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Abstract
The automotive industry is facing one of its most exciting technological turning points. On

one hand, manufacturers are electrifying their fleets driven by environmental concerns, regula-
tion, and economic incentives. On the other hand, future electric vehicles (EV) are expected
to exploit various sensors concerning environment perception and vehicle motion sensing, as
well as different actuator configurations, where even more control degree of freedom is added
due to the advent of autonomous driving. Nevertheless, EVs still suffer from a major limitation
when compared with internal combustion vehicles: the energy density, and consequently the
driving range. The integration of autonomous capabilities in EVs, coupled with the need for
energy-efficient vehicle motion control, suggest energy-optimal trajectory planning as a promis-
ing technology to address this challenge. While energy-efficient longitudinal control technologies
such as ECO-cruise control are already mature and widely implemented, the combination of
lateral and longitudinal control is still an active area of research. In this thesis, nonlinear and
economic model predictive control is applied to minimize the energy consumption of an EV
given a reference path and longitudinal velocity profile. The focus of the research is on achiev-
ing efficient, robust, and real-time computational performance. To this end, the vehicle model
is simplified, and the testing conditions are constrained to low acceleration limits. High-fidelity
vehicle simulations using the IPG CarMaker software are conducted on a test track. The re-
lation between lateral and longitudinal control and savings in energy consumption is explored,
in order to conclude on what is the energy consumption reduction potential from the control
perspective. In specific, the displacement from path’s center line and the reference longitudinal
velocity are examined individually and in combination to determine their influence on energy
savings. Results show that, for limited accelerations, the greatest potential lie on optimizing
longitudinal control, where significant energy savings can be attained at the expense of limited
decrease in average longitudinal velocity. However, the intricate trade-off between the economic
cost, the energy consumption, and the reference tracking cost in the MPC formulation led to
limited energy savings when moving from path tracking to trajectory planning.

Keywords: model predictive control, economic model predictive control, energy minimization,
electric vehicle, autonomous driving
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been used
throughout this thesis.

xI , yI , ψ Vehicle coordinates and orientation in inertial frame
xs, ys, ψs Path coordinates and orientation in inertial frame
vx Vehicle longitudinal velocity in vehicle frame
vy Vehicle lateral velocity in vehicle frame
r Yaw rate
s Distance travelled along reference path
d Vehicle lateral displacement from reference path
∆ψ Vehicle heading deviation from reference path
κ Curvature of the reference path
Fx Resultant longitudinal force in vehicle frame
Fy Resultant lateral force in vehicle frame
Mz Resultant yaw moment at vehicle center of mass
i = {f, r} Axle index where f and r stand for front and rear respectively
Fx,i Longitudinal tire force at axle i
Fy,i Longitudinal tire force at axle i
Fz,i Normal tire force at axle i
Frr,i Rolling resistance tire force at axle i
Faero Aerodynamic drag force at vehicle center of mass
σx,i Longitudinal tire slip ratio at axle i
σy,i Lateral tire slip ratio at axle i
T Total vehicle propulsion torque
δ Steering angle
m Vehicle mass
g Gravity force
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Izz Rotational inertia around z axle of vehicle frame
Iw Rotational wheel inertia
wi Rotational speed of wheel at tire i
Cσx,i

Longitudinal tire stiffness at axle i
Cσy,i

Lateral tire stiffness at axle i
r0 Undeformed wheel radius
ρ Air density
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cD Aerodynamic drag coefficient
Af Vehicle frontal area
µ Road tire-friction coefficient
P Total power consumed by the vehicle electric machines
Pmech Outputted mechanical power from the vehicle electric machines
Pel.loss Electric power losses of the vehicle electric machines
Pinertia Inertial power
Ptire loss Tire power losses
Paero Aerodynamic power
x State vector in state-space formulation
u Control input vector in state-space formulation
s, t Independent variables: space and time
ẋ Time derivative of x
x′ Space derivative of x
f System continuous dynamics in time domain
fd System discrete dynamics in time domain
fs System discrete dynamics in space domain
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Sf Look-ahead distance
N MPC prediction horizon length
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v̄x(s) Saturated reference longitudinal velocity
V̄x Constant (raw) reference longitudinal velocity

xii



Contents

List of Acronyms ix

Nomenclature xi

List of Figures xv

List of Tables xvii

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Problem definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Research questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Literature review 5

3 Numerical Optimal Control 9
3.1 Optimization Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 Solving Model Predictive Control . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.2.1 Nonlinear programming . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2.1.1 Direct multiple shooting . . . . . . . . . . . . . . . . . . . . . . 12
3.2.1.2 Direct collocation . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.2.2 Numerical solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2.2.1 Sequential Quadratic Programming . . . . . . . . . . . . . . . . 15
3.2.2.2 Interior Point Method . . . . . . . . . . . . . . . . . . . . . . . 15
3.2.2.3 SQP vs IPM . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.2.3 Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2.4 Practical aspects of MPC implementation . . . . . . . . . . . . . . . . . 17

4 Vehicle modelling 19
4.1 Global coordinate system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.2 Curvilinear coordinate system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.3 Chassis model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4.3.1 Rolling Resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.3.2 Aerodynamic Drag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.4 Tire model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.4.1 Tire slip and wheel dynamics . . . . . . . . . . . . . . . . . . . . . . . . 22

xiii



Contents

4.5 Energy consumption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.5.1 Electric power losses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.5.2 Mechanical power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.5.2.1 Inertial power . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.5.2.2 Tire power losses . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.5.2.3 Aerodynamic power losses . . . . . . . . . . . . . . . . . . . . . 26

4.6 Spatial formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

5 Track Modelling 29
5.1 Track description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5.2 Localization and orientation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

6 Simulation results 33
6.1 Test scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
6.2 Path tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

6.2.1 Comparison between casADi (IPM) and acados (SQP) . . . . . . . . . . 37
6.2.2 Comparison between SQP and RTI . . . . . . . . . . . . . . . . . . . . . 40
6.2.3 Comparison between MPC and Pure Pursuit Control . . . . . . . . . . . 42

6.2.3.1 Additional penalty for comfort driving . . . . . . . . . . . . . . 46
6.3 Energy consumption minimization . . . . . . . . . . . . . . . . . . . . . . . . . . 47

6.3.1 Energy-optimal path tracking . . . . . . . . . . . . . . . . . . . . . . . . 49
6.3.1.1 Accurate reference tracking . . . . . . . . . . . . . . . . . . . . 49
6.3.1.2 Additional penalty for comfort driving . . . . . . . . . . . . . . 50

6.3.2 Energy-optimal trajectory planning . . . . . . . . . . . . . . . . . . . . . 52
6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

6.4.1 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
6.4.1.1 Reference longitudinal velocity profile . . . . . . . . . . . . . . 62
6.4.1.2 MPC target cost . . . . . . . . . . . . . . . . . . . . . . . . . . 62
6.4.1.3 Higher acceleration limits . . . . . . . . . . . . . . . . . . . . . 62
6.4.1.4 Torque Vectoring . . . . . . . . . . . . . . . . . . . . . . . . . . 62
6.4.1.5 Study RTI for energy minimization . . . . . . . . . . . . . . . . 63
6.4.1.6 Vehicle implementation . . . . . . . . . . . . . . . . . . . . . . 63
6.4.1.7 Sensitive analysis on vehicle control unit . . . . . . . . . . . . . 64

7 Conclusion 65

Bibliography 67

xiv



List of Figures

3.1 OCP solution example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2 MPC illustration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4.1 Reference path and curvilinear coordinate system variables . . . . . . . . . . . . 19
4.2 Single-track model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.3 Linear and Pacejka’s Tire Force vs Slip models and Cornering Stiffness estimation. 23
4.4 Energy flow diagram. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.5 Electric machine losses map. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

5.1 Projection onto the line segment between the nearest neighbours of the vehicle
XY position. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

6.1 Test scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
6.2 Test vehicle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.3 IPM vs SQP: Reference tracking at V̄x = 30 km/h. . . . . . . . . . . . . . . . . 38
6.4 IPM vs SQP: Lateral dynamics at V̄x = 30 km/h. . . . . . . . . . . . . . . . . . 38
6.5 IPM vs SQP: Longitudinal dynamics at V̄x = 30 km/h. . . . . . . . . . . . . . . 39
6.6 IPM vs SQP: Computation time histogram at V̄x = 30 km/h . . . . . . . . . . . 39
6.7 IPM vs SQP: Reference tracking at V̄x = 70 km/h. . . . . . . . . . . . . . . . . 40
6.8 IPM vs SQP: Lateral dynamics at V̄x = 70 km/h. . . . . . . . . . . . . . . . . . 40
6.9 IPM vs SQP: Longitudinal dynamics at V̄x = 70 km/h. . . . . . . . . . . . . . . 40
6.10 IPM vs SQP: Computation time histogram at V̄x = 70 km/h . . . . . . . . . . . 41
6.11 Comparison between SQP and RTI solutions at V̄x = 30 km/h . . . . . . . . . . 41
6.12 Comparison between SQP and RTI computation time histogram at V̄x = 30 km/h 42
6.13 Comparison between SQP and RTI solutions at V̄x = 70 km/h . . . . . . . . . . 42
6.14 Comparison between SQP and RTI computation time histogram at V̄x = 70 km/h 43
6.15 MPC vs PPC: Reference tracking at V̄x = 30 km/h. . . . . . . . . . . . . . . . . 44
6.16 MPC vs PPC: Lateral dynamics at V̄x = 30 km/h. . . . . . . . . . . . . . . . . . 44
6.17 MPC vs PPC: Longitudinal dynamics at V̄x = 30 km/h. . . . . . . . . . . . . . . 45
6.18 MPC vs PPC: Reference tracking at V̄x = 70 km/h. . . . . . . . . . . . . . . . . 45
6.19 MPC vs PPC: Lateral dynamics at V̄x = 70 km/h. . . . . . . . . . . . . . . . . . 45
6.20 MPC vs PPC: Longitudinal dynamics at V̄x = 70 km/h. . . . . . . . . . . . . . . 46
6.21 MPC (with acceleration penalization) vs PPC: Reference tracking at V̄x = 70

km/h. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
6.22 MPC (with acceleration penalization) vs PPC: Lateral dynamics at V̄x = 70 km/h. 47
6.23 MPC (with acceleration penalization) vs PPC: Longitudinal dynamics at V̄x = 70

km/h. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

xv



List of Figures

6.24 Performance comparison at V̄x = 70 km/h for qd = 10 and qe = {0, 2, 5, 10}. . . . 50
6.25 Performance comparison at V̄x = 70 km/h for qd = 10, qax = 1, and qe =

{0, 2, 5, 10}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
6.26 Energy consumption at V̄x = 30 km/h for qd ∈ [10−4, 102] and qe = {2, 5, 10}. . . 53
6.27 Energy consumption at V̄x = 30 km/h for qd = {10−4, 10} and qe = 10. . . . . . 54
6.28 Energy consumption at V̄x = 50 km/h for qd ∈ [10−4, 102] and qe = {2, 5, 10}. . . 55
6.29 Performance comparison at V̄x = 50 km/h for qd = {10−4, 10} and qe = 2. . . . . 56
6.30 Energy consumption at V̄x = 70 km/h for qd ∈ [10−4, 102] and qe = {2, 5, 10}. . . 57
6.31 Performance comparison at V̄x = 70 km/h for qd = {10−4, 10, 102} . . . . . . . . 58
6.32 Vehicle trajectory at V̄x = 70 km/h for qd = 10−4 and qe = {2, 5, 10}. . . . . . . 59
6.33 Performance comparison at V̄x = 70 km/h for qd = 10−4 and qe = {2, 5, 10}. . . . 60

xvi



List of Tables

6.1 Test Vehicle and Scenario Specifications . . . . . . . . . . . . . . . . . . . . . . 35
6.2 Path tracking MPC tuning of update rate and prediction horizon . . . . . . . . 37
6.3 Key performance indicators at V̄x = 70 km/h for qd = 10 and qe = {0, 2, 5, 10}. . 50
6.4 Key performance indicators at V̄x = 70 km/h for qd = 10, qax = 1, and qe =

{0, 2, 5, 10}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
6.5 Key performance indicators at V̄x = 30 km/h for qd = {10−4, 10} and qe = 10. . . 53
6.6 Key performance indicators at V̄x = 50 km/h for qd = {10−4, 10} and qe = 2. . . 55
6.7 Key performance indicators at V̄x = 70 km/h for for qd = {10−4, 10, 102} and

qe = 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.8 Key performance indicators at V̄x = 70 km/h for for qd = 10−4 and qe = {2, 5, 10}. 60

xvii



List of Tables

xviii



1
Introduction

1.1 Motivation

The automotive industry is undergoing a phase of disruptive transformation imposed by
economic, regulatory, and sustainability drivers. From the total global emissions of carbon
dioxide (CO2), the transportation sector is responsible for around one-fifth of those, while road
passenger vehicles account for around half of that share, in front of road freight transportation,
shipping and aviation [30]. Reduction of CO2 is well proven to have a positive impact on the
urgent climate crisis the world is living today, which makes the transportation sector a clear
target of emission-reduction policies and incentives. Such policies and incentives are normally in
the form of regulation and economic measures to enhance the development of promising cleaner
and more efficient technologies, namely vehicle electrification. In response to that, automotive
manufacturers are actively shifting their research and development focus to electric vehicles
(EVs). Volvo Cars Corporation, where this thesis is written at, has the particularly ambitious
goal to become fully electric until 2030 [40].

In this exciting industry, not only vehicles are being electrified, which is by itself a con-
siderable change on what are the standards on vehicle design and manufacture, but also the
concept of what is a road passenger vehicle is rapidly evolving. Based on the drastic increase of
computational power of embedded systems, future EVs are expected to exploit various sensors
concerning environment perception and vehicle motion sensing, as well as different actuator con-
figurations concerning electric motors and active chassis. Such increase in degrees of freedom of
vehicle control is responsible for the advent of autonomous driving; once vehicles have enough
online processing power, they are expected to replace the human driver in the perception and
decision-making tasks. Nevertheless, while the human driver has limited capacity of deciding on
control actions that optimize the performance of the vehicle, control actuation sequences can be
computed to do so according to different performance objectives, such as energy-consumption,
vehicle stability, and time travelled; commonly, multiple objectives should be considered for a
safe and efficient ride. Among different objectives, while vehicle stability has to be guaranteed
by all means, efficient energy consumption is within the set of main challenges of current ve-
hicle development. The aforementioned EVs proliferation not only comes with advantages but
also raises many challenges, namely driving range. Although very important and noticeable
developments are being achieved in the battery field [15], the energy-density of fossil fuels is
still difficult to overcome. This in turn limits the driving range of EVs even if their overall
energy-production cycle efficiency is quite higher than internal combustion engines.

Combining the two trends described in each of the previous paragraphs, this thesis focuses
on the problem of energy-optimal trajectory planning of an EV. Related work include different
strategies to compute the control actuation online based on the perception from vehicle sensing.

1



1. Introduction

For longitudinal vehicle control, methods such as cruise-control have been developed and are
now widely implemented in commercial vehicles [23][38]. In this specific example, the vehicle’s
longitudinal speed is controlled according to different objectives such as energy-saving or simply
by maintaining a certain distance to the vehicle ahead, commonly referred to as eco-cruise
and adaptive cruise control, respectively. Similarly, for vehicle lateral control, methods such
as torque vectoring split the total torque among electric motors optimize vehicle dynamics
enhancing stability [33] and energy efficiency [27]. Other common example of vehicle lateral
control is the pure pursuit algorithm to follow a reference trajectory [11], nowadays already
implemented for lane-following assist maneuvers. The joint problem of longitudinal and lateral
control is however a more complex problem, given the large dimension of the set of feasible
control actuation sequences and its redundancy. Moreover, such controllers need to operate at
a fast enough rate and should be robust to uncertainties and unexpected scenarios.

1.2 Problem definition
This thesis addresses the problem of energy-optimal trajectory planning of an electric vehicle,

given a road profile, i.e. curvature, heading, and its lateral bounds, and a reference velocity
profile. The control actuators considered are the front-axle steering angle and the total torque
request. The performance attribute to optimize is the vehicle motors’ total energy consumption,
i.e. motor electrical losses and mechanical output power.

The problem is to be approached in a predictive manner, by formulating an optimal con-
trol problem (OCP) to be solved iteratively over a certain finite horizon. Specifically, model
predictive control (MPC) is the algorithm to be used [29]. This is motivated by its demon-
strated potential on trajectory planning applications due to its ability on predicting future
trajectories based on a dynamic model and including constraints on the vehicle state and in-
put sets. Emphasis will be placed on time-efficient computations, aiming to derive algorithms
that can run on real-time processors. Therefore, an efficient and robust software and control
architecture must be developed for this purpose. Finally, results are taken from a high-fidelity
vehicle dynamics software, IPG CarMaker, allowing for near-reality validation of the developed
algorithms.

1.3 Research questions
The research questions this thesis proposes to answer can be summarized as follows:
• How to formulate the MPC problem for path tracking and trajectory planning of an EV,

given path boundaries and its center line curvature profile?
• How to formulate the MPC problem for trajectory planning of an EV, for energy min-

imization? What is the decrease in energy consumption of taking the energy-optimal
path?

– How is the tuning of economic MPC resolved when energy and tracking objective
terms are considered simultaneously?

– What is the trade-off between energy efficiency and tracking of longitudinal velocity
and lane positioning?

• To what extent is it possible to enhance persistent feasibility in the proposed MPC? How
should the problem be formulated to increase feasibility?

2



1. Introduction

• How to efficiently implement MPC in a vehicle, guaranteeing realistic computational
times? How should the MPC be tuned to attain efficient computation times, e.g. in
terms of the sampling frequency, prediction/control horizon, vehicle model complexity,
etc?

• What physical phenomena are important to model in the internal controller to mimic the
behavior of a High Fidelity model (e.g., CarMaker) for the energy optimal problem?

1.4 Thesis outline
The thesis is organised as follows. Section 2 presents a detailed review on work related to this

thesis and highlights its novelty and scope. Section 3 describes theory on numerical optimal
control, transcription methods and numerical solvers for nonlinear programs, and section 4
presents the vehicle and energy consumption modelling. Previous to presenting results, Section
5 presents a general formulation of arbitrary road profiles and test scenarios. Then, Section
6 presents simulations results of the simplified problem of path-tracking, where the vehicle
objective is to track the center of the track, followed then by the counterpart on energy-optimal
trajectory planning, where the incentive on tracking the center of the path is relaxed. Finally,
Section 7 concludes the thesis.
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Literature review

Literature on vehicle motion control is extensive. Until recent years, the great majority of
related work have been in the scope of vehicle stability control, such as cruise-control and anti-
lock braking, for vehicle longitudinal control, and electronic stability control, for the lateral
dynamics counterpart. Lately, as the computational power of in-vehicle computers increases
and EVs gain traction in the market, there has been an increase in the number of technologies in
development for vehicle active control, both for vehicle stability control and energy consumption
minimization. Moreover, in those, autonomous driving scenarios are increasingly more common.

For human driving scenarios, such algorithms for active vehicle control can be predictive, i.e.
can estimate the future trajectory of the vehicle at a certain state based on dynamic vehicle
models and state and input constraints, and thus can optimise the control action in real time
according to a predefined performance index [8]. For this reason, strategies such as MPC have
been increasingly used in related literature. The authors of [32] presented a MPC approach
for the problem of vehicle stabilization at near the limit of handling. Based on the vehicle
state and radius of curvature, understeer characteristics references are tracked using MPC,
that uses longitudinal rear slip ratios as inputs. These slips, in turn, serve as a reference for a
sliding mode controller responsible for torque allocation. This architecture is shown to improve
stability in two safety-critical scenarios when compared to LQR and equal-distribution torque
allocation strategies. The same authors extended the work for the case of nonlinear MPC in
[33] and, testing in the same scenarios as in the previous paper, proved that a more accurate
nonlinear vehicle model improves vehicle dynamic behaviour. Analogously, in [35], engineers
at the vehicle manufacturer Rimac proposed a linear time variant MPC for yaw angle and
rate tracking and drift minimising. Once again, the method proved its potential in enhancing
vehicle stability. In overall, all these works show that predictive approaches outperform the
non-predictive counterpart.

With the advent of autonomous driving, the steering angle and propulsion forces can be as
well optimised, thus originating the problems of path planning and/or tracking. A common
scope for autonomous driving applications is obstacle avoidance, which can be triggered in
non-autonomous driving when suddenly sensing an obstacle in the vehicle predicted trajectory.
The work in [20] addresses this problem using NMPC for both trajectory planning and torque
vectoring, optimizing steering angle and engine propulsion torque. Obstacles are defined as
constraints in the MPC formulation and the controller minimises the distance from the center
of the track while respecting the feasible state set. In [18], the authors developed and imple-
mented active steering angle control for vehicle stabilization applied to the double-lane change
maneuver test. Results demonstrate that with such predictive approach the vehicle is capable of
negotiating the maneuver with higher entry speeds than without the predictive characteristic.
The method was tested in a real system and the computational aspects of the implementation
are thoroughly described, where it becomes clear that its burden is very high. More recently,
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[24] proposed nonlinear MPC (NMPC) to optimise steering angle and rear braking torque vec-
toring to minimise the time needed for the lateral displacement of a vehicle in the presence of
a obstacle. Results show that a faster displacement can be attained when combining braking
torque vectoring and steering angle together. In [17], instead, iterative linearization is used,
i.e. LTV-MPC, for control of steering angle and slip ratios of each wheel. At a lower level,
slip controllers then regulate the individual torque of each wheel. The developed method was
compared with an only-negative braking slip counterpart, i.e. braking torque-vectoring, having
performed better both in terms of position and velocity tracking. For the same objective, [22]
presented a two-layer NMPC architecture although without torque vectoring. At a higher level,
spatial NMPC is responsible for trajectory planning, where the translation from time to space
domain proved to ease problem formulation. The lower level control is also NMPC, although
with a higher sampling rate and a more-detailed vehicle model. Time-sampling is instead used
for simpler vehicle implementation. Results proved the success of this approach, which was
one of the earliest in the use of space-sampling in MPC. The joint problem of torque vectoring
and path planning and tracking has also been studied for racing autonomous vehicles, as in
[34]. In this work, a three layer architecture is proposed, organized by the following order:
path planning, tracking, and torque vectoring. The proposed architecture enables efficient
computation of torque allocation, by using low-level control for this task. The two upper layers
are formulated as NMPC strategies. Trajectory planning is in the space domain, offline, and
it is aimed to optimise lap-time, including the torque-vectoring-induced yaw moment in the
input vector, therefore coupling both problems. Path tracking is conversely time-based and
implemented online. Results showed that this architecture allowed for faster laps than with a
human driver. This work is inspiring due to its software architecture that simplifies each of the
NMPC formulation while still coupling the problems of path planning and tracking and torque
vectoring.

Energy-efficiency is another main objective in the development of EVs and autonomous driv-
ing is undoubtedly a platform for potential savings in this regard. When including this objective
in the problem formulation of the problems referred in the previous paragraphs, its complexity
naturally grows and computational and accuracy problems arise. This is, therefore, a still very
active research topic. In a non-predictive fashion, and solely addressing the problem of torque
vectoring, the works of [12] and [10] both present a rule-based torque vectoring algorithm. This
algorithm optimises the overall understeer characteristics based on power losses model of both
the powertrain and tire slips. The results are promising showing that the optimisation of under-
steer characteristics together with a simple set of rule-based strategies for torque vectoring can
reduce energy consumption (3%) in normal driving and improve vehicle dynamic behaviour in
cornering manoeuvres. Different control allocation strategies are presented in [37] for momen-
taneous energy minimisation of an EV over a realistic driving cycle. In this work it was found
that both offline and online optimisation approaches, the former based on look-up tables and
the latter on the analytical solution of a quadratic program include vehicle dynamics, achieved
significant savings (4%) when controlling the torque allocation of each wheel individually. All
these works demonstrate the potential of considering torque vectoring for energy optimisation
purposes. Nevertheless, none of this include predictive approaches neither include the prob-
lem of path planning and/or tracking. The authors of [27] proposed a similar architecture
for energy-efficient torque vectoring however introducing a predictive step. Firstly, offline, the
understeer characteristics are optimised based on the driver steering angle and pedals input,
together with the longitudinal torque split. Powertrain and tire slip power losses are minimised.
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Once again, it is found that this optimisation is a main driver of energy optimisation in vehicle
motion control. Then, NMPC is run online for optimal allocation of individual wheel torques.
Extensive testing of this architecture is done in different scenarios: driving cycles, obstacle
avoidance with low-friction, and racing track. Overall energy reduction due to longitudinal
torque vectoring is around 2% increasing up to 10% if in racing track scenarios involving very
dynamic maneuvers. In those, also the steering angle usage was decreased significantly. Based
on such testing and further tuning analysis, the authors conclude the power losses are mainly
in the powertrain for low-dynamics scenarios whereas for more dynamical scenarios, like race
tracks, tire slip losses are the most relevant. Finally, in the very relevant study conducted
in [25], the authors aimed to improve energy efficiency in an EV applied to the autonomous
driving case. As for vehicle stability control, NMPC was applied for path tracking and power
losses minimisation, where it was proved that predictive approaches can achieve higher energy
savings than instantaneous ones. It was however found that such optimal strategies couldn’t
outperform equal-torque-distribution due to tuning trade-offs involved in the MPC formulation.
However, this work showed a possible path for further development of this topic.

The presented survey on related literature shows that the joint problem of trajectory plan-
ning and torque vectoring has not yet been solved. This is motivated by the potential on
optimal torque distribution for tracking of optimally selected understeer characteristics. In the
scenario of autonomous driving, the complete vehicle attitude can be optimally selected, and
thus full potential on energy saving can be exploited. In previous works at Volvo Cars, different
master theses [34][44] have described the potential of predictive control for both stability control
and energy consumption minimisation, considering steering, total torque request, and torque
vectoring optimization. In the latest works of [25] and [44], torque vectoring proved promising
when applied in a predictive fashion. The results of this thesis then complement these works,
in the sense that it focuses on the simpler problem of energy minimisation optimizing steer-
ing angle and total torque request, while torque vectoring is not considered. This way, the
complexity of the problem is reduced and more emphasis can be put on fast computations for
potential vehicle implementation. The contribution is then not only to describe potential sav-
ings on energy from trajectory planning but also to document important computational aspects
if real-vehicle implementation is the goal.
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3
Numerical Optimal Control

3.1 Optimization Problem
An optimal control problem (OCP) consists of determining the best set of control inputs over

a given time period to optimize a certain performance criterion, subject to system dynamics
and constraints. The type of dynamical systems addressed in this thesis can be defined by a set
of states x ∈ Rnx and control inputs u ∈ Rnu describing the relevant properties of the system
and a differential equation ẋ = f(x,u, τ) characterizing the evolution of the states with respect
to the independent variable τ , commonly set as time, τ = t. Such dynamical systems can
evolve in time within the manifold described by f and can describe a multitude of trajectories
depending on the initial state and the control input trajectory. If one is interested in optimizing
the state trajectory over a certain time horizon, then an OCP can be formulated and solved to
obtain the optimal control input sequence with respect to the optimization objective defined in
the problem. Moreover, the OCP can consider both physical constraints arising from physical
modelling of the dynamical system and actuators as well as user-defined constraints arising
from specifications of the control design. A discrete OCP can be defined as follows:

minx0,u0,x1,u1,...,
xN−1,uN−1,xN

=
N−1∑
k=0

l(xk,uk, τk) +m(xN , τN) (3.1)

s.t. x0 − x̂0 = 0 (3.2)
xk+1 − fd(xk,uk, τk) = 0, ∀k ∈ [0, N ] (3.3)
xk ∈ X , ∀k ∈ [0, N − 1] (3.4)
uk ∈ U , ∀k ∈ [0, N − 1] (3.5)
g(xk,uk, τk) ≤ 0, ∀k ∈ [0, N − 1] (3.6)
xN ∈ Xf (3.7)

where the subscript k represents the kth discrete node of the trajectory and N is the prediction
horizon. In (3.1), l and m are the running and target costs, respectively, the latter being
also commonly referred to as the Meyer term. Regarding the constraints, x̂0 is the initial
state, fd(xk,uk, τk) represents the discretized dynamics of the systems, and X , U , and Xf are
the feasible state, feasible control input, and target sets, respectively. Additionally, nonlinear
constraints g(·) can also be defined to relate different states and control inputs together. The
illustration of an OCP solution can be seen in Fig. 3.1.

Although solving the OCP stated above yields an optimal control input trajectory, that in
reality is only optimal if there are no model-plant-mismatches arising from imperfect modelling
of the real system and unmodelled disturbances at different levels of the architecture. Therefore,
to apply optimal control online, a feedback structure is needed. The strategy of solving optimal
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(a) Control input trajectory (b) State trajectory

Figure 3.1: OCP solution example

control problems online in a feedback fashion is in essence Model Predictive Control (MPC) [29].
MPC is an optimal feedback control law that solves a finite-horizon OCP at every iteration
of the control update. It competes with traditional methods such as Proportional-Integral-
Derivative (PID) and Linear Quadratic Regulator (LQR) controllers due to its capacity of
computing optimal control inputs while operating within state and input constraints. The
MPC algorithm, illustrated in Fig. 3.2, is as follows:

• Measure or estimate current state x̂0;
• Solve OCP to find optimal control input trajectory [u∗

0,u∗
1, · · · ,u∗

N−1] based on predicted
state trajectory [x∗

0,x∗
1, · · · ,x∗

N ] given the system dynamic model;
• Apply the first optimal control input u∗

0 at the real system;
• Move the optimisation horizon one step forward and repeat loop.

(a) Control input trajectory (b) State trajectory

Figure 3.2: MPC illustration
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3.2 Solving Model Predictive Control
The OCP described in equations (3.1) - (3.7) is stated in discrete time. Nevertheless, real

dynamic systems are naturally in continuous time and they need to be discretized to be solved
by digital embedded controllers. Assuming that in reality every optimal control problem is
by its nature defined in continuous time, following the outline presented in [14], three main
approaches to address and solve such problems can be enumerated. These approaches are
called transcription methods and are the following:

• Dynamic programming [5] relies on the principle of optimality and computes a control
law for the entire state and time domains. It is however intricate to solve numerically for
high dimensional problems and therefore is often not suited to real-time implementations
when the state-space dimension is large.

• Indirect methods, such as the Pontryagin Maximum Principle [28], define a boundary
value problem from the necessary optimality conditions in the form of ordinary differential
equations (ODE). These methods are often referred to as "first optimize then discretize"
methods since the optimality conditions are written in continuous time and only after
the solution is numerically solved by discretizing the problem. The main disadvantage
of such methods is the difficulty associated with solving numerically the ODEs, due to
strong nonlinearity and instability.

• Direct methods, instead, are "first discretize then optimize" methods. They consist of
transforming the continuous optimal control problem into a nonlinear programming prob-
lem (NLP), which can then be efficiently solved by state-of-the art numerical solvers.
These methods are the most widely used methods for constrained OCPs, since they
present multiple advantages in the treatment of inequality and equality constraints.

The transcription method selected in the present thesis is the last one presented, the direct
method, due to its ease of constraint formulation and how these are treated mathematically by
the numerical solver. The other two alternatives require cumbersome implementation and are
not well suited for real-time applications, the reason for which they are discarded.

3.2.1 Nonlinear programming
In essence, direct methods reformulate an OCP

min
x(τ),u(τ)

= J(x(τ),u(τ)) (3.8)

s.t. ẋ = f(x(τ),u(τ), τ), τ ∈ [0, τf ] (3.9)
x(τ) ∈ X , τ ∈ [0, τf ] (3.10)
u(τ) ∈ U , τ ∈ [0, τf ] (3.11)
g(x(τ),u(τ), τ) ≤ 0, τ ∈ [0, τf ] (3.12)
x(τf ) ∈ Xf (3.13)

into a NLP of the form

min
w

= J(w) (3.14)

s.t. g(w) ≤ 0 (3.15)
h(w) = 0 (3.16)
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where the decision variables now assume the form of a vector of real numbers w and the entire
problem is formulated as a function of w. Among the discrete method family of transcription
methods, all apply some finite dimensional parameterization of the control input trajectory
while differing in the way the state trajectory is handled. Two different approaches can be
identified: sequential and simultaneous.

A sequential approach consists of parameterizing only the control input trajectory, commonly
assuming piece-wise constant control input value within each sampling interval. In this case,
the state trajectory is set as dependent of the control input trajectory and the initial state
and is simulated based on the ODE describing the dynamics of the system, as in the direct
single shooting method [31]. It is thus called sequential since, for each "shooting node" of the
optimization problem, it first optimizes the control input and then simulates the state evolution.
Such approach thus results in a dense problem with low dimension, with the trade-off that it
can easily make the problem highly nonlinear. Given a nonlinear ODE describing the dynamics
of the system, for large enough sampling intervals or long horizons, even slight nonlinearities in
the dynamics can induce high nonlinearities in the constraint and cost functions throughout the
integration of the equation. Such problems can be critical e.g. in the implementation of MPC
where problems can have long horizons and nonlinear functions, which disregards sequential
approaches as a candidate for the scope of this thesis.

Conversely, in a simultaneous approach, both the control input and the state trajectories are
parameterized, where optimization and simulation are performed simultaneously. Essentially,
compared with its counterpart, this approach trades nonlinearity by dimensionality where the
number of optimization variables grow, in order to include all the state trajectory, as well as
the number of equality constraints, added to ensure continuity of the state trajectory. This
approach results in high dimension problems but with a sparse structure that can be efficiently
exploited [14]. Furthermore, it usually results in faster local convergence rates and less numer-
ically instability, mainly because an initial guess of the state trajectory can be provided and
integration of the system is now performed piecewise between points that are in an arbitrarily
small vicinity of each other. Direct multiple shooting [7] and direct collocation [6] are two di-
rect methods following a simultaneous approach, and are used in this thesis. A more thorough
explanation of each of those follows.

3.2.1.1 Direct multiple shooting

Commonly to all direct methods, the direct multiple shooting method starts by parameter-
izing the control input trajectory:

u(τ) = uk, τ ∈ [τk, τk+1] .

Then, it simulates the ODE ẋ(τ) = f(x(τ),u(τ), τ) for each sampling interval [τk, τk+1] inde-
pendently. Such independent simulations at each sampling interval result in mismatch between
the target and starting points of subsequent sampling intervals. For that reason, the optimiza-
tion problem should include the set of equality constraints,

xk+1 = fd(xk,uk, τk)
x0 = x̂0 ,

where fd is an approximation of f resulting from numerical integration. Note that by including
such constraints the problem formulation remains in anyway identical to the single shooting
counterpart but with a sparser structure.
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Typically a Runge-Kutta (RK) integration scheme is used to obtain fd. The RK method
can be of different order of approximation, according to the number of slope approximations
within one sampling interval. RK4 employs a fourth order approximation of such slope and
results in the following approximation of f for each sampling interval:

p1 = f(xk,uk, τk) (3.17)
p2 = f(xk + p1/2,uk, τk + h/2) (3.18)
p3 = f(xk + p2/2,uk, τk + h/2) (3.19)
p4 = f(xk + p3,uk, τk + h) (3.20)

xk+1 = fd(xk,uk, τk) = xk + h
1
6 (p1 + 2p2 + 2p3 + p4) , (3.21)

where pi are the intermediate points where the slope is evaluated at and h is the sampling
interval length.

3.2.1.2 Direct collocation

The direct collocation method is analogous to the direct multiple shooting one, with the dif-
ference that additional intermediate points, the "collocation" points, enter the NLP as decision
variables, thus increasing the resolution of the discretization grid and consequently the problem
dimension.

The control input is treated equally as in direct multiple shooting, being parameterized per
sampling interval regardless of the finer state trajectory grid:

u(τ) = uk, τ ∈ [τk, τk+1] .

Conversely, the state trajectory is discretized both at the extremes of the sampling interval
and also at the collocation points. The placement of such points depends on the parameter-
ization chosen. One common choice is the Gauss-Legendre (third order) collocation scheme,
which consider additional points at:

τk,i = τk + hµi, ∀k ∈ [0, N ]
µ =

[
0 0.112702 0.500000 0.887298

]
,

where N is the prediction horizon of each NLP. For what follows, let xk,i denote the states at τk,i.
Once again, similarly to the direct multiple shooting method, equality constraints are necessary
to ensure the continuity of the state trajectory and need to be derived for all collocation points
[1]. At each sampling interval, a Lagrangian basis polynomial l(µ) is defined:

li(µ) =
3∏

j=0,j ̸=i

µ− µj

µi − µj

, (3.22)

which satisfies

li(µr) =

1 i = r

0 otherwise
. (3.23)

That basis can then serve to approximate the state through a linear combination,

x̃k(τ) =
3∑

j=0
lj

(
τ − τk

h

)
xk,j, (3.24)

13



3. Numerical Optimal Control

and to approximate the state derivatives at τk,i, i = {1, 2, 3},

˜̇xk(τk,i) = 1
h

3∑
j=0

l̇j(µi)xk,j . (3.25)

The state at the ending extreme of the sampling interval is:

x̃k+1,0 =
3∑

j=0
lj(1)xk,j . (3.26)

At this point it is possible to formulate the aforementioned equality constraints:

hf(xk,i,uk, τk,i) −
3∑

j=0
l̇j(µi)xk,j = 0, ∀k ∈ [0, N ], i ∈ 1, 2, 3. (3.27)

x̃k+1,0 −
3∑

j=0
lj(1)xk,j = 0, ∀k ∈ [0, N ] , (3.28)

(3.27) ensuring continuity of the state trajectory among collocation points and (3.28) doing the
same among sampling intervals.

The main advantage of this method compared to the multiple shooting counterpart is the
increase in sparsity of the problem and in robustness to instability and nonlinearity resulting
from considering more and closer points per sampling interval.

3.2.2 Numerical solvers
Once the OCP is transformed into a NLP, the local optimal solution needs to be found.

Under some assumptions on constraint qualifications, there is a local solution w∗ of (3.14) -
(3.16) that satisfies the Karush-Kuhn-Tucker (KKT) conditions that states that there exist
multiplier vectors λ∗ and µ∗ such that the following hold:

∇wL(w∗, λ∗, µ∗) = 0 (3.29)
g(w∗) ≤ 0 (3.30)
h(w∗) = 0 (3.31)

µ∗ ≥ 0 (3.32)
g(w∗)µ∗ = 0, (3.33)

where the Lagrangian is defined as:

L = J(w) + g(w)Tλ+ h(w)Tµ . (3.34)

Nearly all algorithms to solve this system of equations derive from the Newton’s method.
Newton type of optimization methods attempts to solve this system of equations in a line-search
approach based on successive linearizations of the problem. Sequential Quadratic Program
(SQP) and Interior Point Method (IPM) are two main methods of this family and are the most
established approaches for solving problems as the ones in this thesis [29].
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3.2.2.1 Sequential Quadratic Programming

SQP methods linearize the entire problem and solve an quadratic program (QP) iteratively
until convergence. The underlying QP at each iteration m is of the form

min
w

∇J(wm)T w + 1
2 (w − wm)T Bm (w − wm) (3.35)

s.t. g(wm) + ∇g(wm)Tg(w) (w − wm) ≤ 0 (3.36)
h(wm) + ∇h(wm)Th(w) (w − wm) = 0 , (3.37)

where wm is the linearization point at iteration m and Bm is either an approximation of the
Hessian or its exact value ∇2

wwL(w∗, λ∗, µ∗), depending on the nonlinearities of the functions.
Commonly, one often chooses positive semi-definite approximations of the Hessian to ensure
convexity of the QP. By doing so the problem becomes itself convex, being easier to solve.

For real-time applications, the solution of the SQP problem needs oftentimes to be outputted
within strict time requirements. Moreover, the surrounding environment to the system is nor-
mally changing dynamically and unpredictably. As a result of such circumstances, normally
one is interested in trading optimality by computational speed. One possibility is to relax the
requirement on convergence of the SQP method, meaning that less QP need to be solved. Such
alternative is denoted as real time iteration (RTI) scheme, which performs one or a reduced
number of iterations of the SQP. Furthermore, even higher reduction in computational cost
can be attained per sampling interval by performing simpler computations than in Newton’s
method, basically relying on the reuse of matrices and system factorizations [13]. It is neverthe-
less crucial to highlight that RTI depends heavily on the initial guess, meaning that it should
be always warm started, possibly with the shifted previous solution. In practice, strategies such
as running SQP for the initial part of the trajectory until convergence and then switching to
RTI can be useful to balance accuracy and computational speed.

3.2.2.2 Interior Point Method

IPM, instead, treats the inequality constraints and the complementary slackness differently,
modifying it to become:

g(w∗)µ∗ = ν, ν > 0 (3.38)
where ν is called the barrier term. Then, the constraints g are relaxed and taken into account
in the cost function, which becomes:

J(w) − ν log(−g(w)) . (3.39)

The method works as follows. It starts by setting ν high enough and solves the first problem
with the Newton’s method. The change in complementary slackness yields a solution inside
the feasible set, instead of at its boundary as it would be the case for the original KKT system
(3.29) - (3.33). This point is called the Interior Point. Then, ν is reduced and the algorithm
is once again run, a process that is repeated until convergence to the solution of the original
KKT system, apart from a numerical tolerance.

State-of-the-art solvers that implement IPM, such as IPOPT [41] and HPIPM [21], do not
actually implement the simpler IPM solver, but rather the primal-dual interior point method
(PDIPM) counterpart. Differently from IPM, PDIPM do not require explicitly the logarithmic
barrier function as in (3.39) and solutions are not necessarily feasible. Moreover, as the name
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suggests, PDIPM finds search directions for both the primal and dual variables, and update
them iteratively driving the barrier term to zero. Performance-wise, it often results in improved
efficiency and convergence properties compared with IPM, with enhanced numerical stability.
For a detailed analysis on such methods please refer to [43].

3.2.2.3 SQP vs IPM

Firstly, it is important to note that SQP needs to solve multiple QP iteratively whereas
IPM solve instead multiple linear system of equations which is cheaper. In the case the QP is
solved with an IPM, the computational cost of SQP becomes even higher. Nevertheless, the
computational expenditure does not depend solely on number of problems or iterations.

As described in [13], in all Newton type of optimization algorithms two main steps are
responsible for increase of computational cost: derivative computation and solution of the
quadratic sub-problems.

Regarding the derivative computation, the computation of the Hessian in both methods can
be very expensive in memory and in linear algebra computations for large problems, i.e. with a
high number of optimization variables. To address this problem, linear algebra operations can
be employed to exploit sparsity in matrices. Alternatively, reduction of the state space can be
employed to reduce the number of derivative computations.

On another point, there are multiple considerations to be done regarding the solution of each
QP. Different QP solvers, such as qpOASES [19] or HPIPM [21], can exploit the structure of the
problem and its associated sparsity, mainly in the case of simultaneous approaches, by using
structure-exploiting linear algebra libraries. Furthermore, the QP can be condensed [13] so that
the problem size is reduced and the problem becomes denser. Condensing a problem essentially
means to reduce its size by eliminating decision variables, namely the state trajectory in the
simultaneous approach, making it a function of the initial state and the control trajectory. This
is done while still guaranteeing the same state integration properties of the original approach,
therefore not inducing the numerical problems present in sequential approaches.

In general, taking multiple factors in consideration, if the NLP involves cheap evaluation of
functions and their derivatives, as in direct collocation, and if the initial guess is far from the
region of convergence, IPM would be preferable. Conversely, assuming the problem has a small
to medium size, SQP would be better in case of expensive function evaluations, as in direct
multiple shooting, and when good initial guesses can be provided.

3.2.3 Software
Two different software are used to solve the MPC problems in this thesis. The open source

tool for nonlinear programming and algorithm differentiation CasADi [2] is used to implement
an IPM solver, IPOPT [41], which is designed for large-scale nonlinear optimization. Given
the characteristics of IPM, casADi implements the direct collocation transcription method.
Then, acados [39], also an open source tool that implements fast solvers for NLP arising from
OCP, is used to implement an SQP solver with direct multiple shooting. The underlying
solver for each QP is the HPIPM [21], a high-performance interior-point method solver for
optimal control convex and quadratically-constrained QP. In the implementation of this thesis,
the solver considers exact Hessian approximation and partial condensing routines, outputting
solutions within a remarkably low computational time. Additionally, acados provides support
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for auto generation of C-code, which makes it specially useful for implementation on embedded
systems.

3.2.4 Practical aspects of MPC implementation
When implementing MPC, it becomes critical to guarantee both feasibility and low compu-

tational time at each iteration. To enhance these features, in both implementation the solvers
are warm started with the previous solution. This showed, as expected, great improvement in
computational efficiency.

Furthermore, since it is expected for the system to operate near the constraints, in or-
der to keep the computational complexity simple, those are relaxed and are soft constrained.
Mathematically, relaxation of constraints consists of adding a slack variable as an optimization
variable, ϵ ≥ 0 ∈ RN , and set the relaxed constraints as:

g(w) − ϵ ≤ 0

as well as adding a penalization of violation of the constraint in the cost function. This strategy
has been found to be useful to decrease the standard variation of computational times, mainly
for IPM [33], meaning that the solver faces less problems when getting closer to the constraints.

On another point, numerical stability is known to be enhanced if the domain of the operation
variables lies within the range [0, 1]. This helps avoiding matrices to be ill-conditioned, as e.g.
search directions are normalized in magnitude. To do so, all the optimization variables were
scaled as

zs = z

zmax
,

where also constraints were defined in the scaled domain. Then, when computing the cost
function, the variables were scaled inversely to penalize quantities in their original magnitude.

Lastly, when computing the cost function, high values can be attained, which can be heavy
in memory and linear algebra computations. For that reason, at each instant, the cost functions
can be scaled by a high enough value to reduce their size in magnitude, as e.g.

Js = J

Jmax
,

where the scaling factors do not need to be accurately chosen since they impact the entire value
of the cost function thus .not changing therefore the relative weight of each term.
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4
Vehicle modelling

This chapter outlines the chassis and tire models that are used to describe the vehicle dy-
namics. Secondly, energy dissipation in the powertrain is presented alongside models of the
electric motor and tire power losses. Finally, the MPC problem is reformulated in the spatial
domain and its formulation presented.

4.1 Global coordinate system

The vehicle pose (xI ,yI ,ψ) with respect to the inertial frame can be obtained as:ẋ
I

ẏI

ψ̇

 =

cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1


vx

vy

r

 (4.1)

where vx, vy, and r are the longitudinal and lateral velocities and the yaw rate of the vehicle.

4.2 Curvilinear coordinate system

Figure 4.1: Reference path and curvilinear coordinate system variables

If a certain path is given, as in Fig. 4.1, the vehicle position (highlighted by the red dot in
the figure) can instead be defined relative to it, for ease of problem formulation. Let s, d, and
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4. Vehicle modelling

∆ψ = ψ−ψs be the distance travelled along the path, the lateral displacement from s, and the
local heading angle, respectively. Once defined the states relative to path, analogously to [22],
[20], and [9], the kinematics of these variables are described by the equations

ṡ = vx cos(∆ψ) − vy sin(∆ψ)
1 − κ(s)d (4.2)

ḋ = vx sin(∆ψ) + vy cos(∆ψ) (4.3)
∆ψ̇ = r − κ(s)ṡ , (4.4)

where κ(s) is the curvature of the path at s.

4.3 Chassis model
In this work, the chassis model that is selected to describe the vehicle dynamics is the single-

track model [4], also known as bicycle model. The main reason for such decision is that, since
this project aims for a real-time implementation in a test vehicle, model simplicity plays a role
in the feasibility of such implementation considering the available computational capabilities.

The single-track model, illustrated in Fig. 4.2, is a two-wheel representation of the chassis.

Figure 4.2: Single-track model

Consider a planar road with zero slope and bank angles. From Newton’s second law applied
to forces and moments, and taking into account the rotating coordinate frame attached to the
center of mass of the vehicle, the resulting equations of motion are:

v̇x = Fx

m
+ vyr (4.5)

v̇y = Fy

m
− vxr (4.6)

ṙ = Mz

Izz

, (4.7)
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where Izz is the rotational inertia around the z-axis. The total forces acting on the center of
mass are:

Fx = cos(δ)Fx,f − sin(δ)Fy,f + Fx,r − Frr − Faero (4.8)
Fy = cos(δ)Fy,f + sin(δ)Fx,f + Fy,r (4.9)
Mz = lf cos(δ)Fy,f + lf sin(δ)Fx,f − lrFy,r , (4.10)

where Fx,i and Fy,i are the longitudinal and tire forces, δ is the steering angle, li is the distance
from the center of mass to the front (f) and rear (r) axle, all respective to wheel i ∈ {f, r}.
Finally, Frr and Faero are the rolling resistance and the aerodynamic drag, respectively.

Given the nature of the bicycle model, only the longitudinal load transfer can be modelled.
In order to accurately model it, a dynamic equation should be considered depending on the
acceleration and the suspension parameters. To do so, load transfer should be added as a state,
thus increasing the model complexity and dimension. Therefore, to keep model simplicity,
static load transfer is considered and modelled as:

Fz,f = mglr
lf + lr

(4.11)

Fz,r = mglf
lf + lr

, (4.12)

where Fz,i is the normal tire force of wheel i = f, r.

4.3.1 Rolling Resistance
The rolling resistance as a resistive force emerges as a consequence of the tire carcass deflec-

tion and hysteresis. During the rotation of the tire, the rubber deforms when contacting the
ground. The energy involved in this deformation is not completely released when leaving the
ground due to internal damping in the tire. This leads to a front-biased pressure distribution
that generates a moment that opposes the wheel rotation [26] and can be described as a force
by:

Frri
= −Fzi{qsy1 + qsy2

Fxi

Fz0
+ qsy3||

vxi

vref

|| + qsy4(
vxi

vref

)4} , (4.13)

where Fzi is the normal load of the tire, r0 is the unloaded tire radius, qsy1, qsy2, qsy3 and qsy4
are fitting parameters, Fz0 and vref are the reference normal load and longitudinal speed of the
tire for which measurements were conducted. This model is however highly nonlinear, which is
not according to the design requirements of this work. Taking into account the nonlinearity of
the last two terms, the fact that the third term is not differentiable, and the reduced relative
importance of terms qsy3 and qsy4, the model is thus simplified to:

Frri
=
{

−Fzi{qsy1 + qsy2
Fxi

Fz0

}
. (4.14)

4.3.2 Aerodynamic Drag
The motion of vehicles is developed within air as fluid. As a result, a resistance that opposes

the motion of the vehicle between the air and the vehicle is generated. Such resistance can be
decomposed in pressure drag and friction drag.
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Friction drag arises from the shear stress between the air and the surface of an object as it
moves through the air. This force is caused by the resistance of the air molecules directly in
contact with the surface of the vehicle and is proportional to the surface area of the object.

Pressure drag, on the other hand, is caused by the difference in pressure between the front
and rear of the vehicle as it moves through the air. This pressure difference creates a force
perpendicular to the direction of the flow, which is known as the pressure drag.

Generally, given the aspect ratio of vehicles, they are considered as bluff bodies which leads to
pressure drag being the main factor that drives the overall aerodynamic resistance [3]. Friction
drag, on the other hand, is neglected given its low magnitude. Pressure drag force is modeled
as:

Faero = 1
2ρcDAfv

2
x (4.15)

where ρ, cD, and Af are the air density, drag coefficient, and vehicle frontal area, respectively,
and are constant parameters. Note, however, that such model is an approximation since it
disregards wind direction and speed relative to the vehicle.

4.4 Tire model
Throughout time, different deterministic and empirical tire models have been developed to

describe the physics of the tires and its interaction with the road. One example of a deterministic
tire model is the brush model where the forces provided by the rubber considering a stiff carcass
is defined by sliding and adhesion regions in the contact patch. In this work, nevertheless, due
to its accuracy and practicality, the empirical Pacejka tire model is considered [36]. Here, such
model, defined in [26], is simplified to the following expression:

Fx,i = fx(σx,i, µ, Fz,i) (4.16)
Fy,i = fy(σy,i, µ, Fz,i) . (4.17)

However, in order to maintain the complexity low by avoiding model non-linearities, the tire
model that is used is the linear tire, defined as:

Fx,i = Cσx,i
σx,i (4.18)

Fy,i = Cσy,i
σy,i (4.19)

The linear model’s longitudinal and cornering stiffness coefficients C can be calibrated using
the Pacejka’s model by obtaining the slope of the latter at slip 0, as illustrated in Fig. 4.3 by
the dotted line.

4.4.1 Tire slip and wheel dynamics
Tire slip, which is defined as the difference between the translational velocity of the wheel

hub and the wheel tire at the contact point with the road, is generated during the application
of braking or propulsive torque, as well as wheel steering [26]. The velocity of each wheel in its
local coordinate system, vx,i, vy,i, is described by:[

vx,i

vy,i

]
=
[

cos(δi) sin(δi)
− sin(δi) cos(δi)

]([
vx

vy

]
+ r

[
−ly,i

lx,i

])
, (4.20)
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Figure 4.3: Linear and Pacejka’s Tire Force vs Slip models and Cornering Stiffness
estimation.

where ly,i and lx,i are the longitudinal and lateral position of wheel i ∈ {f, r} with respect to
the center of mass. The longitudinal and lateral slip ratios are then defined as [4]:

σx,i = r0wi − vx,i

vx,i

, (4.21)

σy,i = arctan(vy,i

vx,i

) . (4.22)

On the other hand, the wheel dynamics are modelled as:

Iwẇi = Ti − r0Fx,i ,

where Iw is the wheel inertia, r0 is the undeformed wheel radius, whereas Ti and Fx,i are the
torque allocated and tire force respective to wheel i ∈ I.

However, analogously to the load transfer in the chassis model, the wheel dynamics have not
been included in the tire model. Considering wheel dynamics would entail increasing system
complexity and nonlinearity, as well as increasing state dimension where two more states would
be needed. As a result, longitudinal slip is considered as zero and the wheel dynamics definition
gets simplified to the following expression:

Ti = r0Fx,i . (4.23)

4.5 Energy consumption
The energy consumed by an electric vehicle is the result of the energy required to overcome

road and environmental elements such as road slope, tire slip, and aerodynamics. Additionally,
the path that the energy stored on batteries needs to pass to be delivered at the wheels by
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the electric motors faces a series of inefficiencies contained in all the elements that are between
the batteries and the road, such as the batteries itself, the inverter, the electric motors, the
gearboxes and the tires. Electrical components, such as the batteries, the inverter and electric
motors, manifest this inefficiency in the form of heat. On the other hand, mechanical compo-
nents such as gearboxes and tires manifest this inefficiency in the form of heat, deformation and
slippage between the tire and the road. In this regard, Fig. 4.4 displays a simplified overview
of the energy flow from the batteries to the road.

Figure 4.4: Energy flow diagram.

Given the dynamics modelled and presented previously, apart from the electric machine
losses, the remaining losses result from the tire and aerodynamic resistive forces. It is therefore
possible to state the following power balance equations that apply for this system:

P = Pmech + Pel.loss (4.24)
Pmech = Pinertia + Ptire loss + Paero . (4.25)

Here, the total power that the battery needs to deliver to the motor is a result of both the
mechanical power Pmech needed for vehicle propulsion and the associated losses Pel.loss from the
electric machines, i.e. motors and inverter. In turn, Pmech is the result of the inertial power
Pinertia, induced by the longitudinal and lateral accelerations of the vehicle, the tire power losses
Ptire loss and aerodynamic power losses Paero. Following, a description of each enumerated power
is presented.

4.5.1 Electric power losses
Commonly, electric motors have a high efficiency throughout the entire operating range

in comparison to other technologies, such as internal combustion engines. However, in the
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scope of this work, a detailed profile of the efficiency across its operating range is required
to capture accurately the the most efficient operating points at a given angular speed. Given
efficiency operating points measured experimentally, and assuming symmetry around motor
torque, provided by Volvo Cars, a curve was fitted to model continuously the electric losses of
the electric machines, motor and inverter. The basis function chosen for the fitting is a 5th
order polynomial in motor rotational speed ω and 2nd order in motor torque, T :

Pel.loss(ω, T ) = p00 + p10ω + p01T + p20ω
2 + p11ωT + p02T

2 + p30ω
3 + p21ω

2T (4.26)
+ p12ωT

2 + p40ω
4 + p31ω

3T + p22ω
2T 2 + p50ω

5 + p41ω
4T + p32ω

3T 2 (4.27)

whose fitting is illustrated in Fig. 4.5.

Figure 4.5: Electric machine losses map.

4.5.2 Mechanical power
The mechanical power outputted from the motor can be computed as a function of its

rotation speed wM and torque TM

Pmech = Pinertia + Ptire loss + Paero = wMTM , (4.28)

where wM can be computed from the wheel rotational velocity for each axle. This formulation
will be useful for the formulation of the cost function later on.
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4.5.2.1 Inertial power

The inertial power considered in the controller model is only due to the vehicle mass, the
inertia of rotating parts, such as wheels, not being considered. It can therefore be computed as

Pinertia = m (axvx + ayvy) . (4.29)

Nevertheless, in the analysis in Section 6, the inertial power is computed considering as wheel
the wheel inertia.

4.5.2.2 Tire power losses

The energy losses coming from the tires that are considered in this work are attributed to
two physical phenomenons: tire slip and rolling resistance. Note that all the following losses
are necessarily positive, describing the power dissipation in each of the source.

The losses due to tire slip are decomposed in longitudinal and lateral slip losses and are
defined as:

Psx =
4∑

i=1
Fxi(rewi − vxi) (4.30)

Psy = −
4∑

i=1
Fyivyi , (4.31)

whereas the losses due to rolling resistance are defined as:

Prr =
4∑

i=1
−Frri

r0wi . (4.32)

As a result, the total energy loss coming from the tires is defined as:

Ptire loss = Psx + Psy + Prr , (4.33)

In this regard, considering that the longitudinal slip is zero since wheel dynamics are not
modelled, the longitudinal slip losses are not minimized and are considered as zero.

4.5.2.3 Aerodynamic power losses

Inline with the aerodynamic drag definition given previously, the losses given by the aero-
dynamic resistance are given by:

Paero = Faerovx . (4.34)

4.6 Spatial formulation
The curvilinear coordinate system is used to formulate the controller state space. The main

advantage of this reference system is that the path constraints, which can be of cumbersome
definition in the global coordinate system, become state constraints in the form of bounding
boxes, easing problem formulation.
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The state space is then a combination of the kinematic states of the curvilinear coordinate
system - s, d, ∆ψ - and the vehicle dynamics states - vx, vy, r. Additionally, the input vector
is lifted in order to be possible to constrain and penalize the actuators. The state and control
vector are thus defined as:

x =
[
s d ∆ψ vx vy r δ T

]T
(4.35)

u =
[
δ̇ Ṫ

]T
. (4.36)

The actuators are front-axle steering angle δ, common to both wheels, and total propulsion
torque T .

In a following step, a spatial transformation is applied relating the evolution of the state to
another independent variable, the distance travelled along the path s. Note that this variable
is a state in the curvilinear coordinate system, which allows one to eliminate it when sampling
in space, yielding the reduced state vector:

x =
[
d ∆ψ vx vy r δ T

]T
. (4.37)

The transformation is as follows:

x′ = 1
ṡ
f(x(s),u(s), s) = (4.38)

= 1 − κ(s)d
vx cos(∆ψ) − vy sin(∆ψ)



vx sin(∆ψ) + vy cos(∆ψ)
r − κ(s)ṡ
Fx

m
+ vyr

Fy

m
− vxr
Mz

Izz

δ̇
Ṫ


(4.39)

= fs(x(s),u(s), s) , (4.40)

where x′ is used to denote dx
ds

, ṡ is defined as in section 4.2, f are the dynamics of the reduced
state-vector in (4.37) in time domain, and fs denote the dynamics sampled in space.

Sampling in space comes with different advantages and disadvantages. Starting from the
latter, spatial formulation of the dynamics introduce a numerical singularity when the car is
stopped, i.e. ṡ = 0, making it not possible to run MPC problems from stationarity. Secondly,
the dynamics nonlinearity is increased by the pre-multiplication of the factor 1

ṡ
. Nonetheless,

it also comes with important advantages. Note that the state was reduced, which is specially
important for the MPC framework, representing a reduction of overall problem dimension
that can lead to faster solutions. Furthermore, recall the path is described by its curvature. If
sampling in time, curvature is a function of the state s whereas when sampling in space curvature
becomes a function of the independent variable, which avoids problems when integrating the
dynamics. This is specially useful for long horizon MPC problems.
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5
Track Modelling

As illustrated in Fig. 4.1, the vehicle position is defined relative to a given path. The
present section describes the definition of such path and how to obtain its curvature from XY
measurements, necessary for the curvilinear coordinate system representation, as well as how
does the vehicle localizes itself in relation to the path since the available sensors cannot directly
measure the states s, d, and ∆ψ.

5.1 Track description
Assuming the starting position (xs,0, ys,0) and heading (ψs) of the path in the inertial frame

are known, its coordinates in the same frame relate to the curvature κ(s) along the path s
through the following kinematic expression:

x′
s = cos(ψs) (5.1)
y′

s = sin(ψs) (5.2)
ψ′

s = κ(s) . (5.3)

Analytical expressions can be implemented for such approach. E.g. say that one parame-
terizes the path around a certain point and that the parameterization γ(s) = (xs(s), ys(s)) is
twice differentiable. Then, the formal definition of curvature could possibly be applied:

κ = x′y′′ − y′x′′

(x′2 + y′2)
3
2
.

It is however cumbersome to find the parameterization γ and could result in nonsmooth varia-
tion of the curvature.

Alternatively, the “three-points circle” approach can instead by applied. This approach
involves selecting three neighbouring points of the path and defining a circle that includes all
those points. In that case, the curvature would simply be k = 1

R
, where R is the radius of the

fitted circle. This approach is much simpler than the previous one, resulting however in very
noisy variation of the curvature.

Instead, one can make use of the kinematic system of equation (5.1) - (5.3) and estimate
the curvature by solving an optimization problem that fits XY coordinates. This way, proper
penalty on curvature rate can be set making it smoother along the path. The state space
formulation for this optimization problem is as follows:

x =
[
xs ys ψs

]T
(5.4)

u = κ , (5.5)
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where

x′ =

cos(ψs)
sin(ψs)
κ

 . (5.6)

The optimization problem is therefore written as:

minxs,0,u0,xs,1,u1,...,
xs,L−1,uL−1,xs,L

=
L−1∑
k=0

(xr
s,k − xs,k)2 + (yr

s,k − ys,k)2 + qκ(κk+1 − κk)2 (5.7)

+ (xr
s,L − xs,L)2 + (yr

s,L − ys,L)2 (5.8)
s.t. xs,0 − xr

s,0 = 0 (5.9)
xk+1 − fκ(xk, uk) = 0, ∀k ∈ [0, L] (5.10)

where L is the number of samples along the entire path, fκ can be obtained applying the
Euler method to discretize (5.6), xr

s,k and yr
s,k are the path reference XY coordinates, and qk is

the penalty on the curvature rate whose tuning allows for trading offset in XY for curvature
smoothness. Note that constraint (5.9) is not strictly necessary since it is also possible that the
initial measurement is either noisy or inaccurate. Optionally, it could be replaced by

xs,f − xs,0 = 0 , (5.11)

which instead ensures periodicity in the fitted path. The problem is then solved with the IPM
in CasADi for convenience and due to its large dimension.

5.2 Localization and orientation
Measuring the state vector is constrained to what signals are available. Commonly, GPS and

IMU measurements are available in the vehicle, providing the controller with full information,
although noisy, of the vehicle pose, velocity and acceleration. When using the curvilinear
coordinate system, instead, the states d and ∆ψ need to be obtained from the aforementioned
signals. Such problem can be denoted as location and orientation given the reference path.

Figure 5.1: Projection onto the line segment between the nearest neighbours of the vehicle
XY position.

The designed approach is as follows. At every sampling instant, the controller uses the
longitudinal and lateral global position of the vehicle to determine how far it has travelled

30



5. Track Modelling

along the path. In detail, this is done by a brute search method to find the nearest neighbours
based on the Euclidean distance between the pair of current position (x, y) and all the pairs
in the neighborhood. Once the nearest neighbours are found, the center of mass of the vehicle
is projected onto the line segment that unites them, as illustrated in Fig. 5.1. At this point,
having located the vehicle in the path, linear interpolation is applied to obtain d and ψs, the
latter yielding subsequently the value of ∆ψ. It is, however, important to highlight that the
linear interpolation can lead to slightly nonsmooth variation of the estimated values. For that
reason, when implementing this module, a low pass filter is used to mitigate this effect.
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6
Simulation results

This section presents the results from simulations in a high-fidelity simulation environment,
IPG CarMaker. Firstly, in order to speed up the tuning process of the controller, both in terms
of selection of the penalisation of the different terms in the cost function and the update rate,
the controller was tested in a lower fidelity plant consisting of a double-track chassis model [4]
with nonlinear Pacejka’s tire model [26] and load transfer [42], with similar parameters to the
ones in IPG CarMaker. Once selected the tuning, results were then taken with the high-fidelity
model to simulate real vehicle testing. It is also important to state that all results are taken
from a laptop computer with the Intel i9-9880H processor with 2.30GHz clock frequency and
32GB of RAM.

Two control strategies were implemented and simulated. First, the controller was tuned for
path tracking, i.e. the vehicle was controlled to track the center line of the road and a reference
velocity profile. Here, the basic performance of the controller implementation was validated
and the performance of two different software and respective numerical solvers for real-time
applications was assessed. Furthermore, still for this first application, results are also presented
with the so called real time iteration variant of sequential quadratic programming, where the
trade-off between optimality and computational speed is discussed. Then, building on the
findings from the previous tests, the most promising software was chosen and simulations were
repeated this time for energy-optimal trajectory planning, meaning that deviations from the
center line and reference velocity are allowed to prioritize energy consumption minimisation.
The results of this second study, instead, aim to quantify the potential for energy saving, to
analyse the applicability of the developed methods for real-time applications, and to validate
and describe the limitations of MPC for this application.

6.1 Test scenario
The test scenario considered to perform simulations consists of a test track and a test vehicle.

The test track, illustrated in Fig. 6.1a, is a digital representation of a real test track and consists
in a 830m long and 4.6m wide flat road, i.e. with zero-slope. The test track’s curvature profile
is illustrated in Fig. 6.1b, obtained as explained in Section 5. To illustrate the goodness-of-fit
of the results, the deviation from the fitted path coordinates to the reference path is plotted in
Fig. 6.1c. In average, the deviations were of less than 5 cm, apart from a higher deviation on
the final part of the track, due to accumulated errors and absence of periodicity constraints. It
is important to highlight that the curvature of each corner increases sequentially, thus gradually
increasing the dynamics that the vehicle has to meet throughout the test track. On the other
hand, the test vehicle is illustrated in Fig. 6.2 and has the specifications displayed in Table
6.1. It is important to highlight that the test vehicle has four motors, one per wheel. As stated
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in section 4, the total propulsion torque is minimized. In this implementation, this value is
divided in four equal torques which are requested to each of the motors.
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Figure 6.1: Test scenario
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Table 6.1: Test Vehicle and Scenario Specifications

Parameter Value
m 2159 kg
Izz 4858 kgm2

lf 1.52 m
lr 1.22 m
δmax 0.6872 rad
δ̇max 0.5454 rad/s
ax,max 3 m/s2

ay,max 3 m/s2

Figure 6.2: Test vehicle.

6.2 Path tracking

For this section in specific the MPC tuning is set as follows, where nomenclature refers to
the one presented in Section 3. The cost function is quadratic with terms,

l(x,u, ϵ, s) = (x − x̄(s))TQ(x − x̄(s)) + uTRu + ϵTZϵ (6.1)
m(x, ϵ, s) = (x − x̄(s))TQf (x − x̄(s)) + ϵTZϵ , (6.2)

where Q, R, Zs, and Qf = Q are diagonal matrices with penalties in the following terms

Q1,1 = 104, Q3,3 = 101, qδ̇ = 103, qṪ = 10−4, Z1,1 = 103, Z2,2 = Z3,3 = 102 (6.3)
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The feasible set is constrained with a set of box and nonlinear constraints, with the respective
slack variables,

δ(s) ∈ [−δmax, δmax] (6.4)
δ̇(s) ∈

[
−δ̇max, δ̇max

]
(6.5)

d(s)2 ≤ dmax + ϵ1(s) (6.6)
ax(s)2 ≤ a2

x,max + ϵ2(s) (6.7)
ay(s)2 ≤ a2

y,max + ϵ3(s) , (6.8)
where dmax is the maximum track width after subtracting the vehicle width and ax,max and ay,max
are the maximum longitudinal and lateral acceleration defined in Table 6.1, all the constrains
being applied ∀s ∈ [s(0), s(N)].

Conversely to the constraints on steering actuation and road boundaries, which come from
physical characteristics of the system, the constraints on acceleration are included to guarantee
that the controller dynamic model is valid within the vehicle’s operating region. It should
be recalled that the controller considers a single-track chassis and linear tire model, which
has limited capacity to represent lateral load transfer and tire forces in the presence of high
slip angles and ratios. By constraining the accelerations, the vehicle is constrained to operate
in the nearly linear region, as illustrated in Fig. 4.3. Although there are other remaining
model mismatches, the model mismatch on tire model assumes a special importance since the
simplified model considers unlimited available force from tires as a function of slip, which can
lead to divergence issues when near the real force saturation limit.

Another important point to highlight from the formulation above is that, for this application,
the penalisation on steering rate, qδ̇, is particularly high. Recall that the only objective at this
stage is the tracking of the center of the path and the reference velocity profile. Nevertheless,
the cost function itself does not contain a clear incentive on smooth driving and performance in
terms of vehicle dynamics such as energy or slip related terms. Without it, the solver can fully
exploit input actuation to attain the (local) minimum at each iteration, which can result in
noisy actuation even if informative initial guesses are provided. For that reason, R was chosen in
order to guarantee smooth actuation across all test scenarios. Still referring to weight selection,
Qf is set as Qf = Q and the target set is equal to the feasible set. More emphasis could
have been put on studying the proper definition of these quantities. However, for simplification
reasons, it is let as future work and possible directions as described later in Section 7.

Regarding the selection of the prediction horizon, it is critical that the look-ahead distance,
Sf , is chosen as further as possible so that the vehicle can understand the entire corner profile
as soon as possible. There are, however, two limitations. Firstly, the study should remain
realistic, meaning that very long horizons that are not feasible from the sensing perspective
should be avoided. Secondly, to avoid large sampling intervals, ∆s, which can be problematic for
the dynamics discretization, the horizon length needs to increase with the look-ahead distance
of the controller. That implies longer computational times and higher dimensionality of the
problem, representing a trade-off between look-ahead distance and computational speed and
robustness. The update rate of the controller, look-ahead distance in meters, Sf , and the
horizon length, N , with which the following results of this section were taken are as presented
in Table 6.2.

Finally, the reference state vector, x̄(s) is set as

x̄(s) =
[
0 0 v̄x(s) 0 0 0 0

]
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Table 6.2: Path tracking MPC tuning of update rate and prediction horizon

Software (Solver) Sf [m] N Update rate
casADi (IPM) 50 25 5 Hz
acados (SQP) 50 25 20 Hz

acados (SQP-RTI) 50 25 40 Hz

where v̄x(s) is the reference longitudinal velocity. For high velocities the vehicle’s lateral ac-
celeration on the chosen test scenario, assuming perfect tracking of the center of the line, can
reach values very much higher than 3 m/s2. One can take the example of the last corner, with
the highest curvature, and assume steady state cornering conditions with vx = 70 km/h. For
this road geometry and vehicle velocity, the vehicle would be subject to a lateral acceleration of
slightly over 10m/s2. Since the vehicle’s acceleration is constrained to 3 m/s2, in order to attain
feasibility in the optimization problem, the vehicle’s trajectory needs either to deviate from the
path’s center line to reduce the curvature of its trajectory or reduce the longitudinal velocity,
which will equivalently decrease lateral acceleration. Note that the former is not desirable for
the path tracking application, meaning that longitudinal control is then the remaining degree
of freedom to ensure the feasibility of trajectories. Given that fast computations of MPC are
highly dependent on the initial guess and how close it is to the optimum, in order to enhance
the solver performance, v̄x is therefore updated for each node of the horizon as follows:

v̄x(s) = min
{
V̄x,

√
ay,max

∥κ(s) ∥
}
, (6.9)

where V̄x represents the global reference velocity, set as constant for each test. In such man-
ner, assuming the vehicle tracks the path, the reference acts as offline prior knowledge of the
trajectory described by the vehicle and computational efficiency is enhanced.

6.2.1 Comparison between casADi (IPM) and acados (SQP)

Results for two velocities are presented to illustrate two different testing scenarios: V̄x = 30
km/h and V̄x = 70 km/h, simulating smooth and more dynamic driving, respectively. The
test procedure is as follows. Due to the spatial formulation, MPC cannot be run at zero or
near-zero longitudinal velocity. Thus, the IPG CarMaker Driver Model, which can control
both longitudinal and lateral vehicle dynamics, is initially activated and drives the vehicle until
it reaches the reference longitudinal velocity. After that, MPC is activated and assumes the
control for the rest of the simulation time. To highlight the MPC triggering time instant, all
plots below contain a vertical line indicating it.

Starting with results at V̄x = 30 km/h, those are presented in Fig. 6.3. Note that the
tracking is quite accurate in both metrics. No relevant differences between implementations
can be observed, mainly due to the fact that the vehicle is not operating near the constrains
and the velocity profile is constant. Then, Fig. 6.4 and 6.5 present an analysis on lateral and
longitudinal control, respectively. Smooth performance is observed in both figures and for both
implementations, as expected. Finally, Fig. 6.6 presents a histogram of computational time
per feedback loop iteration. Here, conversely, the difference among solvers is significant, acados
performing approximately 10 times faster than casADi. As discussed in Section 3, this difference
is as expected. The casADi solver, IPOPT, is proper for large-scale nonlinear programming,
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whereas acados employs the HPIPM solver for each of the QP from the SQP algorithm, which is
tailored for efficiently solving small to medium sized QP arising from optimal-control problems.
Therefore, this being a medium size problem, in specific having N(nx + ns) + (N − 1)nu =
20×(7+3)+19×2 = 238 variables, it is then possible to argue that casADi slower performance
is as expected.

(a) Longitudinal velocity (b) Lateral displacement

Figure 6.3: IPM vs SQP: Reference tracking at V̄x = 30 km/h.

(a) Steering angle (b) Lateral acceleration

Figure 6.4: IPM vs SQP: Lateral dynamics at V̄x = 30 km/h.

Next, more dynamic maneuvers were tested by setting V̄x = 70 km/h. The same set of
results as for the previous case is now presented. Note that the tracking results in Fig. 6.7 have
now a more dynamic behaviour, specially the longitudinal velocity where the reference is now
constrained as in (6.9). Such reference is not accurately tracked along the entire path, by none
of the implementations. This is due to the longitudinal acceleration constraint, as illustrated
in Fig. 6.9b. Looking at the section of the path around 200m, relative to the first corner as
it can be understood from Fig. 6.1, the controller brakes in advance in order to respect the
-3 m/s2 constraint on longitudinal acceleration. This is thus as expected and validates the
implementation of the controller. Regarding the tracking of the center of the path, the vehicle
now faces a more difficult scenario, where longitudinal dynamics and lateral dynamics come
simultaneously into play. At the expense of worse tracking of reference longitudinal velocity
in corners, see Fig. 6.7a, casADi implementation yields less deviation from the center of the
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(a) Motor torque (b) Longitudinal acceleration

Figure 6.5: IPM vs SQP: Longitudinal dynamics at V̄x = 30 km/h.

Figure 6.6: IPM vs SQP: Computation time histogram at V̄x = 30 km/h

path than its counterpart. Conversely, results with acados yielded better tracking in velocity,
at the expense of more corner cutting. However, in overall, one can say the solutions are rather
similar in terms of reference tracking.

Instead, from the vehicle dynamics perspective, the implementations differ significantly
mainly regarding lateral control. Looking at Fig. 6.8, one can conclude that the casADi imple-
mentation yields less stable steering angle usage than its counterpart. This is well understood
both in the first straight-road section, before 200 m, as well as when it hits the constraints, as
in Fig. 6.8. The same conclusion applies when looking at longitudinal dynamics in Fig. 6.9.
Such difference is motivated mainly by the slower update rate of the casADi implementation,
since, in case of model mismatch, too slow update rates can make the system’s feedback loop
too slow to compensate from deviation from the reference leading to an oscillatory behaviour.

Comparing both scenarios, one can then conclude that acados is better suited for this problem
given the faster computational time and, consequently, the faster controller update rate.
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(a) Longitudinal velocity (b) Lateral displacement

Figure 6.7: IPM vs SQP: Reference tracking at V̄x = 70 km/h.

(a) Steering angle (b) Lateral acceleration

Figure 6.8: IPM vs SQP: Lateral dynamics at V̄x = 70 km/h.

(a) Motor torque (b) Longitudinal acceleration

Figure 6.9: IPM vs SQP: Longitudinal dynamics at V̄x = 70 km/h.

6.2.2 Comparison between SQP and RTI
The present thesis has the main focus of achieving fast computational times in the compu-

tation of MPC problems. In the previous section, acados results achieved the promising mark
of around 10 ms per iteration, in average. This section builds on top of that and presents a
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Figure 6.10: IPM vs SQP: Computation time histogram at V̄x = 70 km/h

comparison between SQP and RTI as solver methods and what’s the trade-off between opti-
mality and computational time. Recall RTI represents essentially the same solving method as
SQP, being the solution of the first QP of the SQP method. It is therefore expected that RTI
is considerably faster.

Figure 6.11: Comparison between SQP and RTI solutions at V̄x = 30 km/h

The results obtained are similar between both implementations. For that reason, this section
presents the results in the form of the absolute deviation of the RTI solution relative to the
SQP one, illustrated in Fig. 6.11 and 6.13, for V̄x = 30 km/h and V̄x = 70 km/h, respectively.
Looking at both figures, one concludes that deviations are rather small, in both cases, apart
from a slight difference in longitudinal control at V̄x = 70 km/h. The great advantage of
this method is thus the reduced average computation time per iteration without major loss of
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optimality. In the test bench used, which the authors are aware to be of very high computational
power, RTI computational times were below 5ms, remarkable for MPC online computations.
This presents a possibly viable solution to implement in a real vehicle, where the available
computation power is constrained.

Figure 6.12: Comparison between SQP and RTI computation time histogram at V̄x = 30
km/h

Figure 6.13: Comparison between SQP and RTI solutions at V̄x = 70 km/h

6.2.3 Comparison between MPC and Pure Pursuit Control
For the large majority of lateral vehicle control of nowadays applications, Pure Pursuit

Control (PPC) is probably the most commonly implemented algorithm. Its main advantage is
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Figure 6.14: Comparison between SQP and RTI computation time histogram at V̄x = 70
km/h

its computational and algorithmic simplicity and capacity of delivering smooth performance.
In essence, PPC works as follows. A look-ahead time is defined and based on the current
velocity and the path coordinates, a point ahead in the path is selected as the target point of
the maneuver at a certain sampling instant. Then, based on that, a PI-type controller can be
set to drive the vehicle to this reference point.

Previous studies at Volvo Cars Cooperation implemented PPC for lateral control, e.g. [34]
and [16]. For longitudinal control, when tested in the IPG CarMaker environment, these works
used its embedded Driver Model responsible to define and track the reference longitudinal
velocity. The velocity planning algorithm relies on constraining the speed profile for the full
track, i.e. it considers global a priori knowledge of the test scenario. It first saturates the
initial V̄x as it is done in (6.9) according to the constraints on acceleration, and then smooths
the curve to attain comfort driving, given jerk constraints. Then, the new reference is tracked
with a PI-type of controller. For this test, although MPC does not include jerks, the limits on
acceleration are set equivalently on both implementations.

Conversely to PPC, MPC optimises the longitudinal velocity based on a limited prediction
horizon, which is therefore sub-optimal since only limited information is available. To under-
stand how MPC performance compares with PPC, results are presented below analogously to
the aforementioned ones, and, for simplicity of analysis, only the acados (SQP) implementation
is presented.

The analysis is in every sense analogous to what was previously presented, the plotting
structure and organization being the same. Fig. 6.15 to 6.17 present the analysis at V̄x = 30
km/h while Fig. 6.18 to 6.20 are relative to V̄x = 70 km/h.

In the normal driving scenario, at V̄x = 30, the results of both control strategies are similar
both in terms of tracking and in terms of vehicle dynamics performance. One important point
to highlight is the slight difference in lateral displacement from the center of the track, in Fig.
6.15a. Note that MPC results deviate to the inner side of every corner, given its penalisation on
steering rate. Therefore, given its predictive and optimal nature, it presents this minimal corner
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cutting effect. Conversely, PPC acts like a PI-type of controller, and therefore deviations are not
of the same type. Nevertheless, it is important to note that the magnitude of such deviations is
small. On another point, PPC results present a noisier steering actuation, see Fig. 6.16. This
is mainly due to the nature of the controller, acting proportionally on the lateral displacement,
without any penalisation on steering rate. Common filtering strategies like low-pass filtering
would surely solve this problem, however results are shown in their raw form to highlight the
difference between methods.

(a) Longitudinal velocity (b) Lateral displacement

Figure 6.15: MPC vs PPC: Reference tracking at V̄x = 30 km/h.

(a) Steering angle (b) Lateral acceleration

Figure 6.16: MPC vs PPC: Lateral dynamics at V̄x = 30 km/h.

In the more dynamic driving scenario, at V̄x = 70, the results of both control strategies are
now contrasting from different points of view. Starting from the reference tracking results, in
Fig. 6.18, it is clear that the PPC longitudinal control is much more conservative than the
MPC one. This implies, as illustrated in Fig. 6.19, that lateral control in corners is simplified
from the vehicle dynamics perspective, resulting in smoother steering angle actuation and lower
lateral accelerations.

In sum, MPC performed equivalently to PPC in the tracking of center of the path, with
solely small deviations. The two implementations had different longitudinal control strategies,
therefore a fair comparison between tracking of the reference longitudinal velocity is not possi-
ble. Nevertheless, it is possible to conclude that MPC solutions, being sub-optimal due to the
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(a) Motor torque (b) Longitudinal acceleration

Figure 6.17: MPC vs PPC: Longitudinal dynamics at V̄x = 30 km/h.

(a) Longitudinal velocity (b) Lateral displacement

Figure 6.18: MPC vs PPC: Reference tracking at V̄x = 70 km/h.

(a) Steering angle (b) Lateral acceleration

Figure 6.19: MPC vs PPC: Lateral dynamics at V̄x = 70 km/h.

limited prediction horizon and having a more aggressive longitudinal control strategy, were still
able to provide a good tracking of the center of the path. The method thus proves powerful to
combine longitudinal and lateral control for the case of limited a priori knowledge of the entire
track, as it is the case for autonomous driving applications. Furthermore, if comfort driving is
to be achieved in the MPC implementation, acceleration penalisation can be included, which
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(a) Motor torque (b) MPC vs PPC: Longitudinal acceleration

Figure 6.20: MPC vs PPC: Longitudinal dynamics at V̄x = 70 km/h.

would approximate the solutions of both implementations.

6.2.3.1 Additional penalty for comfort driving

Considering the suggestion at the end of the previous section, additional tests were conducted
including a penalty on longitudinal acceleration, with the respective weight qax, the cost function
being now:

l(x,u, ϵ, s) = (x − x̄(s))TQ(x − x̄(s)) + uTRu + ϵTZϵ+ qaxa
2
x (6.10)

m(x, ϵ, s) = (x − x̄(s))TQf (x − x̄(s)) + ϵTZϵ . (6.11)

Fig. 6.21 to 6.23 illustrate the obtained results for the most dynamic scenario at V̄x = 70
km/h, considering qax = {1, 3} for comparison. As expected, the velocity profile is now more
similar to PPC than what it was in Fig. 6.18a, being however still more accurate in tracking
the reference. Additionally, center of the line tracking is now slightly less accurate, as in Fig.
6.23b, since trajectories now take into account acceleration penalization.

(a) Longitudinal velocity (b) Lateral displacement

Figure 6.21: MPC (with acceleration penalization) vs PPC: Reference tracking at V̄x = 70
km/h.

These results prove the possibility of tuning MPC controllers to mimic currently implemented
methods in vehicles, a feature that is not available in simpler implementations such as PPC.
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(a) Steering angle (b) Lateral acceleration

Figure 6.22: MPC (with acceleration penalization) vs PPC: Lateral dynamics at V̄x = 70
km/h.

(a) Motor torque (b) MPC vs PPC: Longitudinal acceleration

Figure 6.23: MPC (with acceleration penalization) vs PPC: Longitudinal dynamics at
V̄x = 70 km/h.

6.3 Energy consumption minimization

The problem complexity increases when energy consumption is taken into consideration. In
fact, adding energy consumption to the cost function originates another type of control problem:
economic (nonlinear) model predictive control (EMPC). The term economic arises from the fact
that energy is a physical quantity that describes the cost of vehicle trajectory by itself. The
resultant trajectory is thus a balanced trade-off between the consumption of energy and the
penalization of other performance terms, such as tracking of reference velocity and path.

EMPC is in general more intricate to solve than problems such as the one presented in
the previous section, mainly due to nonlinearities introduced by the presence of economic
terms in the cost function. Note that e.g. (6.1) and (6.2) are quadratic convex functions,
the nonconvexity of the problem being located only at the equality constraints related to the
dynamics of the system. Energy terms will therefore make the cost function more nonlinear
and definitely nonconvex. Moreover, recall that the problem can be of high dimension (N(nx +
ns) + (N − 1)nu), specially for large horizons. When solving the problem, computing search
directions can become more cumbersome if the solution space is large or if well-defined search
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directions cannot be found. In the specific case of energy, different decision variables affect
energy consumption in different ways, e.g. speed, lateral displacement, and actuator values,
and the solver might need multiple iterations with costly computations to find the optimal
search direction for convergence.

Throughout the development of this work, the authors encountered multiple difficulties when
tuning the controller parameters, which led to multiple changes in the problem formulation.
Firstly, the horizon length was increased to N = 50 which proved useful in helping the solver
dealing with nonlinearities. The look-ahead distance and the sampling rate were instead kept
the same. Then, in order for the cost function terms to not differ from each other by many
orders of magnitude, which is oftentimes the case for EMPC, the different terms of the cost
function were scaled. Finally, with the assumption that energy optimization smooths out actu-
ation by itself, and in order to avoid that trajectories are chosen mainly dictated by actuation
penalization, the penalty on steering rate was decreased. Building upon the conclusions on the
previous sections, only the acados (SQP) implementation was considered since the already high
computation times of CasADi (IPM) increased to an average of over 0.2s, a too slow time mark
for real-time implementation.

The EMPC formulation is now presented. The feasible set is as defined in (6.4)-(6.8). The
cost function is set as:

l(x,u, ϵ, s) = (x − x̄(s))TQ(x − x̄(s)) + uTRu +QEE + ϵTZϵ (6.12)
m(x, ϵ, s) = (x − x̄(s))TQf (x − x̄(s)) + ϵTZϵ , (6.13)

where E stands for energy consumption andQe is an additional tuning penalty of the same term.
For the case of EMPC, the tuning differs from test to test and will be presented accordingly.
Nevertheless, the matrices Q, R, and Qe have a common structure among tests and are diagonal
matrices with nonzero terms:

Q1,1 = qd

max (d)
Q3,3 = qv

max (∆vx)
R1,1 = qδ̇

max
(
δ̇
)

R2,2 = qṪ

max
(
Ṫ
)

QE = qe

v̄x(s)
R
ITmax

Qf = Q .

By dividing each term of the cost function by its maximum value, each term will lie within the
range of [−1, 1]. This is extremely useful for the solver, as it helps it avoiding ill-conditioned
matrices. Then, additional tuning factors, q(·), are considered to define the relative weights
between terms. Note as well QE varies with the reference speed. This is critical for the case
when the reference longitudinal speed profile varies significantly, being necessary to adjust
this scaling to not under penalize energy consumption when travelling slower. Regarding the
calculation of energy E, the following relation is used given that time is no more the independent

48



6. Simulation results

variable neither it is part of the state-space:

E = P∆t = P
∆s
ṡ

, (6.14)

where
P = Pmech + Pel.loss . (6.15)

On another point, it is relevant to point out that the reference saturation in (6.9) is kept.
Note, however, that the center of the path is not anymore such an informative guess of the
vehicle trajectory. This means that tracking the reference speed while deviating from the center
of the path leads to sub-optimal solutions. It was however decided to keep this saturation to
enhance solver computations, with the assumption that, if energy is penalized highly enough,
the solver adapts the longitudinal velocity accordingly.

The tests are conducted assuming the solver can take two major directions to optimize
energy consumption. Recall the cost function penalizes the deviation from reference longitudinal
velocity and lateral displacement. The solver thus needs to compromise one of the tracking
objectives, or both, to attain energy savings. For that reason, results will demonstrate what
is the individual impact of relaxing each of the tracking objectives and quantify the possible
savings each one allows for, and conclude by describing what would be the total saving potential
when relaxing both tracking objectives. The forthcoming sections divide the conclusions into
energy saving potential in path tracking, i.e. when tracking the center of the line, and trajectory
planning, i.e., when deviations from the center line of the path are allowed.

6.3.1 Energy-optimal path tracking
As highlighted throughout the analysis of the results in Section 6.2, the test scenarios involve

reference longitudinal velocity profiles that, although complying with the lateral acceleration
constraints, still require aggressive longitudinal control. To track such references, it is necessary
to heavily penalize deviations from them. If energy minimization is added on top of such
tracking performance standards, the margin for energy consumption reduction is low since
little compromise is allowed in reference tracking. Instead, if less aggressive maneuvering is
desired, the optimization problem can be adapted to take that into account, as Section 6.2.3
highlighted, relaxing reference tracking, mainly the one of longitudinal velocity. The trajectory
thus gets not only smoother but also has more freedom to attain the pursued savings. To
illustrate the energy saving potential in this case, the reference longitudinal velocity is set as
V̄x = 70 km/h.

6.3.1.1 Accurate reference tracking

For accurate reference tracking, the cost function is as in (6.12)-(6.13), with tuning:

qd = 10, qv = 1, qe = {2, 5, 10}, qδ̇ = 0.1, qṪ = 0.05, Z1,1 = Z2,2 = Z3,3 = 10 , (6.16)

where the range of qe is chosen as high as possible so that the solver converges successfully
within low computational times and the tracking objective is not impacted unreasonably. The
results follow. Fig. 6.24 presents a comparison between the energy consumption from the results
in Section 6.2.3 and the energy consumption with the tuning presented in this section. The
reference longitudinal velocity profile is not significantly different across different qe, given the
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high penalty on deviations from reference. This, in turn leads to no savings, where consumption
remains quite similar among all results, as illustrated in Fig. 6.24c and summarized in Table
6.3. In the table, the notation MAE ∆v and MAE d hold for mean absolute error of tracking
of longitudinal velocity reference, ∆v = vx(s) − V̄x, and zero lateral displacement, respectively.

(a) Lateral Displacement (b) Longitudinal velocity
t_final 66.015 s 65.882 s 65.911 s 66.008 s | s_final 823.2445 m 823.2468 m 823.2672 m 823.2917 m

(c) Total energy consumption

t_final 66.015 s 65.882 s 65.911 s 66.008 s | s_final 823.2445 m 823.2468 m 823.2672 m 823.2917 m

(d) Difference in energy consumption

Figure 6.24: Performance comparison at V̄x = 70 km/h for qd = 10 and qe = {0, 2, 5, 10}.

Table 6.3: Key performance indicators at V̄x = 70 km/h for qd = 10 and qe = {0, 2, 5, 10}.

qe = 0 qe = 2 qe = 5 qe = 10
Lap time [s] 66.0 65.9 65.9 66.0

Lap length [m] 823.3 823.3 823.3 823.3
Total energy [Wh] 232.3 234.5 233.7 232.3

Relative energy saving [%] - -0.9 -0.6 0.02
MAE ∆v [km/h] 25.1 25.1 25.1 25.1

MAE d [m] 0.06 0.05 0.05 0.05
Mean computational time [ms] 7.7 15.0 15.2 15.2
Max computational time [ms] 15.0 22.5 23.4 21.4

6.3.1.2 Additional penalty for comfort driving

When considering comfort driving, as described in Section 6.2.3.1, longitudinal acceleration
is also penalized. As a result, the overall penalty on deviation from reference longitudinal
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velocity is lower. Subsequently, the ratio between that penalty and the energy consumption
one is decreased, leaving more space for energy consumption reduction. In other words, the
controller has now more flexibility to balance the economic cost and the tracking performance
penalties in the cost function. For this scenario, the cost function is thus

l(x,u, ϵ, s) = (x − x̄(s))TQ(x − x̄(s)) + uTRu +QeE + qax( ax

ax,max
)2 + ϵTZϵ (6.17)

m(x, ϵ, s) = (x − x̄(s))TQf (x − x̄(s)) + ϵTZϵ , (6.18)

with tuning equal to (6.16) and qax = 1. The results are shown in Fig. 6.25 and summarized
in Table 6.4. Conversely to the previous case, increasing energy penalty resulted in energy
consumption reduction at an expense of just a slight decrease in average velocity along the
path. Such decrease in average is mainly noticeable in corners’ entries and exits, whereas
within corners the same offset is not visible. This indicates smoother longitudinal control for
higher qe, which is correlated with lower torque actuation, leading in turn to lower inertial
power and electrical power losses.

(a) Lateral Displacement (b) Longitudinal velocity
t_final 67.191 s 67.077 s 67.214 s 67.463 s | s_final 822.9924 m 822.9399 m 822.9484 m 822.9796 m

(c) Total energy consumption

t_final 67.191 s 67.077 s 67.214 s 67.463 s | s_final 822.9924 m 822.9399 m 822.9484 m 822.9796 m

(d) Difference in energy consumption

Figure 6.25: Performance comparison at V̄x = 70 km/h for qd = 10, qax = 1, and
qe = {0, 2, 5, 10}.

A natural question that could arise at this point is what happens for larger qe. From testing,
it was found that for qe > 10, the straight-road longitudinal velocity tracking was compromised,
due to the fact that the relative cost of tracking the reference velocity was higher than the total
energy consumed to do so. This is undesirable for this application given that reference tracking
is still the main objective in the optimization problem.
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Table 6.4: Key performance indicators at V̄x = 70 km/h for qd = 10, qax = 1, and
qe = {0, 2, 5, 10}.

qe = 0 qd = 2 qd = 5 qd = 10
Lap time [s] 67.2 67.1 67.2 67.5

Lap length [m] 823.0 823.0 823.0 823.0
Total energy [Wh] 204.1 204.1 202.4 199.4

Relative energy saving [%] - 0.0 0.9 2.4
MAE ∆v [km/h] 25.9 25.8 25.9 26.1

MAE d [m] 0.06 0.06 0.06 0.06
Mean computational time [ms] 7.4 14.5 14.7 14.6
Max computational time [ms] 13.8 25.9 24.9 24.0

6.3.2 Energy-optimal trajectory planning

Building upon the results of the previous section, further exploration of path planning pos-
sibility was conducted taking comfort driving into account. Not only this optimization setting
is more realistic from the product development point of view, but also it allows for further sav-
ings in energy. Regarding controller tuning, the cost function remains as in (6.17)-(6.18), with
similar tuning apart from qd that is now let free to evaluate the impact of relaxing the center-
of-the-path tracking on energy consumption. Regarding the slack variables, note that they are
now smaller than for the path tracking scenario with no energy minimization. The reason why
is because near-constraints trajectories are now more common, both regarding acceleration and
path limits, and solver convergence is more intricate. Initially, a wide range of qd was selected
and the energy consumption over one lap of the test track was analysed. Together with the
MAE of both the tracking of reference longitudinal velocity, V̄x, and center of the path, d = 0,
the figures below present the energy consumption for the logarithmic range qd ∈ [10−4, 102] and
the range of energy penalties qe = {2, 5, 10} for different V̄x.

Starting with V̄x = 30 km/h, Fig. 6.26 demonstrates the energy saving results whereas
the respective tracking performance is illustrated in Fig. 6.27 comparing two extreme cases,
qd = 10−4 and qd = 10, for a high penalty on energy qe = 10. The rightmost extreme case of
qd = 100 was not selected since it can include noisy actuation due to very high penalty on d.
Looking at the energy consumption trend, as qd decreases, the vehicle deviates more from the
center of the path in a corner-cutting fashion, as illustrated in Fig. 6.27a, reducing the travelled
distance along the path. Instead, reference longitudinal velocity tracking is not compromised,
given the dynamics involved in the maneuver are low. The trend is similar for fixed values of
qe. On the other hand, as qe increases for constant qd, the energy consumption decreases due
to higher deviation from the reference longitudinal velocity. Fig. 6.27c and 6.27d illustrate
the consumption of energy decomposed into the relevant sources of energy loss together with
inertia. Overall, the total savings for this scenario are low, being mainly due to the shorter
travelled distance. This is visible in the generalized, but low-magnitude reduction in energy
losses across all the terms. Table 6.5 sums up the key performance indicators of this example
and the energy savings attained.

Results with V̄x = 50 km/h follows, illustrated in Fig. 6.28 and 6.29. Regarding the latter,
the analysis is now conducted for qe = 2, since higher values compromise straight-road velocity
tracking, i.e. the vehicle travels slower in straights to save energy. Looking at the former,
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Figure 6.26: Energy consumption at V̄x = 30 km/h for qd ∈ [10−4, 102] and qe = {2, 5, 10}.

Table 6.5: Key performance indicators at V̄x = 30 km/h for qd = {10−4, 10} and qe = 10.

qd = 10−4 qd = 10
Lap time [s] 102.9 105.0

Lap length [m] 810.7 823.6
Total energy [Wh] 103.7 105.2

Relative energy saving [%] 1.4 -
MAE ∆v [km/h] 1.65 1.63

MAE d [m] 0.02 0.8
Mean computational time [ms] 15.5 17.0
Max computational time [ms] 23.5 31.1

one can observe a double trade-off in reference tracking, where both lateral displacement and
longitudinal velocity vary along the range of qd. Looking at Fig. 6.29a, one can observe
that the path profile is now different than at V̄x = 30 km/h, since corners are now cut in an
initial stage while the vehicle opens it trajectory when leaving them. Note as well that such
behaviour allows for better tracking of V̄x. The findings show little or negligible energy savings
can be attained, due to the referred reference tracking trade-off. The potential savings from
relaxing the each tracking objective is compromised by its counterpart, thus cancelling each
other mutually. Focusing on the energy consumption decomposition, in Fig. 6.29c and 6.29d,
where again the same two extreme cases are compared, such trade-off is well understood looking
at energy consumption sources. The smoother vx profile is a synonym of smoother actuation, i.e.
smoother acceleration, which yields less electric losses as a result of reduced torque. Conversely,
such smoother profile, even if it results in lower longitudinal acceleration, yields higher inertial
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(a) Vehicle trajectory

(b) Longitudinal velocity
t_final 104.499 s 102.937 s | s_final 823.5187 m 810.7046 m

(c) Total energy consumption

t_final 104.499 s 102.937 s | s_final 823.5187 m 810.7046 m

(d) Difference in energy consumption

Figure 6.27: Energy consumption at V̄x = 30 km/h for qd = {10−4, 10} and qe = 10.

54



6. Simulation results

Figure 6.28: Energy consumption at V̄x = 50 km/h for qd ∈ [10−4, 102] and qe = {2, 5, 10}.

energy simply because the longitudinal velocity is higher. Note, additionally, that lateral slip
and drag losses also increase as a result of higher longitudinal velocity. To sum-up, Table 6.6
presents the key performance indicators for this second scenario.

Table 6.6: Key performance indicators at V̄x = 50 km/h for qd = {10−4, 10} and qe = 2.

qd = 10−4 qd = 10
Lap time [s] 72.3 73.5

Lap length [m] 822.1 823.2
Total energy [Wh] 160.0 160.3

Relative energy saving [%] 0.17 -
MAE ∆v [km/h] 9.1 9.7

MAE d [m] 0.64 0.04
Mean computational time [ms] 13.7 14.0
Max computational time [ms] 25.8 38.1

The last scenario involves an even more dynamic maneuver, at V̄x = 70 km/h. Analogously
to previous scenarios, the same set of plots is presented, extending the detailed comparison to
the cases of qd = {10, 102, 10−4}, setting qe = 2 for the same reason as for V̄x = 50 km/h.
Equivalently to the analysis of the results at that V̄x, there is also a double trade-off present in
this results. For high qd in order to better track the center line of the path the vehicle travels
in average at a lower longitudinal velocity, and vice-versa for lower qd. In what regards the
geometry of the trajectory, it is interesting to observe that, given the higher entry velocity of
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(a) Vehicle trajectory

(b) Longitudinal velocity
t_final 73.45 s 72.341 s | s_final 823.154 m 822.0814 m

(c) Total energy consumption

t_final 73.45 s 72.341 s | s_final 823.154 m 822.0814 m

(d) Difference in energy consumption

Figure 6.29: Performance comparison at V̄x = 50 km/h for qd = {10−4, 10} and qe = 2.
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Figure 6.30: Energy consumption at V̄x = 70 km/h for qd ∈ [10−4, 102] and qe = {2, 5, 10}.

the vehicle into corners, the energy-optimal trajectory lies mostly on the outer part of the path.
Note that approaching corners by the outer part increases the radius of curvature which in turn
decreases the lateral acceleration. Although multiple factors should be taken into consideration,
recall the lateral and longitudinal acceleration are kept constrained, and the solver weights
the cost of respecting those constraints when it comes to corner cutting. The longitudinal
acceleration, specially, is penalized, which also contributes to shaping the trajectories. From
the energy perspective, looking at Fig. 6.30, it can be understood that relaxing qd led to higher
energy consumption. When highly penalizing qd, instead, the longitudinal velocity is lower,
specially at corners, saving indeed total energy consumption. This is illustrated both in Fig.
6.31b, where one can observe that qd = 10−4 results, on average, in higher longitudinal velocity,
and in Fig. 6.31c and 6.31d, where instead the unique fact that the vehicle travels slower for
qd = 102 leads to overall reduction in energy in all the terms. The resultant key performance
indicators are summarized in Table 6.7, where once again lap time and distance do not differ
in great extent.

An additional study is conducted at V̄x = 70 km/h where different penalties on energy
consumption, qe = {2, 5, 10}, are compared for qd = 10−4 to better understand the difference
in trajectory profile, which are illustrated for each qe tuning in Fig. 6.32. Together with Fig.
6.33a and 6.33b, one can conclude on the direction the controller took in order to save energy.
Firstly, note that, inline with previous findings, longitudinal control is smoother for higher qe,
resulting in lower entering and exiting corner longitudinal velocity. As a result, the vehicle
cornering profile is different. Take the example of the first corner, at around 200m. While for
qe = {2, 5} the vehicle opens slightly the corner in anticipation, qe = 10 cuts the corner in the
entry zone, at the expense of relaxed longitudinal control. In essence, the solver found that the
most energy reduction came from reducing longitudinal velocity, and on top of that, further
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(a) Vehicle trajectory

(b) Longitudinal velocity
t_final 67.077 s 67.754 s 65.839 s | s_final 822.9399 m 823.3008 m 824.9211 m

(c) Total energy consumption

t_final 67.077 s 67.754 s 65.839 s | s_final 822.9399 m 823.3008 m 824.9211 m

(d) Difference in energy consumption

Figure 6.31: Performance comparison at V̄x = 70 km/h for qd = {10−4, 10, 102}
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Table 6.7: Key performance indicators at V̄x = 70 km/h for for qd = {10−4, 10, 102} and
qe = 2.

qd = 10−4 qd = 10 qd = 102

Lap time [s] 65.9 67.1 67.8
Lap length [m] 824.9 822.9 823.3

Total energy [Wh] 208.4 204.1 202.2
Relative energy saving [%] -2.1 - 0.94

MAE ∆v [km/h] 24.9 25.8 26.3
MAE d [m] 0.64 0.06 0.04

Mean computational time [ms] 14.9 14.5 16.3
Max computational time [ms] 30.2 25.9 33.8

reduction on total energy consumption could be attaining by cutting the corner. As expected,
qe = 10 resulted in energy savings that are illustrated in Fig. 6.33c and 6.33d and quantified
in Table 6.8.

Figure 6.32: Vehicle trajectory at V̄x = 70 km/h for qd = 10−4 and qe = {2, 5, 10}.

6.4 Discussion
This section summarizes the findings in Sections 6.2 and 6.3 and presents a general reflection

on the implemented method, namely its strengths and weaknesses.
Results from Section 6.2 refer to path tracking applications, where MPC was implemented

with different software and respective numerical solvers, and compared with PPC. Both IPM
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(a) Lateral Displacement (b) Longitudinal velocity
t_final 65.839 s 65.992 s 66.261 s | s_final 824.9211 m 823.9615 m 823.1953 m

(c) Total energy consumption

t_final 65.839 s 65.992 s 66.261 s | s_final 824.9211 m 823.9615 m 823.1953 m

(d) Difference in energy consumption

Figure 6.33: Performance comparison at V̄x = 70 km/h for qd = 10−4 and qe = {2, 5, 10}.

Table 6.8: Key performance indicators at V̄x = 70 km/h for for qd = 10−4 and qe = {2, 5, 10}.

qe = 2 qe = 5 qe = 10
Lap time [s] 65.9 66.0 66.3

Lap length [m] 824.9 824.0 823.2
Total energy [Wh] 208.4 205.6 201.3

Relative energy saving [%] - 1.4 3.4
MAE ∆v [km/h] 24.9 25.1 25.3

MAE d [m] 0.64 0.65 0.66
Mean computational time [ms] 14.9 15.3 14.9
Max computational time [ms] 30.2 27.5 23.2

and SQP performed accurately in terms of reference tracking performance for both smooth and
dynamic maneuvering. It is important to highlight that the optimization problem at this point
was of reduced complexity, the cost function being quadratic, with box inequality constraints
and medium-size horizon and sampling interval. The solvers however differed in computational
time, where acados (SQP) implementation was significantly faster than CasADi (IPM). The
root justification of such difference is in the backbone theory of each numerical solver and the
respective transcription method used. Considering the problem can be considered of medium
size and informative initial guesses are given, SQP tends to outperform IPM. On top of that,
QPs in SQP iterations are solved with HPIPM, which is a high-performance IPM solver oriented
for QP formulated in an OCP setting. These two points combined resulted in acados largely
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outperforming IPM in computational time. In turn, that led to faster feedback loop, and
smoother trajectories were attained by acados. Further improvements of computational time
can be attained by trading optimality for computational speed. Results showed that, for the
simpler application of path tracking, RTI scheme outperformed SQP without major difference
in performance results. Finally, the study of path tracking results finished by comparing with
PPC combined with longitudinal control from IPG CarMaker Driver model, a common baseline
in related works. It was shown that MPC was capable to perform similarly to PPC in tracking
the center line of the path while centralizing longitudinal and lateral control, with high degree of
flexibility for tuning different degrees of smoothness in trajectories. That validates the already
known fact in the autonomous driving community that MPC is indeed a powerful method and
viable solution for full autonomous vehicle control in the presence of limited, short-sighted
information.

Results on energy minimization followed in Section 6.3. As a first step, energy saving po-
tential was studied for path tracking, where the longitudinal control is the main degree of
freedom for such objective. Comparing between comfort driving, where reference longitudinal
velocity tracking is relaxed, and accurate path tracking, where little deviations from reference
are allowed, only the former gave space for energy minimization, as expected. These results
highlighted the potential of energy saving having smoother longitudinal control with nearly-
negligible loss of reference tracking accuracy. Namely, for a dynamic reference profile with
V̄x = 70 km/h, energy reduction around 2.4% was attained with a decrease of solely 0.2 km/h
in average velocity. When center of the path tracking is relaxed, different conclusions apply
according to the velocity the vehicle is travelling at. While at constant, low longitudinal ve-
locity, gains of around 1.4% in energy efficiency were attained by cutting corners and reducing
distance travelled, for dynamic reference longitudinal velocity profiles a trade-off was observed
between tracking the different references: deviating from the center of the path allowed for
higher longitudinal velocity, and vice-versa. As a result, the possible individual savings from
relaxing each of the reference tracking penalties were cancelled mutually, which led to zero
energy savings or even higher total consumption.

For all applications, it is of utmost importance to highlight the computational times achieved.
They were not only of low value in average, allowing to run the controller as fast as 20 Hz, but
also with low standard deviation, where the maximum computational time was consistently
around two times the average, respecting in all cases the feedback loop time. Such performance
was attained mainly due to relaxation of constraints, accurate initial guesses, and powerful
optimization software framework.

The overall conclusion of the energy minimization study is that, for the considered accelera-
tion profile, which limited maneuvers to normal driving applications with ax,max = ay,max = 3,
the main contribution for energy consumption is longitudinal velocity, both in form of inertial
power, electric losses, and drag (mainly for high velocities). Lateral control, thus, plays a sec-
ondary roll for this application, given that lateral slip losses and lateral inertial power are of low
magnitude. Moreover, one can also conclude that MPC involves an intricate tuning trade-off
between tracking of references and saving energy. In fact, that is indeed the difficulty associ-
ated with economic MPC applications. In this work, it was not yet clearly understood how
to formulate EMPC such that deviations from the path could be combined with reduction in
longitudinal velocity. To address this and other improvements, the following section describes
future directions to take.
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6.4.1 Future work

6.4.1.1 Reference longitudinal velocity profile

The reference longitudinal velocity profile used in the presented simulations is initially set as
constant and afterwards saturated as a function of the maximum lateral acceleration. For high
velocities, this results in very dynamic braking and acceleration requests that can be challenging
to the controller. Further work would include changing the reference to track to avoid infeasible
requests for longitudinal control.

6.4.1.2 MPC target cost

The target cost in the present work is selected equally to the running cost. Nevertheless, as
it is known from MPC theory, target cost can play a crucial role in enhancing stability. Possible
emphasis should be put on determining a better target cost to get further stability guarantees,
specially if higher accelerations are considered. As a possible solution, the unconstrained MPC
problem, i.e. the LQR equivalent, can be solved to obtain the Riccati matrix, which can later
be used as a target cost.

Furthermore, the target cost can also be used to emulate higher horizons. From the energy-
minimization perspective, since the controller plans the vehicle’s trajectory, the longer the
horizon the better. Understanding the full profile of the corner is critical for the controller to
optimize the entry and exit speed and position of the vehicle. As an example, if the controller
understands it has to accelerate again after exiting the corner, it can be optimal to drive
faster the corner compromising instead in lateral displacement. Doing so, less torque would
be necessary to recover the lost speed when braking and therefore less consumption of energy
would be expected. MPC however solves a finite horizon problem in each iteration, with physical
limitations on the horizon coming from the perception layer. One way to include further ahead
information in the optimization problem would be to select the target cost according to the
expected curvature after the corner, using information from offline maps.

6.4.1.3 Higher acceleration limits

The work of this thesis is incomplete if not enlarging the acceleration limits to consider more
dynamic driving. To do so, higher complexity could be included in the controller dynamic
model to include nonlinear tire model and, possibly, load transfer. This way, accelerations
could be unconstrained without having the model mismatch present in this work.

For larger accelerations, namely lateral acceleration, power consumption related to lateral
dynamics is expected to gain more relevance. This, in turn, is expected to affect trajectory
geometry and the trade-off between lateral and longitudinal control. Further work should then
include the study of how does lateral motion impact energy consumption along increasing ranges
of lateral acceleration, and how does planned trajectories vary for that same range.

6.4.1.4 Torque Vectoring

In the sequence of the precedent point, it is known from related literature that energy
consumption arising from lateral dynamics can be reduced with torque vectoring. Torque
vectoring consists of allocating torque differently for each motor of the vehicle. This allows
for optimization of such control allocation since the problem becomes redundant: the number
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of control inputs is higher than the system’s degrees of freedom. A further continuation of
this work would therefore be to jointly optimize vehicle trajectory and torque allocation for
energy minimization. Namely, it would be of utmost importance to compare centralized and
decentralized approaches when it comes to including torque vectoring into the optimization
problem, and understand how does trajectories are differently planned. This is expected to
increase the complexity of the problem, namely solver convergence time and efficiency.

To overcome that, an efficiency-oriented control architecture could be designed, inspired in
the work of [34]. Here, the authors optimized a torque-vectoring induced yaw moment, that
is then tracked by low-level controllers. Such architecture has multiple advantages, namely
that the number of optimization variables in the MPC problem is reduced, and thus solving
complexity is also reduced. In addition, an architecture that separates planning and tracking
can ensure that wrong inputs from model mismatch are avoided.

6.4.1.5 Study RTI for energy minimization

As suggested in the path tracking section, the RTI variant of SQP is a promising strategy
that, by trading optimality for computational speed, can unlock real-time implementation of
complex controllers. As a result of tests throughout this thesis, RTI proved to be less stable in
convergence as SQP. A possible improvement could be to start with SQP so that MPC converge
to optimal solution in the first set of iterations, and later, when informed initial guesses are
available, reduce the number of QP solved, possibly gradually.

6.4.1.6 Vehicle implementation

The logic next step is to validate the current results in the vehicle. The implementation
of the MPC scheme considers the use of signals provided by sensors present on the vehicle
to operate. Amongst these signals, there is the wheel torque, the wheel steering angle, the
position and heading of the vehicle (provided by a GPS, for instance), longitudinal and lateral
velocity, and yaw rate. However, one thing to note is that it might be the case that GPS units
provide a noisy and inaccurate lateral velocity measurement. In this regard, other means to
estimate this, or any other signal that is noisy and/or inaccurate, shall be considered for the
proper operation of the MPC. The signals coming from the sensors shall feed the controller at
the update rate at which is intended to operate in real-time.

The implementation shall consider the hardware (HW) limitations in terms of computing
power, the problem complexity, and its feasibility for real-time applications. In this regard,
some implementation tasks with acados have been performed with the MicroAutoBox II but,
if for any reason a different HW is used, the implementation shall consider that the procedure
to deploy the MPC framework requires that the target HW has an acados supported toolchain
file.

In a more practical sense, the implementation shall guarantee that the MPC is always be-
ing fed-up with a non-zero speed, due to the singularity implicit in the spatial formulation.
Therefore, if starting from standstill, different strategies, such as replacing the true longitudi-
nal velocity measurement by low-magnitude non-zero constant value until a certain threshold
is met, shall be considered. Also, the implementation shall consider that other tasks, such as
communication tasks of the CAN controller, are being performed by the HW besides the one
associated to the MPC. Therefore, task scheduling may be critical to achieve a proper operation
of the controller. Depending on the workload associated to other tasks, even parallel computing
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could be considered in order to achieve fast update rates, in case the HW allows for it.

6.4.1.7 Sensitive analysis on vehicle control unit

Once implemented in the vehicle control unit, an interesting study can be conducted to de-
cide on number of discretization steps in the horizon, i.e. horizon length N . The computational
power available should be taken into consideration when deciding the problem dimensionality
and complexity. To fully understand the correlation between horizon length, trajectory opti-
mality, and computational time, the authors suggest a sensitive analysis on the trade-off of
these three terms. The idea would consist of increasing gradually N and to measure the av-
erage computational time over a test scenario together with the closed-loop cost of the vehicle
trajectory. It is expected that a Pareto-type of optimal choice can be made, balancing all the
aforementioned factors. If N is too low, computational time can be fast at the cost of loss of
optimality, whereas if it increases significantly, optimality is enhanced but the higher dimension
of the problem leads to slower computations. Moreover, too low values of N can lead to conver-
gence problems whereas too high values of N is expected to have a limited effect on increasing
optimality of trajectories after a certain threshold.
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Conclusion

This thesis investigates the joint problem of energy optimal longitudinal and lateral control
of an electric vehicle, given a predetermined reference path and longitudinal velocity profile.
To conduct high-fidelity testing, vehicle simulations are performed using IPG CarMaker. The
approach adopted in this research involves the implementation of Model Predictive Control
(MPC) for both path tracking and energy-optimal trajectory planning, where the latter can be
regarded as an economic MPC problem. Consistent with related literature, the control problem
is formulated in the spatial domain, and the path information is translated into curvature
coordinates.

The controller is first tested for path tracking applications without energy minimization
where the base performance of MPC is assessed. Both CasADi and acados software packages
are implemented in order to compare the performance of the respective numerical solvers: In-
terior Point Method (IPM) and Sequential Quadratic Programming (SQP). Moreover, MPC
implementation is compared with Pure Pursuit Control, and MPC comfort-oriented driving is
described. For this first section, results indicate that acados implementation outperforms the
CasADi one, both in terms of computational time and accuracy. The reduced computational
times of SQP suggest this implementation is suitable for real-time implementation. Further-
more, MPC performed equivalent performance to Pure Pursuit Control for path tracking, with
the added advantage of centralizing longitudinal and lateral control.

Subsequently, the energy term is incorporated into the cost function, and the potential
for energy savings is explored by relaxing the emphasis on reference tracking. The results
demonstrate that the greatest energy saving potential for normal driving, i.e. for constrained
acceleration, lies on optimizing longitudinal control. Particularly, when tracking the center of
the path given a dynamic reference longitudinal velocity profile, results show great potential
for energy consumption reduction by smoothing longitudinal control, with over relevant energy
savings as a result of little reduction on average longitudinal velocity. However, the results also
highlight that the tuning of the economic MPC involves a cumbersome trade-off between the
economic cost, the energy, and the reference tracking cost. In certain cases, this led to sub-
optimal solutions where near-zero savings or even an increase in energy consumption when the
vehicle deviated from the center of the path. Despite the inclusion of the energy term increasing
the computational time per iteration of MPC, the computational times remained low comparing
with standards and once again suggest that is possible to implement the controller into a real
vehicle.

To conclude, the proposed controller has proved to be efficient and robust for energy mini-
mization trajectory planning for electric vehicles, with the developed MPC framework providing
a solid foundation for future advancements in this field.
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