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Maxwell’s Demon In Dynamic Quantum Circuits

Evaluation and Classical Simulation of GHZ State Preparation Protocols
OLOF HILDEBERG

Department of Microtechnology and Nanoscience

Chalmers University of Technology

Abstract

Dynamic quantum circuits use intermediate measurements and classical feed-forward
to change later operations during a computation. This makes them similar in spirit
to Maxwell’s demon, since measurement information is used to guide the evolution of
the system. In this thesis, this idea is studied in the context of Greenberger-Horne—
Zeilinger (GHZ) states, that is, entangled states of the form (|0)®N + |1)®N)/\/§,
on noisy quantum devices. on noisy quantum devices. Three GHZ preparation
protocols are compared: a non-adaptive protocol, a semi-adaptive protocol, and a
fully adaptive protocol. The non-adaptive protocol uses only fixed unitary gates,
while the adaptive protocols use ancilla measurements and conditional corrections.
The protocols are implemented in a classical stabilizer simulation framework and
compared using the final GHZ fidelity as the performance measure.

The simulations isolate four different error sources: CX gate errors, measure-
ment errors, relaxation, and pure dephasing. This makes it possible to study not
only which protocol performs best, but also which physical effects limit the perfor-
mance of each protocol. In the CX gate-error regime, the results are determined by
the number of CX gates. In the measurement-error regime, the adaptive protocols
are limited by their reliance on intermediate measurements. For idle-time errors,
the comparison is more subtle, since adaptive protocols reduce quantum depth but
also introduce ancilla overhead and measurement and feed-forward delays.

For the noise models and timing assumptions used in this work, the non-adaptive
protocol gives the highest fidelities in all isolated error regimes. The adaptive pro-
tocols therefore do not gain an advantage from their reduced depth under these
conditions. The main bottleneck is found to be the measurement and feed-forward
time, which exposes the data qubits to additional idle-time noise. This suggests
that adaptive GHZ preparation could become more competitive on hardware with
faster measurements, faster feed-forward, or lower-overhead adaptive constructions.
The results show that reduced circuit depth alone is not sufficient to guarantee an
advantage for dynamic circuits. Instead, the usefulness of adaptivity depends on the
balance between gate count, circuit depth, measurement overhead, ancilla overhead,
and hardware timing.

Keywords: dynamic quantum circuits, adaptive quantum circuits, GHZ state, state
preparation, Maxwell’s demon, quantum noise, stabilizer simulation
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1

Introduction

UANTUM COMPUTING HAS the potential to solve certain problems more
efficiently than classical methods, but current quantum devices, like su-
perconducting circuits are limited by noise and decoherence [1]. Interac-
tions with the environment, imperfect gate operations, and measurement

errors all reduce the quality of quantum states during a computation. Because of
this, the depth of a quantum circuit, meaning the number of sequential layers of
operations, plays an important role in its performance, since longer circuits are more
affected by errors that accumulate over time.

To reduce these effects, much effort has gone into improving quantum hard-
ware, gate implementations, and circuit design in order to lower sensitivity to noise
[1]. Another approach is to change how the circuit is run, and several works have
explored what are known as adaptive quantum circuits [2]. In the standard cir-
cuit model, all operations are fixed in advance, and no information is used while
the circuit is running [3]. An alternative approach is given by adaptive quantum
circuits, where measurements are performed during the computation and used to
guide later operations. By using this measurement information, these circuits intro-
duce a different way of controlling how the quantum state evolves. Several known
state-preparation protocols can be simplified using adaptive circuits. For example,
Greenberger-Horne—Zeilinger (GHZ) states, W states, and Dicke states have been
shown to be preparable in constant quantum depth using intermediate classical com-
putations [2]. Constant depth means that the number of sequential quantum layers
does not scale with the number of qubits in the circuit, instead of, for example,
growing logarithmically with system size. This depth simplification is of great in-
terest to reduce the errors that accumulate over time in quantum circuits, but it is
still questionable whether that benefit outweighs the cost of the increased complex-
ity caused by additional measurements, additional gates and corrective feed-forward
operations which also introduce errors.



1.1 MAXWELL’S DEMON

1.1 Maxwell’s demon

The idea of Maxwell’s demon was introduced as a thought experiment to explore
the role of information in physical systems [4]. In this setup, a box of gas is divided
into two compartments by a wall with a small door. A hypothetical demon con-
trols this door and observes the motion of individual molecules. By allowing only
fast molecules to pass in one direction and slow molecules in the other, the demon
can create a temperature difference between the two sides without performing any
apparent work. At first glance, this process seems to violate the second law of ther-
modynamics, since it appears to decrease entropy without any energy cost. The key
point, however, is that the demon uses information about the system, namely the
velocities of the molecules, to decide how to act. This thought experiment highlights
that information itself can play an important role in physical processes, and that
the act of measurement and decision-making must be taken into account when ana-
lyzing such systems. While the paradox is resolved when accounting for the physical
cost of information processing, it remains a useful illustration of information-based
control.

This relation between information and control can be connected to adaptive
quantum circuits. In these circuits, measurements are used to extract information
about the quantum state during the computation, and this information is then used
to determine which operations should be applied next. In this sense, the classical
feed-forward control acts in a way similar to Maxwell’s demon, using measurement
outcomes to guide the evolution of the system toward a desired final state.

1.2 Scope and outline

This thesis studies that idea of using measurement information to guide a quantum
circuit in a concrete state preparation task. The target state chosen for this purpose
is the GHZ state, of the form (|0>®N + |1>®N)/\/§, which is introduced in Chapter 3.
GHYZ states are useful for this comparison because they can be prepared using both
fixed circuits and circuits with intermediate measurements and feed-forward.

The main question studied in this thesis is whether adaptivity improves GHZ
state preparation on noisy quantum devices. Adaptive protocols can reduce quantum
circuit depth, but they also require additional resources, including ancilla qubits, in-
termediate measurements, and classical feed-forward. These extra steps introduce
new sources of error and additional idle time. We therefore also study how strongly
different error sources affect the protocols, and which parts of the circuits are the
main bottlenecks for performance. The goal is not only to determine which protocol
gives the highest quality result, but also to explain why this happens in terms of
gate errors, measurement errors, idle-time errors, ancilla overhead, and feed-forward
delay.

To answer this question, three fixed GHZ preparation protocols are compared:
one non-adaptive protocol, one semi-adaptive protocol, and one fully adaptive pro-
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tocol. The comparison is performed using classical stabilizer simulations. The sim-
ulations study one noise source at a time, namely CX gate errors, measurement
errors, relaxation, and pure dephasing. This makes it possible to see how each type
of error affects the relative performance of the protocols.

The scope of the thesis is limited to this fixed-protocol comparison. The work
does not search over all possible adaptive circuit constructions, and it does not in-
clude a complete hardware noise model where all error sources act at the same time.
Final readout errors and error mitigation are also not included in the simulations.
These simplifications make the comparison easier to interpret, but they also mean
that the results should be understood within the chosen noise model and timing
assumptions.

The thesis is organized as follows. Chapter 2 introduces the circuit model, adap-
tive circuits, the role of the Maxwell’s demon, the noise mechanisms considered in
this work, and fidelity as a performance measure. Chapter 3 introduces GHZ states
and presents the three GHZ preparation protocols. Chapter 4 describes how the
protocols and noise models are implemented in the classical simulations, how the
fidelity is calculated within the stabilizer simulator and how we conduct the sim-
ulations. Chapter 5 presents the simulation results for the different error regimes.
Chapter 6 discusses the results in relation to previous hardware work, summarizes
the main conclusions, and gives an outlook on possible future directions.
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Quantum circuits

HIS CHAPTER INTRODUCES two general ways of building quantum circuits:
non-adaptive circuits and adaptive circuits. In a non-adaptive circuit, all
operations are fixed beforehand [3]. In an adaptive circuit, measurements
can affect what operations are applied next. This adaptive behaviour

can also be viewed from the perspective of a Maxwell’s demon, as explained in
section 1.1 [4]. In this interpretation, measurement outcomes provide information
about the quantum system, and this information is then used to decide what correc-
tive operations should be applied. From this point of view, adaptive circuits can be
understood as protocols where information is used to improve the final state. Since
real quantum devices are affected by noise, in section. 2.3 of this chapter, we also
introduce the error models used in this work. These models will later be used to
study how different circuit strategies perform under realistic conditions.

2.1 Non-adaptive quantum circuits

Non-adaptive quantum circuits are circuits where the sequence of operations is fixed
before the computation starts [3]. The same gates are applied in the same order
regardless of how the quantum state evolves during execution. In particular, no
intermediate measurements are used to change the circuit. Such circuits are part of
the standard quantum circuit model, where a computation is described as a sequence
of unitary operations followed by measurements at the end [5].

In quantum algorithms, gates can often be parallelized, which determines the
circuit depth. This makes depth a useful measure when comparing different circuit
constructions, especially when studying the effect of noise, since longer circuits are
typically more affected by noise. An example of a simple non-adaptive circuit is
shown in Fig. 2.1, where a fixed sequence of single- and two-qubit gates is applied
without any intermediate measurements.



2.2 ADAPTIVE QUANTUM CIRCUITS: MAXWELL’S DEMON IN
QUANTUM COMPUTATION

t=0 t=1 t=2 t=3

0) ]
0) -
)
)

o
0) L
0) ~+{m]

T =] (= (e

Figure 2.1: Example of a non-adaptive quantum circuit. Since no intermediate
measurements are performed, Maxwell’s demon remains idle. In the first layer,
Hadamard gates are applied, followed by a CZ gate between qubits 2 and 3. The
next layer contains CZ gates between qubits 1 and 2 and between qubits 3 and 4,
which are performed simultaneously. The red dashed lines separate the circuit into
sequential layers, so that operations between the same pair of dashed lines belong
to the same layer.

For the remainder of this work, the red dashed lines will be omitted, and it will be
assumed that gates within the same layer are applied simultaneously. In the absence
of intermediate measurements, the Maxwell demon has no information to act upon
and may therefore be considered unemployed.

2.2 Adaptive quantum circuits: Maxwell’s demon
in quantum computation

Adaptive quantum circuits differ from non-adaptive circuits in that the sequence
of operations is not fully fixed in advance [3]. Instead, measurements performed
during the computation can be used to decide which operations should be applied
next. Such circuits are sometimes referred to as dynamic quantum circuits, since
their structure may change depending on intermediate results. The new intermedi-
ate operations of measurement and classical feed-forward allow the circuit to react
to the state of the system while the computation is running. Adaptive circuits are
therefore useful in tasks such as quantum error correction, optimization of quantum
algorithms, and measurement-based feedback protocols [3].

This behaviour can also be understood from the perspective of Maxwell’s demon
[4]. Measurements reveal information about the quantum system, allowing later
operations to be chosen accordingly. From this viewpoint, adaptive circuits are pro-
tocols in which information is used to guide the evolution of the quantum state. An
example of a simple adaptive circuit is shown in Fig. 2.2, where a measurement
result determines which gate is applied in a later step.
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Figure 2.2: Example of an adaptive quantum circuit. With intermediate measure-
ments, the Maxwell’s demon decides the necessary corrections.

This example shows an adaptive circuit where single-qubit Hadamard gates are first
applied to two of the qubits to create superposition states. These qubits are then
entangled with the remaining qubits through a sequence of CCX and CX opera-
tions. After the entangling operations, one of the qubits is measured, producing a
classical outcome of either 0 or 1. This measurement result is then used to deter-
mine whether a corrective Z gate should be applied to another qubit. Unlike the
non-adaptive example, this circuit includes a measurement during execution, allow-
ing later operations to depend on the observed outcome. In this case, the demon
uses the measurement result to decide whether a corrective operation is necessary.
Throughout this work, we will occasionally refer to this decision-making element
as a demon, meaning the agent that performs measurements and decides which
operations should follow based on the obtained outcomes.

2.3 Noise and Error models

Quantum circuits implemented on current hardware are affected by noise due to in-
teractions with the environment, imperfect control, and measurement imperfections
[1]. These noise processes limit the achievable circuit depth and reduce the quality
of the prepared quantum states. Important error mechanisms in superconducting
qubit platforms include energy relaxation (T,), dephasing (T,), gate errors, and
measurement errors [1]. These processes arise from unavoidable coupling to the sur-
roundings together with imperfections in control and readout. Since the goal of this
work is to compare different GHZ preparation protocols under realistic conditions,
we focus on these four error sources. Studying how they affect the circuits allows us
to relate structural properties such as circuit depth, measurements, and gate count
to noise sensitivity.

In this section we briefly describe the physical origin and qualitative effects of
some of these noise sources that are considered in this work. The exact noise models
used in the simulations are described later in section 4.3.
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2.3.1 Measurement Errors

Measurement errors, also called readout errors, occur when the classical measure-
ment result does not reflect the true quantum state of the qubit [6]. These errors
typically originate from noise in the readout signal, which limits the ability to clearly
distinguish between measurement outcomes, as well as relaxation processes that may
occur during the measurement itself [1].

Measurement errors are particularly important in circuits that rely on interme-
diate measurements [7]. In adaptive circuits, measurement outcomes are used to
determine which correction operations should be applied later in the circuit. An
incorrect measurement result may therefore lead to an incorrect correction being
applied, which can propagate errors and reduce the quality of the final state. This
is a known challenge in quantum circuits that rely on feed-forward based on mea-
surement results.

In the GHZ preparation protocols considered in this work, these kind of errors af-
fects the adaptive and semi-adaptive circuits, where measurement results determine
conditional corrections. The non-adaptive protocol does not rely on intermediate
measurements and is therefore not affected by this error source.

2.3.2 Dephasing Noise (7,/T})

Dephasing describes the loss of phase coherence of a quantum state without energy
exchange with the environment [5]. Physically, this typically arises from fluctuations
in the qubit frequency caused by environmental noise such as charge noise or flux
noise [1]. To illustrate the effect of dephasing, consider a qubit in a superposition
state

) = al0) + bJ1).

The corresponding density matrix is

‘GP ab*) (Poo 001)
p =) (Y] = ( = :
a*b |b|2 P10 P11

Under dephasing, the populations (the diagonal elements of the density matrix)
remain unchanged, while the coherences (off-diagonal elements) decay with time [5].

A simple model gives
Poo pore” /T
p(t) = iy ,
Pro€ 2 P11

showing that dephasing leads to an exponential decay of the off-diagonal elements,
which represent quantum coherence. In the absense of relaxation, 75 corresponds to
the pure dephasing time T),. The timescale 75 is known as the coherence time, and
characterizes how quickly this decay occurs. A shorter T, therefore corresponds to
faster loss of coherence.
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Physically, this corresponds to a gradual loss of information about the relative
phase between the basis states [5]. As a result, superposition states lose their quan-
tum character and approach mixed states that behave classically. This process is
therefore often referred to as loss of coherence or decoherence. As an example,
consider the superposition state

1

+) = — (100 + 1)

S

2

The corresponding density matrix is

szMﬂ=%<11>.

Under dephasing, the off-diagonal elements decay while the populations remain un-

changed, giving
1 1 eft/T2
pt) =51 :
2 e t/T2 1

For long times, the off-diagonal elements vanish and the state approaches

ng(;?>:§mw+§muL

This final state can no longer be written as |1) (1| for any state |¢) [5], but instead
represents a classical probabilistic mixture of the basis states. This illustrates how
dephasing converts quantum superpositions into classical mixtures by destroying
phase coherence.

2.3.3 Relaxation noise (7))

Relaxation noise, also known as amplitude damping describes energy relaxation of
a qubit due to interactions with its environment [5]. Physically, this corresponds to
spontaneous decay from the excited state |1) to the ground state |0). The ground
state |0) is unaffected by amplitude damping, as it only causes |1) — |0) and not
|0) — |1).

This process is characterized by the relaxation time 77, which describes how
quickly the excited state population decays [1]. Unlike dephasing noise, which leaves
the populations unchanged, amplitude damping involves energy exchange with the
environment and therefore affects both the populations and coherences of the density
matrix [5]. Even in the absence of pure dephasing, relaxation causes decay of the
off-diagonal elements of the density matrix. For this reason, the total decoherence
time 7%, depends both on relaxation and pure dephasing processes.

The relation between these timescales is given by
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1 n 1
T, 2T, T,
where T}, is the pure dephasing time. This shows that relaxation alone limits the

maximum achievable coherence time, even in the absence of additional phase noise
[1]. To illustrate the effect of amplitude damping, consider again a general qubit

density matrix
. (Poo Pm)
p= .
Pio P11

Under amplitude damping, the excited state population decays while the ground
state population increases [1]. A simple model gives

o(t) = (1 — pe M 001€t/2T1>
proe P pyet/h

showing that relaxation affects both the populations and the coherences of the den-
sity matrix. In particular, the excited state population decays with timescale 77,
while the off-diagonal elements also decay, demonstrating that relaxation contributes
to the overall loss of coherence.

2.3.4 Gate Errors

Two-qubit gates are typically a major source of errors in current quantum hardware
[8]. Compared to single-qubit operations, two-qubit gates generally require longer
execution times and more complex control, making them more susceptible to deco-
herence and other imperfections. In particular, it has been observed that two-qubit
gate error rates increase with gate duration due to decoherence occurring during the
interaction. For example, superconducting qubit platforms typically achieve single-
qubit gate errors on the order of 10741073, while two-qubit gate errors are often
an order of magnitude larger [9].

In this work, we therefore focus on errors associated with CX gates, also called
controlled-NOT (CNOT) gates. A CX gate is a two-qubit operation that applies an
X gate to a target qubit if the control qubit is in the state |1), and does nothing
to the target qubit if the control qubit is in the state |0) [5]. The exact effect of
two-qubit errors and how these errors are modeled are discussed in more detail in
Chapter 4. GHZ state preparation circuits are dominated by two-qubit operations,
while single-qubit gate errors are typically significantly smaller and therefore ex-
pected to have a reduced impact on the overall quality of the final state. Since
the protocols compared in this work differ in their number of CX gates, modelling
two-qubit errors provides a meaningful way to compare the final quality of the pro-
duced GHZ state. These errors can lead to imperfect entangling operations due to
decoherence occurring during the gate interaction, thereby reducing the quality of
the generated quantum states [8].
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2.4 Fidelity as a performance measure

To compare how well different circuit constructions prepare the desired target state,
we use the fidelity as a measure of state overlap. For two general quantum states
described by density matrices p and o, the fidelity is defined as [5]

F(p,0) = Tr(\/pl/%pl/z) :

In this work, the target state is a pure GHZ state, which allows this expression to
simplify. If the ideal target state is denoted by |t,,) and the state produced by the
circuit is described by the density matrix p, then the fidelity becomes

?<|r¢}tar> 7p> -V <77Z}tar| P |1/}tar>'

Since the quantity inside the square root directly gives the overlap between the
obtained state and the desired pure state, it is often convenient to use

F = <wtar‘ P ‘¢tar> )

which takes values between 0 and 1 [10]. This is the convention more commonly
used in the quantum computing community. A value of & = 1 means that the
target state has been prepared exactly, while smaller values indicate deviations due
to noise, imperfect gates, decoherence, or measurement errors. This quantity will
be used throughout the thesis to evaluate how successfully a given circuit prepares
the desired GHZ state in the presence of noise.

10
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GHZ state preparation

EVERAL APPROACHES EXIST for preparing GHZ states, which mainly differ
in how measurements and classical information are used during the construc-
tion of the state. Some protocols use measurement outcomes to guide later
operations, while others rely on fixed circuit structures without feedback. In

this work, we compare adaptive, non-adaptive, and semi-adaptive preparation pro-
tocols, focusing on how the use of measurement information affects noise sensitivity
and overall performance.

3.1 The Greenberger—Horne—Zeilinger State

The GHZ state is a fundamental example of multipartite (involving more than two
qubits) entanglement and plays an important role in quantum information process-
ing, quantum benchmarking [11], and quantum error correction [12]. In this section
we introduce the definition of the GHZ state and briefly review the properties rele-
vant for the preparation protocols studied in this work.

For three qubits, the GHZ state is defined as [11]

1
V2
This state is a superposition of two basis states in which all qubits are either in the
state |0) or |1). Because of this structure, measurements on one qubit are maximally

correlated with measurements on the others. The GHZ state can be extended to N
qubits as

\GHZ,) = — (|000) + [111)) . (3.1)

GHZy) = % (0)2N + [1yeN) (3.2)

which describes the same type of correlation shared between all qubits in the system
[11].

11



3.2 NON-ADAPTIVE GHZ PREPARATION

3.2 Non-adaptive GHZ Preparation

The non-adaptive GHZ preparation protocol described in this section follows the
construction presented in Ref. [2]. In the non-adaptive protocol, the GHZ state is
prepared using only unitary gates without intermediate measurements or classical
feed-forward. The circuit begins by applying a Hadamard gate to one qubit to create
a superposition, followed by a sequence of CX gates that distribute the entanglement
across the remaining qubits. The Hadamard (H) gate, is a single-qubit gate that
maps computational basis states into equal superpositions, according to [5]

0) + 1) 0) — 1)
V2 V2 o

In the ideal case, this preparation can be implemented with logarithmic circuit
depth by arranging the CX gates in layers such that the number of entangled qubits
doubles at each step. Since CX gates are two-qubit operations, a single qubit cannot
participate in multiple CX operations simultaneously, which determines the required
layering structure of the circuit. Since each layer doubles the number of entangled
qubits, the number of layers k required to prepare an N-qubit GHZ state follows

H|0) = . H|) = (3.3)

28 =N = k=log,(N). (3.4)

This shows that, when only two-qubit gates are allowed, the circuit depth required
to prepare an N-qubit GHZ state scales logarithmically with the system size in the
ideal case. This remains true even with all-to-all qubit connectivity, since each layer
of two-qubit gates can at most double the number of qubits entangled with the
initially prepared qubit. Fig. 3.1 illustrates this structure for an 8-qubit GHZ state,
where the number of entangled qubits grows from 1 to 2, then 4, then 8.

12
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Figure 3.1: Non-adaptive circuit preparing an 8-qubit GHZ state. The CNOT gates
are represented by a filled control dot connected to a circled plus symbol on the
target qubit; the target qubit is flipped when the control qubit is in the state |1).

3.3 Adaptive GHZ Preparation

The adaptive GHZ preparation protocol described in this section is inspired by the
construction presented in [2]. The adaptive protocol prepares the GHZ state by
first creating local superpositions on the data qubits with Hadamard gates and then
using ancilla qubits to fuse these states together. Each ancilla interacts with two
neighboring data qubits through CX gates, storing parity information about the
quantum state. In this way, the measurements reveal whether neighboring qubits
are in the same or different computational basis states. After these interactions,
the ancillas are measured and the outcomes determine which corrections must be
applied to obtain the desired GHZ state. Figure 3.2 shows an example of the adap-
tive GHZ preparation circuit used in this work for four data qubits. The circuit
illustrates how the ancilla qubits are used to fuse neighboring qubits through CX
gates, followed by measurements and conditional corrections.

13
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Figure 3.2: Four-qubit adaptive circuit preparing a GHZ state with ancilla fusion.

Compared to the non-adaptive protocol, this protocol increases the number of
qubits required but reduces the required quantum circuit depth, since the entangling
operations can be performed in a constant number of quantum layers independent
of the number of data qubits. To understand how the measurement outcomes deter-
mine the required corrections, it is useful to examine the quantum state of the data
qubits and ancillas immediately before the measurements are performed. At this
stage, the system is in a superposition of all possible measurement branches, where
each branch corresponds to a GHZ-type state differing only by known Pauli correc-
tions. For the four-qubit example shown in Fig. 3.2, this state takes the explicit
form

) = % ((]0000) + [1111)) [000), + (]0001) + [1110)) [001)
+(/0011) + [1100)) [010) + (|0010) + [1101)) [011)
+(J0111) + [1000)) [100) , + (|0110) + |1001)) [101)
+(/0100) + [1011)) [110)_ + (|0101) + [1010)) [111) ).

A detailed derivation of this expression is provided in Appendix A.1. The derivation
also shows that the required corrections never need to be applied to the first data
qubit, as illustrated in Fig. 3.2. Measuring the ancilla qubits projects the system
onto one of these branches. Each measurement outcome corresponds to a specific
Pauli frame of the GHZ state, meaning that the resulting state differs from the
target GHZ state only by known bit-flip operations. By applying conditional correc-
tions based on the measurement outcomes, the protocol produces the desired GHZ
state. As an example for this 4-qubit GHZ protocol, if the measurement outcome is
(mq, mg, mg) = (1,0,0), the required correction is U = X, X5X,, which yields

1

75(10000) + [1111)) = |GHZ,) .
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3.4 SEMI-ADAPTIVE GHZ PREPARATION

3.4 Semi-adaptive GHZ Preparation

The semi-adaptive GHZ preparation protocol used in this work is inspired by fusion-
based approaches, where smaller entangled states are combined to form larger GHZ
states [13]. Unlike the fully adaptive protocol, this approach reduces the number of
measurements by first preparing smaller GHZ states and then fusing them together
using a single ancilla qubit.

This protocol can be seen as a compromise between the non-adaptive and fully
adaptive approaches. Compared to the non-adaptive protocol, it introduces a mea-
surement step that allows conditional corrections. At the same time, it requires
fewer measurements than the fully adaptive protocol, but instead uses additional
CX layers, which slightly increases the circuit depth.

Figure 3.3 shows the semi-adaptive GHZ preparation circuit used in this work
for eight data qubits. First, two four-qubit GHZ states are prepared separately.
These states are then fused together using an ancilla qubit that interacts with one
qubit from each GHZ block through CX gates. Measuring the ancilla determines
whether a correction is needed to obtain the final eight-qubit GHZ state.

0), o

0), —[H] i

0), d

0), &

0),, & A—

0), & § -
0) [ f -

| U(my)
10); D | —
0} & | -
W pre)

Figure 3.3: 8-qubit semi-adaptive circuit preparing a GHZ state with ancilla fusion.

Similar to the fully adaptive approach, the semi-adaptive protocol can also be
implemented with constant quantum circuit depth, independent of the total number
of data qubits. As shown in Fig. 3.3, only a single qubit from each GHZ block needs
to interact with the ancilla in order to fuse the states, which keeps the number
of required fusion operations small. This circuit can therefore be expanded to any
number of qubits by connecting |GH Z,) blocks and ancillas in parallel.
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3.4 SEMI-ADAPTIVE GHZ PREPARATION

As in the adaptive protocol, it is useful to examine the quantum state imme-
diately before the ancilla measurement to understand how the required corrections
arise. For this eight-qubit example, this state takes the form

1

pre) = 5((|00000000> + [11111111)) [0) , + (J00001111) + [11110000)) [1) ).

|¥
The derivation follows analogously to the adaptive case, with the difference that
the initial |GHZ,) states before fusion are prepared using the non-adaptive proto-
col. Measuring the ancilla projects the system onto one of the two branches. If the
measurement, outcome is 0, the system is already in the desired GHZ state. If the
outcome is 1, the state differs from the target GHZ state by known bit-flip opera-
tions on the second GHZ block, which can be corrected by U = X5 XX, X to yield
|GHZg). And like the adaptive protocol, U needs to be applied to all GHZ-blocks
except the first.

For the adaptive protocols, the use of measurement outcomes to determine con-
ditional corrections can be interpreted as a Maxwell’s demon—type mechanism. The
measurement, provides information about the relative alignment of the two GHZ
blocks, which is then used to apply corrections that ensure successful GHZ state
preparation.
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4

Classical simulation of quantum
circuits

HIS CHAPTER DESCRIBES how the GHZ preparation protocols introduced in
chapter 3 were implemented in a classical simulation environment in order
to compare their performance under realistic noise conditions. The focus
is placed on the modeling choices required to translate the theoretical error

models into a numerical simulation.

(Classical simulation of quantum circuits can quickly become computationally
expensive, since the required computational resources can grow exponentially with
the number of qubits like in statevector simulation [14]. To make simulations of
quantum systems feasible, it is therefore often necessary to introduce approximations
that reduce the computational cost, especially with many qubits involved. In this
work, this mainly involves choosing an efficient simulation framework and using noise
models that capture the most important physical effects while still allowing many
circuit simulations to be performed. Although such approximations may reduce
physical accuracy, they make it possible to compare the relative performance of
different protocols under consistent assumptions.

All simulations were performed in Python using the Qiskit framework. The full
simulation code developed for this work is available in an online repository'. The
following sections describe the chosen simulation framework, the implementation of
the GHZ protocols, the applied noise models, and the procedure used to evaluate
circuit performance.

4.1 Simulation framework

(Classical simulation of quantum circuits can in general be computationally expen-
sive, since the size of the quantum state grows exponentially with the number of

'https://github.com/olofhildeberg/Masters-thesis-2026-0H-
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4.2 GHZ PROTOCOL MODELING

qubits [14]. For a system of n qubits, a general pure state requires storing 2" com-
plex amplitudes. When noise is included, a density matrix description is typically
needed, which instead requires storing 2™ x 2" = 4™ complex numbers. This rapid
growth quickly makes exact simulation impractical even for relatively small systems.
To make the simulations feasible, it is therefore necessary to use more efficient simu-
lation methods. In this work, this is done using the stabilizer simulator available in
Qiskit, which is based on the stabilizer formalism. The stabilizer formalism provides
an efficient way to describe a special class of quantum states known as stabilizer
states [5]. These include many important states used in quantum information, in-
cluding GHZ states. Instead of storing the full quantum state, these states can be
described using a set of operators, called stabilizers, that leave the state unchanged.
This allows the state to be tracked using a number of parameters that grows much
more slowly with the number of qubits.

The reason this can be done efficiently is given by the Gottesman—Knill the-
orem [5]. This theorem states that quantum circuits consisting only of Clifford
gates, Pauli measurements, and classical feed-forward operations can be simulated
efficiently on a classical computer. The GHZ preparation protocols studied in this
work only use Clifford operations such as Hadamard (H) and CX gates, together
with measurements and conditional Pauli corrections, meaning they fall within this
class.

This makes the stabilizer simulator well suited for this work, since it allows effi-
cient simulation of the circuits considered. However, the restrictions imposed by the
stabilizer formalism mean that not all noise processes can be implemented directly.
In such cases, suitable approximations must be introduced to ensure compatibility
with the simulator. Although this limits the exact physical description of the noise,
it allows efficient and consistent comparisons between the different GHZ preparation
protocols.

4.2 GHZ protocol modeling

In this section, we describe how the different GHZ preparation protocols were mod-
eled in the simulations. Since the circuits have different structures, they also require
different modelling assumptions. In particular, the non-adaptive circuit is modeled
with limited qubit connectivity to better reflect hardware constraints, while the
adaptive circuits do not have the same connectivity limitations since no qubit needs
to connect to more than two other qubits.

4.2.1 Non-adaptive GHZ protocol

The non-adaptive GHZ preparation protocol scales logarithmically with the system
size in the ideal case. However, this scaling usually assumes perfect connectivity
between qubits, meaning that entangling gates can be applied between any pair
of qubits. In practice, quantum devices usually have limited connectivity, mean-
ing that each qubit can interact directly with only a small number of neighbouring
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4.2 GHZ PROTOCOL MODELING

qubits [15]. This is especially relevant for the non-adaptive protocol, since prepar-
ing large GHZ states with logarithmic depth may require some qubits to interact
with many different neighbours. By contrast, the adaptive protocols considered
here only require each qubit to interact with at most two other qubits. Hardware
connectivity limitations can therefore introduce additional routing operations for
the non-adaptive protocol, increasing the circuit depth and reducing its practical
advantage.

Fig. 4.1 shows the heavy-hex connectivity structure used in this work, which
is based on IBM’s quantum processor architecture [16]. This layout is designed to
limit the number of connections per qubit, resulting in qubits having either two
or three nearest neighbours instead of full connectivity. To account for this, the
non-adaptive circuit was modeled using this hardware connectivity structure.

Figure 4.1: Two schematics of the heavy-hex qubit lattice, illustrating how qubits
alternate between having two (red) and three (gray) nearest neighbours.

To model a routing procedure, the simulation first constructs a connectivity
graph following this heavy-hex pattern. The GHZ state is then generated by expand-
ing an entanglement tree along the available connections. To allow the entanglement
to spread as efficiently as possible across the device, the procedure begins from a
qubit near the center of the connectivity graph rather than at the edge. This helps
minimize the circuit depth required to reach all qubits. This approach allows the
protocol to be evaluated under more realistic connectivity constraints, while still
keeping the modelling procedure simple enough to allow systematic comparisons
with the adaptive protocols. The exact routing procedure used in our simulations is

explained in Appendix A.2. Part of the code logic and structure was inspired from
Ref. [17].
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4.2 GHZ PROTOCOL MODELING

4.2.2 Semi-adaptive and adaptive GHZ protocols

For the semi-adaptive and adaptive GHZ preparation protocols, the main difference
compared to the non-adaptive protocol lies in how measurement outcomes determine
the required correction operations. Another important difference is that in these pro-
tocols each qubit only needs to interact with at most two neighbouring qubits during
the fusion process. Because of this limited connectivity requirement, these protocols
do not face the same hardware mapping challenges as the non-adaptive protocol.
We therefore assume perfect connectivity for these circuits and do not model any
specific hardware architecture.

During the fusion process, measurements introduce randomness into the state.
However, the measurement outcomes also contain the information needed to deter-
mine which corrections must be applied in order to recover the standard GHZ form.
Although the fusion operations in these protocols are implemented in parallel, it is
helpful to understand the correction procedure by viewing the process sequentially.
In this picture, each fusion step connects a previously prepared GHZ block to a new
qubit through a measurement involving an ancilla. The measurement result then
determines how the superposition branches of the two systems are connected.

To understand this intuitively, recall that a GHZ state consists of two computa-
tional basis branches,

1
|GHZn> = E <|0>®n + |1>®n> )

meaning that all qubits must agree on whether they are in the 0 or 1 branch. When
a new qubit is fused with an existing GHZ block, both systems already contain
such superpositions. The fusion measurement effectively determines whether the
matching branches (0-0 and 1-1) or the crossed branches (0-1 and 1-0) become
connected. If the matching branches are connected, the GHZ structure is obtained
directly. However, if the crossed branches are connected, the previously constructed
GHZ block becomes attached to the opposite branch of the new qubit. In this case
the state still has GHZ structure, but with some qubits effectively flipped relative
to the standard form. This can be corrected by applying X operations to all the
previously connected qubits, which swaps their computational basis branches and
restores the usual GHZ ordering.

Essentially, each fusion measurement determines whether the previously con-
structed GHZ block has been connected to the correct or opposite branch of the
newly added qubit. A measurement outcome of 1 indicates that the previous GHZ
block must be flipped in order to recover the standard GHZ structure. In contrast, a
measurement outcome of 0 means that no correction is required at that fusion step.
Since several fusion steps may affect the same qubits, the final correction cannot
be determined from a single measurement alone. Instead, the required correction
depends on how many times a given qubit has effectively been flipped during the
fusion process. Because two flips cancel each other, only whether this number is
even or odd matters. This means that the final correction can be determined by
tracking the measurement outcomes and counting how many times each qubit is

20



4.3 NOISE MODEL IMPLEMENTATION

affected. This operation corresponds to computing the parity of the qubits that
the measurement results affect [5], which can be implemented using classical XOR
operations. In this work, this tracking procedure plays the role of the demon in the
protocol. Based on the measurement outcomes, it keeps track of which corrections
are required.

As a concrete example, consider the 4-qubit fusion protocol discussed previ-
ously in Section 3.3 and illustrated in Appendix A.1. For the measurement branch
(mq, mg, mg) = (1,0, 1), the correction rule can be read directly from the fusion
process. The first measurement outcome m; = 1 indicates that the first qubit must
be flipped, while my = 0 gives no additional flip. The third outcome ms = 1 indi-
cates that the previously connected 3-qubit block must be flipped. As a result, qubit
1 is flipped twice and therefore unchanged, while qubits 2 and 3 are flipped once.
The total correction pattern is therefore 0110, corresponding to the application of
X on qubits 2 and 3. Eq. 4.1 shows this procedure.

1 mi=1:Xy 1 mo=0:1 ]
0000) 4 |1111)) ——— —=(]0001) + |1110)) ——— —=(]0001) + |1110
5 (10000) + [1111)) 7 (10001) 4 [1110)) 7 (10001) 4 [1110))

(4.1)

Sl

my=1: X5 X3X, 1
7 \/§
which matches the measurement branch shown in the circuit example. This illus-
trates how the measurement outcomes are used to keep track of which GHZ branch
we are in, and therefore which correction is required.

Rather than explicitly applying all correction gates in the simulation, these cor-
rections can equivalently be handled by updating the Pauli frame [18]. In this
approach, the required X corrections are tracked classically instead of being physi-
cally applied as gates. This produces the same final state while avoiding additional

circuit operations and reflects how feed-forward corrections are typically handled in
stabilizer-based simulations and quantum hardware.

(10110) + 1001))..

4.3 Noise model implementation

To study how errors affect the GHZ state preparation protocols, noise was added
to the simulations through a simple stochastic error model compatible with efficient
classical stabilizer simulation. The model considers four main error sources, which
are implemented separately rather than simultaneously: relaxation during idle time,
decoherence during idle time, two-qubit gate errors, and measurement errors affect-
ing the readout of ancilla qubits. Each error source is studied in a separate error
regime, where it is isolated from the other sources of error. Since the circuits in this
work only use Clifford operations (Hadamard and CX gates) and Pauli measure-
ments, the noise was modeled using stochastic Pauli errors.

The goal of this model is not to reproduce the exact noise of a specific quantum
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device, but to include physically motivated error mechanisms that capture the main
effects of decoherence, relaxation and imperfect operations. For the sake of com-
paring the different protocols, exact models of noises become less relevant than for
exact quantitative results. However, we will make some comparisons to real quan-
tum hardware, and provide some realistic choices of gate times which will be used
to model the time delays between the layers of the circuit.

4.3.1 Relaxation and dephasing errors

Decoherence between circuit layers was modeled by inserting explicit delay steps
after each layer of the circuit. During each such time step, qubits were subjected to
a stochastic Pauli error channel representing relaxation and dephasing. As discussed
in Section 2.3, in physical quantum devices, relaxation is typically described by the
amplitude damping channel, which models energy loss from the excited state. De-
phasing noise describes the loss of phase coherence between quantum states without
necessarily involving energy loss. Relaxation and dephasing are usually parameter-
ized by the coherence times 7} and T,. Here, T} describes energy relaxation, while
T, describes the decay of phase coherence. The total dephasing time is related to
the pure dephasing time T}, by

1 1 1

T, 2T, T,

where the first term represents the contribution from energy relaxation and T, de-
notes pure dephasing.

Simulating these channels exactly quickly becomes inefficient for multi-qubit
systems [19]. Instead, the combined effect of relaxation and dephasing was approx-
imated using a Pauli channel obtained through the Pauli twirling approximation.
This replaces the physical decoherence process with stochastic X, Y, and Z errors
with probabilities derived from the coherence times.

In the implementation, the probabilities of X, Y, and Z errors are calculated
from the chosen values of T}, T, (pure dephasing time), and the duration of one
time step. These errors are then applied independently to each qubit during every
delay step. This provides a simple way to include relaxation and dephasing while
keeping the simulation compatible with stabilizer methods. In the simulation, re-
laxation and dephasing during an idle time step of duration dt are modeled using a
Pauli-twirled single-qubit channel. The probabilities are calculated like they do in
Ref. [19]

1— efdt/T1
4 )
1— e—dt/TQ 1— e—dt/Tl 1— e—dt/TQ
bz = ) - 1 = ) — DPx>

Px =Dy =

where dt is whichever time length one may want, and we calculate T}, using the

relation - = When it comes to the choice of dt, we need to take into

1 1
T, — 2T, +T_¢‘
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consideration the circuit structure, and which gates are used in the specific layers.
All three circuits use the first layer to prepare some number of qubits in the |4)
state using an H gate. This is a single qubit gate, and should have much less of
time delay than two-qubit gates such as the CX gate [20]. Recent works show that
current superconducting quantum hardware from Google and IBM supports single-
qubit gates which have around 10-50ns gate duration, and two-qubit gates which
can range from 40-400ns. Another work [21], suggests that choosing 20ns for an
Rx-gate, which is an arbitrary rotation around the X-axis on the bloch sphere, and
300ns for a CZ gate, which is a control-Z gate, are realistic choices. With this
evidence in mind, choosing a gate time of 20ns and 300ns for our H and CX gates
seems reasonable.

We could therefore define dt = 20ns and insert a single time delay after the
first Hadamard layer corresponding to its physical duration, and insert 15 time
delays for the remaining CX layers. However, this would seriously slow down the
simulations, due to the amount of instructions of the circuit. And considering that
there are many more CX layers, the 20ns time delay caused by the Hadamard
layer, would be negligible in comparison to the time delay contribution of the CX
layers. We therefore neglect the time delay of the Hadamard layer of all circuits,
and define dt = 300ns. Meaning that we apply a single time delay step after each
CX layer defined to be 300ns long. However, both the adaptive and semi-adaptive
protocols also have layers which require measurement of the ancilla qubits, as well as
the classical post-processing to adjust the Pauli frame. And importantly, the data
qubits have to remain idle during this time in order to be used, and will therefore
be subjected to idle noise during this time.

According to IBM, they are able to do measurements, classical post-processing
and corrective quantum gates in between 3-5us when performing active qubit resets
[22]. To avoid overly pessimistic assumptions, we will assume a total time delay
of 3us caused in total by the measurement of the ancillas, and the classical Pauli-
reframing. We choose the lower bound of the reported data, since this corresponds to
approximately ten CX gate durations, which already puts the non-adaptive protocol
at a great advantage compared to the fully adaptive and semi-adaptive protocols.
And since the current works suggests that the non-adaptive protocol out-performs
the adaptive version [2], we investigate whether there are any error regimes in which
the adaptive or semi-adaptive protocols can nevertheless create a GHZ state with
higher fidelity. However, we also need to take into consideration when we apply these
delay errors. If we apply them after the measurement has taken place, the ancilla
qubits will be unaffected by them. Instead, we need to split up the measurement
process and classical post processing, where the ancillas will be affected by the delays
caused during the measurement, but not by the classical postprocessing, as we will
have projected the ancilla states by then, and no longer need them.

To estimate a realistic measurement time, we checked the readout length from
IBM backend calibration data using Qiskit. The value depends on the specific
backend: for example, we found readout lengths of 2.584us for ibm_ marrakesh,
2.28us for ibm_ kingston, and 1.56us for ibm_ fez. This confirms that measurement
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time is not fixed, but hardware-dependent. We choose 2.1 us so it is divisible by
300ns and choose the feed-forward time to be 900ns to make the total measurement
and classical feed-forward time to be 3us. This means that 7 time delays are applied
before the measurements, and 3 after, which will not affect the ancillas.

4.3.2 Gate errors

Gate errors were included only for the two-qubit CX gates. After each CX operation,
each of the two involved qubits was given an independent probability p-x of suffering
a single-qubit Pauli error (X, Y, or Z). Each Pauli error was chosen with equal
probability pcx /3, while the identity I was applied with probability 1 — pox. Since
the errors on the two qubits are applied independently, this means that single-qubit
gate faults occur with probability pox, while simultaneous errors on both qubits
occur with probability pZy.

This corresponds to a local depolarizing error model [5]. Since two-qubit gate
errors depend on the hardware architecture and the specific gate implementation
[19], we choose to model these two-qubit gate errors as simple Pauli error models
to study general circuit behaviour rather than device-specific noise mechanisms.
Depolarizing channels in particular provide a standard way of representing noise as
random Pauli errors and are widely used because they are simple to analyze and
capture the basic effect of gate imperfections.

No additional errors were included for single-qubit Hadamard gates. Since two-
qubit gate errors dominate the overall circuit errors, as discussed in Subsection 2.3.4,
restricting the gate noise model to CX errors captures the main contribution of gate
imperfections while keeping the model simple.

4.3.3 Measurement errors

Measurement errors were modeled as classical readout errors on the ancilla qubits.
After each measurement, the reported measurement outcome was flipped with prob-
ability p,,. This corresponds to a symmetric readout error model where both false
positives and false negatives occur with equal probability. This simple model was
chosen since the purpose of the simulations is to study how measurement imperfec-
tions affect protocol fidelity rather than reproduce specific hardware readout mech-
anisms.

4.4 Simulation procedure

The simulations were carried out by comparing the three GHZ preparation protocols
under separate noise regimes. For 32, 64 and 128 data qubits, the corresponding
non-adaptive, semi-adaptive, and fully adaptive circuits were constructed. Noise
was then added according to the models described above, and the GHZ fidelity was
estimated using a method that will be described in the next section.

To isolate the effect of each noise source, one noise parameter was varied at a
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time while the remaining error sources were set to zero. Four separate parameter
sweeps were performed. First, the CX gate error probability pox was varied in
order to study sensitivity to two-qubit gate errors. Second, the measurement error
probability p,, was varied for the adaptive and semi-adaptive protocols, since the
non-adaptive protocol contains no intermediate measurements. Third, the relaxation
time 7} was varied while pure dephasing was neglected, corresponding to T}, — oo.
Finally, the pure dephasing time T, was varied in order to study loss of phase
coherence independently. Note that in the pure dephasing regime, 7} — oo, so that
Ty = T, by the relation

1 1

T, T,

For each point in a parameter sweep, the noisy circuit was sampled over many
stochastic trajectories (shots). Each shot corresponds to one realization of the errors
in the noise model. The final GHZ fidelity was then obtained by averaging over these
simulation shots. This procedure was repeated for each protocol and for each number
of data qubits, allowing the noise sensitivity of the different circuit constructions to
be compared under identical assumptions. However, since two of these results are
somewhat trivial by inspection of the circuits, only the simulation of 64 data qubits
will be shown for the CX and measurement errors.

The resulting fidelities are presented in Chapter 5 as functions of the swept noise
parameter. This makes it possible to identify which protocol is most sensitive to
each error source, and to relate the observed behaviour to circuit properties such as
CX count, number of measurements, circuit depth, and total idle time.

4.5 Fidelity evaluation

The fidelity defined in Section 2.4 as F = (., | p |¥iar) Was evaluated using stabi-
lizer simulations of the noisy circuits. Since the noise model introduces stochastic
Pauli errors, each simulation shot produces one possible state corresponding to one
realization of the noise. The physical noisy state is therefore described by a statis-
tical mixture of these possible outcomes [5],

p = Zpi|¢i><¢i|,

where p; is the probability of state [1),) occurring in a single simulation. The density
matrix is therefore estimated by averaging observables over many simulation shots.
Starting from the fidelity definition with |¢),,) = |GHZ)

F = (GHZ|p|GHZ),

and writing the N-qubit GHZ state as

GHZ) = —(j0) + [1¥)),

2

Sl
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the fidelity can be expanded as

= SOV |pl0™) + (1N]p|1N) + (0V|p1Y) + (1] l0N)).

The first two terms correspond to the populations of the GHZ basis states, while
the last two terms describe the coherence between them. Using tensor products of
Pauli operators [5], the operator X®¥ takes the form

0 0 O 0 1
0 0 O 1 0
XON — 00 w00 = [0™) (1V|+]1V) (0N |[+remaining off-diagonal elements,
o1 o - 00
10 0 - 0O

meaning it flips all bits in a computational basis state. This allows the coherence
terms to be written as the expectation value [5]

(XEN) = Tr(pXEN) = (0V|p[17) 4 (1¥]p[ON).

Since the GHZ density matrix only contains two off-diagonal elements,

100 - 01
00 0 ~ 00
1{00 =~ 00
p = |GHZ)(GHZ| = 5 :
00 0 ~ 00
100 - 01

all remaining off-diagonal contributions vanish. The fidelity can therefore be written
as

1 1

where Pyv and Pjn are obtained from measurement statistics, while (X®V) cap-
tures the coherence between the GHZ components. The expectation value (X®V)
measures how well the relative phase between the GHZ components is preserved.
The GHZ state satisfies

X®N|GHZ) = |GHZ) = |GHZ™),
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with an eigenvalue of +1. While a phase flip (Z error) changes the state to
1
ZJGHZY) = —(|oN) — 1)) = |GHZ™),
il ) \/§(| )—17) = | )
which instead gives

X®N|GHZ) = —|GHZ"™),

with an eigenvalue of -1. Thus each Z error flips the eigenvalue of X®V, meaning
even numbers of phase errors preserve the phase while odd numbers invert it. In
the simulations, the expectation value (X®V) is obtained by measuring all qubits in
the X basis. This is implemented by applying Hadamard gates before measurement
[23]. Using the Hadamard transformation [5]

HEN|ON) =

7w 2

and using the general Hadamard transform identity [5]

H®N 1)*Y|x) (y|,

- L

only y = 1V survives when applying to [1V) =  H®V)1VN) = — Z(—l)x'1N|x>,

where the dot product becomes (z and y are bitstring vectors)
v 1N =2, f x5+ ...+ 2y = wi(z),
giving

H®N’1N

7D

where wt(z) denotes the Hamming weight, defined as the number of non-zero ele-
ments in a bitstring [24], in this case all 1s.
Combining these results gives

HON|GHZ ') =

mz ) ).

This shows that only bitstrings with even Hamming weight remain, since

1+ (_1)Wt(m) — 2, if Wt(l‘) is even
0, if wt(z) is odd

while a phase-flipped GHZ state instead gives
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H@WGHZﬁ::—£E3§:@-4—Umwnu%

which only lets odd-weight bitstrings survive. The parity of the number of 1 out-
comes therefore directly reflects whether an even or odd number of phase errors
occurred. For this reason (X®¥) is obtained by assigning +1 to bitstrings with
even Hamming weight and —1 to those with odd Hamming weight, corresponding
to the respective eigenvalues of X®~ and averaging over all shots. Since dephasing
introduces random phase flips, this averaging reduces the expectation value toward
zero as the dephasing probability increases, corresponding to a loss of coherence.
To give an intuitive illustration of this loss of coherence, considering a statistical
mixture where half of the runs produce |GHZ™") and half produce |GHZ ™),

1 1
p=5|GHZ ) GHZ Y|+ J|GHZ )(GHZ"|.

Expanding the two density matrices gives

|GHZT)(GHZT| = %(IONHON! + LM AN+ [0M) AN + 1)),

(GHZ7){(GHZ| = S([0%) (0] + [1¥) (1] — [07) (1] — [1¥)(0]).

1
2
Adding these together shows that the coherence terms cancel,

p = 5OV OY |+ 1) (1),

leaving only the classical populations. This illustrates how random phase flips de-
stroy coherence while leaving measurement probabilities unchanged. The expression
for the fidelity given in Eq. 4.2 therefore shows how this decomposition allows the
GHZ fidelity to be estimated efficiently without reconstructing the full density ma-
trix.
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Circuit choice

HIS CHAPTER PRESENTS the simulation results for the three GHZ state
preparation protocols. The protocols are compared by plotting the esti-
mated GHZ fidelity as a function of the noise parameters introduced in
Chapter 4. The simulations are performed for different numbers of data

qubits, where data qubits refer to the qubits belonging to the final GHZ state and
exclude any ancilla qubits used during the protocol.

The chapter is organized as follows. First, the relevant circuit metrics are sum-
marized in order to establish the expected scaling of each protocol. The results are
then separated into two types of noise regimes: errors associated with discrete cir-
cuit operations: CX gates and measurements, and errors associated with idle time:
relaxation and pure dephasing. Across the parameter regimes studied here, the non-
adaptive protocol gives the highest fidelities, although the difference in performance
between the protocols depends strongly on the type of noise considered.

5.1 Circuit metrics

We summarize the metrics of the circuits in table. 5.1, to see predictable trends and
to compare advantages and disadvantages between the protocols. By inspecting the
circuits in Chapter 3, we can see how various metrics such as number of CX gates,
CX layers and more are directly dependent on the number of data qubits N. Note
that a measurement delay correspond here to the same amount of idle time as a
CX-gate layer.
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Table 5.1: Circuit properties, 10 measurement delays is equal to 10 CX delay layers.

Metric Non-adaptive Semi-adaptive Fully adaptive
Number of qubits N %N —1 2N —1
Number of 0 %N —1 N—-1
mid-measurements
Number of CX gates N—1 %N —2 2N —2
Number of CX layers Depends on N* 4 2
Measurement delays 0 10 10

* For the routed non-adaptive protocol, the number of CX layers is obtained from the routing
algorithm rather than from a fixed expression.

As seen from the scaling of the number of measurements and CX gates, the fi-
delity trends in the measurement-error and CX-error regimes can be understood
directly from the number of error locations in each protocol. In these regimes, the
non-adaptive protocol is expected to perform best, since it uses no intermediate
measurements and requires fewer total operations than the adaptive protocols. The
idle-time error regimes, corresponding to 7; relaxation and T, dephasing, depend
on a more subtle trade-off. The adaptive protocols use more qubits but have con-
stant circuit depth, whereas the non-adaptive protocol uses fewer qubits but has a
depth that increases with system size. To investigate this trade-off, idle-time errors
were simulated for 32, 64, and 128 data qubits. The routed non-adaptive protocol
required 7, 10, and 13 CX layers, respectively, compared with 5, 6, and 7 layers
in the ideal all-to-all connectivity case. Thus, the necessary routing due to the
heavy-hex connectivity shown in Fig. 4.1 increases the circuit depth, but the routed
implementation still remains close to the ideal logarithmic-depth construction.

5.2 CX & Measurement errors

We first consider error sources that are associated with individual circuit operations
rather than with the total time spent by the circuit. In this category, the relevant
quantities are the number of CX gates and the number of intermediate measure-
ments.

Fig. 5.1 shows the GHZ fidelity as a function of the CX error probability pox
for the three protocols. The ordering of the protocols follows the expected CX gate
counts. The non-adaptive protocol gives the highest fidelity, followed by the semi-
adaptive protocol, while the fully adaptive protocol gives the lowest fidelity. This
is because the non-adaptive protocol uses the fewest CX gates, whereas the fully
adaptive protocol uses the largest number.
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Fidelity vs CX gate error (shots=3000, N=64)
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Figure 5.1: GHZ fidelity is plotted against CX error probabilities for GHZ protocols

for 64 data qubits.

Fig. 5.2 shows the corresponding sweep over the measurement error probability
D,,- In this case, only the adaptive and semi-adaptive protocols are shown, since
the non-adaptive protocol does not use intermediate measurements and is therefore
unaffected by this error source in the present model. The semi-adaptive protocol is
less sensitive to measurement errors than the fully adaptive protocol. This follows
directly from the smaller number of ancilla measurements required in the semi-
adaptive construction. In the fully adaptive protocol, each additional fusion mea-
surement introduces another opportunity for an incorrect classical outcome, which
may lead to an incorrect Pauli-frame update and reduce the final GHZ fidelity.

Fidelity vs measurement error (shots=3000, N=64)
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Figure 5.2: GHZ fidelity is plotted against measurement error probabilities for GHZ

protocols for 64 data qubits.
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These two error regimes therefore behave as expected from the circuit metrics alone.
In the isolated CX-error regime, the protocol with the fewest CX gates performs
best. In the isolated measurement-error regime, the protocol with fewer intermediate
measurements performs best. The time error regimes can partly be predicted by the
properties in Table. 5.1, but due to the scaling of the CX layers of the non-adaptive
protocol, there is not an easy formula to describe for which number of data qubits
N one protocol may be better than another.

5.3 Idle-time errors

The remaining two noise regimes are associated with errors that accumulate while
qubits remain idle during the circuit. Unlike CX and measurement errors, these
errors are not determined by the number of operations, but by the number of qubits,
the circuit depth, and the additional delay introduced by measurement and feed-
forward in the adaptive protocols. We consider relaxation (77) and pure dephasing
(T,,) separately.

5.3.1 Relaxation T

Relaxation errors are studied by varying the relaxation time 7} while neglecting
pure dephasing, corresponding to Ty — oo. Since this noise source acts during the
delay steps inserted between circuit layers, the relevant comparison depends on both
the number of qubits and the number of delay layers in each protocol. The resulting
fidelities are shown in Fig. 5.3.

As Fig. 5.3 illustrates, the fidelity against the varying relaxation time 7} scales
differently between the number of data qubits depending on the GHZ protocol. For
all three plots in the figure, the fidelity for the semi-adaptive and fully adaptive pro-
tocol are roughly the same, with the semi-adaptive showing slightly better fidelities.
The non-adaptive protocol consistently achieves the highest fidelity over all num-
bers of data qubits. For N = 32, the gap in fidelity between the protocols reaches
a maximum of AF = 0.45 which is a substantial performance gap. However, this
gap gets reduced to approximately AF =~ 0.08 at T} = 400us. The maximum gap
in fidelity performance is also reduced for increasing number of data qubits. This
reduced advantage of the non-adaptive protocol can be understood by comparing
the total number of qubit delays in Table 5.2. The semi-adaptive and fully adaptive
protocols contain more qubit delays than the non-adaptive protocol, especially for
smaller system sizes. They are therefore more strongly affected when 7} is short,
but also show a larger improvement as 7} is increased.
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Fidelity vs T7 (shots=3000, N=32)
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Figure 5.3: GHZ fidelity is plotted against Relaxation times T} (10-400us) for GHZ
protocols for 32, 64 and 128 data qubits.
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Table. 5.2 shows how we did the calculations for the number of qubit delays of each
protocol for each of the three number data qubits from our simulations. By simply
taking the number of qubits times the number of delay layers.

Table 5.2: Comparison of total qubit delays in terms of CX gate durations for
different N between the protocols

Metric Non-adaptive Semi-adaptive Fully adaptive
Measurement delays 0 10 10
CX layers 7/10/13 for 4 2
N = 32/64/128
Total delay layers 7/10/13 for 14 12
N = 32/64/128

32 Data qubits

Number of qubits 32 39 63
Number of qubit delays 224 546 756
64 Data qubits
Number of qubits 64 79 127
Number of qubit delays 640 1106 1524
128 Data qubits
Number of qubits 128 159 255
Number of qubit delays 1664 2226 3060

These calculations explain the expected ordering of the protocols in the idle-time
error simulations. The non-adaptive protocol has the lowest total number of qubit
delays and therefore achieves the highest fidelity. However, the relative advantage
of the non-adaptive protocol decreases as the number of data qubits increases. This
can be understood from how the total number of qubit delays scales with system
size. For the non-adaptive protocol, the number of qubit delays increases from 224
at 32 data qubits to 1664 at 128 data qubits, corresponding to an increase by a factor
of approximately 7.4. For the semi-adaptive protocol, the corresponding increase is
from 546 to 2226 qubit delays, which is a factor of approximately 4.1. Thus, although
the semi-adaptive protocol has more qubit delays overall due to measurement delays
and additional ancilla qubits, its delay count grows more slowly over this range. This
is because the non-adaptive protocol requires an increasing number of CX layers,
and each additional layer exposes all qubits in the circuit to idle-time errors.

The idle-time noise is implemented using the Pauli-twirled approximation. In
this model, each delay layer of duration dt = 300ns is associated with a probability
of applying an X, Y, or Z error. As discussed in Subsection 4.3.1, these probabilities
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are

1— e—dt/Tl
Px =Py = 4
B 1— e—dt/T2 1— e—dt/T1 B 1— e—dt/T2

Moreover, as T} grows, the exponent —dt /T decreases, which is why we see the
improvement in fidelity diminishing in the figure for larger values of 7T} .

At first sight, Tab. 5.2 suggests that the difference between the semi-adaptive
and fully adaptive protocols should be larger than what is observed in Fig. 5.3. This
missmatch is because the table counts every qubit during every delay layer, but not
every error occurring at these locations has the same effect on the final GHZ fidelity.

One important example is given by Z errors in the Pauli-twirled noise model. A
7 error on an ancilla qubit does not directly change the relative phase of the final
GHZ state, since the ancillas are measured and are not part of the final target state.
Similarly, a Z error on a data qubit that has not yet been entangled into the GHZ
state has no effect if the qubit is still in |0), since Z|0) = |0). Therefore, some of
the delay locations included in Tab. 5.2 do not contribute to fidelity loss in the same
way as errors in active data qubits.

This effect is particularly relevant for the fully adaptive protocol, which contains
more ancilla qubits than the semi-adaptive protocol. The raw number of qubit-delay
locations therefore overestimates the effective noise exposure of the fully adaptive
protocol. In addition, the delay count in Tab. 5.2 includes the delay layers associated
with classical feed-forward after the ancilla measurements. These layers do not affect
the ancillas, since they have already been measured and are no longer used. This
further reduces the difference between the adaptive protocols compared with what
the simple qubit-delay count suggests.

For this reason, Tab. 5.2 should be interpreted as a useful qualitative measure
of idle-time exposure rather than as a direct quantitative predictor of the fidelity.
A complete accounting would require tracking which error locations actually affect
the final GHZ state, which depends on the circuit state at each time step. Since the
Pauli-twirled relaxation model is already an approximation to physical relaxation,
we do not attempt to assign an effective corrected delay count here. Instead, the
table is used to explain the overall trends in Fig. 5.3.

5.3.2 Pure dephasing T

Pure dephasing is studied by varying T}, or equivalently T}, since T, = T, while
neglecting relaxation errors (73 — o00). This analysis isolates the loss of phase
coherence in the GHZ state. Since pure dephasing is represented by stochastic Z-
errors in the simulation, the effect of this noise source depends not only on the
total idle time, but also on whether a qubit is already part of the coherent GHZ
superposition. The resulting fidelities are shown in Fig. 5.4.
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Fidelity vs Ty (shots=10000, N=32)
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Figure 5.4: GHZ fidelity is plotted against Pure dephasing times T, (10-400ps) for
GHZ protocols for 32, 64 and 128 data qubits.
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Figure 5.4 shows the GHZ fidelity as a function of the pure dephasing time 7. The
semi-adaptive and fully adaptive protocols give very similar fidelity curves, with
the fully adaptive protocol performing slightly better over most of the parameter
range. The non-adaptive protocol gives consistently higher fidelities for all system
sizes considered.

This behaviour can be understood from how pure dephasing acts on inactive
qubits. In the non-adaptive protocol, most data qubits remain in the state |0) dur-
ing the early layers of the circuit and are only entangled into the GHZ state later.
A 7 error on such an inactive qubit has no effect, since Z |0) = |0). The qubit only
becomes sensitive to phase errors once it is part of the coherent GHZ superposition.
In the ideal connectivity model, the number of active qubits doubles in each layer,
meaning that the majority of the qubits are added only in the last few layers of the
circuit. Although the heavy-hex connectivity used here increases the number of re-
quired CX layers, this delayed activation still greatly reduces the effective exposure
of the non-adaptive protocol to pure dephasing.

For the adaptive protocols, the situation is different. The data qubits are pre-
pared in superposition at the beginning of the circuit and are therefore exposed to
dephasing during the entirety of the protocol. However, Z errors on ancilla qubits
do not directly contribute to a phase error in the final GHZ state, since the ancillas
are measured and are not part of the target state. As a result, the effective dephas-
ing exposure of the adaptive protocols is comparable to the non-adaptive protocol
with N data qubits. This explains why the semi-adaptive and fully adaptive curves
are close to each other. Since the semi-adaptive protocol has two additional delay
layers in this model, it is expected to perform slightly worse than the fully adaptive
protocol in the pure dephasing regime.

The maximum fidelity gap between the non-adaptive and adaptive protocols is
smaller than in the relaxation regime. For example, for N = 32 data qubits, the
largest difference is approximately AF ~ 0.28 around T, = 30 us. However, this
difference is retained more clearly as the number of data qubits increases compared
to the T regime, where this gap decreased with increasing /N. This trend is consis-
tent with the fact that many qubits in the non-adaptive protocol remain effectively
immune to Z errors until they are entangled into the GHZ state. This point will be
discussed further in Chapter 6, where the simulation model is compared with other
GHZ preparation protocols.

The fidelities in Fig. 5.4 approach a minimum value of approximately 0.5. This
is expected because pure dephasing destroys the coherence between the two GHZ
components but does not change the computational basis populations. In the limit
of complete dephasing, the state approaches the classical mixture

1 1
p= 5 10V) (ON] 4 5 1N (1M,

which still has overlap 1/2 with the target GHZ state.

Some estimated fidelity values fluctuate slightly below 0.5 (or 0 in the 7 regime).
This is an effect of the finite sampling caused by the way the coherence term is
estimated. As described in Section 4.5, the expectation value (X®V) is estimated
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from the parity of the final measurement outcomes in the X basis. A shot is assigned
the value +1 if the number of measured 1s is even, and —1 if the number of measured
1s is odd. For a GHZ state, this parity corresponds to whether the coherence has
the sign expected from an even or odd number of effective Z errors. When the true
coherence is close to zero, this estimator has a large relative variance, so the sampled
value can fluctuate slightly above or below zero. This produces small fluctuations
in the estimated fidelity, even when using 10000 shots.

For a Monte Carlo estimator obtained by averaging M independent samples, the
standard error scales as o/v/M, where ¢ is the standard deviation of the samples
[25]. As shown in Eq. 4.2, the fidelity was expressed as

1 1
?:§(P0N+P1N)+§<X®N>-

The variance and standard deviation of the observable X®¥ are given by [5]
var(XoN) = (X®V)2) - (XN)°
Standard deviation: A(X®N) = 4 /var(X®N).
This makes the standard error scale as

var(XeN)
M

Since X is a Pauli operator, it has the property (X®V)2 = [®N [5] and (I®V) =1
which gives

Error

var(X®V) =1 — (XON)*
and as (X®N) -0  var(X®N) — 1.

This is the maximum variance for (X®V) as the coherence goes to zero, since the
expectation value for (X®V) € [—1,1] and <X®N>2 € [0,1].

In the relaxation (7)) simulation, the noise includes errors that can affect the
population of the GHZ state. This differs from the pure dephasing case, where
the main sampling fluctuations come from estimating the coherence term (X®V)
using the parity of X-basis measurement outcomes. For the population term, each
shot instead contributes either 1 or 0 depending on whether the measured bit string
belongs to the GHZ subspace. A single X or Y error typically produces a state with
no overlap with the GHZ basis states [0V) and |[17V). As a result, the corresponding
computational-basis measurement outcome will not be 0V or 1%, and that shot
contributes 0 to the population estimator. Conversely, if the outcome is 0%V or 1%,
the shot contributes 1. This defines a Bernoulli random variable O [26], where

0— {1, if the measured outcome is 0V or 1V,

0, otherwise.
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The average of this random variable over many shots estimates the population con-
tribution

If p denotes the probability that a shot gives either 0 or 1%, then the variance of
this Bernoulli estimator is
Var(O) = p(1 —p),

where the random variable O takes the value 1 with probability p and 0 with proba-
bility 1 — p. Since p € [0, 1], the maximum variance is 1/4, which occurs at p = 0.5.
This maximum is four times smaller than the maximum variance of the observable
X®N  where each shot contributes a parity value of either +1 or —1. This helps
explain why the fidelity curves are less smooth in simulations dominated by the
coherence term, especially in the pure dephasing case. Although the 7} model can
also include Z errors, these make up a smaller part of the total error process than in
the T}, model. A similar argument applies to the measurement-error and CX-error
regimes, since a single error can produce an outcome other than 0V or 1%V and there-
fore cause a shot to contribute 0 to the population estimator. CX errors may also
lead to somewhat larger sampling fluctuations than pure population errors, since
they can include Z errors.

5.4 Summary

In summary, the non-adaptive protocol gives the highest GHZ fidelities in all iso-
lated error regimes considered in this chapter. The size of this advantage, however,
depends strongly on the type of noise. For errors associated with CX gates and mea-
surements, the behaviour follows directly from the circuit metrics discussed above.
In the CX error regime, the non-adaptive protocol performs best because it uses
the fewest CX gates. In the measurement-error regime, the non-adaptive protocol
is unaffected in the present model, since it contains no intermediate measurements.
Among the adaptive protocols, the semi-adaptive protocol performs better than the
fully adaptive protocol because it requires fewer ancilla measurements and CX gates.

For idle-time errors, the comparison is more subtle. Although the adaptive pro-
tocols have smaller quantum depth, this advantage is offset by the additional ancilla
qubits and by the delay associated with measurement and classical feed-forward.
For the parameter choices used in this work, these effects are large enough that the
non-adaptive protocol still gives the highest fidelities in both the relaxation and pure
dephasing regimes. The largest observed fidelity gaps are approximately AF ~ 0.4
in the T} sweep and AF ~ (.28 in the T sweep.

These results show that reducing circuit depth alone is not sufficient to guar-
antee an advantage for adaptive GHZ preparation for up to 128 data qubits. The
performance depends on the balance between CX gate depth and idle time delays,
number of measurements and number of ancillas. The next chapter discusses how
these conclusions depend on the modeling assumptions and how they compare with
previous hardware results.
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Discussion and Conclusion

HE RESULTS IN Chapter 5 show that the non-adaptive GHZ preparation
protocol gives the highest fidelities in the isolated noise regimes consid-
ered in this work. This chapter discusses how these results should be
interpreted, with focus on how the modelling assumptions affect the com-

parison between adaptive and non-adaptive protocols.

6.1 Comparison with hardware results

A useful reference point for the simulation results is the hardware study in Ref. [27],
where adaptive and non-adaptive GHZ preparation protocols were compared exper-
imentally. Their results are qualitatively consistent with ours, in the sense that
the non-adaptive protocol achieves higher fidelities for the system sizes considered.
However, the fidelity gap between the protocols is smaller in their hardware results
than in the idle-time simulations presented in Chapter 5.

This difference can mainly be explained by a few different modeling choices of
the comparison. The routing of the non-adaptive circuit, the adaptive protocol used
in the hardware experiment, and the hardware timing and error-mitigation assump-
tions all significantly impact the fidelity performance in various ways.

6.1.1 Non-adaptive Routing

As described in Appendix A.2, our routing procedure of the CX gates for the non-
adaptive protocol was to minmize the CX layers used for constructing the GHZ
state. The routing procedure was done within the limitations of the Heavy hex
lattice structure described in subsection 4.2.1, and the work done in [27] was also
done on the same qubit lattice structure. However, they use a simple 1D chain,
where they start with the Hadamard gate in the middle of it, and expand their tree
from both sides. Effectively limiting the number of CX gates per layer to 2. This
produces a depth which scales with the number of qubits like N /2 —1 excluding the
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first Hadamard layer. This scales much worse compared to our routing procedure,
which for example has 13 CX layers for 128 qubits, compared to theirs which would
have 63 CX layers. Their plots are limited to 21 qubits, since they run on a small
quantum device supporting only 27 qubits. For 21 qubits, they required 10 CX
layers, and when we tested 21 qubits, we got 6 CX layers, a 40 % reduction. This
routing difference for the non-adaptive protocol is one important reason why their
protocols have a closer performance in fidelity, and is very impactful for larger qubit
sizes.

6.1.2 Adaptive protocols

The adaptive protocol used in Ref. [27] differs from the adaptive protocols studied
in this work. It can be viewed as a semi-adaptive variant of the fully adaptive GHZ
preparation protocol. After the measurement and feed-forward step, the previously
used ancilla qubits are reused as data qubits through an additional CX layer. This
final layer can effectively double the size of the GHZ state without introducing ad-
ditional connectivity constraints, since the ancillas are already neighbouring qubits
to the data qubits from the fusion step.

As a result, the total number of physical qubits required to prepare an N-qubit
GHZ state scales as N, rather than requiring additional ancilla qubits beyond the
final GHZ size. Furthermore, during the measurement stage, roughly half of the
qubits are still ancillas and are therefore not yet part of the final GHZ state. As
discussed earlier, this reduces the effective exposure to dephasing idle-time errors.
This makes the protocol more resistant to idle-time errors than the adaptive pro-
tocols simulated in this work. Figure 6.1 illustrates the construction for a 7-qubit
GHZ state using their adaptive protocol.
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Figure 6.1: 7-qubit semi-adaptive circuit preparing a GHZ state with ancilla fusion

from Ref. [27].
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However, this protocol also has drawbacks compared with the semi-adaptive protocol
used in this work. It requires more CX gates and more intermediate measurements,
which means that it would be expected to perform worse in isolated CX-error and
measurement-error regimes. However, compared with the fully adaptive protocol, it
uses fewer CX gates, fewer measurements, and fewer qubits, and would therefore be
expected to perform better under all the noise models considered here. Table 6.1
summarizes the main differences between the two semi-adaptive constructions. The
table also shows the number of qubit delays that their protocol would have for
N = 32 if simulated using the same timing assumptions as in this work.

Table 6.1: Comparison of total qubit delays for different N between the protocols

Metric Our Semi-adaptive Their Semi-adaptive
Number of qubits % —1 N
Number of CX gates % — % — %
Number of measurements % — % —1
Measurement delays 10 10%*
CX layers 4 3
Total delay layers 14 13
32 Data qubits
Number of qubits 39 32
Number of qubit delays 546 416

* They do not have 10 measurement delays, but their protocol would have in our simulations.
Note that one measurement delay is taken to be equivalent to the duration of one CX layer.

The qubit-delay count in Table 6.1 still overestimates the effective idle-error exposure
of the protocol from Ref. [27]. During the measurement delay, several of the qubits
are ancillas and are not part of the final GHZ state. As we discussed earlier, the
ancillas are not affected by Z-errors with respect to the final GHZ phase. Therefore,
the protocol is even more favorable in the idle-error regimes, and especially in the
pure dephasing regime than the raw qubit-delay count suggests.

6.1.3 Hardware timing and model assumptions

Another important difference between the two comparisons is the set of hardware
timing parameters. These parameters affect the balance between adaptive and non-
adaptive protocols, since adaptive circuits are penalized by measurement and feed-
forward delays, while non-adaptive circuits are penalized by the number of CX
layers. Table 6.2 summarizes the relevant timing parameters.
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Table 6.2: Comparison of timing parameters used in this work and in Ref. [27].

Metric Our model Their hardware
Readout time 2.1 ps 0.9 us
Feed-forward time 0.9 us 0.7 pus
Total measurement delay 3 us 1.6 us
CX gate time 0.3 us 0.6 us
Measurement delay layers 3/0.3=10 1.6/0.6 ~ 2.67

The CX gate time in Ref. [27] is twice as long as the CX delay used in this work.
This penalizes the non-adaptive protocol more strongly, especially for larger GHZ
states, since its depth is determined by the number of CX layers. At the same
time, their total measurement and feed-forward delay is shorter. Using their mea-
surement delay with the CX gate time assumed in this work would correspond to
approximately 1.6/0.3 & 5.33 delay layers, rather than the 10 delay layers used in
our simulations. This would significantly reduce the idle-time cost of the adaptive
protocols.

A further limitation is the modelling of relaxation. In the physical relaxation
process, it causes |1) — |0) and therefore does not affect qubits that remain idle in
|0). In this work, relaxation was instead approximated using a Pauli-twirled channel,
where stochastic Pauli errors are applied during delay steps. This approximation
makes the simulations compatible with stabilizer methods, but it also means that
inactive qubits in |0) can be assigned errors in the relaxation regime. This mainly
works against the non-adaptive protocol, since many of its data qubits remain in-
active during the early layers of the circuit. The protection of inactive |0) qubits is
instead more clearly represented in the pure dephasing regime, where Z |0) = |0).

Error mitigation also affects the comparison. No error mitigation was included
in the simulations in this work, in order to keep the comparison between protocols
as simple as possible. In Ref. [27], however, the authors include final readout-error
mitigation and also compare results with and without dynamical decoupling. The
readout-error mitigation applies to the final measurements rather than the mid-
circuit measurements considered in our measurement-error regime. In our simula-
tions, the final readout was assumed to be perfect, which should affect all protocols
in the same way. Dynamical decoupling, on the other hand, can change the rela-
tive performance of the protocols by reducing idle-time decoherence and crosstalk
effects [28]. In their results, dynamical decoupling improves the non-adaptive proto-
col enough that it consistently outperforms the adaptive protocol across the qubit-
number sweep. While in their hardware run without dynamical decoupling, the
non-adaptive protocol performs roughly the same as the adaptive one.

Overall, the smaller fidelity gap in Ref. [27] can be explained by several dif-
ferences between the two setups. Their non-adaptive circuit uses a less optimized
routing, which increases its CX depth and makes it more sensitive to idle-time errors.
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At the same time, their adaptive protocol uses fewer qubits and is less exposed to
idle-time errors than the adaptive protocols studied in this work. Their shorter mea-
surement and feed-forward delay also reduces the cost of using adaptive operations.
These effects make the adaptive protocol more competitive in their experiment than
in our simulations. This helps explain why their hardware results show a smaller
difference between the adaptive and non-adaptive protocols, even though the non-
adaptive protocol still performs best in both comparisons.

6.2 Conclusion

In this thesis, we compared non-adaptive, semi-adaptive, and fully adaptive proto-
cols for preparing GHZ states. The goal was to test whether the reduced depth of
adaptive circuits can compensate for the extra measurements, feed-forward opera-
tions, and ancilla qubits that they require.

In the simulations performed here, the non-adaptive protocol gave the high-
est fidelities in all error regimes considered. For CX gate errors, this is because
the non-adaptive protocol uses the fewest CX gates. For measurement errors, the
non-adaptive protocol is unaffected, since it does not contain intermediate measure-
ments. In these two regimes, the results follow directly from the number of gates
and measurements in each protocol.

The results of the simulations in the idle-time error regimes are more subtle. The
adaptive protocols have lower quantum depth, but they also require measurement
and feed-forward steps. During these steps, the data qubits must remain idle and
are therefore exposed to noise. With the timing assumptions used in this work, this
idle time is large enough that the adaptive protocols lose their depth advantage. The
main bottleneck therefore appears to be the measurement and feed-forward time,
rather than the adaptive idea itself. This is also consistent with Ref. [27], where
feed-forward time is identified as an important limitation for dynamic GHZ circuits.

This interpretation is further supported by earlier versions of the simulations.
When the measurement delay was set equal to one CX-layer time, the adaptive pro-
tocols could outperform the non-adaptive protocol in the idle-time regime for large
systems, for example at N = 128 data qubits. This suggests that adaptive GHZ
preparation can become competitive if the measurement and feed-forward delay is
sufficiently reduced.

Overall, the results show that adaptive GHZ preparation is not automatically
better just because it has lower circuit depth. Its performance depends on whether
the information gained from intermediate measurements is worth the extra time and
noise introduced by measuring and feeding forward. For the parameters used in this
work, the non-adaptive protocol is the most robust choice. However, the comparison
could change on hardware with faster measurements, faster feed-forward, and using
other versions of the adaptive protocol with fewer ancillas and better resistance to
idling-errors.
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6.3 Outlook

The original motivation for this project was broader than the comparison of fixed
GHZ preparation protocols studied in this thesis. The initial idea was to use rein-
forcement learning to train an agent that could act as a Maxwell’s demon for dynamic
quantum circuits. Instead of deciding in advance whether the circuit should be non-
adaptive, semi-adaptive, or fully adaptive, the agent would learn which choice works
best. Given hardware parameters such as gate errors, measurement errors, relax-
ation times, and feed-forward delays, the agent would choose a circuit structure that
maximizes the final GHZ fidelity.

This idea was inspired by Ref. [29], where a reinforcement learning agent is in-
terpreted as a quantum Maxwell’s demon. In that work, the agent learns when
to measure, when to thermalize, and when to apply unitary feedback to an open
quantum system. The goal is to find a good balance between cooling the system
and paying the cost of acquiring measurement information. In this sense, the agent
does not only act as an optimizer. It also plays the role of the demon, since it uses
information from measurements to decide what to do next.

A similar idea could be used for dynamic quantum circuits. For GHZ state
preparation, the agent would not choose between thermalization, measurement, and
unitary feedback. Instead, it would choose how to build the circuit. For example, it
could choose where to apply entangling gates, where to place intermediate measure-
ments, and how the measurement outcomes should determine later corrections. The
learned demon could then produce non-adaptive, fully adaptive, or semi-adaptive
circuits depending on the hardware parameters.

This direction was not completed in the present work because the reward function
was difficult to define in a useful way. A reward based only on the final GHZ fidelity
would be expensive to evaluate, since the full noisy circuit has to be simulated first.
It would also give the agent little information during the circuit construction itself.
On the other hand, adding penalties for circuit depth, number of measurements,
number of ancillas, or feed-forward time could easily bias the agent toward one type
of circuit. The reward would therefore need to balance the final fidelity against the
physical cost of using measurements and feed-forward, without building the desired
answer into the reward by hand. For the parameter regime used in this thesis, this
learning problem would probably not be very useful yet. The non-adaptive proto-
col gives the highest fidelities in all the simulated error regimes, so an agent would
likely learn to choose the non-adaptive circuit for almost every input. In that case,
reinforcement learning would not add much beyond the direct comparison of the
fixed protocols.

However, this could change in a regime where the adaptive protocols are more
competitive. As discussed above, shorter measurement and feed-forward times could
make adaptive protocols advantageous for sufficiently large GHZ states. One possi-
ble future direction would therefore be to study more optimistic timing assumptions,
either based on expected hardware improvements or on the best reported values from
current devices. In such a regime, a Maxwell’s demon learning model could become

45



6.3 OUTLOOK

more meaningful. The agent could learn that, for some hardware parameters, a
non-adaptive circuit is optimal, while for others a semi-adaptive or fully adaptive
circuit gives the highest fidelity.

The protocol comparison in this thesis can therefore be seen as a first step to-
ward a learning-based approach. By studying the non-adaptive, semi-adaptive, and
fully adaptive protocols separately, we identified which features matter most: CX
count, measurement count, circuit depth, ancilla overhead, and measurement and
feed-forward delay. These results could guide future reinforcement learning studies
by showing which physical costs should be included when evaluating a candidate
circuit. A natural continuation would be to train an agent in a parameter regime
where both adaptive and non-adaptive circuits can perform well. The agent could
take hardware parameters as input and output a circuit adapted to those param-
eters. This would address a more general version of the question studied in this
thesis, namely when the use of measurements and information is useful for a certain
quantum device. Although this learning-based approach was outside the final scope
of the thesis, it is the direction most directly connected to the Maxwell’s demon
perspective in the title.
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A

Appendix

HIS APPENDIX CONTAINS two supplementary parts. Appendix A.1 gives
the derivation of the pre-measurement state for the 4-qubit adaptive GHZ
protocol. Appendix A.2 then describes the exact routing procedure used
for the non-adaptive protocol implemented in Qiskit.

A.1 Derivation of the pre-measurement state for
the 4-qubit adaptive GHZ protocol

We consider four data qubits, labeled ¢, and three ancillas, labeled a. The initial
state is

W) = \0000)(1 \000>a .
After applying Hadamard gates to the four data qubits, the state becomes

0,) = i( 10000), 000), + 0001), 000}, + [0010)_000),, + [0011) [000),
+(0100)_ [000), + [0101)  [000), +[0110), |000), + [0111)_[000),
+[1000)_[000), + [1001)  |000), +[1010), |000), + [1011)_[000),
+[1100)_[000), + [1101)  [000), +[1110), [000), + [1111)_|000),).

Next, the first layer of CX gates is applied in parallel, with data qubits 1, 2, 3 acting
as controls on ancillas ay, ay, as, respectively. Dropping the , and , notation from
here, this gives

IW,) == (|0000) |000) -+ [0001) |000) + [0010) [001) + [0011) [001

»1000) )1000) )1001) »1001)
+10100) [010) + [0101) [010) + [0110) [011) + [0111) [011)
)1100) )1100) )1101) )1101)
)[110) )[110) )|111) ) |111)

>~ =

+ 1000 |100) + |1001) |100) 4 [1010) |101) + [1011) |101
+[1100) |110) + |1101) |110) 4 |1110) [111) + [1111) [111)).
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4-QUBIT ADAPTIVE GHZ PROTOCOL

Then the second layer of CX gates is applied in parallel, with data qubits 2, 3,4
acting as controls on ancillas a;, aq, a3, respectively. The resulting pre-measurement
state is

k7 (10000) [000) + ]0001) [001) + [0010) [011) + [0011) [010

»1000) »1001) )1011) »1010)
+]0100) [110) + [0101) [111) + [0110) [101) + [0111) [100)
+1000) [100) + [1001) [101) + |1010) [111) + |1011) [110)
+]1100) [010) + [1101) [011) + [1110) [001) + [1111) [000)).

»Jklk—‘

pre> -

It is now convenient to group the terms according to the ancilla state. This gives

yqure>=i ((]0000) + [1111)) [000) + (]0001) 4 |1110))]001)
+ (]0011) + [1100)) |010) 4 (|0010) + [1101)) [011)
+ (]0111) + [1000)) |100) + (|0110) + [1001)) |101)
+ (|0100) + [1011)) |110) + (]0101) + [1010)) |111)).

After measuring the ancillas, the data qubits collapse onto one of eight branches:

1
000 — 7(|0000>+|1111>) 001 = = ([0001) +[1110)),
010 — %(\0011)+]1100>) 011 — %(yoo1o>+y11o1>)
100 — 7(|o111>+|1ooo>) 101 - 7<|0110>+11001>)
110 — E(|0100>+|1011>), 11 — E(|0101>+|1010>).

Each branch differs from the target GHZ state only by a known Pauli-X correction.
Writing

|GHZ,) = 7(|0000) + |[1111)),
the required corrections are
000 — I, 001 — X,
010 — X;3X,, 011 — X,
100 — X, X3X,, 101 — X, X,
110 — X, 111 — X, X,.

Thus, for every ancilla outcome, an appropriate conditional correction maps the
post-measurement state to |GHZ,).
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A.2 Non-adaptive circuit routing procedure

The code structure used for the routed non-adaptive circuit was partly inspired
by the IBM Quantum Challenge 2024 bonus lab. In particular, that implementa-
tion uses explicit lists of CNOT sources, CNOT targets, CNOT layers, and a fixed
physical layout to define a low-depth entangling circuit [17]. However, the routing
procedure used in this work was not taken directly from that code. The challenge
implementation uses hard-coded lists for a fixed-size example, whereas our algorithm
needed to create these lists depending on an arbitrary qubit size.

The non-adaptive protocol requires the preparation of an N-qubit GHZ state
using only two-qubit gates between connected qubits. Since the qubits are not as-
sumed to have all-to-all connectivity, the circuit has to be embedded into a graph
that approximates the connectivity of a heavy-hex quantum processor. The purpose
of the routing procedure is therefore to find a low-depth way of spreading the GHZ
state through this graph, while respecting the constraint that CX gates can only be
applied between neighboring qubits.

The construction begins by generating a square grid of candidate qubit posi-
tions. This grid is not used directly as the connectivity graph. Instead, some of the
grid points are removed in a staggered pattern in order to create a heavy-hex-like
structure. In this way, the resulting graph resembles the restricted local connec-
tivity of IBM heavy-hex devices, where most qubits have only a small number of
nearest-neighbor connections. The graph is generated larger than the final number
of data qubits required for the GHZ state. This is important, since it gives the
routing procedure freedom to choose a suitable connected patch of the lattice rather
than being forced to use a predetermined set of the first N qubits.

After the heavy-hex-like graph has been generated, the algorithm searches for a
good way to grow a GHZ state on this graph. The goal is to reduce the number of
CX layers. A CX layer is a set of CX gates that can be applied in parallel, meaning
that no qubit is used in more than one CX gate in the same layer. Reducing the
number of such layers reduces the total circuit duration in the simplified timing
model used in the simulations.

The GHZ state is constructed as a broadcast process. One qubit is chosen as the
root qubit and is first placed in a superposition by applying a Hadamard gate. This
root qubit is then considered active, meaning that it is already part of the growing
GHZ state. In each subsequent CX layer, active qubits may entangle neighboring
inactive qubits. When an inactive qubit is targeted by a CX from an active qubit,
it becomes part of the GHZ state and can itself be used as a source qubit in later
layers. In this way, the GHZ state spreads through the connectivity graph.

At each layer, the algorithm considers all possible CX gates from active qubits to
inactive neighboring qubits. These candidate gates are scored using local properties
of the graph. In particular, the algorithm chooses inactive target qubits that still
have many unused neighbors. The reason is that such qubits are more useful after
they have been added to the GHZ state, since they can help spread the state further
in later layers. The algorithm then selects as many high-scoring, non-overlapping
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CX gates as possible for the current layer. The non-overlap condition ensures that
no qubit participates in two CX gates during the same layer.

This algorithm makes locally favorable choices at each step rather than perform-
ing an exhaustive search over all possible routing patterns. To reduce the dependence
on a single local choice, the search is repeated for several candidate root qubits and
with several slightly different scoring rules. Each attempted construction produces
a candidate GHZ schedule, consisting of a list of CX sources, CX targets, and the
CX layer in which each gate is applied. The schedule with the smallest number of
CX layers is then chosen. If several schedules have the same number of layers, the
algorithm prefers schedules where the gates are more strongly parallelized within
the layers.

Once a schedule has been selected, the qubits that were actually reached during
the construction define the physical patch used for the non-adaptive circuit. The
remaining qubits of the larger heavy-hex-like graph are discarded. Equivalently,
the procedure can be viewed as first constructing a possible GHZ broadcast circuit
on a larger candidate lattice and then cutting away the unused qubits. In this
implementation, the final Qiskit circuit is built only on the selected N logical qubits,
while the corresponding physical layout records where these qubits were located in
the original synthetic heavy-hex-like graph.

Figure A.1 illustrates this routing procedure for a 32-qubit example. The num-
bers shown on the qubits indicate the CX layer in which each qubit is added to the
GHZ state. The root qubit is active from the start (layer 0), while the remaining
qubits are added layer by layer through neighboring CX operations. In the illus-
trated example, the final group of qubits is added in the seventh CX layer, where
nine new qubits enter the GHZ state. Qubits shown with reduced opacity are unused
qubits from the original heavy-hex-like graph. These qubits are available during the
routing search, but are not part of the final selected GHZ circuit. The figure is
meant to illustrate the logic of the construction rather than being geometrically
exact, since the full 32-qubit lattice, including unused qubits, has a different layout.
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Figure A.1: Example of routing procedure of the non-adaptive GHZ protocol for
32 qubits. Qubits added to the state in the same layer share the same color, and
unused qubits are faded out.

After the selected schedule has been obtained, the actual circuit is constructed
by applying the CX gates layer by layer. A delay instruction is inserted after each
entangling layer on all qubits. The circuit is then transpiled using the selected
coupling map and physical layout, with additional routing disabled. Thus, Qiskit is
not used to find a new SWAP-based route. Instead, the routing has already been
determined by the algorithm, and the transpilation step is used only to express the
already routed circuit in a form suitable for simulation.

This routing method should therefore be understood as a heuristic low-depth
construction. It does not prove that the obtained schedule has the minimum possible
depth on the chosen graph. However, by searching over a larger heavy-hex-like
lattice, trying several root qubits, and selecting the best result among many greedy
broadcast attempts, it provides a practical way to obtain compact non-adaptive
GHZ circuits for the system sizes studied in this work.
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