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Schrodinger bridges for Bayesian filtering

Enabling cost-effective particle filtering in nonlinear state space models
ELLEN CARLSSON, JOAKIM COLPIER

Department of Mathematical Sciences

Chalmers University of Technology

Abstract

While particle filters are able to approximate the filtering distribution in nonlinear
and non-Gaussian scenarios, they suffer from an inherent flaw known as weight
degeneracy. This leads to rough state estimates and wasted computational resources.
This thesis seeks to mitigate weight degeneracy in particle filters by formulating the
proposal as an optimal transport problem — the Schrodinger bridge. Theoretically,
this allows for exact sampling from the target distribution, entirely bypassing the
traditional weight update. Because the exact numerical solution to the Schrodinger
bridge is computationally heavy, we approximate the optimal transport dynamics
as a neural network using amortized learning. Our results demonstrate that using
the exact Schrodinger bridge proposal completely eliminates the weight degeneracy,
although the computations are slow and scale poorly. We also find that the neural
networks currently follow the dynamic processes too poorly to bypass the weight
updates entirely. However, when used as a proposal distribution to a marginal
particle filter, the network provides a viable state estimation. In fact, it competes
or bests commonly used filtering methods such as the bootstrap particle filter and
the unscented Kalman filter in the nonlinear case, both with respect to the mean
squared error to the true position and weight variance. These findings indicate the
potential of using approximate Schrodinger bridges in particle filters. With further
refinement to the network training, this integration has the potential to give rise to
a highly efficient particle filter, free from weight degeneracy.

Keywords: Amortized learning, Marginal particle filter, Optimal transport, Particle
filter, Schrodinger bridge, Sinkhorn, State estimation, Weight degeneration.
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

AMPF Auxiliary marginal particle filter
APF Auxiliary particle filter

DSS Discrete state Schrodinger proposal
ESS Effective sample size

LO Locally optimal proposal

MLP Multilayer perceptron

MPF Marginal particle filter

NF Normalizing flow

PF Regular particle filter

RNN Recurrent neural network

SBP Schrodinger bridge problem
UKF Unscented Kalman filter
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Dxr([])
Pt

(po, p1)
PF(B)

Uniform distribution of domain D

Normal distribution with mean p and covariance X
Proposal function

One-vector

Indicator function

Diagonalization of vector

Kullback-Leibler divergence

Marginal at time ¢

Set of all couplings of marginals py and p;

Regular particle filter with bootstrap proposal

X1
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1

Introduction

The ability to track the state of a moving object over time given the data from
physical sensors (such as radar, lidar or cameras), is a fundamental challenge across
disciplines ranging from signal processing and autonomous navigation to computer
vision. The fact that real-world sensors are rarely perfect and often miss data has
given rise to methods that estimate an object’s true state from a set of noisy and
incomplete observations. The goal of such methods is to produce a final estimate
that is more accurate than the underlying measurements themselves.

A common way of modeling the system is as a state space model. In such a model,
the true state x; evolves from its previous true state x;_; without any influence
from earlier states. Furthermore, the sensor observation y; is assumed to only
depend on the true state at that time x;. Finding the probability distribution
of the true state at a given time based on the observations up to that point is called
the filtering problem, and the sought distribution p(x;|y1.;) is analogously named
the filtering distribution. Formulating the problem in these terms transforms the
tracking challenge into a statistical one, allowing us to mathematically infer the
object’s true trajectory.

Assuming that the problem is linear-Gaussian, the problem can be solved analyti-
cally using the Kalman filter. However, many real-world applications aren’t linear-
Gaussian. In these settings, the dynamics or distributions must be approximated
in order to apply Kalman filtering methods, leading to biased, non-optimal esti-
mates.

Another approach to overcome the limitations of these linearized Kalman approaches
is to make use of particle filtering. This method approximates the filtering distribu-
tion not by linearizing the setting or approximating the distribution by a Gaussian,
but rather by approximating it with a set of weighted particles. These are inde-
pendently propagated using a simpler proposal distribution, and then reweighted to
account for the mismatch between the proposal and the true filtering distribution.
The advantage is that such methods can be used even when the true filtering distri-
bution cannot be sampled from (by judiciously choosing the proposal distribution),
and it can be used in the nonlinear case. Furthermore, particle filters asymptotically
converge to the exact filtering distribution as the number of particles goes to infin-
ity. However, the disadvantage is that their weights tend to become concentrated
on just a handful of particles after a few iterations, leading to increasingly rougher
approximations of the probability distribution. This is called weight degeneracy.
While the use of enough particles can prevent the approximation from becoming
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too coarse, it scales poorly in dimension as progressively more particles are needed.
The choice of proposal distribution can affect the severity of the weight degeneracy,
however.

In this thesis, we study the Schrodinger bridge as a new approach to particle propaga-
tion. Originating from statistical mechanics, the Schrodinger bridge finds the math-
ematically most probable trajectory between two probability distributions, given a
reference stochastic process. By framing the particle filter’s sequential updates as
an optimal transport problem, we develop the Schrodinger bridge into a proposal
distribution. The theoretical gain is significant: if the particles accurately represent
the filtering distribution at time ¢, the Schrodinger bridge provides an exact trans-
port path to the filtering distribution at time ¢ 4+ 1. If the transport is sufficiently
accurate, the propagated particles can potentially be used directly as a represen-
tation of the new filtering distribution. The particles would be moved to precisely
where they need to be, and the particle filter weight update step could then be
bypassed entirely.

Calculating the exact Schrodinger bridge during live tracking requires repeatedly
solving a complex optimal transport problem. Since the solution process is too com-
putationally expensive for real-time application, we look at amortized optimization
methods for a cheaper, approximate solution. These use machine learning to predict
the solutions to equations by exploiting the shared structure between similar prob-
lem instances. Rather than solving the optimal transport equations from scratch
at every time step, we train a neural network offline to map current particle states
directly to the target filtering distribution.

However, as the Schrodinger computations depend on multiple approximations, no-
tably from neural networks, the resulting transport may lose its theoretical per-
fection. If the approximation error is too large for the propagated particles to be
used directly as the final distribution, they instead serve as an accurate proposal
distribution within a particle filter. Because the approximate Schrodinger bridge
prediction is assumed to be close to the true target, the weight corrections should
be small, and the weight degeneracy therefore minimal.

While a Schrodinger bridge proposal shows potential, standard particle filters suffer
from a second, separate source of weight degeneracy: rather than approximating the
filtering distribution, they approximate the full trajectory distribution p(xi.|yi.)-
Because the trajectory space continuously increases in dimensionality, it causes the
particle weights to decay over time. Furthermore, the Schrodinger bridge cannot
bridge between full trajectory distributions in a filtering problem, as that would
require modifying previous states. Since this is a problem with the structure of the
particle filter, no proposal distribution can resolve it. Therefore we consider the
marginal particle filters, which marginalize out trajectory history, approximating
the sought filtering distribution.

Ultimately, the goal of this thesis is to merge particle filters, optimal transport
and machine learning to create an accurate and computationally efficient filtering
algorithm applicable in nonlinear situations. First, we investigate the integration of
the Schrodinger bridge into a tracking framework, both by itself, and as a proposal
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for a particle filter. Second, we aim to ensure these theoretical calculations are
computationally efficient by applying neural networks to approximate the bridge.
Finally, we integrate these machine-learning models within a marginal particle filter
approximation, with the aim of yielding a tractable tracking filter that exhibits little
to no weight degeneracy.

1.1 Outline

This thesis is structured as follows. Chapter 2 introduces relevant theory about
Bayesian filtering, including the problem modeling and particle filters. The Schrodinger
bridge problem is defined in Chapter 3, detailing the problem and some ways to solve
it, culminating in an integration as a proposal into a particle filter. The practical
problems relating to the Schrodinger bridge as a proposal, including the implemen-
tation and choice of neural networks used, are described in Chapter 4. The models
used to test the Schrodinger proposals are then outlined in Chapter 5. These are
then used in Chapter 6 to test the hypotheses that were presented in the thesis.
Finally, a discussion of the results is held in Chapter 7. We also discuss possible
future research areas.
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Bayesian filtering

Estimating the true state of an object over time requires dealing with uncertain
dynamics and noisy measurements, hence requiring a statistical approach. This
chapter provides the mathematical framework to this approach in the context of ob-
taining data sequentially. Note that the theory holds for any type of state estimation,
although we are only interesting in tracking a moving object in this thesis.

We start by formulating the filtering problem in Section 2.1, a mathematical de-
scription of the tracking problem. We then present the Kalman filter in Section 2.2,
which is an exact analytical solution for idealized linear-Gaussian scenarios. Sec-
tion 2.3 takes a look at the unscented Kalman filter for nonlinear dynamics, which
works by linearly approximating parts of the problem to accommodate for the use
of the Kalman filter. Section 2.4 then details the particle filtering method and the
effect of different proposal functions, which don’t make use of any linearizations,
but rather approximate the filtering distribution by discretizing it. Lastly, two al-
ternative particle filter methods are covered in Section 2.5.

2.1 Filtering problem

The filtering problem concerns the estimation of a dynamic system’s true state
based on a sequence of sensor measurements. We formulate the problem as a state
space model, described by a sequence of latent states (x;);>o and corresponding
observations (y;)s>o-

xo ~ v, v distribution in R?
i, x¢ € R?

x; = f(xe1) + @

yie = h(xy) + 14

(2.1)

The state space model used in this thesis is formulated by (2.1). Here, f : R? — R¢
acts as the prior on the movement (system dynamics), and h : R — R? is the
measurement function. We assume that both are known. The random variables ¢
and r; denote i.i.d. process and observation noise respectively.

Figure 2.1 visualizes the model (2.1). It demonstrates how each state relies solely on
the previous state, and how each observation depends only on the current state.
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Figure 2.1: Schematic illustration of a state space model chain.

The ultimate goal of filtering is to compute the filtering distribution p(x|yi.). To
evaluate this distribution from scratch at time ¢, one needs to first calculate the full
joint posterior distribution over all states and observations up to ¢. This is given by
Bayes’ rule as

P(y1:e[Xo:) p(Xo:)

(Y1) '
Estimating the entire historical trajectory simultaneously is a distinct task known
as the smoothing problem, and the joint probability p(xo.|y1.) is referred to as the
trajectory distribution.

p(XO:t ’}’1:15) =

To isolate the current state and solve the filtering problem, we must marginalize out
every previous hidden state xg, ..., x;_1, yielding the distribution

p(Xt|Y1:t) = /---/p<X0:t|y1:t)dXO---dthl-

However, evaluating the posterior in this manner requires a full recalculation with
every new observation. In a dynamic tracking problem where an estimate is re-
quired after each measurement, this is a significant disadvantage. Moreover, the
dimensionality of the posterior calculations grows with each measurement, increas-
ing the computational complexity and eventually making it intractable.

To avoid the computational burden of calculating the full posterior at each time
step, we instead solve the filtering problem sequentially [14]. By using the Markov
properties of the state space model above, the filtering distribution can be computed
recursively. This is done in two distinct phases: the prediction step, and the update
step.

Prediction step. Assuming the filtering distribution at the previous time step
p(Xi—1|y14-1) is known, we calculate the predicted state at time t given our prior
knowledge of the dynamics.

p(Xt|YI:t71) = /p(xt|xt71aY1:t71)p(xt71‘YI:t71)dxtfl ( )
2.2

= /p(Xt|Xt—1)p(Xt—1|Y1:t—1)dxt—l

The last equality holds due to the Markov property, which tells us that the current
state depends only on the previous state.

6



2. Bayesian filtering

Update step. When a new measurement y, becomes available we correct our
prediction to obtain the filtering distribution.

p(Xu Yy |Y1:t71)
p(ytb’l:tfl)
_ p(yelxe, yi—1) p(Xe|y1:-1) (2.3)
p<yt‘y1:t71)
P(ye|xe) p(Xe|y16-1)

B fp(Yt|Xt)P(Xt|Y1:t—1) dx;

p(Xt|y1:t) = p(th’taYLt—l) =

Using this recursive method, the calculations of the filtering distribution only depend
on the filtering distribution from the previous step p(x;_i1|yi;—1), the transition
model p(x;|x;_1), and the measurement model p(y,;|x;), which we all assume to be
known. In particular, this formulation ensures that the computational complexity
remains constant over time.

2.2 Kalman filter

In Section 2.1, we established that the filtering distribution can be computed se-
quentially. In practice, the integrals required in the prediction and update steps
are often intractable. Because general nonlinear or non-Gaussian models usually
lack closed-form analytical solutions, these integrals cannot be evaluated exactly.
However, for the special case of linear-Gaussian dynamical systems and measure-
ment functions, the update and prediction steps can be evaluated analytically. The
resulting algorithm is known as the Kalman filter. It is constructed to minimize
the mean squared error to the true state, and it gives us the exact solution to the
filtering distribution [9].

Let the general state space model be restricted to the linear-Gaussian case, as fol-
lows.

X0 NN(M0720)
X1 = Axe +q, @~ N(0,Q)
yi = Hx; +71, 1~ N(0,R)

Here A and H describe the system dynamics and observation model respectively. )
and R are covariance matrices of the process and observation noise, while py and
Yo define the initial state distribution.

Because Gaussian distributions are closed under linear transformation, the filtering
distribution is Gaussian for all ¢. It is therefore fully described by its mean p; and
covariance ;. The moments are given by the analytical solutions to (2.2) and (2.3)
given below.
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Prediction step. Given a posterior estimate at time ¢ — 1 the predicted state and
covariance are

Heje—1 = Ap—1

Yife—1 = AY, AT + Q.

Update step. After observing y,; the predicted estimate is corrected according
to

v =yt — Hiptgp1

Sy=HY, . H +R

K, = Et|t—1HTS;1

pe = peje—1 + Koy

Y= Sy — KiSiK,
As the Kalman filter is not the central focus of this project, we omit a full derivation

and discussion of the algorithm. The interested reader is instead recommended [9]
by Masnadi-Shirazi et al. for a full derivation and tutorial on Kalman filters.

While the Kalman filter is theoretically optimal and computationally efficient, it
is limited by the assumption of linear-Gaussian models. In real-world scenarios,
with highly nonlinear models or skewed noise distributions, the analytical approach
fails.

2.3 Unscented Kalman filter

There are several methods that aim to adjust the Kalman filter for nonlinear systems.
Consider a system

X1 = f(xe) +qe, @ ~N(0,Q)
yvi=h(x) +r, re~N(0,R)

where f,h are nonlinear functions. A popular variation to the Kalman filter, de-
signed to handle such systems, is the unscented Kalman filter (UKF). It is named
after the unscented transform that it makes use of.

2.3.1 Unscented transform

In order to describe the unscented transform, we first need to define sigma points
and how to obtain them from a Gaussian distribution.

Definition 2.1 (Sigma points). A set of n points s;, which contains the statistics
of a given distribution, is called a set of sigma points for that distribution. For a
Gaussian distribution N (u,X), sigma points must satisfy

H= :LZSz
S S s s )

n—1 -
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The minimum amount of sigma points s; needed to define a d-dimensional dis-
tribution A (p,X) is d + 1. However, calculating this minimal set often requires
computationally costly matrix operations, such as matrix inversion. Instead, it is
standard practice to compute a slightly larger symmetric set of 2d + 1 points using
the Cholesky decomposition, which is computationally cheaper.

Proposition 2.1 (Computing sigma points). Let X ~ N (i, X)) be a d—dimensional
random variable. A symmetric set of 2d + 1 sigma points, defined as

So = M

si=p+/d3.,;, Vie{l, .. d}

s;=p—/d3.;, Yie{d+1,..,2d},

exactly captures the true mean p and true covariance Y of the distribution, where
V'Y is the matriz square root, i.e. finding the Cholesky decomposition LLT = 3.

The unscented transform of a Gaussian distribution N (i, ) with respect to a non-
linear function g works by finding a set of sigma points for that Gaussian and prop-
agating each point through g. The resulting points uniquely define a new Gaussian
distribution A(7,3) given by

= Y ls)

= LS (glss) = ) (glss) — )

n—1%

A

N (fi, X)) now constitutes a Gaussian approximation of the distribution g(N (u, X)).
See Figure 2.2 for an illustration of the method.

Original Gaussian Propagated g(x) =x2 — true density vs UT Gaussian

UT Gaussian contour
¥¢  Sigma pts (propagated)

Gaussian contour
¥ Sigma points

+  Mean + UT mean

0.025

0.020

o
o
=1
o
PDF (KDE)

0.010

0.005

0.000

Figure 2.2: Comparison of an exact and unscented transformation by a nonlinear
function g(x,y) = (2%, 4?) (right) of an initial Gaussian distribution (left).

2.3.2 Update and prediction

The prediction and update steps of the UKF are as follows. Note the similarities to
their counterparts in the regular Kalman filter.
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Prediction step. Given a posterior estimate N (i, ) at time ¢ — 1, the predicted
state g~y and covariance Y,_; are obtained by performing an unscented trans-
form with respect to f, that is finding the sigma points s; of the distribution and
calculating

Hijt—1 = le Z f(si)
Sger = 1 () — ) (F50) — o)+ Q.

%

Update step. After observing y;, we calculate new sigma points z; using the
predicted state and covariance. The updated estimate g, >y is calculating

z= iZh(zl)
Si= = S (h(z) — 2)(h(z) ) + R
Cur = —= U (50) = 1) (=) = )

Kt - CSZSt_l
e = poae—1 + Ki(ye — 2)
Et\t = Zt|t—1 - KtSthT-

Since the UKF, much like the Kalman filter, is not a central part of this project, we
omit a full derivation and discussion of the algorithm. For more information on the
subject, the interested reader is recommended [7] by Julier and Uhlmann.

The UKF has gained popularity in finding approximate filtering distributions in
nonlinear contexts due to its low computational cost and relatively high accuracy.
However, approximating the filtering distribution by a Gaussian distribution leads
to potential loss of information, such as modes. To account for these problems,
one must find other ways to more precisely approximate the integrals in general
nonlinear non-Gaussian systems.

2.4 Particle filters

In order to address the limitations of the Kalman filters, we instead turn to particle
filters. Rather than attempting to compute the exact filtering distribution p(x;|y1.)
analytically, particle filters approximate the posterior using a set of weighted samples
called particles, see Figure 2.3. Unlike the UKF, they can more accurately represent
non-Gaussian distributions, since the particle cloud is not constrained to follow any
specific parametric shape.

10
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True Distribution Approximate Distribution

Figure 2.3: The true distribution (left) is approximated by sampling points from a
grid and weighting the particles (right). Weights are shown by scaling the particles.

We begin by defining the mathematical background behind the particle filter al-
gorithm in Section 2.4.1. Following this, we discuss weight degeneracy in particle
filters in Section 2.4.2. Finally, Section 2.4.3 discusses different proposals used to
combat weight degeneracy.

2.4.1 Particle filter algorithm

To represent the posterior as a particle cloud at each time step, the particle filter
performs two main operations: it draws sample points (particle states) from the
state space, and it assigns each particle an appropriate weights proportional to
the true posterior at the sampled points. If we could sample directly from the
filtering distribution, the sampled particles would represent the posterior using equal
weights.

However, as the true filtering distribution relies on intractable integrals, we can-
not sample the exact probability density in the general nonlinear case. To bypass
this problem, particle filters employ a Monte Carlo technique known as importance
sampling.

Theorem 2.1 (Importance sampling, taken from [11]). Let p(x) be a target proba-
bility density from which we cannot sample, but which is proportional to a density
m(x) that we can evaluate. Furthermore, let q(x) be a proposal density from which
we sample {x'}Y . Let us assume that the support of the proposal covers the support
of the target, meaning q(x) > 0 wherever p(zx) > 0.

We construct an empirical probability measure py(x) defined as

where 0(-) is the Dirac delta function, the unnormalized importance weights are
defined as

11
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and w' = Z“’—;ﬂ are the corresponding normalized weights.

Then, as the number of samples N — 0o, the empirical measure py converges weakly
to the true target distribution p(z).

Theorem 2.1 allows us to overcome the inability to sample the true posterior by
instead sampling from a simpler proposal distribution g and weighting the parti-
cles.

To apply this principle to our tracking problem, we note that we are ultimately inter-
ested in the filtering distribution p(x;|yi.). However, as discussed, the marginaliza-
tion over the previous states in the prediction step (2.2) is not always tractable.
Particle filters work by instead estimating the full joint trajectory distribution
p(Xo:¢|y1:), thus avoiding the intractable marginalization integrals.

Note that the conditional trajectory distribution is proportional to the joint distri-
bution

p(XO:t7 yl:t)
p(y1s)

which we can evaluate, but not sample from. By introducing a proposal distribution
q(X0:t|y1.¢+) from which we can sample, we can use importance sampling by introduc-
ing non-normalized weights to approximate the distribution p(xo.|y1.:) as

t
P(X0:|y1:) = o p(Xo:t, Y1) = p(x0) [ p(yelxn) p(xu|xi-1) ,
k=1

p(X0:t7 Y1:t) ] (24)
Q(XO:t|y1:t)
While (2.4) defines the weights for the full trajectory, recalculating this entire frac-

tion from scratch at every time step is ineffective. As explained in Section 2.1,
dynamic tracking benefits from a recursive solution.

w(Xl:t) =

To achieve a recursive filter, we must choose a proposal ¢(-) such that it factorizes
sequentially

q(Xo:t|y1:t) = q@(Xou—1|y1:0—1) ¢(Xe|ye, Xe—1) - (2.5)
This factorization forms the basis of the filter. Instead of generating a new trajectory
from scratch at each step, we keep the existing trajectory x¢.;, 1 and append a new
proposed state by sampling from q(x;|ys, X;—1)-

Since the joint distribution in the numerator of (2.4) can be factorized sequen-
tially
p(Xo:t; Y1) = P(yelxe) p(Xe|Xe-1) P(X0:t-1, Y1:6-1),
the weight update can now be written as
o P (%)
e = @) ) W=t
Q(Xt ‘Ytaxtfl)
To resolve the missing proportionality constant, the non-normalized weights evalu-
ated in (2.6) are then normalized such that they sum to one.
, ~ (1)
w? = (2.7)

N =)
j=1 Wt

(2.6)

12



2. Bayesian filtering

The algorithm for this sequential importance sampling is summarized in Algorithm 1
below, using T as the final time step. Note that Algorithm 1 can be used for any
proposal q(x¢|y:, x;—1) which satisfies (2.5). For finite N, however, our choice of
proposal will affect the algorithm’s performance. Note further that particle filters
generally contain resampling, which is covered in Section 2.4.2. For the complete
particle filter algorithm, see Algorithm 2.

Algorithm 1 Sequential importance sampling

1: N <+#fparticles

2: x((f) ~vifori=1,...,N

3w « < fori=1,..,N

4: fort=1,...,T do

5: L Sample xﬁi) ~ q(xgj)‘yt,xﬁ)o, 1=1,....N
6

Update @." as (2.6) and normalize as (2.7)

In practice, this means that we propose new states for the particles using the proposal
distribution ¢ for each new measurement, and then weight these particles to correct
for the discrepancy with the true target distribution. An illustration is shown in
Figure 2.4. While the theoretical derivation uses the full trajectory xy.; to avoid
difficult integrals, our actual goal is the filtering distribution p(x;|y1..). To obtain
this, we discard the historical states x¢.;_; from memory once the new particles and
weights have been computed By keeping only the latest states {Xgi)}i’il and their

normalized weights {wt )}Z 1, we get the final approximation

Xt|y1t Zwt Xt —th))-

The particle filter algorithm complexity depends on the proposal ¢ and the amount of
particles N. For the proposals defined in Section 2.4.3, the complexity is O(N).

True Distribution Proposal Distribution Reweighted Proposal

4.0 4.0 40
Py -
sigp - e
=01 v
10

T T T T T 10 T T T T T 10 T T T T T
-0.5 0.0 0.5 10 15 2.0 2.5 -0.5 0.0 05 1o 15 2.0 25 —0.5 0.0 0.5 10 15 2.0 2.5

354 35

> . . >

Figure 2.4: The true target distribution (left) is approximated by a simpler normal
distribution (middle). The particles are reweighted and the sizes are scaled based
on the weights (right).
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2.4.2 Weight degeneracy and resampling

A common problem with particle filters is their susceptibility to weight degeneracy,
that is an increase in weight variance over time. As weights are sequentially updated
and normalized, the total weight tends to become concentrated on a small subset of
the particles. One cause is the proposal function, which may place particles poorly
and cause an immediate weight decay. Another cause is the fact that particle filters
calculate the trajectory distribution, rather than the filtering distribution. Since
the entire trajectory is used to calculate the weights, the dimension of the state
space grows linearly with each step. Consequently, while the number of particles N
remains fixed, the size of the trajectory space grows grows exponentially. This makes
it increasingly improbable for a finite sample size to accurately cover the space. As
a result, particles that are placed poorly at any point in history are penalized with
lower weights for the rest of the tracking, independent of their current position.
As the weight concentrates unevenly over time, the number of particles effectively
contributing to the distribution decreases, thereby reducing the accuracy of the
approximation.

An example is illustrated in Figure 2.5 using the prior on the movement as proposal
(also called the bootstrap proposal, see Section 2.4.3), where only a single particle
approximates the entire distribution after a few iterations. The figure tracks the
amount of relevant particles, i.e. those whose weights have never dropped under a
certain threshold.

In an effort to maintain a more numerous ecosystem of particles, while avoiding to
compute the trajectory of irrelevant particles, we perform resampling. Resampling
is commonly performed at fixed intervals or when weight variance exceeds some
threshold. Particles are then sampled based on their weights, and all weights are
subsequently set to uniform. Algorithm 1 is extended with resampling to construct
Algorithm 2, the full particle filter algorithm.

Algorithm 2 The Particle Filter

N <+#fparticles

x ~vfori=1,..,N
w(()i) ¢ xfori=1,.,N
fort=1,....,T do

Sample xf) ~ q(xt’yt,xﬂ)l), 1=1,...N

Update w'” as (2.6) and normalize as (2.7)
Resample according to some criterion

Figure 2.6 shows the trajectory of the particles in the same scenario as Figure 2.5,
given that they are resampled every step. We can see that the filtering distribution
is approximated much better, although we note that resampling more often can lead
to biased results (such as missing a mode in the distribution).

14
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Particle trajectories

—— True trajectory
- High-weight particle
Low-weight particle

0.0 4

=10.0 4

X position

Figure 2.5: Trajectory of 500 particles. Particle weights are shown by varying the
opacity and line width of the particle trajectories.

Particle trajectories

— = True trajectory
—— High-weight particle
Low-weight particle

¥ position

-5.0 -25 0.0 25 5.0 75 100 125
X position

Figure 2.6: Trajectory of 500 particles that are resampled at every step. Particle
weights are shown by varying the opacity and line width of the particle trajectories.

An intuitive parallel to biology is that one can see Algorithm 2 as only allowing the
fittest (highly weighted) particles to reproduce. The problem then becomes that the
more often one resamples, the greater the loss with regards to the particle “gene
pool”. In biology, this may make a species less resilient to changes to its habitat,
and analogously, a loss of particle variety may lead to the loss of accuracy in the
distribution approximation (modes, tails etc.).

15
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2.4.3 Common proposal functions

As noted above, the proposal function can affect the weight distribution between the
particles, and can in fact greatly impact the weight degeneracy. If a proposal blindly
propagates particles, only a few particles land in high-probability regions, causing
extreme weight variance. A well-designed proposal, on the other hand, uses more
of the available information to steer the particle cloud to favorable locations. This
yields evenly distributed weights across the particles, reducing weight degeneracy.
Two proposal functions are described in this section: the bootstrap and the locally
optimal (LO) proposals. Particle filters equipped with these proposals are henceforth
denoted PF(B) and PF(LO) respectively.

Bootstrap Particle Filter

Using the prior on the movement (2.8) as proposal defines the bootstrap proposal.
Because it places virtually no restrictive assumptions on the state space model,
PF(B) can handle nonlinear system dynamics and non-Gaussian noise distribu-
tions.

q(xtle_)l,yt) = p(xt‘x,@l> . (2.8)
The weight update (2.6) thus becomes

 p(ye?) p(x?
R

X1

Because PF(B) proposes particles using only the prior dynamics, it is very suscepti-
ble to weight degeneracy when observations are highly informative (such as systems
with low measurement noise, or high-dimensional observations). Since the prior pro-
posal does not account for the new observation y; before moving the particles, the
risk of moving particles to regions where the likelihood is near zero is substantial.
The ill-placed particles receive low weights, while a few particles near the true state
obtain high weights. One step of PF(B) is shown in Figure 2.7a.

()
)X“) = wiip(yfxt”) .

wt(i) x wt(

Locally Optimal particle Filter

To account for the lack of observations in the proposal (2.8), we instead condition
the proposal on all available observations yi.;, including the next one.

q(xt‘xg?hyt) = p(Xt‘X,EZ, }’1:t) Maékovp(xt‘xgi—)b%) : (2.9)
We define (2.9) the locally optimal proposal.

Proposition 2.2 (Weight variance minimization proposal). The proposal distribu-
tion which, for any given distribution of particles P,_1 at time t, propagates the
particles to the distribution P, with the lowest weight variance is given by (2.9).

Proof. We wish to solve

minVar< ot ) (2.10)
Wt—1
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Denote by x;_; the particles in P,_1, and x; the particle in P;, originating from x; 1,
propagated by q(x;|y:, x;_1). By the law of total variance, we get

Var( W ) :E[Var( W th,ytﬂ —i—Var(E[ W th,ytD. (2.11)
W1 W1 W—1

D)= (I1):=

Note from (2.6) that the weight update between steps ¢t — 1 and ¢ is

_ o B _ oplyilxe) plxlxia) (2.12)

Wi—1 Wi—1 Q(Xt‘Yt,thl)

where C'is a constant independent of x;. Setting (2.12) in (2.11), we get

w p X X X
]E[ i th,Yt] - / Yt| t t| = 1) (Xt|Yt,Xt71)dXt
Wt—1 th’t’Xt 1)

= Cp<yt|xt—1) )

which does not depend on ¢, meaning that (II) does not depend on ¢ either and can
be disregarded in the minimization. Furthermore,
Xi—1, Yt>

w x;) p(x¢|x

Var( ! xt_l,yt> Var(C’p(Yt| (i1
Wy_1 (Xt|YtuXt 1)

is equal to zero if the argument of the variance is constant. Because variances are

non-negative, the smallest value (I) can take is zero. Finally, as

P(yelxe) p(xe|xi-1) o< p(%e|ye, Xi-1)

it means that (2.9) minimizes (2.10), given a fixed value of x; 1 and y;. O

Proposition 2.2 claims that LO is the optimal choice of proposal distribution in terms
of minimized weight variance between each successive time steps. Note however that
this does not minimize the weight variance over the entire trajectory, but rather
greedily chooses each individual step (hence local). The weight update in (2.6) can

be simplified to
0) o o) o)

0w Py (!
w® oc wi® p(xxyy1) “1mwt“%%ww
PYytIX, 2,
2 oy x® »(y x(D (2.13)
= w§21 (pt(yi;gi),gcgit)l)t ) = [Yt|X1:t ~ yi|x: by (2-1)]

= wf_)lp(yt\XQJ .

The primary advantage of LO over bootstrap is the ability to reduce weights degen-
eracy by utilizing the latest measurement to steer particles towards regions of high
likelihood. However, it requires the ability to sample from

p<Xt’X§Q1» Yt)
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and evaluate the integral
p(}’tlxgi—)l) = /p(Yt‘Xt)p(Xt‘Xgi_)1> dxy

for the weight update. As noted by Arulampalam et al. [1], there are only two
cases where these operations have an analytical solution: if the state x; belongs to a
strictly finite, discrete set, then the intractable integral simplifies into a finite sum,
or if the system has linear or nonlinear dynamics but strictly linear measurements
and the process and measurement noises are independent Gaussians. One step of
PF(LO) is shown in Figure 2.7b.

(O Particle (O Particle
¢ Observation #8 Observation
— Trajectory — Trajectory
Prior x x x Prior x x x
—— 1 —0 Q x2
X1
o—————0 O x3 o— ] 851
O———1i——0 O x1 0/ o i X0
O——+—0 ° %0 O/
1: Start 2: Propagation } 3: Reweighting } 4: Resampling 1: Start 2: Propagation i 3: Reweighting: 4: Resampling
Timestep t-1 Timestep t Timestep t Timestep t Timestep ¢-1 Timestep t Timestep ¢ Timestep ¢
(a) PF(B). (b) PF(LO).

Figure 2.7: Schematic showcase of the difference between PF(B) and PF(LO).

2.5 Variations on particle filters

Despite the reduced weight degeneracy from LO, deterioration over time can still be
noticeable. Another way to combat weight degeneracy is by modifying the particle
filter algorithm itself. Two variations on particle filters defined by Pitt & Shephard
[13] and Klaas et al. [8] are the auziliary particle filter (APF) and marginal particle
filter (MPF), that each tackle different sources of the problem. Klaas et al. also
combine both variations into the auziliary marginal particle filter (AMPF). The
notation of a particle filter architecture using a certain proposal is as defined in
Section 2.4.3, only replacing PF with APF, MPF or AMPF.

2.5.1 Auxiliary particle filter

Weight degeneracy may develop as a consequence of unlikely observations. The
APF aims to diminish this by selecting particles to propagate based on how likely
they are to have given rise to the next observation, rather than propagating every
particle unconditionally.

As for the regular particle filter, we aim to find a discrete approximation of the
filtering distribution. As shown below, this takes the form of a sum over the particles
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approximating the filtering distribution in the previous time step.

N . .
p(xely1:e) = p(xe|y:e) oc p(yelxe) Z wgz—)lp(xtlxg—)l)
i=1

(i_) pP\X (i) s
) ( t(‘:t 1 Yt> (2.14)
p(Yt‘Xtaxt—1>

= % wgi_)lp(ytlxy_)l) p(Xt’XQl, yt) )
i=1

N
i ply:
= p(yelxe) S w (
=1

To isolate the effect of each previous particle on the filtering distribution, we in-
troduce the auxiliary variable k to each joint distribution in the mixture model

(2.14)
Pk, X¢|y1:e) o wt(ﬁ)lp(Yt‘Xgﬁ)l) p(xt‘xgﬁ)la }’t) .

Marginalizing out the particles x;, we calculate the effect that each previous particle

index k alone has on the filtering distribution, and lets us quantify how important

the corresponding previous particle x§’i)1 is, given the next observation.

p(k]y1.) wt(f)lp(yt‘xgli)l) = wt f /p Vi|X¢) (Xt‘Xt 1) dx, (2.15)

Because the integral in (2.15) is usually intractable, it must be approximated. We
do this by replacing the conditioning on x; in the likelihood with a deterministic
value ,ug ) associated with the distribution p(xt‘xt 1) such as mean or mode (that

represents a likely state). This gives the simulation weights

)‘t 1 X wt 1P(Yt’Mt ) %ﬁ(kb’u)-

Using these approximations, we make use of a proposal on the form ¢(k,x;|y1.;) =
Q(k’)’u) Q(th’w, k): where

q(kly1e) = )‘t 1, and
Q<Xt|YI:t7 lf) = Q(Xt‘xgﬁ)la Yt> .

The algorithm works by sampling from the joint density q(k, x;|y1.1) IV times yielding
- N
(xt(l), k‘z) _p and updating the weights

Bkoxyre) () o)
o(hxyie) Ao (x ey,

wf? =

(2.16)

Note especially that the algorithm allows for duplicates of k, while omitting others
entirely. A summary of the algorithm is given in Algorithm 3.
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Algorithm 3 Auxiliary Particle Filter

N < number of particles

x(()i) ~vfori=1,..,N

w(()i) — % fori=1,...,. N

fort=1,...,7T do

> Define /15” and /\591 <
,u,gi) g p(xt’Xf_) ), 1=1,...N

)\ii,)l x wt(i)lp(yt’ugi)), 1=1,..,N

> Sample k;, xii).

k; = j with probability )\,@1, 1=1,...,.N
Xgl) ~ q(xt‘xﬁﬁ),yt), 1=1,..,.N

Update wt(l) as in (2.16) and norm as in (2.7)
Resample according to some criterion

_ =
= O

—
N

We can think of the auxiliary particle filter as correcting the weights at time t —1 for
the observation at time ¢ and resampling according to this metric before propagating
the particles [16]. This is a heuristic, as we hope to discard particles that we believe
won’t contribute to the distribution very much in favor of those that we believe will
contribute more. Pitt & Shephard [13] and Klaas et al. [8] demonstrate that the
added flexibility leads to less weight decay due to unlikely observations compared to
regular particle filters. Furthermore, the modifications made to the general particle
filter algorithm does not change the complexity, which is still O(N).

2.5.2 Marginal particle filters

As mentioned in Section 2.4.2, another cause of weight degeneracy is the use of the
trajectory distribution p(xo.|y1.¢) in the standard particle filter, that leads to an
ever expanding trajectory space X.;.

The marginal particle filter (MPF) was developed by Klaas et al. [8] to resolve this
problem by marginalizing out Xo, ..., X;—; and thus approximating p(x;|y.;) directly.
They prove that MPFs greatly reduce the variance of the weights compared to
standard particle filters and thus also alleviate the weight degeneracy problem.

The filtering distribution at time ¢ is computed as

p(xe|y1:e) o¢ p(yelxe) p(xe|y1:e-1) (2.17)
:p()’t|Xt) /p(xt|xt—1)p(Xt—1|y1:t—1)dXt—l-

However, as previously mentioned, the integral in (2.17) is generally intractable.
MPFs approximate it by utilizing the fact that we have an approximate representa-
tion of the previous filtering distribution p(x;_1|y1.;—1) in the form of weight /particle
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pairs {x§ )1, wgl)l} The integral is then approximated as

N . .
/p(xt’Xt—l)p(Xt—1|y1:t—l) dxt—l ~ ngj_)lp(xt‘xgj_)o . (218)

J=1

The proposal to be sampled from in MPFs can be chosen among any distribution
with appropriate support, but Klaas et al. note that it is convenient to sample from a
distribution which takes a similar form to (2.18), i.e. the mixture of proposals

iv: w@l@(xt))’t? Xg&) :
j=1

The weight update then becomes

N ()
wf® ocp(yt‘xgi)) % 1E”t] 1€£Xtyxtx )) i=1,..N. (2.19)
t

j= L wy 1q

The algorithm is described in Algorithm 4.

Algorithm 4 Marginal Particle Filter

1: N < number of particles
2: x(()i) ~vfori=1,...N
3: w((]i) — % fori=1,...N

4: fort=1,...,T do

5: L Sample xgi) ~ Zj.vzl wt(]_')lq<xt’yt,xgj)1) ,i=1,...,N
6

Update w!” as in (2.19) and norm as in (2.7)

Intuitively, MPFs on this form work by resampling all particles based on their weights
before moving them and updating the steps. The update then marginalizes over
every possible previous state that the particles could have had. This also means
that the complexity also increases to O(N?), compared to O(N) for a regular or
auxiliary particle filter.

2.5.3 Auxiliary marginal particle filter

Klaas et al. show that MPFs are also prone to higher weight variance when unlikely

observations appear [8]. They propose the addition of an auxiliary variable to the
MPF to define the AMPF.

Mathematically, the sampling occurs from the same mixture as MPF, but weighting
the mixtures by )\t 1 as opposed to w . The AMPF weight update becomes

L)

)

., N. (2.20)

(i) (4) Z;VﬂUt 1P(X£)
wi? o p(yifx: ) ¥ A7 q(x
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The algorithm is described in Algorithm 5.

Algorithm 5 Auxiliary Marginal Particle Filter

1: N < number of particles
2: x((f) ~vifori=1,..,N
3w « < fori=1,..,N
4: fort=1,...,T do
5: > Define u\”’, A\, <q
6 —ap(xifxi),i=1,.,N
(%) (%) @Y ; _
7 )‘tfl chtflp(yt‘,ut )7 v = 1?"'7N
8: > Sample x.". N
(4) N ) (4) -
9: X; '~ Y50 /\k_lq(xt‘yt,xt,l) ,i=1,...,. N
10: > Update w!”. <
11:  Update w(” as in (2.20) and norm as in (2.7)
(O Particle (O Particle
8 Observation $8 Observation
— Trajectory — Trajectory
Prior x x x Prior x x *
—0Q O 2XQ0x1
o — x3 O 1xQ. g)
O rerermmmmesersfrssseeeens > X0 o o
O ............................. »:'l: x 0
2: Resampling 5: No
1: Start 2: Propagation } 3: Reweighting ¢ 4: Resampling 1: Start 3: Propagation ; 4: Reweightingi resampling
Timestep t-1 Timestep ¢ Timestep t Timestep ¢ Timestep t-1 Timestep ¢ Timestep ¢ Timestep ¢
(a) APF(B). (b) MPF(B).
(O Particle
#8 Observation
— Trajectory x
Prior

o000

1: Start
Timestep t-1

==

2: Reweight
Timestep t-1

3: Propagation
Timestep t

o
o

4: Reweighting
Timestep t

x
o
[o]

5: No
resampling
Timestep t

(c) AMPF(B).

Figure 2.8: Schematic showcase of the difference between APF, MPF and AMPF,
using a bootstrap proposal.

The AMPF can be intuitively explained much like APFs as the particles being
resampled according to a combination of their weights and the next observation
before being propagated. This is unlike MPFs in general, which resample particles
only based on their weights. However, AMPFs differentiate themselves from APFs
in that their particles are reweighted not according to their previous states, but
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rather according to every possible anterior value. The particles thus “forget” the
trajectory, i.e. we are looking at the marginal space rather than the joint one. This
last trait is shared with MPFs in general. It also sports the same complexity as the
latter, that is O(N?).

The conceptual differences between APF, MPF and AMPF are shown in Figure 2.8.
This can be compared to Figure 2.7, which illustrates regular particle filters.

2.5.4 Particle filter variations and proposals synergies

Note that the two sums in the MPF weight update (2.19)

5wl p(x[x0,)
j=1

% wt@ﬂ] (ng‘) ‘ytv XQl)
j=1

are equal for bootstrap proposal. This means that MPF(B) gives no improvement
compared to PF(B). Furthermore, Klaas et al. [8] claim that AMPF(LO) gives no
improvement over APF(LO) in the case where we can sample from (2.9) directly
and evaluate (2.13) exactly. In fact, the importance weight variance is zero for APF,
thus MPF brings no improvements in the theoretical case. In practice, however,
approximations in the algorithm may still lead to some weight variance. In all other
cases, AMPF has lower weight variance than APF [8, Proposition 1].
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Schrodinger bridges

While both the LO and bootstrap proposals have advantages and disadvantages,
they share the need for an update step which could potentially give rise to weight
degeneracy. This raises the question: is it possible to propagate the particles to the
filtering distribution directly, avoiding the weight update entirely?

A concept from optimal transport called the Schrodinger bridge offers a theoretical
framework for this. Given a prior on the physical movement, the Schrodinger bridge
finds the most likely law that connects the two known distributions p; and p;y;1. In
a tracking application, these boundary distributions would be the filtering distribu-
tions. However, in a live tracking scenario the target distribution p;; is inherently
unknown.

It is possible to approximate this target distribution by first running a standard
filter and subsequently solving the optimal transport equations numerically. Al-
though this two-step numerical process is computationally heavy and generally too
slow for real-time applications, evaluating its performance is a core objective of
this thesis. To eventually overcome this computational burden, we will explore
learning the bridge dynamics using machine learning. We refer to this integration
as the Schréodinger bridge proposal. While the full algorithmic implementations of
Schrodinger bridge proposals in particle filters are presented in Chapter 4, this chap-
ter introduces the necessary mathematical background.

While particle filters operate on discrete samples, classical Schrodinger bridge the-
ory is rooted in continuous stochastic differential equations. This chapter aims to
connect the two fields by looking at the problem through two different perspec-
tives.

o First, we introduce the general continuous SDE formulation of the problem
(Sections 3.1 and 3.2) and present its explicit, closed-form Linear-Gaussian
solution (Section 3.3). This establishes an intuition for how the bridge operates
and provides an exact baseline solution to the problem.

« We then pivot to a factorized formulation of the Schrodinger problem (Sec-
tion 3.4 and 3.5), a version that lends itself to discrete, approximate solutions
well-suited for particle filter usage.

We finish the chapter by discussing the usage of Schrodinger bridges in particle
filters, both as a standalone particle transport mechanism, and as a proposal distri-
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bution in a particle filter.

3.1 Problem formulation

To understand how the Schrédinger bridge optimally transports probability mass
between two filtering distribution, we first define the problem in the continuous-time
domain. The Schrodinger bridge aims to find the optimal stochastic process P* that
connects a known starting distribution py at time ¢y to a target distribution p; at
time ¢; with minimal deviation from a prior physical model. Let Q = C([0, 1], R?)
be the space of all continuous paths in d-dimensions and let Q denote the system
dynamics governed by the SDE

dXt = b(Xt, t)dt + U(t)th, Xo ™~ Po (31)

where W, is the d-dimensional Brownian motion, b : R? x [0,1] — R? is the drift
coefficient representing the physical forces and o(t) is the diffusion coefficient. Then,
let P denote a path measure on {2, and P, the marginal distribution at time t¢.
Furthermore, let D(pg, p1) = {P : Py = po,P1 = p1} be the set of path measures
with marginals starting in py and ending in p;. The solution P* to the Schrodinger
bridge problem (SBP) can then be expressed as

P* = argmin Dy (P||Q), (3.2)
PeD(po,p1)

where Dy, is the Kullback-Leibler divergence.

3.2 General analytical solution

Solving the optimization problem (3.2) directly over the infinite-dimensional path
space () is typically intractable. However, the problem can be split into two sepa-
rate stages that offer efficient and tractable solutions: a static boundary problem
(Section 3.2.1), and a dynamic trajectory problem (Section 3.2.2) [6].

The static solution determines the optimal coupling between the boundary distribu-
tions pg and p;, completely ignoring the original optimal path problem to focus only
on the start and end points. The dynamic solution then constructs the trajectory
that connects the paired end distributions from the static solution.

3.2.1 Static problem

Instead of evaluating the entire continuous path measure, the static SBP focuses
exclusively on the boundary distributions at ¢, and ¢;. We denote a joint probability
distribution 7(xg, x;) with marginals py(xo) and p;(x;) as a coupling. The set of all
such valid couplings is denoted as I1(pg, p1)-

The objective is to find the optimal coupling 7* which minimizes the relative en-
tropy with respect to the joint distribution of the reference process evaluated at the
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boundaries Qg (X0, X1)

7= argmin  Dgp(7]|Qo). (3.3)

m(x0,x1)€(po,p1)

Here Qo1 (X0, %1) = po(X0)q(to, X0, t1,%1) describes the likelihood of moving from x,
to x1, following the reference dynamics (3.1), where ¢ is the transition density.

3.2.2 Dynamic problem

Once the endpoint pairing 7* is found by the static problem, the optimal time-
continuous trajectory can be calculated. The dynamic solution P* takes the form of
a modified stochastic differential equation. The general solution, provided by Huang
6], is given by the following theorem.

Theorem 3.1. Assume that o(t) € C1([0,1]), € RY, and the components of b(z, )
are bounded continuous and satisfy Holder conditions with respect to . Then the
solution probability measure P* to the SBP (3.2) is induced by the following SDE
with a modified drift:

daz; = [b(w;, 1) + u' (@, t)|dt + o (H)d W, @9 ~ po
where the drift term

O—(t)Q f Sw1($7 t)gt(m7 Iy, $1)7T*(d$0, d$1)
S g¢(@, 2o, 21 )7 (do, Ay )

u'(xz,t) =

where T is the solution to the static problem (3.3) and s, (x,t) is the conditional
score defined as

8151(:1:157 t) = vflft lOg Q<t7 L, ]-7 :131)

and

q(07 '/'cO? t’ m)q(t’ w? ]" wl)

gt($7w07w1) - q(o’wo7]_7$1)

The modified drift term u* is a correction to the reference drift b that enforces
the marginal constraints of the SBP. The correction biases the dynamics toward
paths consistent with the optimal coupling 7*. The function g; corresponds to the
likelihood of the reference process passing through the state x given the system
dynamics and the endpoint states, while the score term sy, describes how variation
in the current state changes the likelihood of reaching the final state x;.

3.3 Explicit linear-Gaussian solution
The general solution to the Schrodinger bridge in Theorem 3.1 relies on integrals

that are usually intractable. However, the SBP admits a closed-form analytical
solution in the case where the reference dynamics Q is linear and when the marginal
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constrains pg, p; are both Gaussian. We present the explicit solution below suggested
by Zhang and Stumpf [17], as a mathematically exact baseline to the Schrodinger
problem. We will refer to this solution as the Gaussian Schrodinger bridge.

Let the state be X; € R%. We then limit the general drift b(z,t) to an affine form,
modeling the reference dynamics as a multivariate Ornstein-Uhlenbeck process

where A € R%? is the drift matrix, m € R? is the mean and o € R%*? is the
diffusion matrix. The marginal constraints are given by py ~ N (g, X0), p1 ~

N(u’la 21)

Theorem 3.2 (Gaussian Schrodinger bridge). Given the linear reference dynam-
ics and Gaussian boundary marginals defined above, the optimal joint distribution
connecting the initial and end state (the static problem solution) is given by the

multivariate Gaussian
T DD
7T* = N [MO‘| s [% 01‘| ,
/J’l 201 21
where g1 minimizes the transport cost relative to the reference dynamics, given by

_ _ 1o - 1 \YV2__ 1
So = 52 (23/22123/2 + 41) 5,5

The trajectory connecting the initial and end state (the dynamic problem solution)
is a Gaussian process characterized by a time varying mean p, and covariance 3

dX, — (pt +STEN(X, — p,t))dt FodWi,  Xo~ N, o)
where the mean and covariance interpolate between the boundaries according to
po= Wk + Wk, + d,
S=+ WS W+ WS w4 WS, WiV 4 wivs, witT
The moments above are constructed using transformed parameters that align the

boundary constraints with the trajectory of the prior, accounting for any potential
rotations in the system.

_ ~1/2
o o=@ (A (g — m) + m)
.« 3, = (I,l—l/QetlAzoetlATq,l—lﬂ
_ ~1/2
s =9 / ke
S Setel W Stk
where ®;, = [l el=AgaTell=9)A" 5.

The dynamic solution is also governed by mizing weights matrices, where VVgO) fades
the influence of the start over time, Ml) increases the influence of the target and
d; pulls the path toward the equilibrium m.
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T, = &4 !

e W= (e—(h A I‘t><I>1/2
. WY =1,8?

d, — (1 - e<t1t>A)m

. Qt = @t — Fte(l_t)A(I’t

Finally, fv is the time derivative of the mean and with

e S, = (0) O+ WOS, W+ WOs, W Wil W wis, W'
. (at/Qt,t’)( ) @tAT F (& (ti-t)A (—A(ﬁt + etAO'O'TetA )

Due to the mathematical complexity and limited relevance of the analytical solution
to the data-driven focus of this thesis, a full derivation falls outside of the scope of
this thesis. A full discussion of the Gaussian solution with proof, can be found in

17].

3.4 Factorization of the Schrodinger bridge

The explicit SDE solution derived in the previous section is exact but limited in the
same way as the Kalman filter, as it is only applicable to linear-Gaussian problems.
We seek a solution to the Schrodinger bridge that can be applied to arbitrary, non-
linear distributions. We thus step away from the continuous drift correction u*(z,t)
defined in Section 3.2, and return to the static boundary problem. By reformulating
the static coupling, we arrive at a factorized expression for the static Schrodinger
bridge 7* that naturally lends itself to data-driven approximations [12].

We remind ourselves of the objective: we seek an optimal coupling 7* that mini-
mizes the relative entropy Dk, (7||Qg1) with respect to the prior joint distribution
Qo1(x%0,%x1) = po(x0)q(to, Xo,t1,X1), subject to the marginal constraints py and p;.
This optimization problem can be formulated using the method of Lagrange multi-
pliers. We construct a Lagrangian functional £(7; A, 1) with multipliers A(xo) and
p(xq) for the initial and final marginal constraints, respectively.

L(m; N\, 1) // llOg mloxo, x1) ] 7 (X0, X1 )dxodx;

Qo1 (%0, 1)
—1—/)\ {/ (x0,x7)dx; — po(xo)} dxg
+ [ ) | [ 7x0,x1)dxo = pa(31)| dx

To find the optimal coupling, we set the first variation of the Lagrangian with respect
to 7 equal to zero.

1 + log 7" (%9, x1) — log q(to, X0, t1,X1) — log po(x0) + A\(xg) + p(x1) =0
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Rearranging this expression, we get

(X0, X1)

Q(tﬂ) X0, t17 X1

] = exp[log po(xo) — 1 — A(xo)] exp[—p(x1)].

Notice that the ratio of the optimal coupling to the prior transition consists of two
independent factors: the first depending only on x and the second only on x;. By
defining two continuous potential functions ¢o(xg) := expllog po(xp) — 1 — A(X0)]
and ¢1(x;) = exp[—pu(x1)], the optimal coupling can be written in the factorized
form

W*(Xo,Xl) = @O(X(])q(to,XO,tl,X1>301(X1>. (34)

For the factorization to hold, the potentials must satisfy

po(Xo) = @O(Xo) /Q(toaxo,t17X1)901(X1)dX1

p1(x1) = p1(x1) /Q(tO;X(]?tlaXl)@O(XO)dXO'

Once the potentials are found, any intermediate state is given by the product p;(z) =
©i(z)i(z), solving the dynamic problem. Here, ¢;(z) is the forward evolution of
the factor ¢y under the prior, and ¢;(z) is the backward evolution of the factor ¢y,
given by

Or(t,xy) = /q(t07X07t7Xt)¢70<X0)dX0

(3.6)
oult, X1) = / g(t, %, b, X1 )1 (x1)dx1.

The two potentials ¢y and ¢; adjust the prior dynamics to fit the marginal distri-
butions, serving a similar role to the correcting drift u* above.

3.5 Data driven approximations

In practical applications, such as particle filtering, the marginal distributions pg
and p; are rarely available as continuous analytical functions. Instead, they are
re : (1) ym (yn

presented by finite sets of samples {x;"}iZ; and {xi"}7_;. Consequently, the
continuous boundary integrals (3.6) governing the potentials ¢y and ¢; cannot be
solved directly. We look at two methods to approximate these potentials both based
on the Sinkhorn algorithm: one discrete matrix solution and one based on maximum
likelihood estimation.

3.5.1 Discrete Sinkhorn

The discrete Sinkhorn algorithm solves the static SBP by evaluating the prior tran-
sition dynamics strictly through the pairwise connections between the specific data
points. The dynamics is captured by constructing a matrix K € R™*", with entries
K;j = q(to, X[(f), ty, xgj )) representing the likelihood of moving from sample i to tar-
get 7 under the prior dynamics. Moreover, the functions ¢y and ¢; are replaced by
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strictly positive finite-dimensional vectors v € R™ and v € R". If we define D(w)
to be the diagonal matrix with elements given by a generic vector w, the optimal
discrete coupling matrix 7* is then given by

™ = D(u)KD(v)™ !,

where u and v are chosen such that the rows of 7* sum to py and the columns of 7*
sum to p;. This is the discrete analogue to the factorized expression (3.4). To find
these vectors we use Algorithm 6.

Algorithm 6 Sinkhorn

1: Input: pg, p; and K

2: Ug, Vg < 1

3: 7o < D(uo) K D(vp) ™!

4: k+ 0

5: while 71 % py or 71 % p; do
6: Uk4+1 D(ngk]l)ilpl

T Tkt < D(Upp1)Top

8: k1 < D(po) 'y 1

9: Mok+2 < 7T2k+1D(Uk+1)_1

10: k+Fk+1

Algorithm 6 operates by alternating between two steps. It first scales the variables
to ensure that the rows of the coupling matrix sum to the initial marginal py. It then
scales the variables to ensure the columns sum to the target marginal p;. Because
enforcing the column constraint inherently breaks the previously established row
constraint, the algorithm must alternate between these two operations iteratively
until convergence is achieved and both marginal constraints are simultaneously sat-

isfied.

Intuitively, the algorithm could be seen as trying to fit under a blanket which is
exactly as long as you. At each iteration, you first cover your head with the blanket,
leaving your feet cold. You then draw the blanket over your feet, leaving your head
cold. At each iteration, the blanket rotates slightly such that it eventually covers
both your feet and head perfectly.

While the Sinkhorn algorithm is well documented, relatively simple to implement
and proven to converge, it scales poorly in the particle filter context. Because it
requires constructing and repeatedly updating the N x N K matrix, its computa-
tional complexity scales quadratically O(N?). This makes the calculations slow for
larger data sets.

3.5.2 Continuous Sinkhorn

A method to solve the SBP based on maximum likelihood estimation was sug-
gested by Pavon et. al. [12]. Unlike the discrete Sinkhorn algorithm, which restricts
the solution to a finite transition matrix, this method parameterizes the potentials
as continuous functions. This continuous approximation allows us to evaluate the
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Schrodinger potentials across the entire state space, rather than being restricted to
the empirical data points.

To build this continuous solution, the algorithm is conceptually divided into two
parts. First, we examine the half-bridge problem, which only imposes one of the
boundary constraints. Second, we expand the same logic into the full-bridge prob-
lem, which alternates between enforcing the initial and final constraints until both
are satisfied simultaneously, a continuous analogue to the discrete Sinkhorn algo-
rithm.

Half-bridge problem We consider the static SBP, but instead of solving the fully
constrained smoothing problem, we define the half-bridge problem where only the
final target constraint is imposed.

(X0, X1)

7 =argmin || 7(xg,x1)lo dxodx
snin ff 7x.) g<po(xO>q<to,xO,t1,x1>> o

subject to: /W(XQ,Xl)dXO = p1(x1)

Because we are operating under the constraint that we only have finite sets of sam-
ples from the start and end distributions, we must formulate a data-driven approach
to this problem, namely: given a known potential $;(x;) > 0 and a set of n samples

{xgj)} from the target distribution p;(x1), our goal is to find the potential ¢;(x;)
such that the factorization ¢;(x1)p1(x1) = p1(x1) holds.

We solve this problem as a maximum likelihood estimation.

o1 =arg_max S log(@i(x{ )i (x17),  subject to [ @1(x1)e(x1)dxi = 1

%1(x1)>0 j

Note that because we are optimizing with respect to 1, any terms independent of
1 act as constants and can be omitted. Now if we assume infinitely many samples
(equivalently, assuming p;(x;) is known), the discrete empirical mean converges to
the expected value over the target distribution

p1 = arg g}z%/log(@l(xl))pl(xl)dxl, subject to/@l(xl)gol(xl)dxl =1.
To enforce the positivity constraint of ¢; we propose an exponential parameteriza-
tion
©1(x1) = e9(x1)

Substituting this transformation, the optimization problem becomes

mgx/g(xl)pl(xl)dxl s.t./@l(xl)eg(xl)dxl = 1.

We then relax the constraint by introducing a Lagrange multiplier A

max m}n L(g,\) = /g(xl)pl(xl)dxl - A(/g@l(xl)eg(xl)dxl — 1).
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First we maximize the Lagrangian over g. Setting the functional derivative to zero
yields

oL p1(x1) )

o9 Api(x1)/
Substituting the optimal g(x;) into the Lagrangian and minimizing over A gives

= pi(x1) = Ag1(x1)e’™) =0 = g(xy) = 10g<

m/\in[— log(A) + A = A= 1.
Since A is known we get an unconstrained estimation problem

maXE /g X1 pl(Xl Xm /(,01 X1 69( Xm (37)

The exact analytical solution is g(x;) = log ( N (’:))) or v1(x1) = %. However,
because we only have a finite number of samples in practice, the continuous integrals
must be replaced by their empirical counterparts. The ﬁrst term simply becomes

the empirical mean. For a set of n unweighted samples {X %1~ p1, this is

/gx1 p1(x1 dx1~—ng1

] 1

For the second term, we use importance sampling by introducing a sampleable pro-
posal distribution p and drawing n samples {ilk)}’,?,:l. The integral can then be
approximated by

)ed(x1) 1 & oy (&) es=)
/901)(169 dX _/801X1€ ( )dX%fZSO( )(i) ! ‘
o A

Maximizing 3.7 using these discrete approximations of the integrals gives us an
estimate of ¢;.

Full-bridge problem While the half-bridge above guarantees convergence to the
target distribution py, it leaves the initial distribution unconstrained. To fulfill both
boundary conditions simultaneously, we must find both the potentials ¢y and ;.
Finding them requires an alternating optimization algorithm, corresponding to the
continuous Sinkhorn algorithm.

We begin by parameterizing both potentials to ensure they remain strictly positive,
Po(xo) = exp(f(xg)) and ¢1(x1) = exp(g(z1)). By extending the maximum like-
lihood framework of the half-bridge (Pavon et al. [12]), the problem is solved by
alternating between two optimization objectives.

Suppose we begin by fixing ¢y and optimizing for ¢;. The objective function is
analogous to the half-bridge formulation (3.7). The first term simply becomes the
empirical mean over the target samples {xgj )} ~ py. For the second term, however,
we do not have direct access to the propagated potential ¢;. Because only the
potential at time step 0 ($o = exp(f(xo))) is accessible, we must obtain ¢;(x;) by
propagating it through the transition dynamics

216x1) = [ ploat | o) o(x0)dxo
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Substituting this propagation into the second term of the loss yields a double inte-
gral

/@1(x1)69(x1)dx1 = / [/p X1 | x)ef X dxq | eV dx,

_//px1|x Fxo)+9(x1) 4 dx .

To approximate the double integral, we again apply importance sampling. By intro-
ducing a sampleable proposal dlstrlbutlon po for the initial state, we can approximate
the outer integral using /m samples {XO L~ Po.

N, | ‘ F&EE)
/I p(x1 [ Xo)e o) dxodx; &~ — 3 [/ Pl | &) )es ey |

po(Xo) mi=

Second, we can approximate the remaining integral by sampling 7 candidates {fcﬁi”“)};}:l
from the prior p(xl\i((f)). This yields the final estimator:

/901 X1 eg

Combining these approximations gives us the total cost function

A ef ()R
Z >
i=1 k=1 (Xo)

moA ef(ggi>)+ (&R

i=1 k=1 ,00(5‘10 )

g = arg max Z wtargetg(x(l]))

Conversely, when updating @y (holding ¢; fixed), we maximize the symmetrical
objective

mjgxﬁo(f) :/f(xo)po(xo)dxo—/ ef(x°)+g(x1)p(x1|x0)dx0dxl,

obtained in the same fashion as above.

3.6 Schrodinger bridge proposal

Returning to the question posed in the beginning of this chapter: Is it possible
to propagate the particles to the filtering distribution directly without needing an
update step? In theory, the Schréodinger bridge does exactly this.

If the initial distribution pg and the target distribution p; correspond exactly to the
true filtering distribution at successive time steps, the solution to the Schrodinger
problem represents the optimal transport between them. By sampling from the
optimal coupling 7*(x;;1|x;), particles at time ¢ are transported directly to the
exact filtering distribution at time ¢ + 1.
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In this ideal scenario where py and p; are known, the particles land exactly where
they belong according to the true posterior. If used in an MPF, this causes zero
weight degeneracy. The prediction and update step of the traditional particle filter
reduce into a single, optimal propagation step, meaning we don’t need to perform
any updates. A schematic illustration is shown in Figure 3.1.

Bootstrap proposal (large update needed)
Ty ey M (2 |yr)
~~2 : : _____ v ()I)(fllln I)I‘
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Figure 3.1: Comparing algorithmical steps for the three particle filters.

Note that the use of a Schrodinger bridge as a proposal to a standard particle
filter does not necessarily achieve zero weight degeneracy as the Schrodinger bridge
only guarantees bridging between filtering distributions. Standard particle filters
approximate the full trajectory distributions p(xo.|y1.¢). As new observations arrive,
the true optimal past trajectory may change in light of the new evidence. Because
particle filters only allow sampling of the latest state without modifying the past
states, bridging the final marginals cannot resolve misalignment in the historical
trajectory. Consequently, an update of the weights is still required in this case. See
Figure 3.2 for an illustration.

t=0 t=1 t=2 t=3 t=0 t=1 t=2 t=3

(O Particle x (O Particle x

— Opt%mal P(*0.11¥1)
— Optimal p(xo.3|y1:2)
— Optimal p(x.5|¥1:3)

(a) Optimal trajectory distributions.

—_ Optimal P(x1ly1)
— Optimal p(x;|y1:2)

— Optimal p(x3|y1.3)

(b) Optimal filtering distributions.

Figure 3.2: Optimal past states change for the optimal trajectory distribution, but
stay the same for the filtering distribution.

However, using the Schrodinger bridge solution for any type of particle filter might
seem paradoxical. In fact, it requires the filtering distribution p;, but finding this
distribution is the entire objective of the filtering problem. In order to use the
Schrodinger bridge proposal in a particle filter, we discuss several ways of estimating
p1 in Chapter 4.
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Implementing the Schrodinger
proposal

Chapter 3 establishes that if the initial distribution py and the target distribution p;
are fully known, the Schrodinger bridge provides an optimal transport of particles.
However, finding this target distribution is the very objective of the filter itself.

To utilize the optimal transport of the Schrodinger framework without prior knowl-
edge of the target, we can solve the problem using a two-step process. First, we
approximate the target distribution using a standard proposal distribution, gener-
ating a finite set of candidate samples representing the target boundary (introduced
in Section 3.5). Once this discrete target is computed, we can explicitly solve the
Schrodinger bridge to find the exact optimal transport path between the initial and
target states. While this two-step process yields an exact solution, it is computation-
ally heavy. Therefore, we aim to speed up this process through amortized learning.
By using the exact filter to generate training data offline, we can train a neural
network to learn the optimal transport. During live tracking, this amortized model
bypasses the two step process, yielding a fast approximation of the Schrodinger
bridge.

The chapter is structured as follows. We begin by validating our machine-learning
approach in a linear-Gaussian setting, where the target boundary can be acquired
analytically via a Kalman filter and the Schrodinger bridge possesses a closed-form
solution (Section 4.1). To address nonlinear, non Gaussian tracking scenarios, we de-
velop the discrete state Schrodinger (DSS) proposal in Section 4.2.1. This establishes
our exact but computationally expensive two-step discrete method used to find the
target distribution and solve the transport without closed-form assumptions. Using
data generated by the DSS, we then introduce a machine-learned approximation for
the Schrodinger half-bridge in Section 4.2.2. Finally, we address the implementa-
tion and approximation of the marginal particle filter, used to achieve the ideal of a
particle filter without any weight degeneracy.

4.1 Linear-Gaussian baseline
To verify that neural networks can indeed learn the optimal transport paths using

the SBP, we implement an initial supervised method based on the Gaussian SBP
solution from Section 3.3.
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4. Implementing the Schrodinger proposal

4.1.1 Data generation

Training data is first generated by simulating a series of independent tracking trajec-
tories. For each trajectory, the data generation process is designed to pair a particle’s
current state with its optimal target state at the next time step, as dictated by the

SBP.

We begin by fixing the model parameters for the system dynamics, the time step
length, and the noise covariances, () and R. Because the system is linear and Gaus-
sian, the true posterior filtering distribution at any given time step ¢+ 1 can be cal-
culated exactly. We pass the entire sequence of simulated observations, along with
the system dynamics and specific noise parameters, through a standard Kalman fil-
ter. This yields the true filtering distribution as a sequence of target means p; 1 and
target covariances ;1. These statistical moments serve as the terminal boundary
conditions, p;, for the SBP at each respective time step t.

With the target boundaries established, we sequentially propagate a cloud of par-
ticles forward in time. For a given time step ¢, the initial boundary condition p,
is defined by the empirical mean and covariance of the current particle cloud. To
formulate the Gaussian SBP, we combine the empirical initial distribution with the
Kalman filter’s target distribution and the continuous system dynamics to formu-
late the Gaussian SBP. Using the closed-form solution (Theorem 3.1), we extract
the optimal drift parameters. Once the drift parameters are extracted, the result-
ing optimally controlled SDE is simulated forward over the continuous time interval
[t,t 4+ 1] using finely discretized time steps. The terminal positions of the particles
at the end of the simulated step serve as our optimal target states x;,1.

For every individual particle in the cloud at time ¢, a single training sample is
constructed containing: the particle’s initial position x;, all sensor observations
{¥1.11}, and the final position x;;; generated by the SBP simulation.

4.1.2 Network parameterization

Our objective is to train a neural network to output a Gaussian distribution for each
particle’s forward step

Po(Xe1 L) = N (Xps1; 110(ZTe), Lo (Zy))

where 7, is the input context at time ¢, and 6 represents the network weights. The
network is designed to directly output the mean vector uy € R? and the covariance
matrix Yy € R¥9. To ensure mathematical validity and computational stability, we
constrain Yy to be a diagonal matrix, which assumes conditional independence be-
tween the state dimensions given the input context. To guarantee that the variances
along the diagonal are strictly positive, the network’s final variance layer applies a
softplus activation function.

4.1.3 Architectural variants

Standard proposal distributions in particle filtering typically rely on a strict Marko-
vian assumption, conditioning the next state solely on the immediate previous state
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4. Implementing the Schrodinger proposal

and the most recent observation: ¢(x;|x;_1,y:). However, relying only on y; may
leave out relevant information needed by the network to accurately capture the
target distribution. We therefore relax the Markovian assumption to explore the
impact of including more historical measurements.

To achieve this, we explore two neural network architectures: a multilayer perceptron
(MLP) and a random reservoir. Both architectures share the same output structure
and are trained using the Adam optimizer, utilizing an 80/20 training-validation.
However, they differ in how they process past observations. Specific hyperparam-
eters, including layer counts, hidden dimensions, learning rates, and epochs, are
detailed in Appendix B.3.

Multilayer perceptron with observation windows

The MLP architecture processes the current state alongside a fixed history of ob-
servations. For a given particle, the input vector consists of the particle’s current
state x;, the incoming sensor measurement y;,;, and a window of L previous mea-
surements.

1 = [Xt; Yir1, Y, Yi—1,- - 7Yt—L+1]

We evaluate this model across varying window sizes (e.g., L € {0,1,2,3}) to as-
sess the impact of historical context on the network’s predictive accuracy. Struc-
turally, the MLP is constructed as a deep feedforward network. The final output
layer is a linear transformation projecting the final hidden representation into a
2 - d-dimensional vector, representing the mean and the diagonal elements of the
covariance matrix. The networks are optimized in two stages, initially using MSE
as loss, followed by a NLL loss phase.

Random reservoir

To incorporate the full history of prior observations, we must utilize an architec-
ture capable of handling variable-length sequential data, overcoming the fixed-input
limitation of the static MLP. To achieve this, the random reservoir architecture is
split into two distinct components: a fixed untrained RNN encoder — implemented
as a random reservoir (see Appendix B.2) — and a trainable feedforward policy net-
work.

The reservoir processes the sequence of observations one step at a time, storing
the accumulating history in a hidden state. However, while the random reservoir
effectively captures deep historical context, it can struggle to correctly prioritize
the most recent observations. Because we want newer information to have a larger
impact on the outcome, we add the same fixed window of L recent observations used
in the MLP to the network’s input context. The network thus evaluates the current
local state, the recent observation window, and the recurrent hidden state h;.

I, = ([Xt’yt+17Yta . ’Yt—L—i-l] 7ht)

This input vector is passed through the feedforward network, which uses the same
structure as the MLP.
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4. Implementing the Schrodinger proposal

4.1.4 Usage and initialization

Once trained, the network can be used to propagate individual particles. Passing the
current particle states and the other relevant inputs (depending on the architecture)
through the network yields the optimal mean and covariance for each particle. The
particle cloud is then propagated forward by drawing samples from this parametrized
Gaussian distribution x;1 ~ N (jg, Xg).

Because both the MLP and RNN architectures rely on an explicit window of L his-
torical measurements to function properly, a practical constraint arises: the neural
networks cannot be evaluated during the very first steps of a tracking scenario. To
initialize the system, the Kalman filter has therefore been used to propagate the
particles until a sufficient number of previous observations have been gathered to
fully populate the network’s required input structure.

4.2 General nonlinear implementation

Having implemented a Schrodinger bridge solution in a linear-Gaussian setting, we
now seek a solution applicable to nonlinear, non-Gaussian tracking scenarios where
the target distribution cannot be determined analytically. Because we can no longer
rely on a closed-form Kalman filter to provide our target boundaries, we must find
another way to compute them. Furthermore, because the resulting distributions may
be highly complex and non-Gaussian, we will not rely on a network parametrization
restricted to a mean and variance.

We split the method into three distinct phases: first, formulating the exact DSS
proposal to establish the theoretical optimal propagation method, second, train-
ing an evaluator network to learn the potential function ¢, and third, training a
normalizing flow (NF) to sample from that learned potential.

4.2.1 Discrete state Schrodinger bridge

We begin by formulating and implementing the DSS proposal as a theoretically
optimal tracking method. The DSS is based on an evaluation of the transition prob-
abilities between a set of IV current particles at time ¢ and a set of candidate particles
at time ¢ + 1, utilizing the Sinkhorn algorithm introduced in Section 3.5.

By solving the discrete optimal transport, the DSS method yields a propagation
step that theoretically eliminates any weight degeneration when integrated with a
marginal particle filter. Because of this, it becomes possible to remove the weight
update step entirely. The DSS proposal is therefore used not only as a benchmark
in our results, but also serves as an exact data generator for our subsequent neural
networks.

To construct a target distribution, we sample o > 1 candidate particles from some
proposal distribution @(~’x§J), yt> forall j =1,..., N, giving a total of L = a/N can-
didate particles X;,;. We consider different approaches as to the choice of §. One
approach to sample these L points is by doing so uniformly from the same support
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4. Implementing the Schrodinger proposal

as the filtering distribution (which in a practical sense is generally finite). As a
uniform distribution evenly distributes points across space, it wastes computational
resources on evaluating regions with near-zero probability mass. As a result, we
need a large a to get a sufficient resolution of the target space. Furthermore, the
uniform approach scales poorly as the state dimensionality increases. Another ap-
proach is to generate the candidate points by sampling from a standard proposal
distribution such as bootstrap or LO. This strategy directs the candidate points into
high-probability areas, requiring fewer particles to effectively capture the relevant
regions of the state space. Note that the two proposals also have the same support
as the filtering distribution, but that LO, while giving generally better sample points
than bootstrap, can only be used in the linear case.

In order to solve for the optimal transport between these sets, we must define for
given observations yp.; the boundary marginal densities po(x;) := p(x¢|y1.¢) and
p1(X¢) := p(X¢41]Y1:041). The initial marginal py is already represented by the weights
and locations of the NV current particles comprising the filter’s state at time t. To
obtain the target boundary p;, note the following.

p(xt:t+1|Y1:t+1) X p(Yt+1|Xt:t+1a Y1:t) p(Xt:t+1|Y1:t)
X p(}’t+1 |Xt+1) p(Xt+1|Xta YI:t) p(Xt|Y1:t) (4-1)
= p(yt+l |Xt+1) p(Xt+1 |Xt) p(Xt’}’Lt) .

Using the joint distribution from (4.1), we can marginalize over the previous parti-
cles.

P1(Xes1) = D(Xeg1|Y1e41) = /p(yt+1|xt+1)p(XtHIXt)p(Xt\yl;t) dx;

p(XtJrl‘Xt)
Q(Xt+1 |Xt7 Yi+1

= /p(Yt+1|Xt+1) )p(Xt|Y1:t) Q(Xt+1|Xta Yt+1) dx;

Therefore, on a small region A, we approximately have

)i p(xhx)

wt 9
j=14 (Xt+1‘xt ayt+1>

/ P1(Xpq1)dXp g1 & Z 14( XEJZl) (Yt+1

where )A(Ele ~ q (-[xﬂ“ a]), Yt+1> as noted above. Therefore, we set the weights ;1

corresponding to the candidate points as

UAJE% (Yt+1

N )i:: e (Xtﬂ‘xt )

Xtt1 Wy
Xt+1 ’Xt y Yi+1 )

Next, we need to define the respective prior corresponding to the unconditional
dynamics matrix K. Again, correcting for the distribution of X;,;, the matrix
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4. Implementing the Schrodinger proposal

Is
B p(f{gl‘xg)) ()
i = Cj(iggl‘xg)a}’t+l) o 42

where we used in similar fashion that

L N . ; PLXG | Xy ,
/ p(xt+1|xt)p(xtb’1:t) Xt, Xt+1 Z Z 1A(X£J)7 >A<§j21) - ( tH‘ > U)gj)-
A i=1j=1 C]<Xt+1’Xt aYt-l-l)

With the marginal constraints defined by py = w; and p; = W1, and the reference
process by (4.2), we can use the Sinkhorn algorithm to find the optimal coupling
matrix 7 € [0, 1]V*E,

The entries of 7* represent the transition probabilities between every pair of N pre-
vious particle and L candidate particles. We can then sample N proposed particles
at time ¢ + 1 by sampling one index i based on the normalized probability vector
given by the j:th column of 7*, for all j = 1,..., N. We then set the new partlcles
as XH)1 = ﬁgl, and the DSS proposal evaluatlon q(xtﬂ‘xt ,yt+1) := ;. Finally,
the weights at time ¢t + 1 are given by

w(j) _p(YtJrl‘Xt-l—l)p(Xt—f—l‘Xt )

. Q(Xt+1’xt 7yt+1)

See Figure 4.1 for an illustration.

_________ 5 o
Step 1: Starting points ; Step 2: Find L Step 3: Choose N candidates
__________________ candidates_ | minimize transportation cost _|

Figure 4.1: Illustration of PF(DSS). The algorithm generates L = Na = 2 -3
candidate particles using another proposal distribution ¢. It then selects the next
N particles from the optimal transport defined by 7*.

While the DSS provides a rigorous discrete solution to the missing target boundary,
its reliance on generating L candidate particles and executing the Sinkhorn algorithm
yields a complexity of at least O(N?). This makes the DSS impractical for live
tracking. We can still use it offline to construct a comprehensive training dataset.
For every individual time step, a single training sample captures the initial particle
cloud g, the predicted cloud propagated strictly through the prior dynamics
Tpred, the full set of L candidate target points Ziarger alongside their evaluated DSS
weights Wearget, and the corresponding sensor measurement y.
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4. Implementing the Schrodinger proposal

4.2.2 Network parametrization

Next, we train neural networks to learn the Schrodinger transportation. Unlike
the Gaussian baseline, we parameterize this solution using three interacting neural
networks: a set of potential networks ¢g-net pi-net to approximate the optimal
transport, and a normalizing flow to draw samples.

Evaluating the potentials: the ¢-net and ¢-net

To satisfy both boundary conditions of the full bridge, we use two networks to
approximate the log-potentials defined in Section 3.5. Recall that the continuous
potential functions are parameterized as @$o(xg) = /0 and p;(x;) = 9. We
design the neural networks to approximate the exponents of these functions. For a
given input context Z and a candidate state x, denoted together as x, the networks’

outputs are defined as ¢pet () = log(Po(x)) and ppet(z) = log(pr(z)).

The networks are trained via an alternating optimization procedure, mimicking the
full-bridge solution. The objective is to train the networks to minimize the nega-
tive of their respective objectives. To optimize this via our generated dataset, the
continuous integrals are replaced with discrete empirical approximations.

When solving for @ while e is frozen, we minimize

A i,k
n CeXp (@net( ét;rt) + @net( i)re(i))

k=1 pO ( gt;rt)

L (@net - Z wstart (pnet( start

3>

m

Similarly, when updating ¢, while @y is frozen, we minimize:

N i,k
n exXp (Qpnet ( étirt) + Enet (X ( ;rec)l))
k=1 pO( gtzxrt)

»C(Qonet ) Z wtarget Prnet (Xtarget

J

§>

m

The first term in both loss functions represents the mean over the respective bound-
ary distributions, this is approximated using the weighted particles.

To compute the second (importance sampling) term, we take m = N samples Xégrt

o (k)

from the dataset, which acts as our proposal distribution py. We then construct X;/oq

by propagating the particles through the prior with added stochastic noise.

Evaluating this term requires computing the explicit probability density pg (xg;rt) in
the denominator. Because our empirical dataset consists of discrete samples, we con-
struct a continuous probability landscape by implementing a Gaussian Kernel Den-
sity Estimator. By placing an Gaussian kernel G over each of the offline-generated
starting samples, we produce a smooth, sampleable density estimate for the initial
distribution

ar Z G start

By evaluating this distribution for each starting particle, we obtain the necessary
continuous probability measure for the denominator.
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4. Implementing the Schrodinger proposal

Sampling via normalizing flows

While the potential networks are designed such that they can evaluate points points
in the state space, they are incapable of generating discrete samples. To propagate
particles, we construct a secondary generative model capable of sampling from the
conditional Schrodinger bridge distribution wich is expressed as

o m(xesx1)  Polxo0)q(to, Xo, t1, X1)p1(X1)
[ (xo,x1)dxy [ @o(%0)q(te, Xo, t, 1)1 (X1)dxy
~q(to, X0, t1,%1)01(X1)
[ qlte,xo, t1,x1)1(x1)dx,

7 (x1]%0)

o q(to, Xo, t1,X1)p1(x1).

or, using our potential network 7 (x;,1|xX;) o¢ q(X¢41]x;)ePrete+1),

To achieve this, we implement a conditional ReaNVP Normalizing Flow (NF). Nor-
malizing flows possess the distinct advantage of being able to both explicitly evaluate
a probability density and draw samples from it. Structurally, an NF constructs a
complex probability distribution by applying a sequence of invertible transforma-
tions to samples drawn from a simple, tractable base distribution, we have used a
standard multivariate Gaussian z ~ N(0, I).

The NF is trained to match the unnormalized target density, defined as qngp =
q(z11]%¢) €xp(net(441)). Optimization is achieved by minimizing the Kullback-
Leibler divergence between the flow’s own generated distribution and the target
density. To capture the tracking history, the flow is conditioned on the same input
context Z; as its corresponding p-net. Evaluated empirically over batches of samples
drawn directly from the flow itself (x ~ gnr), the loss function simplifies to

D ase (o ) expline ) = 1o (o BB o o

o gnr (]x¢)
quNZFth) : & (q(x|xt> exp(@net(‘r))>

= > log(gxr(zlx:) — (log(q(z[x1)) + uet(x))

x~gNE (-]xt)

Q

By minimizing this objective across the training dataset, the sequence of invertible
transformations learns to warp the simple base Gaussian directly into the complex,
nonlinear optimal transport geometry dictated by the ¢-network.

Once the NF is trained, we can use it to sample and evaluate points from 7*(x;|xo).
During live tracking, we can draw samples from the NF for the next time step, based
on the current particle cloud and the measurement. The propagated particles can be
used by themselves as an estimation of the filtering distribution, but the distribution
can also be used as a proposal in a particle filter.
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4. Implementing the Schrodinger proposal

4.2.3 Architectural variants

To build the p-network and its corresponding NF, we explore the exact same archi-
tectural variants utilized in our Gaussian baseline: a static multilayer perceptron
utilizing a fixed window of L observations, and a random reservoir combined with
the recent observation window. The NF follows the same architecture choice as the
p-network it has been trained on.

The structure of these networks is similar to the once defined in Section 4.1.3. With
the difference of the p-net and the NF being an unsupervised task. Because the
optimization objectives evaluate distributional properties rather than calculating
direct errors against known ground-truth data, the training process does not utilize
a training-validation split (as for the supervised Gaussian baseline). Instead, the
networks are optimized directly across the entirety of the offline-generated DSS
datasets. Specific hyperparameter configurations for the nonlinear networks are
detailed in Appendix B.3.

4.2.4 Usage and initialization

Once the NF is fully trained against the learned potential network, the model acts as
a proposal distribution for the specific problem it has been trained on. During live
inference, the DSS and the evaluator network ¢, are entirely discarded. At each
time step, the current particle cloud and the required historical sensor measurements
are fed into the NF. The latter draws samples for the next time step, propagating
the particle cloud directly according to the learned optimal transport 7*(z|xy). As
for the Gaussian baseline solution, a standard filtering initialization is required until
the necessary number of measurements are acquired.

4.3 Approximating the marginal particle filter

If using the Schrodinger solution as a proposal distribution, the theoretical ideal
of zero weight degeneracy requires the use of an MPF. However, implementing the
MPF in a real-world setting requires us to overcome its computational complexity

of O(N?) (compared to O(N) for regular particle filters), due to the approximation
of the integral (2.18) shown again below.

/wt—ldfi(xt—lb’t—l) = /wt—lfi(xt—1|}’t—1)dxt—1 (4-3)

The integral becomes a sum on the form
> S )w(xy),
j=1

for all i = 1,..., N, and f;(-) designating either p(xgi) L) or q(xgi)‘yt, ) The advan-
tage of the marginal approach is that the particles have a lower weight variance,
which does not build up over time.
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4. Implementing the Schrodinger proposal

Klaas et al. [8] propose more efficient computations of the update using k-d trees
with an average complexity of O(N log(N)) or even O(N) in the linear-Gaussian
case. However, this approximation method only works for proposals where the tran-
sition probability is proportional to some distance metric, which is not necessarily
the case for the Schrodinger bridge solutions. See Appendix A for more information
on this approach.

Instead, we approximate the integral (4.3) by performing importance sampling using
a base distribution r(x;_1). We can then rewrite the integral as

n . oK)
/wt Silxalyii-1) i(xealyren) dr(x 1) ~ 3" wzY )fz(xH) «(b)

—1 - 9
r(xe-1) =g

for k = 1,...,n, which is also an unbiased estimation of (4.3). This approach reduces
the complexity to O(nN), where n can be a constant or a function of N (such as
the logarithm) depending on the desired approximation.

The base r can be any distribution with the same support as f;. The variance of
this estimator decreases as fw — ur, achieving zero-variance if r(x) o |f(x)|w(x)
for all relevant x [11]. While the exact expression is costly to evaluate, a reasonable
and readily available choice for r are the weights w themselves, as they provide
information on the magnitude of the expression |f(x)|w(x). In this thesis, when
approximating the MPF we use importance sampling, evaluating both r ~ U and
T~ w.
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Experimental setup

To evaluate the filtering methods detailed in this thesis, we establish a bench-
marking framework consisting of two tracking scenarios: a linear-Gaussian baseline
and a more complex nonlinear environment. Because the analytic solution of the
Schrodinger bridge relies on continuous-time dynamics, the linear-Gaussian target
is initially formulated as a continuous stochastic differential equation (SDE) before
being discretized for use in the particle filter. As the nonlinear scenario relies solely
on discrete approximations rather than closed-form analytic solutions, its target dy-
namics are formulated directly as a discrete-time state-space model. Finally, these
dynamic models are paired with a standard linear Cartesian measurement model
and a nonlinear polar measurement model.

5.1 Motion models

We begin by defining the motion models which are responsible for generating the
true target trajectories, which the filters attempt to estimate.

5.1.1 Linear motion model: the moth

To establish a baseline, a simple two-dimensional linear scenario was devised. The
model represents a clockwise rotational motion that converges toward the origin.
We first define the system as a continuous SDE governed. Following the Ornstein-
Uhlenbeck from Section 3.3, and setting the attractor m = 0, the continuous dy-
namics are modeled as

dXt = AXtdt + O'th

where X; € R? denotes the position of the target, W, is a standard Brownian motion,
o is the continuous diffusion matrix, and A € R?*? is the continuous drift matrix
governing the rotation and decay of the trajectory.

To control the shape of the spiral, the drift matrix is parameterized as

A=—-el+CJ

0 1
-1 0
The parameter ¢ > 0 controls decay rate of the spiral toward its center, while w > 0
dictates the clockwise angular velocity.

where [ is the 2 X 2 identity matrix and J = is a 90-degree rotation matrix.
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Because the particle filters evaluated in our experiments operate on discrete time
steps, we must compute the discrete-time equivalent of this model over a time step
At. The continuous system transforms into the discrete-time state-space model

T = Py + wy

where the discrete process noise is distributed as w; ~ N(0, Q).

The discrete transition matrix ® is derived by taking the exponential of the contin-
uous drift

P = TAFCNAL GEAt(COS(CAt)I + sin(C’At)J)

For our simulations we used a time step of At = 0.05, a decay factor ¢ = 0.3, and a
rotation factor C' = 1.2. Note that regardless of the starting position, the trajectory
eventually converges to the origin after circling it several times, as illustrated in
Figure 5.1a. Because this spiraling behavior resembles a moth drawn to a lamp, we
refer to this as the moth model. Figure 5.1b displays the resulting trajectory with
the covariance matrix set to @ = diag(0.12,0.12).

10 4

~10

(a) Movement independent of start point. (b) Trajectory with process noise.

Figure 5.1: Dynamics of the linear moth model.

5.1.2 Nonlinear motion model: The plane

To evaluate the filtering methods under more complex conditions, we introduce a
nonlinear scenario representing an aircraft navigating toward the nearest available
safe base in unstable weather. Let there be N possible landing bases, denoted as
B = (Bi>¢]i1 where B; € R?, i = 1,..., N. The aircraft’s movement is dictated by two
forces: a desire to steer towards the closest base, and an environmental drift caused
by wind currents. The wind is modeled as the gradient of a known atmospheric
pressure, defined by the function D : R? — R. The dynamics of the aircraft are
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governed by the following system of equations

B*(x,) = argmin ||z, — B|?

o B*(x;) — x4
) = B —m P

Tiy1 = T+ (f(:r:t) - nVD(:vt)> - At +w

Here, B*(x;) identifies the nearest base from the current position, f(x;) is the steer-
ing force towards B*(x;), and w; represents the state-transition noise. Because the
target base may change depending on the spatial location, the model can cause a
multimodal filtering distribution. We refer to this scenario as the nonlinear plane
model. Figure 5.2 illustrates the dynamics of model.

X Pole
A Bases

=== True Plane Path
% Measurements

Figure 5.2: Nonlinear plane model.

The air pressure is kept the same for all runs of the nonlinear plane scenario (in order
to ease the neural network learning), whereas the bases are randomly generated for
each run. The air pressure D was originally calculated as
100
D(z) ==Y N(z;p,0.1),

=1

where p; ~ U([0,1]?). The heatmap of D can be seen in the background of Figure 5.2.
Bases are sampled from /U([0,1]?), i.e. a uniform distribution from which the
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square root has been applied. The last operation was applied in order to move the
bases away from the starting point zo = (0.1,0.1)T, in order to make the run more
interesting.

5.2 Measurement models

With the target trajectories established, we implement two measurement models
to generate observation data: one linear Cartesian model, and one nonlinear po-
lar model. The difference between the two measurement models is showcased in
Figure 5.4.

5.2.1 Linear Cartesian Measurement

The Cartesian measurement model assumes that the sensors directly observe the tar-
get’s coordinates (x,y), corrupted by additive Gaussian noise v;. This measurement
model is strictly linear, defined as

Yt = heart (Tt) + v = x4 + v

The Linear measurement model has been paired with the moth model for out eval-
uations, where the noise v; is drawn from a zero-mean Gaussian with covariance
Reary = diag(0.45, 0.45).

5.2.2 Nonlinear Polar Measurement

For the nonlinear measurement model we let a sensor be located at a fixed pole
s = (s1,82)" (in our experiments, s = (0,0)"). To construct an observation, the
Cartesian coordinates of the current state x; is first transformed into polar coor-
dinates (p,#) representing the range and the bearing relative to the sensor loca-
tion

pe = ||z — sll2

0, = arctan2(x; o — s, Te1 — S1)

Independent Gaussian noise is then added to the polar coordinates. Let the polar
noise be distributed as v ~ AN(0, R), where the covariance matrix is defined as
R = diag(c2,03). In our simulations tracking the plane, we have used the noise
variance 03 = 0.001 and o7 = 0.5. The resulting polar coordinates p, = p; + v,

and 0, = 0, + vy, are then converted back to Cartesian form. This results in a final

observation of 3
pr cos( b,
Yy = hpolar(zta U) =s+1|_ . <~ )
Py sin (Qt)
We paired this measurement model with the nonlinear plane dynamics to simulate

an observation mechanism akin to the type of noise present in real-world radar
systems. Because the noise is added in the polar domain prior to the conversion, the
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resulting Cartesian uncertainty distribution becomes a “banana-shaped” probability
mass around the true state. See Figure 5.3 for an illustration.

y

a

\9 = Azimuth
X x

Receptor at origin

v

Gaussian noise Polar noise (from origin)

Figure 5.3: Polar coordinates w.r.t.

pole at origin Figure 5.4: Gaussian vs polar noise.
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Results and discussion

In this chapter, we evaluate and analyze the performance of various combinations of
proposal distributions and filter architectures. These combinations are tested on the
models described in Chapter 5, specifically utilizing the linear moth motion model
paired with the Cartesian measurement model, and the nonlinear plane model paired
with the polar measurement model.

The chapter is structured as follows: Section 6.1 introduces the metrics used to
evaluate the tracking performance. Section 6.2 details the experimental results for
the linear scenario by first establishing the performance of the exact DSS proposal,
comparing it as a standalone propagation mechanism against its use within a particle
filter. Following this exact solution, we evaluate the amortized solutions discussed in
Sections 4.1 and 4.2.1. Section 6.3 then extends this same analysis to the nonlinear
tracking scenario. Finally, Section 6.4 analyzes the computational and accuracy
trade-offs of the various approximation strategies applied to the MPF.

6.1 Evaluation metrics

In order to effectively quantify weight degeneracy, we use the concept of effective
sample size (ESS) in this thesis.

Definition 6.1 (Effective sample size). ESS at time t is defined as

or for normalized weights

(6.1)

The attainable values for ESS as defined in (6.1) are [1, N], only achieving its upper
limit when all weights are constant (minimum degeneracy), and its lower limit when
all weight is concentrated on a single particle (maximum degeneracy).

As described in Section 2.4.2, resampling can improve the quality of the filtering
distribution approximation, but also decrease it should the resampling occur too
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often. A rule of thumb described by [14] and used in this thesis is resampling only
when ESS attains a value under vV for some v € (0,1). In the results below, we
use 7 = 0.1 if not said otherwise.

Note that while ESS quantifies weight degeneracy, it cannot be the sole measure
to evaluate the tracking performance. For example, a constant proposal function
q(x¢|x¢-1,y:) := C will usually give very poor tracking while always boasting per-
fect ESS. Furthermore, resampling at every step will give a higher ESS than only
resampling when ESS drops below a certain threshold, even though the latter may
give better tracking results. We will thus present ESS in conjunction with the mean
squared error (MSE), as well as the average amount of resamples as a measure of
the ESS stability.

Note that empirical computation times are excluded from our evaluation metrics.
While the theoretical complexities have been discussed, the code implementations
developed for this thesis have not prioritized software optimization. Because the
implementations vary significantly in their degree of code efficiency, we deem any
direct runtime comparisons to be misleading regarding the true performance of the
algorithms.

6.2 Linear model: The moth

The goal of this section is to demonstrate how our Schrodinger bridge implementa-
tions compares to established filtering methods in the linear moth model, where the
analytical Kalman filter is applicable.

Specifically, we evaluate the exact DSS proposal along with our neural network ap-
proximations, both tested as a standalone propagation mechanism and as a weighted
proposal. We compare these Schrodinger approaches to the optimal Kalman filter,
as well as the bootstrap and LO proposals implemented within various particle filter
architectures.

6.2.1 Parameter consideration

We begin by acknowledging that the performance of any particle filter is heavily
dependent on the specific scenario parameters. Notably, the number of particles
affects tracking accuracy, while the relationship between the system noise ) and the
measurement noise R dictates the rate of weight decay.

In Appendix C.1, baseline tests are presented to confirm the expected theoretical
behavior of the bootstrap and LO proposals. When using a massive number of par-
ticles (V. = 100,000), both PF(B) and PF(LO) follow the Kalman filter estimation
with high accuracy. However, when the particle count is smaller (N = 150), the devi-
ation from the Kalman filter becomes noticeable. The bootstrap proposal performs
worse in this setting than the LO proposal. This is attributed to the combination of
fewer particles and bootstrap’s need for frequent resampling, which results in poor
particle diversity and a poor approximation of the true filtering distribution.
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6. Results and discussion

Furthermore, under extreme noise conditions, where the dynamics are very uncer-
tain and the observations are highly informative the ESS of PF(B) remains below
10% during the entire run while PF(LO) is much more stable. This results in an
inaccurate estimation of the filtering distribution and causes a noticeable difference
in tracking ability to PF(LO). The cause of PF(B)’s poor preference is the exclusion
of the measurement in the propagation step.

Building on the insights from above, the following evaluations for the linear moth
model uses noise parameters chosen (see Section 5) to simulate a realistic tracking
environment. Furthermore, because using the DSS proposal and running the MPF
is highly computationally intensive and time consuming, the particle count was
restricted to N = 100 for all simulations. The DSS performance is also affected by
the number of target particles proposed to it. For all experiments we have used an
extra sampling factor of 100.

6.2.2 Discrete state Schrodinger proposal

Figure 6.1 demonstrates the tracking performance of the DSS algorithm compared
to the LO proposal. In the figure, a distinction is made between two versions of the
DSS proposal. “WlessDSS” refers to the use of the DSS proposal to propagate the
particles, but the particles are not given any weights. While Reg(DSS) represents
PF(DSS), where particles receive weight updates.
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y, 2o g2 . 42
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Figure 6.1: Tracking performance comparison between the unweighted DSS prop-
agation mechanism, the weighted DSS, and PF(LO).

As the figure is only one example of the outcome, and might be hard to read,
we have summarized the performance of the different proposals in Table 6.1. The
table presents the average values calculated over 50 runs, using 100 particles, with
a resampling whenever the ESS < 10%. It categorizes the performance across four
metrics: mean ESS for one run (with a max value of 100), the average number of
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resampling triggered per run, MSE compared to the true path and MSE compared
to the Kalman filter. The final row of the table shows the performance of the
unweighted DSS proposal.

Table 6.1: Performance comparison of filter architectures and proposal distribu-
tions on the linear moth model. Values represent the mean over 50 independent
runs using 100 particles. Resample threshold 0.1.

] Filter \ Proposal \ ESS \ # Resamples \ MSE (vs True) \ MSE (vs Kalman) ‘
Kalman - - - 0.343 + 0.041 | -
Regular PF | Bootstap | 27.0 = 1.6 | 21.0 £ 1.4 0.380 £ 0.070 0.033 £ 0.008
LO 326 £25 116 14 0.362 £ 0.048 0.023 £+ 0.005
DSS 295 +£ 23] 19.5 £ 2.7 0.417 £+ 0.055 0.075 £ 0.025
Unweighted | DSS - - 0.382 £+ 0.061 0.043 £ 0.027

Looking at Figure 6.1, the most immediate observation is that the estimated trajec-
tories from all proposals are very close, with the plotted lines lying almost on top
of one another. Because the distances in this tracking scenario are quite small, all
tested proposals successfully provide a good approximation of the true target state.
It is therefore difficult to compare the differences in MSE.

When examining the numerical metrics in the “Regular” filter section of Table 6.1,
some differences emerge. We see that the DSS proposal’s performance falls some-
where between the bootstrap and LO proposals in terms of filter stability. It yields a
mean ESS and a resampling frequency between the values of the other two methods.
Despite this moderate stability, the MSE for the weighted DSS is the highest in the
group, both compared to the true path and the Kalman filter. Thus, the use of the
DSS proposal in a standard particle filter does not appear to be strictly favorable
in this specific case.

Furthermore, we note that the ESS for PF(DSS) is not close to being constant. This
is expected, since we cannot bridge between optimal trajectory distributions without
changing the previous positions of the particles (as was argued in Section 3.6).
Consequently, because the resulting particle weights are non-uniform, the weighted
state estimate diverges from the standalone propagation. This is visible in the figure,
where the weighted DSS trajectory deviates from the unweighted DSS path. We also
see that the unweighted DSS has a mean MSE in the same range as PF(LO) filter,
they are particularly similar when compared to the true path.

6.2.3 Effect of filter architectures

While the DSS proposal in a regular particle filter did not demonstrated great po-
tential in the previous section, changing the filter architecture significantly impacts
its performance. Table 6.2 presents the results of utilizing the DSS as a proposal
within the APF, MPF, and AMPF architectures (visualizations of these results are
provided in Appendix C.2).
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Table 6.2: Performance comparison of filter architectures and proposal distribu-
tions. Values represent the mean and standard deviation over 50 independent runs.

| Filter | Proposal | ESS | MSE (vs True) | MSE (vs Kalman) |

Kalman - - 0.343 £ 0.041 -

Regular Bootstap | 54.8 £ 1.7 | 0.366 + 0.060 | 0.015 £ 0.004
LO 69.6 £ 1.9 | 0.367 £ 0.053 | 0.009 £ 0.002
DSS 54.8 £ 2.5 |0.394 £ 0.067 | 0.057 £ 0.038

APF Bootstap | 64.8 & 1.8 | 0.401 £ 0.054 0.044 £ 0.014
LO 82.7 £ 1.1 ] 0.390 £ 0.057 | 0.032 £ 0.011
DSS 72.6 £1.8 | 0417 £0.046 | 0.060 £ 0.023

MPF Bootstap | 24.1 £ 1.6 | 0.391 £ 0.067 | 0.048 £+ 0.011
LO 31.3 £1.6 | 0.392 £ 0.064 | 0.030 £ 0.006
DSS 100.0 £ 0.0 | 0.383 £ 0.054 | 0.050 £ 0.025

AMPF Bootstap | 656.5 £ 1.9 | 0.378 £ 0.047 | 0.031 &£ 0.006
LO 83.1 £1.3 | 0.374 £ 0.048 | 0.025 £ 0.004
DSS 71.3 = 1.7 | 0.410 £ 0.054 0.062 £ 0.023

Unweighted | DSS - 0.382 £ 0.061 | 0.043 + 0.027

One interesting finding from Table 6.2 is the performance of MPF(DSS). This combi-
nation yields a constant mean ESS of 100. This empirically validates the theoretical
ideal discussed in Section 3.6. Furthermore, a constant ESS implies that the state
estimation should be nearly identical to that of the unweighted DSS baseline. This
is confirmed by both the data in the table and Figure 6.2, which showcase the
unweighted DSS and the MPF(DSS) paths following each other closely.
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Figure 6.2: Tracking performance comparison between the unweighted DSS and

the MPF(DSS).

Interestingly, the AMPF does not maintain the same level of ESS stability when
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using the DSS proposal. The ESS is no longer constant, which we believed to be
caused by the heuristic nature of the auxiliary filter step, namely that the choice of
the deterministic value ugk) may inaccurately place more weights on some particles.
Introducing this heuristic approximation ruins the exact calculations of the Sinkhorn
algorithm and marginalization.

Again we note that the all filter and proposal combinations give a good MSE, with
no noticeable best performances.

6.2.4 Gaussian Schrodinger bridge

In this section, we discuss the results of the machine-learned approximation of the
Gaussian Schrodinger bridge. The primary goal is to demonstrate that amortized
learning can be used to execute the repeated calculations of the Schrédinger bridge.
First, we consider the performance of the exact analytical Gaussian bridge, which
uses the Kalman filter to define the target distribution p;. In Figure 6.3, we the
exact Gaussian Schrodinger bridge transports the particles such that they perfectly
align with the Kalman estimation.

10

True X

Measurements
= Kalman Estimate

Exact GSB (Continuous)
—-- Neural Network Filter

X Position
N

Y Position

Time (s)

Figure 6.3: Tracking ability of the analytical Schroédinger solution and the trained
network.

Figure 6.3 also illustrates the tracking performance of the learned Schrodinger
bridge. This approximation is done by the MLP network with 3 previous measure-
ments, proposed in Section 4.1. The networks showed similar results when previous
measurements were included. No obvious difference was seen when including all
observations in the random reservoir.
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In the networks we observe a slightly larger deviation from the Kalman filter com-
pared to the filters from the previous section, resulting in an MSE to the true path
of 0.503 £0.074 and an MSE to the Kalman filter of 0.160 + 0.037. Nonetheless, we
still conclude from the figure that the network is capable of following the general
path of the moth. This network only operates without particle weights. It serves
strictly as a proof-of-concept, to show that it is possible to train a neural network
to solve a Schordinger bridge problem. However, this unweighted state estimation
already closely aligns with the true posterior distribution, an example can be seen
of this in Figure 6.4.1t is therefore probable that using this network as a proposal
within a particle filter would yield low weight variance.
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Figure 6.4: Spread of generated particles from a random step during tracking.

6.2.5 Performance of networks

In this section, we evaluate the implementation of the neural networks approximat-
ing the half-bridge, consisting of the p-network and the NF. Unlike the Gaussian
Schrodinger bridge, these can be applied in the nonlinear case.

The potential networks

Since we are primarily interested in the accuracy of the target distribution, and the
starting distribution is already fixed by our initial particle cloud, our evaluation fo-
cuses exclusively on the forward p-network. As described in previously this network
suffices to calculate the conditional transition 7*(x; | x¢) used to propagate the
particles.

Because the p-network outputs a continuous function that can only be evaluated
(and not directly sampled), we assess its performance by computing its values over a
spatial grid of potential states x;. Specifically, we evaluate the unnormalized target
density m(x1) o< exp(pnet(X1)) X q(X1]%0), which maps the probability landscape
given the entire initial particle distribution at xg.
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Overall, training the p-network yielded a spatial distribution that successfully covers
the target points, exhibiting an approximately Gaussian shape with an accurate
mean but an excessively large variance. We observed similar results independent
of the number of historical observations provided to the network, and independent
of whether a random reservoir was used or not. Illustrated in Figure 6.5 are the
results from an MLP conditioned on three previous observations (L = 3). We see
that the high-probability regions correctly cluster around the true target location.
However, while the resulting spatial distribution is roughly spherical, it does not
perfectly capture the desired Gaussian as it in general produces a distribution with
a larger variance than the target distribution.
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Figure 6.5: Comparing the trained 7*(x;) o< exp(pnet(x1)) 2 q(xX1]%0) distribution
to the training data (predicted and target particles).

6.2.5.1 Normalizing flow

Implementing and training the NF proved more challenging than the potential net-
works, with several persistent issues during the training phase.

Initially, we hypothesized that using a random reservoir would yield superior re-
sults by providing the model with the particle’s full historical trajectory. While,
the p-network produced comparable results regardless of the number of historical
observations provided, the NF models reacted poorly to the recurrent structure. As
shown in Figure 6.6, the RNN struggled to locate regions of high probability, often
generating entirely inaccurate distributions. Due to the severe training issues, the
attempt to use the full trajectory as input was abandoned in favor of the MLP.

To retain some historical context without the RNN, the MLP was instead con-
ditioned on three previous observations, as for the results of the ¢ network in
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Figure 6.5. This adjustment gave more accurate results. Figure 6.7 illustrates a
favorable training outcome using this approach, demonstrating that the network is
capable of generate point with a similar distribution as the target particles it is

trying to imitate.
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6.2.5.2 Tracking performance

Following the single-step distribution evaluations of the previous section, we de-
ployed the trained NF model within the linear moth scenario (we specifically evaluate
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Table 6.3: Performance comparison of filter architectures and with the NF as
proposal. Values represent the mean over 50 independent runs using 100 particles.

’ Filter \ Proposal \ ESS \ MSE (vs True) \ MSE (vs Kalman) ‘
Regular NF 57.4 £ 2.0 | 0.349 4+ 0.042 0.020 £ 0.006
APF NF 65.4 £ 2.0 | 0.387 &+ 0.058 | 0.031 4+ 0.006
MPF NF 57.4 + 2.5 1 0.379 & 0.060 | 0.039 &+ 0.024
AMPF NF 66.1 £ 1.7 | 0.366 = 0.052 0.032 £+ 0.005
Unweighted | NF - 1.100 £ 0.307 | 0.799 + 0.213

the MLP with input: current state, latest observation, three previous observation,
using the DSS proposal to initiate the filter). The network was evaluated both as
an unweighted transport option and as a proposal in the filter architectures.

Figure 6.8 illustrates the tracking performance of the unweighted NF network.
Across all test runs, the generated trajectories are excessively smooth. Compared
to the initial proof-of-concept results from Section 6.2.4, the NF estimated trajec-
tory is further from the truth. It seems like the network relies too heavily on the
prior dynamics, and fails to include the measurements properly. Consequently, the
standalone network provides a poor state estimate.

47 — Kalman Estimate
—-= WlessNF Estimate

—4 -2 o] 2 4 6 8 10 12

Figure 6.8: Tracking performance of the unweighted NF.

While integrating the NF model as a proposal distribution within a particle filter
significantly improves its estimation accuracy compared to the standalone configu-
ration, its performance remains lower than PF(DSS). Comparing Table 6.3 to our
previous results, the NF performs comparable to the bootstap proposal. This is con-
sistent with the observation that the NF mostly relies on the prior dynamics.

When the NF proposal is integrated into the MPF, the weight degeneracy is still
noticeable (see Figure 6.9). We have thus not managed to approximate the DSS
proposal well enough to achieve a constant ESS. We note that in this context, where
the MPF with a Schrédinger proposal does not give constant ESS, the AMPF(NF)
yields a superior solution to the higher mean ESS and lower MSE.
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Figure 6.9: Tracking performance of the generative NF network, without weights
and as a proposal in the MPF.

6.3 Nonlinear model: The plane

In order to showcase the methods presented in this thesis in a nonlinear scenario,
we turn to the polar noise plane model. Note that, much like for the linear moth
model, the values of the motion and measurement noises as well as the particle
amount greatly affect the results. Since varying the noises has already been studied
in Section 6.2.1 above, we let these values be constants which were judged reasonable
for the nonlinear plane model. See Figure 6.11 for an example path. The amount
of particles is also set to a constant N = 100 for the same reason as for the linear
moth above.

6.3.1 Discrete state Schrodinger bridge

Unlike for the linear moth scenario, no exact benchmarking method exists in the
nonlinear case. The LO proposal cannot be used as described in this thesis either
since the scenario is nonlinear, and we are left with two methods: the bootstrap
proposal, and the UKF. The UKF has the advantage of being very fast and versatile,
but its accuracy cannot be improved by increasing amount of particles NV, whereas
the bootstrap proposal is somewhat slower but converges to the filtering distribution
as N — oo. In order to get an idea of their performance, we turn to Table 6.4. We
see that the UKF and BPF track the object decently, although with substantially
higher error compared to the other filters. We also see from the table that the BPF
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on average resamples the most of any proposal tested. A visualization of the average
MSE and ESS per trajectory step is given in Figure 6.10.

Table 6.4: Average metrics over 50 runs, 100 particles, o = 100 for DSS, trajectory
length 50, and v = 0.1 resampling threshold.

| Filter | Proposal | Mean ESS | MSE (to true state) x10~* | # Resamples
UKF - 32.6 £ 124.6 -
Regular Bootstrap | 13.1 + 10.2 | 8.9 £ 8.9 27.0
DSS 355 £239|82%68 5.4
Weightless | DSS - 7.7+6.4 -
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Figure 6.10: Average metrics per trajectory step over 50 runs. Computed with
resampling threshold v = 0.1. Comparing PF(DSS), UKF and PF(B).

The PF(DSS) on the other hand has both a substantially lower MSE compared to the
UKF, but also resamples rather seldom compared to PF(B). Looking at Figure 6.11,
we see that both PF(DSS) and PF(B) diverge very little from one another in the
beginning of the trajectory, whereas the UKF at times give sharp outliers due to its
approximations.

Furthermore, we see from Table 6.4 that the MSE for the weightless DSS is slightly
lower than its particle filter counterparts, which was argued for in Section 3.6. We
additionally see from Figure 6.12 that it doesn’t get worse over time, although we
only have 50 steps.
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Figure 6.11: Tracking comparison for PF(B), PF(DSS) and UKF (left). ESS and
one-dimensional views of tracking (right).
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Figure 6.12: Average MSE for weightless DSS compared to UKF and PF(B) over
50 runs.

6.3.2 Marginal particle filters with Schrodinger proposals

We see from Table 6.5 that the MSE of MPF(DSS) stays more or less the same.
Much like for the linear moth scenario, the ESS is almost maximal.
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Table 6.5: Average metrics for the different filter architectures. Average taken over
50 runs, 100 particles, a = 100 for DSS, trajectory length 50.

| Filter | Proposal | Mean ESS | MSE (to true) x10~* |

MPF DSS 999+ 03 |7.8£64
AMPF | DSS 69.9 £222|79+64

Looking back at the table, we see that using AMPF(DSS) gives similar values to the
MSE, but substantially lower ESS compared to MPF(DSS). This is motivated in the
same way as for the linear moth model. A tracking comparison between MPF (DSS)
and AMPF(DSS), as well as PF(B) with many particles acting as a reference process
is given in Figure 6.13. We see visually that MPF(DSS) seems to follow the reference
process almost perfectly, while AMPF(DSS) diverges from it at times.
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Figure 6.13: Tracking comparison for PF(B) with 15,000 particles, MPF(DSS)
and AMPF(DSS) (left). ESS and one-dimensional views of tracking (right).

6.3.3 Performance of networks

Since PF(DSS) could be successfully implemented in a nonlinear scenario while
giving good results, we now turn to the faster but more approximation-heavy neural
networks. Much like for the moth, inputting a random reservoir to the networks
did not yield very good results. We thus opted to instead only input three previous
observations to the networks (L = 3). We evaluate the networks in the same manner
as for the moth, plotting the training data (prior and target particles) on top of a
heat-map of the networks’ evaluations, see Figure 6.14. In this way, we can look for
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potential discrepancies between the distributions. We see that while the networks
seem to have found decent approximations of the true distribution, they seem to
create a slightly biased and more spread-out distribution than the true one. While
both distributions coincide rather well, the NF gives an even more biased distribution
than the p-network, since it was trained on an approximate distribution.
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Figure 6.14: Comparing the trained distribution with the training data (prior and
target particles).

We further see from Table 6.6 and Figure 6.16 that the amount of resamples of
PF(NF) is higher than that of PF(DSS), with lower average ESS. The tracking is
still better than that of the UKF, further motivated by Figure 6.16, and we do
see that the trajectory found in Figure 6.15 is not as stable as that of PF(DSS),
although it does seem to present fewer outliers than the UKF. Note that the ESS
plateau in Figure 6.16 stems from the fact that we use PF(DSS) for the first three
trajectory steps, since the NF inputs the previous three observations.

Table 6.6: Average metrics for the NF proposal. Average taken over 50 runs,
100 particles, « = 100 for DSSPF, trajectory length 50, and v = 0.1 resampling
threshold for the regular particle filter.

| Filter | Proposal | Mean ESS | MSE (to true) x10~* | Resamples |
Regular NF 206 £99 |91=x92 21.1
Weightless | NF - 15.0 £ 14.9 -
MPF NF 416 £94 | 7.6 £ 8.6 -
AMPF NF 18.9 £10.3 | 84 £ 85 -
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Figure 6.15: Tracking comparison for PF(B), PF(NF) and UKF (left). ESS and
one-dimensional views of tracking (right).
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Figure 6.16: Average metrics per trajectory step over 50 runs, resampling threshold
~v = 0.1. Comparing PF(NF), UKF and PF(B).

We further see from Table 6.6 that the MSE for the weightless NF, unlike DSS,
performs worse than its particle filter counterpart. While a weightless approach is
computationally cheaper (especially compared to the MPF), it neither allows for
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keeping track of the ESS, nor adjusting the distribution for errors in the approxi-
mation. This is especially relevant for the NF proposal, which contains even more
approximations than the DSS proposal and is thus likely to lose accuracy over time.

In fact, we see from Figure 6.17 that the MSE gets worse over time for the weightless
NF.

Average MSE

0.005
—— BPF
— UKF
—— WlessNF
0.004 A
0.003 ~
0.002 A
0.001 A
0.000 T
0 10 20 30 40 50

Figure 6.17: Average MSE for the weightless NF compared to PF(B) and UKF

over 50 runs.

Finally, the table indicates a substantial improvement to the MSE when using
MPF(NF). The ESS is not as good as that of MPF(DSS), however, although substan-
tially higher than PF(NF). This further motivates the fact that the NF may not be
as fit to be used in a weightless scenario compared to the DSS proposal. AMPF(NF)
behaves similarly to AMPF(DSS), in the sense of lost ESS, for the same reasons.
The MSE for AMPF(NF) is also notably higher than MPF(NF).

6.4 Approximating the marginal particle filter

As we have seen, two alternatives to using Schrodinger bridge proposals in filtering
distributions is by either removing the update step, or using the MPF. The former
alternative works well for very accurate proposals, but fail as the approximation
quality worsens, while the latter is computationally very heavy. A compromise would
be to approximate the update step of the MPF to keep oversight over the weights
and ESS, while evolving in the filtering distribution (as opposed to the trajectory
distribution). Two methods to do so have been presented in Section 4.3: using n
random indices in the update step, or sampling them based on their corresponding
weight. In Table 6.7 are given average metrics for both methods, using n = 5 and
n = 30, using MPF(NF) and AMPF(NF). Only the NF proposal has been studied
due to time limitation and since this is the most likely proposal to be approximated
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in a real-world application.

Table 6.7: Average metrics for different MPF(NF) approximation strategies. Av-
erage over 50 runs, 100 particles, trajectory length 50, and v = 0.1 resampling
threshold.

’ Particle filter \ Approximation type \ n \ ESS \ MSE (to true) x10~* ‘
Regular PF No approximation - 206 £99 |9.1+9.2
MPF Weight 30 140.0+94 | 7.7+£64

5 |3824+80 |82+82

Random 30 [ 40.1 +86 |7.8+£7.0

5 | 387+94 | 7.7T£81

No approximation - 1416 +£94 | 7.6+86

AMPF Weight 301331 +£10.7|82+£7.0
5 1319499 |83+£73

Random 30 | 34.1 +£10.1 | 7.8 £ 6.7

5 |31.54+10.0|81+6.9

No approximation - 18.9 + 10.3 | 8.4 £ 8.5

Note that the approximate values for the ESS and MSE seem to lie somewhere
between the unapproximated marginal filters and the regular particle filter. We
further note that the MPF again surpasses the AMPF in terms of ESS, and seem to
give slightly better MSE. Due to the similarity of all of the values, it is difficult to
conclude whether the weight or random approximation is best. It is clear however,
that a higher n gives better ESS and MSE, however.
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Conclusion

The goal of this thesis was to study the extent to which Schrodinger bridges can be
used for Bayesian filtering. We implemented three proposals solving the Schrodinger
bridge problem in different ways:

o the discrete state Schrodinger bridge, providing an upper bound for how well
a Schrodinger bridge-based proposal can perform, but too computationally
demanding to be used in real-world situations,

 the Gaussian Schrodinger bridge (GSB), demonstrating that it is possible to
learn the goal distribution using neural networks, but only applicable in the
linear-Gaussian case, and

o the learned half-bridge, which can also be applied in nonlinear scenarios.

We demonstrated empirically that the DSS can rival or surpass the most widely
used solutions to the filtering problem in both the linear and nonlinear case. This
was especially evident when used in an MPF, or in the weightless setting, where
the proposal is used without importance weight updates. These results suggest that
Schrodinger bridge-based proposals can theoretically provide very good solutions to
the filtering problem.

We further demonstrated that the goal distribution can be approximated using a
neural network: in the linear case via the GSB, and in the nonlinear case via the
p-network and NF. The NF struggled to accurately track the in both the linear and
nonlinear case. IN the nonlinear case, when used within an MPF, it did not achieve

constant weights but manage to track well, outperforming both the Bootstrap pro-
posal and the UKF.

Since the MPF is computationally more demanding than the regular particle filter,
approximations to the algorithm were evaluated. We studied several such approxi-
mation strategies together with the NF proposal and found that, while they lead to
worse tracking performance than the exact MPF, they still outperformed both the
weightless NF and the NF used in a regular particle filter.

While this thesis concludes that Schrodinger bridges can indeed be effectively utilized
for Bayesian filtering, several aspects with potential for improvement and directions
for future research were identified. The design choices relating to the neural network
architecture are discussed in Section 7.1, and ideas for future research on the topic
are presented in Section 7.2.
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7.1 Neural network architecture

The neural networks used for the half-bridge may still be substantially improved
upon. As noted from Figure 6.14, the learned distributions do not perfectly overlap
with the target points: they are both more spread out and skewed relative to the
true distribution. Below, some possible causes and solutions to this problem are
discussed.

In order to guarantee exact evaluation of the learned distribution, and by extension
a mathematically correct particle filter update step, a normalizing flow was used.
However, normalizing flows can only represent distributions expressible through an
invertible function, which limits their expressive power and may help explain the
network’s difficulty in learning the true distribution. Since a network approximating
the evaluation of the distribution already exists in the form of ¢, an alternative
approach would be to use a more expressive generative architecture — such as a
generative adversarial network or a variational autoencoder — for sampling, and rely
on ¢ for evaluation. This would sidestep the invertibility constraint while preserving
the ability to evaluate the learned distribution, although it cannot be used in a
particle filter.

Furthermore, as noted in Section 4.1.4, incorporating previous measurements into
the input via a random reservoir may lead to better results. However, we were unable
to successfully train this architecture, as the network struggled to simultaneously
learn to process the reservoir state and learn the filtering distribution. A possible
remedy would be to first train the network without the reservoir component, and
only introduce it later.

7.2 Future work

There exist multiple ways to build upon this thesis. Firstly, testing the proposals
on real-world scenarios may challenge them more than our experiments did, and
reveal flaws that our models were too simple to expose. For example, the synthetic
nature of the data used in this thesis may be much more regular than real-world
data, potentially giving a skewed picture of the proposals’ actual performance.

Furthermore, it may be relevant to consider additional metrics beyond those used
in this thesis. For instance, calculation time was not measured, as doing so would
require optimizing the code, which falls outside the scope of this thesis. However, as
argued above, calculation time is important for real-world use of filtering methods.
Large computational overheads may negate the gain from using fewer particles, in
which case a simpler proposal may be preferable. Additionally, metrics such as the
Wasserstein distance may be better suited to comparing the learned distribution
with the true one, rather than taking the MSE between the weighted mean of the
particle distribution and the true path. This is especially relevant in highly nonlinear
scenarios, where the weighted mean and the mode do not coincide, or where several
modes are present.
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7. Conclusion

Finally, we have shown that combining the Schrédinger bridge proposals with MPFs
greatly improves their performance, but that the MPF needs to be approximated
to be computationally viable. We studied several approximation strategies based
on approximating the update sums via importance sampling, but another approach
proposed by Klaas et al. [8] is to make use of k-d trees. We did not implement this,
as k-d trees rely on the assumption that the probability of a previous particle giving
rise to a later one is determined by some distance metric — which is not necessarily
the case for a learned evaluation function. Nevertheless, this approach may provide
a useful heuristic for selecting which points to include in the update sum, and has
the additional advantage of allowing one to bound the maximum tolerated error of
the sum. Whether this assumption holds sufficiently well in the context of a learned
evaluation function remains an open question, and we believe it would be worth
exploring empirically.
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A

Kernel density estimation

In the marginal particle filter, the added complexity comes from identifying the
probability of every particle x,g ) originating from each particle x§ 1- Such a system,
in which 5 = 1,..., N particles affect each of i = 1, ..., M, particles is called an N-
body problem. One concept from N-body learning is called kernel density estimation
(KDE). While KDEs are mostly used in the context of probability density estima-
tion, it was noted by [8] that it can also be used to approximate the influence ¢; of
a set of sources x; € X with associated weights w; on a set of targets y; € Y with
an influence function (or kernel) K(x;,y;).

ij (xj,y:), i =1,.., M (A.1)

The exact approach to calculating ¢ would be to perform all point pair calculations,
with a complexity of O(d), where d = |[{z € X, y € Y|K(z,y) # 0}|. For a strictly
non-zero kernel, such as an infinite-tailed Gaussian, this means O(M N) complexity,
even though some points only influence each other infinitesimally. Below, we detail
how to approximately find the influence (A.1) with an average of O(N log?(M)) time
(an even more approximate algorithm with O(N log(M)) time complexity exists but
is not explained in this thesis) by combining sources and/or targets according to
some specified error € using single/dual k-d search, utilizing a data structure called
k-d tree (see Sections A.2, A.3 and A.1 respectively).

It is further explained by [8] that the MPF update step can be mapped to this
problem directly:

o)), )= ) o) ).

K (zj,9:) = a(xt” = wixis = w5, 30) or p(xi” = galx) = ;).

A.1 k-d tree

Following the explanation of [5], k-dimensional trees (k-d trees) are binary trees that
partition a k-dimensional space. Every non-leaf node corresponds to a k-dimensional
hyperplane perpendicular to one of the dimensional axes that partitions the space
in two, such that the left subtree corresponds to the hyperspace to the left of the
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hyperplane and correspondingly for the right subtree. In the context of this thesis,
the axes are chosen by circling through the k£ dimensions and the position of the
hyperplane such that it intersects the median point of that axis.
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Figure A.1: Plane partition at different k-d tree node depths.

Figure A.1 showcases how k-d trees partition the 2-dimensional space when diving
deeper down its branches. Note that every node is traversed by a line in the leaves,
meaning that every space partition is empty. This motivates why we claimed that
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leaf nodes do not partition the hyperspace. Inner nodes however contain points,
which are additionally assigned weights. The complexity of building a k-d tree
on N points with the above specifications is either O(N log(N)) or O(N log?(N))
depending on whether the median is approximated or found.

A.2 Single-tree search KDE

We construct one k-d tree of the sources X C X with weights {w;}. For every point
y; € Y C Y, we recursively calculate the approximate influence g; by descending the
tree. See Algorithm 7.

Algorithm 7 Single-tree search KDE

1: Using X source points, Y target points
2: Build k-d tree from X setting weights w; and getting root @0t
3: fort=1,...,.M do

4: Set ¢; =0

5. SINGLETREESEARCH(Zyo0t, Vi, i)
1: procedure SINGLETREESEARCH(z, y, q)
2: if ISLEAF(z) then

3 Tyinaex € Lyinaex T xweightK(x7 y)
4 return

5 Calculate d,i,, dimax, Kmin, Kmax

6 if :Etotal_weight(Kmax - Krnin) < ¢ then
7 q<—q-+ xtotaliweightK(«Tcentroida y)

8 return

9: SINGLETREESEARCH(Z e, ¥, )

10: SINGLETREESEARCH (Zyight, Y, )

A.3 Dual-tree search

While single-tree search only approximates the source points by grouping close-
by or small points together, dual-tree search also approximates the target points
with a k-d tree. It is explained by [3] that the search can be thought of as a
simultaneous traversal of two trees, meaning we also group similar or far-away target
points together. The search is thus based on node-node comparisons, rather than
point-node comparisons as for single-tree search. They further show that dual-
tree search can speed up many N-body problems compared to single-tree search,
although no claim is made in the specific KDE case.

The algorithm is as follows, and greatly resembles Algorithm 7. Note however that
weights have no meaningful interpretation for the target tree, and are all equally set
to ﬁ Also note that the distances now correspond to the lower and upper bounds
for any points in both chunks, see Figure A.2.
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Figure A.2: The lower and upper bound on pairwise distances between the points
contained in each of two k-d tree nodes, taken from [4].

A.4 Application to marginal particle filters

In the MPF weight update step, we wish to approximate
L. > wp(yi|z;), and
2. 325 wiq(yilzs, yi)
for i = 1,...,M. Let us therefore define X, := {E[p(xﬁx@l)} ‘j = 1,...,N} and

X, = {]E[q(xAin)l, yt)} ‘j =1,.., N}. In linear-Gaussian models, these sets can be
calculated explicitly. Note that for both of these proposals, the kernels to evaluate
the influence of X, and X, on Y are Gaussian with known covariance matrices.
Since the Gaussian kernel between two points depends on the distance between
them, it makes sense to make use of dual-tree search to partition the points into
spatial chunks to approximate the influence. We thus approximate both 1. and 2.
by performing a dual-tree search with target Y, the only difference being the sources
X, and X, respectively.

We believe that this method can be used to speed up one type of nonlinear model,
where points are propagated as

y=f(x)+v,

where p(y|z) = p(y — ). That, is, models with some nonlinear known motion model
f(+) onto which some noise depending on some distance metric has been added (e.g.
Gaussian noise). There exist, however, proposals and models for which we believe
to be incompatible with KDE using dual-tree search.

KDE using dual-tree search requires the evaluation of the minimum and maximum
influence bound between nodes. This is not always possible. For example, for
proposals which do not make use of a distance metric, points on the edge of the
chunks may not give the highest/lowest influence. Partitioning the state-space into
chunks thus has no meaningful interpretation. This problem also persists in the
general nonlinear case.

Note that [4] who devised the dual-tree search only looked at kernels depending on
a distance K(z,y) = K(y — x).
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Algorithm 8 Dual-tree search KDE

1: Using X source points, Y target points
2: Build k-d tree from X with weights w; and Y with weights {4;}, and getting
TOOtS Troor and Yroor TESpectively
Set g =0fori=1,... M
DUALTREESEARCH(Zro0t, Ui, i)
procedure DUALTREESEARCH(z, ¥, q)
if ISLEAF(z) and ISLEAF(y) then
Tyinaex € Lyinaex T xweightK(xa y)
return
Calculate d,in, dimax, Kmin, Kmax
if Ttotal _weight * Ysize (Kmax - Kmin) < ¢ then

qyindeces <~ qyindeces + xtOtaliweightK<mcentroid7 yCeIltI‘Oid)
return

lf Lsize > Ysize then
DUALTREESEARCH (Zief;, ¥, q)
DUALTREESEARCH (Zyight, ¥, )
else

DUALTREESEARCH(Z, Yiets, q)
DUALTREESEARCH(Z, Yright, q)

— = = =
w2

—
e
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Neural networks

In this appendix, we give an introduction to two neural network architectures used
in this thesis.

B.1 Normalizing flows

A normalizing flow (NF) is a neural network architecture that estimates a probability
distribution 7 on R? given samples from it. It creates an approximate distribution
7 by modifying another, simpler distribution d by means of some invertible coupling
function f. Letting x ~ 7 be an observed variable and z = f(x) ~ d be its corre-
sponding latent variable from this simpler distribution, we can now compute

p(x) = p(f(@)) [det (J(x))| = p(z) |det (J(@))],  J(x) = aécﬁ)

meaning it is possible to evaluate the approximate distribution 7 exactly. This
stands in contrast to other models such as variational autoencoders and generative
adversarial networks, which can similarly be used to sample a distribution, but
cannot evaluate this distribution exactly. For that reason, they may not be adequate
for a use inside of a particle filter, since they cannot generally compensate for the
mismatch between the sampled distribution and the true filtering distribution.

Jacobian,

In order to allow for efficient calculations, f(z) needs to be chosen such that (i)
its inverse and (ii) the determinant of its Jacobian are easy to compute. One such
model was developed by Dinh et al. [2] and called RealNVP. It makes use of affine
coupling functions f(x,d; s, t) = sxy.q+t, which operate on a subset of the dimensions
1,...,d < D. Values in the dimensions d + 1 : D are kept constant. It is trivial to
invert, and its Jacobian is

J() I, 0
O\ e Diexp(s).

This is a triangular matrix, meaning its determinant can be efficiently computed as
exp(1s). The network is thus trained to output s and ¢ for each of its layers. Note
that since not all dimensions are modified by any single coupling function, they are
made to alternate between affecting dimensions 1 : dy and dy +1: D.

One could imagine the latent distribution d to be an elastic balloon with some kind of
pattern on it wrapped around a ball. In this analogy, the NF creates a more intricate
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Figure B.1: Learned invertible mapping between 7 and d. Image from Dinh et al.

12].

geometric shape that the balloon is wrapped over. The pattern gets stretched and
displaced on this new geometric shape, but a point on the ball still corresponds to
exactly one point on the geometric shape, and vice versa. A 2D example of this is
given in Figure B.1.

B.2 Recurrent Neural Network

MLPs are unidirectional in forward propagation, where each neuron feeds into the
next neuron layer from left to right, and have a fixed input size. This is called a
feed-forward network. A generalization of feed-forward networks allows for any node
to feed into any other node. These are called recurrent neural networks (RNN). A
feature of RNNs is that they allow processing of information several times using the
same weights by creating a loop containing the node in the neuron architecture. An
schematic illustration is given in Figure B.2.

RNNs are especially useful in our setting with a start state x; and observations
Yisi1 [15]. In this way, we are flexible with respect to the amount of observations
which may vary in real-world applications. Furthermore, using the same network to
propagate the hidden states makes sense for physical systems and allows for better
generalizations, as opposed to treating every timestep t differently.

A common problem with RNNs is their training difficulty [15]. In fact, updating
RNN weights require more calculations than their feed-forward counterparts. Fur-
thermore, RNNs are often forced to perform the same calculations many times within
the same training epoch, for example recurring over different overlapping subsets of
the same time series.

VIII



B. Neural networks

h(t) h(1) h(2) h(T)

y(©) y(» y@ ... y(T)

Figure B.2: Left: recurrent network with one input terminal, one hidden neuron,
and one output neuron. Right: same network but unfolded in time. Figure adapted
from [10].

B.2.1 Random reservoirs

A solution to this problem is found in random reservoirs, which have yielded good
results in predicting chaotic dynamics [10]. They encode the input to a high di-
mension, but only the output layer is ever trained [15]. The idea behind random
reservoirs is to randomly encode the input and training the output layer to decode
it. By making the hidden state have a high dimension, we hope to be able to lin-
early separate a greater amount of important information from the input, which has
been nonlinearly mixed up with irrelevant information [15]. For an example, see

Figure B.3.
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(a) Data in 2D. (b) Data in 3D.

Figure B.3: Data nonlinearly mixed up with irrelevant information. The data can
only be linearly separated if projected to a higher dimension.

As the weights of the reservoirs are completely random, reservoirs are at risk of
becoming unstable. Necessary criteria to ensure that the output of the network
does not blow up are given by [10], but we do not cover them in this thesis.
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B.3 Network architectures and training hyperpa-
rameters

The following tables detail the specific hyperparameter configurations utilized for
both the evaluator networks (p-networks) and the conditional NF. The MLP archi-
tectures was trained and evaluated across both the linear moth and nonlinear plane
tracking scenarios, whereas the reservoirs were not.

B.3.1 potential network configurations

To solve the full-bridge problem, dual Multi-Layer Perceptrons were trained via an
alternating optimization procedure to approximate the potentials. Both networks
share the same structural configuration. The training scheme was configured to
alternate the frozen network every 5 epochs. Between the evaluation scenarios, the
only architectural variation is the inclusion of the base coordinates when tracking
the nonlinear plane model.

Table B.1: Hyperparameter configurations for the p-network.

Hyperparameter p-network
State Dimension 2
Observation Dimension 2

Hidden Dimension 64

Previous Observations (L) {0,1,2,3}

Base Coordinates Included Yes (Plane) / No (Moth)
Batch Size 32
Optimizer Adam

Initial Learning Rate 1x1073
Gradient Clipping (Max Norm) 1.0

LR Scheduler ReduceLROnPlateau
Scheduler Factor / Patience 0.5 / 15 epochs
Training Epochs 400

B.3.2 Normalizing flow configurations

The NFs were constructed using conditional RealNVP layers. Similar to the evalua-
tor networks, the NFs include the base coordinates as an additional structural input
when evaluating the nonlinear plane model. Furthermore, the base conditioning
dimension natively increases for the random reservoir variant, as it concatenates the
standard condition variables (size 5) directly with the pre-computed hidden state
vector (size 64) extracted from the random reservoir.
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Table B.2: Hyperparameter configurations for the conditional Normalizing Flows.

Hyperparameter NF

State Dimension 2
Conditioning Dimension 5 or 69 (5 + 64 hidden)
Base Coordinates Included — Yes (Plane) / No (Moth)
Number of Flow Layers 12

Batch Size 32
Optimizer Adam

Initial Learning Rate 1x1073

LR Scheduler ReduceLROnPlateau
Scheduler Factor / Patience 0.5 / 15 epochs
Training Epochs 200

Input State Jitter

Normal Noise (o = 0.2)

B.3.3 Specific Training Mechanics

Beyond the standard hyperparameters, a few specific data-handling and optimiza-
tion techniques were applied during the Normalizing Flow training to stabilize con-

vergence:

e Dynamic KL loss weighting: The reverse KL divergence loss was scaled
using a cosine decay schedule during the first 50 epochs. The weighting factor
started at 50 and smoothly decayed to 1, where it remained for the final 50

epochs.

o Input jitter: During the training of the NF, structural noise (jitter) was

added to the prior state input points.

This was sampled from a standard

Gaussian and scaled by a factor of 0.2 to prevent the flow from overfitting to

exact discrete particle coordinates.
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Showcase of proposal and particle
filter performances in the linear
scenario

In this appendix are presented examples highlighting statements made in the results
about the linear moth scenario. In Section C.1 is presented the effect of varying the
movement and observation noises R and (), as well as the particle amount N, using
the LO and bootstrap proposals. In Section C.2, we present the difference of using
the LO, bootstrap and DSS proposals for differnt particle filter architectures: APF,
MPF and AMPF.

C.1 Varying scenario settings on LO and boot-
strap proposals

The performance of the particle filters is affected by the exact scenario settings. Two
parameters having a great affect on the results are the number of particles and the
relationship between the noise parameters. Below we show the effect of changing
these two when using PF(B) and PF(LO). We acknowledge that other parameters
also affect the results, such as the length of the observation time steps.

In Figure C.1 is presented an example of how the number of particles affects the
results. We see that using a large number of particles makes the filter align with
the Kalman filter, that is they converge to the true filtering distribution. When the
amount of particles is lower, however, we see that the proposals deviate from the
Kalman filter.
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True and Predicted Paths (Linear Moth)
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(a) 100,000 particles.
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(b) 150 particles.

Figure C.1: Comparison of PF(B) and PF(LO) performances when varying the
particle amount.

When increasing the size of the movement noise and lowering that of the measure-
ment, we see a larger difference between the performance of PF(B) and PF(LO).
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In fact, the ESS of the former is very low due to the very information -rich mea-
surements, whereas the latter is more resilient to the change. This is exemplified in
Figure C.2.

True and Predicted Paths (Linear Moth)

201 True Path

Measurements
—— Kalman Estimate
—-- BPF Estimate

10 NN < —-- LO Estimate

—204

T T T T T T T T T
-20 -15 -10 =5 0 5 10 15 20

Effective Sample Size (ESS)

1501 — ESSBPF

— ESSLO

100 1 Resample Threshold

ESS

50 4

0 20 40 60 80 100
Time step

Figure C.2: Performance of the LO and bootstrap proposals for high movement
noise but low measurement noise, 150 particles.

C.2 Effect of using different particle filter archi-
tectures

Below are presented the performance of the bootstrap, LO and DSS proposals in
a regular particle filter (Figure C.3), an APF (Figure C.4), MPF (Figure C.5),
and AMPF (Figure C.6). For simplicity, N = 150 and the same values for R
and ) ahve been chosen as in Figure C.1. While the performances of the two
auxiliary architectures seem to be similar, we see that that the MPF(DSS) has
near-constant maximal ESS, whereas the MPF(B) and MPF(LO) vary much more
and are significantly lower.
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Figure C.4: APF(B), APF(LO) and APF(DSS) for 100 particles.
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C.6: AMPF(B), AMPF(LO) and AMPF(DSS) for 100 particles.
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