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Stochastic Differential Games and Distributed Control
A Robust Deep Learning Solver for Multi-Agent Games
BENJAMIN ELM JONSSON
BEKIR FAZLIJA
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Abstract
Multi-agent stochastic control games naturally give rise to coupled forward backward
stochastic differential equations (FBSDE) for each agent. In such cases, dependen-
cies exist both between the forward and backward equations and across agents,
resulting in a highly non-trivial system to solve. In this thesis, a novel solution al-
gorithm for such systems is presented, that is more robust compared to the existing
Deep Fictitious Play method. The algorithm presented has been validated through
several numerical examples. An analytical solution for linear–quadratic–Gaussian
differential games is derived to validate the algorithm for problems where the Deep
Fictitious Play algorithm has been shown to fail. This demonstrates the improved
capabilities compared to the algorithms in the literature. In addition, a complex
numerical example is designed that models a heterogeneous stochastic control game,
which describes a swarm of drones following a predefined trajectory.

Keywords: Stochastic differential equation, Forward backward differential equation,
Game theory, Stochastic control, Fictitious play, Multi-agent games.
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Indices

i Player index
d Dimension of the state process X i

t

k Dimension of the Brownian motion W i
t

` Dimension of the control process ui
t

Sets

C`,k Functions `-times differentiable in time and k-times differentiable
in space

C`,k
b As above, with every such derivative bounded

H2
T Mean-square continuous and predictable processes with finite ex-

pected square integral
L2 FT -measurable random variables with finite expectation
S2

T Mean-square continuous and predictable processes with finite
supremum over time of the expectation of the process

S
k Space of all k × k symmetric matrices
S

k
+ Space of all k × k symmetric, positive semi-definite matrices

N(µ, σ2) Normal distribution with mean µ and variance σ2

Parameters

N Number of players
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T Final time
xi

0 Initial state of player i
bi(t,x,u) Drift coefficient for player i
σi(t,x) Diffusion coefficient for player i
f i(t,x,u) Running cost for player i
gi(x) Terminal cost for player i

Variables

X i,u
t State of player i

Xu
t Concatenated state of all players

Y i
t Backward process of the FBSDE for player i
Zi

t Control process of the FBSDE for player i
ui

t Control applied by player i
ut Concatenated control of all players
Wt k-dimensional Brownian motion
V i(t,x) Value function of player i
J i(t,x; ut) Cost functional of player i
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1
Introduction

In an increasingly hostile world, the demand for autonomous defensive capabilities
is growing tremendously. Enhanced defensive measures are essential to protect cit-
izens’ freedom and lives. Effectively countering advanced weapon systems requires
efficient and reliable autonomous defense systems. Such systems, e.g., drones or
swarms of drones, offer substantial defensive capabilities while minimizing risk. The
defensive capabilities of such systems are highly dependent on the control algorithms
governing the drones [1]. In fact, the thesis concerns itself with autonomous swarms
of drones where the control is decentralized. In detail, this means that each drone
controls itself given the control and positions of the other drones in the swarm.
Drone swarms are well suited for surveillance missions, which may involve following
a designated path and gathering information on a specific location and its perimeter.

Beyond defense, stochastic control systems of this kind have applications in a num-
ber of fields, such as medicine, quantitative finance, and engineering. For instance,
in [2], it is shown that such systems can be used in cancer treatment, where stochas-
tic control models are used to model the unpredicted growth of tumors. This leads
to more effective and personalized treatment for patients. The finance industry,
moreover, commonly uses stochastic partial differential equations (SPDEs) models
to achieve optimal profit in option pricing, which is often accomplished by solving
the Black–Scholes SPDE, as in [3]. Furthermore, in the field of engineering, stochas-
tic optimal control is applied to regulate several systems optimally. An example is
the swarm of autonomous drones, as presented in this thesis.

As the dimension of the stochastic control problem increases, classical methods
struggle to provide solutions at a reasonable computational cost. This is due to
curse of dimensionality, where the computational cost grows exponentially as the
dimension of the problem increases. Methods such as the finite element method
(FEM), the finite volume method (FVM), or the finite difference method (FDM)
become practically intractable. To circumvent the increased computational cost,
the problem is reformulated into a forward backward stochastic differential equation
(FBSDE), which is given by

dXt = b(t,Xt, Yt, Zt) dt+ σ(t,Xt, Yt, Zt) dWt, X0 = x0, (1.1a)
dYt = f(t,Xt, Yt, Zt) dt− Zt dWt, YT = g(XT ), (1.1b)

for t ∈ [0, T ]. The FBSDE describes a system of two stochastic differential equa-
tions (SDEs). The forward equation (1.1a) describes the dynamics of the system,
governing how the players’ states evolves. Meanwhile, the backward equation (1.1b)

1



1. Introduction

describes the cost associated with the players’ actions. In [4], the authors devel-
oped the Deep FBSDE method, showing that the proposed method can efficiently
solve high-dimensional problems with the help of neural networks (NNs). A further
generalization of this was presented in [5], which introduces the Deep fictitious play
algorithm for N -player games based on the work in [4]. The generalized solution
algorithm utilizes the concept of fictitious play, in which players interact in an iter-
ative process to find the optimal strategy.

The details regarding (1.1) are presented in Chapter 2. To combat the curse of
dimensionality, the process Z = (Zt)t∈[0,T ] is parameterized using NNs, which was,
as far as we know, first done in [4]. Since the initial value of the backward equa-
tion (1.1b) is unknown, the Deep FBSDE also approximates this condition using
NN. However, it has been showed in [6] that Deep FBSDE fails for problems derived
from stochastic optimal control, that is, when the drift and driver depend on the
state process and the Z-process, b(t,Xt, Zt) and f(t,Xt, Zt). The authors presented
a more robust algorithm, namely, the Deep C-FBSDE. It has been shown that this
algorithm converges even when the forward and backward equations are strongly
dependent. In the robust algorithm, the initial value is not a free parameter and
instead a consequence of the system. Moreover, the loss function is modified to also
minimize the cost associated with the stochastic control problem.

The Deep fictitious play is based on the Deep FBSDE method. It is reasonable
to conclude that if the Deep FBSDE method fails to solve the stochastic control
problem, the Deep fictitious play will also struggle when applied to multiple agents.
The complexity of the resulting system increases in such cases. Thus, this thesis
aims to generalize the robust solver Deep C-FBSDE to a multi-agent setting. The
motivation behind this generalization is to allow the consideration of more complex
systems, which in turn allows modeling more realistic games. This mainly includes
problems stemming from stochastic control, where a stronger coupling between the
forward and backward equations is common. This presents a clear research gap for a
robust multi-agent solution algorithm, which we develop in this thesis. Further, the
proposed algorithm is validated with numerical examples that the Deep fictitious
play algorithm handles, as well as examples that it does not.

The thesis is structured as follows: Chapter 2 introduces the foundational the-
ory on measure theory, stochastic processes, SDEs, and machine learning. Then in
Chapter 3, we introduce the stochastic control problem and derive the Hamilton–
Jacobi–Bellman (HJB) equation. A central theorem is stated, which shows that the
solution of the HJB equation coincides with the solution of the stochastic control
problem. We reformulate the HJB equation to derive the FBSDE, which is the
system treated by the solvers. The same steps are repeated for the stochastic differ-
ential game with N players. In Chapter 4, stochastic control solvers, Deep FBSDE
and Deep C-FBSDE, are examined. In Chapter 5, we present Deep fictitious play
along with the proposed Multi C-FBSDE. In Chapter 5, the multi-agent methods
are tested for different games, demonstrating that the Deep fictitious play fails for
several games. Chapter 6 highlights a more complex numerical example that show-

2



1. Introduction

cases the capabilities of the novel robust algorithm. Finally, Chapter 7 discusses the
results presented throughout the thesis and explores potential future work.
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2
Mathematical background

In this chapter, we introduce the mathematical theory needed for the thesis. We
begin with measure theory, stochastic processes, and stochastic calculus, and in
addition, we present the theoretical background of neural networks. Hence, the
following chapter aims to include the necessary mathematics for the rest of the
thesis to stand upon.

2.1 Measure theory
Measure theory is a very impactful field of mathematics. It forms the foundation for
several important concepts, such as the Lebesgue integral. Furthermore, the idea
of measurability is vital in the field of stochastic calculus. This section introduces
the concept of a measure and a measurable space. With these in mind, we present
the filtered probability space on which the SDEs of the thesis are defined. Then,
key concepts from stochastic calculus are discussed. Finally, the SDE is introduced
in full, and a theorem is stated that guarantees the existence of a unique strong so-
lution. The interested reader is referred to [7] for further material on measure theory.

We begin this section by presenting the problem of measure, described in e.g., [7].
The idea of a measure is intuitive for geometric bodies E in one to three dimensions,
it corresponds to length, area, or volume, respectively. However, when considering
the real line R instead of geometric bodies, problems arise. The trivial notion of a
measure is to count the number of points in the set. However, to show that this
notion is inadequate, consider the intervals [0, 1] and [0, 2]. One can form a bijec-
tion x 7→ 2x between the two intervals. That is, one can then disassemble the first
interval in uncountably many points and reconfigure them into a set twice as long.
Therefore, two sets with the same number of points need not have the same measure.
To remedy the situation, one might only consider finite partitions. The Banach–
Tarski paradox shows that problems remain, see [8]. It states that the unit ball can
be partitioned into finitely many pieces. This partition can then be assembled into
two copies of the original ball. Here, the original ball is reassembled to two copies of
itself, resulting in the original ball having the same measure as two copies of itself.
Thus, the measure can not distinguish between a single ball and two copies of it,
which naturally, is a problem. This motivates the need for a formal and rigorous
definition of a measure. Before we present the definition of a measure, the notion of
a σ-algebra is needed.

5



2. Mathematical background

Definition 1 (σ-algebra). A σ-algebra, or σ-field, of an arbitrary set E is a collec-
tion M of subsets of E. Then, for the collection M the following holds

(i) E ∈M.
(ii) ∅ ∈ M.

(iii) A1, A2, . . . ∈M implies
⋃∞

i=1 An ∈M.
(iv) A ∈M implies Ac ∈M, i.e., M is closed under complementation.

This means that the collection M is closed under countable set theoretic operations.

One common and important σ-algebra is the Borel σ-algebra of R, denoted B. It
is generated by all open subsets of R, and the subsets in B are called Borel sets.
Another important σ-algebra is the smallest σ-algebra which contains a collection
E of subsets of a set E. This is often denoted σ(E). The smallest σ-algebra which
contains a collection of subsets of some set is said to be generated by that set.

We are now ready to define a measurable space and a measure space. A mea-
sure space is specifically a measurable space that is equipped with a measure.

Definition 2 (Measurable space). Let E be an arbitrary set and M a σ-algebra of
subsets of E. Then the pair (E,M) is called a measurable space.

We now introduce the natural extension of the σ-algebra, the product σ-algebra. Let
(E,M) and (R,N ) be two measurable spaces. We say that A × B, where A ∈ M
and B ∈ N , is a measurable rectangle, which is a subset of the product space E×R.
The σ-algebra on E ×R is generated by the collection of all measurable rectangles.
This is defined by the product σ-algebra

M⊗N = σ({A×B : A ∈M, B ∈ N}).

Definition 3 (Measure space). Let (E,M) be a measurable space. If µ : M →
[0,∞] satisfies

(i) µ(∅) = 0,
(ii) for every pairwise, disjoint arbitrary set A1, A2, . . . ∈M

µ

(
∞⋃

i=1

Ai

)
=

∞∑
i=1

µ(Ai),

then µ is called a measure and the triple (E,M, µ) a measure space. The latter
property (ii) is commonly referred to as countable additivity and it implies finite
additivity.

A measure space (E,M, µ) with µ(E) = 1 is a probability space (Ω,F ,P). The
probability space consists of a sample space Ω, a σ-algebra F and a probability
measure P : F → [0, 1]. Setting E = Ω,M = F and µ = P shows that every proba-
bility space is simply a measure space whose total mass equals 1. In this thesis, we
will mostly consider complete probability spaces. For this, we present the definition
of a complete measure space.

6
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Definition 4 (Complete measure space). A measure space (E,M, µ) is said to be
complete if whenever B ∈ M with µ(B) = 0 and A ⊆ B, then the set A ∈ M and
thus µ(A) = 0. That is, every subset of a null set are themselves in the σ-algebraM.

We are now ready to present the concept of a measurable function. This is a central
concept throughout the thesis since non-measurable functions cannot be integrated
or treated probabilistically.

Definition 5 (Measurable function). Let (E,M) and (R,N ) be arbitrary measur-
able spaces. Then a function f : E → R is measurable if for all B ∈ N

f−1(B) := {ω ∈ E : f(ω) ∈ B} ∈ M.

More precisely, f is said to be (M,N )-measurable. A measurable function on a
probability space is called a random variable.

To build intuition for the concepts introduced in this section, we will consider the
classic example of a coin toss.

Example 1 (Fair coin). Consider a game of tossing a coin twice. Then the set
of all possible outcomes, the sample space, is Ω := {HH,HT, TH, TT}. Here, H
denotes heads and T denotes tails, the first letter records the result of the first toss,
and the second letter indicates the results of the second toss. In this scenario, the
σ-algebra F contains all subsets of Ω as well as the empty set and Ω itself. The size
of the σ-algebra grows quickly as it contains 2|Ω| = 16 elements, here |Ω| denotes the
number of events ω ∈ Ω. The probability measure P is defind as uniform. That is,
for every ω ∈ Ω, P({ω}) = 1/4. The resulting probability space is (Ω,F ,P). Then,
we define the random variable X : Ω→ R by

X(ω) :=


+5, ω = HH,
+1, ω = TH,
−1, ω = HT,
−5, ω = TT.

Hence, the player gets a score of +5 for two heads, a score of −5 for two tails, a
score of +1 for a tail followed by a head and a score of −1 for a head followed by a
tail. It is trivial that the random variable is measurable as F contains every subset
of Ω. Thus, X−1(B) ∈ F for every Borel set B ⊆ R.

Finally, we state the Lebesgue differential theorem for measurable functions, which
is required for derivations in Section 3.1.2. Further, we refer to e.g., [9] for the proof.

Theorem 1 (Lebesgue differentiation theorem). Let Bh(x) denote a small ball with
diameter h centered at x. Then, if f : Rd → C is locally integrable, then we have
for almost every x ∈ Rd

lim
h→0

1
|Bh(x)|

∫
Bh(x)

|f(x)− f(t)| dt = 0,

7
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and

lim
h→0

1
|Bh(x)|

∫
Bh(x)

f(t) dt = f(x).

2.2 Stochastic processes
In this thesis, we approximate solutions of SDEs. These solutions are, in turn,
stochastic processes. Before defining an SDE, we first recall stochastic processes
and focus primarily on the process used for all SDEs in this thesis, namely, the
Brownian motion. We begin by giving a formal definition of a stochastic process.
This section is based on [10].

Definition 6 (Stochastic process). A stochastic process is a family X = (Xt)t∈[0,T ] =
(Xt(ω))t∈[0,T ], for some T > 0, of random variables on the probability space (Ω,F ,P).
In other words, a stochastic process is a collection of random variables. For each
ω ∈ Ω, the map t 7→ Xt(ω) is said to be a sample path.

For the derivation in Section 3.1.2 we require Fubini’s Theorem. Therefore, we now
present it as it states an important property for the integration of a stochastic pro-
cess. Moreover, we refer to [10] for the proof.

Theorem 2 (Fubini’s Theorem). For a continuous and integrable stochastic process
X = (Xt)t∈[0,T ], it holds that

E
[∫ T

0
Xt ds

]
=
∫ T

0
E [Xt] ds.

When working with stochastic processes, one usually works with a filtered proba-
bility space. That is, a probability space equipped with a filtration, an increasing
σ-algebra. Thus, the natural next step is to introduce the concept of filtration.

Definition 7 (Filtration). Let (Ω,F ,P) be a probability space. A filtration (Ft)t∈[0,T ]
is an increasing family of σ-algebras, where Fs ⊆ F for all s ∈ [0, T ]. For all s ≤ t,
Fs ⊆ Ft, indicating that the filtration consists of increasing σ-fields. A probability
space equipped with a filtration is called a filtrated probability space, commonly writ-
ten as (Ω,F , (Ft)t∈[0,T ],P).

For a σ-algebra, a filtration contains all information known about a system up to
the current time as well as all of its history. Moreover, recall the definition of a
measurable random variable. When stochastic processes are considered, the process
is said to be adapted if the random variables for each time t are measurable with
respect to the filtration (Ft)t∈[0,T ]. In this thesis, we will require processes to be
adapted in order to get well-behaved stochastic integrals. A formal definition of
adapted processes is outlined below.

8
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Definition 8 (Adapted process). Let (Ω,F , (Ft)t∈[0,T ],P) be a filtrated probability
space. Further, let the measurable space (R,N ) denote the state space of the process.
A stochastic process X = (Xt)t∈[0,T ] is said to be adapted with respect to the filtration
(Ft)t∈[0,T ] if the random variable Xt : Ω→ R is (Ft,N )-measurable for all t ∈ [0, T ].

We are now ready to define the vector space L2
T (R) which denotes the space of all

FT -measurable random variable X : Ω→ R such that the norm ‖X‖2
L2

T (R) := E [|X|2]
is finite. For the definition of the stochastic integral, presented in Section 2.3, we
need a stronger condition on the process. That is, we need a simple adapted process
instead, which we now define.

Definition 9 (Simple adapted process). Let X = (Xt)t∈[0,T ] be a stochastic process
on (Ω,F , (Ft)t∈[0,T ],P). If there exists a grid of the time interval 0 = t0 < t1 < . . . <
tn = T , and square integrable random variables ξ0, ξ1, . . . , ξn−1 that satisfies

(i) ξ0 is constant,
(ii) for each i = 0, 1, . . . n− 1, ξi is Fti

-measurable,
(iii) Xt can be written as piecewise constant of random variables ξi

Xt = ξ01{0}(t) +
n∑

i=1

ξi−11(ti−1,ti](t), t ∈ [0, T ],

where 1 is an indicator function.
Then, X is a simple adapted process.

Another class of stochastic processes that is incredibly useful and serves a great
purpose throughout the thesis are predictable processes. A predictable process in
discrete time is a process such that Xt is measurable with respect to Ft−1 for t > 0,
i.e., we can predict the value of the random variable at time t only with information
up to the time t−1. However, in continuous time, we need to define the predictable
σ-algebra P . Predictable processes are then processes that are measurable with re-
spect to the predictable σ-algebra. We now formally define the predictable σ-algebra
and the class of predictable processes.

Definition 10 (Predictable process). Let Ft− = σ(∪s<tFs) which is the smallest
σ-field that contains Fs for all s < t. The predictable σ-algebra P is then gener-
ated by the stochastic sets [s, t) × A with s < t and A ∈ Ft−. A stochastic process
X = (Xt)t∈[0,T ] is then said to be predictable if it is measurable with respect to P.

Using the definition of a predictable process, we now state the definition of all spaces
for stochastic processes that are used throughout the thesis. Firstly, we let Hp

T (Rd),
for p ∈ {1, 2}, denote the vector space of all mean-square continuous and predictable
processes, i.e.

Hp
T (Rd) :=

{
X : [0, T ]× Ω→ Rd

∣∣‖Xt‖Hp
T (Rd) <∞

}
,

9
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where the norm is defined as

‖ · ‖Hp
T (Rd) := E

[(∫ T

0
| · |2 ds

)p/2]
.

Further, we let S2
T (R) denote the vector space of all mean-square continuous and

predictable processes which have finite norm, where the norm is instead defined as

‖ · ‖S2
T (R) := sup

t∈[0,T ]
E
[
(·)2] .

The last thing needed before the introduction of a general SDE is the concept of
Brownian motion. Brownian motion, also known as a Wiener process, denoted W =
(Wt)t∈[0,T ], is an adapted and continuous stochastic process. Let W = (Wt)t∈[0,T ] be
a Brownian motion on the filtrated probability space (Ω,F , (Ft)t∈[0,T ],P), where the
filtration is generated by W . In detail, the filtration generated by Brownian motion
is, for each t, the increasing family of σ-algebras Ft = σ({Ws, 0 ≤ s ≤ t}). Then,
the process has the following properties

(i) W0 = 0,
(ii) Wt −Ws is independent of Fr where r ≤ s,
(iii) Wt−Ws is normal distributed N(0, t− s) with mean zero and variance t− s,
(iv) W has P-a.s. continuous sample paths.
The first property (i) indicates that all Brownian motion considered in this thesis
starts at zero. The properties (ii) and (iii) show that all increments are independent
of the past and are Gaussian with zero mean and variance equal to the increment
size. Finally, the Brownian motion is P-a.s. continuous over the entire interval [0, T ],
but is differentiable nowhere, which is proved in [11].

2.3 Stochastic calculus
In this subsection, we present concepts from stochastic calculus. Along with mea-
sure theory, stochastic analysis is a popular field with great applicability in several
areas, such as finance and, as in this thesis, control theory. We present the SDE
that builds on the concepts presented in the previous sections. We note that all the-
orems are well known and we refer to e.g., [10, 12, 13] for the proofs. To conclude
the section, a central result is stated, namely Itô’s formula. It serves as the chain
rule for stochastic processes driven by a Brownian motion.

To begin, we define the integral with respect to a Brownian motion. This integral
is undefined as a classical integral, since almost every Brownian motion path has
an infinite variation for any sub interval. Intuitively, the nowhere differentiability
of Brownian motion and its infinite variation prevents the integral from converging.
Therefore, another definition is needed for the second integral term, leading us to
present the Itô integral process.

10
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Theorem 3 (Itô integral process of simple adapted processes). Let X = (Xt)t∈[0,T ]
be a simple adapted process. Then, the Itô integral process is defined as∫ T

0
Xt dWt =

n∑
i=1

ξi−1 (Wi −Wi−1) .

Further, the Itô integral process (
∫ t

0 Xs dWs)t∈[0,T ] is adapted to (Ft)t∈[0,T ] and has
continuous sample paths with zero-mean property E[

∫
Xt dWt] = 0.

Since simple adapted processes are restrictive, and regular adapted processes are
more common and general, we state a theorem that claims that the Itô integral pro-
cess is well defined even when considering mean square-integrable adapted processes.

Theorem 4 (Itô integral process of adapted processes). Let X = (Xt)t∈[0,T ] be a
mean square-integrable stochastic process defined on the complete filtered probability
space (Ω,F , (Ft)t∈[0,T ],P). Then, there exists a sequence of simple adapted processes
(Xn

t )t∈[0,T ] each defined as

Xn
t := ξ01{0}(t) +

n∑
i=1

ξi−11(ti−1,ti](t), t ∈ [0, T ],

such that

lim
n→∞

E
[∫ T

0

(
Xn

t −Xt

)2 dt
]

= 0.

Then, the Itô integral process (
∫ t

0 Xs dWs)t∈[0,T ] is well defined as the mean square
limit

lim
n→∞

E

[(∫ T

0
Xn

t dWt −
∫ T

0
Xt dWt

)2]
= 0.

Further, the zero-mean property E[
∫
Xt dWt] = 0 holds.

The natural extension of the Itô integral process is the Itô process, which we now
introduce. This is needed in order to state the powerful Itô’s formula in Theorem
5, which is used, inter alia, for the derivation in Section 3.1.2.

Definition 11 (Itô process). An Itô process is a stochastic process X = (Xt)t∈[0,T ]
defined on the filtered probability space (Ω,F , (Ft)t∈[0,T ],P) where

Xt = x0 +
∫ t

0
b(s) ds+

∫ t

0
σ(s) dWs,

where x0 is F0-measurable, b = (bt)t∈[0,T ] and σ = (σt)t∈[0,T ] are adapted stochastic
process, that satisfies∫ T

0
|b(s)| ds <∞,

∫ T

0
σ(s)2 ds <∞.

11
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Theorem 5 (Itô’s formula). Let ϕ ∈ C1,2([0, T ] × Rn), where C1,2([0, T ] × Rn) is
the space of all real-valued functions with one continuous time derivative and two
continuous spatial derivatives. Let also (Ω,F , (Ft)t∈[0,T ],P) be a filtered probability
space. Then, let W = (Wt)t∈[0,T ] denote a k-dimensional Brownian motion for some
k ∈ N. Further, let b = (bt)t∈[0,T ] and σ = (σt)t∈[0,T ] be adapted stochastic processes
w.r.t the filtration (Ft)t∈[0,T ] which is generated by Brownian motion and completed
by the P-null sets of Ω. Then, for any Itô process X = (Xt)t∈[0,T ], it holds for all
0 ≤ t0 < t1 ≤ T

ϕ(t1, Xt1)− ϕ(t0, Xt0) =
∫ t1

t0

(∂s + L)ϕ(s,Xs) ds+
∫ t1

t0

∇xϕ(s,Xs)>σ(s) dWs,

where ∂t denotes the first order time derivative and the differential operator L is
defined as

Lϕ(t, x) = 1
2Tr(σ(t)>∆xϕ(t, x)σ(t)) + b(t)>∇xϕ(t, x),

where ∇x and ∆x denote the gradient and the Hessian matrix, respectively. Further,
Tr(A) :=

∑n
i=1 Aii denotes the trace operator for any square matrix A ∈ Rn×n.

We are now ready to present a general SDE. Let (Ω,F , (Ft)t∈[0,T ],P) be a filtered
probability space where the filtration (Ft)t∈[0,T ] is generated by a k-dimensional
Brownian motion W = (Wt)t∈[0,T ] for some k ∈ N. Moreover, the filtration is
completed by the P-null sets of Ω. Then the state process X = (Xt)t∈[0,T ] is an Itô
process, that is governed by the stochastic differential equation

dXt = b(t,Xt) dt+ σ(t,Xt) dWt, X0 = x0, (2.1)

where b : [0, T ] × Ω × Rd → Rd is the so-called drift coefficient which is allowed to
itself be a stochastic process b = (bt)t∈[0,T ]. Note that the drift term can be written
as b(t, ω, x). However, the dependence on ω ∈ Ω is understood and omitted. The
same applies to the so-called diffusion coefficient σ : [0, T ]×Ω×Rd → Rd×k. If the
drift or diffusion coefficient is a deterministic function, then it has no dependence on
the sample space Ω. Moreover, we assume that they are adapted. Finally, the SDE
is well-posed with the inclusion of an initial condition x0 that is F0-measurable, and
we require X0 = x0 P-a.s. Then, by definition the SDE (2.1) can be equivalently
expressed on integral form as

Xt =
∫ t

0
b(s,Xs) ds+

∫ t

0
σ(s,Xs) dWs,

where the first integral term is a classic Lebesgue integral, and the second term is
an Itô integral process.

Remark 1. Throughout the thesis, only deterministic functions for the drift and
diffusion coefficients will be considered. Therefore, the implicit dependency on the
sample space Ω is dropped. Furthermore, all initial conditions will be deterministic.
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To have a well-founded discussion on SDEs it is necessary to ensure that a solution
to (2.1) exists. Therefore, we present a theorem guaranteeing the existence of a
unique, strong solution, given that the drift and diffusion coefficients satisfy some
regularity conditions. In detail, the regularity conditions are Lipschitz continuity in
space and uniformly in time, as well as linear growth in time.

Theorem 6 (Existence and uniqueness of strong solution). Let X0 be an F0-
measurable random variable with finite moment E [|X0|2] < ∞. Then, if the co-
efficients b and σ are globally Lipschitz in x and uniformly in t for some K1 ∈ R
and t ∈ [0, T ], i.e,

|b(t, x)− b(t, y)|+ |σ(t, x)− σ(t, y)| ≤ K1|x− y|,

for all x, y ∈ Rd, and as well as satisfy linear growth in space and uniform growth
in time, i.e.,

|b(t, x)|+ |σ(t, x)| ≤ K2(1 + |x|),

for all x ∈ Rd, t ∈ [0, T ] and some K2 ∈ R. Here, |A| :=
√

Tr(AA>) denotes the
Frobenius norm for some matrix A. Then (2.1) has a unique strong solution X and
the following holds

E
[

sup
0≤t≤T

|Xt|2
]
≤ C

(
1 + E

[
|X0|2

])
,

where C = C(K2, T ) is a function of the Lipschitz constant and the final time.

The solution of (2.1), is in general a so-called Markov process. This property is
satisfied by some processes considered in this thesis. Thus, we introduce it here with
the motivation that it will be used in Section 3.1.1 and beyond. Let X = (Xt)t∈[0,T ]
solve (2.1). If X satisfies

P(Xt ∈ E|Fs) = P(Xt ∈ E|σ(Xs)), 0 ≤ s ≤ t,

where E ∈ B(Rd) and Fs denotes the filtration generated by X up to time s, then
X is said to be a Markov process. Recall that the filtration Fs at time s includes all
information up to time s. Thus, this conditional probability means that given the
current state Xs, the future is independent of its history.

To approximate the SDE (2.1), numerical schemes are used. More specifically, Euler–
Maruyama are used in this thesis, which is a generalization of the Euler method for
ordinary differential equations. Consider a partition in time

0 = t0 < t1 < · · · < tn < tn+1 < · · · < tN = T,

for the interval [0, T ]. Then, the approximation X̂ of X in (2.1) is the Markov
process given by

X̂i = X̂i−1 + b(tti−1 , X̂i−1)(ti − ti−1) + σ(ti−1, X̂i−1)(Wi −Wi−1),
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for i = 1, . . . , n and where X̂t0 = x0. Then X̂ is said to be the Euler–Maruyama
approximation of X. We note that the increment of Brownian motion is, by defi-
nition, a normally distributed random variable (Wi −Wi−1) ∼ N(0, ti − ti−1). We
now present a theorem that states the convergence order of this numerical scheme,
for the proof we refer to [13].

Theorem 7. (Strong convergence of Euler–Maruyama). If the expectation of the
difference in initial conditions between the numerical approximation X̂ and the so-
lution X can be bound by a constant times the time step i.e., for any n ∈ N, it holds
that

E
[
|X̂0 −X0|2

]
< C1(tn − tn−1),

and further that the initial condition for the solution has finite second moment, that
is

E
[
|X0|2

]
≤ C2,

then the following holds

E
[

max
0≤t≤T

|X̂t −Xt|2
]
≤ C3h,

where C3 = C(L,C1, C2, T ) and C1, C2 ∈ R. Furthermore,

E
[
|X̂n −Xn|

]
≤ Ch1/2, n = 0, . . . , N,

where N is the number of time steps.

2.4 Machine learning
The solvers considered in this thesis are based on deep learning to circumvent the
curse of dimensionality. Thus, we introduce the mathematical definition of fully
connected neural networks. More specifically, the forward propagation of a network
is used to make predictions. Moreover, the backward propagation is used to find the
optimal parameters for the network.

Definition 12. (Fully connected feedforward network) A layer of a fully connected
feedforward neural network is the mapping defined by

Zi : xi 7→ Ri ◦ %i(xi), (2.2)

where ◦ denotes the composition operator. Furthermore, %i(xi) := Qixi + ϑi is the
affine transformation for layer i, with the corresponding weight matrix Qi ∈ Rdi×`i

and bias ϑi ∈ R`i. Here, di and `i denote the input and output dimension of layer
i, and thus xi ∈ Rdi corresponds to the input data for that layer. Furthermore,
Ri : R` → R` denotes the element-wise activation function. Then, Zi gives the
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output of layer i, given some input x, and the entire network is the composition of
all layers

ψ : x 7→ Zn+1 ◦ · · · ◦ Z0(x),

where n ∈ N is the number of hidden layers, and Z0 and Zn+1 are input and
output layers, respectively. Moreover, we let Θ denote the parameter space such
that the concatenation of all parameters lies in the parameter space, that is, θ :=
(Q0, . . . , Qn+1, %0, . . . , %n+1) ∈ Θ.

Remark 2. Note that the definition of a layer (2.2) is not strict. Many augmenta-
tions can be made to individual layers and the overarching structure of the network to
suit the current application. Definition 12 presents the simplest structure of a fully
connected feedforward network. In this thesis in particular, the activation function
for all hidden layers is the so-called ReLU function R(x) = max(0, x) and in the
output layer the identity mapping Rn+1(x) := ι(x) = x instead. This is due to the
fact that the network is tasked with mapping to the entire set of real numbers R
instead of only R+.

The use of feedforward neural networks is motivated by the Universal Approxima-
tion Theorem, which states that any function f ∈ Lp(E), for some arbitrary domain
E, can be approximated arbitrarily well by neural networks, i.e. the class of neural
networks is dense in Lp(E) for 1 ≤ p <∞. To understand this fully, we present the
definition of a dense subset.

Definition 13. A subset S ⊂ Lp(E) for 1 ≤ p < ∞ is said to be dense if for an
arbitrary function f ∈ Lp(E) and ε > 0 there exists a function g ∈ S such that

‖f − g‖Lp(E) < ε.

That is, given a sequence of a family of neural networks {ψn}∞
n=1 it can be shown

that ψn → f as n → ∞. We now state the Universal Approximation Theorem,
in [14].

Theorem 8. (Universal Approximation Theorem) For p ∈ [1,∞) the vector space
containing every fully connected ReLU feedforward neural network, ψ, of width h ∈ N
is dense in Lp

(
Rd;R`

)
if and only if h ≥ max{d+ 1, `}.

The motivation for including the Universal Approximation Theorem is to say that
the class of feedforward neural networks is dense in Lp(Rd;R`), meaning that any
function f ∈ Lp(Rd,R`) can be approximated arbitrarily well by neural networks.
This is especially useful since there are many sources of numerical errors for the al-
gorithm. These include the time discretization and the optimization error from the
neural network. However, since any functions in Lp(Rd;R`) can be approximated
arbitrarily well, the remaining error can attributed to the time discretization of the
numerical scheme, i.e., Euler–Maruyama. That is, given that the global minimum
for the neural network has been found. In practice, this translates to only a small
error derived from the neural network approximation in comparison to that of the
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time discretization. However, the theorem presumes an infinite number of hidden
layers. Therefore, a larger error will be procured when using finite number of hidden
layers.

What remains is to specifically present the network structure used in this thesis.
Unless otherwise specified networks with the structure

ψ : x 7→ ι ◦ %4 ◦R ◦ %3 ◦R ◦ %2 ◦R ◦ %1 ◦R ◦ %0(x). (2.3)

The network has three sizes to be determined, input size d, size of hidden layers h
and output size `. Then W 1 ∈ Rh×d, W 2 ∈ Rh×h, W 3 ∈ R`×h and θ1 ∈ Rd, θ2 ∈ Rh,
θ3 ∈ R` and thus θ = (W 0,W 1,W 2, ϑ0, ϑ1, ϑ2) ∈ Θ.

Remark 3. In the networks used throughout the thesis, the hidden layers have been
chosen to have the same width. However, this is not a general restriction. Further-
more, the size of a layer and width are used interchangeably.

To optimize the performance of the network, one seeks the parameters θ such that

θ∗ = arg min
θ∈Θ

1
N

N∑
j=1

L(ψ(xj), yj), (2.4)

for some distance measure L : Rd ×R` → R often called the loss function. Further,
xn ∈ Rd denotes the input data and yn ∈ R` the so-called ground truth vector.
The choice of loss function is non-trivial and highly dependent on the application.
The choice of the loss function is discussed in Section 4.1. To find the optimal
parameters, an optimization algorithm such as mini-batch gradient descent is used.
Instead of summing over the entire dataset as in (2.4), small chunks of data, so-called
batches, is considered. For algorithms of this sort, the concept of backpropagation
is used. This involves finding the partial derivative of the loss function with respect
to a specific parameter qk

ij ∈ Qk or ϑi and taking a step η in the direction of the
negative partial derivative with respect to the parameter being updated, where η is
the learning rate. Choosing the learning rate is non-trivial. In certain applications,
a fixed learning rate is sufficient, while in others the learning rate scheduling is used.
In this thesis, we restrict ourselves to a fixed learning rate. The partial derivative of
the loss function with respect to a general weight is given by applying the chain rule
to a network ψ with n layers and its set of activation functions R := (Rn+1, . . . ,R0),
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2. Mathematical background

that is,

∂

∂Qk
L(ψ(xm), ym) = ∂

∂ψ(xm)L(ψ(xm), ym)
n∏

j=k+1

(
∂

∂%j(Zj−1(xm))R
j(%j(Zj−1(xm))) ∂

∂Zj−1%
j(Zj−1(xm))

)

∂

∂%k(xm)R
k(%k(xm)) ∂

∂Qk
%k(xm),

∂

∂ϑk
L(ψ(xm), ym) = ∂

∂ψ(xm)L(ψ(xm), ym)
n∏

j=k+1

(
∂

∂%j(Zj−1(xm))R
j(%j(Zj−1(xm))) ∂

∂Zj−1%
j(Zj−1(xm))

)

∂

∂%k(xm)R
k(%k(xm)) ∂

∂ϑk
%k(xm),

for 0 ≤ k ≤ n− 1. Then, the parameters are updated by

Qk ← Qk + η∂QkL(ψ(xm), ym),
ϑk ← ϑk − η∂ϑkL(ψ(xm), ym).
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3
Stochastic control theory

This chapter presents relevant theory regarding stochastic control theory needed to
grasp the algorithms examined and developed in the thesis. This includes the single
agent setting and its generalization to multiple agents where stochastic differential
games are presented. Key results such as existence and uniqueness are presented for
each relevant equation.

3.1 Stochastic optimal control
In this section, the topic of stochastic optimal control is introduced, that is, the single
agent setting. First, the problem formulation is presented. The goal is to control
an SDE governing the dynamics of a system in such a way that an associated cost
functional is minimized. Thereafter, the derivation of the HJB equation starting
from a stochastic control problem is presented. Finally, the reformulation of the
HJB equation is stated in terms of its corresponding FBSDE, which allows the
problem to be solved while circumventing the curse of dimensionality. The material
throughout this chapter is based on [15].

3.1.1 Problem formulation
Consider a stochastic control problem defined on the filtered probability space
(Ω,F , (Ft)t∈[0,T ],P) for some terminal time T > 0. The filtration (Ft)t∈[0,T ] is gen-
erated by the k-dimensional standard Brownian motion W = (Wt)t∈[0,T ] and com-
pleted by the P-null sets of Ω. Then, the controlled state process Xu = (Xu

t )t∈[0,T ]
is governed by the forward SDE

dXu
t = b(t,Xu

t , ut) dt+ σ(t,Xu
t ) dWt, Xu

0 = x0, (3.1)
where b : [0, T ] × Rd × Rd×` → Rd and σ : [0, T ] × Rd → Rd×k are deterministic
drift and diffusion coefficients, respectively. Moreover, the state Xu = (Xu

t )t∈[0,T ],
with initial condition x0 ∈ Rd such that Xu

0 = x0 P-a.s., is controlled by the control
policy u = (ut)t∈[0,T ] which is assumed to be an Ft-adapted process taking values in
a set U ⊆ R`, which we call the control space.

Remark 4. Note that the diffusion coefficient σ in (3.1) does not take the control
process ut as an input. In financial applications, it is common that the diffusion
also depends on the control. However, this thesis is limited to control problems for
which the diffusion does not depend on the control process.
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3. Stochastic control theory

The controls used throughout the thesis are required to be admissible. For this
concept, we first introduce the definition of a progressively measurable process.
Subsequently, the definition of an admissible control process is presented.

Definition 14. The control process is said to be progressively measurable if for every
s ∈ [t, T ] the mapping u : [t, T ]× Ω→ U is B([t, s])⊗Ft-measurable.

Definition 15. A progressively measurable control process u = (ut)t∈[0,T ] is said
to be admissible, and we write u ∈ U , if it fulfills the condition of having finite
moments, i.e.,

E
[∫ T

t

|us|m ds
]
<∞, m ∈ N.

To provide the reader with intuition regarding the definitions introduced above and
to facilitate understanding, an example is presented below. The example illustrates
the concept of an admissible control policy in a simple context.

Example 2. Consider a car with the goal of reaching the top of a hill. The control
process can then be viewed as the possible ways of controlling the car. This includes,
for instance, breaking, applying throttle, steering left, and steering right. However, a
car can not take on arbitrarily large values for these controls. We thus define admis-
sible controls by specifying the maximum steering angle and the maximum applied
force. Anything beyond these limits is not admissible.

Moreover, the drift and diffusion coefficient functions b and σ are assumed to be
measurable Lipschitz continuous functions, ensuring the existence and uniqueness
of strong solutions to (3.1). That is, there exists constants Cb, Cσ > 0 such that

|b(t, x, u)− b(t, x′, u′)| ≤ Cb(|x− x′|+ |u− u′|),
|σ(t, x)− σ(t, x′)| ≤ Cσ|x− x′|,

for all (t, x, x′, u, u′) ∈ [0, T ] × Rd × Rd × U × U, and | · | is the Frobenius norm.
Furthermore, the drift and diffusion coefficient functions also satisfy a linear growth
condition in space and uniform growth in time, i.e., there exists some constant C ′

such that

|b(t, x, u)|+ |σ(t, x)| ≤ C ′(1 + |x|), (t, x, u) ∈ [0, T ]× Rd × U.

For a stochastic control problem, a cost functional is introduced in order to describe
the cost of the agent over the time interval 0 ≤ t ≤ T . Here, the term agent refers
to the state whose dynamics are described by the SDE (3.1), e.g., a drone, a car,
etc. The cost functional is then defined as

Ju(t, x) := E
[∫ T

t

f(s,Xu
s , us) ds+ g(Xu

T )
∣∣∣Xu

t = x

]
, (3.2)

where f : [0, T ]×Rd×U→ R is a function describing the running cost incurred by
the agent, and g : Rd → R is a function describing the terminal cost. Thus, the aim
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3. Stochastic control theory

is to find a control policy u that minimizes the cost functional and thereby optimally
regulates the state process Xu

t . To provide intuition regarding the stochastic control
problem another example is presented below.

Example 3. Consider an autonomous car intending to reach some predetermined
destination. The state process Xu

t describing the the car at time t, may include
physical quantities such as its position and velocity. In contrast, the control policy
ut represents the inputs to the car, for instance, acceleration or steering in either
direction. It is then natural to define the running cost as the fuel consumption and
the terminal cost as the vehicles deviation from the desired location at the final time.
The aim is thus, to find an optimal policy which minimizes the total cost. Thus,
this means that minimal fuel usage is sought, given that the car reaches its intended
destination.

3.1.2 The Hamilton–Jacobi–Bellman equation
The derivation of the HJB equation is based on Bellman’s dynamic programming
principle. We start by defining the the value function by

V (t, x) := inf
u∈U

Ju(t, x), (t, x) ∈ [0, T ]× Rd,

where Ju(t, x) is the cost functional defined in (3.2). Since the value function V
describes the best possible outcome of the control problem, it is fundamental in
dynamic programming and the derivation of the HJB equation.

We now provide an overview of the derivation that is to come. By applying Bellman’s
dynamic programming principle, one can derive that the value function satisfies a
semi-linear parabolic partial differential equation, namely, the HJB equation. More
precisely, the application of Itô’s formula together with the principle of optimality
leads to the HJB equation, which describes the value function. Furthermore, an
optimal Markov control policy can be expressed in terms of the solution to the HJB
equation and the spatial derivatives of that solution. Consequently, the solution of
the HJB equation is equivalent to the control problem under some regularity as-
sumptions. The assumptions are primary based on the smoothness of the solution
to the HJB equation. If there exists a classical solution, it can be shown that it co-
incides with the value function for the control problem. These results are presented
in the Verification theorem. However, we begin by stating Bellman’s dynamic pro-
gramming principle.

Theorem 9 (Bellman’s dynamic programming principle). Let t ∈ [0, T ], τ ∈ [t, T ],
and x ∈ Rd, then it holds

V (t, x) = inf
u∈U

E
[∫ τ

t

f(s,Xu
s , us) ds+ V (τ,Xu

τ )
∣∣∣Xu

t = x

]
. (3.3)

Proof. The claim is proved in [16].
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3. Stochastic control theory

Bellman’s dynamic programming principle states that the optimal control can be
determined by solving a sequence of smaller problems. In terms of the value func-
tion, an optimal control strategy for the entire time interval can be decomposed
into first controlling optimally on an initial subinterval, and then continuing with
the optimal strategy until the final time.

To derive the HJB equation, we begin with Bellman’s dynamic programming prin-
ciple (3.3). Let v ∈ U be an arbitrary admissible control and τ = t + h for some
small h > 0. This gives

V (t, x) ≤ E
[∫ t+h

t

f(s,Xv
s , v) ds+ V (t+ h,Xv

t+h)
∣∣∣Xv

t = x

]
. (3.4)

Next, subtract V (t, x) from both sides of (3.4) and divide by h, giving

0 ≤ 1
h
E
[∫ t+h

t

f(s,Xv
s , v) ds+ V (t+ h,Xv

t+h)− V (t, x)
∣∣∣Xv

t = x

]
= 1
h
E
[∫ t+h

t

f(s,Xv
s , v) ds

∣∣∣Xv
t = x

]
+ 1
h
E
[
V (t+ h,Xv

t+h)− V (t, x)
∣∣Xv

t = x
]

= I1 + I2, (3.5)

where the linearity of the expectation operator is used in the first equality. Next,
let us study the limits of I1 and I2 as h ↓ 0. For I1, assume that the map

s 7→ E [f(s,Xv
s , v)|Xv

t = x]

is locally integrable in s. The next step requires Fubini’s theorem (see Theorem 2),
as well as the Lebesgue differentiation (see Theorem 1). Utilizing these two theorems
yields

lim
h↓0

I1 = lim
h↓0

1
h

∫ t+h

t

E
[
f(s,Xv

s , v)
∣∣Xv

t = x
]

ds = f(t, x, v). (3.6)

For the second term I2, applying Itô’s formula (see Theorem 5), gives

lim
h↓0

I2 (3.7)

= lim
h↓0

1
h
E
[
V (t+ h,Xv

t+h)− V (t,Xv
t ) ds

∣∣∣Xv
t = x

]
= lim

h↓0

1
h
E
[∫ t+h

t

(∂s + Lv)V (s,Xv
s ) ds+

∫ t+h

t

∇xV (s,Xv
s )σ(s,Xv

s ) dWs

∣∣∣Xv
t = x

]
= lim

h↓0

1
h
E
[∫ t+h

t

(∂s + Lv)V (s,Xv
s ) ds

∣∣∣Xv
t = x

]
,

where the zero-mean property of the Itô integral is used in the last equality. Once
again, by assuming the conditions for Fubini’s theorem and Lebesgue’s theorem of
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3. Stochastic control theory

differentiation are satisfied, it follows that

lim
h↓0

I2 = lim
h↓0

1
h

∫ t+h

t

E
[
(∂s + Lv)V (s,Xv

s )
∣∣∣Xv

t = x
]

ds = (∂t + Lv)V (t, x).

Inserting the limits obtained in (3.6), (3.7) into (3.5) we find, for every admissible
control v ∈ U , that

−∂tV (t, x) ≤ LvV (t, x) + f(t, x, v). (3.8)

Recall that in (3.3) the value function is defined as an infimum over all admissible
controls. In (3.4), an arbitrary control v ∈ U was considered, and the infimum is
therefore removed. Thus, the equality was replaced by an inequality for the value
function. By once again considering the infimum, (3.8) becomes

−∂tV (t, x) = inf
v∈U

(LvV (t,Xv
t ) + f(t, x, v)) . (3.9)

The optimal policy is then obtained as

π(t, x) ∈ arg min
v∈U

(LvV (t,Xv
t ) + f(t, x, v)) , (t, x) ∈ [0, T ]× Rd, (3.10)

where π : [0, T ] × Rd → U is a deterministic map. At each time t the control is
obtained as ut = π(t,Xu

t ), i.e., the decision only depends on the current time and
current state. Hence, when this is valid, the control is called a Markov control policy.
In this thesis we restrict ourselves to this case and we assume the set of minimizers
above is nonempty. Under this assumption, we state a verification theorem in the
next section. Since the diffusion term of the forward SDE, in this thesis, does
not depend on the control u (3.9) is a second-order semi-linear PDE. By explicitly
extracting the diffusion term from the operator Lv since it does not depend on the
control, the HJB equation is expressed as

∂tV + 1
2 Tr(σσ>∆xV ) +H(t, x,∇xV ) = 0, (t, x) ∈ [0, T )× Rd, (3.11a)

V (T, x) = g(x), x ∈ Rd. (3.11b)

Note that the space-time dependence (t, x) has been excluded in the equation above
for brevity. However, if the functions and coefficients have other dependencies, we
specify that explicitly. Furthermore, ∆x denotes the Hessian matrix which is the
second order spatial derivative and the Hamiltonian H is defined as

H(t, x, p) := inf
v∈U

(〈
b(t, x, v), p

〉
+ f(t, x, v)

)
, (t, x) ∈ [0, T ]× Rd. (3.12)

Here, p ∈ Rd is a placeholder for the spatial derivative of the value function. The
terminal condition (3.11b) is derived by considering the value function (3.2) at the
terminal time T , that is,

V (T, x) = inf
u∈U

Ju(T, x) = inf
u∈U

E [g(Xu
T )|Xu

T = x] = g(x).
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Remark 5. Note that in (3.10), π(t, x) is an element in the set of minimizers of
the Hamiltonian H. Consequently, uniqueness is not guaranteed and is generally
rare. However, for many important applications, including the one considered in
this thesis, it is possible to derive an explicit function, denoted κ, which minimizes
the Hamiltonian. This function is obtained by analytically solving the minimiza-
tion problem associated with H, and the optimal Markov control policy is given by
π(t, x) = κ(t, x,∇xV ).

The HJB equation (3.11) is generally challenging to analyze due to its nonlinear
nature. Classical, smooth solutions may not exist, and the concept of viscosity so-
lutions needs to be considered. However, the HJB equation and the forward SDE
have strong solutions under certain regularity conditions. That is when the system
experiences sufficient noise in all directions of the state space. The intuition is that
the diffusion term introduces a local averaging effect and making it smoother. This
effect is characterized by the uniformly parabolic condition presented below.

Definition 16. Let a(t, x) := σ(t, x)σ(t, x)>, then the HJB equation is said to be
uniformly parabolic if there exists a constant Ĉ > 0 such that

n∑
i,j=1

ai,j(t, x)ξiξj ≥ Ĉ‖ξ‖2, (t, x) ∈ [0, T ]× Rd, ξ ∈ Rd. (3.13)

The intuition for this condition is that the smallest eigenvalue of a(t, x) is uniformly
bounded below by Ĉ, which implies that the noise in the systems acts in all direc-
tions of the state space. When the problem satisfies (3.13), one typically refers to
the problem as non-degenerate. This is one of the conditions for a classical solution
of (3.11) to exist. Before stating the additional conditions required for the existence
and uniqueness of the solution, we first introduce some notations.

Let `, k ∈ N ∪ {0}, and n ∈ N. Then, for γ = (γ1, . . . , γn) ∈ (N ∪ {0})n set

|γ| := γ1 + . . .+ γn, ∂γ := ∂|γ|

∂γ1 · · · ∂γn
.

Then, we define

C`,k :=
{
φ ∈ C : ∂j

t ∂
γ
xφ ∈ C for j = 0, 1, . . . , `, |γ| ≤ k

}
, (3.14)

where C is the space of all continuous functions. Thus, C`,k contains those functions
that are `-times continuously differentiable in the time variable t and k-times dif-
ferentiable in space, with all mixed derivatives up to these order being continuous.
Moreover, we define the bounded subspace of (3.14), that is,

C`,k
b :=

{
φ ∈ C`,k : sup

(t,x)
‖∂j

t ∂
γ
xφ‖ ≤M for j = 0, 1, . . . , `, |γ| ≤ k

}
,

for some M ∈ R. The space C`,k
b includes all functions whose derivatives are

bounded. To make the notation fully explicit, let V be a finite dimensional real
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vector space, and let φ : [0, T ]×Rd → V. Suppose φ is `-times continuously differ-
entiable in time, k-times differentiable in space, and all mixed derivatives up to order
(`, k) are uniformly bounded. In that case, we simply write φ ∈ C`,k

b ([0, T ]×Rd;V).
Further, let Ck

(
Rn;V

)
and Ck

b(Rd;V) denote the space of all time-invariant functions
under the conditions stated above. We can now state the existence and uniqueness
theorem for solutions to the HJB equation (3.11).

Theorem 10 (Existence and uniqueness of classical solutions of the HJB equation).
Let T > 0 and let the set U be compact. Suppose

(i) The diffusion matrix a(t, x) := σ(t, x)σ(t, x)> is uniformly parabolic, i.e, (3.13)
holds.

(ii) The diffusion matrix a, the drift coefficient b, and running cost f satisfy

a ∈ C1,2
b ([0, T ]× Rd;Rk×k), b ∈ C1,2

b ([0, T ]× Rd × U;Rd),
f ∈ C1,2

b ([0, T ]× Rd × U;R).

(iii) The terminal cost g has three continuous and bounded derivatives in space, that
is, g ∈ C3

b(Rd;R).

Then there exists a unique solution Φ ∈ C1,2
b ([0, T ] × Rd;R) of the HJB equa-

tion (3.11).

Proof. The claim is proved in [17].

We present a central verification theorem establishing that the cost functional of
the control problem coincides with the solution of its associated HJB equation.
Therefore, solving the HJB equation also solves the control problem, and Bellman’s
dynamic programming principle holds.

Theorem 11 (Verification theorem). Let Φ ∈ C1,2([0, T ] × Rd;R) be a classical
solution of the HJB equation (3.11). Then for every admissible control u ∈ U and
all (t, x) ∈ [0, T )× Rd,

Φ(t, x) ≤ Ju(t, x).

Further, if there also exists an optimal Markov policy π that is locally Lipschitz
continuous, has linear growth in x and uniform growth in t and satisfies

π(t, x) ∈ arg min
u∈U

{
b(t, x, u)∇xΦ(t, x) + f(t, x, u)

}
.

Then
(i) For all (t, x) ∈ [0, T ]× Rd it holds that

Φ(t, x) = Jπ(t, x),

and hence, Φ = V .
(ii) Bellman’s dynamic programming principle holds.
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Proof. We split the proof into two parts. First, we establish the dynamic program-
ming principle for any admissible control. Then, we consider the optimal Markov
policy π to show that the solution of the HJB equation coincides with the value
function, which proves the claim. Let (t, x) ∈ [0, T )×Rd, and consider an arbritary
control u ∈ U . Further, let t < τ ≤ T . Since Φ ∈ C1,2([0, T ]× Rd;R), Itô’s formula
gives

Φ(τ,Xu
τ )− Φ(t,Xu

t ) (3.15)

=
∫ τ

t

(∂s + Lu) Φ(s,Xu
s ) ds+

∫ τ

t

∇xΦ(s,Xu
s )σ(s,Xu

s ) dWs.

Since Φ solves the HJB equation, it follows that

−∂tΦ(t, x) = inf
v∈U

{
LvΦ(t,Xv

t ) + f(t, x, v)
}
≤ LuΦ(t, x) + f(t, x, u),

so that
(∂t + Lu)Φ(t, x) ≥ −f(t, x, u). (3.16)

Insertion of (3.16) in (3.15) gives

Φ(τ,Xu
τ )− Φ(t,Xu

t )

≥
∫ τ

t

∇xΦ(s,Xu
s )σ(s,Xu

s ) dWs −
∫ τ

t

f(s,Xu
s , us) ds. (3.17)

Taking the conditional expectation of (3.17) on both sides with respect to Xu
t , and

noting that the stochastic integral vanishes due to the martingale property resulting
in zero-mean. By rearranging terms, we obtain the following inequality

Φ(t, x) ≤ E
[∫ τ

t

f(s,Xu
s , us) ds+ Φ(τ,Xu

τ )
∣∣∣Xu

t = x

]
.

By letting τ = T and using the terminal condition Φ(T, ·) = g, it gives

Φ(t, x) ≤ E
[∫ T

t

f(s,Xu
s , us) ds+ g(Xu

T )
∣∣∣Xu

t = x

]
= Ju(t, x).

This proves the sub-optimality claim and the dynamic programming principle for
Φ under any u ∈ U . Now, we assume that there exists an optimal Markov control
policy π : [0, T ] × Rd → U . By repeating the same steps as above, (3.16) instead
becomes

(∂t + Lπ)Φ(t, x) = −f(t, x, π(t, x)).
Repeating the Itô and expectation argument, and by letting τ = T and inserting
the terminal condition Φ(T, ·) = g, we get that

Φ(t, x) = E
[∫ T

t

f(s,Xπ
s , π(s,Xπ

s )) ds+ g(Xπ
T )
∣∣∣Xπ

t = x

]
= Jπ(t, x).

Hence, Φ = Jπ = V . This completes the proof.
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3.1.3 Reformulation to FBSDE
This subsection presents the reformulation of the HJB equation into the FBSDE. To
recap, we began with a forward SDE that describes the system’s dynamics, where
the state is controlled by the process u. Thus, we want to determine an optimal
control policy u∗ that regulates the state by minimizing a cost function. In Sec-
tion 3.1.2, the cost function was reformulated as its corresponding semi-linear PDE,
namely the HJB equation. Next, we reformulate the HJB equation into a backward
stochastic differential equation (BSDE). Together with the forward SDE, a coupled
FBSDE system is obtained. In short, the derivation is done by applying Itô’s for-
mula to the solution of the HJB equation and introducing variables representing
both the solution and its spatial gradient.

Under the regularity conditions stated in Section 3.1.2, it has been shown that
the HJB equation solves the control problem. This gives rise to the motivation for
considering a stochastic representation of the HJB equation. Classical numerical
methods for solving PDEs, such as FEM, FVM, or FDM, do not scale efficiently
in high dimensions. Thus, this thesis will focus on a stochastic representation of
the HJB equation, where neural networks are utilized to solve the coupled FB-
SDE. The use of neural networks helps to avoid the curse of dimensionality. This
thesis demonstrates that the proposed method performs effectively even for high-
dimensional systems.

Next, we will derive the FBSDE system. Assume that the existence and unique-
ness theorem (Theorem 10) and the Verification theorem (Theorem 11) are satisfied.
Then there exists a unique solution Φ ∈ C1,2

b that solves the HJB equation (3.11).
In addition, we assume that an optimal Markov policy π exists which minimizes the
Hamiltonian (3.10). Applying Itô’s formula to Φ, yields

Φ(t,Xπ
t ) = Φ(0, Xπ

0 ) +
∫ t

0
(∂s + Lπ)Φ(s,Xπ

s ) ds+
∫ t

0
∇xΦ>(s,Xπ

s )σ(s,Xπ
s ) dWs.

(3.18)
By once again considering (3.9), it follows that

−∂tΦ(t, x) = inf
v∈U

{
LvΦ(t,Xv

t ) + f(t, x, v)
}

= LπΦ(t,Xπ
t ) + f(t, x, π(t, x)),

where the fact that π attains the infimum in the HJB equation is used in the last
equality. Insert the above identity into (3.18) to obtain

Φ(t,Xπ
t )=Φ(0, Xπ

0 )−
∫ t

0
f(s,Xπ

s , π(s,Xπ
s )) ds+∫ t

0
∇xΦ>(s,Xπ

s )σ(s,Xπ
s ) dWs. (3.19)

Define Yt := Φ(t,Xπ
t ) and Zt := ∇xΦ(t,Xπ

t ). Further, since the state Xπ is contolled
optimally, we define X := Xπ for brevity. With this notation, the BSDE (3.19) is
written as

Yt = Y0 −
∫ t

0
f(s,Xs, π(s,Xs)) ds+

∫ t

0
Z>

s σ(s,Xs) dWs.
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Since Y = (Yt)t∈[0,T ] represents the solution to the HJB equation, its terminal value
is known and given as YT = V (T,XT ) = g(XT ). In contrast, the initial value Y0
is not known a priori. Therefore, we integrate backwards in time instead, meaning
applying Itô’s formula with the times T and t, to (3.11). Thereafter inserting the
above definitions of Yt and Zt and solving for Yt yields

Yt = g(XT ) +
∫ T

t

f(s,Xs, π(s,Xs)) ds−
∫ T

t

Z>
s σ(s,Xs) dWs. (3.20)

The forward SDE together with (3.20) now gives the system of equations on FBSDE
form 

Xt = x0 +
∫ t

0
b(s,Xs, π(s,Xs)) ds+

∫ t

0
σ(s,Xs) dWs,

Yt = g(XT ) +
∫ T

t

f(s,Xs, π(s,Xs)) ds−
∫ T

t

Z>
s σ(s,Xs) dWs.

For the problems considered in this thesis, the optimal control policy u∗ will be
obtained by

u∗
t = π(t,Xt) = κ(t,Xt,∇xΦ(t,Xt)),

where κ(t,Xt,∇xΦ(t,Xt) is an explicit expression for the optimal control policy,
which minimizes the Hamiltonian (3.12). Furthermore, the control appears only in
the drift term, so the feedback map κ depends solely on the gradient ∇xV . If the
control was also included in the diffusion coefficient, κ would also depend on ∆xV .
If instead the definition Zt = ∇xΦ(t, x)>σ(t, x) is used, which is a common choice
in literature, see e.g., [5, 4, 6], then the functions b and f need to be rewritten. This
is done by the following identity

∇xΦ(t,Xt) = ∇xΦ(t,Xt)>σ(t,Xt)σ(t,Xt)> (σ(t,Xt)σ(t,Xt)>)−1

= Ztσ(t,Xt)> (σ(t,Xt)σ(t,Xt)>)−1
.

This yields

b̄(t, x, z) = b

(
t, x, κ

(
t, x, zσ(t, x)>(σ(t, x)σ(t, x)>)−1

))
,

f̄(t, x, z) = f

(
t, x, κ

(
t, x, zσ(t, x)>(σ(t, x)σ(t, x)>)−1

))
.

Which in turn yields the system of equations

Xt = x0 +
∫ t

0
b̄(s,Xs, Zs) ds+

∫ t

0
σ(s,Xs) dWs, (3.21a)

Yt = g(XT ) +
∫ T

t

f̄(s,Xs, Zs) ds−
∫ T

t

Zs dWs, (3.21b)

with the solution triple (Xt, Yt, Zt) ∈ S2
T (Rd)× S2

T (R)×H2
T (Rd) which is said to be

an adapted solution if it satisfies the equation P-almost surley. Here, the forward
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SDE (3.21a) describes the system’s dynamics while the backward equation (3.21b)
describes the cost. This is evident due to the backward equation simply being a re-
formulation of the initial cost functional (3.2). Furthermore, the backward equation
also represents the solution to the HJB equation (3.11) with the same motivation.

Remark 6. Note that the FBSDE
Xt = x0 +

∫ t

0
b̄(s,Xs, Zs) ds+

∫ t

0
σ(s,Xs) dWs,

Yt = Y0 −
∫ t

0
f̄(s,Xs, Zs) ds+

∫ t

0
Zs dWs,

YT = g(XT ),
is eqvivalent to (3.21). The backward equation in this reformulation, in contrast
to (3.21), is now written forward in time where the unknown initial value Y0 re-
places the terminal condition and the sign changes to the coefficients. While the
equality YT = g(XT ) is imposed at t = T .

The following theorem, from [18], is introduced to guarantee that a unique solution
exists to (3.21). It outlines the conditions for the drift, diffusion, running cost, and
terminal condition for which a unique solution can be guaranteed.

Theorem 12 (Existence and uniqueness of solution of FBSDE). Assume that the
uniform Lipschitz condition on the drift and diffusion of the forward equation pre-
sented in Section 3.1.1 holds. Then, under the following additional conditions

(i) If there exists constants Cf̄ , Cg > 0 such that

|f̄(t, x, z)− f̄(t, x′, z′)| ≤ Cf̄ (|x− x′|+ |z − z′]),
|g(t, x)− g(t, x′)| ≤ Cg|x− x′|,

for all (t, x, x′, z, z′) ∈ [0, T ]× Rd × Rd × Rd × Rd.
(ii) For the Lipschitz constants for the diffusion process Cσ and the terminal con-

dition Cg it holds that
CσCg < 1.

(iii) The functions g(·, 0) ∈ L2
T (R), f̄(·, 0, 0) ∈ H2

T (R), b̄(·, 0, 0) ∈ H2
T (Rd) and

σ(·, 0) ∈ L2
T (Rk×d).

Then there exists a constant C ′ > 0, independent of all Lipschitz constants, such that
for T < C ′ there exists a unique solution tripe (Xt, Yt, Zt) ∈ S2

T (Rd)×S2
T (R)×H2

T (Rd)
to the FBSDE (3.21) in the interval t ∈ [0, T ]. Further, it holds that the solution is
bounded by(

‖Xt‖S2
T

+ ‖Yt‖S2
T

+ ‖Zt)‖H2
T

)2
≤ CE

[(∫ T

0
|b(t, 0, 0)|+ |f(t, 0, 0)| dt

)2

+
∫ T

0
|σ(t, 0)|2 dt+ |g(0)|2 + |x|

]
,

for some constant C ∈ R.
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3.2 Stochastic differential games
In this section, an extension of Section 3.1 is presented in order to account for N
agents. We begin by introducing the notation for N players, followed by the problem
formulation and derivation of the corresponding HJB equation for the multi-agent
system. Finally, the resulting system of FBSDEs is presented.

The motivation for this extension is that the topic of finite player stochastic dif-
ferential games is a flourishing field. There exist techniques to solve these finite
player stochastic differential games, see [5]. These build upon the method presented
in [4]. It has been shown, as in e.g., [6, 19], that this method does not converge
for various problems, often, but not always, related to stochastic control. Although
the topic of when the deep BSDE method fails is far from trivial and yet not fully
known, a robust version was derived in [6], which converges for problems stemming
from stochastic control. However, this method only applies to single-agent settings,
creating a clear research gap for extending the robust solver to finite player games.

3.2.1 Problem formulation
We now consider an N -player stochastic control problem for the players in the
set I := {1, . . . , N}, which is the generalization of the problem presented in Sec-
tion 3.1.1. The filtered probability space (Ω,F , (F)t∈[0,T ],P) is defined as in Sec-
tion 3.1.1. Then, the generalized state process is given by

Xu
t := (X1,u

t , . . . , XN,u
t )>,

which is a vector concatenation of the state processes of all players i ∈ I. The
individual state processes are defined as in Section 3.1.1, where X i,u := (X i,u

t )t∈[0,T ]
is state process for player i ∈ I. Then, the state process of all players is defined as a
family of stochastic processes Xu := (Xu

t )t∈[0,T ]. Moreover, u is a vector concatena-
tion, as above, of all the admissible control policies (ui

t)t∈[0,T ] for all players, which
belongs to the product σ-algebra U := ⊗N

i=1U i, where U i is the space of admissible
controls for player i, defined as in Section 3.1.1. Here, a processes ui ∈ U i takes on
values in Ui, and we define U := U1× · · · ×UN and note that a process u ∈ U takes
on values in U ⊂ R`. Then, the generalized state process is governed by the SDE

dXu
t = b(t,Xu

t ,ut) dt+ Σ(t,Xu
t ) dWt, Xu

0 = x0, (3.22)
where the drift and diffusion coefficients b : [0, T ] × RNd × U × I → RNd and
Σ : [0, T ]×RNd×I → RNd×k are concatenations of the drift and diffusion coefficients
for all players respectively. In detail, these coefficients are defined by

b := (b1, . . . , bN)>, Σ := (σ1, . . . , σN)>, (3.23)
where b utilizes vector concatenation and Σ utilizes matrix concatenation. These
link each player’s drift and diffusion terms together into drift and diffusion terms,
for the system as a whole. The individual contributions from each player, bi and
σi for all i ∈ I, are defined as in Section 3.1.1. Finally, the deterministic initial
condition of the SDE is given by x0 = (x1

0, . . . , x
N
0 )> ∈ RdN .
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3. Stochastic control theory

Remark 7. Note that the state X i,u
t of player i is not determined solely by its own

control ui
t, it is also coupled with the other players’ states as well as controls. In

particular, the coefficients bi and σi depend on the N-player state vector Xu
t . More-

over, bi considers the controls of all players.

Furthermore, the drift and diffusion coefficients are, as in Section 3.1.1, assumed
to be measurable Lipschitz continuous functions. That is, there exist constants
Cb, CΣ > 0 such that

|b(t,x,u)− b(t,x′,u′)| ≤ Cb(|x− x′|+ |u− u′|), (3.24)
|Σ(t,x)− Σ(t,x′)| ≤ CΣ|x− x′|, (3.25)

for all (t,x,x′,ut,u′
t) ∈ [0, T ] × RNd × RNd × U × U. Along with being Lipschitz

continuous, the drift and diffusion coefficients are assumed to satisfy a linear growth
condition in space as well as uniform growth in time, i.e., there exists a constant
Ĉb,Σ > 0 such that

|b(t,x,u)|+ |Σ(t,x)| ≤ Ĉb,Σ(1 + |x|), (t,x,u) ∈ [0, T ]× RNd × U. (3.26)

Note that, as in Section 3.1.1, the norm in the conditions above is the Frobenius
norm. Then by Theorem 6 there exists a strong unique solution to (3.22). A further
constraint is placed upon the drift and diffusion for the N -player game. That is, for
any u ∈ U

E
[∫ T

0
|b(t,0dN ,ut)|2 + |Σ(t,0dN)|2 dt

]
<∞.

To have a well-posed N -player stochastic control problem we define the multi-agent
cost functional

J i(t,x; ut) := E
[∫ T

t

f i(s,Xu
s ,us) ds+ gi(Xu

T )
∣∣∣Xu

t = x
]
, i ∈ I, (3.27)

where f i : [0, T ]×RdN ×U→ R and gi : RdN → R denote the running and terminal
cost for player i respectively. For both of these functions there exist constants
Cf , Cg > 0 such that

|f i(t,x,u)− f i(t,x′,u′)| ≤ Cf (|x− x′|+ |u + u′|), (3.28)
|gi(x)− gi(x′)| ≤ Cg|x− x′|, (3.29)

for all (t,x,x′,u,u′, i) ∈ [0, T ]×RdN ×RdN ×U×U× I. Furthermore, there exist
a constant Cfg such that

|f i(t,x,u)|+ |gi(x)| ≤ Cfg(1 + |x|), (t,x,u) ∈ [0, T ]× RdN × U, (3.30)

for all i ∈ I. The control problem is then solved when a so-called Nash equilibrium
is found, defined in the following.
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3. Stochastic control theory

Definition 17 (Nash equilibrium). A strategy, u∗
t , is said to be a Nash-equilibrium

if for every i ∈ I

J i(t, x; u∗
t ) ≤ J i(t, x; (u1,∗

t , . . . , ui
t, . . . , u

N,∗
t )),

for all strategies ui
t ∈ U i, where u∗

t denotes the vector of optimal policies.

Definition 18. Let π = (π1, . . . , πN), πi : [0, T ] × RdN → Ui, i = 1, . . . , N, be a
set of N deterministic, measurable Markov control policies. We call π a Marko-
vian Nash equilibrium, if for every pair (t,x) ∈ [0, T ] × RdN , the control ut ∈ U is
given by π. That is, for every i ∈ I, t ∈ [0, T ] we have that ui

t = πi(t,Xπ
t ), where

Xπ = (Xπ
s )t∈[0,T ] is a unique, strong solution to the forward SDE (3.22).

The forward SDE (3.22) and the cost functional (3.27) constitute the whole game.
However, these equations will use slightly different notation to align with the ap-
proach taken in this thesis. From now on, we will consider an active player i who
applies the control policy β, while the remaning N − 1 players apply the control
u−i

t = (u1
t , . . . , u

i−1
t , ui+1

t , . . . , uN
t ). Then, the dynamics of player i is given by

dX i,β,u−i

t = bi
(
t,Xβ,u−i

t , (βt,u−i
t )
)

dt+ σi(t,Xβ,u−i

t ) dWt.

The corresponding N -player state equation is written as

dXβ,u−i

t = b
(
t,Xβ,u−i

t , (βt,u−i
t )
)

dt+ Σ(t,Xβ,u−i

t ) dWt. (3.31)

Note that the only difference between the previously defined forward SDE (3.22) and
(3.31) is that in the latter, we specify the control that player i applies. Further, with
a slight abuse of notation, we define that (βt,u−i

t ) = (ui
t, . . . , u

i−1
t , βt, u

i+1
t , . . . uN

t ).
Throughout the thesis, it is assumed that the control u−i is given and fixed. With
this assumption, it allows us to think that the entire strategy profile β = (βt)t∈[0,T ]
becomes a solution to a standard stochastic problem. The associated cost functional
is similarly defined as previously

J i(t,x; (βt,u−i
t )) := E

[∫ T

t

f i
(
s,Xβ,u−i

s , (βs,u−i
s )
)

ds+ gi(Xβ,u−i

T )
∣∣∣Xβ,u−i

t = x
]
,

for all i ∈ I.

3.2.2 N -coupled HJB equations
This subsection presents the N -coupled HJB equations that arise when the deriva-
tion in Section 3.1.2 is extended to an N -player stochastic control game. The deriva-
tion closely follows the previous section. Thus, the derivation of N -coupled HJB
equations is omitted to avoid repetition. Interested readers are referred to Ap-
pendix A.
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The HJB system is, as previously, derived by assuming Bellman’s dynamic pro-
gramming principle. We begin by defining the value function of player i as

V i(t,x) = inf
β∈U i

E
[∫ T

t

f i
(
s,Xβ,u−i

s , (βs,u−i
s )
)

ds+ gi(Xβ,u−i

T )
∣∣∣Xβ,u−i

t = x
]
.

The value function V i(t,x) describes the optimal cost over the interval [t, T ], for
some t ∈ [0, T ). By repeating similar steps as the derivation of the HJB equation
for stochastic control problems, the HJB system reads

∂tV
i + 1

2 Tr(ΣΣ>∆xV
i) +Hi(t,x,∇xV

i) = 0, (t, x) ∈ [0, T )× RdN , (3.32a)

V i(T,x) = gi(x), x ∈ RdN , (3.32b)

for all i ∈ I. Here, Hi denotes the Hamiltonian for player i which is defined as

Hi(t,x, p) := inf
β∈Ui

{〈
b
(
t,x, (β,u−i)

)
, p
〉

+ f i
(
t,x, (β,u−i)

)}
, (3.33)

where p ∈ RdN is a placeholder for the spatial derivative of the value function for
player i. As is evident, the HJB equation takes a similar form as for the single-agent
case. Note that (3.32) gives a system of N -coupled HJB equation, as the value
function V i depends on both player i’s control, as well as the other players’ controls
u−i. Previously, we mentioned that u−i are considered both fixed and given. This
yields almost a usual one-agent control structure. However, those frozen policies u−i

must themselves be the optimal control that solves the other players’ HJB equations.
In other words, V i implicitly depends on the other players’ control, which in turn
depends on the other V j for j 6= i.

Remark 8. When considering the HJB equation of player i, we treat the control
of the remaining players, u−i, as fixed. Thus, when minimizing the Hamiltonian of
player i the minimization is done only with respect to the control of that player, β.
Here, we write that the remaining players’ control is fixed to provide an intuition
that becomes useful from an algorithmic standpoint. If these HJB equations were
to be solved analytically, all the controls u need to be solved simultaneously, which
means that the equations are coupled. However, the problem formulation is presented
this way, as the method developed in this thesis for solving these types of problems is
based on fixing the inactive players’ strategy and optimizing only for the active player
until an equilibrium is reached. This allows for a more pedagogical explanation of
the implementation in Section 5.

Let V := (V 1, . . . , V N)> ∈ (C1,2([0, T ]×Rd))N solve the N -coupled HJB equations.
We now state an existence theorem, taken from [20], that guarantees the existence
of a solution V to (3.32).

Theorem 13 (Existence and uniqueness). Let the Lipschitz conditions on the drift
(3.24), diffusion (3.25), running cost (3.28) and terminal cost (3.29) hold. Fur-
thermore, let the uniform growth condition hold for the drift and diffusion (3.26)
coefficients as well as for the running cost and terminal cost (3.30). Then under the
following assumptions
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(i) The drift coefficients bi are bounded on [0, T ]× RdN × U for all i ∈ I.
(ii) σiσi> is uniformly non-degenerate, that is the smallest eigenvalue is uniformly

bounded from below by a positive constant on [0, T ]× RdN .
(iii) The functions f i are bounded on [0, T ]× RdN × U.
(iv) The minimizer πi : [0, T ] × RdN of (3.33) is Lipschitz continuous in x ∈ RdN

and satisfies a uniform growth condition in (t, x) ∈ [0, T ]× RdN .
Then (3.32a)–(3.32b) has a unique solution V ∈ (C1,2

b ([0, T ]× Rd))N , and the time
derivative and second-order space derivatives of V belongs to (Lp

loc([0, T ] × RdN))N

for any p > 1, where Lp
loc denotes local integrability over compact subsets, and is

formally defined as

Lp
loc([0, T ]× RdN) :=

{
f : [0, T ]× RdN→R

∣∣f |(t,x)=K∈Lp(K), ∀K⊂ [0, T ]× RdN
}
,

where K is a compact set. Furthermore, for any bounded, measurable function πi

and any initial condition x ∈ RdN , the SDE (3.22) has a unique, strong solution for
all i ∈ I.

Proof. The claim is proved in [20].

3.2.3 Reformulation to system of FBSDEs
As previously stated, it is not trivial to solve the HJB equation and even more so for
N -coupled HJB equations as (3.32). Furthermore, the techniques used to solve it
scale poorly to high-dimensional settings. Therefore, it is reformulated to a system
of coupled FBSDEs. The derivation of FBSDEs follows the same steps as the ones
presented in Section 3.1.3. Therefore, to avoid repetition, the derivation is omitted.

By considering the optimal feedback functions that minimizes the Hamiltonian (3.33),
in similarity to the previous section, we write

β∗ = πi(t,x) = κi(t,x, p) = arg min
β∈U i

{
b(t,x, β,u−i)>p+ f i(t,x, β,u−i)

}
.

Here, it is important to note that the Markovian control map πi may be a com-
pletely different function for each player. That is the case when heterogeneous
games are considered when different players have different dynamics and cost func-
tional. Specifically, the feedback map differs when the drift of the forward SDE
of player i, bi and the running cost f i in the cost functionals differs between the
players. Since the optimal control πi is considered for player i, we write Xβ∗,u−i .

Having established the existence and uniqueness theorem for the N -player HJB
system, we now continue with deriving the system of N -coupled FBSDEs. That is,
the stochastic representation of the HJB equations, which also is the fundamental
concept of the multi-player stochastic problem. Assuming existence and uniqueness
theorem is satisfied (Theorem 13). Then there exists a unique classical solution
Φ = (Φ1, . . . ,ΦN) ∈ (C1,2([0, T ]×RdN))N that solves the system of N -coupled HJB
equations (3.32).
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The next step is to derive the PDE solution Φi for each player i with a stochas-
tic representation. To do this, we begin by applying Itô’s formula to Φi, which
yields

Φi(t,Xβ∗,u−i

t ) = Φi(0,Xβ∗,u−i

0 ) +
∫ t

0
(∂s + Lβ∗)Φi(s,Xβ∗,u−i

s ) ds

+
∫ t

0
Σ(s,Xβ∗,u−i

s )>∇xΦi(s,Xβ∗,u−i

s ) dWs. (3.34)

where Lβ∗ is, as previously, the second-order differential operator defined as

Lβ∗Φi(t,x) = 1
2 Tr

(
ΣΣ>∆xΦi

)
(t,x) + b

(
t,x, (β∗,u−i)

)>∇xΦi(t,x).

Now, recall that the HJB equation (3.32a) for each player i, which characterizes the
value function Φi = V i, can be formulated as

−∂tΦi(t,x) = 1
2 Tr

(
ΣΣ>∆xΦi

)
(t,x) +Hi(t,x,∇xΦi)

= inf
β∈U i

{
LβΦi(t,x) + f i

(
t,x, (β,u−i)

)}
. (3.35)

At the optimal control β∗
t = κi(t,x,∇xφ

i), the infimum is achieved, and thus the
HJB equation (3.35) simplifies to

−∂tΦi(t,x) = Lβ∗Φi(t,x) + f i
(
t,x, (β∗

t ,u−i
t )
)
.

Inserting the above into Itô’s formula (3.34), yields the following backward stochastic
differential equation

Φi(t,Xβ∗,u−i

t ) = Φi(0,Xβ∗,u−i

0 )−
∫ t

0
f i(s,Xβ∗,u−i

s , (β∗
s ,u−i

s )) ds

+
∫ t

0
Σ(s,Xβ∗,u−i

s )>∇xΦi(s,Xβ∗,u−i

s ) dWs. (3.36)

In order to simplify the notation for the FBSDE formulation, we define the processes
Y i

t := Φi(t,Xβ∗,u−i

t ) and Zi
t := Σ(s,Xβ∗,u−i

s )>∇xΦ(t,Xβ∗,u−i

t ). With this notation,
the BSDE (3.36) becomes

Y i
t = Y i

0 −
∫ t

0
f i
(
s,Xβ∗,u−i

s , (β∗
s ,u−i

s )
)

ds+
∫ t

0
Zi

s dWs.

The process Y i = (Y i
t )t∈[0,T ] represents the solution to the HJB equation (3.32)

for player i. The initial value of the Y -process is not known in advance. Instead,
the backward equation is formulated to evolve backward in time, starting from the
known terminal condition. Thus, rearranging terms and reversing the direction of
time as done in Section 3.1.3, we get

Y i
t = gi(Xβ∗,u−i

T ) +
∫ t

0
f i
(
s,Xβ∗,u−i

s , (β∗
s ,u−i

s )
)

ds−
∫ t

0
Zi

s dWs. (3.37)
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Now, using the fact that the optimal control is given by a feedback map β∗
t =

κi(t,x,∇xΦ), we define

b̄(t,x, zi,u−i) := b
(
t,x, (κi(t,x, ψi),u−i)

)
,

f̄ i(t,x, zi,u−i) := f i
(
t,x, (κi(t,x, ψi),u−i)

)
,

where ψi = (Σ(t,x)Σ(t,x)>)−1Σ(t,x)zi. Moreover, in order to simplify the notation,
we drop the superscript β∗ for the state and define Xu−i

t := Xβ∗,u−i

t . This, because
the feedback map is explicitly included in both b̄ and f̄ i, which means that the state
is optimally controlled given the Zi-process. Substituting these into the forward
SDE (3.31) and the backward SDE (3.37), we obtain the final form of the FBSDE
system for player i

Xu−i

t = x0 +
∫ t

0
b̄
(
s,Xu−i

s , Z i
s,u−i

s

)
ds+

∫ t

0
Σ(s,Xu−i

s ) dWs, (3.38a)

Y i
t = g(Xu−i

s ) +
∫ T

t

f̄ i
(
s,Xu−i

s , Z i
s,u−i

)
ds−

∫ T

t

Zt dWs. (3.38b)

Remark 9. One potentially confusing aspect of the FBSDE formulation for player
i is that it consists of N forward SDEs but only a single backward SDE for that
player. The intuition behind this is that the control βt for player i is optimized
given the controls u−i of the remaining players, since they are considered frozen.
The optimized control β directly influences not only the state X i,u−i of player i but
also the dynamics of all other players. This is due to the coupling of the dynam-
ics, as each players state depends on both the state and control of all other players.
As a result, changes to β influence not only the player i, but the whole system
Xu−i = (X1,u−i

, . . . , XN,u−i). Thus, when only optimizing for a single player at a
time, it is still necessary to track the entire N-player state process.

Remark 10. If we consider the entire system at once without fixed strategies, we
get the following formulation

Xu
t = x0 +

∫ t

0
b(s,Xu

s ,Zs) ds+
∫ t

0
Σ(s,Xu

s ) dWs,

Yt = g(Xu
T ) +

∫ T

t

f(s,Xu
s ,Zs) ds−

∫ T

t

Zt dWs,

where Xu ∈ RdN denotes the state of all players and Y = (Y 1, . . . , Y N) denotes the
collection of all backward SDEs. Here, we are considering the entire system, instead
of only what is needed to solve player i’s control problem. Using this formulation,
the entire system needs to be solved simultaneously. However, it is important to note
that the above system is equivalent to the formulation (3.38a)–(3.38b). In the latter
formulation, the forward and backward equations are written separately for each
player i while considering the controls u−i of the remaining players as fixed. The fact
that in (3.38) the fixed control u−i needs themselves to be solved as a part of a coupled
system, shows that the systems are indeed equivalent. However, we use (3.38) for
the purpose of the numerical methods, as the formulation aligns with the algorithmic
approach. Thus, this formulation will be easier to adapt to the numerical schemes.
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In this section, the two main solution techniques are introduced. This includes a
description of the methods proposed in [4] and [6]. Both methods revolve around
formulating the FBSDE as a stochastic optimization problem, which is described
in detail. We present a theorem that under the rather strict condition of weakly
coupled FBSDEs, there is an a priori error bound. This serves as a motivation
for the choice of the objective function, which is to be minimized. Moreover, the
pseudo code describing the implementation of each technique is presented. At the
end of this section, a numerical example is presented, demonstrating the solutions
generated by each technique. The example presented is a linear–quadratic–Gaussian
(LQG) control problem in both one and multiple dimensions. It has been demon-
strated that Deep FBSDE fails to converge for, inter alia, LQG problems in high
dimension. However, in one dimension, the problem is nice enough to converge, even
for the Deep FBSDE method.

The two methods mentioned above, Deep FBSDE and Deep C-FBSDE, are two
proposals on solve (3.21), i.e., the stochastic representation of the control problem
for a single agent. It has been shown that Deep FBSDE fails for e.g. linear-quadratic
control problems. The problem of when exactly the Deep FBSDE method fails to
converge is still open. However, advancements have been made, e.g. [6], where the
authors state that control problems are typically too strongly coupled for the Deep
FBSDE method to successfully converge. Moreover, the robust method, Deep C-
FBSDE, addresses the limitations of the Deep FBSDE method. The more robust
modifications of Deep FBSDE treat the initial value of the backward equation as a
fixed parameter. Furthermore, the loss function is modified to increase the stability
of the solution.

4.1 Deep FBSDE

We begin by formulating the variational formulation of the FBSDE (3.21) for the
Deep FBSDE method as a stochastic optimization problem. Recall that we defined
X := Xu∗ , where u∗

t = κ(t,Xt,∇xV ). However, if the gradient ∇xV is suboptimal,
then the resulting control ut, and hence the triple (Xt, Yt, Zt), is likewise suboptimal.
To indicate that the processes in the variational formulation depend on the a priori
unknown Z-process rather than the control (since we assume that κ is known), the
Markov map ζ : [0, T ]×Rd → Rk is included in the superscript. Thus, the processes
are written (Xy0,ζ

t , Y y0,ζ
t , Zy0,ζ

t ). Further, the initial value y0 of the backward equation
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is unknown a priori and hence treated as a free parameter that is optimized along
with ζ. To underline the processes’ dependence on the initial value as well as indicate
the parameter we are optimizing, y0 is also included in the superscript. Thus, the
variational formulation is stated as

minimize
y0, ζ

E
[
|g(Xy0,ζ

T )− Y y0,ζ
T |2

]
, (4.1a)

subject to Xy0,ζ
t = x0+

∫ t

0
b̄
(
s,Xy0,ζ

s , Zy0,ζ
s

)
ds+

∫ t

0
σ
(
s,Xy0,ζ

s

)
dWs, (4.1b)

Y y0,ζ
t = y0 −

∫ t

0
f̄
(
s,Xy0,ζ

s , Zy0,ζ
s

)
ds+

∫ t

0
Zy0,ζ

s dWs, (4.1c)

Zy0,ζ
t = ζ(t,Xy0,ζ

t ), (4.1d)

where y0 ∈ R and ζ ∈ C1,1([0, T ]× Rd;Rk).

Next, we consider the implementation of a solution algorithm for (4.1). For this
we begin by describing the fully discretized variational formulation for one batch.
Consider a partition 0 = t0 < t1 < . . . < tÑ = T of the interval [0, T ], and let
∆tk = tk+1 − tk. We write X̂ ≈ X for the discretized state process. This is ap-
plied to all discretized processes. Then, the free parameters are the initial value
y0 of the backward equation and the feedback ζ(t, x). These parameters are ap-
proximated by neural networks. Let ψy0(x | θy0) be a network for approximating
the initial value y0 with parameters θy0 . Further, ψζ(t, x | θζ) denotes the net-
work with parameters θζ for approximating the Markov map ζ(t, x). Both networks
are defined according to (2.3), with the only difference being the latter network
incorporates time embedding, i.e., the current time t is an additional input. To
train these parameters, consider Mtrain independent paths of Brownian motion in-
crements. That is, ∆W (m) = (∆W0(m), . . . ,∆WÑ−1(m)) for m = 1, . . . ,Mtrain
where ∆Wi = Wi+1 −Wi ∼ N(0,∆ti). These Mtrain paths are divided into batches
of size Mbatch. Then, the formulation for a single batch is written as

minimize
θy0 , θζ

L(θy0 , θζ) = 1
Mbatch

Mbatch∑
m=1

|g(X̂θy0 ,θζ

N (m))− Ŷ θy0 ,θζ

N (m)|2, (4.2a)

subject to X̂θy0 ,θζ

n (m) = x0+
n−1∑
k=0

b̄
(
tk, X̂

θy0 ,θζ

k (m), Ẑθy0 ,θζ

k (m)
)

∆tk

+ σ
(
tk, X̂

θy0 ,θζ

k (m)
)

∆Wk(m), (4.2b)

Ŷ θy0 ,θζ

n (m) = y0 −
n−1∑
k=0

f̄
(
tk, X̂

θy0 ,θζ

k (m), Ẑθy0 ,θζ

k (m)
)

∆tk

+ (Ẑθy0 ,θζ

k (m))>∆Wk(m), (4.2c)

Ẑθy0 ,θζ

k (m) = ψζ(tk, X̂θy0 ,θζ

k (m) | θζ), (4.2d)

y0(m) = ψy0(X̂θy0 ,θζ

0 (m) | θy0). (4.2e)

The expectation in the objective is approximated by Monte-Carlo simulation over
each batch of sample paths. The idea of the algorithm is simple. For every batch,
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the neural networks are used to approximate the initial value and the Markov map,
then simulate sample paths for the forward equation (4.2b) and backward equa-
tion (4.2c) using Euler–Maruyama. The loss associated with each batch is given by
the mean square error between YT and the terminal condition g(XT ). Using this
loss, we can utilize the concept of backpropagation as described in Section 2.4 with
a gradient-based optimizer to get a better fit of the free parameters. In this way,
the networks are updated before moving on to the next batch. The implementation
for this method is outlined in Algorithm 1.

Before introducing the algorithm, we motivate the choice of the objective func-
tions (4.1a) and (4.2a). For this, we state a theorem from [21].

Theorem 14 (A priori error bound). Consider a partition 0 = t0 < t1 < . . . < tÑ =
T , as previously, where ∆ti := ti+1−ti. Further, let h = max0≤i≤Ñ−1 ∆ti. For weakly
coupled FBSDEs, i.e., FBSDEs which satisfy the so-called monotonicity condition,
and for sufficiently small h, there exists a constant C which is independent of h and
the dimension d such that

‖|Xt − X̂t|‖2
S2

T (R)+‖|Yt − Ŷt|‖2
S2

T (R)+‖Zt − Ẑt‖2
H2

T (Rd)≤C
(
h+E

[
|g(X̂T )−ŶT |2

])
,

where (Xt, Yt, Zt) are the true processes, and X̂t = Xy0,ζ
ti

, Ŷt = Y y0,ζ
ti

, Ẑt = Zy0,ζ
ti

are
the approximations with some ζ.

Therefore, the total error is minimized by the time step as well as the terminal
condition, which serves as the objective function. Thus, it is a sensible choice to
minimize this term when the monotonicity condition holds.
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Algorithm 1: Deep FBSDE
Input : Initialized neural networks ψy0 and ψζ with paramters θy0 and θζ .

Data set of Mtrain Brownian motion paths ∆W = {∆Wti
}n−1

i=0 .
Batch size Mbatch, which gives Nbatch = Mtrain/Mbatch batches.
Number of epochs Nepoch.

Output: Trained neural networks ψy0 and ψζ .
for i← 1, . . . , Nepoch do

for k ← 1, · · · , Nbatch do
for m← 1, . . . ,Mbatch do

Set X̂θy0 ,θζ

0 (m) = x0.
Approximate initial condition y0 using the neural network ψy0 ,
y0(m) = ψy0(X̂θy0 ,θζ

0 (m) | θy0).
for n← 0, . . . , Ñ − 1 do

Approximate the Markov map Zθy0 ,θζ

n (m) using the neural
network ψζ , Ẑθ

n(m) = ψζ(tn, X̂θy0 ,θζ

0 (m) | θζ).
Compute X̂θy0 ,θζ

n (m) according to (4.2b).
Compute Ŷ θy0 ,θζ

n (m) according to (4.2c).
end

end
Compute loss L(θy0 , θζ) for batch k according to (4.2a) and take
optimization step according to chosen optimization algorithm,
θy0(k + 1), θζ(k + 1)← arg minθy0 ,θζ L(θy0(k), θζ(k)).

end
end
return Trained neural networks, ψy0 and ψζ .

4.2 Deep C-FBSDE

The Deep C-FBSDE method, first introduced in [6], generalizes Deep FBSDE by
using a different variational formulation than (4.1). Here, the initial value y0 is no
longer a free parameter but is determined as the expected value of the so-called
stochastic cost Y0. Thus, the key difference in making the Deep C-FBSDE method
a robust alternative to the Deep FBSDE method is that it, by introducing the
stochastic cost, removes a degree of freedom. Further, the objective is modified. In
addition to YT satisfying the terminal condition, the stochastic cost is minimized.
Intuitively, the expectation of the stochastic cost Y0 is equivalent to Ju(ζ)(0, x0),
where the control u is generated by ζ. This formulation explicitly minimizes the
cost functional associated with the control problem. We present the variational
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formulation according to [6] as

minimize
ζ

E
[
Yζ

0

]
+ λVar

[
Yζ

0

]
, (4.3a)

subject to Xζ
t = x0 +

∫ t

0
b̄(s,Xζ

s , Z
ζ
s ) ds+

∫ t

0
σ(s,Xζ

s ) dWs, (4.3b)

Y ζ
t = E

[
Yζ

0

]
−
∫ t

0
f̄(s,Xζ

s , Z
ζ
s ) ds+

∫ t

0
Zζ

s dWs, (4.3c)

Yζ
0 = g(Xζ

T ) +
∫ T

0
f̄(s,Xζ

s , Z
ζ
s ) ds−

∫ T

0
Zζ

s dWs, (4.3d)

Zζ
t = ζ(t,Xζ

t ), (4.3e)

for some λ > 0. Here, it is important to note that the variance of the stochastic
cost corresponds to (4.1a). This can be shown by

Var[Y0] = E
[
|E[Yζ

0 ]− Yζ
0 |2
]

= E

[∣∣∣∣Y ζ
T +

∫ T

0
f̄(s,Xζ

s , Z
ζ
s ) ds−

∫ T

0
Zζ

s dWs − Yζ
0

∣∣∣∣2
]

= E
[∣∣∣Y ζ

T − g(X
ζ
T )
∣∣∣2] ,

where (4.3c) and (4.3d) have been used in the second and third equality, respec-
tively. This underlines the similarity between the two methods’ objective functions.

Next, we describe the fully discrete variational problem of (4.3) for one batch. As
for the Deep FBSDE method, we consider a partition 0 = t0 < t1 < . . . < tÑ = T
of the interval [0, T ], and let ∆tk = tk+1 − tk. Then, the free parameter is simply
the feedback ζ(t, x), which is approximated by a neural network. Let ψζ(·| θζ) be
the network that approximates the Markov map ζ(t, x) with parameters θζ . As for
the Deep FBSDE method, the network is defined according to (2.3), with incorpo-
rated time embedding, i.e., the time tk is an additional input to the state X. As
previously, let MTrain denote independent paths of Browninan motion ∆W (m) =
(∆W0(m), . . . ,∆WN−1(m)) for m = 1, 2, . . . ,MTrain. Further, let Mbatch = 2M̂batch
denote the size of each batch. Note that in objective (4.4a), we use two disjoint
batches for the stochastic term and terminal condition. This is done in order to pre-
vent bias and reduce gradient variance. The training of the parameters is done in
the same manner as for the Deep FBSDE method, therefore we state the variational
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formulation discretized for a single batch

minimize
θζ

L(θζ) = 1
M̂Batch

M̂Batch∑
m=1

Ŷθζ

0 (m)

+ λ

M̂Batch

2M̂Batch∑
m=M̂Batch+1

∣∣∣g (X̂θζ

N (m)
)
−X̂θζ

N (m)
∣∣∣2 , (4.4a)

subject to X̂θζ

n (m) = x0+
n−1∑
k=0

b̄
(
tk, X̂

θζ

k (m), Ẑθζ

k (m)
)

∆tk

+
n−1∑
k=0

σ
(
tk, X̂

θζ

k (m)
)

∆Wk(m), (4.4b)

Ŷ θζ

n (m) = 1
M̂Batch

M̂Batch∑
r=1

Ŷθζ

0 (r)−
n−1∑
k=0

f̄
(
tk, X̂

θζ

k (m), Ẑθζ

k (m)
)

∆tk

+
n−1∑
k=0

(Ẑθζ

k (m))>∆Wk(m), (4.4c)

Ŷθζ

0 (m) = g(X̂θζ

N (m)) +
N−1∑
k=0

f̄(tk, X̂θζ

k (m), Ẑθζ

k (m))∆tk

−
N−1∑
k=0

(Ẑθζ

k (m))>∆Wk(m), (4.4d)

Ẑθζ

k (m) = ψζ(tk, X̂θζ

k (m) | θζ). (4.4e)

The expectation and variation in the objective are approximated by Monte Carlo
simulation over each batch of sample paths. The initial value of the backward
equation is estimated using a Monte Carlo simulation of the stochastic cost on one
set of sample paths. Then, the terminal error |g(X̂θζ

N ) − Ŷ θζ

N |2 is calculated on an
independent set of Brownian increments that has not been used in the previous step.

The spirit of the algorithm follows from the Deep FBSDE method. For every batch,
the neural networks are used to approximate the Markov map and then simulate
paths of the forward equation (4.4b). From these trajectories, we compute the expec-
tation of the stochastic cost, which in turn is the initial condition for the backward
equation (4.4c). Finally, we propagate both the forward equation (4.4b) and back-
ward equation (4.4c) forward in time using Euler–Maruyama. The resulting loss is
calculated according to (4.4a). With the loss, we can use backpropagation to update
the networks. The implementation of this method is described in Algorithm 2.
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Algorithm 2: Deep C-FBSDE method.
Input : Initialized neural network ψζ with paramters θζ .

Data set of Mtrain Brownian motion paths ∆W = {∆Wi}Ñ−1
i=0 .

Batch size 2M̂batch, which gives NBatch = Mtrain/2M̂batch batches.
Number of epochs Nepoch.

Output: Trained neural network ψζ .
for i← 1, . . . , Nepoch do

for k ← 1, · · · , Nbatch do
for m← 1, . . . , M̂batch do

Set X̂θζ

0 (m) = x0.
for n← 0, . . . , Ñ − 1 do

Approximate the Markov map using the neural network ψζ ,
i.e. Ẑθζ

n (m) = ψζ(tn, X̂θζ

n (m) | θζ).
Compute X̂θζ

n+1(m) according to (4.4b).
end
Compute Ŷθζ

0 (m) according to (4.4d).
end
for m← M̂Batch + 1, . . . , 2M̂Batchs do

Set X̂θζ

0 (m) = x0.
Set Ŷ θζ

0 (m) = 1
M̂Batch

∑M̂Batch
m=1 Ŷθζ

0 (m).
for n← 0, . . . , Ñ − 1 do

Approximate the Markov map using the neural network ψζ ,
i.e. Ẑθζ

n (m) = ψζ(tn, X̂θζ

k (m) | θζ).
Compute X̂θζ

n+1(m) according to (4.4b).
Compute Ŷ θζ

n+1(m) according to (4.4c).
end
Compute loss L(θζ) for batch k according to (4.4a) and take
optimization step according to chosen optimization algorithm,
θζ(k + 1)← arg minθζ L(θζ(k)).

end
end

end
return Trained neural network, ψζ .

4.3 Convergence of Deep FBSDE

The problem of when the Deep FBSDE method fails to converge, and why, is an
open problem. However, cases and insights have been made, see e.g., [6]. It has been
shown that the Deep FBSDE method converges when the forward and backward
equation are weakly coupled. To get some intuition for this, consider the decoupled
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FBSDE

Xt = x0 +
∫ t

0
b̄(s,Xs) ds+

∫ t

0
σ(s,Xs) dWs, (4.5a)

Yt = y0 −
∫ T

t

f̄(s,Xs, Zs) ds+
∫ T

t

Z>
s dWs, (4.5b)

where all parameters are defined as in Section 3.1.3. Here, the forward equa-
tion (4.5a) does not depend on Z, and thus XT and the terminal condition is
determined directly, by Euler–Maruyama. This means that the first term in the
objective (4.1a) becomes trivial to evaluate, which simplifies the optimization prob-
lem to determine only y0 and ζ in the backward equation (4.5b). Thus, the backward
SDE is solved, given a known terminal value. When the FBSDE is strongly cou-
pled, that is, when there is a dependence on Z in both the forward and backward
equations, then y0 and ζ do not only affect the Y -process but also the X-process.
Which in turn influences the terminal condition g(XT ). Thus, in the strongly cou-
pled case, compared to decoupled FBSDE, there are additional degrees of freedom,
which makes the problem more complex.

In [4], the authors stated that Theorem 14 holds only when the drift coefficient
b̄, the diffusion term σ and the running cost f̄ depends on (X,Y ) and not the Z-
process. In [6], it is stated that with additional regularity and growth conditions on
(b, σ, f, g), Theorem 14 can be generalized for strongly coupled FBSDE. However,
the monotonicity condition is seldom satisfied for FBSDEs arising from stochastic
control problems, which makes the Deep FBSDE method diverge for strongly cou-
pled FBSDE.

The result one generates using the Deep FBSDE method for a problem where it
does not converge is typically, for the case of the true initial condition being smaller
than the computed initial condition, i.e. y0 < Y0, a good approximation of the for-
ward SDE and a fulfilled terminal condition for the backward process. However, the
backward process is distinct from any analytical solution in all times other than the
terminal time T . Furthermore, the control process oscillates around the analytical
solution for all times instead of approximating it more or less exactly. Such a solu-
tion solves the stochastic control problem, however it fails to solve the FBSDE and
consequently the PDE.

Remark 11. This has sparked further research where the control process is instead
sought in a so-called bounded mean oscillation (BMO) space, see e.g. [22]. A BMO
space is defined as the space of all integrable, predictable and positive processes that
are a so-called BMO martingale, i.e. it holds

E
[∫ T

τ

X2
s ds

∣∣∣Fτ

]
≤ D, P-a.s. (4.6)

for all stopping times τ ∈ [0, T ] and some constant D > 0. Moreover, the space is
equipped with a norm defined as the smallest D such that (4.6) holds. This approach
bears the weight of further research, however, time restrictions do not allow for it
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in this thesis.

Another typical behavior of the solution triple (Xu
t , Yt, Zt) in the case of divergence

for the Deep FBSDE method is the flawed approximation of the control process
that yields an incorrect control u(ζ), which in turn results in an altered forward
trajectory. This happens in the case of the initial condition being smaller than the
computed initial condition, i.e. y0 < Y0. Finally, this results in a flawed terminal
condition for the backward process, which in turn results in the backward process
being shifted away from the truth by a specific distance for all times.

4.4 Linear–Quadratic–Gaussian control problem
This section introduces a numerical example, namely the LQG differential game,
and the results for each method in different dimensions. We will consider a one-
dimensional case (d = ` = 1), two-dimensional case (d = ` = 2), and a higher
dimensional example (d = 6, ` = 2). The linear in LQG refers to the forward
equation being composed of linear terms, i.e. the drift and diffusion are both lin-
ear. Then, the cost functional consists of quadratic terms, i.e. the running and
terminal costs are both quadratic. For the numerical examples, the derivation of
the HJB equation and its corresponding FBSDE is referred to in Section 3.1.2 and
3.1.3, respectively. Therefore, we simply state the resulting equations. We now
present the problem formulation for an LQG problem with one player. We let
(Ω,F , (Ft)t∈[0,T ],P) be a filtered probability space with the filtration (Ft)t∈[0,T ] gen-
erated by the d-dimensional Brownian motion W = (Wt)t∈[0,T ] and completed by
the P-null sets of Ω. Then let the state process Xu = (Xu

t )t∈[0,T ] solve

dXu
t = (A(C −Xu

t ) +Bu) dt+ σ dWt, Xu
0 = x0,

Ju(t, x) = E

[∫ T

0
〈RxX

u
s , X

u
s 〉+ 〈Ruus, us〉 ds+ 〈GXu

T , X
u
T 〉

]
,

where the deterministic drift coefficient is made up of the matrices A ∈ Rd×d, C ∈
Rd, and B ∈ Rd×`. Further, the deterministic diffusion coefficient is the matrix
σ ∈ Rd×d. Lastly, the initial condition is a vector on the form x0 ∈ Rd. Moreover,
for the cost functional we abuse the notation somewhat and let Rx, G ∈ Sd

+ and
finally Ru ∈ S`

+, where

S
k
+ =

{
x ∈ Sk : x � 0

}
, where S

k =
{
x : x> = x ∈ Rk×k

}
. (4.7)

Following the same steps as in Section 3.1.2 gives the corresponding HJB equation

∂tV + inf
u∈U

(
(A(C − x) +Bu)>∇xV + 〈Rxx, x〉+ 〈Ruu, u〉

)
+ 1

2Tr(σσ>∆xV ) = 0,
(4.8a)

V (T, x) = 〈Gx, x〉, (4.8b)
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where the spacetime dependence (t, x) ∈ [0, T ] × Rd is dropped for brevity unless
specifically specified. Furthermore, reformulating the HJB equation to its’ corre-
sponding FBSDE according to the methodology in Section 3.1.3 gives

dXu
t = (A(C −Xu

t ) +Bu) dt+ σ dWt, Xu
0 = x0, (4.9a)

dYt = − (〈RxX
u
t , X

u
t 〉+ 〈Ruut, ut〉) ds+ Zt dWt, Yt = 〈GXu

T , X
u
T 〉, (4.9b)

which is the system that we solve according to Algorithm 1 and Algorithm 2. An-
alytically however, the system has a well known solution which is derived by the
initial ansatz

V (t, x) = x>P (t)x+ x>Q(t) +R(t),

for P : [0, T ] → Rd×d, Q : [0, T ] → Rd and R : [0, T ] → R. Inserted into the HJB
equation (4.8a)-(4.8b) and extracting terms of equal order with respect to x yield
the so-called Riccati equations

Ṗ (t)− A>P (t)− P (t)A− P (t)BR−1
u B> +Rx = 0d×d,

Q̇(t) + 2P (t)AC − A>Q(t)− P (t)BR−1
u B>Q(t) = 0d,

Ṙ(t) + Tr
(
σσ>P (t)

)
+Q(t)>AC − 1

4Q(t)>BR−1
u B>Q(t) = 0,

P (T ) = G; Q(T ) = 0d; R(T ) = 0,

for t ∈ [0, T ].

The Riccati system is easily solved by common ODE techniques, such as implicit
Euler, and we simply state that the solution triple (Xu

t , Yt, Zt) ∈ S2
T (R)× S2

T (R)×
H2

T (Rd) is given by computing sample paths of Xu
t , given the ansatz

Yt = x>P (t)x+ x>Q(t) +R(t),
Zt = 2P (t)x+Q(t).

4.4.1 One-dimensional example
The first example consists of a one-dimensional control (` = 1) and one-dimensional
state (d = 1). The used parameters in (4.9a) are

A = −2, B = 1, C = −1, σ = 1.2, x0 = 0.5.

while, for the backward equation (4.9b), the parameters are

Rx = 25, Ru = 0.25, G = 0.25.

The results for the LQC problem for the Deep FBSDE method are presented in
Figure 4.1. The numerical results for the Deep C-FBSDE method are presented in
Figure 4.2. The figures show that both method manages to approximate the state
process X̂t, the backward process Ŷt as well as the control process Ẑt. This holds
true for the expectation in the left column as well as the sample paths in the right
columns.
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Figure 4.1: Results for the Deep FBSDE method with one-dimensional state and
control. The top row illustrates the approximated state process X̂ as well as the
Riccati solution X. The second row illustrates the approximated backward process
Ŷ , the Riccati approximation, and the computed terminal condition g(X̂T ). The
last row illustrates the approximated control process Ẑ as well as the analytical
Riccati solution. The left column shows the expectation of the respective process,
and the right column is an example sample path of the respective process.
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Figure 4.2: Results for the Deep C-FBSDE method with one-dimensional state
and control. The left column illustrates the expectation of the processes and the
right illustrates an example sample path. The top row illustrates the approximated
state process X̂ as well as the Riccati solution X. The second row illustrates the
approximated backward process Ŷ , the Riccati solution, and the computed terminal
condition g(X̂T ). The last row illustrates the approximated control process Ẑ as
well as the Riccati solution.
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4.4.2 Two-dimensional example
The same numerical example was examined, with two-dimensional state and two-
dimensional control. For this purpose, the following parameters

A =
[
1 0
0 2

]
, B =

[
1 0.5
−0.5 2

]
, C =

[
0.1
0.2

]
, σ =

[
0.05 0.25
0.05 0.25

]
, x0 =

[
0.1
0.1

]
,

was used for the forward equation (4.9a). Meanwhile, for the backward equa-
tion (4.9b), the considered parameters are

Rx =
[
100 0
0 1

]
, Ru =

[
1 0
0 1

]
, G =

[
1 0
0 100

]
.

The numerical results for the two methods are presented in Figure 4.3 and Figure 4.4.
For the Deep FBSDE method, in Figure 4.3, we can see in the middle row that the
approximated Ŷ -process agrees with the terminal condition, E[g(X̂T )], at the final
time. This indicates that the objective is satisfied, which in turn means that the
method has converged. However, for the state process X̂ and Ẑ-process, there is a
large discrepancy between the numerical approximations and the analytical solution.
In contrast, the Deep C-FBSDE method results in the correct terminal condition as
the Deep FBSDE method, but also results in the correct state process and control
process for both components. Thereby, we have shown that the Deep C-FBSDE
method is an improvement on the Deep FBSDE method. This holds for both the
expectation in the left column and for a sample path in the right column.
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E[Ŷt]
E[Yt] (Riccati)
E[g(X̂T )]

0 0.1 0.2 0.3 0.4 0.5

0.20

0.40

0.60

0.80

1.00

1.20

t

Y
t(ω

)
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Figure 4.3: Results for the Deep FBSDE method for the two-dimensional example.
Here, C1 and C2 refer to the first and second components of the two-dimensional
processes. The left column shows the mean value of all sample paths, and the right
is an arbitrary sample path. The rows illustrate the state process, the backward
process (and computed terminal condition), and the control process, respectively.
Recall that the backward process is a scalar and thus does not have multiple com-
ponents.
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C1: E[Zt] (Riccati)
C2: E[Ẑt]
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Figure 4.4: Results for the Deep C-FBSDE method for the two-dimensional ex-
ample. The left column shows the expectation of all sample paths, and the right
column illustrates an arbitrary sample path. The rows show the state process X,
the backward process Y , and the control process Z, respectively.
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4.4.3 High-dimensional example
For the LQG control problem, a slightly higher dimensional was considered for the
state process. More specifically, the state process was assigned to be six-dimensional,
while the control u is a two-dimensional process. In this case, the parameters for
the state equations, are

A = diag(1, 2, 3, 1, 2, 3), B =
[

1 1 0.5 1 0 0
−1 1 1 −1 −1 1

]>

,

C = (−0.2, −0.1, 0, 0, 0.1, 0.2)>, σ = diag(0.05, 0.25, 0.05, 0.25, 0.05, 0.25),

x0 = (0.1, 0.1, 0.1, 0.1, 0.1, 0.1)>.

For the backward equation, the parameters are given by

Rx = diag(5, 1, 5, 1, 5, 1), Ru = I2, G = diag(1, 25, 1, 25, 1, 25),

where I2 denotes the identity matrix of size two.

Figures 4.5 and 4.6 show a similar performance as for the two-dimensional case.
The Deep FBSDE method fails to approximate all processes, even though the ap-
proximated terminal condition g(X̂T ) is satisfied for the backward process. The
Deep C-FBSDE method, in contrast, approximates all processes well, both in terms
of average values but also specific sample paths.
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Figure 4.5: Results for the Deep FBSDE method with d = 6, ` = 2. All six
components of the (approximated and analytical) state process and control process
are shown in the top and last row, respectively. The legend for these are omitted
to avoid clutter. The middle row illustrates the scalar backward process. The left
column shows the expectation and the right column illustrates a single sample path
solution.
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Figure 4.6: Results for the Deep C-FBSDE method with d = 6, ` = 2. The
top and bottom rows show all six components of the approximated and analytical
state and control processes, respectively. The legend for these are omitted to avoid
clutter. The middle row illustrates the scalar backward process. The left column
shows the expectation, and the right an example sample path.
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In this section, we present the methods used to solve the multi agent system derived
in Section 3.2.3. This includes the Deep fictitious play algorithm [5], as well as the
novel Robust deep fictitious play. The Deep fictitious play algorithm is based on the
Deep FBSDE method, which is generalized to account for N agents. Thus, the Deep
fictitious play algorithm also suffers from the flaws described in Section 4.3. The
novel algorithm is based on the Deep C-FBSDE method, a more robust approach
for solving stochastic control problems. The novel algorithm extends this concept
to accommodate N agents.

This chapter is outlined such that we begin by presenting the Deep fictitious play
method, the variational formulation for a single batch and player, and the implemen-
tation of it. This includes a pseudo code algorithm that outlines the steps needed to
solve such a problem. Then, we present the novel algorithm Robust deep fictitious
play, the variational formulation, and its algorithm. Finally, a numerical example
is presented to quantify the performance of both algorithms. The goal of which, is
to see that the novel algorithm successfully solves problems that the Deep fictitious
play algorithm does not. For the numerical example, we derive an analytical solution
of coupled Riccati equations for LQG differential games.

5.1 Deep fictitious play

The Deep fictitious play method is based on the Deep FBSDE method. It decouples
each player’s FBSDE into an individual decision problem. Therefore, the solution
iterates over each player and uses the Deep FBSDE method to compute the entire
strategy profile. To formulate this, we let (Ω,F , (Ft)t∈[0,T ],P) denote the complete
filtered probability space. To present the variational formulation for a single player,
we let player i apply the strategy β = (βt)t∈[0,T ] and the rest u−i. To ease the
notation, we let X := Xβ,u−i and instead attach (yi

0, ζ
i). This denotes the param-

eterized initial condition for the backward equation and the parameterized Markov
map ζ i : [0, T ]× Rd → Rk for player i, to the notation as in Section 4.1. This is to
underline that the minimization for player i is performed with respect to these free
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variables. Then, for player i, we get the variational formulation

minimize
yi

0, ζi
E
[
|gi(Xyi

0,ζi

T )− Y i,yi
0,ζi

T |2
]
, (5.1a)

subject to Xyi
0,ζi

t =x0+
∫ t

0
b̄(s,Xyi

0,ζi

s , Z i,yi
0,ζi

s ,Z−i
s ) ds

+
∫ t

0
Σ(s,Xyi

0,ζi

s ) dWs, (5.1b)

Y
i,yi

0,ζi

t =y0−
∫ t

0
f̄ i(s,Xyi

0,ζi

s , Z i,yi
0,ζi

s ,Z−i
s ) ds

+
∫ t

0
(Zi,yi

0,ζi

s )> dWs, (5.1c)

Z
i,yi

0,ζi

t = ζ i(t,Xyi
0,ζi

t ), (5.1d)

Z−i
t = ζ−i(t,Xyi

0,ζi

t ), (5.1e)

where y0 ∈ R and ζ ∈ C1,1([0, T ] × RdN). Note that the forward equation (5.1b)
describes all players while the backward equation (5.1c) only describes the backward
process for player i. This is due to the problem being closed-loop. Changing player
i strategy affects and influences all other players. Therefore, we need to track what
happens with the remaining players j 6= i. The individual drift coefficient (3.23)
takes the entire state process and control process for all players as an input, which
is the reason for computing the forward equation for all players to solve player i’s
decision problem.

Once again, consider a time grid 0 = t0 < t1 < · · · < tÑ = T , which is a par-
tition of the interval [0, T ]. As the method is based upon the Deep FBSDE method,
the free variables of player i are the initial value of the backward equation yi

0,
and the Markov map ζ i. These are approximated with the neural networks ψi,yi

0

and ψi,ζi with parameters θyi
0 and θζi , respectively. Since player i depends on the

Markov maps of the other players, the idea is to consider these as given. Thus,
the algorithm is iterated over several stages, denoted as Nstage. For each stage α,
the training data is divided into batches of size Mbatch, where the neural network
of player i is updated for each batch. Meanwhile, to approximate the strategy of
the remaining players, the networks Ψ−i,y0 = (ψy1

0 , . . . , ψyi−1
0 , ψyi+1

0 , . . . , ψyN
0 ) and

Ψ−i,ζ = (ψζ1
, . . . ψζi−1

, ψζi+1
, . . . , ψζN ) in the previous stage α − 1 are used. Intu-

itively, the players are playing the game Nstage times. Player i chooses the strategy
at stage α based on how the remaining players choose to act in the previous round,
α − 1. Further, the networks for the initial condition are defined as (2.3), while
the network approximating the Markov maps has time embedding incorporated in
them. Then, we let ∆W (m) be a vector of Ñ − 1 Brownian increment realizations,
for m = 1, . . . ,Mtrain. To simplify the notation, we define θi,α := (θyi

0,α, θζi,α). Then,
the fully discretized and implementable scheme for player i at stage α, for a single
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batch, is given by

minimize
θi,α

L(θi,α) = 1
Mbatch

Mbatch∑
m=1

|gi(X̂θi,α

Ñ
(m))− Ŷ i,θi,α

Ñ
(m)|2, (5.2a)

subject to X̂θi,α

n (m) =x0+
n−1∑
k=0

b̄(tk, X̂θi,α

k (m), Ẑi,θi,α

k (m), Ẑ−i,θi,α

k (m))∆tk

+
n−1∑
k=0

Σ(tk, X̂θi,α

k (m))∆Wk(m), (5.2b)

Ŷ i,θi,α

n (m) =y0−
n−1∑
k=0

f̄ i(tk, X̂θi,α

k (m), Ẑi,θi,α

k (m), Ẑ−i,θi,α

k (m)) ∆tk

+
n−1∑
k=0

(Ẑi,θy0 ,θζ

k (m))> ∆Wk, (5.2c)

Ẑi,θi,α

k (m) = ψζi(tk, X̂θi,α

k (m) | θζi,α), (5.2d)
Ẑ−i,θi,α

k (m) = Ψ−i,ζ(tk, X̂θi,α

k (m) | θζ−i,α−1), (5.2e)
yi

0(m) = ψyi
0(X̂ i,θi,α

0 (m)|θyi
0,α). (5.2f)

The algorithm that solves this problem is presented below. It iterates through Nstages
where for each stage it iterates through all of the players. For each of these iterations
the i: the player is the so-called active player whose network we are optimizing. For
this player, we divide the Brownian increments into batches and solve the discretized
variational formulation (5.2). We are now ready to present the Deep fictitious play
algorithm, Algorithm 3.
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Algorithm 3: Deep fictitious play
Input : Initialized neural networks ψyi

0 and ψζi with paramters θyi
0 and θζi for

all i ∈ I.
Data set of Mtrain Brownian motion paths ∆W = {∆Wn}N−1

n=1 .
Batch size Mbatch, which gives Nbatch = Mtrain/Mbatch batches.
Number of stages Nstage.

Output: Trained neural networks Ψy0 and Ψζ .
for α← 1, . . . , Nstage do

for i← 1, . . . , N do
Set θyi

0,α ← θyi
0,α−1.

Set θζi,α ← θζi,α−1.
for k ← 1, · · · , Nbatch do

for m← 1, . . . ,Mbatch do
Set X̂θi,α

0 (m) = x0.
Approximate initial condition yi

0 using the neural network ψi,y0 ,
yi

0(m) = ψyi
0(X̂ i,θi,α

0 (m) | θyi
0,α).

for n← 0, . . . , Ñ − 1 do
Approximate the Markov map Zi,θi,α

n (m) for player i using the
neural network ψζi , Ẑi,θi,α

n (m) = ψζi(tn, X̂θi,α

0 (m) | θζi,α).
Approximate the remaining Z−i,θ

n (m) using the networks Ψ−i,ζ

at the previous stage α− 1,
i.e. Ẑ−i,θi,α

n (m) = Ψ−i,ζ(tn, X̂θi,α

0 (m) | θζ−i,α−1).
Compute X̂θi,α

n (m) according to (5.2b).
Compute Ŷ i,θi,α

n (m) according to (5.2c).
end

end
Compute loss L(θi,α) for batch k for player i according to (5.2a) and
take optimization step according to chosen optimization algorithm,
θi,α ← arg minθi,α L(θi,α).

end
end

end
return Trained neural networks, Ψy0 = (ψy1

0 ,NStage . . . . , ψyN
0 ,Nstage) and

Ψζ = (ψζ1,Nstage , . . . , ψζN ,Nstage).
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5.2 Robust Deep fictitious play
The novel solution methodology Robust deep fictitious play is, in contrast to Deep
fictitious play, based on the Deep C-FBSDE method, which is a robust version of
the Deep FBSDE method. This implies that each player has only the Markov map
as a free parameter, compared to the additional parametrization of the initial value
of the backward equation in Deep fictitious play. The fundamental idea of fictitious
play are still conserved in the Robust Deep fictitious play algorithm. The N player
problem are decoupled to a single-agent optimization problem, by considering the
strategy of the inactive players as given. The variational formulation for player i,
defined on the complete filtered probability space (Ω,F , (Ft)t∈[0,T ],P), is given by

minimize
ζ

E
[
Y i,ζi

0

]
+ λVar

[
Y i,ζi

0

]
,

subject to Xζi

t = x0 +
∫ t

0
b̄(s,Xζi

s , Z
i,ζ
s ,Z−i,ζi

s ) ds+
∫ t

0
Σ(s,Xζi

s ) dWs,

Y i,ζi

t = E
[
Y i,ζi

0

]
−
∫ t

0
f̄ i(s,Xi,ζi

s , Z i,ζi

s ,Z−i,ζi

s ) ds+
∫ t

0
(Zi,ζi

s )> dWs,

Y i,ζi

0 = g(Xζi

T ) +
∫ T

0
f̄ i(s,Xi,ζi

s , Z i,ζi

s ,Z−i,ζi

s ) ds−
∫ T

0
(Zi,ζi

s )> dWs,

Zi,ζi

t = ζ i(t,Xζi

t ),
Z−i,ζi

t = ζ−i(t,Xζi

t ).

To formulate fully discrete scheme of the Deep fictitious play algorithm, we consider
a partition of the interval [0, T ], that is 0 = t0 < t1 < · · · < tÑ = T , with ∆tk =
tk+1 − tk. The expectation are approximated using Monte-Carlo estimations, and
neural networks are used for parametrization of Markov maps. This gives
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minimize
θi,ζ

L(θi,α) = 1
M̂batch

M̂batch∑
m=1

Ŷ i,θi,α

0 (m)

+ 1
M̂batch

2M̂batch∑
m=M̂batch+1

λ
∣∣∣gi
(

X̂θi,α

N (m)
)
−Ŷ i,θi,α

N (m)
∣∣∣2 ,(5.4a)

subject to X̂θi,α

n (m) = x0+
n−1∑
k=0

b̄
(
tk, X̂θi,α

k (m), Ẑi,θi,α

k (m), Ẑ−i,θi,α

k (m)
)

∆tk

+
n−1∑
k=0

Σ
(
tk, X̂θi,α

k (m)
)

∆Wk(m), (5.4b)

Ŷ i,θi,α

n (m) = 1
M̂batch

M̂batch∑
r=1

Ŷ i,θi,α

0 (r)

−
n−1∑
k=0

f̄ i
(
tk, X̂θi,α

t (m), Ẑi,θi,α

k (m), Ẑ−i,θi,α

k (m)
)

∆tk

+
n−1∑
k=0

(Ẑi,θi,α

k (m))>∆Wk(m), (5.4c)

Ŷ i,θi,α

0 (m) = gi(X̂θi,α

N (m))

+
N−1∑
k=0

f̄ i
(
tk, X̂θi,α

k (m), Ẑi,θi,α

k (m), Ẑ−i,θi,α

k (m)
)

∆tk

−
N−1∑
k=0

(Ẑθi,α

k (m))>∆Wk(m), (5.4d)

Ẑi,θi,α

k (m) = ψi(tk, X̂θi,α

k (m) | θi,α), (5.4e)
Ẑ−i,θi,α

k (m) = Ψ−i(tk, X̂θi,α

k (m) | θ−i,α−1), (5.4f)

where Ψζ is a family of neural networks Ψζ := (ψ1,ζ , . . . , ψN,ζ), each defined as
(2.3) with time embedding. Next, we present the algorithm that describes how the
system (5.4). In short, the discretized problem is solved using the Deep C-FBSDE
method. This process is then iterated for each batch and each player, since only
active player is optimized. The entire process is then iterated for several stages until
convergence. With this system in mind, we present the novel Robust Deep fictitious
play algorithm, Algorithm 4.
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Algorithm 4: Robust deep fictitious play
Input : Initialized neural networks ψi with parameters θi,0 for all i ∈ I.

Data set of Mtrain Brownian motion paths ∆W = {∆Wti
}n

i=1.
Batch size Mbatch, which gives Nbatch = Mtrain/Mbatch batches.
Number of stages Nstage.

Output: Trained neural network Ψζ .
for α← 1, . . . , Nstage do

for i← 1, . . . , N do
Set θi,α ← θi,α−1

for k ← 1, · · · , Nbatch do
for m← 1, . . . , M̂batch do

Set X̂θi,α

0 (m) = x0.
for n← 0, . . . , Ñ − 1 do

Approximate the Markov map Zi,θi,α

n (m) for player i using the
neural network ψi, i.e. Ẑi,θζ

n (m) = ψi,ζ(tn, X̂i,θζ

n (m) | θi,ζ,α).
Approximate the remaining Z−i,θi,α

n (m) using the networks
Ψ−i at the previous stage α− 1,
i.e. Ẑ−i,θi,α

n (m) = Ψ−i(tn, X̂θi,α

n (m) | θ−i,α−1).
Compute X̂θi,α

n+1(m) according to (5.4b).
end
Compute Ŷθi,α

0 (m) according to (5.4d).
end
for m← M̂Batch + 1, . . . , 2M̂Batch do

Set X̂θi,α

0 (m) = x0.
Set Ŷ θi,α

0 (m) = 1
M̂Batch

∑M̂Batch
m=1 Ŷθi,α

0 .
for n← 0, . . . , Ñ − 1 do

Approximate the Markov map Zi,θi,α

n (m) for player i using the
neural network ψi, i.e. Ẑi,θi,α

n (m) = ψi(tn, X̂i,θi,α

n (m) | θi,α).
Approximate the remaining Ẑ−i,θi,α

n (m) using the networks
Ψ−i at the previous stage α− 1,
i.e. Ẑ−i,θi,α

n (m) = Ψ−i(tn, X̂−i,θi,α

n (m) | θ−i,α−1).
Compute X̂θi,α

n+1(m) according to (5.4b).
Compute Ŷ i,θi,α

n+1 (m) according to (5.4c).
end

end
Compute loss L(θi,α) for batch k according to (5.4a) and take
optimization step according to chosen optimization algorithm,
θζ,α ← arg minθζ L(θζ,α).

end
end

end
return Trained neural networks Ψζ = (ψθ

1,NStage
, . . . , ψθ

N,NStage ).
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6
Numerical examples

This section presents numerical examples and the results generated from both algo-
rithms for two problems. That is, the Deep fictitious play algorithm as well as the
novel Robust deep fictitious play algorithm. The first numerical example describes
the inter-bank borrowing and lending of money. The forward equation for this nu-
merical example is of mean-reverting type, meaning that the state process reverts
to its mean. The second numerical example is a LQG game, a generalization of
Section 4.4 for multiple agents. Finally, we design a numerical example dedicated
to show the capabilities of the novel algorithm. This problem describes a swarm of
autonomous drones and is designed to have an intuitive solution.

6.1 Inter-bank borrowing and lending
The inter-bank borrowing and lending stochastic differential game describes the cash
flow between banks and is featured in a number of papers, see e.g. [5] and [23]. We
let (Ω,F , (Ft)t∈[0,T ],P) be a complete filtered probability space. Further, we let the
process Xu = (Xu

t )t∈[0,T ] denote the states of all N players, and X̄u
t denote the mean

of all states at time t. For a ∈ [0,∞) and ρ ∈ (−1, 1), the system for player i is
given by

dX i,u
t =

(
a(X̄u

t −Xu
t ) + ui

)
dt+

(
ρ dW 0

t +
√

1− ρ2 dW i
t

)
, Xu = x0,(6.1a)

J i(t,x) = E
[∫ T

t

f i
(
s,Xu

s , u
i,u−i

s

)
ds+ gi(Xu

T )
∣∣∣Xu

t = x
]
, (6.1b)

where W 0 = (W 0
t )t∈[0,T ] is a Brownian motion representing the so-called common

noise, experienced by all players. In contrast, W i = (W i
t )t∈[0,T ] represents the indi-

vidual noise for player i. Furthermore, a ≥ 0 describes the strength of the mean-
reverting property of the system. The running cost f i : [0, T ] × RN × Ui × U → R
and terminal cost gi : RN → R are both part of the families f = (f 1, . . . , fN) and
g = (g1, . . . , gN), respectively. Further, the running and terminal cost for player i
are defined by

f i(t,x) = 1
2(ui)2 − qui(x̄− xi) + ε

2(x̄− xi)2,

gi(x) = c

2(x̄− xi)2,

where q, ε, c > 0. To ensure connectivity of the running cost, we assume that q2 ≤ ε.
The control ui = (ui

t)t∈[0,T ] controls the borrowing and lending to a central bank for
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bank i. Thus, the parameter q can be seen as an incentive to borrow or lend for
bank i since if the state is larger than the mean the bank will want to lend money
out and vice versa. Further, we note that both ε and c ensure that the state does
not stray away from the mean.

The system (6.1) is reformulated from an algorithm point of view. Thus, let
β = (βt)t∈[0,T ] be the control applied by the player i. Then, let Xβ,u−i be the
state of all players, where player i applies control β, and the remaining players u−i.
The system of player i is given by

dXβ,u−i

t =
(
a(X̄β,u−i

t −X i,β,u−i

t ) + β
)

dt+ Σ dWt, Xβ,u−i

0 = x0,

J i(t,x) = E
[∫ T

t

f i
(
s,Xβ,u−i

s , βs,u−i
s

)
ds+ gi(Xβ,u−i

T )
∣∣∣Xβ,u−i

t = x
]
,

where

Wt = (W 0
t ,W

1
t , . . . ,W

N
t )>, Σ =


ρ
√

1− ρ2 0 . . . 0
ρ 0

√
1− ρ2 . . . 0

... ... ... . . . ...
ρ 0 0 . . .

√
1− ρ2

 .

As in Section 4.4, we omit the derivation of the corresponding HJB equation and
only state the final formulation

∂tV
i + inf

β∈U

((
a(x̄− xi) + βt

)
∇xV

i + 1
2β

2 − qβ(x̄− xi) + ε

2(x̄− xi)2
)

(6.3)

+ 1
2Tr

(
ΣΣ>∆xV

i
)

= 0,

V i(T,x) = c

2(x̄− xi)2,

where, again, the spacetime dependency (t, x) ∈ [0, T ] × Rd is omitted unless oth-
erwise specified. In (6.3), the infimum gives β = κ(t, x,∇xV

i) = q(x̄ − xi)− ∂xiV i.
Moving on, we let the triple (Xβ,u−i

t , Yt, Zt) ∈ S2
T (RdN)×S2

T (R)×H2
T (RdN) solve the

system of FBSDEs given by

dXi,β,u−i

t =
(
a(X̄β,u−i

t −X i,β,u−i

t )+βt

)
dt+Σ dWt,

Y i
t = gi(Xβ,u−i

T )−
∫ T

t

f̄ i(s,Xβ,u−i

s , βs,u) ds+
∫ T

t

(Zs)> dWs,

which is well-posed with the initial condition Xβ,u−i

0 = x0 P-a.s. The analytical
solution to the problem is given by the function η : [0, T ] → R which satisfies the
Riccati equation, for the derivation see [23]

ηt =
−(ε− q2)

(
e(δ+−δ−)(T −t) − 1

)
− c

(
δ+e(δ+−δ−)(T −t) − δ−

)
(δ−e(δ+−δ−)(T −t) − δ+)− c(1− 1

N2 )(e(δ+−δ−)(T −t) − 1)
,
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with ηT = c and δ+, δ− defined as

δ± = −(a+ q)±

√
(a+ q)2 +

(
1− 1

N2

)
(ε− q2).

The above follows from the anzats

V i(t,x) = η(t)
2 (x̄− xi)2 + µ(t),

for all i ∈ I, and where

µ̇(t) := −1
2(1− ρ2)(1− 1

N
)η(t), µ(T ) = 0.

6.1.1 Numerical results
The studied example in this thesis, regarding the Inter-bank borrowing game, aligns
with the example presented in [5]. Thus, this is a known example where the Deep
fictitious play approach does not fail. The parameters for the forward equation are
given by

a = 0.1, ρ = 0.2,

and for the backward equation, the used parameters are

q = 0.1, ε = 0.5, c = 0.5.

Figures 6.1 and 6.2 show that both the Deep fictitious play and the robust version
solve the system well.
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Figure 6.1: Numerical results for the Deep fictitious play method for d = ` = 1 with
three players. Columns represent the expectation and one representative trajectory,
respectively. The rows represent the different processes. Each color represents a
different player. The solid line represents the approximation of the process, and the
dashed its analytical counterpart.
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Figure 6.2: Numerical results for the Robust deep fictitious play method for d =
` = 1 with three players. Columns represent the expectation and one representative
trajectory, respectively. The rows represent the different processes. Each color
represents a different player. The solid line represents the approximation of the
process, and the dashed its analytical counterpart.
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6.2 Linear–quadratic–Gaussian control game
This section presents the extension of Section 4.4. It is the same type of differential
game, i.e. control problem, however, in the case of multiple players. We present
numerical results for a two-dimensional case and an example with a six-dimensional
state and two-dimensional control for each player. Firstly, we present the problem
formulation. Then, we present the corresponding HJB equation, we refer to Ap-
pendix A for the derivation. Then we state the corresponding system of FBSDEs
and refer to Section 3.2.3 for the derivation. Finally, we derive an analytical solu-
tion to quantify the performance of the Deep fictitious play algorithm and its robust
counterpart.

Consider an non-cooperative LQG stochastic differential game, defined on the com-
plete filtered probability space (Ω,F , (Ft)t∈[0,T ],P) with the filtration (Ft)t∈[0,T ] gen-
erated by the k-dimensional Brownian motion W = (Wt)t∈[0,T ], involving N−players,
each associated with a state process X i = (X i

t)t∈[0,T ] ∈ Rd. The full state is the fam-
ily of each players individual state process, i.e., X = (X1, . . . , XN)> ∈ RdN . The
problem for player i ∈ {1, . . . , N} = I is then defined by

dXβ,u−i

t =
(
A(C −Xβ,u−i

t ) + But

)
dt+ Σ(t,Xβ,u−i

t ) dWt, Xβ,u−i

0 = x0,(6.5a)

J i(t,x) = E
[∫ T

t

(
〈RxXβ,u−i

s ,Xβ,u−i

s 〉+ 〈Ri
uβs, βs〉

)
ds

+〈GiXβ,u−i

T ,Xβ,u−i

T 〉
∣∣∣Xβ,u−i

t = x
]
, (6.5b)

where A := diag(A1, . . . , AN) ∈ RdN×dN , C := (C1, . . . , CN)> ∈ RdN and Σ :=
diag(σ1, . . . , σN) ∈ RdN × dN and B := (B1, . . . , BN) ∈ RdN×`N . In turn the individ-
ual matrices are defined as

Bi ∈ Rd×`, C i ∈ Rd, Rx, G
i ∈ SdN

+ , Ri
α ∈ S`

+, Ai, σi ∈ Rd×d,

where in turn we again abuse the notation and let Sk
+ be defined as (4.7) for some

size k ∈ N. Moreover, we let Xβ,u−i

0 = x0 P-a.s.

For some player i ∈ I, the corresponding HJB equation of (6.5) is given by

∂tV
i + inf

β∈U

((
A(C − x) + B−iu−i

t + B̄iβt

)>∇xV
i + 〈Ri

xx, x〉+ 〈Ri
uβt, βt〉

)
+ 1

2Tr(Σ∆xV
iΣ>) = 0, (6.6a)

V i(T,x) = 〈Gix,x〉, (6.6b)

where the spacetime dependence (t,x) ∈ [0, T ] × RdN is omitted for brevity unless
otherwise specified. The optimal control β∗ is derived from the infimum in (6.6a)
with respect to β. This yields

β∗ = −1
2(Ri

u)−1(B̄i)>∇xV
i(t,x), (6.7)
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which substituted in to (6.6a) yields

∂tV
i +
(
A(C − x) + B−iu−i

t −
1
2 B̄

i(Ri
u)−1(B̄i)>∇xV

i(t,x)
)>

∇xV
i (6.8)

+ 〈Ri
xx, x〉+ 1

4∇xV
i,>B̄i((Ri

u)−1)>B̄i,>∇xV
i

+ 1
2Tr(Σ∆xV

iΣ>) = 0.

The corresponding FBSDE for player i is given by

dXβ,u−i

t =
((
A(C −Xβ,u−i

t

)
+ But

)
dt+ Σ(t,Xβ,u−i

t ) dWt, Xβ,u−i

0 = x0,

dY i
t = −

(
〈Ri

xXβ,u−i

t ,Xβ,u−i

t 〉+ 〈Ri
uβt, βt〉

)
dt+ Zi

t dWt,

where Y i
T = 〈GiXβ,u−i

t ,Xβ,u−i

t 〉 is the terminal condition for the backward equa-
tion. To solve (6.8) analytically, for sufficiently smooth functions P i(t) : [0, T ] →
RdN×dN , Qi(t) : [0, T ]→ RdN and Ri(t) : [0, T ]→ R, we make the following ansatz

V i(t, x) = x>P i(t)x+ x>Qi(t) +Ri(t), (6.10)

where we assume that P i ∈ SdN for Sk as in (4.7). Setting t = T and inserting (6.10)
in (6.6b) gives the terminal conditions for each matrix-valued function as

P i(T ) = Gi; Qi(T ) = 0dN ; Ri(T ) = 0.

Differentiating the expression yields

∂V i
t (t,x) = x>Ṗ i(t)x + x>Q̇i(t) + Ṙi(t),

∇xV
i(t,x) = (P i(t) + P i(t)>)x +Qi(t),

∆xV
i(t,x) = P i(t) + P i(t)>.

Substituting the ansatz for V i(t, x), and its derivatives, into the HJB-equation (6.8)
with (6.7) yields

x>
(
Ṗ i −A>P̃ i +Ri

x −
1
4 P̃

i,>B̄i((Ri
u)−1)>B̄i,>P̃ i

)
x

+
(
Q̇i + C>A>P̃ i −QiA+ u−i,>

t B−i,>P̃ i − 1
2Q

i,>B̄i((Ri
u)−1)>B̄i,>P̃ i

)
x

+ Ṙi + C>A>Qi + u−i,>
t B−i,>Qi − 1

4Q
i,>B̄i((Ri

u)−1)>B̄i,>Qi + 1
2Tr(ΣP̃ iΣ>) = 0,

(6.11)

where we have eased the clutter by using the defining

P̃ i := P i + P i,>.

Furthermore, we have omitted time dependency for the same reason. Then, to deal
with the term containing u−i we recognize that

uj = −1
2(Rj

u)−1B̄j,>(P̃ jx +Qj),
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and therefore, in turn we get

u−i,>
t B−i,>P̃ ix = −1

2x>
∑

j∈I: j 6=i

P̃ j>B̄j((Rj
u)−1)>B̄j>P̃ ix

− 1
2
∑

j∈I, j 6=i

Qj>B̄j((Ri
u)−1)>B̄j>P̃ ix, (6.12)

u−i,>
t B−i,>Qi = −1

2x>
∑

j∈I, j 6=i

P̃ j>B̄j((Rj
u)−1)>B̄j>Qi

− 1
2
∑

j∈I, j 6=i

Qj>B̄j((Rj
u)−1)>Qi. (6.13)

Inserting the identities (6.12) and (6.13) in (6.11) we get the formulation

x>
(
Ṗ i −A>P̃ i +Ri

x −
1
4 P̃

i,>B̄i((Ri
u)−1)>B̄i,>P̃ i

−1
2
∑

j∈I, j 6=i

P̃ j>B̄j((Rj
u)−1)>B̄j>P̃ i

)
x

+
(
Q̇i + C>A>P̃ i −QiA− 1

2Q
i,>B̄i((Ri

u)−1)>B̄i,>P̃ i

−1
2Q

i>
∑

j∈I, j 6=i

B̄j((Rj
u)−1)B̄j>P̃ j − 1

2
∑

j∈I, j 6=i

Qj>B̄j((Rj
u)−1)>B̄j>P̃ i

)
x

+ Ṙi + C>A>Qi − 1
4Q

i,>B̄i((Ri
u)−1)>B̄i,>Qi

− 1
2
∑

j∈I, j 6=i

Qj>B̄j((Rj
u)−1)>B̄j,>Qi + 1

2Tr(ΣP̃ iΣ>) = 0,

Extracting terms of equal order with respect to x, which we omit, yields the coupled
matrix-valued Riccati ODE

Ṗ i −A>P̃ i +Ri
x −

1
4 P̃

i,>B̄i((Ri
u)−1)>B̄i,>P̃ i

− 1
2
∑

j∈I, j 6=i

P̃ j>B̄j((Rj
u)−1)>B̄j>P̃ i = 0dN×dN ,

Q̇i + C>A>P̃ i −QiA− 1
2Q

i,>B̄i((Ri
u)−1)>B̄i,>P̃ i

− 1
2Q

i>
∑

j∈I, j 6=i

B̄j((Rj
u)−1)B̄j>P̃ j − 1

2
∑

j∈I, j 6=i

Qj>B̄j((Rj
u)−1)>B̄j>P̃ i = 0dN ,

Ṙi + C>A>Qi − 1
4Q

i,>B̄i((Ri
u)−1)>B̄i,>Qi

− 1
2
∑

j∈I, j 6=i

Qj>B̄j((Rj
u)−1)>B̄j,>Qi + 1

2Tr(ΣP̃ iΣ>) = 0

As stated in Section 4.4, the Riccati system is usually solved by common ODE
techniques, such as the explicit Euler numerical scheme.
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6.2.1 Two-dimensional example
In this section, we consider an LQG example example with a two-dimensional state
and two-dimensional control. The game consists of five players, N = 5, where the
parameters are given by

A1 = A2 = A3 =
[
1 0
0 2

]
, A4 =

[
1 0
0 1

]
, A5 =

[
2 0
0 1

]
.

Further, for all players i ∈ I, we have that

Ci =
[
0.1
0.2

]
, Σi =

[
0.05 0.20
0.05 0.25

]
, Ri

u =
[
1 0
0 1

]
.

The remaining parameters are different for each player. We have

B1 =
[

1 0.5 0 0.1 0 0.1 0 0.1 0 0.1
−0.5 1 0.1 0 0.1 0 0.1 0 0.1 0

]
,

B2 =
[
0.1 0 1 0.5 0.1 0 0.1 0 0.1 0
0 0.1 −0.5 1 0 0.1 0 0.1 0 0.1

]
,

B3 =
[
0.1 0 0.1 0 1 0.5 0.1 0 0.1 0
0 0.1 0 0.1 −0.5 1 0 0.1 0 0.1

]
,

B4 =
[
0.1 0 0.1 0 0.1 0 1 0.5 0.1 0
0 0.1 0 0.1 0 0.1 −0.5 1 0 0.1

]
,

B5 =
[
0.1 0 0.1 0 0.1 0 0.1 0 1 0.5
0 0.1 0 0.1 0 0.1 0 0.1 −0.5 1

]
.

The penalty matrices in the backward equation are defined as

R1
x = diag (10, 1, 0, 0, 0, 0, 0, 0, 0, 0) , R2

x = diag (0, 0, 5, 1, 0, 0, 0, 0, 0, 0) ,
R3

x = diag (0, 0, 0, 0, 1, 1, 0, 0, 0, 0) , R4
x = diag (0, 0, 0, 0, 0, 0, 3, 1, 0, 0) ,

R5
x = diag (0, 0, 0, 0, 0, 0, 0, 0, 2, 1) ,

and

G1 = diag (1, 10, 0, 0, 0, 0, 0, 0, 0, 0) , G2 = diag (0, 0, 1, 5, 0, 0, 0, 0, 0, 0) ,
G3 = diag (0, 0, 0, 0, 1, 1, 0, 0, 0, 0) , G4 = diag (0, 0, 0, 0, 0, 0, 1, 3, 0, 0) ,
G5 = diag (0, 0, 0, 0, 0, 0, 0, 0, 1, 2) .

6.2.1.1 Numerical results

Figure 6.3 illustrates the X-process for the two-dimensional LQG game, and it is
evident that the Deep fictitious play algorithm fails to approximate it accurately.
The same behavior is observed in Figures 6.4 and 6.5.
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Figure 6.3: Results using the Deep fictitious play method with d = ` = 2 with
five players. The top row represents the first component of the state process X i and
its approximation X̂ i for each player i = 1, . . . , 5. The bottom row represents the
second component. The left component shows the expectation, and the right is one
representative trajectory.
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Figure 6.4: Results using the Deep fictitious play method with d = ` = 2 with
five players. The left figure shows the expectation of the backward process Y i and
its approximation Ŷ i as well as the approximated terminal condition gi(X̂T ) for
i = 1, . . . , 5. The right shows one representative trajectory of the same scenario.
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t Ẑ5
t

Z1
t Z2

t Z3
t Z4

t Z5
t

0 0.1 0.2 0.3 0.4 0.5

−0.50

0.00

0.50

1.00

1.50

t

E
[Z

t]

E[Ẑ1
t ] E[Ẑ2
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Figure 6.5: Results for the two-dimensional LQG game with five players, using the
Deep fictitious play method. The top row shows the expectation and one representa-
tive trajectory of the first component of the control process Zi and its approximation
Ẑi for each player, respectively. The bottom row instead shows the second compo-
nent.
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We present the numerical results for the two-dimensional LQG game with five play-
ers, for the Robust deep fictitious play method. Figure 6.6 shows that the method
successfully approximates the state process. The same patterns appears in Fig-
ures 6.7 and 6.8.
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Figure 6.6: Numerical results for the Robust deep fictitious play method for the
two-dimensional LQG game with five players. The expectation and one representa-
tive trajectory of the first component of the state process X i and its approximation
X̂ i for each player are shown in the first row. The second row illustrates the second
component instead.
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Figure 6.7: Numerical results for five-player LQG game. The left column illustrates
the expectation of the backward process Y i and the approximation Ŷ i for each
player. The right column, instead, shows one representative trajectory.
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E[Ẑ1
t ] E[Ẑ2
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Figure 6.8: Numerical results for five-player LQG game using the Robust deep fic-
titious play method. The first row illustrates the expectation and one representative
trajectory of the first component of the control process Zi and its approximation
Ẑi. The second row illustrates the second component.
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6.2.2 High-dimensional example
In this section, we will consider an LQG game with a six-dimensional state and
two-dimensional control. The game involves three players, and the parameters are
given, for all players i ∈ I, by

Ai = diag(1, 2, 3, 1, 2, 3), C i = (−0.2,−0.1, 0, 0, 0.1, 0.2)>,

Σi = diag(0.05, 0.25, 0.05, 0.25, 0.05, 0.25), Ri
u = diag(1, 1).

Then, the remaining parameter for the dynamics of the players, which is individual
for each player is

B1 =


1 −1 0 0.1 0 0.1
1 1 0.1 0 0.1 0
1 −1 1 0 0.1 0

0.5 1 0.1 0 0.1 0
1 −1 0 0.1 1 0.1
0 −1 0.1 −1 0 0.1

 ,

B2 =


0 0.1 1 −1 0 0.1

0.1 0 1 1 0.1 0
1 0 1 −1 0.1 0

0.1 0 0.5 1 0.1 0
0 0.1 1 −1 0 0.1

0.1 0 0 −1 0.1 0

 ,

B3 =


0 0.1 0 0.1 1 −1

0.1 0 0.1 0 1 1
1 0 0.1 0 1 −1

0.1 0 0.1 0 0.5 1
0 0.1 0 0.1 1 −1

0.1 0 0.1 0 0 −1

 .

The penalty matrices in the backward equation are defined as

R1
x = diag (5, 1, 5, 1, 5, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) ,

R2
x = diag (0, 0, 0, 0, 0, 0, 3, 1, 5, 1, 5, 1, 0, 0, 0, 0, 0, 0) ,

R3
x = diag (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 5, 1, 2, 1, 5, 1) ,

and

G1 = diag (1, 5, 1, 5, 1, 5, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) ,
G2 = diag (0, 0, 0, 0, 0, 0, 1, 5, 1, 5, 1, 5, 0, 0, 0, 0, 0, 0) ,
G3 = diag (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 5, 1, 5, 1, 5) .

6.2.2.1 Numerical results

As in the two-dimensional case, the Deep fictitious play algorithm fails to approxi-
mate the processes. This is evident in Figures 6.9, 6.10 and 6.11.
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Figure 6.9: Numerical results, for the state processX i and its approximation X̂ i for
each player i = 1, 2, 3, using the Deep fictitious play method for d = 6, ` = 2. Each
row represents a player. The columns illustrate the expectations of all components
and provide one representative trajectory for each component, respectively.
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E[Ẑ3
t ]

E[Z3
t ] (Riccati)

0 0.1 0.2 0.3 0.4 0.5

−10.00

−5.00

0.00

5.00

10.00

15.00

t

Pl
ay

er
3:
Z

3 t

Ẑ3
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Figure 6.10: Numerical results for the high-dimensional LQG game, using the
Deep fictitious play algorithm, with three players. The Zi and its approximation
Ẑi for each player i = 1, 2, 3 is illustrated. Each row represents all components of a
player i. The columns show the expectations for all components and illustrate one
representative trajectory for each component.
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t Player 3: Ŷ 3
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Figure 6.11: Results using the Deep fictitious play method for d = 6, ` = 2 with
three players. The left figure illustrates the backward process Y i and its approxima-
tion Ŷ i as well as the approximated terminal condition gi(X̂T ) for i = 1, 2, 3. The
right column illustrates one representative trajectory for each player.

Next, we show the results generated using the Robust Deep fictitious play algo-
rithm. Figures 6.12, 6.13 and 6.14 indicate that the robust algorithm effectively
approximates the different processes. For the Z process we some deviation from the
analytical solution even for the robust algorithm. Since numerically, we will never
find the true optimal solution, we instead find a solution which approximately min-
imizes the cost. These solutions are not necessarily unique and therefore different
solutions might differ for some specific component or player in such a way as to not
affecting the overall cost enough to not be approximately optimal.
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Figure 6.12: Numerical results, for the backward process Y i and its approximation
Ŷ i as well as the approximated terminal condition gi(X̂T ) for each player i = 1, 2, 3,
using the Robust deep fictitious play method with d = 6, ` = 2. The left figure
shows the expectation, and the right is one representative trajectory.
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Figure 6.13: Numerical results for the Robust deep fictitious play method with
d = 6, ` = 2 for three players i = 1, 2, 3. Each row represents a different player,
and the columns show the expectation of all components and one representative
trajectory for all components, respectively.
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Figure 6.14: Numerical results, for the control process Zi and its approximation
Ẑi for each player i = 1, 2, 3, using the Robust deep fictitious play method with
d = 6, ` = 2. Each row represents all components of a different player. The column
shows the expectation and one representative trajectory, respectively.
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6.3 Leader–Follower Drone Game
This chapter introduces a further numerical example designed to show the width of
the possibilities of the novel solution algorithm, Robust deep fictitious play. The nu-
merical example is a cooperative heterogeneous differential game wherein a swarm of
drones is tasked to follow a path through a possibly complex environment. The co-
operative nature of the game is due to the drones having complete knowledge of each
other’s strategies as well as positions, a noncooperative variant could involve two
teams of drones competing to achieve some goal. Moreover, the differential game is
heterogeneous since all drones are not of the same kind, there is a designated leader
drone and the rest are followers. The leader has the known path given, while the
followers only know the leader’s position. This, along with the use of common and
individual noise makes the problem incredibly complex.

The stochastic differential game for the leader is defined differently than that of
the followers. Therefore, to underline the difference in problem formulations for
the leader and the followers we let X u = (X u

t )t∈[0,T ] be the state process of the
leader while Xu

t = (X1,u
t , . . . , XN−1,u

t ) denotes the state process for all of the fol-
lower drones where both are defined on the complete filtered probability space
(Ω,F , (Ft)t∈[0,T ],P) where the filtration (Ft)t∈[0,T ] is generated by the common noise
as well as the individual noise k-dimensional Brownian motionsW 0 = (W 0

t )t∈[0,T ] and
W i = (W i

t )t∈[0,T ] respectively, i.e (Ft)t∈[0,T ] = σ({W 0
s , W

i
s , 0 ≤ s ≤ t, 0 ≤ i ≤ N}).

Then, both state processes include the two-dimensional position and velocity of
the drone. Further, we differentiate between the control processes for the different
types of drones, thus we let u = (ut)t∈[0,T ] ∈ U be the admissible control process
of the leader drone which takes values in the set U ⊆ R2. We let the collection
u = ((u1

t )t∈[0,T ], . . . , (uN−1
t )t∈[0,T ]) ∈ U be the admissible control processes of the fol-

lower drones that takes values in the product space UUU := U1×· · ·×UN−1. Finally, we
differentiate between the types of drones in terms of the cost functional as well. That
is, the leader drones’ cost functional is the mapping J : U× [0, T ]×R4 → R and the
cost functional for the follower drones are the mapping J : UUU×I× [0, T ]×R4N → R.
We now present the problem formulation for the leader drone

dX u
t = (AX u

t +But) dt+ σ(ρ dW 0
t +

√
1− ρ2 dW i

t ), X u
0 = x̂0,

J u(t, x) = E
[∫ T

t

w
1‖X u

s − x̂s‖2
L2 +w

2‖us‖2
L2 ds+ ‖X u

T − x̂T‖2
L2

∣∣∣X u
t = x

]
,

where the matrices A and B are defined as

A :=


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 , B :=


0 0
0 0
1 0
0 1

 .

Here, the matrix A is formulated in such a way as to extract the velocity of the
state and B in such a way as to only control the velocity of the drone. Moreover,
the initial condition is set such that the leader is initialized at the start of the
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given path x̂ : [0, T ] → R4, i.e. X u
0 = x̂0 P-a.s. which is explicitly defined as x̂t =

(v0t, C sin(wt), v0, Cω cos(ωt))> with v0, C, ω ∈ R. The running cost is defined
as the norm between the state process and the given path at a time s ∈ [t, T ]. In
addition, there is a cost of applying control, which is accumulated over all times in
the interval [t, T ]. The running cost is the norm between the state process and the
given path at the terminal time, thus the drone should follow the path at all times,
as well as end up at the final position of the given path. Furthermore, w1, w2are
two constants used to weight the cost of deviating from the given path and applying
the control ut. Then, the stochastic control problem for follower i is given by

dX i,u
t = (AXi

t +Bui
t) dt+ σi(ρ dW 0

t +
√

1− ρ2 dW i
t ), X i,u

0 = xi
0,

J i,u(t,x) = E

[∫ T

t

(
‖Ps − P i

s‖L2 − d
)2 + w1

∑
j∈I, j 6=i

max
(
0, d− ‖P i

s − P j
s ‖L2

)2

+w2‖ui
t‖2

L2 ds+
(
‖PT − P i

T‖L2 − d
)2
∣∣∣P i

t = (xi)i∈{1,2}

]
,

where A, B are defined as for the leader drone and Xi,u
0 = xi

0 P-a.s. is a given initial
condition for each follower drone. Moreover, P := (X u

i )i∈{1,2} and P i := (Xi,u
j )j∈{1,2}

denote the position of the leader drone and follower drone i respectively. Therefore,
the running cost is the norm of the difference between the position of the follower
drone i and the leader drone minus a set distance d ∈ R length units, plus the
sum of the max of zero or the norm of the positional difference between each pair
of follower drone i and j 6= i minus the set distance d. Thus the optimal position
of the follower drone i is at a distance d from the leader as well as from all other
follower drones. We apply a cost of applying control at each timestep. Finally, the
terminal cost is the normed distance between the leader and follower i minus the
set distance d. Thus, the terminal condition is for the follower drone i to end at a
distance d from the leader. Moreover, the diffusion term, for player i as well as for
the leader, can be expressed as the matrix

Σi :=


σρ 0 0 0 σ

√
1− ρ2 0 0 0

0 σρ 0 0 0 σ
√

1− ρ2 0 0
0 0 σρ 0 0 0 σ

√
1− ρ2 0

0 0 0 σρ 0 0 0 σ
√

1− ρ2

 ,
multiplied with a vector of Brownian motion increments dW̃ i

t := (dW 0
t , dW i

t )>,
where σ ∈ R and ρ ∈ (−1, 1).

We are now ready to present the HJB equations for each drone type. We omit
the derivation and instead refer to Section 3.1.2 and Section 3.2.2, respectively. We
state the HJB equation for the leader drone

∂tV +w
1‖x− x̂s‖2

L2 + inf
u∈U

(
(Ax+But)>∇xV +w

2‖ut‖2
L2

)
+ 1

2Tr(σσ>∆xV) = 0,

V(T, x) = ‖x− x̂T‖2,
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where V denotes the value function for the leader drone, and (t, x) ∈ [0, T ] × R4 is
omitted unless otherwise specified. For the follower i the HJB equation is instead
given by

∂V i + w1‖x− x̂s‖2 + inf
ui∈U

((
Ax +Bui

t

)>∇xV
i +
(
‖Ps − P i

s‖L2 − d
)2

+w1
∑

j∈I, j 6=i

max
(
0, ‖P i

s − P j
s ‖L2

)2 + w2‖ui
t‖2

L2

)
+ 1

2Tr
(
σiσi,>∆xV

i
)

= 0,

V i(T,x) =
(
‖PT − P i

T‖L2 − d
)2
.

Further, the optimal strategies for both of these systems are given by minimizing
the Hamiltonian with respect to the control process and solving the minimization
problem. This yields

u∗ = − 1
2w2B

>∇xV ,

ui,∗ = − 1
2w2B

>∇xV
i.

The FBSDE and system of FBSDEs for the leader and followers respectively is thus
given by

dX u
t = (AX u

t +But) dt+ Σ dW̃ i
t , X u

0 = x̂0,

Yt = ‖X u
T − x̂‖2

L2 +
∫ T

t

w
1‖X u

s − x̂s‖2
L2 +w

2‖us‖2
L2 ds−

∫ T

t

(Zs)> dWs,

and for the leader and for the followers by

dX i,u
t = (AX i

t +Bui
t) dt+ Σi dW̃ i

t , Xi,u
0 = xi

0,

Yt =
(
‖PT − P i

T‖L2 − d
)2 +

∫ T

t

(
‖Ps − P i

s‖L2 − d
)2

+ w1
∑

j∈I, j 6=i

max
(
0, d− ‖P i

s − P j
s ‖L2

)2 + w2‖ui
t‖2

L2 ds+
∫ T

t

(Zs)> dWs.

Both systems are then discretized in order to apply the Deep fictitious play algorithm
and the Robust deep fictitious play algorithm to compute numerical results.
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6.3.1 Numerical results
In this section we present the numerical results generated by the two algorithms,
namely the Deep fictitious play algorithm and the novel Robust deep fictitious play
algorithm. Since the numerical example is designed to have an intuitive solution
we present a representative trajectory for the two algorithms. Results for the ex-
pectation of the processes are instead presented in Appendix B. Thus, Figure 6.15
and Figure 6.16 showcase a representative trajectory for the drones. It is evident
from Figure 6.15 that the drones do not follow the path at all and instead simply
move towards the final position, disregarding the desired way there. For the novel
algorithm however, the drones follow the given path closely as well as keeping a safe
distance in between each other. Thus, the novel algorithm is a clear improvement
on the previous algorithms in the literature.

Figure 6.15: Representative trajectory for the drones generated with the Deep
fictitious play algorithm. The position for drones is plotted for the different times
t1 = 0s, t2 = 0.1s, t3 = 0.2s, t4 = 0.3s, t5 = 0.4s, t6 = 0.5s. The leader drone is
colored red, the followers are colored blue and the given path is the black dotted
line.
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Figure 6.16: Representative trajectory for the drones generated with the Robust
deep fictitious play algorithm. The position for drones is plotted for the different
times t1 = 0s, t2 = 0.1s, t3 = 0.2s, t4 = 0.3s, t5 = 0.4s, t6 = 0.456s. The leader
drone is colored red, the followers are colored blue and the given path is the black
dotted line.
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7
Conclusion

This thesis considers the stochastic optimal control of N -player systems such as
swarms of drones. To consider such problems, measure theory and stochastic calcu-
lus are presented in order to understand the problem of stochastic optimal control.
Then, we present the problem formulation of a stochastic control problem. The
stochastic control problem is then reformulated in two steps, firstly, to the HJB
semi-linear parabolic PDE and in turn to the FBSDE. The existence of a unique
solution is proved for all formulations of the problem. Then, we generalize the sys-
tem to N players and repeat the structure of presenting the problem formulation,
the N coupled HJB equations, and finally the systems of FBSDEs. Further, the
solution algorithm Deep FBSDE is discussed as well as its evolution, the Deep C-
FBSDE algorithm which generalizes the method to handle problems stemming from
stochastic control problems. A third algorithm from the literature is discussed, the
Deep fictitious play algorithm which is a generalization of the Deep FBSDE method
which handles N -player differential games. A clear research gap emerges for a ro-
bust N -player solution algorithm that handles stochastic control problems with N
agents. Therefore, a novel algorithm is developed to solve such problems, which
builds on the robust solution algorithm Deep C-FBSDE. To showcase the increased
performance of the novel algorithm a numerical example is designed which is too
complex for previous algorithms. The results show that the novel algorithm is a
successful improvement on existing algorithms. The numerical example is a hetero-
geneous cooperative stochastic differential game that describes a swarm of drones
navigating a complex environment. A further property of the numerical example
that increases the complexity is the use of common noise among the players. The
complexity of the numerical example showcases the capabilities of the novel robust
algorithm.

Future research should further increase the possibilities of the robust algorithms.
This could include many things, e.g., including so-called Lévy processes which would
allow for impulse-modeling. This would translate to the drones in the numerical ex-
ample colliding, thus more realistic game scenarios can be modeled. Further, the
possibilities in terms of non-cooperative games increase tremendously since colliding
in to an enemy could be, in certain scenarios, a viable strategy to further the goals
of your team. In technical terms a Lévy process includes a Poisson process in addi-
tion to the traditional Brownian motion of an SDE. The Poisson process introduces
random discontinuous jumps. These jumps is what could model the impulse of the
drones. Other applications include finance where jump processes are commonplace
for modeling financial derivatives and portfolios with underlying financial assets.
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7. Conclusion

Other efforts could include using control policies that do not fulfill the Markov con-
dition. Thus, the system would at all times be dependent on its entire history.
Further research is not limited to solely expanding the horizon of the novel robust
solution algorithm. Efforts could investigate the a priori as well as a posteriori error
bounds of the algorithm as well as its convergence. Another topic to explore is the
use of the so-called BMO spaces to seek the control process Z = (Zt)t∈[0,T ] in. This
space is used in order to limit the oscillating nature of the control process which
would increase the robustness of the solution algorithm.
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A
Derivation of coupled system of N

HJB equations

The so-called value function is central in understanding the derivation of the HJB
equation. It follows naturally that a value function for N -players is central in the
derivation for the N -coupled HJB equations. Therefore we define

V i(t,x) := inf
ui

t∈U i
J i(t,x; ut),

where i ∈ I and J i denotes the cost functional for player i. Furthermore, both
V := (V 1, . . . , V N)> and J := (J1, . . . , JN)> are vector concatenations of the indi-
vidual contributions. We are now ready to state Bellman’s dynamic programming
principle for a multi-agent system.

Theorem 15 (N -player Bellman’s dynamic programming principle). Let t ∈ [0, T ]
and τ ∈ (t, T ], then for i ∈ I it holds

V i(t,x) = inf
ui

t∈U i
E
[∫ τ

t

f i(s,Xu
s , u

i
s,u−i

s ) ds+ V i(τ,Xu
τ )
∣∣∣Xu

t = x
]
, (A.1)

for x ∈ RdN . Here we have introduced the notation

u−i
t := (u1

t , . . . , u
i−1
t , ui+1

t , . . . , uN
t ),

for which it follows that ut = (ui
t,u−i

t ).

Proof. The claim follows from the proof of Bellman’s dynamic programming princi-
ple for a single agent.

Then, to derive the HJB equation, we begin with Bellman’s dynamic programming
principle (A.1). Let vt ∈ A be an arbitrary admissible control and τ = t + h for
some small h > 0. This gives

V i(t,x) ≤ E
[∫ t+h

t

f i(s,Xv
s , v

i
s,v−i

s ) ds+ V i(t+ h,Xv
t+h)

∣∣∣Xv
t = x

]
. (A.2)
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A. Derivation of coupled system of N HJB equations

Next, subtract V i(t,x) from both sides of (3.4) and divide by h, giving

0 ≤ 1
h
E
[∫ t+h

t

f i(s,Xv
s , v

i
s,v−i

s ) ds+ V i(t+ h,Xv
t+h)− V i(t,x)

∣∣∣Xv
t = x

]
= 1
h
E
[∫ t+h

t

f i(s,Xv
s , vs,v−i

s ) ds
∣∣∣Xv

t = x
]

+ 1
h
E
[
V i(t+ h,Xv

t+h)− V i(t,x)
∣∣Xv

t = x
]

= I1 + I2, (A.3)

where the linearity of the expectation operator is used in the first equality. We now
study the limits of I1 and I2 as h ↓ 0. For I1, assume that the map

s 7→ E
[
f i(s,Xv

s , v
i
s,v−i

s )|Xv
t = x

]
is locally integrable in s. Fubini’s theorem then allows to interchange expectation
and integration, and togheter with the Lebesgue differentiation theorem, it follows
that

lim
h↓0

I1 = lim
h↓0

1
h

∫ t+h

t

E
[
f i(s,Xv

s , v
i
s,v−i

s )
∣∣Xv

t = x
]

ds = f i(t,x, vi
t,v−i

t ). (A.4)

For the second term I2, applying Itô’s formula (see Theorem 5), gives

lim
h↓0

I2 (A.5)

= lim
h↓0

1
h
E
[
V i(t+ h,Xv

t+h)− V i(t,Xv
t ) ds

∣∣∣Xv
t = x

]
= lim

h↓0

1
h
E
[∫ t+h

t

(∂s+Lv)V i(s,Xv
s ) ds+

∫ t+h

t

∇xV
i(s,Xv

s )Σ(s,Xv
s ) dWs

∣∣∣Xv
t = x

]
= lim

h↓0

1
h
E
[∫ t+h

t

(∂s+Lv)V i(s,Xv
s ) ds

∣∣∣Xv
t = x

]
,

where the zero-mean property of the Itô integral is used in the last equality. Once
again, by assuming the conditions for Fubini’s theorem and Lebesgue’s theorem of
differentiation are satisfied, it follows that

lim
h↓0

I2 = lim
h↓0

1
h

∫ t+h

t

E
[
(∂s + Lv)V i(s,Xv

s )
∣∣∣Xv

t = x
]

ds = (∂t + Lv)V i(t,x).

Insterting the limits obtained in (A.4), (A.5) into (A.3) we find, for every admissible
control vt ∈ A, that

−∂tV
i(t,x) ≤ LvV i(t,x) + f i(t,x, vi

t,v−i
t ), (A.6)

Recall that in (3.3) the value function is defined as a infimum over all admissible
conotrls. In (A.2), an arbritary control vt ∈ A was considered, and the infimum is
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therefore removed. Thus, the equality was replaced by an inquality for the value
function. By once again considering the infimum, (A.6) becomes

−∂tV
i(t,x) = inf

vi
t∈U i

{
LvV i(t,Xv

t ) + f i(t,x, vi
t,v−i

t )
}
. (A.7)

The optimal policy is then obtained as

πi(t,x) ∈ arg min
vi

t∈U i

{
LvV i(t,Xv

t ) + f i(t,x, vi
t,v−i

t )
}
, (t,x) ∈ [0, T ]× RdN ,

where πi : [0, T ]× RdN → U i is an individual deterministic map. The deterministic
map for the system as a whole is the vector concatenation of all invidiual contribu-
tions, i.e., π := (π1, . . . , πN). At each time t the control is obtained as vi

t = πi(t,Xv
t ),

i.e., the decision only depends on the current time and current state. Hence, when
this is valid, the control is called a Markov control policy. We assume the set of
minimizers above is nonempty. Since the diffusion term of the forward SDE, in this
thesis, does not depend on the control ut, then (A.7) is a second-order semi-linear
HJB. By explicitly extracting the diffusion term from the operator Lv that does not
depend on the control, the HJB equation is expressed as

∂tV
i + 1

2 Tr(ΣΣ>∆xV
i) +Hi(t,x,∇xV

i) = 0, (t,x) ∈ [0, T )× RdN , (A.8a)

V i(T,x) = g(x), x ∈ RdN , (A.8b)

For i ∈ I. Here the space-time dependence (t, x) has been excluded for brevity
unless otherwise specified. Furthermore, the Hamiltonian Hi of (A.8a) is defined as

Hi(t,x, p) := inf
vi

t∈U i

{〈
b(t,x, vi

t,v−i
t ), p

〉
+ f i(t,x, vi

t,v−i
t )
}
, (t,x) ∈ [0, T ]× RdN .

Here, p ∈ RdN is a placeholder for the spatial derivative of the value function. The
terminal condition (A.8b) is derived by considering the value function (3.2) at the
terminal time T , that is,

V i(T,x) = inf
ui

t∈Ui
J i(T,x; ut) = inf

ui
t∈U i

E
[
gi(Xu

T )|Xu
T = x

]
= gi(x).
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B
Drone game results

Here we present further results for the drone game. The section follows the structure
used throughout the thesis. That is, we begin with presenting the results for state
process X = (Xu

t )t∈[0,T ] for the Deep fictitious play method and then the results for
the Robust deep fictitious play algorithm. This structure is then repeated for the
backward process Y = (Yt)t∈[0,T ] and finally the control process Z = (Zt)t∈[0,T ].

Since no analytic solution is available for this problem it is difficult to draw any
conclusions from these figures. For that we rely on the results presented in Section
6.3.1. What one can say is that, from Figure B.3, the Deep fictitious play algorithm
has converged to fulfill the terminal condition. However, since the state process and
the backward process are approximated simultaneously, the algorithm has converged
to an incorrect terminal condition. Thus, we get the incorrect solution presented in
Section 6.3.1.
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B. Drone game results

Figure B.1: The figure illustrates the state process generated by the Deep ficti-
tious play algorithm. The rows show each component of the process and the columns
represent the expectation of that component and a representative trajectory respec-
tively. The different colors represent the different players, player one in red, player
two in blue and player 3 in green.
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B. Drone game results

Figure B.2: The figure illustrates the state process generated by the Robust deep
fictitious play algorithm. The rows show each component of the process and the
columns represent the expectation of that component and a representative trajectory
respectively. The different colors represent the different players, player one in red,
player two in blue and player 3 in green.
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B. Drone game results

Figure B.3: The figure illustrates the backward process generated by the Deep
fictitious play algorithm. The columns represent the expectation of the process and
a representative trajectory respectively. The different colors represent the different
players, player one in red, player two in blue and player 3 in green. Finally, the
circle denotes the approximated terminal condition.

Figure B.4: The figure illustrates the backward process generated by the Robust
deep fictitious play algorithm. The columns represent the expectation of the pro-
cess and a representative trajectory respectively. The different colors represent the
different players, player one in red, player two in blue and player 3 in green. Finally,
the circle denotes the approximated terminal condition.
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B. Drone game results

Figure B.5: The figure illustrates the Z-process generated by the Deep fictitious
play algorithm. The rows correspond to the different components of the process
while the columns represent the expectation of that component and a representative
trajectory respectively. Further, the colors denote the different players, player one
in red, player two in blue and finally player three in green.
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B. Drone game results

Figure B.6: The figure illustrates the Z-process generated by the Robust deep
fictitious play algorithm. The rows correspond to the different components of the
process while the columns represent the expectation of that component and a rep-
resentative trajectory respectively. Further, the colors denote the different players,
player one in red, player two in blue and finally player three in green.
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