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Abstract
Transmission design and development have to take a lot of design variables and their
resulting effects into account as early in the design stage as possible. Most of these
resulting effects(also known as objective functions in this thesis) are conflicting in
nature. There will be an optimal set of design variables that will result in minimum
or maximum of these objective functions. It is very beneficial to arrive at this op-
timal set of design variables using a structured methodology rather than trial and
error methods to obtain unique solutions and save time. Gear whine and durabil-
ity are the two main conflicting factors considered in this thesis. The optimization
methodology which is the aim of this thesis, is built to minimize the peak-peak
transmission error, contact and root stresses by modifying the micro-geometry vari-
ables. The thesis was performed in collaboration with CEVT AB.

A design space is selected for the micro-geometry variables. WindowsLDP, a soft-
ware used for gear tooth contact analysis, is used for Design of Experiments(DOE) to
calculate the objective functions for multiple design points within the design space.
Probability distribution and worst-case scenario distribution is applied for the ob-
jective functions to make them robust against torque. The data is then used to de-
velop metamodels for each objective function in MATLAB using squared exponential
Gaussian regression. They are then used in a multi-objective optimization algorithm
in MATLAB to explore the design space and obtain a pareto/non-dominated set of
solutions. These solutions are checked for design safety and ranked highest to low-
est based on weights distributed between peak-peak transmission error and safety
factors. The highest ranked micro-geometry values are substituted in the original
gear model and the objective functions are calculated against torque and compared
to the benchmark.

The highest ranked pareto optimal result shows that peak-peak transmission er-
ror, contact stress and gear 2 root stress minimized compared to the benchmark
although there was a slight increase in gear 1 root stress. Other pareto optimal
solutions show different levels of minimization for different objective functions. But
this is normal as the objective functions are conflicting to each other. Also, once
the design safety conditions are satisfied, reducing the peak-peak transmission error
and hence the gear whine is very important.

Based on the results obtained, it can be concluded that the developed method-
ology managed to optimize the micro-geometry variables to minimize the objective
functions in a very structured format and minimal time. It also arrived at a unique
set of pareto solutions every time the optimization was completed, given that the
conditions remained the same.

Keywords: micro-geometry, peak-peak transmission error, contact stress, root stress,
metamodel, robustness measure, optimization
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1
Introduction

Automotive transmissions are nowadays required to transmit higher loads via their
gear train from powerful engines. Transmission gears are expected to be durable and
have refined noise performance. These are conflicting cases observed at the system
level of design of transmissions and are connected to specific parameters of a gear or
gear train design in much earlier stages. Hence, modifying the parameters of a gear
or a gear train during its design to get optimal values is of paramount importance.
Macro-geometry of gears such as module, number of teeth, pressure angle, etc. and
micro-geometry such as tooth profile relief and crown, lead crown and slope, etc. are
some of the parameters that can be modified. A structured optimization approach
which can weigh different attributes against each other is a great aid in the design
process.

1.1 Literature Review
The motivation for this thesis is the necessity of a structured optimization routine
as transmission gear design have many conflicting parameters such as transmission
error and contact and root stresses. Minimizing each parameter by trial and error
manually consumes valuable time and resources. An optimization methodology will
result in faster design process and better quality product for the stakeholder. Also,
it will yield in unique solutions regardless of it being used by different engineers with
different thought process and levels of experience.

Several variables affect the performance of a transmission, or to be specific, per-
formance of a gear system. Hence it is multidimensional. The effect of these several
variables are simultaneous and must be studied in the same way while exploring the
design space for optimum design [1]. The variables of gear design can be broadly
classified as macro-geometry (module, number of teeth, pressure angle, etc.) and
micro-geometry variables (tooth surface modifications). Macro-geometry variables
are only changed in the initial steps of design as these changes affect the transmission
as a system and may also affect other systems in the vehicle and their packaging.
Micro-geometry variables being only tooth surface modifications in the order of mi-
crons do not affect the whole transmission and hence can be changed at later stages
of design as well [2]. The contact properties of a meshing gear pair is very sensi-
tive to operating conditions such as load and misalignment and also manufacturing
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1. Introduction

errors. This is compensated by introducing tooth surface modification and hence
is very important in gear design [3]. Gear tooth contact analysis softwares and
FEM simulation softwares are widely used to calculate stresses, transmission error,
tooth failures, etc., under given conditions. But they usually work to simulate a
single design of the gear system at a time. With the development of softwares that
deal with machine learning and optimization algorithms, a vast number of different
design models can be simulated iteratively and with the results compared to one an-
other, an optimum design solution can be selected limiting the need for costly and
time consuming prototypes and testing [4]. The two available multi-objective opti-
mization algorithms in MATLAB are genetic algorithm and direct search algorithm.
Genetic algorithms are the most commonly used algorithms to solve multi-objective
optimization problem as they do not converge to a local minima pre-maturely and
thus have higher chance of finding the global or true minima. [4]

Optimization of gear tooth micro-goemetry modifications are studied in [1] - [8].
The micro-geometry is optimized by developing metamodels for the FEM simulation
models in [4]. The computationally efficient metamodels are used in the optimiza-
tion algorithm for the speedy calculation of the pareto optimal solutions. But the
disadvantage of this methodology is that a range of torque/load conditions is not
considered and different optimum design is generated for different torque values.
Torque being an operating condition, having different designs for different torque
values is not possible as one design is selected and manufactured. In [3], this problem
does not exist as the optimization is done for a range of torque values and the pareto
optimum design is calculated by introducing a robust counterpart of the objective
function over the range of torques. But the disadvantage of this method is that it
uses the original model in the contact analysis software to calculate the objective
functions for all iterations. Hence a communication between the optimization al-
gorithm and the contact analysis software is necessary. This is not possible in this
thesis. Hence, there is a need for a new methodology that combines the attributes
of both above stated methods. Need for metamodels due to non communication
between optimizing algorithm and contact analysis software and optimum design
for a range of torques led to the methodology developed in this thesis.
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1. Introduction

1.2 Aim
The aim of this thesis is to develop an optimization methodology to minimize gear
whine, contact stress and root stress by modifying gear tooth surface micro-geometry
within feasible design space using genetic algorithm optimization to obtain a set of
pareto solutions. A post-optimization analysis of the pareto front ranks the optimal
solutions according to a given set of conditions.

1.3 Methodology
The main steps in the thesis are:

• Design of Experiments
A feasible design space or boundary is fixed for the variables. Multiple design
points are generated within this design space using the full factorial sampling
method. The objective functions are calculated for all the generated design
points.

• Robust Objective Function
The objective functions are converted to robust objective functions using two
important robustness measures:
– Probability-based measures
– Worst-case scenario

• Metamodelling
Metamodels or response surfaces are created using a metamodelling technique
called Gaussian process. This simpler mathematical description of the more
complex model of a gear train is used for the optimization process as it is
computationally highly efficient.

• Optimization
Multi-objective optimization is performed using gentic algorithm. The objec-
tive function, number of variables, upper and lower bounds must all be defined
before running the optimization.

• Post-optimization analysis
The pareto set of solutions obtained is analyzed by first calculating safety fac-
tor values for each solution. The solutions are then ranked based on the values
of safety factors and peak-peak transmission error using TOPSIS algorithm.

3



1. Introduction

1.4 Limitations
The thesis is limited to the optimization of one gear pair of the given transmis-
sion. Optimization of only gear tooth micro-geometry parameters is considered,
as changes made to these parameters will not adversely affect the system design
of the transmission which is important when the design phase is at a late stage.
But the methodology developed is expected to aid further development and be able
to incorporate more variables of the design process. WindowsLDP, a gear tooth
contact analysis software contains the original model of the gear pair and is used
for the DOE. The generation of DOE in this software is limited only to the five
micro-geometry variables used in this thesis. MATLAB is used for the subsequent
steps in the thesis. The accuracy of the gear pair model in WindowsLDP to calcu-
late the objective functions is not a concern for this thesis, but the accuracy of the
metamodel developed to mimic the WindowsLDP model is important.
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2
Theory

Basic theory about gears, metamodeling and optimization is presented in this chapter.

2.1 Gear theory
Gears in transmissions are used to transmit power along the powertrain from the
engine and/or electric motors to wheels. Gears on different shafts have different
diameters and number of teeth to vary the range of torque and speed available from
the engine and/or electric motors to the range required at the wheels. Ideally, for
a gear pair there should not be any power transmission losses. But mainly due to
frictional losses, the power transmission efficiency is around 98% [9]. The gear theory
in this report will only look at some aspects of gear design required for the thesis
given in subsections 2.1.1 - 2.1.9. For more detailed description of gear nomenclature
Dudley’s handbook [10] and AGMA manual [11] can be referred.

2.1.1 Speed Ratio
The speed ratio of a gear pair is defined as the ratio of speed (ω) of driving gear
to speed of driven gear or ratio of number of teeth (Z) of driven gear to number of
teeth of driving gear.

i = ωdriving
ωdriven

= Zdriven
Zdriving

(2.1)

2.1.2 Conjugate Action and Involute Profile
One of the basic considerations while designing gears is that the angular velocity of
the driving gear should be transferred smoothly to the driven gear with a constant
speed ratio. This is called conjugate action and is one of the basic law of gearing.
According to [10], it is defined as “normals to the profiles of mating teeth must, at
all points of contact, pass through a fixed point located on the line of centers”. The
commonly used way to achieve this is by making the shape of the active profiles an
involute curve. A curve marked out by a point on a straight line when the straight
line is rolling on the base circle without any slip is called an involute curve. Active
profiles are the surfaces of the gear teeth that makes contact to transmit the motion.
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2. Theory

(a) Conjugate action [12]

(b) Construction of involute [12]

Figure 2.1: Illustration of involute action and its construction
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2. Theory

2.1.3 Face width
The length of the gear teeth along the axial plane is called face width. [11]

Figure 2.2: Face width

2.1.4 Involute roll angle
According to the American Gear Manufacturer’s Association [11], the involute roll
angle is defined as “the angle whose arc on the base circle of radius unity equals the
tangent of the pressure angle at a selected point on the involute.”

Figure 2.3: Roll Angle
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2. Theory

2.1.5 Start and End of Active profile
For a given gear, the start of active profile (SAP) is the lowest possible point on
the flank of the tooth at which contact with the mating tooth tip starts and end of
active profile (EAP) is the last point of contact as shown in Fig. 2.4. [13]

Figure 2.4: Start and End of Active Profile

2.1.6 Micro-geometry Modifications
As discussed in section 2.1.2, conjugate action between mating gears is one of the
basic considerations required in gear design. This can be achieved by having perfect
involute profiles for the gear teeth. The disadvantage of having perfect involute is
that it provides conjugate action only when load applied is zero. Once a load is
applied to the gears, the conjugate action is no longer present due to the deflections
caused by the load. Hence, modification of the active tooth profile is required to
negate the effects of the deflection. This modification to the tooth profile done by
removing very small amount of material (in the order of microns) from the active
tooth profile is called micro-geometry modification. [14]

The micro-geometry modifications discussed in this thesis are:
• Profile slope fhα
• Profile crown cα
• Lead slope fhβ
• Lead crown cβ
• Bias

8



2. Theory

Slope modifications are linear while crown modifications are parabolic in nature.
Considering micro-geometry modifications for a driving gear, the SAP is close to
root of the gear tooth and EAP is close to tip of the gear tooth. Profile slope (fhα)
modification is made by adding or removing material at EAP of the gear tooth.
Profile crown (cα) modification also known as profile barrelling is made by removing
material both at SAP and EAP of the gear tooth. Lead slope (fhβ) modification is
made by adding or removing material from one end of the face width of the tooth.
Lead crown (cβ) modification is made by removing material from both ends of the
face width of the gear tooth [7]. Bias modification is basically twisting the active
profile with one end appearing to be twisted in clockwise direction and the other end
appearing to be twisted in anti-clockwise direction [15]. Fig. 2.5 shows the different
micro-geometry modifications.

Compensation for tooth bending deflections, manufacturing errors and load sharing
across the profile of mating teeth is affected by profile modifications. Misalignment
are compensated by lead modifications. Manufacturing errors affect both profile and
lead modifications. Bias modifications also affect load sharing. [14] [16]
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2. Theory

(a) Profile Slope (b) Profile Crown

(c) Lead Slope (d) Lead Crown

(e) Bias

Figure 2.5: Micro-geometry modifications included in thesis
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2. Theory

2.1.7 Gear whine and transmission error
Gear whine is caused by two mating gears in motion. The vibrations caused due to
change in force are transmitted from the gears to the transmission casing via shafts
and bearings which then vibrates and generates noise in the air. It is also trans-
ferred to rest of the structure. According to studies [17] - [19], transmission error
in the mating gears is one of the primary causes of gear whine. Hence, reducing the
transmission error will reduce the gear whine.

Transmission error is defined as “the difference between the actual position of
the output gear and the position it would occupy if the gear drive were perfectly
conjugate”[20] and is as shown in Fig. 2.6.

Figure 2.6: Transmission Error [21]

2.1.8 Contact Stress
When two mated bodies are in contact, they are under a type of stress called Hertzian
contact stress. Two gears in mesh can be represented by two cylinders in contact.
In an ideal situation, there is a line contact between the two bodies. Stress being
force divided by area, line contact results in infinite stress. But in real conditions,
the bodies in contact deform slightly due to elastic deformation and a small area of
contact is created. This keeps the contact stress limited. Pitting and scuffing failure
modes are caused due to high contact stress on gear tooth flank. [22]

2.1.9 Root Stress
Root stress occur at the two root fillets of a loaded gear tooth. The gear tooth
can be simplified to a beam with a point load to calculate the root stress. On the
working side of the tooth flank (where the contact of the mating teeth occurs), the
root stress is tensile and on the non-working side, it is compressive. The maximum
root stress should not exceed the permissible bending stress of the material used,
else crack initiation and propogation will occur leading to failure [23]. Contact stress
and root stress can be visualized in Fig. 2.7.

11



2. Theory

Figure 2.7: Contact Stress and Root Stress [24]

2.2 Metamodeling
Simulation of a process, most of the times, consumes a lot of time to calculate all
the data required for a given design point. The simulation software also might be
designed to calculate many parameters that might not be required for the optimiza-
tion process and is a waste of computation power and time. Also, the optimization
algorithm if setup in a different software will have to communicate with the sim-
ulation software back and forth for every design point calculation. Moreover, the
setting up of the communication itself can be difficult or sometimes impossible to
achieve.

All the problems stated above can be solved single-handedly by introducing the
concept of metamodeling. Also popularly known as response surface modeling, it
is the process of replacing complex simulation model with a simpler representation
that predicts the solutions for a given set of data (design space). The developed
metamodel can be validated by comparing the values calculated by the simulation
model and the values predicted by the metamodel for the same set of design points.
Metamodeling has been applied by studies [25] and [26] to full vehicle structure op-
timization problem. Both are very good examples to show that it is not feasible to
run full simulation models for every point to be explored in the given design space.
The slight loss of accuracy that comes with metamodeling is accepted because of
the large amount of computation time saved that directly translates to reduced costs.

If the relation between the variables and objective functions can be fitted with
a predetermined parameterized function, polynomial models can be used for meta-
modeling. In this thesis the objective functions express a high degree of non-linearity
with the five micro-geometry variables, so much that the form of their relationship
is unknown. In such cases, Gaussian process algorithm may be used to develop
metamodels. [4]

12



2. Theory

The squared exponential Gaussian process is defined by it’s kernel or covariance
function given in Eq. 2.2 [27]. Here, σf is signal standard deviation and σl is a scale
that defines the uncorrelation of objective functions depending on distances between
input points xi.

k(xi, xj|θ) = σ2
f · exp[−

1
2

(xi − xj)T (xi − xj)
σ2
l

] (2.2)

2.3 Optimization
A multi-objective optimization is the process of optimizing two or more objective
functions simultaneously. The objective functions have to be either minimized or
maximized. When the objective functions are conflicting to each other, determining
the optimum solution becomes quite challenging. An optimization problem may or
may not be constrained. Constraints could be equality and/or non-equality con-
straints and/or rectangular constraints with upper and lower bounds. Typically, a
multi-objective optimization problem is defined as

Minimize/Maximize, fm(x), m = 1,2,....,M;
subject to, gj(x) ≥ 0 j = 1,2,....,J;

hk(x) = 0 k = 1,2,....,K;
x

(L)
i ≤ xi ≤ x

(U)
i i = 1,2,....,I;

where x ∈ Rn for n number of decision variables is the solution set of all real numbers.
A subset of this which satisfies all the constraints given is called the feasible decision
variable space and is n-dimensional. All the x values in this feasible space is a po-
tential solution. Each feasible solution can be used to calculate a feasible objective
function. This way an objective function space is created which is M-dimensional
(number of objective functions). So for every point in the feasible decision variable
space, there is a point corresponding to it in the objective function space. This
objective function space consists of the minima or maxima required. The optimiza-
tion algorithm must sweep through this space to determine the required minima
or maxima and the point corresponding to this minima or maxima in the feasible
decision variable space will constitute as the optimal solution. [28]

A multi-objective optimization will not yield a single optimal solution but rather a
set of optimal solutions. This is called the pareto front. It consists of all found non-
dominated solutions. A visualization of the pareto front for two objective functions,
both to be minimized, is given in Fig. 2.8.
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2. Theory

According to [28], the domination is defined as follows:

“A solution x1 is said to dominate the other solution x2, if both the following con-
ditions are true:

• The solution x1 is no worse than x2 in all objectives. Thus, the solutions are
compared based on their objective function values.

• The solution x1 is strictly better than x2 in at least one objective function.”

Figure 2.8: Visualization of pareto front

The optimization algorithm used in this thesis is a multi-objective optimization
genetic algorithm from MATLAB. Genetic algorithms copy the biological evolution
from nature. A random set of solutions called population from the given design space
evolves towards better, more optimal solutions iteratively. Each iteration is called a
generation. A solution generating better objective function is considered to be fitter
than the one generating worse objective function. This solution is then selected for
the next generation and the worse solution is eliminated. A new population is formed
by carrying over the better solutions for the next iteration. Modification of the better
solutions and reproduction of solutions from two solutions is done by mutation and
crossover. These newly formed solutions become part of the population for the next
iteration and objective functions are calculated and compared to find new better
solutions. This process continues until the termination of the iteration is reached
and a set of pareto optimal solutions is obtained. [29]

14



3
Metamodel based Multi-objective

Optimization

Basic gear design data (example) used and the methodology developed for the opti-
mization are presented in this chapter.

The optimization process deals with the following:
• Objective functions to minimize : peak-peak transmission error, contact stress,

root stress of gear 1 and gear 2
• Decision variables are micro-geometry parameters : profile slope, profile crown,

lead slope, lead crown, bias
• Uncertain variable: torque
• Constraints for decision variables : rectangular constraints with upper and

lower bounds
• Metamodeling method : squared exponential Gaussian process
• Optimization algorithm : multi-objective genetic algorithm using MATLAB

function gamultiobj
• Post-optimization analysis : Technique for Order of Preference by Similarity

to Ideal Solution (TOPSIS) method based on calculated safety factors and
transmission errors

The basic design data of a sample helical gear set are given in table 3.1. Gear 1 is
driving and gear 2 is the driven.

Table 3.1: Basic design data of sample helical gear pair

Design Parameter Gear 1 Gear 2
Number of teeth 17 79

Normal module (mm) 2.63
Pressure angle (degree) 21.25
Helix angle (degree) -30.25 30.25

Operating center distance (mm) 142.0
Tip diameter (mm) 59.2 236.7
Root diameter (mm) 44.2 222.06
Face width (mm) 36.0 33.0

Pitch diameter (mm) 51.75 240.52

15



3. Metamodel based Multi-objective Optimization

An assumption is made in the gear tooth contact analysis in WindowsLDP that the
load distribution on the 1% area of the outer edge of the active profile is neglected
to exclude numerical errors that occur at corner contact.

3.1 Design of Experiments
A design space can be defined by defining values or functions that mark the outer
boundary. Any values outside this design space will be considered unfeasible for the
process. To build a metamodel or response surface, information within the design
space is required. If large amount of information is provided, the metamodel will
predict solutions more accurately but takes longer computation time and if small
amount of information is provided, vice versa. A set of data points within the de-
sign space must be generated to calculate the necessary information. This can be
achieved randomly, but random generation may not cover the entire design space
and may render the metamodel inaccurate in these unexplored regions. There are
many algorithms that generate design points such as latin hypercube sampling, full
factorial, monte carlo sampling, etc. Full factorial sampling is used in this thesis as
it is the available option in WindowsLDP.

Full factorial sampling method consists of factors for which the data points must be
generated and levels that decide how many data points are allotted for each factor.
All possible combinations between the factors are generated. The advantage of this
is that the design space is explored thoroughly and systematically. If the level of
the factor is increased to slightly increase the resolution of the information, a very
large increase in the number of data points happen which makes the process com-
putationally inefficient.

The response functions are calculated with the generated design samples. This
whole set of information within the design space constitute the Design of Experi-
ment. DOE can be defined as “the method to determine relationship between factors
affecting a process and the output of the process.” [30]

The five micro-geometry variables given in section 2.1.6 are the factors for the full
factorial sampling. WindowsLDP can generate a maximum of 32000 sample points
in it’s full factorial algorithm. It is done in the robustness tab in WindowsLDP.
Upper boundary value and lower boundary value is chosen for each of the micro-
geometry variable. Then levels are selected for each variable. If a level of 10 is
selected for the variable profile slope (fhα), then a set of 10 equidistant values is
created with the lowest and highest value in the set being the defined lower and
upper bounds for that variable.

16



3. Metamodel based Multi-objective Optimization

3.2 Robustness Measures
Robustness to the objective function can be achieved by introducing robustness mea-
sures against some uncertain variables for the design process. For example, torque,
misalignment, manufacturing tolerances, etc are uncertain conditions to the design
process. Making the objective functions robust against these conditions will provide
a solution set of micro-geometry values that can be used under all uncertain condi-
tions with less unpredictable changes in system behaviour. Introducing robustness
measures also increases the computation efficiency but the resulting loss of informa-
tion will give a less accurate solution.

In this thesis, only torque is considered to be the uncertain variable. Two types
of robustness measures are used:

• Probability based measures
• Worst-case scenario measures

3.2.1 Probability based measures
Probability based measures distribute the importance of the objective function over
the uncertain variables. A distribution function is used for this and it is done
by determining for which value of the uncertain variable the objective function is
important and for which value it is not. For an automotive transmission the noise
levels must be kept low at cruising speeds that is usually at low torque values
for passenger comfort. At high torque values, durability is more important than
minimizing noise. Hence peak-peak transmission error (PPTE) must be prioritized
to be minimum at low torque values. This is achieved by introducing a triangular
distribution function and is given by Eq. 3.1 [31]. This will result in the probability
function over torque looking like Fig. 3.1. The robust equivalent of the peak-peak
transmission error is calculated as given in Eq. 3.2 and is solved in MATLAB using
the trapz function. Here, Tu and Tl are the upper and lower torque values.

pt(T ) = 2(Tu − T )
(Tu − Tl)2 (3.1)

frobust(PPTE) =
∫
T
f(PPTE)pt(T )dT (3.2)
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Figure 3.1: Triangular distribution function [3]

3.2.2 Worst-case scenario measures
Damage is induced to the gears at high torque values. Most often, contact stress
(CS) and root stress (RS) are highest at highest torque level. Hence they carry very
high importance for minimization. Worst-case scenario gives maximum importance
to the highest torque level and zero importance to the rest. It is given by Eq. 3.3
and the probability function will look like Fig. 3.2. Also the robust equivalent of
the contact stress and root stress is calculated as given in Eq. 3.4 and Eq. 3.5.

pw(T ) =

1, if f(stress) = maxf(stress)
0, otherwise

(3.3)

frobust(CS) = max(f(CS)) (3.4)

frobust(RS) = max(f(RS)) (3.5)

Figure 3.2: Worst case scenario distribution function [8]

18



3. Metamodel based Multi-objective Optimization

3.3 Metamodeling
As discussed in section 2.2, the relation between the objective functions and the
micro-geometry variables was found to be highly non-linear. Hence, Gaussian pro-
cess regression method was used to develop the response surface or metamodel.
Metamodels were created for each objective function, that is four metamodels for
four objective functions.

The regression learner in MATLAB was used for this process. The input to re-
gression learner should be in tabular form. The first five columns in the table are
the micro-geometry values and the last column is one of the objective functions.
After the input is selected, one of the two available validations is selected. The two
available validations are cross-fold validation and hold out validation. It is recom-
mended by MATLAB to select hold out validation for very large data sets. Hold
out validation for 20% data was selected for the metamodel training in this thesis.
Validation is important in developing the metamodel to prevent over-fitting of the
Gaussian function. In the next step, the regression method is selected and in this
case, squared exponential Gaussian process. The regression is carried out based on
the data given to the regression trainer.

The model generated is in the form of an object in MATLAB is then exported
into the work space and saved. It is then later called by the optimization algorithm
as a function. This process is repeated for all the objective functions. The process
of generating the metamodel is as shown in Fig. 3.3 to 3.5.
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Figure 3.3: Regression Learner Predictors and Responses

Figure 3.4: Response plot and model training
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Figure 3.5: Export model

3.4 Metamodel Verification
Prior to optimization, the generated metamodel must be verified to check if it is
mimicking the real model accurately. 52 design points within the design space were
generated randomly. The objective functions were calculated in WindowsLDP for
these design points. The gear model in WindowsLDP represent the real model in
this case. The values generated by it is assumed to be the correct values. The
objective functions were then calculated for the same design points using the gener-
ated metamodels. These values were then compared to the WindowsLDP generated
values to determine if the metamodels are accurate enough to continue on to the
optimization process. The results of the verification can be found in section 4.1.

3.5 Optimization
Optimization process was carried out to determine at what micro-geometry values
the objective functions are at their minimum. The transmission error, contact stress
and root stresses all have to be minimized and the metamodels of all these objective
functions are contained within a vector. This vector is one of the input for the
optimization function of MATLAB. The optimization function is “gamultiobj”. It’s
form is given by Eq. 3.6. [32]

x = gamultiobj(func, nvars, A, b, Aeq, beq, lb, ub, nonlcon, options) (3.6)
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The micro-geometry values that will be obtained at the end of the optimization
iteration is x. The objective function vector is input in the place of func. The
number of variables of the optimization problem in this case is five and nvars rep-
resents this. The design space of the micro-geometry variables can be defined by
various constraints such as linear inequality constraints given by A ∗ x ≤ b, linear
equality constraints given by Aeq ∗x ≤ beq, non-linear constraints given by nonlcon.
In this thesis, these constraints are not used to define the design space and hence
are omitted. The other type of constraints used to set the design space are bound
constraints defined by a minimum value in lb and a maximum value by ub. For
five micro-geometry variables, the constraints lb and ub are vectors containing five
values. The options in this function is used to change different available options
for the genetic algorithm function such as changing the values of different algorithm
stopping criteria, display settings while the algorithm is running, an initial solution
as input to help start the algorithm (the default being zero), etc., and can be found
in the MATLAB documentation for gamultiobj. [32]

A stopping criterion is very important to be setup while running a genetic algorithm
optimization as it does not converge to a stop. The two stopping criteria consid-
ered in this thesis are function tolerance limit and maximum number of generations
allowed. Function tolerance limit is the average relative change of the objective
function values between iterations. Maximum number of generation is the maxi-
mum number of iterations that the algorithm will run. The function tolerance limit
was set to 0 and 5000 maximum generations. The function tolerance condition was
not satisfied and the algorithm stopped after running for 5000 iterations. A pareto
set (non-dominated set) of solutions was obtained at the end of the optimization
process.

3.6 Post-optimization analysis
The pareto solutions are all optimal solutions. When compared to each other, an
improvement in one of the objective function will result in the deterioration of one
or more other objective functions. But like any design, the designs obtained in the
pareto set must satisfy the safety factor conditions setup for the gear set. So, as
part of the post-optimization analysis, the safety factors for all the pareto solutions
are calculated. They are calculated based on the S-N curve of the material and duty
cycle applied for the gear set. The solutions that satisfy the critical cut-off safety
factor values are separated from the remaining solutions for further processing.

TOPSIS - Technique for Order of Preference by Similarity to Ideal Solution, a well
known method for multi-criteria decision making is used to rank the solutions from
best to worst. The peak-peak transmission values and the safety factor values,
which are the two criteria chosen for the process, are contained in a matrix called
the decision matrix. The values in this decision matrix are then normalized to make
comparison easier as they are of different units. This is now called the normalized
matrix. Now weight values have to be multiplied to the normalized matrix. The
total weight is considered to be 1 and equal weight distribution is when the two
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criteria are 0.5 each. In this thesis, the weight values were decided based on a set
of conditions. The conditions are:

• If all the safety factor values are close to the cut-off values, the criterion safety
factor gets a higher weight compared to the criterion peak-peak transmission
error. This is because at this point choosing a solution with lesser stress values
becomes more important than choosing the one with lesser peak-peak trans-
mission value.

• If the safety factor values are much higher than the cut-off values, the criterion
peak-peak transmission error gets a higher weight compared to the criterion
safety factor. This is because, in an opposite way, choosing lesser peak-peak
transmission value is more desirable than lesser stress values.

After the decision of weight values for each criterion, they were multiplied with the
normalized matrix and the resultant matrix is called weighted matrix. Each element
of this weighted matrix is represented by pij, where i = 1, 2, ...m and j = 1, 2, ...n. In
the next step, the ideal best and the ideal worst solution was chosen. The minimum
of peak-peak transmission value and the maximum of safety value are the ideal best
solutions given by p+

j . In the opposite way, the maximum and minimum of the for-
mer and the latter are the ideal worst solutions given by p−

j . The shortest distance
or the euclidean distance of each element of the weighted matrix to ideal best and
ideal worst was calculated. It is given by Eq. 3.7 - 3.8. The relative closeness of
the pareto solution to the ideal best solution was calculated using the Eq. 3.9. This
was considered as the score for the ranking of solutions with 1 being the best score
and 0 the worst. The pareto solutions were then sorted according to the score in
the descending order and presented as the result of the optimization routine. [33]

d+
i =

√√√√ n∑
j=1

(p+
j − pij) (3.7)

d−
i =

√√√√ n∑
j=1

(p−
j − pij) (3.8)

score = d−
i

d+
i + d−

i

(3.9)
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4
Results and Discussion

The results of the thesis are presented in this chapter along with discussion about
the same.

4.1 Metamodel Verification
The metamodels have to mimic the true model within the design space and cal-
culate approximately equal objective function values for a given set of variables.
In Fig. 4.1a, the x-axis represents the different design points within the design
space. Each design point represents different micro-geometry values. The y-axis
represents peak-peak transmission error (PPTE) with normalized values. For each
design point, there are two values of PPTE, one calculated by the model in Win-
dowsLDP (red circle) and another calculated by the metamodel (blue cross). This
can also be visualized in another way as shown in Fig. 4.1b where the metamodel
values are plotted against the true values(WindowsLDP Values). The red line in-
dicates the ideal prediction. The blue crosses indicate the metamodel calculated
values. Similarly, graphs for contact stress and root stress metamodels can be found
in Fig. 4.2 to 4.4.

In this thesis, the objective function values calculated from WindowsLDP model
is considered to be true. Lower deviations from the true values indicate higher accu-
racy of the metamodel. In Fig. 4.1a, the predicted values of the PPTE metamodel
are equal or approximately equal to the true values for all the design points. In
Fig. 4.1b, all the predicted values lie close to the ideal or true prediction line for
smaller deviation and hence better accuracy of the metamodel. After a metamodel
is generated, it is important to make this check otherwise the subsequent steps will
carry errors and the optimal solution will not be correct. Through these graphical
checks, the metamodels for PPTE, contact and root stresses are all deemed to be
accurate in this case.
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(a) Values calculated from WindowsLDP model and Metamodel for each design point

(b) Predicted Response Vs. True Response

Figure 4.1: Verification of PPTE Metamodel
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(a) Values calculated from WindowsLDP model and Metamodel for each design point

(b) Predicted Response Vs. True Response

Figure 4.2: Verification of Contact Stress Metamodel
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(a) Values calculated from WindowsLDP model and Metamodel for each design point

(b) Predicted Response Vs. True Response

Figure 4.3: Verification of Root Stress 1 Metamodel
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(a) Values calculated from WindowsLDP model and Metamodel for each design point

(b) Predicted Response Vs. True Response

Figure 4.4: Verification of Root Stress 2 Metamodel
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4.2 Benchmark vs Optimized Design
The objective functions of the optimized micro-geometry design is compared to the
benchmark and a case of zero micro-geometry (only five that were considered for
this thesis were made to be zero). In Fig. 4.5 to 4.8, the x-axis is represented by
torque and the y-axis is represented by PPTE, contact stress and root stresses with
normalized values. The optimized design is represented by Pareto Rank 1 as it is
the highest ranked solution out of the set of pareto optimal solutions.

The micro-geometry values from highest ranked pareto optimal solution are sub-
stituted in the WindowsLDP model and the objective functions are calculated and
plotted against the torque range. This is then compared to the benchmark and
zero micro-geometry cases. Zero micro-geometry case is used just to emphasize the
importance of micro-geometry in gear tooth design under varying loads and mis-
alignments. In Fig. 4.5, 4.6 and 4.8, an improvement is seen in PPTE, contact
stress and gear 2 root stress compared to the benchmark. A small increase is seen
in gear 1 root stress in Fig. 4.7. This is considered to be normal as all the objective
functions are conflicting to each other and improving one of them may worsen the
others. Also, safety factor calculations and checks to determine the safety of de-
sign are integrated into the post optimization code. Hence, any increase in stresses
compared to the benchmark is okay if the design satisfies the safety factor condi-
tions. Transmission error can be minimized up to the limits of design safety thus
preventing over designing in this aspect. In this case, the disadvantage of having
zero micro-geometry can be seen in PPTE and maximum contact stress as they are
very high. Even though the root stresses are lower, the gears will fail much faster
than the other designs in terms of high contact stress due to pitting problems.
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Figure 4.5: Peak-Peak Transmission Error

Figure 4.6: Contact Stress
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Figure 4.7: Root Stress of Gear 1

Figure 4.8: Root Stress of Gear 2
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4.3 Pareto Solutions Comparison
The objective functions of the top five ranked pareto optimal designs are compared
against each other in this section to visualize the conflicting nature of the objective
functions and the set of non-dominated solutions.

Comparing pareto rank 1 and pareto rank 4 objective functions in Fig. 4.9 to
4.12, rank 1 has lower PPTE in low range torque while rank 4 has lower PPTE in
high range torque. Also, the maximum contact stress and gear 1 maximum root
stress is lower for rank 4 compared to rank 1 and vice versa for gear 2 maximum
root stress. This clearly shows the conflicting nature of the objective functions and
the difference caused because of this in the two optimal solutions. Ranking one
solution above another depends on the requirements and engineer preference. If the
contact stress has to be minimized at the cost of higher PPTE in low range torque,
then rank 4 will ranked above rank 1. But in this thesis, preference is given to
minimize PPTE at lower torque range and hence is given a higher weight compared
to the stresses. But nevertheless the smaller weight given to the stresses comes into
picture in the third solution as it has the highest contact and gear 2 root stresses
even though it has relatively similar PPTE and is the reason for it to be ranked
below the top 2 pareto solutions.

Figure 4.9: Peak-Peak Transmission Error
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Figure 4.10: Contact Stress

Figure 4.11: Root Stress of Gear 1
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4. Results and Discussion

Figure 4.12: Root Stress of Gear 2
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5
Conclusion and Future Work

Developing an optimization methodology for gear design was the main aim of this
thesis. The methodology had to result in a pareto set of optimum micro-geometry
design for the gear teeth such that gear whine, contact stress and root stresses were
minimized. Safety factors for each of the pareto solution had to be calculated and
checked for design safety. Also, the pareto solutions had to be ranked depending on
weight distributed between the peak-peak transmission error and the safety factor.
The methodology also had to be robust against the operating condition torque and
also develop metamodels for the objective functions for reasons discussed in section
1.1.

The methodology for the optimization of gear design was successfully developed
and is same as the methodology used in this thesis as outlined in section 1.3. A
pareto set of optimum designs were obtained and after post-optimization process
the solutions were ranked highest to lowest. The objective functions of the highest
ranked solutions were compared against the benchmark. The peak-peak transmis-
sion error and thus gear whine was minimized. Contact stress and root stress of gear
2 was also minimized. But, the root stress of gear 1 was found to be slightly higher
than the benchmark. The stresses also satisfied the design safety conditions. The
methodology also helps to arrive at a unique solution and will not vary engineer to
engineer. It also saves time and effort compared to trial and error methods followed
previously.

As part of the future work, further development of the methodology in the the-
sis to incorporate more design variables is possible. Robustness against production
tolerance can be included to determine a solution that is unaffected by the same.
New metamodel generation methods can be explored to cut down the time involved
in this process. Lesser number of design points can be used for generation of meta-
models to save time at the cost of some accuracy.
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