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Abstract
This study explores the optimization of the regularization parameter for Tikhonov’s
functional, which is derived from the vector wave equation, a partial differential
equation (PDE), and transformed into a volume integral equation. Solving this
equation using Tikhonov’s functionals provides three different approaches, each with
varying numbers of regularization parameters. To identify the optimal regulariza-
tion parameters, three methods were employed: the L-curve method, the fixed point
algorithm, and Morozov’s discrepancy principle.

The L-curve method and the fixed point algorithm both indicated that a regular-
ization parameter of 1 is optimal, yielding acceptable results across various recon-
struction scenarios. However, Morozov’s discrepancy principle consistently produced
superior results, albeit with a significant dependency on the initial reconstruction
matrix. Ultimately, while Morozov’s discrepancy principle shows the most promise
for optimizing Tikhonov’s functional, it is not yet viable for practical use without
further refinement. Moreover, compared to previous studies with a similar setup,
this study employs the finite difference method, unlike past works where the finite
element method was employed.

The code can be found at the link given in [28].

Keywords: Tikhonov’s functional, regularization parameter, L-curve method, fixed
point algorithm, Morozov’s discrepancy principle, hyperthermia, ill-posed problem.
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1
Introduction

Cancer is one of the leading causes of death globally, causing nearly 10 million
deaths in 2019. This accounts for one in six deaths worldwide [31]. According to
the National Cancer Institution, cancer is a disease characterized by uncontrolled
cell growth and the potential to spread to other parts of the body. It can originate
almost anywhere in the human body, which is composed of trillions of cells. Under
normal circumstances old cells are replaced in an orderly manner. However, this
process can malfunction, leading to the formation of damaged cells that may form
tumors [34].

Chemotherapy is a widely recognized method for treating cancer. It is considered
a systemic treatment because the drugs travel throughout the body, which allows
them to target and kill cancerous cells. In addition to chemotherapy, there are other
treatments such as radiation therapy. It uses targeted radiation to kill or damage
cancer cells in a particular area. Meaning these local treatments only affect one part
of the body.

Microwave hyperthermia/thermometry tumor therapy is another method used to
treat cancer. It is in fact, one of the oldest methods [15], and has enhanced the
effectiveness of conventional cancer treatments such as chemotherapy and radiother-
apy [30]. Hyperthermia works by heating cancerous tissues using electromagnetic
waves, raising the temperature of the cells to a level higher than normal, to about
40-44 degrees centigrade [4]. This selective heating aims to target only the can-
cerous cells while sparing the surrounding healthy tissues [36]. To ensure precision
and real-time feedback during treatment, the integration of a reliable temperature
monitoring system is essential [7].

Over the past few decades, in addition to microwave thermometry, numerous meth-
ods have been proposed in the literature. Among them are invasive measurements at
specific tumor-related reference points [9, 26], and MR-guided (magnetic resonance)
thermometry [12, 18, 35], both of which are currently employed in clinical set-
tings. While the use of inexpensive and easily accessible multipoint thermal probes
equipped with thermocouples, thermistors, or fiber optic sensors remains a widely
accepted standard, the invasive nature of this procedure restricts temperature data
to a limited number of monitoring positions. On the other hand, MR-guided ther-
mometry offers non-invasive, three-dimensional temperature monitoring. However,
its real-time acquisition speed currently falls short [35]. Moreover, MR systems tend
to be expensive and non-compatible with other systems. Additionally, MR technol-
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1. Introduction

ogy is unsuitable for intraoperative monitoring in patients with MR-incompatible
pacemakers or artificial heart valves [11].

Given these considerations, microwave thermometry becomes an attractive method,
offering insights in three dimensions while utilizing the same antennas for heating
[23]. It addresses both the cost and information (the thermal profiles) constraints
effectively.

In this study, we will adopt a framework similar to that used in [3, 4, 5]. Specifi-
cally, our investigation focuses on a cylindrical scenario involving an annular phased
array system comprising 16 monopole antennas designed to operate within the ISM
band (industrial, scientific, and medical band) of 915 MHz. This frequency band
is chosen because it offers an optimal balance between the penetration depth of
electromagnetic waves into biological tissues and imaging resolution. Additionally,
the dielectric changes resulting from temperature variations at this frequency are
significant enough to be detected through microwave imaging techniques. The 16
antennas are immersed in a coupling fluid consisting of a 20:7 mixture of isopropyl
alcohol to water, chosen based on [3] to balance conductive loss, relative permit-
tivity, and antenna matching. We refer to the problem at hand as the dielectric
problem. The aim is to optimize a dielectric function such that the heat is targeted
optimally, meaning only the cancerous cells are heated and destroyed without af-
fecting the surrounding healthy tissues.

A depiction of the dielectric problem and the return loss of the scattered parameters
(S11) of the designed antenna for the frequency band 915 MHz, are seen in Figures
1.1 and 1.2 respectively [3]. The dotted horizontal red line in Figure 1.2 indicates
where valuable information is obtained, as any data below −10 dB is not considered
valuable.
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1. Introduction

Figure 1.1: The dielectric problem with the 16 monopole antennas immersed in a
liquid tank. The region of interest is highlighted in green.

To accurately model the microwave hyperthermia and predict the thermal distri-
bution within the tissue, we begin with a partial differential equation, i.e. the
vector wave equation, that describes how heat transfer and electromagnetic waves
propagate [13, 29], which is transformed to a volume integral equation (VIE). Var-
ious mathematical and analytical methods have been applied to investigate three-
dimensional vector electromagnetic problems related to volume integral equations,
as presented in previous studies [14]. Methods applied in computational electromag-
netics with the dielectric problem, are documented in the literature [3, 4, 5].

In our study and many others, the considered volume integral equation (VIE) is
a Fredholm integral equation of the first kind [19]. Due to its ill-posed nature, we
formulate the solution of the VIE as an optimal control problem aimed at minimizing
Tikhonov’s regularization functional [24], transforming it into a linear (regularized)
least squares problem. This procedure allows us to explore different methods for
reconstructing the dielectric problem, see Section 2. Unlike previous studies on the
dielectric problem [3, 4, 5], that employed variations of the finite element method
(FEM), our study utilizes a finite difference method (FDM) approach. This is our
main objective in this study, comparing the FEM to the FDM. Furthermore, the
reconstructions involve regularization parameters that need to be optimized, and we
present three methods for this optimization in Section 2. The obtained results are
presented in Section 3 and discussed in Section 4.

3



1. Introduction

Figure 1.2: The return loss of the scattered parameter (S11) of the designed an-
tenna for the frequency band 915 MHz. The dotted horizontal red line indicates
where valuable information is obtained, as any data below −10 dB is not considered
valuable.
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2
Theoretical Background and

Methodology

The theoretical section is split into two primary parts. The first segment covers the
prerequisites, providing the necessary mathematical background. While the second
segment is the problem description, where we mathematically describe the dielectric
problem, and the methods and algorithms employed.

2.1 Prerequisites
This segment primarily focuses on describing the different vector spaces utilized,
but also stating and proving the singular value decomposition through the spectral
theorem.

2.1.1 Lp and Hilbert space
In functional analysis, vector spaces play an integral role, especially function spaces,
particularly when defining and investigating functions. Using a functional analytic
approach, one considers a set of functions, where each function represents a point in
the set. From there, one can explore the geometric and algebraic structures of the
set. Such a space is named a function space. A mapping from one function space
to another is referred to as an operator. A function defined on a function space is
known as a functional [2].

There are many function spaces, including the space of continuous functions, the
space of smooth functions, Sobolev spaces, Hölder spaces, and numerous others.
However, we focus on defining the Lp-space and the Hilbert space. Let (Ω,F , x)
denote a σ-finite measure space, where Ω denotes the underlying space, F is the
σ-algebra of measurable sets, and x is the measure [33].

Definition 2.1.1 (Lp-space). The Lp-space, also known as the space of Lebesgue
integrable functions on an open set Ω ⊂ Rn, denoted by Lp(Ω,F , x) or for simplicity
Lp(Ω). For p ≥ 1 and u ∈ Lp(Ω), the space Lp(Ω) is defined as [32]:

Lp(Ω) :=
{
u : Ω → R;

(∫
Ω

|u(x)|pdx
)1/p

< ∞
}
, 1 ≤ p < ∞. (2.1)

In particular, the L2-space will be used. For ease of writing, the L2-norm is denoted
as : ∥·∥2 or simply ∥·∥.
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2. Theoretical Background and Methodology

Moreover, the Hilbert space Hk is defined as [17]:
Definition 2.1.2 (Hk-space).

Hk(Ω,F , x) = Hk(Ω) := {u ∈ L2(Ω) : ∂u
∂xj

∈ L2(Ω), j = 1, . . . , n, and

∂2u

∂xj1∂xj2

∈ L2(Ω), j1, j2 = 1, . . . , n, and . . .

and ∂ku

∂xj1∂xj2 . . . ∂xjk

∈ L2(Ω), j1, j2, . . . , jk = 1, . . . , n}

(2.2)

In particular, the H1-space will be used, i.e

H1(Ω) :=
{
u ∈ L2(Ω) : ∂u

∂xj

∈ L2(Ω), j = 1, . . . , n
}
. (2.3)

2.1.2 The Spectral Theorem and SVD
The Singular Value Decomposition (SVD), is useful when it comes to solving ill-
conditioned problems, i.e rank deficient problems. However, the spectral theorem
needs to be proven first . We’ll start with a lemma:
Lemma 2.1.1. For a real symmetric n×n matrix A, all of it’s eigenvalues are real
[8].

Proof. Let λ ∈ C be an eigenvalue of A with corresponding eigenvector v ∈ Cn

(Av)Tv = vTATv

= vT (Av)
= vT

(
Av
)

= vT
(
Av
)

= vT
(
λv
)

= λvTv

(Av)Tv = λvTv.

■

Comparing the last two lines it’s evident that λ̄ = λ that is, λ ∈ R.

It’s rather trivial that for an arbitrary matrix A, that ATA is symmetric. Moreover,
it’s positive semidefinite since ATAv̄ = λv̄, multiplying by v̄T from the left and
solving for lambda gives, λ = v̄T AT Av̄

v̄T v̄
= ∥Av̄∥2

2
∥v̄∥2

2
≥ 0.

6



2. Theoretical Background and Methodology

Theorem 2.1.2. Let M be an n × n symmetric matrix, then there exists an or-
thogonal matrix R such that RTMR is diagonal. That is, any symmetric matrix is
diagonalizable [8].
Proof by induction. Base case:
M and v̄ both are scalars, meaning Mv̄ = λv̄ =⇒ M = λ. Therefore, any non-zero
real scalar v̄ will form a basis.

The induction hypothesis:
Every k × k symmetric matrix is diagonalizable for k = 1, . . . , n− 1.

Choose an eigenvalue λ1 ∈ R, by Lemma 2.2.1. Moreover, normalize the corre-
sponding eigenvector, i.e |v̄1| = 1. Now using the Gram-Schmidt algorithm (see for
example [6] for details), an orthonormal basis B = v̄1, v̄2, . . . , v̄n can be obtained for
Rn.

Define Q = [v̄1, v̄2, . . . , v̄n]. The columns of Q are orthonormal and hence Q is
an orthogonal matrix. Define A = QTMQ, then

AT =
(
QTMQ

)T
= QTMTQ = QTMQ = A,

therefore A is symmetric. In block matrix form, by multiplying the standard basis
vector e1, from the right, A becomes

QTMQe1 = QTMv̄1 = λ1Q
T v̄1 = λ1


1
0
...
0

 .

So, A has the matrix block form [
λ1 0
0 C

]
,

where C is of size (n− 1 × n− 1) and symmetric.

Now by the induction hypothesis, there exists a diagonal matrix D and orthogo-
nal matrix Q such that D = Q−1CQ = QTCQ. Define

R = P

[
1 0
0 Q

]
.

Now we’ll show that R is orthogonal and RTMR is diagonal. For the first part,

R−1 =
[

1 0
0 Q−1

]
P−1 =

[
1 0
0 QT

]
P T = RT .

For the second part,

RTMR =
[

1 0
0 QT

]
P TMP

[
1 0
0 Q

]
=
[
λ1 0
0 D

]
.
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2. Theoretical Background and Methodology

In conclusion, we can say that there exists an orthogonal matrix R such that RTMR
is diagonal. That is, there exists an orthonormal basis for Rn consisting of eigenval-
ues of M .

■

Now that we’ve proved the spectral theorem we are ready to prove the SVD theo-
rem.

Theorem 2.1.3. Let A be an m× n matrix, then there exists a decomposition

A = UΣV T

where U is an m × m orthogonal matrix, V is an n × n orthogonal matrix, and Σ
is a diagonal m × n matrix, with entries σ1 ≥ σ2 ≥ · · · ≥ σn, where the σ’s are the
singular values [27].
Proof. As previously showed ATA is symmetric and positive semidefinite. Let λ1 >
· · · > λn ≥ 0 be its eigenvalues. Define the singular values as σi =

√
λi, and let D

be the n×n diagonal matrix with diagonal entries σ1, · · · , σn. The spectral theorem
gives a factorization

ATA = V DV T =
n∑

i=1
(σi)2v̄iv̄

T
i

where V is an orthogonal n× n matrix. Note that ker
(
ATA

)
= ker(A). Since ATA

is diagonalizable, by the spectral theorem, meaning there are exactly r non-zero
eigenvalues, where r = rank(A). Now construct the unit eigenvector of ATA, that
is

ūi = Av̄i

σi

.

Now we realize that the i-th coloumn of v̄i is V . Moreover let U be an m×m matrix
where its i-th column is ūi. Lastly, let Σ be a diagonal matrix whose i-th element is
σ. Meaning in matrix form we obtain:

U = AV Σ−1 =⇒ A = UΣV T .

■

As previously mentioned the singular value decomposition is useful when the prob-
lem at hand does not have a full column rank. This means the solution to the least
square problem that is, minx ∥Ax− b∥2

2, is not unique. The SVD for a rank-deficient
matrix A looks as follows:

(U1, U2)
(

Σ1 0
0 0

)
(V1, V2)T = U1Σ1V

T
1 (2.4)

Where Σ1 has size r × r and is non-singular, U1 and V1 have r columns and
r = rank(A).

8



2. Theoretical Background and Methodology

Theorem 2.1.4. Let A=U1Σ1V
T

1 be the rank-deficient SVD, then the solution of
the the least squares problem [6]

min
x

∥Ax− b∥2
2

is x=U1Σ1V
T

1 b.

Proof. We have ∥Ax− b∥2
2 =

∥∥∥U1Σ1V
T

1 x− b
∥∥∥2

2
, and since Σ1 has full rank it’s also

invertible. Let us construct the matrix (U1, Ũ1), which by the definition square and
orthogonal. Hence we have,

∥∥∥U1Σ1V
T

1 x− b
∥∥∥2

2
=
∥∥∥∥∥
(
UT

1

Ũ1
T

)(
U1Σ1V

T
1 x− b

)∥∥∥∥∥
2

2

=
∥∥∥∥∥
(Σ1V

T
1 x− UT

1 b

−Ũ1
T
b

)∥∥∥∥∥
2

2

=
∥∥∥Σ1V

T
1 x− UT

1 b
∥∥∥2

2
+
∥∥∥Ũ1

T
b
∥∥∥2

2
.

By making the first term zero, Σ1V
T

1 x = UT
1 b, one finds that the minimum of the

least squares problem is given by x = V1Σ−1
1 UT

1 b = A+b, where the matrix A+ is
called the Moore–Penrose inverse. ■

2.2 Problem description
In this segment the mathematics behind the employed model is explained. Arriving
at three different ways of reconstructing the cylindrical scenario. Moreover, three
methods are presented to optimize the regularization parameters.

2.2.1 Vector wave equation with the Silver-Müller radiation
condition at infinity

To mathematically describe the problem at hand, i.e. the dielectric problem, we
utilize the classic vector wave equation, as derived in [13], along with the Silver-
Müller radiation condition at infinity,

lim
ρ→∞

ρ
((

∇ × Êsca

)
× x̂− ikÊsca

)
, (2.5)

where ρ = |x|, as demonstrated in [29]. Combining these two elements yields,

∇ × ∇ × Ê(r) − ω2
(
εr(r)
c2 + iµ0

σ(r)
ω

)
Ê(r) = iωµ0Ĵ(r), r ∈ R3. (2.6)

Here, r = (x, y, z) represents the classic Cartesian coordinates,
Ê(r) =

(
Êx(r), Êy(r), Êz, (r)

)
, note that the incident field Êinc, the electric field be-

fore interacting with any object, and the scattered field Êsca, the electric field gener-
ated due to the interaction with an object, have the relationship Ê(r) = Êinc + Êsca.

9



2. Theoretical Background and Methodology

Moreover, Ĵ(r) is the current, ω is the frequency in radians/second, and i is the
classic imaginary unit. Additionally, the domain is Ω ⊂ R3, defined as a convex
bounded domain with boundary ∂Ω ∈ C2, i.e. the set of continuous functions that
have continuous second derivative. It’s important to note that (2.6) describes elec-
tromagnetic waves propagating through a non-magnetic, homogeneous, and isotropic
medium.

Moreover, εr(r) = ε(r)/ε0 and σ(r) are the relative dielectric permittivity and elec-
tric conductivity functions, respectively. The constants ε0, µ0 are dielectric permit-
tivity and permeability of free space, respectively, and c = 1/√ε0µ0 is the speed of
light in free space.

To further proceed, we’ll introduce the spatially distributed complex dielectric func-
tion ε′(r) ,

ε′(r) = εr(r)
1
c2 + iµ0

σ(r)
ω

(2.7)

this simplification transforms (2.6) to:

∇ × ∇ × Ê(r) − ω2ε′(r)Ê(r) = iωµ0Ĵ(r). (2.8)
Subtracting the term ∇ × ∇ × Ê(r) − ω2εbÊ(r) from both sides of (2.8), and rear-
ranging yields

∇ × ∇ × Ê(r) − ω2 (ε′(r) − εb) Ê(r) = iωµ0Ĵ(r) + ω2εbÊ (2.9)
⇐⇒ ∇ × ∇ × Ê(r) − ω2εbÊ(r) = iωµ0Ĵ(r) + ω2 (ε′(r) − εb) Ê(r) (2.10)

where εb represents the dielectric permittivity corresponding to the background
medium.

Before proceeding further, it’s necessary to introduce and understand Green’s func-
tion of a wave equation. Green’s function g(r, r′) represents the solution of the wave
equation for a point source. In the context of an isotropic medium, equation (2.11)
is referred to as the inhomogeneous Helmholtz equation [20] [38].(

∇2 + k2
)
Ê (r) = s (r) . (2.11)

Following the convention1 of [20], we rewrite (2.11) into the form(
∇2 + k2

)
g (r, r′) = −δ (r − r′) . (2.12)

Now from the principle of linear superposition, and since g(r, r′) is the solution to
(2.11), equation (2.11) has the solution

Ê(r) = −
∫
g(r, r′)︸ ︷︷ ︸
=g(r′,r)

s(r′)dr = −
∫
g(r − r′)s(r′)dr = −

∫ eik|r−r′|

4π |r − r′|
s(r′)dr, (2.13)

1It is highly advisable to read through [13], to understand the details.
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k is the k vector denoting the direction of propagation.

This idea can be extended to solve our original problem, that is (2.6). By introducing
the dyadic Green’s function

Ḡ(r′, r) = Ḡ(r, r′) =
(
I + ∇′∇′

k2

)
g(r, r′), (2.14)

where I is the identity operator.

Following [5], we introduce the dyadic Green’s function Ḡ (r, r′) for the problem,
and follow the convention, i.e

∇ × ∇ × Ḡ (r, r′) − ω2εbḠ (r, r′) = Iδ (r − r′) , r ∈ R3 (2.15)

By multiplying (2.10) by Ḡ (r, r′) and (2.15) by Ê(r), we get:

∇ × ∇ × Ê(r)Ḡ (r, r′) − ω2εbÊ(r)Ḡ (r, r′) = (2.16)
= iωµ0Ĵ(r)Ḡ (r, r′) + ω2 (ε′(r) − εb) Ê(r)Ḡ (r, r′)

and
∇ × ∇ × Ḡ (r, r′) Ê(r) − ω2εbḠ (r, r′) Ê(r) = δ (r − r′) Ê(r). (2.17)

Then subtracting (2.17) from (2.16) and integrating, we obtain

(
∇ × ∇ × Ê(r), Ḡ (r, r′)

)
−
(
ω2εbÊ(r), Ḡ (r, r′)

)
−
(
∇ × ∇ × Ḡ (r, r′) , Ê(r)

)
+

+
(
ω2εbḠ (r, r′) , Ê(r)

)
=

=
(
iωµ0Ĵ(r), Ḡ (r, r′)

)
+
(
ω2 (ε′(r) − εb) Ê, Ḡ (r, r′)

)
−
(
δ (r − r′) , Ê(r)

)
⇐⇒

(
∇ × ∇ × Ê(r), Ḡ (r, r′)

)
−
(
∇ × ∇ × Ḡ (r, r′) , Ê(r)

)
=
(
iωµ0Ĵ(r), Ḡ (r, r′)

)
+
(
ω2 (ε′(r) − εb) Ê, Ḡ (r, r′)

)
−
(
δ (r − r′) , Ê(r)

)
,

(2.18)

where (·, ·) denotes the standard scalar product in space. To further simplify inte-
gration by parts is used on the left hand side of (2.18), (see [29]), that is:(

∇ × ∇ × Ê(r), Ḡ (r, r′)
)

=
(
∇ × Ê(r),∇ × Ḡ (r, r′)

)
(2.19)(

∇ × ∇ × Ḡ (r, r′) , Ê(r)
)

=
(
∇ × Ḡ (r, r′) ,∇ × Ê(r)

)
. (2.20)

Which implies that the left hand side of equation (2.18) is zero, hence now we have(
iωµ0Ĵ(r), Ḡ (r, r′)

)
+
(
ω2 (ε′(r) − εb) Ê, Ḡ (r, r′)

)
−
(
δ (r − r′) , Ê(r)

)
= 0. (2.21)

Rewriting in integral form, and then rearranging and using the principle of linear
superposition yields:

11



2. Theoretical Background and Methodology

Ê(r) = iωµ0

∫
Ω
Ĵ(r)Ḡ (r, r′) dr + ω2

∫
Ω

(ε′(r) − εb) Ê(r)Ḡ (r, r′) dr. (2.22)

The first term in the right hand side of (2.22) is the incident electric field Êinc. Let
the object function be O(r) = ε′(r) − εb(r) so (2.22) further simplifies to

Ê(r) = Êinc + ω2
∫

Ω
Ê(r)O(r) Ḡ (r′, r)︸ ︷︷ ︸

=G(r′,r)

dr = Êinc + Êsca, (2.23)

where Êsca is the volume integral equation (VIE).

2.2.2 The volume integral equation
The volume integral equation obtained in (2.23) is the mathematical model that
we will be working with. Such a volume integral equation is of great use in mi-
crowave applications, especially in microwave medical imaging. Due to the Born
approximation, i.e. Ê(r) ≈ Êinc(r) [5], we can rewrite Êsca(r) to

Êsca(r) = ω2
∫

Ω
Ḡ (r′, r)O(r)Êinc(r)dr. (2.24)

Moreover, according to [5], (2.24) can be transformed to the following volume inte-
gral equation for a bi-static pair of antennas (i, j):

Ssca
j,i = − ω2εb

4iωµ

∫
Ω
Êinc,j(r)O(r)Êinc,i(r)dr. (2.25)

Notice that Êinc,i(r) is the incident electric field produced by the transmitter i, and
Êinc,j(r) is the incident electric field at the receiver j. Furthermore, Êsca(r) is now
replaced by the corresponding scattered S-parameter Ssca

j,i , after scaling with the
factor C = −ω2εb

4iωµ
. This approach is more suitable for our setup because equation

(2.25) uses the scattered S-parameter measurements obtained by a bi-static pair of
antennas instead of using the scattered electric field.

As previously mentioned the dielectric problem features an off-centered cylindrical
inclusion as the target, serving as the baseline, i.e t = 0 for comparing the dynamic
cooling process of the heated target at each time step. To simulate the cooling pro-
cess over a ten-minute period, the dielectric parameters of the target were adjusted
through a parametric sweep using CST, as detailed in Table 2.1. Here ϵr(t) is the
permittivity at time t and σ(t) is the conductivity at time t.

Now, a bounded and linear operator A is introduced to write (2.25) in operator
form, that is:

A(O) = d, (2.26)
where A(O) =

∫
Ω Êinc,j(r)O(r)Êinc,i(r)dr and d = Ssca

j,i . Notice that equation (2.26)
represents a Fredholm integral equation of the first kind [19], and hence can be
solved using Tikhonov’s functional:

Jα(O) = 1
2 ∥A(O) − d∥2

2 + α

2 ∥O∥2
2 , (2.27)

12



2. Theoretical Background and Methodology

Timeline (min) ϵr(t) σ(t)(S/m)
t = 0 (baseline) 26 0.12
t = 2 28 0.15
t = 4 29 0.19
t = 6 29.8 0.21
t = 8 30.5 0.23
t = 10 31 0.24
Coupling fluid 20:7 isopropyl : water (ϵr = 24.5, σ = 0.46)

Table 2.1: Changes in permittivity and conductivity of the target as it cools down
from 55°C to 29°C over a ten-minute period. This table is directly taken from [3].

since everything is known, that is Êinc,j(r), Êinc,i(r) and Ssca
j,i , and α is a regular-

ization parameter. We only need to solve for A(O). This can easily be done by
minimizing the Tikhonov’s functional using basic linear algebra and matrix differ-
entiation. Let us consider the general form f(x) = 1

2 ∥Ax− b∥2
2 + α

2 ∥x∥2
2:

f(x) = 1
2
(
(Ax− b)T (Ax− b) + αxTx

)
= 1

2
(
xTATAx− xTAT b− bTAx+ bT b+ αxTx

)
= 1

2
(
xTATAx− xTAT b− xTAT b+ bT b+ xTαIx

)
= 1

2
(
bT b+ −2xTAT b+ xT (ATA+ αI)x

)
(2.28)

to minimize f(x) we differentiate and set to zero.

∇f(x) = 1
2
(
−2AT b+ 2(ATA+ αI)x

) set= 0 (2.29)

Where we used the classic result from matrix calculus ∂xT Bx
∂x

= 2Bx, where B is a
symmetric matrix, solving for x̂ = (ATA+ αI)−1AT b. This equation is the solution
to the regularized system of normal equations, although they are fast, they can be
inaccurate and computationally expensive. To solve these problems, SVD can be
used instead [6], that is, let A = UΣV T :

x̂ =
(
ATA+ αI

)−1
AT b =((

UΣV T
)T
UΣV T + αI

)−1 (
UΣV T

)T
b =(

V ΣUTUΣV T + αI
)−1

V ΣUT b =(
V Σ2V T + αI

)−1
V ΣUT b =

= V
(
Σ2 + αI

)−1
ΣUT b. (2.30)

13



2. Theoretical Background and Methodology

Equation (2.30) is used to reconstruct (2.27), that is x̂ = O. Another approach is
to consider the following Tikhonov’s functional

Mα(O) = 1
2 ∥A(O) − d∥2

2 + α

2 ∥O∥2
H1 , (2.31)

That is, using the H1-norm instead of the L2-norm. To solve the regularized least-
squares problem in the H1 norm, we start with the generalized objective function:

f(x) = 1
2∥Ax− b∥2

2 + α

2 ∥x∥2
H1 . (2.32)

Using the definition of the H1 norm [17]:

∥x∥2
H1 = ∥x∥2

2 + ∥∇x∥2
2, (2.33)

we can rewrite the objective function as:

f(x) = 1
2∥Ax− b∥2

2 + α

2
(
∥x∥2

2 + ∥∇x∥2
2

)
. (2.34)

To find the minimum of f(x), we take the derivative with respect to x and set it to
zero:

∇f(x) = AT (Ax− b) + αx− α∆x = 0, (2.35)
where we used the identity [1]:

∂

∂x

(
α

2 ∥∇x∥2
2

)
= −α∆x. (2.36)

This leads to the equation:

ATAx− AT b+ αx− α∆x = 0. (2.37)

Rearranging, we get:
(ATA+ I − α∆)x = AT b. (2.38)

Solving for x, we have:
x̂ = (ATA+ I − α∆)−1AT b. (2.39)

In the context of the SVD decomposition, we express A using its SVD: A = UΣV T .
Substituting this into the equation, we get:

x̂ = V
(
Σ2 + α (I − ∆)

)−1
ΣUT b. (2.40)

To obtain an even more robust solution, we can introduce another regularization
parameter, resulting in:

x̂ = V
(
Σ2 + (α1I − α2∆)

)−1
ΣUT b. (2.41)

where ∆ is the Laplace operator. It is worth mentioning that while calculating the
Laplace operator is discretized, see for example [6] for details. For another approach
see [3], where Fréchet derivatives are utilized.
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2. Theoretical Background and Methodology

2.2.3 Tikhonov’s regularizations methods
Now that we have 3 different ways of reconstructing: (2.30), (2.40) and (2.41), all
that is left is to optimize the regularization parameters. To do so, we’ll use three
different approaches: L-curves, Morozov’s discrepancy principle and the balancing
principle: fixed point algorithm.

Starting with L-curves, they are a convenient way of displaying the trade-off between
the logarithmic norm of the solution ∥x∥2 and the logarithmic norm of the residual
∥Ax− b∥2, representing the compromise between minimizing these two quantities.
Moreover, L-curves indicate whether the norms are unreasonably large or small.
Therefore, they serve as an initial guideline for identifying an optimal regularization
parameter. Here, we will not delve too deeply into the theory, see [21, 10, 37, 22].

Next is Morozov’s discrepancy principle. The core idea behind it is rather simple:
one loops through a range of equidistant regularization parameters, and the ones
that give the smallest residual are considered the best regularization parameters,
see Algorithm 1.

Algorithm 1: Morozov’s discrepancy principle
Input : V,Σ, U, b: Matrices and vector
Input : αinitial: Initial value of regularization parameter
Input : αlast: Last value of regularization parameter
Output: M : Updated reconstruction matrix
Output: α: Final regularization parameter

1 for α in [αinitial, αlast] do
2 Calculate M = from (2.30) or (2.40) or (2.41);
3 Calculate [V,Σ, U ] = svd(M);
4 Calculate the Moore–Penrose inverse of M : M+ = pinv(M);
5 Calculate the residual: Res = ∥M+b− b∥2;
6 end
7 The best regularization parameter α is the one with the smallest residual;

15



2. Theoretical Background and Methodology

As seen in Algorithm 1, the vector b and the SVD of the reconstruction of matrix
M are known, while the rest of the parameters are chosen. The reason for using
singular value decomposition here is its computational efficiency; it is less expensive
computationally. Furthermore, we use the Moore-Penrose inverse because the rank
of M is not full. Repeat the algorithm while keeping track of each residual. The
α that corresponds to the smallest residual is the best α, as it yields the smallest
error. It is worth noting that when the reconstruction (2.41) is employed, one loops
through a range of values for two α parameters.

Our next algorithm is the balancing principle: fixed point algorithm.

Algorithm 2: Balancing principle: fixed point algorithm
Input : V,Σ, U, b: Matrices and vector
Input : n: Number of iterations
Input : αinitial: Initial value of regularization parameter
Output: M : Updated reconstruction matrix
Output: α: Final regularization parameter

1 Initialize M with the initial guess;
2 Initialize α with αinitial;
3 for k = 1 to n do
4 Calculate M = from (2.30) or (2.40) or (2.41);
5 Compute SVD: [V,Σ, U ] = svd(M);
6 Calculate ϕk = V Σ2V TMb− V ΣUT b;
7 Update αk = ∥ϕk∥2

∥Mb∥2
;

8 Update M with the new αk ;
9 if convergence then

10 break;
11 end
12 end

It is worth noting that when the reconstruction (2.41) is employed, we initially
use the reconstruction (2.40) set the optimal regularization parameter as α1 or α2
and then repeat the algorithm again. To prove the convergence of the fixed point
algorithm, as seen in [24], we introduce and demonstrate the balancing principle
rule. Thereafter, we prove the fixed point algorithm. First, let’s introduce some
new notation. We denote the general Tikhonov functional as follows:

Jα(x) = 1
2∥F (x) − y∥2

2 + αψ(x) (2.42)

= ϕ(x) + αψ(x). (2.43)

Also define ψ̄(α) and ϕ̄(α) as

ψ̄(α) = F ′(α), (2.44)
ϕ̄(α) = F (α) − αF ′(α). (2.45)
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Moreover, let D+ and D− be definition of the one-sided derivatives:

D−F (α) = lim
h→0+

F (α) − F (α− h)
h

, (2.46)

D+F (α) = lim
h→0+

F (α + h) − F (α)
h

. (2.47)

The balancing principle rule:
ϕ̄(α) = γαψ̄(α), (2.48)

finds α > 0 such that the following function is minimized:

Φγ(α) = F 1+γ(α)
α

. (2.49)

where γ = a0
a1

is determined by the statistical a priori knowledge from shape param-
eters in Gamma distributions. When γ = 1 the method is called the zero-crossing
method, see for example [25].

Using the definitions (2.44) and (2.45), the balancing equation (2.48) becomes:

0 = ϕ̄(α) − γαψ̄(α)
= F (α) − αF ′(α) − γαF ′(α)
= F (α) − αF ′(α)(1 + γ)
⇐⇒ F (α) = αF ′(α)(1 + γ) (2.50)

Moreover, (2.50) is equivalent to

1
α

= F ′(α)
F (α) (1 + γ) =

dF
dα

F (α)(1 + γ) or dα

α
= dF

F (α)(1 + γ). (2.51)

Integrating both sides of (2.51), and letting C1 = C2

lnα + C1 = (1 + γ) lnF (α) + C2

α = exp ((1 + γ) lnF (α)) = F (α)1+γ, (2.52)

dividing by α we can rewrite (2.52) as the function to be minimized in the balancing
principle

Φγ(α) = F 1+γ(α)
α

= 1. (2.53)

Taking the derivative one can check that the minimum of Φγ(α) is at

0 = (Φγ(α))′ = (1 + γ)F ′(α)F γ(α)α− F 1+γ(α)
α2 (2.54)

simplifying further one obtains:

(1 + γ)F ′(α)F γ(α)α = F 1+γ(α) =⇒ (1 + γ)F ′(α)α = F (α). (2.55)

Which is the same equation as (2.50) and hence also ϕ̄(α) = γαψ̄(α) Therefore, the
balancing principle calculates the optimal value of α when (Φγ(α))′ = 0.
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Now we are ready to prove the local convergence of the fixed point algorithm, (Al-
gorithm 2). However, before proceeding, we need to introduce an assumption and a
lemma. Let’s begin with the assumption:

Assumption 2.2.1. Let the interval [ζ0, ζ1] satisfy:
(a) ψ̄(ζ1) > 0;
(b) There exists an optimal parameter αb in [ζ0, ζ1] such that D±Φγ(α) < 0 for

ζ0 ≤ α < αb and D±Φγ(α) > 0 for αb < α ≤ ζ1.
Using Assumption 2.2.1, one can guarantee the well-posedness of the algorithm. We
can now state the following lemma, which is essential for proving the fixed-point
algorithm.
Lemma 2.2.1. Let Assumption 2.2.1 hold, and α0 ∈ [ζ0, ζ1]. Then the sequence
{αk}k generated by Algorithm 2 satisfies:

1. It is either finite or infinite and strictly monotone, and increasing (decreasing)
if r(α0) > 0 (r(α0) < 0),

2. It is contained in [ζ0, αb] ([αb, ζ1]) if r(α0) > 0 (r(α0) < 0).
for a proof of Lemma 2.2.1 see [24].

Now we have everything we need to show the convergence of the fixed point al-
gorithm:
Theorem 2.2.2. Let Assumption 2.2.1 hold, and α0 ∈ [ζ0, ζ1]. Then the following
statements hold for the sequence {αk} generated by Algorithm 2

a The sequence {Φγ (αk)} is monotonically decreasing.
b The sequence {αk} converges to the local minimizer αb.

Proof. Let us define the residual r(α) = ϕ̄(α) − γαψ̄(α). We focus on the case
r(α0) > 0. Then the sequence {αk} is increasing, consider the case αk < αk+1. The
function F is concave and thus Lipschitz continuous (see for example [16]), and thus
Φγ(α) is locally Lipschitz continuous. Moreover, Φ′

γ = F (α)γ

α2 (−r(α)) exists almost
everywhere since

(1 + γ)F γ(α)F ′(α)α− F 1+γ(α)
α2 =

(
F (α)γ((1 + γ)F (α)α− F (α))

α2

)

= F (α)γ

α2 (−r(α)) < 0

and it is locally integrable. Therefore, the following identity holds

Φγ (αk+1) = Φγ (αk) +
∫ αk+1

αk

Φ′
γ(α)dα, (2.56)

and since Φ′
γ(α) < 0 then (2.56) implies Φγ(αk+1) < Φγ(αk) and thus the sequence

{Φγ(αk)} is monotonically decreasing, which shows part a.

By Lemma 2.2.1, there exists a limit α∗ ∈ [ζ0, ζ1]. If αk < αk+1 then
Φγ(αk+1) < Φγ(αk) (since it’s monotonically decreasing). For the finite sequence
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{αk}1
k=k0 it hold that:

lim
k→k0

D+Φγ(αk) ≤ lim
k→k0

F γ(αk)
α2

k

(−r(αk)) ≤ lim
k→k0

D−Φγ(αk).

then D±Φγ(αk0) = 0 since −r(αk0) = 0. By Assumption 2.2.1, this local minimizer
αk0 = αb. Now from iterations in the fixed point algorithm we have:

1
γ

F (αk) − αkD
−F (αk)

D−F (αk) ≤ αk+1 = 1
γ

ϕ̄ (αk)
ψ̄ (αk)

≤ 1
γ

F (αk) − αkD
+F (αk)

D+F (αk) .

(2.57)

Since limk→∞ D±F (αk) = D−F (α∗) and the local minimizer αb = α∗, we have

α∗ = 1
γ

F (α∗) − α∗D−F (α∗)
D−F (α∗) ,

and hence, the limit α∗ is the local minimizer αb [24]. This shows part b and hence
proves the theorem. ■

Now that we’ve proved the convergence of the fixed point algorithm, we’ll use the
SVD to rewrite ψ̄(α) and ϕ̄(α). Using a similar approach as in the derivation of
(2.30), that is, starting in a similar fashion as in (2.28), one arrives at:

ϕ̄(α) = V Σ2V TMb− V SUT b (2.58)
ψ̄(α) = Mb (2.59)

where M is a given reconstruction, that is (2.30), (2.40) or (2.41).
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3
Results

The results are presented in two different formats: the first is a three dimensional
view, and the second is a two dimensional view, that is |O| =

√
Re(O)2 + Im(O)2.

Where Re and Im are the real and the imaginary part of O, respectively. Figures
3.1 and 3.2 show these reconstructions using (2.30). Moreover, since Equation (2.41)
is a generalization of Equation (2.40), the focus is mostly on Equation (2.41). The
reconstructions are seen in Figures 3.3 and 3.4. Two things are observed: firstly, the
background of the reconstruction is slightly smoother, but most importantly is the
importance of the regularization parameter. As seen in Figures 3.3 and 3.4, with
α1 = 1 and α2 = 1, the result are sub-optimal. This can even be observed in the
first case, i.e. Figures 3.1 and 3.2. Despite us getting heat, it is not optimized at
all.

Moreover, this section is split into three parts: Test 1, where the results of the
L-curves are presented. Test 2, where the results of Morozov’s discrepancy principle
and lastly, Test 3, where the results of the balancing principle are presented.

The code can be found at the link given in [28].
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3. Results

(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.1: Test 1 and Test 3: Reconstruction using (2.30) with the regularization
parameter α = 1 in three dimensions at each time step.
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(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.2: Test 1 and Test 3: Two dimensional view of the reconstruction (2.30)
with α = 1 at each time step.
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(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.3: Test 1 and Test 3: Reconstruction using (2.41) with α1 = 1 and α2 = 1
in three dimensions at each time step.
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(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.4: Test 1 and Test 3: Two dimensional view of the reconstruction (2.41)
with α1 = 1 and α2 = 1 at each time step.
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3. Results

3.1 Test 1: L-curves
Let’s begin analyzing the L-curves to gain insight into what potential α-values might
be optimal.

(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.5: L-curve plots for all time steps, using the reconstruction (2.30).

Figure 3.5 displays the L-curves for all time steps. On the x-axis, the logarithmic
(second) norm of the residual, while the y-axis is the logarithmic norm of the so-
lution. The optimal value is displayed at the highlighted corner, where the x-value
is the optimal regularization parameter value. Converting the optimal values, we
see that they are all close to 1. This means that an initial optimal value for the
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reconstruction (2.30) is 1, independent of the time step. Unfortunately, the current
L-curve cannot be used for the reconstruction (2.41), as it involves two regularization
parameters. This implies the need for a three dimensional L-curve, which has not
been implemented. However, if the L-curve is implemented on the reconstruction
(2.40) the optimal values are also 1. All of these reconstructions are seen in Figure
3.1,3.2, 3.3 and 3.4.

3.2 Test 2: Morozov’s discrepancy principle
Starting with the reconstruction (2.30), running Algorithm 1 one obtains the results
seen in Table 3.1, where α0 is the initial guess, αlast is the last point on the interval
and α∗ is the optimal, i.e. with the lowest residual ∥M+b− b∥2. The top-down view
and the three dimensional reconstruction are seen in Figure 3.6 and 3.7, respectively.

Time step α0 αlast α∗

1 0.3 0.5 0.430
2 0.4 0.7 0.59
3 0.45 0.8 0.7
4 0.45 0.8 0.69
5 0.49 0.9 0.77

Table 3.1: The obtained results for Algorithm 1 and the reconstruction (2.30),
where α0 is the initial guess, αlast is the last point on the interval and α∗ is the
optimal, i.e. with the lowest residual ∥M+b− b∥2.

The same approach can be applied to the reconstruction (2.41). To emphasize,
Algorithm 1 is looped through two ranges: one for α1 and another for α2. This
process yields the results shown in Table 3.2, where α0 is the initial guess for both
α1 and α2, αlast is the last point on the intervals and (α∗

1,α∗
2) is the optimal pair

of values. The top-down view and the three dimensional reconstruction are seen in
Figure 3.8 and 3.8, respectively.

Time step α0 αlast (α∗
1 , α∗

2)
1 0.09 0.15 (0.150, 0.100)
2 0.1 0.2 (0.150, 0.120)
3 0.1 0.3 (0.130, 0.180)
4 0.14 0.25 (0.230, 0.190)
5 0.14 0.25 (0.230, 0.170)

Table 3.2: Results for Algorithm 1 applied to the reconstruction (2.41), where α0
is the initial guess for both α1 and α2, αlast is the last point on the intervals and
(α∗

1,α∗
2) is the optimal pair of values, i.e. with the lowest residual ∥M+b− b∥2.
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(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.6: Test 2: Morozov’s discrepancy principle according to Table 3.1. The
two dimensional view of the reconstruction (2.30) is displayed.
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(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.7: Test 2: Morozov’s discrepancy principle according to Table 3.1. The
three dimensional view using the reconstruction (2.30) is displayed.
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(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.8: Test 2: Morozov’s discrepancy principle according to Table 3.2. The
two dimensional view of the reconstruction (2.41) is displayed.
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(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.9: Test 2: Morozov’s discrepancy principle according to Table 3.2. The
three dimensional view using the reconstruction (2.41) is displayed.
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The scenario where α1 = 0 in (2.41) was also considered. However, this consistently
yielded poor results, as illustrated in Figure 3.10. Even after selectively choosing
values to avoid poor outcomes, see Figure 3.11, the results remained unsatisfactory.
Consequently, this case was disregarded and not considered further. Nonetheless,
this scenario highlighted the importance of initial values and demonstrated how
significantly outcomes can be affected.

(a) Time step 1 (b) Time step 1 (3D)

Figure 3.10: Two and three dimensional view of Morozov’s discrepancy principle
for the reconstruction (2.41) at Time step 1, with α1 = 0 and optimal value α∗

2 =
0.060 and a starting value α20 = 0.010.

(a) Time step 1 (b) Time step 1 (3D)

Figure 3.11: Two and three dimensional view of Morozov’s discrepancy principle
for the reconstruction (2.41) at Time step 1, with α1 = 0 and optimal value α∗

2 = 0.2
and a starting value α20 = 0.08.
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3.3 Test 3: the balancing principle
The balancing principle: fixed point algorithm (Algorithm 2) was employed on the
reconstruction (2.30) and yielded the results shown in Figure 3.12. For the recon-
struction (2.41), α1 = 1 was chosen based on the previous observations. Running
the fixed point algorithm in this case yielded similar results to those in Figure 3.12,
with all values converging to approximately 1. This is an acceptable value, and the
reconstructions can be seen in Figures 3.1, 3.2, 3.3, and 3.4.

(a) Time step 1 (b) Time step 2

(c) Time step 3 (d) Time step 4

(e) Time step 5

Figure 3.12: The convergence of the Tikhonov regularization parameters for the
fixed point algoeithm (Algorithm 2) for all time steps.
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4
Discussion and Conclusion

In this study, we aimed to find the best method for optimizing the regularization
parameter for Tikhonov’s functional, which originated from a partial differential
equation and was further transformed into a volume integral equation. This equa-
tion was solved using Tikhonov’s functionals, which provided us with three different
approaches for reconstructing the dielectric problem. Depending on the reconstruc-
tion method, the number of regularization parameters varied. To find the optimal
regularization parameters, three methods were employed, each showing different re-
sults.

The L-curves and the fixed point algorithm yielded similar results, indicating that 1
is the best regularization parameter, which is an acceptable value, as seen in Figures
3.1, 3.2, 3.3, and 3.4, both yeilding an error of order 10−1. However, using Morozov’s
discrepancy principle, we obtained better results, as seen in Figures 3.6, 3.7, 3.8,
3.9, all yielding an error of order 10−2 to 10−3. The major drawback with Moro-
zov’s discrepancy principle is the importance of the initial reconstruction matrix. If
one does not choose a good reconstruction matrix, the output may look like Figure
3.10 and even after carefully and tediously optimizing by hand by choosing different
reconstruction matrices as the initial estimate, one may still obtains a rather poor
solution, as seen in Figure 3.11.

Several different attempts were employed to resolve that issue. Among these were
the introduction of boundary conditions either to the original PDE (2.6) or when
minimizing Tikhonov’s functionals. This approach is feasible since the solution on
the boundary is known. One attempt was to set the minimal value of the solu-
tion on the border. Another was taking the simplest case, the max-norm (i.e the
L1-norm) and then setting the constraints. A completely different approach was to
introduce a delta-function such that Morozov’s discrepancy principal (Algorithm 1)
is only applicable in the region of interest, the smaller inner circle. This approach
did yield "optimal" results, meaning the area of interest was completely heated while
the background was not. That is, the cancerous cell was completely dead while the
healthy tissues around it were not heated at all. However, this approach was com-
pletely unrealistic and very hard-coded to obtain a desired result.

In conclusion, the best algorithm to use is Morozov’s discrepancy principle. How-
ever, in its current form, it is not applicable in real-life scenarios because it requires
extensive adjustments to the initial guess. As previously mentioned, setting up a
good set of constraints should resolve this issue.
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4. Discussion and Conclusion

When it comes to the different methods of reconstruction, it is evident that the
simple L2-norm is the best approach. Both of the other methods, the mixed L2-
norm and H1-norm were less effective. Although the H1-norm resulted in fewer
artifacts in the background, it did not concentrate the heat on the cancerous cell
effectively.

One of the aims of this project was to compare the FEM utilized in earlier research
[3, 4, 5], and the FDM utilized in this study. Comparing these two one realizes that
the FEM approach yields better results. Due to the nature of FEM one can refine
the mesh to obtain better results, something that cannot be done with FDM. Hence,
we can conclude that the FEM approach is better than the FDM approach.

The implication of these findings suggest that while advanced regularization tech-
niques can offer improvements, their practical application may be limited simply by
parameter tuning. This highlights the importance of developing robust algorithms
that require minimal manual intervention. One limitation of this study is the de-
pendence on the initial guess for the reconstruction matrix, which can significantly
impact the results. Future research could explore more sophisticated initialization
methods or adaptive algorithms that reduce this dependency. Future studies could
also investigate the integration of machine learning to automate the parameter se-
lection process.

By addressing these points, we aim to make the application of hyperthermia more
practical and reliable in real-world scenarios.
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