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Correlated Effective Field Theory Truncation Errors: From Neutron-Proton Scat-
tering Amplitudes to Observables

Lucas I. G. B. Abrahamsson
Department of Physics
Chalmers University of Technology

Abstract

The strong force governing Nucleon-Nucleon (NN) scattering can be modelled with
an Effective Field Theory (EFT) of low-energy quantum chromodynamics. The Feyn-
man diagrams contributing to this force are considered order-by-order in an expan-
sion with decreasing importance. NN scattering observables can then be predicted
by considering all contributions up to some finite order, while neglected orders result
in predictable truncation errors. Contrary to previous studies, the EFT truncation
errors of different NN observable types should not be considered independent since
all of them depend on only five complex so-called scattering amplitudes. Instead,
truncation errors must be correlated not only across energies and scattering angles
but also across different observable types. In this thesis, we modelled and investi-
gated such correlations between the uncertainties of different neutron-proton scat-
tering observables resulting from a truncation of the chiral EFT guided by Weinberg
power counting.

We applied a Bayesian uncertainty-quantification model, consisting of a fixed-
kernel Gaussian process, on the leading order chiral EFT truncation errors of the
neutron-proton scattering amplitudes. The resulting errors were then propagated to
errors of various observables. We considered both Saclay and helicity conventions
for the NN scattering amplitudes with their specific angular boundary constraints.
Firstly, we found that the symmetry constraints of amplitudes propagate to observ-
ables, resulting in angle- and energy-dependent uncertainties. Secondly, we observed
strong angle-dependent correlations and rigid inequalities between different observ-
able types, cutting the joint posteriors into characteristic shapes traced back to
their amplitude dependencies. Finally, we examined the extent to which our error
model violates the unitarity constraint of the scattering operator by comparing the
optical-theorem and integrated total cross section. There was little to no correlation
between the uncertainties of these theoretically identical expressions. While we suc-
cessfully incorporated unitarity on average, future studies are necessary to explicitly
implement unitarity constraints into the error model.

This work is an important step in a larger effort to understand correlated
EFT truncation errors, considering rigorously the correlation between different NN
scattering observable types. The resulting error model could enhance the physical
robustness of EFT parameter inference and the reliability of theoretical predictions
for nuclear observables.

Keywords: nuclear physics, chiral effective field theory, nucleon-nucleon scattering,
scattering amplitudes, scattering observables, Bayesian uncertainty quantification,
effective field theory truncation error, Gaussian-process modelling.
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Terminology

Below is special terminology that has been used throughout this thesis, listed in
alphabetical order:

a priori adj. (also adv.) (Latin, meaning “from what is earlier”) Pertaining to argu-
ments, principles, or knowledge justified independently of sensory experience.

e.g. adv. Abbreviation of the Latin exempli gratia, meaning “for example”.

et al. phr. Abbreviation of the Latin et alia, meaning “and others”.

i.e. adv. Abbreviation of the Latin ¢d est, meaning “that is”.

interamplitudinal adj. Pertaining to comparative relations, systematic patterns,
or structural dependencies between separate amplitudes, especially in scattering

processes or wave-function components.

interobservabial adj. Pertaining to relationships, correlations, or structural link-
ages between distinct physical observables within a theoretical framework.
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Nomenclature

Below is the nomenclature of operators and variables that have been used throughout
this thesis.

All transformation operators are given in hatted script-style, e.g. 32, g , and ‘@”A,
except for the permutation operator denoted as II.

All three-dimensional vectors are denoted as bold math symbols, e.g. p, and the
magnitude of the vector is generally defined as p = |p| (note that not all bold math
symbols are three-dimensional vectors).

Operators

H Full Hamiltonian.

Hy Free Hamiltonian.

V Potentials.

G(z) Full Greens operator.

Go(2) Free Greens operator.

S Scattering operator.

T Transition operator.

o Pauli spin operators.

T Pauli isospin operators.

S, s, and my Spin operators, quantum number, and projection.

T, t, and my [sospin operators, quantum number, and projection.

L, ¢, and my Orbital angular momentum operators, quantum number, and pro-
jection.

J, 7, and m; Total angular momentum operators, quantum number, and projec-
tion.

Variables

xiil



p, k, and q

@%;Z‘UNI

Relative momentum vectors. In general, this thesis uses k for on-
shell relative momenta and q for intermediate (integrated over) rel-
ative momenta. Outgoing relative momenta are generally denoted
with a prime.

Reduced mass

Momentum transfer.

Momentum average.

Normal vector of the PK-plane (the scattering plain).
Laboratory kinetic energy.

Centre-of-mass polar scattering angle.

Chiral effective field theory expansion parameter.

Effective Field Theory related

Lagrangians.
Soft scale of chiral effective field theory.

Hard scale (chiral-symmetry breaking scale) of chiral effective field
theory.

Heavy-baryon nucleon field.
Pion fields.

Scattering Theory related

These are generally functions of T}, (or equivalently relative momenta) and 9.

M

{A}
{M;}o_,
{a,b,c,d, e}

Xiv

Scattering amplitude matrix in the uncoupled spin basis.
Nucleon-nucleon Lucas scattering amplitudes.
Nucleon-nucleon helicity scattering amplitudes.

Nucleon-nucleon Saclay scattering amplitudes.
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1

Introduction

Understanding the strong nuclear force remains one of the central challenges in
modern theoretical physics. The lineage of theoretical efforts to formally describe this
force traces back to 1935 and H. Yukawa’s meson theory [1]. His work paved the way
to the first field-theoretic attempts to derive the Nucleon-Nucleon (NN) interaction
in the 1950s. The One-Pion Exchange (1PE) model successfully reproduced low-
energy scattering data; however, the attempts to extend this framework to multiple
pions suffered from serious ambiguities. As a result, the so-called “pion theories” of
the 1950s were generally regarded as failures and were abandoned in favour of the
one-boson exchange models of the 1960s. We now recognise that these failures are
linked to the fact that pion dynamics are constrained by chiral symmetry, which was
not understood at that time [2].

However, the “pion theories” were resurrected with the discovery of Quantum Chro-
modynamics (QCD) in the 1980s. While QCD provided solutions to some of the
issues faced by earlier approaches, it also introduced new challenges. The problem
with deriving nuclear forces from QCD is that this theory is non-perturbative in
the low-energy regime, making direct solutions difficult. The final breakthrough oc-
curred with the discovery of Effective Field Theory (EFT), which was applied to
low-energy QCD [2]. The recipe for constructing EFTs was outlined by S. Wein-
berg [3] as writing down the most general Lagrangian consistent with the assumed
symmetry principles of the underlying theory. The Chiral Effective Field Theory
(xEFT), initially proposed by Weinberg [4, 5], considers in particular the (approx-
imate) chiral symmetry of QCD. It effectively describes low-energy nuclear forces,
using pions (Goldstone bosons of the broken chiral symmetry) and nucleons as the
effective degrees of freedom.

The most general Lagrangian consistent with the (broken) chiral symmetry will con-
tain an infinite number of terms. To assess the importance of each term, the YEFT
Lagrangian is systematically handled as an expansion in powers of an expansion
parameter (). The nuclear interaction potential is then similarly considered on an
order-by-order basis, by including contributions from the Feynman diagrams of that
order. However, there is always a next order to consider, which means that the the-
ory must be truncated at some level of accuracy. The neglected orders subsequently
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lead to unavoidable truncation errors, propagating to all physically observable quan-
tities. The systematic order-by-order convergence of a well-constructed EFT does,
however, provide not only increasingly accurate predictions but also quantitative
guidance for modelling these residual truncation uncertainties [6, 7].

The quest of constructing an error model that provides as much information as
possible about the EFT truncation errors is thus a fundamental part of increasing our
understanding of nuclear physics. Considerable efforts have been made to incorporate
the a priori knowledge from the truncated prediction into Bayesian Uncertainty
Quantification (BUQ) models of the residual truncation errors [6, 8], in the context
of NN scattering and many-body observables[9-11]. These error models have, over
time, evolved to consider an increasing amount of physics knowledge about the
NN observables on which the models are applied [9, 10]. The consequent models
consider the scattering observables to be correlated with themselves across energies
and angles, but independent of other observable types.

The NN scattering system is constrained by various symmetries and invariance prin-
ciples, which constrain the number of independent scattering quantities. There are
only five complex so-called NN scattering amplitudes from which all observables can
be determined [12]. This quantity bottleneck presents an excellent opportunity to
further evolve the BUQ models of correlated EFT truncation errors by also consid-
ering the correlations between different observable types. The primary idea behind
this expansion is that applying the BUQ model independently on the five scatter-
ing amplitudes enables the propagation of uncertainties across all observables. This
approach should result in correlations between various observable types, thereby
capturing the underlying physics at a more fundamental level.

A recent article by B. McClung et al. [13] applied a BUQ model onto scattering
amplitudes. The space carved out for this project is thus to further extend the
model by propagating the truncation errors of the scattering amplitudes to observ-
ables and investigating the correlations across energies, scattering angles, and, most
significantly, the correlations between different observable types.

Aim and Structure

The primary objectives of this thesis are to:

o Implement a BUQ model for YEFT truncation errors at the level of NN scat-
tering amplitudes.

o Propagate the errors from the amplitudes to various NN observables and in-
vestigate the correlations between the resulting truncation errors of different
observable types.
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o Examine the implications of the unitarity of the scattering operator on the
scattering amplitudes and to what extent the constructed error model violates
this implicit constraint.

The study is limited to only considering neutron-proton (np) scattering and the Lead-
ing Order (LO) Weinberg Power Counting (WPC) xEFT potential. The hyperpa-
rameters implemented in the BUQ model were thus not independently determined.
The project does, however, consider both the helicity and Saclay conventions of the
np scattering amplitudes, which significantly increases the nuance of the discussion
of the new results of this thesis.

The thesis is divided into three parts. In Part I, the underlying theory behind the
project implementation is presented. The general concept of construction of a EFT
and the implemented yEFT potential is presented in chapter 2. The quantum me-
chanical theory of non-relativistic scattering is introduced in chapter 3. This chapter
also takes a detailed look at the symmetries and invariance principles utilised to de-
fine the NN scattering amplitudes and observables in chapter 4. Part II presents the
general methods used, i.e. the general BUQ model (chapter 5) and the numerical
solution to the Lippmann—Schwinger (LS) equation (chapter 6). The exact project-
specific implementation used is then presented and motivated in chapter 7. The last
part, Part III, presents and discusses the acquired results. Chapter 8 consists of
three sections, one for the results relating to each of the three primary objectives of
the thesis. The closing chapter of the thesis (chapter 9) concludes the results and
presents an outlook for future studies.

The frequently used acronyms, considered nomenclature, and special terminology
are presented in the front matter. Note also that natural units (h = ¢ = 1) are
used in all theoretical expressions throughout the thesis. The results are presented
in units of MeV (energies), fm (amplitudes), and fm? (cross sections), linked to the
natural units through the factor hc ~ 197.327 MeVfm.
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Effective Field Theory of Nuclear
Physics

Nuclear forces are governed by low-energy QCD, which is the theory of strong inter-
actions. QCD is a non-Abelian gauge field theory!, based on the colour SU(3) gauge
group. The degrees of freedom of the theory are the “coloured” quarks (fermionic
fields) and gluons (gauge fields). The non-Abelian nature of the gauge group SU(3)
implies that QCD, which has six fermion fields (the six quark flavours), is asymptot-
ically free. The “strong” force governing the strong interaction of coloured objects
is, therefore, weak at high energies (or short distances), allowing for perturbative
treatment of high-energy QCD. The strong force is, however, strong for low energies
(or long distances), leading to the confinement of quarks into colourless hadrons.
Low-energy QCD is, therefore, highly non-perturbative, making direct solutions in
nuclear physics very difficult [15].

The efficient approach to treat problems in nuclear physics, like the NN scattering
problem, which is of interest in this project, is to construct a EFT consistent with
low-energy QCD. The recipe for constructing an EF'T from an underlying field theory
can be summarised as [2]:

1. Identify the soft and hard scales, and the effective degrees of freedom appro-
priate for the system in question.

2. Identify the relevant (exact and approximate) symmetries and symmetry break-
ings of the underlying theory.

3. Construct the most general Lagrangian, in terms of the effective degrees of
freedom, consistent with the symmetries and symmetry breakings of the un-
derlying theory.

la non-Abelian gauge field theory is a field theory of which the Lagrangian is invariant under

local (space-time dependent) transformations (of a gauge group) associated with a Lie algebra with
non-commuting generators [14].
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4. Distinguish between more and less important terms in the Lagrangian, by
considering the Lagrangian as an expansion in terms of the soft scale over
the hard scale, where some systematic power counting scheme determines the
expansion order of each term.

5. Calculating Feynman diagrams for the problem in question using the effective
Lagrangian truncated at some order in the expansion factor.

In low-energy QCD, where nuclear physics resides, the coloured quarks are confined
in colourless hadrons, meaning that quarks and gluons are ineffective degrees of
freedom for a nuclear physics EFT. It is thus more appropriate to consider the
hadrons as the effective degrees of freedom. In the hadron spectrum, a large gap
between the masses of the pions?, m,, and the masses of the vector mesons®, m, ~
1 GeV, can be identified. It is thus reasonable to consider the soft scale to be set by
the scale of the pion masses, A, ~ m,, and the hard scale to be set by the scale
of the vector meson masses, A, ~ m,, also known as the chiral-symmetry breaking
scale. The relevant degrees of freedom for nuclear physics are thus considered to be

given by nucleons and pions [2].

With the hard and soft scales established, the remaining points on the EFT recipe
checklist will be covered in the upcoming sections. The relevant symmetries of QCD
are identified in section 2.1. The most general YEFT Lagrangian is then considered
and distinguished based on importance in section 2.2. Section 2.3 asserts the Feyn-

man diagrams for two-nucleon interactions and presents the WPC scheme and the
LO xEFT potential.

2.1 Symmetries of Low-Energy QCD

The gauge invariant QCD Lagrangian is given by

1 .
Lacp = = Fu B + 3 s (0" Dy — my)dy (2.1)
7

where 9y are the quark Dirac fields (of flavour f =u,d,s,c,b,t), my are the quark
masses, F, is the gluon field strength tensor (with colour index a = 1,2,...,8 and
space-time indices pu,v = 0,1,2,3), D, is the covariant derivative, and v* are the
gamma matrices. The gluon field strength tensor is given by

Fi, =0,A, —0,A, + gf“bCAZAf,, (2.2)

g is the strong coupling constant, A} are the gluon fields, and f% are the structure
constants of the SU(3)colonr Lie algebra. The covariant derivative is given by

D, =8, — igA"T*, (2.3)

2The charged pions have masses m,+ = 139.57039-+0.00018 MeV and the neutral pion has mass
myo = 134.9768 £ 0.0005 MeV [16].
3The p(770) is the lightest vector meson with a mass of m, = 775.26 + 0.23 MeV [16].
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where T are the generators of the SU(3)coour Lie algebra .

There are six quark flavours: up (u), down (d), strange (s), charm (c), bottom (b),
and top (t). The up, down, and strange quarks have masses

my = 2.16 £ 0.07MeV, mgq =4.70+0.07MeV, mg=935+0.8MeV, (2.4)

and the charm, bottom, and top quarks have masses? over 1 GeV [16]. For the energy
scale relevant for nuclear physics, i.e. A, ~ 1GeV, only the up and down quark
flavours are considered® [17].

2.1.1 Approximate Chiral Symmetry

Given that the masses of the up and down quarks are much smaller than the energy
scale relevant for nuclear physics, the massless quark approximation is good. Under
these approximations, the low-energy QCD Lagrangian becomes

1 ) .
E%CD = _ZFsVFaMV + QMV’LDMI#, ’QZ} = (:fd ) (25)

where 1 is a composite spinor of the up and down quark Dirac fields. This composite
spinor can be separated into Left-handed (L) and Right-handed (R) projections as

Y=4YL+yYr, VL=, Yr=Fri. (2.6)

The operators P, and Py are the so-called chiral projection operators and are defined

as
1 1
PL:§(1_75)7 PR:§(1+75)7 (2.7)
1.2.3

where v° = 79919243 is the “fifth” gamma matrix. The massless quarks low-energy
QCD Lagrangian can then be expressed as

1 - .
Loep = —ZFZ/F&W + Priv' Dy, + Yriv" Dy, (2.8)

which does not mix left- and right-handed quark fields. It is apparent that this
Lagrangian is invariant under the global transformations

P — gL = e OLiT ey Yp — grib = € ORI oy, (2.9)

where g, € SU(2)L, g € SU(2)r, and 7; (i = 1,2,3) are the generators of
SU(2)flavour With the commutation relation [7;, 7;] = 2i€; 75, This

Gy = SU@)1 x SU@)R = {(g1,98) | g1, € SU@)L, gn € SURRY  (2.10)

symmetry is known as chiral symmetry [2].

4The charm, bottom, and top quarks have masses m. = 1.2730 % 0.0046 GeV, m;, = 4.183 £
0.007 GeV, and my = 172.57 £ 0.29 GeV, respectively [16].

5The strange quark is not considered since the neutron, proton, and pions are hadrons of up
and down quarks.
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Even if the massless quarks approximation is good for nuclear physics, the up and
down quarks do indeed have a mass and the true low-energy QCD Lagrangian is

Laen = ~ 1 Ft ™ 4 (i7" Dy — m)n + Gin(i7 Dy — m)o. — b, — G,

(2.11)
where m = diag(m,, mq) is the diagonal (up and down) quark masses matrix. It is
clear that the ¢y mar and gmiy, terms explicitly break the chiral symmetry for
non-zero quark masses. The up and down quark masses are, however, very small
in relation to the energy scale of nuclear physics, meaning that the explicit break-
ing of the chiral symmetry is very small. Low-energy QCD is thus said to have
an approximate chiral symmetry. In addition, there is evidence that the approxi-
mate chiral symmetry of low-energy QCD is spontaneously broken to an approxi-
mate SU(2)y symmetry. The three spontaneously broken generators result in three
pseudo-Goldstone bosons, namely the three (barely) massive pions (7%, 7+, 77)
[15]. In the so-called chiral limit, where mg4, m, — 0, the pions become massless
Goldstone bosons.

2.1.2 Approximate Isospin Symmetry

Noether’s theorem implies that the chiral symmetry carries six conserved currents
Ly =y §¢L, Ry =Yry §¢R, (2.12)

with 0,L = 0 and 0,R = 0. Three conserved vector currents, V/*, and three
conserved axial-vector currents, A, can then be identified as

V= Rl LE =0y S, Al = RE— L = 9y 2. (2.13)
The vector transformations are given as
Y — Uyt = e 7OV, (2.14)

which can be recognised as isospin rotations Uy € SU(2)y. The invariance under
vector transformations can, therefore, be identified as isospin symmetry [2].

The quark mass term in the low-energy QCD Lagrangian can be expressed as

- o (my O My +my - My — Mg -
iy =¥ ( ’ md) p="u T Mgy T My, (215)
where 73 is the third Pauli matrix (third generator of SU(2)gavour)- It is clear that
the quark mass term only is invariant under the vector transformations if m, =
mgq. Given that |m, — mq| = 2.54MeV <« 1GeV, the low-energy QCD exhibit an

approximate isospin symmetry for energy scales relevant for nuclear physics.

10
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2.1.3 Parity, Time Reversal, and Charge Conjugation

The parity, time-reversal, and charge-conjugation transformation properties of the
various bilinears are summarised in table 2.1. The details of the transformations are
presented in the remaining part of this subsection.

Table 2.1: Transformation properties of the five Dirac field bilinears (and the partial
space derivative and gauge fields) under parity (P), time-reversal (T), and charge-
conjugation (C) transformations. y* are the four gamma matrices, 7° = i7%y'y%3
is the “fifth” gamma matrix, and o#” = —£[v*,~"]. In this table (—=1)* = 1 for 4 =0

and (—1)* = —1 for p=1,2,3 [18].

D | WP | Oy | Py | ety | 8, and AL
Pl+1| =1 | (=) =(=1" | (=)=~ | (=1
T|+1| -1 [ (=" (=D" | —(=D)(=1"] —(=1)*
C|+1 +1 -1 +1 -1 +1

The parity transformation reverses the momentum of a particle without changing
its spin, 7.e.
p— PpP = —p, (2.16)

where & is the unitary and Hermitian parity operator and p is the momentum
three-vector [18]. Dirac spinors transform under parity as

b(t,x) — PPt 2) P = 1A U(t, ), (2.17)

where 7, is a possible phase obeying 7’7, = 1. Gauge fields transform under parity
as
AS(t,—=x)  for p =0,

) (2.18)
—AS(t,—x) for p=1,2,3

At ) — PAL(x) P = {
It is with these transformations and the defining anticommutator relations of the
gamma matrices {v* 7"} = 2n*1 easy to show that the QCD Lagrangian (2.1) is
parity invariant [14, 15].

The time-reversal transformation changes the direction of particle momentum and
reverses the time coordinate, i.e.

p— IpIt=—p (ta)— Ttx)I=(-tx) (2.19)

where 7 is the antiunitary® time-reversal operator, p is the momentum three-vector
and x = (t, x) is the space-time coordinate [18]. Dirac spinors transform under time
reversal as

U(t,x) — Tt @) T = —'y(—t, x). (2.20)

6TTT =1 and TA = A*T, where A is a general mathematical object.

11



2. Effective Field Theory of Nuclear Physics

Gauge fields transform under time reversal as

—Aj(—t,x) for p=0,

(2.21)
Al(—t,x)  for p=1,2,3.

ALt ) — QAZ(t,w)fT = {

These transformations in combination with the antiunitarity of 7 and the properties
of the gamma matrices can be used to show that the QCD Lagrangian (2.1) is
invariant under time reversal [14, 15].

The charge-conjugation transformation changes a fermion with a given spin orien-
tation into its antifermion with the same spin orientation, i.e.

ay — Cay = b5, b — ChE = ap, (2.22)

where ¢ = €' is the unitary and Hermitian charge-conjugation operator and aj,
(by,) is the annihilation operator of a fermion (anti-fermion) with momentum p and
spin s [18]. Dirac spinors transform under charge conjugation as

Y(a) — CY(a)E = =il (@), (2.23)

where x = (¢, ) is the space-time coordinate. Gauge fields transform under charge
conjugation as A A
Al(r) — CA, (7)€ = A} (). (2.24)

Although not as easy as for parity, the properties of the gamma matrices can then
be employed together with the charge-conjugation transformations of the fields to
show that the QCD Lagrangian (2.1) is invariant under charge-conjugation [14, 15].

2.2 The Chiral Effective Field Theory Lagrangian

The EFT used in the context of nuclear physics is called YEFT, given that it, besides
parity, charge conjugation, and time reversal invariance, considers the approximate
chiral symmetry of low-energy QCD. The relevant degrees of freedom in yEFT
are pions (pseudo Goldstone bosons) and nucleons (baryons), and the effective La-

grangian used to derive nuclear forces of a system of 2,3,4,...,n nucleons is given
by

LE = Lan + Loy + Ly (2.25)

L3 = L% + Lany + Lynn (2.26)

LE = LX + Lanny + Lynwn (2.27)

(2.28)

L = LGN + Lannor + Lo (2.29)

where L, describes the dynamics among pions, £,x»—1 describes the interaction
between pions and n— 1 nucleons, and Ly~ deals with the n-nucleon contact interac-
tion. The interaction of Goldstone bosons must vanish at zero momentum transfer,

12



2. Effective Field Theory of Nuclear Physics

and in the chiral limit (m, — 0), the low-energy expansion of the Lagrangian is
arranged in powers of derivatives and pion masses. In Chiral Perturbation Theory
(ChPT), the expansion is considered in powers of @ = A;/A,, where A, is the soft
scale given by a small momentum or pion mass and A, ~ 1GeV is the chiral sym-
metry breaking scale (the hard scale). Each of the terms in the effective Lagrangian
is organised as

Lon =L 4+ W 126 4
ﬁﬂ'N”*I — E;-l])vn—l + Ef])vn—l + cfj)\fn—l + £7(.:1])Vn—1 + 5;.5])\711—1 + ceey
Lan =L + 28 + 88+ ..., (2.30)

where the superscripts indicate the number of derivatives or pion masses, d, in each
term. Only terms with even d contributes to L, due to Lorentz invariance, and
the LO contribution consists of two derivatives given that Goldstone bosons only
can interact if they carry momentum, i.e. the interaction between pions comes in
powers of derivatives. Similarly, only terms with even d contribute to Ly» due to
parity and time reversal invariance [2].

In this project, only two-nucleon interactions will be investigated, meaning that the
relevant Lagrangian is given by

£eff = Eﬂ'ﬂ' + £7TN + £NN- (231)

2.2.1 The Pion-Pion Lagrangian

To construct the chiral Lagrangian, the matrix II € SU(2)gayour is introduced to
collect the pseudo-Goldstone pions 7r as

1 2 7 a— 1)t
ﬁr(r-w)—zﬁll—;(r-ﬂ)g—l—@égﬁ)
where f; is the pion decay constant and 7 = (71,7, 73)7 are the generators of the
SU(2)favour Lie algebra (isospin operators). The coefficient of the term which is
linear in the pion fields is fixed such that the correct kinetic term is produced in the
7 Lagrangian. The coefficient « is arbitrary due to the freedom of choice for the
interpolating pion fields” [2]. An appropriate choise of the coefficient is o = 1/6, for

which (2.32) can be written as

=1+ 1+..., (2.32)

Il = e!m ™/ = (2.33)

which is obvious when noting that (7 - w)?" = w2" for all n € Z.

The LO wm Lagrangian can be expressed in terms of the matrix IT € SU(2)gavour as

2
2 2
£ = "7 Te{0,10" I + m (I +117) |, (2.34)
"Note that on-shell observables must be independent of the choice of the pion fields, i.e. must
be independent of a.

13



2. Effective Field Theory of Nuclear Physics

where m, is the pion mass. The bifundamental field® II transfrom under global chiral
rotations, the group G, as defined in (2.10), as

T — guIlgh,. (2.35)

It is then, with the use of the unitarity and space-time independence of the global
transformation matrices gr g € SU(2)1/r and the cyclic property of the trace, trivial
that the first term of (2.34) is chiral invariant. Equally trivial, the second term is
not chiral invariant and breaks the chiral symmetry explicitly. This explicit breaking
of the chiral symmetry is intentionally consistent with low-energy QCD such that
the correct mass term for the pions are reproduced.

2.2.2 The Pion-Nucleon Lagrangian

Baryon fields can be incorporated into the EFT in a chirally consistent manner. The
LO wN Lagrangian can be derived relativistically (see e.g. [19]) as

ﬁsrlj)v = W[M“Du — My + %7“7%4 U, Dy=0u+Ty, (2.36)

where W is the baryon field, My is the nucleon mass, D, is the chirally covarient
derivative, and g is the axial-vector coupling constant. The chiral connection I',,
and the axial vector u, can be expressed as’

L= 51640, = 5 (€0, +€0.60), = i{€1,0,6) = i(€0,6 — €0,€7), (2.37)

where

= 2 i(8a—1)
A A e

It can then be understood that the term \IW“FH\IJ describes interactions between
a baryon and an even number of pions, and the term oc W~*4°u, ¥ describes inter-
actions between a baryon and an odd number of pions [2].

(-7 +.... (2.38)

This relativistic treatment of baryons in ChPT leads to problems as the resulting
Lagrangian contains time derivatives of the baryon fields and nucleon masses, which
are not small compared to the chiral symmetry breaking scale and do not vanish in
the chiral limit. The solution to this problem is to treat the baryons as heavy static
sources (non-relativistic limit) such that the momentum transfer between baryons
by pion exchange is small compared to the baryon mass. The expansion is then
performed in terms of these small momenta over the baryon mass and is known as
heavy-baryon ChPT. The LO wN Lagrangian, in this heavy-baryon formalism, is
given by

LY = N|iDy — %A(o— -@)|N, (2.39)

8That II is a bifundamental field implies (in this context) that II transform linearly in the
bifundamental representation (2r,,2g) of G, i.e. [, — [gL]“C[g;E{]db[H}Cd.

9Note that the unitarity of II € SU(2)gayour implies that £ = 1, and thus that 9, (£€T) =
(auf)g + gaugT =0, ie. (auf)gr = _§8H§T~

14



2. Effective Field Theory of Nuclear Physics

where N is the heavy-baryon nucleon field (upper components of the baryon field)
and o is the vector of the three Pauli matrices (spin operators).

2.2.3 Two-Nucleon Contact Lagrangian

Two-nucleon contact interactions consist of four nucleon fields and no pions. These
terms are necessary to renormalise loop integrals, to make the results independent of
regulators, and to parameterise the unresolved low-energy dynamics of the nuclear
force. The LO two-nucleon contact Lagrangian is given by

1 - 1 _
£O, = ~3CsNNNN — 2Cr(NoN) - (NoN), (2.40)

where N is the heavy-baryon nucleon field and {Cs, C'r} are unknown Low-Energy
Constants (LECs) which can be determined from nucleon-nucleon interaction data

12].

2.3 The Nuclear Interaction Potential

As understood in the previous section, there are an infinite number of terms in
the EFT Lagrangian, allowing for an infinite number of Feynman diagrams for the
nuclear interactions. The importance of each of these Feynman diagrams is thus de-
termined, in accordance with ChPT, by the corresponding power of Q¥ = (A;/A,)".
The determination of the power (chiral order) v is known as power counting. In this
project, WPC is employed, where the chiral order of a given Feynman diagram is
given by

v=—2424-2C+2L+ A, Aizdi+%—2, (2.41)

where A is the number of nucleons in the interaction, C' is the number of separately
connected pieces, and L is the number of loops in the diagram. A; is the interaction
index of vertex i, determined by the number of derivatives or pion masses d; and the
number of nucleon fields n; in the vertex. The Feynman diagrams for two-nucleon,
three-nucleon, and four-nucleon interactions at different orders are shown in table
2.2. The benefit of ChPT, as can be concluded from the above-mentioned table, is
that there exists only a finite number of diagrams that contribute at a given order
v [2].

2.3.1 Two-Nucleon Interaction potential

The covariant Bethe-Salpeter equation describing two-nucleon scattering is, in op-
erator notation, given by

T =V+VGT, (2.42)

where T is the invariant amplitude, V is the sum of all connected irreducible dia-
grams, and G is the relativistic two-nucleon propagator. The Bethe-Salpeter equation
can also be understood in terms of diagrams as shown in figure 2.1. The three-
dimensional reduction of this equation is given by the coupled equations

T=V+VGT, V=V+V(G-GaG)V, (2.43)
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2. Effective Field Theory of Nuclear Physics

Table 2.2: The Feynman diagrams for the two-, three-, and four-nucleon forces
at different orders. The solid lines are nucleons, and the dashed lines are pions.
The black dots, blue rhombi, red squares, and green pentagon denote vertices of
interaction index A = 0, 1, 2, and 4, respectively. Note that there are various loop
diagrams of order v > 0 that renormalise diagrams of lower orders, which are not
included in this table [20].

Nucleon One-Pion Two-Pion Three-Pion Four-Pion
Contact Exchange Exchange Exchange Exchange
Two-Nucleon force
LO ~
(v=0)
NLO +* +¢ t+
St
N2LO +)H(++i
bt
oy R
(V _ ) A el at.
tXi el al.
Three-Nucleon force
N2LO . e -
(v=23)
58 SO SEEE
(l/ _ 4) o el at. ~ B el at.
Four-Nucleon force
(11\/1352) X__X el al. +'£__X el al. L_#:i__T el al. T__LXi__T

16
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where GG is a covariant three-dimensional propagator which preserves relativistic
elastic unitarity [2].

N N N—»—;—»—N N—»—;—»—;—»—N N—»—;—»—;—»—;—»—N
j}f{\ - AV vy 4 AV SV A
N N N > N N> ip N N>iw i ip N

Figure 2.1: The Bethe-Salpeter equation, (2.42), relating the invariant NN scatter-
ing amplitude 7 to the sum of all connected irreducible diagrams and the relativistic
two-nucleon propagator, G.

The LO, Next-to-Leading Order (NLO), and Next-to-Next-to-Leading Order (N*LO)
Feynman diagrams for two-nucleon scattering can be divided into two-nucleon con-
tact, 1PE, and Two-Pion Exchange (2PE) diagrams, see table 2.2. For two-nucleon
scattering up to N2LO, V can thus be expressed as

V= V17r + V27r + Vcta (244)

where V,, is the relativistic 1PE, Vs, is the sum of all irreducible 2PE diagrams'’,

and V,; is the sum of all irreducible two-nucleon contact diagrams'!. The two-nucleon
potential V', as given in (2.43), then becomes

V= Vhr + V27r + Vct + (Vlﬂ' + Vct)(g - G)(Vlw + VCt) - ‘/17r + ‘/27r + ‘/Ct + V7rct7
(2.45)

where terms that only contribute at Next-to-Next-to-Next-to-Leading Order (N3LO)
or higher orders (v > 4) have been omitted. As can be seen in table 2.3, Vi, is the
on-shell 1PE potential, V5, is the irreducible 2PE potential, V; is the irreducible
two-nucleon contact potential, and V. is the potential considering irreducible parts
of diagrams with pion exchange and two-nucleon contact.

The on-shell 1PE potantial can be expanded, in accordance with ChPT, as

Vie = VO 4 v® L y® 4 (2.46)

where the superscripts indicate the chiral order v of the expansion term. The LO

1PE potential is, in the relative momentum basis, given by!?

e [0-(1) -K][o-(2) K]
(KPP +m;

9
A2

where p and p’ are the ingoing and outgoing relative momenta, respectively, K =
p’ — p is the momentum transfer, and 7™ and o™ are the isospin operator and

Vi%(p',p) = [r (2.47)

ONote that all 2PE diagrams shown table 2.2 are irreducible except for the planar box.
I All irreducible two-nucleon contact diagrams are shown in table 2.2.
I2Note that the operators {0'(1), oc@ ) 7'(2)} act in different spaces. The operator dependence

of the 1PE potential is more formally identified as [+(1) . 73)][c(M) . K][e®) - K] = ([+(V © ]li(fgspin] .
[]]‘i(slo)spin ® T(Q)]) ® [0'(1) . K] [029] [0'(2) . K]
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2. Effective Field Theory of Nuclear Physics

spin operator, respectively, of nucleon n = 1,2 [2]. The higher order terms {Vl(;rj)},»o
correspond to contributions that renormalisation the LO 1PE diagram. These po-
tential does not provide any new momentum dependence, but instead renormalise
the constants' in (2.47) [20].

The two-nucleon irreducible 2PE potential considers all 2PE diagrams except for
the planar box diagrams, for which it only contains the non-iterative contribution,
see figure 2.2. The leading contribution from 2PE appears at NLO (v = 2) and the

N—e—o—N N-ee—N N——» N
Vlﬂ(Q_G)Vlw = m

\ ’ 7
\ / /

E’/T — 7'('\\\\ + ’ /7'[‘
N—e— N N—ooN N-eoe N

Figure 2.2: The irreducable part of the 2PE planar box Feynman diagram. The two
diagrams in the last equality are time-ordered graphs [20].

irreducible 2PE potential can be expanded as

Vor = VO 4+ VO Ly 4 (2.48)

The two-nucleon contact potential can be expanded, in accordance with the expan-
sion (2.30) of the governing Lagrangian Ly, as

V=V + v v+ (2.49)
The LO contribution, in the relative momentum basis, is given by'
VO (p', p) = Cs + CrleW - o), (2.50)

where Cg and Cr are the LECs appearing in (2.40) [2]. The NLO contubution, v,
contains the term V.((G — G) Ve, which is shown in figure 2.3. The contribution from
V(G — G)Vy is, however, zero since the intermediate state only contains nucleons
and is thus completely reducible [20].

The V.. potential can be expanded as
Ve = Vid + Vi + VR + v+ (2.51)

and are the contributions from the irreducible parts of diagrams containing both
two-nucleon contacts and pion exchanges. The leading diagrams of that kind are
shown in figure 2.4. The V. potential only leads to pion-mass-dependent shifts of
the LECs in V; and will thus not produce any new momentum dependence [20)].

13The renormalisation of the 1PE potential is solved by using the empirical values for ga, fr,
my, and My and adding an shift to ga known as the Goldberger-Treiman discrepancy. This project
only considers the LO NN interaction potential and will thus not dissect the details of the 1PE
renormalisation and instead refer interested readers to [20, 21].

! The two terms in two-nucleon potential are more formally identified as Cs = Cs [lgll))in ® ]lgizn ®

1Y @) ol and Cr[aM - 0@ = Op[([e® @ 15, 10, @ 6@ @ 100, L 0 12 1.

isospin ® llsospin spin isospin isospin
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V(G — G)Vy = ><>< =0

Figure 2.3: The (zero) contribution to V¥ from the Vy (G — G)Vy diagram.

N N N N
Vlw(g - G>Vct + Vct(g - G>V17r = XIZ + BX
N N N N

Figure 2.4: The leading contribution to the V.. potential.

The NN interaction potential at LO, NLO, and N?LO is thus given by

Vaw = ‘/1(7(1')) + ‘/c(tO)a (2.52)
VNLO — L0 4 () () (2.53)
VNQLO VNLO + ‘/'271_ ’ <254)

where the tilde implies that the potential constants have been appropriately renor-
malised and shifted. A summary of the diagrams that contribute to these potentials
can be seen in Table 2.3. Of particular interest in this project is the LO NN inter-
action potential, which in the relative momentum basis is given by

QA Ir (1) (2)] [0'(1) ) KHU(Q) - K]
RYE K2+ m2

Vin (P, p) = +Cs 4 CploW - o@].  (2.55)

2.3.2 Regularisation

The nucleon-nucleon interaction potential was, in the previous subsection, con-
structed with ChPT, which is a low-momentum expansion, and is thus only valid
for ingoing and outgoing relative momenta much smaller than the chiral symmetry
breaking scale, i.e. |p|,|p’| < A, ~ 1GeV. The interaction potential is, therefore,
regularised by including the factor

_ M 2n

fap,p) = 5]

where A is the momentum cutoff and n determines the sharpness of the cutoff. The
regularisation effectively dampens the potential for ingoing and outgoing relative
momenta larger than the cutoff A. The regularised potential is then given by

Van (P, p) = Vax (0, ) fA(P', P). (2.57)

The LECs {Cs, Ct} appearing in the two-nucleon contact potential can be deter-
mined by fitting quantities predicted with the potential to experimental data. The
LECs are, therefore, dependent on the chosen cutoff (and cutoff sharpness), i.e.

Van (P, p) = Van (0, p; A) fa (P, p), (2.58)

Ip|

e_[T]Qn

, (2.56)
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2. Effective Field Theory of Nuclear Physics

Table 2.3: The diagrams that contribute to the on-shell 1PE potential, V;,, the
irreducible 2PE potential, V5, the irreducible two-nucleon contact potential, V., up
to N2LO. The black dots, blue rhombi, and red square denote vertices of interaction
index A = 0, 1, and 2, respectively. The large grey blob indicate that only the
irreducible part of the diagram contributes i.e. G — GG. Note that diagrams that only
renormalise or shift diagrams of lower orders are not included in this table [20].
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where

o). K|[o? . K]
[K[? +m3

2

Vil (0, p; A) = —49;2[7'(1) e [ + Cs(A) + Cp(A)[eW - o).
" (2.59)
The resulting potential, Vi, (p’, p) and the quantities predicted with the potential
should, however, be independent of the choice of A (and n) given that the fitting of

the LECs resolves the low-momentum details of the potential.
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3

Scattering Theory

The first sections (section 3.1) in this chapter cover the general basics of quantum
mechanical scattering theory and introduce the relevant concepts and operators.
The second section (section 3.2) introduces the problem of scattering of two particles
with spin and isospin. The third section (section 3.3) is the main body of the chapter
and concerns the more specific problem of NN scattering. Subsection 3.3.1 takes a
detailed look at the relevant states both in the relative momentum state basis and
the Partial-Wave States (PWS) basis. Subsection 3.3.2 investigates the symmetries
of the NN states and LO yEFT potential (see chapter 2). These symmetries are of
high interest for the project as they constrain the scattering matrix (discussed in
subsection 3.3.4) and allow us, in chapter 4, to distil the NN scattering quantities
down to five complex scattering amplitudes. Subsection 3.3.3 presents the Lippmann-
Schwinger equation in the relevant basis for the numerical treatment of the NN
scattering problem in part II of this thesis. The closing subsection (subsection 3.4)
introduces the concept of minimal relativity, which scales the LO yEFT potential
of chapter 2 such that it is consistent with our non-relativistic treatment of the
scattering problem as presented in this chapter.

3.1 Scattering Theory in Operators

The dynamics of a closed and isolated quantum mechanical system!® is governed by
the time-dependent Schrédinger equation

. d
i () = H (), (31)

'A quantum mechanical system is closed when the dynamics of the system can be represented
with a unitary time-evolution operator, i.e. the Hamiltonian is Hermitian. An isolated system
additionally requires that the energy of the system is conserved in time, i.e. there are no energy
or matter exchanges between the system and some outside environment. Note that all isolated
systems are closed, but not all closed systems are isolated [22].
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3. Scattering Theory

where H is the Hamiltonian of the system and the time-dependent solution states
(vectors) [1(t)) are elements of an Hilbert space* 7. The Hamiltonian is Hermitian®,
i.e. H' = H, and can generally be expressed as

H=Hy+V, (3.2)

where Hj is the free Hamiltonian that determines the kinetic energy of the system,
and V is the potential that determines the potential energy of the system. The
Hilbert space 77 is spanned by the eigenstates of the Hamiltonian, i.e. the solutions
|1) = [1(to)) to the time-indepentend Schridinger equation

Hly) = El¢), (3.3)

where the eigenvalues E are interpreted as the total eigenenergies (kinetic plus
potential energy) of the states |¢)) € . The time-dependent states [)(t)) € 2 are
related to the time-independent states |¢)) = |1 (o)) € 7 as

[W(t) = Ult,to) [9(to)),  Ult,tg) = e 071, (3.4)

where U(t,1g) is the so-called time-evolution operator. This relation is realised by
noting that the states |¢(t)) = Ul(t,to) |t(to)) are general solutions to the time-
dependent Schrodinger equation. Note also that the time-evolution operator, as given
in (3.4), is unitary, i.e.

Ul(t, to)U(t, to) = 1, (3.5)

given that the Hamiltonian is Hermitian (and trivially that [H, H] = 0).

When investigating the dynamics of a scattering system, it is necessary to assume
that the potential in the Hamiltonian is an interaction potential that is local in
position-space, 1.e.

Vi z) = (&|V]z) = V(x)s®(z' — x), (3.6)

where |x) (and |2')) are position eigenstates. The definition of the space coordinate
depends on the scattering system in question; for a specific system, see section 3.2.
It is also assumed? that the potential obeys [25]:

1. The potential has finite range and approaches zero sufficiently fast for large
r = |z|, more precisely |V (x)| < cr™ as r — oo for some constant ¢ € R.

2. The potential is less singular than r=3/2, i.e. |V ()| < cr=3/? for some constant
c € R, in the r — 0 limit.

2A Hilbert space is a real or complex vector space . with an inner product (z,y), that is
conjugate symmetric, linear in its first argument, and positive definite when z = y, for all x,y € 7
[23].

3The Hermitian property of the Hamiltonian (of a closed system) is fundamental as it ensures
that the eigenenergies are real, that the eigenstates are orthogonal, and that the time-evolution
operator is unitary [24].

4Note that these assumptions are not strictly necessary to treat the interaction as a scattering
problem, but lenient enough for the regularised potential presented in chapter 2.
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3. The potential is continuous for 0 < r < 0o, except perhaps at a finite number
of finite discontinuities.

The time parameter ¢y is then chosen to be ty = 0 and defined to be a time t = 0
close to the time of the scattering event, i.e. that the system state is in the vicinity
of the non-zero potential region in the Hilbert space around ¢ = 0. It is then given
that the state of the scattering system at time ¢, |1 (t)) € J#, is given by

() =Ut) [v), Ut)=U(t,0)=e"", (3.7)
where |[¢) = [¥(0)) € . is the scattering state of the system at time ¢ = 0.

If the potential obeys the above conditions, then for every scattering state® |¢) € 7
there exists an in-asymptote state |¢y,) € S and an out-asymptote state [)ou) € H
such that

lim [U(#) [¢) = Uo(t) [¢)] = 0, Iim [U(#) |4) = Uo(t) [¢pout)] = 0, (3.8)

t——o00 t—o00

where Uy(t) = e "0 is the free time-evolution operator. The scattering state can,
therefore, be expressed as

’¢> = Q+ |1/}in> ) W> = |wout> ) Qi = tkgloo UT<t)U0(t>7 (39>

where 0 are the so-called Muller operators [25]. It is also true that every state |i);,)
(|thout)) in S can be considered to be the in (out) asymptote for some scattering
state with a unique out (in) asymptote |[tou) (|¢)) in . The Mgller operators
can therefore be thought of as isometric operators that map states as

Qo >R, QL% — A, (3.10)
Q H >R, QU X — A, (3.11)

where & is the subspace of & = £ ® % containing all scattered states, and %
is the subspace of all bound states. The isometric nature of the Mgller operators
implies that Q. Q4 = 1 and that the relations (3.9) can be inverted. It is thus given
that the out-asymptote can be determined from the in-asymptote as

|w0ut> =S5 |¢in> ) S = Q]L—Q-i-, (312)

where S is the scattering operator, which is a unique map from ¢ to ¢, i.e. the S
operator is unitary STS = 1.

3.1.1 The Lippmann-Schwinger Operator Equation

This subsection considers the free states |¢) € S to be defined as solutions to the
free Schrodinger equation

_ kP

Holow) = El¢r), E o (3.13)

5A scattering state is a state with both an in- and an out-asymptote, unlike a bound state,
which has neither an in- nor out-asymptote.

25



3. Scattering Theory

where Hj is the free Hamiltonian and E is the eigenenergy (on-shell energy). The
scattered states |1)if) €  are then defined to be the solutions to the full Schrédinger
equation with the eigenenergy given by the on-shell energy E, i.e.

H i) = Ely;) (3.14)

where H = Hy+V is the full Hamiltonain and V' is the potential operator. For (3.13)
and (3.14) to be true simultaneously, the scattering and free states must satisfy

1
 E— Hy+ie

where G (E) and Gy (E) are the free retarded and advanced Green’s operator, re-
spectively, for the on-shell energy [25, 26], and i¢ is a small complex (e — 0T, € € R)
shift of the Green’s operator’s singularites®. This equation is called the LS equation
for the scattering state |¢;°). The [t/ ) results in a unphysical collapsing scattering
wave making |4 ), resulting in a outwards radiating spherically scattering wave, the
only physical solution to the scattering problem [27].

Vi) = lon) + GS(E)V i), Go(E) (3.15)

The T* operator is introduced and defined to satisfy

k 2
THE) 00 = VIvE). B =5 (3.16)
where E is the on-shell energy. Equation (3.15) can then be rewritten as
Vi) = |éw) + G5 (E)TH(E) |¢x) - (3.17)

By multiplying both sides of this equation from the left with V' and implementing
the definition of 7%, one discovers the LS operator equation

TH(E) =V + VG5 (E)T*(E). (3.18)
An alternative, but equivalent, expression for the T operator can, by manipulating
(3.18), be found as
B 1
- E—Hxie
where G*(E) is the full Greens operator and H is the full Hamiltonian. It is from this
equation apparent that [T+(E)]" = TT(FE), given that the potential is Hermitian.

T=(E) =V +VGH(E)V, G*(E) (3.19)

At last, the definition of the S operator implies that

(o | Slor) = (W lvic) (3.20)
It can then, with the use of (3.17), be shown that
S(E) =1 - 2ind(E — Hy)T*(E), (3.21)

where S(FE) is the S operator for on-shell energy E [27].

6The purpose of the ie term is to move the singularities of the momentum space free Green’s
function GZ (p', p; E) = (p'| GE(E) |p) from the real axis such that it is well defined for all E € R,
i.e. making (F — Hy = ie) invertible, which it is not for e = 0 [26]. Physically, the inclusion of +ie
(e > 0) is equivalent to the boundary condition that the scattering wave radiates outwards, in
contrast to —ie that results in a collapsing scattering wave [27].
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3. Scattering Theory

Uo(t) [%n)
U(t) )

Figure 3.1: The time-dependent trajectory of the scattering state [1(t)) = U(t) 1)
(blue) under the effect of a potential (V') in the Hilbert space. The trajectories of
the freely evolving states (red) [¢in(t)) = Up(t) |¢in) and [¢ou(t)) = Uo(t) [tout) are
asymptotes of the scattering state at ¢ — —oo and t — +00, respectively.

3.2 Two-Particle Scattering

This section considers a system of two massive particles with masses and canonical
coordinates” given by {m;, (x;, p;)}i=12, where the particles are scattered of each
other through a mutual interaction potential. The fact that the single-particle coor-
dinates (x;, p;) are canonical is realised by evaluating the commutation relation of

the quantum mechanical position-space operators x; and p, = —iV,, as it acts on
a wave function ¢ (x;) = (x;|1), which gives
[, pil(@) = —izi - Vo, ib(@) + iV, - [m0 ()] = iv)(x). (3.22)

It is thus given that the single-particle coordinates (x;, p;), for particle i = 1,2,
satisfy the canonical computation relations

and is thus canonical coordinates [24]. Note also that
[wlva] = [p17p2] = 07 [m17p2] = [1327]?1] =0. (324)
The dynamics of the two-particle system is governed by the (full) Hamiltonian

° °

Py Py
H =
2m1 + 2m1

+ Via(z1 — @2) = Ho + Viz(x1 — 22) (3.25)

where Hj is the free Hamiltonian of the two-particle system and Vis(x; — @) is
the interaction potential [27]. The potential is assumed to be local and transitional
invariant, 7.e. only depending on the relative position of the particles, * = @, — x-.
The Hilbert space of the two-particle system is given by

A = @ A7, (3.26)

TA set of coordinates (x,p) are canonical in quantum mechanics if they satisfy the canonical
commutation relation [x,p] =i [27].
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3. Scattering Theory

where 7 is the individual Hilbert space of particle i = 1, 2.

The canonical coordinates of the two-particle system {(x;, p;)}i=12 can be used to
define center-of-mass (c.m.) coordinates (&, p) and relative coordinates (x,p) as

M1y + Moo _

p = TR =p + 3.27a
— P=Dp + D, ( )

MoP; — M1Py
mq + mo

T =T — Ty, P (3.27b)

By then defining the total mass M and reduced mass p of the two-particle system
as

myma
M= = 3.28
my + ma, 2 my + m27 ( )
the Hamiltonian, in (3.25), can be written as
Pl [lpf
H=— — 4+ V = Hem + Hiel, 3.29
oM 2 + Via(z) m. T el (3.29)

where Hep = Hocm. is the full c.m. Hamiltonian and H,e = Hgre + Viz(x) is
the full relative Hamiltonian, and Hy . = |p|?/(2M) and Hga. = |p|*/(2u) are
the corresponding free Hamiltonians. The commutation relations (3.23) and (3.24)
implies that the c.m. and relative coordinates satisfy the canonical commutation
relations

|=[p.p=0, [&p]=1

? 3.30
z] = [p,p| =0, [z, p|=1, (330

[z,
2

and are thus canonical coordinates. It is thus given that the two-particle Hilbert
space can be expressed as

%12 — %c.m. ®%rel.7 (331)

where 7™ describes the motion of the c.m. position only and ™" describes the
relative motion.

3.2.1 States for Two Particles with Spin and Isospin

For a system of two particles with spin and isospin, the two-particle states can be
expressed as

|1_)> ® |p> ® |817 82;m817m82> ® |t17t2;mt17mtg> ) (332)

where |p) € J°™ are the two-particle c.m. momentum eigenstates and |p) ®
|51, 823 Mgy, M) @ |1, ta; My, , my,) € H™ are the two-particle relative states com-
posed of the relative momentum, spin, and isospin states. The two-particle uncoupled
spin states are given by

|51, S2; Mg 1, Ms2) = |51, Ms1) @ |S2, M 2) , (3.33)
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3. Scattering Theory

where s, is the single-particle spin quantum number and mg, € {—s,, —s, +
1,...,s,} is the single-particle spin projection of particle n = 1,2. The two-particle
uncoupled isospin states are, similarly, given by

[t1, tasmen, meo) = [t1,my1) @ |ta, mea) (3.34)

where ¢, is the single-particle isospin quantum number and my, € {—t,, —t, +
1,...,t,} is the single-particle isospin projection of particle n = 1,2. The uncoupled
spin and isospin states are defined such that

[S(n)]2 |Sna ms,n> = Sn<3n + 1) |Sn7 ms,n> ) Sgn) |Sna mt,n> = Msn |Sn> mt,n) ) (335)
[T(n)]Q |tn7 mt,n) = tn(tn + ]-) |t’m mt,n> ) T;En) |tna mt,n> = Min |tn> mt,n) ) (336)

where S = (S, St StNT and T = (T™. T, m TN are the spin and isospin
operators®, respectively, of particle n = 1, 2. The two-particle uncoupled states can
be expressed in terms of coupled states as

|51, 823 Mg 1, M 2) Z Z §1trsl;mslymt2|817S2;8’m5>7 (3.37)

s ms=—s

|t tos My 1, myo) = Z Cr e e |15 25 6, m) (3.38)
t mi=—t
where 03]1 Gvimyimys = (J1sJ25 M1, My aldr, j2; 5, my) are the C’lebsch—GOTdan coeﬁﬁ

cients. In accordance with the vector addition rules J = JM @ 1@ + 10 g J@

the Clebsch-Gordan coefficients C’iw;; iy vanishes unless the quantum numbers

{J,j1, jo} fulfils the triangle conditions® (trlangle inequalities)
i—Jdel <j<gi+jo, |e—Jl<in<jp+ti J-nl<pn<jtn, (339
and the corresponding projections {m;,m;1,m;2} satisfy™
m=m;i + m;oa. (340)

It is thus given that the Clebsch-Gordan coefficients satisfy

]‘,m‘j __ Smj—mj o ]m]
J1,J2;mj,1,m5 2 5mj',1 le,m,m] —mj 2,Mm; 2" (3'41>
and the unitarity relations!!
Ji J2 .
J5Mj — 5.,
Z Z C]17]27m] 1,5, 2Cj17j2§mj,17mj,2 - 5J/J5m}mj <3'42)
mj1=—J1 Mj2=—J2
J m; Iy _
Z Z j1,]2,m] 1,m 20j17j2§mj,1:mj,2 - 6m9,1mj,15m;,2mj,1’ (3'43>

J m]—*

8Note that the single-particle spin and isospin operators in this chapter are related to those in
chapter 2 as s = %0'(") and T™ = %T(”), respectively.

9Note that the triangle inequalities are cyclical and all are true if one is true.

10Note that this equality is the direct consequence of J, = Jz(l) @1® +1M g JZ(Z).

HThese relations are easily derived from the completeness identities of the orthonormal
|j17 J2; mj1, mj72> and |j1a J23 Js mj> states.
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3. Scattering Theory

where 6™ = 0., is the Kronecker delta [28]. An alternative to the Clebsch-Gordan
coefficients are the so-called Wigner 3j-symbols, which are related to the Clebsch-
Gordan coefficients as [24]

j,m _ . . . Lo o
le,jz;ml,mz = <.]17.727m17m2|]17]27j7m> -

:44meW%+%£l% i».@%)

The Wigner 3j-symbols will be used in the numerical implementation of the project.

The coupled spin operator S = (S, S,,S,)* and the coupled isospin operators T' =
(T,,T,,T.)* are defined, in relation to the corresponding single-particle operators,
as!?

S=8U1?® 410 g 8@, (3.45)
T=TY 1% +1V oT®, (3.46)
and the coupled spin and isospin states are defined such that

S? |s1, 258, ms) = s(s+1)|s1,892; 8, ms) ,

(3.47)
S. |51, 8275, mg) = My |51, 525 5,My)
and
T2 |ty to t,my) = t(t + 1) |t tas t,my)
(3.48)
TZ |t17 t27 ta mt> =my |t17 t27 ta mt> )
where s € {|s; — sal,[s1 — sa| +1,...,81 + s2} and mg = myy1 +msy € {—s,—s +
1,...,s} are the (total) spin quantum number and spin projection, respectively, and

t e {|t1 —t2|,|t1 —t2| + 1,...7t1 +t2} and m; = M1 + My € {—t, —t + 1,,t}
are the (total) isospin quantum number and isospin projection, respectively'®. The
expressions (3.37) and (3.38) can be inverted as

|317 52, 8, m3> = Z Z C;?;;;ms,hms,z |81’ 52, Mg 1, m572> ) (349)
Mms,1 Ms,2
|t1, tQ, t, mt> == Z Z Cf;?zgt;mt,l,mtg |t1, t2, my1, mt72> s (350)
me,1 M2
where the sums are taken over all my, € {—s,,—s, +1,...,s,} and my, €

{=tn,—tn+1,...t,} for both n = 1,2. It is apparent from this relation that
[SD @ 112 |51, 5915, m5) = s1(s1 + 1) |51, 59:5,m5) (351)
[]]-(1) & S(Q)]Q ’317 S2; S, mt> = 52(82 + 1) |517 52; S?m8> ) ‘

and

[T(l) ® 1(2)]2 b1, tast,my) = t1(ty + 1) [t1, tos t, my)
(3.52)

1D @ T2ttt my) = to(ta + 1) |t ta;t, my) .

2Note that J@ 1= (J, ®1,J,® 1, J,91)T and 19 J = (1® J,,1® J,, 1 @ J,)T, given that
J = (Jy, Jy, J2)T.
13The thesis will from now on refer to the total spin and total isospin as spin and isospin.
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3. Scattering Theory

3.3 Nucleon-Nucleon Scattering

The NN system contains two nucleons n = 1, 2, each defined to have single-particle
spin s, = 1/2 and single-particle isospin t,, = 1/2. The Hilbert space of two-nucleon
states is given by

%12 = %1 ® %27 A" = sgatial ® sgin ® is’,rcl)spim (353>
where 77" is the Hilbert space of the single-particle states of nucleon n = 1,2. As
shown in section 3.2, the tensor product of the spatial Hilbert spaces for the two
particles can, by defining c.m. and relative canonical coordinates as in (3.27), be
redefined as

‘%ﬂs;atial ® %2 = %;;tli.al & %rel. (354)

spatial S patial*
The tensor product of the two spin Hilbert spaces and the tensor product of the two

isospin Hilbert spaces is then defined to be the NN spin and isospin Hilbert spaces
as

%g&j = t9fé11)in ® ‘%girv %ggain = %slospin ® %s?ospin' (355)
The Hilbert space of the two-nucleon states can then be expressed as
m. NN NN _ 1. NN NN
%12 - s;aﬁlial & v ) H - %;Ztial ® <%gpin ® %sospin? (356)

where 77NN is the Hilbert space of the relative two-nucleon states |®nx), which are
the states of interest when investigating NN scattering. The relative two-nucleon
states |®xn) € NN are decomposed, in analogy with the tensor product decom-
position of NN in (3.56), as

|(DNN> = |p> ® |¢spin> ® |¢isospin> s (357)

where |p) € JeL. | are the relative momentum eigenstates, |@spin) € i are the

patial spin
spin eigenstates, and |Pisospin) € Hanoi, are the isospin eignestates.

isospin

3.3.1 Nucleon-Nucleon States

Nucleons have single-particle isospin ¢; = 1/2 and the possible single-particle isospin
projections m;; = =1/2, where the proton (p) is defined as the m,; = 1/2 state
and the neutron (n) is defined as the m;; = —1/2, i.e. |p1) = |[t1 = %,mm = %) and
1) = |t1 = 5,my; = —3). The coupled isospin states for a two-nucleon system is,
trivially from (3.50), given by

|¢isospin> = ‘tymt> = Z Z Ctl’n}t |mt,17mt,2> ) (358>

Me1mpe 225,12

where the sums are taken over my i, mi 2 € {—%, %} The coupled NN isospin basis

contains four states, which can be expressed in terms of uncoupled NN isospin states

4Note that t; and t5 were dropped from the state notaion since they are redundant for the NN

isospin states [t,m;) = [t; = %,tg = %;t,mt> and |my1,me o) = |t = %7t2 = %;mt,hmt,g.
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3. Scattering Theory

as
t=1,m;=1) = |p1) ® [pa),
it =1,m; =0) = lp1) @ |”2>\J/F§|”1> ® Ipz>,
(3.59)
’t = 17mt = _1> = |77,1> ® |n2> )
t=0,m, =0) = [P1) ® [n2) — 1) @ [p2)
V2
where |p;) = |t; =3, m; =3) and |n;) = |t; = 5,my; = —3) is the proton and
neutron single-particle isospin eigenstates, respectively, of nucleon i = 1,2. The
triplet isospin (¢t = 1) states are symmetric under the exchange of the two nucleons,
where m; = 1, m; = 0, and m; = —1 are the symmetric proton-proton (pp), np, and

neutron-neutron (nn) coupled isospin states, respectively. The singlet (¢t = 0) state
is antisymmetric under the exchange of the two nucleons, where the only possible
isospin projection m; = 0 is the antisymmetric np coupled isospin state.

Nucleons also have single-particle spin s; = 1/2 and can thus have the possible
single-particle spin projections m,; = £1/2. Unlike the single-particle isospin pro-
jection, both the neutron and proton can have mg; = £1/2. The coupled spin states
for a two-nucleon system is, trivially from (3.49), given by'®

’¢spin> = ‘S7m8> = Z Z ?WILS |m8717m5,2>7 (360)

Ms 1 Ms 2 9193MMs,1,MMs,2
) )

where the sums are taken over mg;,mso € {—%, %} The coupled NN spin basis

contains four states, which can be expressed in terms of uncoupled NN spin states
as

s =1m,=1)=[\) @A),

_ D@ )+ M) @A)
\/§ )

s =1Lms=-1) =) @A),

|s =1,ms = 0)

(3.61)

_ D @) - A @A)
\/5 )

where [\F) = |s, = 3,m,, = £3) are the m,, = £1/2 nucleon spin eigenstates for
nucleon n = 1,2. As for the coupled NN isospin states, the triplet spin (s = 1) and
singlet spin (s = 0) states are symmetric and antisymmetric, respectively, under the
exchange of the two particles.

|s =0,ms = 0)

5Note that s; and s, were dropped from the state notation since they are redundant for the

NN spin states |s,ms) = |s1 = %,52 = %;s,ms> and |mg1,Ms2) = |51 = %,52 = %;ms,l,ms,g.
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3. Scattering Theory

The relative NN states |®ny) € SN in the coupled spin and isospin basis is, by
inserting (3.58) and (3.60) into (3.57), given as

|q)NN> = |p7 S, My, t? mt> . (362)

In this thesis, the relativistic normalisation of the relative momentum eigenstates is
employed, meaning that

(P'lp) = (27)°6® (p' — p) (3.63)
and thus that the relative NN states (3.62) are normalised as

<p/7 Sla m;? tla m:§|pa S, Mg, t, mt> = (27‘-)36(3) (pl - p)(ss’sdm/sms 5t’t6m2mt- (364>

The completeness identity of the relative momentum states, |p) € %;ﬂtlal, and the
relative NN states, |q, s, ms, t,m;) € NN, are thus given by

ﬂ(spatial) _ / dp
RS (2m)3

) (P (3.65)

and
S

1= ¥ >

d
/Ra (271:)3 S, M, t, M) (P, 8, M, b,y (3.66)

respectively, where formally 1 = 1(patial) g ] (spin) ) ] (isospin)

3.3.1.1 Nucleon-Nucleon Partial Wave States

A three-dimensional vector, like the momentum vector, can be uniquely identified by
its magnitude p = |p| and its direction in space p = p/|p|. The relative momentum

eigenstates [p) € S5, can thus be decomposed as'

(27 3/22 Z Y*g ) |p, €, my) (3.67)

L=0my=¢{

where Y, (p) = (|¢,my) are the spherical harmonics and |p, €, mg) = [p) @ |¢,my)
are the so-called PWS, composed of the momentum magnitude and orbital angu-
lar momentum states [27]. The relative momentum direction p has two degrees of
freedom, which in spherical coordinates are given by the polar angle J, € [0, ]
and the azimuthal angle ¢, € [0,27), which means that the spherical harmonics
can be parameterised as Y\, (p) = Y, (Up, ¢p). The spherical harmonics satisfy the
completeness relation

> Z )Y (D) =P (P - p), (3.68)

{=0 my=—4¢

and orthogonality and normalisation relation

/ dp YL, (D)L (B) = 60ebrmpmy, (3.60)

16Some sources, like [29], uses a different phase convention for the spherical harmonics, which
implies sign differences in phase shifts but does not effect observables.
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given that (¢, my|l, me) = dp6pmym, and (P'|p) = §@(p' — p) [28]. The partial wave
decomposition of the relative momentum states implies that the relative spatial
Hilbert space decomposes as

Ko = Koo, @ K = Ak & AN, (3.70)

spatial mag. mag. o

where %% is the Hilbert space of the relative momentum magnitude states |p)
and JZNI | is the Hilbert space of the orbital angular momentum states |¢,my).

The states |¢, my) are defined such that
L2 ‘g, mg> = €<£ + 1) |£, TTY,g> s Lz w, TTLg> =My |€, TTLg> y (371)

where L = (L, L,,L.)", ¢ € {0,1,2,...}, and my € {—¢,—( +1,...,(} are the
orbital angular momentum operators, quantum number, and projection, respectively.

The total angular momentum states |(, s;7,m;) € Hn,,, = Hoia @ A, are
then introduced to satisfy

J2 |£78;j7mj> :](]+1) |£a8;jamj>7 JZ |€7S;j7mj> =m; |£7S;jamj>7 (372)

where J = L% g 1(pin) 4 qlorbital) @ GEPIN) 5 £1p o [0 — 5| +1,...,0+ s},
and m; = my+m, € {—j,—j+1,..., 7} are the total angular momentum operators,
quantum number, and projection. These total angular momentum states are related
to the states |, s;myg, m,) = [€,my) @ |s,m,) € NN, @ N as

spin

{+s i

0, ssme,mg) = Y > _Cg::?%bms 1, s;9,m;) , (3.73)

J=|b=s|mj==J

¢ s o
|€7Saj)m]> = Z Z Cg::;-]nbms |€78;m€7m5>‘

mp=—~—f Ms=—35

The partial wave expansion of the relative NN states |Pxn) = |p, s, ms, t,my) €
HNN is| by first inserting (3.67) and then (3.73) into (3.62), given as

|p7 8, Mg, t, mt> =
00 V4 {+s 7 o
=@m)23 030 D0 X Criem Yo (D)0 sip, g my, tomy) =
L=0 my={ j=|l—s| mj=—]
525~ 1 (A Jym l
= (27T) / Z Z Z CZ,’s;rzlj*ms,msY"tj—ms (p) w’ S;p’j’mj’t’mt> ’ (3'74>
i=0my=—j e=[j—s|
where |£7 S;p7j7 myj, t mt> = |p> ® ‘57 S;ja mj> ® ‘t7 mt> S ‘}frrliglg ® L%ﬁcljcl.\lamg & jﬁslggsin
are the total angular momentum Partial-Wave States (JPWS). The normalisation of

the jPWS is

5(p —

) . p—=p
<€/7 S/; p/>Jla m}, tlv m”& 5P, 7, My, ta mt> = pQ)56’658’55j’j5m;mj5t’t5m,’5mt7 (375)
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which is implicit from (3.64) and (3.67). The completeness identity of the jPWS is
then given as

1= Z ZZ/ dpp® |0, s;p, §,mj, t,mye) (€, 83D, j, my, t,myl (3.76)

t,me jym; sk

where the sums are taken over t € {0,1}, my € {—t,—t+1,...,t}, j € N, m; €
{—=j,—j+1,...,5}, s€{0,1},and ¢ € {|j — s|,|j — s| + 1,...,7 + s}. The relation
between the relative NN states |p, s, ms, t,m;) and the jJPWS can also be expressed
as

A A R . . o
<p78 amsat amt|€7 Sapv]amjatamt> -

_ (27r)3/25(p72_p)55,85ﬁ5m2mt03 " Y (B (3.77)

L,ssmg—ml mi " m;
p

3.3.2 Symmetries

The nucleons can be treated as identical particles since the isospin quantum number
and projection are included in the NN state notation. Nucleons are fermions and will
thus obey fermionic statistics, which implies that the two-nucleon states must be
totally antisymmetric under the exchange of the two nucleons. The antisymmetric
relative NN states can be expressed as

’pa S, msvtymt>a = (1 - ﬁ) ’pa S, m87t7mt> ) (378)

where IT is the permutation operator that permutes the particles in the three spaces
AL AONN and NN As discussed earlier in this section, the (singlet) triplet

spatlal? spin ’ isospin*
spin and isospin states are (antisymmetric) symmetric under the exchange of the

two nucleons. The permutation of the coupled spin and isospin states can thus be
expressed as

I |s,ms) = (1) |s,my),  II|t,my) = (=1) |t my). (3.79)

It is from the definitions of the relative canonical coordinates (3.27b) given that the
permutation operator acts on the relative momentum states as

M |p) = |-p). (3.80)

By expanding the relative momentum states into PWS, the effect of the permutation
operator becomes

A

M|p) = |-p) = (2r 3/22 Z Y (=p) Ip, £, me) =

L=0my=—~

(27 3/22 Z DY (D) |p, €,mye), (3.81)

{=0my=—~
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where the last equality utilises the periodicity property Y (=p) = (=1)Y}%, (D)
of the spherical harmonics [28]. The antisymmetric relative NN states can thus be
expressed in terms of the jJPWS as

|p7 S, M, t7 mt>a =

= (2m)*% 3 [1 - (~1)HH s Yo (D) |60, my tmy) - (3.82)

£,ssmj—ms,ms = m;j—
£,3,m

where the sums are taken over all /,5 € {0,1,2,...} and m; € {—j,—j+1,...,j}
such that [j —s| < ¢ < j+s. The result is that only partial waves for which £+ s+t
is an odd number contribute to the two-nucleon states (direct result of the Pauli
principle), i.e.

(=)t = —1. (3.83)

Consequently, the isospin quantum number ¢ € {0, 1} is directly implicit from the
orbital angular momentum and spin quantum numbers.

3.3.2.1 Invariance Principles and Conserved Quantum Numbers

The symmetries of the NN scattering problem are determined by the full (relative)
Hamiltonian of the system H = Hy + Van, consisting of a free Hamiltonian and an
NN interaction potential. The free Hamiltonian consists of a relative kinetic term

Ipf*

3.84
o (3:4)

where p is the relative canonical momentum operator as defined in (3.27b) and p is
the reduced mass. The interaction potential of interest in this project, presented in
equation (2.58), carries the operator dependence

020 oV . Ke® . K], o®.¢®, |K? |p], (3.85)

where K = p’ — p is the momentum transfer, o™ and 7 are the Pauli spin
operator and isospin operator!'”, respectively, of nucleon n = 1, 2.

Total angular momentum conservation and Rotational invariance

The conservation of the total angular momentum quantum number and projection is
identified as (spatial) rotational invariance (spherical symmetry) of the Hamiltonian,
i.e.

J,H =0 <= H-—ZH% " =H, Z=c¢""~1-i> wli, (3.86)
where Z is a unitary rotation operator, w determines the rotation axis and angle,

and J = (J,,J,,J.)T are the total angular momentum operators. The transfor-
mation properties of Z are determined by the commutation relations between the

1T"The vector components are identified with the three Pauli matrices and are related to the
single-particle spin and isospin operators used in this chaptor as S ) — %J(”) and T = %‘r(”).
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3. Scattering Theory

transformed operator and the total angular momentum operators. The only opera-
tors that can have a non-zero commutation relation with J, and are relevant for the

Hamiltonian in question, are the single-particle spin operators S = %J("), and
the relative canonical momentum vector p, which satisfy!®
JzaS - Zzewksk ) ‘]zyp] Zzgmkpka (387)

where the summation over repeated indices is understood. The fact that they have
the same commutation relation implies that they also transform in the same way

under the rotation
pi — %?ZJZ'%?Jr = Ri;pj,
(n) 5a(n) 5 (n) (3.88)

where R;; € SO(3) is a real orthogonal rotation matrix, i.e. R;; R, = 0, [30], and
the summation over repeated indices is understood. It is then trivial to show that

K =p, —pi — K% = R, K, (3.89)
o =28" s o™ %t = R0\, (3.90)

Z]J

The orthogonality of the matrix R;; € SO(3) implies that the scalar product of any
two vectors A and B that transform like (3.88) under rotation is invariant under
rotation, 7.e.

A-B — Z|A-B\%# = %A% %#BR = RijRA;B, = A - B, (3.91)
All terms in (3.84) and (3.85) are consequently rotationally invariant, and
[J, H] =0, (3.92)

which implies that the total angular momentum quantum number and projection
are conserved in the scattering process.

Isospin conservation
The only isospin operator dependence of the Hamiltonian is contained in

0. 7@ 43T @ T, (3.93)

where T = (Té”),Ty(”),TZ(”))T are the single-particle isospin operators acting on
nucleon n = 1, 2. The only non-trivial part of the commutator between the isospin
operators T' = (T, T,,, T.)" and the Hamiltonian is thus

1 1 2 1 2 2
7, H =43 (11", 1" e T + T}V © [T, 7)), (3.94)
J

18Note that the first commutation relation is trivial from [.J;, J;] =i >, ik Ji and J = L+ S.
The second can be derived from L = x X p and the canonical commutation relation [24]. Note also
that the only other non-commuting operators are L and x, which have the same relation.
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3. Scattering Theory

given that T; = Tl-(l) ®1® 410 g Tl@). The matrix representation of the Pauli
isospin operators 7™ are the three Pauli matrices, which imply that the single-
particle isospin operators T = %‘r(”) commute with each other as

T, 1) = i3 e, (3.95)
k
where ¢;;;, is the totally antisymmetric Levi-Civita tensor [30]. It is then given that

T;, H| = 4225131@{ T(Q) + T( ) X T,?)} —

=4y eI @ TP - TV 0 7], (3.96)

J J

which is zero for all i = x,y, z. It has thus been shown that
T, H] =0, (3.97)

which implies that the Hamiltonian conserves the isospin quantum number and
projection.

[sospin conservation can be identified as the Hamiltonian being invariant under
isospin rotations

A

H—9H9"'=H, D=c%Tx1-iY T, (3.98)

where 2 is a unitary isospin-rotation operator, w determines the rotation axis and
angle, and T = (T}, T,,T.)" are the isospin operators. Similar to the (spatial) rota-
tions, the isospin rotations transform the single-particle isospin operators as

7" — 91V 9" = Ry (3.99)

where R;; € SO(3) is a real orthogonal rotation matrix and the summation over
repeated indices is understood. The fact that the Hamiltonian is invariant under
this transformation can easily be realised.

Parity invariance and Spin conservation
Parity (or space inversion) is a discrete transformation which is applied to the co-
ordinate system, changing a right-handed system to a left-handed system. It can
be understood from the relative canonical coordinates (3.27b) that they transform
under parity as

x— PP = —x

o (3.100)
p— PpP =—

Given that all terms (3.84) and (3.85) contain an even number of momenta, it can
be concluded that the Hamiltonian is parity invariant, i.e.

(2, H] =0. (3.101)
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Note that the parity operators’ action on the relative momentum states is equivalent
to that of the permutation operator (3.81). The parity invariance can, therefore, be

identified with the conservation of (—1)°.

Combining the conservation of parity and the isospin quantum number with the
Pauli principle (3.83) implies that s’ — s must be even. Since the spin quantum
number can only take the values s, s € {0, 1}, the spin quantum number has to be
conserved. The conservation of the spin quantum number can be associated with the
Hamiltonian being invariant under permutation in spin space, which can be realised
as a unitary and Hermitian operator S acting on the single-particle spin operators
S — 1o™ as [29]

SV — 780y = 5@

A . (3.102)
S® — P80 =80,
Time-reversal invariance
Time reversal is a discrete transformation that acts on a space-time as
(t,x) — T (t,x)T" = (—t,x), (3.103)

where .7 is the antiunitary time-rotation operator. Note that the antiunitarity im-
plies that [14]

(Wil S [oue) = (Woue| T1T 5" ). (3.104)
The ingoing relative momentum, outgoing relative momentum, and the single-particle
spin operators §™ = %J(”) transform under time reversal as

p— IpI =—p,
p— IpIt=—p, (3.105)
s 78M gt = _gm,
It is thus given that the momentum transfer and Pauli spin operators transform as
K=p-p— JKI'=K, (3.106)
o™ =280 _ FoW gt = _g), (3.107)

All terms (3.84) and (3.85) contain an even number of o™ and are thus invariant
under time reversal, which implies that

.7, H] = 0. (3.108)
Note also that the time-reversal operator acts on the relative momentum states as
7 p) = |-p), (3.109)

and on the coupled spin states' as [29, 31]
T |s,ms) = (=1)*7" |s,my) . (3.110)

9Note that the time-reversal operator acts in the same way on single-particle spin, total angular
momentum, and orbital angular momentum states.
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3. Scattering Theory

3.3.2.2 The S, T, and V Matrix

The conserved quantum numbers of the scattering problem in question, discussed in
subsubsection (3.3.2.1), result in the potential in the jPWS basis being constrained
as

<£la 3,;p/7j/7 m;'7 tla m” 4 M? $iD, Js my, 2 mt> =
= 05505130mtm, OrtOmym Vitg' (0,0), (3.111)

which, due to (3.19), is directly reflected in the T-matrix elements

<£la S,;plaj/a m;’a tla m:€| T |£7 S;p7j7 m;, ta mt> =
— j st
= 65’55j’j5m3.mj5t’t5m2mtT£]/é (p/ap) (3112)
As presented in section 3.1, the on-shell T operator is related to the on-shell S

operator as
S(E) =1 — 2ind(E — Hy)T*(E), (3.113)

where Hj is the free Hamiltonian and F = k*/(2pu) is the on-shell energy. It is thus
convenient to define the on-shell S-matrix elements as

<€/7 8/;p/7j,7m;'7t,7m:f| S |£7 S;paja mj7t7mt> =

S —p) s
= 6sfs5j/j5m;mj5tft5m;mtwsg,g(p’, p), (3.114)

such that ’ .
Sit(k, k) = 8pp — 2impk T35 (k, ki k). (3.115)

The antiunitarity of the time-reversal operator (3.104), in combination with rota-
tional, parity, and time-reversal invariance, implies that the S matrix is symmetric

Sit = Sit. (3.116)
In the relativistic NN basis, the S-matrix elements are given by

(2m)35(p' — p)

<p/7 5/7 m/57 tla m:ﬁ’ S |p7 S, Mg, t7 mt> = 58/85mgm35t’t5m;mt —QSrsilsmS (p/7 p>7
(3.117)
such that ”
s . - LH s
oy, (0 P) = 0D (B =) — T, (D' i k), (3.118)
s (27T) s
where k = |p| = |p/| is the on shell momentum, see appendix A. The antiunitarity of

the time-reversal operator (3.104), in combination with the time-reversal invariance
of the Hamiltonian, implies that

Setr (P P) = (1) S (—p,—p) =
= (=1t L (pp), (3.119)
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3. Scattering Theory

where the last equality is true due to parity invariance.

The unitarity of the S operator, STS = 1, can in the jPWS basis be relised as

Jts

> Sy (p,)Spe(p,p) = ber. (3.120)

e =|j—s|

In the relative NN basis the unitarity implies that

Z / dq S*S/ém/ (q, p/>SfrlL€”m’ (q,p) = (Smlgmsém) (i)/ — f)), (3121)
s Q ERALY) s ls E
given that |p| = |p’| = |q| is the on-shell momentum. The momentum g, which in a

given expression is integrated over, will from now on be referred to as an intermediate
momentum.

3.3.3 The Lippmann-Schwinger Equation for NN Scattering

Recaling the operator LS equation from subsection 3.1.1 and the completeness iden-
tity of the relative momentum states (3.65), the LS equation in the relative momen-
tum basis reads

2
T(p,p: k) =V(p T T(q,p:k), 3.122
(P, pi k) =V( ql)kQ_q2+Z.E (q.p; k) (3.122)
where ¢ = |q| is the magnitude of the intermediate momentum, g is the reduced

mass, and V(p',p) = (p/|V |p) and T(p',p;k) = (p'| TT(E) |p) are the potential
matrix and 7" matrix at on-shell momentum k£ = \/2uF, respectively. Similarly, the
LS equation in the relative NN state basis is

T, (P, D3 K) = Vi (p',p)

2
Vot (0, @) 7—5—T» k), (3.123
+muz_:_s/ )i Vi P9 i, (@D F), (3.123)

where Vi (p',p) and Ty, (p',p; k) are the V-matrix and T-matrix elements in
relative NN state basis, respectively, defined as

VTthmS( '.p) = (s,ml, t,m| V(p',p)|s, ms, t, my), (3.124)
T;;t m. (P D k) = (s, m, t,my| T(p', py k) |5, mg, t,my) . (3.125)

In similar fashion can the LS equation in the jPWS basis be derived, with the
completeness identity (3.76), to be

Th (0 v k) = Vs (0, p)
|s+3]

s 2p s
+ > / dq ¢* Vi (1, )WTM( pik), (3.126)
0'=|s—j|
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3. Scattering Theory

where V7' (p/, p) and T35 (p/, p; k) are the V-matrix and T-matrix elements in the
jPWS basis as given in (3.112) and (3.111), respectively. The S-matrix elements can
then be determined from the on-shell solutions T35 (k, k; k) according to (3.115).

The jJPWS basis S matrix for uncoupled channels, where ¢’ = /, is a unitary 1 x 1
matrix that can be parameterised by a real phase shift®" §;°(k) as

S = (51), St = e (3.127)

This phase shift can, with the use of (3.115), be expressed in terms of the on-shell
T-matrix element as

, 1 .
o (k) = 5 In (1= 2impkTs (k, ks k). (3.128)

For coupled channels, where the orbital angular momentum quantum numbers take
the possible values ¢/, ¢ = j & 1, the PWS basis S matrix is a unitary 2 x 2 matrix

jst Sjst
jst __ U=j—140=75—1 '=j—1/4=j+1
Sist = (sfst] j Li—1t=] ) . (3.129)
U=j+140=5—1 U=5+140=75+1

This S matrix can be parameterised by three real phase shifts*', which in the Stapp
convention are §” , &, and € (bar phase shifts*?) such that [32]

Sjst o COS(2€J’)62’%6£ . ZSln(Zeﬂ)el(‘siJﬂsi) (3 130)
- \isin(269)e™ %) cos(260)e®h | '

Note that the symmetry of the jJPWS S matrix, as seen in (3.116), is clearly estab-
lished in this expression.

3.3.4 The Scattering Matrix

The scattering matrix, M, in the relative momentum basis is defined as (see appendix
A)
1

M(p'p) = —5 TP, p:ik), k= lpl =P, (3.131)

where T'(p/,p; k) = (p'| TT(F) |p) is the on-shell T" matrix at on-shell energy E =
k*/(2u) and p is the reduced mass [29], such that
ik

S(p',p) =09 (B —p) + 5 _M(Pp). (3.132)

20Note that the phase shifts do not carry an isospin superscript as the isospin is implicit from s
and ¢ due to the Pauli principle (3.83).

2INote that the phase shifts of coupled channels do not need to specify the spin quantum number
as coupled channels always have s = 1.

22They are called bar phase shifts since there usually denoted as {SJ_ , gi, €/}. The bar has been
dropped in this thesis, as no other convention for the phase shifts of coupled channels will be used.
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3. Scattering Theory

In the case of two-nucleon scattering, where the two nucleons are treated as identical
particles, the M-matrix elements are given by

% <p,7 Sam,s7t7mt| T+(E) |p78)m87t7mt>a =

st THE)L — T [py s, ), (3133)

My, (P, D) = —

where |p| = |p/| = k = /2uE is the on-shell momentum, II is the permutation
operator that exchanges the two-nucleons in all Hilbert spaces, and |p, s, ms, t, m;)
are the relative NN states. By inserting (3.74) and (3.82), the M-matrix elements
can be expressed as

Mz (Pp) = —p(2m)? Y S ot

gmgj 40

' erzljfm/s (p )Yntffms (ﬁ)[l - (_1)Z+s+t]TZ;t<k7 k: k)? (3134>

where T35 (k, k; k) is the on-shell jJPWS T-matrix elements as defined in (3.112). By
defining the c.m. system such that the direction of the ingoing relative momentum
defines the z-axis, the second spherical harmonics becomes [28]

20+ 1

Y*Z N :6mm
m;—ms (p) g ts 47T

(3.135)

The direction of the outgoing relative momentum can then be characterised by a
c.m. polar angle (scattering angle) ¥ € [0, 7] and azimuthal angle ¢ € [0,27), and
(3.134) becomes

Ms;t’sms (197 ¥ k) = Z V20 + C]’Tg;ins—mg,mf CZ ;n(]sm Ynli: —m/ (797 ()0)
gt e

1= (=) T (R R E). (3.136)

The M-matrix elements can alternatively be expressed in terms of the jJPWS S-
matrix elements, by inserting (3.115), as

M, (9.50) = Y 3 VI ACH g Ol Y09

Jb e

L= () ST (ky k) — S (3.137)

Note that the M-matrix elements still carry a coupled isospin superscript.

Due to the isospin conservation, M can be thought of as an operator in the coupled
isospin space as

1 J—
= (506 1714970

3 _
+ (411 + [TV 1% 1?9 T@)])Mt—l(p’,p). (3.138)
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As can be understood from the possible two-nucleon coupled isospin states shown
n (3.59), the M-matrix elements for nn and pp scattering are

My, (P, 0) = My (0, ), (3.139)
and for np scattering M-matrix elements become
i, s s
My (0, 2) = 5 [ My (0 p) + My (P, )] (3.140)

Note also that M-matrix elements for np — pn scattering are

Tr o i s
M, (P, P) = 5[ M35 (0 p) = M3 (0 p)]. (3.141)

In the uncoupled spin basis, see (3.60), the two-nucleon spin states are determined
by single-particle spin projections of the two nucleons. In accordance with (3.60),
the M-matrix elements in the uncoupled spin basis are

M ’Sl’ SQ’mél’mé2 p p Z Z C m’ / Cs’"i‘s. quq, mg(p,7p).
2 s

1
5 mlims 2 27 Ms,10Ms,2 9190

Ms 1,Ms 2
(3.142)
The M matrix in this basis can thus be expressed as a 4 X 4 matrix
My L, ag, ML
o bt ol )
Moy, 3(Mao — Myo)  5(Mpy + Mgp) ﬁMO—l
MLy, %Mim %Mim ML,

where the M elements in the matrix are the coupled spin M-matrix elements
Mg, ... (p',p) [29] for the specific type of NN scattering.

mims

3.4 Relativistic Nucleon-Nucleon Scattering

The treatment of the scattering problem in this chapter has until now been com-
pletely non-relativistic. When building the two-nucleon potential as done in chapter
2, the underlying theory is a quantum field theory and thus relativistic. As can be
understood from the derivation of the YEFT Lagrangian terms, the heavy baryon
formalism takes the theory to the non-relativistic limit. There are, however, still
some “minimal relativity” that has to be accounted for.

Recall the operator Bethe-Salpeter equation used in deriving the NN potential in
section 2.3 B -
T =V4T, (3.144)

where G is the relativistic two-nucleon propagator, T is the relativistic T operator,
and V is the sum of all irreducible diagrams describing the two-nucleon interaction.
This equation can equivalently be expressed in terms of two coupled equations

[=VGT, V=V+V(G-GQ)V, (3.145)
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where V is the relativistic NN potential and G is a covariant three-dimensional
propagator. Using the propagator GG proposed by R. Blankenbecler and R. Sugar
[33], (3.145) results in the so-called Blankenbecler-Sugar equation in the relative
momentum basis

_ _ dq _ 8M2 _
T(p,p; k) = V(p M yYp.q)— T(q,pk 3.146
(P, p; k) =V(p',p)+ e (27)32E, (p,q)kg_qQﬂ.E (@,p; k), ( )

where E, = 1/|q|? + 42 and ¢ = |q|. By scaling the relativistic V' and 7" matrices

as

_ ) 21 — 2
V(p,p) — V(P p) = EMV(p’,p)\/EM, (3.147)
P’ P
. 21 - 2
T, p:k) — T(p'.p;k) = EMT(p’,p;k) EM (3.148)
P’ P

the Blankenbecler-Sugar equation takes the form

dq ,
n)? V(p',q)

T(p',p;k) =V (p',p) + /RS T(q, p; k). (3.149)

R
k? — q% + ie
This equation can be recognised as the non-relativistic LS given in (3.122). The
so-called “minimal relativistic” potential V(p', p) can thus be treated as a non-
relativistic potential in the non-relativistic LS equation.

In the laboratory frame the two-nucleon scattering problem considers an incoming
nucleon projectile with mass mp and laboratory kinetic energy Tj., and a nucleon
target of mass mr at rest. The relative on-shell momentum can then be expressed
as [34]

2 T (2mp + Tha
k:JU”T lan (2 + Tiay) (3.150)

mp + mT)2 -+ ZmTTlab'
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4

Nucleon-Nucleon Scattering
Amplitudes and Observables

This chapter builds upon the scattering theory presented in chapter 3 to derive
the NN scattering quantities. Section 4.1 applies the symmetries of the NN system
in subsection 3.3.2 to constrain the M matrix, resulting in the five complex NN
scattering amplitudes. The M matrix is then used to define various NN scattering
observables.

4.1 NN Scattering Amplitudes

In subsection 3.3.4, the scattering matrix M was derived from the T" matrix, which
allows it to be determined from an interaction potential through the LS equation.
At a naive first glance of the uncoupled M-matrix (3.143), it appears to carry ten
independent complex degrees of freedom. However, the symmetries of the system,
all presented in subsection 3.3.2, decrease these complex degrees of freedom by half.

The spherical symmetry of the potential is carried directly to the 7" matrix, as can
be trivially understood from (3.19). The relevant rotation transformations are given
in (3.88) and imply that the NN M matrix only can depend on the trivial constant
(o¢ Ly4xs) and scalars (4 x 4 matrices) built of the o™, the vector of the three Pauli
spin matrices acting on the states of nucleon n = 1,2, and the ingoing and outgoing
relative momentum three-vectors. The M matrix can thus only be built of terms
proportional to

1 2
L5y @ 15,
[0'(1) ® 15222} -m,
(1), ® @] - 1, (4.1)

([e® @ 18] x [15, © a?)) - 1,

[0(1) .m] ® [0(2) .m/L

where ™, m’ € {K PN } can be ether the momentum transfer unitvector K, the
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

momentum average unitvector IA:’, or the normal vector to the c.m. scattering plane,
N, (see figure 4.1b), defined as

R o R / R %
k=P-P p_PTP g PXP_ (4.2)
' — p P+ p|’ lp x p'|

where p and p’ are the ingoing and outgoing relative momentum, respectively.

The parity (3.100), time-reversal (3.105), and spin-space permutation (3.102) invari-
ance of the Hamiltonian imply that the M matrix must be invariant under the three
sets of transformations

Parity: K — —K, P—_-P
Time reversal: P—»-P, N->-N, o™ _g® (4.3)
spin-space permutation: o) — 0'(2), o — oW

The only terms (4.1) that are invariant under these transformations are

15> ® 125,

eV 1%, +1%, 0 0®]- N,

. N @ [oc® . N, (4.4)

and the most general M matrix, obeying all relevant symmetries as discussed in
subsubsection 3.3.2.1, can thus be expressed as

M, @1 k) = A1 (0, 05 k)15l ® 1525)
+ As (¥, ¢; )([0'(1)®]l 2+]l(1)2®0'( - N)
+ Az (0, @3 )([0(1) N]®[e® - NJ) (4.5)
+ A0, k) ([0 - Pl@ [o® - P])
+ As(0, 03 k) ([eV) - K] @ [P - K]),

where the five complex functions {A;}?_, are the so-called NN scattering amplitudes
[12] in the I-call Lucas convention. For additional simplification of the problem, the
c.m. system can be defined such that the outgoing relative momentum lies in the
xz-plane, i.e. o =0 and

0 sin(19)
p=k|0]|, p =k 0 : (4.6)
1 cos(1)

where p is the ingoing relative mometum, p’ is the outgoing relative mometum, and
k is the on-shell momentum. In that case the M matrix and the five (i = 1,2,3,4,5)
scattering amplitudes becomes

M(k,9) = M0, 0 = 0; k),  Ai(k,9) = A0, = 0; k), (4.7)
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

and the momentum transfer, momentum average, and normal unitvector are given

by [20]
X ( cos(1¥/2) ) X (sin(ﬁ/Q)) R (O)
K = 0 , P = 0 , N=1]1]. (4.8)
— sin(¥/2) cos(9/2) 0

By defining five matrices {M;(k,9)}>_, given by the terms (4.4), such that the M
matrix 1s

5
i=1
the scattering amplitudes can be identified as

ler{M(k, M, (k, 9)} for i = 1,3,4,5,
Aill9) = 4] (4.10)
STE{M(k, 9)M(k, 9)) for i =2,

due to the traclesness and multiplication relation of the Pauli matrices. The NN
Lucas scattering amplitudes can thus be expressed in terms of the M-matrix ele-
ments for the specific type of NN scattering (see subsection 3.3.4), My, (k,V) =
My, (0,0 = 0; k), as

1
Ay = 4 {Mc?o + M&o + 2M111}7
{
Ay = Tﬁ[Mllo - M(Ha
1
Ay =7 = MG, + Mgy — 2M}_, ], (4.11)
1
Ay = 5[0 - d]?
1
A5 = §[C+ d],

where

e= 5[0+ My + ML),

. (4.12)
cos(1) sin(?))
d= T[M(}O_Mlll—i_Mll—l} - NG [Mllo‘i‘Moll]'
Note that the above expression utilised that [29]
M111(ka19) = Mil—l(k7§>7 M11—1(k7719) = Miu(kaﬁ)» (4.13)

M&l(kaﬁ) = _M&—1(kﬂ9)a Mfo(kaﬁ) = _Mim(k’:ﬁ)a
which is a consequence of the time-reversal invariance constraint (3.119) at ¢ = 0.
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The convention used in (4.5) and (4.10) is just one of many'. The two conventions
that will be considered in this project are the Saclay amplitudes

a = Al + A37
b=A; — A,
c= A5+ Ay, (4.14)
d= A5 - A47
€ = 2A2,
and the helicity amplitudes [12]
J)+1 J) —1
M, = AICOS(;J“ i Ay sin(d) + Ag‘m(; _ A,
¥) —1 v)+1
My = A, S L sin(w) + A3“’S<2)+ + A,
J)+1 J) —1
M3 = A1COS(2)—}_ + ZAQ Sln(ﬁ) -+ A3COS(2) + A4, (415)
v) —1 J)+1
My = -4, ) =1 2) Ay sin() — A, 1 2) LA
M5 = —Al Sln(ﬁ) + ZAQ COS(19) — Ag San(,lg) .

Note that the Saclay and helicity amplitudes, like the Lucas amplitudes, are func-
tions of the on-shell momentum & and the polar scattering angle ¥ € [0, 7].

At the ¥ € {0,7} boundaries, the M-matrix elements My, (k,) are zero for
m/, # ms, as can be understood from (3.137). It is then given from (4.11) that the
Lucas Amplitudes are constrained as [12]

Ag(k', 0) = Az(k’, 7T) = O, Ag(k, O) = A5(l€, 0), Ag(l{?, 0) = A4(l€, 0) (416)
The ¢ € {0,7} boundary constraints for the Saclay and helicity amplitudes are

shown in table 4.1.

Table 4.1: The ¥ € {0, 7} boundary constraints, due to rotational invariance, of the
scattering amplitudes in the Lucas, Saclay, and helicity convention [12].

Lucas Amplitudes | Saclay Amplitudes | Helicity Amplitudes
19 =0 A2 =0 e=20 M5 =0
N A3:A5 a—b=c+d M4:O
Y — A2 =0 e=10 M5 =0
-7 A3:A4 a—b=c—d M3:O

!For a comprehensive compilation of different NN scattering amplitude conventions see [12].
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

4.1.1 Constraint from Unitarity of S Operator

The unitarity of the S operator, STS = 1, implies that the S-matrix elements in the
relative NN state basis are constrained as (see subsubsection 3.3.2.2)

/ 04331 (@2 ity (@.P) = Oy, 6P (B = D). (417)

The M-matrix elements, as defined in subsection 3.3.4, are related to the S-matrix
elements as

S5ty (0D) = 82D — D)oy, + o Mmt (D). (4.18)

It is then trivial that the unitarity of the S operator constrains the M-matrix ele-
ments. This constraint can be realised, by inserting (4.18) into (4.17), as

271— *S s
/Lk' [M";t ms( / ) Mmbtm (p p / dq )M t// (q,p), (419)
where k = |p| = |p’| = |q| is the on-shell momentum. Equation (4.19) can equiv-

alently be expressed in terms of the M matrix in the uncoupled spin basis (3.143)

as
27

ik [M(p,p) - Mi(p,p)] :/Qdc}MT(q,p’)M(q,p). (4.20)

4.2 Nucleon-Nucleon Scattering Observables

There are 4* = 256 differential NN scattering observable types (see subsection 4.2.1)
and 3 total cross section types (see subsection 4.2.2).

P p , —-p T
/ /R
(a) Laboratory frame (b) Center-of-mass frame

Figure 4.1: The two-nucleon scattering event in the (a) laboratory frame and (b)
the c.m. frame. The polarisation unit vectors in each frame are shown as the blue,
red, and green vectors.
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

4.2.1 Differential scattering observables

The differential observables can be identified using a tensor notation as
1 2 1 2
0Opspopopy (K, 0) = iTr{ oh) @ oy [M(k,9)[of) @ o) [MP(k,0)},  (4.21)

where M is the uncoupled M matrix as given in (3.143) as a function of the on-shell
momentum and the c.m. polar scattering angle, and the four indices Ps, Pg, Pp, and
Pr represent the polarisation vectors of the scattered, recoil, projectile, and target

particle, respectively. The 2 x 2 matrices ag) are given by

(n) :
1 if P, =0,
o)l =7 (4.22)
o™ . P; if P,#0,
where o™ = (Ué”),aén),agn))T and 11§’Q2 are the vector of the three 2 x 2 Pauli

matrices and the 2 x 2 identity matrix, respecively, action on the single-particle spin
state of nucleon n = 1,2. The unit vectors P; are the direction of the polarisation
vector of the scattered (i = S), recoil (i = R), projectile (i = P), and target (i = T)
particles. The polarisation directions can be seen in figure 4.1. The unitful factor o
in (4.21) is the unpolarised differential cross section defined as

o (k,9) = 5O0g000(k, ) = iTr{M(k,ﬁ)MT(k,ﬂ)}. (4.23)

The polarisation vector has three dimensions, and its direction will thus be consid-
ered to be given by one of three linearly independent unit vectors (or unpolarised)
defined in relation to the momenta of the projectile, scattered, and recoil particles.
In the laboratory frame, the polarisation direction is considered to be longitudinal,
transverse, or given by the normal vector of the scattering plane. The longitudinal
polarisation directions are given by p (for the projectile and target particle), p; (for
the scattered particle), and pl, (for the recoil particle), which are the directions of
the projectile (same as the direction of the relative momentum in the c.m. frame),
scattered, and recoil particles momentum, respectively. The transverse polarisation
directions are given by

Nxﬁ N Nxﬁ’l
- a1l 315 -~ ~ 9
N x p| N x p}

Al

s = Nxf)’z
2 = < ~
|IN x ph|

5 (4.24)

for the projectile and target, scattered, and recoil particles, respectively. The polar-
isation direction normal to the scattering plane is given by

o _ PXPL_ PhxD _ PP
N= " b=t = (4.25)
D x Pyl Py x Pl [Py x D

for all particles. An observable in the laboratory frame can thus be identified as

Pp, Pr € {0, N, s,p},
O-OPSPRPPPT(kvﬁ)v Ps e {07 Na 8/17]9/1}7 (426)
PR € {Oan 5,27p,2}'
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

In the c.m. frame, the polarisation direction is considered to be given by the normal
vector to the scattering plane, the momentum transfer K, or the momentum average
P, as seen in figure 4.1b. The direction of the normal vector of the scattering plane
is the same as for the laboratory system and can, in the c.m. frame, be identified as

~ x n'
N_P pl’
p x p|

(4.27)

where p is the ingoing relative momentum and p’ is the ingoing relative momentum.

The direction of the momentum transfer and the momentum average are defined as
’ R /

k=P~P p_PTP (4.28)

P’ — pl p' + pl

An observable, in the c.m. frame, can thus be identified as
O-OPSPRPPPT(]{:7Q9)’ Pp, Pr, Ps, Pr € {07N7 K, P}, (4.29)

where the possible indices {0, N, K, P} refer to no polarisation and the unit vectors
shown in figure 4.1b.

The 4* = 256 differential observables can be divided into categories as seen in table
4.2. All of these observables are, however, not independent quantities if one assumes
parity conservation, the generalised Pauli principle, and time-reversal invariance.
The implications of these symmetries will here be considered with the polarisation
directions of the c.m. frame, see equation (4.29). Parity conservation implies that
only observable types with an even number of K and P are non-zero, given that K
and P, as defined in (4.28), change sign under space inversion (N is unchanged).
The generalised Pauli principle (including isospin invariance) requires an equality
between two observable types related by interchanging the projectile with the tar-
get and the scattered with the recoil particle state and momenta. For a general
observable type, this implies that

Orsparery = (D) HPI0p popop, (4.30)

where [K] and [P] is the number of the indices {Ps, Pr, Pp, Pr} that is K and P,
respectively. Combining this with the parity conservation implies that

OPSPRPPPT = OPRPSPTPP' (431)

Time-reversal invariance implies that

Orernrory = (D)™ Opuprpiry- (4.32)

This can be realised by noting that the effect of time-reversal may be expressed
by changing the sign of the ingoing relative momentum p, the outgoing relative
momentum p’, and the vector of Pauli matrices acting on nucleon n = 1,2, o™,
and interchanging the initial and final states and momenta. The transformation of
the c.m. polarisation directions, resulting from time-reversal, is then [12]

K—~K, P—-P, N— —-N. (4.33)
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

At last, the NN scattering matrix satisfies the identity

o @ @ M[od) & 0] =M, (4.3)

which is the invariance of reflection in the scattering plane (the so-called Bohr’s
rule) [12], and can be verified with (4.5). In conclusion, only 25 of the 4% dif-
feretnial NN scattering observables are non-zero and linearly independent? [12]: 1
scalar (the unpolarised differential cross section), 1 one-component tesor (Ppooo), 12
two-component tensors, 9 three-component tensors, and 2 four-component tensors.

Table 4.2: The categorisation of the tensor factors of the differential observable
types.

Unpolarised Polarised Unpolarised Polarised
projectile projectile projectile projectile
Measured Unpolarised | Unpolarised Polarised Polarised
quantity target target target target
Differential Ooooo Oooppo Oooopy Ooopp Py
cross section (= Toooo) (= Aoorpo) (= Aooory) (= Aoorprr)
Polarisation of O pyo000 Ops0Pp0 Opy00Py Opsopp Py
scattered particle | (= Pryo00) (= Dporoo) | (= Kpsoory) | (= Mpyopop,)
Polarisation of Oopro0 Oopy Pp0 OoproPr Oopy Py Pr
recoil particle (= Porgoo) | (= Kopgppo) | (= Dopgory) | (= Nopypopy)
Correlation of Opspr00 Opy Pr Pp0 Opspropy Opspp Po Py
polarisations (= Crsproo) | (= Crypppo) | (= Crsppory) | (= Crspyppory)

4.2.2 Total cross sections

The total cross section is the only observable type that cannot be identified using
the tensor notation (4.21). The total cross section oy can generally be expressed as

Tiot (k; Pp, P1) = 0040t(k) + 0140t (K)[Pp - Pr] + 0240t(k)[Pp - P|[P1 - D], (4.35)

where k is the on-shell momentum, Pp is the polarisation vector of the projectile
particle, Pt is the polarisation vector of the target particle, and p is the direction
of the relative momenta (same as the direction of the projectile particle momen-
tum) [12]. The first term, og o, is the unpolarised total cross section, and can be
determined as

oo10n(k) = 21 /0 " 49 sin(89)0Onono(k, 9) (4.36)

where 0Ogopo(k, ) = o(k, 1) is the unpolarised differential cross section as defined
in figure 4.1b. The factor oy o, in the second term of (4.35), is given by

Lot (k) = 7 /O 9 sin(9)[0Oppss (k, 9) + 0000w (k, 9)], (4.37)

2For detailed derivation and listing of the non-zero and linearly independent differential observ-
able types see [12].
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

and can be interpreted as the contribution to the total cross section from transverse
projectile and target polarisation, i.e. orthogonal to the projectile momentum. The
factor og 40 in the last term in (4.35) can be expressed as

oo 1ot (k) = 27 /0 d9 sin(9)0Onopp(k, ) — 01400 (k). (4.38)

The integral term can be interpreted as the contribution to the total cross section
from longitudinal projectile and target polarisation, i.e. parallel to the projectile
momentum [35, 36]. Note that the oy o and gt should not be taken as literal
total cross sections, as they can take negative values. The only “real” total cross
sections are oo and o tot, which are positive definite [12].

The three total cross section related observable types can thus be quantified as the
total cross section oy (k), the transverse total cross section

UT(k’) = Utot(kQTU — oot (k; 1) = _QUl,tot(k)a (4.39)
and the longitudinal total cross section
O'L(k) = atot(k; <:>) — Jtot(k; 3) = _Q[Jl,tot(k) + 0—2,tot<k)]- (440)

The vertical and horizontal arrows indicate that the polarisation direction of the
particles is transverse and longitudinal to the projectile momentum, respectively.
The two arrows pointing in the same direction, i.e. (1) and (=), implies that
Pp = P, and the two arrows pointing in the opposite direction, e.i. (1)) and (=),
implies that Pp=—Pr.

4.2.2.1 Optical Theorem for NN Scattering

In the case of forward scattering (¢ = 0), where p’ = p = k, the constraint from
the unitarity of the S operator (4.19) becomes

2

T . _
- [M(0,0; k) — MF(0,0; k)| =
™ 2
- /0 dv, sin(dy) /0 dipg M (Vg, g k)M (0, 0g: k). (4.41)

The right side of this equation contains an integral over the azimuthal angle of q,
which has to be handled with care since certain elements of the M matrix are not
constant for all ¢4. This ¢ dependence of the M-matrix elements can, however, be
factored out as

My (0, 01k) = e TR (K,0), (4.42)
which can be realised from (3.137) and Y} (9, ) = e™™#Y. (9,0) [28].
Looking at the definition of the matrix M (3.143), it is given that

1
ETT{MT(ﬁqa Pq; k)M(Vq, ¢g; ]‘C)} =

= iTr{MT(k:,ﬁq)M(k:,ﬁq)} = 000000 (K, Vq), (4.43)
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

i.e. the unpolarised differential cross section is independent of the azimuthal scatter-
ing angle. Note that this finding is not unique and applies to all differential scattering
observables. It is thus given that, by taking the trace on both sides of the unitarity
constraint (4.41), the unpolarised total cross section can be related to the scattering
amplitudes as

4 ’T .
%Im[Al(k, 0)] = 21 /0 d9, sin(0q)7 00000 (K, Vq) = To.01 (k). (4.44)

The direction of the ingoing momentum is defined to be parallel to the z-axis and
independent of the scattering angles. The differential observable 0Oy, appearing
in the longitudinal total cross section, can thus be expressed in terms of the ¢
dependent M matrix as

1
O00pp (K, 9) = ZTlr{MT(k;, Mk, 9)[o") @ o]} =

_ iTr{Mw, e IM(D, 5 K)o @ 0]}, (4.45)

z

The unitarity constraint (4.41) can thus provide an expression for oy tor + 0at0r a8

4m 4 .
?Im[AZl(k, 0)] = 27?/0 dtq sin(Vq)oOoopp(k, Vq) = 01 tot + 02,0t (4.46)

given that the momentum average unitvector is P = pforp=17p'.

The differential observables 0Oggss and 0Ogonn, appearing in oy o, are as indepen-
dent of the azimuthal scattering angle. The integral over each of them separately can,
however, not be related to the scattering amplitudes at ¥ = 0 since the unitvectors
N and & depend on ¢. It can, however, be shown that

1
TI{MI W, o M, @i k)0l @ o + o) @ 0]} =
1
= ZTr{MT(k‘, NM(k,9)[c) @ c@ + crzsl) ® 0?52)]} =
= O'Oooss(k', 19) -+ UOOONN(ka ’19) (447)

The unitarity constraint (4.41) can then, by multiplying both sides with (" ® ¢(?) 4
0;1) ® 0352) and taking the trace, provide the relation

4 ™
%Im[z%(k:, 0)] = 7 /O 9 sin(9,)[0000ss (k, 9) + 0000w n (k,9)] = 0100, (4.48)

Note that this equation utilises the fact that As(k,0) = As(k,0) as was discovered
in section 4.1.
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4. Nucleon-Nucleon Scattering Amplitudes and Observables

The three expressions found above give the total cross sections as the imaginary
parts of the non-zero NN scattering amplitudes in the forward direction as

4

Goor = %Im[Al(k;, 0)], (4.49)
47 4

O1,tot = ?Im[A5<k7 0)] = ?Im[A?)(ka O)], (45())
4 4

Oaaor = - Aa(k, 0) = As(k,0)] = T Im[As(k,0) = A(k,0)],  (4.51)

and are collectively known as the optical theorem for NN scattering [12].
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Part 11

Methods and Implementation
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O

Bayesian Effective Field Theory
Truncation Errors

The aim of this project is to investigate the errors of NN scattering observables due
to the truncation of the YEFT potential, as discussed in chapter 2. The systematic
scheme in which the contributions to the NN interaction potential are considered
order-by-order is utilised to consider the NN scattering quantities in a similar expan-
sion. The systematic convergence of a well-constructed EFT allows the truncation
errors (defined in section 5.1) to be estimated from the determined predictions BUQ.
The BUQ model that was used in this study was implemented with a Gaussian-
process (Gaussian Process (GP)) model and described in section 5.2.

5.1 EFT Truncation Errors

In chapter 2 the YEFT potential is considered as an expansion
Via)=> Y vW(a), (5.1)
v=0

where V(&) is the contribution from the Feynman diagrams of chiral order v,
dependent on the LECs a. The chiral order of a Feynman diagram is determined
with some power counting scheme, in this thesis Weinberg power counting, such that
the importance of each term in the expansion can be considered to be given by the
corresponding power of an expansion parameter

Q=—, (5.2)

where A; and A, are the soft and hard scales of the theory, respectively. For yEFT,
the soft scale is given by the scale of the average pion mass m, ~ 138.039 MeV [16] or
the relative momentum of two nucleons. The hard scale (also known as the chiral-
symmetry breaking scale) is of the scale of the p(770) mass m, ~ 775.26 MeV ~
1 GeV [16].
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5. Bayesian Effective Field Theory Truncation Errors

A NN scattering quantity® y(#; @), dependent on d independent variables? Z € R,
determined with the EFT potential with the LECs @ can in a similar fashion be
considered as an expansion

= > (7 a), (5.3)
v=0

where y®) (&; d) is the contribution to the quantity corresponding to the potential
contribution V®)(&). The dependence of the LECs will from now on be suppressed
from the notation, i.e. y)(¥) = y®)(#; @). When the potential is truncated at an
order k, by only considering the contributions up to a chiral order k, the predicted
quantity becomes

7) = z y (@), (5.4)

The error of such a truncation can then be identified as the contributions of the
remaining terms in the expansion (5.3) [8], i.e.

Sueld) = 3 @) (5.5)
such that
Y(T) = yu(T) + 0yu (). (5.6)

By introducing a dimensionful reference function of the quantity y,s(¥) ~ y(Z),
which sets the scale of the quantity, and the dimensionless expansion factor Q" ()
of the YEFT, each term in the expansion (5.3) can be written as

y(&) = hoet(B) M (1) Q" (7). (5.7)

For appropriately chosen reference function and expansion parameter?, it is assumed
that all expansion coefficients ¢*) are of natural scale, i.e. ¢*) ~ O(1) [7]. The
truncated quantity and truncation error can then be expressed as [8]

y - yref Z (V)

- (5.8)
0y(Z) = yret() Y. N(F)Q" (),
v=r+1
and the expansion coefficients can be identified as
W) (7 7) — T
C(V)<f) _ Y (ZL‘) _ yu(x) yV—l(x) (59)

et(D)Q(T)  rer(7)Q¥ ()

!The scattering quantity could be, for example, a scattering amplitude or observable.

2E.g. ¥ = (Tiap, V) for NN scattering amplitudes, where T}, is a laboratory kinetic energy and
¥ is a c.m. polar scattering angle.

3Note that the expansion parameter is given by Q(Z) = A (%)/A, and what is “choosen” is the
value of A, and the function A,(Z), which e.g. in the context of two-nucleon scattering could be
A, =775 MeV and A (p) = max(p, m), where k is the relative on-shell momentum of the two
nucleons
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Note that for yEFT the potential of chiral order v = 1 is zero due to various
symmetries (see chapter 2), resulting in y"(#) = 0 and thus ¢(Z) = 0 of all
quantities.

5.2 Bayesian Uncertainty Quantification

For a reference function y,.f(z) that captures the scale of the quantity and an ex-
pansion parameter that reflects the ChPT expansion, the expansion coefficient ¢*)
is expected to be of natural scale. In Bayesian terms, one imposes a naturalness
prior for the expansion coefficients. The naturalness prior implies that the coeffi-
cients have distributions of a characteristic size and are thus assumed to share one
distribution, which reflects the systematic convergence of a well-constructed EFT
8, 10]. Under this assumption, the unknown coefficients ¢*>*) can be inferred from
the known coefficients ¢*=*) by using them to identify the hyperparameters of the
coefficients distribution, this procedure is refered to the BUQ model for a EFT. It
is also important not to ignore the prior knowledge that a physical quantity is not
pointwise independent, but correlated to its value at nearby points, .e. they have a
non-zero correlation length across its independent variables [8]. This prior is imple-
mented by considering the expansion coefficient curves ¢)(¥) as draws from a GP
with a covariance function.

5.2.1 Gaussian Process Error Model

The expansion coefficients ¢ () in (5.8) are assumed to be independent and iden-
tically distributed (i.i.d.) draws from a GP as

W(x)|© " GPIm(x), Pr(x, x'; 1)), (5.10)

where & = {Z;}; is a set of input points?, ® = {m, % ¢} is the set of GP hyperpa-
rameters, and r(Z, Z'; £) is the covariance function [37]. The hyperparameters are the
diagonal d x d covariance length matrix ¢, the marginal varaince ¢, and the mean
function m(%) = (¢®)(z)). The covariance length matrix is defined as

Eil 0 0

d 0O 2 ... 0
c=@e = . (5.11)

i=1 : . . :

o o0 --- gid

where {(,,}%, are the correlation length across the independent variabels 7 =
(x1, 9, ... ,xd)T. The covariance function is chosen to reflect the correlation struc-
ture of the Gauss-Legendre (GL) kernel®.

“Note that a function f(x) of the set & = {#;}, is interpreted as f(x) = {f(#;)}:. The covariance
function are considered similarly as r(z,2’;¢) = {r(Z;, Z;;¢)}; ;. This notation is necessary since
the draws from a GP are for the set @ = {&;};, which can not be done individually due to the
correlations over the input parameters.

5In the implementation of this project, we used a radial basis function kernel, i.e. a squared-
exponential covariance function, see section 7.3.
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Given that the truncation error, in equation (5.8), is a sum of i.i.d. draws from a
GP, the truncation error itself can be considered as draws from a GP

5 (2)]©, Yrer, @ ~ GP[M,(x), & Rz, x'; 0)], (5.12)

where the mean function is given by

My(Z) = Yret(T )fQTQ(( ))m(:?), (5.13)
and the covariance function is given by
R (T, 75 ) = Yret(T) Yret (7 )[ (@)™ r(Z,;0). (5.14)

QT)Q(T)

These expressions can be realised by considering a set of Gaussian distributed
variables X;(Z) ~ N|ui(Z),0?(Z,7")], and noting that the mean and variance of
Y (%) = >, A1(2)X,(Z) can be described with a Gaussian distribution with mean
and variance

(Y(@)) =D Au(@)pa(2),
' (5.15)
Var[Y ZA Vo2 (T, 7).

The mean function and covariance function of the truncation error will thus be given
by geometric sums of Q(Z) and Q(Z)Q(Z”), respectively, resulting in the expressions
in equations (5.13) and (5.14) [8].

The BUQ of a EFT truncation error can thus generally be considered to consist
of three steps. First, choosing priors for the GP hyperparameters and construct-
ing the kernel. Second, predict the quantity at different orders and determine the
corresponding expansion coefficients, which are used to train the GP kernel. Third,
extract the mean, marginal variance, and correlation lengths maximum a posteriori
values from the expansion coefficient GP to determine the corresponding function
for the truncation error as seen in equations (5.13) and (5.14). The resulting distri-
bution will then give the truncation error distribution of the truncated quantity v,.
For an example of such a procedure see [9].
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Numerical Solution of the
Nucleon-Nucleon Scattering
Problem

The Numerical solution to the LS equation, presented in sebsection 3.3.3, is enabled
by approximating the LS integral with a sum over GL quadrature points. The GL
points {z;}V and corresponding weights {w;}" are defined such that

1 N
/ldxf(x) ~ S @i f (). (6.1)
- i=1
With these points any integral over p € [A, B] can be approximated as
B+A B-A
d if (pi 6.2
[ i zw f(p) 54 (62)

In the case of the integral in the LS equation, A = 0 and B = oo, and the appropriate
scaling is

]_ .
Pi = i o C7
1-— ZT;
o, (6.3)
w; = mcv

where C' determines the median value of the points {p;}¥ [27].

6.1 Solver for the Lippmann-Schwinger Equation

The LS equation in the jJPWS basis is known from (3.126) to be
|s+j]

s s s 2:u j s
157 (P, pi k) = Vit (v, p) +£ El / dq >V (v, )71{:2 e Z,Ele’//g(q,p; k). (6.4)
i S— ]
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The identities

1 1 T
[ _Pk:Q—qQ —Zﬂé(k—q), (6.5)
and @ Fa)— £ 8)
qQ q) —
P R+qu2_q2_é+qu2_q2 , (6.6)

where P denoted the Cauchy principal value [27], implies that the integral in (6.4)
can be rewritten as

B Vi (0, ) Ting(q,p; k) — K2V (0, k)T35 (k. ps k)
Ip+ =2p - dq e

— impk Vo (0 k) Ty (K, ps k). (6.7)

The numerical solution is then enabled by approximating the integral with a sum
over the GL quadrature points (6.3) as

N o 2Vt )TN (g, pis k) — KAV (0 KT (K, pr ke
]RJF:QMZwipZ 12, (pvpz) ee((]apqu)_pz 1 (p, ) ee( » D; )

=1
— impk Vi (0, k)T (k, p; k). (6.8)

The LS equation can then be evaluated on the GL momentum grid as

N
137 (s pispo) = Vs (pisps) + . DiVidon (i o) Ty Pk P35 Do) (6.9)
" k=0

where py = k is the on-shell relative momentum and

N
w; LT .
—2upolz o 7 Hig for i = 0,
D; = =1 P00 (6.10)
12
2P fori=1,2,... N.
Po — D;

In the case where Vi (p',p) = 0 for p',p > B > k, the integral Ip+ can be expressed
as

is is 0 1
Ig+ = Ijp.p — kzvz]'eft/(P/: k>Tejﬂg(kaP; k) /B dgq m: (6.11)

where I|p p) is given by (6.7) but with the integral going over ¢ € [0, B]. The integral
over q € [B,0) in (6.11) can analytically be solved as [23]

o0 1 1 k
dg——— = —=tanh ' [ = |. 6.12
/B>k e~ & (B) (6.12)

The D; elements are then modified as

N
: k
—241po [Z % + zg — tanh ™' <B>] for i = 0,

D; = ;‘=1 0P (6.13)
2/Lp2wi_pin fori=1,2,..., N,
0 )

66



6. Numerical Solution of the Nucleon-Nucleon Scattering Problem

where the GL points are scaled to approximate a integral from A = 0 to B, as in
(6.2).

Equation (6.9) can be expressed as a matrix equation by defining a N + 1 column
vector D through the elements [D]; = D; and two (N + 1) x (N + 1) matrices Ty,
and Vy, such that

[Todij = T07 (pipsspo)s [V = Vi (piypy). (6.14)

For uncouples channels, ¢/ = ¢, must ¢’ = ¢ and (6.9) can be solved, with matrix
inversion, as

T=F'V, [F;=24;—[D][V]y, (6.15)
where T = Ty, and V = V. The on-shell T-matrix element is then identified as

3" (po, po; o) = [Tloo- (6.16)

For couled channes, where ¢/ = j+1and ¢/ = j+ 1, must ¢ = j+ 1 and (6.9) can
be solved as L B
T=F"'V, [Fly=2d;—[D}[Vl]y (6.17)

where
jj — (D) : T = <Tj_1,j_1 Tj—l,j+1> , ”\7 = (Vj—l,j—l Vj—l,j+1> ' (6.18)
Tj+1,j—1 Tj+1,j+1 Vj—i—l,j—l Vj+1,j+1

The on-shell T-matrix elements for the coupled channels are identified as

T 1 (po,poipo) = [Tlow, T2 j41(po, oi o) = [Tlows1, 6.19)

T]jja,jq(PmPo;po) = [T]N+1,0a Tffl,jﬂ(Po’Po;Po) = [T]N+1,N+1-
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Project-Specific Implementation

The implementation of this project is comprised of three parts. The first part involves
predicting the five complex scattering amplitudes for the case of np scattering® by
numerically solving the LS equation, utilising the method presented in chapter 6
with the numerical parameters specified in section 7.2. The potential used for these
predictions was the LO WPC yEFT potential, which was theoretically presented in
2 and will be specified in section 7.1. A Bayesian uncertainty model was then built
for the truncation errors of these predicted values of the scattering amplitudes. The
Bayesian uncertainty model is more generally presented in chapter 5, and the project-
specific implementation of this model on the NN scattering amplitudes and the
choices of variables are presented in section 7.3. The last part consists of propagating
the resulting uncertainty distributions of the five amplitudes to various scattering
observables, which is briefly discussed in the last paragraph of section 7.3.

This procedure was implemented for two different NN scattering amplitude conven-
tions, namely the Saclay and helicity conventions defined in section 4.1. As seen in
chapter 4, these conventions have constraints for forward and backward scattering.
These constraints are then implemented into the error model as briefly discussed in
the last paragraph of section 7.3.

This project was implemented in Python, and the code is provided as open source
in [38].

7.1 Leading Order Interaction Potential

The potential used in this project is the LO WPC yEFT potential presented in
chapter 2, with LECs [39]

Cig, = —0.0010768 MeV 2, Csg, = —0.0007172 MeV 2, (7.1)

!Note that the framework constructed in this project is far from specific to np scattering and
could equally well be applied to any NN scattering.
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7. Project-Specific Implementation

where Cig, = 47(Cs—3C7) and Csg, = 47(Cs+C'r) correspond to the partial waves?
1S and 35y, respectively [2]. These values were determined by B. D. Carlsson et al.
[39] for a potential with a regulator

Ip|

lp/l]Qne_[T

fa(p,p) = e %

]Qn

, (7.2)

with a cutoff A = 500 MeV and cutoff sharpness n = 3 [39], which is thus the
regulator that was used in this project. The values used for the axial-vector coupling
constant, the pion decay constant, and the average pion mass were gy = 1.276, f, =
92.4MeV [39], and m, = 138.039MeV [40]. Note that these values are consistent
with those used in the determination of the LECs [39].

7.2 Numerical Predictions of Scattering Ampli-
tudes and Observables

For the potential (section 7.1) to be used in the jJPWS LS equation, the potential
had to be transformed into the jJPWS basis, which was done in accordance with [41].
These expressions contain integrals over cos(¥) € [—1, 1], which were approximated
with GL points as introduced in the leading paragraph in chapter 6. In this imple-
mentation, Nyo = 50 GL points were used to approximate the potential integrals.
Similarly, Npg = 50 GL points were used to approximate the LS integral. Note that
the regularised potential can be considered to be zero for in- and out-going relative
momenta p,p’ > B = 2000 MeV > A = 500 MeV. As discussed in chapter 6, this im-
plies that GL points that approximate an integral over relative momenta ¢ € [0, B]
can be used in the numerical solution of the LS equation.

As seen in chapter 3 (specifically subsection 3.3.4), the M-matrix elements are given
as a sum over the jJPWS basis S-matrix elements. Of particular interest is the sum
over the total angular momentum quantum numbers as it goes from zero to infinity.
This is obviously numerically problematic and requires the sum to be truncated at
some max value .. In this implementation, j,.. = 25 was used for all calculations,
which was determined to be appropriate for the energies considered, i.e. Tl <

200 MeV.

The choices of Nis = 50, Npor = 50, and jmax = 25 were motivated by investigating
the Relative Root Mean Squared Error (RRMSE)? for the LO np amplitudes in
the Lucas convention (defined in chapter 4). The convergence plots are shown in
figure 7.1, where the fully converged values of the amplitudes were determined with

2The partial waves are here given in the spectroscopic notation (251 L(¢) j, where s, £, and j
are the total spin, orbital angular momentum, and total angular momentum quantum numbers,
respectively, and L(¢) : {0,1,2...} = {S,P,D,...} [24]. The S in these expressions must not be
confused with the scattering operator or S-matrix elements.

3The considered expression of the RRMSE of amplitudes was RRMSE(Q;7) =
Vi v (@ Q) — 6:(2) 2/ X, 19:(2)[?, where {y;(Z;Q2)}7_; are the scattering amplitudes for Z =
(Thab,¥) detemined with the numerical parameters €@ = {Nrs, Npot, jmax}- The amplitudes
{9:(Z)}2_, are considered the true values for ¥ = (Tiap, V).
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7. Project-Specific Implementation

Nig = 100, Nyt = 100, and jmax = 50. The maximum values of the amplitude
RRMSE for the implemented choices of numerical parameters, for laboratory kinetic
energies Tl,p € [20,200] MeV, can be seen in table 7.1.

Table 7.1: The maximum value (over angles) of the RRMSE for the LO np Lu-
cas scattering amplitudes predictions with the numerical parameters = {Nyg =
50, Npot = 50, jmax = 25}, for laboratory kinetic energies 71, € [20,200] MeV. The
c.m. polar scattering angles associated with the maximum value are indicated in the
second column. The fully converged values of the amplitudes, used in the RRMSEs,
were determined with Nyg = 100, Ny = 100, and jmax = 50.

Tiap [MeV] | 0 [deg] | RRMSE(€2; Tiap, V)
20 ~ 78.637 ~ 6.645 - 107
100 180 ~ 3.097-107"
150 180 ~ 5.686 - 1077
200 180 ~ 3.264 - 107°
—V9=0 —Vv=7n/4 —VI=7n/2 —VI=3n/4 V=
“ Tiap = 20 MeV Tiap = 20MeV ||| Tiap = 20 MeV
N Npot = 50 | Nps = 50 \ Nps = 50
sz 0-05 jmax =25 “ jmax =25 Npot =50
m |
@ Tiap = 100 MeV Tiab = 100 MeV Tiab = 100 MeV
% Npot = 50 | Nrs =50 | Nrs =50
g: jmax =25 jmax =25 Npot =50
"
= Tiab = 200 MeV Tiab = 200 MeV Tiab = 200 MeV
Cg Npot = 50 | Nrs =50 | Nrs =50
gjj jmax =25 jmax =25 Npot =50
4‘0 Gb (; 20 ZLO 66 (; 10 2‘0 30
NLS Npot jmax

Figure 7.1: The convergence of the RRMSE for the LO np Lucas scattering am-
plitudes predictions as a functions of the number of GL points used for the ap-
proximation of the LS integral (Nps) and the potential integrals (Npot), and the
maximum number of the total angular momentum quantum number considerd for
the M-matrix elements (jmax). The fully converged values of the scattering ampli-
tudes, used in all RRMSEs, were determined with Npg = 100, Ny = 100, and
jmax = 50.

The numerical solution of the LS equation was implemented in Python. The pack-
age scipy.special [42] was used for special functions like the spherical harmonics
and Legendre polynomials. The package wigxjpf [43] was used for the 3j-symbol
(equivalent to the Clebsch-Gordan coefficients).
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7.3 Bayesian Uncertainty Quantification Model

When building the uncertainty model for NN scattering amplitudes* {y;(Tiap, 9) }o_;,
the real and imaginary parts of each amplitude are considered as independent ex-
pansions in the YEFT expansion parameter ) (see chapter 5) as

Re[yi(Tian, )] = Yoot (Tiab, zcﬁj;% Tans 9)Q" (Tha, 9), (7.3)

Im[yz (ﬂaba 19)] = Yref ,Tlab7 Z C; 711ab7 (ﬂaba 19) (74)

As can be read from the above equations, the same dimensionfull ([y,ef] = [1;] = fm)
reference function . : R? — R was used for all amplitudes. The reference function
should thus be chosen such that it captures the general scale of all five amplitudes
in a given convention and the expansion coefficients {cZ s c<") ?_, can be considered
to be of natural scale. In the implementation of this prOJect a constant reference
value Yret = Yrer(T1ap, ¥) = 0.5 fm was used for all np Saclay and helicity amplitudes.
This choice is motivated by noting (see figure C.1 in appendix C) that the it keeps
an general naturalness of the LO expansion coefficients across the five amplitudes,
for laboratory kinetic energies Ti.;, € [20,250] MeV and c.m. polar scattering angles
¥ € [0, 7]. For the expansion parameter, this project used a soft scale given by the
largest value between the pion mass and the relative momentum of the np system
[34], with the intent to capture the essence of the YEFT expansion®. The expansion
parameter considered for the expansions was thus given by

Q(Nap) =

(7.5)

Y (my +myp)? + 2myTap’

max[k, mﬂ'] Lk — $ mZQ;T‘lab(2mn + ﬂab)

where m, ~ 138.039MeV, m, ~ 938.2721 MeV, and m,, ~ 939.5654 MeV are the
pion, proton (target) and nucleon (projectile) masses [16], and A, is the hard scale.
The hard scale used was A, = 600 MeV [7, 9, 34].

Given that the expansion coefficients {cgfg,cgg}?ﬂ are assumed to be of natural
scale, the expansion coefficients of different orders are assumed to be i.i.d. draws from
a GP. The coefficients in (7.3) and (7.4) can thus be considered to be distributed as

(@)@ = GPImyp(x), Epr(m, s lig)), (7.6)
(@) @i " GPImyp(x), Eqr(m, a's lig)), (7.7)

where @ = {(Tjab, V)i }i=1 is a set of (Tjap, V) points and O; 55 = {m, 62,6}1',%/3 are
the hyperparameters of the GPs. The correlation length matrix ¢, for each GP is

“Note that the amplitudes {y;}?_; in this section can represent the amplitudes in any convention,
e.g. Saclay or helicity.

SNote that this is a choice that has been implemented in numerous previous studies of YEFT
truncation errors, e.g. [6, 9]. There are other alternatives to the harsh maximum function aiming
to smoothen the transition around k = m, [7, 13].
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now given by

12 0
- (% 3. o

where (7, and ¢y are the correlation lengths across laboratory kinetic energies and
c.m. polar scattering angles, respectively. The hyperparameters would then, ideally,
be determined by training the GPs with the corresponding expansion coefficients up
to some order x, which were determined by predicting the NN scattering amplitudes
with the YEFT potential truncated at chiral orders v = 1,2, ..., k. This project only
considers the WPC LO yEFT potential (presented at the end of chapter 2), which
only gives the LO expansion coefficients and is not enough to train the GPs.

In the implementation of this project, one fixed zero-mean® GP was used for the
expansion parameters of all amplitudes, 7.e.

) o (®)|© X gP(0, Er(x, 2 1), (7.9)

where the hyperparameters ® = {0, ¢%, ¢} was chosen as ¢* = 12, {7, , = 60 MeV and
ly = 30deg. These values were motivated by comparing previous EFT truncation
error studies of np observables, by I. Svensson’ et al. [9]. They trained GPs for 15
different differential observable types as functions of Tj,, and ¢ and found that the
correlation lengths (7, = € [45,83] MeV and £y € [24, 39] deg, and marginal variances
¢ €10.22%,1.27%], with mean values of {7, ~ 68 MeV, £y ~ 31 deg, and ¢* ~ 0.69%.
The implemented hyperparameters are thus conservative choices consistent with
the general scale of their findings®. Note also (from figure C.2 in appendix C) that
the the LO expansion coefficients {é%{,aﬁ% >, (given y,o = 0.5fm) are generally
between £2¢ = £2 for laboratory kinetic energies Tj,;, € [20,250] MeV and c.m. polar
scattering angles ¢ € [0, 7], sugesting that ¢? = 12 was appropriate as a conservative
choise.

A squared-exponential kernel to parameterise the correlation structure was imple-
mented in this project?, i.e. a covariance function given by

(f—fFﬁ%f—fq.

(7.10)

r(Z,2';0) :exp{— 5

This choice is equivalent to assuming stationarity, meaning that the covariance be-
tween two points only depends on the difference between the points and not their

5The choice of a zero mean reflects the expectation that the predictions made are the best a pri-
ori knowledge about the np scattering amplitude values, and that the truncation error distributions
are expected to be centred around zero.

Tt is important to note that I. Svensson et al. used a WPC yEFT potential with a non-local
regulator, similar to the potential considered in this project. This similarity makes their results
particularly applicable to this study.

8Note also that an article by B. McClung et al. [13] recently conducted a study on truncation
errors of np scattering amplitudes (in the Wolfenstein convention). Their study only considered
correlations across momentum transfers and could thus not be used to infer the correlation lengths
in this project. They did, however, find marginal variances between ¢? ~ 0.382 and ¢® ~ 12, which
is consistent with our conservative choice of ¢ = 12.

9We used a RBF kernel from the GPy Python package [44].
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absolute locations. This choice is motivated by the fact that it is the kernel used
by I. Svensson et al. [9], and is thus required when using correlation lengths and a
marginal variance based on their results.

The truncation errors of the real and imaginary parts of each np scattering amplitude
predicted with the LO YEFT potential were, as understood from chapter 5, given
as draws from a GP

Re[0yio(z)], Im[6y; 0(2)]|©, Yrer, @ ~ GP[0, & Ro(z, z'; ()], (7.11)

where the covariance function Ry(x,’;() is defined as in (5.14). Boundary con-
straints, which constrain certain amplitudes to be zero at ¥ = 0 and/or ¥ = 7, were
then implemented by requiring the truncation error to be zero at ¥ = 0 and/or ¥ = 7
for the constrained amplitudes. By adding these errors to the predicted values of the
amplitudes, the amplitudes with uncertainties from the truncation error became

Yi(Dan, V) = Yio(Dab, V) + 0Yi0(Tiab, ). (7.12)

These uncertainties could then be propagated to various np observables by sampling
the uncertainty distributions of the amplitudes and using them to reconstruct the
M matrix as given in section 4.1, and then use the formulas in section 4.2 to get the
corresponding samples of various scattering observables.

The angular boundary constraints for the helicity amplitudes

{MS(TIaba U =0) = M5(Tap, 9 = ) =0, (7.13)
My(Thap, ¥ = 0) = M3(Tiap, ¥ = 7) = 0,
and for the Saclay amplitudes'©

e(Tab, ¥ = 0) = e(Tiap, ¥ = 7) = 0, (7.14)

where implemented into the error model by training the corresponding GPs such that
the uncertainties are zero for the constrained points. This method works well for the
purposes of this project. Still, more rigorous methods exist to incorporate continuous
boundary constraints into GPs [45], which might become relevant in further studies
into the error model for correlated truncation errors between different observable
types. The GPs were constructed using the Python package GPy [44].

7.3.1 Propagation of Uncertenties

In the context of the uncertainty propagation, the truncation errors can be consid-
ered as samples distributed as in (7.11), ¢.e. with mean and variance [46]

<(Sy170(f>> = 0, Var[éyuo(f)] = 262R2',0(f, f, g), (715)

10Note that the interamplitudinal constraints of the Saclay amplitudes (see chapter 4) were not
considered in this implementation. These constraints are equivalent to the constraints of the third
and fourth helicity amplitudes and contribute to angle-dependent correlations between different
observable types. The simplicity with which these constraints are implemented is the reason for
considering the helicity convention.
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where ¥ = (Tjap,?) and the covariance function R;o carries an amplitude index
since they are considered to contain the amplitude-specific boundary constraints.
Note that the factor of two in the variance stems from the equal contributions from
the real and imaginary parts of 0v; o(Tlab, 9).

For the propagation of the amplitude uncertainties to observables to be consistent
with the prior that the LO prediction is the best knowlage of the observable, the
mean of the resulting distribution of a differential observable oOp,p, pppy(Tiab, V)
should be given by the LO prediction UOg)pR popy (Thab, ). All differential observables
can in general be expressed in terms of the amplitudes {y;(Tiab, V) = Yi0(Tiab, V) +
5:% O(ﬂab7 19) —1 a8 [12]

00ppepeore (T) = Y (Biyn(@)Rely; (#)y; ()] + Bijs(@)mly; (¥)y;(7)]),  (7.16)

ij=1
where the values of the non-probabilistic functions B;;»(Z¥) = Bj;»(Z) € R and
B (%) = —Bjis(Z) € R are convention dependent but not of particular interest in

this section™. The mean of the product y;(Z)y; (%) is given by

i0(T))? + 262 Rio(%, 75 0)  for i = j,
(v @)y (2) = {'y”H o5 fori= (7.17)

Yio(T)yj0(Z) for i # j,

given that the truncation errors of amplitudes are independent zero-mean distributed
samples. The mean of a general differential observable is thus

(00 pspapepr (7)) = 00N 5 popo (T) + 2 Z By w(T)@ R o(T, T;0). (7.18)
i=1

It is apparent that the variance of the amplitudes shifts the mean of the observables,
in this thesis dubbed the foldback effect, and is consistent with the square of a Gaus-
sian distribution. This shift is, however, not consistent with the a priori expectation
that the mean of the observables should be given by the LO predictions. One simple
fix to the foldback effect, which was implemented in this project, is to correct the
observable distributions by applying an equivalent shift in the opposite direction,
i.e.

0O ppyppre(F) — 0O, pupppy (T) =

_UOPSPRPPPT _2ZB11§R C Rlo(_),f;f), (719)

such that the mean of the mean-corrected distribution Ops prPppr(T) is given by the
LO prediction or the obserable. For future purposes, the mean correction of a general
observable will be defined as

5
<UOPSPRPPPT COHE Z mR zo(fyf;f)- (720)

1 They can be identified for a specific convention in [12].
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The foldback effect is, however, not limited to shifting the mean but is actually
a more fundamental phenomenon resulting in the observables being given by non-
Gaussian distributions [47]. Additional consequences of the effect are that different
observables acquire different distributions depending on their amplitude dependence
and LO predictions for different laboratory kinetic energies and c.m. polar scattering
angles. This will be discussed more in the results part of this thesis.
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Results

The results presented in this chapter can be grouped into three major categories,
each assigned one section. Section 8.1 presents the distributions of the np scattering
amplitudes resulting from the BU(Q model specified in section 7.3. Both the helicity
and Saclay conventions were considered. These distributions were then propagated
to various differential observables. The resulting distributions for certain chosen ob-
servable types are presented in section 8.2. This section contains the quintessential
results of this study. Firstly, the angle and energy dependence of the resulting ob-
servable distributions are analysed and how they are shaped by their relation to
the amplitudes and the correction to the foldback effect. Secondly, the correlations
between the observable types are investigated. Finally, section 8.3 examines the
constraint imposed by the unitarity of the scattering operator. This analysis was
conducted by comparing the resulting distributions of the total cross sections as
determined by the optical theorem and by integrating differential observables, as
theoretically outlined in subsection 4.2.2.

8.1 Neutron-Proton Scattering Amplitudes

The BUQ model discussed in chapter 7 was applied to the LO np scattering ampli-
tudes in the helicity and Saclay conventions for Tj,, = 100 MeV and ¢ € [0, 7]. The
68.2 % and 95.4 % FEqual-Tailed Intervals (ETIs) and median of the resulting distri-
butions for the different conventions can be seen in figure 8.1. These distributions
are also compared to the LO predictions (equal to the mean of the distributions)
and the corresponding empirical Partial-Wave Analysis (PWA) values [48] retrieved
from NN-online [49]. Other energies were also investigated, but did not provide any
additional insights, and can be seen in appendix C.

The distributions of the real and imaginary parts of each amplitude are Gaussian for
all laboratory kinetic energies and c.m. polar scattering angles, with means equal
to the LO predictions and Standard Deviations (StDs) given by /é?R; o(Z, Z; £),
T = (Dab, V). The covariance functions R;(Z,2";¢) contain the a priori assigned
correlation lengths across Ti,;, and 19, which results in the smoothness of the sampled

79



8. Results

curves. The covariance function also contains the angular boundary constraints

(Vi) 2 Virm Zof - {eT0) =m0k, 1)

for the helicity amplitudes { M;(Tiap, ) }5_5 and the last Saclay amplitude {e(Tjap, 9)},
respectively. The success of the implementation can be identified in figure 8.1, where
the uncertainties of the constrained amplitudes are zero at the specified boundaries.
The interamplitudinal constraint of the Saclay amplitudes, corresponding to the
constraints of the third and fourth helicity amplitudes (see section 4.1), was not
considered. This is because we wished to keep the amplitude distributions inde-
pendent of each other, promoting the helicity amplitudes to an ideal choice in this
context. Both conventions are, however, considered in the analysis since they pro-
vide insights into how the convention on which the error model is applied affects the
propagation of the truncation errors to observables.

The distributions of the amplitudes are in figure 8.1 compared with empirical val-
ues from PWA [49]. It is important to note that the amplitudes investigated in this
project are only LO predictions, and are therefore not expected to be in strong agree-
ment with the empirical values. What we are interested in is how the truncation error
uncertainties relate to the empirical values. Even this comparison is rather arbitrary;,
given that the distributions themselves are conservatively chosen. Nonetheless, the
conservative nature of the hyperparameter choices is clearly reflected for most of the
amplitudes as the empirical values reside primarily within the one StD band for the
helicity amplitudes and the two StD band for the Saclay amplitudes. In actuality,
we only expect approximately 68 % (95 %) of the empirical values to lie within the
one (two) StD band [23]. A clear outlier in this respect is the imaginary part of the
first helicity amplitude, for which the empirical values lie over two StDs from the
predictions, indicating that the chosen marginal variance was not large enough for
this amplitude. Such discrepancies might be solved by independently determining
the hyperparameters for the real and imaginary parts of each amplitude, by training
the GPs with order-by-order expansion coefficients.

These amplitude distributions constitute an intermediate step allowing us to prop-
agate the truncation errors to observables.

8.2 Error Propagation: Differential Observables

The distributions of the np helicity and Saclay amplitudes, shown in figure 8.1,
were sampled and propagated to the differential observables specified in table 8.1.
2-10* samples were drawn for each amplitude, and the resulting distributions of the
observables were mean-corrected as described in subsection 7.3.1. We denote the
uncorrected observables, the mean-corrected observable, and the mean correction as

Z(Thap, V), Z(Tlab,ﬁ), and (Z(Tiap, V) respectively, such that

corr’

Z(ﬂab> 79) = Z(T‘lab7 19) - <Z(ﬂab7 19)> (82)

corr *
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Figure 8.1: The LO yEFT truncation error distribution of the np scattering ampli-
tudes applied to the LO predictions of the amplitudes in the helicity (a) and Saclay
(b) convention for laboratory kinetic energy T}, = 100 MeV and c.m. polar scatter-
ing angles ¥ € [0, 7]. The medians of the distributions are indicated with solid black
lines, and the first and second StD bands are indicated by the filled dark and light
grey areas, respectively. The LO predictions are shown as dashed blue lines. These
curves are compared to the empirical PWA values [48] retrieved from NN-online
[49], shown as solid red curves.

Note that the mean corrections only affect the mean of the distributions and not
the shape or correlations between observables.

The observables in table 8.1 were chosen because they gave the most representative
results, but are not outliers, and another set would have shown similar results to
those presented in this section. However, the unpolarised differential cross section
0(Thap, ¥) exhibits unique characteristics regarding interobservabial correlated trun-
cation errors. As presented in subsection 8.2.1, our results revealed that the trun-
cation errors of various differential observables were related to those of o (T, )
through hard inequalities.

The model predictions for the differential np scattering observables defined in table
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Table 8.1: The notation and definitions of the considered np scattering observables
[9]. The unpolarised, transverse, and longitudinal total cross sections are defined in
subsection 4.2.2. The tensor notation for the differential observables is defined in
subsection 4.2.1. The polarisation directions illustrated for the differential observ-
ables are defined as in figure 4.1a, where the angle indicated with the curved arrow
is the laboratory frame scattering angle ¢; = /2. The c.m. polar scattering angle
9 is defined as in figure 4.1b. The laboratory kinetic energy T, is related to the
relative on-shell momentum as in equation (3.150).

Notation Definition Acronym

00tot(Tlap) | unpolarised total cross section SGT

ar (Z—iab) O-tot(ﬂab; Ti) - Utot(ﬂab; TT) SGTT
oL (ﬂab) Utot(ﬂab; :) — Otot (ﬂab; j) SGTL

Notation Tensor [lustration | Acronym
o(Than, V) 00000(T1ab, ) — '.'{( DSG
N
Aa:a: (ﬂab7 19) UOOOss (j—iaba 79) I_' I(( AXX
\
Ayy(Thab, V) | 00gonN(Thab, V) | &—> ©.'(( AYY
N
Azz(Tiab, 9) | 0O00pp(Tian, V) - ":( A7Z7

Ay(Tiab, V) | 0O0n000(Tiab, V)

|

D(Tiab, 19) UONONO (j—iaba 19)

Dt(TIaba 19) UOONNO(Tlaba 19)

!

I
EREARNY

DT

Ngz (l-rlaba 19) UOONpp(ﬂab, 79) NNKK

|
N

8.1 are shown in figure 8.2, with uncertainties propagated from both the LO helicity
and Saclay amplitude distributions seen in figure 8.1. The boundary constraints

M5(ﬂab; 0) = M5(,-Tlab7 7T) = 07 e(Tiab7 O) = e(ﬂab; 7T) - 07 (83)

resulted in similar constraints for observables. Examples of this are the uncertainties
of Ay(TNap, V) and NY,(Tiap, V), which are zero for forward and backward scattering.
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The second constraint of the helicity amplitudes
M4(Tiab’ 0) = M3(ﬂab7 7T) = 07 (84)

which counterpart for the Saclay amplitudes was not considered, result in the smaller
uncertainties at ¥ € {0, 7} for certain observables, e.g. Ay, (Tiap, V) and Dy(Tiap, V).
This can be understood from their explicit expressions in terms of the helicity am-
plitudes { M;(Tiap, 9) }2_, [12]
Ayy (%) = Re[M(2) Mo (T) — My (F) Ma(Z)] + 2| M5(Z)[* (8.5)
Dy(%) = —Re[ M7 (&) Ma(%) — My (Z) Ms(Z)] + 2| M5(2) ", (8.6)

which at ¢ € {0, 7} becomes

{Ayy(ﬂab, 0) = Re[M; (Tiap, 0)Ma(Tiap, 0)] = Aga(Tian, 0), 51
Ayy(Dap, ™) = Re[M{ (Thap, 7) Mo (Tiap, 7)] = Awe(Tiab, 7),
and
{Dt(TIaba 0) = Re[M; (Tian, 0) M3(Tiap, 0)], (8.8)
Dt(TlabﬂT) = —Re[Mf(ﬂab,W)M4(ﬂab,W)]-

Note that equation (8.7) states that A,, = A,, for ¥ € {0,7}, the implications
of this will be seen clearly in subsection 8.2.1. The effects of the constraints of
these helicity amplitudes are not unique to these observable types but constrain the
uncertainties of most observables. The reason these effects do not show up as clearly
for many observable types in figure 8.2a comes from competing effects. One such
effect can be seen for A, (Tap, V), Az:(Tiab, V), and Ay (Tiap, ¥) around ¥ = /2 in
figure 8.2a, where their distributions become narrower. This can be understood by
noting that the variance of the observables not only depends on the variances of the
amplitudes but also on the mean (LO predictions) of the amplitudes, which is shown
in appendix B. The narrowing effects around ¥ = /2 can thus be understood by,
from figure 8.1a, noting that the amplitudes M,, M3, and M, are relatively close
to zero at ¥ = m/2 compared to their maximum and/or minimum values. The
foldback effect, discussed in chapter 7, was the last identified effect that shapes the
distributions. As discussed in chapter 7, the mean shifting part of this effect has been
corrected with success'. This is, however, only a part of the grand foldback effect,
which can be described by noting that the differential observables are given by non-
Gaussian distributions. These effects predominantly affect observables dependent
on a large addition order? of absolute squares of amplitudes, for which distributions
becomes non-symmetric and acquires elongated tails. This can most clearly be seen
for the unpolarised differential cross section distribution propagated from the helicity
distributions as

o(@) = S [[M@P + ML@P + M@P + @R+ AP, (89)

!The mean of the distributions are not shown in figure 8.2 but lands on the LO prediction of
the observabels, as it was designed to do

2Addition order means the number of additions minus the number of subtractions, e.g. (|y1| +
ly2] + |y1])/2 has addition order 3/2 and (|y1| + |y2| — |y1])/2 has addition order 1/2
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where the foldback effect results in a large bump in the uncertainty for ¢ € [7/4, 37 /4].
On the contrary, the unpolarised differential cross section distribution propagated
from the Saclay amplitudes (see figure 8.2b) does not exhibit the same level of tail
elongation. This is understood from the expression

I ST " " " "
o(Z) =5 (@) + @) + |e@)]* + @) + le(@)]. (8.10)
which has a lower additionorder than (8.9).

The convention to which the error model was applied changed the results when con-
sidering a fixed kernel distribution constant for all amplitudes (except for boundary
constraints). It is, however, expected that the hyperparameter would be different for
different conventions and the amplitudes within one convention. This can be seen
from the distributions of the real and imaginary parts of the helicity amplitudes in
figure 8.1a, where the fifth helicity amplitude is significantly smaller than the other
ones, suggesting that the marginal variance is much too large for this amplitude.
This is also what we see in the truncation error distributions of the observables in
figure 8.2a, where the foldback effect effectively hijacks the shape of the distribu-
tions of certain observables at intermediate angles. The Saclay amplitudes in figure
8.1b, on the other hand, are much more consistent in their scales and actually seem
to be described very well by our chosen hyperparameters, when comparing their
distributions to empirical values. This is reflected by the observable distributions
propagated from the Saclay truncation errors (figure 8.2b), which, compared to the
helicity amplitudes, are less disturbed by the foldback effect. The benefit of the he-
licity convention is that it easily allows us to implement all constraints (except for
the explicit unitarity constraint). The choice of convention is, thus, not as arbitrary
in the context of truncation error quantifications. These ambiguities may, however,
be resolved by training the hyperparameters independently for a specific amplitude
convention.

Throughout the implementation chapter and the above results, the resulting dis-
tributions of the differential observables as propagated from Gaussian distributed
scattering amplitudes have been mentioned. Since the real and imaginary parts of
the amplitudes {y;}?_; are independent variables, terms like Re[y;y;] and Im[y}y,],
i # j give symmetric (but non-Gaussian) distributions. The terms |y;|?, however,
result in scaled non-central y?-distributions of order 2 [47], and are the leading cause
of the foldback effect, see subsection 7.3.1. In more specific terms?

| .|2 2,20y N — |?/z‘,0|2 811
Yi NUz’XQ( 2)7 i = 5 ( )

0;

where ); is the non-central parameter, y;0 € C is the mean of y;, and o? is the
variance of the real and imaginary parts of y;. The moment ratios a; 3 and «; 4 of

3Note also that in the case where the real and imaginary parts of the amplitudes do not have
the same variance, one will instead find that [Re[y:]|* ~ o7 X3 (Xin) and [Tm[y;]]* ~ 07 g xT(Nig)-
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Figure 8.2: The mean-corrected truncation error distributions of the differen-
tial np scattering observables defined in table 8.1, for laboratory kinetic energy
Tiap = 100MeV and c.m. polar scattering angles ¢ € [0,7]. The distributions are
constructed from 2 - 10% samples (for each of 150 evenly distributed 9 points) of the
distributions of the helicity (a) and Saclay (b) amplitudes shown in figure 8.1. The
medians of the distributions are indicated with solid black lines, and the 68.2 % and
95.4 % ETIs are indicated by the filled dark and light grey areas, respectively. The
LO predictions are shown as dashed blue lines. The red curves are the observables
determined with the scattering amplitudes from PWA | see figure 8.1.
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the x3()\;) distributions are given by

oy — \/§(2+3>\,»)’ g3 12(2+4)\,;)’ (8.12)
T (24 20)32 ’ (24 2X))?
and scales as A,/ and \;'! [47]. The moment ratio «; 3 describes the skewness (tail
enlargement and symmetry, zero for Gaussian) of the distribution, and «; 4 describes
the kurtosis (combined tail weight and peak sharpness compared with the normal
law, 3 for Gaussian) [47, 50]. The differences between the observable distributions
propagated from the helicity and Saclay amplitudes can thus clearly be recognised
in that the non-central parameters of the Saclay amplitudes are larger compared to
the helicity amplitudes (specifically the My amplitude). As discussed in the previous
paragraph, the excessive foldback effects of the helicity amplitudes should thus be
mitigated when independently training the GP hyperparameters for the amplitudes.

8.2.1 Correlated Errors: Differential Observables

The correlations between the mean-corrected differential np scattering observables
in figure 8.2 were investigated for laboratory kinetic energy Ti.;, = 100 MeV and c.m.
polar scattering angle ¢ = 7/4. The joint posteriors resulting from 10° samples of
the helicity and Saclay amplitudes are shown in figures 8.3 and 8.4, respectively.
These figures provide interesting results and insights, such as the hard inequalities
between the unpolarised differential cross section and various observables in both
conventions. These figures only show the covariances for one (T},p, %) point, which
does not provide the full picture of the correlations. Similar figures for other energies
and angles can be seen in appendix C. The results are, however, completed with
figure 8.5, which plots the Pearson correlation coefficients of the correlation between
the differential observables defined in table 8.1, determined using 2 - 10% samples
for each point on a grid of 131 x 100 evenly distributed (7}.p,?) points in Ti,, €
[20, 150] MeV and ¥ € [0, w]. This figure shows the angle and energy dependence of
the interobservabial correlations. The Pearson correlation coefficient of two variables
Zy and Zs is defined as [51]

Cov(Zy, Zs)

2 2
O'ZIO'Z2

p : (8.13)

where Cov(Z;, Z,) is the covariance of Z; and Z5, and a%i is the variance of Z;,
1=1,2.

The first observations made from figures 8.3 and 8.4 are the hard bounds between the
unpolarised differential cross section, o(7}ap, #), and various observables, shown with
red lines in the figures. These constraints are independent of the energy and angle
and result from the amplitude expressions. For the uncorrected observables, these
inequalities are given by |Z(Z)| < o(#) where Z(Z) is any differential observable.
This is consistent with how the differential observables are defined, i.e. as different
spin projections of the projectile, target, scattered, and recoil particle states onto
the respective basis vectors [12] and the unpolarised differential cross section is the
sum over all outgoing states and average over ingoing states [29]. As expected, these
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Figure 8.3: The mean-corrected joint distributions of the differential observable
types in table 8.1, for laboratory kinetic energy Ti,, = 100MeV and c.m. polar
scattering angle ¥ = /4. The distributions were constructed from 10° samples of the
helicity amplitude distributions shown in figure 8.1a. The dot-dashed lines indicate
the 68.2 % ETI with values indicated by the numbers above each column. The blue
lines in the diagonal plots are the LO prediction, and the red lines indicate the
bounds from hard inequalities between observable types. p is the Pearson correlation
coefficient, representing the level of correlation between the observable types.

inequalities can be shown for all observables, from their expressions in terms of the
scattering amplitudes as given in [12]. For the corrected observable distributions,
the inequalities can be derived by inserting (8.2) and getting

12(Z) + (Z(Z)) cone | < 0+ (0(2)) (8.14)

corr corr ?
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Figure 8.4: Same as figure 8.3, except that the differential observable distributions
were constructed from samples of the Saclay amplitude distributions shown in figure
8.1b.

or equivalently

~5(&) = {0(T)) oorr = (Z(D)) core < Z(&) < 5(7) + (0(D)) core = (Z(D)) e (8.15)

which are the red lines plotted in figures 8.3 and 8.4, with the mean corrections for
the respective convention.

The results from the propagation of the helicity (figure 8.3) and Saclay (figure 8.4)
amplitude distributions show similar results. The general shapes of the joint dis-
tributions are the same, but the level of correlation (characterised by the Pearson
correlation coefficients) differs. This is a combination of the fact that the helicity

88



8. Results

amplitudes are more constrained from the start, and that the implemented error
model is (except for constraints) independent of the convention, but the propa-
gation is not. A clear example of this is the unpolarised differential cross section,
which in the Saclay convention depends equally on all amplitudes, but in the helicity
convention the fifth amplitude has a coefficient four times larger than the others.

Figure 8.5 shows the correlation (characterised by the Pearson correlation coeffi-
cient) between different observable types (propagated from helicity amplitudes) for
laboratory energies Ti.;, € [20, 150] and c.m. polar scattering angles ¢ € [0, w]. Note
first that there is a lot of energy dependence around Ti,, ~ 40 MeV. This is close
to where the on-shell relative momentum passes the pion mass. There is also a dis-
tinct dependence on the scattering angle. A clear example of such dependence is the
correlation between A,, and A,,, which is total for ¥ = 0, 7 but not for intermedi-
ate angles. This is a direct consequence of the boundary constraints of the helicity
amplitudes, as hinted at in equation 8.7.

8.3 Unitarity and Total Cross Section

The uncertainties of the scattering amplitudes for Ti,;, = 100 MeV were propagated
to the unpolarised total cross section, o ot(Zlan), the transverse total cross section,
o1(Tiap), and the longitudinal total cross section, op,(Ti.p), with 7.5 - 10 ampli-
tude samples. The resulting distributions are shown in figures 8.6, 8.7, and 8.8,
respectively, as propagated from the helicity and Saclay amplitude truncation er-
rors (figure 8.1). Two methods were used and compared in these figures: the optical
theorem and integration of mean-corrected differential observables as presented in
subsection 4.2.2. The integrals were approximated with N = 100 GL quadrature
points between A = 0 and B = 7, see equation (6.2).

The averages from the two methods and conventions agree well with each other for all
total cross sections, and are equal to the LO predictions, due to the mean correction.
However, the widths and shapes of the distributions differ, which is a clear sign that
the amplitude samples violate the unitarity constraints presented in chapter 4. The
foldback effects that resulted from the propagation to the differential observables,
discussed in section 8.2, clearly propagate to the total cross sections through the
integral expressions. These effects are, however, not present in the distributions
propagated through the optical theorem expressions, as they do not depend on any
squares of amplitudes.

The comparison between the total cross sections determined with the integral ex-
pressions and the optical theorem directly reflects how well the samples obey the
unitarity constraint. This is because the optical theorem is a direct application of
the unitarity constraint onto the integral expression. The fact that unitarity was not
broken on average can be concluded from the results in figures 8.9, 8.10, and 8.11,
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Figure 8.5: The Pearson correlation coefficients p(Tiap, ), representing the corre-
lation level, between the differential observables in table 8.1, for laboratory kinetic

energy Ti.p € [20,150] MeV and c.m. polar scattering angle ¢ = [0,7|. The coef-
ficients were determined with 2 - 103 samples of the LO helicity amplitudes with
truncation error distributions for each of the 131 x 100 evenly distributed (Tiap, ¥)

points.

showing the distributions of

AO-O,tot (Tiab) = 5O,tot (ﬂab) - UO,tot(ﬂab); (816)
Aor(Tan) = 61(T1ab) — or(Tan), (8.17)
Aoy (Than) = 61(Tiab) — on(Than), (8.18)

where {70 tot, 01, 01} and {0 tot, 0T, 0L} are the total cross sections determined by
integrating mean-corrected differeintial observables and the optical theorem, respec-
tively. The figures also show that the individual samples did not respect the unitarity
constraint. The level of unitarity breaking of a signal sample could be seen as equiv-
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Figure 8.6: The LO yEFT truncation errors of the unpolarised total cross section for
Tl = 100 MeV, propagated from the corresponding distributions of the helicity (a)
and Saclay (b) amplitudes shown in figure 8.1. The green and magenta histograms
indicate the distributions resulting from the integral over mean-corrected differential
cross sections and the optical theorem, respectively. The solid green and magenta
lines indicated the 68.2 % ETI and the median of the two distributions. The dashed
blue line is the LO prediction (integration and optical theorem equivalent).

alently random as the samples themselves, but due to the mean correction, centred
around zero. This was, however, to be expected with the error model that was used.
The model considers a correlation length, a marginal variance, and a mean. Every
sample of amplitudes is a smooth curve over ¥ € [0, 7], and the boundary conditions
require these curves to start and/or end at zero for specific amplitudes. The shape
of the curves is, however, constrained by the unitarity constraint, but is not imple-
mented into the model, meaning that they are essentially random. The investigation
into the explicit implementation of the unitarity constraint into the error model will
be considered as future work.
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Figure 8.7: The LO yEFT truncation errors of the transverse total cross section for
Tiap = 100 MeV, propagated from the corresponding distributions of the helicity (a)
and Saclay (b) amplitudes shown in figure 8.1. The histograms and lines descriptions

are the same as in figure 8.6.
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Figure 8.8: The LO yYEFT truncation errors of the longitudinal total cross section for
Thap = 100 MeV, propagated from the corresponding distributions of the helicity (a)

and Saclay (b) amplitudes shown in figure 8.1. The histograms and lines descriptions
are the same as in figure 8.6.
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Figure 8.9: The distribution of Acg (magenta histogram), defined in equation
(8.16), for Ti,p = 100 MeV, propagated from the corresponding distributions of the
helicity (a) and Saclay (b) amplitudes shown in figure 8.1. The solid magenta lines

indicated the 68.2% ETI and the median of the Aoy distributions. The dashed
blue line is the mean of the Aoy o distribution.
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Figure 8.10: The distribution Aor (magenta histogram), defined in equation (8.17),
for T., = 100 MeV, propagated from the corresponding distributions of the helicity
(a) and Saclay (b) amplitudes shown in figure 8.1. The solid magenta lines indicated
the 68.2% ETI and the median of the Aot distributions. The dashed blue line is
the mean of the Aot distribution.
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Figure 8.11: The distribution Aoy, (magenta histogram), defined in equation (8.18),
for 1., = 100 MeV, propagated from the corresponding distributions of the helicity
(a) and Saclay (b) amplitudes shown in figure 8.1. The solid magenta lines indicated
the 68.2% ETI and the median of the Aoy, distributions. The dashed blue line is
the mean of the Aoy, distribution.
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Conclusion and Outlook

This thesis describes a study that aimed to implement a BUQ model for yEFT
truncation errors at the level of NN scattering amplitudes and propagate the errors
to NN scattering observables. The correlations between the resulting distributions
were then investigated. In addition, the thesis set out to examine the implications
of the unitarity of the scattering operator and to what extent the constructed error
model violates this implicit constraint.

The BUQ model for YEFT truncation errors of the LO np scattering amplitudes,
implemented with a fixed kernel GP correlated over laboratory kinetic energies and
c.m. polar scattering angles, gave as expected angle-independent variances for the
unconstrained np scattering amplitudes. The constrained amplitudes had zero vari-
ance at the constrained bounds and increased smoothly for intermediate angles.
The median (and mean consistent with a Gaussian distribution) of the amplitude
distributions lies on the LO prediction, reflecting the a priori assumption that the
predicted value is the best knowledge at hand for the amplitude values. These ob-
servations are all signs that the implementation of the error model on the scattering
amplitudes was successful.

The propagation of the YEFT truncation errors of the np scattering amplitudes to
np scattering observables successfully resulted in correlations between the different
observable types. This is a significant step in understanding the EFT truncation
errors, as it gives rise to joint distributions by letting the known physics of the
scattering process constrain the truncation errors. The propagation of the relatively
simple truncation error distributions of the amplitudes managed to instil rather
complex relations between the corresponding truncation error distributions of the
observables. The boundary constraints propagate directly to both angle-dependent
observable truncation errors and interobservabial correlations. The relations between
the amplitudes and observables additionally result in hard inequalities between the
unpolarised differential cross section and various differential observable types. In
other words, the error model presented in this thesis incorporates a high level of
physics knowledge about the underlying symmetries and invariance principles of
NN interactions.
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The mean correction scheme, motivated by the a priori expectation that the mean
should be given by the LO prediction, gave the desired result. The truncation er-
ror distributions of observables significantly impacted by the foldback effect! have
a median shifted from the mean and an elongated tail, which are clear signs of
the resulting non-Gaussian distributions of the observables. However, this is not
considered to be particularly problematic, given that it most likely stems from the
distribution-defining hyperparameters being out of balance for certain amplitudes.
This is not terribly surprising as the project implemented a fixed kernel GP, and
the problem may resolve itself when the hyperparameters of the error model of the
scattering amplitudes are actually determined independently. The importance of
the mean-correcting scheme should not be underestimated, as it is the driving force
behind the error model respecting the unitarity constraint on average.

Outlook

This project advances the state of the art by moving beyond the independent treat-
ment of observables to a framework that incorporates (almost) all known constraints
on NN scattering quantities. As such, the work brings us to the very doorstep of
one of the most fundamental principles in quantum scattering theory: the unitarity
of the scattering operator. While the error model presented in this thesis manages
to enforce an average compliance with this constraint, it was also observed that in-
dividual samples within the model fail to respect unitarity. Fortunately, this thesis
dedicates several pages to exploring the unitarity constraint in detail, particularly
through its implications for the NN scattering amplitudes via the M-matrix. Sur-
prisingly, explicit formulations of these relations are scarce in the literature?. This
work, therefore, serves as both a foundation and an invitation for further develop-
ments, most notably, the explicit implementation of unitarity into an improved error
model.

A more straightforward extension of this project would be to consider higher chiral
effective field theory (YEFT) truncation orders. This would allow for independent
training of the GP modelling truncation errors in the scattering amplitudes within
the adopted formalism.

On a more general note, the framework presented in this thesis allows further studies
to increase the physical rigour of the correlated EFT truncation errors considered.
It can be incorporated into various inference procedures relating to EFTs and ob-
servables. Such procedures, where this framework can contribute, are the inference
of EFT LECs and predictions of observables, where the physical agreement is not
just paramount but basically the point.

!The effects resulting from squaring a Gaussian distribution, i.e. a mean shifted with the vari-
ance of the Gaussian from the squared mean of the Gaussian and an elongated tail; consistent with
a non-central x2 distribution.

2We only found a few sources stating similar expressions, e.g. [52], none of which got it right (I
reserve the right to be the one who is wrong). Note, however, that the optical theorem is a specific
case of this constraint, which is not so rare.
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A

Scattering with (Generally
Normalised States

In this appendix, the momentum eigenstates |p) and position eigenstates |x) have
a general normalisation

<p/|p> - Cﬁlom.é(?))(p/ - p)? <$/|m> = 02 5(3)($/ - w)v C’mom.7 CpOS- € Ra (A]')

pos.

and will thus have the completeness identities

1 1
=i fu P PPl 1= [ defe)(el. (A.2)
The free wave function is, therefore, given by
C os.Cmom. iz
Pp(T) = (w|p) = 7‘(’%)3 e, (A.3)

which is a constant times a plane wave, and can be realised by comparing the
definition of the three-dimensional Dirac delta function

. et (p—p’)
5(3)(19 —-p)= /]RB dx W? (A4)
with ] ]
3) (! _ _ / - /
o(p' —p) = cz (p'lp) = G2 O /R , dz (p'|z) (x|p) . (A.5)

The PWS |p, £, m) are defined in relation to the momentum eigenstates as

= ¢ C’mom. —iwlx %l A
p)=3 > e YD) |p, ¢, m) (A.6)
(=0m=—r¢ ~PW

where Cpw € R is a real normalisation constants, w € [0, 27| is a constant phase, and
YA (D) = (p|¢,m) are the spherical harmonics. The normalisation and completeness
identity of the PWS are thus

i / o(p’ —
<p ag , M |p7€7m> = C[%Wéﬂ/lém’muv (A7)
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and

1= d ¢ ¢, A.
ngé / pp* |p, €, m) (p,,m]|. (A.8)

A.1 The Scattering Amplitude Matrix

In accordance with (3.15), the scattered state |¢;) can be expressed as

1

WE) = |k) + G5 (Bx)V [0i) . Gi(Ey) = B _Hotic

(A.9)

where By, = |k|?/(2p) is the on-shell energy, with the on-shell momentum k = |k|
and reduced mass p. The scattered wave function 1; (x) = (x|i;) is then given by

U () = o) + (x| Gy (Bp)V |¢?:> =
= dr(x) +

Cz / de' GE(z, z'; Ey) (/| V [E), (A.10)

pos.

where the Greens function in the position basis can be expressed as

Gi(x,x'; Ey) = (x| GE(Ey) |2) =

[ ap Lo 0l _

Ogﬂom Ek - Ep =+ 1€
202 /"L eip'(mfwl)

= P2 d . (A1l
rp Jes PPz MY

This integral can be solved in the e — 07 limit as (see e.g. [25, 27])

C? . 1 S
G:t "B = —_ posl +iklx—x | A 12
Inserting this into (A.10) gives
(271.)21u eiik|w—w’|

Vg (w) = dp() — 2 2 Js dx’ oo (@'|V [gr) - (A.13)

pos. ~mom.

Given that the potential satisfy the properties! discussed in section 3.1, the |z| — oo
asymptote to the scattered wave function can be expressed as [25]

+ik|x|

x|

e

V@)~ onl@) — o= [ dal T @]V ) S (A.14)

The integral in the second term can be rewritten as

1 Fikd-x (27T 3/2 / 3
088 T @ V1) = 5 Zo [ de’ (ke @]V 14k) =
pos. mom.
3/2 3/2
- B (v ) = BT kel B W), (A1)

Particularly that |V (z)| < c|z|~3 as |x| — oo for some constant ¢ € R.
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A. Scattering with Generally Normalised States

where T%(FE},) is the T operator for on-shell energy Ej = |k|?/(2u). Equation (A.14)
can thus equivalent to

C! os. A +ik|x|
@) ~ ou(o) — I L B W S (A0

The wave function v, () corresponds to a plane wave plus a spherically collapsing
wave, which is not physical. The wave function 1} () is thus the only physical
solution, and has per (A.16) the asymptotic form

C os.Cmom. i ~ ezk\m\
Y () ~ W ek M(ka, k) 2 | (A.17)
where M (k' k) is the scattering amplitude given by
27)?
MK k) = — <02) Pk |\ T+ (B k). (A.18)

By inserting (A.6), the scattering amplitude can be expanded in terms of the PWS
as

MK k) =

Note that the scattering amplitude is independent of the basis normalisation, which
is the result of defining it as the asymptotic distortion to the plane wave as in (A.17).

A.2 The S Matrix

Form equation (3.15), it is given that the S operator is related to the on-shell T
operator as
S(E) =1 —2in§(E — Hy)T*(E). (A.20)

The expectation value of S, in the momentum basis, is thus
(K'| S |k) = (K'|k) — 2ind(Ey, — E)T (K, k; k), (A.21)

where k = |k| = /2uFE)}, is the on-shell momentum and T'(k', k; k) = (k'| TT(E}) |k)
is the momentum basis 7" matrix. By inserting the momentum eigenstate normali-
sation and rewriting the Dirac delta functions, this equation becomes

Sk — k) - 2impk

<k,| S ’k> = C'rznorn. 2 5(2) (k, - ’%) - 2 T<k/7 k7 k) : <A22>
The S matrix is then defined as
A 2imk
S(k' k) =6 (k' — k) — 7 T(K k; k), (A.23)
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such that it is independent of the normalisation of the momentum states and

S(k — k')

(K| S k) = Clo =

S(K' k). (A.24)
The S matrix can then be expressed in terms of the scattering amplitudes, by in-
serting (A.18), as
N ~ ik
S(k' k) = 6P (k' — k) + ;—M(k’, k). (A.25)
s
It is then apparent that the S matrix, like the M matrix, is independent of the
normalisation of the momentum states.

The expectation value of the S operator, in the PWS basis, is

(K' 0 ,m!| S|k, t,m) = (K 0',m|k, £, m) —2in§(Ey — Ep ) (K', 0, m/| TT(Ey) |k, £,m),

(A.26)
where k = \/2uE}, ia the on-shell momentum. By inserting the PWS normalisation
(A.7) and rewriting the Dirac delta function, this equation becomes

/! 2 ;
G| S ety = 2 S =R s 2R o ¢ | THER) [k, € m)|
(A.27)
The PWS basis S matrix is thus defined as
00 2Z7T,LL]€ , , +
Sm/m(l{, ]{) = 55/55m/m - 3 <]€, 14 ,m ’T (Ek) ‘k’, f, m> N (A28)
Chw
such that S2% (k, k) is independent of the PWS normalisation and
0K — k)
<k/7€/7m,|5|k7€a m> = C%W(k,g)’sﬁfm(ka k) (A29)

A.3 Application for Particles with Spin and
Isospin
Note that the content in the above sections is quite general. For particles with spin
and isospin, like those handled in this thesis, the momentum states will instead be
given by
|p> — ’pv S, m57t7 mt> = |p> ® |87 m8> ® |t7 mt) ) (A30)

where |s, m;) are coupled spin states and |t, m;) are coupled isospin states. The nor-
malisation of these states can be handled similarly to what has been done previously
in this appendix, 7.e.

<p,7 S/, m;a t/a m§§|p7 S, M, t> mt) = Cglom_é(?)) (p/ - p)dslsét’t(smgms 5mémt (Ag]-)
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The PWS of interest are the jPWS, which couple the orbital angular momentum
PWS with the coupled spin states such that

‘p,S msat mt> =
. jts

—Z Z Z mom _WZCZ:%7 ms,msyrzi—ms(ﬁ) |€vs;paj’mjat7mt>7 (A'32)

=0mi=g e CPW
where C’g s ,ﬁl —m,.m, are the Clebsch-Gordan coefficients from the spin-orbital angular

momentum couphng. The jJPWS are then normalised as

o(p —
D) 5 508801 e

(A.33)

<€,7 S/;plaj,7 m;‘7 t,7 m;wa 8;p7j7 mj7 757 mt) - O}%W

The basis independent scattering amplitude is then given by

_(@m)Pu

My (K k) = (K, s’ mi, ' my| T (Ey) [k, s,ma,t,my), - (A34)

m' mt,msmt 02
mom.
or equivalently by
s't!;st / _ w(l'—L VELY
Mm' mtvmgmt(k ’k) - Z Z € K’ .8’ m] ml,m/ Ce,&mj*ms,ms.

4 m 3,2, m;

-Ygﬂ,mg(/%')y,;i,ms(/%) (0, K, ml ¥ )| TT(Ey) |, sk, §,my,tomyg) . (AL35)
The S matrix is in the momentum basis given by

S (K ) = 6@ (K — )8yt m, OOy, + IR gt (K. k), (A.36)

mimi;msmy I m’. mt,m me

and in the jPWS basis given by
i'0's't! st
an]mt,'rfbjmt (k/ k:) = 5j’j5€’253’56t’t5m;m]'5m;mt+
2impk
Ciw

(0, sk, g ml ' my| T (Eg) |, 53k, §,my, t,my) . (A37)

Note that these expressions can be drastically simplified when considering the sym-
metries of the system in question, but they will keep their general form.



A. Scattering with Generally Normalised States

VI



B

Variances of Differential
Observables

In subsection 7.3.1, it was stated that a general differential observable
00 p,py PoPr (Tiab, ¥) can be expressed as

5
O rrom(®) = 3 (Buas(@)Rely; (2)y; ()] + By (D)Imly; @)y, (@)]),  (B.1)
1,]=
where B;;n(Z) = Bjin(¥) € R and B;;s(7) = —Bjis(Z¥) € R are deterministic
functions that depend on the convention of the scattering amplitudes {y;(Z}>_,. The
scattering amplitudes are separated into two parts y;(Z) = y; o(Z) + 0vi0(Z), where
Yio(Z) is the mean of the amplitude distribution (the LO prediction) and dy; o(Z)
is the independent complex zero-mean Gaussian-distributed truncation errors. Note
that symmetry and antisymmetry of B;; (%) and B;;s(Z) stems from

Refy; (7)y; (7)) = Rely; (Z)yi ()], Imly; (7)y;(2)] = —Im[y; (D)ys(7)],  (B.2)

and implies that Bj; ¢(Z) = 0. By defining the Hermitean matrix B € C*>*® and
vector y = y, + 0y, € C° as

[Blij = Bjin(T) —iBjis(T), [Yoli = vio(T), [0yoli = dyio(D), (B.3)

a observable Z = 0Op,p, pppy (T) can be expressed as

Z = y'By = y{By, + 2Re[y{ Bdy,| + dyi Boy, . (B.4)
EZO EZ1 EZQ

Note that Z, = y(T)ByO is the LO prediction of the observable. The mean of Z is
thus
(Z) = Zy 4+ 2Tr{BX}, X = diag{o?(¥),05(%),...,02(%)}, (B.5)

where 02(T) = 2R, o(Z,T; () are the variance of amplitude y;(Z). The trace term
comes from the mean of 7, as

5

5
(Zs) = (0yliBbye) = Y. Buy (0y500us0) =2 Y. BaZe = 2Tr{BX},  (B.6)
a,b=1

a,b=1

VII



B. Variances of Differential Observables

where (6y; o6yp0) = 28ap = 2[X]ap (the factor comes from the equal contibutions
from the real and imaginary parts of dy,o) and By, = [B]a. Note that equation
(B.5) is an equivalent expression to that found in subsection 7.3.1.

The variance of Z is given by [46]
Var[Z] = (Z%) — (Z). (B.7)
The mean of Z? (second moment (Z2)) is
(Z%) = Z§ + AZyTe{BX} + (Z7) + (Z3) | (B.8)

which can be understood from the fact that the mean of an odd multiple of zero-
mean distributed variables is zero and (B.6). To determine (Z7), the complex scalar
wy = y(T)B(SyO such that

Zy = 2Re[w;| = wy + wy. (B.9)

It is then given that
(Z3) = (w}) + ((w)?) + 2 (Jur]?) . (B.10)
The first two terms are zero since
(w)®)" = (w}) = yiB (dyodyg) B'y; = yiB[E — Z|B”y; = 0, (B.11)

where the third equality uses that

{<Re[5yo]Re[5yo]T> = (Im[dy,|Tm[dy,]") = =, (B.12)
(Re[dy|Tm[dy,]") = (Im[dyo|Re[dy,|") =0
Equation (B.10) will thus become

(Z) = 2 (lwi[*) = 2y0B (6yo0yl) By, = 4y,BEBy,. (B.13)

The last term in (B.8) can be determined as

5
(Z3) = (0yiBydyiBoy,) = > BapBea (04} 00005 00Ya0) =

a,b,c,d=1

5
=4 Z BabBcd[EbaEcd + EadEbcL (B14)
a,b,c,d=1

where a combination of Isserlis’s theorem [53] and (B.12) was utilised in the last
equality. The final expression of (Z3) is provided by recognising that both terms can
be expressed as traces as

(Z3) = 4(Tr{BX})* + 4Tr {BEBX}. (B.15)
Equation (B.8) can thus be expressed as

(Z%) = (Zy + 2Tr{BX})? + 4y BBy, + 4Tr {BLBX}. (B.16)
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The variance of Z is the given by noting that the first term of (B.16) is (Z)*, and
can thus be expressed as

Var[Z] = 4yl BEBy, + 4Tr{BEBX}. (B.17)

In conclusion, the variance of a general differential observable oOp, p, pp Py (T1ab, V),
as given in (B.1), is given by

5 5
Var[oOp gy popr (7)) = 4D | D [Bijn (&) — iByjs(1)]y;0(7)| ¢ Rio(T, 73 ()
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C

Additional Results

This appendix contains supplementary results that do not provide any particular
new insights. They do, however, ensure some completeness of the analysis. The
figures in this appendix will be equivalent to those presented in the main results,
but for different laboratory kinetic energies and/or c.m. polar scattering angles. The
exceptions to this rule are figures C.1 and C.2, which show the LO predictions of
the np scattering amplitudes and expansion coefficients (y,or = 0.5 fm), respectively,
in the helicity and Saclay conventions. The purpose of these figures is to supplement
(and validate) the motivation for the chosen hyperparameters of the implemented
error model presented in section 7.3.

C.1 Energy and Angle Dependence of LO Predic-
tions of Scattering amplitudes

The LO WPC yEFT predictions of the five complex np scattering amplitudes for
laboratory kinetic energies Ti,, € [20,150] MeV and c.m. polar scattering angles
¥ € [0rr] were determined with the potential specified in section 7.1. They are
presented in the helicity and Saclay convention in figure C.1. The corresponding
LO expansion coefficients were then determined with a constant reference function
Yrot = 0.5fm and are shown in figure C.2. The colour scales of these heatmaps are
given in terms of the marginal variance of the implemented error model, & = 12.
Figure C.2 shows that the LO expansion coefficients are generally of natural scale,
indicating that the reference function is appropriate. It can also be seen that the
coefficients generally (with some exceptions) remain within +2¢ = £2, indicating
that the marginal variance was not too optimistic.

C.2 Differential Observable

This section presents additional results concerning the propagation of truncation
errors from np scattering amplitudes to differential observables. The figures below
resemble those in section 8.2, but pertain to a different laboratory kinetic energy
or c.m. polar scattering angle. This section also includes a figure illustrating the
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Figure C.1: The WPC LO prediction of the np scattering amplitudes in the helicity
(a) and Saclay (b) convention, for laboratory kinetic energies Ti.;, € [20,250] MeV

and c.m. polar scattering angles ¢ € [0, 7].
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interobservabial Pearson correlation coefficient (similar to figure 8.5), resulting from
propagating the Saclay amplitudes to various differential observables.

C.3 Total cross sections

This section presents additional results concerning the propagation of truncation er-
rors from np scattering amplitudes to total cross sections. The figures below resemble

those in section 8.3, but pertain to a different laboratory kinetic energy.
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Figure C.2: The LO expansion coefficients determined from the np scattering am-
plitudes in figure C.1 with y,f = 0.5fm indicated in relation to the marginal StD
c=1.
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Figure C.3: Same as figure 8.2 but for laboratory kinetic energy Tj.;, = 25 MeV.
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Tiab = 25MeV and ¢ = 7/4, From helicity amps.
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Figure C.4: Same as figure 8.3 but for laboratory kinetic energy Ti,;, = 25 MeV and
without lines indicating the hard inequalities.
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Figure C.5: Same as figure 8.4 but for laboratory kinetic energy 7., = 25 MeV and
without lines indicating the hard inequalities.
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Figure C.6: Same as figure 8.3 but for c.m. polar scattering angle ¥ = 37/4 and
without lines indicating the hard inequalities.
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Figure C.7: Same as figure 8.4 but for c.m. polar scattering angle ¥ = 37/4 and
without lines indicating the hard inequalities.
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Figure C.8: Same as figure 8.5, except that the interobservabial Pearson correlation
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Figure C.9: Same as figure 8.6 but for laboratory kinetic energy Ti., = 25 MeV.
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Figure C.10: Same as figure 8.7 but for laboratory kinetic energy Tj,, = 25 MeV.
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Figure C.11: Same as figure 8.8 but for laboratory kinetic energy Ti., = 25 MeV.
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Figure C.12: Same as figure 8.9 but for laboratory kinetic energy Ti.;, = 25 MeV.
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Figure C.13: Same as figure 8.10 but for laboratory kinetic energy Ti.;, = 25 MeV.
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Figure C.14: Same as figure 8.11 but for laboratory kinetic energy Ti.;, = 25 MeV.
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