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LISE HANEBRING
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Abstract

The origin of the cosmic magnetization present throughout the universe, greatly
impacting the development of a diverse set of astrophysical systems, has long been
a subject of research. Observations of cosmic magnetic fields, for example in the
weakly collisional intracluster medium, show field magnitudes consistent with having
been produced through the dynamo process, which causes small seed magnetic fields
in plasmas to grow exponentially through the conversion to magnetic energy from
kinetic energy in turbulent flows. Magnetohydrodynamics, the standard method of
modeling dynamos, is not valid for weakly collisional systems since it assumes that a
high collisionality dominates over competing small-scale processes, such as magnetic
field seed-generating plasma instabilities. However, a fully kinetic treatment of the
problem in electron-proton plasmas is prohibitively expensive numerically.

In this thesis an advanced collisionless fluid plasma model, with a complexity be-
tween that of magnetohydrodynamics and a kinetic model, is used to study magnetic
field growth in a plasma in the presence of driven turbulent flows. A significant de-
coupling of the ion and electron dynamics is observed for the employed mass-ratio,
allowing access to previously unexplored physics. The simulations demonstrate both
the dynamo process and magnetic field seed generation through the electron Weibel
instability. The fluid and magnetic Reynolds numbers, key quantities in classical
dynamo theory, are generalized for a collisionless system. This is done by studying
the dependence of flow and magnetic energy damping rates on the strength of the
pressure isotropization encoded in the ion and electron heat flux closures of the fluid
model. A scan over the effective magnetic Reynolds number is performed for the dy-
namo simulations by adjusting the strength of the electron closure. Strong pressure
isotropization from the closure leads to behavior of the magnetic field growth ex-
pected from classical dynamo theory, whereas a small isotropization results in seed
generation from pressure anisotropy-driven instabilities dominating, as previously
observed in kinetic simulations of electron-positron plasmas.

Keywords: plasma, astrophysical dynamos, collisionless fluid models, Weibel in-
stability.
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Nomenclature

Below is a list of the variables and parameters that have been used throughout this
thesis.

E Electric field
B Magnetic field
b Magnetic field unit vector
0 Charge density
J Current density
a=e,1 Species: electrons, ions
AD Debye length
Wp.a Plasma frequency
Oa Skin depth
We,a Cyclotron frequency
TLa Larmor radius
Vth o Thermal speed
7 Magnetic moment
N Number density
U, Fluid velocity
Do Pressure tensor
q. Heat flux tensor
D Scalar pressure
T, Scalar temperature (in energy units corresponding to kgT,)
Pm MHD mass density
MHD flow velocity
p* MHD pressure tensor
Eg Magnetic energy density
Ey MHD flow energy density

X1



Kw.a

Yw,a
kO a

)

tturnovcr

tstream,i
My
Cy

xii

Galloway-Proctor flow velocity

Characteristic system length scale
Characteristic system-scale wave number
Characteristic system-scale velocity fluctuation size
Magnetic Reynolds number

Fluid Reynolds number

Resistivity

Magnetic diffusivity

Kinematic viscosity

Magnetic field damping rate

MHD flow damping rate

Pressure anisotropy

Most unstable Weibel mode (analytical)
Weibel magnetic field growth rate (analytical)
Closure parameter

Turnover time

Ton streaming time

Mach number

Force factor (dimensionless)
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1

Introduction

Magnetic fields have long been known to permeate the universe, and have been
observed in astrophysical systems of vastly different spatial scales — from planets
and stars to galaxies and the intracluster medium (ICM) [1]. This magnetization is
fundamental for the formation, evolution and structure of these systems. Observa-
tions for example show evidence of large-scale magnetic fields with spiral structures
aligned with the spiral arms of galaxies [1]. How cosmic magnetization originated
and how it has evolved, however, remains an open question, and is therefore an
interesting topic of research.

Observed magnetic field strengths, structure and dynamics are consistent with them
having been produced by, and being sustained by, the so called dynamo process [1].
This mechanism exponentially amplifies small “seed” magnetic fields in astrophys-
ical plasmas (ionized gases) through the conversion of kinetic energy in turbulent
flows to magnetic energy, saturating when the flow and magnetic energies reach
equipartition. Its inherently multi-scale, three-dimensional nature poses a signifi-
cant theoretical and computational challenge for dynamo modeling. The standard
description of dynamos has therefore remained magnetohydrodynamics (MHD) [2],
a relatively simple fluid plasma model. This model is valid in the collisional regime,
and thus inaccurate for describing most astrophysical systems, like galaxies and the
ICM, which are weakly collisional or almost completely collisionless on the scales of
interest. Small-scale, kinetic processes like field-particle interactions, significant de-
viations from thermodynamic equilibrium and kinetic plasma instabilities dominate
over the effects of collisions in such systems. Kinetic modeling — that is, resolving
the full phase-space dynamics — would therefore be the most accurate treatment
of collisionless dynamos. While important steps have been taken in this direction
in recent years [3-5], these simulations face significant limitations due to excessive
computational expense.

Collisionless fluid models [6] balance the computational efficiency of MHD with the
higher physics fidelity of kinetic models, and thus constitute a useful alternative
method for modeling astrophysical dynamos. This treatment considers velocity mo-
ment integrals of the governing statistical kinetic equation, so that certain velocity-
space features of the particle distributions, like pressure anisotropy, are retained. It
also allows kinetic effects, that are essential in collisionless systems, to be captured
by a suitable closure relation (an “equation of state”).

Since the dynamo process can only amplify an already present “seed” magnetic
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field, the origin of cosmic magnetization also relies on seed-generating mechanisms.
Many such possible mechanisms have been investigated, but one of particular in-
terest in collisionless astrophysical plasmas, where anisotropies naturally develop
in the velocity distributions of the plasma particles, is the Weibel instability. This
magnetic field seed-generating instability is pressure anisotropy-driven, and can gen-
erate fields of significantly larger strengths than other seed mechanisms [7]. Due to
its fundamentally kinetic nature, the Weibel instability has not often been studied
in the context of large-scale turbulent astrophysical systems like those relevant to
dynamos.

In this thesis the aim is to study and characterize dynamos, as well as the role of the
magnetic field seed-generating Weibel instability, when both the ions and the elec-
trons in the plasma are modeled with collisionless fluid models. To accomplish this,
the 10-moment collisionless fluid solver [8] of the Gkeyll plasma modeling frame-
work [9, 10] is employed. This is one of the few such solvers that evolve the full fluid
pressure tensors of both electrons and ions, making it possible to capture the effects
of the Weibel instability in a non-kinetic setting. Three-dimensional simulations of
driven turbulent flows are performed, allowing for both exponential amplification of
magnetic fields through the dynamo process as well as seed generation through the
Weibel instability. The magnetic and fluid Reynolds numbers, which are used to
characterize dynamos in MHD studies, are generalized for a collisionless system by
studying how magnetic field and flow damping rates in non-driven simulations scale
with the strength of the two available closures of the fluid model. Having established
its dependence on the closure strength, a scan over the effective magnetic Reynolds
number is performed for the dynamo setup using the “isotropization closure”, that
drives the system toward pressure isotropization, in order to compare the results
with those of previous MHD dynamo simulations.

1.1 Outline

In chapter 2, the basic quantities and concepts of plasma physics, as well as MHD,
fluid and kinetic plasma descriptions, are presented. Chapter 3 introduces the clas-
sical MHD description of dynamos, including the Reynolds numbers, and further
discusses the problems with using MHD models for dynamos in the collisionless
regime. This chapter also treats the magnetic field seed problem, introducing the
Weibel instability, and demonstrates the possibility of using a collisionless fluid
model to describe astrophysical dynamos. The simulation framework and the clo-
sures available in the used solver are also presented in chapter 3.

The simulation setup and results of the non-driven simulations of flow and magnetic
field damping, used to generalize the Reynolds numbers for a collisionless system by
scanning over closure strength, are presented and discussed in chapter 4. In chapter
5, the simulation setup and results of the scan over the effective magnetic Reynolds
number for the dynamo simulations are presented. A more detailed analysis of the
magnetic field growth thought to be associated with the Weibel instability is per-
formed, and overall trends of the dynamo simulation scan are discussed, comparing
the results to MHD dynamo studies. Finally, the conclusions drawn in this thesis
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are summarized in chapter 6.
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Plasma Physics Theory and
Descriptions

In this chapter some plasma physics concepts, quantities and description models are
introduced as a background for treating the theory of the dynamo problem. The
content of section 2.1 can be found for example in [11], while the content in sections
2.2-2.4 is based on [12] unless stated otherwise.

2.1 Fundamental Plasma Physics

Much of the visible matter in the universe is in the plasma state, the so called “fourth
state of matter”. One can imagine increasing the temperature of a gas enough for
electrons to overcome the energy barrier binding them to atomic nuclei, ionizing the
gas. In physical conditions that correspond to high enough ionization degrees, the
resulting fluid state consists of neutral atoms as well as unbound electrons and ions.
These interact primarily via electromagnetic forces due to the charged nature of the
particles. A plasma is defined as such an ionized gas which displays quasineutrality
and collective behavior.

Quasineutrality has to do with the property of ionized gases to screen charge irreg-
ularities at large enough distances through what is known as Debye shielding. Any
charged particle placed in an otherwise charge neutral background of electrons and
ions will induce an electric field that attracts oppositely charged particles and re-
pels like-charged particles. The resulting particle displacement, which is dominated
by electron motion at low timescales due to their lower inertia than that of ions,
effectively shields the rest of the plasma from the test charge’s electric potential at
scales larger than the Debye length

€0 Te
2

Ap = (2.1)

en,
Here e is the elementary charge, ¢, the vacuum permittivity, and electron tempera-
ture and density are denoted by T, and n. respectively. Thus plasmas are approx-
imately charge neutral — o ~ 0, where p is the charge density — at scales larger
than Ap. The quasineutrality condition for an ionized gas to be considered a plasma
requires \p < L, where L is the plasma scale, and Np > 1, where Np = 47n )3 /3

5
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is the number of electrons in a sphere of radius A\p. The latter is required for a
statistical description of the screening to be applicable.

The term collective behavior refers to the regime where particle motion is dominated
by electromagnetic forces, rather than hard-sphere collisions. Since electromagnetic
forces are long-range, it means that charged particles in a large region of the plasma
affect each other’s motion. The interaction is therefore non-local. Quantitatively
the regime of collective behavior, where an ionized gas can be called a plasma, can
be stated as w,./v > 1. Here v is the frequency of collisions with neutrals and,
using the electron mass m.,

e2n,
Wpe = 2.2
e = | 22)
defines the (electron) plasma frequency — the frequency of typical electrostatic

plasma oscillations due to small charge displacements. The ion plasma frequency is
defined analogously using ion density, charge and mass. A related length scale that is
commonly used in plasma physics is the skin depth, or inertial length, d, = ¢/w, o for
the species index o = e, 7, where c is the light speed. This is the typical penetration
depth of low frequency (w < wp ) electromagnetic radiation in the plasma.

Because a plasma consists of charged particles, interaction is mediated via electric
and magnetic fields. In a plasma with a magnetic field B, charged particles are
constrained to gyrate around the field lines in the plane perpendicular to B at the
cyclotron frequency

9| B
c,a — 2.3
o = 221 23)

where B = | B|, and the mass and charge of the particle are m,, and ¢, respectively.
The radius of gyration is called the Larmor radius, or gyroradius, defined as

o V]«
La =
We,a

)

(2.4)

where v, , is the velocity perpendicular to B. To find a characteristic value for the
Larmor radius one typically uses v, o = vih,a, Where the thermal speed is defined as

Uth,a = ) (25)

using the species temperature T,. A plasma is said to be magnetized when the
characteristic temporal and spatial scales on which plasma parameters vary are
much larger than those of the particle gyration. If this is not true, the plasma is
non-magnetized.

For a magnetized plasma where any variation of B is sufficiently slow (adiabatic),
there are exponentially well conserved quantities for particles known as adiabatic
invariants. The first of these is the magnetic moment

ot
H = 2Ba

(2.6)
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and the second is known as the longitudinal adiabatic invariant
J = %(ml}” + qAH) ds, (2.7)

where s is the distance along the magnetic field lines, and A is the magnetic vector
potential, and vy the velocity, in the direction of B.

2.2 Kinetic Description

A complete description of a plasma consisting of N charged particles acted on by
the Lorentz force Fi, = q,(E + v x B), where FE is the electric field and v is the
particle velocity, would require solving a system of 6 N 412 coupled equations. These
consist of 6N equations of motion (one for each particle and dimension in the 6-
dimensional phase-space), the four equations for charge and current densities o, j,
as well as Maxwell’s 8 equations. Given that the number of particles in a plasma is
statistically large, this is computationally unfeasible by a large margin.

Taking a statistical approach, one can construct the distribution function f, (¢, x,v).
The exact distribution function is defined as the density of particles of species a at
position & and velocity v in phase-space at time ¢. This is then smoothed over
a volume element of phase-space containing many particles, small enough to not
contain significant variations of the exact distribution function, to get f,. It is
then possible to calculate the evolution of f, for ions and electrons instead of the
motion of individual particles. This is the kinetic description of plasmas, which is
still a computationally expensive approach, but at least feasible for a wide range of
problems.

The governing equation of f, is the Vlasov equation®

aa]%+”'vf“+¢qnz(E+”XB)'V”f“:(%ﬁ)c’ (2.8)
where E and B have been smoothed similarly to f,, and V, denotes the gradient
with respect to velocity. The term on the right-hand side is called the collision
operator and describes the collective effect of two-particle correlations. A collision-
less plasma is one where the left-hand side terms of equation (2.8) dominate and
the collision operator can be neglected on the spatio-temporal scales considered.
Essentially, if the collisional mean free path of the particles is significantly larger
than the system or phenomena of interest, the plasma is collisionless. Many plasma
environments in the universe and in the laboratory are collisionless, and these are
the types of systems that this thesis will be concerned with.

2.3 Fluid Description

Many physical quantities that describe a plasma are obtained by taking so called
velocity moments of the distribution function. These fluid quantities can then be

1Often called the Boltzmann equation when including the collision operator.
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used to describe plasma evolution through a set of fluid equations for each particle
species, obtained by taking different velocity moments of the Vlasov equation. This
plasma model, the fluid description, removes the velocity degrees of freedom from
the equations, which represents a dramatic reduction of the computational cost as
compared to the kinetic description. Important to note is that the fluid model
does not require any assumptions about the distribution function, which allows
for anisotropy in quantities like the pressure to be present due to an anisotropic
distribution function in velocity space.

2.3.1 Velocity Moments and Fluid Quantities

The distribution function is a phase-space density, which means that integrating
fo(t, &, v) over velocity-space gives the number density in regular space n, (¢, x) for
that species. Multiplying f,(¢,z,v) by v and integrating over velocity space gives
na(t, T)us(t, @), where u, is the mean, or fluid, velocity. In a similar manner, it is
possible to construct other useful velocity-space averaged quantities by multiplying
fo with some power of v or (v — u,) and integrating over velocity-space. This
procedure is known as taking velocity moments of f,. The order of the moment
refers to the power of the velocity that is used, so that for example n,, is the zeroth
order velocity moment of f,. Some important fluid quantities defined in this way
are given by

na(t,x) = /fa d3v Number density (2.9)
1

uy(t,x) = —/vfa d*v Fluid velocity (2.10)
nOC

Po(t, ) = my, /(v — o) (V — Uy) fo APV Pressure tensor (2.11)

q.(t,x) = my, /(v — ) (V — U) (V — Uy) fo dPv Heat flux tensor.  (2.12)

Instead of the pressure and heat flux tensors defined in equations (2.11) and (2.12),
it is possible to work with P, (t, ) = m, [vvf, d3v and Q. (¢, ) = m, [vvvf, d%v,
known as the stress and energy flux tensors.

From the pressure tensor, defined in equation (2.11), the scalar pressure and tem-
perature are defined as

pa(t, ) = ;Tr[pa] (2.13)
To(t,x) = %‘“. (2.14)

This definition is chosen consistently with the fact that a fully isotropic pressure
tensor, as that which is obtained when the plasma is in thermodynamic equilibrium
and the distribution function is Maxwellian, is diagonal with all diagonal elements
equal to the same scalar pressure.

Sometimes it is of interest to study pressure anisotropy in a plasma, for instance
because it may drive instabilities, or lead to other observable features. Anisotropy
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2. Plasma Physics Theory and Descriptions

refers to the fact that the pressure need not be equal in all spatial directions. In the
magnetized regime, pressure anisotropy measures use the local magnetic field lines
as a reference direction, where py o is the pressure in the direction of B and p, ,
is the pressure perpendicular to B. The pressure anisotropy is commonly defined
as Ao = Pia/P)a — 1 [5]. However, this is only valid for magnetized plasmas, and
some other definition of A, needs to be used in the non-magnetized regime. One
possibility is to use the eigenvector of p, with the largest eigenvalue p, max as the
reference direction. Taking p, min to be the average of the other two eigenvalues, the
pressure anisotropy can be defined as

A, = Pomax (2.15)

pa,min

for non-magnetized plasmas [7]. Additionally, it can be noted that in a strongly
magnetized plasma, the off-diagonal elements of the pressure tensor (in a coordinate
system locally aligned with B) are very small, while in a non-magnetized plasma
off-diagonal pressure tensor elements can also be dynamically significant.

2.3.2 The 10-Moment Equations

In the fluid description of plasmas, velocity moments of increasing order are taken of
the Vlasov equation (2.8) to get a system of partial differential equations containing
only velocity-space averaged quantities. Taking the zeroth, first and second order
velocity moments of the collisionless Vlasov equation and rearranging terms results
in the following equations:

8n 0
ot o, ) =0 (2.16)
mnﬁitj +mnu axi ™ axjk - q[Ej +€jklukBl} (2.17)
81]5 T 5 a (p]kul> +pjla l + Pkl P) Jl + 8;'1 = E[Eﬂmplk’Bm +Eklmpl]B }
(2.18)

Here € is the Levi-Civita tensor, the species index « is omitted, and index notation
refers to vector and tensor components (sums over repeated component indices is
implied).

Noteworthy here is that the equation describing the evolution of a certain velocity
moment of f — n, u or p— always includes a one order higher velocity moment of f
— u, por q. The evolution of this higher order quantity is in turn determined by the
next order moment equation. Therefore taking velocity moments of the Vlasov equa-
tion results in a hierarchy of fluid equations that needs to be closed at some order,
neglecting higher-order contributions. Usually this is done by prescribing a closure
for the heat flux tensor in equation (2.18) in terms of the lower order moments of f
(n, u, p), which closes the equation system (2.16)—(2.18). Equations (2.16), (2.17)
and (2.18) are called the continuity, momentum and energy equations respectively.
When prescribing a closure for g in terms of n, w and p, equations (2.16)—(2.18)

9



2. Plasma Physics Theory and Descriptions

are known together as the 10-moment equations, since the system for each particle
species describes the evolution of the 10 lowest-order independent moments of f: n,
u (3 components) and p (symmetric — 6 independent components).

In strongly collisional systems accurate fluid closures can be theoretically obtained,
because collisions render the physics local and keeps the system close to thermo-
dynamic equilibrium. In collisionless systems however, it is much more difficult to
find closures — they can be ad-hoc or chosen to fit a specific physics scenario [13].
The drawback of physically motivated collisionless closures is often that they require
certain assumptions to be made, such as exact adiabaticity, which are not valid in
most relevant physics problems for collisionless systems. Recently, a more system-
atic search for collisionless closures has begun. Sparse regression has for example
been used to find relevant closure terms by comparing the results of collisionless
fluid and kinetic simulations [13]. In this thesis ad-hoc closures, each with a free
parameter, will be used.

2.4 Magnetohydrodynamics

A further simplified plasma description can be obtained by considering the plasma as
a single conductive fluid, by combining the fluid moment equations for electrons and
ions. This is known as magnetohydrodynamics, or MHD. The total mass density,
the (MHD) flow velocity and the MHD pressure tensor are defined as

Pm = Y Malg (2.19)
1

U=— Z NI (2.20)
Pm a=e,i

pr=Y m, /('v _U)(w—U)fad%. (2.21)

Multiplying equation (2.16) for electrons and ions with the particle mass of the
species and summing the equations gives the MHD continuity equation (2.22). Sum-
ming the momentum equations for electrons and ions, using o ~ 0 since the plasma
is quasineutral, gives the MHD momentum equation (2.23). When including the
effect of collisions, it is also possible to derive an approximate MHD Ohm’s law that
applies for sufficiently magnetized plasmas, given in equation (2.24):

0pm

ou .
PmEﬂLPm(U‘V)U‘{‘V'P =J X B (2.23)
E+U x B=nj. (2.24)

This specific form of the MHD Ohm'’s law is obtained by considering the difference
between the ion and electron momentum equations multiplied by the other species’
respective particle mass [11]. Here 7 is the resistivity. The situation where the
right-hand side term is negligible in Ohm’s law, essentially when 1 ~ 0, is known
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2. Plasma Physics Theory and Descriptions

as ideal MHD, while the formalism using the current form is referred to as resistive
MHD. Other MHD formulations also exist, which will not be treated here, that have
additional terms on the right-hand side.

An important concept in ideal MHD is flux-freezing. It is possible to show that for
a plasma described by ideal MHD, the magnetic flux, @, through the closed contour
of a surface moving with the local flow velocity U is constant:

do
— =0. 2.25
% (2.25)
Here, the convective derivative, describing the change with time as seen by a coor-
dinate system moving with velocity U, is defined as

d 0

=50V (2.26)
Consequently, magnetic field lines are “frozen” into the plasma flow in ideal MHD.
A flow that for example stretches the plasma also pushes magnetic field lines closer
together, increasing the field strength B. It can be noted that the frozen-in condition
is quite accurately satisfied in collisionless space and astrophysical plasmas even
though MHD is not strictly speaking applicable to them. However, it is not exactly
satisfied, which is essential for dynamo action to be possible [14] — this will be
discussed further in chapter 3.

Usually in an MHD treatment of plasma, a prescribed closure, or equation of state, is
provided for the pressure tensor p* rather than the heat flux tensor. This means that
the two relevant fluid equations are (2.22) and (2.23). The pressure is usually taken
to be diagonal and either isotropic with scalar pressure p*, or having the pressure pj
in the magnetic field direction and p* in the other directions. The latter is known
as the Chew-Goldberger-Low (CGL) model [15], and the difference between the two
cases in a coordinate system where the z-axis is aligned with the local magnetic field
direction can be seen in the form of p*:

[p* 0 0

p =10 p* 0| =p*l Isotropic (2.27)
00 p
pt 0 0

pr=10 pi O|=pil+(pj—pl)bdb CGL. (2.28)
10 0 pﬁ

Here [ is the two-dimensional identity tensor, b = B/B is the unit vector in the
magnetic field direction and the expressions on the right hand side are valid in
general coordinate systems.

Any anisotropy that develops in the pressure would be equilibrated by collisions,
provided that these are frequent in the plasma. Therefore the CGL case allowing
for persisting different p* and pj is essentially the closest to a collisionless model
for p*. If the plasma is completely magnetized and thus exactly conserves the
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adiabatic invariants in equations (2.6) and (2.7), it can be shown that the parallel
and perpendicular pressures must obey the CGL equations

d *

= (ppJ_B> —0 (2.29)
d p*B2

T ( '/')3 ) =0, (2.30)

when neglecting heat flux terms and collisions [15]. The CGL model is one of the
simplest collisionless closures. It turns out that the CGL equations are the statistical
equivalents of the first two adiabatic invariants, with equation (2.29) corresponding
to u-conservation and equation (2.30) corresponding to J-conservation [1].

12



3

Dynamo Theory

The dynamo process, where tiny seed magnetic fields can be exponentially amplified
and sustained in turbulent plasmas, is believed to be the mechanism behind the
formation of observed astrophysical magnetic fields [1]. Dynamo theory aims to
describe and answer questions about this phenomenon, like in what physical regimes
they are possible and how fast the amplification of the magnetic field is, in order to
better understand the origin of cosmic magnetization.

This chapter introduces the traditional MHD description of the dynamo problem,
discusses the conditions under which a dynamo is possible, and furthermore the
possibility of treating dynamos with more advanced fluid descriptions for collisionless
plasmas, where the classical description is not valid. Unless otherwise stated, the
information in this chapter is based on [1].

3.1 Classical Dynamo Theory

The classical treatment of dynamos relies on the MHD formalism, where the rele-
vant equations are (2.22)—(2.24) combined with Maxwell’s equations. The induction

equation

B
aatzvX (U x B) + nmAB (3.1)

is obtained by combining Maxwell’s equations with the MHD Ohm’s law, equation
(2.24), and defining the magnetic diffusivity 7, = n/uo, where g is the vacuum
permeability. Notably, in the U = 0 limit, this corresponds to magnetic diffusion.
A spatially sinusoidal magnetic field will decay exponentially with time in this case.
If U is non-zero, but its dependence on B is negligible — which is the case in
MHD when B is very small — equation (3.1) is a linear equation in B. In that
case it can have eigenfunctions potentially corresponding to exponentially growing
or decaying solutions. The so called kinematic phase of the dynamo process, of
exponential magnetic field growth from small seed fields, can therefore be treated
as an eigenvalue problem in the limit where the flow is independent of B.

A slightly modified version of the momentum equation (2.23) is usually used in
dynamo theory:

ou

gy + (U - VU = =Vp" + fuse + 5 x B+ f(t, @), (3.2)
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where f is a force density expressing the effect of large-scale mechanisms driving
the flow [2]. The pressure tensor term has been separated into the scalar pressure
gradient and the divergence of the remaining traceless pressure tensor, which is
assumed to represent a viscous force density term fyi, that is typically small.
The viscous term being small allows the development of a turbulent inertial range
in physically interesting systems. However, it is worth considering the role of the
viscous term on the dynamics in systems where the turbulent flow drive is negligible.
In the incompressible limit, when p,, is approximately constant and V - U = 0, the
viscous force density is taken to be fyisc = vpm AU, where v is the kinematic viscosity
[2]. Equation (3.2) then describes viscous diffusion of the flow in the absence of
external forcing, given that the time derivative and viscosity terms dominate. This
would occur when the magnetic field, pressure gradient and non-linear effects are
small. Like for the magnetic field in equation (3.1), diffusion of a spatially sinusoidal
flow in equation (3.2) would lead to an exponential decay of the flow velocity.

Dynamo growth is a growth of the magnetic energy in the system. It can be shown
that, when the net Poynting flux through the system boundary is 0, any growth
of magnetic energy comes from a reduction in kinetic energy. This can be directly
observed from the evolution equation for the total magnetic energy

d ExB
—/EBdV:—/U-(ij)dV—/andV—f 248, (33)
dt Jv 1% 1% av o

where Ep = B?/(2u) is the magnetic energy density [2]. The second term on
the right-hand side corresponds to resistive energy losses through Ohmic heating
and the last term to the Poynting flux through the volume surface. Any increase
in the magnetic energy must therefore come from the first term, by the Lorentz
force doing work against the flow, which in turn decreases the kinetic energy in the
flows. A large-scale driven flow can therefore feed the magnetic energy. Studying
equation (3.1) closer in the incompressible limit, it is seen that V x (U x B) =
(B-V)U — (U - V)B. The first term represents a stretching, while the second term
corresponds to an advection, of the magnetic field lines. In an incompressible plasma
it can therefore be discerned that magnetic stretching by a sheared flow (roughly
defined as a flow where the flow speed varies significantly perpendicular to the flow
velocity) is needed for magnetic field growth.

However, not all types of flows can generate dynamos, and not all magnetic field
geometries can be obtained by dynamos. There are a number of “anti-dynamo the-
orems” which state the impossibility for the dynamo mechanism to cause magnetic
field growth in certain constrained geometries. Two examples are Cowling’s theo-
rem [16] — dynamo action does not permit the growth of an axisymmetric magnetic
field — and Zel’dovich’s theorem [17, 18] — purely two-dimensional flows do not
allow for magnetic field growth from dynamos. Because many types of limitations
in geometry similar to these can render magnetic field growth by the dynamo mech-
anism impossible, the dynamo problem is essentially three-dimensional in nature. A
dynamo can only be excited by a sufficiently geometrically complex flow.

It is important to note that random three-dimensional sheared flows allow for dy-
namos to grow, which is why this mechanism can generate magnetic fields in nature,
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even in systems without large-scale order. There is however a practical use of analyt-
ical flows when modeling dynamos, since these can excite dynamos more efficiently,
and the corresponding growth rates can be obtained [19]. An example of an analyt-
ical flow that has complicated enough geometry to allow for dynamo growth is the
Galloway-Proctor (GP) flow [20], which has three non-zero components that depend
on two spatial dimensions and time:

Asin(koz + sin(wt)) + C cos(koy + cos(wt))
Ucp(t, ) = ug A cos(koz + sin(wt)) , (3.4)
C'sin(koy + cos(wt))

where w is the angular frequency of time oscillations, kg = 27/ Lo, and ug and Lg
are a characteristic speed and length scale of the flow. Given appropriately chosen
constants A and C', this flow is chaotic. This has a relevance in that a chaotic flow
can drive so called fast dynamos — ones that are active even in the presence of
extremely low resistivity, to be discussed section 3.1.2.

3.1.1 Reynolds Numbers

In classical resistive MHD, it is possible to define dimensionless quantities describing
the relative characteristic sizes of different terms in equations (3.1) and (3.2). These
can then be used to characterize dynamos, as well as define regions in parameter
space where dynamo action is possible within the classical MHD description.

Comparing the characteristic size of the curl-term and the diffusive term in equation
(3.1), representing mixing/stretching and resistivity, respectively, gives the magnetic

Reynolds number
R — Yoo (3.5)
U
Here Ly and ug are the typical length scale and velocity fluctuation size at the largest
scale of the flow, where energy is typically injected into the system. Doing the same
sort of comparison in equation (3.2) for the advection term and the diffusive term,
representing inertia and viscosity, results in the kinematic, or fluid, Reynolds number

L
Re = 1070 (3.6)

14

When these dimensionless numbers are large, which they are in astrophysically rel-
evant scenarios, the viscous damping of flows and the resistive damping of magnetic
fields, respectively, are tiny on the scale of the system size Lj. For the fluid Reynolds
number this allows turbulent cascades to develop, where the energy in flows moves
towards smaller and smaller spatial scales. The flow eventually develops large enough
gradients that viscosity can dissipate the energy irreversibly at very fine scales. Con-
sidering the magnetic field, that in the high- Rm limit is essentially frozen into, and
advects along with, the flow on large scales, the turbulence also results in the mag-
netic field reaching tiny scales before the small resistivity is sufficient to dissipate
it.
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3.1.2 Fast Dynamos

In order for a magnetic field to irreversibly grow in an MHD dynamo, a finite
magnetic diffusion is necessary, which means that the magnetic Reynolds number,
even if large, needs to be finite. Some dynamos have magnetic field growth rates
that decay with increasing Rm (slow dynamos). They are not suitable to explain
magnetic field growth observed in astrophysical systems where Rm is enormous.
Other dynamos, which have chaotic flows, have a growth rate that increases with,
and asymptotically becomes independent of, Rm for large values of Rm. These “fast
dynamos” are then astrophysically relevant. The GP-flow introduced in equation
(3.4) is thought to produce fast dynamos.

The cartoon picture of how the fast dynamo operates to amplify magnetic fields ex-
ponentially is summarized in the “stretch-twist-fold-merge mechanism”, illustrated
in figure 3.1. To understand it, a closed magnetic field loop with, for example, a
clockwise directionality of the field lines contained in the loop can be considered. A
sheared flow can stretch the loop in one direction of its spatial plane, because the
field is more or less frozen into the flow as discussed in section 2.4. This results
in a multiplicative amplification of the field strength as the distance between the
field lines in the loop decreases with the stretching. If one end of the stretched loop
is twisted 180 degrees, and subsequently folded over the mid-point where the loop
crosses over itself, a double loop has been made. All field lines in the double loop
once again have clockwise directionality in the plane. At this point a finite, but
possibly tiny, magnetic diffusivity is necessary for the two loops to merge into one.
The original configuration is then retained, with a multiplicative amplification of the
initial field strength. A repetition of this mechanism clearly leads to exponential
growth of the field strength on timescales characteristic to the sheared flow.

@ o
@ o

Figure 3.1: The “stretch-twist-fold-merge mechanism” of the fast dynamo. [Fig-
ure adopted and modified from: www.mpifr-bonn.mpg.de/3622111/lectures6-9.
pdf.]

MERGE

&
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3. Dynamo Theory

3.2 Collisionless Dynamos

Space and astrophysical systems of interest in dynamo research, apart from the
interior of stars and planets, are essentially collisionless. In these systems the effect
of small-scale (kinetic) processes like plasma instabilities, which can for example be
generated by pressure anisotropy, typically dominate over collisional effects. Because
the classical MHD treatment of dynamos assumes that collisions dominate over other
small-scale processes, does not evolve the full pressure tensor, and discards higher-
order moments like the heat flux, it is inherently not valid for these types of weakly
collisional systems — at least not without employing some collisionless closure, like
the CGL-closure, which gives rise to other problems for dynamos to be discussed
in section 3.3. Despite the fact that this has been understood, the MHD treatment
of dynamos as presented in section 3.1 is still the most commonly used method to
model dynamos. This is simply because modeling collisionless dynamos with more
advanced models is extremely difficult and numerically costly, due to their 3D and
multi-scale nature. If a kinetic description of collisionless dynamos is to be used, it
poses such a high numerical demand that it seriously limits the possibilities of what
can be modeled. This is why so far, only hybrid modeling (with kinetic ions and
isothermal massless fluid electrons) [3, 4] and so called pair-plasmas (i.e. electron-
positron plasmas, with unit mass-ratio between the species) [5], have been used to
treat the collisionless dynamo problem (semi-) kinetically.

The computational challenge motivates the use of simplified models, that can still
retain some kinetic physics — fluid models. For these models, closures of the fluid
equations can be used to describe the effects of small-scale phenomena in collisionless
plasmas for both electrons and ions.

Much of the dynamo research done so far has characterized dynamos based on di-
mensionless MHD quantities like the fluid and magnetic Reynolds numbers, defined
in equations (3.6) and (3.5). These are, however, not well defined in a collisionless
system, that does not have explicit values of the kinematic viscosity or magnetic dif-
fusivity. It is therefore useful to construct analogous quantities, effective fluid and
magnetic Reynolds numbers, for a fluid description of collisionless plasmas. The
Reynolds numbers essentially compare the typical rates at which magnetic fields
and flows respectively are generated and damped on the system scale in resistive
MHD, which can be rewritten and interpreted according to

R uoLo  wo/Lo  growth rate from field line stretching (3.7)
m = = ~ .
N N/ L3 magnetic diffusion rate ) |
system scale
R uoLo  ug/Lo  growth rate from inertial processes (3.8)
e = = ~Y .
v v/L3 viscous flow damping rate . 1
system Scale

To replace the typical damping rates, defined using v and 7, in resistive (collisional)
MHD, to obtain effective Reynolds numbers for a collisionless model, one can study
the effect of varying free parameters of the fluid closure employed in the model on the
magnetic field and flow damping rates in non-driven simulations. The generalized,
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effective Reynolds numbers can be written

L

R — U0/ Lo (3.9)
B
L

Re = /Lo (3.10)
YU

where vp and 7y are the magnetic field and flow damping rates respectively of the
collisionless system. An analysis of this type will be conducted in chapter 4 for the
collisional fluid model used in this thesis. This will characterize how the effective
Reynolds numbers depend on the closure, which is supposed to describe the effect
of the small-scale processes that dominate in collisionless systems, that can cause
damping of flows and magnetic fields similarly to collisions.

3.3 Magnetic Moment Conservation in the CGL-
Model

In the same manner as described for MHD in section 2.4, the CGL-model can also
be used as a simple collisionless closure in the fluid plasma description. The pressure
tensors for electrons and ions must then obey their respective CGL equations, anal-
ogous to equations (2.29) and (2.30) with p, — py 4, Pj = Pla and pm — Na. As
stated previously the CGL equation for the perpendicular pressure represents mag-
netic moment conservation for magnetized plasmas. This would imply that growth
of the magnetic energy, which grows with B, is accompanied by growth of the per-
pendicular kinetic energy of the plasma particles. However, it has been shown in
simulations with enforced CGL-equations for MHD [14] that this counterintuitive
perpendicular heating does not occur, and thus that the magnetic energy can not
grow substantially. Therefore it can be stated that another “anti-dynamo theorem”
is that dynamos are impossible in the adiabatic, or CGL, limit, where the magnetic
moment is exactly conserved [14]. This turns out to be true even if only one particle
species, the electrons or the ions, obeys magnetic moment conservation [14].

Magnetic moment conservation is broken by collisions, and the anti-dynamo theorem
concerning this is therefore not an obstacle for the dynamo mechanism in collisional
plasmas. Other kinetic-scale processes, like finite-Larmor-radius effects in the un-
magnetized regime and kinetic instabilities in the magnetized regime, can also break
p-conservation. Dynamos in collisionless plasmas are therefore not impossible, but
rather rely on processes that are not captured by the simple CGL-closure, and sim-
ilar closures preserving the adiabatic invariants. It turns out that when combining
the two CGL equations for either electrons or ions, the following equation can be
obtained:

d dln B dlnn,

14 a a) = « 2 o] 04_3 o
dt(pL’ PH,) (PL, + PH,) dt +(Zu, pll,) dt

(3.11)

Any increase of the magnetic field is seen to correspond to an increasing pressure
anisotropy on the left-hand side. There are many kinetic, pressure anisotropy-driven
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plasma instabilities that could be activated by this, break p-conservation and relax
the pressure anisotropy, allowing the magnetic field to grow through dynamo action.
Two notable candidates are the ion firechose and mirror instabilities [21].

3.4 The Seed Problem

While the dynamo process explains how extremely small magnetic fields can be
exponentially amplified to the levels present in astrophysical systems, it does not
answer the question of what mechanism the tiny “seed” fields required for dynamos
originate from. One possibility is that primordial seed fields were generated in the
early universe [22-24]. These primordial fields would be too small to make up the
cosmic magnetization observed today, and it is not certain if they could be sustained
for long enough to participate in the dynamo process [25]. An astrophysical possi-
bility for seed generation that can occur in a wide variety of contexts [26-31] is the
mechanism known as the “Biermann battery” [32], where weak, but relatively large-
scale, magnetic fields can arise from charge separation in an astrophysical plasma
[25].

An alternative astrophysical seed generation mechanism is the Weibel instability,
that can produce magnetic fields in counter-streaming plasma scenarios [33], or more
naturally, in the presence of sheared flows [7]. The Weibel instability is somewhat
unique among the possible seed generation mechanisms in that it saturates when the
plasma starts to become magnetized, at much higher magnetic field levels than the
others [7]. Compared to other seed mechanisms like the Biermann battery, however,
the seeds produced by the Weibel instability have very small spatial scales [25]. It
is particularly interesting as a seed generation mechanism in astrophysical contexts
since it only requires pressure anisotropy in an unmagnetized, collisionless plasma
to generate large seed fields [7]. The Weibel instability has often been overlooked
in the problem of cosmic seed generation in large-scale turbulent systems like those
relevant for dynamos [7], because it usually requires kinetic modeling. However, it
could be present when using fluid models evolving the full pressure tensor.

In chapter 5, where dynamo simulations will be performed using a fluid model
evolving the full pressure tensors of both electrons and ions, it will turn out that
a pressure anisotropy-driven instability is active in certain cases, and generates a
relatively large seed magnetic field. The results will be compared to the magnetic
field evolution that is expected of the Weibel instability to study whether this could
be the cause. Generalizing the analytical estimates of the magnetic field growth
rate and most unstable mode given in [7] for the electron Weibel instability in the
“linear phase” to apply for either ions or electrons, these are:

~ A2 D 12
rYW,Oé o 5a (3 )
ko ~ AY2/5,. (3.13)

Here A, is the non-magnetized pressure anisotropy measure defined in equation
(2.15), Yw. is the magnetic field growth rate due to the electron or ion Weibel
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instability and ky , is the most unstable Weibel mode for each species. The thermal
speed here uses the vy, o = /Ta/na convention, differing by a factor of V2 from the
conventions used in the rest of this thesis (see equation (2.5)).

3.5 Advanced Fluid Models

From the information presented in the above sections, it is firstly clear that classi-
cal MHD dynamo theory is not suitable for modeling collisionless plasma systems,
where significant deviations from an isotropic pressure naturally develop. Adding
one level of complexity, namely using a collisionless closure like the CGL-model
for MHD that allows pressure anisotropy to develop, builds magnetic moment con-
servation into the description. This is still insufficient to model dynamos, due to
p-conservation of even one species corresponding to an anti-dynamo theorem. Treat-
ing the electrons simplistically since they are more collisional than the ions, as done
in hybrid simulations, is therefore not entirely motivated either. It has also been
found in collisionless plasmas that even off-diagonal pressure tensor terms are im-
portant in balancing induced electric fields in the absence of collisional resistivity
[34].

These arguments, together with the aim of retaining the Weibel instability, which
is an important seed field generation candidate, imply the need for a model where
the entire pressure tensor is evolved for both species. This corresponds to a 10-
moment fluid model, based on equations (2.16), (2.17) and (2.18), where the closure
is employed at the heat flux level.

3.5.1 Gkeyll’s 10-Moment Collisionless Fluid Solver

One of the few currently available 10-moment collisionless fluid solvers, that evolves
the full pressure tensors of both electrons and ions, is the Gkeyll ten-moment mul-
tifluid code [8]. This is the solver used in this thesis, and the code framework is
publicly available at [10]. It solves the collisionless 10-moment equations (2.16),
(2.17) and (2.18) coupled to the full Maxwell equations, has been benchmarked to
classical test problems [8], used to simulate magnetospheres of moons and planets
[35-38], and other physics problems [39-46] including various magnetic reconnection
scenarios.

There are two closures currently available for the 10-moment collisionless fluid solver
of Gkeyll. The isotropization closure drives the system toward an isotropic pressure,
and the gradient-based closure essentially defines the heat flux tensor as gradients
of the temperature tensor multiplied by a thermal conductivity [45]. The definitions
of the closures are:

3C7a,z'jk

5 = ko,aVth,a(Paij — Padij) Isotropization closure (3.14)
Ty

q N Vth,a 8
1‘ ik = a.. 2 jk
T 6k Oxy M

Gradient-based closure. (3.15)
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Here ¢;; is the two-dimensional identity tensor, the temperature tensor is defined
as Ta,ij = Paij/Na, and the square brackets indicate a sum over all permutations
of the component indices i, j, k (of which there are 3! = 6, so that the factor 1/6
in the expression results in an average of the permutations). It should be noted

that Gkeyll uses the convention vy, = 1/Tn/m, in the equations given above,

differing by a factor /2 from the conventions used throughout the rest of this thesis
(see equation (2.5)). The free closure parameters kg ,, that can be chosen to take
different values for ions and electrons, have the dimension of a wave number and set
the overall strength of the closures.
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4

Damping of Flows and Magnetic
Fields in Collisionless Fluid
Simulations

In this chapter, the generalized, effective Reynolds numbers for a collisionless plasma
introduced in section 3.2 will be connected to the closure, that represents the effect of
kinetic processes dominating in the absence of collisions, by studying the damping
of magnetic fields and flows. This is done to get a sense of how the Reynolds
numbers, often used to characterize dynamos in the collisional regime, scale with
the free parameters of the closure, so that the results of subsequent fluid dynamo
simulations can be compared to trends found in MHD dynamo studies.

With the aim of connecting the damping rates of the flow velocity and magnetic field
strength, present in the definitions of the effective Reynolds numbers in equations
(3.10) and (3.9), to the free closure parameters kg, and ko ., simple one-dimensional
simulations were performed of flow decay and magnetic field decay scenarios. Scans
over each of the closure parameters were done in both the flow and magnetic field
decay setups. Because of the possible dependence of the decay rates on the flow
or magnetic field geometry and characteristic length scales, scans for both decay
scenarios were also performed for k,, corresponding to the wave number of the
initial sinusoidally varying flow velocity or magnetic field. For each scan, the decay
rate of U or B was calculated in every case in order to establish the dependence of
the decay rates on k,, ko; and k.. The decay rates were expected to depend on
some power of the scan parameters. Attempts were made to perform these scans
for both available fluid closures — the isotropization closure and the gradient-based
closure.

As routinely done in computational plasma physics, simulations were performed at
a reduced, but still relatively high, mass-ratio of m;/m. = 100 due to computational
constraints, to resolve both ion and electron timescales in the subsequent dynamo
simulations that will employ the same mass-ratio. This choice was made because
dynamo growth happens on mass flow timescales, that is, ion timescales, while the
Weibel instability on develops on timescales given by 7, ¢, defined in equation (3.12)
using characteristic electron quantities, and the aim is to capture both phenomena
in the dynamo simulations.

A weak dependence of the flow damping on k., and of the magnetic field damping
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on ko,;, was still expected due to the relatively high mass-ratio used. At a high
(more physical) mass-ratio most of the current is carried by the electrons. Thus the
magnetic field damping — a result of electron kinetic effects — is expected to be
affected by the electron closure, while the damping of the ion flow, that represents
most of the MHD (mass) flow, is affected by the ion closure. This separation of elec-
tron and ion physics is a feature of all plasmas other than pair-plasmas, and is thus
interesting to explore, since simulations similar to the fluid dynamo simulations that
will be performed in chapter 5 with the same mass-ratio have only been performed
in pair-plasmas previously.

4.1 Normalized Units and Simulation Setup

For simplicity the one-dimensional flow- and magnetic field decay simulations were
done using normalized units. In this unit system the constants pg, €y, ¢, m., e and
the background electron density n. are used as a basis of the normalization, and
thus all take the value 1 in the normalized unit system. As a consequence of this
Wp,e and &, are both 1, so that time is measured in units of w_ ! and length in units
of 4.

The ions are taken to be singly charged, so that ¢; = —¢. = 1, and to have the same
number density as the electrons n; = n, = 1. A reduced mass-ratio of m;/m. = 100,
as compared to an electron-proton plasma, is used in order to keep the separation
between electron and ion time and length scales limited for computational feasibility.
The thermal speed of the electrons, in units of ¢, is chosen as vy, = 0.1 in order
for the bulk of the electron distribution to be non-relativistic. Taking the electron
and ion distribution to have the same temperature, the chosen vy, . corresponds
to T, = T; = 0.005 in units of m.c®>. The initial pressure tensors were taken to
be isotropic, with scalar pressure p, = n,7, = 0.005 for both species. Additional
quantities of interest in the normalized units are vy, ; = 0.01 and Ap = 0.0707.

In these one-dimensional simulations, only one spatial direction is resolved, while
the full velocity-space is accounted for (e.g. by evolving all components of 3D
fluid vectors and tensors, as well as of the fields). The number of cells in the one-
dimensional spatial simulation box is chosen as N, = 128 and the spatial resolution
as Azr = 0.5, so that the length of the simulation box is L, = N, Az = 64. To
ensure that the propagation of electromagnetic fields in the plasma, the fastest
involved process, is resolved in time, the time step is taken to correspond to the
Courant-Friedrichs-Lewy (CFL) condition [47, 48] being exactly fulfilled. The total
simulation time %, was adjusted between certain scans, and when needed within
a scan, to observe the exponential decay of U or B. Output data was saved for a
total number of 91 time points for each case, with the first corresponding to t = 0,
the last to t = .. and the rest uniformly distributed during the simulation time.
The boundary conditions of the simulation box are taken to be periodic in the -
direction. When not scanning over the closure parameters k. and ko ;, these were
chosen to correspond to a wavelength of 2Ax = d. = 1, so that ko, = 2m. Note that
ko, and ko ; have the dimensions of a wave number, but they are just free parameters
of the closure. As such, they can take values that correspond to larger or smaller
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wave numbers than supported by the simulation box size and the spatial resolution.

In the flow decay simulations the electric and magnetic fields were initialized as
B = E =0, and ions and electrons were initialized with a common flow velocity in
the z-direction, with a size varying sinusoidally in the z-direction:

ué’fft = Upag SIN(KT) 2 = Upge SID <N 221;) z. (4.1)
Here 2 is the unit vector in the z-direction, and k, = 27 N/L, is the wave number
corresponding to the wavelength L,/N, where N is the mode number. The ampli-
tude of the flow is chosen as e, = 0.2v4,; = 0.002, such that the maximal flow
velocity is smaller than both the electron and ion thermal speeds and thus remains
subsonic, which is relevant for the dynamo simulations that will be presented in
chapter 5.

For the simulations of magnetic field decay, the electric field and ion fluid velocity
were initialized as E = u!™ = 0. The initial magnetic field, and corresponding

current density, were chosen consistently, as

B = B, cos(k,x)y
j= iV x B = =B ok, sin(k,z)Z. (42)
Ho

Letting the electrons carry the entire current initially, an upper limit for the maxi-
mum flow speed of the electrons, that can possibly be achieved by the initial mag-
netic field, was chosen to be ez = 0.01, such that it is smaller than the elec-
tron thermal speed. The maximum allowed current density amplitude is therefore
Jmaz = |@eNeUmaze| = 0.01. Noting that the amplitude of the current density de-
pends on both the magnetic field amplitude and the wave number k., an upper
limit Ky ez, corresponding to the mode number N,,, = 10 (so that the geome-
try is still resolved), was set for k, in order to fix the value of B, . Given that
Jmaz = By,0ke,maz, the value By o = 0.0102 is obtained and used in the simulations.
The maximum magnetic field strength B, o corresponds to a minimal electron gyro-
radius of rr, . = 9.817, using the assumption v, . = vin. This length scale is clearly
resolved in this setup.

4.2 Isotropization Closure

The results of the one-dimensional scans for flow and magnetic field decay using
the isotropization closure, corresponding to equation (3.14), are presented in this
section.

4.2.1 Flow Decay

To analyze the output from the flow decay simulations the MHD flow velocity was
first calculated according to equation (2.20). At each saved time point the values of
U? were integrated over the simulation box (summed and multiplied by Ax), and
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the result is simply denoted by U? in this section. This quantity is proportional
to the kinetic energy density of the flows, Eyy = p,U?/2, integrated over the entire
simulation domain. Linear fitting was performed for In(U?) as a function of time ¢
to find the slope, defined as —2vy, where vy is the exponential decay rate of the
flow speed U. The fitting used the time points for which U? had not yet reached
values below e~ =~ 5% of its maximum.

The scan over k, was done by varying the mode number according to N € {1,2, ..., 7},
using simulation time t,,,, = 27000 for N =1 — 4 and ., = 5400 for N =5 — 7,
while keeping ko, = ko; = 27 fixed. The results of two representative cases in the
scan, N = 1 and N = 7, are shown in figure 4.1. As predicted the flow decays
exponentially, and the linear fits appear to represent the data well.

N=1:y,=1.185-10">° N=7:y,=5715-104°
-9.0+
-9.2+
)
=
-9.4+
-9.6+
0 10000 20000 0 2000 4000
t [wyt] t [wyt]
(a) (b)

Figure 4.1: Simulated flow decay (blue) and a linear fit to In(U?) as a function
of time (black dashed) for two of the cases in the k,-scan using the isotropization
closure: (a) N =1, (b) N =7. Note the different scales on the y-axes.

The flow decay rate vy was calculated for each flow wave number in the scan, and
the dependence of Invy on In k, is visualized in figure 4.2. A linear is fitted to the
data points in this figure, noting that the dependence of vy on k, obeys a power law
quite accurately, which gives the dependence vy ~ k19%¢. Given that the exponent
is close to the integer 2, it can be predicted that the flow decay rate depends on k,
as vy ~ k2 in theory, when approaching a physical ion-electron mass-ratio.

Choosing N = 3 to fix k,, the ion closure parameter was varied according to ko; €
{0.27,0.47, 7, 27, 4, 107, 207 }, while keeping ko . = 27. For the smallest two values
of ko, a simulation time of t,,.x = 5400 is used, and tyax = 27000 is used for the
rest. The results for the representative cases ko; = 0.4m and ko; = 107 are shown
in figure 4.3. For most cases in the scan, the decay deviates slightly from being
exponential, as can be seen in the linear fit not being in perfect agreement with the
data in the ko; = 107 case in figure 4.3b.

26



4. Damping of Flows and Magnetic Fields in Collisionless Fluid Simulations
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Figure 4.2: The dependence of the flow decay rate vy on k, for all cases in the
scan (black) using the isotropization closure, and a linear fit to In~yy as a function
of Ink, (red dashed).
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Figure 4.3: Simulated flow decay (blue) and a linear fit to In(U?) as a function
of time (black dashed) for two of the cases in the kg ,;-scan using the isotropization
closure: (a) ko; = 0.4m, (b) ko; = 10m. Note the different scales on the y-axes.

The dependence of Invy on In kg, is illustrated in figure 4.4 using the decay rates
calculated for each case in the kg ;-scan. Using a linear fit to the data points in this
figure gives the dependence vy ~ kg 9951 Noting again that this exponent is close
to an integer, the flow decay rate likely depends on kg ; as yy ~ k. 7 in theory as the

mass-ratio between ions and electrons approaches the physical mass-ratio.
Finally, the electron closure parameter was scanned over by varying it according to

koe € {0.27,0.47, 7, 2w, 4w, 107, 207}, while keeping k, fixed by setting N = 3 and
fixing ko; = 2m. The simulation time #n,x = 27000 was used for all cases in this
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Inyy~ —0.9511Inkg ;

|nk0,,'

Figure 4.4: The dependence of the flow decay rate vy on kg, for all cases in the

scan (black) using the isotropization closure, and a linear fit to In~yy as a function
of Inky; (red dashed).

scan. Performing the same analysis as for the previous scans, the flow decay rate vy
is calculated using linear fitting for each case and the resulting dependence of In vy,
on In ko, is shown in figure 4.5. The dependence of the flow decay rate vy on ko
is very weak as compared to the dependencies on ko; and k, — only yy ~ kJ0'°,
where the closest integer exponent would be 0. This means that the mass flow,
dominated by the ions, is practically independent of the electron closure, which
reflects the separation of electron and ion physics expected for non-pair plasmas. In
summary, the effective fluid Reynolds number is thus found to scale approximately
as Re ~ ko ;/k?, according to equation (3.10), for the isotropization closure.

Inyy ~0.015Inkp

—9.181

|nl<0,e

Figure 4.5: The dependence of the flow decay rate vy on kg, for all cases in the

scan (black) using the isotropization closure, and a linear fit to In~yy as a function
of In kg, (red dashed).

In figure 4.5 it is evident that the low sensitivity of 7y to kg . results in an uncertainty

28



4. Damping of Flows and Magnetic Fields in Collisionless Fluid Simulations

in the exact relation between vy and ko — it is not a clear power law dependence.
Generally, the cases with high values of k. displayed a close to exponential flow
decay, while the other cases were further from perfectly exponential.

4.2.1.1 Theoretical Ion Flow Damping Rate

The ion flow damping rate should in theory coincide with the MHD flow damping
rate if ion and electron dynamics are sufficiently decoupled. This appears to be the
case, since the MHD flow decay rate was found in section 4.2.1 to barely depend
on the electron closure parameter for the ion-electron mass-ratio employed here.
A theoretical prediction of the ion flow damping rate, for comparison with the
dependencies on ky; and k, obtained for the MHD flow damping rate presented in
section 4.2.1 can be found in the manner presented in this section.

The terms of the ion momentum and energy equations (equations (2.17) and (2.18)),
for components z and xz respectively, were calculated from the output data of the
flow decay case with N = 3, ko = ko; = 27, at the time point ¢ = 3000 w;é. These
are the most interesting components, since u, was the initial non-zero component of
the velocity and the z-direction is the direction in which quantities can have non-
zero spatial derivatives. Numerical derivatives were taken in x and ¢, centered with
spatial step 2Ax and time step 2At fyqme, Where At f,.4mc is the time resolution of the
saved output data. The calculated terms are shown in figures 4.6a and 4.6b along
with the sums of the left and right hand side terms. The thermal velocity vy, ; was

calculated as (/T;/m; in the energy equation, in accordance with the conventions
used in Gkeyll, matching the left- and right-hand sides of the equation.

In the equation for the ion pressure tensor, it is seen in figure 4.6b that the terms that
dominate and almost balance each other are the closure term vy, ;ko,ipi . and the
term p; 4,0,u; .. That is, the off-diagonal ion pressure created by the sheared flow is
almost completely removed by the closure term. In the momentum equation, figure
4.6a shows that the terms m;n;0,u; ., and 0,p; .. dominate, thus the deceleration is
caused by the only non-zero off-diagonal tension force. These four terms are therefore
the most important. Considering a slightly more general situation — including the
dominating terms found in these equations as well as any terms containing a time
derivative — for the z- and zz-components, a quadratic equation can be derived for

the ion flow damping rate ;. This is achieved by taking the ansatz:
Wi 5 = Ujo0Xp(—;t) cos(kpx

= = iz0 exp(—it) cos(ke) )

Pizz = Pixz,0 eXp(_’%t) COS(k’me’ - 80)7

where it turns out that ¢ = 7/2, given that 7; > 0 and that n; does not vary
significantly with x. Also assuming that the system remains close to thermodynamic
equilibrium, p; ;, ~ p;, yields the solutions

2
i = Uth,iR0,i 1+ 1422 = {kOi > kx} ~ ) Umiifo, kg ; (4.4)
2 kg ; ’ kg
)t /Uth,'L kO,i

to this quadratic equation. See appendix A for a detailed derivation of these solu-
tions.
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Figure 4.6: Numerical evaluation of all terms, as well as left- and right-hand
side sums, of the z- and xz-components of the ion (a) momentum and (b) energy
equations. The data corresponds to the N = 3, ko = ko; = 27 flow decay case
with the isotropization closure, at the time point ¢ = 3000w, L

In the k,-scan, where ky; = 27 = 6.283 was kept fixed, the largest k, was obtained
with N = 7, for which k, = 0.687. In the ky;-scan k, was kept fixed to k, =
0.295 (N = 3), and the smallest kg -value was ko; = 0.27 = 0.628. Therefore, a
majority of cases in the two scans are firmly in the ky; > k, limit, and one of the
solutions (4.4) should be applicable. Noting that v increases with k, in figure 4.4,
the second solution should be correct. Comparing the dependencies found in the
scans for the MHD flow decay rate, vy ~ k;?0/kJ7°", to the dependencies of the
derived analytical solution for the ion flow decay rate, ; ~ k2/kq ;, these are notably
consistent. The fact that the electron fluid equations were not considered in the
derivation of the analytical dependencies, while still obtaining a solution consistent
with the numerical results, confirms that the flow decay rate sensitivity to electron
dynamics is very low and that ion and electron dynamics are substantially separated
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at the employed mass-ratio.

A similar exercise as in this section, while in principle possible, is not performed for
the magnetic field damping, since it would be significantly more complicated due to
the intricate coupling between the field and fluid equations.

4.2.2 Magnetic Field Decay

In the magnetic field decay simulations the values of B? at each saved time point
were calculated and integrated over the simulation box. The result is denoted by
B? in this section. In the same manner as for the flow decay, linear fitting was used
to find the decay rate vz of B. The linear fit to In(B?) as a function of ¢ used only
the time points for which B? was larger than e™3 ~ 5% of its maximum.

The same type of scans as for the flow decay were done for the magnetic field
decay setup. A first scan over k, was again done by varying the mode number
N € {1,2,...,7}, while keeping ko, = ko; = 27 fixed. Simulation times were set to
tmax = 27000 for N = 1 — 4 and ¢, = 5400 for N = 5 — 7. Two representative
cases in the scan, N = 1 and N = 7, are shown in figure 4.7. When the values of
B? get very small, like in figure 4.7b, the decay starts to deviate from being strictly
exponential. This was the primary reason for why linear fitting was done for “early”
time points, where the major part of the decay takes place.

N=1:y5=9.831-10""° N=7:yp=1708 10730
—5.711
—5.721 .
~ —5.731 ~
aQ Q
c c
~ —5.741 -
—5.751
~5.761
T T T _25 T T T
0 10000 20000 0 2000 4000
t [wyt] t [wye]
(a) (b)

Figure 4.7: Simulated magnetic field decay (blue) and a linear fit to In(B?) as
a function of time (black dashed) for two of the cases in the k,-scan using the
isotropization closure: (a) N = 1, (b) N = 7. Note the different scales on the
y-axes.

The magnetic field decay rate was calculated for each case in the scan, and in figure
4.8 the obtained values of In g are plotted as a function of In k,. A linear fit to this
curve gives the approximate dependence vg ~ k>3 of the decay rate on the wave
number. This dependence is thus very strong compared to the other dependencies
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found, and as shall be seen later, it has an important impact on the magnetic spectra
in dynamo simulations. It can be expected that the theoretical limit of the exponent
at large ion-electron mass-ratios would be the integer 4.

Inyg ~ 3.843Ink,
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_12<
—141 , , , ,
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Figure 4.8: The dependence of the magnetic field decay rate vz on k, for all cases

in the scan (black) using the isotropization closure, and a linear fit to Inyp as a
function of In k, (red dashed).

The N = 3, ko; = 2m case above was chosen as the basis of the kg .-scan for
the magnetic field decay. The electron closure parameter was varied according to
ko € {0.2m,0.47, 7, 2w, 47, 107, 207} using the simulation time t,.x = 27000. Two
representative cases, kg, = m and ko = 207, are presented in figure 4.9. It is worth
noting that in figure 4.9a, and for low ky .-values in general, there seems to be another
decay mode of B? that starts to dominate at weak field strengths (large enough
time), below B? &~ ¢7'%. An investigation into the origin of this second decay mode
showed that its appearance coincides with situations when the ion current has grown
comparable to the electron current. Since driving an ion current is increasingly more
difficult compared to driving an electron current for high mass-ratios, this second
decay mode is likely not relevant at physical mass-ratios.

Plotting In v5 for the calculated decay rates in each case of the kg .-scan as a function
of In ko in figure 4.10, and fitting a linear to the data, the dependence v ~ kaQ-S%
is obtained. It is noteworthy that the decay rate of B depends on k. in a similar
way that the decay rate of U depends on kg ;, both exponents being close to the
integer —1.

Taking the case with N = 3, tyax = 27000 and ko, = 27, ko,; was varied using
the same scan values as for ko . previously. Generally, larger values of kg, showed a
stronger deviation from strict exponential decay than the smaller values. However,
the dependence of the calculated decay rate of B on the ion closure parameter ky;
was found to be weak — only yp ~ kg 9087 see figure 4.11. This is reminiscent
of the flow decay rate’s dependence on k., which was also so weak that the closest

integer power-law exponent for the dependence was 0. To summarize, the effective
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Figure 4.9: Simulated magnetic field decay (blue) and a linear fit to In(B?) as
a function of time (black dashed) for two of the cases in the kg.-scan using the
isotropization closure: (a) ko, = 7, (b) ko = 207. Note the different scales on the
y-axes.

In YB~ — 0.893In kO,e
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Figure 4.10: The dependence of the magnetic field decay rate yp on ko, for all
cases in the scan (black) using the isotropization closure, and a linear fit to Inyp as
a function of In kg . (red dashed).

magnetic Reynolds number is thus found to scale approximately as Rm ~ ko ./k3,
according to equation (3.9), for the isotropization closure.

The electron and ion closure parameters have in practice no effect on the flow damp-
ing and magnetic field damping respectively, which can be contrasted to their signif-
icant impacts on the dynamics of their respective particle species, demonstrated by
the approximate vy ~ kg +and yp ~ ko, ! dependencies found. Evidently the mass-
ratio m;/m, = 100 that is used in the simulations is significant enough to mostly
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Figure 4.11: The dependence of the magnetic field decay rate yg on kg, for all
cases in the scan (black) using the isotropization closure, and a linear fit to Inyp as
a function of In kg ; (red dashed).

separate electron and ion dynamics, so that these can each dominate in different
scenarios.

4.2.2.1 Increased lIon-Electron Mass-Ratio

It can be expected that the dependence of vz on k, should be an integer in the high
ion-electron mass-ratio limit, since the ions would then be essentially stationary
compared to the electrons, and only the electron 10-moment equations would have
to be solved. To study what happens with the k,-dependence of v5 at 10 times
higher mass-ratio, m; = 1000m,., the same simulations were run as in the k,-scan for
N =1,2,3,4 with the larger mass-ratio. This results in the dependence vg ~ k298
as shown in figure 4.12. As expected the power-law exponent is closer to the nearest
integer exponent, 4, than when using the lower mass-ratio, where the exponent was
3.843.

4.3 Gradient-Based Closure

Similarly to the previous studies using the relaxation closure, an attempt to ob-
tain similar scaling expressions for the magnetic field and the ion flow damping
was made using the gradient-based closure (equation (3.15)). The behavior found
is significantly more complex than what could be represented by a simple expo-
nential damping ansatz, and the physicality of the obtained results is questionable.
To nevertheless illustrate the obtained behavior, some representative examples of
simulations using the same initial conditions as before will be demonstrated in this
section.

When using the gradient-based closure, the resulting flow and magnetic field evolu-
tion in the two different scenarios turned out to not follow the expected exponential
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Figure 4.12: The dependence of the magnetic field decay rate yg on k, for the
cases N = 1,2,3,4 (black) using the isotropization closure and an increased mass-
ratio of m;/m. = 1000, and a linear fit to Inyp as a function of In k, (red dashed).

decay. Instead, the general behavior of U? and B? was oscillatory with — not simply
exponentially — decaying envelopes. In certain cases the decay ceased and stabilized
the quantity around some finite value, and in others the decay would be significant
enough for the quantity to reach very small values, only to then sometimes grow
quickly again — also stabilizing around some finite value. The physical quantities
in these simulations also displayed “mode decay”, that is better represented by con-
sidering the time evolution of the individual spatial Fourier modes. Studying the
initially sinusoidal B, or U, that corresponded to a certain wave number k, ;,, these
quantities would over time change their characteristic wavelength and corresponding
k. This trend became more and more prominent with higher initial mode numbers
Nin for the sinusoidally varying U, and B,,, where N;, would “decay” to lower mode
numbers — the characteristic wavelength of the sinusoidal quantities increased with
time.

Simulations with various settings for Ni,, ko . and kg, similar to those done for the
isotropization closure in section 4.2 were done with both the flow and magnetic field
decay setup, using a long simulation time of t,,,, = 18000. To study which mode
dominates at different times the spatial Fourier transform in x was taken of the
non-trivial component of the relevant quantity (B, or U,), from which the power
spectrum could be calculated. The Fourier modes and mode numbers are denoted
ke rr and Npr respectively, and obey k,pr ~ 0.098 Npr. Modes that at any time
point were within 1% of the power spectrum’s maximum at that time were included
in figures where In |F(B,)[* or In|F(U,)|? is plotted against time in order to find
decay rates of the different modes.

Cases with low initial mode numbers show relatively simple behavior, with only the
initial mode active throughout the simulation, decaying approximately exponentially
with some overlying oscillations at long timescales. The magnetic field decay cases
also display a sharp initial decay before the long-time exponential decay starts. For
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larger initial mode numbers, corresponding to N;, = 4 — 7, some mode decay can be
observed. Representative examples for the flow and magnetic field decay scenarios,
using ko; = ko. = 2w, are shown in figures 4.13 (using N;, = 7) and 4.14 (using
Nin = 5) respectively. The linear fits that are used to estimate decay rates vp
and 7y for the different modes are fitted to the last half of the simulation time
points in the magnetic field decay case, and to the ¢ € [0.1tax, 0.5tmax] range in
the flow decay case. This choice was based on the time ranges in which the modes
showed a behavior best estimated by an exponential decay. Here the slope of the
natural logarithm of the power spectrum as a function of time is defined to have the
slope —2yp,u. As observed in figure 4.14, the “jumps” between finite values of B>
correspond to mode decay.

10 Ner =7,
—201 _ yu=2.07" 107490
o Ngr =21,
3 307 T yy=2.693-10740°
E —40- o NFT= 1,
£ Yu=2.078-107>0
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T yy=3.581:107>0
_60<
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Figure 4.13: The time evolution of dominant modes in the power spectrum of U,
(solid) and linear fits to In|F(U,)|? as a function of time for each included mode
(dashed), for the flow decay setup using the gradient closure, ko, = ko, = 27 and
N;, = 7. The given values of vy correspond to the calculated decay rates of each
mode.

Since periodic boundary conditions on the simulation box are enforced in the x-
direction, only mode numbers corresponding to whole numbers N, with modes k, =
27N/ Ly, are allowed. However, tests were done of what happens when doubling the
size of the simulation box to 2Ly (while keeping the resolution fixed). Because of
the periodic boundary conditions now not being implemented at x = Ly, the active
modes could be k, = 2mN/(2Ly), corresponding to half or whole mode numbers N /2.
Because of this fact, a lot more modes were present in cases displaying mode decay
when doubling the box size. The physicality of the results is therefore questionable.

Because the scaling of the decay rate with NV is non-trivial, and that in many cases
there is no clear decay rate that can be determined, the behavior of the system
when using the gradient-based closure is difficult to interpret physically. For the
reason that this closure does not seem to work well in these types of simulations, as
physically questionable results are obtained, it was decided that the gradient-based
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Figure 4.14: The time evolution of dominant modes in the power spectrum of B,
(solid) and linear fits to In |F(B,)|* as a function of time for each included mode
(dashed), for the magnetic field decay setup using the gradient closure, ko, = ko; =
2m and Ny, = 5. The given values of v correspond to the calculated decay rates of
each mode.

closure would not be used in the three-dimensional dynamo simulations in chapter
5.

It should, however, be noted that there are scenarios in which the gradient-based
closure performs reasonably well, even compared to kinetic simulations, such as in
magnetic reconnection setups [45]. The gradient-based closure is a generalization of
one of Fick’s laws, ¢ o« —VT, where T is a scalar temperature and q is a heat flux
vector, to the situation when both the heat flux and temperature are tensors. There
is not a unique way of such generalization, and under certain physical conditions a
certain choice may perform better or worse.
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Collisionless Fluid Dynamo
Simulations

In this chapter the setup and results of the three-dimensional collisionless dynamo
simulations, where a simulation box-scale GP-flow is driven through the system, are
presented. The aim is to perform a scan over the electron closure parameter kg,
using the isotropization closure for the heat flux tensor in the 10-moment equations
(2.16), (2.17) and (2.18), in order to study the effect of magnetic field damping
strength on dynamo action in collisionless plasmas.

Having found the dependence vp ~ kg L of the magnetic field damping rate on
ko in section 4.2.2, the generalized magnetic Reynolds number depends on the
closure parameter as Rm ~ kg, according to equation (3.9). A scan over ko is
therefore analogous to a scan over the magnetic Reynolds number in the classical
MHD dynamo treatment. As shall be seen, there are, however, important differences
between scanning over the closure parameter and the MHD magnetic Reynolds
number.

As will be observed and analyzed in section 5.2, rapid magnetic field seed generation
due to the pressure anisotropy-driven Weibel instability also plays a major role in
these simulations. The ability to evolve the entire pressure tensors of both elec-
trons and ions is an important feature of the Gkeyll 10-moment fluid solver that
classical MHD codes lack, and allows for retaining such pressure anisotropy-driven
instabilities.

5.1 Simulation Setup

In the three-dimensional dynamo simulations the simulation setup is done in SI-
units. The overall settings are based on those of the fluid simulation of a dynamo
presented in [49], that also used Gkeyll:s 10-moment collisionless fluid solver.! The
initial number densities of both the electron and ion populations are set to n, =
2.302-10% m 3, their temperatures to T,, = 1keV and their pressure tensors are taken
to be isotropic with the scalar pressure p, = n,71,. Just like in the scans of magnetic
field and flow decay in chapter 4, a reduced ion-electron mass-ratio of m;/m. = 100
is used, and the ions are taken to be singly charged. The simulation box is taken to

!That simulation used an older version of Gkeyll with different features and numerical schemes.
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be of length Ly = 24.32pm in each direction. That the absolute values of density
and spatio-temporal scales — chosen to be similar to previous studies — are far
from being representative of the intracluster medium is not a major concern. This
is because the collisionless Vlasov-Maxwell system can be rigorously re-scaled to
larger scales and lower densities, such that the dynamics of the re-scaled system is
essentially identical [50]. This fact provides the basis of laboratory astrophysics.

A GP-flow Ugp(t = 0,x), defined according to equation (3.4) with A = C' = 1,
is used as the initial condition for the velocities of the ions. The electrons were
initiated with a fluid velocity formed by the same GP-flow as for the ions, with an
added velocity contribution from the current corresponding to the initialized seed
magnetic field. The characteristic length scale and speed of the flow are set to Lg
and uy = Myc, = 4.642 - 10° m/s respectively, where M, is the Mach number and

cs = y/T./m; is the sound speed. Observationally, flows are usually subsonic [51],
so the aim was to not include the effects of sonic flows, which can lead to shocks,
in these simulations. Following the settings used for the fluid dynamo simulation in
[49], the targeted Mach number was therefore set to My = 0.35. Since the simulation
box has side length Ly, the wave number kg = 27/ Lq used in the sinusoidal GP-flow
is also the lowest (positive) spatial Fourier mode of the simulation box. Note that
this kg is different from the closure parameters kg 4.

In a particle-in-cell (PIC) code seed noise for instabilities is naturally present due to
the statistical noise from the discreteness of particles, but some initial magnetic field
noise needs to be specified for the dynamo simulations using the 10-moment fluid
solver of Gkeyll, since it is otherwise completely noise free. Initially, the magnetic
field is defined as

B = By Y bijncos(nko(z; + @ijn)), (5.1)

i#jn

where the noise amplitude is taken to be By = 1T, 7,57 = 1,2,3 are component
indices and n = 1,2, ..., N is the mode number. The number of modes included
is set to N = 4. The relative amplitudes b;;, and the phases ¢;;, are chosen at
random, uniformly, in the range [0, 1]. The electric field is initialized to E = 0, and
the current density to § = V X B/, initially carried by the electrons, with B as
defined in equation (5.1).

Some timescales relevant to the problem are the turnover time, defined as t;ymover =
Lo/up, and the ion streaming time, tsream; = Lo/vtn;. Comparing these to the
inverse electron plasma frequency, the relations tiymover = 4.041 tstream: = 4.484 -
10°w, s = 5.239 - 1075 are obtained.

A continuous forcing is applied during the simulation in order to drive the flow,
where the force on the particles is defined as

Fa = CfmaUGP (t, w)/tstream,ia (52)

such that the applied accelerations on both particle species are equal. Here the
dimensionless factor Cy is called the force factor, and is set to take the value 2 as
the default. The settings for the GP-flow used here are the same as the ones used in
the Ugp initial condition for the species’ velocities, except that it now evolves with
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time. The time oscillations of the GP-flow are taken to have the angular frequency
W = 277—/tturnover'

Periodic boundary conditions on the simulation box are used in all three spatial
directions, and the volume is divided into 64? cells in total by using N, , = 64 grid
points in each direction. The spatial resolution that could be used was limited by
the available computational resources. The time resolution is given by choosing the
three-dimensional CFL-condition [47, 48] to be exactly fulfilled. The default value of
the total simulation time was taken to be t,,.x = 12.374 tiumover, and output data was
saved for a minimum of 113 time steps, including the initial step. The minimal time
resolution for saving output data, used during the later parts of the simulations, was
At frame = 0.1650 toumover, Which would be equivalent to the resolution if the entire
time range was saved at 76 uniformly distributed time points (including the initial
time point).

As established in section 4.3, the gradient-based closure is physically questionable
in these types of simulations, so only the isotropization closure (equation (3.14)) is
used in the dynamo simulations. The value of the ion closure parameter is chosen as
ko; = 85.33/Ly. A scan over the electron closure parameter was performed, where
ko was varied in the range 2m/(27™Ly) for m = 0,1, ...,7. The smallest kg .-value
therefore corresponds to a wavelength of box size Ly, and the largest to a wavelength
Ax /2, smaller than grid scale Az and therefore unresolved. Note though that the
closure parameter, while having the dimension of a wavenumber, is just a parameter
affecting the pressure tensor locally, and therefore not resolving the corresponding
length scale is not a concern.

5.2 Weibel Instability Analysis

The first case in the scan over the electron closure parameter ko . for the isotropiza-
tion closure uses ko, = 27m/Lg, so that the wavelength corresponding to this wave
number is the box size, and the characteristic length scale of the GP-flow, Ly. Shown
in figure 5.1 is the time evolution of the magnetic and flow energies, as well as the
magnetic energy spectrum, obtained in this case. As clearly illustrated in figure
5.1a, a considerable fraction of the magnetic energy growth in the simulation takes
place on a timescale significantly shorter than the turnover time, which should be
the characteristic timescale of a developing dynamo. Such behavior has not been
observed in previous MHD dynamo studies. Therefore, this rapid growth is sus-
pected to occur not due to the dynamo effect, but due to some plasma instability
that can be modeled in the fluid simulation framework. Most likely this has to do
with all components of both the electron and ion pressure tensors being evolved
in Gkeyll, so that pressure anisotropies can develop and in turn activate pressure
anisotropy-driven instabilities for each species.

It is suspected that the rapid magnetic field growth observed for this case occurs
due to the pressure anisotropy-driven Weibel instability. In [5] kinetic particle-in-
cell dynamo simulations of pair plasmas are performed, and notably, the evolution
of the magnetic and flow energies in figure 5.1a are qualitatively similar to those of
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Figure 5.1: The ky. = 27m/Lg case of the electron closure parameter scan. (a)
Time evolution of the magnetic energy (solid) and the flow energy (dashed), both
normalized to the magnetic energy at ¢ = 0. The total energies are shown in
black, and the contributions to the energy from the three vector components in the
x,y, z-directions are shown in red, blue and green respectively. (b) The total flow
energy (black), and its contribution from the three vector components in the x, y, 2-
directions (red, blue, green), all normalized to its initial value. (c¢) The magnetic
energy spectrum normalized to its value at k = kg and t = 0, for 25 time points
approximately uniformly distributed in the range t/tiumover € [0, tmax|, Where the
curve color corresponds to the time. Shown in dotted black are k=2 and k=%, for
reference.

the inverse plasma beta 37! and the square of the Mach number M? (essentially
the magnetic and flow energies normalized to the scalar pressure) shown in their
figure 2. Like in figure 2 of [5], the magnetic energy in figure 5.1a shows rapid initial
growth, but remains smaller than and does not quite reach equipartition with the
flow energy, even over long timescales. It is established in this paper that the growth
of the magnetic energy on timescales much smaller than those expected of a flow-
driven dynamo arises from the electron Weibel instability (though it should be noted
that in pair-plasmas there are not separate ion and electron Weibel instabilities),
which leads to the prediction that the Weibel instability is active in the simulation
presented in figure 5.1 as well.

To determine whether its cause is indeed the Weibel instability, the characteristic
behavior of the rapid magnetic energy growth is analyzed and compared to the
analytical estimates for the Weibel instability, given in equations (3.12) and (3.13),
for a simulation corresponding to a slightly modified version of the ko, = 27/ L case.
This simulation used a force factor of C'y = 1, and the simulation time was chosen as
tmax = 0.062 tiumover — significantly shorter than that of the standard case to focus
on timescales characteristic to the rapid energy evolution. The initial magnetic
field noise amplitude was set to be homogeneous over the 32 lowest Fourier modes,
instead of the default 4 lowest. This was done to avoid an initial dependence on
wave number in the magnetic energy spectrum, which would make it more difficult
to identify the most unstable mode from the time evolution of the spectrum, needed
for comparison to the most unstable mode of the Weibel instability.

The magnetic energy evolution obtained in this simulation is shown in figure 5.2a,
and the expected rapid growth is clearly present also in this modified version of the
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koe = 2w/ Lo case. It will turn out that the timescale of the growth, ~ 0.01 tiurnover,
is of the same order of magnitude as the characteristic electron Weibel instability
timescale 1, defined according to equation (3.12), calculated for the time point in
the middle of the growth phase marked with a star in figure 5.2a. In figure 5.2b the
magnetic energy spectrum Fp(k), normalized to the value of the energy spectrum
at k = kg and t = 0, is illustrated with each curve corresponding to a time point
in the range t € [0, 0.02 turmover)- This time range coincides with the pre-saturation
phase of the magnetic energy evolution in figure 5.2a. From the time evolution of
the spectrum it is apparent that the initial decay of magnetic energy in figure 5.2a
corresponds to the quick decay of magnetic energy at high wave numbers. This
could be expected from the results of the magnetic field damping simulations in
section 4.2.2, where the magnetic field decay rate was found to scale strongly with
the spatial wave number. For modes k/kq 2 5 the energy spectrum rapidly starts to
show the dependence Egp(k) ~ k8, as seen by comparing the slope of the spectra
after ¢ = 0 to the steep dotted black line in figure 5.2b.
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Figure 5.2: The variation of the k. = 27/L, case used in the Weibel instability
analysis, which is initiated with homogeneous noise in the magnetic field over the
lowest 32 modes. (a) Time evolution of the total magnetic energy (solid black), and
the contributions to the energy from the three magnetic field components B, By, B,
(solid red, blue and green). t,, is marked with a star, the other points used for line
fitting are marked with dots, and the line fit is shown in dashed black. (b) The
magnetic energy spectrum normalized to Ep(k = ko, t = 0), where the curves
correspond to each time point in the range t/tyymover € [0, 0.02] and their color
represents the time. Shown in dotted black are k=2 and k8, for reference.

For the Weibel analysis a time point located approximately in the middle of the
growth phase is chosen, at t, = 0.013 t{urmover, marked with a star in figure 5.2a.
16 time steps in the growth phase surrounding the chosen point, corresponding to
the time range t/tiumover = [0.0058, 0.0181] and marked with dots in figure 5.2a, are
used to estimate the value of the magnetic field growth rate . This was done by
fitting a linear function to In(Ep/FEp(t = 0)) and defining the obtained slope as 2.
The obtained fit is shown in dashed black in figure 5.2a, and the growth rate was
determined to be v = 3.32-10'2s71. Studying figure 5.2a closely, the rapid magnetic
energy growth is seen to be slightly super-exponential, which is expected of growth
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due to the Weibel instability in this phase [7], since the anisotropy 4. is increasing
with time because of the sheared flow. The growth rate v obtained from the linear
fit is therefore not exact, but is still seen to represent the actual growth rate quite
accurately during most of the rapid growth phase in figure 5.2a.

The mode that appears dominant when studying the magnetic energy spectrum in
figure 5.2b, is 5kg = 107/ Ly. However, because of the rapid initial decay of magnetic
energy at high wave numbers it is somewhat unclear which mode shows the fastest
growth, and would be considered the most unstable, since wave numbers higher
than bky grow by about the same orders of magnitude. As there is no other obvious
peak in the spectrum among the wave numbers with large growth, k4o = ko =
1.29 - 10°m~! is chosen as a representative value for the most unstable mode.

The analytical Weibel estimates for the magnetic field strength growth rate 7y o
and most unstable mode ky o, defined in equations (3.12) and (3.13) respectively,
were calculated from the simulation data using the root-mean-square (RMS) values

of d, and vy, o at that time point (using the vy, o = \/m convention). The mean
corresponds to an average over the simulation box.

A comparison can be made between the calculated values for the growth rate v and
the most unstable mode k4o to their electron Weibel estimate counterparts at the
chosen time t,. At this time the (non-magnetized) electron pressure anisotropy,
defined using the RMS-value of pemaz/Demin in equation (2.15), was A, =~ 0.066.
The ratios of the calculated electron Weibel estimates to the directly obtained growth
rate and most unstable mode respectively were in this case:

k om
7~ 05161 kd ~ 0.1761.

/YWG w,e
) )

It is therefore found that the observed growth rate, as well as the wave number
corresponding to the peak of the magnetic energy spectrum, are comparable to, but
slightly lower than, what the analytical theory of the electron Weibel instability
would suggest. The fact that the dominant mode is lower than the corresponding
Weibel estimate means that the characteristic spatial scales of the magnetic field
are slightly larger than what is expected for the Weibel instability. It is seen that
the observed growth rate coincides more closely with the Weibel estimate than the
dominant wave number does.

The peak in the magnetic energy spectrum being at a lower wave number than
expected is most likely due to the very strong increase of the magnetic field damping
towards higher wave numbers, as found in section 4.2.2. Since the Weibel estimate
for the growth rate is defined as corresponding to the most unstable mode, other
modes, like the one found to dominate here, would have slightly lower growth rates,
which is also what is observed. Furthermore, the definition of A, given in equation
(2.15), where pe ma is the largest eigenvalue and p ., is the average of the two
smallest eigenvalues of the electron pressure tensor, implicitly assumes that the two
smallest eigenvalues should be similar, while p, 4, should be significantly different
from these. This would indicate that the eigenvector corresponding to pe maq is the
“preferred direction” of the anisotropy, like how the reference direction for pressure
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anisotropy in the magnetized regime is along B. Studying the actual obtained
eigenvalues of the electron pressure tensor, however, the largest and smallest are
typically separated by similar amounts from the central one. The fact that there
does not seem to be a clear “preferred direction” of the pressure anisotropy, and
therefore that the definition of A, can be interpreted as slightly misleading, could
be a contributing factor for why the observed growth rate and dominant mode are
not a closer match for the Weibel estimates, that are calculated using A..

An additional possibility for why kgom differs from what is expected, could be that
the most unstable mode expected of the electron Weibel instability at the time t,, is
estimated to be ky . ~ 28k, which is relatively close to what can be resolved on the
employed spatial grid. It is therefore conceivable that the limited spatial resolution
does not entirely resolve the full effects of the Weibel instability. To investigate this
further, higher resolution simulations of the cases presented in figures 5.1 and 5.2
should be performed, given access to sufficient computational resources.

To investigate the possibility of the magnetic energy growth being due to the ion
Weibel instability instead, the ion Weibel estimates vy, ; and £ ; were calculated in
the same manner as for electrons at time t,,, but now using ion quantities d; and
vin;. The corresponding ion pressure anisotropy was calculated to be A; ~ 0.052,
which results in the ratios:

k om
7~ 7208 dom 1 976.
Vw,i kw,i

While the most unstable mode for the ion Weibel instability, & ;, appears to coin-
cide slightly better with k4om than ky ., the growth rate expected of the ion Weibel
instability is significantly smaller than the growth rate observed in the simulation
— differing by almost two orders of magnitude. This indicates that the likely dom-
inating Weibel instability during the magnetic field growth is that of the electrons.

This conclusion can be further supported by considering the time evolution of the
pressure anisotropy measures A, and 4;, both calculated according to equation
(2.15) with the RMS-values of py max/Pa.min (With the mean being a simulation box
average). The evolution of these quantities is shown in figure 5.3. Around the time
t = 0.02t¢umover, Where the magnetic energy growth saturates in figure 5.2a, the
electron pressure anisotropy is decreasing rapidly to a lower value, while the ion
anisotropy shows no significant change. This leads to the ion pressure anisotropy
overtaking that of the electrons around this time. The fact that a rapid change
in A., which results in 4A; starting to dominate, coincides with the saturation of
the magnetic energy growth indicates that the growth rate v depends significantly
on A.. Since A, in turn is a governing quantity of the electron Weibel instability,
it implies that this instability could very well be the cause of the rapid magnetic
energy growth observed in the simulation.

In [7], the Weibel seed generation stage of the magnetization of a collisionless pair-
plasma, in the presence a sheared flow, is studied kinetically. The evolution of the
magnetic energy Eg and electron pressure anisotropy A, found here, in figures 5.2a
and 5.3 respectively, is qualitatively similar to the evolution of 5! (essentially the
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Figure 5.3: Time evolution of the pressure anisotropy measures A, and 4; for the
case used in the Weibel instability analysis.

magnetic energy normalized to the scalar pressure) and A (defined in the same way
as A, here) shown in figure 2 of [7]. Since the rapid magnetic field growth observed
in [7] is determined to be caused by the electron Weibel instability, this further
reinforces the conclusion that the same holds true for the case presented here.

As previously stated the saturation of Ep that occurs around ¢t = 0.02 tiymover i
figure 5.2a seems to correspond to the drop in A, observed in figure 5.3. As dis-
cussed in [7] it is expected that the Weibel instability saturates when the increasing
magnetization causes the Larmor radius to become comparable to the characteristic
length scale of the magnetic field: r k! ~ 1, or alternatively rpkgl, ~ 1. The
RMS-value of the Larmor radius for electrons and ions was calculated at the time
tsat ~ 0.022 tiymover, shortly after saturation. Comparing the Larmor radii to the
values of k3 = (5ko)~! and ko for electrons and ions, the following values are
obtained:

kw,eTL,e ~ 13.60 kdomTL,e ~ 3.163
kw,iTL,i ~ 16.53 kdomTL,i ~ 31.64.

At this time A, ~ 0.0378 and 4; ~ 0.0559. From this comparison it is seen that
while 71, are not directly comparable to the Weibel estimates k3, the electron

Larmor radius has indeed become comparable to the spatial scale kgt = (5ko)~!,
corresponding to the dominant mode found in the simulation.

The Weibel instability is usually characterized by filament structures of physical
quantities like the magnetic field strength B. Both B and the magnitude of the
current density j are plotted at the time ¢, for slices of the simulation box at
x,y,z = 0.492L, to investigate whether such structures can be observed. These
plots are shown in figures 5.4 and 5.5 respectively, and it can be seen that some
relatively small-scale filament structures are present.
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Figure 5.4: The magnetic field strength B in Tesla at time t, = 0.013 t;umover,
in slices of the simulation box at x,y, z = 0.492L,, for the case used in the Weibel
instability analysis.
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Figure 5.5: The magnitude of the current density j in A/m? at time ¢, =
0.013 tturmover, in slices of the simulation box at z,y, z = 0.492L,, for the case used
in the Weibel instability analysis.

5.3 Results and Discussion of Dynamo Simula-
tions

All the eight simulations in the scan over the electron closure parameter ky. were
performed and the output analyzed with respect to the magnetic energy, flow energy
and magnetic energy spectrum in the same way as in figure 5.1. The results for four
representative cases of the scan, ko, = 27/(27™Ly) with m = 0,3, 5,7, are shown in
figures 5.1 and 5.6-5.8. The remaining cases whose results are not shown displayed
similar features to the cases shown with the closest smaller and larger k. value,
and followed the same trends.

A general observation for all cases is that the contributions to the flow energy from
the y- and z-components of the flow velocity are small compared to the contribution
to the total from the z-component. This is a problem inherent to the GP-flow
when choosing A = C' in equation (3.4), since the RMS-value of the z-component
is then always a factor of v/2 larger than the RMS-values of the other components
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Figure 5.6: The ko, = 27/(Lo/8) case of the electron closure parameter scan.
(a) Time evolution of the magnetic energy (solid) and the flow energy (dashed),
both normalized to the magnetic energy at ¢t = 0. The total energies are shown in
black, and the contributions to the energy from the three vector components in the
x,y, z-directions are shown in red, blue and green respectively. (b) The total flow
energy (black), and its contribution from the three vector components in the x,y, 2-
directions (red, blue, green), all normalized to its initial value. (c¢) The magnetic
energy spectrum normalized to its value at k = kg and t = 0, for 25 time points
approximately uniformly distributed in the range t/tiumover € [0, tmax|, Where the
curve color corresponds to the time. Shown in dotted black are k=2 and k=%, for
reference.
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Figure 5.7: The ko, = 27/(Ly/32) case of the electron closure parameter scan.
(a) Time evolution of the magnetic energy (solid) and the flow energy (dashed),
both normalized to the magnetic energy at ¢t = 0. The total energies are shown in
black, and the contributions to the energy from the three vector components in the
x,y, z-directions are shown in red, blue and green respectively. (b) The total flow
energy (black), and its contribution from the three vector components in the x,y, 2-
directions (red, blue, green), all normalized to its initial value. (c¢) The magnetic
energy spectrum normalized to its value at k = kg and ¢t = 0, for 25 time points
approximately uniformly distributed in the range t/tiumover € [0, tmax|, Where the
curve color corresponds to the time. Shown in dotted black are k=2 and k=%, for
reference.

(where the mean corresponds to an average over the simulation box of side length
Lo). Considering that the forcing is done proportional to the GP-flow according
to equation (5.2), the x-component of the flow velocity for each species is also
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Figure 5.8: The ko, = 2m/(Lo/128) case of the electron closure parameter scan.
(a) Time evolution of the magnetic energy (solid) and the flow energy (dashed),
both normalized to the magnetic energy at ¢t = 0. The total energies are shown in
black, and the contributions to the energy from the three vector components in the
x,y, z-directions are shown in red, blue and green respectively. (b) The total flow
energy (black), and its contribution from the three vector components in the x, y, 2-
directions (red, blue, green), all normalized to its initial value. (c¢) The magnetic
energy spectrum normalized to its value at k = kg and t = 0, for 25 time points
approximately uniformly distributed in the range t/tiumover € [0, tmax|, Where the
curve color corresponds to the time. Shown in dotted black are k=2 and k=%, for
reference.

accelerated more on average than the other components, which further explains the
uneven contributions of the flow velocity components to the total flow energy. The
flow energy from the y- and z-components reaching negligible values compared to the
total energy would mean that the flow has essentially died out in these directions,
and therefore can not effectively contribute to the three-dimensional nature of the
flow necessary to drive a dynamo.

An issue arising from this is that large forcing, and more specifically large force
factors, are required in the simulations to keep the flow from dying out in the y- and
z-directions. Here a value of 'y = 2 was used for the scan, after initial attempts
with 'y = 1, from which it could be concluded that the forcing was not sufficient to
effectively drive a dynamo. Using large forcing of the fluid velocities can, however,
lead to the flow becoming sonic some time during the simulation. As illustrated in
figures 5.1b and 5.6b-5.8b, the flow energy reaches high values in an initial peak
around t ~ tiyunover, and the flow could become sonic at this point. Sonic flows
can lead to the development of shocks, which are numerically challenging, as they
for example require the resolution of small spatial scales. The effect of shocks in
supersonic MHD dynamo simulations is for example studied in [52].

Studying the flow energy in figures 5.1b and 5.6b, some oscillations of the energy can
be observed with an approximate period of one turnover time. This is reasonable
considering that the forcing is proportional to a GP-flow varying sinusoidally in
time with the angular frequency 27 /tiumover- 1t can however be noted that such
oscillations have nearly disappeared for cases with higher kq.-values, such as in

figure 5.7b and 5.8b.
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For all cases in the scan over the electron closure parameter, except the very last
one corresponding to ko, = 2m/(Lo/128), the magnetic energy shows some rapid
initial growth, as is seen in figures 5.1a, 5.6a and 5.7a. This effect grows weaker
with increasing kp. — the magnetic energy reaches smaller and smaller values in
this phase. Recalling the form of the isotropization closure, defined in equation
(3.14), the closure term increases in size with increasing values of k.. This would
correspond to a stronger isotropization of the pressure tensor for large kg, not al-
lowing for large pressure anisotropies to develop. As discussed in section 5.2, the
early rapid magnetic energy growth is likely associated with the electron Weibel
instability, which is driven by electron pressure anisotropy. Consequently, the trend
observed of a decreasingly large early rapid magnetic energy growth with increas-
ing ko, is completely reasonable, and further supports that this growth is indeed
associated with the pressure anisotropy-driven Weibel instability.

Studying the evolution of the magnetic energy in figures 5.1a and 5.6a—5.8a it can
be noted that while the effects of the Weibel instability decrease with increasing k.,
behavior of the magnetic energy associated with the classical dynamo becomes more
apparent. The timescales associated with dynamo growth are on the order of a few
turnover times, and saturation of the magnetic energy growth usually occurs once
it reaches equipartition with the kinetic energy in the flows. This type of behavior
is clearly observed in figure 5.8a, corresponding to the highest value of ky.. The
koe = 2m/(Lo/64) case, not shown here, displayed very similar behavior to that of
the ko = 2m/(Lo/128) case shown in figure 5.8a, but with a slightly smaller growth
rate of the magnetic energy before saturation. The ko, = 27/(L/32) case, shown in
figure 5.7a, also has a growth rate smaller than that of the ko, = 27/(L/64) case.
An increasing dynamo growth rate with k. can be expected in this case. The fact
that the decay rate of the magnetic field, a consequence of an effective resistivity in
the collisionless system, was found in section 4.2.2 to vary as vp ~ k. ! means that
the generalized magnetic Reynolds number should vary as Rm ~ kg, according to
equation (3.9). Previous investigations of dynamos using MHD simulations indicate
that dynamo growth rate increases with Rm and eventually saturates [53], which in
this case would be reflected by the dynamo growth rate increasing with the closure
parameter ko, — just as is observed here when dynamo behavior starts to dominate
over the Weibel magnetic field seed generation.

From these observations it can be concluded that low values of the closure param-
eter ko, reflecting a small pressure isotropization, or a weak effective collisionality,
compares well to the results of kinetic simulations of pair-plasmas, where the Weibel
instability is active [5]. On the other hand, high kg .-values, for which the isotropiza-
tion of the pressure tensor is large — which could be viewed as a strong effective
collisionality — reflect classical MHD-like dynamo behavior. This is a reasonable
finding, considering that the MHD dynamo treatment assumes a high collisionality
of the system. Omne could then naively assume that setting ko. = 0, effectively
removing the heat flux tensor from the 10-moment equations, would be the best
way of approaching the results of kinetic simulations. However, having no heat flux
effects in the equations is not reasonable either. There is also the issue of the kinetic
simulations in question being of pair-plasmas, with a species mass-ratio of 1. An
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investigation into potential effects of the mass-ratio in the dynamo simulations has
not yet been undertaken, but would be an interesting step toward connecting the re-
sults of the fluid simulations presented here, and the effect of the closure parameter,
with the results of kinetic dynamo simulations of pair-plasmas.

The magnetic energy spectra initially show an almost homogeneous distribution with
k for high kg .-values, such as in figure 5.8c. When the energy grows for this case,
and the case shown in 5.7c, it does so preferably at small k, or large spatial scales.
This leads to a somewhat steep slope developing for small to medium wave numbers.
However, there is also some pileup of energy at the highest wave numbers, or smallest
spatial scales, reflected in the flatness of the spectrum for these k. This could be
an indication of numerical effects (such as positivity preserving flux-limiters) being
active at the grid scale. To investigate whether this is the case and if so, to mitigate
such numerical artifacts, would require higher resolution simulations, which requires
significantly increased computational resources and is thus left outside the scope
of this thesis. For lower values of k., as in figures 5.1c and 5.6c, the spectrum
looks qualitatively different initially. Because of the rapid magnetic energy growth
associated with the Weibel instability at the start of the simulation, the spectra have
already grown significantly after the first time step. The Weibel growth is similar for
low to medium wavenumbers, resulting in close to flat spectra below k/kg ~ 5, while
there is a larger slope for the higher wave numbers, for early time points. In figure
5.8¢ there is with time some decay of energy at medium to high wave numbers, and
some energy growth at small k£, which means that the typical magnetic field spatial
scale grows with time. A similar trend is observed in figure 5.6¢, but at the largest
wave numbers there is some energy growth with time instead.

Because the spectra in figures 5.1c and 5.6¢-5.8c generally do not have large ranges
of wave numbers where the slope of the spectrum is constant, it is difficult to identify
clear power-law behaviors. It is therefore not motivated to fit linear functions to the
spectra as one would usually do to find a power-law dependence.

In figures 5.8a and 5.8b, depicting the ko, = 27 /(Ly/128) case, there is a significant
quenching of the flow around ¢ =~ 2.7 t(ymover Where the flow energy decreases by
around two orders of magnitude. The magnetic energy also levels off close to this
lower energy level. Similar behavior of the flow and magnetic energies was observed
in the ko, = 27/(Lo/64) case as well. This sudden quenching of the flow was
not expected, especially considering the strong forcing employed here. An attempt
was made to investigate the cause of this flow quenching by studying the output
quantity m;n;u; from the 10-moment solver of Gkeyll, since the ion fluid velocity
is the largest contributor to the MHD mass flow U. In figure 5.9, a few time steps
in the flow quenching phase are plotted of m;n;u; , for a slice of the simulation box
in the z-direction. Notably, the flow quenching starts on the grid scale and then
spreads as the maxima and minima of the momentum density rotate slightly in the
plane with time. Around t = 2.72 ¢ mover the grid-scale points where the quenching
originated have spread to make up a larger region of the plane, increasing the affected
spatial scales. The momentum density in the entire plane has also already started
decreasing significantly at this point.

51



5. Collisionless Fluid Dynamo Simulations

min;u;j, x
1e—5 ttwurnover = 2.31 ttwurnover = 2.47 t/twurnover = 2.56
2.01
1.5
N
1.0
0.51
0.0 ‘ .

1e—5 ttturnover = 2.64 ttrurnover =2.72 t/twurnover = 2.89 0.00

2.0 ‘ 1 -0.25
1.5 1
N —0.50
1.01
-0.75
0.5+
0.0 T T T T . . —1.
0 1 2 0 1 2 0 1 2 00
y le-5 y le=5 y le=5

Figure 5.9: Timestamps of m;n;u;, for a slice of the simulation box at the first
grid point in z (r = Ax/2) during the flow quenching in the ko, = 27/(L/128)
case, where the color indicates the momentum density values in units of kg/(m?s).

Exactly what the observed grid-scale effects driving the flow quenching are is still an
open question. Likely, this is a consequence of numerical issues in the simulation that
will need to be investigated further. The appearance of strong flow quenching like
that seen in figure 5.8b, in simulations where the flow possibly reaches sonic speeds,
may indicate that perhaps the appearance of shocks triggers some numerical response
in the simulation that acts as some enormous viscosity. However, it is interesting
that the mass flow is otherwise mostly sensitive to kg ;, as seen in section 4.2.1, but
here the issue appears when setting ko . to a high value.
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Conclusions

A still unresolved problem in astrophysics is the origin and evolution of the cosmic
magnetization that affects a wide variety of astrophysical systems, which are usu-
ally weakly collisional. The dynamo process, which is thought to sustain and have
amplified observed astrophysical magnetic fields, has classically been treated using
the MHD description, that is not valid in the collisionless regime. Combined with
the kinetic nature of possible magnetic field seed generation mechanisms like the
Weibel instability, this motivates treating the cosmic magnetization problem with
more advanced plasma models. Collisionless fluid models constitute a promising
option, since a fully kinetic treatment of magnetic field growth in proton-electron
plasmas would require unreasonably large computational resources. In this thesis,
magnetic field growth in collisionless plasmas has been studied through simulations
with driven turbulent flows, using the collisionless 10-moment fluid model of the
Gkeyll simulation tool, which evolves the full pressure tensor for both ions and
electrons.

The strength of the heat flux closures available for the collisionless fluid model, the
isotropization closure and the gradient-based closure, could be adjusted with the
free closure parameters ko, and kg, for the electrons and ions respectively. The
magnetic and fluid Reynolds numbers set the scale separation between energy in-
jection and dissipation scales of magnetic fields and mass flows, and they play an
important role in MHD dynamo theory. Lacking explicit resistivity and viscosity
in the collisionless systems studied here, these dimensionless numbers were gener-
alized to apply for a collisionless system by studying the dependencies of the flow
and magnetic field strength decay rates on the closure parameters. In simple one-
dimensional non-driven simulations of spatially sinusoidal flows or magnetic fields,
with wave number k,, using the isotropization closure, the flow decay rate was
found to scale approximately as k2/ko;, while the magnetic field damping rate is
approximately proportional to ki /kg.. The scaling vg ~ ki was shown to become
increasingly more accurate with increasing mass-ratio, so the same can be assumed
for the other dependencies of vg and vy as well. The generalized magnetic and fluid
Reynolds numbers are inversely proportional to the magnetic field and flow decay
rates, respectively, which means that the magnetic Reynolds number was found to
be approximately proportional to kg . and the fluid Reynolds number approximately
proportional to ko, for the isotropization closure.

Using the gradient-based closure did not result in a simple exponential decay of the
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flow or magnetic field, but demonstrated both oscillatory behavior and mode decay
of the wave number characteristic to the initial sinusoidal spatial variation of the flow
or field. It was therefore concluded that the results with the gradient-based closure
were physically questionable, and that the closure might not be well-suited to the
problem, which motivated only using the isotropization closure in the subsequent
dynamo simulations.

The fact that the flow and magnetic field decay rates were found in the damping sim-
ulations using the isotropization closure to be essentially independent of the electron
and ion closure parameters respectively, indicates that the ion-electron mass-ratio
used is sufficiently large for a decoupling of the electron and ion dynamics, making
it possible to investigate physics beyond that of pair-plasmas in the following dy-
namo simulations. Further confirmation of this decoupling was achieved by deriving
theoretically an expression for the ion flow damping rate, and noting that this and
the MHD flow damping rate are consistent with respect to their dependencies on
the closure parameters and the wave number characteristic to the sinusoidal flow.

Three-dimensional dynamo simulations were performed for a range of values of the
electron closure parameter, which determines the strength of the electron pressure
isotropization, corresponding to a scan over the effective magnetic Reynolds num-
ber. Both magnetic field growth from the dynamo process and magnetic field seed
generation from the pressure anisotropy-driven Weibel instability were observed in
the simulations. Using a collisionless fluid model, instead of MHD or kinetic de-
scriptions, therefore allows studying both magnetic field seed generation through
instabilities and the full dynamo growth to saturation, two processes characterized
by vastly different spatial and temporal scales, at a finite ion-electron mass-ratio.

For a weak electron pressure isotropization, corresponding to a small effective mag-
netic Reynolds number and weak effective collisionality, seed generation from the
electron Weibel instability dominates the magnetic field growth. A qualitative simi-
larity was observed between the magnetic and flow energy evolution in this case and
that observed in previous kinetic studies of dynamos in pair-plasmas [5], where the
cause of the rapid energy growth observed was determined to be the Weibel insta-
bility. The magnetic field growth rate and dominant Fourier mode of the magnetic
energy spectrum obtained from the dynamo simulations were shown to be compa-
rable to the corresponding analytical predictions for the electron Weibel instability,
as given by [7]. The rapid magnetic field growth was also shown to correlate to the
growth of the electron pressure anisotropy, and saturation occurred approximately
when the electrons became magnetized, both behaviors expected of the electron
Weibel instability [7], which strengthens the conclusion that this is the cause of the
rapid magnetic field growth.

As expected, the effect of the Weibel instability was seen to decrease with in-
creasing strength of the electron closure, corresponding to an increasing pressure
isotropization, since it is pressure anisotropy-driven. In the limit of strong pressure
isotropization from the closure, corresponding to a high magnetic Reynolds number
and strong effective collisionality, typical MHD-like dynamo behavior of the mag-
netic field growth dominates over seed generation. The dynamo growth timescales
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were on the order of turnover times of the driven turbulent flow, and the growth rate
was seen to increase with the effective magnetic Reynolds number, also in accordance
with MHD studies of dynamos [53].

To take the work done in this thesis further, the flow quenching for high pressure
isotropization strengths, observed when the magnetic field growth saturates in the
dynamo simulations, needs to be thoroughly investigated. There is a possibility
that grid-scale numerical artifacts in the simulation are the cause, so performing the
corresponding simulations at a higher spatial resolution would therefore be a useful
test. Some preliminary results from dynamo simulations at higher resolution, not
presented in this thesis, indicate that there is some dependence of the results on the
resolution. However, noting that the computational expense of the simulations grows
with the fourth power of the linear resolution, the limited computational resources of
this project did not allow for performing an entire scan over the effective magnetic
Reynolds number at a resolution larger than the one employed here. The whole
range of dynamo simulations should, however, be repeated using a higher spatial
resolution, given the access to sufficient computational resources.

Finally, an interesting avenue to pursue to build on the results presented in this
thesis would be to investigate the effect that the chosen ion-electron mass-ratio has
on the dynamo simulations. Studying dynamo simulations employing a range of
mass-ratios starting from the value 1, corresponding to a pair-plasma, would make
it possible to properly connect the results of the fluid dynamo simulations to the
results of kinetic dynamo simulations of pair-plasmas [5], where a higher mass-ratio
cannot be employed due to the immense additional computational cost.
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A

Derivation of Theoretical Ion Flow
Damping Rate

The following is a derivation of the analytical solutions for the ion flow damping rate
i, as presented in section 4.2.1.1, equation (4.4). Study the z- and xz-components
of the ion momentum and energy equations respectively, under the ansatz

u, = u,oexp(—t) sin(k,x)

Al
Pzz = Pzz,0 eXp(—’}/t) Sin(kzx - ()0)7 ( )

where the ion species index has been omitted and u, o and p, o are positive, constant
amplitudes. Including only the terms with time derivatives, and the terms that are
shown to dominate in section 4.2.1.1, the equations are:

auz ap;pz
~ 0 A2
"o T o (A.2)
0 Tz auz
gt + pa:x% + Uthkﬂpxz ~0 (AB)

since any spatial variation is in the z-direction in the situation considered for the
1-dimensional simulations. Using the ansatz (A.1) in equation (A.2) the following
result is obtained:

mn(—)u,exp(—7t) sin(k,x) + peso exp(—t)ky cos(kyx — @) =0
mnu, oy  sin(k,x)

= Dzz0 = (A4)

ky  cos(kyx — )

Taking n to not vary significantly with z, all z-dependence must cancel in the last
fraction. For 7 > 0 to be true, it is therefore required that cos(k,x — ¢) = sin(k,x),
which determines ¢ = /2. The result (A.4) then becomes:

mnau,
Pzz0 = L 707' (A5)

Now using the ansatz (A.1) in equation (A.3), the equation

Paz0(—7) exp(—7t) sin(k,x — ) + Pratiz o exp(—t)k, cos(kyx) +

A6
+ VinkoPaz,0 exp(—9t) sin(k,z — @) = 0 (4.6)
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is obtained. Using sin(k,z — ¢) = —cos(k,x), since ¢ = 7/2, all sinusoidal and
exponential factors can be divided away given that a solution is wanted for general
x. The result (A.5) can then be inserted into the remaining equation

D220 + Pralz ks — Venkopzzo = 0 (A7)
to get:
”””;“ 2 _ vk mzztz’% + Paatiz ke =0
:>’72—Uthk07+%:0
mn
== Ut;ko (1 +,]1- njzvfhz(;) . (A.8)

Assuming that p,, =~ p, in effect that the system is close to thermodynamic equi-
librium, and using p = nT = mnv, in the Gkeyll vy, = (/T/m convention, this
corresponds to:

'Uthk() k2
= 1+4/1—-4-2]. A.
= :) A9

In the limit ky > k,, Taylor expanding to first order and reinserting the species
index for ions:

k2

Vtn,iko,i k2 Vth,iko,i (1 - kz””_)

i = 9 (1 + (1 - 2]{:2>> = 2 0, . (A.10)
0,2 Uth,; T()afi

The second solution notably shows the same dependencies for flow decay as those
found in section 4.2.1, to the nearest integer exponents of k, and kg .
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