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Regularisation of Feynman integrals on complexified configuration spaces
Ludvig Svensson
Department of Mathematical Sciences

Chalmers University of Technology and University of Gothenburg

Abstract

We present a regularisation procedure for divergent configuration space Feynman integrals
coming from a complexified euclidean scalar quantum field theory on a complex manifold
X. The inspiration for the thesis as well as the setting is provided by recent works of Cey-
han and Marcolli that proposes a construction of the configuration space and a complex
generalisation of a Feynman amplitude dictated by a Feynman graph I', reminiscent of a
set of Feynman rules in physics. Furthermore, Ceyhan and Marcolli describe a compact-
ification of the configuration space of a given graph as an iterated sequence of blowups
along certain diagonals in a product space where the amplitude associated to the graph
in general has non-integrable singularities. We identify the possibility of the amplitude
also having singularities at infinity and propose a construction, complementary to that of
Ceyhan and Marcolli, with the desired result that the singular locus of the pullback of the
amplitude constitutes a normal crossings divisor. This property allows for the application
of techniques from the theory of currents in complex analysis. We consider a regularisation
of the divergent integral, which has a Laurent series expansion in the regularisation pa-
rameter with current coefficients. We define the degree of divergence as the leading order
of the expansion. We go through the regularisation procedure for three explicit Feynman
graphs, with X = CPP. We give upper bounds for their respective degrees of divergence
and for one of the graphs, in the special case D = 2, we show that the leading order term

vanishes.

Keywords: regularisation, divergent integrals, configuration space, blowups, currents,

meromorphic continuation.
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1

Introduction

In recent years, quantum field theory has seen a resurgence of interest, though, it has
been from mathematicians rather than from physicists, due to developments towards un-
derstanding the apparent geometric and algebraic structure underlying regularisation and

renormalisation of divergent integrals in perturbation theory.

In perturbative quantum field theory, probability amplitudes for interactions of quantum
fields are recovered as perturbative series, where by computing sufficiently many terms in
the expansion one may achieve the desired accuracy. There are many subtleties here, but
in a nutshell, this amounts to computing increasingly complicated integrals of correlation
functions between particle states over some number of copies of space-time known as
configuration space, or, more commonly, the dual momentum space. The saving grace
when doing perturbative quantum field theory is a graphical formalism largely credited
to physicist Richard Feynman, which translates any given perturbative expansion into
a formal sum of graphs, known as Feynman diagrams. The process of going back and
forth between an integral and its associated graph is made simple by a set of Feynman
rules, unique to any quantum field theory, but easy to derive. The graphs are much
more intuitive, and far less notationally taxing to work with, and so one tends to begin
any calculation in the graphical formalism and then translate the graphs one wishes to
compute into integrals using the rules. Perhaps due to the interchangeable nature of the
integrals and associated Feynman diagrams, the integrals have come to be referred to as

Feynman integrals.

The reader who is somewhat familiar with quantum field theory might also be familiar
with a certain problem of infinities appearing in perturbation theory, and the seemingly
miraculous countermeasure to this known as renormalisation. Renormalisation is the
process of consitently removing infinities from a quantum field theory, in such a way that
all that is left are finite numbers that capture the true physical phenomena. Associated to
renormalisation is the procedure known as regularisation, in which a divergent integral is

modified with a regulator, an auxiliary parameter that for some values makes the integral
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converge. In terms of this parameter, an asymptotic behaviour can be characterised, which

informs how to perform the renormalisation if possible.

In this thesis we look at a certain regularisation procedure for divergent Feynman integral
coming from a complezified euclidean massless scalar quantum field theory. Scalar theories
are the prototypical quantum field theories, where one has done away with many embel-
lishments of a more general quantum field theory. Masslessness refers to a property of the
fields, and is another simplifying restriction. Euclidean refers to the metric signature of the
space in which the quantum fields "live”. It is not the most common choice in physics since
Einstein’s theory of special relativity postulates that space-time has lorentzian signature.
Lastly, complexified refers to the fact that we consider a mathematical generalisation of
what might be called a physical quantum field theory. Here spacetime will be a complex
manifold, in particular, complex projective D-space CPP, and the Feynman rules will as-
sociate a complex differential form to any given Feynman diagram. For this reason and
others, the subject of this thesis is detached from much in way of physical relevance or
application. The argument for this departure from physics is the techniques that we are
able to employ, that are better understood in the complex setting. Regardless of our ef-
forts ultimately being useful in physics or not, it can be said that similar integrals to the
ones we will end up looking at, have been studied in the context of string theory by, e.g.,
Witten [Wit18].

We conduct a case study, where we look at a three different Feynman diagrams and their
associated integrals. The complexified setting which we consider was proposed by Ceyhan
and Marcolli in [CM12a; CM12b], who investigate connections between the regularisation
and renormalisation of such a construction and the theory of motives in algebraic geometry.
For a given Feynman graph, Ceyhan and Marcolli construct the Feynman integral in terms
of a Feynman amplitude to be integrated over a configuration space associated to the
graph. The configuration space will generically resemble an n-fold cartesian product of the
manifold representing spacetime, where n is the number of vertices of the graph. Moreover,
a general Feynman amplitude will have non-integrable singularities along certain diagonals
of this product, referred to as ultraviolet divergences, also dictated by the Feynman graph.
Ceyhan and Marcolli present a way of compactifying the complement of these diagonals,
such that the singular locus of the Feynman amplitude becomes a reasonable divisor (see
§ 2.1.5).

Given that the singular locus of the pullback of the Feynman amplitude to the compactified
configuration space constitutes a normal crossings divisor, that is, a divisor which is
locally either smooth or is a union of coordinate hyperplanes, the Feynman integral is well
suited for a certain regularisation procedure recently studied by Lennartsson in [Len20).
However, by following the construction of Ceyhan and Marcolli for some explicit cases, we

observe that the Feynman amplitudes may, in addition to the ultraviolet divergences, have
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non-integrable singularities at infinity, referred to as infrared divergences. Furthermore,
in neighbourhoods of these infrared divergences, the compactification does not produce a
divisor with the desired properties. Thus, the Ceyhan-Marcolli construction requires some
complementing adjustments for us to be able to perform the aforementioned regularisation.
Inspired by the initial compactification of configuration space, which is obtained through
an iterated sequence of a particular type of mappings called blowups (see § 2.2), we propose
making further blowups until the singular locus of the Feynman amplitude becomes a
normal crossings divisor also in neighbourhoods of the infrared singularities. This is then
done on a case-by-case basis, allowing us to complete the regularisation procedure for the
three integrals in our case study. Moreover, by our case-by-case approach, we gather some
evidence to support the existence of a method for dealing with the infrared divergences

for a general Feynman integral.

1.1 Outline of thesis

The thesis is organised as follows. Chapter 2 contains the mathematical ideas underlying
the rest of the thesis. We begin by giving a very brief introduction to complex analysis
in several variables, followed by some aspects of complex geometry. We go on to intro-
duce complex-analytic varieties and divisors, and end the chapter with a more detailed

description of our two main tools, blowups and currents.

In Chapter 3 we outline a process of regularisation of certain divergent integrals associated
to a complexified scalar quantum field theory. We begin with a presentation of the Ceyhan-
Marcolli construction of the configuration space and compactification thereof, for a given
(Feynman) graph I'. We then go on to present the regularisation of the integral associated
to I'. We show how one can define a current-valued function from a divergent Feynman
integral. This function is a function of a complex variable A. A priori the current is only
defined for PRe A > 1, however, we obtain a meromorphic current-valued function in all of
C by way of meromorphic continuation. Furthermore, there is a Laurent series expansion

at A = 0 with current coefficients, from which we can define a degree of divergence k.

Chapter 4 is a case study of three different Feynman graphs, I'1, I's and I's, associated to
a scalar quantum field theory on CPP. We carry out the Ceyhan-Marcolli construction,
along with our own modifications, resulting in an amplitude with singularities on normal
crossings divisor for each of the three graphs. We produce upper bounds for the respective
degrees of divergence and present explicit regularisations for I'; and I's. Lastly, we show
that the leading order coefficient in the Laurent series expansion for I'y vanishes in the

special case D = 2.

In Chapter 5 we make some concluding remarks. In particular, we discuss the possibility

of a general procedure for modifying the Ceyhan-Marcolli construction, supported by the
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results from the case study.



2

Mathematical preliminaries

We assume the reader is familiar with elementary concepts from algebra, as well as some
knowledge of basic differential geometry, topology and single variable complex analysis.
Sometimes we will recall the definitions of basic concepts, other times we will not. If some
term is invoked without being given some sort of definition or reference, it is regarded as
common knowledge and will be easy to look up for the reader wanting to refresh his or

her memory. For a more thorough review of the topics below see, e.g., [GHT78].

2.1 Complex analysis in several variables

Let f : C* — C be a continuously differentiable function, and z = (z1,...,2,), with

zj = xj +iyj, be coordinates on C". The function f is holomorphic if the map

zjl—>f(zl,...,zj,...,zn)

is holomorphic in the single variable sense, i.e., if it satisfies the Cauchy-Riemann equa-

tions, compactly written as
of

— =0,
0z,

where

0 1,0 .0

—— = = (7 + 17) .

82]‘ 2 3xj 8yj
Like in the single variable case, holomorphic functions are analytic and vice versa, and
we will use the terms interchangeably. We say that a function is anti-holomorphic if
the complex conjugate is holomorphic. Furthermore, we define a meromorphic function
f:C* — C as locally given by a quotient of two holomorphic functions without common

factors.

From the coordinate functions z and their complex conjugates z we may define the holo-

morphic and anti-holomorphic 1-forms, respectively, as

dz; =dz; +idy; and dz; =dz; —idy; for1<j <n,
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where d is the exterior derivative. Taking the exterior derivative on a function f : C"* — C

we have

dfz d+z

We define the Dolbeault and conjugate Dolbeault operators O and 0, respectively, by
of = Z dz] and Of = Z dz],

such that d = 9 4+ 9. Equivalently to the definition above, a function f is holomorphic if
and only if it satisfies df = 0.

A mapping f = (f1,...,fn) : U = V for U C C™ and V C C" open, is holomorphic if
each f; : C™ — C, for 1 < j < n, is a holomorphic function.

2.1.1 Complex manifolds

One defines a complex (differentiable) manifold in analogy with the real case except that
the transition maps are (bi)holomorphic, i.e., holomorphic and with a holomorphic inverse.
Local coordinates on a complex manifold are referred to as holomorphic coordinates. Com-
plex manifolds are naturally even-dimensional, with the complex dimension (abbreviated
dimc) defined as half the real dimension. We will henceforth refer to complex dimension
simply as dimension unless otherwise specified. A mapping g between two complex man-
ifolds is holomorphic if, when expressed in local coordinates, it is a holomorphic mapping

between open sets in C™.

Example 2.1. A prime example of a complex manifold is the complex projective n-space
CP™. Tt is defined as the set of equivalence classes (C" T\ {0})/ ~, where for z, w € C"*1\
{0}, z ~ w if X € C* such that v = Aw. Given a point p € CP", any representative in the
equivalence class of tuples corresponding to p is called a set of homogenous coordinates for
p, which we denote by [X] = [X¢:...: X,].

CP™ has an open covering by the n-dimensional affine spaces U; = CP" \ {X; = 0} for
j =0,...,n. For any point p € CP", at least one component X; # 0, whence p € U; for
some j. Furthermore, we have the mappings ¢; : U; — C", defined by

Xy X; X,

o X 0 X —_— e, =, —
90] [ 0 TJH(XJ’ 7va 7X]

) = (x1,...,2n) € C", (2.1)
where the hat means that the expression should be omitted. The collection {(Uj,¢;)}
constitutes an atlas for CP"; it is a simple exercise to show that the transition maps
vij = pjop; "t pi(U;NU;j) — ¢;(U;NU;) are biholomorphic, concluding that CP™ defines

a complex manifold. Furthermore, it can be shown that CP” is compact.
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For complex manifolds there are different notions of the tangent space. Let M be a complex
manifold, with dim¢cM = n, and consider a point p € M and a set of local holomorphic
coordinates z = (z1,...,2,), with z; = z; +1y;, in a neighbourhood U of p. Naturally we
can consider the real tangent space to M at p, i.e., the real 2n-dimensional vector space
given as .
o 0
Tk (M) = Spang {axj’ o, }jl :
Furthermore we can consider what is called the complezified tangent space to M at p,

TepM = Tr M ®@r C which is a C-linear vector space of complex dimension 2n.

Lastly, we may consider the holomorphic resp. anti-holomorphic tangent space to M at p,

given by

a" o "
Tpl’OM = Spang {E)z]} and Tg’lM = Spang {823} ,

where we have that T¢ ,M = TI}’OM @ TI[,)’IM . The anti-holomorphic tangent space is

obtained from the holomorphic tangent space via the operation of conjugation, sending

j=1 j=1

0/0zj to 0/0Z; and vice versa.

The dual space to TyOM (T' M) is called the (anti-)holomorphic cotangent space to M
at p. It is spanned by the (anti-)holomorphic 1-forms {dz;} ({dz;}), satisfying
0 /0
dzl(aizj) = (51']', dzz(aigj) = 5ij7

where §;; is the Kronecker delta.

2.1.2 Complex vector bundles

Recall that a fiber bundle, denoted £, E — M or m : E — M, is a tuple of spaces
(E, M, F), where E is called the total space, M the base space and F' the fiber, together
with a map 7 : £ — M called the bundle projection, which satisfies the condition of local
triviality. This means that for each point p € M there exists an open neighbourhood
U C M of p such that there is a homeomorphism ¢ : 7=}(U) — U x F, such that the

following diagram commutes,

I (U) L5 UxF

\ Jprojl (2.2)

U

where proj; : U x F' — U is the natural projection onto the first factor. Notice that ¢ is
fiber preserving, i.e., @1, : 7 1(p) = {p} x F. The set of all such pairs (U, ) above is

called a local trivialisation of the bundle.

A (global) section of a fiber bundle 7 : E — M is a continuous map

c:M—F
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such that
m(o(p)) =p Vp e M.

Let U C M open such that (2.2) holds. The functions U — F' can be identified with the
sections of 7~ H(U) — U. In fact, if s : U — F is a function, then p — ¢~ 1(p, s(p)) is a
section of 7~ 1(U) — U and if ¢ is a section of 7=1(U) — U, then p + proj, o ¢ o o(p) is

a function U — F. Thus, local sections of E can be identified with functions to F.

A complex vector bundle is a fiber bundle whose fibers are complex vector spaces such that
if p: 7 H(U) — U x F is a local trivialisation, then for any p € U, Plr-1py = {p} x Fisa
C-linear isomorphism. Note that F' ~ CF, where k is called the rank of E. A holomorphic
vector bundle is a complex vector bundle over a complex manifold M such that the total
space F is a complex manifold and the bundle projection 7 is a holomorphic mapping. A

local section o : U — FE is a holomorphic local section if ¢ is a holomorphic mapping.

There is a prototypical vector bundle associated to any smooth manifold M, namely the
tangent bundle T M. It is obtained as the disjoint union of tangent spaces, where a point
(p,v) € TM consists of a point p € M together with a vector v € T,M. The bundle
projection is the natural projection 7 : (p,v) — p and the chart maps ¢,, from the
atlas of charts {(Uy, o)} on M, give rise to local trivialisations on 7M. Linear algebra
constructions, such as tensor products, exterior products and dualisation of vector spaces,
can be made fiber-wise on vector bundles, yielding new vector bundles. Thus, tensor fields
and higher order differential forms can be defined on exterior powers of the tangent and

cotangent bundle to a smooth manifolds, and analogously on complex manifolds.

If M is a complex manifold, in addition to a complexified tangent bundle there is a
canonical complex vector bundle, called the (anti-)holomorphic tangent bundle T M
(T M), given as the disjoint union of (anti-)holomorphic tangent spaces TI}VOM (TI(,MM )
to M. Similarly, we may construct the dual (anti-)holomorphic cotangent bundle Ty oM
(11 M). The complexified tangent bundle and cotangent bundle split into direct sums of
the holomorphic and anti-holomorphic tangent and cotangent bundles, respectively. This
splitting induces a bi-grading on the exterior powers of the tangent and cotangent bundles,
replacing the notion of differential p-forms on smooth manifolds, with differential (p, q)-
forms. On a complex manifold, the exterior derivative d, uniquely defined as a (linear)
map between exterior powers of cotangent bundles of a smooth manifold,

p p+1
d: N\T*M — N\ T*M,

taking p-forms to (p + 1)-forms, has a decomposition into the Dolbeault and conjugate
Dolbeault operators 0 and 9, respectively, mapping (p, q)-forms to (p,q + 1)-forms and
(p+ 1, g)-forms, respectively. The notion of holomorphic functions, extends to differential

(p, 0)-forms, where such a form « is said to be holomorphic if and only if da = 0.
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2.1.3 Line bundles

Vector bundles of rank 1 are known as line bundles. For any holomorphic line bundle

7 : L — M there is an open cover {U,} and local trivialisations
Yo - W_I(Ua) — U, x C.
From the local trivialisations we define the transition maps gog : Uy N Ug — C* by

o = Pa O P

Remark. By definition gog = @4 © cp[;l :UaNUg x C—= U, NUg x C. However, for each
z2€UsNUg, pao wgl(z, ) : C — C is a C-linear isomorphism, i.e., it is multiplication by

a non-zero complex number. This number is gq 5(2).

The maps g, are holomorphic, and satisfy

GapB - 9pa = 1, 9apB " 9By " Gya = 1. (23)

Given such a collection of holomorphic non-vanishing functions {gns} on Uy N U we can
construct a line bundle L with transition functions {gns} by taking the union over all o

of Uy x C and identifying {2z} x C in U, x C and Ug x C via multiplication by g,s5(2).

Example 2.2. There is a natural holomorphic line bundle over CP" called the hyperplane
bundle O(1). Consider the open cover {U;} of CP", where U; = CP" \ {X; = 0} for
0 < j <n. On the overlaps U; N U; we define transition maps g;; : U; N U; — C* as

9ii([Xo: ... Xn]) = =

The g;;’s are holomorphic and non-zero on U; N U;. The line bundle obtained from this
collection of functions is called the hyperplane bundle O(1). The global sections of O(1)

are given by homogeneous polynomials on CP" of degree 1.

2.1.4 Complex analytic varieties

Complex analytic varieties constitute a generalisation of complex manifolds, to what might
be described as complex manifolds that may contain singularities. We proceed with the

definition.

Definition 2.3 (Complex analytic variety [GH78, p. 12]). A subset V of an open set
U c C"isan (complex) analytic variety in U if, for any p € U, there exists a neighbourhood
W of p in U such that V' NW is the common zero-set of a finite collection of holomorphic

functions on W.
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A point z € V is a reqular point if there is a neighbourhood of z where V is a complex
manifold. The set of regular points, denoted V;¢g, is dense in V. The complement V\Vreg =
Viing is the set of singular points. We say that an analytic variety V is drreducible if its
regular locus Vies is connected. An analytic variety has a unique decomposition into
irreducible varieties. We will henceforth refer to complex analytic varieties as simply

analytic varieties, and in some cases, where there is no risk of confusion, simply as varieties.

Definition 2.4 (Analytic subvariety). An analytic subvariety V of a complex manifold
M is a subset given everywhere locally as the zero set of a finite collection of holomorphic

functions.

The dimension of an irreducible analytic variety is defined as the dimension of its regular
(non-singular) locus, regarded as a complex manifold. The codimension of a variety V

with respect to an ambient manifold M is dim M — dim V.

An analytic subvariety to a manifold is called a locally complete intersection if, locally, the

minimal number of functions needed to define the variety, equals the codimension.

2.1.5 Divisors and associated line bundles

This section closely follows [GH78, Chapter 1, § 1]. We introduce the notion of a divisor
on a complex manifold, and some of its properties; in particular its connection with line
bundles.

Let M be a complex manifold. An analytic subvariety V' C M of codimension 1 is called
an analytic hypersurface. Such a hypersurface is a locally complete intersection, so for
each point p € V, there exists a neighborhood of p in M such that V is given as the
zero locus of a holomorphic function f, called a local defining function. f is unique up to
multiplication by a function non-vanishing at p. Any holomorphic function ¢ defined at
p vanishing on V' is divisible by f in a neighborhood of p. An analytic hypersurface V
can be expressed uniquely as the union of irreducible analytic hypersurfaces. We have the

following definition.

Definition 2.5 (Divisor). A divisor ® on a complex manifold M is a locally finite formal
integer linear combination

@ZZCL]"VJ‘, CLJ’EZ,
J

of irreducible analytic hypersurfaces of M. If all of the coefficients a; are non-negative,

the divisor is said to be effective.

Remark. We will henceforth consider M to be compact, for which local finiteness implies

finiteness.

10
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We define the support || of a divisor © as the union of irreducible hypersurfaces U; Vj
of ®. In this thesis we will often refer to analytic hypersurfaces as divisors and vice versa.
Strictly speaking we are then identifying a hypersurface V' with the effective divisor >, Vj,

where the V;’s are the irreducible components of V.

Example 2.6. Let f : M — C be a holomorphic function. Let V be the zero-locus of
f with V; the irreducible components of V. Let a; be the order of vanishing of f along

(V})reg- The divisor
>V
J

is called the divisor of f and is denoted div(f).

There is a connection between effective divisors ® on complex manifolds M and holomor-
phic line bundles 7w : L — M with a global holomorphic section. To see this, assume that
we have a holomorphic line bundle . — M, and a global holomorphic section o of L.
Then we have an associated effective divisor ® obtained as follows. The support of © will

be the zero locus of the section o.

The section can be associated with a collection of holomorphic functions f, on a open
cover {Uy} of M. In U, we let D[, = div(fa). This defines a global divisor ®, since in

Ua NUg, fa = fg-h, where h is a non-zero holomorphic function.

Conversely, if we have an effective divisor ® in M, we can choose an open covering U, and
holomorphic functions f, such that D[, = div(f,). On the overlaps U, N Ug we obtain
non-zero holomorphic functions f,/fs. As described in § 2.1.3, such a set of functions can
be regarded as the transition maps of a line bundle. The line bundle obtained is referred
to as the associated line bundle to ® and denoted by [D]. In addition, the functions {fy}

will constitute a global section of the line bundle.
We end this section with a definition of a certain type of divisor.

Definition 2.7. A normal crossings divisor is a divisor which locally looks like a union
of coordinate hyperplanes.
2.2 Blowups

A blowup is a particular type of transformation of a variety X producing a new variety
Y called the blowup of X. Conceptually, a blowup replaces a subvariety V of X with the

directions pointing into V, formalised by the projectivised normal bundle to V in X.

Associated to the blowup is a projection 7w : Y — X, sometimes called the blowup map.

A blowup is completely detemined by its center C which is a subvariety of X. The center

11
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is the locus over which the projection 7 : ¥ — X is not an isomorphism. The inverse
image of the center, 71(C) is called the exceptional locus or exceptional divisor of the
blowup and is denoted by Exc(m). We have the following definitions which are useful when

discussing blowups.

Definition 2.8. A map f : X' — X is a modification if it is a proper holomorphic
mapping, such that for some lower-dimensional subvariety Z ¢ X, f : X'\ f~%(2) = X\Z

is biholomorphism.
Remark. Notice that f is a biholomorphism outside of a set of (Lebesgue) measure 0.
Definition 2.9. Consider a modification f:Y — X with exceptional set Z C X and let

V be a subvariety in X. We define the total transform of V as Tot(V) := f~%(V). The

strict transform of V is defined as

Strict(V) == F1(V\ 2) = F (V) \ F 1(2).

Remark. A blowup is a typical example of a modification. Furthermore, any composition
of blowups constitutes a modification. The exceptional set of a blowup 7 is its center C,
thus

Strict(V) = 7 1(V) \ 7~ 1(C) = Tot(V) \ Exc(r).

The aim of the following two sections is to give a practical description of the blowup
construction, which is one that we will make use of in the rest of this thesis. We will also
attempt to put this hands-on description into perspective by looking at a less hands-on,

but more visual description of the blowup.

2.2.1 Blowup of the origin in C?

One of the simplest examples of a blowup is the blowup of the origin in C?. We define the

blowup of the origin in C2,
BlyC? = {(z,w, [to : t1]) € C* x CP' : zt; — wty = 0}. (2.4)

With II : C2 x P! — C? the natural projection, we let m = H\BIOCQ, where we have that
Exc(r) = {0} x CP!. We have following proposition.

Proposition 2.10. The following two items give alternative descriptions of the blowup
BlyC2.

(i) The closure in C? x CP' of the graph of the function f : C?\ {0} — CP' given by
F(zw) = [= 5 ).

12
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(ii) The complex two-dimensional manifold obtained by the glueing of (C%u ) and (C%C -

subject to the constraints

1
U:Q?a v=—.
n

Proof. We begin by showing that (i) is a alternative definition of (2.4). Consider the graph

G ={(z,w, f(z,w)) € (C*\ {0}) x CP'}.

= (z,w,[z:w])

For a point (z,w,[z : w]) € G, clearly 2w — wz = 0, so G C BlyC?. Since BlyC? is
closed, it follows that G C BloC?. We want to show that BloC? C G. Consider a
point (z,w, [to : t1]) € BlpC? and assume without loss of generality that tq # 0; then
w = z(t1/to). If 2 #0, f(z,w) = [z : w] = [z : 2(t1/to)] = [to : t1], which implies that
(z,w,[to : t1]) € G. If z = 0 then also w = 0 so our point in BloC? is (0,0, [to : t1]).
=1
wj = z;(t1/to) we have that (zj,wj, [25, w;]) = (25, wy, [to : t1]) € G Vj. Taking the limit
(zj,wj, [to : t1]) = (0,0, [to : t1]) we see that a sequence in G converges to our point in
BloC?, which implies that BloC? C G.

Consider a sequence (z;) where z; # 0 Vj, and such that z; — 0 for j — oo. Setting

Now we want to show that (ii) is equivalent to (2.4). We emphasise that BlyC? is a
manifold of complex dimension 2, since dim¢ C? x CP! = 3 and BlyC? is C? x CP' subject
to one (complex) constraint. We would like to find a covering of BloC? by charts, that
will be isomorphic to C2. Let (z,w, [t : t1]) € BlpC?, and assume ¢y # 0. Then we have

o t
zt1 —wtg =0 to:ﬁ zt—l—w:().
0

Let u =z and v = t; /top and consider
71t (u,uv, [1:v]) = (u,v).

We see that (u,v) are local coordinates for BloC? in the chart where ¢y # 0.

A similar argument can be made for t; # 0, where we have
0 t
zt1 —wtg =0 tl:ﬁ z—wt—l:0.
0

Letting ¢ = w and n = to/t; we have

T2 (C%Ca [77 : 1]) = (CJ?),

where we see that ((,n) are local coordinates for BloC? in the chart where ¢; # 0. The

charts are clearly compatible, i.e., the transition maps 7 o 75 Land m o T L are homeo-
morphisms on the intersection of charts; furthermore, we have
_ 1
T © Mg ! : (Cﬂ?) = (Cna 5) = (U, U)a
which tells us that (ii) <= (2.4). O

13
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With the description (ii) of BlyC?, in the local coordinates (u,v), Exc(r) = {u = 0} and,
in the local coordinates (¢, n), Exc(m) = {¢ = 0}.

Remark. While (2.4) and (i) arguably give us a clearer image of the blowup than (ii), (ii)

is more practical when doing explicit computations involving blowups, as we will see.

2.2.2 Blowup along a subvariety

Let us be a bit more general than in the example above. For a complex manifold X of
dimension n and a smooth analytic subvariety Z of codimension k, we can consider the
blow-up of X along Z. In this less explicit case we can still adopt different viewpoints.
Below we will consider both a local picture, well suited for computation but gives little
intuition about the geometry of the blowup, and a global picture which is more visual but,

for our purposes below, less practical.

Local construction

Consider a point p € Z and a neighbourhood B of p. We choose local coordinates in B,

z = (z1,...,2,) such that p corresponds to (0,...,0), and moreover such that, locally,
Z={zxn=...=2,=0}
Now we consider the product B x CP*~! with homogeneous coordinates [t] = [ty : ... : ty]

on CP*~!. The blowup of X along Z is given locally (in B) as
BlzB = {(2,[t]) € B x CP" ' z;t; = zjt;, 1 < i, j < k}.

Remark: This is very similar to the case of the blowup of a point in C2. Note, how-
ever, that the constraint is only on the coordinates (z1,...,z;) (and [t]); the coordinates

(Z4+15 - - -, 2n) can take on any values.

There is a natural projection IT : B x CP*! — B. We can consider the restriction
7 = Il|g), p, and consider the pullback of the tuple 7*(z1,...,25). We note that in
general, the pullback to a blow-up, there is locally always at least one component that
divides the others. To see this, let (z1,...,2n,[t1 : ... : tx]) € BlzB C B x CP*"! and
assume without loss of generality that ¢; # 0. Then, Vj = 1,...,k, z; = 21(t;/t1) on
BlzB\ {t1 # 0}, i.e., z; divides z;. It follows that the ideal generated by the components
of ™ (z1,...,24) is locally generated by a single function. These local functions define the

exceptional divisor Exc(7).

Now, we want to describe the line bundle associated to Exc(r). Let O(—1) — CP*~! be
the dual bundle of the hyperplane bundle O(1) discussed in Example 2.2. O(—1) is called
the tautological line bundle. We can extend it trivially to a line bundle over B x CP*~1,
One can check that O(—1)|g, 5 = [Exc(m)]. The local defining functions for Exc(r)

14



2. Mathematical preliminaries

discussed above will constitute a global section of this bundle. We present the following

commutative diagram, see, e.g., [And+21], which summarises the above.

O(_1)|Exc(7r) — O(_1)|B1ZB - O(_l)

l J |

Exc(n) ———— BlzB ——— B x CP*!

N
B

VA

The blowup BlzB may be described in terms of local coordinates ((1,...,(,), with the

chart maps

Uy (Cl?' . 7(71) — (<j<17 "7CjCj—17Cj7CjCj+17"' 7<j<l€7€/i+17"' 7<n) = (217" . ,Zn) € Ba

defined in the neighbourhoods Blz BN {t; # 0}, for 1 < j < k. This a direct generalisation
of (ii) in the example of the blowup of C? at the origin, where we showed that the following,

T (u,0) = (u,u) (€)= (€n,€),

is a valid description. Note that we here omit the points in CP*~!  [1 : o] and [ : 1],
which are determined by (u,v) resp. (§,7).

The blow-up construction turns out to be independent on the choice of local coordinates,
each object in the above diagram for different sets of coordinates will be related through
biholomorphisms. Thus the charts corresponding to this local blow-up construction will

7glue” together to form a unique global object.

Global construction

We here present, without proof, a global description of BlzX. This construction is similar
to (i) of Proposition 2.10. For the following global construction, we have some additional
requirements on X, namely the following: we assume there exists a holomorphic vector
bundle E — X of rank N, as well as a global holomorphic section o of E such that o
defines the subvariety Z. Blowing up along a smooth subvariety of codimension x means
that we need at least k local defining functions, i.e., we require N > k. Locally ¢ is an
N-tuple, 0 = (01, ...,0n). Our requirement is that we are able to choose x elements of o
that act as the coordinates z1, ..., 2, do in the local description. We allow for different sets
of k elements in different points on X, which corresponds to changes of local coordinates

in the local picture.

Remark: This additional condition is weaker than it might a priori seem. For instance, such
a pair, (F, o), always exists if X is projective. This follows from the Cartan—Serre—Grothendieck

theorem, see, e.g., [Laz04, Theorem 1.2.6. (iii)].
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Now, consider the projective bundle associated to E, denoted P(E) — X. It is a fiber
bundle with fiber at p € X given by the projectivisation P(E,) of the fiber E, over p, i.e.,

P(E,) is E, \ {0} modulo multiplication by a non-zero scalar.

Forp e X\ Z, o(p) # 0 in E, and we let [o] € P(E,) be the corresponding equivalence
class. The blowup is given by the closure of the graph G = {(p, [c(p)]) e P(E) : p € X\ Z}
inside P(E), i.e., G = BlzX.

Like in the local picture, we have a summarising commutative diagram, again see, e.g.,
[And+21].
OE(_I)’EXC(W) —— Op(-1)lg,x — Op(-1)

(
J J |

Exc(r) = Bl X «— P(E)

J/W‘EXC(TI') J/Tl’ /

A X

Here Op(—1) is the tautological line bundle associated to the projective bundle P(F), that

we will not discuss in detail.

2.2.3 Connection to resolution of singularities and Hironaka’s theorem

This section is tangential and not directly important to the subject of this thesis. It is
here with the aim of giving some background to blowups and how they can be very useful.
A prime example of the applicability of blowups is Hironaka’s theorem on the resolution
of singularities of an algebraic variety over a field of characteristic 0 [Hir64], which is a
famous theorem in algebraic geometry. In this section we will replace the word algebraic
with analytic (for which the statement of the theorem also holds) and consider C to be
our field of characteristic 0. What is meant by a resolution of singularities of an analytic
variety? Consider an analytic variety X. A resolution of singularities of X is a complex

manifold X’ together with a proper surjective holomorphic mapping € : X’ — X such that
GIX/\G_l(Xsing) : X/ \ 6_1(Xsing) — Xreg

is a biholomorphism.

Hironaka’s theorem asserts, in particular, that there always exists a resolution of singu-
larities, for any complex analytic variety, obtained as an iterated sequence of blowups
along smooth centers. Hironaka’s proof is notoriously complicated, and while subsequent
authors have made efforts towards simplifying the arguments of the proof, we will not
present any version of the proof in this thesis. For the interested reader, the author can
recommend the more pedagogical, but still demanding disclosure of the proof by H. Hauser

[Hau03]. One can consider the case of resolution of singularities for an analytic variety
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X, where X is embedded in some smooth ambient variety W. Hironaka’s theorem then

states that there exists a modification e from a smooth variety W’ onto W such that
o X’ := Strict(X) is smooth and transverse to Exc(e) in W/,
o ¢ restricted to X’ is a resolution of the singularities of X,

o W'is obtained by repeated blowups of smooth, closed subvarieties of W, each trans-

verse to the exceptional divisor of previous blowups.

2.3 Currents

A current is a generalisation of a distribution in the following sense. A distribution T
on a smooth manifold X is a linear functional on the set of compactly supported smooth
functions on X. These functions are called test functions. One defines the support of a
distribution 7" as the smallest closed subset supp(7’) such that the distribution evaluated
on all test functions with compact support in the complement of supp(7’) vanishes. In an
analogous manner, a current is a functional on smooth, compactly supported differential
forms, so called test forms. The support of a current is defined in the same way as for
distributions. A real current has a degree p and acts on (takes as its argument) test forms

of complementary degree n — p.

Assume now that X is a complex n-dimensional manifold. The space of linear functionals
on test forms of bi-degree (n —p,n — q) is the space of currents of bi-degree (p, q). We use
the following notation: let T be a current of bi-degree (p,q) and let £ be a test form of
complementary bi-degree. We denote the action of T' on £ as (T, §).

A current of maximal or top (bi-)degree acts on test forms of degree (0,0), which are

simply test functions, i.e., top degree currents are distributions.

Two commonly occurring types of currents are the following. If we have a (p, ¢)-form T

on X whose coefficients are in £ (X) (locally integrable), then T defines a (p, q)-current

1.6 = [TAg for g € 7 rma(x),
X

where 2" P"749(X) denotes the space of test forms of bi-degree (n — p,n — ¢). By abuse
of notation we write T' for both the form and the associated current. Now, let V C X be
an analytic subvariety of (complex) codimension . There is a current of integration [V],
due to the work of Lelong [Lel57], defined as

(V1],6) = / g, for & € PnTRNTR(X).
14
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When we define differential operators acting on differential forms, such as the exterior
derivative and Dolbeault operator, by the dual nature of currents to differential forms,
these operators are implicitly defined on currents. For instance, the Dolbeault operator 0
acting on a (p, q)-current 7" defines a (p, ¢ + 1)-current whose action on a test form ¢ is as

follows
(0T, &) = (—1)PTTUT, 0¢), for € € g Pr=@F (X)), (2.5)

Furthermore, we have the following definition.

Definition 2.11. Let X and Y be complex manifolds, f : X — Y a proper holomorphic
mapping and T a (p, g)-current on X. The push-forward f.T is the current on Y defined
by

(fiT,8) = (T, f§), for £ € " P"A(Y),

where n = dim X.
Remark. If r = dimY — dim X, then f,T has bi-degree (r + p,7 + q).

Defining a product of currents is ambiguous except for in certain specific cases. However,
for T as above and 8 a smooth (p/, ¢')-form on X we can define the wedge product T A 3
by

(T AB,E) = (T,BNE), for & € PP =17 (X)), (2.6)

Note, in particular, that if 8 is a smooth function, we have

(BT, &) = (T, B¢)-

2.3.1 Residue and principal value currents

Many have contributed to the efforts of generalising the classical theory of residues to
several complex variables. We will try to give a short introduction to residues in higher
dimensions, with the aim of giving some context to the techniques that we will apply to

divergent Feynman integrals.

In single variable complex analysis, recall that the residue of a meromorphic function is
defined as the coefficient of the (—1)-order term of the function’s Laurent series expansion
at a given pole. The residue is proportional to the contour integral of the function enclosing
said pole. This relationship is known as the residue theorem. The residue theorem is a
useful tool for computing integrals and infinite series, available in single variable complex
analysis. Naturally, a possible generalisation to multi-variable complex analysis would
be considered of well worth. A naive approach to defining a residue for meromorphic
functions of several complex variables, with the goal of obtaining a residue theorem in
analogy with the single variable case, may encounter problems due to, e.g., the fact that

curves do not bound domains, and that the polar set of a meromorphic function may be
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non-compact. A way to circumvent these issues is to associate to a meromorphic function

a residue current, instead of a number.

If z is a complex coordinate in C and £ is a test form on C, then the limit

lim é
e—0 Zk
|z]2>¢€
exists and defines a current. This current is known as the principal value current associated
to the meromorphic function 1/z*. One generalisation of this is a current defined from
1/g, where g is a holomorphic function on C", called the principal value current of 1/g,

due to Herrera and Lieberman [HLT71], presented in the following theorem.

Theorem 2.12 (Theorem 7.1 in [HL71]). Let g be a holomorphic function in C", not
identically zero, and & a top degree test form. Then the following limit exists and defines

a current

lim j —([1/g).€). 2.7)

lg|>e

Herrera and Lieberman go on to define the residue current of 1/g as 9[1/g], where 0[1/g]
is defined by duality as described above in (2.5). Since [1/g] is a (0, 0)-current, 9[1/g] is

a (0,1)-current acting on (n,n — 1)-forms. We have that

(0[1/g),€) = lim /5 (2.8)

e—0
lgl=e€
Let us show this. We have that
(0[1/g),€) = ([1/g],0¢)
~ny [ ;o
lg|>e
= lim f—hm/ﬁ NE.
e—0 e—0
lg|>e lg|>e

The function 1/g is holomorphic on the chain of integration for each ¢ > 0, whence 9(1/g)
in the integrand of the second term vanishes. Furthermore, since /g is a (n,n — 1)-form,

we have

ot) =0 — 4y =@+a)) = o).
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Thus,

@11/9)€) = iy [ o)

e—0
lg|>€

: 3
=l [ (D)
lg|>€

iy [
= lim =,
e—0 g
lgl=e€

where in the last step we used Stokes’ theorem.

Remark. For a holomorphic function g on C with a zero at the origin, and with £ = fdz
with f = 1 in a neighbourhood of 0, from (2.8) one gets (9[1/g],€) = 2ni Res{.—)1/9,
where Res(,_gy1/g is the classical residue of 1/g at 2z = 0.

Since 9(1/g) = 0 outside of {g = 0}, we see that supp(d[1/g]) C {g = 0}, i.e., the
support of the residue current is contained within the analytic hypersurface defined by the

zero-locus of g.

There is an alternative way to define [1/g] and 9[1/g] based on analytic continuation. This

approach is the one we will use when studying Feynman integrals below. For A € C with

PRe A > 1, the integral
lg**¢
) (2.9)
X

g

is convergent and defines an analytic function of A\. One can show that this function has
an analytic continuation to SRe A > —e, for some € > 0. The value at A = 0 defines the

action of a current on £. It turns out that this current is [1/g].

In a similar vein as above it follows that (9[1/g],¢) is the value at A = 0 of

I |22

X

We will in this thesis consider currents defined from divergent integrals similar to the

principal value currents in (2.9).
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Divergent integrals

In this chapter we present the Ceyhan-Marcolli construction, based on the work by Li.
Furthermore, we show how this construction together with current techniques give rise to

a regularisation procedure for divergent Feynman integrals.

3.1 Overview of the construction of Ceyhan & Marcolli

Li [Li09] descibes a procedure to construct what is referred to as a wonderful compactifica-
tion of the complement of a certain collection of subvarieties by way of iterated blowups.
Ceyhan and Marcolli [CM12a; CM12b] propose an application of Li’s results to configu-
ration spaces (see below) associated to Feynman graphs coming from (euclidean) scalar
quantum field theories. Following [CM12a, § 2|, we present this construction of Ceyhan

and Marcolli.

Let T' be a (Feynman) graph, and X some complex manifold which can be regarded as
the space-time of some (euclidean) massless scalar quantum field theory. We denote by
Er and Vr the set of edges and vertices, respectively, in I'. Furthermore we define the
boundary map

or : Epr — V3/6,, (3.1)
that assigns to an edge its endpoints; G5 denotes the symmetric group on a set of two
elements. With the definition in (3.1) the endpoints are defined up to ordering in the

symmetric product V% /G2, whence we implicitly consider I" to be unoriented.

Let X VT be the cartesian |[V|*® power of X. Denote the points in X VT by (x,)yevy.. The
diagonal A, associated to the edge e € Er, is given by

Ae = {(zy)vevy 1 Tv, = Ty, for Or(e) = {v1,v2}}.

We define the configuration space Confr(X) of T' in X as the complement of the diagonals
associated to the edges of I in X VT, i.e.,

Confr(X)=X"r\ |J A..
ecEr
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(a) Looping edge (b) Multiple edge
Figure 3.1: Two examples of loop diagrams.

We assume that our graph I' has no multiple or looping edges, examples of which are shown
in Figure 3.1. Multiple edges are not seen in the construction of configuration space or
its compactification, they are only made visible when we consider the associated Feynman
integral. Thus, if our graph has multiple edges or not does not matter until we consider
Feynman integrals, and for simplicity we assume it does not. Looping edges, however, we
do not allow for the simple reason that the construction cannot handle them; a looping
edge ejoop has a single endpoint vertex, whence, by definition, the corresponding diagonal
Aepop =X Vr and consequently Confr(X) = @.

Remark. There is no real reason to disregard looping edges, as they tend to appear
when computing radiative corrections in perturbative quantum field theory. However, the

treatment of such graphs, in this setting, would call for a different method.

A subgraph v C T" is a subset of vertices and edges in I', such that for every edge e € E,,
the endpoints dp(e) € V,. Two vertices v,v’ € Vr are said to be connected if ' contains a
path (sequence of edges) between v and v'. A graph is connected if every pair of vertices

is connected.

Definition 3.1 (Induced subgraph). An induced subgraph ~ of T', is a subgraph such
that two vertices v,v' € V,, are connected by an edge e € E, if and only if they are
connected by an edge e € Er. We denote the set of all connected, induced subgraphs of
I' by SG(I'). We denote the set of subgraphs of I' that are unions of disjoint, connected,
induced subgraphs by SG(T').

Figure 3.2: Example and counterexample of an induced subgraph. Solid lines and
filled circles indicate inclusion in the graph, dashed lines and unfilled circles indicate

inclusion in I'\ y;. 71 C I is an induced subgraph; v2 C I' is not an induced subgraph.
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An example and a counterexample of an induced subgraph is presented in Figure 3.2. For

an induced subgraph v C I', we define the corresponding diagonal as
Ay ={(Toyye oy Ty,) €EXVT i 2y, = Ty, VUi, 05 € Vol (3.2)

and the corresponding polydiagonal as

Ay = {(Toys- 20,) € XVT i 2y = 24 for {v,0'} = 0, (e),e € E, }. (3.3)

Note that, when a subgraph v is connected, A, = AW. We have the following definition.

Definition 3.2. A graph I' is biconnected (2-vertex-connected) if it cannot be made dis-

connected by the removal of a single vertex, along with any incident edges for said vertex.

From the configuration spaces of Feynman graphs, Ceyhan and Marcolli construct won-
derful compactifications in the framework developed by Li [Li09], from families of poly-
diagonals A,y as defined in (3.3). In the setting of [Li09], a simple arrangement S of
a complex manifold X is a finite collection of non-singular subvarieties, {S;}, with the

following properties
o S is closed under (non-empty) intersections.

e Any two 5;,S; € S intersects cleanly, that is along a non-singular subvariety, with
the tangent bundle of the intersection equal to the intersection of the restrictions of

the respective tangent bundles.

Definition 3.3. A building set G for a simple arrangement S is a subset G of S such
that VS € &\ G the minimal elements G € G with G D S intersects transversely with

intersection S.

Let G be a finite collection of non-singular subvarieties. If the set of all possible intersec-
tions of elements in G forms a simple arrangement S, and G constitutes a building set of

S, we say that S is the simple arrangement induced by G.

The reason for introducing simple arrangements and building sets, is that the configura-
tion space associated to a Feynman diagram I' admits a wonderful compactification, the
construction of which is determined by the building set of a simple arrangement of poly-
diagonals corresponding to subgraphs v C I'. The following three theorems, that we state
without proof, connect Feynman diagrams in configuration space with the aforementioned

simple arrangements of polydiagonals.

Theorem 3.4 (Lemma 5 in [CM12a]). For a given graph T', the collection

Sr={A,:vyeSG(I)}, (3.4)
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is a simple arrangement of (polydiagonal) subvarieties in X VT.

Theorem 3.5 (Proposition 1 in [CM12al). For a given graph T, the set
gr ={A, : v C SG(I") induced, biconnected } (3.5)

is a building set for the arrangement Sr in (3.4).

Theorem 3.6 (Lemma 7 in [CM12a]). We have that
Confr(X)=XV"\ |J A,
A, EGr

where Gr is as in Theorem 8.5.

From these results and [Li09, Theorem 1.2] Ceyhan and Marcolli [CM12a] assert that there
is a wonderful compactification Confr(X) of the configuration space Confr(X) given as

the closure of the image of Confr(X) under the inclusion

v: Confr(X) = J] Bla, XVT. (3.6)

AL€Gr
Moreover, one of the main results (Theorem 1.3) in Li’s paper gives an alternative, con-
structive description of Confp(X) as the result of an iterated sequence of blowups as

follows:

Enumerate the set Gr = {A,,,..., A, } such that whenever there is a containment

v D (= A, CA,,), the order of the corresponding indices is i < j.
o Define Y(© = xVr,

e Fork=1,...,N,let Y*) be the blow-up of Y *=1) along the iterated strict transform
of Apk .

+ Theorem 1.3 and Proposition 2.13 of [Li09] then shows that Y (V) is isomorphic to

the wonderful compactification Confr(X).

Now with algorithms for constructing the configuration space and its wonderful compact-
ification, the only thing left is a set of Feynman rules, i.e., a consistent way of translating
the Feynman graphs to integral expressions. Such a set of rules, associated to a massless
scalar quantum field theory on X, dimcX = D, are provided by Ceyhan and Marcolli; the
(complexified) Feynman amplituded associated to the graph T is given by

1
Hxs(e) — Ti(e) HQ(D_l

) /\ dzy Adz,. (3.7)
VEVT
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where ||-|| is the euclidean norm on X and {s(e),t(e)} = dr(e). We will consider X = CP?
and regard || - || as the norm on a chosen CP c CPP?; Tye) and y(), for each edge e,
are the standard coordinates on that C”. The chain of integration associated to wr in
(3.7) is (CP)Vr. We may allow for I' to have multiple edges. As stated above, this
does not affect the construction of configuration space and its wonderful compactification.
However, if we have multiple edges, say N edges between vertices v; and vo, then the

factor ||y, — Ty, ||2P~Y in wr is replaced with ||z, — o, |2V P,

Remark. We call the Feynman amplitude complexified since it is intended to be integrated
over the complex manifold XVr. We adopt the terminology of Ceyhan and Marcolli in
[CM12b], who describe two different constructions related to configuration space Feyn-
man integrals. One is corresponds to a physical Feynman integral, where the amplitude
is defined over the real locus of X VT. The other, which they refer to as complezified and
is the one presented above, is a mathematical generalisation that shows both similarities
and differences with respect to the physical case. The reason we look at the complexified
case, and not the physical case, is, straightforwardly, the fact that the mathematical tech-
niques that can be applied to the two cases differs significantly, and where we commit to
techniques suited for complexified case. An interest in the application of these techniques

is the determining factor, more so than the physical relevance of the model we analyse.

Remark. One should note that the complexified construction in [CM12b] also involves a
particular doubling of the ambient space, X VT is replace by X VT x X V7 and a projection
map to one of the factors. This is done in such a way that the wonderful compactification
described above is contained within a larger space; moreover, the chain of integration for
wr is XV x {p} € XVr x XVr where p is a point. We have omitted this detail in our

construction since it has no impact on the work in this thesis.

3.1.1 Infrared divergences

A feature that does not seem to be properly addressed in [CM12a; CM12b], at least as far
as the author is aware, is the possibility of singularities not associated to the diagonals
in configuration space. As we will come to find in Chapter 4 when looking at some
explicit cases, the amplitudes corresponding to certain Feynman graphs over projective
space are singular at hyperplanes at infinity in Confr(CPP). These singularities, which
we refer to as infrared singularities, need also be handled for us to be able to regularise
the integral using the techniques in [Len20] that we briefly recall in § 3.2 below. Here we
do not have an algorithmic way to proceed, in contrast to how we construct the wonderful
compactification of configuration space. Instead we take the final steps on more of a case
by case basis. We will see that there appears to be structure behind what we do, and we
shall hint towards a more algorithmic approach, although we will not be giving any proofs
of such. Our goal is to find a modification of Confr(CPP) such that the variety defined by

the singular set of the Feynman amplitude is a normal crossings divisor. This is somewhat
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3. Divergent integrals

parallel to what was discussed in § 2.2.3.

3.2 Regularisation of divergent integrals

In this section, we describe a treatment of certain divergent integrals that, in particular,
can be applied to the Feynman integrals introduced in § 3.1, explicit cases of which are
studied in Chapter 4. We call this treatment a regularisation, since it entails constructing
a modification of a given integral, where we introduce an auxiliary parameter that can
be used to describe the nature of the divergence, mirroring many of the regularisation

techniques used in physics.

Central to this thesis are what Lennartsson [Len20] calls quasi-meromorphic forms, defined

below.

Definition 3.7 (Quasi-meromorphic form). A quasi-meromorphic form on a complex

manifold M is a singular differential form « that can be written locally as

a
fq’

where & is a smooth differential form and where f and g are holomorphic functions not

o=

identically zero. A quasi-meromorphic form « is said to be in £(**D) if there is a hypersur-
face ® C M such that {fg =0} C ©. We denote by QM (M) the set of quasi-meromorphic

forms on M.

We define the polar set P(a) of a € QM (M) to be the set of points where « is not smooth.
Furthermore, we define P1%(a)) C P(a) as the complement of the set of points p € P(a)
for which there exists a holomorphic function g # 0 in a neighbourhood of p, such that ga
is smooth there. Similarly, we define P%!(a) C P(«a) to be the complement of the set of
points p € P(«) for which there exists a holomorphic function f # 0 in a neighbourhood
of p, such that fa is smooth. The sets P°(a) and P%!(a) are said to be the set of
holomorphic singularities and anti-holomorphic singularities, respectively, of a. By the
definition of @ we have that P(a) = P5%(a) U P%!(a). Note that P19(a) N P%(a) need
not be empty, it is simply the set where a has both holomorphic and anti-holomorphic

poles.

Henceforth, we consider the case where « is a quasi-meromorphic as in Definition 3.7, but

where everywhere locally on M, f = g, i.e.,

a
o= =
%

thus P19(a) = P%}(a) = P(a). If a € E(x%¥D) then P(a) is a hypersurface contained in D.
In this setting Lennartsson [Len20] proposes a way of quantifying how "bad” the singularity
of a is. This is done as follows. We define H(«a)g = M, H(a); to be the codimension 1
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3. Divergent integrals

components of P(«), and, for k = 2,..., D, where D = dimcM, H(«a)j is defined to be
(H(a)k_l)smg along with the all the components of H(a),_1 with codimension > k. Then

we have a sequence of inclusions
H(a)D C H(a)D_1 (@GEEENE H(Oé)l C H(a)o.

Remark. This construction is an example of what is known as a stratification of M.

We define the integer k() to be the largest number k such that H(w)y is non-empty.
If the hypersurface © has normal crossings, there is a more straightforward alternative
description of («). In a neighbourhood of any point p € M there are local coordinates
(21,...,2p) such that the hypersurface ® = {z1---z; = 0}. There is then a multi-index
J = (J1,...,Jp) such that ]zJIQOz; here z/ = zih ---zl‘])D. With the minimal choice of

non-zero entries of .J such that |27/ \20z is smooth at p, we define

kp(a) = #{j : J; # 0}, (3.8)
and then we have
k(o) = max kp(a). (3.9)

In this description & is given by the maximal number of intersecting hyperplanes in a local

description of ©.

Let o : M — L be a holomorphic section of some line bundle L such that ® = div(o). For
a € E(x*D) and X € C such that Re A > 1, ||o||** is locally integrable; here || - || is some
choice of hermitian metric on L. We refer to ||o||**a as a regularisation of . For a test

function &, we let
Fe) = [llolPane. (3.10)
M

Theorem 3.8 (Theorem 2.3 in [Len20]). For o € E(x%D), where ® C M is an analytic
hypersurface with normal crossings, the function (3.10) has a meromorphic continuation
to C. Furthermore the possible poles of F¢ are contained in Q and the order of the pole at
the origin is < k().

Remark. As stated by Theorem 3.8, note that « is an upper bound and not the final word
on the degree of the singularity of the Feynman integral. This will become clear when we

look at explicit cases of Feynman integrals in Chapter 4.

Lennartsson [Len20] goes on to show that the meromorphic continuation of F¢ has a

Laurent series expansion in A around A =0

1

Fﬁ(A) = (@)

(11, &) + (po, &) + O(|A]), (3.11)

> =

<:U’fi(o¢)7£> +ot
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3. Divergent integrals

where pi; for j < k() are top (bi-)degree currents. The current p; has support in the set
where j irreducible components of © intersect. It follows that p] M\|[p| = @ as currents in

M\ |D]. Thus, uop is a current extension of a across |D]|.

There is an ambiguity when defining F¢ (), in the choice of section ¢ and metric || - ||. A
priori, thus, the 1;’s depend on these choices, and indeed they do. However, as showed by
Lennartsson [Len20], p,o in (3.11) is independent on the choice of metric and section.

To emphasise this we give the following definition.

Definition 3.9 (Canonical current). For a € £(**®), where ® is a normal crossings

divisor, we call y,,) the canonical current associated to a, and denote it by {a}.

Now, assume that a A & has compact support in a polydisc A C M, where we have local

coordinates z = (z1,...,2p), such that

alNé= dz Adz,

|27

where v is smooth and compactly supported, J is a non-negative multi-index and DNA =

{21 2x(a) = 0}. Following [Len20, § 2.3], one finds that the canonical current {a} is

given by
1 a2(J—1J)¢ B
e =Ge | grngan ¥ A 312
{Zl:"':Zn(a):U}

where dz’ A dz" = dzy(q)41 A dZg(a)+1 A - Adzp Adzp, 15 is a mutli-index such that

(1)), = 1 for J; # 0,
A 0 for J; =0,

and
(J—=1 )= (=1 (Jp —1p)l

Remark. We see from (3.12), that the support of the canonical current {a} is indeed

contained in the codimension x(«) component of © N A.

If M is compact, then £ =1 is a test function on M, and it is natural to let

/ a = (uo, 1). (3.13)
M

However, the definition of (3.13) depends on choices. In local coordinates on M, pu; is
given explicitly, see, e.g., (3.12). Using a partition of unity {p,}, one can in principal
calculate ;. In fact, if p, has support in a coordinate chart, then p, - u; can be explicitly

computed, and

(15, €) = O pu- 15, €) = D (e - 1, €)- (3.14)
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3. Divergent integrals

3.2.1 Regularisation of divergent Feynman integrals

Our object of interest are divergent integrals, formally given as

/w. (3.15)

X

We obtain these divergent integrals from Feynman diagrams, the details of which are given
in § 3.1. The integrand w will generically be a smooth form of top degree on X but with
singularities along a subvariety H of codimension > 1, possibly not of pure codimension.
Thus, a priori w neither defines a differential form nor a current on X. However, since it
is smooth on X \ H, w defines a current on X \ H. We want to find an extension of w as a
current from X \ H to X. To make use of the techniques in the previous section, we make

the following two assumptions.

1. There is a (holomorphic) vector bundle £ — X and a global holomorphic section
0 : X — FE defining the singular locus of w.

2. For A € C with fRe A sufficiently large ||o||**w is smooth, where || - || is some metric
on E.

Under these assumptions, for any test function £, the function
A
Fe) = [ o n g,
X
is analytic if Re A > 1.

Let 7 : Y — X be a modification. Since 7 is proper, if £ is a test function on X, then 7*¢
is a test function on Y. With m we can consider the pullback of ||o||**w to Y, which is
smooth for e > 1, and thereby defines a current on Y. For Re A > 1, ||o||* w is locally

integrable, and since 7 is a biholomorphism outside a set of measure 0, we have

/||a||2)‘w/\§:/||7T*a||2’\7r*w/\7r*£. (3.16)
X Y

Moreover, assuming that 7 is such that the preimage of the locus of divergence of w in X
is a normal crossings divisor ® C Y, then 7n*w will be singular on ®. Thus, Theorem 3.8
is applicable to the right-hand side of (3.16) which implies that there is a meromorphic
continuation of the right-hand-side of (3.16) to C. However, by uniqueness of meromorphic
continuations, this means that this is a meromorphic continuation of the left-hand side of
(3.16), i.e., of F¢(\), as well.

Consider the Laurent series expansion at A = 0 of the right-hand side of (3.16),

1

) <Mf§(7r*w)a 7T*§> +oot 7<,u1,7r*§> + <:u07 7T*§> + O(‘/\‘)v

1
* 12\, % * e
/H’]TO'” WWAﬂf—W b\
Y
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3. Divergent integrals

where 15, for j = 0,...,k(7*w) are currents on Y. We can regard the coefficients as
push-forwards of the currents p; to X acting on test functions § on X via Definition 2.11.
We then have an expression for the expansion of the meromorphic continuation of F¢(\)

at zero,

(Tapr1, &) + (mapo, &) + O(|A]) (3.17)

> =

1

2

J 1010 A € = 5 (Tt €+ -+
X

where m,puj, for j =0,...,k(7*w) are currents on X, and where we define k(w) = k(1*w).

Notice that p;, for 7 > 1, have support in H. As in the previous section, thus, .z is

a current extension of w to X. It is natural to define (3.15) as (m.p0, 1); Tepo is a finite

part of w, however, it depends on the choice of metric and the section.

30



4

A Case Study

In this chapter we present case studies for the three different Feynman diagrams and their
associated integrals. Starting off with the simplest possible graph, we will be thorough in
our analysis. Moving on to the other two cases, much of the treatment will be similar and

therefore we will present fewer intermediate steps.

4.1 Case One: Propagator

We begin by considering the, unquestionably simple, Feynman diagram I'; in Figure 4.1
consisting of only two vertices and a single connecting edge, contributing to the perturba-
tive amplitude of a process in a scalar quantum field theory on the space X = CPP. We

call 'y a propagator after the physics interpretation of such a graph.

U1 V2

0

Figure 4.1: Feynman graph I';.

Following the construction in [CM12a; CM12b], summarised in § 3.1, we see that X VI1 =
CPP x CPP, and the configuration space is simply

Confr, (X) = CPP x CPP\ A = {([X], [V]) € CPRy x CPRy: [X] £ Y]} (41)

Moving to the wonderful compactification of the configuration space, we note that since I'y
has no induced proper subgraphs, i.e., SG(I'1) = SG(I';) = {I'}; this will make virtually
all of the graph theoretical considerations void. The simple arrangement of (poly)diagonal

subvarieties in X VI becomes
Sr, ={A, 1y €SG(I)} = {A},

since the only induced subgraph is I'; itself which is connected and only contains one edge,

whence Apl = Ap, = A. The building set for the simple arrangement Sr, is

Gr, = {Ay : v C SG(I'1) induced, biconnected},
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4. A Case Study

see Theorem 3.5, and trivially becomes Gr, = {A}. The wonderful compactification
Confr, (X) is given by the closure of Confr, (X) in the blowup BlaX Y"1 which is just
BIAX V71 itself.

Take (X,Y) = ([Xo:...: Xp],[Yo:...: Yp]) to be homogeneous coordinates on CPP x
CPP. Now consider the chart defined by {Xg # 0} x {Yy # 0} = CP x CP = C?P with
local coordinates
X4 Xp . 1 Yp

1 1 =1, —,...,—, 1, —,...,— ).

( y L1, y D, L, Y1, 7yD) ( ’Xo’ ’X(]’ ’Y()’ ’Yb)
In these local coordinates, (z,y) = (z1,...,2Zp,Y1,---,YD), the Feynman amplitude asso-
ciated to I'1, according to (3.7), is given by

1 _ _

Let
7 BIa XV — XV (4.3)

be the blowup along the diagonal A.

Proposition 4.1. The pullback wiwr, is smooth in 7w ({ X # 0,Yy # 0}). In particular,
wr, is locally integrable in {Xo # 0,Yy # 0} € CPP x CPP.

Proof. To make the local description of the blowup simpler we make the following change
of coordinates, (z,y) — (z,w) where z; = z; —y; and w; = z;+y; for 1 <1i < D. A straight
forward calculation tells us that the Jacobian determinant of the change of coordinates

det Jc = 277, whence, in the coordinates (z,w), the Feynman amplitude becomes

1 1 _ _

We will now blow up along z = 0. In view of § 2.2.2 above, in one chart in the blowup we

have

T - (Cl,...,CD,nl,...,nD) — (C17C1C27--'7C1<D77717--'777D) = (zl,...,zD,wl,...,wD).

The pullback of wr, to this chart of the blowup is given by
1
QPP+ (G + -+ 1ol
1 1
R e e 1% 2P
We see that on the exceptional divisor Exc(m;), defined in this chart by {¢; = 0}, the

pullback of wr, is smooth. Thus, we see that the singularity of wr, on the diagonal was

* 1 _ . _
Thwp, = )D_lzw\q?(f’ Da¢ AdC A dn A di

d¢ A dC A dn A d. (4.5)

in fact integrable, since it disappeared completely in the blowup. The other charts in the

blowup along z = 0, are handeled in the same way. O
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4.1.1 Infrared Divergences of wr,

Any hyperplane of a projective space may be singled out as the hyperplane at infinity H.o.
However, our choice of local coordinates (z,y) above forces the choice of hyperplane at
infinity in CPP to be Hy = {Xo = 0}, and Ho, = {Yy = 0} in the second copy of CPP.
We generalize the notion of hyperplane at infinity to the product space CPP x CPP, and
refer to Hyo x CPP and CPP x H,, as hyperplanes at infinity in CPP x CPP.

To study the behaviour of wr, in a neighbourhood of the hyperplanes at infinity, Hy, x CPP
and CPP x H,,, there are three types of points (p,q) € CPP x CPP” to consider.

(A) : p€ Hooy ¢ & Hoo.
(B) : p=q€ Hx.
(C) : p,q € He, p # q.

By symmetry we can have (A) represent also the case ¢ € Hy, p € Hoo. We have the

following proposition.

Proposition 4.2. In a neighbourhood of a point of type (A) there are local coordinates

such that
1 de Adz Ady Ady

wr,; = ‘x ’4 D y (46)
1 D-1
(I — 2191 + >z — 1y %)
j=2
where the point lies on x1 = 0.
In a neighbourhood of a point of type (B) there are local coordinates such that
1 dex ANdx Ady Ady
wry; = ’Jj Y |4 D ) (47)
1Y1 D—1
(ly1 — 21>+ zjon — yiaa]?)
j=2
where the point satisfies x; = y; for 1 < j < D where x1 =y = 0.
In a neighbourhood of a point of type (C) there are local coordinates such that
1 dx Adx Ady Ady
wr, = . yooy : (4.8)
|z191 |

D
D—1

(’yl - 111?42\2 + |zoyr — J:1|2 + Z [zjy1 — yj$1\2)

j=3

where the point lies on 1 = y; = 0.

Proof. To study the behaviour of wr, in a neighbourhood of a point of type (A), we can
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4. A Case Study

consider the local coordinates

Xy, X Xp i Y
204,22 Dt 7). (4.9)

(j171)f2)'"75:D717y1)"'ayD) = <X17 7X17"'7717 7?07"'770

We note that, in the coordinates (Z,y), Hoo x CPP = {#; = 0}. The transition map from
the (z,y) to the (Z,y) chart is given by

1 ~
S =2 for2<i<D. (4.10)

Tl = = p
T T

The holomorphic D-form dz transforms as

1 1 0% 1 T
drxi A...ANdzp = —72(11'1 A (Tdi'g — %di‘l) VANPAN (Td.f}D — aifl;di'l)

1 - -
Ty

The volume form dx A dz A dy A dy becomes

dz Adz Ady Ady = di A dZ Ady Ady.

1
|i’1 |2(D+1)

In the new coordinates, the Feynman amplitude is given by

1 1 -
wr, = dz ANdz Ady Ady

SR 2 P 2\D—1 |~ 12(D+1
(1~ 412 =gl o122 —ypl) 7 B O
1 1 =
= dz Adz Ady A dy.
- - N - - D—1)~ |4
(|1—$1y1\2+\1’2—351?/2|2+"'+‘ID—xlyD‘Q) 1]

Now, we want to consider wr, in a neighbourhood of a point of type (B). Starting out in
the coordinates (x,y) as before, we make the change from (z,y) to (Z,y) by (4.10) in both
x and y. In these coordinates we have that Hy, X Hoo = {Z1 = 71 = 0}. The Feynman

amplitude then becomes

1 1 S
wry = 3 70 a2 s 2D o A AT AdgAdY
11
Iz =5l HIBZ -2+ +[22 =207 1]
1 1 - -
- dz A dT A dg A df.

oL — - -
(I71 — &1|* + |Z251 — G |* + - - - + |EpT1 — TpE1|) |11

Lastly, we want to consider wr, in a neighbourhood of a point of type (C). As a represen-

tative, we may consider the following coordinates,

N N S . Xo . Xo Xp Yo i V3 Yp
($171)x2)'"71"D>y17y2717y37"'7yD):<Z717flu"'7717?27725 772)"'772)'

The transition map x — Z is the same as in (4.10), furthermore

1 .
Yy = —, Yo = —, y]:%ij fOI'?)S]SD, (411)
Y1 Y1 Y1

34



4. A Case Study

whence,

_ 1 - 3=

In these coordinates the Feynman amplitude becomes

1 di A dZ Adg Ady
wry; = 2(D+1) 3 — — - —
|19 ( 3 I—H 2 LB Bty Zo IR
1 di Adz A dj A dy

= ~ ~ 4 ~ L . ~ o - - - - - D—
11" (|00 — F1Gal® + 2201 — 217 + [E31 — Gada|” + -+ + |Epf — G [?)

By Proposition 4.2 we see that we have non-integrable singularities of wp, along the
hyperplanes at infinity H., x CP” and CP” x H,,. Indeed, 1/|x, \4 is not locally integrable.

4.1.2 Pullback of wr, to Confr, (CPP)

By Proposition 4.1, miwr, is smooth in 771 ({Xo # 0,Yy # 0}). It remains to consider
miwp, in 77 L (U), where U is a neighbourhood of a point of type (A), (B) or (C). Since m
is a biholomorphism outside Exc(m1) = 7y *(A), if U is a small neighbourhood of a point
of type (A) or (C), then miwr, is given by (4.6) and (4.8), respectively, in 77 }(U) = U.
Notice that (Hs x CPP) N (CPP x Hy) = Hoo x Hy.

Proposition 4.3. Let U be a neighbourhood of a point of type (B), such that (4.7) holds.

Each point in 7r1_1(U) has a coordinate neighbourhood such that miwr, is either of the form

———d(AdCAdp Ady
. 1 92D—8 CAACA dy A di (4.12)
e IC1 +771\4|C1 - 771|4 9 Dfl’ '
(1_'_12’9771_ %)
Jj=2
or
= dCAdEAdn Adi
1
miwr, = 22D ° . (4.13)

GG 4 m|Y Gl — ml|t

1

1 1 D—
(G + 7m = mGl” + 1 Z Gm —n;Gl?)
=3

In the former case, {¢; = 0} = Exc(m) and 77 (Heo X Hoo) = {¢1 = m = 0}. In the
latter case, {Ca = 0} = Exc(m1), and Stricty, (Hoo X Hoo) = {¢1 =m = 0}.

Proof. Consider wr, in U. Starting out with the expression (4.7), we proceed by making
the following change of variables, made in the proof of Proposition 4.1, setting z; = x; —y;,
wj = x; +y; for 1 <j < D. In these coordinates A = {z; = --- = zp = 0}, Ho X CPP =
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{z1 +w; = 0} and CPP x H,, = {z — w; = 0}; thus, a point of type (B) satisfies

z1 =---=zp = w1 = 0. We obtain the following expression for the Feynman amplitude

1

wrl =

)

D
1 D-1
121 4+ wi|* 21 — w1 [*(|21)* + 1 > [zjwr — w;z|?)

=2
where we used that z; = (z; + w;)/2, y; = (—2; + w;)/2 and
1
xiyj - yimj = i(z,-wj — 'UJ,‘Z]').

Again we want to consider the pullback of wr, to the blowup. Recall from § 2.2.2 that the
blowup along z = 0 is defined from D charts given by

w1 (¢,m) — (C{j}ﬂ?) = (z,w)

for 1 < j < D, where we define

Cy = (GG -+ GG—15 G5 GGty - - -5 GiCD)- (4.14)

Given our explicit choice of hyperplanes at infinity in CPP x CPP the chart

T (Cﬂ?) = (C{l}ﬂ]) = (va) (415)

distinguishes itself from the rest. In this chart we have

1 - = _
) sV Add Ay A dy
mwr, =

1 & D-1
G+ mlYG —mM () + 1 > 1Ggm —nial?)
j=2

1 = _

1 & D1
G+ mtG —m[H (1 + 1 ST IGm —nsl?)
i=2
Note that {¢; = 0} = Exc(m;) and 7] (He X Hoo) = {¢ = m1 = 0}.

Now, we consider the pullback of wr, in the chart

Tt (C?U) = (C{2}7n)7
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which, by symmetry, is representative of the charts 2 < j < D. We have

1 _ = _
saps Gl AC A dC A dn A di
ﬂ-fwrl = 1 1 D X
D-1
(GG + Z|C2771 — GG’ + 1 > Gm — n;GGl%)
=3
1
X 1 1
[G2C +m[7[GC — m
| S5 dC A d A dy A diy

G¢+m |Gl — m[* D-1

D
1 1
(Gl + 1\771 — G|+ 1 Z G — 77j41|2)
=3

Note that {¢(a = 0} = Exc(m), and 7] (Hoo X Hoo) = {Ci1Co+m = GG —m =0} = {m =
¢1 =0} U{n = {2 = 0}. Hence, Stricty, (Hoo X Hoo) = {1 =m = 0}. O

4.1.3 Blowing up Confr, (CP”) along Strict,, (Hy x Hy)

We note that, mjwr, & £(**D) for any normal crossings divisor ®. In fact, consider (4.13),
where Exc(m;) = {¢2 = 0} and Stricty, (He X Hso) = {1 = m = 0}; moreover, the strict
transforms of the hyperplanes at infinity are {(2(; £ m = 0}, respectively. While both
hyperplanes are smooth, which we deduce from the fact that they constitute graphs, their
common zero locus {n; = (1{o = 0} contains, in itself, a normal crossings singularity,
{¢1{2 = 0}. Therefore, the strict transforms of the hyperplanes at infinity cannot be a
normal crossings divisor. Furthermore, one has an additional singularity at ¢; = m = 0

from the factor
2 1 2 1& 2\ D1
(I¢1] +Z’771—772C1| +ZZ|C]'T/1_T/]'C1| ).
j=3
To handle this, we will do an additional blowup. Let
72 ¢ Blstricty, (Hoo x Hoo) Contr, (CPP) — Confr, (CPP), (4.16)

be the blowup of Confr, (CPP) along Strict,, (Hs X Hs), and let 7 = 71 o 7a.

Theorem 4.4. The divisor
D = Exc(ms) + Strict; (Hoso x CPP) + Strict,(CPP x Hy,),

has normal crossings, and ™*wr, € E(x*D), with k(wr,) = 3.

Proof. Notice that 75 ' (7' ({Xo # 0,Yy # 0})) = 7, '({Xo # 0,Yy # 0}). Thus, by
Proposition 4.1, m*wr, is smooth in 7= 1({Xo # 0, Yy # 0}). Moreover, |D| N7 1({Xo #
0,Yp #0}) = 2.
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Let U be a neighbourhood of a point of type (A), such that (4.6) holds in U, ANU = &,
and (CPP x Hy)NU = @. Then 7~ 1(U) = U. Hence, [D| N7~ (U) = U N (Hy x CPP),
which is clearly has normal crossings since it is smooth. Moreover, m*wr, is given by (4.6),

whence m*wr, € E(+¥D) in 7 1(U).

Let U be a neighbourhood of a point of type (B), such that (4.7) holds in U. In 77 }(U),
mjwr, is given by Proposition 4.3. Let U; be a neighbourhood of a point in Trfl(U),
such that mjwr, is given by (4.12). Then, U; N Stricty, (Hoo X Hoo) = &, thus, m = m
here and 7*wr, is given by (4.12). Moreover, Strict;(Ho, x CPPY) = {¢; +m = 0}
and Strict,(CPP x Hy) = {¢1 — 1 = 0}. Thus ® has normal crossings in Uy, and
m*wr, € E(x*D) there.

Now, let Uy be a neighbourhood of a point in 77! (U) such that 7fwr, is given by (4.13).
Recall that here Strictr, (Heo X Hoo) = {¢1 = m = 0}. The blowup along Strict,, (Hs X
H,) in Us is given by the following

7ot (u,v) — (u1,...,up,u1v1,v2,...,vp) = ({,n), (4.17)

7ot (u,v) = (viug,ug,...,up,v1,...,vp) = (¢, n). (4.18)

Consider 7*wr,, i.e., the pullback of 7jwr,, to the chart defined in (4.17),

lup |*du A di A do A do

* . 22D78
T™Wry = 1 1 D o X
(\UHQ + Z\mm — vzuﬂQ + ) Z lujuivr — vju1]2)
j=3
1
luguy + wrvr|*lugur — ugvy[*
1 _ _

B 1 22D78du/\du/\dv/\dv
 Jug + v [ug — vi[Hlug PP (4.19)

1 18 D1
(1+*”U1—1)2‘24-72‘1@"01—1)]"2) !
4 4 —=
7=3
Here Exc(ms) = {u1 = 0}, Strict,(Ho x CPP) = {ug +v; = 0} and Strict, (CPP x Hy,) =
{ug —v; = 0}. It follows that © has normal crossings in this chart and we see that
mwr, € E(x*D) here.
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The corresponding computation for the chart (4.18) yields

lv1[2du A di A dv A do

* o 22D—8
™ Wwr, = ) 1 D o X
(’1)1U1|2 + 1‘121 — 1)21)1U1’2 + 1 Z ]ujvl — vjv1u1]2)
=3
1
lupviug + v |*ugviug — vy |*
1

B uguy + 1 4 usu] — 1 4 U1 2(D+2) 1 1 D D—l'
’ | ‘ | | ’ (‘U1’2+1‘1_7)2'”1’2_"12’“]’_”]'”1‘2)
=3

(4.20)

Here Exc(ma) = {v1 = 0}, Strict, (Hoo x CPP) = {ugu; +1 = 0} and Strict, (CPP x H,.) =
{uguy —1 = 0}. The two surfaces {ujug =1 = 0} do not intersect in this chart, and their
respective intersections with {v; = 0} have normal crossings. Thus ® has normal crossings
in this chart. To see that m*wr, is in £(x*D) in this chart, we notice that the factor

1 1 & D-1
(lur* + il vour|? + 1 > Juyj — vjug [?)

Jj=3

is nowhere vanishing.

Let U be a neighbourhood of a point of type (C), such that (4.8) holds in U and ANU = @.
Then 7' (U) = U, so wiwr, is given by (4.8) and 7~ (U) = ;' (U). The blowup 7y is
again given by (4.17) and (4.18) with (¢,n) on the right-hand side replaced by (z,y).
Beginning with (4.17) we have

i 1 lug[2du A da A do A do
Towr, =
T ! 2 2 | L 2\ D—1
(|U1’Ul — u11)2| + |U2’LL1’U1 — ’LL1| + Z |UjU1U1 — vju1| )
=3
1 du Adu Adv Ado
= 4.21
”LL1|2(D+2)”U1|4 ) ) D o D1 ( )
(lor — v2l” + |ugvr — 1° + ) |ujvr — v5°)

j=3
Here Exc(m2) = {u; = 0}, Strict, (Hs x CPP) is not visible in this chart and Strict, (CPP x

H.) = {v1 = 0}, hence ® has normal crossings here. Moreover, the expression

D
D—1
(lvr = vol* + [ugvr — 11> + 3 |ujor — vj]?)
j=3

is non-vanishing in a neighbourhood of |D| so that 7*wp, € £(x*D) here.
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Similarly for (4.18) we have

§ 1 o1 [*du A di A do A do
ToWr, = ]ulv%|4 D ey
(”Ul — U1U1U2|2 + |UQ’U1 — ’U1U1|2 + Z ]ujvl — vjv1u1]2)
j=3
1 du Adu Adv A do
- ’U1|4"01’2(D+2) 2 2 & 2 Dflh (422
(11— waval” + |ug — wa[* + D Juj — vjua]?)

J=3

In the same way as above we see that ® has normal crossings and 7*wr, € E(**D).

Since © has three irreducible components, x(7*wr,) < 3. However, in view of (4.19), we
see that k(7 wr,) = 3. We recall from § 3.2.1 that we define x(wr,) = k(7m*wr, ). O

It is instructive to verify this result with the definition of x by way of locally consid-
ering stratifications of the blowup, as described in § 3.2, since this is the more gen-
eral approach. For (4.12) we have, with P(n*wr,) = PY9(r*wr,) = P%!(r*wr,) =
PO (m*wp,) N PYY (m*wr, ),

P(r*wr,) = {G +m =0} U{G —m =0}

The codimension 1 components of P(7*wr,) are just P(m*wr, ) itself, whence H (m*wr, )1 =
P(m*wr,). Furthermore, H(m*wr, )2 = (H(7*wr, )1)sing = {¢1 = m = 0}. Since H(7*wr, )2

is smooth, the sequence terminates.

For (4.19) we have
P(m*wr,) = {uz +v1 =0} U{ug —v; =0} U {u; = 0}.

Again H(m*wr, )1 = P(m*wr, ), and (H(7*wr, )1)sing is given by the pairwise intersections

of the hyperplanes in P(7*wr, ), i.e.,
H(TF*OJFl)Q = {UQ+U1 = U :O}U{UQ — V1 = U1 :O}U{UQ = :O}.

In this case H(wr, )2 is not smooth, however, H(wr, )3 = (H(wr, )2)sing = {11 = u2 =v; =
0} is, so k(wr,) = 3.

For (4.20), we have
H(wr, )1 = P(r*w) ={wug + 1 =0} U {ujug — 1 =0} U{v; = 0},
furthermore, since {ujua +1 = 0} N {ujug — 1 = 0} = & for uy, ug sufficiently small,
H(m*wr,)2 = {uiug + 1 =v; = 0} U {ujus — 1 = v; = 0},

which is a union of smooth disjoint varieties, whence x(7*wr,) = 2. Lastly, for both (4.21)
and (4.22), H(m*wr,)1 = P(7m*wr,) = {u1 = 0} U {v; =0}, and H(m*wr, )2 = {u; = v1 =
0} which is smooth, whence k(7*wr,) = 2. The maximum value of x(7*wr,) in any chart

was 3, which is consistent with the result obtained above.
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4.1.4 Regularisation of the integral associated to I';

We are now ready to reap the rewards of the above calculations. The modified inte-
gral of the pullback amplitude over the blowup has properties that allow us to employ
regularisation methods from the theory of residue currents. We can be concrete in the
regularisation of the integral associated to I'y with the following choice of line bundle over
CPP x CPP, metric and section. Recall the hyperplane bundle O(1) — CPP from Exam-
ple 2.2; from it we can construct the following (holomorphic) line bundle on the product
manifold CPP” x CPP, denoted

O(1)RO(1) — CPP x CPP. (4.23)

There are natural projections proj;, proj, : CP? x CP? — CPP? onto the first and second
factor, respectively, of the product. With O(1) a line bundle on each copy of CPP, we
define O(1) K O(1) to be the tensor product proj;O(1) ® proj5O(1), which constitutes a
(holomorphic) line bundle on CPP x CPP.

There is a section o : CPP x CPP — O(1)KO(1) that vanishes precisely on the subvariety
(Hs x CPP) U (CPP x Hy,), given in homogenous coordinates by

g = X()Yb

Recall that wr, was integrable on the diagonal, hence, we do not need to dampen the
amplitude there. Furthermore, we can take the metric on O(1) K O(1) to be the product
metric

loll* = [ Xl - YollH (4.24)

where, for any 1-homogeneous polynomial p(X) : CPP — O(1), let

[p(X)[*
X*

P (X)) =
which defines as a metric on O(1). In the affine coordinates (z,y) on {Xp # 0,Yy # 0} C
CPP x CPP we have

LT ) R S
XP VP T 1P Tyl

2
ol

With the above choices, we obtain an explicit regularised integral, which, since {Xo #
0,Yy # 0} is dense in CPP x CPP, can be written as

1A 1
Fe(\) = / | 5[ | [ wr, Ag (4.25)
T+ |zt 11+ ]y
Cbxcpb

Corollary 4.5. The map A — F¢()\), a priori defined for Re A > 1, has a meromorphic
continuation to all of C, with a pole at X =0 of order < 3.
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We note, in (4.19), that 7*wr, - (Jug + v1|*|ug — v1|*|u1[2P+?)) is smooth and independent
on uj. In view of (3.12), it seems that the contribution to ({m*wr,, 1) vanishes. However,

we need to take into account the coordinate dependencies of a partition of unity, as in
(3.14). In § 4.4 we show that ({7r*wr, },1) = 0 in dimension D = 2.

4.2 Case Two: One-loop diagram

Now we want to look at the graph I's presented in Figure 4.2, which can be seen as
simply a modification to the amplitude associated to I'y, since the configuration space and

wonderful compactification are the same for the two graphs.

U1 <> V2
Figure 4.2: Feynman graph I's.

The only thing distinguishing the setup for I'y from I'; is the associated amplitude, which

now is given by
1 _ _

As above, let X = CP? and let
7 BIaXVr2 - XVr2

be the blowup of X Vrz = CPP x CPP along the diagonal A.

Proposition 4.6. In 7' ({Xo # 0, Yy # 0}), there are local coordinates (¢,n) such that

1 1 - _
Tiwr, = 5 22—DdC AdC A dn A dn. (4.27)
_ 2(D—1
PP+ Y Il
j=2
Proof. In coordinates where the diagonal is given by 2y =---=2p =0
1 1 _ _
wr, = HZ||4(7D—1)227DdZ ANdz A dw A dw.

The pullback to the wonderful compactification, in the chart where the exceptional divisor

is given by {¢; = 0}, is
1

D
GRPEI 1+ gAY

i=2

1 _
Tiwr, = ~5pdC AdCAdny Adn.
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In contrast to I'1, the pullback amplitude 7jwr, is singular along the Exc(m1). Let us
consider the amplitude in a neighborhood of the hyperplanes at infinity. We proceed by
again considering points of type (A), (B) and (C) as in § 4.1.1. We present the following

proposition without proof, since the proof is nearly identical to the proof of Proposition 4.2.

Proposition 4.7. In a neighbourhood of a point of type (A) there are local coordinates
such that

_ dz Adz Ady Ady
wr, = |21 2P ahhbe Ahk (4.28)
2(D-1
(11— 2iya* + 3 foj — gy )"
j=2
where the point lies on x1 = 0.
In a neighbourhood of a point type (B) there are local coordinates such that
_ dx Adz Ady A dy
Wwry = ’$1y1‘2(D 3) D Y y s (429)
2(D—1
(s = 21? + 3 wjyn — gy [2) 707
j=2
where the point satisfies x; = y; for 1 < j < D where x1 = y; = 0.
In a neighbourhood of a point of type (C) there are local coordinates such that
_ dx Adz Ady Ady
wr, = \azly1]2(D 3) Yy (4.30)

D

2(D—1
(ly1 — 2192l + |22yn — 21 + Z 21 — yjan ) S
i=3

where the point lies on x1 = y1 = 0.

We see that the expressions (4.28) to (4.30) have different characteristics for D = 2
(disregarding the case D = 1) and D > 3. We will henceforth assume that D > 3 such
that the factors |z;(y1)[*”~3) remain in the numerators of wr,; the case D = 2 a priori

needs its own separate analysis.

4.2.1 Pullback of wr, to Confr,(CPP)

By Proposition 4.6, in {Xy # 0,Yy # 0}, there are local coordinates such that mjwr, is
given by (4.27). For a complete description of the pullback of wr, to the wonderful com-
pactification, it remains for us to consider fwr, in 77 }(U), where U is a neighbourhood
of a point of type (A), (B) or (C). Since m; is a biholomorphism outside Exc(my), if U is
a small neighbourhood of a point of type (A) or (C), then 7jwr, is given by (4.28) and
(4.30), respectively, in 7, 1 (U) = U.

Proposition 4.8. Let U be a neighbourhood of a point of type (B), such that (4.29) holds.

Each point in 7r1_1(U) has a coordinate neighbourhood such that miwr, is either of the form
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4. A Case Study

1 - —_
Trwp, = [(¢1+m)(m C1)| (D=3) 26(D_2)d</\dc/\d77/\d17 (3)
2 D 1 D y .
(ST 1 2D—1
+ 5 2 [Gm =)
=2
or
1
e (GG A+ M) (GG — )PP 26(D—2) ——=—=d( AdC Adnp Adi
T T

1 2(D-1 .
(I + Z|771 — G + 1 Z Gm = n;¢l) =
=3
(4.32)
In the former case, Exc(m) = {(1 = 0} and 7T1_1<HOO X Hy) = {¢1 = m = 0}. In the
latter case, Exc(m1) = {(2 = 0} and Strict,y, (Hoo X Hy) = {¢1 =m = 0}.

Proof. Consider wr, in U. Starting out with the expression (4.29), we go to a set of
local coordinates (z,w), as in the proof of Proposition 4.3, such that A = {z = 0},
Hy x CPP = {z; + w; = 0} and CPP x H,, = {z; — w; = 0}. We obtain the following

expression

_ 6(D—
wry = |21+ wn) (21— wp) PP 2% . 1)) : (4.33)
(]z1| + = Z|ij1—wjz1]) (D-1)
] 2

We want to consider the pullback mjwr, of wr, in U to the blowup along z = 0, where,
again, we have the two distinguished charts given by (4.15) and (4.17), respectively. For

the former we find

1 - -
oG m)m = )PP 2(7(1( AdQ AdnAdn
T E L ’

2D 1
I+ Z|C]771

noting that Exc(m) = {¢1 = 0} and 7] ' (Hoo X Hoo) = {¢1 = m1 = 0}. For the latter chart
we find

1
o @G ) (GG~ m)PPY oA dCAdy A dy
e PP 1 ’
2(D—-1
(Gl + 2l = méil® + 1 Z IGm — iG> PV
=3
noting that Exc(m;) = {¢2 = 0} and Stricty, (Heo X Hoo) = {(1 =m = 0}. O
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4.2.2 Blowing up Confr, (CP”) along Strict,, (Hy x Hy)

We note, as above, that mjwr, € £(x*D) for any normal crossings divisor ©, which becomes

clear in view of (4.32) where we have the factor in the denominator

1 1& 2(D—1
(Gl + 1\771 — il + 1 ST 1¢Gm = niél) S
=3

which vanishes on (; =n; = 0.

Again, we let
7 ¢ Blsgrict, , (Hoo x Hoo) COnfr, (CP”) — Confr, (CP”),

be the blowup of Confr, (CPP) along Strict,, (He X Hs), and let 7 = 71 o 7a.

Theorem 4.9. Assume that D > 3. The divisor
D = Exc(m) = Exc(mg) + Strict, (Exc(m1))

has normal crossings and the pullback m*wr, € £(xxD), with k(wr,) = 2.

Proof. We note that 7= 1({Xy # 0,Yy # 0}) = 77 '({Xo # 0,Yy # 0), whence, 7*wr, is
given by (4.27) in 77 1({Xo # 0,Yy # 0). Here, ® = Exc(n) = Exc(m) = {¢1 = 0},
since Stricty, (Hoo X CPP) = Strict,, (CPP x H,,) = Stricty, (Ho X Hoo) = @, whence,
Exc(mg) = @. Clearly, © has normal crossings, and 7*wr, € £(**D) in 71 ({Xo # 0, Yy #
0}).

Let U be a neighbourhood of a point of type (A), such that U N A = @ and U N (CPP x
Hy) # 0. Then 7= }(U) = U and |[D|NU = @. Furthermore, 7*wr, is given by (4.28)

which is smooth in U.

Now, let U a neighbourhood of a point of type (B), such that (4.29) holds in U. Going to
(diagonal) coordinates where wr, is given by (4.33), recall that A = {z = 0}, Ho, x CPP =
{z1 +w; = 0} and CPP x Hy, = {21 — w1 = 0}. From Proposition 4.8 we know that
every point in 7r; *(U) will have a neighbourhood such that 7%wr, is given by either (4.31)
or (4.32). Let U; be a neighbourhood such that (4.31) holds for mjwr,. Recall that
Exc(m1) = {¢ = 0} and 77 }(Hoo X Hoo), hence, Stricty, (Ho X Hso) = @ in Uy. Thus,

m = m and, moreover, Tjwr, € E(**®) where ® has normal crossings in Uj.
Let Uz be a neighbourhood such that (4.32) holds. Recall that Exc(m) = {¢2 = 0} and

Stricty, (Hoo X Ho) = {¢1 = m = 0}. We want to consider 7*wr,. The blowup of Uy along
Stricty, (Heo X Hoo) is given, as in the proof of Theorem 4.4, by the two charts (4.17) and
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(4.18), respectively. For the former case we have

1
)|2(D73) ———~du AduANdvAdv

|(ug +v1)(ug — vy 26(D—2)

’u2|2(D71) |’LL1 |6

T wr, = (4.34)

D
1 1 2(D-1
(1+Z]v1—v2\2+1 > lujv1 — v;]%) (D-1)
J=3

Here Exc(ma) = {u; = 0} and Stricty, (Exc(m)) = {ug = 0}. It follows ® has normal

crossings and, moreover, we see that m*wr, € £(xxD).

For the latter case we have

1
)‘Q(Df?)) ———~du AduAdvAdo

‘(U1UQ + 1)(U1UQ —1 926(D—2)

D*l)‘vl|6

ﬂ*wF2 =

Jug|* 20 '

D
1 1
(Jua|* + i vou [* + 1 > luj — vju
j=3
(4.35)
Here Exc(ma) = {v1 = 0} and Strict,, (Exc(m)) = {u2 = 0}. Again, it follows that © has

normal crossings and we see that 7*wr, € £(*¥D).

Lastly, let U be a neighbourhood of a point of type (C), such that (4.30) holds and UNA =
@. Notice that 7, }(U) = U, whence, miwr, is still given by (4.30) and 7= 5(U) = =, }(U).
The blowup is again given by the two charts (4.17) and (4.18), with ({,n) on the right-hand
side replaced by (x,y). In the chart (4.17) we have

* ‘U1|2(D_3) dU/\dﬂ/\dq)/\di_}
(11 = wrvaf? + |ug — w2+ ) Juj — vjm!z)Z(D_l)
j=3

Here Exc(m) = {u; = 0} and Strict,,(Exc(m)) = 7 }(A) = @, thus, D trivially has
normal crossings and, moreover, we see that m*wpr, € £(xx®). By symmetry, the above
holds also in (4.18), here with Exc(m2) = {v1 = 0}.

Since © has two irreducible components, k(m*wr,) < 2. However, in view of (4.34)
and (4.35), we see that r(m*wr,) = 2. Again, we recall from § 3.2.1 the definition
K(wr,) = k(T wr,). O

4.2.3 Regularisation of the integral associated to I';

We would again like to present some explicit choices for the regularisation of the integral
of wr,. Since wr, is singular on the diagonal, which has codimension D, as well as the
intersection of hyperplanes at infinity, Hso X Hoo, we need to do things differently compared
to § 4.1.3. To this end, we let

-2y
2 v ? 1 Xol* | Yol
lol|* = 2 : 3 3 |-
| X | X Y]
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The factor _
XY
e
Y]

X

X -

is in fact the norm squared of a section s of a vector bundle E — CPP x CPP, such that
A = {s =0}, see [Ber91].

Corollary 4.10. The map

A s / lo|/Pwr, AL,
CPDP xCPDP

where & is a test function on CPP x CPP, a priori defined for e X > 1, has a meromorphic
continuation to all of C, with a pole at A =0 of order < 2.

4.3 Case Three: Three-point interaction

Due to the explosive increase in types of neighbourhoods of points in the configuration
space of I's which increase further with blowups, we will be less exhaustive, as compared

to our study of I'y and I's, in our treatment of I's.

U3

Vg

U1 ()
Figure 4.3: Feynman graph I's.

Assuming that our underlying quantum field theory allows for three point interactions at
tree level, i.e., the interaction Hamiltonian contains a term oc ¢3, the diagram in Figure 4.3
can arise. We label the outer vertices vy, v9 and vs, in some order, and the middle vertex
v4, and the edges between v; and vs as ej. The configuration space of I's over CPP is
given by

Confr, (CPP) = (CPP)**\ (A1 U Ay U A3), (4.37)

where A; is the diagonal corresponding to the edge e;.

The simple arrangement of polydiagonal subvarieties associated with I's in (CP?)** is
given by
Sry = {A1, A2, A3, A1 N Az, A1 N A3, A2 N Az, Ay N A2 N Az}

The building set for Sr,, given in Theorem 3.5, is then the set of simple diagonals, i.e.,
gFg - {ADAQaA?)}a (438)
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since these are the only elements of Sr, corresponding to bi-connected subgraphs. There is
no preferred ordering of the diagonals in Gr, since there appears no inclusions of induced
bi-connected subgraphs of I's. Thus the iterated blowup description of the wonderful
compactification of Confp,(CPP) can be done in any order. For convenience, we choose
the ordering Gr, = {A1, Ay, As}. We take Y(© = (CPP)*4, and let 7\¥ : v — y(k=D)
be the blowup of Y *~1) along the iterated strict transform of Ay, for k& = 1,2,3. Then
Y ®) = Confr, (CPP). We let 71 = 7T§1) o 7T§2) o 7T§3).

Let XU be a set of homogeneous coordinates on the j* copy of CPP in the product
(CPP)*4, for j = 1,2,3,4. We associate X} with the vertex v; in T'3. For each j =
1,2, 3,4 we define

20) = (m’gj) xg)) = (XY) Xg.))
X(()J) X(gﬂ)

Then z = (M), ..., ™) is a set of coordinates on {Xg(j) #0for j=1,...,4} C (CPP)*4.
In these coordinates, the diagonal A; is given by 20) = 24 From (3.7) we find that the
Feynman amplitude associated to I's is then given by

dzM AdzW A - Ada® A dz®

e : 4.39
P = 2 — @] 2@ — 2O — 20 20D (4:39)

We make the following coordinate transformation

21 1 00 =1\ (20
A0 o1 0 —1f]a® (4.40)
A0 o o1 1| |2®] '
w 000 1 x®
with inverse
sy 10 0 1\ {2z
(2) 1 1 (2)
x _ 0 0 z (4.41)
23 00 1 1|][z®
x® 0001 w

and Jacobian determinant 1. Note that the 1’s in (4.40) and (4.41) represent D x D
identity matrices. In the coordinates (z(l), 2 23) ) the diagonals are given by A; =

{zgj )= = z(Dj) = 0}, and the Feynman amplitude is given by

~dzWAdz®W A dz® A dz A de®) AdZ®) A dw A dw

4.42
(BN ECAEIOI = (442

Wry

We conduct the iterated blowup m = ng) o Tr?) ) 7r§3) in {Xo(j) # 0 for j =1,2,3,4} as
follows. The blowup along the diagonal Ay is given by the charts

71'516) (2 gD ) S B ) s (2D, 2D C?;Z}, 2D 28 )
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for 1 <k <3 and 1< jp < D. The subscript {j;} in C&z} again refers to the definition
(4.14); each value of 1 < j; < D corresponds to a distinct chart. For ease of notation, we
keep the names of the coordinate functions corresponding to diagonals that are mapped
identically with 7T§k). The strict transform of Ay in the blowup along A,, for k # ¢,
is generically isomorphic to Ag, thus we can treat each blowup separately and on equal

footing as above.

For k = 1 we have
(1)* dCW AACD A 2@ A dz@ A dzB®) AdzB) A dny A d7
T Wrg = B )
1 D—-1 2(D—-1
A1 4+ |<j1 [t 1) P (2@ 2 ) 2P

which in particular shows that wr, is locally integrable along the diagonal {z(l) = 0}, just
like in the case of I'y. By symmetry, the same is true for all diagonals. We have now

shown the following proposition.

Proposition 4.11. In 7 ({X(j # 0 forj =1,...,4}), miwr, is smooth and locally

given by ~ - -
d¢M AdC A dg<2> A d§(2) AdCB) AdCB) Adn A dp

ﬂfwrh = 3 (4.43)
D—1
1l Q41 4 IO 4 )
In particular wr, is locally integrable in {Xéj) #0 forj=1,...,4}.
4.3.1 Infrared divergences of wr,
We have the following hyperplanes at infinity in (CP?)**
H; = {X e (CPPy*: x{) = 0}, (4.44)

for j = 1,2,3,4. We consider wr, in a neighbourhood U of a point (p,p,p,p) € (CPP)*4,
corresponding to a point of type (B) in § 4.1 and § 4.2, where p € Hy,. The other kinds
of points where wr, has infrared divergences can be handled in a similar way as we did for
I’y above. Here we omit the details and focus on points of the form (p, p, p,p), since these

are where wr, behaves the worst.

We may assume that p=1[0:1:0:...:0]. We can express wr, in the local coordinates &

in a neighbourhood of (p, p, p,p) as follows, by letting = (1), ..., 2%)) where

30 = 69 1,79, 79 = (Xé” | X XS’)

D A

X§J’)’ ’ X§j) T X§j)
for j =1,...,4. In a similar way as in the proof of Proposition 4.2 we find
#+(1) 71 A dz@® A dz@
o, = dz\V A dx -ANdZ\M Adz . (4.45)
~(3 4 4) (k) k) ~(4) ~(k) 2\ D-1
2@ 12O TT (o —w§|+21x< 1Y — a8
k=1
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Note, that in these coordinates H; = {a?gj) =0} for j =1,...,4. Applying the coordinate
transform defined in (4.40) and (4.41) we obtain

dzW AdzZW Adz@ Adz@ A dzB) A dzZG) A dw A dw

Wrsy =

4 3 s D 2
(24" 4+ w) (22 + w) (2P +wn)] w2 T (2571 + 30 12wy — w212
k=1 Jj=2
(4.46)

In these coordinates H; = {zgj) +w; = 0}, for j = 1,2,3, Hy = {w1 = 0}, and A, =
{ng) = :zg) =0}, for k=1,2,3.

Now we want to consider mjwr, in 7 L(U). The wonderful compactification is locally given

in terms of the charts
m s (¢, ¢®,¢®) ) e (¢, ¢ ¢ m) = (21,2220 ), (4.47)

with 1 < jix < D for k = 1,2,3, where we can represent any chart by its corresponding
tuple (j1,j2,73). We see that there are D? charts in total, however, out of these there are
only 23 distinct ones (with respect to mjwr,), jx = 1 and ji, # 2 (which we represent by
Jr = 2) for each k = 1,2,3. Furthermore, by symmetry we only need to look at half of
these charts since, e.g., mjwr, in the chart J = (2,1,1) looks the same as in the charts
J =(1,2,1) and J = (1,1,2) if we interchange 21 and 2@, respectively z()) and ().

Thus our four representative charts can be taken to be

{(1,1,1),(1,1,2),(1,2,2),(2,2,2)}.

The pullback of wr, in these four charts are as follows,

(1,1,1):
— dCW AACD AACED AdCE A dCB) AdACD) A dny A dig S
Wle‘d - 4 3 D N 9 ( . )
D,
Y+ n) @ + )+ n)l ™ T+ Y 1 m =)
k=1 j=2
(1,1,2):
. dCW AACD AACED AdACE A dCB) AdCB) Ady A di
7T1w1"3 = 5 5 D 5 X
D—
ISP+ fm = m¢P) 30 !C}S)m — 2P
j=3
1
X
(1) (2) (3) ~(3) LT <A 2 D-1
(G + )G+ )67 G + ) P T @+ D1 m =)™
k=1 j=2
(4.49)
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(1,2,2):
. dCMW AdCD AdC@ AdCP A dCB) AdACB) A dnp A d7
T T 2 2 D 2 )
k k k k D—-1
TT A1 + = moct®T + 31 m = ni ™I
k=2 j=3
1
X b
1D 4P + ) +m)l (1 + Z Dy — )P
(4.50)
(2,2,2):
S dCW AACD AACE A dCE AdCB) AdACB) A dn A di y
37 3 D
k)2 k)2 k k),2\D—1
TT A1 + = mo¢®T + 31 m = nictT)
k=1 =3 (4.51)
1
X

|(CQ 41 +771)(CQ 41 )(CQ Cl ‘|‘77)| |

We note that only in the chart (1,1,1) we have mfwr, € £(x*®) where © is a normal

crossings divisor.

4.3.2 Blowing up Confr, (CPP)

We here describe a further blowup of Confr, (CP”) in which our amplitude will be in
E(x*D) for a normal crossings divisor . Recall that m; : Confr, (CP?) — Confr, (CP?)
is the wonderful compactification of the configuration space associated with I'3. We have

the following theorem.

Theorem 4.12. a) With Hij = H;N H ij = H;N H N Hy and Hio34 = Hi N Hy N
Hs N Hy, the collection

Goo = {H14, Hoa, H3a, H124, Hi34, Ho34, H1234} (4.52)

is a building set of non-singular subvarieties of (CPP)*4; the induced simple arrangement
18 Goo 1itself.

b) The collection
Gl = {Strict;,(S): S € Goo}

constitutes a building set, which is its own induced simple arrangement.

Proof. a) Clearly G is closed under intersections. Now the question is whether this
set is a simple arrangement. By the aforementioned fact it is closed under non-empty
intersections. Furthermore, for any two elements S1,S2 € G, such that S; NSy # &, and
a point X € 51 N .S, there are local coordinates in a neighbourhood of X such that Sy, So
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4. A Case Study

are respectively given by intersections of coordinate hyperplanes. Let x be a set of local

coordinates in a neighbourhood of X, and I and J tuples of indices such that (locally)
S; = ﬂ{xl =0} and Sy= ﬂ{xj = 0}.
i€l =2

The tangent spaces of S; and Sy are then given by

xS :Span{ai e {1,...,4D}\I} and TS :Span{aa je {1,...,4D}\J},

. -
respectively. The tangent space at X of the intersection S; N .Sy is given by
0
Tx(Sl N 52) = Span{a 1k e {1, - ,4D} \ (IU J)}
Tk
It follows that
Tx(S1NSy) = TXS1|S1052 N TXS2|51052'

Since X was chosen arbitrarily the above holds everywhere on the intersection S7 N Ss,
whence S7 and SS9 intersect cleanly. Since this is true for any such elements S1, 59 € G,
we conclude that G, is a simple arrangement. Furthermore, by the definition in § 3.1, G

trivially is a building set.

b) Let, as above, (p,p,p,p) € Hizss and let 29), for j = 1,2,3,4, be local coordinates in
a neighbourhood of p such that {a:g]) =0} = {Xé]) = 0}. We will show that G/ Ny ' (U)
is a building set in 7; *(U) where U is a neighbourhood of (p, p,p, p). Neighbourhoods of

other types of points on |J Hj4 are handled in a similar way.

We change coordinates according to (4.40) and (4.41). Recall the description of 7 in
(4.47). The strict transform Hpy is

Stricty, (Hgs) = 77 " (Hps) \ Exc(my).
In our (z,w) coordinates, we have
Hyy = {2 + w1 = 0y n{wy =0} = {1 = w) =0},
A direct computation gives

{Ca(ilj)dk) =m =0}\ {C](',]:) =0} = {Gk) =m =0} for jp #1
(™ =p =0\ {¢M =0} = @ for j, = 1.

StI‘iCtﬂ—1 (Hk4) = {

Moreover, Stricty, (Hpe) = {ka) = Cfﬁ) =m = 0} if jg,j¢ # 1 and Stricty, (Hie) = @
otherwise, and similarly Strictr, (Hi234) = {C{l) = C;Q) = §3) =m = 0} if j1,72,73 # 1

and Strict,, (Hi234) = & otherwise.

We would like to show that G NU = {Strictr, (S) : S € Goo} NU is a simple arrangement.
To check closedness and cleanness under non-empty intersections we only need to consider

the intersections of strict transforms in the charts with the relevant j;’s not equal to 1.
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4. A Case Study

Consider a chart (ji, j2,73) where ji,j2 # 1. We then have Strict,, (H14) = {C{l) =n =
0}, Stricty, (Ha4) = {(P) =m = 0} and Strict,, (Hi24) = {dl) = sz) = = 0}. Hence

Strict, (H14) N Stricty, (H24) = Strict, (H124).

With Hj, = Stricty, (H14) and H}, = Stricty, (H24), by the same argument as in part a)

above, we have that
!/ ! ! !
Tx(Hyy 0 Hag) = TxHual g gy, O T Hoal gy oy,

Thus, H{, and H), intersects cleanly, with intersection Hiyy = Stricty, (Hi24). An analo-
gous argument can be made for any two elements S, Se € G, whence we conclude that
G/ is a simple arrangement. Again by the definition in § 3.1, G/ is trivially a building

set, which completes the proof. O

Theorem 4.13. With WC; = Confr, (CPP), let
T ! WC2 — WCl

be the wonderful compactification of WCy with respect to the simple arrangement G. .

There is a mormal crossings divisor D in WCsy such that

Tomiwr, € E(xxD).

Proof. Let m = 7 o mp. We will give a sketch of the proof, looking only at 7=1(U), where,
as above, U is a neighbourhood of a point (p,p,p,p) € (CPP)** where p € Hy. We
adopt the notation and coordinates that we used above when we discussed wr, in such a
neighbourhood. We enumerate the sets H, € G/, where H, = Strict,, (H,), as follows

Hi = Hiygy, Hy = Hiyy, Hy= Higy, Hj = Hysy, Hy = Hiy, Hg = Hy,, H; = Hy,
(4.53)
such that
géo = {Hi,Hé,Hé,Hi,Hé,Hé,Hé}.

Hence, for any containment H; C H} we have that i < j. Note that there is an ambiguity
in the internal ordering of H{q,, Hi{34 and Hbjs,, as well as of Hi,, H, and Hj,, and that
our particular choice has no impact on the resulting wonderful compactification. In fact,
in [Li09, Theorem 1.3], one requires that the ordering of elements satisfies that the set
{Gj € G, :1<j < N}isabuilding set for every N < 7. It is easily verified that this is the
case, independent of the sub-orderings of Hy, H; and H}, and of Hf, H; and H7. Following
the iterated blowup procedure described in § 3.1 we obtain the wonderful compactification
WCs of Confr,(CPP) as the result of a sequence of 7 blowups YD o 5 YO where
YO — mps(CPD), YD = WCy and YU) — YU i the blowup along the iterated

strict transform of H j’
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We have three levels of inclusions of elements of G,

H/
Hyc{ °®
Hg

! ! é
H, c{H)C
H}

Hg
H) C
Hy

This structure of G will result in the sequence of 7 iterated blowups locally looking like

at most 3 blowups. To see this, recall the description of 71 in charts, see (4.47). We
consider the sequence of blowups, beginning in the neighbourhood of a point in H] C y©)
in the chart of m; : Y(© — (CPP)*4 labelled by (j1,jo,j3), with ji,j2,73 # 1. In this

chart H{ = {zﬁl) = z§2) = zf’) = wy = 0}. The first blowup in the sequence,
) y® - y©),
along Hj, is then locally given by four charts,

@D, ulY 01 u®, 0 @ u®, Wl @ u®)

(u§2) CIRNCRNON u?) O1 u®, ug2) ®1 u(4))
ﬂ'él) N (A IC) e = (¢, ¢®,¢® ),

9 61, o) 03 ) 4, 0, ul)

(u§4) ®1 ub, u§4) o1 u?, u§4) o1 uB®, u®)

(4.54)
since H] is a codimension 4 variety. We define the symbol ®; above as the product of
the scalar to the left with the j'" component of the vector to the right. The reason for
introducing such a symbol is purely for ease of notation, e.g., we write uj ©; u instead of

(U, ..., Uj—1, URUj, Ujy1, - .., up). We will index these four charts in (4.54) by k = 1,2, 3,4.

In each chart we have different coordinate functions representing the exceptional divisor
of the blowup, i.e., EXC(T['S)) = {ugk) = 0} for k = 1,...,4. Consider, for example, the
chart where Exc(wél) )= {ugl) = 0}. In this chart we find that the strict transforms of the

H;’s become
Strict_«)(H7) = @, Strict_o)(H)) = @, Strict_q)(H3) = &,
T Ty T2
Strict_ o) (H}) = {u!? = u{¥ =u{¥ =0}, Strict o) (H) = 2,
2 To
. 2 4 . 3 4
StI‘lCtﬂ_él) (Hé) = {/u’:([ ) — u:(L ) — O}, Strlctﬂ_él) (Hvlr) = {u:([ ) = ug ) = O}

Since Strictﬂ(l)(Hé) and Strict_)(Hz) both vanish, the sequence of blowups effectively
2 2
continues with the blowup
7752) Y@ 5 y@®
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along Strict_1)(H}). It is given by three charts,
T2
(0 @1 M, 0® v @, v®) o ©; v®)

a2 @D, @) s d 0 0 00, 0B 01 0@ 0@ o o) v@) b = (@®, . u@)y,

(v£4) @1 U(l),’UYL) @1 ’U(2),’U§4) @1 0(3)’1)(4))
(4.55)
since Strict_«)(H}) is a codimension 3 variety. We will index these three charts by ¢ =
T
2,3, 4.

Consider, for example, the chart where EXC(?Téz)) = {vg) = 0}. Here we have that

Strictﬂénoﬂ_;g) (H{) =9, Strictﬂénoﬂ_gg) (Hé) =g, StriCtﬂ-él)owf) (Hé) =g,
Strictﬁénow;g) (Hi) =, Strictﬂénowéz) (Hé) =g, Strictﬂgnoﬂéz) (Hé) =g,

StriCtﬂ'(l)ow(z) (HY) = {,U§3) _ 11%4) =0}.
2 Oy

Thus, since Strict () (H}) and Strict_¢1) (2)(Hg) both vanish, we have a similar situ-
7r2 7T2 0772

on )

ation as we had for 7T§2). The sequence effectively continues with the blowup

7P y® 5 y®
along Strict_1) (2)(H?%), defined by
7T2 071—2

(wf” ®1 w(l),wf)) 1 w®?, w(3)7w§3) ©1 w)

(w§4) ®1 w(l),w§4) O w?, w§4) o1 w3 w®)
(4.56)
We will index these two charts by m = 3,4. With (4.56), the iterated sequence of blowups

defining the wonderful compactification YWCs has terminated.

Now we will look at m*wr, in some representative charts, beginning with the chart (ji, j2, j3) =
(2,2,2), (k,¢,m) = (1,2,3), where we recall that 7jwr, in the chart (2,2,2) is given by

(4.51). We compute m*wr, by successively pulling back 7jwr, under Wél), 7T§2), and 7r§3).
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A straightforward albeit tedious computation yields the following,

dw® A do® A dw® A do®@ A dw® A do® A dw® A do®

7T*wr3:
1) (2 4),2\D—1
(1 + [P — ws ‘+§]w)<> <>_@”)
1
X 5 X
@) (4),2 @), (3), (4) (4% D-1
14+ |w —w + wwwy T — w;
(1+ fww 2|A§|j1 i 1) (457
1
X X

D
4 4),2 3) (4 4),2\D-1
(1 fot? = w3 o = wfT)

1

2(D+6 12 4"
R O I

X
|w§1)|6(D+2)| (2) 4(D+3) (3)

wy™| |wy™ |

We see that 7*wr, € E(x*D) for a suitable normal crossings divisor ® locally given by

9 — (w0 u® oD uPu® — o},

(1) _(2)

The choices of charts above in any of the blowups 7y 7, 5’ will determine which of the
succeeding blowups in the sequence become insubstantial and which do not. What we
are left with is something that locally looks like up to three blowups. The reason it is
up to and not exactly 3 blowups, is in part due to the fact that in the local description
of every blowup, we always have a chart with exceptional divisor corresponding to the
coordinate associated to the central vertex of I's. In these charts all subsequent strict
transforms of elements in G/ vanish, and thus, the sequence of blowups terminates. In
any of these charts, one can check that the pullback of wr, has singularities on a normal
crossings divisor. As a representative example of this, consider the pullback to the chart
(J1,72,73) = (2,2,2) and k = 4; any choice of ¢ and m following k = 4 is superfluous since

the sequence has terminated. Again, a straightforward but tedious computation yields

mmAmmAm@AmwAmUAmUAmUA@@

T wr, = X
(k)2 \D-1
T (11—l +Z|u —u i)
k=1
" 1
1) (1 2) (2 3 6(D+2)"
g ot + 1) + (e + D)
Since ugk) =0and 1 - ugl)ug ) = 0 never hold simultaneously, the expression

3

k) 4 (k);2\D—1
TT () + 11— ufPu?)| +Zru< u[)
k=1
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is nowhere vanishing. Furthermore

X1 = ugl)ugl) +1,

X2 = qu)u?) +1,
X3 = uéS)ug?’) +1,

together with x4 = ugl), X5 = u?) and xg = ug3) defines new local coordinates. Thus we

see that m*wr, € £(**D) where D is locally given by © = {X1X2X3U§4) = 0}. We settle
with this sketch of the full proof, having outlined the different local pictures of WCs,
and having shown that the theorem holds in neighbourhoods of the worst singularities of

Wrs- ]
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4.4 The canonical current for I'; in D =2

Recall the Feynman amplitude wp, given by (4.2) and the blowups 7; and o given by
(4.3) and (4.16), respectively. By Theorem 4.4, 7*wr, € E(**D) where m = m o w2 and
D = Exc(mg) + Strict, (Ho x CPP) + Strict, (CPP x Hy,) is a normal crossings divisor. In

view of § 3.2 we have a canonical current {7*wr, } associated to m*wr,. We notice that
supp({m*wr, }) € 7 HAN(Hoo X Hao)) = Exc(me)NStrict, (Hoo x CPP)NStrict, (CPP x Hy).

In the special case D = 2, we observe that AN (Hs X Hoo) =~ CPL. We have the following

proposition.

Proposition 4.14. In the case D = 2, we have ({m*wr, },1) = 0 and the meromorphic

1 A 1 N
Aj/@ e gl e

function

has at most a double pole at A = 0.

Proof. We first check that the second statement follows from the first. In view of (3.17)

and Theorem 4.4, we have

1 A 1 A 1 1 1
| I ol (el e = S (Tt 1 5 (e, D) g, 4 (i, D+ O,
C2xC?

where pi; are the currents associated with 7*wr,, as described in § 3.2; in particular,
ps = {m*wr, }. Hence, if ({7r*wr, },1) = 0, the order of the pole at A = 0 is at most 2.

Consider the function

X1

X:[X():Xl:XQ]»—)—
1 X1)? + | Xo)?

defined on CP?\ {[1: 0 : 0]}. We can regard it as a function on (CP?\ {[1:0:0]}) x
CP2. Given our choice of hyperplanes at infinity in CP? x CP2, as {Xg = 0} x CP? and
CP? x {Yy = 0}, respectively, the function is clearly well-defined in a neighborhood of

AN (Hoo X Hyo) 2 supp(mypg). Furthermore, the function is smooth in a neighborhood
of AN (Hy X Hy).

It is well known that there are smooth (non-analytic) functions on the unit interval which
are equal to 0 in a neighbourhood of 0 and 1 in a neighbourhood of 1. These are known
as a smooth transition from 0 to 1. Let x : [0,1] — [0, 1] be such a function. We then have
a smooth partition of unity of a neighbourhood U of A N (Hy X Hs) given by

p1= X(|X1|2 ) p2=1-— X<‘X1‘2 )
X1 [* + [ X/ X1 [* + | X/
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Notice that p; = 0 in a neighbourhood of ([0 : 0 : 1],[0 : 0 : 1]) and that p; = 0 in a
neighbourhood of ([0:1:0],[0:1:0]). Let

Uy=U\N{([0:0:1],[0:0:1]))} and Uy =U\{([0:1:0],[0:1:0])}.
Then U Nsupp(p1) C Uy and U Nsupp(p2) C Uz. We want to show that
(p1-Tup3, 1) =0 and  (pg - meps, 1) =0,

from which the proposition immediately follows. Furthermore, we note that
<:01 C T 43, 1> = <7T*,01 * 13, 7T*1>
=1
= <N37 7r*p1>7
and similarly
{p1-mpiz, 1) = (u3, 7" pa).
Consider local coordinates in U; centred around {([0:1:0],[0:1:0])} defined by

Xo X2 Yo Y2>

($1,$2ayl,?/2) == ()(17 Z) ?17 ?1

Since supp(m«ps) € AN (Hoo X Hy) and U N supp(p1) € Up we have that p; m.ug has

compact support in U; and can be computed in the local coordinates (Z,g). In these

1
PL=X\|\T"-13]"
<1+|$2\2>

Recall that these coordinates correspond to the coordinates defined in (4.9). We thus have

coordinates, p; becomes

the same transition map

1 ) 1 0
Tl = ~ $2:T) yl - —, y2: — -
T I Y1 Y1
The amplitude is given by the familiar expression, now with D = 2 explicitly,
di Adz Adg Ady

Eal (5 - 2 + |E2 — #1027)

wry

Going to the coordinate system where the diagonal is given by the vanishing of {z1 = 29 =

0}, we have
dz Adz Adw A dw

1
A+ w)(z —w)] (| + flwize — 2iw)?)

wr,

and

1
pL=X -
(1 + 1z +w2]2>

The pullback mjwr, is described in Proposition 4.3. In the former case of Proposition 4.3

Strictr, (Heo X Hoo) = @ and in the latter case we have mjwr, is given by (4.13) with
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D = 2. Recall that here Stricty, (He X Hoo) = {1 = m = 0}. Let us now consider
mymiwr, . As in the proof of Theorem 4.4, 7 is given by (4.17) and (4.18) with D = 2. In
the latter case we have Strict, (Hs x CPP) N Strict,(CPP x Hy,) = @, hence, we get no

contribution to p3 in this chart. In the former case, the pullback of mjwr, is given by

1 du Adu Adv Ado
4 (uz +v1)(ug — o1)[*Jur [ (14 For — val?)

ﬂ*wFl =

Recall that here Exc(72) = {u1 = 0}, Strict,(Hs xCPP) = {uy+v; = 0} and Strict, (CPP x
Hy) = {uz —v1 = 0}. Furthermore, in this chart

T™p1 =X !
1=X|\7—1 73|
1+ 3ug + vo)?

In view of (3.12), the integrand in the expression for (us, 7*p1) is given by

H? 9?2 s 1 1 duvg A dog
O(uz + v1)0(ug + v1) O(ug — v1)9(ug — v1) 8u§’6a{’x 1+ i‘uQ + '1)2|2 41+ %|U1 — 1)2’27

which clearly vanishes since, for instance, the derivative with respect to u; acts upon an

expression which is independent of u;, whence (us, 7*p1) = 0.

Now, consider instead local coordinates in U, centred around {([0 : 0 : 1],[0 : 0 : 1])}

defined by v x vy
0o X1 Yo 1)

By a similar argument as above, ps m,us has compact support in Uy and can thus be

(i’lvaagth) - (

computed in its entirety in the local coordinates above. In these coordinates, po becomes

| o]
pe=1-x|\T—""-"73
<1+W$ﬂ2

The amplitude wr, looks the same as above in these coordinates, and we find

llu2+02’2
T =1l-x|\ g e |
1+Z|U2+U2|

By a similar argument as above (ps - .3, 1) = 0 and we are done. O
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Concluding Remarks

We end this thesis with a free and somewhat speculative discussion on some of the results
and techniques used. The freedom to choose a section and metric on the vector bundle over
the chain of integration somewhat dissuades us from studying the non-leading order terms
and in particular the finite part of the expansion, since we do not have a preferred set
of choices. A possible parallel can be drawn to the process of renormalisation in physics.
When renormalising a quantum field theory, one is also presented with an arbitrary choice,
when interpreting the physical coupling constants in the renormalised Lagrangian. Usually
working with momentum space coordinates, obtained by taking the Fourier transform, one
specifies a subtraction point momentum which directly affects the value of the renormalised
Feynman integral. Although an arbitrary choice can be made, the choice can be compared
with the true value of the integral found in experiment, a crucial piece of data we omit when
we relax the constraints put upon us by nature. These choices, in these two situations,
might not be correlated at all, so we will steer clear of reading too much into possibly

artificial connections.

There are a few interesting questions left unanswered, that the results of our case study
has hinted towards the answers to. First and foremost is the possibility of there being an
algorithmic approach for obtaining a modification 7 : ¥ — X VI with a normal crossings
divisor ® C Y such that 7*wp € E(xxD) for any given Feynman graph I'. The author
conjectures that, at least with X = CPP, for a given graph there is a distinguished
simple arrangement of strict transformations of intersections of hyperplanes at infinity in
the wonderful compactification of Ceyhan and Marcolli, such that the application of Li’s
theorem gives the desired results. We have seen that this is the case for each of the graphs
I'y, 'y and I's. The main hindrance to us looking at even more examples of Feynman
graphs is our local description of blowups that becomes overwhelmingly tedious the more
complicated the graphs become. A proof of the successfulness of the conjectured algorithm
would need to verify that the pullback of a general Feynman amplitude has singularities
on a normal crossings divisor in a way that does not amount to checking the singular locus

in each and every chart of the modification.
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5. Concluding Remarks

Say that the conjecture were to be true, one could ask what implications, if any, a sec-
ond wonderful compactication of configuration space would have on the considerations in
[CM12a]. However, since we have not looked at these aspects of the complexified quantum

field theories in this thesis, any and all statements on the matter would be presumptuous.

Another interesting point, is that we have seen hints towards the vanishing of the canonical
current for each of the graphs considered in the case study, and verified that it does indeed
vanish in the special case of I'y, D = 2. Checking if the canonical current vanishes in some
or all of the cases we have considered could be of interest, begging the question whether
there is a way of more effectively determining the degree of divergence, other than of k

which is merely an upper bound.

In the case of I's, by surveying the collection of local expressions for the pullback of wr, to
WC; considered in § 4.3.2, we see from (4.57) that x(wr,) = 7, and that contributions to
the canonical current are found in the charts (j1, j2, j3), (k, £, m), where ji, j2,j3 # 1 and
(k,¢,m) € P({1,2,3}). However, we again find that in each of these charts the "smooth
part of the amplitude” is independent on xg),xg-? and xﬁi’) By the smooth part of the
amplitude we mean the amplitude multiplied by a product of factors corresponding to
the irreducible components of ®. This independence of certain coordinates again points

towards the possibility that ({wr,},1) = 0 in view of (3.12).
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