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Calibration of Array Antennas

A frequency domain approach based on realization theory and convex optimization
HAN WU

Department of Electrical Engineering

Chalmers University of Technology

Abstract

For array antennas, the signal from each antenna element is individually sampled
and a digital radar yields vector valued measurements. When array antennas are
manufactured, perturbations are inevitable due to various reasons like environmen-
tal effects, so the digital response from the array antenna will be subject to an
unknown but deterministic multiplicative perturbation. In order to mitigate this im-
pact, many methods from different perspectives have been proposed through these
years. A new frequency domain approach in theis thesis is introduced based on
system realization theory and convex optimization, which can help calibrate the es-
timated angle and unknown gains from radar. Moreover, some contributions to the
realization theory in frequency domain are made.

Keywords: radar calibration, system theory, signal processing, convex optimization.
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1

Introduction

This thesis consists of five chapters. This first chapter gives an introduction to
calibration of array antennas. Then, the second chapter will review some theoretical
knowledge from system theory. Next, the third chapter is about the method we
developed in this thesis. Finally, we will show our algorithms and results as well as
conclusion in the forth and fifth chapter.

1.1 Array antenna

An array antenna is a set of N(N > 1) spatially separated antennas that can
receive multiple radar signals simultaneously. It has many advantages compared to
traditional single antenna radar such as increasing the overall gain and SINR (Signal
to Interference Noise Ratio). Here, we are only interested in the basics that how it
can detect the angle of received signals. As array antenna is usually installed far
away from targets, signals arriving at the spatially separated elementes of antenna
can be considered parallel.

dsing

& & & & &
yi1y — w(@ w3 w4 yiS)k i) - yIN)

Figure 1.1: Example of array antenna

As the figure 1.1 shows, this array antenna has NV elementes with signals from the
same target arriving at different elementes simultaneously, and the distance between
different elementes are the same, denoted as d. Assuming the signal received is a
narrow band signal which during the aquisition time can be regarded as a sinusoidal
signal, or a sum of signal if we have several incoming signal directions. After mixing
and LP-fltering (demodultion), assuming the complex (IQ) signal we obtain in the
first element is ¢, that is, y(1) = ¢, because the signal arriving at y(2) comes from

1



1. Introduction

the same origin and is parallel to y(1), it will have a phase delay ¢ with

_ 27rd;;m9 (1.1)

where d is the distance between two elementes, 6 is the angle of the incoming signal
with reference to the vector perpendicular to the extent of the array and A is the
wavelength of signal. Hence, we will get y(2) = ¢e/¥. Repeating this step, we will
get the signal received at element £ is

y(k) = g/ D¢ (1.2)

with £k = 1,2,---, N. Therefore, we can easily get the angle of the target or other
information when we receive the N signals with this relation.

1.2 Background

As we have seen, due to their advantages, array antennas play an important role in
modern radar systems. But what we have talked about is only theoretical theory,
when array antennas are manufactured, perturbations are inevitable due to various
reasons like environmental effects, so the digital response from the array antenna will
be subject to an unknown but deterministic multiplicative perturbation. In order to
mitigate this impact, the process of calibration is employed by providing a compen-
sation factor for all channels/antennas. A range of ways to perform calibration have
been put forward through the years, see [1-3]. A classical approach is to measure
the array in a perfectly known environment with known radar target geometry, e.g.
an anechoic measurement chamber, while such method is very expensive.

1.3 Literature review and purpose

The problem of estimating the unknown gains in a linear array without knowing
the directions to the active signal sources is called auto-calibration, which can be
regarded as a joint estimation of the array gain and the directions to the signal
sources. This problem has been researched over these years with various assumptions
on the array and the target properties. For example, Paulraj and Kailath [4] first
investigated the problem of estimating direction-of-arrival (DOA) with a approach
that uses information in the observed covariarice matrix to mitigate the effects of
noise, sensor gain error, etc. Then Friedlander and Weiss [5] studied the problem by
simultaneously estimating the DOA’s and the unknown gains and phases with an
eigenstructure based method. In [6], they proposed a method that uses the special
structure of mutual coupling matrix and the subspace principle. Next a new blind
calibration method [7] was studied by imposing the condition of the minimum sample
second moment of the array phase errors. Other examples of recent works are [8,9].
The idea of this thesis comes from the research in [10], where the author proposed
a method that uses linear system theory. In this thesis methods for autonomous
calibration will be investigated where the exact locations of the radar targets are
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unknown. First, we will investigate the system theory and develop the realization
theory in frequency domain. Then, a signal model for linear array is built and we
want to obtain the rank property if the signal comes from multiple radar targets.
Finally, we will combine the realization theory and convex optimization theory to
come up with a new algorithm to achieve the calibration.
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Theory

Because the mathematical model we use in our method is the state-space model
and we also use some knowledge in the system theory and convex optimization to
do the calibration, this chapter is devoted to the system and control theory and
convex optimization theory. The main part of this chapter is based on [11], [12], [13]
and [14] .

2.1 System and control theory

Control means influencing an object’s behavior to achieve a certain aim, and system
is a mathematical model that is used to analyze the relation between the output
and input and helps us to achieve control. Usually denoted by X, a system in time
domain can be described by two equations

(2.1)

Here, u(t) is called the input of the system that is usually given outside. A, B,C, D
are suitable maps and considered time invariant in this thesis, which means A, B, C, D
do not change with time. The variable x(t) is called the state variable with y(t)
called the output of the system. Obviously when y(t) and wu(t) are determined,
x(t) can still change with different A, B,C, D choosed, which implies that there
exist multiple systems that can have the same behavior. In many cases, D shows
to be irrelevant to the output and can be considered as zero, so a system X is
often connected with the triple (C, A, B). In this thesis, we only assume that
Ae C B e C™m C € CP*" and ¢ € X with X called state space. The
dimension of the system is the dimension of X.

Because this thesis is researched based on discrete time system, we will only discuss
about the property of discrete time system from now on. In fact, the property of
continuous time system can be derived easily corresponding to discrete time case.
Now let’s look at the discrete time system. For discrete time system Y, it’s described
by

x(k+1) = Az(k) + Bu(k)

y(k) = Cx(k) + Du(k) (22)
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Therefore, when z(0) = xy we will get

w(k) = AFzg + kz_:l A'Bu(k)
= (2.3)
y(k) = CA¥xo + > CA'Bu(k — i) + Du(k)

=1

Also after applying discrete time Laplace transform, the system in frequency domain
is

22X =AX +BU

(2.4)
Y =CX + DU

Hence, Y = [C(2I — A)"' B+ D]U and transfer function H(z) = C(2I — A)"'B+D.

2.1.1 Controllability

In this section, we focus on the relation between input and the state.

Definition 1. The system ¥ is controllable in time T if every state can be reached
from every state after a given time T.
We introduce the Cayley-Hamilton theorem here.

Theorem 1. Given n X n matriz A and identity matriz I,, the characteristic poly-
nomial of A is p(\) = det(Al,, — A). Then

p(A) =0 (2.5)

Cayley-Hamilton theorem tells us there exists aqg, aq, - - - , a,,—1 such that A™ = ool +
A+ -+ a, 1A" ! Denote

R(A,B) =R([B,AB, A’B,--- , A" 'B]) (2.6)

R([B,AB, A?B,--- , A" B]) is the range space of [B, AB, A®B,--- , A" ' B]. Given

above,

z(k) = AFzg + zk: A'Bu(k —1i) € R(A, B) (2.7)

i=1

When the system is controllable, every state can be reached from every state, which
means X = R(A, B) that happens iff rankR (A, B) = rank(X) = n.

Theorem 2. The n-dimensional discrete time linear system 3 is controllable if and
only if rank R(A, B) = n.

We will consider a pair(A, B) is controllable if rank R(A, B) = n, and usually we
will denote R(A, B) by R. Corresponding result can also be obtained in continuous
system.

6



2. Theory

2.1.2 Observability
In this section, we want to look at the the relation between state and output for a

given input.

Definition 2. For two distinct states x and z of a system X , they are indistin-
guishable in time T if they give the same outputs for any given input u within time
T. Or they are distinguishable if there at least exist one input u with time 7 < T
leading to distinct outputs.

Definition 3. The system ¥ is observable if any two distinct states are distinguish-
able.
This suggests that there does not exist two distinct states such that

k k
CAFz + 3" CA'Bu(k — i) + Du(k) = CA*2 + > CA'Bu(k — i) + Du(k) (28)
i=1 i=1 :
CA*(x —2)=0
Because this holds for any k& > 0, according to Cayley-Hamilton thorem,

C
N ( C:A ) =0 (2.9)
C A1

equivalently,

rank(| . |)=n (2.10)

Define

O=| | (2.11)
C A1

Therefore, we can get the theorem about observability

Theorem 3. The n-dimensional discrete time linear system Y is observable if and
only if rank O =n
We will consider a pair (C, A) observable if rank O = n.

2.1.3 Transfer function

The transfer function of discrete time linear system is

H(z)=C(zI —A)™'B+D (2.12)
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If z; is the pole of H(z), then (z;I — A) must be singular. It follows that z; must be
the eigenvalue of A. Usually we are more familiar with this form

Y(z)

HE =50

(2.13)

Consequently, we will be interested to know when H(z) can build up the relation
with (C, A, B, D).

Definition 4. A state space model (C,A,B,D) is a realiztion of a transfer function
H(z)if C(z2I—A)"'B+D = H(z). The transfer function H(z) is realizable if there
exists a realization.

Lemma 1. Scalar transfer function H(z) is realizable if and only if H(z) is a proper
scalar function.

Proof. 1) If H(z) is realizable, there will exist at least one state space model (C, A, B, D)
such that
H(z)=C(zI—A)™'B+D

_ Cadj(zI - A)B

~ det(z] — A)
where adj(A) is the adjugate matrix of matrix A. Because the degree of denominator
is n while the degree of numerator is smaller than n, H(z) is a proper function.
ii) If H(z) is a strict proper function, it suggests that

p (2.14)

y(n) +ay(n—1)+ - +a,y(0) = cpu(n — 1) + - - + c;u(0) (2.15)
It’s easy to see that we can rewrite the system into

xz(n+1) = Az(n) + Bu(n)

(2.16
y(n) = Cx(n) )
where
1 0 07 0]
0 1 : 0
A=1" : . s B=|[.C=(c,e ) (217)
o 0 - 0 1 0
__a'n —0p—1 —Aap—2 ttt 6Ll_ _1_

When H(z) is not strict proper, we can split H(z) into the sum of a strict proper
function and a constant D. Hence, we will have

z(n+1) = Az(n) + Bu(n)

y(n) = Cx(n) + Du(n) (2.18)

]

System realized by (A, B,C) is called the control canonical form and A is called
the companion matrix.
Here we only gives the realization lemma for a MIMO system without proof.
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Lemma 2 (MIMO system). Transfer function H(z) is realizable if and only if there
eizsts a polynomial matriz pair (Nr(z), Dr(2)) or (Np(2), Dp(z)) such that

H(z) = Ng(2)Dp'(2) or H(z) = D;*(2)NL(2) (2.19)

Proof. See [15, Chapter 6] ]

2.2 Realization theory for linear system

For given input and output, we will wonder whether we can rewrite the system
into the equation 2.2 form, or more specifically, whether we can find the matrices
(C,A, B, D) to build up the relation between the input and output. As we have
assumed A € C*", B € C™*™ (' € CP*". The dimension of the system is n, and m
is the number of input with p suggesting the number of output.

Definition 5. In frequency domain, for given output function Y(z) and input U(z),
the linear time invariant system is realizable if there exists matrices (C,A,B) and D

such that
2X(z) = AX(z) + BU(2)

Y(2) =CX(2)+ DU(2)
(C,A,B) and D is called a realization of the system.

(2.20)

Definition 6. The triple (C,A,B) is canonical if it is controllable and observable.

Lemma 3. For any non-canonical triple (C,A,B), there exist some nonsingular
square matrices () so that

Ay A 0
Q'AQ =10 Ap 0 (2.21)
Az Az Asg
as well as
By
Q'B=10 and CQ = (Cy1,Ch2,0) (2.22)
Bs;
for some matrices Ay, ---. The triple (C11, A11, B11) is controllable and observable
with ' '
CAZB = CllAlllBll (223)
Proof. See [12, lemma 6.5.1] O

Definition 7. For two triples (C,A,B) and (C, A, B) where A € C™", B € C*™ C €
CP*™. Define (C, A, B) is similar to (C, A, B) if there exists a nonsingular square
matriz T such that A = T7'AT,B = T7'B and C = CT, which is denoted by
(C.A,B) ~ (C,A,B)
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Definition 8. The n-dimensional triple (C,A,B) is minimal if any other (C, A, B)
realizing the system must have dimension at least n.

Now we can start to figure out these following theorems with these definitions. As
we have mentioned, D is often irrelevant to the output. Here we assume D = 0.

Theorem 4. The system has a canonical realization if there is a realization for the
system.

Proof. According to lemma 3, when the system has a non-canonical realization
(C, A, B) with dimension n, we can find a canonical triple (C41, A11, B11) with

CA'B = C, A}, By, (2.24)

Here we introduce -
(2l — AP => A (2.25)

i=1

It follows that
Y =C(zI — A)_lBU

= CA'Bz7U

i=1

= (2.26)
= > CnAy'Buz U
i=1
= Cy1 (2] — An)_anU
Thus, the canonical triple (C41, Ay1, B11) is also a realization of the system. O

Theorem 5. A realizaiton of the system is minimal if and only if it is canonical.

Proof. 1f the triple (C, A, B) is a canonical realizaiton of the system. The according
to lemman 3, it is minimal because any other realization that is similar to (C, A, B).
When the triple (C, A, B) is minimal, if (C, A, B) is not canonical, then we will be
able to find a canonical triple (C1, A1, B11) with a smaller dimension realizing the
same system according to theorem 4 . Consequently, (C, A, B) will not be minimal.
Therefore, (C, A, B) must also be canonical. O

Theorem 6. Any two minimal realization must be similar.

Proof. As a result from theorem 5, the two minimal triples are also canonical triple
that are similar to each other. Therefore, the two minimal realization must be
similar. O]

2.3 Proximal algorithms

An optimization problem has this form

minimize  fo(x)

2.27
subject to  fi(z) <b;, i=1,2,---,m (2.27)

The vector © = (z1,x2, -+ ,x,) is the optimization variable of the problem, the
function fy : R® — R is the objective function, the functions f; : R® — R,i =

10



2. Theory

1,2,--- ,m are the constraint functions, and the constants by, by, --- ,b,, are the
limits or bounds for the constraints. A vector x* is called the optimal, or a solution
of the problem 2.27, if it has the smallest objective value among all vectors that
satisfy the constraints, that is, for any y with fi(y) < b1, , fi(y) < by, we have
fo(y) > fo(z*). A convex optimization problem is the problem whose objective and
constraint functions are all convex, which means

flaz + By) < af(z)+ Bf(y) (2.28)

forall z,y € R" and all o, 3 € R witha > 0,8 >0aswellasa+ 5= 1.

A set is conver if the line segment between any two points from the set still lies in
the set. More specifically, if for any z1, 2, € C and with any § with 0 < 6 < 1 we
have 61 + (1 — )y € C, the set C' is a convex set.

2.3.1 Definition

In this thesis, we only talk about a class of algorithms, called proximal algorithms, for
solving convex optimization problems. In proximal algorithms, the base operation
is evaluating the proximal operator of a function, which involves solving a small
convex optimization problem.

Let f:R"™ — RU {400} be a closed proper convex function, which means that its
epigraph

epif = {(z,t) e R" xR |f(z) < t} (2.29)
is a nonempty closed convex set. The effecitive domain of f is
domf = {z € R" |f(z) < +o0} (2.30)

The proximal operator prox,, : R" — R is defined as

prox,, (v) = argmin (/(2) + 5}z — o] (2.31)

with A > 0. The function minimized on the righthand side is strongly convex and
not everywhere infinite, so it has a unique minimizer for every v € R™. We can
interpret it in this way that the proximal operator delivers a value x which is a
compromise between making f(x) small and being close to the value v and the pa-
rameter A\ can be interpreted as a relative weight or trade-off parameter between
these terms. Proximal algorithms are most useful when all the relevant proximal
operators can be evaluated sufficiently quickly.

Lemma 4. The point x* miniminzes f if and only if x* = prox,, f(z*)

Proof. If * minimizes f, then f(z) > f(a*) for any z. It follows that

1 * * 12

+ N |z* — 2*||3 (2.32)
for any x, so ¥ = prox,,f(z*). If 2* = prox,,f(z*), here we assume f(z) is
subdifferentiable for convinence, where subdifferential is defined by

of ={y | f(z) > flx) +y"(x — 2) for all z € domf}. (2.33)

£@)+ g5 e = 1 2 £

11
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When #* = prox, f(«*), this means z* minimizes f(z) + 5 [l — 2*||2, which only
happens when 0 € Of (2*) 4 5 [|2* — 2*||3. Therefore, 0 € df (z*) and z* minimizes

f. u

Hence, many proximal algorithms for optimization can be interpreted as methods
for finding fixed points z* of appropriate operators.

2.3.2 Moreau envelop

Let f: R™ — R. The function f*: R®™ — R, defined as

fly)= swp (y'z— f(x)) (2.34)

redomf

is called the conjugate of the function f. The domain of the conjugate function
consists of y € R™ which the supremum is finite, i.e., for which the difference y*x —
f(z) is bounded above on domf. We see immediately that y* is a convex function,
since it is the pointwise supremum of a family of convex (indeed, affine) functions
of y. This is true whether or not f is convex. We can understand conjugate in this
way. For all z, there is a line y’2 — o such that

flx)>y'z—a
a>y'z— f(z) (2.35)
a> f(y)

It follows that f*(y) is the best choice @ and f(x) > f**(x).
Define the lower convex envelope g(x) as

g(x) = sup{h(z)| h is convex and h < f over domf} (2.36)

Here these properties can be shown :
1. when f is convex, f = f**
2. gl(x) = f*(a)
3. g(z) have the same minimizer z* as f(x) when g(z) and f(z) has the same
domain, which means we can find the minimizer of f(z) by g(x).
Given A > 0, the Moreau envelop or Moreau — Yosida regularization Myy is

defined as

Mis(o) = inf (f(2) + 5 [lo = ) (2.37)

Here it can be shown that
* )\ 2 i
Mys(v) = { [*(2) + 5 llzlly ) (v) (2.38)

It suggests that the Moreau envelope can be interpreted as obtaining a smooth
approximation to a function by taking its conjugate, adding regularization, and
then taking the conjugate again. With no regularization, this would simply give the
original function; with the quadratic regularization, it gives a smooth approximation.

12
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prox,; returns the unique point that actually achieves the infimum that defines
M. Hence,

Mys(z) = f (prox/\f(x)) + 21/\ Hx — prox/\f(x)Hz
= TMas(a) = 5 (= prox, (@) (2.39)
= prox, (r) = — AVMys(x)

This means that prox,,(r) can be viewed as a gradient step, with step size A, for
minimizing M) ¢(z) which has the same minimizers as f.

Lemma 5.
prox;(r) = VM- () (2.40)
Proof.
i 1
My () = inf (£(@) + 5 o — 1)
. (2.41)
Lo Lo
= etz = (£@) + 5 1213) @)
According to the definition,
1 *
My-(0) = (1) + 5 112l3) (@) (242
Hence,
VMf =v — VMf* (243)
It follows that
prox(z) = VM;-(x) (2.44)
0
With this relation, we can develop the Moreau decomposition.
Lemma 6. The following relation always holds that
2.45
v = prox;(v) + prox.(v) (245)
Proof. .
My(0) =gt (F(2) + 5 1o ol
| . . (2.46)
2 2
= 5 etz = (£@) + 5 12l3) @)
Hence, .
o2 = My (o) + My (v) (2.47)
After differential,
v = prox(v) + prox.(v) (2.48)
0

13



2. Theory

2.3.3 ADMM algorithm

The proximal minimization algorithm [14] , also called proximal iteration or the
proximal point algorithm, is
2"t = prox, ;(«*) (2.49)
where f :R — R U {400} is a closed proper convex function, k is the iteration
counter, and z* denotes the kth iterate of the algorithm. If f has a minimum, then
r¥converges to the set of minimizers of f and f(2*) converges to its optimal value.
Consider the problem,
minimize f(z) + g(x) (2.50)

where f,g : R = R U {+o0} are closed proper convex functions. (In this split-
ting, both f and g can be nonsmooth.) Then the alternating direction method of
multipliers (ADMM), also known as Douglas- Rachford splitting, is

g = prox/\f(zk —u")
M= prox, (" + u¥) (2.51)
WL gk g gt ke

where k is an iteration counter. ADMM is most useful when the proximal operators
of f and g can be efficiently evaluated but the proximal operator for f + ¢ is not
easy to evaluate.

14
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Method

This chapter is devoted to the theoretical result we developed based on chapter 2,
and the approximation algorithm that can be applied to radar calibration.

3.1 Realization theorem in frequency domain

Given M matrices Y7, Ys, -+, Yy, where Y; € CP*™ ¢ =1,2,--- , M, and M distinct
complex number zq, 29, -+, zp7. Define

Y, Y, e Yy
2 Yh 2Yy 0 2y Yu
Y, =| @ #BYs o 2 Yy | e oM (3.1)
_zf’lYl - CHRRE zf\jlYM_
I, I, o I, |
211, 2ol oo oz
U, = 2, 2L, o 2 e CemxmM (3.2)
_zf‘llm iy zf\f[m_

where [,,, is identity mstrix with order m. Define the projection matrix
P, =1 - U*(U, U} 'U, (3.3)

which projects onto the nullspace of Uy and U is the conjugate transpose of Us.
Define the matrix Y7~ as the matrix formed from the M — 1 block columns of matrix
Y, in 3.1 with all indices except the index j and j = 1,--- ;M. This will form a
matrix where the block column j is removed from the original matrix Y,. Let U7~
be defined in the same manner based on matrix U, with corresponding projection
matrix P/~

Theorem 7 (Scalar case with p = 1). There exists a minimal triple (C, A, B) and
D where C € CP*" A € C"", B € C"™, D € CP*™ such that
Y;=C(zl,—A)'B+D (i=1,2,--+,M) (3.4)
if and only if
rankY, P, = rankY, P, = rankY/ P/~ =n, for j=1,2--- M  (3.5)
with M > 2n + 1.
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3.2 Proof
i) When rankY, P,y = rankY, P, = rankY{fP{f =n, fory=1,2--- M.

Lemma 7. Let Y € CPM U ¢ C*M with ¢ < M and rankU = q. Define the
projection matriz P =1 — U*(UU*)™'U, then

rank(YP) =n if and only if rank [}[{] =q+n (3.6)

Proof. Set U, a matrix with rank = M, then there will exist two matrices L

Ue
and R such that Y = LU, + RU. Hence, rank(Y P) = rank(LU.P) = n. It follows
that

U U
rank [Y] = rank [LU(J = rankU + rank(LU.P) =q+n (3.7)

]

According to this lemma, when rankY,, P, 1=rankY, . 1P,.1 = n, we can get

rank [U{{LH] = rank [g’”j =mn+1)+n (3.8)
n n+

which implies that the last row in Y, ; is a linear combination of the rows in

[U{;“]. Thus, there will exist two non-zero vectors v! € C*+Um and ol =
lag, -+ ,an_1,1] € C*"*D guch that
o 1] =0 39
It suggests that
E(z)Y;=F(z) fori=1,2--- M (3.10)

where E(z;) = 2" + ap_12" " + -+ + ag, F(z) = vI'U.,; and U’ denotes the i-th
block column in Ug. It can be easily checked that F'(z;) is also a polynomial of z;.
If there exists a j € {1,2,---, M} such that E(z;) = 0, according to equation 3.10,
F(zj) must be equal to zero. Thus, E(z;) and F(z;) must have a common factor :

(z — z;). Therefore,

(2 — 2)E' (2:)Yi = (2 — 2j)F (2;) fori#j

/ / (3.11)
E (%)Y = F (z) for i # j
Note that the order of the the new polynomials E'(z;) and F'(z;) is reduced by one
compared to the original ones. It implies that there exists a non-zero vector v? such
that '
U/~
v” [Yj_] =0 (3.12)
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which is contradictory to our assumption that rankY, P~ =n for j = 1,2,--- , M.
Hence, E(z;) # 0. Consequently,

Y=~ (3.13)

Then, Y; can be interpolated by a rational function. Hence, according to Lemma
1, there will exist matrices (Cy, Ag, By, Do) such that Y; = Cy(2;I — Ag) 1By + Dy
for:=1,2,---, M. According to Lemma 3, there will also exist a minimal triple
(C, A, B) and D such thatY; = C(z;] — A)"'B + D. Define X; = C(z;] — A)™'B,
and we can write it into a state-space model

3.14

We can form a vector relation by repeatedly using the second equation. Thus,

Y; L,
%Y, 2Ly,
—0.X+T,| " (3.15)
z Y, %
where )
D
CCA CB D
O,=| . |.I,=|¢AB CB D (3.16)
» : S
cd CA*2B CA**B .-~ CB D|

[’y is the lower triangular Toeplitz matrix. Assembling the data vector we can get

Ys = OS[X17X27 e 7XM] + FsUs

3.17
= 0,X +T,U, (3.17)

with X = [X1, Xy, , Xy, n <s< M —n.
The next lemma is a well known result [15]
Lemma 8. rankX=n if and only if (A, B) is controllable.

Proof. X is rank deficient if and only if there exists a row vector C' such that
C(zil —A)'B=0fori=1,2,---, M (3.18)

Because C(2I — A)~'B can only have at most n — 1 zeros and M > n — 1, it only
holds when C(z2I — A)~'B = 0, which means (A, B) is noncontrollable. O
Here we introduce the lemma given in [16],

Lemma 9. When A € C™", rank [I)J;;S} = sm +n if and only if (A, B) is control-
lable.
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Proof. [I)J(Sl is rank deficient if and only if there exists a row vector

[D7E17E27"' 7Esflac] 7&0 (319)
such that
[D7E17E27"' ,Esfl,C] l§8‘| =0 (320)
It follows that
H(z)=0 (3.21)

where H(z) = D + C(z2I — A)™'B + Yi_} Ex2*. This only holds when i) H(2)
has M zeros that are exactly at z;, but this is not true because H(z) has at most
s +n — 1 zeros that are less than M, or when ii) H(z)=0 for all z, this implies
C(zI — A)7'B =Y CA~'Bz7" Recall the Cayley-Hamilton theorem, case ii) is
true if and only if (A, B) is noncontrollable. O

This lemma shows the row space of Uy and X do not have intersection and if
A € C™7, then rankXP,,.; = r when (A, B) is controllable. Also, rankO,,,; = r
when (C, A) is controllable and A € C™*". Because

rankO,, .1 XP, 1 =rankY, 1P,1 =n (3.22)

this is true only when r = n. This implies that there exists a minimal triple (C, A, B)
and D where C € CP*" A € C"", B € C™™, D € CP*™ such that

Y;=C(zl,—A)'B+D (i=1,2,---,M) (3.23)

ii) When Y; = C(z;1, — A)"'B + D where (C, A, B) is minimal with order n, then

(3.24)

Repeat the same method we used from equation 3.14 to equation 3.22, we will get
rankY, P, = rankY, P, = rankY/, P/~ =n, forj=1,2--- M  (3.25)

when M > 2n +1

3.2.0.1 Another perspective

Now theorem 7 is proved, but here we offer another perspective to understand the
theorem. If rankY, P, ;=rankY, 1P, 1 = n, in the same way we will have

E(z)Y;=F(z) fori=1,2--- M (3.26)

If E(z) = 0 for some z;, we assume E(z;) = 0 for z; = z1, 29, -+ , 2, without loss of
generality. Note r < n from the fact that the largest power of z in E(z) is n. We
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know from equation 3.10 that F(z;) must also be zero if Ey(z;)=0. Hence, F(z) and
F(z) must have at least r common roots. Thus

F(z Fz)(z — 200 (z— )" Flz ,

y, = B PGz z)n e (=2 Fla) oy gm)
E(zi)(zi — z1)0 -+ (2 — z,)7 E(%)

where ji,- -, j, represent the multiplicity. Next we show that ji,---,j. must be
equal to one and F'(z) must be relative prime to E(z). If j; > 2, then we can easily
check that

E(z)(z — 20" (2 — 2)7Y; = F(zi)(zi — ) (= 2 ) (3.28)

for all 2 = 1,--- , M. Note that the order of the the new polynomials in both sides
of the equation is reduced by one compared to the original ones. This shows that
there will exist a vector v” such that

U

T n+l|

v l Y, ] =0 (3.29)
which is contradictory to our assumption. Therefore, j; = jo =--- =3, = 1.

If F(z) is not relative prime to E(z), then there will exist at least a common root,
denoted by zj, after manipulation we can get

E(z)(zi—2) (2 — 2)Ys = F(2)(zi — 21) -~ (2 — 20)
(z — ZO)E (z)(zi—21) (2 —2)Y; = (2 — zo)ﬁl(zi)(zi —z1) (2 —2) (3.30)
E(z)(zi—21) (2 —2)Y; = F/(ZZ)(Zz —z1) (2 — 2)

Note that the order of the the new polynomials in both sides of the equation is
reduced by one compared to the original ones. This also shows that there will exist
a vector v such that

v [Uﬂl] =0 (3.31)
which is also contradictory to our assumption.
Therefore, the degree of E(z) will be n — r, that is to say, Y41, -+, Yy can be
interpolated by a minimal triple (C, A, B) and D with order n — r. By adding
rankY? PJ” = n, we can make sure that r» = 0.

3.3 Signal model

This part is based on [17]. For linear array antenna with N elementes, when there
is only one target, if the signal received at the first element is y(1) = «, the signal
detected at element k will be y(k) = ae’*=V £ n(k), k =1,2--- , N, where n(k)
represents the noise at element k. When there are n distinct targets, the signal at
element k will be

y(k) =" e’ *D 4 n(k) (3.32)
i=1
where wy,wo, - -+ ,w, are all distinct.
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First consider the noise free scenario, define

o = [aq, g, - - - ,an]T’ c=[1,1,--- 1]
i ' j j (3.33)
A = diag (ej“’l, ez L ’ejwn)
where A is a diagonal matrix. Then,
y(k) = cA" g (3.34)

The representation of y(k) given by the triple (¢, A, ) is called a realization and not
unique. For any nonsingular matrix 7' € C™" | denote A = T AT, ¢ = T, &y =
Tz, , and then the triple (A, ¢ &) also realizes y(k). Note that A has the same
eigenvalues as A.

Define state vector z(k) = A* zg, k =1,2,---, N, and hence we can get a state —
space model

z(k+1) = Az(k)
y(k) = ca(k)
Consider the modified model, for t =1,2,3,---
x(t+1) = Ax(t) + Bu(t)
y(t) = ca(t)

where the introduced input signal u(t) is defined as

(3.35)

(3.36)

u(t) =

1. t=mN 1.2
{’ ma, m=5s (3.37)

0, otherwise

which is an N-periodic signal. Set B = (I — AN)xy, it follows that z(mN + 1) =
z(1),m =1,2,---, and then y(t) will also be N-periodic signal. Because the mod-
ified output y(¢) is the same as the original output y(k) in the observed interval
t=1,2,--- N, two models are both valid for the observed signal.

Apply the N-point Discrete Fourier Transform to the modified model, the modified

signal model in frequency domain will be
3.38

27

where z; = U; = ¢/~ . We can form a vector relation by repeatedly using the second
equation. Thus,

Y; Ui
%Y zU;
= oxi+r,| 7 (3.39)
7Y, 27U,
where ) i
0
c r o
O,=| . |.I,=| CAB ¢B 0 (3.40)
-
cA _CA“”*QB CA*3B -.- CB 0]
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Iy is the lower triangular Toeplitz matrix. Assembling the data vector we can get

Ys - Os[leX% e 7XN] + FSUS

3.41
=0, X +TI.U, ( )
with X = [X, Xo,--- , Xn],n < s < N —n, and
R Y, . Yv |
21Y; Yy oo znYy
Y,=| Y1 4 o Ry | eV (3.42)
_zf_lYl zS_IYQ .. zf\,_lYN_
U, Us o Un 1
21U1 ZQUQ ZNUN
U, = |41 23U, - Uy | eV (3.43)
_zf’lUl 27U, - zf\,’lUN_
Define the projection matrix
It =1-UXU,UH'U, (3.44)
which projects onto the nullspace of Ug. Then it follows from lemma 9 that,
1 Us
rank(YII7) = n or rank v =" (3.45)

3.4 Subspace algorithm

In the noisy case, Y,II+ will have full rank, so in the paper [17], an approximation
method to estimate the diagonal matrix A through subspace algorithm was put for-
ward.

Because YSHSL = 0,X HSL, the range space of Oy is determined by factoring YSHSL
into two rank n matrices corresponding to Oy and XTI} respectively. In the noisy
case Y, II will have full rank and a matrix is still be determined from Y, II: to
estimate Og.The Singular Value Decomposition (SVD) gives the desired factorization

AP ﬁ EO] m (3.46)

where X, denotes the n largest singular values. As an estimation of the range space
of the observability matrix Oy we simply take Z;. In the noise free case, the range
space is exactly recovered. The extended-observability matrix Z, has a special block
row structure, where each new block-row is the previous block-row multiplied by A.
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Using the shift structure of the observability matrix, a matrix A is determined by
minimizing the Frobenius norm

mf}n HéA — Zs (3.47)

2
F

where Z, and Z, denotes the (s — 1) first rows ans last rows respectively. After we
get A we can simply recover the estimated angles by computing the eigenvalues of
A. In the noise-free case, the rank of Z, will be n and the minimum of equation 3.47
will be unique.

3.5 ADMM algorithm

In the noisy case YSHSl has full rank , and then our idea is to find a matrix Y, that
is as close as possible to Y with the same structure as Y, while rank(YSHj):n, SO
we can recover the estimation of data from Y,. To be more specific, we consider the
problem where we look for a structured matrix of given rank as close as possible to
a given matrix, or the low rank structured matrix approximation problem.

Here we define structured to mean that matrix is an affine combination of a set of
basis matrices

na

i=1
where x is a vector which parametrizes the structured matrix. The expression above
can be used to define the set of admissible structured matrices A in the following
way

A={A(z) | z e R"} (3.49)

Examples of structured matrices of this form are e.g. Hankel and Toeplitz matrices.
Note that the set A is convex by this construction.
The low rank structured matrix approximation problem can be defined as

min | A — Ag||% subject to rankA =k and A € A (3.50)
A
Let the function h encode the structural constraint as
0, Ae A
h(A) = (3.51)
oo, A¢A
The proximal operator for h is then
1
prox,,(Z) = arg min h(A) + o) A - 2|7 (3.52)
Define
z" = argmin [|A(z) — Z|1% (3.53)

Then prox,, = A(xz*). The proximal operator is the orthogonal projection of Z on
the set A and can be obtained by Least-square problems.
Now we need to find a convex function f that can encode the left information that

min |A — Ag||3, subject to  rankA =k (3.54)

In order to find f, first we introduce the Von Neumann trace inequality.
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3.5.1 Von Neumann trace inequality

The following result is known as Von Neumanns trace inequality.

Lemma 10. Let A,B € C™™ and g= min(m,n). Assume A=>"1_, o;(A)u;vf

[

where 01(A) > 02(A) > -+ > 0,(A) > 0. Let 0;(B) be the corresponding ordered
singular values of B. Then,

tr(A”B) < Z oi(A)os(B) (3.55)

with the equality if B =>"1_, o;(B)uvf.

Proof. According to Theorem 3.3.13 and Theorem 3.3.14 in [18], we know that
q q
tr(A"B) <Y 0,(A"B) < Z (3.56)
=1 =1

O
From this result we can derive the following theorem

Theorem 8. Let A = UX V7T be the singular value decomposition. Denote ¥4 and
Yp as diagonal matrices with the singular values of A and B respectively ordered in
non-increasing order and let f be any real valued functions. Then,

min f(3p) + A = Bl = min f(3p) + tr(34 — 3p)* (3.57)

Denote the miniminzing argument to the right hand expression by Xg«. It follows
that the minimizing argument of the left hand expression is B* = UXg. VT

Proof. Since
|A — B||% = tr(ATA) — 2(ATB) + tr(B B)
= tr¥? — 2tr(ATB) + tr¥%
> X% — 2tr(TaXp) + trXg
= tr(Xa — Xp)? (3.58)
>tr(Xy — Xp-)?
= |v(Sa - eV
=l A~B"|I;
this yields that
1A= Bl > |A~ Bl = tr(3a — Bp-) (3.59)
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3.5.2 Nuclear norm approximation

First we obtain f by using a Lagrange formulation
min |A — Aol + yrank A (3.60)

where v is a parameter that control the rank of the solution, and we can get a desired
rank k by choosing a suitable v*. Since a rank function is not convex, we need to
seek a convex function as a substitute. We can find it by deriving the Fenchel bi-
conjugate to the rank function restricted to the domain A = {A|o;(A) < 1}. Set
g(A) = rankA. The conjugate is

g (Z) =max < A, Z > —rankA
AeA
= max tr(A”Z) — rankA

_ (3.61)
< T?}Z 0i(A)o;(Z)) — rankA

— Y (02
where (z); = max(z,0). Then the bi-conjugate follows as
ok _ T - ) .
g7 (A) = maxtr(A'Z) = 3 (0i(Z) = 1)+

= max — Z(Ui(A)Uz'(Z) —(0:(Z2) = 1)) (3.62)

where the sum of singular values are called the nuclear norm denoted by ||A],.
In conclusion, the nuclear norm ||AJ|, is the convex envelope to the rankA. If
the domain is selected to 0;(A) < 1/a, the convex envelope changes to «a ||A],.
Therefore, we can define the function f(A) as

FA) = 1A= Aol + || Al (3.63)

Then the proximal operator for f(A) is determined as

prox,;(Z) = argmin [[A — Ao||F+7||A|| +3x ||A ZHF

—argmln(l+ )||A|]F—2tr(AH(A0+ Z))—i—vHAH
2 1 " 2\ (3:64)
= Al — 2tr (A7 A Z)+——|A
= argmin | A7 (AT Aot 552 + oy 4L
= argmin HA — ZHF +2KC || A]l,
where Z = 5: (20 + Z) and K = 1235 Let Z = US;V# be the SVD. According

to Theorem 8, the minimizing A has the structure A = US4V where v and V are
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the left and right singular vectors to Z. Hence, the minimization can be recast as

min U,V UEZVHH2 2Kt

$4>0

= min Z ((0:(A) = 0i(2))? + 2Ko3(A)) (3.65)
The minimum is attained for o;(A) = (0;(Z) — K),. and we obtain
prox,;(Z) =U(S; — KI), V" (3.66)
3.5.2.1 Alternative formulation
If we use the alternative formulation
£(4) = £11A = Aol[2 + 141l (3.67)
the proximal operator is then given by
prox,;(Z) =U(S; — KI), V" (3.68)
where Z = i, (Mo + 2) = USVH and K = TAp
Proof.
pros,(2) = argmin” |4~ Agll: + o 1A~ 2 + A,
—argmin(2 + 2 I3 — 264" (0 Ao + 5. 2)) + 141,
— argmjn 1 0 -t ok Szl )
2
= argmin | A — - QAA (L Ao+ 55.2) + 1?@ AL
[

3.5.2.2 Drawbacks of nuclear norm approximation

As derived above, the nuclear norm is the convex envelop to the rank function and
together with the Lagrange relaxation this could be one method to approximation
the original problem. However, two issues exists with this approach
1. The nuclear norm will put a penalty on all singular values of the solution and
hence the solution will be biased towards zero for any non-zero ~.
2. The Lagrange multiplier 7 is unknow and must be searched for in an external
loop which adds to the computation complexity.

In what follows we will discuss an alternative formulation which has been proposed
in [19] and [20] .
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3.5.3 Convex envelope

This section is based on [20]. Revisit the original optimization problem
min |A— Ag||? st. rankA =k and A€ A (3.70)

and reformulate the hard constraint on the rank by introducing the function

0 rankA < k
Ay =<¢" - 3.71
9(4) {oo, rankA > k ( )

and add it to the objective function
min || A - Aol +g(A) st. AcA (3.72)

As this objective function is not convex, we seek a convex approximation through
conjugate. Consider

min [[A = Ag|% + g(4) £ min £(A) (3.73)
The conjugate is
f(Y) = suptr(ATY) — f(A)
A
= sup tr(ATY) — || = Aolli. — 9(4)

= sup tr(ATY) — [|All7 + 2tr(AT Ag) — || Aol — 9(A)

1
= sup — 1Al + 26r(AT(GY + Ao)) — 1407 — g(A)

(3.74)
1 2 1|
— sup— HA Y 14|+ HY + (YT Ag) — g(A)
A 2 F 2 F
1 2 1 2 )
—sup— 4= Y+ 40)| + |5+ 4|~ 4ol - g()
A 2 F 2 F
=sup — A — Z|5 + 1217 = 1ol — 9(A)
where Z = %Y + Ap, By Von Neumann we have
FY) =sup— > _(0i(A) = 0i(2))* + 3" 03(Z) — | Aol — 9(Za) (3.75)
A i=1 i=1

Due to the term g(¥,4) the matrix A is forced to have rank k and the optimal A
is given by the rank £ truncated singular value decomposition of Z. This yields

0i(A) =0,72) fori=1,2,--- k.

) = - Z 2(Z) + 3 02(Z) — || Aol
i=k+1 i=1
= > 02(Z) — || Aoll7 (3.76)

=1
n

=~ > a2 +1ZIF ~ lAl%
i=k+1

26



3. Method

The bi-conjugate is derived as

n

f(A) = St;ptr(ATY) + 20 A Z) 1205 + 1Al

i=k+1
= sup 2tr(AT(Z — Ay) Z — 1217 + 1 Aol
i=k+1
" (3.77)
= sup Z — 12 = Allz + 1A = Aollz
i=k+1
= sup ( Y. 0i(Z) =Y (0i(Z) - 0i(2)) ) + 1A= A7
2 \i=k+1 i=1
3.5.3.1 The proximal operator
The Fenchel bi-conjugate function was shown to be,
F7(A) = sup ( PORACAR VA AII?) +[|A = Aoll7 (3.78)
i=k+1

We will use ADMM to minimize objective functions containing f** subject to convex
constraints. Hence, we need to derive the proximal operator for f**. The proximal
operator of f** is given by

. . - 2
prox, .. (M) = arg min min ( Y o(2)—|Z - AHF)—i—

i=k+1

(3.79)
1
1A — Aol + o 14— M|;

If we swap the minimization and maximation, we obtain that the optimal A is given
by A. = M + 2X(Ag — Z). To find the final form of the proximal operator, the
maximization w.r.t. Z needs to be completed. Inserting the optimal A into the
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prox, ;.. (M) yields

max Y2 02(Z) — M +2X(Ag — Z) — Z|% + | M + 27(Ao — Z) — Adl[2

1=k+1

1
+ oy 1M = 2X(4 - 2) - M7
= max Y 07(Z) = | M +2XM(Ao— Z) = ZI[5 + | M + 2M(Ao — Z) — Ao}
+ 2\ || 40 — Z|%
=max > 02(Z) = 2tr[MT(2A(Ag — Z) — Z)] + 2tr[MT (2A(Ag — Z) — Ap)]
—[12\(4o = 2) = ZI[5 + [12\(Ao = 2) — Ao[l3- + 27 | Ao — 2|15
= max > 0l(Z) +2te[MT(Z — Ap)] — AMtr[Af (A — Z)] + 4xtx[Z7 (Ag — Z)
+ 1 Aol = 12115 + 22 1140 = Z|;
=max Y 07(Z) +20(M"Z) — 4tx[(Ag — 2)" (Ao — Z)] + 27 | Ao — Z|1%
— 1217

—max 3 0¥(Z) + 2x(M7Z) — 2\ | Ay — ZI% — || 2%

7

=max Y o7(Z) — (1+2)) 1Z|[5 + 4Mtr(AL Z) + 2tr(MT Z)

i=k+1
n M + 204, |7
=max »_ ol (Z) — (142X) HZ -
7 S 1+2) |,
(3.80)
Define Y £ M2 with SVD Y £ UXy V7. Then by Theorem 8 any optimal Z
has the form Z = UX V7T and we need to solve
max » 02 (Z) — (14 2)) > (0:(2) - O'Z'(Y))2 st. 0i(Z) >0 ,0i(2) > 0i41(2)
Z i=k+1 i=1
(3.81)
Define
fi(s) = —=(142)\) (s — 05(Y))* fori=1,2,--- k.
fi(s) =8 — (1 +2\) (s —0y(Y))* fori=k+1,--- n. (3.82)
02[017027"' >Un]
Then, what we need to solve will be
m(ngfi(ai) st.0;,>0,0;, > 0,41 (3.83)
i=1
Note the maximizer s; of f;(s) is s; = 0;(Y) for i = 1,--- ,k and s; = 12220,(Y) for
1=k+1,---,n. It follows that
S92 83> 25, and S>> 8, (3.84)

28



3. Method

Hence, if s, > sj41, the problem will be solved with o;(Z) = s;.
When s; < sgi1, here we introduce the theorem which is given in [20, Appendix 2.

Theorem 9. The maximizer o can be written as

o; = max(s;,s*), i=1,---k

3.85
o, = min(s;,s*), i=k+1,---.,n (3:85)

where s* fulfills s < s* < Sg1q.
Proof. See [20, Appendix 2] O

As for how to determine s*, we input o; to f(o;) according to this theorem. Then,

fi(s) = —(14+2\)[s* — o;(Y)]y, fori=1,--- k.

fi(s*) = —2X[(1 + 21)\)01»(3/) — s+ (1+ 21)\)03(Y), fori=k+1,---,n. (3.86)
That is to say, the original problem 3.83 becomes
rr}sgxizfi(s*) st. s, < 8" < s (3.87)
i=1
Note that f;(s*) is concave and differentiable everywhere for all i = 1,2--- n.

Therefore, this maximization problem can be easily solved through differential. De-
note the maximizer of this problem is sq. If s < sq < sy, then the problem is
solved with s* = sy. Because the functions are concave, and then s* = s, if sg < s,
with s* = Sk+1 if Sk+1 S S0-

When the optimal X, is found we have Z, = UX, VT and

In conclusion, this ADMM algorithm we obtained for low rank structured matrix
approximation is:

3.5.3.2 Algorithm implementation

Data: Ay, n, A
Initialize X, Z, U
while 1 do
X = prox,..(Z — U) ;
Z = prox,,(X +U) ;
U=U+7Z-X;
if | X — Z||5 < threshold then
‘ break ;
end
end

Algorithm 1: ADMM algorithm
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4

The calibration algorithm and
result analysis

This chapter is devoted to the analysis of calibration algorithm and results.

4.1 The calibration algorithm

Assume we have one linear array antenna with /N elements and the number of
unknown targets is known as n. Define time domain data y = [y1, 42, ,yn]-
With the same notation we used in section 3.3 and we collect m snapshots in the
same element, then the signal received at element k& with multiple snapshots will be

Yk :CAkil[x()’xl?"' 7'rm*1]+nk (4 1)
= cA"Ix 4 my '
where x = [zg, 1, , Tp_1] € C'*™. Define the non-zero unknown gain at the k-th
antenna element as g, for k =1,2-.- | N. Then, the received signal is
Ye = greAF x4y (4.2)

Our aim is to estimate the angles of targets as well as the unknown gains g simul-
taneously. Calibration means we calibrate the signal y(k) with a scalar to mitigate
the affect of unknown gains. The calibrated output in time domain is defined by

Yie = hiyr (4.3)

where h; € C compensates the deviations from ideal unit gain. We want to find
a h = [hy, hy,--- , hy] such that rankY¢(h)P, = n and minimize |[Y¢(h) — Y,|%,
where Y¢(h) denotes the matrix constructed from the frequency domain calibration
output Y¢ = [V, YS, .-+ Y] as shown in equation 3.1 . In the noise free case,
accroding to [21, Theorem 3], the relation between g, and hy, is

hy =g 3", peCand B#0 (4.4)
B is introduced due to the fact that

Y = heye
— gk_lﬁkgkCAk_lx
= «(BA)'x

= cAFx
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Hence, the eigenvalues of A will be
N\ = Bevi (4.6)

where w; is the angle of i-th target. Without loss of generality, the common assump-
tion is that g1 = 1,7 = ¢g2/91 = g9, seen in [4]. Then, 5 = gaho = Yhs.
Now the problem is to solve this optimaztion problem

min [[Y5(h) — Y5 st rankY¢(h)P,=n, hy =1 (4.7)

Note that rankY<¢(h)P, = n is equivalent to rank [chj(sh)] = sm +n. We construct

the Y, according to the frequency domain raw data Y = [Y1, Y5, -+, Y] as shown

in equation 3.1, so here we define the set A = { [gs] Jfor Y € C*™N} Tt can easily

be check that this set A is a convex set.
4.1.0.1 Algorithm
1. Initialize h = [1,1,--- , 1].
2. Construct the corresponding matrix G(h) = [th%h)] with h and raw data

y=[yy2- ,yn]
3. Run the algorithm 1 to solve the problem:

i st. G € A, rankG = sm +n (4.8)

min
G

G - G(h)|

4. Denote the (sm + 1)-th row in G by Y, and convert Y to time domain .
Estimate h* by comparing ¥ with y. Set h = h*, h = h/h; and repeat step
2-3 until |h* — h|%, < threshold.

5. Set 3 = ~vhy and adjust the calibration vector h; = h;3'~%, i =2,3,--- , N.

4.2 Numerical illustration

We choose one linear array with N = 16 elements and two signal resources with
relative frequencies w; = —27 % 0.122,ws = 27 x 0.22. Two cases m = 5 and
m = 10 snapshots are generated for each element. A zero mean complex circularly
symmetric Gaussian distributed noise with variance ranging from 10™* to 107! is
added to the noise free array responses. We simulate the unknown gain to each
element by adding a zero mean complex circularly symmetric uniformly distributed
random variable with variance 0.2 to the unit gain every time we run this algorithm.
The two thresholds can be chosen freely, and theoretically smaller thresholds will
give better outputs. 50 independent reliaztions of the source signals, noise, and the
antenna gains are generated to evaluate the performance.

The results of numerical evaluation when we have m = 10 snapshots are shown in
Figure 4.1 and Figure 4.2. In Figure 4.1 , the subspace algorithm with uncalibrated
data from [17] and the ADMM algorithm are compared by RMS error of spatial
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frequency. In Figure 4.2, the ADMM algorithm is compared to the eigenstructure
method from [4] as well as the uncalibrated outputs. We can see from the first
figure that the ADMM algorithm has clearly improved the performance compared
to the subspace algorithm, but when the noise variance is large at 10~! the subspace
algorithm is slightly better. This is because in the ADMM algorithm we use 5 to
adjust the calibration vector h. If the noise is large, the estimated hy is not as
accurate as before, which introduces more errors to the estimated h after the (5
adjustment step. This also explains why in Figure 4.2 the result of the ADMM
algorithm is worse than uncalibrated case when the noise variance is 107!, In the
Figure 4.2, the uncalibrated outputs mean that we ignore the unknows gains and
just regard them as unit gains. The performance of eigenstructure method is even
worse than the uncalibrated outputs, and the reason is that we only use 10 snapshots
here, which leads to the poor estimatation of covariance matrix in [4, Equation §].
In the Figure 4.1, the errors of subspace method do not vary with different noise
variances. This is because there is no calibration in the subspace method, and then
the unknown gains in the elements are equivalent to adding very large noise to the
received signal. In both figures we see that the errors of ADMM algorithm decrease
with improved SNR which suggests that this method is consistent in SNR.
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Noise variance

Figure 4.1: RMS error for estimated frequencies versus variance of noise

Next, we show the result comparison with different snapshots. According to Fig-
ure 4.3 and Figure 4.4, the implementation with more snapshots will have better
performances.
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Figure 4.2: RMS error for calibration versus variance of noise
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Figure 4.3: RMS error for estimated frequencies versus variance of noise
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Figure 4.4: RMS error for calibration versus variance of noise
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Conclusion

In this Master thesis, we developed the realization theory in frequency domain and
proved that in which case the time domain data can be realized by a minimal system.
With the help of the theoretic knowledge, we applied the ADMM algorithm from
convex optimization theory to achieve the calibration of array antenna. Especially
if we know the the gain ratio between two consecutive antenna elements, we can
determine the unknown gain effectively. The result shows the new algorithm has
improved the performance compared to the old one and is also consistent with SNR.
As for the future work, because the number of targets are the same for multiple
arrays, we can do the calibration together with the signals received from different
arrays, which is supposed to have better performance than doing the calibration
individually for each array.
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