tire model (see Section 2.2.4) and are bounded
by the normal force and the friction value at each tire as

√
F 2
x + F 2

y ≤ µFz. This
can also be described as circle of forces (Kamm’s circle) [9, p. 167] (see Figure 2.3).

µ
F
z

F
x

Fy

Figure 2.3: Circle of forces at a tire limiting the maximum lateral and longitudinal
forces

The static normal forces F stat
z,i for each tire in the bicycle model i ∈ {F,R} are

calculated based on the location of the center of gravity in the vehicle frame.

F stat
z,F = mgb

l

F stat
z,R = mga

l

(2.10)

In order to accurately capture the forces acting on the vehicle during acceleration
and deceleration the effects of load transfer have to be taken into account. During
longitudinal acceleration, the normal forces Fz,i acting on the front tires are reduced
while the normal forces on the rear tires increase. This shift of the load and there-
fore the change in normal forces can approximately be modeled as a function of
longitudinal acceleration on the vehicle frame [12]. The force induced due to load
transfer is calculated as

∆Flong = maxh

l
. (2.11)
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This results in an updated normal force which consists of the static normal force
and the change due to load transfer

Fz,F = F stat
z,F −∆Flong

Fz,R = F stat
z,R + ∆Flong.

(2.12)

Even though the bicycle combines both tires on an axle to one, also the lateral load
transfer can be modeled for each tire which can be useful for certain applications.

2.2.3 4-Wheel Model
In comparison to the bicycle model, the 4-Wheel model does not simplify the front
tires and rear tires respectively to a single tire per axis. This adds complexity to
the model as the lateral and longitudinal forces on each tire are calculated and
tracked. It also allows a more realistic simulation of the vehicle behavior, especially
concerning the lateral motion when different forces are applied to the left and the
right side of the vehicle. This can give important insights concerning the influence
of laterally differing friction values and the impact on the emergency braking and
steering applications.
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Fx,FR

Fy,FR

δ

α

Fy,RL Fx,RL

Fx,FL

Fy,FL

δ

α

Ψ̇

Vy
V

Vx

β

w

a

b

l

Figure 2.4: 4-Wheel vehicle model with force definitions.

With four tires the force balance equation is given by
max = Fx,RL + Fx,RR + (Fx,FL + Fx,FR) cos(δ)− (Fy,FL + Fy,FR) sin(δ)
may = Fy,RL + Fy,RR + (Fy,FL + Fy,FR) cos(δ)− (Fx,FL + Fx,FR) sin(δ).

(2.13)
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The torque balance equation is equally adjusted to take the different forces at each
wheel into account.

JΨ̈ =


a(sin(δ)(Fx,FL + Fx,FR) + cos(δ)(Fy,FL + Fy,FL))

−b(Fy,RL + Fy,RR)
+w

2 (cos(δ)(Fx,FR − Fx,FL) + sin(δ)(Fy,FL − Fy,FR)
+w

2 (Fx,RR − Fx,RL)

 (2.14)

With these 3 degrees of freedom (DoF) 4-Wheel model it is possible to simulate the
vehicle dynamics in x,y-dimension, and yaw motion. The dynamics along the z-axis
as well as roll and pitch are neglected. As the accurate usage of the available friction
is highly dependent on the existing normal forces at each tire Fz,i, the load transfer
shall be taken into account even without modeling of roll and pitch motion. The
method introduced in Section 2.2.2.2 shall be applied to simulate a load transfer
based on the longitudinal and lateral acceleration. For this, the lateral load transfer
is approximated as

∆Flat = maxh

w
. (2.15)

resulting in the following normal force calculation for each tire

Fz,FL = F stat
z,FL −∆Flong −∆Flat

Fz,FR = F stat
z,FR + ∆Flong + ∆Flat

Fz,RL = F stat
z,RL + ∆Flong −∆Flat

Fz,RR = F stat
z,RR + ∆Flong + ∆Flat

(2.16)

2.2.4 Tire Models

Tire models estimate the forces acting on the tire and therefore play a key role in
the accuracy of the whole vehicle model. When the tire model is not capturing the
forces acting on the tire correctly this directly translates into an error in the vehicle
motion estimation. The longitudinal tire force Fx can be depicted as a function of
the longitudinal slip ratio σx and the lateral tire forces Fy as a function of the slip
angle α. Figure 2.5 shows the longitudinal and lateral tire forces as a function of
slip ratio and slip angle respectively.
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(a) Longitudinal force Fx as a function of
the slip ratio σx
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Figure 2.5: Tire force as a function of side slip angle and slip ratio

From the figure, it can be observed that the relation between tire forces and slip are
nonlinear in nature. Therefore even though linear tire models are able to capture
the forces decently for low values of σx and α, a nonlinear tire model is required
for the accurate approximation of tire forces in all cases. There are numerous tire
models approximating the forces experienced by the tires such as the Magic Tire
formula, Dugoff’s model or the Brush model. In this project, the forces experienced
by the tire are modeled as an approximation based on the tangents hyperbolicus
(tanh) function.
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Figure 2.6: Approximation of lateral forces based on the tanh model.
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Figure 2.6 illustrates that the tanh approximation gives a good approximation of the
tire forces up until the maximum permissible force and saturates past this point.
Semi-empirical models like the Magic Tire formula or Dugoff’s model are highly
dependent on accurate knowledge of specific tire parameters [13]. The tanh approx-
imation on the other hand proposes a very generic solution to the estimation of
tire forces with a minimum number of parameters that is computationally easy and
requires little adjustment for different tires. The forces are approximated as

Fy,i = µiFz,i tanh
(
Cαi
µiFz,i

)

Fx,i = µiFz,i tanh
(
Cσx,i
µiFz,i

)
(2.17)

with i ∈ {FL, FR,RL,RR}.

2.3 Baseline for Emergency Steering

As introduced in Section 1.3 a baseline is needed to benchmark the developed emer-
gency steering application with a solution that assumes constant friction. This
section provides a brief summary of the algorithm used to benchmark the developed
AES system. Assuming constant friction values two simple polynomial paths are
created one based on the dry concrete road surface and one based on the constant
icy road surface. The technique used to generate the polynomial paths is based on
[14], in which the authors discuss polynomial-based path planning, with constraints
defined on the maximum lateral acceleration and maximum jerk.

In the proposed lane change path planning algorithm in [14], the authors define the
lateral acceleration profile of the vehicle during lane change by using a third order
polynomial as:

ay(t) = c3t
3 + c2t

2 + c1t+ c0 (2.18)

Where, ci, i ∈ {0, 1, 2, 3} are the polynomial coefficients, and t is the time variable.
Using maximum acceleration limits defined by the approximation amaxy = µg, the
baseline lane change path is generated while limiting the value of amaxy to a maximum
of 7m

s2 . By defining boundary conditions on acceleration profile and jerk as shown in
Figure 2.7, the planned acceleration profile of the lane change trajectory is expressed
as:

ay(t) =


amaxy

T1
(−2t3
T 2

1
+ 3t2

T1
) (0 ≤ t ≤ T1)

amaxy (T1 ≤ t ≤ T2)
amaxy − amaxy

T1
(−2(t−T1−T2)3

T 2
1

+ 3(t−T1−T2)2

T1
) (T1 + T2 ≤ t ≤ 2T1 + T2)

(2.19)
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Figure 2.7: Lane change path planned for Baseline

Here, T1 is the time period during which the the acceleration profile reaches the
maximum value from zero and vice versa and is calculated as

T1 =
3amaxy

2Jmaxy

, (2.20)

where Jmaxy ≤ 8g is the upper bound on maximum value of jerk restrain. Time
period T2 is then obtained by solving equation

∆Y
2 = amaxy (T 2

1 + 3
2T1T2 + 1

2T
2
2 ). (2.21)

The resulting acceleration profile is integrated to obtain the velocity and displace-
ment of the resulting path. The last point to initiate the lane change maneuver is
then calculated based on time to collision (TTC) and the predefined threshold set
on last time to steer. The last time to steer (TTS) is computed as

TTS =
√

2 ∗ w
µg

+ ε, (2.22)

where w is the minimum lateral safety width required to avoid a collision with the
target, g gravity constant, µ road surface friction coefficient and ε is a time delay

15



2. Mathematical Models

of 250ms added to compensate for actuator delays in steering input. The time to
collision is computed as

TTC = ∆s
∆v , (2.23)

where ∆s is the relative distance to the threat vehicle and ∆v is the relative velocity.
Once the TTC is lower than the set threshold on TTS, the emergency lane change
maneuver is initiated.
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3
Autonomous Emergency Braking

In this chapter, we describe the AEB system architecture, the different components
in the system architecture and the detailed overview of the developed AEB algorithm
that utilizes information about varying friction in decision making.

3.1 Related Work

Conventional ADAS features assume a constant value of road surface friction ahead
of the vehicle and compute the threat assessment metrics such as time to collision
(TTC) and required safety distance based on the vehicle’s deceleration capabilities
and tire characteristics. The work in [15] presents an adaptive AEB algorithm
that performs a real-time estimation of the road friction coefficient, recomputes the
TTC, and adjusts the AEB trigger functionality accordingly. An approach for front
collision warning, combining the required braking distance and TTC, computed
based on the current road surface friction and vehicle parameters is proposed in
[16]. This braking distance is then evaluated against the system limits under low
and high friction situations before a warning is sent out. The work in [17] proposes
an AEB system that estimates the friction based on the forces acting on the tire and
adjusts the TTC accordingly. Further, the method in [18] determines the minimum
braking distance based on the current value of friction and road slope. Although
these developed algorithms consider the road surface friction, they all assume a
constant value of road surface friction in its estimation of required braking distance.
The system proposed in the following sections shall be able to prevent collisions for
a large variety of road surface conditions by factoring laterally and longitudinally
dynamic road friction information into the AEB algorithms.

3.2 AEB Architecture

In the emergency braking scenario, the foremost goal is to brake the ego vehicle down
to a velocity smaller or equal than the velocity of a threat vehicle in the ego lane
before a collision occurs. Figure 3.1 shows a block diagram of the AEB architecture.
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Figure 3.1: System architecture for AEB

The AEB system mainly consists of:
• Longitudinal Controller - To apply maximum braking torque to the wheels

when AEB is triggered (more details in Section 3.2.1).
• Lateral Controller - To ensure the vehicle is staying in lane during the

braking sequence (more details in Section 3.2.2).
• Decision Making Block - To evaluate the detected threat and provide the

controller with the time to initiate braking. (more details Section 3.3)

3.2.1 Longitudinal Controller
To stop the ego vehicle as fast as possible given a road friction profile ahead, the
longitudinal control of the vehicle is reduced to the application of maximum avail-
able brake torque to the four wheels. Assuming an ideal case of Fy ≈ 0 the total
longitudinal braking force that can be applied is approximately Fx = µFz. The
longitudinal braking force is a function of the slip ratio and is shown in Figure 3.2.
The slip ratio is defined as the ratio between the vehicle speed and the wheel speed.
The red region in the figure indicates the slip ratio for which the tire becomes sat-
urated, meaning that the wheel is sliding. This nonlinear region of the tire shall be
avoided as it can lead to wheel locking and complete loss of control. For scenarios
with low lateral dynamics and high friction values, the approximation of Fx = µFz
can give good results in braking down the vehicle without locking the wheels, i.e.
applying more force than the circle of forces allows. In the event of considerable
lateral dynamics though, applying the maximum force as brake force will lead to
an increase of the absolute slip ratio σx as the total force exceeds the limit given
by µFz. A slip ratio of -1 indicates that the wheel speed is zero and therefore the
wheels are locked while the vehicle speed is still non-zero. Too high absolute slip
ratios reduce the amount of longitudinal force that is applied at the wheel as Figure
3.2 shows and for locked wheels even make the vehicle uncontrollable as steering
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inputs will not lead to a change in direction anymore.
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Figure 3.2: Longitudinal force as a function of the slip ratio for Fy = 0. Indicates
the optimal slip ratio value corresponding to maximum braking force, beyond which
the sliding/locking of wheels occurs.

To prevent the wheels from locking/sliding a standard ABS controller was imple-
mented based on the principles introduced in [19, pp. 409]. The basic functionality
of an ABS system is to ensure the application of maximum available braking force
based on road conditions whilst also ensuring that wheel locking is prevented. The
maximum braking force that can be applied at each wheels is calculated based on
the friction coefficient and the normal force as follows

Fmax
x,i = µiFz,i

i ∈ {FL, FR,RL,RR}
(3.1)

Using the tanh model, the longitudinal force can be approximated as a function of
the slip ratio σx, the longitudinal tire stiffness coefficient Cσ, road surface conditions
and the total normal load acting on the wheels. To approximate the reference slip
ratio at which this maximum force is achieved the model introduced in (2.17) can
be rewritten as

σrx,i = µiFz,i
Cσ

arctanh (q) (3.2)

where q is a high value close to 1. The input to the ABS block is the error between the
reference slip ratio σrx,i calculated using (3.2) and the actual slip ratio at the wheel
as well as the requested braking force given by (3.1). The ABS block ensures that
maximum braking torque is applied during the braking sequence while preventing
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the wheels of the vehicle to lock/slide. It consists of a bang-bang controller which
applies maximum torque when the slip ratio is smaller than the reference and zero
torque when the slip ratio is higher than the reference. With a simple low pass filter
high frequency changes in braking torque requests are eliminated. The resulting
total braking torque is applied to the ego vehicle as illustrated in Figure 3.1. The
torque at each time step k at each wheel is given as

BTrq
i,k = pµi,kFz,i,krw

(
∆t

τ + ∆t

)
+BTrq

i,k−1

(
τ

τ + ∆t

)
(3.3)

where, τ is the time constant of the filter and ∆t is the sampling time of the simu-
lation. p is a binary constant with values of either 0 or 1 depending on the sign of
σdiffx,i = σx,i − σrx,i, rw is the wheel radius. The time constant of the low pass filter
is adjusted based on the error of the slip ratio values σdiffx,i . This ensures that the
ABS applies maximum braking torque while also ensuring the slip ratio values do
not get saturated. The range of selected values is τ ∈ {0.08, 2.5} depending on the
error in slip ratio.

3.2.2 Lateral Controller
When applying different brake forces on both sides of the vehicle a yaw moment is
induced. This leads to a turning motion of the vehicle which could lead to loss of
control and the vehicle leaving the lane or even the road. To prevent this behavior
a steering controller is implemented to keep the vehicle stable in the lane during the
braking maneuver and that counter steers quickly when yaw motion occurs. The
Lateral "Stanley" controller, named after the vehicle on which it was implemented
during the DARPA Grand Challenge 2005, was proposed in [20] and shows robust
performance in lateral control and low cross-track errors. The controller gives a
steering input δ(t) to the vehicle such that the difference between the yaw angle
Ψ(t) and a reference yaw angle Ψr(t) is minimized as well as the lateral distance to
a reference path e(t) = sy(t)− sry(t). The control law is derived based on kinematic
equations of motions which are subsequently augmented to take the system dynam-
ics and non-linearities into account. In the given emergency braking scenario, the
vehicle shall be kept within the driving lane with a reference yaw angle of Ψr(t) = 0
and a lateral reference sy(t) = 0. The control law can, therefore, be simplified and
it gives the steering output as

δ(t) = kpΨ(t) + arctan
(

kee(t)
ksoft + v(t)

)
+ kdpΨ̇(t) (3.4)

for |δ(t)| ≤ δmax. For v(t) > 0 and 0 < δmax <
π
2 this closed loop system has a

globally asymptotic stable equilibrium at e = 0 which enables stable lateral control
of the plant. The tuning gain ksoft is added to make the control more robust at
low driving speeds. The value was defined as ksoft = 1m

s
which showed good results

in simulations. Furthermore the paper suggests additions to the control law to
compensate for delay in the steering servo motors and reduced tire damping forces
in steering actions. These additions will be neglected in the further investigation.
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3. Autonomous Emergency Braking

3.3 Decision Making for AEB
A crucial task in an AEB system is to determine the last point at which an emer-
gency brake can be deployed such that a collision is prevented. Often the AEB will
be activated when the time to collision (TTC) falls below a certain threshold value
[21], [22], [23]. The TTC is defined as presented earlier in (2.23). The threshold time
can be approximated by assuming some maximum acceleration based on the given
road conditions and ego vehicle velocity. For constant road friction conditions along
the ego vehicle’s braking path, this threshold can be estimated from the vehicle’s
kinetic energy [17]. For varying friction profiles along the ego vehicle’s braking path,
the equation can not be applied anymore as the friction value is now a function of
position, i.e. µ(s). Therefore depending on the threat vehicle’s position and the
available road friction, the threshold would change.

For this reason, this thesis proposes a novel brake distance estimation algorithm
that takes a varying friction profile ahead of the vehicle into account and outputs
the last point to brake xbrk(µ) as a function of the friction. This last point to
brake is the threat metric which is used instead of the TTC. Based on the current
ego and threat vehicle states the Decision Maker will output a braking flag to the
longitudinal controller to initiate the braking sequence (Figure 3.3).

Brake Distance
Estimation

Ego Vehicle State
Threat Vehicle State

Decision Making

xbrk(µ̃)

xE,0

xT,0

Flag = 1 or 0

Figure 3.3: Decision Making Structure in proposed AEB system

A general notation shall be defined, �i where � is a placeholder for different physical
variables and i ∈ {E, T} refers to either the ego vehicle or the target vehicle. The
aim of the algorithm is to determine the last position at which the ego vehicle can
trigger an emergency brake, given a predicted friction profile µ̃, to prevent a collision
with a threat vehicle. The ego vehicles initial velocity is given as vE,0.

3.3.1 Simulation of Vehicle Motion
To evaluate a given braking point candidate xE,0, a simulation of the ego and threat
vehicle motion is performed based on the vehicle model (see Section 3.3.3). In each
simulation step, the maximum braking force is applied to the ego vehicle. The
varying friction profile µ̃ influences the maximum braking force Fx, which can be
applied in each time step as a result of the circle of forces where Fx ≤

√
(µFz)2 − F 2

y .
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3. Autonomous Emergency Braking

Therefore, the braking distance will vary depending on the start point of the braking
sequence and the corresponding friction profile ahead of the vehicle. This simulation
continues until the point where the velocity of the ego vehicle vE is smaller or equal
to the constant velocity of the threat vehicle vT .
The threat vehicle is assumed to be stationary or moving with constant velocity. For
a velocity vT > 0 the final position of the target is given by h(xT,0) = xT,f . In every
iteration, it is checked if the ego vehicle reaches the threat vehicle’s position and
therefore causes a collision or not. In case of a collision, the simulation will output
an infeasibility flag as a collision could not be prevented from the given braking
point even when applying maximum force. If the ego vehicle reduces its velocity
successfully below vT the simulation outputs the end position xE,f at which the
ego vehicle reaches vT as well as the position of the threat at that time xT,f . This
simulation of the braking sequence of the ego vehicle is defined as g(xE,0, µ̃) = xE,f
(see Figure 3.4).

x[m]

v[m/s]
vE

vT
xE,0 g(xE,0, µ̃) xT,0 h(xT,0)

Figure 3.4: Visualization of g and h as functions of the ego and threat vehicle’s
initial positions xE,0 and xT,0 as well as the given friction profile ahead µ̃

3.3.2 Optimization of the last time to brake

To approximate the last braking time instant xE,0 of the ego vehicle given a predicted
varying friction profile µ̃ an optimization algorithm based on the bisection method
is applied. The optimization problem is formulated as:

minimize f(xE,0, xT,0, µ̃) = h(xT,0)− g(xE,0, µ̃). (3.5)

The feasible set C consists of all points xE,0, xT,0 ∈ X for which f(xE,0, xT,0, µ̃) ≥ 0
holds i.e., all points for which the ego vehicle reaches vT without colliding with the
stationary vehicle.
A worst case braking distance is determined as the braking distance d for constant
friction of µ = 0.1. The best case braking distance is defined as zero. The value
of f(xE,0, xT,0, µ̃) is evaluated in the middle of the chosen best case and worst case
data points. Based on the sign of the function evaluation, one of the sub-intervals
is disregarded and a new middle point is generated (see Figure 3.5).
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x[m]

v[m/s]
vE

vT

A BC

x[m]

v[m/s]
vE

vT

A BC Threat

x[m]

v[m/s]
vE

vT

A BC Threat

Figure 3.5: Application of bisection method based on brake simulation results

Algorithm 1 Bisection method for brake distance
Define the lower and upper limits as:
A = xT,0 − d
B = xT,0
while N ≤ Nmax do

Calculate middle point between A and B
C = (A + B)/2
if f(C, xT,0, µ̃) = 0 or (B - A) ≤ tolerance then

Solution found and Output C
else

N = N + 1
if f(C, xT,0) > 0 then

B = C
else

A = C
end if

end if
end while

The algorithm keeps iterating till the starting point for the braking sequence con-
verges to the last point to brake for a finite number of iterations of the bisection
method. The last point to brake xbrk(µ̃) is defined as the instance to initiate a
braking sequence such that a collision is prevented. The optimization pseudo code
is presented in Algorithm 1.

23



3. Autonomous Emergency Braking

3.3.3 Ego Vehicle Motion Model
A vehicle motion model is used to predict the state of the ego vehicle during the
braking sequence. In the course of the optimization framework, the vehicle motion is
simulated repeatedly. To reduce computational complexity a simple vehicle model
has been developed which enables online computation of the last point to brake.
The model is based on a 4-wheel model reduced to longitudinal motion. Several
approximations and modifications are introduced to ensure accurate predictions in
braking distance while retaining computational speed. The braking motion is de-
scribed by (3.6) where Fx,ij with i ∈ {F,R} and j ∈ {L,R} is the braking force at
each wheel and described in the next subsection.

ax = 1
m

(Fx,FL + Fx,FR + Fx,RL + Fx,RR). (3.6)

The braking forces Fx,ij are determined based on the friction values present at the
wheels in each time step (Figure 3.6).

Fx,RL Fx,FL

Fx,RR Fx,FR

v

µ̃FL

µ̃FR

µ̃RL

µ̃RR

ab

l

Figure 3.6: Simplified two-track model and µ̃-cell selection

3.3.4 Maximum Longitudinal Forces
The applied longitudinal braking forces on all tires shall be calculated as the max-
imum force which can be applied individually to each wheel at each time instance
based on friction and normal force as follows:

Fmax
x,ij = (µij + fr)Fz,ij (3.7)

where fr is the rolling resistance coefficient, which is used to model the rolling
resistance approximately, as a linear function for normal load. Typical values of fr
vary from 0.01 to 0.04. For the simulation setup a value of fr = 0.0201 was chosen
for optimal results as in [6, pp. 104].
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To accurately capture the forces acting on the vehicle during deceleration, additional
modeling/modifications are required to compensate for the simplified model. These
include the effects of longitudinal load transfer, brake actuator time delay, existing
lateral force due to tire alignment, lateral force compensation.

3.3.4.1 Longitudinal Load transfer

The longitudinal load transfer (∆Fz,long) is modelled as a function of longitudinal
acceleration in the vehicle frame as introduced in Section 2.2.2.2. The influence of
load transfer on the normal forces can be approximated as:

∆Fz,long = maxh

l

Fz,F i = 0.5(mgb
l
−∆Fz,long)

Fz,Ri = 0.5(mga
l

+ ∆Fz,long),

(3.8)

with i ∈ {L,R}, where m is the vehicle mass, a and b the distance from the CoG
to the front and rear axis respectively, l the vehicle length i.e., a + b and g the
gravitational acceleration.

3.3.4.2 Actuator Delay

Real braking systems have a build-up phase in which the pressure in the brakes is
increased until the requested braking torque is available. To account for this delay
in the availability of braking force a delay time td is implemented in the calculation
of the braking force with a binary coefficient κ. The modified total longitudinal
force on the front and rear is:

Fmax
x,F i = 1

2(κµFi + fr)Fz,F i

Fmax
x,Ri = 1

2(κµRi + fr)Fz,Ri, i ∈ {L,R}
(3.9)

where κ takes a value of 0 or 1 based on the time step k in the simulation.

κ =
{

0 for k∆t <= td
1 otherwise (3.10)

3.3.4.3 Camber and Toe Angle Compensation

In the simplified model, the simulation of lateral forces is neglected for the sake of
decreasing computational complexity, though the real vehicle does experience lateral
forces at the wheel even in straight driving scenarios. These forces are induced by
camber and toe angles in the vehicle suspension [24, p. 44-45]. These lateral
forces limit the total braking forces, which can be applied by the ego vehicle and
should therefore also be accounted for by the simplified model. Thus, the calculated
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maximum braking force (3.9) is limited using the lateral forces which are measured
at the wheels F̂y,F i and F̂y,Ri of the ego vehicle:

F lim
x,F i =

√
Fmax2
x,F i − F̂ 2

y,F i

F lim
x,Ri =

√
Fmax2
x,Ri − F̂ 2

y,Ri

(3.11)

3.3.4.4 Lateral Forces Compensation

The occurrence of lateral forces when applying braking input to the ego vehicle has
been neglected for the sake of reducing complexity in the model. The simplified
model does not keep track of yaw motion or lateral displacement in the course of
the braking sequence. In scenarios with differing friction values on the left and right
side of the ego-vehicle, lateral forces are induced that limit the total braking force.
If this reduction in braking force is not accounted for, the model will become less
accurate and prediction performance will decrease.
As steering input is used to counteract yaw torque the actual lateral forces of the
ego vehicle are bound. Therefore, a simple compensation of the induced forces can
be added without keeping track of the actual yaw momentum to account for this
issue. The car’s yaw moment of inertia considering no steering is given by

JΨ̈ =a(Fy,FL + Fy,FL)− b(Fy,RL + Fy,RR)+
w

2 (Fx,FR − Fx,FL + Fx,RR − Fx,RL)︸ ︷︷ ︸
Fx,diff

. (3.12)

In a straight driving scenario a yaw moment is therefore mainly induced by Fx,diff ,
the difference in longitudinal forces on the left and right side of the vehicle. The
difference in friction values on either side of the vehicle can therefore be used as an
approximation of the lateral force which is induced. A compensation value KLat is
proposed which reduces the amount of longitudinal force Fx which is applied based
on the difference in µ. It is calculated by the equation

KLat = p(µFR − µFL + µRR − µRL︸ ︷︷ ︸
µdiff

)2 (3.13)

with a tuning gain p and limited to 0 ≤ KLat ≤ 0.1. For the given vehicle and con-
troller a gain of p = 0.2 showed good results in simulations. With this compensation
factor the final longitudinal forces for front and rear in the open loop simulations
are given as:

Fx,F i = (1−KLat)F lim
x,F i

Fx,Ri = (1−KLat)F lim
x,Ri.

(3.14)

With the introduced algorithm and vehicle model, an autonomous braking maneu-
ver can be deployed on various road surface conditions based on predicted friction
information. In certain situations, though it might not be possible to prevent colli-
sions by braking due to the proximity to the threat vehicle or very low friction. In
these cases, an autonomous emergency steering can be used to avoid a collision.
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In this chapter the utilization of road friction information in emergency lane change
scenarios is detailed. The problem is formulated to determine the last point to
initiate a lane change maneuver by utilizing the maximum available lateral forces
based on the road friction information. Two approaches are described here which
use road friction information to enable a lane change maneuver which is: model
predictive control and curve-based path planning.

4.1 Emergency lane change system architecture
The objective in a lane change scenario is for the ego vehicle to move to the adjacent
lane under certain constraints. To safely execute a lane change maneuver, the vehicle
must be able to compute a safe trajectory that respects the limitations set by the
road conditions and the vehicle system limitations in terms of maximum lateral and
longitudinal acceleration and the total forces acting on the tires. Figure 4.1 shows
the block diagram of the system architecture for an AES system.

Vehicle Plant

Lateral Controller

Trajectory Generator

Decision Making

States

Trajectory

Reference

Steering

Sensor
Input

Figure 4.1: System Architecture AES

The Autonomous Emergency Steering system mainly consists of:
• Trajectory Generator - Computes the lane change trajectory corresponding

to the last point xE,0 to start a lane change.
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• Decision Making -The decision making block evaluates he current ego and
threat vehicle position and hands over the generated trajectory to the con-
troller when xE,0 is reached.

• Lateral controller - A path tracking controller using steering control guides
the vehicle along the computed path.

The two investigated approaches implement these function blocks to different ex-
tents. While the curve-based path planning approach has separate algorithms which
realize trajectory planning, decision making and lateral control, the model predictive
control-based approach combines all these functions in one.

4.2 Model Predictive Control for Emergency Steer-
ing

In this chapter the control strategy of model predictive control (MPC) is introduced
and its application to the problem of autonomous emergency steering in dynamic
friction environments.

4.2.1 Introduction to MPC
The fundamental principle of Model Predictive Control (MPC) is to use dynamic
models to predict the behaviour of a system and determine an optimal control input
for the current time [25, p. 1]. The optimal control input is found by minimizing an
objective function. MPC proposes an interesting solution to the control problem in
many applications as it is possible to incorporate constraints on the system dynam-
ics and the control inputs as part of minimizing the objective function and delivers
an optimal solution. While the computationally expensive calculation of control
inputs made MPC for many years mainly suitable for slow processes, the progress in
computer hardware made the use also in automotive applications possible [26, pp. 5].

A vehicle model suitable for the problem description is necessary to accurately fore-
cast the system evolution over a finite amount of time steps. Depending on the
problem at hand different vehicle models can be used, a variety of models have been
described in Section 2.2. As presented, linear and nonlinear models exist and can
predict the vehicle motion to varying degree of accuracy depending on the chosen
scenario. The advantage of using linear models is that they are relatively easy to
solve and in combination with quadratic objective functions result in convex prob-
lems [26, p. 249]. Convex problems are preferred as they have one distinct optimum
and there exist many commercial solutions to solve them. However the linear MPC
can not be applied to scenarios where the nonlinear nature of the vehicle dynamics
leads the system away from steady state set points which can be chosen for lin-
earization. In these cases a nonlinear model has to be applied.

Linear MPC models are known to be used in lane change and emergency steering
application with many successful implentations [27], [28]. The common premise is
that for the limited degrees of freedom in a lane change scenario a linear model like

28



4. Autonomous Emergency Steering

the one described in Section 2.2.2.1 is sufficient as the longitudinal velocity can be
assumed constant and steering angles close to zero. A disadvantage with these lin-
ear models is the depiction of tire forces as linear functions of the slip ratio and the
slip angle. For scenarios where forces at the limit of tire saturation shall be applied
these models can not accurately determine the tire forces which will decrease the
prediction accuracy. Furthermore in the given case a varying friction profile of the
form presented in Figure 2.1 is assumed which implies that at each time instance
each wheel can experience a different force and has different limits. To account for
these varying friction conditions and to have an accurate representation of the tire
forces a nonlinear MPC is used for the given task.

Typically a nonlinear MPC regulator determines the next control action by mini-
mizing a cost function of the general form

min
x,u

J(x, u) =
N−1∑
k=0

xTkQxk + uTkRuk + xTNQNxN ,

s.t. xk+1 = f(xk, uk), for k = 1, ..., N − 1
g(xk, uk) ≤ 0, for k = 1, ..., N − 1

(4.1)

where x is the state vector, u is the control input and N is the horizon length i.e.
the amount of time steps which the MPC predicts into the future. Q, R and QN

are weighting factors which define the influence of each state on the final cost. A
terminal constraint of xN = 0 ensures stability of the achieved solution [26, p. 279],
by increasing the cost factor QN it can be ensured that xN � 0. Constraints on the
values of x and u are defined by f(xk, uk) and g(xk, uk).

4.2.2 Related Work
Several approaches are known to let the road friction influence the behaviour of the
MPC framework. The work in [29] proposes a system which is based on an online
estimation of the friction value under the vehicle and the prediction of the vehicle
behaviour using an accurate tire model. The complex semi-empirical Pacejka model
[13] is used to accurately estimate the tire forces and keep the vehicle stable close to
a reference trajectory. The work in [30] uses the prediction of lateral tire forces with
a simplified model to constraint the applied force in each time step. This is done
to stabilize the vehicle also in the presence of low friction road surfaces.The system
proposed in [31] finally uses an online estimation of tire parameters in the Pacejka
model to achieve a friction-adaptive nonlinear MPC regulator. The controller is
designed to be robust against low friction road surfaces and is able to accurately
adjust the tire force estimation online.

Common assumptions that are made in the mentioned works are that (i) the future
friction values are not known, (ii) the current friction estimation stays constant over
the prediction horizon, (iii) the friction is constant on all four wheels. This thesis
shall investigate the performance of the MPC framework for the case when future
friction values are provided in the form presented in Section 2.1.3. The contribution
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is therefore the investigation of MPC emergency steering performance with varying
friction values on all four wheels of the vehicle.

4.2.3 Vehicle Model
In the MPC framework the vehicle dynamics are enforced as an equality constraint
on the state vector by xk+1 = f(xk, uk). The formerly introduced models have to be
slightly adjusted for the purpose of the MPC. A vehicle model based on the 3 DOF
4-wheel model introduced in Section 2.2.3 shall be used. As in the case of the lane
change maneuver no braking or acceleration force is applied, the longitudinal forces
in the model can be neglected. The resulting equations of motion are

max = −(Fy,FL + Fy,FR)sin(δ)
may = Fy,RL + Fy,RR + (Fy,FL + Fy,FR)cos(δ)

JΨ̈ =


acos(δ)(Fy,FL + Fy,FL)
−b(Fy,RL + Fy,RR)

+w
2 sin(δ)(Fy,FL − Fy,FR)

 .
(4.2)

The state vector is chosen as

x =



sx,wf
ṡx
sy,wf
ṡy
Ψ
Ψ̇


, (4.3)

where sx,wf and sy,wf are the sx and sy position of the vehicle COG in world frame
coordinates. sx,wf and sy,wf are obtained by multiplying sx and sy, the vehicle
coordinates in vehicle frame coordinates, with the rotation matrix R

R =
[
cos(Ψ) −sin(Ψ)
sin(Ψ) cos(Ψ)

]
. (4.4)

The input u to this model is the steering angle δ. This setup allows the enforcement
of constraints on the global position of the vehicle based on the the position of the
threat vehicle as described in the following Section 4.2.4.

The tire model is based on the tanh approximation presented in Section 2.2.4. This
tire model gives a good approximation of the actual tire dynamics as long as the
tire is not saturated. As the tire forces can be limited using constraints as part of
the MPC (see Section 4.2.6), this approximation gives a realistic representation of
the tire state while keeping computational complexity low. As shown in (4.5), the
friction at each tire influences the lateral force at each tire independently.

Fy,i = µiFz,i tanh
(
Cαi
µiFz,i

)
, i ∈ {FL, FR,RL,RR} (4.5)
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The described continuous system in (4.2) is discretized for the MPC using Euler
backward method with sampling time ∆t.

ẋ ≈ xk+1 − xk
∆t

⇔ xk+1 = xk + ∆tẋ = f(xk, δk)
(4.6)

4.2.4 Obstacle Avoidance
Emergency steering and obstacle avoidance using MPC regulators are well researched
topics [27], [28], [29], [32]. A common way to implement obstacle avoidance is to
frame the obstacle as a constraint on the lateral position of the vehicle. For this the
vehicle coordinates sx and sy are projected into the world frame of the road giving
sx,wf and sy,wf . With these coordinates the distance to the center of the road can
be calculated for every time step of the MPC prediction. The distance is calculated
as

ey = sy,wf − sy,c, (4.7)

where sy,c is the lateral center of the road. Given the position of the obstacle this
can be used to set a constraint on the distance from the center of the road and
therefore force the MPC to avoid the obstacle (see Figure 4.2).

Y

X

(sx,c,sy,c)

s̃k,y
s̃k+1,y

ek,y ek+1,y

Figure 4.2: Constraints on lateral ego vehicle position (red), predicted lateral
position (blue) and lateral reference (green)

Based on the introduced concepts the obstacle avoidance can be implemented by
setting a linear constraint on ey

emink,y ≤ ey ≤ emaxy . (4.8)

The value of emaxy is constant and defined by the upper road boundary. The value
of emink,y is set to the lower road boundary until the obstacle is within the range of
the prediction horizon. For every time step where the predicted position of the
ego vehicle’s front bumper is greater or equal than the longitudinal position of the
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threat vehicle’s rear bumper, the value of emink,y is changed. A safety value sx,safety
can be added to change the lower boundary earlier and account for inaccuracies in
the MPC calculation. The value of emink,y is changed to

emink,y = Lr + wE
2 + wT

2 + sy,safety (4.9)

where Lr is the lateral coordinate of the right lane center, wE is the width of the
ego vehicle chassis, wT is the threat vehicle’s chassis width and sy,safety is an added
safety distance.
As with the given setup the MPC will try to solve for a trajectory close to the
constraint borders, small modeling inaccuracies or unknown disturbances can lead
to infeasible solutions. A way to regain feasibility is to turn the hard constraint in
(4.8) into a soft constraint [31] of the form

eminy − ε ≤ ey ≤ emaxy . (4.10)

The newly introduced variable ε ≥ 0 changes the lower limit on ey and therefore
allows the MPC to violate eminy in order to achieve a feasible solution. To prevent
high violations of eminy , ε is included in the cost function with a high penalty (intro-
duced in Section 4.2.7). This way it can be ensured that it is only bigger than zero
when it is necessary to find a feasible solution. In matrix form (4.10) yields[

I
−I

]
ey ≤

[
emaxy

−eminy + ε

]
(4.11)

with ey, emaxy , eminy and ε defined as

ey =


e0,y
...

eN−1,y

 , emaxy =


emaxy
...

emaxy

 , eminy =


emin0,y
...

eminN−1,y

 , ε =


ε0
...

εN−1

 .
(4.12)

In a compact form this shall be referred to as

Hobsx− hobs ≤ ε. (4.13)

Given this obstacle avoidance implementation the MPC is not dependent on a sep-
arate decision making algorithm. As soon as an obstacle is detected it will solve
for a feasible trajectory and follow it, therefore initiating the lane change without
an external input. The MPC can be used to follow a reference while making sure
not to violate the given constraints on ey by changing the cost function such that it
minimizes the difference between the state and the reference

s̃y = sy,wf − sry. (4.14)
If no pre-generated trajectory is available the MPC can be utilized for the generation
of an optimal trajectory [27], [32]. As the MPC is calculating an optimal control
sequence given a certain cost function and constraints it can generate a feasible
trajectory which avoids the obstacle while staying close to some constant reference.
To achieve a smooth lane change the reference is changed from the middle of the
right lane to the middle of the left lane as soon as the obstacle is reached (see Figure
4.2).
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4.2.5 System Constraints

Based on the cost function and vehicle model described in the previous sections,
the MPC will generate a lane change trajectory without taking acceleration and
actuator constraints into account. To enforce the physical system limits in the MPC
calculation, these are framed as constraints on state x and input δ. The upper and
lower limits of the steering angle δmin and δmax are enforced by a linear constraint
on the steering input

δmin ≤ δ ≤ δmax. (4.15)

In matrix form this yields

[
I
−I

]
δ ≤

[
δmax

−δmin
]

(4.16)

with δ, δmax and δmin defined as

δ =


δ0
...

δN−1

 , δmax =


δmax

...
δmax

 , δmin =


δmin0
...

δminN−1

 (4.17)

While the values of δmax are constant based on the system limit for steering an-
gle the values of δmin can change over time. By enforcing varying limits on the
minimum steering angle that can be applied, the trajectory generation of the MPC
can be influenced. An issue which shall be addressed with this specifically is the
prevention of unnecessary oscillatory behaviour in the initiation of a lane change
maneuver. Figure 4.3a shows the beginning of a lane change maneuver trajectory
with a constant value of δmin at the system limit. As it can be seen the MPC de-
livers a solution with several changes in steering direction before the lane change is
actually initiated. This behaviour is undesirable as it imposes forces on the tires
and causes an unnecessarily early intervention of the autonomous system.

Different methods can be used to tackle this issue. A straight forward solution
is to increase the cost for changes of the steering direction. This can successfully
lead to a smoother trajectory without the shown behaviour. A downside of this
solution is that by increasing the cost on steering changes, the cost on deviations
from the reference relatively decreases which leads to an earlier triggering of the lane
change. To achieve both, a smooth lane change as well as close reference tracking,
the introduced change of the minimum steering limit can be used. By setting δmink

to a negative value close to zero in the initiation of a lane change sequence it can be
prevented that the system applies large negative steering. When the threat vehicle
is close, the value of δmink is changed back to the actual system limit to allow negative
steering onto the left lane. With this change a smooth lane change is achieved as
Figure 4.3b illustrates.
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(a) Initiation of lane change sequence
with constant δmin at system limit

200 220 240 260 280 300

Longitudinal Position [m]

-2.5

-2

-1.5

-1

-0.5

0

L
a

te
ra

l 
P

o
s
it
io

n
 [
m

]

(b) Initiation of lane change sequence
with dynamic δmin

Figure 4.3: Illustration of the influence of a dynamic lower steering limit on the
trajectory generation in the lane change scenario

The steering rate δ̇ is obtained by solving the finite difference approximation for the
change of δ within one time step ∆t. Therefore δ̇ is given by

δ̇k = δk − δk−1

∆t . (4.18)

The constraint becomes
δ̇min ≤ δk − δk−1

∆t ≤ δ̇max. (4.19)

For k = 0 the constraint in matrix form is[
1 0 . . . 0
−1 0 . . . 0

]
δ ≤

[
δ̇max + δ−1
−δ̇min − δ−1

]
(4.20)

where δ−1 is the steering input applied in the previous time step. For k > 1 the
constraint in matrix form is [

D
−D

]
δ ≤

[
Dmax

−Dmin

]
(4.21)

with

D =


−1 1 0 . . . 0
0 −1 1 . . . 0
... . . . . . .
0 . . . 0 −1 1

 , Dmax =


δ̇max

...
δ̇max

 , Dmin =


δ̇min

...
δ̇min

 (4.22)

Equations (4.16),(4.20) and (4.21) are combined to the linear inequality constraint

Hsysδ ≤ hsys (4.23)

Another limitation of the system is the maximum lateral force which can be applied
in the course of the lane change maneuver [33]. To constraint the amount of force
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applied, a limit is put on the maximum and minimum lateral acceleration of the
system

aminy ≤ ay ≤ amaxy . (4.24)

The lateral acceleration is calculated based on (4.2). As it is not part of the state
vector the limitation is implemented as a nonlinear constraint with

g1(xk, δk) =
[

aky − amaxy

−ak,y + aminy

]
≤ 0. (4.25)

4.2.6 Friction-based Constraints
In Section 4.2.3 it was shown that a simple tanh model is used for the estimation of
tire forces in the proposed MPC. As the simple model only gives a good estimation
of the tire dynamics up to the tire saturation, a limit on the forces is necessary to
retain accurate predictions of the vehicle behaviour [30].

Fmin
y,i ≤ Fy,i ≤ Fmax

y,i , i ∈ {FL, FR,RL,RR} (4.26)

The constraints on the lateral forces at each wheel are defined by the normal forces
and the friction value. To account for inaccuracies due to the simplified model the
force maximum is multiplied with an additional parameter w = 0.95. The limits in
each time step k as a function of the current friction µk,i become

Fmin
k,y,i = −wµk,iFz,i

Fmax
k,y,i = wµk,iFz,i.

(4.27)

The friction value µk,i is picked in each time step for each wheel depending on the
predicted wheel position in the µ-grid. The resulting nonlinear inequality constraint
for the lateral forces at each tire is

g2(xk, δk) =
[
Fk,y,i − Fmax

k,y,i

−Fk,y,i + Fmin
k,y,i

]
≤ 0. (4.28)

4.2.7 Cost Function
A general cost function for a nonlinear MPC was introduced in (4.1). For the specific
task of generating and following a lane change trajectory several changes have to be
made to the cost function based on the previously introduced principles. Firstly the
state vector x is replace in the cost function with the variable x̃ = x− xr to enable
reference tracking. The state reference xr is zero for all states besides sy which has
the reference sry. Also an additional cost value is defined for change of steering input
with tuning value Rd. A high value in Rd shall prevent rapid changes in the steering
direction and leads to a smoother trajectory generation. The steering rate in the
cost function δ̇ is defined as presented in (4.19). The slack variable ε for the soft
constraint on ey is added with tuning gain E which takes a relatively high value to
prevent unnecessary constraint violations.
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The system constraints from Equations (4.6), (4.13), (4.23), (4.25) and (4.28) are
combined as constraints on the solution to the cost function J(x̃, δ, ε).

min
x̃,δ,ε

J(x̃, δ, ε) =
N−1∑
k=0

x̃TkQx̃k + δTkRδk + δ̇TkRdδ̇k + εTkEεk + xTNQNxN ,

s.t. Hobsx− hobs ≤ ε

ε ≥ 0
Hsysδ ≤ hsys

xk+1 = f(xk, δk), for k = 1, ..., N − 1
g1(xk, δk) ≤ 0, for k = 1, ..., N − 1
g2(xk, δk) ≤ 0, for k = 1, ..., N − 1

(4.29)

4.3 Curve-based Path Planning for Emergency Steer-
ing

To ensure autonomous vehicles are operable in dynamic traffic, path planning and
real time trajectory generation play a vital role in the development of autonomous
driving. Path planning mainly deals with searching for feasible paths in an envi-
ronment for the autonomous vehicle to follow. This involves taking into account
the kinematic constraints of the vehicle, the geometric constraints induced by the
vehicle design and the surroundings that affect the feasibility of the paths. A lot of
research has been carried out in the last decade that addresses the path planning
problem for autonomous vehicles [34], [35], [36], one part of which is the autonomous
lane change maneuver.

Lane change is an important maneuver which is used in many scenarios such as
overtaking or merging/exiting a highway. Emergency lane change systems are also
developed to meet collision avoidance requirements in ADAS development. For
example, in highway driving scenarios an emergency lane change maneuver may be
required to avoid a collision when it cannot be avoided by braking [33].

4.3.1 Friction incorporation in path
In a lane change scenario, a common assumption is that there is no braking or
longitudinal acceleration involved, therefore the longitudinal forces of the vehicle
are ignored. The maximum lateral acceleration assuming a point mass model of the
vehicle is then approximated as:

amaxy = µg (4.30)

where, µ is the road friction coefficient and g is the gravity constant. Furthermore
an additional restriction based on actual system capabilities is used to limit the
maximum permissible lateral acceleration [33]. This maximum lateral acceleration
constraint can be used to generate simple lane change maneuvers incorporating the
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friction by using for example Quintic polynomial curves [14].

An alternative approach is to include constraints on the maximum curvature of the
path [37], [38]. Consider a point mass vehicle model moving in a circular path under
constant longitudinal motion Figure 4.4, the total centripetal forces acting on the
vehicle is defined by:

Fy = mV 2

R
(4.31)

R

(Fx, V )

Fy

Figure 4.4: Force acting on vehicle moving in a curved path

Where, R is the radius of curvature of the path, m is the mass of the vehicle and
V is the directional velocity vector of the vehicle. Further, from total force circle
described in Section 2.2.4 it is shown that the total lateral force Fy that can act on
the tires is bound by the total normal load and road surface coefficients.

Fy ≤
√
F 2
z − F 2

x

Fy ≤ m
√
µ2g2 − a2

x

(4.32)

Combining this with the centripetal force equation we get

mV 2

R
≤ m

√
µ2g2 − a2

x

1
R

= k ≤

√
µ2g2 − a2

x

V 2

1
R

= k ≤
√
µ2g2

V 2

(4.33)

Using the above relation, the maximum curvature of the path is defined and the re-
sulting lane change path is generated using curve based approaches such as clothoids,
and Bezier curves [39] [40].

For the scenario in which we have varying friction profiles laterally as shown in Figure
4.5, the total maximum curvature of the resulting path on each lane is different.
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WetWet

Threat VehicleEgo Vehicle

Figure 4.5: Lane change - Laterally varying friction profile

Using the introduced relation for maximum curvature, we define the limits on cur-
vature for each lanes. These are defined as Kmax

R and Kmax
L for the right and left

lane respectively. Additionally, in order to ensure that the lateral acceleration of
the car during lane change does not exceed the bounds set by system limits [33] the
maximum acceleration is limited:

aminy ≤ ay ≤ amaxy (4.34)

The corresponding maximum permissible curvature of the path is calculated based
on:

Kmax
sys =

amaxy

V 2
x

|Kmax
i | ≤ Kmax

sys , i ∈ (L,R)
(4.35)

4.3.2 Related work
There has been a lot of research carried out in generating lane change trajectories
with limitations on the maximum permissible lateral acceleration and resulting cur-
vature based on friction. The work carried out in [37] suggests the use of piecewise
quadratic Bezier curves to generate a continuous curvature path based on calculated
safety distances for the lane change. The authors then evaluate the maximum cur-
vature of the generated path to be within the comfort driving limits of the vehicle
in terms of lateral acceleration. Quintic polynomials are another type of curves
widely used in lane change trajectory generation due to its simplicity to implement
and to incorporate constraints on lateral acceleration [41], [42], [43]. The resulting
path from quintic polynomials are continuous in curvature, smooth, and satisfy the
lateral acceleration limits.

Alternatively, the work in [39], generates lane change trajectories based on clothoids.
The resulting curvature of the generated clothoid is limited based on the available
road friction coefficient. Further, the work in [38] proposes the generation of lane
change trajectories using clothoids at the limit of friction. This is performed by
generating a speed profile of the trajectory which is depending on the curvature of
the path and the road friction coefficient. The common assumptions made in the
mentioned works are that the friction remains constant throughout the path. This
ensures that the maximum limit on lateral acceleration and curvature is constant
throughout the generated path.
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This thesis shall investigate the performance of a path planning framework when
future friction information is made available in the form presented in Section 2.1.3.
The main contribution is, therefore, is to study the effect of dynamic road friction
profile on lane change trajectories for autonomous emergency steering applications.
While any of the continuous curvature path generation techniques discussed can be
applied to generate lane change trajectories, Bi-Elementary paths based on clothoids
are used in this thesis, mainly due to its simplicity and ability to have direct control
over the curvature of the path.

4.3.3 Trajectory Generation
As stated earlier, the main subject of this chapter is trajectory generation or path
planning incorporating dynamic friction information. Therefore, the main work
contributions belong to the trajectory generation block illustrated in Figure 4.6.
The components of the trajectory generation algorithm are shown in Figure 4.6.
Information from the sensor about the road conditions, detected threats, and current
vehicle state is made available to the trajectory generation block.

Trajectory Generation Block

Friction Information

Optimization Trajectory Planner Collision Detection

Vehicle
States

Sensor
Input

Start
Point

[
Xtraj

Ytraj

]

Iterate

x0 Trajectory

Figure 4.6: Trajectory Generation Block

The trajectory generation consists of 3 core functions:
• Optimization - Optimization based on Bisection method similar to AEB

described in Section 3.3.2 to determine last point xE,0 to start lane change
scenario to avoid a collision. More details in Section 4.3.3.1

• Trajectory Planner - A clothoid based path planner is used to generate
lane change paths and a velocity profile is assigned to the generated path to
obtain a trajectory. Given an initial starting position of ego vehicle specified
by xE,0 the trajectory planner generates a lane change trajectory. More details
in Section 4.3.3.2
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• Collision Detection - Each generated trajectory is checked for possible col-
lision occurrence with detected threat. More Details in Section 4.3.3.6

4.3.3.1 Optimization to determine start point of lane change

To determine the last point xE,0 to initiate a lane change maneuver of the ego
vehicle considering the varying friction profile µ̃ an optimization algorithm based
on bisection method similar to the AEB explained in Section 3.3.2 is utilized. The
details regarding bisection method will not be explained in this section to avoid
repetitions and can be referred from the earlier section. The upper and lower limit
of the candidate start point of lane change is computed by determining the last point
to steer to avoid collision under worst case low friction and high friction conditions
using

xsteer =
√

2w
µg

∆v. (4.36)

Where w is the distance between centers of the two lane, ∆v is the relative velocity
of the ego with respect to target. The objective function to minimize is the distance
between the start point to lane change xE,0 and the target position xT,0. The
optimization problem is formulated as follows for the lane change scenario

min f(xE,0, xT,0) = h(xT,0)− xE,0. (4.37)

Here, function h(xT,0) refers to a constant velocity model used to approximate the
threat vehicle motion. For a velocity vT > 0, the final position of the target is given
by h(xT,0) = xT,f . The feasible set C consists of all points xE,0, xT,0 ∈ X for which
there is no collision detected, i.e all the points for which the generated trajectory
avoids a collision with the detected stationary threat vehicle in lane. Figure 4.7
provides a visual representation of the bisection approach applied to lane change
scenario.

x[m]

y[m]

∆Y

A C B

xE,0

ThreatEgo Vehicle

x[m]

y[m]

∆Y

A BC

xE,0

ThreatEgo Vehicle

Figure 4.7: Bisection method to determine the last point to initiate lane change
to avoid collision with threat vehicle.
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4.3.3.2 Path Planning using Clothoid Curves

The path planner consists of a Bi-elementary path generator which is based on
clothoids. The Bi-elementary path is built up of four clothoids of which the curvature
is varying linearly with arc length.
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Figure 4.8: Bi-elementary lane change trajectory with maximum curvature de-
fined by constant µ = 0.3 and entry speed 30m

s
. Clothoids C1 and C2 make up an

elementary path E1.

Figure 4.8 shows the components of the Bi-elementary path along with the curvature
over the arc length for a lane change trajectory under constant friction assumption.
Clothoids are also known as Euler spirals or Cornu spirals and are defined as curves
whose curvature varies linearly with the arc length k(s) = σs + k0. Here, σ is the
rate of change of curvature or the sharpness [38]. The linear change in curvature is
one of the reasons why clothoids are preferred in developing lane change trajectories
for autonomous vehicles since it corresponds to constant angular velocity steering
inputs.

The evolution of a clothoid depending on the arc length s is defined as:

Ψ(s) = Ψ0 +
∫ s

0
k(t)dt

X(s) = X0 +
∫ s

0
cos(Ψ(t))dt

Y (s) = Y0 +
∫ s

0
sin(Ψ(t))dt

(4.38)

Here, X0, Y0,Ψ0 are the initial position in global coordinates and the initial heading
angle of the path and k is the curvature of the path. Figure 4.8 shows that the
curve is symmetric about the center of the road. This is because of the constant
road friction coefficient, which influences the maximum curvature to be equal on
both lanes i.e Kmax

R = Kmax
L . The point Y 0, which is defined as the switch point,

is the lateral position at which the curvature crosses the zero line as indicated in
Figure 4.8. For constant friction scenarios, the switch point Y 0 is trivial as it is the
lateral distance from start to the center of road.
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The symmetry of the curve is disturbed when laterally varying friction profiles occur,
which results in Kmax

R 6= Kmax
L as shown in Figure 4.9. In such cases, if the position

of the switch point is retained at the center of the road, it would result in a wider
or narrower lane change trajectory depending on the friction profiles of each lane.
Since the total width of the lane change ∆Y is fixed, the optimal position of switch
point Y 0 needs to be determined such that ∆Y1 + ∆Y2 = ∆Y holds. Here, ∆Y1
and ∆Y2 refers to the lateral displacement of each elementary path E1 and E2 as
illustrated in Figure 4.9. The total lateral displacement of the lane change path
is denoted Yf = ∆Y1 + ∆Y2. The following section includes the description of the
geometric approximation of Y 0 for a given clothoid path.

4.3.3.3 Computation of curve parameters for Bi-elementary path

This Section describes the computation of the curve parameters required to generate
a lane change trajectory. The curve parameter include elementary path length S2
and the switch point Y 0 which is a function of the elementary path length S1. Using
the change in curvature profile over time the resulting lane change trajectory is
computed using 4.38 with the determined curve parameters.

Right Lane

Left Lane

α∆Y1

∆Y2
∆Y

µ = 0.2

µ = 0.8

E1

E2

Y 0

S1 S2

Y[m]

X[m]

k

X[m]

0

K1

K2

Figure 4.9: Visualization of components of Bi-elementary path for laterally varying
friction profile.

Figure 4.9 illustrates the curve parameters that define the Bi-elementary path which
consists of S1, S2 and Y 0. E1 and E2 are elementary paths each of which are made
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up of two clothoids of equal length. This means elementary path E1 is made up of
C1, C2 and elementary path E2 is made up of C3, C4. The length of each elementary
part is defined as S1, S2. The maximum curvature of each elementary path depends
on the road friction coefficient according to (4.35) so it can be represented as follows

K1 = Kmax
R

K2 = Kmax
L .

(4.39)

Due to the varying maximum permissible curvature limits across the lanes, the
resulting path is no longer symmetric about the road center. The resulting path
planning problem boils down to determine curve parameters Y 0, S1 and S2 given
an initial start point xE,0 = (X0, Y0) and the maximum curvature at each lanes
Kmax
R , Kmax

L such that ∆Y1 + ∆Y2 = ∆Y holds. An additional requirement in a
lane change scenario, the heading at the start and the end of the lane change must
be Ψ0 = Ψf = 0 and this needs to be incorporated as a constraint on the path
generation. Therefore, it must hold that

Kmax
L = −K

max
R S1

S2
. (4.40)

The position of the switch point Y 0 is always equal to the lateral displacement of
elementary path E1 as illustrated in Figure 4.9.

Y 0 = ∆Y1. (4.41)

From the introduced parameters of Bi-elementary paths and the constraints on ori-
entations of the lane change path the final orientation of the elementary path E1
is written in terms of length S1 and maximum curvature Kmax

R is determined from
(4.38) to be:

α = Kmax
R S1

2
(4.42)

And from [44] the change in length of an elementary part with respect to α is given
as:

D(α) =
∫ 0.5

0
cos(2α(−t2 + t))dt (4.43)

Using Equations (4.42) and (4.43) the change in lateral position for the elementary
path E1 described in (4.41) is written as

∆Y1 = S1 sin(α2 )D̃(α), (4.44)

where D̃(α) is a third degree polynomial approximation of the continuous func-
tion D(α) in (4.43). The coefficients for the polynomial were selected based on the
work carried out in [39]. Using (4.40), (4.42) and (4.44) a bisection search method
is applied to determine the optimal switch point Y 0 for which the resulting total
path width ∆Yf = ∆Y the desired lane change width holds. The following sec-
tion explains the algorithm used to determine the optimal switch point and the
corresponding elementary path lengths S1 and S2 to obtain the desired lane change
trajectory for laterally varying friction profiles.
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4.3.3.4 Trajectory Planner Algorithm

Using the terms and relations introduced in the previous sections the lane change
trajectory is computed which incorporates constraints on maximum permissible cur-
vature. This section summarizes the trajectory planner algorithm developed to gen-
erate the lane change trajectory.

x[m]

µ = 0.1

µ = 0.5

y[m]

∆Y

xE,0

ThreatEgo Vehicle

A

B

C

x[m]

µ = 0.1

µ = 0.5

y[m]

∆Y

xE,0

ThreatEgo Vehicle

A

B

C

Figure 4.10: Visualization of Bisection Method applied to select the curvature
switch point Y 0. Here point C refers to the candidate switch point Y 0

i

An initial candidate start point xE,0 is chosen based on bisection method described
in Section 4.3.3.1 and the maximum permissible curvatures at each lane Kmax

R and
Kmax
L are computed using the friction information which is available. Upper and

lower bounds of the switch point are defined based on the dimensions of the road

(A,B) = (Y 0
max, Y

0
min), (4.45)

where Y 0
max is the distance between both lane centers and Y 0

min is zero(see Figure
4.10). The mid point of the interval between A and B is selected as the candidate
switch point C = Y 0

i . Based on this candidate the lane change parameters S1,
and S2 can be computed by solving (4.40), (4.42) and (4.44) with ∆Y1 = Y 0

i . The
resulting Bi-elementary path is analyzed in terms of its final lateral displacement
Yf = ∆Y1 +∆Y2. Depending on if the width is less or greater than the required lane
change width ∆Y = 3.5m, the interval A and B is adjusted and the trajectory is
recomputed with a new candidate Y 0

i . When the algorithm converges to a solution
the resulting lane change trajectory is handed over to the collision detection which
is the next function block in Figure 4.6. Algorithm 2 is the pseudo code for the
Trajectory Planner algorithm.
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Algorithm 2 Trajectory Planner Algorithm
Set ∆Y = 3.5m
A = 0
B = ∆Y
while N ≤ Nmax do

Calculate middle point between A and B
C = (A + B)/2
Determine curve parameters S1, S2, from (4.44), (4.42), (4.40).
Get trajectory from (4.38):

[
X Y Ψ

]T
if Yf −∆Y = 0 or (B - A) ≤ tolerance then

Solution found and output trajectory
[
X Y Ψ

]T
else

N = N + 1
if Yf > ∆Y then

B = C
else

A = C
end if

end if
end while

4.3.3.5 Noisy friction measurements

This section describes the modifications made in the trajectory planner algorithm
described in Section 4.3.3.4 to account for noisy measurements of predicted road fric-
tion information from the sensors. As presented in Section 4.3.3.3 the Bi-elementary
path is generated based on the maximum curvature on each lane given the friction
information. This means for each lane a friction value has to be known which can
be incorporated as a constraint on the path’s curvature. For noisy measurements,
the friction in each grid cell (see Figure 2.1) is varying and the true friction of the
lane is unknown. To account for this uncertainty and avoid overestimation of the
available friction the assumed friction per lane is chosen in the following way.

By defining road patches for each lane the trajectory planner algorithm selects the
minimum of the 3σ lower bound of all grid cells within the defined road patch for
each lane. The first road patch is selected between the ego vehicle position at the
start of the lane change xE,0, and the threat vehicle xT,0. The width of each road
patch is equal to the width of the ego vehicle plus the distance to the road center
lane. The minimum of the lower bound 3σ is selected from the patch to determine
the maximum curvature Kmax

R and the curve parameter S1 is computed. Using the
computed curve parameter S1 the second road patch on the left lane is constructed
at a distance S1 from the ego vehicle up-to-the front bumper position of the threat
vehicle. Once again, the minimum of the lower bound 3σ is selected from this patch
to determine Kmax

L . These defined limits for the curvature on the left and right lane
can now be used in the algorithm defined in Section 4.3.3.4 to determine the full
trajectory as part of the optimization loop.
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S1

S2

xE,0 xT,0

Threat width

Figure 4.11: Visualization of road patches used to select friction coefficient of each
lane in the presence of noisy measurements.

4.3.3.6 Collision Detection

For each generated lane change trajectory from the trajectory planner, collision
detection is performed to evaluate the feasibility of the trajectory. This is done by
defining the target vehicle as a polygon with specified added safety parameters in
lateral and longitudinal directions. The approximation of the motion of the ego
vehicle along the trajectory is performed using polygons that describe the actual
vehicle dimensions. The polygons are evaluated to check if an overlap between the
ego vehicle and the target vehicle occurs. If there is an overlap, the algorithm
outputs a collision flag, the resulting start point xE,0 is deemed unfeasible and the
trajectory is discarded. A new trajectory is computed with a new start point selected
by the optimization.
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Figure 4.12: Collision Detection on Bi-elementary path
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4.3.4 Decision Making for AES
A simple decision-making block is implemented in the AES architecture to determine
the time at which the emergency lane change should be initiated. At each time step,
the decision-making block evaluates the ego vehicle’s current position with the start
point of the trajectory that is computed by the trajectory generation block. If the
current vehicle position is equal to the start point of the lane change, then the
decision-making block switches signals to the controller to initiate the lane change
maneuver. This is done by changing the reference signal to the control to be the
lane change trajectory.

Trajectory Generation

Ego Vehicle State
Threat Vehicle State

Decision Making

(xE,0(µ̃), Trajectory)

xE,0

xT,0

Flag = 1 or 0

Reference Trajectory

Figure 4.13: Decision Making block diagram

4.3.5 Path Tracking Controller
To ensure the ego vehicle tracks the computed lane change reference trajectory
a lateral controller was implemented similar to the lateral controller used for the
AEB scenario explained in Section 3.2.2 with some adjustments. Once the decision
making triggers the flag to initiate a lane change maneuver, the lateral controller
steers the vehicle along the computed reference trajectory. Using the steering angle
as input δ(t), a lateral controller as proposed in [20] was implemented. The controller
minimizes the lateral cross track error between the computed reference trajectory
and the front axle position of the ego vehicle e(t) = sry(t) − sy(t) and the error in
heading Ψ(t) − Ψr(t). In order to stabilize the yaw of the vehicle at high speeds
an additional term is introduced in the control law, a negative feedback on the yaw
rate kdpΨ̇(t)− Ψ̇r(t) that helps stabilize the yaw of the vehicle while minimizing the
impact on tracking performance. The reference position sry(t) and orientation Ψr(t)
was the computed lane change trajectory from the trajectory generation block. The
complete steering control law is defined as follows [20]:

δ(t) = kp(Ψ(t)−Ψr(t)) + arctan
kee(t)

ksoft + v(t) + kdp(Ψ̇(t)− Ψ̇r(t)) (4.46)

with |δ(t)| ≤ δmax, v(t) ≥ 0 and π
6 ≤ δmax ≤ π

6 is the maximum turn angle of the
front wheels. The output from the lateral controller was multiplied with a steering
ratio to convert to corresponding steering wheel angle which is used as lateral input
in simulation environment CarMaker.
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5
Results

In this chapter the results of the evaluation for the proposed AEB and AES algo-
rithms are presented. All test results were achieved by simulation with the CarMaker
simulation environment [5]. The simulated test vehicle is a Volvo XC90 with 4-Wheel
drive and the vehicle parameters described in table 5.1.

Parameter name Symbol Value Unit
Vehicle length lv 4.95 m
Wheel base l 2.9840 m
Front axle to COG a 1.4800 m
Rear axle to COG b 1.5040 m
Mass m 2078 kg
Width w 1.664 m
Height of COG h 0.73 m
Tire radius rw 0.3695 m

Table 5.1: Test vehicle parameters

5.1 Evaluation of AEB using road friction infor-
mation

The proposed AEB algorithm is tested using different friction profiles and the ve-
hicle behaviour is simulated (introduced in Section 5.1.1). The selected friction
profiles help to study the influence of slippery patches of road segments on the AEB
functionality. The system behaviour is evaluated assuming perfect predicted fric-
tion values as well as noisy predictions with zero-mean Gaussian noise and standard
deviation of σ = 0.1. To assure that for noisy measurements the vehicle does not
overestimate its braking performance the algorithm calculates the braking distance
based on the 3σ lower bound of the distribution. As introduced in Section 1.3 the
chosen evaluation metric is the distance to the threat vehicle at which the ego vehicle
comes to standstill.

5.1.1 Friction profiles
The friction profiles are shown in Figure 5.1. The longitudinally varying friction
profiles start 250m before the threat vehicle which is equal to the ego vehicle’s radar
range and therefore the first point at which the threat is detected. Before and after
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the longitudinally varying patch the first and last friction value respectively is kept
constant. The values vary discretely in steps of 0.1 from µ = 0.1 to µ = 1. When
noise is added to the friction measurements also the noise is sampled from a discrete
distribution resulting in discrete steps of 0.1.
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Figure 5.1: The evaluated AEB friction profiles: (1), (2) Longitudinal difference
and (3) Lateral difference

5.1.2 Test scenario
We consider a rear end collision scenario, in which the ego-vehicle with a certain
speed, is approaching a stationary threat vehicle. We assume the dynamic road
friction profile ahead of the road is accessible to the ego vehicle. The goal is to
determine the last point to initiate an AEB trigger given the road friction profile.
The test track is a straight road without other obstacles. The threat vehicle is
positioned in a distance of L offset in front of the ego vehicle (Figure 5.2). The
initial distance is L = 700m and two velocity scenarios of vE = 30m

s
and vE = 15m

s

are tested.

vE

Start End

Ego
Vehicle

Threat
Vehicle

L

Figure 5.2: AEB scenario setup with ego vehicle starting in distance L behind
threat vehicle.

5.1.3 Test results
The proposed algorithm achieves results of brake distance error in the range 0.5m
to 5.5m on friction profiles 1 to 3 when accurate friction information is available.
In comparison to the baseline systems assuming constant dry concrete the proposed
algorithm improves the brake distance error 94.7% - 98.6% while preventing collisions
in all test cases. In comparison to the baseline systems assuming constant snow the
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proposed algorithm improves the brake distance error 87.7% - 98.1%. Table 5.2
shows the achieved results for the friction profiles.

Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
Proposed [m] 0.5 0.8 1.4 5.5 0.9 2.8
Ass. dry [m] -11.7 -42.6 -102.4 -384.6 -16.7 -58.8
Ass. snow [m] 11.5 24.8 -75.7 -131 7.3 36.9

Table 5.2: Error of Braking distance calculation in meters for different friction
profiles for the proposed algorithm in comparison to assuming constant dry and
snow road conditions

For noisy friction measurements the performance decreases as the algorithm’s pre-
dictions become more conservative. This leads to large brake distance errors and
potential false positives for AEB deployment (see Table 5.3). The results achieved

Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
Mean [m] 37.8 68.1 71.5 131.6 13.9 56.3
Variance [m2] 4.2 0 0 0 0.3 1.3

Table 5.3: Mean and Variance of the Error in Braking distance calculation in
meters for different friction profiles assuming noisy measurements for 20 iterations.

from the proposed algorithm can be compared to [18], that utilizes a similar eval-
uation metric of error in brake distance estimations. The results achieved in [18]
consider the ego vehicle to be travelling at a speed of 70kmph, with constant friction
profiles ranging from µ = 0.3 to 1. The absolute error in braking distance for those
friction profiles are in the range of 0.005m to 0.01m. The work in [17] shows the
AEB performance for high friction of µ = 0.85 in terms of braking distance error.
For the ideal case of perfectly known friction and ego vehicle speeds ranging from
40kmph to 80kmph the algorithm achieves an accuracy of 0.05m to 0.8m. While
an assumption in [18] and [17] is that the friction stays constant along the predic-
tion horizon, the proposed algorithm is able to prevent collisions for varying friction
information.

5.2 Evaluation of AES using road friction infor-
mation

Similarly to the AEB evaluation, the AES is evaluated using different friction profiles
to study the influence of slippery patches of road segments on its functionality (see
Section 5.2.1). Again the algorithms are tested assuming perfect measurements on
the one hand and noisy measurements with zero-mean Gaussian noise and standard
deviation of σ = 0.1 on the other hand. The developed implementations using model
predictive control and curve-based path planning are evaluated and compared based
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on a common performance measure. The evaluation metric is as described in Section
1.3 as the distance to the threat vehicle at which a lane change maneuver is initiated.
Based on this metric the proposed AES systems are compared to a baseline system
which assumes constant friction values. The baseline system is introduced in Section
2.3.

5.2.1 Friction profiles

The friction values vary in discrete steps of 0.1 from µ = 0.1 to µ = 1. Three profiles
are evaluated as shown in Figure 5.3, a constant low friction case and two laterally
varying profiles with different friction on the left and right lane. Profile 1 simulates
snowy conditions with a constant value of µ = 0.3. Profile 2 and 3 simulate the
change from a dry asphalt lane with µ = 0.8 onto an icy lane with µ = 0.2 and the
other way around. Grid size ∆s of the friction grid is set to ∆s = 1m.
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Figure 5.3: The evaluated AES friction profiles: (1) Low friction / snow, (2), (3)
Different friction on left and right lane

5.2.2 Test scenario

The test case is a rear end collision scenario shown in Figure 5.4 with a stationary
threat vehicle in distance L in from of the ego vehicle. The goal is to determine the
last point at which an emergency lane change can be performed and execute the lane
change before a collision occurs. The test track is a straight road with two lanes
without any other obstacles. The initial distance is L = 300m for the scenario with
ego vehicle velocity of vE = 30m

s
and L = 200m for the scenario with ego vehicle

velocity of vE = 15m
s
.
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vE

Start

Ego
Vehicle

Threat
Vehicle

L

Figure 5.4: AES scenario setup with ego vehicle starting in distance L behind
threat vehicle

5.2.3 Results of MPC based AES
The MPC vehicle model is based on the Volvo XC90 with parameters presented in
Table 5.1. Further parameters used for the MPC vehicle model and optimization
are listed in Table 5.4.

Parameter name Symbol Value Unit
Ego vehicle chassis width wE 2.14 m
Ego vehicle chassis width wT 1.82 m
Front tire cornering stiffness Cα,f 45087 N/rad
Rear tire cornering stiffness Cα,r 44554 N/rad
Cost on lateral deviation to reference s̃y Q 108

Cost on steering input R 10
Cost on steering rate Rd 1010

Cost on slack variable ε E 1010

Prediction Horizon N 30
System constraint maximum steering angle δmax 0.5 rad
System constraint minimum steering angle δmin -0.5 rad
System constraint maximum steering rate δ̇max 0.1 rad
System constraint minimum steering rate δ̇min -0.1 rad
System constraint maximum lateral acceleration amaxy 7 m

s2

Safety distance in lateral direction sy,safety 0.2 m
Safety distance in longitudinal direction sx,safety 1 m

Table 5.4: MPC vehicle model and optimization parameters

We observe that for perfect measurements the MPC is able to prevent collisions in all
cases and provide trajectories which make use of the dynamic friction information.
Table 5.5 gives the achieved results for the MPC and the baseline system introduced
in Section 2.3. The metric is the distance to the threat vehicle at which a lane change
is initiated. A lane change initiation is assumed when the MPC applies a positive
steering angle δ >= 5e−3. This way smaller lane keeping control actions shall be
allowed without assuming the initiation of a lane change. It can be seen that the
MPC determines varying points at which a lane change shall be initiated depending
on the velocity and the friction profile, while the baseline systems give the same
result independent of the friction. This leads for assumed constant dry concrete to
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collisions in all test cases as the varying and low friction patches are not taken into
account. This leads to a loss of control in the lane change maneuver and eventually
to a collision with the threat vehicle or to sliding off the road. Assuming icy road
conditions the baseline system behaves more conservatively and is able to prevent
collisions in all cases, initiates the lane change earlier than necessary though. It can
be seen that the MPC initiates the lane change later in all test cases and is still able
to avoid collisions. This implies that the MPC is making better use of the available
road friction.

Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
MPC [m] 26.55 48.37 26.37 48.31 29.55 57.41
Ass. dry [m] 19.00 34.36 19.00 34.36 19.00 34.36
Ass. ice [m] 38.54 73.97 38.54 73.97 38.54 73.97

Table 5.5: Initiation of lane change relative to threat vehicle in meters for different
friction profiles for the proposed MPC in comparison to assuming constant dry and
icy road conditions. Collisions are indicated by bold, red numbers.

Figure 5.5 shows the resulting ego vehicle trajectories of the proposed MPC system
for Friction Profile 1 (constant low friction) with ego vehicle velocity of 15m

s
and

30m
s
. Clearly the obstacle is avoided and a smooth lane change is generated by the

MPC regulator. It has to be noted that for Friction Profile 2 and 3 the MPC is
not able to fulfill all given constraints at all times. These friction profiles impose a
change in friction from the right to the left lane (see Figure 5.3).
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Figure 5.5: Friction profile 1, velocity 15m
s

and velocity 30m
s

with perfect mea-
surements

The abrupt changes in constraints based on the friction profiles pose a challenge for
the solver and lead to violations of the constraint set on the steering angle visualized
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in Figure 4.3 at some time instances. This constraint is supposed to force the steering
angle to δ ≥ 0 in the initiation of the lane change. The result is a trajectory which
has a negative steering angle before the actual lane change is started. As shown in
Figure 5.6 this is especially an issue for Friction Profile 2 where the change from a
high to a low friction lane shows to be a challenge for the MPC system. It shall be
noted though that even though the trajectory for Friction Profile 2 with velocity 30m

s

violates the lateral constraint a collision is not occurring due to the safety distances
that were added.
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Figure 5.6: MPC trajectories for emergency lane change on friction profile 2 and
3 with perfect measurements

When noise is added to the measurements, similarly to the AEB function the 3σ
lower bound of the distribution is calculated for each grid cell and handed over
to the function. This shall lead to a rather conservative behaviour which ensures
overestimation of the available friction is unlikely. Figure 5.7 shows the resulting
trajectories for Friction Profile 1 (constant low friction) under the influence of noisy
measurements for 20 simulation runs. It can be seen that rapid changes in road
friction can be challenging for the MPC optimization. With added noise on friction
values the constraints on the lateral forces at the tires are changing in each prediction
step. This discontinuity causes problems to the solver and leads to convergence to
infeasible points and therefore violations of the set constraints. Clearly the noise
shows to have a big impact on the initiation of the lane change as well as the
smoothness of the trajectory. While all collisions with the threat vehicle can be
prevented for velocity 15m

s
, in multiple simulations the vehicle was not able to

return back to a stable trajectory on the left lane and slid off the road. For the
higher velocity case with 30m

s
the trajectories showed more stability in terms of

returning to the center of the lane, though two test runs resulted in collisions with
the threat vehicle.
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Figure 5.7: MPC trajectories for emergency lane change on friction profile 1 with
noisy measurements including failed lane changes.

Simulations with noisy measurements for Friction Profile 2 and 3 show similar re-
sults with unstable trajectories. The full list of results can be seen in Table 5.6. On
Friction Profile 2 the system already showed weaknesses for perfect measurements
and was not able to give feasible results fulfilling all constraints. With noisy mea-
surements collisions can only be prevented in few cases and the MPC has problems
solving the objective function to a feasible solution.

Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
Mean [m] 41.25 79.24 40.70 84.82 38.40 75.25
Variance [m2] 2.24 28.44 27.82 24.14 0.92 18.44
Crashes 30% 10% 0% 80% 0% 10%

Table 5.6: Initiation of lane change relative to threat vehicle in meters for noisy
friction. Crashes as percentage of simulation runs for which a collision occurred or
the vehicle left the road due to loss of control.

5.2.4 Results of Path Planning based AES

The vehicle parameters used for simulation are found in Table 5.1. The lateral and
longitudinal safety margins around the threat vehicles was selected to be equal to
the safety parameters used in the MPC implementation to ensure the test settings
are uniform across both platforms. Therefore, the lateral safety constraints used
in the MPC was transformed to polygons around the threat vehicles as shown in
Figure 5.8.
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x = 1m

y = 1.27m

Figure 5.8: Lateral and longitudinal safety distances at threat vehicle for lane
change using curve-based path planning.

The results obtained using a curve-based path planning approach considering friction
information is shown in Table 5.7. The metric used to evaluate the developed
algorithm is the distance between the ego vehicle and threat vehicle at which the
lane change is initiated by the algorithm. Figures 5.9 and 5.10 shows the generated
trajectory for Friction Profile 1 - 3, for two initial velocities of the ego vehicle of 15m

s

and 30m
s
.

-50050100

Distance to Threat [m]

-3

-2

-1

0

1

2

3

L
a

te
ra

l 
P

o
s
it
io

n
  

[m
]

Velocity 15 m/s

Velocity 30 m/s

Lateral Constraint

Figure 5.9: Friction profile 1, velocity 15m
s

and velocity 30m
s

with perfect mea-
surements

We observe that for perfect measurements the emergency path planning algorithm is
able to prevent a collision in all the test cases. The resulting trajectories generated
from the clothoids are smooth and have curvature constraints incorporated in them
that accounts for the varying friction profiles. Comparing the trajectories generated
for Friction Profile 2 and 3, it can be seen that for Profile 2 the algorithm delays the
lane change manoeuvre to make use of the high friction in right lane. In contrast,
for Profile 3, since the friction is low the in the right lane, path planning algorithm
initiates the lane change early. The tracking performance of the lateral controller
implemented to follow the generated trajectory is illustrated in Figure 5.11.
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Figure 5.10: Path planning trajectories for emergency lane change on Friction
Profile 2 and 3 with perfect measurements

Figure 5.11: Lateral Controller Tracking for Friction Profile 2, velocity 30m
s
with

perfect measurements

It shows that the vehicle is able to closely track resulting trajectories generated
using Bi-elementary clothoids. The resulting curvature profile of the generated tra-
jectories ensures that the lateral forces acting on the tires of the vehicle do not lead
to a tire saturation during the lane change manoeuvre. The algorithm was bench-
marked against the path generation technique as described in Section 2.3 for two
constant friction profiles, dry concrete and icy roads. The results obtained from
the benchmark algorithm are explained in Section 5.2.3. Evaluation of path plan-
ning algorithm against the benchmarked algorithm showed similar results as the
MPC, that the path planning algorithm was more efficient and managed to prevent
collisions in all test cases.
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Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
Path Planning [m] 31.15 62.09 25.45 52.25 35.41 71.41
Ass. dry [m] 19.00 34.36 19.00 34.36 19.00 34.36
Ass. ice [m] 38.54 73.97 38.54 73.97 38.54 73.97

Table 5.7: Initiation of lane change relative to threat vehicle in meters for different
friction profiles for the proposed Path Planning approach in comparison to assuming
constant dry and icy road conditions. Collisions are indicated by bold, red numbers.

Also when considering noisy measurements of predicted friction information the
path planning algorithm manages to avoid a collision in all the test scenarios. It
shows though to be very conservative in its estimation of the last point to start a
lane change to avoid overestimation of the available road friction. Figure 5.12 shows
the generated trajectories for 20 simulation test runs with noisy measurements for
Friction Profile 2. The resulting trajectories are smooth and consistent.

(a) Emergency lane change on Friction
profile 2, v = 30m

s

(b) Emergency lane change on Friction
profile 2, , v = 15m

s

Figure 5.12: Path planning trajectories for emergency lane change on Friction
Profile 2 and 3 with noisy measurements

As it can be seen the algorithm converges to few trajectories, which results in a
low variance in the lane change initiation. This is mainly due to the designed
framework of the path planning algorithm and the selection of friction values for
noisy measurements as explained earlier in Section 4.3.3.5. This is also the reason
for the conservative behaviour of the algorithm which leads to early deployment of
the maneuver but enables collision avoidance in all cases. The full list of simulation
results for Friction Profiles 1 to 3 are shown in Table 5.8.
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Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
Mean [m] 49.5 89.2 41.3 86.55 49.55 89.13
Variance [m2] 0 0 11.5 5.6 0 0
Collisions 0% 0% 0% 0% 0% 0%

Table 5.8: Initiation of lane change relative to threat vehicle in meters for noisy
friction. Percentage of simulation runs for which a collision occurred or the vehicle
left the road due to loss of control.

5.2.5 Comparison of MPC and Path Planning based Results
The proposed AES systems based on MPC and path planning approaches showed
promising results in generating and tracking lane change trajectories to prevent
collisions under dynamic friction conditions. Table 5.9 shows a compilation of the
results achieved by MPC and Path Planner concerning the distance to the threat
vehicle at which a lane change was initiated for perfect measurements. For most
cases the MPC delivers a better result and is able to initiate the lane change later
while still preventing a collision. This is mainly due to the framework of the MPC
which performs optimization at each time step while the path planning algorithm on
the other hand hits the maximum permissible curvature at just one point in space
for each lanes. Friction Profile 2 proved to be a challenge for the MPC optimization
which results in an unnecessarily early deployment and better results for the path
planner.

Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
MPC [m] 26.55 48.37 26.37 48.31 29.55 57.41
Path Planning [m] 31.15 62.09 25.45 52.25 35.41 71.41

Table 5.9: Comparison of test results for the proposed MPC and Path Planning
based AES solutions. Best value per test case in green.

When noise is added to the measurements the MPC is in many cases unable to find
feasible solutions which are not violating the constraints. This prevents successful
collision avoidance in many cases. Table 5.10 shows the percentage of prevented
collisions for the 20 simulation runs in each test case. Clearly the path planner
is more robust against the added noise and keeps providing smooth lane change
trajectories.

Friction Profile 1 2 3
Velocity [m/s] 15 30 15 30 15 30
MPC [m] 70% 90% 100% 20% 100% 90%
Path Planning [m] 100% 100% 100% 100% 100% 100%

Table 5.10: Comparison of prevented collisions for test cases with added noise on
measurements as percentage of run simulations.
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6
Conclusion

In this thesis, two collision avoidance applications have been developed which uti-
lize dynamic road friction information. Firstly an AEB system was proposed which
makes predictions on the last possible point of braking based on an optimization
problem. A simplified vehicle model has been developed which enables fast on-
line computation and is used in the bisection method based optimization approach.
Based on different experimental friction profiles it was shown that the proposed
AEB algorithm is able to prevent collisions by braking for many dynamic friction
profiles while also reducing the risk of false-positive interventions.

Secondly, two approaches for an AES system taking dynamic road friction into
account have been developed. One approach is based on model predictive control
and sets constraints on the vehicle dynamics based on the given friction profile. The
second approach generates a trajectory with a maximum curvature defined by the
given friction ahead of the vehicle. It is demonstrated that both approaches are able
to prevent crashes in dynamic friction environments. While the MPC gives opti-
mal results for perfect friction measurements it was shown that noisy measurements
induce infeasibilities and lead to collisions in several cases. The path planning ap-
proach was shown to be more conservative but able to provide smooth and feasible
trajectories in all test cases.
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