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Partial actions:Restriction and Globalizatioin
DANAI KIEWWAN

Department of Mathematical sciences
Chalmers University of Technology

Abstract

Partial actions generalize group actions by allowing the domain of the maps induced
by each group element to be subspaces rather than the entire space. Often, partial
actions arise from restricting a global action to a subspace, which means they are
globalizable. It is a good question to ask whether every partial action is globaliz-
able. In the category of sets, every partial action admits a unique globalization. In
the topological setting, however, some properties may be lost in the globalization
process. That is, a topological partial action on a Hausdorff space may have an
enveloping action that is not Hausdorff. Moreover, a special class of partial actions
of a finite group, those with the decomposition property, are guaranteed to have a
Hausdorff enveloping space.
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1

Introduction

1.1 Background

The concept of a partial dynamical system, or partial action, appears in various
areas of mathematics and can be traced back to the late 19th century in the study
of differential equations. Specifically, consider a vector field X : U — R"™ defined on
an open subset U C R", the initial value problem

f'(t) = X(f(t)) and  f(0) =z

has a unique solution f,, for each x, € U, which is defined on some (maximal)
neigborhood of 0 € R. If we denote this solution by ¢:(zo) = f.,(t), then ¢ acts as
a diffeomorphism between open subsets of U, meaning it is only partially defined.
Furthermore, the composition property ¢; o ¢s = ¢, holds whenever the composi-
tion is well-defined. These characteristics define a partial dynamical system.

A basic example of a partial action occurs when a global dynamical system is
restricted to an open subset, a process known as restriction. Systems formed this
way are called globalizable. This leads to the natural question of whether every
partial dynamical system can be extended to a global one and whether the extended
system retains the same local and global properties under certain conditions.

1.2 Aim

This master’s thesis studies the notion of a partial action, which is a generalization
of group action, with a focus on restriction and globalization. In Chapter 2, we study
the concept of a partial action on sets, where we explore essential properties and
develop the ideas of restriction and globalization. We also prove that a globalization
exists and is unique. In Chapter 3, we move on to the topological setting, where we
adapt the notion of a partial action to topological spaces. We study restriction and
globalization in this context and investigate the conditions that guarantee that the
globalization is Hausdorff. In Chapter 4, we study the decomposition property for
partial actions of finite groups.
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Partial actions

Group actions are powerful tools used to study various mathematical structures and
have broad applications across many areas of mathematics [9]. Partial actions gen-
eralize group actions by allowing each map induced by a group element to be defined
on a subspace rather than the entire space. This chapter focuses on partial actions
on sets, a concept introduced and developed by Exel. It also presents foundational
results concerning globalization [6].

2.1 Partial actions

The simplest mathematical structures are sets, so it is a good idea to develop the
notion of partial actions on sets where there is no additional structure before moving
on to more complex structures.

Throughout this chapter, we will consider a fixed group G with the identity element
denoted as 1, along with a set X.

Definition 2.1.1 A partial action of G on X is a pair

0 = ((Dg)gEG7 (eg)geG)

consisting of a collection (D) eq of subsets of X, and a collection (,),e¢ of maps,
99 : Dgfl — Dg17

such that

(i) Dy = X, and 6, is the identity map, and

(i) if 6,4(0n(x)) is defined then so is Oy, (x) and 0,(0x(x)) = Oyn(x) for all g, h € G.
If Dy = X for all g € G, then we call 6 a global action.

In condition (ii), we can consider 8,(6,(x)) as the composition 6, o ), which is
not defined in the usual way because the image of 6, may not be contained in the
domain of 6,. Specifically, x must belong to Djy-1, and 6, (z) must be in D 1. In
other words, the domain of 8, o 0}, is the set

{2 € Dyt < O4(x) € Dyr} = 05 (Dy-1) = 65 (Dyy N Dyr). (2.1.2)

For x in said set, we define (6, 0 0),)(x) = 0,(65(z)). Moreover, we say that 6, is an
extension of 0, o 6y, if condition (ii) is satisfied.



2. Partial actions

Basically, when a group acts on a set, each element in the group serves as a
permutation of the set, that is, a bijection. For partial actions, we get just bijections
on their respective domains.

0909}1

Figure 2.1: Diagram. Composing partially defined functions.

Proposition 2.1.3 Given a partial action 6 of G on X, each §, is a bijection from
Dy-1 onto Dy and, moreover, 6,1 =6,

Proof. By (2.1.1.ii) and (2.1.1.i), we have that 6,-1 0 0,(z) = 61(z) = z, for all z €
Dy-1 and 0,0 0,-1(z) = 01(x) = =z, for all z € Dy O

g

Proposition 2.1.4 Let (D,),ci be a collection of subsets of X, and let (6,),ec be
a collection of maps
«9g : Dgfl — Dg.

Then, 6 = ((Dy)geq, (04)4ec) is a partial action of G on X if and only if the following
conditions are satisfied:

(i) Dy = X, and 6, is the identity map.

(ii) 64(Dy~» N Dy) € Dy, for all g, h € G.

(iii) 04(0n(x)) = Ogn(x), for all x € D1 N D(yyy-1 and all g, h € G.

Proof. Suppose 6 is a partial action. Item (i) is immediate. For condition (ii), we
know from (2.1.2) that the domain of 6, o 0, is 6, (Dy, N D,-1), and by (2.1.1.ii),
the map is extended by 6,,, whose domain is D( gh)~1) We then have that

0, (D N Dy-1) C Dgpy-1. (*)

By substituting kA with ¢g=! and g with 2! in (*), we obtain «9;_11(1)971 NDy) C Dgyp,.
Since 6, is a bijection (2.1.2), 99’,11(Dg_1 N Dp) = 04,(Dy~1 N Dy) C Dy,
Next, let © € Dy-1 N Dgpy-1, then 0j,(z) and 0,4, (x) are defined, hence

(i)
On(x) € 0n(Dyp-1 N D(gh)ﬂ) C Dpigny-1 = Dy-1.

Therefore, 0 (x) lies in the domain of §,, that is, x lies in the domain of §, 0 §,. By
(2.1.1.ii), we get that 0, 0 8, (z) = 0,(0,(x)) = 44 (z). This proves condition (iii).

4



2. Partial actions

Conversely, assume that conditions (i)—(iii) hold true. By (iii), we have that
0y(0,-1(z)) = =, forallz € Dy and 0,-1(0,(x)) = x, forallz € Dy-1, that is,

041 =0,". Let x be in the domain of 6, o 6y, then

(2

1.2) (i)
T € Qﬁl(Dh N Dgfl) = thl(Dh N Dg—l) - Dh—lg—l = D(gh)q.
Hence, the domain of 6, 0 0}, is contained in the domain of 64, which means that 0,

extends 0, o 0. O

Condition (ii) is intuitive because an element in D,-1 N D, is one that has been
mapped to by some element under h, and can be further mapped under g. The
extension property then ensures that the image of these elements can be mapped to
by the same element under gh, that is, the image lies in Dgy,.

Example 2.1.5 Let the group be Z (the integers under addition) and the set X be
X = (3Z+1)U(3Z +2).
Define a pair 0 = ((Dy)nez, (0n)nez), where the sets D,, are given by

3Z+1, ifn=2 (mod 3),
D,=43Z+2, ifn=1 (mod 3),

X, otherwise.
The maps 6, : D_,, — D,, are defined by
0,(m) =m +n.
Then, 0 is a partial action of Z on X.

In fact, item (2.1.4.i) is obvious by the definitions. If —m # n (mod 3), then
D_,,N D, = 0. On the other hand, if —m = n (mod 3), we get D,,;, = X. So
(2.1.4.i1) is satisfied. Lastly, item (2.1.4.iii) is trivial.

Example 2.1.6 Let X = {0,1}“ and consider the usual Bernoulli shift of G' on
X. Note that X = P(G), the power set of G. The Bernoulli action is then

Bg(E> =gFE

forall g e Gand all E € X. Set Q = {F € P(G) : 1 € E}, andlet D, = {F €
P(G) : 1,9 € E}. Then f4(Dy,-1) = D, for all g € G. Therefore, f, restricts to a
partial action 6 = ((Dg)geq, (Bglp, -1 )gec of G on Q.

We can see that D is clearly €2, hence (2.1.1.i). Suppose [,(5x(E)) is defined,
then 1,¢g7! € B4(F). This means that there exists ¢ € E such that he = ¢g7! <=
e = h™'g~!, that is, h~'g~! € E which means that S,,(F) is defined. This proves
(2.1.1ii).
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Example 2.1.7 Consider the initial value problem ¢y = 1+ 3? and y(0) = .
The solution to this problem is y,, (t) = tan(t + tan~!(zg)) defined on

T 7T
(—2 — tan"! (z), 5 tanl(x0)> = Sy

Fort € Ryset X ; = {x € R:t € S,}, and define a function 6, : X_;, — X; by
0:(z) = y.(t). We claim that 0 = ((X¢)er, (0¢)ter) is a partial action of R on R.

It is clear that 0 € S,, forallz € R, hence X, = R. Observe that Oy(z) =
y(0) = z, hence (2.1.1.i). To show (2.1.1.ii), for all ¢,s € R, suppose 05 o 0;(z)
is defined, then z € X ; and 0,(z) € X_g, which means thatt € S, and s €
So, () implying that ¢ + s € S,. Moreover,

0, 00,(x) = 0,(0,(x)) = O,(tan(t + tan~'(x))) = tan(s +t + tan () = 0,4 ().

100

21 +-%

50

(0,1) J
—3ﬂ/4r—ﬂ -T1/4 o 4 Ay

=N

100

Figure 2.2: Graph of y,(t) where 2o = 1 defined on the time interval (—?jf, g)

We can make condition (2.1.4.ii) stronger by replacing inclusion with equality.

Proposition 2.1.8 Let 0 = ({Dy}geq, {05}4ec) be a partial action of G on X.
Then,

04(Dy-1 N Dy) = Dy N Dy, for all g,h € G.
Proof. Since 04(D,-1 N Dy) C 04(Dy-1) = Dy, we have that

(2.1.4.ii)
0,(Dy-1 N D) € DyN Dy,
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We then apply 6,-1 to both sides to get D,-1 N Dy, C 0,-1(DyN Dyy). After replacing
g with ¢~" and h with gh, we obtain D, N Dy, C 04(Dy-1 N Dy,). ]

Definition 2.1.9 Suppose that, for each i = 1,2, we are given a partial action
0 = (D) geq, (09)4ec) of G on aset X@. A map

¢: XV 5 x@

is be said to be G—equivariant when the following conditions are satisfied:

(i) ¢(DM) € DP for all g € G, and

(i) ¢(0(x)) = 0P (s(x)), for all z € D;l,)l and all g € G.
If ¢ is bijective and its inverse ¢! is also G-equivariant, we call ¢ an equivalence of
partial actions. In this case, we say that 61 and 6 are equivalent.

Note that a G-equivariant bijection is not necessarily an equivalence, as condi-
tion (i) may not hold for its inverse. The necessary and sufficient condition for a
G-equivariant bijection to be an equivalence is that equality holds in (i). However,
when dealing with global actions, we only need to consider (ii), since (i) is always
true.

Example 2.1.10 Let 6% and #¥ be partial actions of Z, on X and Y, respectively,
where X =Y = {1,2,3,4,5,6}, X; = {1,6},Y; = {1,2,5,6}, and 65 : X; — X,
and 6) :Y; = Y; are given by 61 (¢) = 60 () = 7 — ¢ for all ¢ in their domains.
We have that the identity map idy : X — Y is G—equivariant but its inverse
idy : Y — X is not since 2 € Y but i(2) = 2 ¢ X;. Thus, ) and 6%) are not
equivalent.

Definition 2.1.11 Let 0 = ((D,),ec, (04)4ec) be a partial action of G on X. The
graph of 0 is defined to be the set

Graph(0) = {(y,9,2) € X x G x X 12 € Dy-1, and §,(z) = y}.

The graph of a partial action shows which pairs of elements in a set are con-
nected through the action of a group element. This makes it a useful tool for
understanding how partial actions work.

Definition 2.1.12 Given a partial action 6 = ((D,),eq, (05)gec) of G on X, we
will say that a given subset Y C X is invariant under 6, if

0,(Y ND,-1) CY, forall g €.

Proposition 2.1.13 Given a partial action § = ((D,)geq, (05)gec) of G on X, and
an invariant subset X’ C X, let

D, = X'N Dy, forall g € G,

and let 9; be the restriction of 0, to D’g,l. Then
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(i) 0" = ((D;)gea, (0;)4ec) is a partial action of G on X', and
(ii) the inclusion X’ < X is a G-equivariant map.

Proof. For (i), from the assumption we get that each ¢ maps D;_l into Dy, for all
g € G. D] = X'NnX = X'and 6] is evidently an identity map, hence (2.1.4.1).
Next, for all g and h in G we have that,

(2.1.4.ii)
0,(Dy-r N Dy,) C0,(X N Dy1)NOy(Dg-1 N Dy) S X'N Dy =Dy,

which gives (2.1.4.i1). Next, let g,h € Gandz € D} _, ﬂDEgh),l = X'NDyp1NDgpy-1.
Thus
(2.1.4.if)

04 (01,(x)) = 04 (0n()) = Oy (On(x)) =" Ogn(x) = s (),

as 0, (0x(r)) is defined due to (2.1.1.ii) and the fact that X' is invariant, hence
(2.1.4iii).
For (ii), note that «(D;) = D, = Dy X" C Dy, and thus

(0, () = 1(by(w)) = Oy(x) = O4(c(x)), for all x € Dy,

which means that the inclusion map is G-invariant. O]

2.2 Restriction and Globalization

One simple way to construct non-trivial examples of partial actions is by restricting
a global action to subsets that are not necessarily invariant. Let us describe this
process in more detail.

Consider a global action n of a group G on a set Y. Now, suppose that we have
a subset X of Y and we want to define an action of G on X by restricting 7. Natu-
rally, for this restriction to yield a well-defined global action, the subset X must be
invariant under n. However, even if X is not invariant under 7, we can still define a
partial action of G on X. For each g € G, we set the domain of the partial action
to be

D, =n,(X)NX. (2.2.1)
Furthermore, After observing that n,(D,-1) = Dy, we can define the maps

0y : Dy1 — D,
where 0, is the restriction of n, to Dy-1, for each g € G.

Remark 2.2.2 We can verify that § = ((D,)geq, (04)4ec), as defined above, is indeed
a partial action. First, it is easy to show (2.1.4.i) as D; = i (X)NX = X and 6; = n,

8



2. Partial actions

is the identity map restricted to X. Next,

eg(Dg—l N Dh) = ﬁg(Dg—l N Dh)

= 11y (151 (X) N (X) N X) (by 2.2.1)
—779( (X ))mng< n(X )>m779<X)

= X N 7gn(X) N1y(X) (by 2.1.4.iii)
— Dy N1y(X) (by 2.2.1)

C Dyp,.

Therefore, (2.1.4.i1) is satisfied. Lastly, (2.1.4.iii) is evident.

Definition 2.2.3 Let n be a global action of G on Y, and let X be a subset of
Y. The partial action 6 of G on X defined above is called the restriction of the
global action 1 to X.

Example 2.2.4 Consider G = PSL(2,C) the group of complex projective transfor-
mations on the complex projective line CP' = S?, and let X = C be the complex
plane. The partial action is given by the fractional linear transformations on the
complex plane, the so-called M6bius transformations. That is, for

I3

D, - {C\{a/c} if ¢ £ 0,

€ PSL(2,C),

we have the domains

C ife=0
and
az+b

0y : Dy-1 — Dy, given by 0,(z) = —d
cz

The Mo6bius transformation can be defined on the extended complex plane, so this is
a b

c d
and the corresponding Mébius transformation 7,, we have that 7,(C) = C\{a/c} if
c =0 as the element that is mapped to ¢ is infinity.

an example of restricting global action into subset C C C. For given g =

Proposition 2.2.5. Let n be a global action of a group G on a set Y and let
0 be its restriction to a subset X C Y. Then

Graph(€) = Graph(n) N (X x G x X).

Proof. The inclusion of the set on the left in the set on the right is obvious. Let
(y,9,z) € Graph(n) N (X x G x X), then 2,y € X, g € G and 7,(z) = y. Since
z,y € X, ng-1(y) = x, we have that z € n,-1(X) N X = D,-1, hence the inclusion
of the set on the right in the set on the left. O
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From a different perspective, one could begin with a partial action # of G on X
and investigate whether there exists a global action 1 on a larger set Y that contains
X, such that 6 is the restriction of n. If such an action 7 exists, the orbit of X within
Y, defined as

Orb(X) = J ny(X),
geG
will naturally be invariant under . Moreover, the restriction of  to Orb(X) forms
another global action, which when further restricted to X, gives the original partial
action 6.

Definition 2.2.6. Let n be a global action of G on a set Y, and let 6 be the
partial action obtained by restricting n to a subset X C Y. If the orbit of X coin-
cides with Y, we will say that n is a globalization or an enveloping action for 6.

Theorem 2.2.7.(Abadie) Every partial action admits a globalization, which is
unique in the following sense: if  is a partial action of G on X, and we are given
globalizations n® acting on sets Y, for i = 1,2 then there exists an equivalence

p: YWD 5 y®@,

such that ¢ coincides with the identity on X.

Proof. Let 0 = ((Dy)gea, (04)gec) be a partial action of G on X. We want for each
g, the corresponding map to be defined for all elements in the set X. This way all
maps are defined on the entire X. We can start with G x X where (g, z) represents
the element that z will be mapped to under g. However, we have to group some
elements together by defining a relation on G x X by

(9,2) ~ (h,y) <= x € Dy-1p,, and b-1,(x) = y.

This relation is evidently reflexive and symmetric. For transitivity, assume that
(g,2) ~ (h,y) ~ (k,z), we have that y € Dy-1;, and 0;-1,(y) = 2. We also have
that v € D;-1j, and

(2.1.8)
r = Qg—lh(y) c 99—1h(Dh—1g N Dh—lk) = Dg—lh N Dg—lk.

Therefore,
2.1.4.ii
O1g(2) 2 G (Oh1y(2)) = Opinly) = 2,

that is, (g,z) ~ (k,z). Hence, it is an equivalence relation. Let X = G x X/ ~ be
the quotient of G x X by this equivalence relation, and denote the equivalence class
of (g,z) by [g,z]. N

Next, we define the embedding map ¢« : X — X, by «(z) = [1,z] which is
obviously injective. We can now define a global action on X. Consider 7,([h, z]) =
[gh, z] for all g,h € G, and all z € X. We will show that 7 = ((X),eq, (T5)geq) is a
global action of G on X. Suppose [k, z] = [f,y] € X, thenz € Dp-1¢ and -1 (x) =
y, which is equivalent to, € Dgp)-1(4p) and Oygp)-1(gn)(x) = y, that is,

To([h, 2]) = [gh, 2] = [gf, y] = 74([f, y]).

10



2. Partial actions

Therefore, 7 is compatible with ~. Moreover, for all [h,z] € X ,and all g,s € G,
Tl([h7x]) = [1h7$] = [h,.’l]], and TQ(TS([hvx]) = Tg([3h>x]) = [gShvx] = Tgs([hvx])'
Then, we need to show that the restriction of 7 on «(X) is our original partial
action. First, we will show that

74(1(X)) N u(X) = (Dy).

This is because an element of the form [1,z] € «(X) lies in 7,(¢(X)) if and only if
[1,z] = [g,y] for some y in X, that is, x € D,, and §,-1(x) = y. Thus, [1,z] € ¢(D,).

Observe that
(1,0y(x)) ~ (g, ),

then
(g (x)) = [1,64(x)] = [g, 2] = 74([L, z]) = 7y(c(x)),

that is 1 0 0, = 7, 0 ¢. If we identify x € X with [1, 2] € «(X), we get that 0, = 7,,
on Dy for all g € G. This verifies that 6 corresponds to the restriction of 7 to X.
Since 7,([1, z]) = [g, ], we also see that the orbit of +(X) coincides with X, so 7 is
indeed a globalization of 6.

Uniqueness is left to be shown. Suppose we have another globalization n of 6,
acting on the set Y O X, define a map ¢ : G x X — Y by ¢(g,2) =n,(z) € Y, and
observe that

o(g,7) = ¢(h,y) = ny(x) =m(y) <= = =mn-1.(y).

We can conclude that € 7,-1,(X) N X = Dy-1p, and y = np-14(x) = Op-1,4(x),
meaning that (g,z) ~ (h,y). Therefore, the map ¢, induced the quotient map
¢ : X — Y which is given by .
o(lg, ) = ny(x)
This map is clearly injective. AsY is a globalization, it must coincide with the orbit
of X undern. Let y € Y, there exist g € G, x € X such that y = 7,(z), which implies
that ¢ is surjective. We now show that the map ¢ is G-equivariant. We can skip
(2.1.9.1) since we are dealing with global actions. For all g,h € G, and all z € X,
we have that
By (1h,a))) = (g, a1) = moae) =™ 1y (2)) = my(@({, a]).

Moreover, ¢([1,z]) = n(z) = z for all [1,z] € ¢(X), that is, the map coincides with
the identity on ¢(X) in X and Y. As a consequence, if we identify lg,2] € X with
ng(z), we get that 7 and n € Y are indeed the same global actions. Hence, the
partial action # admits a unique globalization. O

We can also generalize the process of restricting a global action to a non-
invariant subset to the case in which the action is, itself, partial. Suppose we have
a partial action of G on a set Y,

n = ((Yy)gea: (Ng)gec)

Let X CY be a subset which is not necessarily invariant. An easy way to do this
is to construct the globalization 77 on Y D Y. Since X C Y C Y, we then restrict 7
to X to get a partial action of G on X by (2.2.2).

11
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Topological partial actions

Building on the notion of partial actions on sets, we now extend the discussion to
topological spaces. In this chapter, we introduce the concept of topological partial
actions and provide several illustrative examples. We then show that every topo-
logical partial action admits a globalization, uniquely characterized by a universal
property [1]. An interesting phenomenon is that even when a partial action is de-
fined on a Hausdorff space, its enveloping action may act on a non-Hausdorff space.
A necessary and sufficient condition to ensure that the enveloping space is Hausdorff
is that the graph of the action is closed.

3.1 Partial actions on topological spaces

In topological settings, continuity is important as it preserves many topological
characteristics, among them compactness, connectedness, separability, and the lim-
its of convergent sequences. Before we can define a partial action on a topological
space, we need to ensure it is compatible with the group, that is, the group must
be equipped with a topology. This leads to the definition of a topological group [10].

Definition 3.1.1. A topological group consists of a group G and a topology on
it for which the multiplication map and the inversion map are continuous.

Remark 3.1.2. Suppose that G is a topological group. For every g € G, the
right translation map py(h) = hg, and the left translation map A;(h) = gh are
homeomorphisms of G onto itself, with inverses A;-1, p,—1, respectively. In fact,
ty : G — G x G given by x — (z,g) is continuous and p, is the composition of ¢,
and the multiplication map which is continuous. Continuity of the left translation
can be shown similarly.

Definition 3.1.3 A topological partial action of a topological group G on a topo-
logical space X is a pair

6= ((Xg)geGa (eg)gEG)

consisting of a collection (Dy),eq of open subsets of X, and a collection (6,),ec of
homeomorphisms,

(99 : Xg—l — Xg,

such that it is a partial action on the underlying set X, the set Ty = {(g,x) €
GxX:9g€eG,ze X,1}isopenin G x X, and the function § : I'y — X given

13
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by 0(g,x) = 6,4(x) is continuous. When this continuity condition is satisfied, we say
that the partial action is continuous.

If D, = X for all g € G, then we call 8 a topological global action. In this case we
have 'y = G x X.

Example 3.1.4 Let S' = {z € C: |z] = 1}, X = {(z,y) e CxC : |z| =
ly| = 1, and Re(z) > 0}. For z € S, define X. = {(z,y) € X : Re(%) > 0}
and a function a, : X,-1 — X, given by a.((z,y)) = (zz,y). We claim that
a = ((X.).es1, (@2).e51) is a topological partial action of S' on X.

Indeed, each X, is open and each a, is continuous. Suppose t,s € S', then we
get the followings;

o Item (2.1.4.i) is apparent.

o For (2.1.4.i), let (z,y) € au(Xy-1 N Xy), this is true only when oy ((z,y)) =
(tz,y) = (z,y) for some (z,y) € X;-1 N X, that is, Re(zt), Re (i) > 0. This
means that (z,y) € Xy, since Re(;%) = Re(2) > 0.

o For (2.1.4.ii), let (z,y) € Xy—1 N X;—145-1, then ay o ay((x,y)) = as(tz,y) =
(stz,y) = ag(z,y).

o Let (t,7,y) €Ty, then z =¥ §* € (—5,5). We then have that (f,z,y) €

{(ei91’6i92’z>;_g_0*+6<81<72-‘-—0*_6, 0*—€<02<9*+67 |Z|:1}

which is open and contained in I', where € is sufficiently small. Moreover, «
is obviously continuous.

Example 3.1.5. Let X be a topological space and let A~ : X — X be a homeo-
morphism. If {(X;, ay) her is given by X; = X and oy = b when ¢t € Z, and X; =
() and oy = () when t ¢ Z. Then ', = Z x X and the function « : 'y, — X given by
a(t, ) = h'(z), is a topological partial action of R; on X.

The following example shows that topological partial actions arise naturally
in differential geometry.

Example 3.1.6. The flow of a diffentiable vector field is a partial action. More-
precisely, consider a smooth vector field v : X — TX on a manifold X, and for
x € X let v, be the corresponding integral curve through z (i.e.: v,(0) = z), de-
fined on its maximal interval (a,,b,). Let us define, fort e R: X ;, ={x € X : ¢t €
(az,b.)}, ap + Xy — X; such that au(z) = 7.(t), and a = ((X¢)ier, ()ier). We
claim that « is a partial action of R on X.

To show that this is indeed a partial action, let ¢, s € R, so we get the followings;
o X, is open by the the existence and uniqueness theorem, and «; is a diffeo-
morphism, then a; and a;-1 are continuous. Hence, a; is a homeomorphism.
e Since 0 € (ay,b,), forallz € X, we have X, = X. Additionally, ap(z) =
7:(0) = x = idx(x), for all x € X, hence (2.1.4.1).

14
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o Let x € ay(X_1NXj,), then ay(y) = 7, (t) = z, for some y € X_; N X, that is,
t,—s € (ay,by) and v,(—t) = y, (=t — s) = y,(—s) = z € X_;. Therefore,
—t — s € (ag,b,), that is x € X, hence (2.1.4.ii)

« Condition (2.1.4.iii) is true from the fact that X is a smooth vector field since
trajectories (integral curves) do not intersect.

o Let (t,x) € 'y, thent € (ay,b,) and z € X_;. There exist tjpper and tupper
such that fiower < tupper and 7,(s) is defined for all z € X_; and all s €
(tiower tupper)- Hence, we have that (jower, tupper) X X_¢ is an open subset of
R x X containing (¢, ), so [, is open in R x X.

3.2 Restriction and Globalization

In the previous chapter with sets, we explored how nontrivial examples of partial
actions could be constructed by restricting a global action to subsets that are not
necessarily invariant. While this approach is straightforward in the context of sets,
it can similarly be applied in the category of topological spaces, with the added
consideration of ensuring that each bijection is a homeomorphism and each domain
is an open set.

Let 1 be a topological action of a group G on Y and X be an open subset
of Y. Consider 6, the restriction of 5 to X where Xy = n,(X)N X and 0, = ny|x __,
for all ¢ € GG. Next, we prove that the restriction 6 defines a topological partial
action.

Proposition 3.2.1. Let n be a topological global action of G on Y, and let X
be an open subset of Y. The restriction of n to X is a topological partial action.

Proof. Let 6 be the restriction of n to X. We get by (2.2.2.) that it is a partial
action. Since 7, is a homeomorphism, it is an open map, that is, 7,(X) is open.
Thus, X, = ny(X) N X is open, and 6, = 1,|y,-1 is continuous for all g € G. As
ng(X,-1) = X,, we also have 99_1 = 0,-1 which implies that 0, is a homeomorphism
for all g € G.

Next, we claim that

o= n'(X,) N (G x X)

geG

which is an open set in G x X. We prove the claim by letting (v,z) € T'y, then we
have that z € X,-1, that is n,(z) = n(v,z) € n71(X,).

Conversely, let (v,2) € Uyeqgn ' (Xy) N (G x X), then there exists w € G
such that (v,z) € n71(X,) N (G x X). Hence, n(v,z) € X, € X. Let n(v,z) =
y, that is n(v™1y) = 2 = n,-1(y) € ny-1(X). Thus, x € X Nny-1(X) = X,-1, that
is, (v,x) € I'y. Consequently, for any open set U C X, and U = V N X for some
open set V C Y. we have ~1(U) = n~'(V N X) N Ty which is an open set in Ty.
Hence, the map 0 : 'y — X is continuous. O

One interesting fact is that the integral curves of a vector field on a compact
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manifold X are defined on the entire R. This is a particular case of the following
result.

Propositioin 3.2.2. Let 0 = ((X)4eq, (05)4ec) be a topological partial action
of G on a compact space X. Then, there exists an open subgroup H of G such that
0 restricted to H is global action. In particular, if G is connected, # is a global
action.

Proof. Let A, = {g € G : v € X1}, and A = Nyex A It is clear that 1 €
A and if s,t € A, then st € A, that is, A is a submonoid of G. Since I'y is open in
G x X, there exist for every x € X open neighborhoods U, C X of z and V, C G
of 1 such that V, x U, C T',, and V, = V1. The latter is because if V, # V.1,
we can pick W, = V, N V,! which is open in X. By compactness of X, there exist
x1,...x, € X such that X = U?Zl Ug,. Let V = ﬂ;;l Ve;. By the choice of our Vi
we get that V' is a symmetric subset of A. Next, H = {J;2, V" is an open subgroup
of G contained in A. In particular, let us assume that G is connected. Observe that
gH which is open by (3.1.2.) and gHNH = () for all g ¢ H, that is, Uyey gH = G\H
is also open. Hence, H is an open and closed subgroup of GG. This is only true when
H=G. m

We know that every partial action on a set admits a globalization, but in
the topological setting, we need to ensure the continuity of the global action that
contains the original partial action. Moreover, we characterize the topology of the
globalization space by a universal property.

Definition 3.2.3. Let a and [ be topological actions of G on X and Y, respectively.
We call a continuous map ¢ : X — Y a morphism o — [ if ¢ is G—equivariant.

Theorem 3.2.4 (Abadie). Let 0 = ((X,)ea, (05)4ec) be a topological partial ac-
tion of G on X. Then, there exists a topological global action 60° = ((X¥),eq; (05)g4ec)
of G on X¢ and ¢: 6 — 6° is a morphism, such that for any morphism ¢ : 6 — «,

where « is a topological global action of G on Y, there exists a morphism ¢ : ¢ — «
such that ¥°(c(z)) = ¢ (z), for all x € X. Moreover;

X, 0) 0 - 0° (x¢,6°)
(i) ¢(X) is open in X°©. O
(ii) ¢: X — (X) is a homeomorphism.  y.¢ Y=ot Ve8¢ > a
(iii) X is the #°-orbit of ¢(X).
R

Proof. Define the global action v : G x (G x X) — G x X such that
v(s,t,x) = vs(t,z) = (st,z), for all s,t € G, and all z € X.

We endow G x X with the product topology. Let U and V be open subsets of
G and X, respectively. Let A = {(s,t) : st € U} open in Gx G. Thus, 7" 1 (U x V) =
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A x V which is open in G X (G x X). Hence, 7 is continuous. Moreover, define an
equivalence relation ~ on G' x X by

(s,2) ~ (t,y) <= z € X;-1; and O4-14(z) = y.

Let X¢ = (G x X)/ ~ endowed with the quotient topology, and ¢ : G x X — X¢
be the quotient map. As we have seen in the category of sets, v is compatible with
the ~ relation. We can then define a global action ¢ : G x X¢ — X*¢ given by

05(q(t,z)) = q(st, z) = q(7s(t, x)).

Next, observe that for all t € G, and all U C X¢ we have that ¢~ (05(U)) =
v:(¢~1(U)). This implies that each 6¢ is a homeomorphism. We can show next that
this action is continuous. Define ¢ : X — X¢ such that «(x) = ¢(1,2). Since the
inclusion X < G x X given by = — (1,z) is continuous, we have that ¢ also is.
Let us first show that ¢ is an open map. Suppose U C X be an open subset.
Consider ¢7'(1(U)) = {(t,z) : (t,x) ~ (1,y) for some y € U} = {(t,x) : O(x) €
U} = 671(U), which is open in Ty due continuity of § and hence open in G x X
because I'y is open. Next, we show that ¢ is an open map. If U C G and V C X
are open subsets, we have ¢(U X V) = Uer ¢(ve({1} X V) = User 95 (¢(V')) which
is open because ¢ is open and every 6 is a homeomorphism. Now, let W C X° be
an open subset. Since 6o (id X q) = qov: G x (G x X) — X¢ is continuous, we
have that (id x ¢)~*((0°)"*(W)) = v (¢ }(W)) is an open subset of G x (G x X).
Since id x ¢ is open and surjective, (6°)~1 (W) = (id x ¢)((id x q)~1((0*)"1{(W))) =
(id x q)(y~ (g (W)))) which is open,

Showing that ¢ is a morphism, we can see that «(X;) C X = X7, for all t € G.
Suppose = € X;-1, then

W0i(x)) = q(1,0,(x)) = q(t, ) = q(n(1,2)) = 07(q(1, x)) = 07 (c(x)).

Next, let a : GXY — Y be a topological global action of GonY,andlet¢ : X — Y
be a continuous function. Consider a map ¢’ : G x X — Y given by ¢/'(t,z) =

ay(1(x)). Therefore, we have that ¢'(v(h,x)) = ¥'(th,x) = au(¥(x)) (14
ay(ap(x)) = ay(Y'(h,x)). Hence, 1)’ is a morphism v — « since ¢’ = a o (id X 1))
which is continuous and ¢ and « are global. Moreover, suppose 1 : # — « is also a
morphism. If (r,z) ~ (s,y) in G x X, then we have that

as-1 (Y (r, 7)) = a1 (an(Y(x))) a1 (P(2)) = Y (0s-1,(2)) = P(y).

Thus ¢'(r,z) = as(¥(y)) = ¥'(s,y), that is 9" is compatible with ~ . We can define
a map ¢ : X¢ = Y by ¢¥°(q(t,z)) = au(¢(x)) forallt € G, and all z € X. Let
U C Y be an open subset, hence we have that (¢¢)~}(U) = ¢((id x ¥) (a1 (U)))
which is open because ¢ is an open map and « is continuous. Therefore, ¥°¢ is
continuous. Observe that

(2.1.4.ii)

(2.1.4.ii)

(0 (q(h, x))) = ¥(q(th, 2)) = am(P(x)) =" ar(an(¥(2)) = ar(¥*(q(h, 7)),
so 1 is a morphism a¢ — § and ¥ (x) = ¥°(q(1,x)) = ¥(x).

Lastly, items (i) and (ii) comes immediately from the fact that ¢ is an open
map. Item (iii) is clear as ¢(t,z) = 05 (c(z)). O
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Note that #¢ in Theorem 3.2.4 is a globalization or an enveloping action for 6
which is unique by the universal property.

Definition 3.2.5. Let 6 be a topological partial action of G on X and 6° be
its enveloping action on X provided by Theorem 3.3.4. We call X*¢ the enveloping
space of X and ¢ the enveloping morphism of .

Example 3.2.6. Consider the partial action « of Zy = {1, —1} with the discrete
topology on the unit interval X = [0, 1], given by a; = idx and a_; = idy, where
V = (a, 1] for some a > 0. Let a® : G x X¢ — X*¢ be the enveloping action of a. We
have that X* is the topological quotient space of {1, —1} x [0, 1] by identifying for
each t € V the point (1,¢) with (—1,¢) denoted by ¢. The action a is given by

—i,t) ;o= (i,t) f te X\V
Oéi(l‘) :idXe and Oée,l(l‘) _ {( 1 ) T (Z ) or some \ '
x eV
Consider the points (1,a) and (—1, a) which are distinct. Their neighborhoods must
contain (a,l) for some | < 1. Hence, we can not find two disjoint neighborhoods
containing each of the two points, that is, X¢ is not Hausdorff.

(-1,0) \ (-1.a)

Figure 3.1: The enveloping space is not Hausdorff: the blue indicates a
neighborhood of (1, a), while the green indicates a neighborhood of (—1,a).

As we have seen in the previous example, even though local properties of the
original space are preserved, their global properties may differ; in this case, the en-
veloping space is not Hausdorff, although the original is.

Proposition 3.2.7. Let 6 be a topological partial action of G on a Hausdorff
space X. Then, its enveloping space is a Hausdorff space if and only if Graph(#) is
closed in X x G x X.
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Proof. Let X¢ be the enveloping space of X and assume that it is a Hausdorff
space. Let {(0(ta, za),ta, z4)}a € Graph(f) be a net that converges to some element
(y,t,z) € X x G x X. Hence, (ty,r4) — y € X. Since 6°, is continuous, we have
that 6°(tq, z4) — 6°(t, z). Therefore, 6°(¢, z) must be equal to y € X, that is, 6(¢, x)
is defined and equal to y because of the uniqueness of limits in Hausdorff spaces.
Hence, (y,t,z) = (0°(t,x),t,x) = (6(t,x),t,x) € Graph(6).

On the other hand, let Graph(«) be a closed subset in X x G x X, and let ¢, y° €
X¢. We have by (3.2.4.iii) that z° = 6°(¢t,z) = 0{(x) for some t € G, and some = €
X and y° = 6°(s,y) = 05(y) for some s € G, and some y € X. Suppose that we
cannot find a neighborhood of z¢ and a neighborhood of y¢ that are disjoint. Let
U,V . C X be a neighborhood of x and a neighborhood of y, respectively. Since
0¢ and 0° are homeomorphisms, we have that 65(U) N O(V) # 0 as 65(U) is a
neighborhood of ¢ and #5(V) is a neighborhood of y°. Let ayy € 65(U) NO(V),
that is, apy = 0f(zpy) = 65(yuv) for some xyy € U, and some yyy € V. Take
the net {(yyv,s 't,zyv)} € Graph(f). This net converges to (y,s 't,z). Since
Graph(#) is closed, we have that (y,s™'t,x) € Graph(f). Therefore, O,-1,(z) = v,
that is, 605_,,(z) = y,. Hence, 2¢ = 0§ (z) = 65(y) = y°. We can conclude that X° is
Hausdorft. O

Remark 3.2.8. If G is a discrete group, then Graph() is closed in X x G x X if
and only if Graph(6;) = {(y,z) : * € X;-1 and 0y(x) = y} is closed in X x X for all
teG.
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4

Decomposable partial actions

Decomposable partial actions are a special type of action that are easier to under-
stand because they can be broken down into simpler components. These components
typically include a global action of a finite group, a translation, and a trivial action

12].

Consider a partial action of Zy on a space X. This is equivalent to picking
an open subset U C X and a homeomorphism o of order two on it. The restriction
of this action on U is global, while the rest of the space Y = X\U is acted on
trivially. That is to say, there is an equivariant topological extension U — X — Y.

When dealing with larger groups, we need to repeat this process many times.
For example, an action of Z3 on a space X, we can choose two open subsets
U;,Uy C X, and a homeomorphism o, : Uy — U; such that cr% = id wherever
the composition is well-defined. The restriction of this action to U is global, and we
get the extension
U— X =Y,

where Y = X\U. But the action on Y is not trivial. So, we can break it down
further by letting V; = U;\Us and V, = Us\U;. The homeomorphisms induced by
o, and o9 exchange V; and V5, while the compliment Z = Y'\(V} U V3) carries the
trivial action. Therefore, we get an equivariant extension

VilVa—s Y — Z,

o, = o7 L

Figure 4.1: Decomposition of the action Zz on X

where the action on V; U V5 consists of a translation and a homeomophism of order
three, and the action on Z is trivial. Therefore, we have simplified the problem:
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instead of studying the full action of Z3 on X, we only need to understand how Zs
acts on U and on V] U V5, along with the two extension sequences we have described.

In this chapter, we will investigate the common feature that the action on
U and the action on V; L V5 has which we call the decomposition property.

4.1 Decomposition property

We define the decomposition property of a topological partial action and study some
of its basic features.

Throughout this chapter, we will consider a fixed finite group G, n € N, and a topo-
logical space X. We will also omit the adjective topological before "partial action'
since we will only work on topological structures.

Definition 4.1.1 We define the space of n-tuples of G to be
T.(G)={rCG:1€7and|r|=n}.

For g € G, we set T,(G)y = {7 € To(G) : g € 7}. There exists a canonical partial
action Lt of G on 7,(G) with Lt, : T,(G)y;-1+ — T.(G)4 given by Lty (7) = g7 for
all 7 € 7:1(G>gfl.

We equip 7,(G) with the discrete topology.

Notation 4.1.2. Let § = ((X,)seq, (f)gec) be a partial action of G on X. For

7 € To(G), we write X, = ,e, Xy, which is an open subset of X. For g €

G and 7 € T,(G),-1, we have that 6,(X) = Xgr- Moreover, for 7 € T,(G),

we write G - 7 C T, (G) for the orbit of 7 with respect to the partial action Lt from
(4.1.1), and we set Xg.; = Uyer—1 Xgr.

Definition 4.1.3. Let 0 = ((X,)ec, (0y)4ec) be a partial action on X. We say
that 6 has the n-decomposition property if

(i) X = U-reTn(G) X-, and

(i) X, N X, =0 forall 7 € 7,(G) and all g € G such that g ¢ 7.
We say that 6 has the decomposition property if it has the n-decomposition property
for some n € N.

Remark 4.1.4. Ttem (4.1.3.ii) implies that X, N X, = 0 if 7,0 € T,(G) are
distinct. In particular, we think of X as a disjoint union of X, for all 7 in the space
of n-tuples. In fact, if n > 1, then 6 has the n-decomposition property if and only

lf X = I—'TG%(G) XT and Xg == |_|TE7—TL(G)Q XT‘

Example 4.1.5. Let 6 be a partial action of G on X. We have the followings:
(i) 0 has the 1-decomposition property if and only if X, = 0 for all ¢ € G\{1}.
This is the trivial partial action of G on X.
(ii) 0 has the |G|-decomposition property if and only if 6 is global.
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Proposition 4.1.6. The partial action Lt of G on 7,(G) described in (4.1.1) has
the n-decomposition property.

Proof. Let 7 € T,(G). Tt is clear that 7,(G), = {7}. Since T,(G) = U,er, ()17}
then it satisfies (4.1.3.1). Observe that

%(G)THE(G)QZ{T}Q{UG'EL(G):gET}:@

for all g € G such that g ¢ 7, hence (4.1.3.ii). O

Lemma 4.1.7. Let 7 € T,(G) and set H, = {h € G : ht = 7}. Then, the followings
are true:

(i) H; is a finite subgroup of G, and |H,| divides n.

(ii) With m, = — 1, there exist 27, ..., 2], € G distinct such that

_n_
[H-| m

T=H,UH 27U - -UHx], . (4.1.8)

(iii) If y7,...,y}, € G satisfy 7 = H, U Hyy] U ... U Hyy], , then there exist a
permutation o € S,,, and hy, ..., hy,, € H; such that y; = h;x,; for all j.

Proof. Let g,h € H,. Then, for each f € H,, we have have gh™'7 = g7 = 7, so
H, is a subgroup of G. We also have that 7 is H,.-invariant because hr = 7 for
all h € H, and H, C 7 since 1 € 7. Hence, H, is finite. Since H, acts globally
on the finite set 7, we have that 7 is a disjoint union of H, orbits, that is 7 =
Hoxg U HyxT U ..U Hpx), , where m, + 1 is the cardinality of the orbit space, and
xg, L7, ..., Ly, € T are representatives. As H, must be equal to some H,z] for some
7, we asume that ] = 1. Since H, is a left translation which is free, all of the orbits
must have the same cardinality as H,. Therefore, n = |7| = (m, + 1)|H,|. We have
proved items (i) and (ii).

Lastly, let y],...,y], € G be as described in (iii). Then, these elements define
a decomposition of 7 as a disjoint union of H, orbits. Therefore, after reordering
them, they must match x4, ..., x,, modulo H.. O

Notation 4.1.9. For 7 € 7,(G), we set H, ={h € G : ht = 7}. By (4.1.7), we set
m; = g7 — 1 and fix elements zf = 1,27,...,27, € G satisfying (4.1.8). We will
simply write H,m and z; for j = 1,...,m when we know 7 from the context.

Let O,(G) be the orbit space for the partial system described in (4.1.1). We
denote by & : T,(G) — O,(G) the canonical quotient map, and fix a global section
s: On(G) = T,(G) for it. For z € O,(G), we write 7, for s(z), H, for H,_, and m,

for m..,.

Proposition 4.1.10. Let 7 € T,(G). Set X = {l,zy,..2,,} to be the set of
representatives of H,-classes. For g € G, set X, ={z € X : g € 27'7}. Then,

(i) There is a unique o,(x) € X, such that g € o,(z) ' Hz.

(i) ((Xy)gea, (04)4ec) is partial action of G on X.
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(4.1.

5

Proof. Observe that x;lr & LI, ij’lek for all j. Let z; € X,-1, then g7' €

xj_lr =L, xj_lek, that is, g~! = x; hx; for some ¢ and some h € H. Hence,

g=z;'h v, € x; He; C o'y and o € X,
Thus, o, maps z; to x; in this fashion proving (i).
As for item (ii), it is clear that X; = X. Let z € X1 such that o, (x) € X1
We have that g;' € 2 'Ho,(z) and g;' € o, (z) ' Hoy (0,,(z)), that is g;' =
27 hyo,,(z) and g;' = 04, (z) Lheoy (02(x)) for some hy, hy € H. Therefore,

(9192) " = a7 'hihooy(02(2)) € 27 Hoy, (04,(2)) C 277,

that is, € Xy, 4,)-1, and 0,4, (x) = 04, (04, (x)) by the uniqueness of the left
member of the equality. O

Proposition 4.1.11. Let 0 = ((X,)4eq, (0y)sec) be a partial action of G on X
with the n-decomposition property, and let 7 € 7,(G). Adopt the conventions from
(4.1.9). Then, the followings are true:

(i) The restriction of 0|y to X, is a global action.

(ii) The open set X¢., is G-invariant, and for all g € G, we have that

0 ifggr' 71
(Xgr)g = U X, ifgert-om
Ogjgm:gegcjfl J

(iii) For o € T,(G), we have Xg,NXg, =0ifc ¢ G-7and X = L.co. (@) Xar.-

Proof. Since H C 7, then for all h € H we have that X, C X}, that is, X;NX, = X,.
Moreover, 0,(X,;) = X, = X,. We have that 0|y induces a global action on A,
which proves (i).

As for (ii), fix g € G. We have by (4.1.3.ii) that X,-1 N X, =0 if g~' ¢ 7, and
X,-1 N X, = X, otherwise. In the latter case §,(X;) = X, which means that X¢.,
is invariant and there is a well-defined restricted partial action of G' on it. Observe
that if ¢ € Hx; for some representative x; as in (4.1.9), we have that g = ha; for
some h € H, and

gl=aht = glr=a7'hr =277 (4.1.12)
For g € GG, we have that
(Xar)g = Xar N X e X1, N X 2 U Xy
Jj=0 ! 0<5<m: gEaJ]._lT !

In particular, if g ¢, then (X¢.,), = 0.

We will prove the contrapositive of item (iii). Suppose that Xg., N Xg., # 0.
Fixg € 771 and h € o~ ! with X, N X}, # 0. By (4.1.4), we have that g7 = ho, that
is h € g7 and 0 = (h™'g)T € G - 7. Hence, we have that X = [ |,co, (@) X¢-r.- O

Remark 4.1.12. Using (4.1.11.iv), many facts about decomposable partial actions
can be understood by looking at G-invariant disjoint components Xg.... In practice,
it is often enough to focus on just one tuple 7 € 7,(G) and study the partial action
it induces on Xg.,.
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4. Decomposable partial actions

4.2 Partial actions of finite groups

In this final section, we show that any partial action of a finite group can be ex-
pressed as an iterated extension of decomposable partial actions. Furthermore, we
prove that a partial action of a finite group on a Hausdorff space with the decom-
position property has a Hausdorff enveloping space.

Theorem 4.2.1.(Abadie, Gardella, Geffen) Let 6,),c¢) be a partial action of
G on X. Then, there are canonical equivariant extensions

(D®) 50y s (X ®) gy oy (X B glh=1))

for 2 < k < |G|, with (X UG 9UG)) = (X, ) and satisfying the following properties:
(i) 6% has the k—decomposition property.
(ii) X =0 for all o € Tp41(G).
(iii) 0™ has the 1-decomposition property.
Thus, 6 can be written canonically as an iterated extension of decomposable partial
actions.

Proof. Set n = |G| and take (X, 0™) = (X,6). Define D™ = N, 5 X{™, which
is a G-invariant open subset of X(. Let 6™ = 6|, which is global, and
hence has the n-decomposition property. Let X1 = X (")\D(”) Then, we have
that X"V = () for all 0 € 7,(G) = {G}. Suppose next that (X* 0*) has been
constructed and satisfies item (ii). We will construct (D®),§®)) and (X*=1 gk=1),
We set D) = UreTi(@) X® which is a G-invariant open subset of X®). Let §*) be
the induced action on it, we will show that 6*) has the k-decomposition property.

For g € G, we have DI = U, 7. (), X, so D) = X® for all T € Ti(G).
This means that D®*) satisfies (4.1.3.i). Next, let 7 € Ti(G) and g ¢ 7. Set 0 =
7 U {g}, which is a tuple in T;41(G). By condition (ii), we get that

0=XxP=xPnxk=DWnxH,

Since Dék) C Xék), we have that D N Dé’“) = (), hence (4.1.3.ii). Therefore, §*)
has the k-decomposition property. Let X®* =1 denote X*)\ D®) then X%~ =@
for all 7 € Ti(G). We have thus established conditions (i) and (ii) in the statement.
Condition (iii) follows from taking k£ = 1 in condition (ii), since in this case we have
XM = @ for all 7 € T5(G) which is equivalent to ) having the 1-decomposition
property by (4.1.5.1). This finishes the proof. ]

Proposition 4.2.2. Let 6 be a partial action of G on a Hausdorff space X with a
decomposition property. Then, its enveloping space is a Hausdorff space.

Proof. Suppose 6 has the n-decomposition property, then X = ", X, and X, N
X, = 0 for all g ¢ 7. Note that X\XT]. = U,z X+, which is open, that is, X; is
closed and open. By (3.2.8), it is enough to show that for each ¢ € G Graph(6;) is
closed in X x X since the group is discrete. Let Graph(6;) 2 {(6:(x4), xq)}a be a net
that converges to (y,z) € X x X. We have that {(x4)}s C X1, {(0:(za)a)} C X
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4. Decomposable partial actions

and zq = = € X,0,(zq) =y € X. By (4.1.4), we have that X; = [ |;,, X, which is
a finite union of closed sets, that, is X, is closed. Therefore, x € X;-: and y € X;.
Since X is Hausdorff and 6, is continuous, we have that 6;(x4) — 6;(z) and 6;(z) =y
which means that (y,z) € Graph(é,), that is, it is closed in X x X. We can deduce
that the enveloping space of X is Hausdorff by (3.2.7). O

Example 4.2.3. Consider a partial action « of Z3 = {0, 1,2} on the space X =
[0,1] U [2, 3] equipped with the subspace topology. The partial action is defined by

ap =1idx, a1 :[0,1] = [2,3], au(z) =+ 2, and ay : [2,3] — [0,1], as(z) =2 — 2.

The action has 2-decomposition property and we get that the enveloping space X*
is homeomorphic to the interval [0,1] U [2,3] U [4,5], which is a Hausdorff space.
Moreover, the enveloping action a® on X¢ is given by

T+ 2

x—QJ
5 .

af = idxe, ai(m):z+2—6{ J, and ag(x):x—2—6{

I, x X X
(0,0) 0,1) (0,2) (0,3)

P e
(1,0) (11 (1,2) (1,3)
(2,0) (21) (2.2) (23)

Figure 4.2: In the enveloping space X¢, intervals shaded in the same color
represent regions that are identified with one another.
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