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Quantum Optics with Giant Atoms in 2D Structured Environments

Emil Ingelsten

Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract

One of the major hurdles in the ongoing efforts to construct a working large-scale quantum
computer is achieving rapid interactions between qubits without risking a loss of energy
(and thus information) to their surroundings. This loss of energy is known as decoherence.
In recent years, one possible solution to this problem that has shown promise is the use of
so-called giant atoms. In certain configurations, these systems have been shown to exhibit
decoherence-free interaction (DFI) when coupled to one-dimensional environments, such
as transmission lines or photonic crystal waveguides. For DFI to be possible, the atoms
involved must be perfectly subradiant — that is, they must not spontaneously decay into
their environments. In this study, we used numerical simulations combined with the
methods of resolvent formalism to examine under what conditions giant atoms exhibit
perfect subradiance and DFI when coupled to two-dimensional (2D) environments. More
specifically, structured 2D environments — i.e. resonator lattices — were considered. In
such environments, there are finite energy bands and band gaps, which causes effects
that are not predicted by the so-called Born-Markov approximation, e.g. time delay.
Multiple generalisations of previously known setups exhibiting perfect subradiance were
found. Furthermore, a number of different configurations exhibiting DFT were discovered,
including grid-like ones that in principle could be extended indefinitely.

Keywords: quantum optics, giant atoms, 2D, structured environments, subradiance,
decoherence-free interaction, resolvent formalism.
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1

Introduction

In the ongoing race to build a large-scale quantum computer, one of the major hurdles
is decoherence, where the energy (and thus the information) stored in a quantum bit, or
qubit, is lost to the environment. One path towards a solution to this problem that has
shown promise in recent years is the usage of so-called giant atoms [1]. These atom-like
systems have been shown to exhibit decoherence-free interaction in certain configurations
when coupled to one-dimensional (1D) environments [2-5]. In this thesis, we will expand
on current knowledge by examining their behaviour when coupled to two-dimensional (2D)
environments — specifically structured ones, i.e. resonator lattices — and the conditions
for DFI in 2D.

1.1 Atoms, Small and Giant

Many of the most important advancements in materials science, communication tech-
nology and computing over the past century can be attributed to achieving a deeper
understanding of quantum mechanics and how it applies to different fields. In the past 40
years specifically, there has been explosive growth in a number of fields related to studying
how quantum effects like entanglement and superposition can be leveraged more directly
in information science and computing, e.g. by making a quantum computer [6].

One of these fields is quantum optics, where interactions between individual photons and
atom-like systems (such as superconducting qubits [7]) are studied. Until recently, most
of the atom-like systems studied experimentally were small compared to the wavelength
of the light they interact with. Natural atoms, for example, have a radius of ~ 107°m
and interact with optical light, which has wavelengths between 107% and 10~" m.

However, in an experiment performed at Chalmers University of Technology in 2014 [8],
the so-called giant atom regime was reached. In this regime, the size of the studied atoms
is no longer negligible compared to the wavelength of the photons involved (this is why
the atoms in question are referred to as “giant” [1]). Since 2014, further theoretical and
experimental inquiries have been made, resulting in the discovery of several interesting
phenomena. Perhaps most interestingly, giant atoms can interact without decohering, i.e.
they can exchange energy (and thus information) via their environment with practically
zero risk of losing it. This so-called decoherence-free interaction (DFI) makes giant atoms
a promising candidate for future applications in quantum simulation and computation,
since decoherence is currently a major hurdle in these fields.



1. Introduction

1.2 Aims and Scope

Until now, giant atoms have mostly been studied in the context of having them coupled
to 1D waveguides. In this thesis, we will expand on current knowledge by examining how
giant atoms behave when coupled to (1D and) 2D structured environments — lattices of
resonators coupled via nearest-neighbour interactions — in different configurations. These
environments have been studied before for small atoms [9], but not for giant atoms to
the same extent. The studies that have been performed for giant atoms so far have
studied single giant atoms [10], whereas we will examine systems consisting of multiple
giant atoms. To these ends, we will make use of numerical simulations combined with the
complex-analysis methods of resolvent formalism [11], with a focus on the former.

An important delimitation for this thesis is the fact that we will only consider square
resonator lattices — more complicated lattices such as triangular or hexagonal ones will
be left to future studies. Apart from this, it should be noted that the models used in this
thesis make use of various approximations. Examples include truncation of Hilbert space
to the single-excitation subspace and the rotating wave approximation. While the ap-
proximations and their legitimacy will be discussed, no in-depth analysis of their possible
effects on the results will be made.
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Theory

To follow and understand the contents of this thesis, a fair amount of prior knowledge is
needed — primarily relating to how giant atoms are modelled using quantum mechanics. In
this section, we first recapitulate some of the basics of quantum mechanics before showing
how this can be reformulated in the so-called resolvent formalism. We then describe how
to use this formalism to model giant atoms in different setups.

2.1 Time Evolution of Quantum States

The time evolution of a non-relativistic quantum state |¢(¢)) follows the Schrodinger
equation [12],

L d -
ih s V() = 7 (). 21)

Here, h is Planck’s (reduced) constant and H is the Hamiltonian operator, whose eigenval-
ues correspond to possible system energies. Integrating this first order linear differential
equation, we find that an initial state [1(0)) evolves according to

(1)) = U1 [(0)) , (2:2)

where the time evolution operator U(t) is given by

~ I N

0(t) = exp(—h A dt). (2.3)
0

If the Hamiltonian is time-independent, we can move it outside the integral, so that the

time-evolution operator reduces to

O(t) = exp(—;ﬁt) (2.4)

In general, computing this operator exponential exactly is not straightforward. Many
systems — atoms among them — have an infinite number of energy eigenstates, making H
infinite-dimensional. As it turns out, however, this is not as big of a problem as it might
first appear. For processes involving initial states with limited energy (i.e. for almost all
intents and purposes), we can safely ignore states with energy significantly higher than
that of the initial state. How do we accomplish this in practice? Well, if we choose some
basis {|k)},_, for the subspace C of states that have low-enough energy to be relevant,
we can project all states and operators onto this subspace using the projection operator

Pe - Z K] (2.5)

3



2. Theory

This means that any state |¢) is truncated into

[¥)e =Pelv) = >t lk) (2.6)

with ¢ = (k[1)) being some complex number for every value of k. Effectively, then,
our states are modelled as complex n-dimensional vectors. Similarly, any operator A is
truncated into

Ae = PeAPe = > Aw X1, (2.7)

kol

where R
An = (k|A[l) (2.8)

is a complex number for every combination of values of £ and [. In other words, the
operator A is effectively modelled as an n x n complex matrix with matrix elements Ay;.

In this framework, the time evolution operator (for time-independent H ) is a matrix
exponential

U(t) = exp(—éHt), (2.9)

where H is the n x n matrix representation of He.

2.1.1 Numerical Methods

When evaluating this matrix exponential numerically it is especially convenient to work
in the energy eigenbasis, where H is diagonal — specifically, Hy = Fydg (no sum), where
E}, is the energy of the kth energy eigenstate. The reason for this is that the exponential
of a diagonal matrix is very easy to compute:

U(t) = exp(—%Ht) = exp{—; diag(Ey, . . ., En)t} =

= diag {exp(—%Eﬁ), e ,exp(—;Ent)].

Unfortunately, while the Hamiltonians of some simple systems — isolated atoms among
them — are intuitive to express in their eigenbasis, this is often not at all the case for
systems consisting of many different parts all interacting with each other.

(2.10)

One way to get around this is to simply diagonalise H directly by calculating the eigen-
states of H and their corresponding eigenenergies and then performing a change of basis
into the energy eigenbasis. However, this is in general not significantly faster than current
state-of-the-art algorithms for calculating a matrix exponential directly — for example, the
algorithm used by the linalg.expm() function in the python package SciPy [13] takes
O(N?) operations [14, 15], just like the fastest diagonalisation algorithms currently in use
[16].

Even for systems where there is no easy way to express the total Hamiltonian H in its
eigenbasis, however, it may well be that H can be split into parts that are more well-
behaved. In particular, it is quite often the case that it can be split into two parts
H = K + V such that the “kinetic” part K and the “potential” part V are diagonal
in bases that are related to one another via a Fourier transform (FT). The canonical
example of this is a quantum particle moving in a position-dependent potential. In this

4



2. Theory

case, the kinetic Hamiltonian & = % is diagonal in the momentum basis and the potential

Hamiltonian V = V(z) is diagonal in the position basis.

The time evolution of Hamiltonians exhibiting such a structure can be simulated efficiently
by using a so-called split-operator approach [17]. These methods are based on the fact
that while

U(t) =exp|—1i

; =) 2 O = e it e -ige| 2

since K and V don’t commute, it can be shown by performing a series expansion in ¢ that
/] A 3 Lre, 21,0 3
0(t) = Ov()Uxe(t) + 5[V, K]t + O(¢). (2.12)

This is related to the Baker-Campbell-Hausdorff formula [18], which gives the operator Z
satisfying e? = eXe¥ in terms of X, Y and commutators of X and Y. In other words, as
long as we use sufficiently small time steps At, we can alternate between applying U (At)
and Uy (At) and still achieve time evolution that is accurate to O(At?). In fact, we can

do even better without much additional effort, since it can be shown that the operator

~ (At A ~ (At
o (& Yowqs0 () o
is O(At?) accurate [17]. Applying many such operators in succession yields a total time-
evolution operator that is identical to the one gotten by applying Uy (At)Uy (At) repeat-

edly, except for the fact that one application of Uv(%) has been moved from the start of
the time evolution to the end.

To go between the eigenbases of V and K , we can use a fast Fourier transform (FFT)
with computational cost O(N log N) for a system with N eigenstates [19]. This means
that the time evolution of such a system, with Hamiltonian H=K+ \7, can be evaluated
to O(At?) accuracy by repeatedly applying the operator

U(At) = F Uk (A FUy (AL, (2.14)

sandwiched between an initial Uy (—At/2) and a final Uy (At/2). Here, F denotes the
FFT, and F~! its inverse, the IFFT. Since all operator exponentials can be computed in
their eigenbases, where the computational cost to do so is only O(N), the total compu-
tational cost of this algorithm is O(N log V).

2.2 Resolvent Formalism

For a given Hamiltonian H (suppressing hats on operators from now on), the associated
time evolution operator is, by construction, the solution of the operator Schrodinger
equation

mth(t) — HU(t) & [mst - H] U(t) = 0. (2.15)

This means that the so-called retarded and advanced Green’s function operators, or real-
space propagators [11, 20|, for the Schrodinger equation are given by

K.(t)=U@#)O(t) and K_(t) = —Ut)O(—1), (2.16)

>
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respectively, assuming H is time-independent. Here, O(t) is the Heaviside step function,
defined so that

0 fort<O
O(t)=q% fort=0 (2.17)
1 fort¢t>0.

To see that K4 (t) indeed are Green’s function operators for the Schrodinger equation, we
can simply apply the Schrédinger operator onto them and note that they satisfy

L d :
[mdt — H] Ky (t) =1ihd(t). (2.18)

With these definitions, we see that K, (K_) corresponds to time-evolution forwards
(backwards) in time, and for all values of ¢ we have

U(t) = K. (t) — K_(t), (2.19)

where K, (K_) is identically zero for ¢ < 0 (¢ > 0). As it turns out, it is especially
convenient to work with the Fourier transforms of K., i.e. the Fourier-space propagators

G+ defined so that
1 .
Kao(t) = —— / dE e BG L (E). (2.20)
21 JR

Why is this so convenient? Well, as we will see the Fourier-space propagators are very
simple: )

Go(B) = im o (221)
While deriving this expression from scratch is not trivial, it is quite straightforward to
show that it yields the correct expression for K. when inserted into Eq. (2.20). Note that
we are here making use of what is arguably a slight abuse of notation but nevertheless
ubiquitous in physics: the “reciprocal” of E — H + i¢ is to be interpreted as the operator

inverse, i.e.
1

E—H+1e
where 1 is the identity operator. Let us verify that these expressions for G indeed agree

with Eq. (2.20). For brevity, we will only show that the inverse Fourier transform of G
is K, but the advanced case (with minus signs) is entirely analogous.

=[(E +ie)l — H ™, (2.22)

The Fourier integral

1 . 1 e—iBt/h
Kolt) = =g AP IGHE) = o i AP T ()
can be rewritten as a contour integral
1 e—izt/h
Ke®) = 2mi 815(% /y+(5) az z—H’ (224)

where v, (¢) = {2z € C: z = E +ic} with F € R going from oo to —o0, see Fig. 2.1. To
compute this contour integral, it is convenient to use the residue theorem. For this to be
possible, however, we need to extend ~, into a closed curve. By Jordan’s lemma [21], this
extension can be accomplished without changing the value of the integral by integrating



2. Theory

around a half-circle of infinite radius in the upper half-plane (UHP) for ¢ < 0 and in the
lower half-plane (LHP) for ¢ > 0. The residue theorem [22] then gives us that

1 efizt/h efizt/h
K = 7% =
+(t) 271 ydzz—H Rwesl ]’

with v enclosing the UHP excluding the real axis for ¢ < 0 and enclosing the LHP
including the real axis for ¢ > 0, see Fig. 2.1. Here, Res, [-] denotes the sum of all residues
enclosed within 7. Since the poles of the integrand effectively lie at the eigenvalues of the
Hamiltonian (see appendix A) and these are all real, the integral is zero for t < 0. For
t > 0 we instead get

. (2.25)

K (t) = Res

z=H

[e—izt/h

z —

] _ e—th/h — U(t), (2.26)

as desired. For the definition of “the residue at z = H”, see appendix A.

Imz A
' . e * |
Poles at eigenenergies Rez
yfort >0

Figure 2.1: The original contour of integration v, from Eq. (2.24) in orange, as well as
the extensions to make the closed path ~ for positive and negative ¢ in red and yellow,
respectively.

The utility of complexifying the Fourier-space propagators in this way leads us to introduce

the operator-valued function
1

G(z) = ot (2.27)
where z is allowed to take arbitrary complex values. This function is called the resolvent
of the Hamiltonian H [11]. In terms of the resolvent, the Fourier-space propagators are
given by

G+(E) = lim G(E +ie), (2.28)

e—0t

7



2. Theory

which means that the time-evolution operator can be expressed as a contour integral

Ut) = ! / dze "G (2), (2.29)
V++7-

 2mi

with v4 infinitesimally close to the real axis and oriented as in Fig. 2.2 below.

Imz

Rez

<Y

Figure 2.2: The two contours of integration v+ from Eq. (2.29).

One slight issue that we have swept under the rug here is what happens when H has a
continuous spectrum of eigenvalues somewhere along the real axis. As it turns out [11],
if H has such a band between the energies E;, and Ep.y, then G(z) will have a branch
cut (BC) along the real axis between z = E;, and z = Ep.,. This BC is characterised
by the fact that G(z) has different limiting values when approaching the BC from the
UHP and the LHP. Unfortunately, the residue theorem cannot be applied as-is when the
interior of the integration contour includes a BC. What we would like to do is to somehow
include the information contained in the BC while keeping the branch points outside the
integration contour.

Since the residue theorem requires the integrated function to be analytic along the path
[22], our integration contour cannot cross the branch cut. What we can do, however, is to
continue the integrated function analytically on the other side of the branch cut — onto its
second Riemann sheet (RS). In some situations, notably when dealing with the projection
of the resolvent onto a subspace representing some part of the total system, there may
be unstable poles on the second RS [11], i.e. poles with negative imaginary part. These
are effectively the mechanism by which energy can leave the subsystem in question (see
e.g. Refs. [5] and [9]). In any case, by extending our contour onto the second Riemann
sheet in this way, illustrated in Fig. 2.3, we can apply the residue theorem after all.
Note, however, that we still need to take into account the “detour integral” along our new
branch cuts, which is likely nonzero.
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imz4 Band
-
P = e
E ~ Branch|cut E Rez
min max
Y
imz4 Band
E . E
min :( - max
7=\
o ~ -
1stRS | | | 2nd RS ] Rez
1 I
| = I
AY * ALY Y
I Unstable|poles I
| |
1 |
Left BC | T~ I Right BC

Figure 2.3: Top: the ¢ > 0 integration contour v from Eq. (2.25) in the case where
H has a continuous band between the energies F;, and F... Bottom: the modified
integration contour, lying partly on the second Riemann sheet. By the residue theorem,
the value of the original contour integral is the sum of the residues at the unstable poles
minus the contributions from the detours in red. Figure inspired by Refs. [5] and [9].

2.2.1 Perturbation Theory

Suppose that we want to study a system described by a total Hamiltonian H = Hy + V/,
where Hj is diagonal and V' is some off-diagonal perturbation, encoding the coupling
between the eigenstates of Hy. If we use the operator identity

A7l =B'+ BB - A)A™! (2.30)

with A =2 — H and B = z — Hy we see that since B— A= H — Hy =V, the resolvents
are related via

G(z) = Go(z) + Go(2)VG(2). (2.31)

9



2. Theory

If we use this expression recursively, we see that as long as V' is small, G(z) can be
expressed as a perturbative expansion in powers of V' around Go(2):

G(2) = Go(2) + Go(2)VGo(2) + Go(2)VGo(2)VGo(2) + - - . (2.32)
This can also be translated into a perturbative expansion for the matrix elements of G(z),
namely
0ij 1 1 1 1 1

Z—El'—i_Z—EZ’ JZ—Ej—i_zk:Z—Ei kZ—Ek k]Z—Ej

Just like in perturbative Quantum Field Theory [11, 20], this can be represented as an
infinite series of Feynman diagrams

+O+ [+ -

where the lines represent propagation according to GGy and the circles represent interac-
tions via V.

Now, suppose we are mainly interested in the population of a subspace of H, eigenstates,
which we can call S, with associated projection and rejection operators P and ) = 1 — P.
By definition, the resolvent satisfies

(z— H)G(2) =1. (2.34)

If we apply P from the right, insert 1 = P + ) between the two factors on the LHS and
P or @) from the left, we get the following two equations:

P(z— H)PG(2)P — PVQG(z)P =P

—QVPG(z2)P+Q(z— H)QG(2)P =0.

Here, we have used the fact that P(z — Hy)Q = 0 = Q(z — Hy) P, since z — H, is diagonal.
Solving the second equation for QG(z)P, we see that

(2.35)

_ Q@
QG(2)P = o QHQVPG(Z)P. (2.36)
Inserting this into the first equation yields
Q
Plz—H-V———V|P P=P 2.
[z VZ—QHQvl G(z) i (2.37)

which means that the projection of the resolvent onto our subspace of interest S is given

by
P
PG(2)P = 3 . (2.38)
In other words, the effective Hamiltonian as far as time-evolution of states in & is con-
cerned is given not by PHyP or PHP, but rather by P(Hy + X(z))P, with ¥ being the

self-energy or level-shift operator [11] defined by

Q

(2.39)

10



2. Theory

This operator, or rather its projection P3(z)P, lets us take into account all of the effective
change in Hy caused by the perturbation V felt by states in the S subspace. And this
is accomplished without including any superfluous information about the “uninteresting”
Hy eigenstates not contained in S! Inserting ¥ into Eq. (2.38) lets us rewrite it as

P
2 — PHyP — PS(2)P

PG(z)P = (2.40)
With all this behind us, it is now time to take a look at how this can be applied to studying
atoms — both small and “giant” — and their interactions with their environments.

2.3 Small Atoms in 1D Environments

The specific environments we are interested in are structured ones, meaning lattices of
resonators — in our case with nearest neighbour-coupling. These kinds of environments
have many physical manifestations [23]. Examples include photonic crystal waveguides
[24] and optical lattices [25, 26] coupled to cold atoms, as well as microwave photonic
crystals [27] and superconducting metamaterials [28] coupled to superconducting qubits.
The reason they are interesting is the fact that they have non-trivial dispersion relations
with bands and band gaps, which gives rise to a whole host of phenomena [23]. A single
resonator can for our intents and purposes be modelled as a harmonic oscillator [29]. In
other words, its Hamiltonian can be taken to be

Hp = wga'a, (2.41)

where wp, is the characteristic angular frequency and a (a') is the annihilation (creation)
operator associated with subtracting (adding) photons in the fundamental mode. Note
that we are here suppressing a factor of h, and will continue to do so from now on by
working in units where A = 1.

To model a 1D lattice of resonators, then, we need one copy of this Hamiltonian for
every resonator as well as an interaction term encoding the fact that every resonator can
interact with its nearest neighbours. Assuming every resonator has the same frequency
wg, and the nearest-neighbour coupling is J, this means that a 1D resonator lattice with
N resonators can be modelled [5, 9] using the Hamiltonian

—wBZanan—J Z U an 4 alap), (2.42)
(m,n)

where (m,n) denotes all neighbouring resonators.

If we want to couple some number M of small atoms to our “bath” of resonators, we need
a way to model them, as well as the coupling between the atoms and the bath. Since we
are mainly interested in the single-excitation regime, we can neglect all energy levels for

our atoms except the ground state |g) and the first excited state |e). If we do so, our
system can be modelled [29] using the Rabi Hamiltonian

H = Zwa 0a+Zga( +0a) aLa+ana)+HB, (2.43)

where w, is the energy difference between the |g) and |e) states for atom a. Here we
have also used the notation of (o,) for the raising (lowering) operator for atom a and

11
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introduced the atom-bath coupling strength g. Note that since we are using small atoms,
every atom only couples to the bath through a single resonator — specifically, atom a
couples to resonator n,.

We can, in fact, make one further simplification — namely, the rotating wave approximation
(RWA), where we only consider interactions preserving the total number of excitations
in the system. The effect of this can be understood as neglecting terms oscillating at
w, + wp and keeping terms that oscillate at |w, —wp|. This is a valid approximation
when the detuning A, = w, —wp of atom a from the resonator frequency wg is small and
the coupling is weak, i.e. when w, ~ wp > ¢. At frequencies in the realm of optical light
and microwaves, this is a good approximation [23].

Performing the RWA results in the so-called Jaynes-Cummings Hamiltonian [29], which
is the model we will be using for the rest of this thesis:

H= Zwaaaa+Zga( ana+aa )+HB (2.44)

Since the diagonal bath term wg >, af a, does not contribute any interesting dynamics,
it is advantageous to move into a reference frame “rotating at wg” [5], effectively cancelling
all time evolution coming from this term. This yields a modified system Hamiltonian,
looking like

H = ZAOO’a—l-Zga( olan, + oq.a )—i—Hj’B, (2.45)

where
=—J > (ala, + dlan). (2.46)
(m,n)

Removing the prime from Hj and making the further definitions

M
Hy=)Y Aylo, (2.47)
a=1
and

Hiy = Zga( ohan, + 0aal,,), (2.48)

we see that our total system Hamiltonian is given by
H = Hj+ Hp + Hiy, (2.49)

or, if we want to write out all the terms explicitly,

H= ZAaaa—J<Z> T a, +ala,) +z:1ga( Yan, +oq.al ) (2.50)

Here, H 4 is only related to the atoms, Hp is only related to the bath, and all interactions
between atoms and bath are encoded in Hiy.
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2.3.1 Direct Numerical Time Evolution

Since we are using the RWA, we can safely truncate our state space to the single-excitation
subspace This subspace consists of all states with one atom excited, which we can label
{la )}a 1 plus all the states where one of the resonators is excited, which we can label

{|n)}Y=). While the bath Hamiltonian

=—J > (al,a, + dlan) (2.51)
(m.n)

is not diagonal in the position basis, it is diagonal in the momentum basis [5], consisting
of the momentum eigenstates

1 N-1

= Z —ikn ) (2.52)

with k£ € {—7?, T — QW”} To show this, we first note that this definition of the |k)

states implies that the momentum space creation operator must look like
al = —— e~ knql (2.53)

with the corresponding annihilation operator being the Hermitian conjugate of this ex-
pression. Performing an inverse discrete Fourier transform, we find that

al =

Vi > etfnal (2.54)
k

with the sum going over all k € {—7‘(‘, N %”} Inserting this into Eq. (2.51) yields

HB _ _ < Z Z i(km—k'n) akak’ +e (kmfk/n)a;rﬁlak)
n) koK

= {net zero contribution from k # k', m —n =1} =
:—JZ L A

= Zw akak,

k

(2.55)

with w(k) = —2J cosk. As we can see, Hp is indeed diagonal in this basis.

Note that the change of basis performed here implicitly imposes periodic boundary con-
ditions, since the discrete Fourier transform is based on splitting position-space data up
into a sum of periodic signals with different frequencies. In the physical systems we are
interested in modelling, this is strictly speaking not the correct choice of boundary condi-
tions, since energy cannot simply jump from one edge of the lattice to the other. However,
this is not a problem as long as we keep our simulations short enough that no emissions
from the atoms we are studying have the time to reach the atom again after travelling
the length of the lattice, wrapping around to the other side after hitting the edge.

Taking a step back, this means that Hy and Hp are diagonal in bases related by a
Fourier transform, so we can use split-operator methods as-is to efficiently simulate the

13
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time evolution generated by the Hamiltonian H4 + Hp. Unfortunately, that is not quite
our full Hamiltonian — our Hamiltonian also contains an interaction term Hj, which is
off-diagonal in both bases. As it turns out, however, this is not as big of a problem as
it might appear. It can be shown [5, 9] (see also the first section of appendix B for a
derivation) that all of the nonzero matrix elements in

Uy (At) = exp[—i(Hx + Hin) Al] (2.56)

are simply copies of the matrix elements of

U.(At) = exp|—iH,At], (2.57)
for a € {1,..., M}, where
_|Ad Ya
H, = [ga 0] ) (2.58)

as long as no two atoms couple to the same resonator. Thus, instead of computing an
(M + N) x (M + N) matrix exponential, it is sufficient to compute M different 2 x 2
matrix exponentials — or fewer, if some of the atoms have identical values for A and g.

Having computed U,(At) for every atom, one can reconstruct the full time-evolution
operator matrix Uy (At) based on knowledge of which atom couples to which coupling
point. As it turns out, however, this is unnecessary. Instead of recreating Uy (At) and
performing an O[(M + N)?] matrix-vector multiplication in each time step, we can apply
the map encoded by Uy (At) manually [5]. Since most resonators are unaffected by this
map as they are not coupled to any atom, this reduces the complexity of evolving our
system a single time step to being linear in M and N.

All in all, a single time step forward from time index ti to ti+1 can be performed using
the following algorithm (using Python syntax):

psilti+l,:] = psilti,:]

for a in range(M):
psilti+l,a] = U_eff[a] [0,0] * psilti,a] + U_eff[a][0,1] * psi[ti,M+cpLoclall
psilti+l,a] = U_eff[al[1,0] * psilti,a] + U_effl[al[1,1] * psil[ti,M+cpLoclall

psi_bath_k = FFT(psil[ti+1,M:])
psi_bath_k = U_K * psi_bath_k
psilti+1,M:] = IFFT(psi_bath_k)

Here, psi[ti,:] is a complex vector of length M + N containing the system wave
function at time ¢t = ti - At, with the first M elements corresponding to the atoms and
the following N elements corresponding to the resonators. As for the other variables,
U_eff[a] is the 2 x 2 matrix U,(At) defined in Eq. (2.57), cpLoc[al is the index for
the resonator coupled to atom a and U_K is a complex vector of length N encoding the
diagonal matrix Uk (At) = exp(—iHpAt).

2.3.2 Time Evolution via Resolvent Formalism

Rewriting Eq. (2.50) entirely in the basis where H4 and Hp are both diagonal, the
Hamiltonian describing a system of M small atoms coupled to a 1D resonator lattice of

14
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length N is

M M
H=Y Ajolo, + Zw(k)a,tak +3 Ja > (e’ik"“alak + eik"“aaa,t), (2.59)
a=1 k a=1 \/N k

where the three terms correspond to H,, Hg and Hjy,, respectively.

Since we are mainly interested in how the atoms interact with each other, let us choose
the subspace of interest S discussed in section 2.2.1 as the subspace of states where one
of the atoms is excited, i.e. {|a)}(]lw:1. Referring to the projection and rejection operators
for § as P and @) like before, we can see that all of the information about how excitations
move between the atoms is contained in the operator C'(t) = PU(t)P. All the matrix
elements Cyp(t) = (a|C(t)|b) = (a|U(t)|b) of this operator correspond to the probabilities
of measuring an excitation in atom a after time ¢ given that atom b is excited at ¢ = 0.
By Eq. (2.29), this operator can be written in terms of the resolvent, G(z) = (z — H) ™",

in the following way:
1

~ omi

o) L A= TPGR)P (2.60)

with v defined like before.

Restricting to the case where ¢t > 0 and closing the contour of integration as discussed in
section 2.2, we can rewrite this as

1

C(t) = — ¢ dze ®"PG(2) P = {equation (2.40)} =
271 ¥
. » . (2.61)
= om L ST PR, P Pu ()P
with v like in Fig. 2.4.
Band Gap imz4 Band Band Gap
»
2] - Branch(cut :.2,] Rez

Figure 2.4: The closed path v we integrate along to find C(t).
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2.3.2.1 A Single Small Atom

If M =1, C(t) has only a single matrix element, namely

1 efzzt
Cn(t) = QWZ%dZZ—Al—EH(Z) N

1 e—zzt 1 e—zzt
= — % dz —_ / dz =
2mi Jy+y 2 — A1 —311(2) 2wty z— A —X5(2)
= {{z,} are the poles of the integrand} (2.62)

=> Res [ e ] _ b / dz < =
) Z=Zp | 2 — Al — 211(2’) 211 o z — Al — 211(2)
) 1 efizt
— R —izpt / d
Zp: Pe 21 o7 ZZ—Al—ZH(Z)’

where R, is the residue of [z — A, — ¥1(2)] " at z = z,, the detour 7 looks like in Fig.
2.5 and

Y11(2) = (1|2(2)]1) = {equation (2.39), QHQ = Hp} =

1|Hmt\k‘ (k| Hing|1)

— (T Z (k) N
_ 9 4L7
o Nzk:z—w(k).

To make things easier for ourselves, let us consider the (momentum space) continuum
limit N — co. This is a good approximation as long as our bath is large in comparison to
our atoms, which is the regime we are mostly interested in, since a large bath size limits
the effects of our physically hard-to-realise periodic boundary conditions. In this limit,
we have for arbitrary functions f(k) that

(2.63)

1 1 27 1 g
SN = =S Tk —/dk k), 2.64
SOMICEF= S CEP ey TN (2.61)
since Ak = %” — dk, and the range of £ which is summed over goes to the interval
[—m, m]. This means that in the continuum limit,
91 / 1 g3 /7r 1
Y dk —— = =— dk ———. 2.65
n(2) = 2nJ-r  z—w(k) 27 J-x  z+4+2Jcosk (265)

It can be shown using complex analysis methods [5, 9] that this evaluates to
IR R — (2.66)
11 = :

for Rez 2 0.

If ¥11(2) were zero, the projected resolvent would only have one pole, namely at z = A;.
Since in reality 31;(z) ~ g7, the presence of the self-energy only perturbs the pole slightly
from its unperturbed location in the weak coupling regime where g; < J. This enables
us to make use of the approximation

Zp ~ Al + EII(AI) (267)
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for this pole. Neglecting all the other poles, as well as the contribution from the detour
integral along 7, we find that

Ci(t) m e~ Brromlar (2.68)

so that
Cia(t)* o 2T Al (2.69)

which corresponds to exponential decay with decay rate

293
JAT2 — A2

in accordance with Fermi’s golden rule (see e.g. Ref. [20] for a more thorough description
of Fermi’s golden rule). This is known as the Wigner-Weisskopf approach, which can
be shown to be a type of Born-Markov approzimation [9]. Roughly speaking, the Born-
Markov approximation entails the assumption that the future time evolution of the system
is only dependent on the current state and not on past states [1]. This approximation is
accurate when our structured environment behaves almost like a continuous waveguide,
i.e. far from the band edges. This can for example be seen in Refs. [9] and [5].

D(A)) = —2Im[Sy (A)] = {|A] < 27} = (2.70)

Note that outside the band, i.e. for |A;| > 2J, the self-energy is real, which means that
the Wigner-Weisskopf approximation predicts no decay. Intuitively, this is because of the
fact that the decay of the atom results in an energy A; being discharged into the bath.
While the main recipients of such an energy discharge would ordinarily be the bath modes
with energy Aj, there are no such modes for |A;| > 2.J.
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imz 4 Band : A/l <2/
27 E: 2J Bound states
*{(@ x () » .
. ez
1stRS | | | 2nd RS Unstable |
| pole I
1] 1] -~
Ay’ Ay Y
I 11
| _n
| 1
Left BC | \/ I Right BC
Imz4 Band Al > 27
2] : Perturbed
Bound state - 2_J ” : bound state
W~ o — >
1stRS | | | 2nd RS | Rez
I I
1]~ I
Al y? Al
| I
| I
| | :
Left BC | T I Right:BC

Figure 2.5: The modified path v+ % avoiding the branch points and including a portion
of the second Riemann sheet. Top: A; is within the band, resulting in an unstable pole
close to z = A; and exponential decay. Bottom: A; is outside of the band, resulting
in a real pole close to z = Ay, corresponding to an atom-photon bound state [5, 9] and
(practically) no decay. Figure inspired by Refs. [5] and [9)].

2.3.2.2 Two Small Atoms

To get a better sense of how this works out in general, let us consider the case where M = 2
in more detail. In this case, S contains two states |1) and |2) (corresponding to the first
and second atom being excited, respectively). This means that C(t) = X2, [a)b| Cas(t)
is effectively a 2 x 2 matrix

(2.71)

271

[Cll(t) C'12(15)] b ?{ Az e [Z — Ay = 21(2) —Y12(2)
021 (t) CQQ(t) ~ —221 (Z) zZ — AQ — 222(2’) ’
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where

Yu(z) = (a|X(2)|b) = {equation (2.39), QHQ = Hp} =

-l Uy (et 8) K lt) _
—w(k)
zk(na np)

_Ya9y
N Xk: z —w(k)

(2.72)

are the matrix elements of the self-energy operator. Again taking the continuum limit

N — o0,
s _ik(na_nb) s _ik(na_nb)
GaJb € Gab €
Ya = / dk = / dk ————. 2.73
o(2) 2 Jox z—w(k) 21 J—x 24+ 2Jcosk (2.73)

But this integral is over a symmetric interval! This means that only the even part of the
integrand contributes, so

JaGp [T coslk(ng — np)]
Soy(2) = Sy (2) = Jo9 / dk -
o(2) ba(2) 21 J-x z+2Jcosk

7'( iklna nb'
_ Ga9b / dk € '
2 J-x  z+2Jcosk
Similarly to the single atom case, it can be shown using complex analysis methods [5, 9]
that this evaluates to

(2.74)

o GaGb [ng—np)|
Eab(Z) = iwwi b (275)
for Rez 2 0, where
22
=——d= -1, 2.
wsl:) = =55 %\ 17 (2.76)

with the square root function defined to have a branch cut along the negative real axis.

Now, let us take a step back and look at Eq. (2.71) again. On the right-hand side, there
is a matrix inverse that needs to be calculated. By the standard 2 x 2 matrix inverse
formula,

_la b o 1 d —b
YR ST | -
we find (suppressing the z dependence of the resolvent and the self-energy) that
-1
-1 _ |*#— Ay —¥p —Ying _
(PGP)™ = l —Xint z— Ay — 222] B
_ 1 2 — Ay — Yoo Yiint
(Z—Al—zll)(z—Ag—Ezg)—Z 2int Z_Al_zll ’
(2.78)

where Yy = Y19 = Y9;. Thus, the probability of atom 1 keeping an initial excitation
after time ¢ is given by the modulus squared of

—izt

e
C d 2.79
u(t) 27”74 AR (2.79)
where 2 8
) =% int 2.
w2 = Eu(D) + S M, (280)
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and the same holds for atom 2 if we exchange 1 <+ 2 in these expressions. Similarly, the
probability of an excitation moving from one of the atoms to the other one after time ¢ is
given by the modulus squared of

Coonlt) = ——— f = (2.81)
2mi Sy Sie(2)

with

[z — Ay — X11(2)][z — Ag — Xaa(2)]
Yint(2) '

Like for the single atom case, these integrals can be evaluated using the residue theorem

with the same modified contour v+ 4 as before, visible in Fig. 2.5. Getting exact results

is most easily achieved by both finding the exact locations of the poles and evaluating the

detour integrals numerically — see e.g. the methodology in Refs. [5] and [9].

Sine(2) = Sine(2) — (2.82)

Restricting ourselves to the case where the two atoms are identical, one can show [9] that
the two eigenstates of the projected resolvent PG(z)P are
_H=[2)

+) = ~7 (2.83)

and the time evolution of these states is given by

efzzt

Colt) = (£|C(H)|%) = ;mjidz T (2.84)

where 34 (2) = (£|X(z)|£). As is easy to show by evaluating PGP |+), these eigenstate
self-energies are given by

g .
Si(z) = B11(2) + Dine(2) = gﬁ@ + wd), (2.85)
where ¢ = sgn[Re z| and Az = |n; — no|. Interestingly, for certain values of A = Ay =
A, these eigenstates can exhibit perfect subradiance (no decay) and perfect superradiance
(decay with twice the single-atom decay rate I') [9, 30]. In general, sub- and superradiance
refer to any decay that is slower or quicker (respectively) than the decay predicted by
Fermi’s golden rule. Since we are mostly interested in perfect subradiance, however, we
will for convenience use the term subradiant to mean specifically perfectly subradiant,
unless otherwise noted.

The fact that the 4 eigenstates can exhibit perfect sub-/superradiance can be seen clearly
in the Wigner-Weisskopf approximation, where the eigenstate decay rate is simply

I'i(A) =T(A)(1 £ cos[k(A)Azys]), (2.86)

2J
—2Jcosk = A. This can be derived by noting that for z = A within the band, w, =
e“FA) Using this expression, we expect to get subradiance for the |+) state whenever

with k(A) = arccos(— A) being the wavenumber for the bath mode with energy w(k) =

cos|k(A)Azs) = F1, (2.87)

and superradiance whenever
cos[k(A)Axs] = £1. (2.88)
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In the middle of the band, i.e. at A =0 = k(A) = 7, this translates into the following:

{|+) subradiant, |—) superradiant for Az; =2 mod 4 (2.80)

|—) subradiant, |+) superradiant for Az =0 mod 4

It should be noted that this behaviour is very much analogous to that of small atoms
coupled to a continuous waveguide, where sub- and superradiance just like in our setup is
achieved when the phase shift between emissions from two atoms is equal to 7 mod 27
and 0 mod 2, respectively [31]. A more detailed analysis beyond the Wigner-Weisskopf
approximation [5, 9] shows that these results really do hold almost exactly at A = 0.
The only major asterisk to this is the effect of time delay, which occurs because of non-
negligible travel times for excitations between coupling points.

The subradiance and superradiance effects can be thought of as being caused by perfect
destructive or constructive interference between the emissions from the two atoms. In
the Wigner-Weisskopf approximation, these interference effects are effectively assumed to
establish themselves instantaneously. In reality, however [5, 9], the emissions from the
two atoms travel through the bath at the group velocity

_dw

-2 = 2Jsink(A) = VAI? — A? = {A =0} = 2/, (2.90)
k=k(

Ug
A)

which results in a time delay before the interference is established. At A = 0, where the
Wigner-Weisskopf approximation is maximally accurate and the behaviour of the bath is

most like a continuous waveguide, this leads [9] to an initial partial decay

ICL ()] ~ e T = g—ait/T (2.91)
for t < 7, where
A
7= 202 (2.92)
Vg

is the time it takes for the emissions to propagate between the two atoms.

Something that should be mentioned here is that in the subradiant case, while all emis-
sions away from the two atoms do cancel, the interference effects also result in localised
photonic excitations between the two atoms [9]. Specifically, these excitations take the
form of a standing wave with practically zero population in the resonators where the
interference is destructive and a population on the order of g?/J? in the resonators with
constructive interference. As we shall see in the results chapter, this phenomenon also
exists in 2D. It should be noted that apart from the steady state standing wave, there
will also be small transient oscillations coming from excitations moving between coupling
points, getting reabsorbed by an atom and then re-emitted. These extra oscillations grad-
ually dissipate, partly as external emissions to the environment and partly by contributing
their population to the standing wave.

Having put in all this legwork for small atoms, let us now see what happens when we
allow the atoms to couple to our resonator lattice at multiple points.

2.4 Giant Atoms in 1D Environments

At first glance, the jump from small to giant atoms doesn’t seem to be that great, since
the only change to the Hamiltonian lies in the fact that we now allow for multiple coupling
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points per atom. As we shall see, however, there are several important differences between
the behaviour of small and giant atoms. Since this change only affects H;, H4 and Hpg
are unchanged from the small atom case, and our total Hamiltonian for the giant atom
case looks like

M N

M
H=Y Aolow+ Y wkafa + 3 3 25 (e mnla + cogal),  (2.98)
a=1 k a=1 p=1 N k

Hy= %waalaa Hp = Z {wB + w(E)]aT]zaE (2.94)

a=1 i
just like before corresponding to H4, Hg and Hj,, in that order. Here, atom a couples

(@)
to N(@ different resonators, located at positions {nap};vzcl . The coupling strength for the
interaction between atom a and the resonator at position ngy, is gep.

This more complicated coupling structure of H;,; means that the algorithm used to quickly
calculate the position space time evolution operator Uy (At) by evaluating

U.(At) = exp[—iH,At] with H, = [?“ g(ﬂ (2.95)

no longer works. As we show in appendix B, it is possible to generalise this method so
that it works for giant atoms too, but since this is an original result of this thesis, it will
be discussed under Results below instead of here.

2.4.1 A Single Giant Atom

As for time evolution via resolvent formalism, Eq. (2.61) still holds for giant atoms. In
other words, if P is the projector onto a subspace of interest S, then the time evolution
for every state in § is given by

1 )
C(t) = 5 % dze ' PG(2)P =
o p (2.96)
=— ¢ dze
27 Jy z— PHyP — PX(z)P

with v like in Fig. 2.4.

To get a sense of the behaviour of giant atoms, let us consider the simplest case of a single
giant atom with two coupling points, i.e. M = 1 and N = 2. Like for small atoms,
C'(t) only has a single matrix element in this case:

C (t)—lfd L
1 _27TZ 0% ZZ—Al—EH(Z)_ B

=Y Rye "' — = % dz e«
P b 2me 07 Z—A1—211(2)7

where R, is the residue of the projected resolvent [z — A; — X11(2)] ™" at the pole z = z,
and the detour # still looks like in Fig. 2.5. As for the self-energy, however, we get a

(2.97)
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slightly different expression:
Y11(2) = (1[2(2)[1) = {equation (2.39), QHQ = Hp} =

HHMk%WMU_
M Z (k) -

1 1 4 ) . .
I —ikni1 + —ikni2 ikni + tkni2) _

N ; S — (k) w(k) (9116 g12€ ) <g11€ g12€ ) (2.98)
_ 1 Z 9h + 93 + 201112 c08(kAZ1)  Nooo

N = z+2Jcosk

Nvoo, / Ak g3+ 93 + 2911912 cos(kAxy)
z+2Jcosk

with Azy = |npp — n11| Comparing this expression with the ones we had for small atoms,
we see that this integral must evaluate to

1 Ax
Cﬁ [gfl + Q%Q + 2911912104 t

with ¢ = sgn[Re z| like before. Like for small atoms, the Wigner-Weisskopf approxima-
tion gives us that the decay rate of a giant atom in the weak coupling regime is given
approximately by
FGA(AI) = —2Im[211(A1)] = {Al < 2J} =
2

2 2
= (gll + 912 + 2911912 COS[k(AﬁA%ﬂ),
AT — A2

where k(A;) = arccos(—%), just like for small atoms. This expression is very reminiscent

Yi(z) = (2.99)

(2.100)

of the expression we had for the symmetric eigenstate |[4+) with two small atoms. In fact,
we see that we get a kind of superradiance with “effective coupling strength” g11 + g12
(decay rate proportional to this expression squared) for cos[k(A;)Ax;] = 1. The lowest
possible decay rate, or best possible subradiance, is achieved at cos[k(A;)Ax] = —1,
where the effective coupling strength is |g11 — ¢g12|. This expression is only zero if g;; =
g12, so this is the only situation where perfect subradiance can be achieved. Setting
g1 = g11 = g12, wWe see that

FQQAQ— %Q?:AJ1+aMMAQAmD— o

= 2T"(A1)(1 4 cos[k(A1)Axy)),

where T'(A;) is the decay rate of a single small atom with detuning A;. This is almost
exactly the same expression that we had for the |+) eigenstate with two identical small
atoms in Eq. (2.86)! The only difference is an overall factor of 2. Since the small atom
decay rate T'(A;) is proportional to g?, we can interpret this additional factor of 2 for the
giant atom as an effective coupling strength which is greater by a factor of v/2 compared
to that of the |+) state of two small atoms.

In the middle of the band (A; = 0), we find that a single giant atom with even coupling,
i.e. g11 = g12, exhibits

{subradiance for Az; =2 mod 4 (2.102)

superradiance for Az; =0 mod 4.
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Just like for two small atoms in a subradiant state, the interference causing the subradiance
of a giant atom also builds up a standing wave of localised excitations between its coupling
points.

Of course, this is all under the assumption that the Wigner-Weisskopf approximation is
accurate. More careful studies [5, 9] suggest that these results indeed do hold, insofar
as it is only possible to have subradiance when it is predicted by the Wigner-Weisskopf
approach. However, while the approximation is very good at A; = 0, the neglected
effects of the residues at the (real) bound state poles and the detour integrals along %
get more and more pronounced the closer one gets to the band edge. This results in the
approximation breaking down close to the band edges at |A;| — 2J. Thus, even where the
Wigner-Weisskopf approximation predicts perfect subradiance, the observed subradiance
is imperfect — though at A = 0, it is near-perfect [5, 9].

2.4.2 Multiple Giant Atoms and DFI

Let us now see how subradiant giant atoms can be leveraged to achieve DFI — decoherence-
free interaction. For simplicity, let us consider the case M = 2, like we did for small atoms.

In the general case, we find, just like for two small atoms, that the matrix representation

of C(t) is

Cin(t) Cia(t) 1 % it |2 — A1 = E1(2) —312(2)
=—0¢d v , 2.103
[021(15) Coa(t) i Jy =€ —Y01(2) z— Ay — Yp(2) ( )
where
Ya(2) = (a]X(2)|b) = {equation (2.39), QHQ = Hp} =
M Z (a|Hing| k) (k|Hiyg|b) _
z—w(k)
1 1 Ne”) : N
= — - 7iknap ikan ﬂ
Nzk:z+2jcosk pzzjlgape qz:;gbqe
N 1 s 1 N N (2.104)
—oo, L dk . —iknap thnpg | —
27T/—7r z+2Jcosk pz_:lgpe qz_:lgbqe
—1 m(ab)
_ 1/ﬂ QY St T
2 J- Y z+2Jcosk

(ab)
Tpq

Ax
\/TJQ Z gapgbqwg

with A:c;‘flb) = |nap — npy| are the matrix elements of the self-energy operator. Just like for
small atoms, only the even part of the integrand contributes, because the integral is over
an interval which is symmetric around zero. In other words, we still have Y19 = o1 = Y.
Now, let us restrict ourselves further, specifically to the case NV = N = 2. We already
know how >1; and Y55 look from our examination of a single giant atom with two coupling
points. On the other hand, the interaction self energy is given by

1 x
Yint(2) = Cﬁ[gngmwc + 91192002 + Giagawl ™ + grageswTE, (2.105)
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where we have suppressed the (12) superscript on Amﬁf).

If we want decoherence-free interaction between the two giant atoms, a good starting point
is to pick their coupling points and coupling strengths so that the atoms by themselves
are subradiant [5]. As we showed earlier, this requires that each giant atom a couples to
each of its coupled resonators with the same strength g,. If this holds for both atoms,
the expression for the interaction self-energy reduces to

o 9192 Ax Az Az Ax
Zine(2) = Cﬁ[wg o we? we ™+ wg 22}, (2.106)
Furthermore, subradiance of atom a requires that the distance between the coupling points

of atom « is
T+ 21N,

k(Aq)

for some non-negative integer n,. It should be noted that this is not a priori well-defined
at the band edges, where k(A) = 0. One can get around this by noting that & = 2 is
equivalent to k = 0. Either way, however, it is not a problem, since the Wigner-Weisskopf
approximation breaks down at the band edges, which means that we would not want to
use this expression in those situations in the first place. Under the assumption that both
atoms have the same detuning A = A; = A, from the middle of the band, it can be
shown [2, 4, 5] that the collective decay rate

Azl = (2.107)

Peon(A) = —2Tm[Sin(A)] (2.108)

is zero as long as the two atoms are subradiant by themselves. This takes care of the
decoherence-free part of DFI. As for the interaction part, it can be shown [5] that of the
three possible topologies shown in Fig. 2.6 below, only the braided configuration allows
for interaction when the two atoms involved are subradiant.

Figure 2.6: The three possible topologies for two giant atoms with two coupling points
each. From left to right: separated, braided and nested.

Even for braided giant atoms, however, interaction is not always possible. For interaction
to be possible at all, it is necessary that

™m
k(A)
for any integer n (labelling the coupling points of both atoms from left to right). Maximal
interaction strength is achieved at
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or more precisely at the integer values that are as close as possible to this expression for
integer n.

These restrictions on when DFT is achievable can be understood from our earlier discus-
sion of interference effects. In order for a system consisting of two giant atoms to be
decoherence-free, the emissions from both atoms must interfere destructively at any point
to the left and right of the system. If the two atoms are each subradiant in their own right,
this holds. In order for interaction between the atoms to be possible, the emissions from
one atom must interfere constructively at one of the coupling points of the other atom. In
other words, a given subradiant giant atom can couple to another atom precisely at the
points between its coupling points where there are localised photonic excitations.

Taken together, equations (2.107) and (2.110) suggest that if we want the first “interaction
point” of atom 1 with maximal interaction strength to lie at distance Azq; from the first
coupling point of the atom, then the distance between the coupling points of atom 1 must

be
T+ 27y

Az = 2Axq; = 2Ax1, (1 + 2ny) (2.111)

for some integer n;. Note that by (2.110), the wavenumber of the emissions must be

T
k= 2.112
2A$11 Y ( )
which means that the detuning of the atom must be
1 ™
AL = 197 cos<2Axn>. (2.113)

Of course, this is all based on the Wigner-Weisskopf approximation with detunings A
inside of the band.

As it turns out, it is also possible to achieve DFI between atoms with detunings A outside
of the band (i.e. for |A| > 2J) —in fact, this is possible for both small [9, 32, 33] and giant
atoms [5, 34, 35]. This can be understood as resulting from the overlap of the photonic
bound states exhibited by the atoms (any atom will be subradiant when detuned from
the band, since there is no bath mode with energy w(k) = A). The main disadvantage of
using such bound states for DFI is that they are mostly localised very close to the atoms —
their population (and thus interaction strength) decays exponentially with distance from
the coupling point(s) of the atom. This means that while it may be a viable method for
DFTI between nearby atoms, it is unviable to use it for DFI between more distant atoms.
On the other hand, DFT with |A| > 2J does not exhibit any initial decay from time delay,
which is a significant issue for the interference based DFI with |A] < 2.J.

Now, let us see how this generalises to 2D lattices.

2.5 Giant Atoms in 2D Environments
The Hamiltonian for M giant atoms coupled to a square 2D resonator lattice is almost

the same as the Hamiltonian for the 1D case in Eq. (2.93). In fact, H,4 is completely
identical, since we haven’t changed anything about the atoms themselves. One thing that

26
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is slightly different, though, is the process for diagonalising the bath Hamiltonian Hg. To
see this, let us write the Hp entirely in the position basis to start with:

Hp=-J > (alaz + atay), (2.114)

)

where 77 = (ny,ng) are the coordinates of one of the resonators in the lattice, and aj M
is the annihilation (creation) operator for this resonator. This can still be dlagonahsed
using a Fourier transform, but since our lattice is now 2D, the Fourier transform must be
2D as well [9]. We thus define the Fourier-space creation operator aTE for mode k via

1 o
al. = N%je’” (2.115)

where k = (k1, k) and the sum goes over all k with kio € {—7?, e T — %’r}, similarly

to the 1D case. Inserting this expression into Eq. (2.114) and simplifying yields [9] the
diagonalised bath Hamiltonian

Hgp = Zw(lz)a;%a,g (2.116)
k
with )
w(k) = —2J(cos ky + cos kz). (2.117)

Note that this means that the band now extends from —4.J to 4J instead of from —2J to
2J like in 1D. We also find that the interaction Hamiltonian looks like

M N

Hipe =) Z o Z( “Fian gl 4 Mg q ) (2.118)

a=1 p=1

in this basis. Here, atom a couples to the resonator at 74, with coupling strength gy,
with the total number of coupling points being N(® like in the 1D case.

For a single giant atom, it is still the case that all the information about the time evolution
of the subspace & = {|1)} is given by

1 e—zzt
Cult) = 27rz]{dzz—A1 — Y(z) (2.119)
Now, however, we have
0 1 Hin| k) (| Hie|1
En(Z)ZMJrZH t ><J ! >:
SRy
1 N N
- —ik-it1p ikiing | N—oo
N2 % 2+ 2J(cos ky + cos ko) ;;1 91p€ ; grg€’t M | —=

) o o
N—)OO dkl de (Z;’Vcl g1p6_lk'"1p> (Zévcl glqe,lk.nlq)
/ z+2J(cos ky + cos k)

Y

/ dkfl Q % Zp:cl g%p + 2 Zp<q glpglq COs (E : Aqu)
B —r 27 z + 2J(cos ky + cos ko)
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with Az, = 1y, — 7i1p.

Unfortunately, this double integral is far from trivial to compute. In fact, it can be shown
[9, 36] that for arbitrary coupling points, it reduces to a linear combination of the complete
elliptic integrals of the first and second kind, respectively defined by

3 d 3
K(m) :/ —90, and E(m) :/ dy /1 — msin? o, (2.121)
0 \/1—msin?p 0

in our case evaluated at m = 16J%/z2. For example, for a small atom (which we can get
by setting N = 1 in our expression for ¥1; above), the self-energy [9] is

2 2
S (z) = 2 <16J> (2.122)

T2 22

It should be noted that there are alternative conventions for exactly how the functions
K(m) and E(m) are defined — the definitions given above are the ones used in Ref.
[9]. Famously, the values of these integrals in general cannot be expressed in terms of
elementary functions.

As it turns out, the expressions for the self-energy matrix elements in the 2D case have
an additional branch point compared to the 1D case, positioned right in the middle of the
band, at z = 0. This can be seen in Fig. 2.7, where we have also marked the modified
integration path - 4+ 4 that can be used if one wants to calculate C(t) using the residue
theorem. Note that we now have three different Riemann sheets because of the extra
branch point.

This extra branch point also means that the Wigner-Weisskopf approximation is no longer
accurate in the middle of the band — in fact, it breaks down completely at the branch
point A; = 0, since ¥;7(0) diverges. Furthermore, while expressions for the interaction
self-energy between two arbitrarily positioned coupling points p and ¢ in terms of K(m)
and F(m) can be found analytically, doing so for larger displacements Ax,, is quite
involved. This is because of the fact that the expressions given in Refs. [9, 36] are
recursive, with only a few simple cases (such as A7, € {[0,0],[0,1],[1,1]}) being known
to begin with. For these reasons, we will leave a detailed analysis of multiple giant atoms
via resolvent formalism to future studies, and focus on numerical simulations.
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Figure 2.7: The modified path v+ 4 avoiding the branch points and including a portion
of the second and third Riemann sheets that can be used to calculate C(t) for 2D lattices.
Figure inspired by Ref. [9].

We can, however, still say some things about how we expect the 2D lattice to behave,
based on analogies with the 1D case. For an atom with detuning |A| < 4.7, we still expect
any emissions released into the bath to propagate at the group velocity

5 O ad sink‘1
¥, = Vw(k) . kJ |w(E):A. (2.123)

—

w(k)=a

o]

Since k now has two degrees of freedom but we still only have one constraint, we have a
free parameter. Let us set k; = k. Then, our constraint w(k:) = A gives us that ko must
satisfy

A A
cosky = — <2J + cos k) = ko = £ arccos [— <2J + cos k)] (2.124)

Inserting this into Eq. (2.123) and simplifying yields

sin k
2.125
:I:\/l— <2AJ+cosk:>2] ( )

for arbitrary k € (—m,m]. Since subradiance (and DFI) in 1D requires that emissions
perfectly cancel on the outside of all coupling points (for all k), we expect that it should
be non-trivial to engineer subradiance for arbitrary A. Something interesting happens at
A = 0, however. At this value of A, the bath group velocity reduces to

i, =2J

S . 1
U, = 2Jsink LH] . (2.126)
In other words, if our intuition from 1D is still applicable in 2D, this should imply that
emissions are only able to propagate along the two main diagonals away from a coupling
point. Thus, at A = 0 we expect our 2D lattice to effectively work like two orthogonal 1D
lattices crossing over each other at the coupling point. As shown in Ref. [9], this seems
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to hold — at least to the extent that intuition from 1D lattices can be exploited to craft
subradiant states for systems consisting of multiple small atoms. Just like we saw in the
1D case, these states can be mapped to subradiant giant atoms by exchanging each small
atom for a coupling point of the giant atom [10].

Let us now see how this works in practice, and what happens when multiple giant atoms
are coupled to a 2D resonator lattice.
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Results

The main results of this thesis when it comes to (perfect) subradiance are that we find
a number of more general configurations of small atoms in 2D that have subradiant
symmetric or antisymmetric eigenstates, apart from the ones described in Ref. [9]. The
configurations with subradiant symmetric eigenstates |[4+) correspond to subradiant giant
atoms if the small atoms are mapped to coupling points, just like in 1D.

As for decoherence-free interaction, it is exhibited by a pair of subradiant giant atoms
when each atom has at least one coupling point placed on an “interaction point” of the
other. These interaction points correspond to peaks of the standing wave bound state (or
bound state in the continuum, BIC) generated between the coupling points of an atom.
This mirrors the situation in 1D, since it is again only the braided topology which allows
for DFI.

Before heading into a more detailed description of these results, let us briefly describe the
numerical methods we are using for simulations.

3.1 Efficient Simulation of Giant Atoms

As we show in appendix B, the method described in section 2.3.1 for simulating the time-
evolution of small atoms can be generalised to work for giant atoms. In this generalised
method, given below for the two-dimensional case, a single time step forward from time
index ti to ti+1 can be performed using the following algorithm (again using Python
syntax):

# Evolve using U_eff in real space
psilti+l,:] = psilti,:]
for a in range(M):

psilnt = 0O

for cploc in cpLocs[a]:

psilnt += psil[ti,M+cpLoc]

psilti+l,a] = U_eff[a] [0,0] * psilti,a] + U_eff[al[0,1]/np.sqrt(nCpts[al) *
— psilnt
for cploc in cpLocs[a]:

psil[ti+l,M+cploc] += U_eff[a][0,1]/np.sqrt(nCptslal) * psilti,a] +

— (U_effl[al[1,1] - 1.)/nCpts[al * psilnt
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# Go into k-space
psi_bath_k = FFT(np.reshape(psil[ti+1,M:],(N,N)))

# Apply time evolution operator for H_B
psi_bath_k = U_K * psi_bath_k

# Go back into rTeal space
psilti+1,M:] = IFFT(psi_bath_k).flatten()

Note that since we will mostly be studying configurations where each giant atom couples
equally strongly at all coupling points, this is the case described here. For more details on
the even more general case where every coupling point has a distinct coupling strength,
see appendix B. It should also be noted the algorithm works largely the same regardless
of the dimensionality of the bath, except for the fact that the Fourier transforms need
to be adapted somewhat. Since the bath is 2D in the case given above, the forward and
inverse Fourier transforms denoted by (I)FFT are 2D as well.

Analogously to the 1D small atoms case, psi[ti,:] is a complex vector of length M + N?
containing the system wave function at time ¢ = ti - At, with the first M elements
corresponding to the atoms and the following N? elements corresponding to the resonators.
The complex number psilnt is the sum of the elements of psilti,:] at the N =
nCpts[a] different coupling points of atom a. Furthermore, U_eff [a] is the 2 x 2 matrix
U.(At) = exp(—iH,At) with

o (3.)

Ha = [Ga 0

where G, is the effective coupling strength, in this case given by Nc(a)ga. As for the
other variables, cpLocs[a] are the indices for the resonators coupled to atom a and U_K
is a complex matrix of size N x N encoding the non-zero elements of the diagonal matrix
Uk (At) = exp(—iHpAt).

Because of rounding errors and numerical errors in the computation of Ue(;) (At), the time
evolution generated by this algorithm will not in general be perfectly unitary. This is a
problem for simulations with many time steps, since a lack of unitarity leads to a gradual
change in the normalisation of psi[ti,:] away from its original value of 1, which can
lead to misleading results for e.g. the total remaining population in the atoms. Thus,
for accurate results it is necessary to force unitarity at the expense of a slight increase in
computational time by adding the following line to the algorithm above:

psilti+l,:] /= np.sqrt(np.sum(psilti+l,:].real**2 + psil[ti+l,:].imag**2))

3.2 Subradiant Small Atoms in 2D environments

As shown in Ref. [9], four small atoms with equal coupling strength ¢ placed at [2n, 0],
[0,2n], [-2n,0] and [0, —2n], i.e. in a diamond with “radius” 2n, will have a subradiant
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antisymmetric eigenstate |—) = 1(|1) —|2) +[3) — |[4)) if all the atoms have detuning
A = 0. In this specific configuration, the divergence at z = 0 for the self-energy >_(z)
cancels out [9], which means that the projected resolvent PG(z)P has a regular pole at
z = 0 instead of a branch point. In fact, it can be shown [9] that this pole is the only net
contributor to C_(t) at ¢t — oo, which means that

—1izt 1
lim C_(t) = ¢ = li ‘ = 2
dm ¢ (t) = C- Him, Res lz—A—Z_(z)] 1+ S(g,n)’ (3:2)
where
S(g,n) =—0,%_(2) (3.3)
z=0
As it turns out [9], the derivative of the self-energy at z = 0 is given by
2 2
9 2 _ 9 o

S(g,n) = 4—J2(2n) =n (3.4)

Per Ref. [9], this agrees well with numerical simulations — see also Fig. 3.1.

It should be noted that the total population in the steady-state subradiant solution is not

2
simply given by J‘C(_OO)’ , but should also include the 16 peaks of the BIC visible on the
bottom right of Fig. 3.1, i.e.

2 2
CP[ =[] +16 - 5.854 - 107" ~ 0.9897. (3.5)

In other words, only ~ 1.03 % of the initial population has been truly lost to the bath as
external emissions, while ~ 0.94 % has gone into the BIC.
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3. Results

Time Evolution of 4 SAs with A//=0.0, g//=0.05
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Figure 3.1: Time evolution of the antisymmetric state |—) = (|1) — |2) + |3) — [4))
for four identical small atoms in a diamond configuration with radius 2n = 4. The
coupling points of the four atoms are marked with their respective indices (1-4) in red
in the plots of the bath. The simulation was performed with a bath size of 256 x 256
and a time step of At = 1072J7!, using atom detuning A = 0 and coupling strength
g = 0.05J. Top left: Population in |—), converging towards the theoretically predicted

steady-state value ‘C(_OO)‘z ~ 0.9803. Top right: Bath population after 1J-!. As we can
see, the four small atoms are all emitting energy into the bath at the coupling points, but
interference effects are yet to establish themselves. Bottom left: Bath population after
5J L. Interference effects are just starting to establish themselves, while earlier emissions
can be seen escaping from the diamond. Bottom right: Bath population after 112J-!. A
standing wave interference pattern with population peaks of 5.854-10~* is visible between
the atoms, while all emissions outside the diamond cancel out.

Based on our intuition from 1D and the reasoning in section 2.5, we expect subradiance for
the symmetric eigenstate |[+) = 1(|1) + |2) + |3) + [4)) if the diamond “radius” is changed
to an odd integer 2n + 1. Let us verify this numerically in the case 2n + 1 = 3.
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3. Results

Time Evolution of 4 SAs with A//=0.0, g//=0.05
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Figure 3.2: Time evolution of the symmetric state [+) = $(|1) + [2) + [3) + [4)) for four
identical small atoms in a diamond configuration with radius 2n 4+ 1 = 3. The simulation
was again performed with a bath size of 256 x 256 and a time step of At = 1072J~!, using
atom detuning A = 0 and coupling strength ¢ = 0.05J. Top left: Population in |+),

converging towards ’C’J(FOO)F ~ 0.9888. Top right: Bath population after 1J~!. Like in the
even-radius case, the atoms are all emitting energy into the bath at the coupling points,
and interference effects are yet to establish themselves. Bottom left: Bath population after
5J 1. Interference effects are slightly further along towards fully establishing themselves
than in the previous case, since the radius is now 3 instead of 4. However, earlier emissions
can still be seen escaping from the diamond. Bottom right: Bath population after 112.J 1.
A BIC with population peaks of roughly 6.0 - 10~ is visible between the atoms, while all
external emissions cancel out.

As we see in Fig. 3.2, using the same values for g and A as we did in the antisymmetric
case with even radius yields nigh-identical behaviour, with the steady-state population in

|+) being
(00) |2 1 i
I = [ ———— 3.6
e <1+S(g,n)>’ (3.6)
now with ) ) N2
_ 9 2_ 9 -
S(g.n) = Laen+ 1" = & <n+ 2) . (3.7)
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Showing this is entirely analogous to the antisymmetric case with radius 2n discussed in

Ref. [9].

Because our configuration now has an odd radius, there is a small but noticeable oscillation
over time still remaining in the BIC at ¢+ = 112J~!. These oscillations correspond to
a wavefront of emissions going back and front between the atoms, periodically being
reabsorbed and then reemitted, gradually dissipating as it is slowly released — partly as
external emissions, partly into the BIC. At ¢t = 112J! specifically, the total population
in the not-quite-standing wave is 5-6.008 - 1074 +4-6.041 - 10~% ~ 5.420 - 10~3. Since the
|+) population at that time is ~ 0.9890, the total retained population at t = 112771 is

|Chot|” = |C4]* +5.420 - 1072 ~ 0.9944. (3.8)

Thus, only ~ 0.56 % of the initial population has been lost to the bath as external emis-
sions, while ~ 0.54 % has gone into the BIC. In other words, we yet again find an ap-
proximately 50-50 split between external emissions and BIC population, with a slight bias
towards external emissions.

It makes intuitive sense that this should hold in general, since each atom should give off
approximately half of its emissions in the direction of another atom’s coupling point, and
half along the diagonals pointing outward. The reason that the split is slightly biased
towards external emissions is likely that the analysis of the group velocity is based on
the approximation that k is continuous. This does not hold in reality, which means that
a small fraction of emissions actually propagate away from the main diagonals. For this
fraction of emissions, there are clearly roughly 3 times as many directions leading away
from the atoms as there are directions towards the interior. It should be noted that some
of the population remaining at ¢ = 112J~! will eventually end up being emitted into
the environment. Thus, 0.56 % is a slight underestimate of the total population lost to
external emissions as ¢ — oo.

These diamond configurations are not the only ones that yield subradiant symmetric
states. Based on the discussion in section 2.5, we know that two small atoms with coupling
points displaced by Az, = (2n + 1)[1, 1] for some integer n has a symmetric eigenstate
that is “subradiant” along the [1, 1] diagonal. However, it is not fully subradiant, because
it is still able to decay via emissions along the other diagonal in the [1, —1] direction. To
achieve full subradiance, we need to add another two coupling points, spaced just like
the first two but displaced by AZ_ = (2m + 1)[1, —1] for some integer m (which is not
necessarily equal to n). For this more general class of symmetric subradiant configurations,

the same expressions for CJ(FOO) hold as before, but with

S(g,m, m) = gz (n+ ;) (m+ ;) (3.9)

The results of a simulation of one of these more general configurations with n = 1 and
m = 0 can be seen in Fig. 3.3. It should be noted that the small oscillations visible in the
|+) state population come from the emission and reabsorption of the wavefront causing
the oscillations in the BIC discussed above.
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Figure 3.3: Time evolution of the symmetric state [+) = $(|1) + [2) + [3) + [4)) for four
identical small atoms in a stretched diamond configuration with spacings 2n + 1 = 3 and
2m+1 = 1. The simulation was again performed with a bath size of 256 x 256 and a time
step of At = 1072J~!, using atom detuning A = 0 and coupling strength ¢ = 0.05J. Top
left: Population in |+), converging towards ’CJ(FOO)‘Z ~ 0.9963. Top right: Bath population
after 1J-!. The atoms are emitting energy at the coupling points, and no interference
effects are established yet. Bottom left: Bath population after 5J~!. Interference effects
are almost completely established, since the spacings are now only 3 and 1. FEarlier
emissions — mostly along the [1,1] diagonal (having the larger spacing) — can be seen
escaping. Bottom right: Bath population after 112J7!. A standing wave interference
pattern with two low peaks at ~ 6.157-10~% and one high peak at ~ 6.190- 1074 is visible.

The fact that the expression in Eq. (3.9) holds for arbitrary m, n and g can be seen in
Fig. 3.4, where we examine the remaining population after 112J~! for several different
combinations of m, n and g.
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3. Results

Population at t =112h// vs theoretical steady-state
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Figure 3.4: Theoretical steady-state population ’C'J(roo)lz in the |+) state (solid lines)
compared to the actual population after 112J~! (squares), plotted in blue for g/.J = 0.01,
orange/red for g/J = 0.05 and green for g/J = 0.1. Above each set of data points is the
combination of integers [n, m| they correspond to. As we can see, the agreement is very
good. For larger effective radius r and coupling strength g, there is a larger discrepancy.
This is because the atoms in those cases are further from reaching equilibrium, due to
the increased propagation time between the coupling points and larger overall decay,
respectively.

3.3 Subradiant Giant Atoms in 2D environments

Just like for 1D lattices, any 4-atom configuration with a subradiant symmetric state |+)
should be translatable into a subradiant giant atom coupled to the same points. This is
precisely what one finds if one performs numerical simulations [10], see also Fig. 3.5.

It should be noted that in the giant atom case, the steady state population is still given

by 2
- (1 S m)) ’ (310

but the S function now uses the effective coupling strength G = \/N.g instead of the
plain coupling strength g:

ch

’ 2

N.g* v Y
N 2n+1)2m+1)={N.=4} = ﬁ(Qn +1)(2m +1). (3.11)

S(g,n,m) =
In fact, it can be shown that the self-energy (and thus the time-evolution) of a giant atom

with coupling strength g = go/v/ V. is exactly the same as that of the |+) state of a set
of small atoms with coupling strength gy coupled to the same points.
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Figure 3.5: Time evolution of a giant atom with coupling points in a stretched diamond
configuration, spaced at 2n+1 = 3 and 2m+ 1 = 1. The simulation was again performed
with a bath size of 256 x 256 and a time step of At = 1072J~!, but this time using atom
detuning A = 0 and coupling strength g = 0.025J. As we can see, the result is identical
to the result in Fig. 3.3, since the effective coupling strength G = v/N.g is the same. Top
left: Atomic excited population, converging towards ‘Cl(oo)r ~ 0.9963. Top right: Bath
population after 1J-!. The atoms are emitting energy at the coupling points (marked
with x’s), and no interference effects are established yet. Bottom left: Bath population
after 5.J71. Interference effects are almost completely established, and earlier emissions —
mostly along the [1, 1] diagonal — can be seen escaping. Bottom right: Bath population
after 112J71. A standing wave interference pattern with two low peaks at ~ 6.157 - 10~*
and one high peak at ~ 6.190 - 10~ is visible.

Now, consider a giant atom with equal coupling of strength g to eight coupling points,
where the coupling points can be split into two subsets of four such that both subsets
would give rise to subradiance on their own. Let us use our previously established notation
with ng 2 and my » determining the spacings for the two subsets along the [1,1] and [1, —1]
diagonals, respectively. As we found in the theory section, the self-energy for such a giant
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3. Results

atom can be written as a sum

c d2k g? COS(E' Af)
- _ // : A2
ro(?) AZ:E —n (2m)% 24 2J(cos ky + cos ks) 12

where the sum goes over the differences in position between any two coupling points. No-
tably, this includes N, = 8 cases with displacement [0, 0], corresponding to the difference
in position between any coupling point and itself. In our case, using our split into subsets
we can write this as

Etot(z) = 21(2) —+ 22(2) + Zint(z); (313)

where ¥;(2) contains all the terms coming from pairs of points both in subset i and ¥,(2
contains all the terms corresponding to choosing one point from each subset. Since 3;(z
is the same as that of a giant atom coupling with strength g to just the points in subse
1, we already know that

)
)
¢

2

= S(g,ns,mi) = L (2n; + 1) (2m; +1). (3.14)

EZ(O) = 0, — aZEZ(Z) 0 J2

It can be shown that Y;,:(0) = 0 also holds, and that the pole of the projected resolvent
at z = 0 is still the only contributor to the population at t — oo. As for the contribution
of the interaction self-energy to the final population, it can be shown that

24>

= &§—0n,100,-1] (3.15)

- aZ'Ein
t(z) o J2

where £ € {—1,1} and 0y 1q] is the width of the overlap between the BICs generated
by the two subsets along the [1,4+1] diagonals. The value of £ depends on the relative
displacements of the two subsets from one another, and on the values of n;, and m; .
This sign determines whether the unperturbed population reduction encoded in Sy =
S(g,n1,my) + S(g,n2, ms) is increased or decreased by the interaction term.

To understand why the expression for this perturbation to Sy coming from ¥i.(2) looks
the way it does, let us examine the weak-coupling limit. In this limit, Sy is small, so that
the unperturbed final atomic population is

P =1+ 8) P~ 1 - 28, (3.16)

’2
But we know from simulations that the population in the BIC is always approximately
half of the atomic population loss. In other words, Sy must be roughly equal to the total
population in the BIC! Looking at the expression for S; in (3.14), this makes a lot of
sense, since the BIC resulting from subset i populates precisely a (2n; + 1) x (2m; + 1)
grid of resonators, which by this logic should have a population of approximately g?/.J>
each. Looking back at our earlier results, we see that this indeed holds. For example,
for the 3 x 1 grid of standing wave peaks in Fig. 3.5, the peaks at ¢t = 112J! lie at
6.16-6.19 - 10~*, which is only slightly less than ¢?/J? = 6.25 - 10~%.

Thus, £ = 41 corresponds to constructive interference between the standing waves gen-
erated by the two subsets in the area of overlap, & = —1 corresponds to destructive
interference. When the overlap is zero, there is no interference, which means that the
interaction term does not affect Sy.
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3. Results

To see this more clearly, let us examine some examples. If both subsets are centred on
the same point in the bath, the size of the BIC overlap is given by

(5[171] = 2min(n1, n2) + ]., 5[17_1} = 2min(m1, mg) + 1, (317)

and
5 _ (_1)n1+n2+m1+m2' (318)

This can be seen in Fig. 3.6, where ny +mj;+ns+mo =1+2+240 = 5 is odd, causing
destructive interference in the overlap. On the other hand, in Fig. 3.7, ny+mj+ns+mq =
14242+ 1 =6 is even, causing constructive interference.

Time Evolution of a GA with A//=0 and g// = 0.05/V8
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Figure 3.6: Time evolution of a giant atom with 8 coupling points spaced so that
ny =1, my = 2, np = 2 and my = 0. The simulation was again performed with a
bath size of 256 x 256 and a time step of At = 1072J~!, using atom detuning A = 0
and coupling strength g = 0.05/v/8J. Top left: Atomic excited population, converging

towards ’Cloo) ’2 ~ 0.9913. Top right: Bath population after 1J-!. The atoms are emitting
energy at the coupling points (marked with x’s), and no interference effects are established
yet. Bottom left: Bath population after 5! Interference effects are mostly established,
and earlier emissions can be seen escaping. Bottom right: Bath population after 112J .
A standing wave interference pattern with peaks of 2.994 -10~* and 3.027 - 10~* is visible.
As expected, this is just slightly less than ¢g/J% = 3.125 - 10~%. In the centre, we can see
a gap in the BIC caused by destructive interference.
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Figure 3.7: Time evolution of a giant atom with 8 coupling points spaced so that
ny =1, my = 2, no = 2 and my = 1. Apart from this, all parameters are exactly the

2
same as in Fig. 3.6. Top left: Atomic excited population, converging towards ’01(00)’ R

0.9707. Top right: Bath population after 1J-. The atoms are emitting energy at the
coupling points (marked with x’s), and no interference effects are established yet. Bottom
left: Bath population after 5!, Interference effects are mostly established, and earlier
emissions can be seen escaping. Bottom right: Bath population after 112J~!. Because of
constructive interference, the standing wave interference pattern has peaks of ~ 1.2-1073
in the overlap, while the peaks outside of the overlap lie at ~ 2.8 -107*. These values are
slightly further from the steady-state values than before, because it takes a longer time
to fully populate the bound state when the total steady-state population is higher.

For completeness, let us also examine a case where there is no overlap between the BICs
generated by the two subsets. One way to achieve this would be to move the two subsets
so that they are far away from each other. This is not necessary, however. As can be seen
in Fig. 3.8 below, it is sufficient to e.g. displace one of the subsets in Fig. 3.6 by [0, 1].
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Figure 3.8: Time evolution of a giant atom with 8 coupling points spaced so that n, = 1,
myq = 2, ng = 2 and my = 0, displaced by [0, 1] from being centred on the same point.
All other parameters are the same as in Fig. 3.6. Top left: Atomic excited population,
converging towards ‘Cfoo)f ~ 0.9876. Top right: Bath population after 1J-!. The
atoms are emitting energy at the coupling points (marked with x’s), and no interference
effects are established yet. Bottom left: Bath population after 5771, Interference effects
are mostly established, and earlier emissions can be seen escaping. Bottom right: Bath
population after 112J~!. There is no interference between the standing wave bound states
generated by the two subsets, so every peak has roughly the same population (~ 3-107%).
It should be noted that because one of the subsets has more closely spaced atoms, it is
slightly closer to reaching the steady state population of ~ ¢g*/J? which can be seen as a
slightly brighter yellow colour.

3.4 DFI in 2D structured environments

Just like in 1D, two subradiant giant atoms coupled to a 2D structured environment
exhibit DFT if at least one coupling point of each atom lies on top of an interaction point
of the other. These interaction points are precisely the points where the BICs have a peak,
and as we will see, the interaction strength is proportional to the steady-state population
of the peaks involved.
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3. Results

To start with, let us examine the simplest possible case, where the two atoms with A =0
and equal coupling strength ¢ have four coupling points each, spaced so that m =n =0
for both atoms. As we see in Fig. 3.9, the behaviour in this configuration is very similar
to the behaviour found in Ref. [5] for two giant atoms exhibiting DFI in 1D.

Time Evolution of 2 GAs with A//=0.0, g//=0.25
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Figure 3.9: Time evolution of two identical giant atoms with 4 coupling points spaced
so that n = m = 0. The simulation was performed with a bath size of 400 x 400
and a time step of At = 1072J7!, using atom detuning A = 0 and coupling strength
g = 0.25J. Top left: Atomic excited population, going back and forth between the two
atoms with period 27,y &~ 53.25. There is a decay in the amplitude of the oscillations
~ e 21t with z; ~ 1.635 - 107%. Top right: Initial decay ~ e~29"t caused by time delay,
lasting until interference establishes itself at 7 = 1/J. Bottom left: Bath population
after 1/J. Interference effects are established, and some earlier emissions can be seen
escaping. Bottom right: Bath population after 26.62.J7!, when maximum population
transfer is achieved. At this time, the population in the second atom is ~ 0.8841, and the
population in its sole standing wave peak is ~ 5.13 - 1072

The population in the atoms is very well described as the sum of a small oscillating
transient population which is gradually lost to the bath and the DFI model outlined in
Ref. [5]. In this model, there is an initial period before interference effects establish
themselves at 7 = 1/.J where the excited atom decays according to |C,(t)]* = e=20°t/7*
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3. Results

After 7 = 1/J, the atom populations are modelled as

C1(t)|* = cos(zrt)’e >, (3.19)
|Cg(t)|2 = sin(th)Qe_zzft, .

where zp; are related to the poles of the resolvent projected onto the two eigenstates
|4+) = 2(]1) £ ]2)) of the 2-atom system. Specifically, in terms of the dominant unstable
poles zy of G1(z) = (£|G(2)|£), zrs are defined [5] as

- |Re[z+] ; Re[z]| (3.20)
and
— ;Im[z] . (3.21)

If we examine the values of these parameters for different values of g by running simu-
lations and fitting a model of this type roughly, we find the results in Fig. 3.10 below.
As we can see, if we perform a power law fit zp; ~ k(g/J)" to get a sense of how zp s
are depend on g/J, we find that 2z &~ 0.835(¢g/J)"9? increases slightly slower than g*/.J?
and z; ~ 0.436(g/.J)>™ increases significantly faster. If we use 2 ~ 1.92(g/J) "> as a
measure of the quality of the DFI, it is clear — see also Fig. 3.11 — that the best DFI is
achieved in the weak coupling limit. Of course, depending on the application, one might
value interaction speed more highly than the metric ZZ—’; does, in which case there will be
some optimal g/J > 0.

The dependence of zz on g/J The dependence of z on g/J
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Figure 3.10: The dependence of zg (top) and z; (bottom) on the coupling strength g,
expressed as a fraction of J. As we can see, zp increases slower than (g/J)?, while z;
increases almost as (g/J)S.
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The dependence of zr/z on g/f
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Figure 3.11: The dependence of the ratio zg/z; on the coupling strength g, expressed
as a fraction of J. As one could surmise from Fig. 3.10, this ratio is roughly proportional

to (/)"

Similar behaviour to this simplest case is gotten for any pair of subradiant giant atoms
at A = 0, as long as they each have at least one coupling point on one of the interaction
points of the other atom. If this is not fulfilled, however, there is no DFI — see e.g. figures
3.12 and 3.13. These two examples (and other similar configurations not exhibiting DFT)
can be thought of as the 2D analogues of the separate and nested topologies from section

24.2.
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Figure 3.12: Time evolution of two identical giant atoms with 4 coupling points spaced
so that n = m = 0, displaced so that no DFT is possible. The simulation was performed
with a bath size of 256 x 256 and a time step of At = 1072/.J, using atom detuning A = 0
and coupling strength g = 0.25J. Top left: Atomic excited population, behaving largely
as though the atoms were invisible to one another. Top right: Initial decay ~ e=29°t/7*
caused by time delay, lasting until interference establishes itself at 7 = 1/.J. Bottom left:
Bath population after 1/.J. Interference effects are established, and some earlier emissions
can be seen escaping. Bottom right: Bath population after 112/J, when he system has
largely reached its steady state solution.
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Figure 3.13: Time evolution of two giant atoms with 4 coupling points each. This time,
atom one has ny = m; = 1 while atom 2 still has no, = my = 0, displaced so that one
atom is entirely enclosed between the coupling points of the other. Other than this, all
parameters are exactly the same as in Fig. 3.12. Top left: Atomic excited population,
behaving largely as though the atoms were invisible to one another. Top right: Initial
decay caused by time delay, lasting until interference establishes itself at 7 ~ 3/.J. Because
of dispersive effects, the line between before and after the establishment of interference
is less clear than with m; = n; = 0. Note that the initial decay rate is also no longer
approximately proportional to 2g*/J? because of this. Bottom left: Bath population
after 3/.J. Interference effects are mostly established, and earlier emissions can be seen
escaping. Bottom right: Bath population after 112/.J, when the system has largely reached
its steady state solution.

To conclude the results chapter, let us briefly look at some more complicated configura-
tions exhibiting DFI. For example, we could consider a single giant atom with n = m =1,
where each of its coupling points is surrounded by the four coupling points of a giant atom
with n =m = 0. As can be seen in Fig. 3.14, an initial excitation in the larger atom will
spread out among the four smaller ones, then gather back in the large atom, and so on.
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3. Results

Time Evolution of 5 GAs with A//=0.0, g//=0.1
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Figure 3.14: Time evolution of five giant atoms with 4 coupling points each. Atom 1
has n = m = 1 while atoms 2-5 have n = m = 0. The simulation was performed with
a bath size of 400 x 400 and a time step of At = 1072/, using atom detuning A = 0
and coupling strength g = 0.1.J. Top left: The atomic excited population, moving back
and forth between atom 1 and the four other atoms. It should be noted that the curves
for atoms 2-5 are directly on top of one another. Top right: Initial decay caused by time
delay, lasting until interference establishes itself at 7 &~ 3/J. Bottom left: Bath population
after 3/J. Interference effects are mostly established, and earlier emissions can be seen
escaping. Bottom right: Bath population after 81.63/.J, when all of the initial population
has left atom 1 and the remaining atomic population is evenly spread out among atoms
2-5.

If we make atoms 2-5 bigger, so that they too have n = m = 1, we get a very similar
result, as can be seen in Fig. 3.15 below. In this case, all the giant atoms are identical, but
displaced by [5, 0] or [0, 5] with respect to one another. Notably, this configuration can be
extended into a grid of arbitrary size, where every atom couples to its four neighbours —
just like the resonators in the bath. In fact, the same can be accomplished using a more
compact configuration with displacements [2,1] and [1,—2|, as shown in Fig. 3.16. In
both of these figures, the initial excitation was placed in a central atom surrounded by
four others. In Fig. 3.17, we see what happens if we instead place the initial excitation in
one corner of a “square”, which can interact along the edges of the square but not along

49

I 2.50e-03

2.00e-03

1.50e-03

1.00e-03

5.00e-04

0.00e+00



ICa(0)?

Resonator index (y)

1.0 A

0.8 1

0.6 1

0.4 1

0.2 1

0.0 -

3. Results

the diagonal.

It should be noted that just like in 1D structured environments, but unlike in 1D contin-
uous waveguides [2], all-to-all coupling between three or more giant atoms is impossible
if all the atoms have detuning A = 0. This can be shown to follow from the strict restric-
tions on the spacing between coupling points necessary for DFI between a pair of such
giant atoms.

Time Evolution of 5 GAs with A//=0.0, g//=0.1
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Figure 3.15: Time evolution of five identical giant atoms with 4 coupling points each,
spaced so that n = m = 1. The atoms are displaced by [0, 5] or [5, 0] with respect to each
other, and the excitation starts in atom 1. All other parameters are the same as in Fig.
3.14. Top left: The atomic excited population, moving back and forth between atom 1 and
the four other atoms. Again, the curves for atoms 2-5 are directly on top of one another.
Top right: Initial decay caused by time delay, lasting until interference establishes itself
at 7 ~ 3/J. Bottom left: Bath population after 3/J. Interference effects are mostly
established, and earlier emissions can be seen escaping. Bottom right: Bath population
after 84.72/J, when all of the initial population has left atom 1 and the remaining atomic
population is evenly spread out among atoms 2-5.
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Figure 3.16: Time evolution of a 5-atom system identical to the one in Fig. 3.15,
except that the displacement between the atoms are changed to [2,1] and [1, —2] to make
the configuration more compact. Again, the curves for atoms 2-5 are directly on top of
one another. Top left: The atomic excited population, moving back and forth between
atom 1 and the four other atoms. Top right: Initial decay caused by time delay, lasting
until interference establishes itself at 7 ~ 3/J. Bottom left: Bath population after 3/.J.
Interference effects are mostly established, and earlier emissions can be seen escaping.
Bottom right: Bath population after 82.66/.J, when all of the initial population has left
atom 1 and the remaining atomic population is evenly spread out among atoms 2-5.
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Time Evolution of 4 GAs with A//=0.0, g//=0.1
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Figure 3.17: Time evolution of a 4-atom system identical to the one in Fig. 3.16, except
that the two leftmost atoms have been replaced with an additional atom on the right,
displaced by [2,1] and [1,—2] from the two rightmost atoms in Fig. 3.16. Top left: The
atomic excited population, moving from atom 1 through the two atoms to its immediate
right to the atom on the far right, and then back again. Top right: Initial decay caused
by time delay, lasting until interference establishes itself at 7 ~ 3/.J. Bottom left: Bath
population after 3/.J. Interference effects are mostly established, and earlier emissions can
be seen escaping. Bottom right: Bath population after 82.66/J, when all of the initial
population has left atom 1 and the remaining atomic population is evenly spread out
among atoms 2-5.

One could of course go on to examine ever wilder configurations based on the effects we
found in section 3.3, but we will leave this for future research and move on to a discussion
of the results we have described in this chapter.
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4

Discussion, Conclusions and Outlook

As we have seen, the possibilities when it comes to DFI in 2D are limited mostly by one’s
imagination. It should be noted that all of the giant atom configurations described in
the Results chapter above use A = 0, and are thus restricted to have coupling points
at odd spacings along 45° diagonals. Preliminary examinations suggest that other values
of A inside the band also allow for at least imperfect DFI, with other spacings between
coupling points being necessary for subradiance. This is similar to what has been found
previously in 1D [5].

Apart from detunings within the band, it should also be mentioned that although we did
not examine it here, preliminary studies also suggest that it is possible to achieve DFI
for |A| > 4J in 2D environments by leveraging the overlap of bound states outside the
band. Just like in 1D environments (cf. Ref. [5]), this is possible for both small and giant
atoms. There are two major disadvantages of using this method for DFI. The first is that
the bound state population decays exponentially with distance from the coupling points,
which limits this kind of DFI to operating over very short distances. The other major
disadvantage is that the interaction is quite slow in comparison to the DFI found in the
middle of the band. On the other hand, there is also one major advantage to this kind of
DFI, namely that the interaction can be easily turned on and off by shifting the detuning
towards or away from the band gap. This is much harder to accomplish with DFI in the
middle of the band, since any small perturbation away from zero detuning will tend to
cause significant energy emissions.

Something else that should be discussed is the validity of the approximations we have
made use of. As briefly outlined in section 2.3, the RWA is a good approximation when
the detuning is relatively small and the coupling is weak compared to w, and wg, which
holds without issues when dealing with optical light and microwaves. It is also the regime
we are most interested in anyway, since these conditions are those which yield the best
DFI within the band. Furthermore, this is precisely the regime in which the Wigner-
Weisskopf approximation is applicable. Even if our numerical models do not rely on this
approximation, it is still nice to have, since a lot of our intuitive understanding is built
on it.

One approximation that is slightly dubious, or at least restricts the applicability of the
findings in this thesis is the truncation of our atoms to just two energy levels. While
there are a fair few atom-like systems that can be approximated this way, it is likely a
poor approximation for e.g. weakly anharmonic superconducting qubits. By definition,
a weakly anharmonic system only has a small difference between the excitation energy
wo1 = E1 — Ey from the ground state to the first excited state |0) — |1) and the excitation
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4. Discussion, Conclusions and Outlook

energy wiz = Ey — Fy from the first to second excited state |1) — |2). This means that
if some perturbation has a high probability of causing an excitation |0) — |1), then it
also has a high probability of exciting |1) — |2), which is a problem for our model, since
we are ignoring the existence of the |2) state altogether. For this reason, it would be
very much of interest to study giant atoms with three, four or even more relevant energy
levels, which has not been done before to any significant extent [23]. Taking more energy
levels into account would also enable more accurate modelling of the multiple excitation
regime, which we have ignored by truncating to the single-excitation subspace. In short,
there are many opportunities for future research.

In fact, even if one keeps all of our approximations, there is still a multitude of av-
enues warranting further research. For example, one could dive even deeper into how
the strength and quality of DFI between two giant atoms look for giant atoms with eight
coupling points like we examined in section 3.3. Alternatively, one could take a closer look
at subradiance and DFT at other values of A — both inside and outside of the band. This
could also be combined with the methods of reverse design discussed in Ref. [10] based
on guessing the Fourier space couplings necessary for subradiance, DFI or other effects
rather than the real-space couplings. One could also perform a more detailed study of the
origins of different contributions to the time evolution using numerical computations in
resolvent formalism, akin to that performed for single giant atoms in 2D in Ref. [9] and
for multiple giant atoms in 1D in Ref. [5].

Apart from this, one could look into the effects of having complex coupling strengths in
2D environments. These have previously been shown to be able to induce chiral emissions
in 1D environments [4]. Another thing to consider is environments with different lattice
structures, e.g. triangular and hexagonal lattices. Furthermore, efforts should be made
towards combining the algorithm for efficient simulation of giant atoms developed in this
thesis (see section 3.1 and appendix B) with the methods used in Refs. [9, 10] for speeding
up the computation of the Fourier transforms at each time step. In the algorithm used in
this thesis, the Fourier transforms are the main remaining bottleneck when it comes to
the time cost of the algorithm.

Summing up, there is still much to be done in the field of giant atoms, even specifically
in the context of 2D structured environments. However, the results of this thesis should
be able to serve as a good basis for this future research. Of course, this includes further
theoretical studies, but also experimental ones — experiments are, after all, the only true
arbiters of whether or not a model is useful. Since the models used in this thesis have
been useful in previous experiments performed in 1D environments [33, 37], we have every
reason to think that the same will hold for the results of this thesis — with the possible
exception of systems with very low anharmonicity, as outlined above. Furthermore, the
algorithms developed in this thesis for efficient simulation of giant atoms should hopefully
prove useful for further numerical studies of giant atoms — in environments of arbitrary
dimensionality.
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A

The Residue of an Operator

The formal definition of residues is somewhat unwieldy, but let us give it anyway for
completeness: For a meromorphic complex-valued function A(z), the residue at an isolated
singularity A is defined [22] as the unique number R € C such that the function

— (A.1)

is the derivative of some single-valued analytic function in an annulus 0 < |z — A| < §.

For most practical purposes, it is sufficient to know how to calculate the residue of a
function f with a pole of order n at A, i.e. a function which can be expressed as

f) =)+ 3 (_A) (A.2)

for some ¢(z) analytic in a neighbourhood of z = X and ¢, € C for all k. For such a
function f, its residue at the pole A, denoted Res,— [f(z)] is simply the value ¢;. It is
possible to show [21] that for any function f with a pole of order n at A,

) 1 dnfl .
Res (/(2)] = o = liy (e = AL (A3
If the pole is simple, i.e. if n = 1, this reduces to
Res [(2)] = lim(z — ) (2) (A4)

While one could try to generalise either the formal definition in Eq. (A.1) or the order-n
pole residue formula in Eq. A.3 to handle operator-valued functions, this will not actually
be necessary for our purposes. It will suffice to have a definition that can handle simple
operator-valued poles. In other words, we only need a definition of

Res [A(2)] (A.5)

that works in the case when the operator-valued function fl(z) can be written as

A(z) = ZO‘_(Z;[ (A.6)

Here, a(z) is some complex-valued function that is analytic and nonzero everywhere (or
at least “in a neighbourhood of z = H”, which we have not yet defined the meaning of).
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A. The Residue of an Operator

The only hard demand we have for our new definition is that it should still allow us to
use the residue theorem, i.e. we demand

Res [4(2)] = 271m 7( dz A(z) (A7)

z

for any positively oriented simple closed curve ~ that encloses “z = A7 (which we have yet
to define properly). Note that we have here implicitly assumed that the winding number
of v around “z = H” is one, since the full residue theorem [22] states that

3 10 2e) Res [A()] = - § d=402). (AS)

Here, {\;} are the poles of A(z) enclosed within v, and the winding number (v, \x) is the
number of times the path v winds around the pole A\ counterclockwise (every clockwise
winding subtracting one from the total). Because the exact meaning of “z = H” is
unclear, let us simply provisionally define the operator residue enclosed within a curve ~
for a function fl(z) with a simple operator valued pole as

R$s Vl(z)} = i dz A(z). (A.9)

271 o'

Inserting a resolution of the identity in the eigenbasis {|\¢)} of A (which we for simplicity
assume to be discrete), we see that

. 1 z)
Res [A(2)] = e 7ol - %juk Y| =
1 a(z)
= 5= ] ﬁd - |)\k><)\k| = {residue theorem} = (A.10)
- ¥ melnC ) L v = 3 at) .
Ag€lnt(y) <~k Ak €nt(v)

where Int(v) is the region of C enclosed by ~. In other words, if v “encloses z = H with
winding number 1” in the sense that it encloses all eigenvalues of H with winding number
1, we get that

Res [Az)] = D2 @) Al = a() Ek: M)Al = a(H). (A.11)

k

This means that one reasonable definition of the total residue of a function A(z) which is
of the form in Eq. (A.6) is

Res [A(2)] = lim (2 — H)A(2) = a(H), (A.12)

2=H 2—H
where the operator limit is also defined using resolution of the identity in the H eigenbasis:

lim f(z Z hm F2) | Aed el - (A.13)

2—H

Note that this definition of the total residue yields the same results as one would get by
just pretending H is a complex number and blindly applying the usual formula for the
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A. The Residue of an Operator

residue of a function with a simple pole. With this definition, the residue theorem holds
as-is, i.e.

A 1 ~
Res {A(z)} = — ?{ dz A(z) (A.14)
2=H 21 J
for any positively oriented simple closed curve ~ that “encloses z = H with winding

number 1” in the sense that it encloses all eigenvalues of H with winding number 1.

As discussed in section 2.2, if the eigenbasis of H is continuous, the resolvent é(z) =
(z — H )~! has a branch cut along the eigenvalue spectrum instead of discrete poles.
The original definition of the residue theorem does not handle branch cuts in the region
enclosed by the integration contour, because “the residue of a branch cut” is not defined
a priori. Thus, we will not attempt to define the residue of an operator with a continuous
eigenvalue spectrum, though it could conceivably be done — at least for functions with
simple operator-valued poles.

I1I



B

Efficient Computation of the Time
Evolution Operator

As outlined in sections 2.1.1 and 2.3.1, the method we use to compute the time evolution
of a set of atoms (small or giant) coupled to a structured bath is based on repeated
application of the operator

U(At) = F U (A FUy (At), (B.1)

where F denotes the FFT. While U (At) = exp[—iHpAt] is easy to compute, since Hp
is diagonal in the momentum basis, computing Uy (At) = exp[—i(Ha + Hint)At] is less
straightforward, since Hj, is off-diagonal. In this appendix, we will show that Uy can
nonetheless be efficiently computed — both for small and giant atoms, provided that no
bath resonator couples to multiple atoms. Notably, the methods described below work
the same regardless of the dimensionality of the bath.

B.1 Small atoms

In a d-dimensional simple cubic lattice with side length N (an N by N square lattice in
the 2D case), there are N 4 yesonators. Thus, looking at the definitions of H4 and Hiy
in equations (2.47) and (2.48), we see that the position basis matrix representation of
H = H4 + H;,; for small atoms can be written as a block matrix

H— LPT g] . (B.2)

Note that this H is denoted by V in the Theory section, where we reserve H for the
total Hamiltonian H4 + Hg + Hj,. Since we will not need the total Hamiltonian in this
appendix, we can use H for H4 + H;,, with little risk of confusion. In this block matrix,
D is a diagonal M x M matrix with matrix elements

[D]ij = Adyy, (B.3)

where 6;; is the Kronecker delta, I' is an M x N 4 matrix with elements

g; if atom ¢ couples to resonator n,
., = _ (B.4)
0 otherwise,
and 0 is the N? x N9 zero matrix. Since by definition
Uy (At) = exp[—iHAt] =) (ZI{:')H’“, (B.5)
k=0 :
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B. Efficient Computation of the Time Evolution Operator

let us examine how H* looks for different values of k.

The cases k = 0 and k = 1 are trivial: k = 0 simply yields the (M + N9) x (M + N%)
identity matrix and k = 1 yields H itself. Looking at the first non-trivial case, k = 2, we
see that

D*+TITT DU
2 _
Tl 5o
Since D is diagonal, so is D?. Specifically, its matrix elements are
[D?] = Al (B.7)
ij
Looking closely at the definition of I', we can see that I'I'" is also diagonal, since
er
[FFT} = Z I;nIjn = {Small atoms, no resonator couples to multiple atoms} = (B.8)
A .
= 9;0ij.

In other words, the upper-left block, which we can call H (2171), is still an M x M diagonal
matrix, with matrix elements

[H(21,1)Lj = (A7 + g7)dy;. (B.9)

Turning our attention to the upper-right block, which we can call H(ZM), the fact that D
is diagonal also implies that

A;g; if atom ¢ couples to resonator n,
J P (B.10)

(DL, = ALy, = :

0 otherwise.
Thus, the upper-right block also has unchanged structure — the only effect of squaring H
is that the non-zero matrix elements change from g; to A;g;. Since H is symmetric, the
lower-left block H, ,, is simply the transpose of H7 ).

As for the lower-right block, which we can call H (22’2), its matrix elements are

M
[FTF} — Z LimIin = {Small atoms} =
i=1

(B.11)

B {gfncsmn if an atom couples to resonator m = n,

0 otherwise,

where i,, is the index for the atom coupling to resonator n. In other words, the lower-right
block remains diagonal (like it is for both k = 0 and k£ = 1), but it is not identically zero
like it is for £ = 1. Notably, because of the fact that no resonator couples to multiple
atoms, none of the blocks contain any elements with constants from a mix of different
atoms.

If we examine the case k = 3, i.e.

D3+ 2DITT ([ﬂ-+rrT)F

2 2 2
_ | PHGy + THRy Hi gl (B.12)
Iﬁgﬂ+rﬂj I’ DT ’

H? =
FTH(le) FTH(21,2)
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B. Efficient Computation of the Time Evolution Operator

we see a pattern start to emerge. Continuing to use the notation we just established
for the different blocks, H(?’1,1) is clearly still diagonal, since it is a linear combination
of products of the diagonal matrices D and I'TT. Similarly, H, (3172) must have the same
structure as I', since it is the product of a diagonal matrix and I', and H, (3271) is still the
transpose of H (3172). As for the lower-right block, since DI' has the same structure as I’
but with g; — A;g;, it must be that T DI" has the same structure as I''T", but with
2 A, 2
9; - i9; -

This leads us to conjecture the following structure for H* with k > 1:

[ A AT
T, TTA, T

with {A},- , being the sequence of diagonal matrices defined by the recursive formula

Ags1 = DA +TTT A, (B.14)

H* (B.13)

and the seed values

A1 =0y, Ay=1y, (B.15)
where 0y, and 1,; are the M x M zero and identity matrices, respectively. To prove that
Eq. (B.13) indeed holds for all k£ > 1, we can use induction. First, we note that it holds
for k£ = 1, because

D T
H'=H = lFT @] : (B.16)

which is precisely the expression in (B.13) with k = 1, since A; = DAg + TTA_; = D.

Now we only need to perform the inductive step, i.e. prove that Eq. (B.13) holds in case

k + 1 given that it holds in case k. Let us therefore assume that the equation does hold
in case k. If so, we have

D T A AT

k+1 _ k _ g : . _ k k—1 _

H*™ = HH" = {inductive assumption} = [FT ®] [FTAk_l ITA, T| =

_ [DA+TITA s (DAjy + TTT A )T
TTAy, TTAj_,T

_ At A
I'TA, TTA,T|°

which is indeed the expression given by Eq. (B.13) with & — k& + 1. Thus, Eq. (B.13)
must hold for all £ > 1.

1 = {equation (B.14)} = (B.17)

Inserting this expression into Eq. (B.5) gives us that

_ DO DIF . ]lM + D[) le
Dv(ah) =1+ lFTDl FTDQF] = [ "D, 1ya+T7Dr (B8
where 1 is the (M + N9) x (M + N¢) identity matrix and Dy 5 are the diagonal matrices
Do=Y u/&k,
= K
_ <= (miAn*
Dl = ’;- TAk_l, <B19)
=, (—iAt)F
DQ = kz_:l (k')AkQ
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B. Efficient Computation of the Time Evolution Operator

From these definitions, we see that element i along the diagonal of D; can be computed
as
; > (—iAt)k
dl() =[Di; =D Ll )‘I(czb (B.20)
k=1 :

where )\g) = [Ag),; is element ¢ along the diagonal of A;. By Eq. (B.14), these satisfy the
recursive formula

A= AN+ gAY (B.21)
with the seed values 4 .
AD =0, AV=1 (B.22)

In terms of these constants, we can express the matrix elements of the four blocks making
up Uy (At) as follows:

[Lar + Dol = 03 (14 dy))

[Dlr]m = {FTDl]n. =

{gidgi) if atom ¢ couples to resonator n
1

0 otherwise

{]1 na +I7T sz} _ 5mn(1 + g?ndg")) if atom 1,, couples to resonator m = n
mn Ommn otherwise.
(B.23)
Now, consider the 2 x 2 Hamiltonian
A g
H; = [gi O] . (B.24)

By virtually the exact same logic we used above, we can show that
(1) ()
mE=| N 0 (325
Gide—1 G Aklo
for all £ > 1, which means that the time evolution operator associated with H; is

d(()i)' gidf)] _ [1 +d(()i) gz‘dgi) ]
gidy?  g2dS) gid? 1+ g2dy)

2

Comparing this with the expressions in Eq. (B.23), we see that every single element
in Uy (At) that is not trivially equal to 0 or 1 can be found in U; for some value of i.

Specifically, looking back at at the matrix elements of the four blocks of Uy (At), defined
as before, we see that

[Lar + Dol; = 05Ul

DT, — [FTDJ — {[Ui]lg if atom 4 couples to resonator n

0 otherwise (B.27)

ni

Omn|Ui,]22  if atom i, couples to resonator m = n

n Omn otherwise

[Lya+ FTDQFLn = {

In other words, instead of calculating Uy (At) naively as an (M + N¢) x (M + N?) matrix
exponential (with complexity O[(M—i— Nd)?’} [14, 15]), it suffices to compute {U;}) |
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B. Efficient Computation of the Time Evolution Operator

which amounts to M different 2 x 2 matrix exponentials (which is O[M]), provided that
one separately takes into account which resonators the different atoms couple to (which

is (’){M + N d}). For large N, this results in a very significant speedup — especially with
bath dimensionality d > 1.

B.2 Giant atoms

For giant atoms, the position basis matrix representation of H4 + Hjy is still

H= LPT gl , (B.28)

with all the same definitions as before. The only difference from the case with small
atoms is the fact that each atom couples to multiple points, which means that I' now has
multiple non-zero elements in each row. Indeed, it is still the case for all £ > 1 that

A Ap_1T
k __ k k—1
H — [PTAk—l FTAk_QF] ) (BQQ)

with {A},c_, defined in the exact same way as before. This implies that

(B.30)

_ Dy  DiI' | |1y + Dy DT
Ov(At) =1+ [erl FTDQF] = l I7Dy 1y +FTD2F]

still holds, with Dy defined like before. The only difference comes from the more
complicated structure of T'.

B.2.1 Giant Atoms with Even Coupling Strength

In particular, assuming for simplicity that atom ¢ couples to each coupled resonator with
the same coupling strength g;,

c

Nd
[FT7] = 3" Tinl'jn = {Atom i couples to N? resonators } = (B.31)
) n=1 ‘
= N g2,

i

where we’ve also (like before) made the assumption that no resonator couples to multiple
atoms. We also find that

r'r| = szj i Lin =
=

. (B.32)
B {gfmn if an atom couples to resonators m and n,

0 otherwise,

with 4,,, being the index for the atom coupling to both resonator m and resonator n.
This means that I'Z DI is no longer diagonal. Note however that DI still has the same
structure as I' for any diagonal D — this is the reason that Eq. (B.13) still holds. The

change to the matrix elements of I'T'"" also means that the matrix elements 5\,(;) = [Agl,
are different for giant atoms. While their seed values are still

A =0, AV =1, (B.33)
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B. Efficient Computation of the Time Evolution Operator

their recursive formula is different:
30, =AY + NOGRY (B.34)

But this is precisely the recursive formula for A’ with g2 — N®g2! In other words, as

far as the A, matrices are concerned, a giant atom with N coupling points, coupled to

each of them with strength g;, behaves exactly like a small atom with coupling strength
NO g;- This also propagates through to the matrix elements cfl(i) = [D,],;, since they are

still, by definition, equal to

i X (—iAt)k

4’ =3 T)\fgzza (B.35)

k=1 :

Examining the matrix elements of the four blocks making up Uy (At), we see that they
now look like

[]lM + Do]ij = 5ij (1 + CZ(()i))

giczgi) if atom ¢ couples to resonator n

DI, =|I'"Dy| =
(D117, [ l}mﬁ {0 otherwise

Omn + gfmn dE"W") if atom 4,,,,, couples to resonators m and n

Omn otherwise

[Lya +T7 Dyl = {

(B.36)

All the terms here except for cf[()z)lz are known, and just like for small atoms we would
like to calculate their values by evaluating M different 2 x 2 matrix exponentials. The
effective Hamiltonian we need to use for atom i to accomplish this is

(B.37)

A Né”gi]

Dy, 0

because by the same logic we used previously, taking powers of this yields our desired X§j):

] O N0
Ak = [ al Ne M—l] . (B.38)

NC(Z)giAgll Nc(i)gzzj\l(;lZ

Its associated time evolution operator then becomes

U, = exp(—z'f[iAt) =15+

& N@gid@]
Dgdd N g2l
L FNgwgidgw]

Hgd) 14 NOgidy

(B.39)

We do have some extra factors involving NV, c(i) here compared to our desired matrix elements
in Eq. (B.36), but those can easily be corrected for.
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B. Efficient Computation of the Time Evolution Operator

All in all, we find that we can reconstruct Uy (At) from {UZ} in the following way:

[Lar + Doly; = 6,[ T3]
1 _

' [UZ} b if atom ¢ couples to resonator n

[DiT,, = [I7Dy] = 4§ Y NO
0 otherwise

{U"m"}m -1 ~

[]lNd LT DQF:| _ Omn + W if atom 14,,,, couples to resonators m and n
Ommn otherwise.

(B.40)

B.2.2 Giant Atoms with Uneven Coupling Strength

In the most general case, atom % couples to resonator n with coupling strength g, , with
p being an index running from 1 to N{. This means that

N

= Z I';nI'jn, = {no resonator couples to multiple atoms}
ij

T
[rr } >
NS

p=1

(B.41)

and

r'r| = % TimDin =
e

(B.42)
) YipmGip, if resonators m, n lie at coupling points p, , of atom 4,
0 otherwise.

Since the recursive formula for the A; matrices is still
Aps1 = DA +TTT Ay, (B.43)
the matrix elements 5\,(;) = [Ay],; use the same formula as for small atoms, except for the

fact that the effective coupling strength is changed according to g; — G;, where

(B.44)

If we also define Jl(i) = [D],;, the matrix elements of the four blocks making up Uy (At)
now look like

L + Do]ij = 0y (1 + Jéi)>
[D1F]m _ [FTDI}M _ {gipndgz)

0 otherwise

57717’1 + g’me gan ng)

Omn otherwise

if resonator n couples to atom ¢ at point p,,

if resonators m, n couple to atom ¢ at p,, ,

n

[Tya+ FTDQF}m = {

(B.45)
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Using the effective Hamiltonian

~ A; G
o[ ] @4

for atom 7, we get a corresponding effective time-evolution operator

This translates into being able to reconstruct the matrix elements of Uy (At) in Eq. (B.45)

from {U,} using

[]lM + Do]ij = 5@' [Uz} 1
gipn g . . .
= \U; if resonator n couples to atom ¢ at point p,
[Dl:[‘Ln — |:FTD1:|T” — Gl |: :|12 .
0 otherwise
Ommn + M([U} - 1) if resonators m,n couple to atom 7 at
1 n FTD F} o mn G2 199 ) p pm,n
[ Ne 2 mn ‘ .
Omn otherwise.

(B.48)

B.3 A Non-Recursive Formula for A,

Although it is not of much importance for the purposes of this thesis, it should be noted
that one can express A, without recursion as

A=Y (k j_ ) D=2 (rrT)s (B.49)

for all £k > 0.

This comes from the fact that matrix element ij of upper-left block of H*, i.e. Hf} ) = Ay,
basically keeps track of all the ways to transfer energy between atoms i and j in k steps.
Since we’ve assumed that no resonator couples to multiple atoms, the only allowed moves
during a single step are either to stay put in the atom (~ D), or to move to a coupled
resonator (~ I'T), which forces the next move to be back to the atom (~ T'). Thus, a
path of length k staying put in the atoms corresponds to D¥, and the other possible paths
of length k can be gotten by exchanging any number of D?s for I'T”s. Therefore, an
arbitrary path of length k is made up of j copies of I'T” and k — 2j copies of D. The
number of distinct orderings of such an array of copies is

(k=274 j)! k—7
(k — 2)l! :< j ) (B30

Together with the fact that j can be at most EJ, since we only have k copies of D to

start with and need to be able to remove 2j of them, this gives us Eq. (B.49). Proving
rigorously that it works can be done in a fairly straightforward (though somewhat tedious)
manner using induction.
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B. Efficient Computation of the Time Evolution Operator

In terms of the matrix elements ;\,(f) for arbitrary giant atoms, Eq. (B.49) translates into

Wl
D o A (B.51)

j=0 \ J

and of course the same holds for the special cases with even coupling strength (with

G; — Nc(i)gi) or a single coupling point (i.e. small atoms, with G; — ¢;).

In fact, there is an even more compact way to write these matrix elements. By diagonal-
ising the H; matrix and noting that its eigenvalues are

A, A2

it is possible to show (by examining the expression for {Hﬂn = 5\,(;) gotten from diago-

nalisation) that

k1 k1

~ s KA — Kt

/\g) A el (B.53)
Ri4+ — K —

This also means (suppressing the ¢ index on k; 1) that

e 1 & (—iAy _
4 = 5o RO (ot _ i (B.54
: Ky — K k! * ’
+ - k=1 :
and
U — 1 /€+€_iAtH+ . H_e—iAtn, g<e—iAtn+ _ e—iAtn,) B
L iy — K g(e*mt“ _ efiAtn_> 92<L67mm+ _ LefiAtn_> -
- " " B.55
[ —iAtky —iAtk— —iAtky _ —iAtk— ( ’ )
1 Kye K_e gle e
Ky — K_ g(e—iAtn+ _ e—iAtn,) K+€—iAtn, _ K,B_iAtHJr

Calculating cil(i) and U; this way is slightly faster than evaluating the 2 x 2 matrix expo-
nential exp(—iH;At), but the effect of doing so on the speed of the overall time evolution
algorithm is negligible, since the vast majority of the time cost lies in the FFT and iFFT
performed every time step. However, cursory examinations of this method do suggest
that it tends to have better unitarity than matrix exponentiation of —iH;At via SciPy’s
linalg.expm().
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