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Abstract
Parameter values of mathematical models of systems are often considered as being
constant. In reality, the modelled values are likely to vary depending on several
factors such as environmental conditions and production variances being two exam-
ples. Within the scope of this project, a car was considered with four uncertainties,
these being the frictional coefficient between tyre and road, the load carried by the
vehicle, the position of its centre of gravity, and a time variant side wind force.

The focus of this project was to investigate the possibility of estimating the probabil-
ity distributions of parametric uncertainties based on measured data. Additionally,
given that mathematical models are often simplifications of reality, the propagation
of modelling errors into the estimates was investigated. This was achieved by identi-
fying a linear single track model based on data generated in simulation using either
a linear single track model or a non-linear single track model.

Data sets were created with differing levels of noise in the measured signals. Each
data set was generated by simulating 2000 random realisations of the vehicle and
then computing the mean and variance of the output trajectories. System iden-
tification methods were used to identify a linear single track model expanded by
polynomial chaos expansion such that its resulting mean and variance would match
that of the data.

From the testing, it was shown that the method used delivered consistent estimates
for initial guesses with deviations between 0% to 45%, above which the estimates
lost accuracy. Using the simulation data from the linear model as a base for iden-
tification allowed the estimated probability distribution to be close to the correct
distributions. When using the simulation data from the non-linear model as a base
for identification, an error was introduced into the estimate. This error was however
consistent across different estimation runs and can be interpreted as a linearisation
error.

Keywords: stochastic control, polynomial chaos, automated driving, safe-by-design,
inverse uncertainty quantification, parameteric uncertainty
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Nomenclature
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lf Distance from centre of gravity to front axle
lr Distance from centre of gravity to rear axle
Fw Side wind strength
F̄w Mean of side wind strength
Fw,σ Standard deviation of wind strength
Fw,α Time variant component of wind strength
Mw Yaw moment induced by side wind
vc Constant speed of the vehicle
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¯
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¯
R Input weighting matrix

¯
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T Final time
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t Time
β Vehicle slip angle
β̇ Vehicle slip rate
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1
Introduction

When designing automated systems, engineers face the challenge of modelling reality
in order to design control algorithms according to the input-output relationships of
the dynamic systems in question. For this purpose, mathematical models of reality
are usually created, but in order for these to remain manageable in complexity, they
often have to be simplified to some degree. Often, the dynamics of a system will
be simplified and parameter values will be modelled as constant and unchanging
in the model, which is rarely reflected in the real world. This poses a challenge
when developing control systems, particularly those which are safety critical. The
nominal system models, upon which a control law will be based, rarely share the
same parameter values as the real systems in which the controller is eventually
implemented, yet safe and reliable operation must be ensured.

This problem is no less prevalent in the automotive field, where advanced driver
assistance systems (ADASs) and automated driving systems (ADSs) are becoming
more and more complex in the hunt for a competitive advantage. When developing
such features, engineers must satisfy a range of safety criteria imposed both by
legislative and regulatory bodies such as [1]–[3], but also by the public, who must
be convinced that autonomous cars and automated driving features are safe and
reliable enough. Liability in the case of an accident is another incentive to avoid as
many accidents as possible in the first case [4].

In order for companies to be able to guarantee "safety of the intended functionality"
[2], the need for accurate models increases. Even if engineers have to make certain
assumptions and estimations about the road conditions and vehicle parameters, it
is important that their systems work well in the real world where the tarmac could
be both dry and clean or wet and covered in gravel. In real life, the exact friction
between the road and tyre may differ from the assumed value due to varying surfaces
or the presence of debris or fluid on the road. Similarly, the mass of the vehicle could
differ significantly as one single occupant travelling without luggage may add about
70 kg of mass, where as a couple bringing all their belongings with them as they
move to a new city or a family of four going on vacation could change the vehicle’s
total mass more dramatically.

Although the values of certain parameters may be uncertain, these uncertainties
themselves may be describable in terms of the likelihood of certain values occurring.
This knowledge allows systems to be designed and tested with the most probable
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1. Introduction

operating conditions in mind. At Bosch, as a part of a project called SAFER, the
aim is to develop a concept referred to as Safe-by-Design. The idea behind this
concept is to account for stochastic effects in the design stage, allowing controllers
to be synthesised with inherent guarantees of safety margins. This is different to
the so called Safe-by-Testing approach, where the safety margins of controllers are
only guaranteed through testing. The ultimate goal of the SAFER project is thus
to create a system development model which enables faster concept-to-market times
than currently used development models.

In order to use the probability distributions associated with parametric uncertainties
and disturbances, it is first necessary to gather information about them. One way to
go about this is to make an educated guess based on experience and reasoning about
physical plausibility. Or one may try measuring them directly, by for example testing
the friction between different road surfaces and tyres with some testing rig. In this
thesis project, the approach of trying to extract this information from simulation
data is investigated, with the target of using recorded testing data from vehicles in
the future. The potential of such an approach is to continuously improve models
based on large amounts of driving data gathered from vehicles operated by end-users
in real world usage scenarios.

1.1 State of the Art
As mentioned at the start of this chapter, the real world is rarely entirely constant,
and parameter values may change from case to case causing uncertainty regarding
the exact parameter values of the real system. Potential sources of uncertainty may
be production variance, environmental conditions, or other external factors. Assum-
ing that one has some knowledge about the likelihood of different values occurring,
it becomes possible to consider these parametric uncertainties in simulation and in
the system model itself. There are different methods of using this information to
compute the output statistics of the system. Some of the approaches are covered in
this section.

A common method to get a representative image of the statistics of the output of a
stochastic system is to simulate a finite number of realisations of the system. There
exist different methods to picking these samples, such as the sequential Monte Carlo
approach, by which these samples are picked at random [5], [6]. Other methods to
pick the sampling points in a more methodical manner, for example lattice sampling,
also exist [7]. In general, the more samples one is able to use, the higher the accuracy
will be. The number of individual simulations needed to achieve good accuracy
depends on the number of uncertainties and their character. Running such a vast
number of simulations can be computationally intensive.

Another novel approach in the context of dynamic systems and control is the spec-
tral decomposition of the random process using polynomial chaos. This approach
can deliver the first and second order statistics of the output trajectories of a system,
but as opposed to both sampling based methods and fuzzy models, it is not possible
to get insight into individual output trajectories. The polynomial chaos expansion
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(PCE) is merely an alternative representation of a stochastic system [8], [9]. The
modelling effort required to use PCE is no greater than what is required to use sam-
pling based methods, although an understanding of the mathematical background
of the PCE is required in order to compute the expansion of the systems.

Fuzzy modelling is also a common approach to handling models with uncertainties
in parameter values [10], [11]. There are examples in the literature of the fuzzy
approach being combined with both sampling based simulation approaches and PCE
[12], [13]. Similar to sampling based methods, fuzzy modelling can be used to gain
insight into different output trajectories of a system with uncertainties, as well as
the intervals within which the output trajectories can be expected. In a review of
the usage of fuzzy models in automotive engineering, Ivanov [14] points to its usage
for vehicle dynamics control systems, among other applications.

During control design, which is the ultimate goal of the SAFER project within which
this project takes place, the first and second order moments of the output are of
primary interest. Considering this, using PCE for modelling is an appropriate choice,
as there is little interest in individual output trajectories, reducing the interest in
both the sampling-based and fuzzy approaches. In addition, using PCE allows the
first and second order moments to be computed orders of magnitudes faster than
sampling-based methods. In [15]–[17] the PCE is compared to Monte Carlo methods,
showing that the greater the desired accuracy, the greater the advantage of using
the PCE. Another advantage is the relative ease with which models can be prepared
for PCE.

1.2 Aim

The objective of this project was to learn how well uncertainties and time-varying
disturbances of a car could be identified from simulated data by identifying a linear
single track (LST) model of the car augmented through PCE. The main aspect of the
identification sought to be investigated was the propagation of model errors caused
by simplifications of the vehicle dynamics into the eventual probability distribution
estimates.

A necessary step on the way to this objective was to conceptualise the identification
work flow and to prototype it. In addition to this, it was necessary to expand
Bosch’ existing internal PCE-framework in order to use it to model time varying
disturbances, as it was only able to model time invariant systems at the beginning
of the project.

As the measured data in this project was synthesised in simulation, the modelling
and implementation of vehicle models with uncertainties and disturbances was nec-
essary.
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1.3 Scope

The main constraints upon this thesis project was the number of person-hours avail-
able, as a total of 900 hours were to be spent on this project between July of 2022
and February of 2023. For the execution of the project, the tools and knowhow at
Bosch’ research Campus in Renningen, Baden-Württemberg, Germany were avail-
able. Among these tools was the existing SAFER-internal PCE-framework. A
limitation of this was that only linear time invariant (LTI) systems could be aug-
mented numerically, meaning it was only possible to identify linear models within
this project, and also requiring an expansion to allow it to manage time varying
disturbances in the model.

In this initial investigation on estimating probability distributions from measured
data, measurement data was synthetically generated in a simulation environment,
as opposed to real-world tests. This approach enabled perfect knowledge about-
and perfect control over the conditions of the simulation, meaning no unexpected
external effects or influences would affect the data. In turn, this would allow a more
comprehensive analysis of the identification results and it also meant that the size
of the problem could be limited to be more manageable.

In this simulation environment, the car was modelled with three uncertainties and
one time-varying disturbance. The parametric uncertainties regarded the frictional
coefficient µ, the mass of the vehicle load mload and the position of the vehicle’s
centre of gravity (CoG). As a disturbance, a side wind was assumed to be present,
which induced a lateral force and a yaw moment on the vehicle.

For the time invariant uncertainties and disturbances, only uniform- and normal
distributions were considered, as the limitations of the PCE-framework only allowed
for uniform- and normal distributed uncertainties to be described by the numeric
PCE methods available at the time of the project. Time variant disturbances were
considered to be coloured Gaussian processes. Gaussian processes were chosen to
limit the complexity, and white noise processes where eliminated as these would
require too many stochastic variables for accurate modelling using the Karhunen-
Loève expansion. When looking at the system output, only the first and second order
moments were calculated. As mentioned, these are the major effects considered in
control design.

The vehicle model used in this project was a so-called single track model (STM). For
identification, a linear single track (LST) model was used, whereas measured data
was produced in simulation using both linear and non-linear single track (NLST)
models, the specifics of which are detailed further in Chapter 2. Although the single
track model is a significant simplification of a real car, it is generally sufficiently
accurate as long as the vehicle is being driven well within its physical limits [18]–
[20]. The usage of a single track model in turn made implementation of simulation
and estimation routines easier which went towards adhering to the time constraints
in place.

4



1. Introduction

1.4 Report Overview
The fundamental ideas upon which the work of this thesis is built are presented
in Chapter 2, which covers the basics of vehicle dynamics, Chapter 3, in which
system identification is presented, and Chapter 4 where the theory behind the PCE
is covered. Following these chapters, the practical usage of these ideas is covered in
Chapter 5. The results of the experiments are presented and discussed in Chapter
6, which is followed by a discussion of this project’s relevance in regards to future
work in Chapter 7. A final conclusion is then stated in Chapter 8.

In equations and mathematical formulations, scalar values are represented by char-
acters, either lower or upper case, for example a or A. Vectors are denoted by bold
characters such as a or A. Matrices are denoted by underlined capital characters
such as

¯
A. Note that values which would generally be matrices or vectors are also

denoted as such, although their values in a particular application may be scalar.
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2
Vehicle Dynamics

Road vehicles typically rely solely on the frictional forces between their tyres and
the road surface in order to generate their motion. A driver will normally be able
to provide the car with commands to change the orientation of the wheels though
the steering wheel and the angular velocities of the wheels by applying a torque to
them through either the brake- or throttle pedal.

The aim of this chapter is to highlight how these inputs translate into motion of the
vehicle. An initial overview of tyre modelling is presented in Section 2.1, followed by
an extension to show how a four-wheeled car can be modelled using a single track
model in Section 2.2. The models covered in this chapter and this thesis are planar
models, meaning that vertical dynamics such as roll and pitch as well the effects of
undulations in the road are not considered.

2.1 The Tyre
The rubber surface of the tyre acts as the only interface between a car and the road
surface under normal circumstances, and the interaction between these two surfaces
creates the forces which dictate the car’s motion. This road-tyre interaction is a
complex phenomenon, difficult to characterise exactly. The inherent complexity
becomes particularly apparent close to the tyre’s traction limits [21].

To begin with, a typical tyre travelling straight with a velocity v is illustrated from
the top and from the side in Figure 2.1. This tyre is rolling freely, meaning that
the speed of the tyre’s surface is the same as its forward speed, its angular velocity
given by ω = v

r
, where r is the radius of the tyre.

If the driver applies a steering angle, the tyre will no longer be aligned with its
direction of travel. The angle α between the tyre’s heading and direction of travel is
called the tyre’s slip angle. If the driver applies either brakes or throttle, the tyre’s
angular velocity will change and thus deviate from v

r
. The mismatch in the tyre’s

translational and rotational velocities is referred to as a slip ratio κ [18]. There are
different definitions for the slip ratio in the literature, one such definition is

κ = ωr − v
v

(2.1)

while some use the wheel speed ωr in the denominator [19], [21], [22]. A limitation
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Figure 2.1: Illustration of a tyre travelling at a velocity v without steering or
acceleration.

of this quantity is that is is undefined when the vehicle or tyre surface have velocity
zero, depending on which definition is used, and is only valid when the vehicle or
tyre is moving.

Non-zero slip angles and/or slip ratios cause forces to be developed between the tyre-
and road surfaces, which is illustrated in Figure 2.2, where pure steering refers to
the case α 6= 0 and κ = 0 and pure acceleration refers to the case α = 0 and κ 6= 0.
How the magnitude of these forces relate to the magnitude of the slip angle and slip
ratio is a tyre- and condition-specific characteristic. It depends on several factors
such as the mechanical construction of tyre as well as the chemical compounds in
the rubber, but also the road surface and normal load on the tyre [19], [21]. The so
called Magic Formula [22] is a commonly used heuristic tyre model of the form

y(x, Fz) = FzD sin(C arctan(Bx− E(Bx− arctan(Bx)))), (2.2a)
Y (x) = y(x) + SV , (2.2b)

x = X + SH , (2.2c)

where Y is either the longitudinal tyre force Fx or the lateral tyre force Fy depending
on whether κ or α is used as the input X. Pacejka [22] refers to B as the stiffness
factor, C as the shape factor, D as the peak value and E as the curvature factor.
The parameters SH and SV are horizontal and vertical shifts respectively, these
can be used to account for effects such as rolling resistance or ply-steer as two
examples. It may be desirable to model the longitudinal and lateral forces with
different parameter values for B, C, D, E SH and SV in the magic formula, but for
the sake of simplicity, they are not differentiated here.
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Fy
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ω ≠ v/r

α

Fx
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z
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Fz

Figure 2.2: Illustration of a tyre travelling at a velocity v. Once with pure steering.
Once with pure acceleration.

Example tyre curves for various road conditions are presented in Figure 2.3. The
lateral and longitudinal forces are both plotted assuming pure steering and pure ac-
celeration respectively and are based on typical tyre parameters from [23], presented
in Table 2.1. The offsets SH = SV = 0. As is evident from Figure 2.3, both the
longitudinal and lateral tyre forces have a linear area for small slip angles or slip
ratios respectively [24] and the slope at the origin is k = FzBCD [25]. After this
initial linear area, the tyre eventually reaches a peak. Increasing the slip angle or
slip ratio beyond the point of this peak has no additional benefit. On the contrary,
it is detrimental as the force decreases.

Table 2.1: Example tyre parameters from [23].

Surface B C D E

Dry Tarmac 10 1.9 1.00 0.97
Wet Tarmac 12 2.3 0.82 1

Snow 5 2.0 0.30 1.00
Ice 4 2.0 0.10 1.00

If the tyre is in a combined slip state, i.e. if α 6= 0 and κ 6= 0 simultaneously, the
peak tyre force in each direction will be reduced compared to the respective pure
slip cases [21]. In this case, Pacejka [22] introduces scaling quantities Gxα and Gyκ

to account for the influence of the slip angle on the longitudinal force and the effect
of the slip ratio on the lateral force respectively. Assuming SH = SV = 0, the
longitudinal force is given by

Fx = GxαFx0, (2.3a)
Gxα = cos(C arctan(Bα− E(Bα− arctan(Bα)))), (2.3b)
Fx0 = FzD sin(C arctan(Bκ− E(Bκ− arctan(Bκ)))), (2.3c)
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Figure 2.3: Tyre curves plotted using the tyre parameters from [23] for differing
road conditions.

and the lateral force by

Fy = GyκFy0, (2.4a)
Gyκ = cos(C arctan(Bκ− E(Bκ− arctan(Bκ)))), (2.4b)
Fy0 = FzD sin(C arctan(Bα− E(Bα− arctan(Bα)))). (2.4c)

Again, it may be desirable to use different values for the parameters when calculating
Gxα and Gyκ.

The model presented here is a heuristic model and does not consider the real physical
effects behind the tyre forces, and the description of the heuristic model presented
here is also simplified. It is sufficient for the scope of this project, but there are many
properties of the tyre and road which influence behaviour of the system. Richardson
[21] investigates tyre evolution, i.e. how tyre characteristics change as they’re being
used in a motorsport application. Pacejka [22] dives much deeper into tyre modelling
in general and presents more detailed models.

2.2 Single Track Model
A planar model of a four-wheeled car is illustrated in Figure 2.4 [18]. Here v is the
speed of the vehicle, i.e. the magnitude of its velocity vector, β is the vehicle’s slip
angle, i.e. the angle between its heading and direction of travel. The yaw angle ψ is
the angle of the vehicle relative to the x-axis in the global coordinate system and ψ̇
is the yaw rate of the vehicle. The indices fl, fr, rl and rr correspond to the front left,
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2. Vehicle Dynamics

front right, rear left and rear right tyres respectively. As input, the steering angle
δ is the angle between the front wheels and the vehicle’s heading. Note that in real
applications, cars will usually have steering geometries causing the outside and inside
wheels to turn different amounts for a given angle of the steering wheel, Ackermann
steering being an example of such a geometry [19], [26]. In favour of simplicity, the
car modelled here uses a parallel steering geometry. Another assumption made in
this modelling effort is that only the front wheels can be steered, which is the case
for most road cars. However rear-wheel steering is a feature becoming increasingly
common.

When the vehicle is taking a turn with a large radius, the front and rear track widths
df,tw and dr,tw become comparatively small and can be neglected. In automotive
engineering, four-wheeled vehicles are often modelled with zero track width as a
simplification [18], [19], [24]. This type of model is referred to as a single track
model, which is illustrated in Figure 2.5, where the wheel indices have been reduced
to f for front and r for rear.

If v, v̇x, β, ψ̇ and δ are known, the remaining angles and vectors in Figure 2.5 can
be computed. Given these values, the slip angles for each tyre can be computed as

αf = δ − tan−1
(
v sin(β) + lfψ̇

v cos(β)

)
, (2.5)

αr = − tan−1
(
v sin(β)− lrψ̇
v cos(β)

)
. (2.6)

The weight of the vehicle is split between the front and the rear wheels such that
the normal forces are

Ff,z = mg
lr
L
−v̇xhCoG︸ ︷︷ ︸

Weight transfer

, (2.7)

Fr,z = mg
lf
L

+v̇xhCoG︸ ︷︷ ︸
Weight transfer

. (2.8)

The latter term in both (2.7) and (2.8) concerns the weight transfer that occurs due
to the longitudinal acceleration v̇x and the height of the CoG hCoG. The effects of
lateral weight transfer are neglected with the zero track width simplification. The
tyre forces can be calculated as per the description in Section 2.1.

Once the forces have been computed, it becomes possible to form the differential
equations describing the motion of the vehicle [24]. The yaw acceleration can be
described by

Izψ̈ = lf(Ff,x sin(δ) + Ff,y cos(δ))− Fr,ylr, (2.9)

where Iz is the rotational inertia of the vehicle about the vertical axis passing through
its CoG. By considering the vehicle’s motion as per Newton’s second law in its local
frame (which happens to be aligned with the global frame in Figure 2.5), one arrives
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Figure 2.4: An illustration of a planar model of a four-wheeled car.
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Figure 2.5: An illustration of the single track model.

at the equations

m(v̇x cos(β)− v(β̇ + ψ̇) sin(β)) = Ff,x cos(δ)− Ff,y sin(δ) + Fr,x, (2.10)
m(v̇x sin(β) + v(β̇ + ψ̇) cos(β)) = Ff,x sin(δ) + Ff,y cos(δ) + Fr,y, (2.11)

where m is the sum of the vehicle’s mass mbase and the mass of the load mload. From
(2.10), it follows that

v̇ = 1
cos(β)

(
1
m

(
Ff,x cos(δ)− Ff,y sin(δ) + Fr,x

)
+ v(β̇ + ψ̇) sin(β)

)
, (2.12)

which can be substituted into (2.11) to give

β̇ = 1
mv

(
Ff,x sin(δ) + Ff,y cos(δ) + Fr,y

)
cos(β)

− 1
mv

(
Ff,x cos(δ)− Ff,y sin(δ) + Fr,x

)
sin(β)− ψ̇.

(2.13)

This result together with (2.10) then gives [24]

v̇ = 1
m

(
Ff,x cos(δ)− Ff,y sin(δ) + Fr,x

)
cos(β)

+ 1
m

(
Ff,x sin(δ) + Ff,y cos(δ) + Fr,y

)
sin(β).

(2.14)

With equations (2.9), (2.13), and (2.14) the dynamics can be modelled using a non-
linear state space model with the state vector x =

[
ψ ψ̇ β v

]ᵀ
and the input

u =
[
δ v̇x

]ᵀ
. The derived model contains several non-linearities however. The tyre

model can be linearised by Y (x) ≈ FzBCDx for small x. similarly, the small angle
approximation cos(x) ≈ 1, sin(x) ≈ x and tan(x) ≈ x can be used for (2.5), (2.6),
(2.9), and (2.13). Further, the model can be linearised around a certain constant
operating speed v = vc ⇒ v̇x = 0 making v = vc a system parameter rather than a
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state variable. As a consequence of this, the longitudinal dynamics are neglected,
meaning Ff,x = Fr,x = 0. These simplifications yield the slip angles

αf ≈ δ − vcβ + lfψ̇

vc
= δ −

(
β + lfψ̇

vc

)
, (2.15)

αr ≈ −
vcβ − lrψ̇

vc
= −

(
β − lrψ̇

vc

)
. (2.16)

Given that the longitudinal dynamics have been neglected we have pure slip condi-
tions, thus the vertical and lateral tyre forces are

Ff,z = mg
lr
L
, Ff,y ≈ Ff,zBfCfDf︸ ︷︷ ︸

cf

αf = cfαf ≈ cf

(
δ −

(
β + lfψ̇

vc

))
, (2.17)

Fr,z = mg
lf
L
, Fr,y ≈ Fr,zBrCrDr︸ ︷︷ ︸

cr

αr = crαr ≈ cr

(
−
(
β − lrψ̇

vc

))
, (2.18)

where the distinction between tyre parameters for the front and rear is made in case
the different axles have different tyres. As a result of the constant speed assumption,
the longitudinal component of Ff,y is also neglected (Ff,y sin(δ) ≈ 0), finally giving
the equations of motion as

ψ̈ ≈ 1
Iz

(
lfFf,y − lrFr,y

)

≈ 1
Iz

(
lfcf

(
δ −

(
β + lfψ̇

vc

))
− lrcr

(
−
(
β − lrψ̇

vc

)))
,

(2.19)

β̇ ≈ 1
mvc

(
Ff,y + Fr,y

)
− ψ̇

≈ 1
mvc

(
cf

(
δ −

(
β + lfψ̇

vc

))
+ cr

(
−
(
β − lrψ̇

vc

)))
,

(2.20)

which can be written as a linear state space system

[
ψ̈

β̇

]
=

 − cf l
2
f +crl2r
Izvc

crlr−cf lf
Iz

crlr−cf lf
mv2

c
− 1 − cf+cf

mvc

 [ψ̇
β

]
+
 lfcf

Iz

cf
mvc

 δ. (2.21)

In order to make the non-linear model more comparable to the linear model, it can
be modified with constant speed v = vc, v̇x = 0 and its longitudinal dynamics can
be neglected (Ff,x = Fr,x = Ff,y sin(δ) = 0). This changes the equations of the
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non-linear system to

αf = δ − tan−1
(
vc sin(β) + lfψ̇

vc cos(β)

)
, (2.22a)

αr = − tan−1
(
vc sin(β)− lrψ̇
vc cos(β)

)
, (2.22b)

Ff,z = mg
lr
L
, (2.22c)

Fr,z = mg
lf
L
, (2.22d)

Izψ̈ = lfFf,y cos(δ)− Fr,ylr, (2.22e)

β̇ = 1
mvc

(
Ff,y cos(δ) + Fr,y

)
cos(β)− ψ̇, (2.22f)

where again, the lateral tyre forces can be computed under the assumption of pure
slip as the longitudinal dynamics have been neglected. Further, it removes the need
for v̇x to be known.
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3
System Identification

A mathematical model of a system will be dependent on some system-specific pa-
rameters θ belonging to a parameter space Θ ⊂ RNθ , where Nθ is the number of
parameters. The mathematical model is here expressed as

M(θ) :

ẋ(t) = f(x(t),u, t,θ), x(0) = x0(θ)
ŷ(t) = g(x(t),u, t,θ)

, (3.1)

where x is the state of the system, the dynamics of which are described by the
differential equation ẋ(t) = f(x(t),u, t,θ) with the initial condition x(0) = x0(θ).
The input signal is u, t is the time and ŷ is the predicted output, described by
some measurement function ŷ(t) = g(x(t),u, t,θ). The structure of this model may
be derived entirely from first principles, then referred to as a white-box model. In
some cases, a model based on first principles may however become too complex or
otherwise impractical, in which case a completely arbitrary model structure may be
used, referred to as a black-box model. A model can also be based on a mix of first
principles and more arbitrary structures, existing on a spectrum of grey-box models
[27].

In generalised terms, system identification is the process of estimating the values
of system parameters θ of a modelM(θ) from measured data y∗(t). This type of
approach is usually employed when the parameter values are difficult to measure
directly [28], [29]. System identification can also be a useful approach when using so
called grey- or black-box models, where the parameters in the mathematical model
are not derived from first principles, whereby the physical meaning of the parameters
may be difficult to interpret and measure [29], [30].

When using system identification methods, two common issues to look out for are
over- and underfitting. Overfitting occurs when the model is capable of describing
the system dynamics very precisely for certain scenarios, but fails in general. This
is often a product of the model structure being too complex. The opposite issue can
occur if the model structure is not sufficiently complex. This issue is called under-
fitting and results in the model being unable to accurately describe the dynamics
of the real system for any scenario [30]. Both over-and underfitting are primar-
ily of concern when the mathematical model is closer to the black-box end of the
spectrum.
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Identifying probability distributions is effectively a system identification problem.
The probability distribution of a stochastic parameter can be parameterised, and
these distribution parameters can then be viewed as system parameters of the math-
ematical model, the identification of which could then be approached in the same
manner as the identification of any typical parameter. A mathematical formulation
of the system identification problem is presented in Section 3.1. After this, the con-
cept of identifiability is looked at in Section 3.2, which concerns the fundamental
possibility of estimating the parameter values of a model based on measured data.

3.1 The Optimisation Problem
Fundamentally, system identification is an optimisation problem. The desire is to
create a model of a system which as closely as possible matches the input-output
behaviour of the real system. This amounts to minimising the error between the
real system’s output y(t) and the model predicted values ŷ(t,θ) over time. This
problem can be formulated as

θ̂ = arg min
θ

∫
|y(t)− ŷ(t,θ)| dt, (3.2)

where θ̂ is a vector containing the estimated parameter values.

In practice, one rarely has access to the exact system output y(t). Instead, one must
rely on discrete measurements y∗(tk), which means that 3.2 becomes

θ̂ = arg min
θ

N∑
k=0
|y∗(tk)− ŷ(tk,θ)| (3.3)

where N is the number of discrete samples. Although generally, the squared eu-
clidean norm is more practical to implement, giving

θ̂ = arg min
θ

N∑
k=0
||y∗(tk)− ŷ(tk,θ)||22︸ ︷︷ ︸

Cost function J(θ)

. (3.4)

Measurements are never perfect however, so a value y∗(tk) is not necessarily a perfect
representation of the actual output y(tk). This issue can be tackled by using more
complex cost functions than the one presented in (3.4). Weighted cost functions of
the form J(θ) = ∑N

k=0wk(y∗(tk)− ŷ(tk,θ))n can be used, where the weights wk can
be chosen to give more or less importance to samples deemed to be more or less
accurate. Further, the value n can be adjusted to change the relative importance of
large deviations between measurement and prediction and smaller differences [27].

3.2 Identifiability
Depending on the structure of the modelM(θ), it may or may not be possible to
get the values of all parameters θ from the measured output y∗. If a mathematical
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3. System Identification

model produces the same output given the same input but with different parameter
values, then one cannot definitely conclude what the exact parameter values were,
based solely on the output.

To elaborate on this, in [31], a distinction is made between structural identifiability
and practical identifiability. Structural identifiability concerns the ability to identify
a parameter value given an infinitely large data set with zero noise. In other words,
for a model to be structurally identifiable, its mathematical structure must permit
all parameter values to be identified given absolutely ideal data and is thus a model-
specific property. Practical identifiability concerns whether or not a parameter value
can be estimated from a finite and noise corrupted data set, as one would expect
to see in practice. This is not an inherent property of the model structure alone,
but also depends on the input signal and quality of the data set. The same model
may be practically identifiable for one case but practically unidentifiable for another.
Browning et al. [31] further suggest that parameter values which can be practically
estimated with higher accuracy through other means than system identification may
be regarded as being practically unidentifiable.

Several definitions for structural identifiability have been proposed [32]–[35].
Lecourtier et al. [33] present a definition for identifiability given a model M(θ)
and M(θ̂). Assuming these models have the same output for any input u in the
full space of admissible inputs U . A parameter θi is structurally locally identifiable
(SLI) if, and only if,

θ̂ ∈ V(θ) ⊂ Θ
ŷ(θ̂, t) = ŷ(θ, t) ∀t ∈ R+, ∀u ∈ U

}
⇒ θ̂i = θi. (3.5)

Here, V(θ) denotes a vicinity of θ. Formulating this definition in words is similar to
the explanation presented in the opening paragraph of this section. This condition
states that if there are two parameter sets from within a certain area within the full
parameter space and the system output with both parameter sets is the same for
all time and all possible input signals, then a given parameter within the vector of
parameters is SLI if, and only if, it is implied that the same parameter in the other
parameter vector has the same value. Further θi is structurally globally identifiable
(SGI) if, and only if, V(θ) can be extended to all of Θ without breaking condition
3.5. Lastly, a modelM is only SLI or SGI, if, and only if, all its parameters θi are
SLI or SGI respectively.

There are multiple ways of testing the identifiability of models [32], [34]. One
method, based on observability analysis is presented by [36]. For a linear time
invariant (LTI) system of the form

ẋ(t) =
¯
Ax(t) +

¯
Bu(t)

y(t) =
¯
Cx(t) +

¯
Du(t),

(3.6)
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the observability for matrix for that LTI system can be formulated as

¯
OL =


¯
C

¯
C

¯
A

¯
C

¯
A2

...

¯
C

¯
AN−1

 , (3.7)

where N is the number of states in x. If this matrix is full rank, then the system’s
state is observable from the perfect system output y. This condition will be referred
to as an observability rank condition (ORC) [36], [37].

If the system model is non-linear however, the above suggested method can no longer
be used. For a non-linear model of the form

ẋ(t) = f(x(t),u(t))
y = g(x(t)),

(3.8)

one can turn to the non-linear observability matrix

¯
ONL(x) =



∂
∂x
y(t)

∂
∂x
ẏ(t)

∂
∂x
ÿ(t)
...

∂
∂x
yN−1(t)


=



∂
∂x
g(x)

∂
∂x

(Lfg(x))
∂
∂x

(L2
fg(x))
...

∂
∂x

(LN−1
f g(x))


, (3.9)

where the Lie derivative of g(x(t)) with respect to f(x(t)) is

Lfg(x(t)) = ∂g(x(t))
∂x(t) f(x(t)). (3.10)

In order to compute higher order Lie derivatives, the recursion

L2
fg(x(t)) = ∂Lfg(x(t))

∂x(t) f(x(t)),

...

Lkfg(x(t)) =
∂Lk−1

f g(x(t))
∂x(t) f(x(t)),

(3.11)

may be used. If the matrix
¯
ONL(x0) is full rank for a given constant input u(t), then

the model is said to be locally observable around x0. This is merely a sufficient-
and not a necessary condition however. If a system fails to meet this condition,
it is not necessarily unobservable. Villaverde [36] states that in practice however,
this ORC can be considered as a strong indication towards the observability of the
system. They go on to state that although the condition is insufficient to prove
global observability, locally observable systems are often also globally observable in
many practical applications.
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3. System Identification

Each column of both
¯
OL and

¯
ONL is the partial derivative with respect to a certain

state variable. In the case the ORC is not fulfilled, one can test the observability
of individual state variables by removing the corresponding column from the ob-
servability matrix. If the rank of the matrix remains unchanged, the corresponding
variable is unobservable in the case of the linear observability matrix. In the case of
the non-linear observability matrix, this would merely mean that observability for
that state variable cannot be guaranteed [36].

Identifiability can be considered as a special case of observability. To check whether
a set of parameters θ is identifiable, one can build an augmented system with state
vector

x̃(t) =
[
x(t)
θ

]
,

[
ẋ(t)
θ̇

]
=
[

¯
A(θ)

¯
0

¯
0

¯
0

] [
x(t)
θ

]
+
[

¯
B(θ)

¯
0

]
, (3.12)

where the states θ are modelled as being constant with no dynamics [36]. If the
augmented system is an LTI system, then structural global identifiability can be
tested by computing (3.7) for the augmented system and checking if this meets the
ORC. The ORC in the LTI case is a sufficient and necessary condition. In many
cases a system will be non-linear with respect to its parameters however, and one will
have to turn to (3.9). If the augmented system fulfils the ORC however, only local
identifiability is guaranteed. Since the condition is only sufficient but not necessary,
even if the ORC is not met, the system may still be identifiable.
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4
Polynomial Chaos Expansion

This chapter covers the theoretical background of the PCE, whereas the practical
implementation is described in Chapter 5. In essence, the intrusive polynomial chaos
expansion provides a means to describing the statistics of a given stochastic system
by transforming it into a function-point in an infinite-dimensional function space.
Generalised polynomial chaos (gPC) is introduced in Section 4.2, with the concept of
a function space explained in Section 4.1. To address some of the limitations posed
by this polynomial chaos (PC), the Karhunen-Loève expansion (KLE) is introduced
in Section 4.3.

Wiener [38], Xiu and Karniadakis [39], Fisher [9] and Gahnem and Spanos [8] all
provide more mathematical background and go into more mathematical detail. The
level of detail in this coverage has been adapted to the scope of this project.

4.1 Function Spaces
The polynomial chaos expansion introduced in Section 4.2 is an exact representation
of a random variable in an ideally infinite-dimensional function space. Therefore, in
this section, the idea of a function space is first presented. Most readers will likely
be familiar with the concept of number valued basis vectors spanning some possibly
multi-dimensional space, such as the vectors

ê1 =
[
1 0

]ᵀ
, (4.1a)

ê2 =
[
0 1

]ᵀ
, (4.1b)

which span a 2D space. We can also consider a different type of space, for example
the space spanned by functions φ1(x) and φ2(x). We may proceed to define a point
(a1, a2) in this space, such that the point represents the function

f(x) = a1φ1(x) + a2φ2(x). (4.2)

This definition carries similarities to the definition of a point (b1, b2) in physical 2D
space,

b = b1ê1 + b2ê2, (4.3)

where ê1 and ê2 are the basis vectors of that space [40].
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4. Polynomial Chaos Expansion

ф1(x) = x2

ф2(x) = x-2
f(t, x) = 2tx2+5tx-10t

2

5 f(1, x) = 2x2+5x-10

Figure 4.1: An illustration of a two dimensional function space with all functions
f(t, x) = 2tx2 + 5tx− 10t for t ∈ R marked.

As an example, the function f(x) = 2x2 + 5x − 10 can be represented by the
coordinates (2, 5) in the function space spanned by φ1(x) = x2 and φ2(x) = x − 2.
We can also describe all functions f(t, x) = 2tx2 + 5tx − 10t where t ∈ R as a line
through the same function space defined by the coordinates (2t, 5t), which has been
illustrated in Figure 4.1.

Continuing the analogy between a vector space and a function space, we can define
a scalar- or inner product between two functions over the domain of x, Dx as

〈f(x)g(x)〉w =
∫
Dx
f(x)g(x)w(x) dx, (4.4)

where w(x) is a weighting function chosen to decide the character of the scalar
product. This scalar product between two function has the same property as the
scalar product between two vectors. As such, the scalar product of a function
and itself 〈f(x)f(x)〉w evaluates to a non negative numerical value f 2, and can
be interpreted as its magnitude. The function f(x) can also said to be normal if
its scalar product with itself 〈f(x)f(x)〉w = f 2 = 1. With this scalar product,
orthogonality of functions is defined analogously to the vector case. Two functions
f(x) and g(x) are orthogonal if their scalar product 〈f(x)g(x)〉w is zero [40]. They
are then said to be orthogonal with respect to the weighting function w(x).

A set of polynomials {φn(x), n ∈ Q} where

Q = N (4.5)

for an infinite series or

Q = {0, 1, 2 . . . , nmax}, nmax ∈ N (4.6)

for a finite series, is orthogonal with respect to some weighting function w(x) if

〈φn(x), φm(x)〉w = φ2
nδnm, ∀n, m ∈ Q (4.7)

where

δij =

1, if i = j

0, if i 6= j
(4.8)
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4. Polynomial Chaos Expansion

Table 4.1: The first five Hermite polynomials.

n Hn(ζ) H2
n

0 1
√
π

1 2ζ 2
√
π

2 4ζ2 − 2 8
√
π

3 8ζ3 − 12ζ 48
√
π

4 16ζ4 − 48ζ2 + 12 384
√
π

is the Kronecker Delta function [9], [41]. If all polynomials in the set are also normal,
then the set is referred to as orthonormal.

4.2 Wiener-Askey Polynomial Chaos
In effort to describe the statistics of dynamic systems pertaining mainly to fluids
and gasses. Wiener [38] first defines homogeneous chaos in their 1938 work as a
the span of Hermite polynomials which are orthogonal with respect to the standard
Gaussian distribution N (0, 1). The nth degree Hermite polynomial is defined as

Hn(ζ) = (−1)neζ2 dn
dζn e

−ζ2
, (4.9)

where e−ζ2 is the weighting function w(ζ) with respect to which the Hermite poly-
nomials are orthogonal. This function is similar to the probability density function
pN (ζ) of the standard normal distribution N (0, 1)

pN (ζ) = 1√
2π
e−

ζ2
2 , (4.10)

except for some constants. The Hermite polynomials can be scaled such that

Hen(ζ) = Hn

(
ζ√
2

)
, (4.11)

which are then orthogonal with respect to

w(ζ) = e−
ζ2
2 . (4.12)

For further clarity, the first five Hermite polynomials have been listed in Table 4.1
along with their magnitudes 〈Hn(ζ), Hn(ζ)〉w = H2

n, which take the general form
2nn!
√
π [42]. The same polynomials have also been normalised and plotted on the

interval [−1, 1] in Figure 4.2.

With a set of independent Gaussian random variables ξ = {ξi(∆)}∞i=1, Wiener’s [38]
homogeneous chaos expansion then allows a random process x(∆) with finite second
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Figure 4.2: The first five Hermite polynomials plotted on the span [−1, 1], each
normalised.

order moment to be expressed as

x(∆) = X̂0He0

+
∞∑
i1=1

X̂i1He1(ξi1(∆))

+
∞∑
i1=1

i1∑
i2=1

X̂i1i2He2(ξi1(∆), ξi2(∆))

+
∞∑
i1=1

i1∑
i2=1

i2∑
i3=1

X̂i1i2i3He3(ξi1(∆), ξi2(∆), ξi3(∆)) + . . . ,

(4.13)

where
Hen(ξi1(∆), ξi2(∆), . . . , ξin(∆)) (4.14)

is the multivariate Hermite chaos of order n in the variables

ξi1(∆)ξi2(∆) . . . ξin(∆). (4.15)

The multivariate Hermite chaos is the product of several univariate Hermite polyno-
mials of each ξi. The degree of each Hermite polynomial is decided by the number
of occurrences of ξi in the arguments. So

He3(ξ1(∆), ξ1(∆), ξ2(∆)) = He2(ξ1(∆))He1(ξ2(∆)). (4.16)

Note in this example that the first Hermite polynomial has degree two since ξ1(∆)
occurs twice in the arguments of He3(ξ1(∆), ξ1(∆), ξ2(∆)). As ξ2(∆) only occurs
once, the second Hermite polynomial is of degree one. Here, each random variable
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4. Polynomial Chaos Expansion

ξi(∆) ∼ N (0, 1) is a standard Gaussian variable, i.e. they each have zero mean and
unit variance (a variance of one) [39] and X̂i are the expansion coefficients specific
to x(∆), which have to be computed. The variable ∆ is a random event, i.e. one
particular random outcome or realisation. In [9], [39], details of the formal definition
of this underlying random event can be found. These details are however omitted
in this thesis, as the mathematical definition is not necessary for the rest of this
explanation. Further, for notational convenience, the random variable x(∆) will
instead be referred to as x(ξ).

The Hermite chaos is ideal for Gaussian random variables. For the more general
case, the Askey scheme can be used as the basis for expansion. This scheme contains
families of orthogonal polynomials with other probability distribution functions as
weighting functions in their respective orthogonality conditions, creating a more
generalised version of the Wiener polynomial chaos. The relationships between the
polynomial families and probability distributions are presented in Table 4.2 [9], [39].
As an example, the first five Legendre polynomials have been listed in Table 4.3 along
with the general definition. The normalised versions of the same five polynomials
have also been plotted in Figure 4.3 [43]. These polynomials are orthogonal with
respect to

w(ζ) = 1, (4.17)

which is the same as the PDF pU(ζ) of the uniform distribution U(−1, 1),

pU(ζ) = 1
2 , ζ ∈ [−1, 1], (4.18)

except for some constant.

Table 4.2: Different types of stochastic distributions and their corresponding poly-
nomial chaoses.

Type of Distribution Polynomial chaos
Gaussian Hermite chaos
Uniform Legendre chaos
Gamma Laguerre chaos
Beta Jacobi chaos

Poisson Charlier chaos
Negative binomial Meixner chaos

Binomial Krawtchouk chaos
Hypergeometric Hahn chaos

With this generalised scheme, a more general expansion of a random variable with
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Figure 4.3: The first five Legendre polynomials plotted on the span [−1, 1], each
normalised.

Table 4.3: The first five Legendre polynomials.

n Ln(ζ) L2
n

0 1 2

1 ζ 2
3

2 1
2

(
3ζ2 − 1

)
2
5

3 1
2

(
5ζ3 − 3ζ

)
2
7

4 1
2

(
35ζ4 − 30ζ2 + 3

)
2
9

... ... ...

n 1
2nn!

dn
dζn (ζ2 − 1)n 2

2n+1
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finite second order moment x(ξ) can be written as

x(ξ) = X̂0I0

+
∞∑
i1=1

X̂i1I1(ξi1)

+
∞∑
i1=1

i1∑
i2=1

X̂i1i2I2(ξi1 , ξi2)

+
∞∑
i1=1

i1∑
i2=1

i2∑
i3=1

X̂i1i2i3I3(ξi1 , ξi2 , ξi3) + . . . ,

(4.19)

where In(ξi1 , ξi2 , . . . , ξin) is the the appropriate multivariate Wiener-Askey polyno-
mial chaos of order n. The polynomial chaoses In are structured in a similar manner
to the multivariate Hermite chaos in (4.16).

The PCE can be presented on a more compact form using a multi-index vector
αi1i2...in . Each αi1i2...in corresponds to a given function In(ξi1 , ξi2 , . . . , ξin) such that
the value of each element i of αi1i2...in is the number of occurrences of ξi in the
arguments to the function In(ξi1 , ξi2 , . . . , ξin). With this multi-index-scheme, the
corresponding polynomial chaos can be written as

In(i1, i2, . . . , in) =
∞∏
i=0

Pαki(ξi), (4.20)

where Pαki(ξi) is the αth
ki order polynomial of the type corresponding to the proba-

bility distribution of ξi, with k = i1i2 . . . in [44]. The total polynomial order (TPO)
n is the sum of all αki for a fixed k and i = 1, 2, . . . , ∞.

As an example, consider a system described by Np random variables, such that
ξ = {ξi}Npi=1. Also consider the PCE order, NPCE. Let the PCE order be a truncation
of the expansion, whereby only polynomials up to degree NPCE are considered. The
finite Np and truncation NPCE restrict the expansion from (4.19) to

x(ξ) ≈ X̂0φ0

+
Np∑
i1=1

X̂i1I1(ξi1)

+
Np∑
i1=1

i1∑
i2=1

X̂i1i2I2(ξi1 , ξi2)

+
Np∑
i1=1

i1∑
i2=1

i2∑
i3=1

X̂i1i2i3I3(ξi1 , ξi2 , ξi3) + . . .

+
Np∑
i1=1

i1∑
i2=1

. . .

iNPCE−1∑
iNPCE=1

X̂i1i2...iNPCE
INPCE(ξi1 , ξi2 , . . . , ξiNPCE

).

(4.21)

This sums the polynomial chaoses of all possible combinations of {ξi}Npi=0 up to the
total polynomial order (TPO) NPCE [45], meaning that the total number of terms
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ends up being
Nφ = (Np +NPCE)!

Np!NPCE! . (4.22)

If we use Np = 2, where ξ1 ∼ N (0, 1) and ξ2 ∼ U(−1, 1), then we get the expansion
coefficients and polynomials which are presented in Table 4.4. In these polynomi-
als, Hen(ξi) is the Hermite polynomial of degree n, corresponding to the Gaussian
random variable ξ1 and Ln(ξi) is the nth degree Legendre polynomial corresponding
to the uniformly distributed ξ2.

A more convenient notation can be formulated by rewriting the polynomial chaoses
such that the polynomial from term i is referred to as φi(ξ) and the coefficient from
each term i is denoted as Xi. The expansion can then be written as

x(ξ) =
∞∑
i=0

Xiφi(ξ), ξ =
[
ξ1 ξ2 . . .

]
. (4.23)

The correspondence between the coefficients and polynomials of the two notation
schemes (4.19) and (4.23) is also exemplified in Table 4.4. In addition, a visual
representation of the polynomial φ8(ξ) from Table 4.4 has been normalised and
plotted in Figure 4.4 along with the underlying normalised Hermite and Legendre
polynomials. As was mentioned earlier, the PCE of x(ξ) is its representation in a
function space. With the representation in (4.23), it becomes apparent that this
function space is spanned by the polynomials φk(ξ), and in this function space x(ξ)
is represented by the coordinates (X1, X2, X3, . . .) as illustrated in Figure 4.5. In
the figure, the stochastic variable x(ξ) has an uncertain position along the basis
vector ê1, but it can be approximated by expansion into the function space spanned
by φ1(ξ), φ2(ξ) and φ3(ξ). When the dimensions of the function space are truncated,
the second order moments of the random variable are no longer exact.

4.2.1 Statistics with the Polynomial Chaos Expansion
The motivation behind the expansion was to compute the statistics of the original
variable x(ξ). So far, it has not become apparent how that can be done. This will
be clarified further in this section.

The expectation or mean of a variable x(ξ), where ξ is some random variable with
probability distribution P (ξ) associated with probability density function p(ξ), can
be expressed as

E[x(ξ)] =
∫
Dξ
x(ξ) dP (ξ)

=
∫
Dξ
x(ξ)p(ξ) dξ = 〈x(ξ), 1〉p

(4.24)

where Dξ is the domain of ξ. Given the PCE x(ξ) = ∑∞
i=0Xiφi(ξ), (4.24) becomes

E[x(ξ)] =
〈 ∞∑
i=0

Xiφi(ξ), 1
〉
p

, (4.25)
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Table 4.4: Coefficients and polynomials relating to an example expansion using
Np = 2 and NPCE = 3. The total polynomial order is also listed.

Term i αi Xi = X̂k φi(ξ) = In(ξ̂i) TPO

0
[
0 0

]
X0 = X̂0 φ0(ξ) = I0 = He0(ξ1)L0(ξ2) 0

1
[
1 0

]
X1 = X̂1 φ1(ξ) = I1(ξ1) = He1(ξ1)L0(ξ2) 1

2
[
0 1

]
X2 = X̂2 φ2(ξ) = I1(ξ2) = He0(ξ1)L1(ξ2) 1

3
[
2 0

]
X3 = X̂11 φ3(ξ) = I2(ξ1, ξ1) = He2(ξ1)L0(ξ2) 2

4
[
1 1

]
X4 = X̂21 φ4(ξ) = I2(ξ2, ξ1) = He1(ξ1)L1(ξ2) 2

5
[
0 2

]
X5 = X̂22 φ5(ξ) = I2(ξ2, ξ2) = He0(ξ1)L2(ξ2) 2

6
[
3 0

]
X6 = X̂111 φ6(ξ) = I3(ξ1, ξ1, ξ1) = He3(ξ1)L0(ξ2) 3

7
[
2 1

]
X7 = X̂211 φ7(ξ) = I3(ξ2, ξ1, ξ1) = He2(ξ1)L1(ξ2) 3

8
[
1 2

]
X8 = X̂221 φ8(ξ) = I3(ξ2, ξ2, ξ1) = He1(ξ1)L2(ξ2) 3

9
[
0 3

]
X9 = X̂222 φ9(ξ) = I3(ξ2, ξ2, ξ2) = He0(ξ1)L3(ξ2) 3
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Figure 4.4: The basis polynomial φ8(ξ) normalised and plotted.
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x(ξ)

ê1

PCE

ф3(ξ)

ф2(ξ)

ф1(ξ)

x(ξ) ≈ X1ф1(ξ) + X2ф2(ξ) + X3ф3(ξ)

X2

X1

X3

Figure 4.5: An illustration of the principle behind the PCE.

where p(ξ) is the probability density function of ξ. Keeping in mind that the basis
polynomials φi(ξ) have specifically been chosen to be orthogonal with respect to the
probability distribution p(ξ), meaning 〈φn(ξ), φm(ξ)〉p = φ2

nδnm, and also keeping
in mind that φ0(ξ) = 1, we get

E[x(ξ)] =
〈 ∞∑
i=0

Xiφi(ξ), φ0(ξ)
〉
p

=
∞∑
i=0

Xi 〈φi(ξ), φ0(ξ)〉p =
∞∑
i=0

Xiφ
2
i δi0 = X0φ

2
0.

(4.26)
If the orthonormal version of the polynomial basis is used, this gives all φ2

n = 1 and
thus E[x(ξ)] = X0.

Expressing the variance of x(ξ), we first observe that

E[(x(ξ)− E[x(ξ)])2] = E
[
x2 − 2xE[x(ξ)] + E2[x(ξ)]

]
= E[x2(ξ)]− 2E[x(ξ)]E[x(ξ)] + E2[x] = E[x2(ξ)]− E2[x(ξ)].

(4.27)

Inserting the PCE of x(ξ) into this expression, keeping in mind that E[x(ξ)] = φ2
0X0,

we arrive at

E[x2(ξ)]− E2[x(ξ)] =
〈( ∞∑

i=0
Xiφi(ξ)

)2
, 1
〉
p

− (φ2
0X0)2. (4.28)

The square of a sum (∑
i

ai
)2

=
∑
i

a2
i + 2

∑
i<j

aiaj (4.29)

gives 〈( ∞∑
i=0

Xiφi(ξ)
)2
, 1
〉
p

=
∞∑
i=0

X2
i

〈
φ2
i (ξ)

〉
p

+
∞∑

j=1, i<j
〈Xiφi, Xjφj〉p , (4.30)

which, given the orthogonality of the polynomials, reduces to

∞∑
i=0

X2
i

〈
φ2
i (ξ)

〉
p

+
∞∑

j=1, i<j
〈Xiφi, Xjφj〉p =

∞∑
i=0

X2
i φ

2
i , (4.31)
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since i and j are never the same in the second sum on the left side of (4.31). This
leaves

E[(x(ξ)− E[x(ξ)])2] =
∞∑
i=0

X2
i φ

2
i − φ4

0X
2
0 =

∞∑
i=1

X2
i φ

2
i , (4.32)

as φ0 = 1 means that φ2
0X

2
0 − φ4

0X
2
0 = 0, leading to the subtraction simply remov-

ing the 0th term of the sum. This result also tells us that the coefficients Xi for
i = 1, 2, ... are related to the variance of x(ξ) with respect to different combinations
of ξi.

Computing higher order moments from the PCE is more complicated but can be
done. Lefebvre [46] covers computation of higher order moments in more detail, as
does Gallant [45]. Higher order moments are outside of the scope of thesis and will
not be covered here.

4.2.2 Polynomial Chaos Expansion of Dynamic Systems
Until this point, we have focused on a single random variable. The purpose of this
section is to shed some light on the application of PCE on dynamic systems with
several state variables and stationary uncertainties.

Suppose we have a differential equation

ẋ(t, ξ) = f(t,x(t, ξ),u). (4.33)

The random parameter ξ can be viewed as corresponding to parametric uncertainties
in the model through relationships like θ = h(ξ), where h(ξ) is some arbitrary
function mapping the random variable ξ to parameter values θ. The state trajectory
x(t, ξ) of this system can be viewed as a random process dependent on the stationary
random variable ξ. Each state xk(t, ξ) in x(t, ξ) can then be expanded using the
Wiener-Askey chaos as

xk(t, ξ) =
∞∑
i=0

Xki(t)φi(ξ), (4.34)

where the PCE coefficients Xki(t) are now deterministic functions of time and the
stochastic portion of the system is described by the basis polynomials φi(ξ). With
this, the differential equation (4.33) can be written as

∞∑
i=0

Ẋki(t)φi(ξ) = f

(
t,
∞∑
i=0

Xki(t)φi(ξ),u
)
. (4.35)

By using the Galerkin projection [47] of the equation onto each basis polynomial,
the differential equation for each state variable becomes〈 ∞∑

i=0
Ẋki(t)φi(ξ), φj(ξ)

〉
p

=
〈
f

(
t,
∞∑
i=0

Xki(t)φi(ξ),u
)
, φj(ξ)

〉
p

, j = 0, 1, . . . ,

(4.36)
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for which the orthogonality of the polynomials can be used to give

Ẋkj(t)φ2
j =

〈
f

(
t,
∞∑
i=0

Xki(t)φi(ξ),u
)
, φj(ξ)

〉
p

, j = 0, 1, . . . . (4.37)

With (4.37), it is practically possible to simulate the system given some initial condi-
tions and finite Np and NPCE. On this general form however, the Galerkin Projection
has to be computed at every function evaluation. Which, although possible, may be
impractical. But by considering the special case of a linear system

ẋ(t, ξ) =
¯
A(ξ)x(t, ξ) +

¯
B(ξ)u,

for t > 0, given x(0, ξ) = x0(ξ),
(4.38)

the expansion and Galerkin projection of the system onto each polynomial basis
gives the dynamics as

¯
FẊ(t) = 〈

¯
Φ(ξ),

¯
A(ξ),

¯
Φᵀ(ξ)〉pX(t) + 〈

¯
Φ(ξ),

¯
B(ξ)〉p u, (4.39)

whereX(t) and u can be moved out of the inner products since they are independent
of ξ and

X(t) =
[
X10(t) X11(t) . . . X20(t) X21(t) . . . XNx0(t) XNx1(t) . . .

]ᵀ
,

(4.40)
with Nx being the number of state variables in x,

¯
Φ(ξ) =

[
φ0(ξ) φ1(ξ) . . .

]ᵀ
⊗

¯
INx , (4.41)

and

¯
F =


φ2

0
φ2

1
. . .

 , (4.42)

which becomes the identity matrix if the polynomial basis is orthonormal [45]. Sim-
ilarly, the initial state in the PCE formulation is

¯
FX(0) = 〈

¯
Φ(ξ), x(ξ, 0)〉p . (4.43)

By defining

¯
APCE =

¯
F−1 〈

¯
Φ(ξ),

¯
A(ξ),

¯
Φᵀ(ξ)〉p , (4.44a)

¯
BPCE,d =

¯
F−1 〈

¯
Φ(ξ),

¯
B(ξ)〉p , (4.44b)

X(0) =
¯
F−1 〈

¯
Φ(ξ), x(ξ, 0)〉p , (4.44c)

we get the augmented system

Ẋ =
¯
APCEX(t) +

¯
BPCE,du. (4.45)

If the original system has more state matrices, they can also be expanded in the
same manner as

¯
A and

¯
B were expanded in this derivation.
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An important case to review is when the input u is also stochastic u(ξ), for example
in the case that state feedback u(t, ξ) =

¯
Kx(t, ξ) is used [9], [45]. Each input in

uk(ξ) of the control signal can then also be expanded, similarly to how the state
vector was expanded previously, into

uk(ξ) =
∞∑
i=0

Ukiφi(ξ) (4.46)

or
u(ξ) =

¯
Φᵀ(ξ)U . (4.47)

This changes the expression for the augmented
¯
B to be similar to that of

¯
A,

¯
BPCE,s =

¯
F−1 〈

¯
Φ(ξ),

¯
B(ξ),

¯
Φᵀ(ξ)〉p , (4.48)

and the differential equation becomes

Ẋ =
¯
APCEX(t) +

¯
BPCE,sU . (4.49)

Recall that each inner product is an integral as specified in (4.4). As such, (4.44)
and (4.45) are all multi-dimensional integral problems. In the case of the initial
conditions (4.44c) for example, takes the form

X(0) =
¯
F−1

∫
Dξ ¯

Φ(ξ)x(ξ, 0)p(ξ) dξ

=
¯
F−1

∫
Dξ0

∫
Dξ1

. . .
∫
Dξ∞ ¯

Φ(ξ)x(ξ, 0)p(ξ) dξ∞ . . . dξ1 dξ0.
(4.50)

In the previous section, it was established that the mean of an expanded variable x(ξ)
is φ2

0X0 and that its variance is ∑∞i=1 φ
2
iX

2
i , where Xi are the expansion coefficients.

For the expanded dynamic system, the mean trajectory of each state variable xk(t, ξ)
is similarly φ2

0Xk0(t) and its variance is ∑∞i=1 φ
2
iX

2
ki(t), which can also be written as

E[x(t, ξ)] =
¯
MX(t), (4.51a)

E[(x(t, ξ)− E[x(t, ξ)])2] =
¯
VX◦2(t), (4.51b)

where

¯
Z◦η =


ζη11 ζη12 . . .
ζη21 ζη22 . . .
... ... . . .

 , given
¯
Z =


ζ11 ζ12 . . .
ζ21 ζ22 . . .
... ... . . .

 , (4.52)

is the Hadamard exponentiation [48] and

¯
M =

[
φ2

0 0 0 . . .
]
⊗

¯
INx, (4.53)

¯
V =

[
0 φ2

1 φ2
2 . . .

]
⊗

¯
INx. (4.54)

It is important to recall that even though the ideal expansion has infinitely many
terms, in practice it is necessary to use a truncation up to terms of N th

PCE order,
meaning all terms

i ∈ I, I = {i | ||αk|| ≤ NPCE, i ∈ N} , (4.55)
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depending on the desired accuracy. One will also have to consider only a finite
number of Np uncertainties, thus restricting the number of random variables in ξ.
The number of states in the augmented system will then be

NX = NxNφ = Nx
(Np +NPCE)!
Np!NPCE! . (4.56)

4.3 Karhunen-Loève Expansion
The random variables considered so far have all been stationary random variables,
meaning that their values remain the same irrespective of time and space. In some
real systems however, there may be non stationary uncertainties. Such uncertainties
can be expressed on the form

w = w̄ + wσα(τ , ξ), (4.57)

where w̄ is the mean of the random process, wσ is its standard deviation and α(τ , ξ)
is a time- and/or space τ variant random process with zero mean and unit variance.
To generate a realisation for such a process, one would need a random variable for
each instance in time or each point in space. However, it is also possible to describe
the random process α(τ , ξ) by the Karhunen-Loève expansion

α(τ , ξ) =
∞∑
i=0

√
λifi(τ )ξi. (4.58)

In (4.58), λk are the eigenvalues of the covariance function C(τ 1, τ 2) of α(τ , ξ) and
fk(τ ) are the corresponding eigenfunctions. The eigenvalues and eigenfunctions are
the solutions of the Fredholm integral equation∫

Dτ
C(τ 1, τ 2)fn(τ 1) dτ 1 = λnfn(τ 2), (4.59)

where Dτ is the domain of τ [8], [9]. The eigenfunctions are orthogonal to each
other with respect to w(τ ) = 1, meaning that∫

fn(τ )fm(τ ) dτ = δnm. (4.60)

The infinite valued eigenvalue problem in (4.59) has no analytical solution in the
general case. The numerical methodology used to solve it in this project is covered
in Chapter 5.

As with the PCE, one may truncate the sum at a point NKLE. The remaining error
is then

εNKLE =
∞∑

n=NKLE+1

√
λnfn(τ )ξn, (4.61)

and a property of the KLE is that the mean square error resulting from this trun-
cation is minimised [8], allowing random processes to be described with arbitrary
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4. Polynomial Chaos Expansion

accuracy. This representation of the non-stationary random process by a finite num-
ber of stationary random variables can be used together with the PCE approach
presented in the earlier Section 4.2.2 [9].

As mentioned, the KLE is useful for describing time variant or spatially variant
processes with known covariance [9]. A limitation of the KLE is however that white
noise cannot be uniquely described by it. For a white noise process the covariance
function is C(τ 1, τ 2) = δτ1τ2 , thus (4.59) becomes∫

Dτ
C(τ 1, τ 2)fn(τ 1) dτ 1 =

∫
Dτ
δτ1τ2fn(τ 1) dτ 1 = fn(τ 1) = λnfn(τ 2), (4.62)

which has no unique solution. Coloured random process however, can be uniquely
defined by this expansion.

4.4 Stochastic Optimal Control Using PCE
When controlling systems towards some form of target state, state feedback is a
common approach [37]. Here, the input signal becomes state dependent on the form
u(t) =

¯
Kx(t), where

¯
K is the constant control gain matrix chosen to fulfil the

objective

¯
K = arg min

¯
K

∫ ∞
0
xᵀ(t)

¯
Qx(t) + uᵀ(t)

¯
Ru(t) dt︸ ︷︷ ︸

Cost functional

,

such that ẋ(t) = f(t,x(t),u(t)),
x(0) = x0,

(4.63)

using the weighting matrices
¯
Q and

¯
R. The resulting controller is called a least

quadratic regulator (LQR).

A so called stochastic LQR (SLQR) can be synthesised based on the expected cost,
giving the optimisation problem

¯
K = arg min

¯
K

E
[∫ ∞

0
xᵀ(t, ξ)

¯
Qx(t, ξ) + uᵀ(t)

¯
Ru(t) dt

]
︸ ︷︷ ︸

Cost functional

,

such that ẋ(t, ξ) = f(t,x(t, ξ),u(t)),
x(0, ξ) = x0(ξ).

(4.64)

Fisher [9], [49] proposes four main control schemes, two of which use a deterministic
feedback gain based on the stochastic dynamics of the system and the other two
use a stochastic feedback gain. The first proposition is state feedback with the
augmented state vector X(t) using a constant gain

¯
K as

U(t) =
¯
KX(t). (4.65)

The second proposition also uses a constant gain matrix
¯
K, however the state vector

used for feedback is the original state vector x(t, ξ),

u(t, ξ) =
¯
Kx(t, ξ). (4.66)
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Figure 4.6: Illustrations of control loops for each of the four propositions.

The last two propositions are similar in their feedback structures to the previous
two, however the gain matrices are dependent on the random variable ξ, resulting
in the control structures

U(t) =
¯
K(ξ)X(t), (4.67)

u(t, ξ) =
¯
K(ξ)x(t, ξ). (4.68)

Simple control loops for all four of these propositions have been illustrated in Fig-
ure 4.6. The control law in (4.66) is the most practical to implement. Once the
control gain matrix

¯
K has been computed, the implementation of the controller is

no different to a regular LQR since the control law takes the same form, as can also
be seen in the corresponding illustration. In order to use either (4.65) or (4.67),
one would need to create some type of observer to estimate the augmented state
X(t). Further, the control laws (4.67) and (4.68) would also require estimation of
the random variable ξ by some means. These open challenges are marked in red in
Figure 4.6.

The constant gain matrix in (4.66) can be lifted into the PC expansion by
U(t) = (

¯
K ⊗

¯
INφ)X(t). (4.69)

Since the resulting system
Ẋ(t) =

¯
APCEX(t) +

¯
BPCE,s(¯

K ⊗
¯
INφ)X(t) (4.70)

is again deterministic, one can compute the control gain for it by the optimisation

¯
K = arg min

¯
K

∫ ∞
0
Xᵀ(t)

¯
QPCEX(t) +U ᵀ(t)

¯
RPCEU(t) dt︸ ︷︷ ︸

Cost functional

,

such that Ẋ(t) = fPCE(t,X(t),U(t)),
X(0) = X0,

(4.71)
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which is similar to the already familiar LQR problem in (4.63) and minimised by
solving the Riccati equation

¯
Aᵀ

PCE¯
P +

¯
P

¯
APCE +

¯
P

¯
BPCE,s(¯

K ⊗
¯
INφ) + (

¯
Kᵀ ⊗

¯
INφ)

¯
Bᵀ

PCE,s¯
P

+
¯
Q+ (

¯
Kᵀ ⊗

¯
INφ)

¯
R(

¯
K ⊗

¯
INφ) = 0.

(4.72)

The optimality of this solution is subject to
¯
P =

¯
P ᵀ, with

¯
P being positive definite,

and whether or not the feasibility condition

¯
Aᵀ

¯
P +

¯
P

¯
A+ (

¯
Kᵀ ⊗

¯
INφ)

¯
Bᵀ

¯
P +

¯
P

¯
B(

¯
K ⊗

¯
INφ) < 0 (4.73)

is fulfilled [9], [37].

Since the first expansion term of each state variable xk(t, ξ) or input signal uk(t, ξ) is
related to its mean and the sum of the squares of the rest are related to the variance,
one can choose the weighting matrices

¯
QPCE and

¯
RPCE to apply different penalties

to the expected state trajectory and the variance of the state trajectory.

4.5 Sensitivity Analysis

In practice, it is only feasible to consider a finite amount of Np uncertainties {ξi}Npi=1,
and it is also of benefit computationally to consider as few uncertainties as possible.
As such, a sensitivity analysis may be relevant to inspect how drastically the output
of a model changes as a result of a parameter value changing. These results are
useful to learn which uncertainties are more critical to consider when looking at a
model [50].

In general, Sudret [50] suggests looking at the so called Sobol’ indices of a function
as a means of sensitivity analysis. For a system

y = f(θ), (4.74)

where θ is a vector of N parameters. For this example, the output y is assumed
scalar. The system can then be rewritten by so called Sobol’ decomposition

f(θ) = f0 +
∞∑
k=1

fk(θk) +
∑

1≤k<l≤∞
fkl(θk, θl) + . . .+ f1,2,...,N(θ1, . . . , θN). (4.75)

Here, the first term, f0 is the mean and the first sum is the variance contribution
dependent on only one parameter θk where as the following terms are the variance
contributions from all possible combinations of two different θk and the follwing
terms are the variance contributions from all possible combinations of three or more
θk.

This decomposition appears very similar to the PCE, and in fact, as Sudret [50]
goes on to show, the Sobol’ decomposition is indeed the same as the PCE. Given
the PCE of x as presented earlier in (4.23), the Sobol’ index SUi corresponding to a
given parameter θi, or random variable ξi with the PCE notation, is simply the sum
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of all φ2
kX

2
k relating to the corresponding expansion terms of order one or higher

which are dependent on ξi. In other words the term relating to ξi from the first sum
in (4.75). That is all terms where the polynomials corresponding to all ξj where
j 6= i are of order zero, divided by the total variance [50],

SUk =
∑
j∈J φ

2
jX

2
j∑∞

i=1 φ
2
iX

2
i

, J
{
j ≥ 1 | ∂φj(ξ)

∂ξk
6= 0 ∧ ∂

∂ξl
φj(ξ) = 0 ∀ l 6= k

}
. (4.76)

A total sensitivity SUT
i can also be computed, this is the sum of all φ2

kX
2
k corre-

sponding to terms where the polynomial of ξi is at least of order one, i.e. all terms
from (4.75) which contain ξi, divided by the total variance [50],

SUT
k =

∑
j∈J T φ

2
jX

2
j∑∞

i=1 φ
2
iX

2
i

, J T

{
j ≥ 1 | ∂φj(ξ)

∂ξk
6= 0

}
. (4.77)

This can also be clarified by going back to the expansion example of Table 4.4, for
which the first order sensitivity with respect to ξ1 is

SU1 = φ2
1X

2
1 + φ2

3X
2
3 + φ2

6X
2
6∑∞

i=1 φ
2
iX

2
i

, (4.78)

and the total order sensitivity with respect to the same variable is

SUT
1 = φ2

1X
2
1 + φ2

3X
2
3 + φ2

4X
2
4 + φ2

6X
2
6 + φ2

7X
2
7 + φ2

8X
2
8∑∞

i=1 φ
2
iX

2
i

. (4.79)
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5
Methodology

The aim of this project was to investigate the possibility of characterising uncer-
tainties based on measured vehicle data. The execution of this investigation using
the theoretical ideas from Chapters 2, 3 and 4 is presented in this chapter. The
first step was to generate measured data. In order to conduct the investigation in a
controlled manner, the measured data was generated in simulation, where the exact
parameters could all be controlled, preventing unexpected effects to affect the data.
The modelling of the vehicle and computation of its output statistics are covered
in Section 5.1. For clarity, the model described here is referred to as the real or
baseline model.

This section is followed by Section 5.2, where the methodology used to compute the
PCE and KLE of the linear vehicle model numerically is presented. The PCE of the
linear vehicle model was used as the base for the identification of the distribution
parameters of the uncertainties. For this, the approach presented in Section 5.3 was
used. Given that the ultimate aim of the stochastic formulation of systems is to use
that information for control design, a PCE-based control approach was also tested.
This is covered in Section 5.4.

5.1 Stochastic Vehicle Model and Data Synthesis
To create a synthetic reality, a vehicle was modelled based on the theory in Chapter 2
with four stationary uncertainties and one time variant disturbance. Three of the
four stationary uncertainties were related to tyre- and vehicle parameters. The
friction µ(ξ) between the tyre and road, the mass of the load mload(ξ) and the
position of the CoG position relative to front axle lf(ξ). A time variant side wind
force

Fw(t, ξ) = F̄w(ξ) + Fw,σFw,α(t, ξ) (5.1)
was also included, with a stationary uncertain mean F̄w(ξ), a constant standard de-
viation Fw,σ, and a time variant zero mean, unit variance coloured Gaussian process
Fw,α(t, ξ) with the covariance function

C(t1, t2) = e
−(t1−t2)2

T2
c , (5.2)

where Tc is a time constant for the covariance function, in this case Tc = 2 s. Asso-
ciated with the side wind, a yaw moment Mw(t, ξ) = McFw(t, ξ) was also modelled,

41



5. Methodology

where the factor Mc is a constant describing the relation between the lateral force
and the yaw moment.

In addition to the side wind, the state space model from (2.22) was also extended
with two new state variables related to the lateral position of the vehicle, as the
specific example studied in this thesis was related to a lane keeping assistance system.
This extension of the system changed the equations to

αf = δ − tan−1
(
vc sin(β) + lfψ̇

vc cos(β)

)
, (5.3a)

αr = − tan−1
(
vc sin(β)− lrψ̇
vc cos(β)

)
, (5.3b)

Ff,z = mg
lr
L
, (5.3c)

Fr,z = mg
lf
L
, (5.3d)

ψ̇ = ψ̇, (5.3e)
Izψ̈ = lfFf,y cos(δ)− Fr,ylr +Mw(t, ξ), (5.3f)

β̇ = 1
mvc

(
Ff,y cos(δ) + Fr,y + Fw(t, ξ)

)
cos(β)− ψ̇, (5.3g)

ẏpos = sin(ψ)vc, (5.3h)

and the linear model (using the small angle approximation for ψ) to


ψ̇

ψ̈

β̇

ẏpos


︸ ︷︷ ︸
ẋ(t,ξ)

=



0 1 0 0

0 − cf l
2
f +crl2r
Izvc

crlr−cf lf
Iz

0
0 crlr−cf lf

mv2
c
− 1 − cf+cf

mvc
0

vc 0 0 0


︸ ︷︷ ︸

¯
A(ξ)


ψ

ψ̇

β

ypos


︸ ︷︷ ︸
x(t,ξ)

+


0
lfcf
Iz

cf
mvc

0


︸ ︷︷ ︸

¯
B(ξ)

δ︸︷︷︸
u

+



0
Mw(t,ξ)

Iz

Fw(t,ξ)
mvc

0


︸ ︷︷ ︸

¯
W (t,ξ)

. (5.4)

The blue portions represent the added states and the red portions the addition of
the wind.

A complete list of the vehicle parameters and the values used is presented in Table
5.1, with the tyre parameters used presented in Table 5.2. The values of the un-
certain parameters µ, mload, and lf in a particular realisation influence the values
of other parameters. These dependencies are also displayed in Table 5.1. The tyre
parameters used were chosen such that the tyre model would match the Dry Tarmac
example from [23] when µ(ξ) = 1.

Measured data was synthesised using both the linear and non-linear vehicle mod-
els (5.4) and (5.3) using the sequential Monte Carlo method, as the implementa-
tion of the PCE available at the time did not allow expansion of non-linear sys-
tems. The input signal used was a sinusoidal steering input with an amplitude of
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Table 5.1: The vehicle parameters used.

Parameter Description Unit Value
Vehicle Parameters

mbase Mass of the vehicle (without load) kg 1784
mload Mass of load kg N (100, 30)
m Total vehicle mass kg mbase +mload
J0 Specific moment of inertia (Iz = mtotJ0) m2 0.84
lf Distance between CoG and front axle m N (1.55, 0.2)
L Distance between front and rear axle m 2.85
lr Distance between CoG and rear axle m L− lf
cSf Cornering stiffness at the front - 10.6
cSr Cornering stiffness at the rear - 30.4
µ Frictional coefficient - N (1, 0.2)
vc Constant speed m/s 70

3.6
Mc Yaw moment factor m -1.2

Environmental Parameters
g Acceleration due to gravity m/s2 9.81
F̄w Side wind mean N U(−400, 400)

C(t1, t2) Side wind covariance function - e
−(t1−t2)2

22

Table 5.2: Tyre parameters used for the vehicle model.

Tyre B C D E

Front Tyre cSf 1.9 µ 0.97
Rear Tyre cSr 1.9 µ 0.97

δmax = 5° = 1
36π rad and a period of 4 s,

u(t) = δmax cos
(
π

2 t
)
, (5.5)

which corresponds to driving a slalom, ensuring that all state variables of the system
are affected.

For each simulation run, a particular realisation of the car was simulated with the
input signal in (5.5) from the initial state x0 = 0, over the time span t0 = 0 s
to tf = 10 s with a uniform time grid where each grid point was separated by
∆t = 0.001 s. To solve the differential equations for this time grid the Dormand-
Prince Runge-Kutta method was used through the MATLAB function ode45 [51].
A data set was formed by simulating 2000 samples, as the statistics were observed
to have converged to a satisfying degree at that number of samples.

It was assumed that each of the state variables could be measured, with the level of
noise differing in each of a total of eleven generated data sets. For each signal s(t),
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Table 5.3: The value of the noise intensity parameter A for the different data sets.

Data set 1 2 3 4 5 6 7 8 9 10 11
A 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

the noise was added such that the corrupted signal at each time instance tk was

sc(tk) = s(tk) + A|s|maxζk, (5.6)

where all ζk ∼ N (0, 1) and |s|max = max|s(t)| was used to scale the noise relative
to each individual signal. For each of the eleven data sets, the values for A are
presented in Table 5.3. In addition to these eleven data sets, one additional one was
created without noise, but using an inverted input signal

u(t) = −δmax cos(π2 t), (5.7)

to later test the input sensitivity of the estimation.

5.2 Numerical KLE and PCE
In order to expand the stochastic linear vehicle model using the PC, it was necessary
to first rewrite the uncertainties as functions of stationary variables with standard
probability distributions. The four stationary uncertainties were modelled as

µ(ξ) = 1 + 0.2ξ1, ξ1 ∼ N (0, 1), (5.8)
mload(ξ) = 100 + 30ξ2, ξ2 ∼ N (0, 1), (5.9)

lf(ξ) = 1.55 + 0.2ξ3, ξ3 ∼ N (0, 1), (5.10)

F̄w(ξ) = 400 + (−400) + ξ4(400− (−400))
2 , ξ4 ∼ U(−1, 1), (5.11)

and Fw(t, ξ) was modelled using the KLE (4.58), for which all random variables
follow the standard normal distribution. With the KLE, the disturbance matrix

¯
W (t, ξ) can be split into

¯
W (ξ)f(t), where f(t) are the eigenfunctions in the KLE.

It was then possible to expand the linear state space system by PCE, using the same
method for

¯
W (ξ) as for

¯
B in (4.44b).

Both the Galerkin projection of the PC expanded system matrices (4.44a), (4.44b),
(4.44c) and/or (4.45) and the Fredholm equation (4.59) are integral problems with-
out a straightforward analytical solution. For this reason, they needed to be approx-
imated. Numerical computation of integrals is often done by approximating them
as sums ∫ b

a
f(x) dx ≈

N∑
k=0

wkf(xk), xk ∈ [a, b]∀k = 0, 1 . . . , N, (5.12)

where wk is some weight such as a step length. A question that naturally arises is
how to choose the points xk at which the function is evaluated. The scheme used
in this project was the Gauss-Legendre quadrature (GLQ), as described by Schmidt
[52], which can be applied to both one- and multidimensional integrals.
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Using the GLQ involves choosing NGLQ evaluation points to deliver the optimal
approximation when integrating polynomials. In fact, using this method for poly-
nomials of degrees up to 2NGLQ−1 ensures an exact solution. For any general (non-
polynomial) function f(x), this ensures that approximation error of the quadrature
is at most the same as the error one would get from approximating f(x) as a poly-
nomial of degree 2NGLQ−1. This makes it possible to approximate the integral over
the normal interval [−1, 1] of a sufficiently smooth function f(x) as

∫ 1

−1
f(x) dx ≈

N−1∑
k=0

f(x∗k)wk = fᵀw, f ,w ∈ RN . (5.13)

Each point x∗k is associated with a weight wk. The pair (x∗k, wk) will be referred to
as a Gauss point.

The evaluation points x∗k are the zeros of theN th
GLQ order Legendre polynomial Ln(x).

These zeros are in turn also approximated numerically using a Newton-Raphson
method. The weights wk come from the matrix equation


x∗1

0 . . . x∗N
0
GLQ

... . . . ...
x∗1

NGLQ−1 . . . x∗N
NGLQ−1
GLQ


︸ ︷︷ ︸

Vandermonde Matrix


w1
...
wN

 =


1+(−1)0

0+1...
1+(−1)NGLQ−1

(N−1)+1

 . (5.14)

A visual representation of Gauss points with NGLQ = 10 is presented in Figure 5.1.
Evidently, these points are not equidistantly spaced but since the Legendre poly-
nomials are always either even or odd, their zeros (and thus the Gauss points) are
spaced symmetrically around the origin.

The explanation provided thus far hinges on the integration interval [−1, 1]. For the
arbitrary integration interval [a, b], the evaluation points were mapped such that

xk = b+ a+ x∗k(b− a)
2 (5.15)

and the weights were kept the same. For multidimensional integrals, such as the
Galerkin projection, a grid was formed over the integration space using the Gauss
points in each dimension of the integration space.

The computation of the KLE hinged on solving for the eigenvalues and eigenfunc-
tions using the Fredholm integral 4.59. For this, a so called Nyström approximation
was used [53]. This method involves taking the Fredholm equation∫ b

a
C(τ 1, τ 2)fn(τ 1) dτ 1 = λnfn(τ 2) (5.16)

and approximating it as

NGLQ−1∑
k=0

C(tk, t2)wkfn(tk) = λnfn(t2), (5.17)
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Figure 5.1: Visual representation of the Gauss points relative to the corresponding
Legendre polynomial.

where the points (tk, wk) are Gauss points from the N th
GLQ order GLQ. Under the

assumption that this approximation holds exactly for all t2 ∈ {tk}
NGLQ−1
k=0 , we can

solve for λn and fn(tk) by solving the matrix equation

¯
C(tGLQ, tGLQ)

¯
WGLQ¯

Vf (tGLQ) = λ
¯
Vf (tGLQ). (5.18)

where
¯
C is the covariance matrix stemming from the covariance function C(t1, t2),

¯
W =


w0

. . .
wNGLQ

 ,
and the nth row and kth column of

¯
Vf (tGLQ) is fn(tk). Given these matrices, the

continuous fn(t) were approximated by

¯
Vf (t) ≈ ¯

Λ−1

¯
Vf (tGLQ)ᵀ

¯
W

¯
C(tGLQ, t), (5.19)

where
¯
Λ is a diagonal matrix with the eigenvalues λk in the diagonal, which gives

fn(t) ≈ λ−1
n

Nλ−1∑
k=0

C(tk, t)wkfn(tk). (5.20)

By this approximation, only NGLQ eigenvalues and eigenfunctions were computed,
thus, the sum of (4.58) was reduced to

NGLQ−1∑
i=0

√
λiξifi(τ ). (5.21)
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Figure 5.2: Comparison between realisations of the random process using direct
sampling with MATLAB’s mvnrnd and the KLE approximation with NGLQ,KLE =
350 and pc = 0.95.

Recalling the fact that the number of PCE coefficients increase combinatorically
with the amount of random variables, it is reasonable to reduce the number of
eigenvalues as much as possible. From (4.58), one may observe that the greater
eigenvalues will have the most influence on the value of the sum. Thus, in order
to reduce the number of random variables further, the sum was truncated by only
considering the Nc greatest and therefore most significant eigenvalues, where the
smallest possible Nc was chosen such that

Nc−1∑
i=0

λi ≥ pc

iGLQ−1∑
i=0

λi, (5.22)

where pc is the truncation factor.

As standard within this project, the PCE order NPCE = 2 was used together with the
quadrature orderNGLQ,PCE = 4. For the KLE, the quadrature orderNGLQ,KLE = 350
with the truncation factor pc = 0.95 was used. These KLE settings were chosen as
the resulting approximation of the wind appeared sufficiently accurate as displayed
in Figure 5.2, where 30 random realisations have been plotted using direct sampling
using mvnrnd in MATLAB and the KLE approximation. The PCE settings were
chosen as the simulation data showed sufficient agreement with the results of the
Monte Carlo simulations, as seen in Figure 5.3.
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Figure 5.3: Comparison between simulation results using the Monte Carlo method
and PCE.
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5.3 Identification of Probability Distributions
With measured data generated, the next step was to use this data as a base in order
to identify the distribution parameters of the uncertainties in the model. The model
structure used for this is presented in Section 5.3.1. The estimation method and the
different tests conducted are covered in Section 5.3.2.

5.3.1 Identification Model
For the identification, a linear single track model was used where the friction, CoG
position, load and wind were all considered as stochastic parameters with unknown
probability distribution parameters, but known or assumed distribution type. Be-
fore identifying any parameter values, an identifiability analysis was conducted to
investigate whether or not all parameters could be identified. This was done in
two different steps. First, the observability matrix approach described in Section
3.2 was used. In this part of the analysis, the time variant component of the wind
was omitted, and only the mean wind strength was considered, giving the unknown
parameter vector

θ =
[
µ mload lf F̄w

]ᵀ
. (5.23)

As per (3.12), the LST model state vector was extended with θ, which lead to
a non-linear model, necessitating the usage of the non-linear observability matrix
(3.9). For the evaluation of ORC, the constant input u(t) = δmax was used. At
evaluation, the ORC was not fulfilled, the rank of the matrix being 7 whereas full
rank would have been 8. By removing each column individually and computing the
rank of the matrix again, it was found that the identifiability of the parameter mload
could not be guaranteed.

Given that the input used did not exactly match the time variant input signal used
in the data, and the fact that ORC when using the non-linear observability matrix is
merely a sufficient but not necessary condition, the identifiability of mload could not
be definitively ruled out by this method. To further investigate, a sensitivity analysis
of the sort described in Section 4.5 was used. For this, the PCE of the stochastic LST
model with the known parameter values in Table 5.1 was used. In this sensitivity
analysis, the time variant disturbance was also included. The sensitivity towards
the disturbance was split into a sensitivity to the mean and a sensitivity against its
time variant portion, which was computed by summing the sensitivities against all
ξi from the KLE. The sensitivity analysis on this form is input specific, thus the
input used was the same as in the testing data (5.5).

The first order sensitivity of every state variable of the LST model against every
uncertainty has been plotted in Figure 5.4. From this sensitivity analysis, it was
noted that the sensitivity against both the load and time variant portion of the side
wind were low compared to the other parameters. Combined with the outcome of the
identifiability analysis using the observability matrix, mload was therefore considered
unidentifiable. As a consequence of this, it was modelled as being a constant in the
identification model, and its value was assumed to be measured through other means
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than system identification. Additionally, as the sensitivity against the time variant
portion of the wind was low, it was also modelled as being constantly zero. The
wind was still modelled as stochastic through the mean F̄w, but constant over time.
The vehicle parameters of the identification model are listed in Table 5.4, with the
parameters to identify being

θ =
[
θ1 θ2 θ3 θ4 θ5 θ6

]ᵀ
, (5.24)

and m̂load being an estimate of the mean of mload estimated by some other means,
as it has been indicated that it cannot be estimated through system idetnifcation.

Table 5.4: The vehicle parameters used in the identification model.

Parameter Description Unit Value
Vehicle Parameters

mbase Mass of the vehicle (without load) kg 1784
mload Mass of load kg m̂load
m Total vehicle mass kg mbase + m̂load
J0 Specific moment of inertia (Iz = mtotJ0) m2 0.84
lf Distance between CoG and front axle m N (θ3, θ4)
L Distance between front and rear axle m 2.85
lr Distance between CoG and rear axle m L− lf
cSf Cornering stiffness at the front - 10.6
cSr Cornering stiffness at the rear - 30.4
µ Frictional coefficient - N (θ1, θ2)
vc Constant Speed m/s 70

3.6
Mc Yaw moment factor m -1.2

Environmental Parameters
g Acceleration due to gravity m/s2 9.81
F̄w Side wind mean N U(θ5, θ6)

5.3.2 Estimation
The main aim of this project was to investigate whether or not the distribution pa-
rameters of the uncertainties could be identified, and what role model simplifications
would play. This was done by first testing a baseline where the model structure of
the identified model matched that of the model used for data generation, by using
linear single track models for both as illustrated in Figure 5.5. A differnt case was
then set up, where data generated from a non-linear single track model was used in-
stead to identify the same linear single track model as before. This case is illustrated
in Figure 5.6.

Estimating the unknown parameters from the data was treated as a non-linear sys-
tem identification problem, since the standard deviation from the PCE augmented
state vector (4.51b) is a non-linear function of the state vector. From the test-
ing data, the mean and standard deviation of the output trajectories had been
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Figure 5.4: The first order sensitivity analysis of the system against all uncertain-
ties.

Simulated samples of stochastic 
linear single track model

Computed distribution of output Identified PC expanded 
linear single track model

Identification

No model simplification

Post-processing

Figure 5.5: An illustration of the process of identifying a model without model
simplification.
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Figure 5.6: An illustration of the process of identifying a model with model sim-
plification.

computed, and the approach used was to identify the unknown parameters of the
identification model to match the measured mean and standard deviation as well as
possible.

Three different cost functions were formulated, all on the general form

J(x̂) =
N∑
k=0
wk(ˆ̄xk − x̄∗k)2 +wk(x̂σ,k − x∗σ,k)2, (5.25)

where ˆ̄xk is the estimated mean and x̄∗k is the measured mean, both at sample k, x̂σ,k
and x∗σ,k are the estimated standard deviation and the measured standard deviation
respectively. The weightswk were changed for different cases. Note that in this case,
the same weights are applied both to the mean- and standard deviation errors. When
the estimation data from the linear model was used, wSTD

k =
[
1 1 1 1

]
, ∀k =

1, . . . , N , were the weights used, as the identified model should be able to match
the data exactly at every point of time assuming the correct parameter values can
be found.

For the remaining two cost functions, two different weighting schemes were used. As
was mentioned in Chapter 3, one reason to apply weights in the cost function could
be to give more importance to samples which would be expected to have smaller
error. When the measured data from the NLST model was used as the base for
identification, there would be some error due to model simplifications in the LST
identification model. The two models would be expected to behave more similarly
to each other for small steering angles. Therefore, an input weighted cost function
referred to as INP was used where each sample was weighted to depending on the
absolute value of the steering angle by

wINP
k = e−|u(tk)|

[
1 1 1 1

]
, (5.26)

thus lending more importance to samples with small steering angles, where the
model error would be expected to be smallest.

With the synthetic reality used within this project, perfect knowledge over it was
held. It was thus possible to directly calculate the mismatch between the real LST
and NLST models. For this, the Kullback-Leibler divergence [54] (KLD) was a
natural choice. For two normal distributions P ∼ N (µp, σp) and Q ∼ N (µq, σq), the

52



5. Methodology

KLD is given by

DKL(P ||Q) = 1
2
σp
σq
− 1 + (µq − µp)2

σq
+ log

(
σq
σp

)
, (5.27)

which was calculated between the approximated normal distributions of each state
variable at each time step of both the LST and NLST models. The computed
mismatch was then used to weight the cost function by

wDST
k =

[
wk1 wk2 wk3 wk4

]
,

wki = e−|Dki,KL|,
(5.28)

where Dki,KL is the KLD between the approximated normal distribution of output of
the state variable xi(tk, ξ) at time tk using the LST and NLST models respectively.

In order to compare different estimates to each other, some metric was needed. As
the objective was to estimate probability distributions, an appropriate type of metric
was one that could quantify the difference between two probability distributions.
The Kullback-Leibler divergence DKL(P ||Q) used to form the distance based cost
function could not be used, as it is only defined in the case that P (x) = 0 for all x
whereQ(x) = 0, which cannot be guaranteed for two arbitrary uniform distributions.
Instead the Wasserstein-metric was chosen. Its background is described in greater
detail by [45], [55], [56]. For the purposes of this thesis, it is sufficient to present the
definition of the p-Wasserstein distance between two one-dimensional probability
distributions P and Q, which is defined by

Wp(P,Q) =
(∫ 1

0
|F−1(q)−G−1(q)|p dq

) 1
p

, (5.29)

where F−1(q) and G−1(q) are the quantile functions of P and Q respectively. Within
the scope of this project, only normal and uniform distributions are considered. The
2-Wasserstein distance between two normal distributions N (µ1, σ1) and N (µ2, σ2)
is

W2(P,Q) =
√
|µ1 − µ2|22 + σ1 + σ22

√√
σ2σ1
√
σ2. (5.30)

For two uniform distributions P ∼ U(a1, b1) and Q ∼ U(a2, b2) it is

W2(P,Q) =
√

1
3(a2 − a1 + b1 − b2)2

+ 1
2(a2 − a1 + b1 − b2)(a1 − a2) + (a1 − a2)2.

(5.31)

One property of the Wasserstein-metric is that it inherits the dimension of the
distributions it is comparing. For example for P1 ∼ U(0, 1) and Q1 ∼ U(−1, 2),
W2(P1, Q1) ≈ 1.15, but for P2 ∼ U(0, 10) and Q2 ∼ U(−10, 20), W2(P2, Q2) ≈ 11.5,
i.e. ten times greater, even if the relative error between P1 and Q1 is the same as
the relative error between P2 and Q2. To account for this, and make metrics for
different distributions more comparable, all distributions were first mapped onto the
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standard normal distribution N (0, 1) or uniform distribution U(−1, 1) respectively
with respect to the reference distribution to compare to. For a normal distribution
Q ∼ N (µ, σ) with reference distribution P ∼ N (µref , σref) the mapping gives

Q̂ ∼ N (µ̂, σ̂),

µ̂ = µ− µref

σref
,

σ̂ = σ

σref
.

(5.32)

For a uniform distribution Q ∼ U(a, b) with reference distribution P ∼ U(aref , bref)
the mapping gives

Q̂ ∼ U(â, b̂),

â = 2 a− aref

bref − aref
− 1,

b̂ = 2 b− aref

bref − aref
− 1.

(5.33)

When evaluating the metrics for the identified distributions to the actual distribu-
tions this was done by first mapping the identified distribution onto the relevant
standard distribution with the actual distribution as a reference, and then calcu-
lating the 2-Wasserstein distance between the respective standard distribution and
the remapped identified distribution. This will be referred to as the normalised
2-Wasserstein distance in this work.

The optimisation of the cost function was carried out using the quasi-Newton al-
gorithm through the MATLAB function fminunc [57]. Different initial points were
used for each estimation attempt, which were generated randomly within a certain
range of the actual value. For each run the initial guess was randomly generated
such that the guessed value θ̂ would deviate from the real value θ by at most some
upper error limit emax and at least by some lower error limit emin according to

θ̂ ∈ {x : (1 + emax)θ ≤ x ≤ (1 + emin) ∨ (1− emin)θ ≤ x ≤ (1− emax)}. (5.34)

A visual representation of this scheme is illustrated in Figure 5.7, where the purple
lines denote the range within which the generated value may land, the red points
mark the error limits and the green point marks the actual value.

A total of three different tests were conducted, each with a different focus. First,
to test whether or not the estimation worked at the most basic level, a total of
ten estimation runs were carried out using the noiseless data. The initial guess was
randomly generated with a lower error bound of 0% and an upper error bound of 25%
for each run, with the mass of the load, m̂load, additionally being guessed for each
identification run to be within the same error bounds. As mentioned, mload was not
being identified, but as its value was considered an unknown, which is why a random
guess of its value was used as opposed to using the real mean value. This process was
also repeated using the data with the inverted input signal u(t) = −δmax cos(π2 t).
The purpose of this test was to see whether or not a different input signal would
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(1! emax)3 (1! emin)3 3 (1 + emin)3 (1 + emax)3

Random Guess Generation Scheme

Figure 5.7: An illustration showing how the definition of the allowed range of
initial guesses relative to the true value.

Table 5.5: The deviation of the initial guesses for each of the identified parameter
values with respect to their actual values.

Estimation Run 1 2 3 4 5 6 7 8 9 10
Deviation 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%

change the estimation error when using the data from the NLST model as estimation
data.

Four estimates were produced in each estimation run. The first one using the mea-
sured data generated with the LST and using the STD cost function. The remaining
three estimates were all produced using the measured data generated with the NLST.
For each of these three estimates, a different cost function was used. STD for the
first one, INP for the second one and DST for the final one.

The next step was to investigate the impact of poorer initial guesses. To achieve
this, a further ten estimation runs were carried out, with initial guess deviations
listed in Table 5.5. The error bounds for m̂load were kept constant for all estimation
runs, with the error being exactly 10%. As before, four estimates were produced in
each estimation run with the same sets of measured data and cost functions being
used as in the previous test.

Up until this point, the estimation had been performed assuming that the signals in
the measured data are perfect. In practice however, signals will usually be imperfect
and contain some level of noise. Therefore, in the same manner as before, a total of
ten estimation runs were carried out, this time using the measured data sets two to
eleven as listed in Table 5.3. For this, the deviation of the initial guesses and m̂load
was exactly 10% for each run.

After each identification run, the normalised 2-Wasserstein distance between each
identified distribution and the corresponding real distribution was computed and
plotted. Further, each of the identified distributions were plotted alongside the real
distribution for visual comparison. These visualisations were used to observe the
character of the identified distributions, in particular for the tests with increasing
initial guess deviation and increasing noise.
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0 m to 1.75 m

Target path

-5° to  5°

70 km/h

Figure 5.8: An illustration of the test case used for evaluation of the controller.

5.4 Optimal Control with PCE

At last, the characteristics of controller based on the identified model were investi-
gated. For this, a testing scenario of a lane keeping assistant was chosen. Here, a
reference path was assumed to be set by some higher order system. The path was
in this case set to be a straight line along y = 0, with the car’s initial conditions
being partially uncertain. The initial lateral offset was set to be uniformly dis-
tributed according to U(0 m, 1.75 m) with an initial uncertain yaw angle distributed
by U(−5°, 5°). The car was set to be travelling at 70 km/h with zero yaw rate and
slip angle. The initial offset was chosen based on the assumption that a lane is
typically 3.5 m wide [58], [59]. The chosen lateral offset thus corresponds to half of
the width of the vehicle being outside of the desired lane. This testing scenario is
illustrated in Figure 5.8.

In the typical LQR cost function in (4.63), the weighting matrices
¯
Q and

¯
R are Nx by

Nx and Nu by Nu matrices respectively, where Nu is the number of input signals, in
which the weights have to be chosen depending on the desired characteristics of the
controller. When using the augmented system, the state vector and input vectors are
both Nφ times longer than before, with the consequence that the weighting matrices

¯
QPCE and

¯
RPCE in (4.71) have significantly more elements than their counterparts

for the original system formulation. Since the elements of these matrices are all
design parameters, the task of choosing these becomes more complex.

The approach used in this project was inspired by that of Gallant [45]. Weighting
matrices

¯
Q and

¯
R were chosen for the original system first. A single new design

parameter γ was then introduced to adjust the variance penalty, with which
¯
QPCE

and
¯
RPCE were set as

¯
QPCE = γ

¯
Q⊗


1

0
0

. . .

+ (1− γ)
¯
Q⊗


0

1
1

. . .

 , (5.35)
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and

¯
RPCE = γ

¯
R⊗


1

0
0

. . .

+ (1− γ)
¯
R⊗


0

1
1

. . .

 . (5.36)

Meaning that the weights from
¯
Q and

¯
R were split between the mean and variance

of each state- or input variable by some ratio γ. This way, the number of design
parameters was kept lower than by weighting each of the expanded system’s state
variables individually. Further, the matrices

¯
Q and

¯
R could be picked as in the more

familiar LQR case. Again inspired by Gallant [45], whose work pertains to a similar
control problem as the one studied here, the weighting matrices were chosen as

¯
Q =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 10

 , (5.37a)

¯
R = 100. (5.37b)

With the weighting matrices set, an LQR and SLQR were synthesised based on
the known model. The LQR was synthesised using the mean values for each of
the stochastic uncertainties. The weighting matrices used were

¯
Q and

¯
R using

the MATLAB function lqr, ignoring the disturbance. The SLQR was based on
proposition (4.66), taking the time variant disturbance into account.

When the time variant disturbance is modelled by KLE, the dynamic model is only
valid over a limited time span [0, T ] as the method used to compute the KLE made
it valid only over a finite time horizon. This had the consequence that the analytical
formulations for stochastic optimal control (4.72) [9], [49] could not be used. Instead,
the cost function (4.71) was reformulated to a discrete sum

¯
K = arg min

¯
K

N∑
i=0
Xᵀ(ti)

(
¯
QPCE + (

¯
Kᵀ ⊗

¯
INX )

¯
RPCE(

¯
K ⊗

¯
INX )

)
X(ti),

such that Ẋ(t) = fPCE(t,X(t),U(t)),
X(0) = X0,

(5.38)

which was evaluated by simulating the linear PCE augmented system from time 0
to time T using the same stochastic initial conditions as in the test case. To choose
T , the system was simulated using the LQR. Based on the simulation output from
this, T was then chosen to be greater than the time taken for the system to reach
its steady state.
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6
Results

The results are all covered in this chapter. First, the measured data generated using
Monte Carlo simulations is presented in Section 6.1. This section is followed by an
overview of the identification results in Section 6.2. The results of the controller
testing are listed in Section 6.3.

6.1 Measured Data
In Figure 6.1, the noiseless data from the 2000 sample Monte Carlo simulation of
the LST model are presented. The mean and variance over time is visualised, with
the variance band in the figure encompassing three standard deviations either side
of the mean, thus capturing 99% of output trajectories. Similarly, the noiseless data
produced by simulating the NLST model are presented in Figure 6.2. Further, the
means and variances over time of the noise-corrupted LST and NLST data sets have
been plotted in Figures 6.3 and 6.4 respectively.

As can be seen in Figures 6.3 and 6.4, increasing the noise adds variance in the system
output for all times. This effect is most prevalent for state variables which have
relatively small variance, as the added noise than accounts for a larger proportion
of the total variance. The addition of noise in the signal does not affect the means
noticeably.

Moreover, both the LST- and NLST model outputs without noise have been plotted
together in Figure 6.5 and the KLD between the noiseless LST model and NLST
model data over time has been plotted in Figure 6.6. This provides a measure of how
different the normal distributions of each state variable are for the LST and NLST
models. Recall that this was used as the basis of the DST cost functional (5.28) for
the identification.

6.2 Identification of Probability Distributions
The results from the estimations of probability distribution parameters are presented
in this section. In Section 6.2.1, the ten estimates produced using random initial
guesses are presented along with the estimate using the data from the non-linear
model with opposite steering input, the estimates using the inverted steering input
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Figure 6.1: The measured data from 2000 simulated samples of the LST model.
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Figure 6.2: The measured data from 2000 simulated samples of the NLST model.
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Figure 6.3: The means and variances of the LST model outputs for differing noise
intensities.
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Figure 6.4: The means and variances of the NLST model outputs for differing
noise intensities.

63



6. Results

0 1 2 3 4 5 6 7 8 9 10
-20

0

20

Y
aw

 A
ng

le
 [°

]

LST
NLSTSystem Output

0 1 2 3 4 5 6 7 8 9 10

-20

0

20

Y
aw

 R
at

e 
[°

/s
]

0 1 2 3 4 5 6 7 8 9 10

-1

0

1

Sl
ip

 A
ng

le
 [°

]

0 1 2 3 4 5 6 7 8 9 10

-5

0

5

10

La
te

ra
l O

ff
se

t [
m

]

0 1 2 3 4 5 6 7 8 9 10
Time [s]

-5

0

5

St
ee

rin
g 

A
ng

le
 [°

]

Figure 6.5: Outputs of both the LST and NLST models with stochastic parameter
values.
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Figure 6.6: Kullback-Leibler divergence over time between the LST and NLST
outputs of each state variable.
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Table 6.1: True distributions of the parameters identified.

Parameter µ lf [m] F̄w [N]
Distribution N (1, 0.2) N (1.55, 0.2) U(−400, 400)

Table 6.2: Numeric values of the estimates produced using the inverted steering
input.

Data Source Cost Function µ lf [m] F̄w [N]
LST STD N (0.998, 0.202) N (1.542, 0.196) U(−412, 419)
NLST STD N (0.797, 0.192) N (1.523, 0.222) U(−389, 608)
NLST INP N (0.798, 0.192) N (1.524, 0.223) U(−383, 603)
NLST DST N (0.807, 0.199) N (1.533, 0.213) U(−392, 596)

data also appears in this section as a special case. Another eleven estimates are
presented in Section 6.2.2, where the accuracy of the initial guesses was gradually
increased. The estimates using the data sets with noise are presented in Section
6.2.3.

In the following, identifications performed using the data from the linear model are
refferd to as LST-LST, and those performed using the recorded data from the non-
linear model have been denoted NLST-LST. Further, the type of cost function used
may also be denoted in square brackets, so NLST-LST [INP] denoted an identifica-
tion carried out using the NLST model data with the input weighted cost function.
For each of the tests, the estimated distributions have been plotted together with
the true distributions for a visual representation. The figures seen as most relevant
are presented here, the remaining figures can be found in Appendix B. The numeric
values of the identified distributions are presented in tables throughout this section.
for reference, the actual distributions are presented in Table 6.1.

6.2.1 Basic Identification Test

Figures 6.7 and 6.8 show the two 2-Wasserstein distance between each identified
distribution to the real distribution, for each estimate. It can be seen in general that
the 2-Wasserstein distances of the estimates to the real distributions are consistent
across all ten estimates regardless of the initial guess. It can further be observed that
when the measured data from the non-linear model is used, the DST cost function
produces estimated which mostly have a slightly lower 2-Wasserstein distance to the
real distributions across all ten estimation runs. The average numeric values of the
ten estimated can be seen in Table 6.2. The results using the inverted steering data
set are presented in Section 6.2.1.1 and the results seen from this test are briefly
discussed in Section 6.2.1.2.
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Figure 6.7: The normalised 2-Wasserstein distance between the distributions iden-
tified based on the data from the LST model and the real distributions.
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Figure 6.8: The normalised 2-Wasserstein distance between the distributions iden-
tified based on the data from the NLST model and the real distributions.
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Table 6.3: Numeric values of the estimates produced using the inverted steering
input.

Data Source Cost Function µ lf [m] F̄w [N]
NLST STD N (0.796, 0.189) N (1.514, 0.219) U(−370, 597)
NLST INP N (0.796, 0.189) N (1.513, 0.219) U(−374, 601)
NLST DST N (0.805, 0.195) N (1.523, 0.211) U(−378, 590)

6.2.1.1 Inverted Steering

The identified disturbances using the STD cost function with the inverted steering
input can be seen in Figure 6.9. From the figure, it appears that there is no dis-
cernible difference in the frictional coefficient and CoG position estimates, however
the estimate of the mean wind strength distribution appears slightly shifted in the
opposite direction to what was seen in the previous results. The numerical values
of the estimates are presented in Table 6.3.

6.2.1.2 Modelling Error Propagation

When identifying the model based on the data from the LST model, the errors
between the identified distributions and actual distributions small for the initial
guesses within error range 0% to 25%. This result suggests that under the condition
that the model being identified has a similar enough structure to the real system,
the approach used in this project is capable of providing accurate estimates of the
distributions of uncertainties in a dynamic model.

By identifying the LST model based on data from the NLST model, it can be ob-
served from the values in Table 6.2, that the model simplifications propagate through
and result in errors between the identified distributions and actual distributions.
Still, the identification results appear to be consistent for the initial guesses within
the 0% to 25% error interval. In general, the frictional coefficient is underestimated,
although its variance is close to correct. This tendency to underestimate the friction
is not a surprise. The ideal magic formula linearisation F (Fz, x) = FzBCDx used
for the LST model, linearises the tyre curve at the origin, meaning that the level of
traction is always somewhat overestimated compared to the non-linear tyre model.
When identifying a linear tyre model based on the non-linear model, the slope of the
identified line is therefore somewhat lower that the ideal magic formula linearised
model. This is also illustrated in Figure 6.10, where the tyre curves for the non-
linear model, the ideal linearisation and one of the NLST-LST estimated models
corresponding to their respective mean frictional coefficients have been plotted.

The distance between the front axle and the CoG is also slightly underestimated in
the estimate produced based on the NLST model data. The CoG position has a
large influence on the slip angle of the vehicle, evident from the sensitivity analysis
in Figure 5.4. This result would be expected since the slip angle is calculated at the
CoG, thus implicitly connecting the CoG position to the slip angle. The error here
is therefore likely in large part due to the mismatch in slip angles between the LST
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Figure 6.9: Estimates produced based on the NLST model data using the STD
cost function and inverted steering angle.
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Figure 6.10: Ideal and estimated tyre curves plotted for comparison.

and NLST models. In some applications, the slip angle is instead calculated at a
point fixed to the car body. In such a case, the sensitivity may be different.

What is also notable in the identified distributions estimated on NLST model data,
is that the distribution of the mean wind strength is shifted slightly in the positive
direction. This effect is reversed when reversing the steering angle as can be seen
from the values in Table 6.3, where it can be seen that the estimate of the same
distribution shifts the other way. This can be explained by the fact that the vehicle
then moves in the opposite direction, it is possible that the error in the estimate is a
compensation for the error in lateral offset seen between the LST and NLST models
in Figure 6.5 earlier.

In more general terms however, this observation suggests that the propagation of the
model error into the estimated probability distribution is also input-specific. This
is reasonable as different inputs have the potential of highlighting different aspects
of the modelling error, making that error then also appear more prominently in
the estimates. This also means that it may be possible to find some ideal input
trajectory to minimise the model error. In this project for example, the error in
the mean wind strength distribution estimate could possibly have been mitigated
by choosing an input such that the car would drive a symmetrical path around the
line of zero lateral offset, rather than the asymmetric paths which are driven with
both steering profiles used in this project.
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6.2.2 Initial Guess Sensitivity
As before, the identified distributions can be found in Appendix B. Again, the 2-
Wasserstein distance of each initial guess and estimate to the true distributions has
been plotted in Figures 6.11 and 6.12. The results show that the estimates of the
frictional coefficient and CoG position are consistent regardless of the initial guess,
however, the estimate of the wind varies across the different estimates.

Weighting schemes were used here to see if they could improve the identification
accuracy when using the NLST model data, and indeed, using the DST cost function
often returned better results than using the STD or INP cost functions, except for
the case when the initial guess deviation was 45% or above. There was however little
difference between the STD and INP cost functions. Although the improvement with
the DST cost function was minor, the result suggests that it is possible to use well
thought out weighting schemes to mitigate some of the model simplification error.
The exact weighting schemes used in this project were chosen relatively arbitrarily.
Conducting a more methodical investigation into different weighting schemes may
make it possible to generate more accurate estimates.

The observation that the estimates produced with initial guesses deviating 50%
from the actual values suggests that it is of importance that the initial guess is
within a certain range. Why exactly this occurs is unclear, a possibility is that
the optimiser finds some local minimum. To investigate this, the shape of the cost
function would have to be investigated further. This is also something that would
have to be considered in general on a system-by-system basis, since the geometry of
the cost function would be system specific.

6.2.3 Noise Sensitivity
With increasing noise, the 2-Wasserstein distance of the estimates increases with
increasing noise as can be seen in Figures 6.13 and 6.14. a pattern can be seen
in the identified distributions when the identification model structure matches the
real system. For the frictional coefficients, the mean tends to increase, as does the
variance when the level of noise increases. The mean of the CoG position remains
unchanged with increasing noise, but the variance tends to decrease, at some point
reaching close to zero. The distribution for the wind tends to get wider as the level of
noise increases. When the data from the non-linear model is used as the estimation
data, the same tendency is shown, but the pattern is slightly less clear.

Adding noise in the data appears to reduce the overall accuracy. This addition
results in wider variance bands in the data, which results in a larger variance and
higher mean being identified for the frictional coefficient. The opposite is true for
the CoG position, for which the identified variance decreases while the mean remains
the same. The identified range of wind strengths also increases with increasing noise.

The increase in variance in the frictional coefficient estimate and the increased range
of the wind strength estimate likely account for the increased variance recorded in
all state variables when the noise is added. The fact that the variance of the CoG
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Figure 6.11: The normalised 2-Wasserstein distance between the distributions
identified based on the data from the LST model and the real distributions for
different noise initial guesses.
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Figure 6.12: The normalised 2-Wasserstein distance between the distributions
identified based on the data from the NLST model and the real distributions for
different noise initial guesses.
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Figure 6.13: The normalised 2-Wasserstein distance between the distributions
identified based on the data from the LST model and the real distributions for
different noise intensity levels.
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Figure 6.14: The normalised 2-Wasserstein distance between the distributions
identified based on the data from the NLST model and the real distributions for
different noise intensity levels.
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Figure 6.15: Estimates produced based on the LST model data using the STD
cost function.
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position estimate decreases may be explainable by looking at the sensitivity analysis
in Figure 5.4. Here, it can be seen that the CoG position only has significant influ-
ence on the slip angle state variable. The frictional coefficient also has a significant
influence on the slip angle as well as all other state variables. Therefore, one pos-
sible explanation for the decrease in variance in CoG position is that the increased
variance in frictional coefficient accounts for all slip angle variance alone.

In general, it is evident from the results that adding noise to the measurements
results in worse estimates. Adding noise to the measurement data increases the
calculated output variance, although the mean remains the same. But since the
parameters of the identified model are chosen to try to match the recorded variance
and mean, the increased variance naturally produces different estimates. This high-
lights the importance of dealing with noise in post-processing ahead of estimation
in order to generate good estimates.

6.3 Control Using SLQR
Synthesising an LQR based on the mean of all stochastic parameters resulted in the
control gain matrix

¯
K =

[
−1.85 −0.05 −0.49 −0.32

]
. (6.1)

Simulating the test case using the stochastic LST model with this control gain
resulted in the system output plotted in Figure 6.16. As the system appears to have
settled after about one second, with this information, T was set to two for the SLQR
synthesis, which resulted in the control gain

¯
K =

[
−1.81 −0.067 0.22 −0.30

]
, (6.2)

when using γ = 0.001, a choice made based on the observations of Gallant [45].

The results of simulating the test case with both the LQR and SLQR can be seen
in Figure 6.17. As both control gains are very similair to each other, the resulting
output is also very close. A slight difference between the two controllers can be
seen when simulating the test case is simulated using the stochastic NLST model,
for which the outputs with both the LQR and SLQR have been plotted in Figure
6.18. Here, using the SLQR appears to result in a slightly smaller variance in the
slip angle, but is otherwise mostly indistinguishable from the LQR case.
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Figure 6.16: Simulation results using the LST model in the test case with the
LQR. Used to pick T .
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Figure 6.17: Simulation results using the LST model in the test case with both
the LQR and SLQR.
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Figure 6.18: Simulation results using the NLST model in the test case with both
the LQR and SLQR.
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Future Outlook

In this chapter, the project’s relevance in the broader context is discussed. Rec-
ommendations based on the experience gathered during the project are presented,
which can be used as a base for future research, or as points of consideration in gen-
eral when applying the concepts and methods used in this project. The estimation
process is covered first in Section 7.1, followed by discussion regarding control of a
system using the PCE model in section 7.2. Lastly, a discussion about the PCE and
KLE as used in the project is presented in Section 7.3.

7.1 Identification of Parameters
The approach used to identify parameters has in general proven itself to work,
delivering consistent results. As is shown by the results, when a perfect model
structure is used, the estimate gets close to the correct solution. When the identified
model has a simplified structure compared to the model from which the data comes,
the estimates are consistent with each other, but contain some error compared to
the actual distributions due to the simplification of the identification model. Moving
forwards, there will are a number of aspects worth considering. Recommendations
and discussion regarding the modelling approach are in Section 7.1.1, and ideas
regarding the estimation approach are covered in Section 7.1.2.

7.1.1 Model Structure and Uncertainties
The non-linear single track model was the most complex model considered here. It
is however still a very simplified model of a real car. The model complexity could be
increased further by using a planar two track model like the one illustrated in Figure
2.4, or by using a multibody model. The ultimate level of complexity would be to use
data from a real car. Increasing the model complexity would come with several new
challenges to solve. Identifying a linear model would mean a larger simplification
error. Changing the identification model to a more complex non-linear one could
potentailly help to reduce the simplification error, but such an approach would also
come with computational challenges. In the case of real measurements, these would
be corrupted by noise and additionally, slip angles are difficult to measure or observe
in real life, meaning that slip angle data would likely not be available as a part of
the basis for identification. Investigating these challenges closer would be one of the
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most crucial next steps.

It was observed in this project that the mean output trajectories were largely unaf-
fected by increasing noise intensity, however the added noise did have a significant
effect on the measured output variance. Noise reduction in post processing would
perhaps be the most intuitive way to deal with the noise. A potential alternative
may be to model the noise in the PCE model, which could possibly also be a way
to identify the noise characteristics of sensors themselves. Modelling white noise
processes using PCE is still an open challenge at the time of writing however.

A real system would also likely have more uncertainties than those which were con-
sidered here. Therefore another natural progression of this project would be to
investigate what happens when the number of uncertainties is increased. Identifia-
bility issues may become greater when more uncertainties are included. Further, in
this project, neglecting insignificant uncertainties proved to be a viable approach,
however, when several individually insignificant uncertainties are neglected, their
cumulative influence may be too great to neglect. Further investigation will be
required to find out how viable the methods presented in this thesis are for more
complex applications. Depending on the results, further methods may need to be
developed to deal with larger sets of uncertainties. One may also note that some
uncertainties ought to be related to each other. For example, in this case, the load
and CoG position were completely independent of each other. In reality, it would
most likely be more accurate to model the CoG position as being dependent on the
load, as a change in mass distribution is what shifts the CoG position.

One weakness however of the used approach which would become more of an issue
as the number of uncertainties increases, is that matrices of the PCE system need
to be computed every time the probability distribution parameters change. In the
identification scenario, this means that every evaluation of the cost function with a
different set of parameters requires the augmented system matrices to be computed.
As the number of random variables increases, the number of states in the augmented
system increases combinatorically. The time required to compute the augmented
system matrices increases along with the number of state variables. One avenue
to explore would be the possibility of computing the augmented system matrices
symbolically, allowing for new parameter values to simply be substituted in.

In order to potentially mitigate some of the identifiability problems, it may be
possible to use the observability- and sensitivity analyses. Both the non-linear ob-
servability matrix and sensitivity, as presented in Chapters 3 and 4 respectively,
are input dependent. Given this fact, it may be possible to find an input signal to
maximise the observability or sensitivity of certain parameters. For example, the
first order sensitivity against parameter θk may be maximised as

u(t) = arg max
u(t)

N∑
k=1

SUk(t), (7.1)

to get an input signal which excites the system in such a way that the each parameter
has as large of an impact on the variance as possible. This could potentially allow
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for more optimal experiment design. Using feedback control in an experiment may
also allow time variant phenomena such as the wind to have a larger influence on
the system, though this would have to be investigated further.

In the approach used, distribution parameters of pre-defined distribution types were
identified. When structuring the model to be identified, one has to pick which
type of distribution each uncertainty is expected to follow. Doing this was simple
in this project, as the baseline system was perfectly known, however a challenge
for engineers applying these methods to unknown systems would be to establish
how each uncertainty in the system should be modelled, i.e. if the values may be
normally or uniformly distributed. It would therefore be interesting to investigate
the possibility of not only identifying the distribution parameters, but also the type
of distribution. Along with this, considering more types of distributions than the
normal and uniform distributions considered in this project would be important.

7.1.2 Estimation and Cost Function
The main focus of this project was to investigate the viability of estimating prob-
ability distributions from measured data. To do this, the cost function (5.25) was
minimised. To minimise this cost function, the MATLAB function fminunc was
used with the quasi-Newton method option. This proved to work well when the
initial guess deviation was within 25%, however the estimates produced worsened
beyond 40% deviation. It is possible that other optimisation approaches may be
more suited to situations with poor initial guesses, particularly to avoid problems
such as finding local minima. Further investigation is necessary to learn about the
potential of different optimisation strategies.

Different weighting schemes were used in this project, with the distance-based
weighting scheme (5.28) proving to provide a slight reduction in the estimation
error. The distance-based cost weighting scheme (5.28) provided a small advantage
in this project, but was only available since the parameter values were all known be-
forehand, but this information will not be available in a real case. With this fact in
mind, finding alternative weighting schemes and/or cost function formulations and
gaining insight into their effects on the estimates is important in order to ensure
that the proposed identification approach works in more general cases.

7.2 Control with PCE System
From the testing of controllers, there was no difference between the SLQR and LQR
when simulated on the linear system. There is also little to no difference when
comparing the two controllers on the non-linear system. This comes as no surprise,
given that the two control gains are relatively similar, except for the gain on the
slip angle, which is the only state variable where there is a noticeable difference
when simulating on the non-linear system. Although the influence of such a small
difference in slip angle on the other states appears to be minimal.

These results suggest no significant benefit noticed in using the SLQR over the LQR
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in terms of stochastic properties, neither does it appear to have provided any benefit
to account for the time variant disturbance in the controller synthesis, although this
may in part be due to the its zero mean and low influence on the system, as seen
in the sensitivity analysis. It is possible that a more severe disturbance may have a
different gove different results.

However in parallel to this project, Gallant [45] conducted an investigation with a
heavier focus on control using a similar system and test case. In contrary to the
findings of this thesis, their findings suggest that stochastic control design using PCE
does have the potential to provide a benefit, as it becomes possible to control the
variance characteristics in the design stage. Delivering exactly this type of benefit is
the goal of the SAFER project, to reduce the need for testing as such considerations
can be made in the design stage.

The discrepancy between the results of the two projects may lay in the approaches
used, as Gallant [45] used a slightly different model, and a different approach to
solving the SLQR optimisation problem (4.64). The exact reasons however remain
unknown and would require more investigation into the control case.

Both in this work and that of Gallant [45], the second SLQR proposition (4.66) was
used, which is in implementation indistinguishable from a regular LQR. Implemen-
tation of the other propositions would be more challenging, as they would all require
either some way of estimating the augmented state X(t) or the random variable ξ
or both. Work has been done to derive observers to estimate the expanded system’s
state vector [60], however the current methods requires a measurement of the mean
trajectory, which is most likely not measurable from a single instance of the system.
However, these challenges can be overcome with relative ease in a simulation envi-
ronment, and it may be of interest to study whether or not there are any significant
benefits to the other SLQR propositions over (4.66).

7.3 PCE and KLE Implementation
As already mentioned, expanding the existing framework for non-linear systems
stands to reason. Additionally, implementing methods to calculate higher order
moments from the PCE state vector would be a useful addition. Although first
and second order moments may be of primary interest during control design, and
appear to be sufficient for identification, higher order moments could be of interest
for evaluation of the output of open- and closed loop systems.

The KLE implementation in this project creates a model valid only over a limited
time horizon. Alternative implementation methods may be able to remove this issue.
It was noted during this project that the eigenfunctions of the Gaussian process
modelled tended to have a periodic appearance with increasing frequency as can be
seen in Figure 7.1. Computing the KLE of the side wind using NGLQ,KLE = 350 and
pc = 0.95 over the time span 0 s to 10 s results in five eigenfunctions, which have
all been plotted in the figure. Note that the grey areas represent where the KLE
is invalid. It may be possible to characterise the pattern of these eigenfunctions to
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Figure 7.1: Examples of the eigenfunctions computed for the Gaussian process
considered in this project using NGLQ,KLE = 350 and pc = 0.95 over the time span
0 s to 10 s.

artificially extend them indefinitely through some approximation. One constraint
being that the sum of all eigenfunctions cannot be periodic, as that would result in
periodicity in the random process approximation.
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8
Conclusion

The objective of this project was to investigate the possibility of estimating the
probability distributions of system uncertainties and disturbances, as well as to
investigate how model simplification would influence the estimates. Identifying dis-
tribution parameters under ideal conditions, with noiseless recorded data and an
identification model structure which perfectly models reality, has been shown to be
possible to achieve with acceptable accuracy. Introducing noise in the measured
data was shown to increase the variance computed from the measured data, which
negatively affected the ability to estimate the probability distributions of the uncer-
tainties.

When the identification model structure is a simplified representation of reality,
the model error causes the identification of the probability distributions to lose
accuracy. From the results of this study, the model error appears to be input-
specific. Additionally, the estimation error appears to be consistent, meaning that
the estimates could potentially be corrected by some constants. The attempts to
mitigate the model error using various cost functions in this project proved to be
marginally effective, although the DST cost function was shown to be consistently
better than both the STD and INP cost functions. This result provides an indication
that it may be possible to further compensate for the model error using a cost
function weighting scheme, meaning it would be recommended to investigate such
possibilities further.

Regarding control using the SLQR, the results from this project are quite different
to those from Gallant [45], in spite of the control cases and methods used being
relatively similar. Therefore, the results pertaining to control acquired within this
thesis must be deemed to be inconclusive, requiring further research.

Overall, the ability to identify probability distributions from measured data could
be valuable, particularly when data can be acquired from large fleets of vehicles, to
keep models up to date. The information could be used to perform testing of systems
in simulation prior to release, with accurate data. Further research is necessary to
adapt the methods developed in this thesis to more complex applications. As the
results of this thesis show that the approach of using PCE with system identification
to estimate the probability distributions of uncertainties fundamentally works.
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A
Measured Data

The measured data from the simulations are presented in this Appendix. Data
generated using the LST model are presented in Section A.1 and the data generated
using the NLST model are presented in Section A.2.

A.1 LST Model Data
Figures A.1, A.2, A.3, A.4, A.5, A.6, A.7, A.8, A.9, A.10, and A.11 all display the
mean of each measured signals as well as the area containing all outputs up to three
standard deviations away from the mean from the simulations using the LST model.
The noise intensity is increasing in each figure.

A.2 NLST Model Data
Figures A.12, A.13, A.14, A.15, A.16, A.17, A.18, A.19, A.20, A.21, and A.22 all
display the mean of each measured signals as well as the area containing all outputs
up to three standard deviations away from the mean from the simulations using the
NLST model. The noise intensity is increasing in each figure.
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Figure A.1: Data From the LST model with A = 0.
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A. Measured Data
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Figure A.2: Data From the LST model with A = 0.01.
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Figure A.3: Data From the LST model with A = 0.02.
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Figure A.4: Data From the LST model with A = 0.03.
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Figure A.5: Data From the LST model with A = 0.04.
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Figure A.6: Data From the LST model with A = 0.05.
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Figure A.7: Data From the LST model with A = 0.06.
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Figure A.8: Data From the LST model with A = 0.07.
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Figure A.9: Data From the LST model with A = 0.08.

X
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Figure A.10: Data From the LST model with A = 0.09.
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Figure A.11: Data From the LST model with A = 0.10.
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Figure A.12: Data From the NLST model with A = 0.
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Figure A.13: Data From the NLST model with A = 0.01.
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Figure A.14: Data From the NLST model with A = 0.02.
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Figure A.15: Data From the NLST model with A = 0.03.
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Figure A.16: Data From the NLST model with A = 0.04.
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Figure A.17: Data From the NLST model with A = 0.05.
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Figure A.18: Data From the NLST model with A = 0.06.
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Figure A.19: Data From the NLST model with A = 0.07.

XX



A. Measured Data

0 1 2 3 4 5 6 7 8 9 10
-20

0

20

Y
aw

 A
ng

le
 [°

]

NLST Model Output with A = 0:08

0 1 2 3 4 5 6 7 8 9 10

-20

0

20

Y
aw

 R
at

e 
[°

/s
]

0 1 2 3 4 5 6 7 8 9 10

-1

0

1

Sl
ip

 A
ng

le
 [°

]

0 1 2 3 4 5 6 7 8 9 10
-5
0
5

10

La
te

ra
l O

ff
se

t [
m

]

0 1 2 3 4 5 6 7 8 9 10
Time [s]

-5

0

5

St
ee

rin
g 

A
ng

le
 [°

] Input Signal

Figure A.20: Data From the NLST model with A = 0.08.
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Figure A.21: Data From the NLST model with A = 0.09.
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Figure A.22: Data From the NLST model with A = 0.10.
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B
Estimated Distributions

Each figure in this appendix shows the identified distributions in the same plot
as the corresponding real distribution to give a visual representation of how they
differ. These visualisations are presented in this Appendix, unless already presented
elsewhere, with the results form the first test in Section B.1, the estimates from the
test with varied initial guesses presented in Section B.1.1, and lastly the identified
distributions with varied noise intensities are presented in Section B.1.2.

B.1 Basic Identification Test
Figure B.1 shows the distributions identified using the LST model data. Figures
B.2, B.3, and B.4 show the distributions estimated when using the NLST model
data, where each figure shows the estimates produced using the STD, INP, or DST
cost functions respectively.

B.1.1 Initial Guess Sensitivity
Figure B.5 shows the distributions identified using the LST model data with in-
creasing deviation between the initial guess and actual value. Figures B.6, B.7, and
B.8 show the distributions estimated when using the NLST model data, where each
figure shows the estimates produced using the STD, INP, or DST cost functions
respectively.

B.1.2 Noise Sensitivity
Figure 6.15 shows the distributions identified using the LST model data with in-
creasing noise value. Figures B.9, B.10, and B.11 show the distributions estimated
when using the NLST model data, where each figure shows the estimates produced
using the STD, INP, or DST cost functions respectively.

B.1.3 Inverted Steering
Figure B.12 shows the estimated probability distributions using the INP cost func-
tion and Figure B.13 shows the estimates produced when using the DST cost func-
tion.

XXV



B. Estimated Distributions
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Figure B.1: Estimates produced based on the LST model data using the STD cost
function.
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Figure B.2: Estimates produced based on the NLST model data using the STD
cost function.
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Figure B.3: Estimates produced based on the NLST model data using the INP
cost function.
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Figure B.4: Estimates produced based on the NLST model data using the DST
cost function.
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Figure B.5: Estimates produced based on the LST model data using the STD cost
function.
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Figure B.6: Estimates produced based on the NLST model data using the STD
cost function.
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Figure B.7: Estimates produced based on the NLST model data using the INP
cost function.
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Figure B.8: Estimates produced based on the NLST model data using the DST
cost function.
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Figure B.9: Estimates produced based on the NLST model data using the STD
cost function.
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Figure B.10: Estimates produced based on the NLST model data using the INP
cost function.
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B. Estimated Distributions
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Figure B.11: Estimates produced based on the NLST model data using the DST
cost function.
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NLST-LST [INP] Identification Results
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Figure B.12: Estimates produced based on the NLST model data using the INP
cost function and inverted steering angle.
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NLST-LST [DST] Identification Results
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Figure B.13: Estimates produced based on the NLST model data using the DST
cost function inverted steering angle.
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