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Sample-efficient machine learning with auxiliary information

Leveraging Privileged Information for Efficient Learning in Gaussian DAG Models
Xinxin Tan

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg

Abstract

Our thesis proposes a Learning using Privileged Mediating Information (LuPI) al-
gorithm based on a directed Gaussian graphical model, and analyzes that LuPI
outperforms the Ordinary Least Squares (OLS) model in terms of statistical proper-
ties under known causality by constructing a causal directed acyclic graph (DAG)
containing mediating variables. Using the Rao-Blackwell theorem, it is shown theo-
retically that LuPI can efficiently decrease the mean square error (MSE) and the
expected risk. In the experimental part, the improvement of LuPI over OLS is
verified on a synthetic dataset under different noise levels and sample sizes, especially
under high noise and small sample conditions. In addition, the experiments also
investigate the impact of graph estimation bias on the performance of the algorithm,
and the results show that appropriate removal of redundant edges in the causal
graph can help reduce the variance, which in turn improves the overall performance
of the model. Finally, the experiments based on real datasets further demonstrate
the superiority of the LuPI algorithm under small sample sizes and validate its
application value in complex causal data.

Keywords: Learning using Privileged Information, Directed Gaussian Graphical
Model, Linear Regression, Causal Analysis.
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1

Introduction

Predicting outcomes based on known observations is a very common and classical
type of tasks in the field of machine learning, especially supervised learning. Such
predictions are usually made by constructing a regression model between the observed
variables and the predicted outcomes|1]. However, on the basis of causal analysis, it
is known that the relationship between observed variables and predicted outcomes
may sometimes be an indirect causal effect occurring through one or more mediating
variables rather than a direct causal effect|[2].

To explain this, we first introduce some theories of causal analysis. In causal theory,
the observed variable is usually defined as the variable that is directly measured or
observed in an experiment or study, and the predicted outcome is the target variable
that we want to predict or explain. For example, in a study of patients on a certain
medication, the observed variable is whether or not the patient takes the medication,
and the target variable is the patient’s recovery. If the medication directly improves
recovery, then the effect of the medication on recovery is called as a direct causal
effect, in which the observed variable directly affects the predicted outcome. However,
in the real world, the observed variable may indirectly affect the predicted outcome
by influencing one or more mediating variables. Still in the patient example, the use
of medication may also affect the patient’s recovery by adjusting mediating variables
such as blood pressure and pulse, rather than directly improving the outcome. In
this case, the information in the mediating variable may be ignored if we rely only
on data from the observed variable[2].

Therefore, training a model using only the observations of the dependent vari-
able is not always the best choice, especially when there is insufficient data. In-
stead, sample-efficient machine learning can be achieved by using the observa-
tions of the mediator variable as auxiliary information in training, also known as
Learningwith PrivilegedIn f ormation.

1.1 Related work

The concept of learning using privileged information was first introduced by V. Vapnik
in his paper A new learning paradigm: Learning with privileged information (2009) [3].
The paper discusses an advanced learning paradigm that improves learning models
by providing privileged information in the training process that is not available
in testing. This paradigm is inspired by elements of human teaching: the teacher
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supplies additional information such as explanations, comments, comparisons, etc.
to improve the student’s ability, but in the actual test the student has to solve
the problem independently without the help of additional information. The author
developed this learning paradigm, abbreviated as LuPI, for support vector machine
algorithms, called SVM+ algorithm, which introduces a correcting space based on
auxiliary information in addition to the decision space of the classical SVM algorithm,
where the coefficients in the decision function depend on the similarity measure of the
two spaces. This new algorithm has been implemented on datasets such as biological
and digital images, and also applied to time series data prediction, and in all these
practices the superiority of the LuPI paradigm over the classical machine learning
paradigm has been demonstrated.

Recently, an efficient learning method using time-series privileged information
(LuPTS) has been proposed by Karlsson et al[4]. This new method is based on the
assumption of Gaussian linear systems and Markovian time series, and uses samples
of the time series observed between the baseline time and the future outcomes as
privileged information to help train the linear regression model. Compared to the
ordinary least squares(OLS) estimator, which is the estimator with the least mean
squared error when predicting using only the baseline variables, LuP'TS is theoreti-
cally proven to be unbiased like OLS when the model assumptions are met, and has
smaller variance and mean squared error than OLS. Since LuPTS introduces possible
bias if the assumptions are not satisfied, the authors use a generalized distillation
method [5] that combines the LuPTS and OLS methods for the bias-variance trade-off.
Experiments on time series data show that the generalized distillation method and
the LuPTS method achieve a better performance than the classical OLS method.

Jung et al.[6] further developed time series privileged information learning and
extended it to nonlinear systems. Their algorithm builds on the idea of kernel
methods to estimate nonlinear relationships using a random feature map implemented
as a neural network. Through the nonlinear map, a Markov chain time series is
established that conforms to the assumption of a Gaussian linear system, which
makes it possible to apply the theory of linear systems and to extend it to nonlinear
systems. Similarly, the idea of generalized distillation has been adopted for bias-
variance tradeoffs. While the current work focuses on modeling time-series data, in
this project we aim to generalize the privileged information learning algorithm to a
wider range of DAG models.

Given the existing focus on time series models, the practical approach and perfor-
mance of learning with privileged information in more complex graphical models
remain unclear. Therefore, our project aims to investigate the theory and experiments
of Learning using Privileged Mediating Information (hereafter referred to as LuPMI)
in the special case of directed Gaussian graphical models.

1.2 Purpose of research

The main goal of this project is to develop a generalized method based on directed
Gaussian graphical models that uses privileged information to improve the perfor-
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mance of classical supervised learning algorithms. This approach aims to improve
the accuracy and reliability of the model compared to the classical method. Our
specific goals in this project are as follows:

e Algorithm: Develop and implement an algorithm to improve the prediction
of regression models by integrating privileged information based on directed
Gaussian graphical models.

o Theory of Effectiveness: Theoretically analyze the proposed algorithm,
focusing on its bias and variance properties, and determine its effectiveness
over classical methods.

o Evaluation: Evaluate the performance of the algorithm on synthetic and
real datasets, comparing its performance differences with classical regression
methods, thus demonstrating its practical application and advantages.

1.3 Research questions

How does the performance of the proposed algorithm(LuPMI) compare
to classical regression methods when applied to datasets?

Experiments on both synthetic and real data show that the LuPMI algorithm
generally outperforms the OLS algorithm. On synthetic datasets with known real
graphs, LuPMI consistently shows a lower relative mean square error (MSE) than
OLS, especially in situations with smaller sample sizes and higher noise levels. In
the real dataset, R-squared scores indicate that LuPMI provides a better model fit
than OLS, confirming its effectiveness.

Furthermore, experiments on DAG estimation bias show that LuPMI’s performance
remains reliable even when edges are ignored or mis-estimated. While ignoring edges
introduces bias, it also reduces variance and thus improves performance in high-noise
conditions. In contrast, adding redundant edges increases variance but does not
introduce bias, and LuPMI still matches or exceeds OLS performance. These results
show the soundness and superior performance of LuPMI in a variety of experimental
setups, demonstrating its potential benefits in real-world applications.

What modifications are required to extend the current LuPTS algorithm
to a generalized DAG model?

The most critical change in the generalization from LuPTS to LuPMI is due to the
modeling assumptions. The LuPTS algorithm is based on a Gaussian dynamical
system in time series and thus has explicit causality of a single path. On the other
hand, the LuPMI algorithm extends the model to an arbitrary directed acyclic graph
between the prediction target and the independent variables, thus involving a more
complex multi-path causal relationship. Thus, the result of the LuPMI algorithm is
predicted based on the joint influence on multiple paths. In addition, the assumption
of column linear independence of the dataset of a single variable in the original
LuPTS algorithm is modified to the assumption of column linear independence of
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the dataset of all parent nodes in the LuPMI algorithm. That’s because the LuPMI
algorithm performs multivariate linear regression.

What is the improvement of the LuPMI method over the current LuPTS
method?

The LuPTS method is proposed in the setting of time series data that are assumed
to come from a Gaussian linear system and follow the Markov chain assumption.
The data at each time point depend only on the previous time point, forming a strict
sequential dependency. However, the LuPMI method extends this assumption and is
no longer limited to time series. Our model assumption is based on directed Gaussian
graphical models, which means that the causality of the model is represented as
a directed acyclic graph (DAG). In this model, a variable can depend on multiple
parent nodes that are not necessarily in time order, and the state of any node is inde-
pendent of other unconnected nodes. With this conditional independence assumption,
the underlying causal dependencies of the data are conveniently summarized and
visualized.

This extension makes LuPMI suitable not only for time series data, but also for other
datasets with causal structures, such as causal inference problems in economics and
medicine. It is possible to use information about observed and mediating variables in
different directed graph structures to improve prediction. Therefore, the improvement
of the LuPMI method over the LuPTS method is that it extends from a specific
time series to a more general directed graph model that is able to deal with complex
causal structure data.

Can the proposed algorithm generalize well across different types of
datasets, including those with various levels of noise?

In our experiments in Chapter 4, the algorithm performs well on a variety of synthetic
and real datasets and is able to effectively adapt to the noise in the data. By using
privileged information, the algorithm significantly reduces the variance of the model
on highly noisy datasets while keeping the bias low, thus improving the overall
prediction performance. Besides, the experiment results also show that the algorithm
retains robustness even in the presence of missing data, indicating that it has good
generalization ability and is suitable for various application cases. In addition, the
distillation method can avoid the effects of missing data to some extent because it
combines the advantages of the LuPMI algorithm and the OLS algorithm, which
are trained on non-missing data. This allows the algorithm to provide more reliable
results than classical regression methods in practical applications, especially when
dealing with complex and imperfect data. Therefore, it is reasonable to expect that
the proposed algorithm can consistently provide excellent performance under various
noise levels and missing data conditions.

4
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1.4 Outline

This chapter offers a fundamental overview of our thesis project, detailing its purpose
and motivations. In the next Chapter 2, we will specifically present the background
needed in order to understand the theory and results of this project. Chapter 3 then
contains our detailed model assumptions and mathematical formulation on which
we develop our algorithm and effectiveness theory. Subsequently, the experimental
results are presented in Chapter 4, encompassing both the synthetic and the real
datasets. The final chapter, Chapter 5, summarizes the findings of the study and
provides insights into potential avenues of research for future exploration.
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Background

2.1 Notation

For the convenience of our illustration, there are some notations to clarify at the
beginning of all theoretical foundations. First, the following notations are used to
distinguish variables, observations, and data:

 Variables/nodes are denoted by the uppercase letters X, since they are corre-

sponding in our problem.
Observations/samples are denoted by the lowercase letters x.

All observations for a variable X in the dataset are denoted by the bold
uppercase letters X, which can be either a matrix (for a vector variable X) or
a vector (for a scalar variable X).

Second, to describe the structure of a directed acyclic graph G = (V, £), we set:

V represents the set of all nodes, i.e. the set of all variables in the model,
V={Xy,...,.X,,,Y}

& denotes the set of all edges, and (X,Y) € £ represents the edge from the
node X to the node Y(X € Vand Y € V).

Pa(X) denotes the set of all parent nodes of the node X.

P(Xi, X;) denotes the set of all paths from node X; to node X, which means
every element (i.e., path) p in the set P(X;, X;) is a subset of £, ie., p €

Based on the above, i, denotes the index of the parent node of Y in the path p.

Moreover, in the context of vectors and matrices:

X, represents the i-th component of the vector X.

A;; denotes the j-th element of the i-th row of the matrix A.
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2.2 Directed Gaussian graphical models

A graphical model is a tool for describing and dealing with complex dependencies
between variables in a dataset using graphs, which can be categorized into directed
and undirected graphical models. A classical case of directed graphical models is
Bayesian networks, commonly used to visualize the causal relationships of variables.
A simple example is shown in Figure 2.1.

The key in graphical models is to represent the joint distribution of a number of
variables with dependencies based on the assumption of conditional independencel[7].
Further, in Bayesian networks, it is assumed that each variable depends only on
its parent node and is conditionally independent from all other nodes when its
parent is observed. Therefore, the joint probability distribution of all variables in
a Bayesian network can be discretized as a product of the conditional probability
distributions(CPDs) of each variable.

Weather

Season

Figure 2.1: A simplified version of a Bayesian network to represent the impact of various
influences on traffic, where each node represents an influence and the arrows indicate the
causal relationship between them.

Directed Gaussian graphical models (directed GGMs), also referred to as Gaussian
Bayesian networks, represent a specific type of model in which the relationship
between random variables is linear and the noise is Gaussian. The model is based on
a directed acyclic graph that represents the conditional dependency relationships. In
detail, for a variable X in the directed GGM, its conditional probability distribution
has the form|8]:

p(X | Pa(X)) = N'(X | jix, Bx),

where ¥y denotes the variance matrix. And the mean, ux, is related to the following:

px = Bx + Z 82

ZePa(X)

In this context, the weight parameter corresponding to the parent variable Z of the
variable X is represented by (. Similarly, Sx represents the intercept. The above
CPD relationship can also be expressed in noise form as follows[7]:

X=0x+ Y. ByZ+ex, ex~N(0;x).

ZePa(X)

It implies that when all parents Z of a variable X in a Gaussian Bayesian network
are observed, the expectation (i.e., the mean of the Gaussian distribution) of that
variable X is linearly dependent on the observations of all parents. In addition, since
the CPD of X is a multivariate Gaussian distribution, its variance matrix is explicitly

8
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a diagonal matrix. Furthermore, when the Gaussian noise is isotropic, every value
on the diagonal will be equal, i.e.,

Yx = lo%,

where [ is the unit matrix, ox is the standard deviation of each component of the
vector X. Overall, the Gaussian Bayesian network model with isotropic Gaussian
noise is the main case considered in this thesis, and our algorithms and theories are
based on this model assumption.

2.3 Learning using privileged information(LuPT)

Classical supervised learning tasks involve an input space X and an output space ).
The goal of these tasks is to learn a mapping function

feF and f: X =Y

from the training data {{z;}"_,, {y:}"_,}, which predicts the corresponding output
Y € Y for any new input X € X. In order to measure the effectiveness of the
mapping function f, the loss function L(Y, f(X)) is introduced to compute the
difference between the model’s prediction ¥ = f(X) and the true label Y. There are
many types of different loss functions, and it depends on the condition of the task to

choose which function to use. In our project, the main loss function used is the :

A

LY,Y)= (Y -Y)

The loss function calculates the difference for each pair of (Y, f(X)), which can be
seen as a kind of local evaluation. Furthermore, to achieve the best performance in
the whole dataset, we need to synthesize the loss to all the predictions on the entire
input space, which leads to the concept of expected risk(also known as expected
loss[1]). It is related to the data’s probability distribution P(X,Y’) and is defined as

R(f) = Exy)~plLY, f(X))],

where E(xy).p represents the expectation with respect to the data distribution
P(X,Y). However, since the data distribution P is usually unknown, the expected
risk is difficult to compute directly in most cases. Therefore, the empirical risk is
used as an estimate of the expected risk. Assuming that the training dataset is
{(s,y:)}1~,, the empirical risk is defined as

Remp(f) = E(ylv f(xl))

n

i=1

E(X7 Y? f)?

Sl— 3=

where X = {z;}?; and Y = {y;}!",. So when the squared loss function is used,
the empirical risk is actually equivalent to the mean square error (MSE). Given the

9
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training dataset D = {X, Y}, the optimal mapping that minimizes the empirical
risk can be estimated as

A

f =argmin R.,,,(f | X,Y).
feFr

However, instead of the conventional supervised learning paradigm, there is also
a learning method that makes more efficient use of the auxiliary information that
may be available. As these auxiliary data are employed only in the training set and
are unavailable in the test set, they are also referred to as "privileged information."
Accordingly, the learning paradigm that makes use of such auxiliary data is known
as learning with privileged information(LuPT)[3], [9].

In detail, additional data, denoted X*, and an auxiliary function, g € G, are
introduced into the learning using privileged information. Thus, the training dataset

is changed from the tuple {X,Y} into the triple {X, X*, Y }[9], which results in the
optimal solution problem as follows:

arg min R, (f, 9 | X, X*,Y).
fEeF,geg

The form of the auxiliary function g depends on the specific case, since there are
a number of possible forms and sources of auxiliary information, X*. As a simple
instance, consider a time series with the same interval between time points. In this
case, the observations at time t 4+ 3At can be predicted based on the observations
at time ¢. Then the observations at ¢ + At, ¢t + 2A¢ are also useful for training.
Furthermore, we can even use the data at time t + 4At and beyond. Although the
future data is actually not visible at time ¢ + 3At, it does not cause an information
leakage problem because it is only used in the training set. In fact, the time series can
be seen as a straightforward example of a Bayesian network (Markov chain). Besides,
the construction of the auxiliary function depends on whether the relationship
between the variables is linear or nonlinear, and on the machine learning method
used. In our thesis, the main application of the LuPI paradigm was in the field
of classical linear regression, and thus the algorithm was designed under similar
assumptions to the linear regression models.

2.4 Linear regression

Linear models are widely used in machine learning, and linear regression is one of
the main applications. The goal of linear regression is to predict the conditional
expectation E[Y|X] from the input X € R, where Y € R is the target variable.
Assuming a linear relationship between the independent variable X and the target
variable Y, the general form of linear regression is expressed as[10]:

d
E[Y;|X] = Boj + > Bi X,
=1

10
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where 3;; are the parameters to be estimated. If it is matrixed, i.e,

Bor Boz -+ Bog
g 5:11 5:12 B:Iq
Bar Baz -+ Bag
and let X = (1,Xy,...,X4)7, then the equivalent vector form expression of the
above equation is
E[Y|X] = g7 X.

A noise term is usually introduced to represent the uncertainty in the prediction,
and so the model between Y and X is typically assumed to be a linear relationship
with Gaussian noise. Let € denote the noise term, which is assumed to be normally
distributed with a mean of zero and a constant variance. Then the linear model is

Y =8TX +e, e~N(0,3).

Since each component of Y is assumed to be independent (i.e., the covariance between
them is 0), ¥ has to be a diagonal matrix. Whether or not each element on the
diagonal of ¥ is equal depends on if the noise in the system is isotropic or not. For
isotropic noise one has

Y = oI,

Instead, anisotropic Gaussian noise results in unequal diagonal elements. Based on
the construction of all the above, it can be summarized that the linear regression
models has some key assumptions as follows:

o The relationship between the target and independent variables is linear.
e The noise term € is Gaussian and has zero mean.
o The variance of the noise term is constant, i.e. Var(e) = X.

e The noise term is uncorrelated with the independent variable X, and each of its
components is independent of each other, i.e. Var(e|X) = ¥ and Cov(e;, €;) = 0.

2.5 Ordinary least squares

Since the true parameter matrix § in a linear regression model is usually not
known, it is necessary to estimate the values of the parameters through obser-
vation samples. Typically, such estimation is based on a set of training data
D = {(z1,v), (x2,92),-..,(xN,yn)}, where each z; is the feature vector for the
i-th sample. One of the most common estimators is the least squares method. As
the name implies, it uses the mean square loss as the criterion for fitting, with the
goal of finding the coefficient 3 to minimize the residual sum of squares (SSyes)[11]:

N

SSres(B) = Y _(yi — f(x:))?,

=1

11



2. Background

The residual sum of squares is a measure of the discrepancy between the predicted
and observed values of a regression model. To matrix the above equations, let
X =(L,21,...,2m)"  and Y = (y1,...,ym)’. The residual sum of squares can then
be expressed as

SSres(ﬁ) = (y - X6>T(y - Xﬁ)

It is a matrix function with derivative with respect to 3:

05 S5;es
9p

To find the minimum value, set the first order derivative to zero, i.e,

= —2X"(y — Xp).

X"(y - Xp) =0.

Assume that X has full column rank, which means that all features of the independent
variable X are independent or approximately independent of each other (this is easy
to achieve when the number of samples N is much larger than the number of features
d+1). In this case XTX is invertible, resulting in a unique solution:

6= (X"X)"'X"y.

The solution is commonly known as the least squares estimator, which can be shown
to be unbiased. By replacing the model y = X/ + € into the expression for the
estimator, one has
B = (X"X)"'X" (X8 +¢)
= (XTX)"'XTXS + (XTX) ' X e
=B+ (XTX)"'X e,
Further, computing the expectation of B yields

E[f] =E |8+ (X"X)"'X"¢]
= B+ (XTX)"'XTE[¢].

By the basic assumptions of the linear regression model, Ele] = 0, so the above
equation reduces to .
E[f] =8,

which indicates the unbiasedness of B . Given the positive relationship between the
mean squared error (MSE) and the sum of squares of the residuals, as indicated by
the equation SS,.s =n- MSFE, it is evident that the least squares estimate is the
optimal estimator in terms of MSE. In addition, one metric used to evaluate the fit
of a regression model is the R? score (coefficient of determination). It takes a value
between 0 and 1 and indicates the proportion of variation in the dependent variable
that is explained by the independent variable, with higher values being better. If R?
is close to 1, the model explains the variation in the data well; if R? is close to 0, the
model explains the data poorly. The R? score is generally defined as

B SSres
SStot ’

R2=1

12
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where S5, is the total sum of squares, i.e., the sum of squares of the differences
between the real values and the means. The formulas are

n

SSior = Z(?Jz - ?3)2;
i=1

SST@S - Z(yz - yAi>27

=1

where y; is the first ¢ observation, y is the mean of the dependent variable y, and ;
is the predicted value of the first ¢ observation.The relationship between R? and MSE
can be expressed by the sum of squares of the residuals and the total sum of squares:

SSres _q n-MSE

R*=1- =1—- =
S Stot i1y — 9)?

Thus, both R? and MSE measure the prediction accuracy of the model. However,

since R? is a normalized ratio, it is easier to interpret and can be used to compare

the performance of different models. MSE, on the other hand, provides a measure of

absolute error and is more commonly used to observe trends.

2.6 The Rao-Blackwell theorem

The Rao-Blackwell theorem|[12], [13], an important statistical theorem, provides a
way to improve an estimator by conditioning expectations on a sufficient statistical
quantity. Specifically, if we have an estimator 0 for the parameter 6 and a sufficient
statistic T" for 6, then the Rao-Blackwell improved estimator 0% is given by o =
E[f | T]. The theorem shows that the improved estimate * remains unbiased, and is
better than or equal to the original estimate 0 in terms of the mean square error, i.e.

E[(6" - 6)?] < E[(0 - 6)7]. (2.1)

The most important thing that has been needed in our theory is the argument idea
of this theorem. As discussed in the statistics lecture notes of R. Weber[14], a short
proof of the equation 2.1 is as follows:

E[(0* - 0)2) =E [(E(0 | T) - 0)?]
=E[E((0-0) | T)]
<E[E((0-0)|T)]

In the above proof, the second line uses the conditional expectation property, the third
line uses Jensen’s inequality, and the last line is due to the law of total expectation.
A similar proof will follow for Theorem 1 in this thesis. In addition, the mean square
error can be decomposed into two parts, the variance and the square of the bias, by
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the following steps:

MSE(8) = E[(d — 0)?]
— E[(6 — E[d] + Bias(6))?]
— E[(A — E[0])? + 2(A — E[d]) Bias(d) + Bias(f)?]
— Var() + 2 Bias(0)E[) — E[0]] + Bias(d)?

r(0
ar(f) + Bias(0)?.

I
<

Again, since both the improved estimates 0* and the original estimates 0 are unbiased,
their variances will also satisfy the inequality

Var(6*) < Var(d).

2.7 Distillation Method

The technique of knowledge distillation was proposed by Hinton et al. in 2015[15].
It transfers knowledge from a large, complex model (called a "teacher model") to
a smaller, simpler model (called a "student model"), which allows the simplified
model to run more efficiently with fewer resources, while maintaining relatively high
performance. The principle of knowledge distillation is based on two core functions,
the adjusted softmax function and the distillation loss function, which allow the
student model to efficiently learn its prediction distribution from the teacher model.
Softmax, a standard output layer for multi-class classification problems, transforms
logits that are inputs to a model output layer into probability distributions. It is
defined as

exp(z;/T)
>5_, exp(z;/T)

softmax(z;, T) =

where z; is the logit of the first ¢ category, C' is the total number of categories, and
T is the temperature parameter. In the distillation process, the sharpness of the
output of the softmax function can be adjusted by introducing T'. The higher the
temperature 7', the smoother the resulting probability distribution. In addition, to
combine information from the teacher model and the observed data, the distillation
loss function is usually a weighted sum of two parts. The first part is the cross-entropy
loss between the student model output and the teacher model output, i.e., the soft
target loss, and the other part is the cross-entropy loss between the student model
output and the real label, i.e., the hard target loss:

L=o-H (softmax(zs, T), softmax(2", T)) + (1 — «) - H (softmax(2°,1),y)

where 2® and z' are the logits of the student and teacher models, respectively, ¥
is the one-hot coding of the true labels, « is a hyperparameter that controls the
importance of the two parts of the loss, and H denotes the cross-entropy function.
However, to implement distillation methods in regression tasks, different loss and

14
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distribution functions have to be used. In our directed Gaussian graphical model,
the neural network is replaced by linear regression, while the cross-entropy loss is
replaced by the squared loss. As a result, in Section 3.4, we will derive an expression
for the estimator in this case and show that the mean square error of the distillation
estimator will lie between the mean square error of the estimate of its teacher model
and the mean square error of the ordinary least squares estimate.

15
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3

Theory

This chapter describes the Learning using Privileged Mediating Information (LuPMI)
algorithm based on Directed Gaussian graphical models. First, the problem for-
mulation and model assumptions are given in the first section, followed by the
corresponding algorithms using the model assumptions. Then, the effectiveness
theory of the algorithms is presented and proved.

3.1 Problem formulation

The task of this thesis is to find a model, specifically a function h € H, where
H C {f: R? — R}, that predicts the outcome Y € R from the independent variable
X, € R% The system is primarily structured on the basis of a directed Gaussian
graphical model(directed GGM), with a few additional assumptions. In detail, our
problem is modeled as a causal DAG, where X is the root node and Y is the leaf
node. There are a number of mediating variables X5, ..., X,, € R? on the path from
X1 to Y. As one of the basic assumptions of the directed GGM, it is supposed that
each node depends only on its parent nodes and is conditionally independent of other
nodes given its parents. A simple example of the specific system is shown in Fig.3.1,
which involves 3 mediating variables and 3 paths from X; to Y.

&)

£

Figure 3.1: An example of the model, where the blue nodes represent the mediating
variables Xo, X3, X4, and the yellow-brown nodes represent the independent variable X;
and the outcome variable Y, respectively.

In the previous chapter, we introduced the mathematical formulation of directed
GGM, expressed as a linear relationship with Gaussian noise. Similarly, the following
assumption is proposed as the foundation of the theory as a rigorous and explicit
expression of the model.

Assumption 1. (Directed GGM) For any variable belonging to V = { X1, ..., X, },
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3. Theory

it is assumed that the variable is only linearly related to the variables represented by
all its parent nodes in the DAG, with isotropic noise, and conditionally independent
with respect to all other variables, that is,

Xpe= Y (Aw)"X;+e, wheree, ~N(0,0%)

X, €Pa(Xy)

Y = Z @Tpxip + ey, where ey ~ N (0, UZ)

X, €Pa(Y)

The parameters {A;; | (4,k) € €} and {f;, | Xi, € Pa(Y)} in Assumption 1 are
also called "path coefficients" in the model. Where {Aj; | (j,k) € £} denotes the
linear relationship between the independent variable and the mediating variables and
between the mediating variables and the target variable, and {3;, | X;, € Pa(Y)}
denotes the relationship between the mediating variable and the target variable.

On the basis of Assumption 1 and the directed acyclic graph, it is clear that
an analogous relationship exists between X; and Y. This can be formulated as
Y = 07 X, + ¢y, where the parameter 6 and the noise ¢ are derived from the following
equations:

0= > [(( II Aij) Bip]’ (3.1a)

peEP(X1,Y) X, X;)€p

n
T
€ = Z Hkyek + ey, where 0 = Z
k=2 pEP(Xk,Y)

( H Aij> Bip] ) (3.1b)
(X5, X;)ep

From the above equations, it is obvious that the effects of the independent variable
X on the target variable Y are accumulated along the paths, which eventually
appear as the summation of the effects of multiple paths. Based on Eq.3.1, we can
calculate the real coefficients and noise levels between X; and Y in the synthetic
dataset, which is useful for estimating the characteristics of the synthetic system and
provides theoretical support for the experiments in Section 4.2.1.

3.2 Algorithm

Before introducing the algorithm and the efficiency theory, there are some notations
and rules that need to be clarified. For complicated sets, {X | condition A} denotes
all elements X that satisfy condition A. For example, {A;;|j € Pa(X})} denotes
a set in which each element fljk has a subscript index jk satisfying j € Pa(Xy).
Furthermore, since the index 7 of the nodes in the DAG is artificially determined, we
can define the index rule as Pa(Xyy1) C {X1,...,X,}. That is to say, all the parent
nodes of a node Xj; must have a smaller index (< k) than it. This index rule is
only for the convenience of theoretical proofs and statements, and is not needed in
the real implementation of the algorithm.

The whole training dataset D = {x;1,..., 2, ¥i }7%, is a set of independent random
samples observed from distribution p(Xy,...,X,,Y), where z;, represents the i-
th observation of variable X,. As an alternative form, it can also be written as
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3. Theory

({X;}121,Y), where X; = (21,...,%my;)" and Y = (y1,...,ym)". For simplicity of
expression, Pa(X;) represents the data of observations corresponding to the parent
nodes of the node X;. As a metric for evaluating the model, our goal is to obtain the
minimized expected risk. The expected risk is typically estimated by the empirical
risk, and the estimator that minimizes the empirical risk is obtained from the ordinary
least squares method. Based on the above, we apply ordinary least squares step by
step to all causal relationships in the DAG, which leads to Algorithm 1.

Algorithm 1 Learning using Privileged Mediating Information(LuPMI)

Input: Data D :{z;1,...,%in,yi}% ; graph G = (W, €)
for every node X; in G do

o By AtV i = il
{Ajr| Xj € Pa(Xy)} = argmin = 37 s€Pa(Xy)

{A;| XjePa(Xy)} =1 m

- Bz;xmp - yzH2
m - X;,€Pa(Y)

{Bip | X;, € Pa(Y)} = argmin Y

end for

{Bip | Xip €Pa(Y)} =1 m
for each path p in DAG from X; to Y do
A4y = Il Ajp,

(X;,Xr)€path p
=A

/\

o5,
end for
return § = Z

P

On Algorithm 1, estimates of all path coefficients, {A; | (j, k) € £} and {sz | X

Pa(Y)}, are obtained by multivariate linear regression. This is because when a node
in a Bayesian network has more than one parent, its conditional probability is a joint
distribution with respect to all of its parents. Finally, based on the estimation of all
path coefficients, the estimator of the parameter theta in the system is expressed as

éLuPMI = Z [(( H Azy) sz] :

pEP(X1,Y) X;,X;j) inp

3.3 Efficiency theory

In order to theoretically verify the efficiency of Algorithm 1, the discussion in this
section is based on ideal conditions, i.e. it is assumed that the causality of the
variables in the data set is known. In this case, the performance of the LuPMI
estimator has an improvement in statistical properties compared to the classical OLS
estimator. Using the Rao-Blackwell theorem and related lemmas, it can be shown
that the LuPMI algorithm has advantages in terms of Mean Square Error (MSE)
and Expected Risk. The mean square error of the parameter estimates is defined as

MSE(0) := Ep[||d — 0]12).

19



3. Theory

And the expected risk is an expectation of the trained model’s performance across
all potential datasets and in our model is expressed as

R(0) :==Ep [Ex,y [((07X1,Y)]].

The outer expectation is the expectation of the random traning dataset, while the
inner expectation is the expectation of the joint distribution of the input-output
pairs. Then the following lemmas and theorems prove that the estimation error and
prediction risk of the LuPMI estimator are not inferior to the classical OLS method
when the causal relationship is known, and in some cases show obvious advantages.

Theorem 1. Let D = (X,Xs,...,X,,Y) be a random dataset from a known
directed Gaussian graphical system as defined in Assumption 1, Orupur be the output
of Algorithm 1, and Oops = (XTX1) 2 XTY be the classical least squares estimator-
With isotropic noise defined in Assumption 1, OLuprir i unbiased, and

MSE(éLuPMI) = MSE<éOLS) —Ep[Tr( COU(éOLS|éLuPMI>>]7

Further, it holds for the expected risk that over any samples (X1,Y),

R(éLuPMI> = R(éOLS) - ED,Xl[VaT(;OLS((éOLS, X1)|éLuPM])]~

The key to the efficiency of the LuPMI algorithm is stated and proved in Theorem 1,
which illustrates the advantages of the LuPMI algorithm over classical least squares
estimation in terms of MSE and expected risk. The LuPMI estimator éLupMI has
a smaller MSE than the OLS estimator fors under Assumption 1. The proof of
this theorem is based on Lemmas 2 and 3, as well as the standard Rao-Blackwell
argument. Therefore, before giving a detailed proof, we first state the following
lemmas.

3.3.1 Orthogonality of residuals

First, we show that there is still orthogonality between the residuals and the regressor
matrix even for multivariate linear regression. Consider any node Xy, (k=2,--- ,n),
then all possible parents of the node X}, are contained in {Xj, ..., X;_1} according to
our indexing rule Pa(Xy) C {Xi,..., Xs_1}. Besides, in Algorithm1, the estimators
of the edge coefficients between each node and its parent node is determined by the
following least squares estimation of the multivariate linear regression

(A | X; € Pa(X)} = argmin L
{Aji | X;€Pa(X)}

where L is the squared loss function and
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For each i such that X; € Pa(X}), compute the components of the gradient % to
obtain estimators that minimize the loss function,

oL 0
= A XD 4 Ay XT - XT XA + XA — X
0Ay — 0Ay ; Ay A ; 45k el =
| \X,€Pa(Xk) XjePa(Xy)
0
ik j#i X, ePa(Xy)
X ;€Pa(Xy)
=2 > X!X;A; —2X!X;.
X ;€Pa(Xy)

Let the gradient be 0, we obtain that the minimizers should satisfy

XZT (Xk — Z Xjfljk> =0 for any X; € Pa(Xy),

X, €Pa(Xy)

where the bracketed parts are the residuals Ry = Xy — X x;epa(x;) Xjfljk. So the
above equation is equivalent to

XTRy =0 for any X; € Pa(X}).

3.3.2 Symmetry of the conditional distribution

In a directed Gaussian graphical model, dependencies between nodes are represented
by the edges of the DAG, and the mathematical representation of these dependencies
is usually described by conditional distributions. It is worth noting that certain
conditional distributions are shown to be symmetric, as follows:

Lemma 1. Let K = {A;; | (X;,X,) € E}U {sz | X;, € Pa(Y)} be the set of all the
edge coefficient estimators obatined by Algorithm 1 and let D = (X1, Xa, ..., X,,Y)
be a random dataset from a directed Gaussian graphical system with isotropic noises
as defined in Assumption 1. Define

X,= Y X;A;+Ry,

X, €Pa(X})
X, = > X;A; Ry
XjePa(Xk)
Then for any k =2,--- ,n, it holds that
p(Xk:IXla---)Xk—l) ZP(XHXl,---’Xk—l) (32)

and
p(Y|Xy,....X,) =p(Y'|Xy,...,X,). (3.3)
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Proof. Let €, = €, — 2Ry, where €, is the Gaussian noise for the variable Xj. Then
we have from Assumption 1:

Xp= > XA+ Ry

X, €Pa(X})
and

X]'EPa(Xk)
= X, — 2Ry

= Z XjAjk + €L — 2Rk

X;€Pa(X},)
= . XjApte,
X;€Pa(X},)
Thus, Eq.3.2 is equivalent to p(€x|Xy,. .., Xk_1) = p(€;|X1,. .., Xk_1). Furthermore,

the probability distribution function p of Gaussian noise depends on the inner product
of the noise. By definition,

e, e, = ele;, — ART e, + AR R, = €l e, — 4R] (€, — Ry,).

With Ry = X — S x, epa(x,) XjAjk, it’s obtained that

Ri(e,—Ry) =Ri |(Xp— > Xjdp) - (Xpn— Y X;4Au)

X;€Pa(Xy) X;jePa(Vk)
=Ry Y X;(Aj—Ap)
X;€Pa(Xy)
= S RIX;(Ajp - Ajp).

X;€Pa(X})

Since R{X; = 0 for any X; € Pa(X}), we get R{ (ex — Rx) = 0, which implies

€. €, = €elep.
This means that €}, and € are either equivalent or differ by a negative sign because
the noise is isotropic. And since the Gaussian distribution is positive-negative
symmetric, the distributions of €} and €, are the same in both cases, thus proving
Eq.3.2. And for Eq.3.3, it can be proved by showing that e’YTe’Y = el ey using a
similar argument. O

We also propose the following conjecture. Although we are not yet able to strictly
prove it, there is a possible idea for a proof that could provide a preliminary
demonstration.

Conjecture 1. Let K = {A;; | (Xi, X;) € E}U{B,, | Xi, € Pa(Y)} be the set of all the
edge coefficient estimators obatined by Algorithm 1 and let D = (X1, Xs,...,X,,Y)
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be a random dataset from a directed Gaussian graphical system with isotropic noises
as defined in Assumption 1. Define

Xp= > X;A;+Ry,

X;€Pa(Xy)

X,= > X;A; Ry

X, €Pa(X})
Then for any k = 2,--- ,n, it holds that
P(E X, X, Xi) = p(K[X, o X1, X))

and

/

p(K|Xy, ... X0 Y) = p(K|Xy,.... X, Y).

Potential idea of proof:

Proof. To show p(K | X1, Xa,...,Xg) = p(K | X1, Xs, ..., X',), we first define B =
(Birs B1ys - - -, Bi,) " (assume the node Y has s parent nodes), A= (A, A, ... A
(assume the node X; has t parent nodes) and X; = (X;,, Xi,, ..., X;,) "

Then, p(K | X1, X, ..., X}) can be factorized as
p(B 1 An, An 1, X0, X)p(A | Ay, AL XX (A | XL X
let C,, = {Ag, o ,Am} for m = 2,--- ,n, it’s sufficient to prove:

p(An | O, Xay o, X)) = p(A,, | Crt, X, 0, X))

p(B | Coy X, Xa) = p(B | Cos Xy, XE)
for any m. With the distribution of OLS estimator, it’s known that

A | Crot, Xy Xy~ N (A, 02 (X, X) ™| Gy, X, X))

Bl Cu, Xy, Xp v N (B, 0VE [(X)Xy) 7 | Coy X, Xi])
Then it is sufficient to show
E[(X0Xm) ™" | Cret, X, Xi| = E[(X)X0) ™ | Gy, Xa, 0, X, (34a)
E|[(XyXy) ™ | Co Xy, X = E[(XPXy) ™ G, Xy, X (3.4D)

In partitioned matrix form, (X X,,)~" can be written as

-1

X Xy X[ X ... XX,
KK X, Xy XX ... XXy
XXy X[Xp ... X1Xy

Then it’s sufficient to show XX for any X;, X; € Pa(X,,), given the conditions
{Crn—1, X4, ..., X, } and {C},-1, Xy, ..., X} } respectively. Also, since X; is the only
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independent variable in our model, the data of the variable X; (i = 2,--- ,n) in the
DAG can be represented as follows according to Assumption 1:

X; = Xifu; + Ri,  where fi;; = Z [( H Arq)
(

pEP(X1,X;) X, Xq)EDP

where R; is the combined residual. Through the same steps as in Eq.3.1b, this
combined residual is expressed as

R, =Y Riu;+R;, where ;= ) [( 11 A”f)
(

=2 pEP(X1,X:) Xr,Xq)Ep

Therefore, applying the above decomposition to X X; (for X;, X; € Pa(X,,)) yields

X! X; = (Xyfii + Ry) T (Xau; + Ry)

. . _ _ R (3.5)
Al (X X))y + R Xajuy + 4 (X{ Ry) + R/ R,

Since X;, X; are assumed to be the parents of X,,, i, j are less than m according
to our indexing rule Pa(X.1) C {X1,..., Xi}. Meanwhile, fi;; relies only on path
coefficient estimates fqu for all paths from X; to X; (similarly, the indices r, ¢ are
also all less than m). So fi; is given in our conditions C,,_; for any | = 1,2,--- /i
and ¢ < m. Furthermore, since X; is fixed, Eq. 3.5 demonstrates that XZ-TXj
depends only on R/ X; and R/ R;. To show that each block in the partition matrix
(X, X,,)~" remains equivalent under two conditions, we need to prove that

R/R;|Cp1,Xy,..., X, =R/R; | Cpi 1, Xy, ..., X,
R/X,|Cp1,Xy,.... X, =R/ X, | Cpp1, Xy, ..., X},

Some future work is necessary to complete a rigorous proof. O

Although we are unable to provide a complete proof of the lemma at the moment,
preliminary results based on the above ideas suggest a high probability that it holds.
At the same time, we have also observed results in our numerical experiments that
are consistent with the expectations of the lemma, providing further support for our
conjecture. Therefore, although the present lemma is based on conjectures, it can
still provide important insights for subsequent theories.

3.3.3 Conditional Expectation

Lemma 1 states that for a system that conforms to the assumption of a directed
Gaussian graphical model with isotropic noise, the conditional distribution of the
observations of the data matrix at any node X has symmetry with respect to the
predictions of the model, >~ x epa(x,) Xjfljk. And we conjecture that the estimates
of all edge coefficients of the system have similar properties. On this basis, using
Bayes’ theorem, we proceed to prove the following theory.
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Lemma 2. Assume that Conjecture 1 holds. Let K = {A;|(X;,X;) € £} U
{Bip|X,»p € Pa(Y)} be the set of all the edge coefficient estimators obatined by
Algorithm 1 and let D = (X1,Xas,...,X,,,Y) be a random dataset from a directed

Gaussian graphical system with isotropic noises as defined in Assumption 1, then for
any node X; and Y in the DAG, it holds that

EX Xy, -, X1, K] = Y XAy,
X;€Pa(Xy)

EY|X:, X, K= > X, 5,
Xi, EPa(Y)

Proof. First, we prove that E[Xy[Xy, -+, Xg_1, K] = Y x,epa(xy) Xjfljk, and then ex-
plain that the same argument also applies to E[Y[Xy, -+, X,,, K| =X X, ePa(y) Xiy Bip.
To prove the former, we only need to show that the conditional probability
p(Xg|Xq, -+, Xg_1, K) is symmetric with respect to X, = 2. X, ePa(X),) XA . With
Bayes’ theorem, it’s inferred that

p<K|X1, . ,Xk>p<Xk’X1, Ce 7Xk71)

XXy, oo Xy, K) =
PXi|Xy, .o Xy, K) p(K|Xq,. .., Xko1)

Similar to Lemma 1 and Conjecture 1, define Xy = > x cpa(x,) Xjfljk + Ry and
Xy = 2. x,ePa(xy) XjAjr — Ry. Using the results of Lemma 1 and Conjecture 1,
(XX, Xpo1) = p(X5 |1 Xy, o0 Xel1),
P(K|Xy, . X1, X)) = p(K Xy, X1, X)),
then the Bayes’ formula leads to
p (X | Xy, X, K) :p(X;g | X, Xy, K)

The first result is thus proved. Second, to show that E[Y|Xy, - ,X,, K] =
> X;, €Pa(Y) X, Bi,, we can use the same arguments as before to show

p|Y= Y X, B +Ry|X;, - X, K

Xip EPa(Y)

=p|Y = Y X8, -Ry|X;, - X, K

Xq',p ePa(Y)

Similarly, we apply Bayes’ formula again:

p(K|Xy, .. X0, Y)p(Y[Xy, ... X,)
p(K[Xy, ..., X,)

And according to Lemma 1 and Conjecture 1,
p(Y|Xy, ..., X,) =p(YXy, ..., X,),
p(K|Xy,...,X,,Y) =p(K|Xy,...,X,,,Y).

p(Y[Xy,..., X, K) =

Combining the above gives the second result. O
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Lemma 3. Assume that Conjecture 1 holds. Let D = (X1,Xs,...,X,,Y) be a
random dataset from a directed Gaussian graphical system as defined in Assumption

1, éLuPM[ = > K I1 flij> sz] be the output of Algorithm 1, and éOLS =
peP(X1,Y) (Xi,X5)ep

(XT X)) XTY be the classical least squares estimator. It holds that,

IED [éOLS‘ éLuPM]] - éLuPMI

Proof. Let K = {A; | (X;, X;) € £} U {3,p | X;, € Pa(Y')} be the set of all the edge
coefficient estimators obatined by Algorithm 1 for the Gaussian linear system of
DAG G, and the matrix B = (X¥X;)7'XT. Firstly we prove Ep|fors| K] = Orupm-

According to Assumption 1, there is a linear relationship between the root node X;
and any mediating node X; (i # 1), which can be written similarly as X; = ul X; +e.
Following the same analysis as Y, the least square estimator and the privileged
information estimator are

flions = (X1 X,)"'X{X; = BX;

,ai,LuPMI = Z ( H Ak])
(

peEP(X1,X;:) \(Xk,Xj)€P

Then we make an inductive proof: For the simplest case, that is, there are only two
nodes with a single edge X; — X5, we have

Eplfons| K] =1 = i1, Lupmr

Eplfeons| K] = 12112 = flo, LuPMT

On this basis, we assume that Ep[f; ors|K] = fii Lupyr holds for any X; among
the first k nodes {X7,..., X} in the DAG. If a new node X}, is considered with
all of its parent nodes in the set of the first k nodes (following the index rule
Pa(Xjy1) C{Xy,...,Xs}), we can deduce that
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EplinssoslK] = [ p(X1, - X, Xpa | K)fies 1008 X1 dXpn
= /p(Xl, oy X[ K)p(Xpy1 | Pa(Xipp1), K) BX 1 dX o dX g
:/p(Xl,XQ,...,Xk|K)B

x ( [ (%1 Pa(X), K)XkHkaH) dX, ... dX,

=E(Xg+1|Pa(Xk+1),K)

Z Xz‘Ai,k-i-l

X;€Pa(Xjt1)

- /p(Xl,...,Xk|K)B dX, .. dXp4

- ¥ /p(Xl, X K)BXG A dX - dX,

X;€Pa(Xp41)
-y /;;(xl, LXK

X;€Pa(X41)
x p(Xin, .o Xp X1, o, Xi, K)BXGA, 1 dX, . .. dX,,
= > /p(Xl,...,Xi|K)

X;€Pa(Xgy1)

X (/p(XH_l, XX X K)d X ka) BXAs s dXs ... dX,

=1

- ¥ (/p(Xl, o X K)BX, dX . . ka> Aipnr

Xi€Pa(Xp41)

=Ep|ir,ons| K]

_ ¥y Lz ( I A)
XiGPa(Xk+1) GP(Xl,Xi) (Xk,Xj)ep

Due to the property of DAG, any path from node X; to node Xj,; can be viewed
as the combination of the path from node X; to a certain parent node of node Xy,
and the edge from the parent node to node Xy, ;. Thus, the set of all paths from X;
to Xpi1, P(X1, Xks1), can be expressed as the union of the sets of all paths from X;
through any parent node of Xy, to Xpi1:

A

Ajt1-

P(X1, X)) = U ApU{(Xi, Xir1)} | p € P(X1, X)),

Xi€Pa(Xp41)

which means that the last equation in the derivation of Ep|fix+101s|K] is actually
equivalent to

Ep|fir1,0us|K] = > ( I1 A’w’)'
pe,P(X17Xk+1) (Xk,Xj)Gp

So far, we have completed induction and recursion and can prove that the above
estimator applies to all nodes X;. Therefore, for node Y, based on the same analysis
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above, we get

ED[éOleK}: Z Z ( Ak]) Bip
) \(Xx,X;)ep

Xip GPa(Y) pEP(Xl X

-2 [(a)e

peP(X1,Y) |
= Orupwir -
Thus, with the law of total expectation,
K|0rupnr [ED [QOLS ’Ka eLuPMIH
[Ep[fors| K]

[éLuPMI}

ED[éOLS\éLuPMI] =E
=E

K|0rupnr
- EK\éLuPMI

= eLuPMI .

]

Lemma 2 presents the computation of the conditional expectation relation between
arbitrary nodes in a linear CA}aussian system using the edge coefficient estimators of
Algorithm 1 (i.e., A;; and 3;,). Lemma 3, on the other hand, shows that given a

dataset D, the LuPMI estimator éLupMI is able to provide a more accurate conditional
expectation than the OLS estimator éOLs, which takes the form Ep [éOLS|éLuPM[] =
éLupMI. These two lemmas provide the necessary theoretical support for the proof of
Theorem 1 by standard Rao-Blackwell arguments. As a result, we give the proof of
Theorem 1 as follows:

Theorem 1. Assume that Conjecture 1 holds. Let D = (Xi,Xo,...,X,,Y) be
a random dataset from a known directed Gaussian graphical system as defined in
Assumption 1, éLupM] be the output of Algorithm 1, and éOLS = (XTX))XTY be
the classical least squares estimator. With isotropic noise defined in Assumption 1,
éLuPM] is unbiased, and

MSE(Oupmr) = MSE(ors) — Ep|Tr(Cov(fors|Orupm))),
Further, it holds for the expected risk that over any samples (X1,Y),
R(éLuPMI) = R(éom) - ED,Xl[VW’gOLS((éOLS, Xl)\éLuPMI)]-
Proof. First, according to the law of total expectation and Lemma 3, we can get

IED [éOLS] = ED[ED(éOLS’éLuPMI)]

=Ep [éLuPMI]-

Since éOLS is an unbiased estimator with Ep [éOLS] = @, it can be proved that éLuPM]
is also an unbiased estimator.
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Second, following the same idea as the classical proof of the Rao-Blackwell theorem,
we get

MSE(frupvir) = Ep [|10caev — 6]%]
= IED ||ED [éOLS|éLuPMI] - 6’”2}
= Ep |[Ep[fors — 0/fruprnl|?]
I d . . A
=Ep | (Ep[0ils — 9(”|0LupM1])2]

Li=1

[ d - . A A A
=Ep | (Enl(051s — 09)*|0ruprn] — Vaf[eg)Ls\eLuPMl])]

Li=1

_ . R d .
=Ep |Ep [||90Ls - 9||2|9LuPM1” - Ep lz Var[Hg)LSWLuPMI]]

i=1

= MSE(fors) — Ep {TT(COV[éOLS’éLuPMI])} ;

where ég'{s represents the i-th component of the vector ors (the same as 6®). In
order to obtain this last result, we consider that for any estimator 0p.pwmr,

R(0ors) = Ep[R(Orupmi)]
= Ep[Ex, v [(051sX1 — Y)?]] (3.6)
= Ex,[Ep[Eyix, [(050sX1 — Y)* | X4]]]

In the last step of the above derivation, we use the fact that the distribution of the
independent variable X is separate from the dataset D. Then, due to the unbiased
property of forg, and applying our model Y = 07X + € with € ~ AV(0,0?), we get

EolByix, [0515%: = Y1) = B (B (WX 0T X0 407
=Ep [EéOLS[<‘§OLS -0, X1>2]] +o?,

where (-, -) represents the inner product of the two vectors in the triangular brackets.
Then, since Or,,py1 is also an unbiased estimator of 6,

Ep[R(OLupan)] = Ex, Lt — 0, X1>2H + o?

foLs | Oreprat] — 9, X1>2” +0? (by Lemma 2)
fors — 0, X1) | éLuPMI]QH +0°

(Bors — 0, X1>2|éLuPMI}H

&=
T
=

(3.8)
Eventually, combining the last step of Eq.3.8 with Eq.3.6 and Eq.3.7 yields the final
result:

]ED[R(éLuPMI)] = ED[R(éOLs)] —Epx, [VargOLs [(éOLS —0, X1)|0ALuPMIH

which concludes the proof. O
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Remark 1. Since Tr{(Cov[fops|OLupi)) as the trace of a covariance matriz must be
greater than or equal to 0, Theorem 1 actually states that MSE(éLuP[) < MSE(@OLS).
As we have proved in Section 2.6, MSE(A) = Var(d) + Bias(0)2, and since Opyps
and éOLS are both unbiased estimators, Theorem 1 also proves that Var(éLuPI) <
Var(éow).

3.3.4 Special case

In general, our effectiveness theory suggests that LuPMI method should at least
achieve no worse performance than OLS method with respect to the MSE and the
expected risk, in an ideal case where Assumption 1 is satisfied. From Theorem 1, it
is clear that

MSE(§OLS) - MSE(éLuPMI) =Ep [Tr(COV(éOLS | éLuPMI))] > 0.
R(fors) — R(Orupat) = Ep x, [Varg ((fovs, X1) | Orupnar)] > 0.

In most DAGs, the performance of the LuPMI algorithm will be better than that
of the OLS algorithm, which means that the difference value of MSE in the above
formula will be strictly greater than 0. However, in some special cases, we will get
the result that éLupMI and éOLS are exactly equal, for example, in a very dense DAG.

Before discussing the impact of graph density on the performance of the LuPMI
algorithm, we first give the definition of a dense graph in this study. For a DAG with
n nodes, the maximum number of edges is n(n — 1)/2. Therefore, a DAG is said to
be dense if the number of edges is close to this maximum. The densest DAG can be
constructed in the following way: first, initialize a graph with n nodes without any
edges; second, add edges from node X; to all other nodes; then, each time, select
a node with out-degree 0 (except Y'), add edges from it to all other nodes with
out-degree 0, repeat this step until all nodes except Y have out-degree greater than
0. Finally, the total number of edges added is

n(n—l)'

(=1 +(n=2)+ 1=

Such densest DAGs are also referred to as full DAGs in the context of our work.
As the simplest full DAG, an example of three variables is shown in Fig.3.2. In the

Figure 3.2: A simple dense DAG, where X is the independent variable, X5 is the mediating

variable, and Y is the target variable

following, we will show that in the simplest dense DAG example, the theoretical
MSE difference between the OLS estimator and the LuPI estimator is zero, i.e.
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Ep[Tr(Cov(fors | Orupai))] = 0. According to Assumption 1, the relationship
between variables in the system can be expressed as

X, = AL X, + ¢, where ¢ ~ N(0,0?)
Y = 31X, + B X, + ey, where ey ~ N(0, 05)

For the convenience in deriving the relevant results, it is assumed that the variables
X1, X5, Y are scalars. This implies that their data matrices, X, X5, Y, are vectors,
and that the inner products between these data matrices will be scalar. Consequently,
the product of the inner products is commutative. Furthermore, the least squares
method allows us to calculate the estimators of all coefficients as follows:

A = (XTX)'XT Xo,
B\ (XTx, XTX,\ ' (XTY
5) ~\xix, xIx,) \xivy
1 XPX, —XTX,\ (XTY
“ol=xrx, x7x, ) \xry):
where C' = X7 X, - XI' X, — (X{ X3)? is a constant scalar value. Equivalently,
A 1
b= GG XNXTY - XXX, Y)

C

L1
By = 6(XlT)QXQTY — XX, XTY)

Therefore, it can be demonstrated that the LuPMI estimator and the OLS estimator
are identical in this case by applying the commutativity of scalar multiplication.
This is achieved through the following steps:

éLuPMI = 31 + A1232

1
=5 [XTXXTY = XTXoXTY + XTXoXTY — (X{ X)) ' XT X0 X7 X, XT Y]
1
= HOTX) T (X X)X X6XTY - XT XXX XY
1
= E(Xfxl)*lcxfy

= (X{X)7XY
= fors.

Thus, we have shown that in the simplest full DAGs, which is also called as “triangular
structures”, the results of the two estimators are identical when the variables are
scalars. Although the above theoretical proof is difficult to generalize to vector
systems of more than 1 dimension and more complex DAGs, it illustrates the
possibility that privileged information loses its usefulness. Related experimental
results are presented in Sections 4.2.1 and 4.2.2, where we find that privileged
information does not lead to any performance improvement in the directed GGM
model with a full causal DAG.
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3.4 Distillation

The original distillation method is applied to the classification task performed by
a neural network, and thus has a loss function for discrete variables, as shown in
Section 2.7. Lopez-Paz et al. proposed a learning method that unifies distillation
and privileged information, which is also used for classification[5]. Their approach
uses privileged information from training to guide the distillation process, which
improves the performance of the student model. However, the idea of weighting can
also be applied to regression tasks, with a different form of loss function. Our theory
is grounded in the concept of distillation for regression tasks introduced by Karlsson
et al. in their work with privileged time series information[4]. For the directed
GGM model, an appropriate loss function is the squared loss function. Thus, the
distillation loss function has the following form:

L(0) = A[Yaose = Xa0]l3 + (1 = MY = X85, (3.9)

where A € [0,1] and Y is the soft label, i.e., the predictions made by the teacher
model. Accordingly, the goal of regression is to find an optimal solution

0 = argmin £(f) (3.10)
o

In our case, the learning method using the privileged information is adopted as the
teacher model in knowledge distillation, i.e. Y5 = X10pupmi. Based on the above
assumptions and consideration, we propose the following theorem:

~ N -1
Theorem 2. Let 0p,ppr be the output of Algorithm 1 and 0pps = (XITXl) XITY.
With Ysoﬁ = X10upu, the solution Op.y to (3.10) holds that

Opise = Mpupaar + (1 — Nfovs, (3.11)
where A € [0,1]. And under the Assumption 1, it holds that
MSE(Oupair) < MSE(Opiy) < MSE(@oLs) (3.12)

Proof. To obtain the optimal solution in Eq.(3.10), first calculate the derivative of

A

the loss function £(6) and set it to zero by following the steps

A

PEE) — 2AXT (00— Yaog) + 20— NXT (K16 — V)

= 2X[ X120 — [22X{ Yaope + 2(1 = )X Y]
= 0.
Solving the above equation by algebraic transformation results in
éDist = (XlTXl)_leT [)‘YSOft + (1 - A)Y]
= MXY X)X Yiop + (1= N(X) X0) 7' XTY
= Mruevr + (1 = Mfors.
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This proves Eq.(3.11). To show Eq.(3.12), the MSE of each component of Opise can
be decomposed into bias and variance according to its statistical property, i.e.

MSE(913),) = Bias(d5),)? + Var(d5),) = Var(d5,),

where éﬁ)lpl represents the i-th component of the vector fp,pyr. Then we use Eq.(3.11)
again to decompose the variance:

var(eDlst) Var (Aégis +(1- A)‘%?lPMI)

= NVar(f1s) + (1 = X)*Var(@typa) + 2\(1 = A)Cov(frs, fapan)
(3.13)
For the last part, consider the complete covariance matrix Cov(fors, OLupni). Apply-
ing the law of total covariance, we get
Cov(fors, Orurnir) = E;

OLuPMI

+ Covg, [E(éOLS | Orupmn), E(OLupy | éLuPMI)}

[Cov(éOLs, Orup | éLuPMI)}

Further, according to the definition of covariance, the first term can be written as

Eg o | E (Gors — Elfors | Ouuraat]) (Ouupat — Efupaar | Orwpan]) | | = Ouxa.
0

where 0444 is the zero matrix of dimension d x d. Therefore,

COV(éOLS> éLuPMI) = COVgLuPMI [E(§OLS | éLuPI)aE(éLuPMI | éLuPMI)}
= Cov(éLule) (by Lemma 2)
= var(éLuPMI)

It follows that the diagonal elements of COV(éOLs, éLupMI) are also the same as those
of Var(fp,pmi). Substituting this result into Eq.3.13 gives us

Var(8),) = A2Var(851 ) + (1 — A)2Var(d ) pa) + 22(1 — A)Var(d) ) pu)
= AVar(B51s) + (1 — M) Var(8{ o)

According to the above reasoning process, Var(é]glst) can actually be regarded as the
weighted average of Var(GOLS) and Var(@Ll)lPMI) due to the fact that A € [0,1]. And

because it is known from Remark 1 that Var(9£3PMI) < Var(&ois) we can conclude
that
Var(Oie) < Var(fi,) < Var(Bgps),

which, since all three estimators are unbiased, can be expressed as
MSE<9LuPMI) < MSE(QDlst) < MSE(QOLS)

Finally, according to the definition MSE(fpupa) = X MSE(@&PMI), the inequality
is proved: X X .
MSE(fLupmr) < MSE(Opist) < MSE(fors)
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Experiments

In order to validate the efficiency of the algorithm and to explore the limitations, we
conducted separate experiments on both synthetic and real datasets. This chapter
provides the setup of the experiment and the results obtained. Section 4.1 outlines
the procedures for synthesizing datasets, the preprocessing of real datasets, and the
libraries and functions utilized in the process. The results on the synthetic dataset
and the real dataset are presented in Sections 4.2 and 4.3, respectively.

4.1 Experimental setup

All experiments were performed in Python, where the functions used for regression
and model evaluation were sourced from the classic Scikit-learn machine learning
library[16]. Since our algorithm involves estimating the coefficients of each edge in
the DAG, every single estimate is computed by the Linear Regression function in
Scikit-learn. Three main metrics have been used to evaluate the performance of
the OLS algorithm and the LuPMI algorithm, including MSE (mean squared error),
R? score (the coefficient of determination), and relative MSE. In this context, the
relative MSE is used only in the synthetic dataset, which scales the MSE of the
parameter estimator  relative to the real parameter 6, expressed as || — 8]|3/ [|6]|.

Synthetic data

In accordance with the Assumption 1, we construct a system of vectors conforming
to a directed Gaussian graph model for synthetic datasets based on a given DAG.
First, for each edge, a random matrix of coefficients is generated which represents the
linear relationship between parent and child nodes in the DAG. In order to ensure
the numerical stability of the generated matrix, the spectral radius (i.e., the mode of
the largest eigenvalue) of the matrix is adjusted to a pre-defined value to control the
growth of dependencies in the system. For the root node X;, which has no parent
node, the data is sampled from the standard normal distribution. For the other
nodes, values are generated from a linear combination of the parent nodes along with
a Gaussian noise.

Coeflicient scaling and noise scaling are also introduced in the experiments and
are calculated based on Equation 3.1. The actual linear coefficients and noise of
the input variable X; on the scalar target variable Y are obtained by computing
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linear transformations on all paths from X; to Y. If coefficient scaling is enabled, all
coefficients are scaled to a given range of standard deviations; noise scaling is adjusted
according to the cumulative effect of noise on different paths. This mechanism has
been used in exploring the impact of the complexity of the real causal graph on the
performance of the LuPMI algorithm.

Communities and Crime

The Communities and Crime dataset is a well-known dataset widely used in social
science and machine learning, and is downloaded from the UCI Machine Learning
Repository[17]. The dataset contains economic and social data from different commu-
nities in the United States, covering a wide range of characteristics such as income
level, education, employment status, family structure, etc. The full dataset contains
1994 instances, each representing a U.S. community, with a total of 127 features. The
most common task on this dataset is to explore the potential relationship between
community characteristics and crime rates, and thus we use crime rates as the target
variable.

Notably, many of the features in this dataset have a high linear correlation with
each other. To analyze the causal relationships between these features, a clustering
method based on their correlation matrices is used. In particular, we defined a rule
that creates links between features when the correlation between them exceeds a
certain threshold (set to 0.79 in this experiment). This method clusters all features
based on the correlations, and the final clusters have relatively strong correlations
within them and weak correlations with other clusters. The effectiveness of this
clustering method can be visualized by a heat map of the correlation matrix. In
Fig.4.1, dark squares appearing along the diagonal indicate clusters of features with
a high level of internal correlation. Each dark square represents a different cluster,
indicating a set of features that are more closely correlated with each other than
with features in other clusters. Cluster analysis is performed on the 60 features
most highly correlated with crime rates. A total of 8 disjoint clusters are finally
obtained after removing the clusters that are not very relevant to the predicted
target (with the highest correlation coefficient is less than 0.4). In our model, the
underlying causality of the data can be inferred through the internal connections of
these clusters.

4.2 Synthetic dataset

The experiments on the synthetic dataset are divided into two main sections. The
purpose of the first section was to validate the effectiveness theory developed in
Chapter 3, in particular the performance gap between the OLS algorithm and the
LuPMI algorithm as demonstrated by Theorem 1. In addition, we explored how this
gap varies with experimental settings. The second section deals with possible biases
in DAG estimation, which are categorized into two cases: ignoring some real edges
and mis-estimating redundant edges.
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Figure 4.1: Correlation matrix of clusters of filtered features with strong target correlation.
The heatmap shows the correlations between a subset of features that are most highly
correlated with the target variable, crime rate. The color scale from blue (negative
correlation) to red (positive correlation) indicates the level of correlation between the
features.

4.2.1 Validation of theory

This section shows the relative MSE differences between OLS and LuPMI under
different experimental settings. The following parameters are adjusted: the number
of samples in the training set, the noise level of the system, and the density of the
graph.

Sample size and noise level

This part of the experiment was carried out by varying the experimental parameters,
only one parameter was adjusted in each experiment, leaving the other parameters
unchanged. In order to achieve stable results, each experiment was repeated 50
times, with each iteration generating a new dataset based on the same system. In
both experiments, all variables have dimension d of 10 and the input variable X is
distributed with a standard multivariate normal distribution, i.e. X; ~ N(0, I).

Figures 4.2a and 4.2b present how the number of training samples and the standard
deviation of the noise affect the relative MSEs of the OLS and LuPMI estimators,
respectively. It can be observed that the LuPMI estimator consistently exhibits a
relative MSE that is not higher than that of the OLS estimator, as predicted by
Theorem 1. Furthermore, the differences in the relative MSE are found to vary
significantly with the tuning of the experimental parameters that are shown. In
Fig.4.2a, the performance of the two methods improves as the number of samples
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Relative MSE vs. Training Sample Size Relative MSE vs. Noise Standard Deviation
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(a) Varying number of training samples  (b) Varying standard deviation of system noise

Figure 4.2: Experimental results for the effect of adjusting one experimental parameter at
a time. The relative MSE is used as metric, and color-filled areas indicate intervals from
minus to plus one standard deviation calculated over 50 replicate experiments.

grows, but the gap between the two methods diminishes, which suggests that the LuPI
algorithm brings greater improvement than the OLS algorithm when the number
of samples is relatively small. Fig.4.2b shows that both methods perform worse as
system noise increases, which is to be expected. Notably, there is no performance
gap between the two methods when the standard deviation of the system noise is 0.
This can be interpreted to mean that when the system is noiseless, the OLS estimate
and the LuPMI estimate have 0 variance and are themselves unbiased, so that their
relative MSEs are both 0.

Graph density

In Section 3.3.4, we analyze a special case of the LuPMI algorithm when the DAG in
the model is very dense, i.e., the number of edges is close to or equal to the maximum
@. The objective of this experiment is to investigate the impact of graph density
on the LuPMI algorithm. Fig.4.3 depicts the experimental results in a system with 5
variables, including the independent variable X, the mediating variables X, X3, Xy,
and the target variable Y. The minimum number of edges is 4, corresponding to a
sequence, and the maximum number of edges is 10, corresponding to a full graph.
In this experiment, the dimension d of each variable is 50, the number of training
samples is 350, and the standard deviation of the combined noise ¢, of the system is
6.5. The experiment is repeated 30 times for each edge number. In each iteration,
a DAG with five nodes and the given number of edges is randomly created, and a
Gaussian dataset is generated based on this DAG.

The superiority of the LuMPI method over the OLS method is also evident in this
experiment. Furthermore, this discrepancy in performance is more pronounced in
systems with a smaller number of edges for a given number of nodes, parameter size,
and noise level. Given that a smaller number of edges for a given number of nodes
indicates a sparser graph, this also implies that the LuPMI algorithm will result in
a greater performance improvement relative to the OLS algorithm when the true
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causal DAG of the system is sparser.

An important observation in Fig.4.3 is that when the number of edges in the DAG
reaches the maximum number of edges, the relative MSEs of the LuPMI method
and the OLS method are exactly equal. This result corresponds to our discussion in
Section 3.3.4. It is due to the fact that the coefficients computed by LuPMI estimates
and OLS estimates are always identical in full graphs with a maximum number of
edges, regardless of how random the dataset is.

Relative MSE vs. Edge number

0.13
—8— LuPMI

0.12 4 oLS

0.11 A

0.10 4

0.09 1

Relative MSE

0.08 +

0.07 4

0.06

4 5 6 7 8 9 10
Edge number

Figure 4.3: The performance of two algorithms in a 5-node system when the number of
edges is varied. The relative MSE is used as metric, and color-filled areas indicate intervals
from minus to plus one standard deviation calculated over 50 replicate experiments.

4.2.2 Graph estimation bias

For the ideal situation where the estimated graph and the actual graph are com-
pletely consistent, the effectiveness of the algorithm has been proven in Theorem
1. In implementation, however, it is challenging to learn the exact graph of the
relationship between variables. As a result, there is often a discrepancy between the
predicted graphs on which the LuPMI algorithm is based and the actual graphs of the
relationships between the variables, which may introduce bias and variance changes
to the algorithm. Bias in graph estimation comes from two cases, the first is when
some edges that really exist are ignored, and the second is when some edges that
don’t really exist are mis-estimated. So theoretically there are two main instances to
consider: the estimated graph G’ is a subset of the real graph G, i.e. G' C G, or the
real graph G is a subset of the estimated graph G’, i.e. G C G’. The second case of
G C @ can be interpreted as the estimated graph having more edges than the real
graph, as shown in Fig.4.6.

The experiments in this section are concerned with the estimation bias of the causality
graph. Therefore, they are divided into the two main cases where the estimated
graph G’ is a subset of the real graph G, G’ C G, or the real graph G is a subset
of the estimated graph G’, G C G’. The first case means that some real edges are
ignored, and the second case means that some non-existent edges are mis-estimated.
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x

&)

(a) Actual graph (b) Estimated graph

Figure 4.4: An example of G C G’, where the solid black lines represent real relationships
between variables and the dashed gray lines represent relationships between variables that
are artificially estimated but do not actually exist.

In the following results, the LuPMI method was implemented using graphs with
estimation bias and its performance was compared with that of the LuPMI method
using real graphs and the OLS method. The symbol "LuPMI estimated" denotes the
LuPMI method with an estimated graph, while "LuPMI_real" denotes the LuPMI
method with a real graph.

Ignoring edges

In this part, we designed and implemented two experiments to investigate the
performance under different noise levels. In the first experiment, a system with a
high noise level is set up. Specifically, the dimension of the system is 10, the noise
standard deviation is 4.0, and the number of training samples is 100. The real DAG
model has 7 nodes and contains 14 edges. During the experiment, 20 iterations of
the experiment are conducted, and in each iteration, 6 edges are iteratively removed
from the real graph. In each iteration, LuPMI estimation is performed on the real
and estimated graphs with the edges removed, and the performance of the two
LuPMI estimators as well as the OLS estimator are plotted separately. In the second
experiment, we evaluated the performance of the three estimators at low noise levels.
The dimension of this system is set to 50, the noise level is set to a standard deviation
of 1.0, and the number of samples is 350. The rest of the settings and experimental
steps are the same as in the first experiment.

Ignoring edges may introduce bias due to lack of causality. However, as the number of
edges considered decreases, there may be a corresponding decrease in variance. Thus,
there is a trade-off between bias and variance. Experiments conducted on systems
with different levels of noise are designed to explore this trade-off relationship. In
particular, the experiments visualize the dynamics between the bias introduced by
ignoring edges and the variance reduced by reducing edges by observing the change
in relative MSE as the number of edges in the graph is iteratively ignored.

As shown in Fig. 4.5a, the relative MSE of the estimated graph-based LuPMI increases
significantly with the number of edges removed at low noise levels. This phenomenon
can be attributed to the fact that the ignored edges introduce a significant bias that
outweighs the variance reduction as the number of ignored edges increases, causing
the overall relative MSE to increase. However, in the system with high noise level
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(as shown in Fig. 4.5b), the estimated graph-based LuPMI method shows superior
performance compared to the other two methods. This result may be due to the fact
that at a high noise level, the variance dominates the MSE, so reducing the number
of edges effectively decreases the variance and still improves the overall performance
of the model, although some bias is introduced as a result. This suggests that the
variance reduction effect of reducing the number of edges may be greater than the
negative effect of increased bias in a high noise system.

—®— LuPMI_real

—8— LuPMI_real .
LuPMI_estimated

0.5 LuPMI_estimated oLS
—4— OLS 3(T®
s 0.4 1 ﬁ
=
= w 2 T
£ 021 ——3—¢ ¢ ¢ 1!
01 T ! T T T T T T T
0 2 4 6 0 2 4 6
Number of Ignored Edges Number of Ignored Edges
(a) Low noise level (b) High noise level

Figure 4.5: Relative MSE vs. number of ignored edges for different estimators. The
plot compares the performance of three estimators (LuPMI_ real, LuPMI__estimated, and
OLS) in terms of relative MSE as the number of ignored edges increases in two separate
systems with distinct noise levels. The shaded regions represent the interval of one standard
deviation around the mean.

Mis-estimating edges

In the following experiment, we use a dataset synthesized by the same directed
Gaussian graphical model as in the previous section. Similarly, the experiment is
repeated 20 times. Its feature dimension is set to 10, there is noise in the system
with a standard deviation of 2.5. The number of training samples is always 100. In
each repetition of the experiment, a real graph with 7 nodes and 9 edges is randomly
generated, and then the dataset is generated based on the real graph. To observe
the effect of mis-estimating edges on the LuPMI method, some edges are iteratively
added from the real graph. In each iteration, one more edge is added on the basis of
the modified graph from the previous iteration, for a total of 6 edges added from the
DAG. The performance of the three estimators is evaluated in the same way as in
the experiment with the ignored edges. And the results are shown in Fig.4.6.

In this case, the estimated coefficients of the LuPMI method are expected to remain
unbiased, meaning that the expected values of the estimated coefficients should be
consistent with the real parameters. However, it is important to recognize that
although no systematic bias is introduced by this method, there is a corresponding
increase in variance. Thus, the increased variance shows up as an increase in the
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relative mean square error (MSE) as the number of mis-estimated edges in the
estimation graph increases. Since the real underlying graph is known to contain 9
edges in the 7-node system(with a maximum edge number of 21), the estimation
graph is actually full when the number of mis-estimated edges reaches 12. In this
particular case, it can be observed that the estimation results of the LuPMI and OLS
methods are exactly the same. Thus, it is shown that LuPMI estimation does not
provide an advantage at this point, while still making use of auxiliary information.

Nevertheless, an important argument can be made that the LuPMI method consis-
tently shows at least equivalent or even better performance than the OLS method,
even when some edges are mis-estimated. This claim holds despite the observed in-
crease in variance. Thus, in this case, the LuPMI method ensures that the estimation
quality does not fall below the baseline established by the OLS method.

—8— LuPMI_real
LuPMI_estimated
1.25 —4— OLS

1.00 -

0.75 1 W
050 1 T er g g g o e

0.25

Relative MSE

T T T T T T
0.0 2.5 5.0 7.5 10.0 12.5
Number of Mis-estimated Edges

Figure 4.6: Relative MSE vs. number of mis-estimated edges for different estimators. The
plot compares the performance of three estimators (LuPMI_ real, LuPMI_ estimated, and
OLS) in terms of relative MSE as the number of mis-estimated edges increases. The shaded
regions represent the interval of one standard deviation around the mean.

4.3 Real dataset

In this section, we conduct experiments on real datasets to explore the performance of
the LuPMI method on data with complex causal relationships. The main focus is on
the Communities and Crime dataset[17]. Figure 4.7 illustrates the graphical structure
of causality in the model, showing the direct and indirect influence relationships
between variables. There are 29 causal variables, 26 mediating variables, and 1 target
variable in this model, with the mediating variables divided into 4 groups. The
names of the features involved in particular are shown in Table 4.1.

The final results of the experiment are shown in Figure 4.8, following the above model.
The LuPMI method performs best in terms of R? scores at all sample sizes, and its
advantage is particularly evident at smaller sample sizes, which is consistent with the
results of the experiments on the synthetic dataset. This suggests that LuPMI makes
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Causal Graph
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Figure 4.7: Causality graph that describes the relationship between the independent
variables, mediating variables, and the target in the model. The pink node represent the
independent variable, the green node represent the target, and the blue nodes represent
the mediating variables.

better use of the extra privileged information to improve the model’s generalization
ability under small dataset conditions. The OLS method performs less well than
LuPMI overall, although it improves with increasing training sample size. The shaded
area shows the variance of the different algorithms at different sample sizes. It can be
seen that the variance of LuPMI is smaller, which means that it has better stability
at different sample sizes. In addition, since the LuPMI estimate in the distillation
method used here has a weight factor of 0.5, the distillation estimate is actually
an average of LuPMI and OLS. It is observed that in this case the performance of
the distillation method is close to that of the LuPMI method, but slightly inferior
to the LuPMI and superior to the OLS method. This result is consistent with the
theoretical analysis presented in Section3.4. Thus, it also partially suggests that our
causal model is more appropriate to the underlying structure between the variables
in the data than a linear regression model without privileged information.
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R? Score vs. Training Sample Size
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Figure 4.8: R? scores of different estimation methods versus training sample size. This
line graph compares the R? scores of the three estimation methods (LuPMI, OLS and
distillation) for different training sample sizes. The shaded regions represent the interval
of one standard deviation around the mean.

Table 4.1: Features included in the groups of the model.

Causal Variables

Mediating Variables

numbUrban
NumlInShelters
NumUnderPov
householdsize
PersPerOwnOccHous
PctForeignBorn
PctSpeakEnglOnly
PersPerRentOccHous
PctReclmmigl0
PctLargHouseOccup
PctLargHouseFam
racepctblack
PctYoungKids2Par
PctFam2Par
PctKids2Par
OwnOccHiQuart
whitePerCap
RentHighQ
RentMedian
PctOccupManu
PctOccupMgmtProf
medIncome
PctHousNoPhone
pctWlnvInc
PctUnemployed
PctLess9thGrade
MalePctDivorce
FemalePctDiv
PctHousOwnOcc

Group 1:
population
PersPerFam
racePctHisp
racePctWhite
MedRent
medFamlInc
TotalPctDiv

Group 2:
HousVacant
PctRecentImmig
PctNotSpeakEnglWell
Pctllleg

RentLow(Q
PctPopUnderPov
PctPersOwnOccup

Group 3:
Numllleg
PctRecImmigh
PctPersDenseHous
OwnOccMedVal
PctBSorMore
pctWPubAsst

Group 4:
PersPerOccupHous
PctRecImmig8
PctTeen2Par
OwnOccLowQuart
perCaplnc
PctNotHSGrad
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Discussion

The purpose of this chapter is to explore the theoretical and implementation limi-
tations of this research and to suggest possible directions for extension and future
work. First, we will analyze in detail the limitations of the current theoretical models
and algorithm implementations, including limitations in terms of assumptions and
application. These limitations provide us with opportunities for further improvement
and optimization. Then, we will discuss how to overcome these limitations and
increase the generality of the algorithms by introducing nonlinear models. Finally,
we will propose specific directions for future work to improve the usefulness of our
research results.

5.1 Limitations of theory and implementation

While our study relies on several key assumptions, especially the directed Gaussian
graphical model (i.e., Gaussian Bayesian networks), experiments on real-world data
show that even when these assumptions are not fully satisfied, the LuPMI algorithm
still brings improvements over the OLS algorithm. However, it is still important to
further explore these limitations in order to improve the performance and adaptability
of the algorithm. By exploring the limitations of these assumptions and identifying
situations where the model may have trouble, future work could focus on extending
the algorithm to better handle situations where the underlying data structure is not
in these idealized conditions.

On the one hand, although the Bayesian network model is a classical model for
describing causality, its conditional independence assumptions are sometimes too
strong to be satisfied. Section 4.2.2 discusses the problems caused by this limitation,
exploring the effect of bias between the estimated causality graphs used in the
algorithms and the true causality on the performance of the algorithms. The results
of the experiment show that ignoring some real causal relationships in the estimation
graph leads to biased parameter estimates, while the variance decreases. In contrast,
if some non-existent causal relationships are mis-estimated, no bias is expected,
but the variance will increase. Thus, in general, a bias in the estimation of true
causality will always lead to an increase in the mean square error. However, since
it is often difficult to obtain a true representation of the relationships in a dataset,
some statistical methods are needed to make the estimates as accurate as possible.
For example, in Section 4.3, causal relationships between variables are estimated
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using correlation clustering and correlation matrices.

On the other hand, our model works under the assumption of linear and Gaussian
noise, which introduces some restrictions. Assumption 1 expects a linear relationship
between the independent variables and the outcome, and that the noise of the system
follows a Gaussian distribution with isotropic and constant variance. The linear
assumption may oversimplify the complex dependencies in the data, and the Gaussian
noise assumption may not be able to fit the irregular noise structure. Despite these
limitations, the properties of linear models make them interpretable and robust in
many applications, especially when the underlying relationships are approximately
linear or when interpretability is critical. While this is a rather idealized situation,
these assumptions have significant practical value when dealing with a variety of
real-world datasets, as evidenced by the success of our experiments in capturing
meaningful causal relationships and achieving reliable predictions. However, real-
world systems sometimes exhibit more complex nonlinear relationships, so extending
our model to nonlinear mappings is both a hopeful and feasible direction for future
work.

5.2 Potential extensions

For nonlinear systems, a possible extension would be to replace the linear relationship
6T X1 in our model with §7®(X;), and then have the following relationship between
the independent variable X; and target variable Y:

Y =0"®(X,) + ey, where ey ~N(0,07)).

In order to still be able to apply the theory of linear systems, the main discussion
here is on the case of isotropic Gaussian noise. Here ®(X) denotes any nonlinear
relationship that may exist between the independent and dependent variables. For this
model, neural networks provide an efficient means of approximating and representing
complex nonlinear mappings. It is able to fit arbitrary nonlinear functions through
a combination of layer structure and nonlinear activation functions. Hence, the
mapping 87®(X;) can be expressed as

N
0T0(X)) =Y Oio(w! X1 +by),

=1

Where N is the number of neurons in the hidden layer, «a; is the weight of the neuron
in the output layer, and w; € R™ and b; € R are the weights and intercepts for the
i neuron in the first hidden layer. o(-) is the activation function, which is usually
nonlinear. Each neuron o(w! X; + b;) generates a basic component function, and
the output of the network is a weighted sum of these component functions. By
adjusting the neuron weights «;, w;, and intercepts b;, the network can be made
to approximate the mapping 07 ®(X;) with any accuracy. Thus, as the number of
neurons NN increases, the network can flexibly fit more complex mappings. As an
important theorem in the theory of neural networks, the Universal Approximation
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Theorem[18], [19] shows that for any given € > 0, there exists a single hidden-layer
neural network such that the output function 67 ®(X) of the network satisfies

sup |B(X1) — B(X1)| <e,
X1eK

where X' C R" is a compact set and ci>(X1) is a function represented by a neural
network. Therefore, according to the theorem, even if based on only a single hidden-
layer neural network, we can approximate any continuous nonlinear function ®(X;)
which is defined on the compact set by an appropriate loss function and gradient
descent method.

5.3 Future work

In future work, we expect to extend the LuPMI algorithm to more types of datasets,
especially time series datasets. Although the current experiments are mainly based
on static datasets, in the real world many data have time-dependent correlations,
which makes them at least partially explicit causal relationships. Therefore, future
studies can design experiments to compare the performance differences between
the LuPMI algorithm and the existing time-series algorithms, such as the LuPTS
algorithm, when dealing with time-series data. By analyzing the performance of
these algorithms on time series data, the adaptability of the LuPMI algorithm in
different cases of data structures can be further verified.

In addition, there is still space to improve the performance of the model when dealing
with nonlinear systems. Although the current study assumes that the data obeys
linear relationships and Gaussian noise, many datasets do not fully satisfy these
assumptions in practical applications. For this reason, it is useful to explore how
the LuPMI algorithm can be extended to nonlinear systems, e.g. by introducing
neural networks to capture more complex nonlinear relationships between features.
Moreover, the combination of nonlinear activation functions and neural network
models may provide the algorithm with greater expressiveness, thus improving its
prediction accuracy in nonlinear scenarios.
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Conclusion

In this thesis, we propose a Learning using Privileged Mediating Information (LuPMI)
algorithm based on the directed Gaussian graphical model (directed GGM). By
constructing a causal DAG model with X as the independent variable and Y as the
target variable, with several mediating variables Xs, ..., X, in between, this study
analyzes in detail how the LuPMI algorithm outperforms the ordinary least squares
(OLS) model in terms of statistical properties, given the known causal relationships.
In theory, the Rao-Blackwell theorem and related lemmas are used to show that the
LuPMI algorithm can effectively reduce the mean square error (MSE) and expected
risk, and in most cases, the LuPMI algorithm has a smaller MSE and expected
risk than the OLS model. Furthermore, it is discussed that in some specific cases,
such as very dense DAGs, the performance of LuPMI and OLS may be identical,
but overall, the LuPMI algorithm provides a solid improvement for causal linear
Gaussian systems. Theoretical analysis shows that the use of the LuPMI algorithm
can improve prediction performance in regression tasks, especially when the data
contains a relatively sparse causal graph structure.

Then, in the experimental part, we verify the efficiency of the proposed algorithm
and explore its limitations through experiments on synthetic and real datasets. First,
in the synthetic dataset, the theoretical advantages of the LuPMI algorithm over the
OLS algorithm are validated through the experiments of adjusting the parameters of
the training set, such as sample size, noise level, and graph density. The experimental
results show that the LuPMI algorithm consistently exhibits better or at least not
inferior relative MSE than the OLS algorithm under different conditions, especially
when the noise level is higher or the graph is sparser, the advantage of the LuPMI
algorithm over the OLS algorithm is more obvious. In addition, for the error
introduced by the graph estimation bias, we investigate the effect of ignoring the
real edges and mis-estimating the redundant edges in two separate instances, and
the results show that reducing the number of edges helps to reduce the variance and
thus improve the overall performance of the algorithms in high-noise systems, while
ignoring the real edges may significantly increase the bias in low-noise conditions.
For the experiments on real datasets, we compare the LuPMI algorithm with the
baseline OLS algorithm based on the Communities and Crime datasets. The results
show that the LuPMI algorithm outperforms the OLS algorithm in terms of R?
scores at all sample sizes, and performs particularly well at small sample sizes, which
is consistent with the experimental results on synthetic data. Overall, the LuPMI
algorithm not only performs well in using privileged information to improve model
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generalization ability, but also shows better stability at small sample sizes, confirming
its efficiency in dealing with complex causal data.
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