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Sequential Graph-Based Decoding of the Surface Code using a Hybrid Graph and
Recurrent Neural Network Model

OLE FJELDSA

GUSTAF JONASSON JOHANSSON
Department of Physics

Chalmers University of Technology

Abstract

In order to achieve reliable quantum computation with noisy qubits, quantum error
correction (QEC) is necessary. Quantum error correcting codes mitigate the inher-
ent noise in quantum systems by distributing the logical state over several qubits,
thereby introducing redundancy. One such promising code is the surface code. It
encodes the logical qubit using a two-dimensional lattice of physical data qubits
and ancilla qubits. By taking and decoding measurements on the ancilla qubits of
the surface code, one can deduce whether a logical bit- or phase-flip has occurred.
However, this is a complex and potentially time-consuming task. Multiple decoding
algorithms exist, such as the classical minimum-weight perfect matching (MWPM)
decoder. In recent years, data-driven algorithms have been shown to decode the
surface code with a high degree of accuracy. In this thesis, we present a machine
learning approach to decoding the surface code using a combination of graph neural
networks (GNN) and recurrent neural networks (RNN). Specifically, graph represen-
tations are constructed over a short, sliding time window of syndrome measurement
data. Each representation is processed by a GNN and its output is used as a learned
high-dimensional embedding for an RNN. This enables continuous decoding of mea-
surement patterns over longer time series. While the decoder is trained on relatively
short syndromes, it is able to generalize for unseen syndromes and longer time se-
ries, outperforming the classical MWPM algorithm across both short and long time
series. This work opens up a new approach to reliable and potentially fast decoding

of QEC codes.

Keywords: Quantum error correction, graph neural networks, recurrent neural net-
works, gated recurrent unit, surface code.
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1

Introduction

Quantum computing has the potential to transform how we solve complex prob-
lems in fields such as drug design [1], chemistry [2], and financial market analysis
[3]. Perhaps its most well-known application is prime factorization [4], [5]. Unlike
classical computers, which process information using bits that exist in one of two dis-
tinct states (0 or 1), quantum computers use qubits that can exist in superpositions
of both states simultaneously. This unique property, combined with entanglement
and other quantum phenomena, enables quantum algorithms to outperform classical
methods in certain tasks. However, qubits are highly fragile, with their quantum
state easily disrupted by environmental noise or imperfect control signals. Even
the slightest interference can cause decoherence, collapsing the superposition and
erasing valuable information. To counteract this, quantum error correction (QEC)
is essential for preserving coherence and enabling reliable quantum computation.

To allow for error correction in a classical computer we can use a simple repetition
code. For example, a simple three bit encoding {0,1} — {000,111} can correct
a single bit-flip error and detect a two bit-flip error. Unfortunately, such an error
correction scheme is not possible for qubits due to the no-cloning theorem [6], the
presence of both bit-flips and phase-flips, and the wave function collapse resulting
from reading the qubit.

To perform error correction on qubits, stabilizer codes are used. A stabilizer code
is a type of quantum error correcting code that protects quantum information by
encoding so-called logical qubits as a larger set of physical qubits by entanglement.
It is defined by a set of stabilizer operators, which are elements of the Pauli group
that commute with each other and stabilize the encoded logical states. Errors are
detected by measuring these stabilizers without collapsing the quantum state of the
logical qubit. The surface code [7], [8] is one such stabilizer code. It is a topological
error correcting code that protects quantum information by encoding a logical qubit
in a two-dimensional lattice of physical qubits.

Efficiently decoding the surface code is a challenging problem. One widely used
approach is the Minimum Weight Perfect Matching (MWPM) decoder [8]-[16], a
classical method that performs well in general but struggles with correlated X/Z
error rates and imperfect measurements. Maximum likelihood decoders [8], [17]-
[20], on the other hand, achieve excellent accuracy but are computationally infea-
sible due to their exponential time complexity. A promising alternative is machine
learning-based decoders, a number of which have been proposed [21]-[34]. Machine

1



1. Introduction

learning models have the potential to decode rapidly once trained and are adaptable
to different noise models, offering both flexibility and efficiency.

This work builds on previous work from from the Department of Physics at Uni-
versity of Gothenburg [35] using graph neural networks (GNN) to classify the most
likely error class of a graph of stabilizer measurements. We build on that by break-
ing down graphs of longer syndromes into overlapping sub-graphs. These graphs are
then processed by a combination of a GNN and a recurrent neural network (RNN)
to generalize the decoding over variable time frames, in a similar fashion to [22].

We show that the combined GNN-RNN approach outperforms MWPM over long
time series for simulated stabilizers under surface level noise. The decoder is able
to generalize over several thousand measurement cycles while only being trained on
syndromes of 49-99 stabilizer cycles.



2

Theory

This chapter provides the necessary theoretical background for this thesis. It cov-
ers the basics of graph theory, quantum computing, quantum error correction and
machine learning with neural networks.

2.1 Graph theory

A directed weighted graph is described by the tuple G = (N, E,w) where N is
a set of nodes, £ C {(n;,n;) | ni,n; € N2, i # j} is a set of directed edges
between nodes and w is a function £ — T mapping edges to a weight of type
T. Similarly, an undirected weighted graph has a set of undirected edges E C
{(ni,n;) | ni,n; € N, i # j} between nodes. An undirected weighted graph can be
obtained from a directed weighted graph by ensuring that each edge is bidirectional
and equally weighted in both directions i.e. if (n;,n;) € E then (n;,n;) € E and
w(ni,nj) = w(nj,n;). Graphs serve as versatile models for relational structures,
where nodes represent entities and edges denote relationships. The number of nodes
in a graph |N| is called the order of the graph and the number of edges in a graph
|E)| is called the size of the graph. There are several different ways of deciding the
weights of an edge. If for example the nodes are coordinates (z,y), the weights
between them could be the distance between the coordinates. In this example the
coordinates (z,y) would be referred to as the node features of the graph.

2.2 Quantum computing

This section provides the necessary background in quantum computing to build the
concepts of quantum error correction.

2.2.1 Qubit

The qubit is the quantum computer equivalent to the bit in a classical computer.
It represents the basic unit of information in quantum computing. The qubit [¢)) is
written as

v =alo)+ 510} = (5)

1

where |0) = <0

) , 1) = (2) are orthonormal basis vectors, and «, [ are complex

3



2. Theory

values with |a|? +|8|? = 1. Here a, 3 give us the probabilities of measuring a qubit
as |0) or |1). For example, the probability of measuring a zero is equal to |a|?.

z

Figure 2.1: The Bloch sphere. Any state corresponds to a point
on the sphere, the positive and negative z direction represent the
basis states |0) and |1). The position of the state is defined by (2.1).

Figure 2.1 shows a geometric interpretation of the qubit called the Bloch sphere [36]
with the qubit state represented by a point on the sphere as

0 4 0
1)) = cos 3 |0) + €' sin 3 1) (2.1)
In addition to the basis states we have the notable states |[+), |—), |i) and |—i) on
the positive and negative x and y axis of the sphere. All of these states have an

equal probability of being measured as |0) or |1) but have different phases.

Multiple qubits are written using the tensor product ®

), @ [8), = (0 [0) + 61 11)) @ (02]0) + Ba1) 2.9
= (12 |00> + Oélﬁg |0]_> + 51042 |]_0> + 6162 |1]_> ’

For the two qubit case this can be written as a state vector of length four

a |00) + 5 ]01) + v [10) + 4§ |11) =

2 @R
o
=



2. Theory

2.2.2 Pauli operators

The Pauli operators are

R R (O S AR

Each of the operators X, Y, and Z have the effect of flipping the qubit 7 radians
around the x, y, or z or axis on the Bloch Sphere. As we can see from figure 2.1,
the X operator corresponds to a bit-flip error and the Z operator corresponds to
a phase-flip error. In the context of quantum error correction, the Y operator can
be seen as a combination of the X and Z operator as it corresponds to Y = 1 X Z.
Applying the X or Z operator to a qubit [¢) yields

X [¢) = aX |0) + X |1) = a[1) + 5]0) (2.5)
Z|) = aZ 0) + BZ |1) = a|0) — B|1) (2.5b)

The Pauli group on a single qubit is defined as the Pauli operators
G ={£1,+il, £ X, +iX,+Y, =Y, + 7, +iZ}, (2.6)

with the +1, i terms to ensure that G; is closed under multiplication. Every mem-
ber of G; has eigenvalues +1 or 44, is unitary, hermitian and self-inverse. Addi-
tionally, any two members of the Pauli group satisfy the commutation and anti-
commutation relations

(0,01 = 001, — oKo; = 2icjp0 (2.7a)
{oj,01} = 008 + oo = 20,1 (2.7b)

where g;; is the Levi-Civita symbol and 4, is the Kronecker delta

L it (]akal) € {(x,y,z), (y,z,x), (z,x,y)} (even permutation)
gjk:l = -1 if (]akal) € {(x,z,y),(y,x,z),(z,y,:p)} (Odd permutation)
0 otherwise

s 1 itj=k
F 7Y 0 otherwise

The general Pauli group is made up of all operators formed from tensor products
of elements from G;. If we for example have a three qubit system we can apply the
operation

10 XY = XY,

where the left hand side is the tensor product of three operations (applied to their
respective qubit), and the right hand side is the support notation of the same oper-
ation.



2. Theory

2.2.3 Quantum circuits

Qubits and operators are visualized using quantum circuit diagrams. Each qubit is
represented by a horizontal line going from left to right through time. The different
operations applied to the qubits are placed along these lines. Single qubit operations
like H, X, and Z are represented as a single letter in a box placed on the line as
in (2.8). Multiple qubit gates are represented using vertical connections between
qubits as in (2.9) or rectangles covering multiple lines as in figure 2.3. Single lines
represent qubits while double lines represent classical information, the measurement

of a qubit is represented by the meter symbol — &=

2.2.4 Quantum gates

Besides the Pauli operators, some additional quantum operators are needed, namely
the Hadamard gate H and the controlled X and Z gates CNOT and C'Z. The
Hadamard gate is defined as

1 (1 1
i= sy ) ) 28)

It has the effect H |0) = |+), H |1) = |—), and vice versa. In this way the Hadamard
gate can be used to bring a qubit in and out of superposition. The CNOT and CZ
gates are defined as

1 000
control ——
cyvor=|Y 1 00 (2.9)
0001 target ——
0010
1 00 O
01 0 O control —e—
CZ = 2.1
001 0 target —e— (2.10)
000 —1

These gates work as conditional X and Z gates. If the control is equal to |1), apply
X or Z to the target qubit. If the control and target are in superposition the CNOT
and C'Z gates have the effects

CNOT(«|00) + £ |01) + 0|10) + v |11)) = «|00) + 5 ]01) + v [10) + & |11) (2.11)
CZ(«]00) + £101) +6]10) + v |11)) = « |00) + 5 ]01) + 6 [10) — ~|11) (2.12)

One important phenomenon enabled by controlled qubits is phase kickback, which
refers to controlled operations having effects on both the target and control qubit

[37]. This is essential to QEC and exemplified in section 2.3.1.

6



2. Theory

2.2.5 Entanglement

One of the distinguishing features of quantum systems is the ability to entangle. In
lieu of duplicating quantum information as a way of introducing redundancy, as that
is not possible due to the no-cloning theorem [38], entanglement is utilized. Using
entanglement, it is possible to encode information with multi-particle superpositions
[37]. Figure 2.2 shows how one can entangle two qubits. As we can see from the
figure, measuring one of the qubits at the end of the circuit collapses the state of
the other qubit into a corresponding state due to entanglement.

Figure 2.2: Entanglement of two qubits. The state vectors before
and after the CNOT gate denote the states a|00) + £ |10) and
a|00) + S]11) respectively.

2.3 Quantum error codes

In order to facilitate reliable QEC, one needs to introduce redundancy in the way
a qubit is represented. In practice, this means distributing the logical state over
multiple qubits. If only one qubit is used, it is not possible to deduce if its value
is the result of some computation, or an error. Using multiple qubits increases the
reliability of the system by taking advantage of the fact that an error happening in
multiple qubits is less likely than an error happening in just one qubit [38]. This
section covers the basics of QEC.



2. Theory

2.3.1 Bit-flip repetition code

) Bl9),
) ] A
E
0), —— A

0, 1) 7

Figure 2.3: The two qubit encoder. The two qubits [¢), and |0),
are entangled using the CNOT gate as seen in figure 2.2 creating
the logical qubit [¢),. An error from table 2.1 is applied to [¢);.
The ancilla qubit in the |+) , state is used to perform the projective
ZyZy measurement on |¢) ;.

I I
1 1
I I
I I
I I
1 1
| | L~
I I
I I
I I
I I
I I

To allow for redundancy in a quantum code we can not simply copy bits [6]. Instead,
we entangle the state of the qubits, expanding their Hilbert space. This spreads the
state of a qubit [¢) over the logical state |¢),. Here we show the two qubit encoder
as seen in figure 2.3 to exemplify this.

|'¢> two qubit encoder |¢>L _ a|00> +6|11> :OC|O>L+B‘1>L'

This has the effect of changing the Hilbert space of the qubit. Before encoding, the
qubit is parametrized within |¢)) € Hs = span{|0),|1)}. After the encoding this
changes to the Hilbert space

), € Ha = span{[00) ,[01) ,]10) , [11)}
that we can split up into two mutually orthogonal subspaces
¢ = span{[00) ,[11)}, F = span{[01) , [10)}.

In the two qubit system we have the following bit-flip errors:

Error H ]11]12 ‘ Xl]lg ‘ ]llXQ ‘ X1X2
ol 1 [ 1[0

Table 2.1: Syndrome table for the two qubit code.
If we now apply the bit flip X to [¢), we get
Xy ), =a10) +5|01) € F C Hy

In addition to the logical qubit, the two qubit encoder utilizes a third qubit called
the ancilla qubit. The ancilla qubit is initialized in the |0) , state before applying
the Hadamard gate to it, changing it to the state |+),. At this point the ancilla is

8



2. Theory

prepared and ready to be used in the projective measurement 7,75 using two C'Z
gates. The Z;Z, operator applied to [¢), yields the eigenvalue (+1)

D02y [Y)p = Z1Za(a|00) + B[11)) = (+1) [¢) (2.13)

The Z1Z, operator is said to stabilize |1)); as it leaves it unchanged. If we instead
apply the Z;Z, operator to X [¢); we end up with the eigenvalue (—1)

2123 X1 )y, = Z1Z5(aX1|00) + BX1[11)) = (1) X1 [¢) (2.14)

This would also be the case for the bit-flip error X, [¢);. Since the ancilla qubit is
used as a control for the Z;Z, operator we get the state

1
ﬁ((ﬂﬂla)(E [9))10) 4+ Z12:(E [¢) ) 1) 4) (2.15)

After applying the second Hadamard gate to the ancilla qubit we end up in the state

(Lat ZZ)E ), 10), + (Wl — ZZ)(EW),) D, (216)
If Ey), € F we get the eigenvalue Z1Z,F |¢), = (—1)E |[¢), and the first term
goes to zero. If instead E |¢), € C then Z,Z,FE |¢);, = (+1)E |¢), and the second
term goes to zero. Thus, measuring the ancilla qubit in the state |1) , informs us
that £ € {X;15,1,X5} and measuring the ancilla in the state |0) , informs us that
Ee {]ll]lg,XlXQ}.

2.3.2 The stabilizer formalism

The stabilizer formalism describes the formal requirements of a general [[n, k, d]]
stabilizer code [39]. Here n is the total number of data qubits, k is the number of
logical qubits and d is the stabilizer code distance. The code distance of a quantum
error correction code is the minimum number of physical qubits that can go unde-
tected and cause a logical error. In the case of the two qubit encoder we can detect
but not correct a single bit-flip meaning that if the qubit was only susceptible to
bit-flip errors it would be of distance d = 2. As qubits are susceptible to phase-flip
errors as well, we need a stabilizer code to take the logical Z operator into account
when determining the code distance.

The stabilizers S of an [[n, k, d]] code is a subgroup of the n-qubit Pauli group G,,.
G, is made up of all operators of length n formed from tensor products of elements
from G1(2.6). As with G;, the members of G, either commute or anti-commute. All
stabilizers must stabilize all logical states of the code space C. They must also com-
mute with each other. The requirement for commutation is intersecting on an even
number (including zero) of data qubits. This allows the stabilizers to be measured
simultaneously [38].

Generally, any code that adheres to the stabilizer formalism can be used to, at most,
detect an error of length d — 1, and correct an error of length %.
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2.3.3 The surface code

A code that can detect both bit-flips and phase-flips is the so-called surface code.
Originally defined on a torus [7], [8], it can instead be created using a two-dimensional
lattice of qubits with two different types of boundaries [40]. The surface code four-
cycle is the building block of the surface code. Figure 2.4 shows the quantum circuit
diagram of the four-cycle and a simplified representation of the quantum circuit.

|Dy) 4
s
—{#]} H
—{] H

Figure 2.4: Surface code four-cycle. The left hand side diagram
shows a simplified representation of the quantum circuit diagram
on the right. Pink represents X stabilizers while blue represents
7 stabilizers. The data qubits are represented by circles and the
ancilla qubits by squares.

A\

)
A\

10 4,
(2)
10 4,

While X and Z anti-commute (X7 = —ZX) the stabilizers Xp, Xp, and Zp, Zp,
commute as they act on two shared qubits.

XD1XD2ZD1ZD2 :AXPDIZDIA)(DQZD2
=—Zp, Xp, XD, Zp,
= (_1)2ZD1XD1ZD2XD2
= ZDIZDQ)(DPXVD2

(2.17)

Using the four-cycle we can build the surface code, the left hand side of figure 2.5
shows the [[13,1,3]] planar surface code. As we can see from the diagram, each
stabilizer commutes as they still intersect non-trivially on an even number of qubits.
From here we can reduce the cost of a logical qubit by rotating the planar surface
code as seen on the right hand side of figure 2.5. This reduces the amount of physical
qubits needed to encode the logical qubit while keeping the code distance d = 3. As
we can see from the diagram, the required commutation relations still hold.

10



2. Theory

oo
Arg Ao

Figure 2.5: Left: a tiling of the surface code four-cycle 2.4 creat-
ing the planar [[13, 1, 3]] surface code. Right: the [[9, 1, 3]] rotated
surface code made by rotating the four-cycle tiling.

2]

After constructing the rotated surface code from the surface code four cycle, the
schematic is further simplified to the representation shown in figure 2.6, this is the
representation that will be used in the rest of this thesis. Additionally, the rotated
surface code will simply be referred to as the surface code.

11



2. Theory

Zr
) ), ) (X) L
7) ) N ~ a
) {J { ) ) {
N N ~ N a
) { ) { ) { ) {
Xy
N A7) ~ ~ I
) (Y) ) { ) {

Figure 2.6: The simplified schematic for the [[25,1,5]] surface
code. Data qubits are represented by the open circles, while sta-
bilizers are represented by the squares and ”lobes” of the code.
Dark gray colouration represents X stabilizers while light gray rep-
resents Z stabilizers. Pink represents activated X stabilizers while
blue represents activated Z stabilizers. Errors are represented by
the letter on their respective data qubits. The logical X and Z
operators are along the left and top border.

On the surface code, the logical X and Z operators must still satisfy the anti-
commutation relationship X7, = —Z;X. Additionally, X; and Z; must com-
mute with all the stabilizers (preserve the eigenvalue of the ancilla qubits). This is
achieved by letting X and Z, span the surface code along its left and upper border.
Furthermore, Y7, is defined as a combination of X and Z; by replacing the top left
corner data qubit with the Y operator and placing X and Z operators along the rest
of their respective borders. Figure 2.7 shows an overview of the logical operators on
the surface code.

Figure 2.7: The logical X (left), Z (middle), and Y (right) opera-
tors on the surface code.

The logical error classes are the sets of errors having the same effect on the state of
the logical qubit as a logical operator. As such, error chains with an odd parity of
X operators along the upper border belong to the X coset, and error chains with

12



2. Theory

an odd parity of Z operators along the left border belong to the Z coset. As with
the logical X/Z operators, error chains with an odd parity along both the left and
upper border belong to the ) coset [41]. Error chains with an even parity along
the logical operators instead belong to the Z coset. Figure 2.6 shows a syndrome
belonging to the logical ) coset.

As the stabilizers of a quantum error correction code can only show the parity of
the data qubits surrounding them, and not the error chain itself, the purpose of a
quantum error correction decoder is to decide the most likely chain of errors and
based on the error chain deduce to which logical coset the syndrome belongs.

2.3.4 Minimum-weight perfect matching

A matching of a graph G is a set of edges such that no edge shares a node with
another edge. A perfect matching includes every node in G. In order for the perfect
matching to be minimum-weight, it must minimize the sum of the edge weights.
Figure 2.8 shows an example of the minimum-weight perfect matching (MWPM) of

a graph.
(ea)=—e)

MWPM
V10 VIO —/——

Figure 2.8: Creating the MWPM of a graph. Here the nodes are
2D Cartesian coordinates and the edge weights are the distances
between them.

The MWPM of a graph can be found using the blossom algorithm [9] developed by
Jack Edmonds in the 1960s, and it turns out this algorithm can be used to decode
quantum stabilizer codes. In QEC literature it is known as the MWPM decoder
[42]. Figure 2.9 shows an example of a matching using MWPM on the surface code.
Note the bright coloured "virtual stabilizers” on the boundary of the surface code.
If an odd number of X or Z stabilizers are activated, the virtual boundary stabilizers
facilitate the creation of a matching using MWPM, since an even number of nodes
is required for this. Additionally, the virtual stabilizers allow for matchings to the
edge of the surface code even when an even number of stabilizers are activated. As
seen in figure 2.9, all virtual stabilizers do not need to be part of the matching, they
are only used as required. After the matching of the surface code is created, it is
used to deduce the most likely error chains.

13
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Figure 2.9: Left: surface code with a syndrome from the logical
coset Z. Middle: the same syndrome with the fully connected graph
between all X stabilizers and all X virtual boundary checks. Right:
a matching using MWPM of the syndrome. The light blue and pink
plaquettes outside the surface code represent the additional virtual
boundary checks.

2.4 Neural networks
This project is based on developing a QEC decoder using a data-driven approach.

In particular, our decoder is based on neural networks. As such, this section covers
the basics of neural networks as it relates to this work.

2.4.1 Feed forward, fully connected neural networks

Figure 2.10: Deep neural network with input X =
{wo, 1, ..., Tns}, a sequence of hidden layers, and an output Y’ =
{90, y15 - -, Yny }- Each layer X is updated according to (2.20) with
the input of each layer being the output of the previous.

14



2. Theory

The building block of neural networks is the (artificial) neuron, first proposed as a
mathematical model for the nervous system [43]. The value of a neuron N can be
written as

Tj exX

where X is the input vector to the neuron, w; is the weight from input x; to the
neuron, b is the bias for the neuron, and f is a (typically non-linear) activation
function. From this we can create a layer of neurons with output X; taking the
previous layer X;_; as input

No
Ny
Xl(Xl—l) = . s where Nz’(XZ—l) = f bz + Z T Wi (219)
: $j€X171
Ny,
This can be rewritten as the matrix operation
Xi(Xi-1) = f(WiX;-1 + By) (2.20)

where W, is a n X k matrix, X;_; is a £ X d matrix, B; is a n x d matrix, n is the
number of neurons in the layer and d is the number of samples in the input tensor
(batch dimension). These layers can be stacked after each other creating a deep
neural network as seen in figure 2.10.

The neural network is initialized with random weights and biases. To allow the
neural network to make precise predictions it is trained on known input output
pairs {X, Y} and every weight and bias is adjusted using backpropagation gradi-
ent descent [44]. In this process every parameter p (weights and biases) is updated
according to p' = —n%p’v). Here, E(Y,Y’) is a chosen error, or loss, function in-
dicating the performance of the network and 7 is a learning rate ensuring appropriate
size of the parameter update.

2.4.2 Recurrent neural networks

To allow a neural network to handle time series data of variable length it is useful
to give it some sort of "memory”. The recurrent neural network (RNN) [45] allows
for this by connecting the hidden state (sequence of hidden layers) h of the network
at time ¢ to the hidden state at time ¢t + 1 as seen in figure 2.11.
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Figure 2.11: Fundamental structure for a recurrent neural net-
work. The hidden layer(s) feed their state to the output and to
the output for the current time step. The figure shows both the
unrolled and rolled up schematic at time t.

The hidden state is similar to the feed forward network and the parameters are
updated using backpropagation.

2.4.3 Gated recurrent unit

hy

by ~

N Y
—

Ty

Figure 2.12: Circuit diagram of a single GRU block. ry, z;, n; and
h; are calculated according to (2.21).

Using fully connected layers for the hidden state of the RNN can run into the
vanishing gradient problem for longer time series [46], [47], which makes network
training difficult. One approach to mitigating this is to use long short-term memory
(LSTM) [48] blocks for the hidden state. LSTM circumvents the vanishing gradient
by keeping separate long term and short term hidden states. The gated recurrent
unit (GRU) [49] builds on the LSTM but removes the cell state vector, combining
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long and short term memory, giving it the parameters

Ty = U(erxt + by + Whrh(tfl) + bhr) (2213)
Zt = O'(sz.rt + bxz + thh(t—l) + bhz) (221b)
ng = tanh(Wap @y + ben + 10 © (Whnh—1) + bin)) (2.21c)
ht = (1 — Zt) Ong+2:© h(tfl) (221d)
1
o(e) = 1+ exp(—x)

Here the reset gate r; decides how much of the previous state to remember. If r, = 0
the new state forgets the entirety of the old state. The update gate z; decides how
much of the past hidden state to keep. If z; = 1 we take none of the new state and
all of the old state and vice versa. The candidate state n, gives a candidate for a
new hidden state before the update gate decides how much of it to accept. Figure
2.12 gives a more illustrative view of the GRU block.

2.4.4 Graph convolutional networks

x; = f(b1 + Wix; + Wy(es1X5 + €21X2))

Figure 2.13: The update of a single node feature z/, according to
(2.22) during graph convolution.

Graph convolutional networks are a type of neural networks that are designed to
operate on graphs. Graph convolution layers map every node feature x1,zs,... to a
new state according to the graph neural network operator [50]

JEN;

Like other neural networks, the weights and biases (W, b;) are trainable parameters
initialized randomly and updated using backpropagation. ej; are the edge weights of
the graph and f is the activation function. The graph neural network is permutation
equivariant, meaning that it does not change the structure of the graph - only the
node features. Figure 2.13 shows the update rule acting on a single node feature
during a graph convolution.
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2.4.5 Global mean pool
The global mean pool (GMP) of a graph G is the mean of every node feature across
the graph nodes Ng according to

GMP(G) = — 3 x (2.23)

where |Ng| is the number of nodes in the graph. This reduces (pools) the state of
the graph into a single vector representation of the same size as a single node feature
vector. The fixed size of the pool makes it a suitable embedding between a graph
and neural network structures demanding fixed size inputs.
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Methods

This chapter covers the methods that were employed when creating our quantum
error correction decoder. First, we explain how data for model training and inference
was generated. Next, we describe the neural network architecture. Finally, we cover
how the neural network was trained.

3.1 Data generation

In order to generate data for use during training and inference, the Python package
Stim [51] was used. Stim can be used to simulate quantum stabilizer circuits, such
as the surface code in our case. When simulating stabilizer circuits, bit-flip and
phase-flip errors are applied with error rate p using a noise model called circuit-level
noise. This noise model consists of depolarizing noise that applies X, Y, and Z
errors with equal probability px = py = pz = %, in addition to bit-flip errors after
ancilla qubit measurements and resets, and two-qubit gate errors.

After simulating the circuit for T cycles, or time steps, Stim returns a vector of
so-called detection events from 7" + 1 time steps, and a boolean value indicating if
the simulation has resulted in a logical bit-flip or phase-flip. This value is used as
the label when training and evaluating the neural network. Stim simulates a real
experiment and as such, the data qubits at the end of the simulation can only be
measured in either the X basis or the Z basis. If the data qubits are measured in the
X basis, logical phase-flips can be detected, and if they are measured in the Z basis,
logical bit-flips can be detected. It is this final measurement of the data qubits that
causes the 4+1 in the T'4 1 expression. The detection events are also boolean values,
indicating whether each stabilizer measurement differs from its previous state, i.e.
activated if there is an odd parity on the surrounding data qubits, not activated
otherwise.

Having generated a syndrome, a series of graphs each spanning dr time steps are
created. The nodes correspond to detection events, each represented by a feature
vector [z,vy,t,, Z, X] where z,y,t, are node coordinates and X, Z are boolean val-
ues indicating stabilizer type. The x and y coordinates indicate the location of the
stabilizer on the surface code, z,y € [0,d], the top left being the origin. The ¢,
coordinate indicates the relative time step of the detection event within the graph,
t, € [0,dr —1].
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Each node has an edge to its twenty nearest neighbours. These edges are created
using a k-nearest neighbour algorithm. Generally, the graphs contain less than
twenty nodes, and as such are undirected and fully connected. In principle, though,
the graphs can contain more than twenty nodes, and in these cases the graphs are
not fully connected, and potentially not undirected. The number of nodes in a graph
has a positive correlation with the code distance d, the number of time steps the
graph spans dr, and the error rate p. Next, the edge weights are created. These
are calculated as the square of the inverse supremum norm between two nodes. For
instance, the edge weight between nodes ¢ and j, e;;, is:

eij = (max(|z; — ;] [y — ysl, [tr, — £,,1)) 7 (3.1)

The graphs are created according to a sliding window schema, such that all nodes
(except for nodes in the first and last time step) are present in multiple overlapping
graphs, see Figure 3.1. Should a graph be empty, such as if there are no detection
events until ¢ = 5 in Figure 3.1, leading to an empty Graph 1, the next graph, i.e.
Graph 2, takes its place as the first graph of the syndrome. Therefore, syndromes
contain a varying number of graphs for a given syndrome length T'.

!

[Graph IJ [Graph 2} [Graph 3} [Graph 4} [Graph 5}

Figure 3.1: Diagram showing how graphs are created according
to a sliding window schema. The circles represent all nodes that
are present in the corresponding time step ¢.

Since a given node can belong to multiple graphs, something has to be done to avoid
creating a single graph that spans the entire syndrome. The solution we settled on
was making copies of each node. Each node is copied min(t,dr — 1) times, where
t corresponds to the time step the node belongs to. Nodes belonging to time step
t = 0 are only present in one graph, and therefore do not need to be copied. Nodes
belonging to time step t = 1 are present in two graphs, and as such need to be
copied once. Next, the time coordinate ¢, of each node copy is adjusted accordingly.
For instance, nodes in time step t = 4 belonging to Graph 1 in Figure 3.1 have time
coordinate ¢, = 4, and the "same” nodes in Graph 2 instead have time coordinate
t, = 3. Each node is also assigned an index indicating to which graph it belongs.
This index is used when computing the edges.

Unfortunately, creating the syndrome graphs by first copying the nodes takes a sig-
nificant amount of time, as the number of nodes is increased by roughly a factor of
dr. During training of our neural network, around 30%-50% of the time is dedicated
to data generation. Section 3.3 covers this in greater detail. Further, during infer-
ence, the vast majority of the time is dedicated to data generation, as the model
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is evaluated on syndromes of much longer length than those on which the model
is trained, and this takes a long time. Figure 3.2 shows how the time required to

generate syndrome graphs varies with syndrome length 7" and error rate p for code
distances d = 3,5, 7.

(5] o
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Time (ms)
w B
Time (ms)
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0 200 400 600 800 1000 0.001 0.002 0.003 0.004 0.005
Number of surface code cycles Error rate

Figure 3.2: Time required to generate syndrome graphs based
on surface codes of distances d = 3,5,7, with dr = 2. The left
panel shows how the time to generate syndrome graphs changes as
a function of syndrome length, with fixed error rate p = 0.001. The
right panel instead shows how the time to generate syndrome graphs
changes with error rate p, and fixed syndrome length 7" = 99. The
error bars represent one standard deviation. The results are based
on 5 - 103 randomly generated syndromes per data point.

3.2 Neural network architecture

The neural network is trained to detect either logical bit-flips or phase-flips. First,
the syndrome graphs are fed through a GNN whose purpose is to create a high
dimensional feature vector of each node. The GNN consists of a series of graph
convolutions that successively increase the size of the feature vectors. The recti-
fied linear unit (ReLU) activation function, see (3.2), is used following each graph
convolution.

ReLU(x) = max(0, z) (3.2)

Next, graph embeddings are obtained by averaging the node features of each graph
using an operation called global mean pool, see section 2.4.5. The graph embeddings
are then fed sequentially through an RNN, which in our case is a multi-layer GRU.
At each time step, the GRU outputs several hidden states, one for each layer. These,
in combination with the next graph embedding, are used as input to the GRU in
the following time step.

Finally, the hidden state corresponding to the last layer of the final time step is
decoded by feeding it through a dense layer, which maps the hidden state vector to
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a scalar. A sigmoid function is then applied to limit the scalar to the interval (0, 1).
In order to determine if a logical bit-flip or phase-flip has occurred, this number is
rounded to the nearest integer. A zero indicates that no error has occurred, whereas
a one indicates that an error has indeed occurred. It is important to note that a
given network can only detect one type or error. If; in the last measurement round,
the data qubits are measured in the X basis, the network learns to detect logical
phase-flips, and if the data qubits are measured in the Z basis, the network learns
to detect logical bit-flips. Therefore, one needs two separate networks to deduce if
the syndrome belongs to the logical X', YV, Z, or Z coset. We exclusively trained
networks to detect logical bit-flips, but it is trivial to train networks to detect logi-
cal phase-flips, as the only difference is which data qubits are measured in the last
round. Figure 3.3 shows an overview of the model pipeline.
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Figure 3.3: Overview of the entire model pipeline. A: Transfer
surface codes to graph over all detector events. B: Embedding from
graph to embedding tensor using graph convolutions. C: four layer

Gated Recurrent Unit.

A benefit of using an RNN is that, during inference, the whole syndrome does not
need to be fed through the neural network at once, only the part that corresponds to
the last graph and the previous hidden state. In other words, decoding a syndrome
at time step ¢t = 7999 theoretically takes the same amount of time as decoding a
syndrome at ¢t = 99. This is not the case for other decoders, such as MWPM.

Our decoder was implemented using PyTorch [52] and PyTorch Geometric (PyG)
[53]. PyTorch is a machine learning library that enables efficient tensor computing.
PyG is built upon PyTorch and provides functionality to implement graph neural
networks.
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3.3 Training setup

Since our decoder is based on a neural network, a significant amount of data is
needed to train it. As mentioned in section 3.1, data was obtained by generating it
using Stim. Instead of generating fixed training and test sets, data was generated
one batch at a time during training. As such, every batch that is fed through the
network is unique. This approach has both benefits and drawbacks. First, it de-
creases the tendency for the network to overfit on the provided data. On the other
hand, a significant amount of time during training is dedicated to data generation.
Further, because Stim runs on the CPU, every new batch of graphs that is generated
must be transferred to the GPU, which slows down training further. Generating the
data and transferring it to the GPU takes roughly 30%-50% of the total training
time.

Despite not using a fixed training set, the training was split into so-called epochs.
Generally, one epoch corresponds to feeding the whole data set through the neural
network once. We settled on 256 batches counting as one epoch, where each batch
consists of 2048 syndromes. Therefore, one epoch worth of data corresponds to
roughly 5 - 10° syndromes. The number of epochs required for the loss to converge
is positively correlated with code distance. Chapter 4 covers this in greater detail.
It is important to note that we did not make use of a test set as a way of evaluating
the performance of the model and the convergence of the loss during training. The
reason for this is that with no fixed training set, the model does not overfit on the
provided data, as each batch is randomly sampled from a state space much larger
than the total number of syndromes generated during training.

During training, the network learns to predict a label that is either 0 or 1. The
probability of a logical bit-flip or phase-flip error occurring is positively correlated
with syndrome length and error rate p. As such, the relative class proportion for
short syndromes is skewed towards class 0, i.e. the dataset is imbalanced. This can
cause issues when training machine learning models [54]. Figure 3.4 shows the class
0 proportion as a function of syndrome length for code distances 3, 5, and 7. We can
see that for shorter syndrome lengths, the dataset is indeed imbalanced. However,
the class 0 proportion converges to 0.5 as the syndrome length increases. The models
we trained were all based on syndromes with roughly equal class proportions.
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Figure 3.4: Proportion of class 0 syndromes as a function of
syndrome length for code distances d = 3,5,7, with error rate
p = 0.003. The error bars represent one standard deviation. The
results are based on roughly 2.5-10° randomly generated syndromes
per data point.

It is important to note that syndromes containing no detection events are always
excluded, both during training and inference. Since nodes in the syndrome graphs
are based on detection events, the absence of them implies that all the graphs be-
longing to a syndrome are empty. Syndromes without any detection events belong
to class 0, and are referred to as trivial cases. These cases are also excluded from
model performance metrics, such as accuracy.

Our decoder was trained using the Adam (Adaptive Moment Estimation) optimizer
[55], with betas £ = 0.9, 52 = 0.999. Adam is similar to ordinary stochastic gradient
descent, but it leverages momentum and adaptive learning rates for each parameter.
Momentum means that part of the previous update is added onto the next. This
helps speed up convergence. The decoder was optimized by minimizing the binary
cross-entropy (BCE) loss function:

BCE = E[WOQ(OD + (1 —yi)log(1 — O;)] (3.3)

1
N
where N is the number of observations, y; € {0, 1} is the target label, and O; € (0, 1)
is the output from the network. The initial learning rate, 7, was set to 1073,
During training, the learning rate was decreased exponentially to 10~* according to
ne = max(10™*, 150.95!), where ¢ corresponds to the current epoch.
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Results

With a method for obtaining data and a neural network architecture in place, mod-
els can be trained and evaluated. In this chapter we first cover the training of the
models before presenting their performance.

4.1 Decoder training

Three models were trained, one for each distance d € {3,5,7}. All three models
were trained with a varying error rate p € {0.001,0.002,0.003,0.004,0.005} that
was uniformly sampled on a batch-by-batch basis. Because the number of epochs
required for the loss to converge is positively correlated with code distance, the dis-
tance 7 model was trained for 500 epochs, the distance 5 model for 300 epochs, and
the distance 3 model for 150 epochs. Since each epoch consists of roughly 5 - 10°
syndromes, the distance 7 model was trained on 2.5 - 108 syndromes, the distance 5
model on 1.5 - 10® syndromes, and the distance 3 model on 7.5 - 107 syndromes.

The three models were trained with slightly different syndrome graph settings. Both
the distance 5 and 7 model were trained on syndromes of length 7" = 49, with sliding
window size dr = 2. The distance 3 model was instead trained on syndromes of
length 7" = 99 with sliding window size dp = 5. There are two reasons for this. First,
the time required to train models increases with code distance, syndrome length,
and sliding window size. The distance 7 model took roughly four days and eighteen
hours to train on an Nvidia A40 GPU. Had it instead been trained on syndromes of
length T' = 99 with dp = 5, it would have taken more than a week. Therefore, in the
interest of time, we settled on shorter syndromes. Secondly, we experimented with
multiple different syndrome lengths and sliding window sizes, especially on distance
3 models, as they can be trained relatively quickly. We found that models that were
trained on syndromes of length 7" = 49 had similar performance to those trained
using 7' = 99. A few distance 3 models were trained on syndromes of length T" = 24,
too. While these models performed relatively well on shorter syndromes, they failed
to generalize for longer syndromes.

The state space grows exponentially with code distance. As such, the amount of
information that the neural network needs to encode also grows exponentially. Ini-
tially, the models had the same number of parameters regardless of code distance,
roughly 5.3 - 10°, with a graph embedding vector of length 256, and the hidden
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state of the GRU a vector of length 128. This configuration worked well for code
distances 3 and 5, but it was not enough for code distance 7. Therefore, the sizes of
the graph embedding vector and hidden state vector for the code distance 7 model
were doubled to 512 and 256, respectively, increasing the number of parameters to
roughly 2.1-10°. See appendix A.2 for a more detailed breakdown of the number of
parameters and architecture of each model.

The results from training are summarized in figure 4.1. The left panel shows the
accuracy as a function of training epoch. As expected, the distance 3 model con-
verges at a lower accuracy compared to the two other models. The right panel shows
the mean model output for class 0 and class 1 before rounding, also as a function
of training epoch. The model output can be interpreted as the confidence of the
models. Based on this interpretation, the distance 3 model is less confident with
respect to which input belongs to which class.
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Figure 4.1: Accuracy (left) and model output (right) as a function
of training epoch. Each epoch consists of roughly 5 - 10° randomly
generated syndromes.

4.2 Decoder performance

Having trained the models, it is time to evaluate their performance. The MWPM
decoder implemented by the PyMatching library [56] is used as a benchmark for all
performance metrics, and is represented by dashed lines in figures 4.2 through 4.4.
Figure 4.2 shows the accuracy and failure rate of the three models as a function
of surface code cycle. The distance 3 and 5 models both outperform MWPM over
the entire domain. However, the distance 7 model has similar or worse performance
compared to MWPM.

27



4. Results

1.000 {  ——======—
___________________ 10-1 4
09754 NNl T ——
0.950
° 102
2 0.925 ]
o e
= Q
2 0.900 5
g 5107
08754 —+ d=3 < =
N
—+— d=5 S —+— d=5
08501 44— d=7 ‘\\ 1074 4 —— d=7
0.825 Our model SN —— Our model
---- MWPM . ---- MWPM
0 200 400 600 800 1000 0 200 400 600 800 1000
Number of surface code cycles Number of surface code cycles

Figure 4.2: Accuracy (left) and failure rate (right) as a function
of surface code cycles, with error rate p = 0.001. The vertical bars
indicate standard deviation. All models were tested with 5 - 10°
syndromes per data point.

Figure 4.3 shows similar data compared to figure 4.2, but here the z-axis is loga-
rithmic and the models are evaluated on syndromes up to 10* surface code cycles.
As seen in figure 4.3, the performance of the distance 3 model drastically decreases,
approaching an accuracy of 0.5. This is equivalent to randomly guessing when the
dataset is balanced and there are two classes, as in this case. However, this is not
due to poor performance of the decoders, it is an intrinsic limitation of the life-time
of the qubit. The distance 5 model continues to confidently outperform MWPM
whereas the distance 7 model is noticeably worse than MWPM. While all three
models are trained on syndromes shorter than a hundred surface code cycles, the
figures suggest that they are able to generalize for much longer time series. The
distance 5 model, especially, performs well relative to MWPM for long time series.
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Figure 4.3: Accuracy (left) and failure rate (right) as a function
of surface code cycles up to 10* cycles, with error rate p = 0.001.
The vertical bars indicate standard deviation. All models are tested
with 6 - 10* syndromes per data point.

Next, the performance of the models is evaluated with respect to error rate p. Figure
4.4 shows model performance for a fixed syndrome length T" = 99 as a function of

28



4. Results

error rate. The distance 3 and 5 models both outperform MWPM for all error rates
p € {0.001,0.002,0.003,0.004,0.005}. The distance 7 model, on the other hand,
has similar performance as compared to MWPM for p = 0.001, but its relative
performance decreases as the error rate increases.
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Figure 4.4: Accuracy (left) and failure rate (right) as a function
of error rate. The vertical bars indicate standard deviation. All
models are tested with syndrome length 7' = 99 with 5 - 105 syn-
dromes per data point.

Finally, the time required to decode syndromes is evaluated. While our model is
slower than MWPM on any fixed length syndrome decoding, the use of an RNN
allows the decoder to process the syndrome at every time step. This means that,
instead of accumulating syndrome measurements and decoding the whole syndrome
at once, the decoder is able to process information one cycle at a time. The reason for
this is the decoder only requires the previous hidden state of the RNN and syndrome
measurements from the last dr (dr << T) time steps as input. This ensures that
the decoder processing time per cycle is constant with respect to cycle count. This
helps decrease the latency of the model, defined as the time required to decode the
syndrome once the final measurement has been fed to the decoder [21], [22], since the
model is able to process syndrome measurements during computation. In order to
achieve zero latency, the processing time per cycle must be as fast as the clock speed
of the quantum computer, which for superconducting qubits is roughly 1us [21], [22],
[57], [58]. Our decoder is around one order of magnitude slower than this, achieving
a per cycle processing time of 8.76 4+ 0.94us for the distance 3 model, 11.33 + 0.66us
for the distance 5 model, and 17.87 4 0.65us for the distance 7 model, with error
rate p = 0.1%, running on an Nvidia A40 GPU. However, this could be improved
by optimizing the model for inference, and running on specialized hardware such as
a field-programmable gate array (FPGA).
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Conclusions

This work introduced a data-driven approach to decoding the surface code using a
combination of graph neural networks and recurrent neural networks. The decoder
was trained on hundreds of millions of simulations of the surface code under circuit
level noise. It is able to outperform the classical MWPM algorithm on code distances
3 and 5 for thousands of surface code cycles using an error rate p = 0.001. However,
it falls behind on code distance 7. Further, our decoder outperforms MWPM for all
error rates p € {0.001,0.002,0.003,0.004,0.005} on code distances 3 and 5 for a fixed
syndrome length 7" = 99. When it comes to decoding time, MWPM is faster than
our decoder when decoding a whole syndrome at once. However, due to the recurrent
nature of our decoder, it is able to process syndrome measurements one cycle at a
time during computation, as opposed to accumulating measurements and decoding
them all at once. Further, the processing time per cycle is constant with respect to
cycle count. These factors help reduce the latency of the decoder, which is desirable.

There are a couple of problems with the approach presented in this work. The pri-
mary problem relates to the amount of time required for data generation. Since we
chose to always generate new data during training, as opposed to having a fixed data
set, data must continuously be generated on the CPU and transferred to the GPU
on a batch-by-batch basis during training and inference. This takes a long time,
around 30%-50% of the total training time. This problem is exacerbated by the fact
that the way in which the syndrome graphs are created in an overlapping fashion
also takes a long time. The reason this takes a long time is that all nodes belonging
to a batch are put in the same two-dimensional tensor of shape [N, 5] where N is
the total number of nodes in a batch and 5 is the number of node features. Ideally,
a three-dimensional tensor of shape [B, N;, 5], where B is the batch size and N; the
number of nodes in syndrome ¢, would be used, since the node duplication could
be vectorized with this approach. However, because the number of nodes varies
from syndrome to syndrome, i.e. N; is not constant across a batch, this does not
work. Further, the graph convolution layers [59] of PyTorch Geometric expect a
two-dimensional input. As such, much of the node duplication is done inside of a
Python for-loop, as opposed to being done in a vectorized fashion, adding a further
performance penalty.

The neural network architecture described in this paper only decodes the hidden
state of the RNN corresponding to the last time step. This is because, by default,
Stim only returns a label indicating which class the syndromes belong to for the last
time step. However, with a bit of extra work, it is possible to extract the syndrome
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class for each time step. This could potentially improve both the performance and
training time of the decoder, since all hidden states could be used during training,
instead of neglecting all but the last one.

Finally, ethical considerations of this work relate to the fact that quantum error cor-
recting decoders contribute to enabling reliable quantum computing. While quan-
tum computing is not inherently unethical, it can be used for nefarious purposes,
e.g. breaking encryption schemes such as RSA and Diffie-Hellman using Shor’s
algorithm [4], [5], [60]. Further, the decoder introduced in this work is based on
neural networks, specifically leveraging machine learning to learn a mapping from
syndrome measurement data to likely error chains. This introduces additional ethi-
cal dimensions beyond those tied to quantum computing alone. Neural networks are
often characterized as ”"black box” models. While they may demonstrate high per-
formance, their internal decision-making processes are typically opaque and difficult
to interpret. This lack of transparency raises concerns around trust, verification,
and accountability, especially in safety-critical or high-stakes domains.
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A

Appendix

A.1 Appendix 1

The code for this project can be found at github.com/Olfj/QEC__GNN-RNN /releases/tag/v1.0

A.2 Appendix 2

Network parameters for the models presented in this thesis.

Layer Input Features | Output Features | Param #
GraphConv 1 5 32 352
GraphConv 2 32 64 4,160
GraphConv 3 64 128 16,512
GraphConv 4 128 256 65,792
GRU 256, 128 128 445,440
Linear 128 1 129
Total 532,385
Table A.1: Layer-wise input/output features and parameter

counts of the distance 3 and 5 GRUDecoder model.

Layer Input Features | Output Features | Param #
GraphConv 1 5 32 352
GraphConv 2 32 64 4,160
GraphConv 3 64 128 16,512
GraphConv 4 128 256 65,792
GraphConv 5 256 512 262,656
GRU 512, 256 256 1,775,616
Linear 256 1 257
Total 2,125,345
Table A.2: Layer-wise input/output features and parameter

counts of the larger distance 7 GRUDecoder model.
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