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01- -5)'&)$ )3 I 6E S &' ,1-$ .-=$-. !'

I ª S = {z|(S)z ∩ IC = ®} ?>/9M@

G&,1® 6-&$% ,1- -#*,E '-, !$. IC
&' ,1- ()#*"-#-$, )3 ID ,1- -5)'&)$ (!$ 6-

()$'&.-5-. ,1- '-, )3 !"" *)&$,' z 3)5 21&(1 SD ,5!$'"!,-. 6E zD .)-' $), '1!5-
!$E -"-#-$,' 2&,1 ,1- 6!(L%5)+$./ 01- ,5!$'"!,&)$ )3 ! '-, S 6E ,1- *)&$,

AN



z = (z1, z2)  ! "#$% &'( )* +", -. +/' (x, y) #00&( -"+'!  - S "-( &'12"# -.

+/'3 )* (x+ z1, y + z2)4 5- 1&"#+ #"2 +'&3!6 7/"+ +/' '&0! 0- "##0312 !/'!  !

+0 '2 3 -"+' 1 8'2!  - +/'  3".' +/"+ (0'!-9+ :+  -+0 +/' !+&%#+%&' '2'3'-+4

;/ !  ! %!'<%2 <0& #2'"- -. %1 !3"22  !2"-(! 0< -0 !' 1 8'2! !1&'"( +/&0%./0%+

+/'  3".'4 =0& +/ ! 1%&10!'6 " !$%"&'><0&3'( !+&%#+%&' '2'3'-+  ! .'-'&"22*

1&'<'&&'(4

 !"#$!%&

;/' ( 2"+ 0-  ! ?'&* ! 3 2"& +0 '&0! 0-6 )%+ "#/ '?'! +/' 0110! +' .0"24 5-!+'"(

0< '2 3 -"+ -. 1 8'2!6 ( 2"+ 0- '81"-(! +/' !+&%#+%&'!4 5+  ! +/%! %!'( +0 )& (.'

."1! )'+7''- #0310-'-+!4 @+&%#+%&' '2'3'-+! 0<+'- +",' +/' <0&3 0< ?'&+ #"2

0& /0& A0-+"2 !+& 1'!4 ;/' ( 2"+ 0- 0< I )* S  ! (':-'( "!

I ⊕ S = {z|Ŝz ∩ I 6= ®} BC4DCE

F' -0+' +/"+ Ŝ  ! +/' &'G'#+ 0- 0< S6 +/"+  ! +/' !'+ 0< 1 8'2!  - S 7/0!' (x, y)
#00&( -"+'! /"?' )''- &'12"#'( )* (−x,−y)4 ;/' ( 2"+ 0- +/'- )'#03'! +/'

!'+ 0< ( !12"#'3'-+! +/"+ #"%!'! Ŝ "-( I +0 0?'&2"1 <0& "+ 2'"!+ 0-' 1 8'24

'()& #&* +"%,)

;/' !%)!'$%'-+ #03) -"+ 0-! 0< '&0! 0- "-( ( 2"+ 0- 01'&"+ 0-! "&' #"22'(

H1'- "-( I20!' 01'&"+ 0-!4 H1'-  ! '&0! 0- <02207'( )* ( 2"+ 0-6 "-(  +  !

%!'( +0 !300+/ #0-+0%&! "-( '2 3 -"+' !/"&1 1'",! "-( -0 !'4 ;/' I20!'

01'&"+ 0-  ! ( 2"+ 0- <02207'( )* '&0! 0- "-(  ! %!'( +0 <%!' ."1!6 7 +/0%+ "

2"!+ -. )20"+ -. 0< +/' '-+ &' !+&%#+%&' JKL4

 !"!# $%&&'()'* (%+,%&'&) -&-./010

I0--'#+'( #0310-'-+ "-"2*! ! #03'! <&03 .&"1/ +/'0&*6 "-(  ! "230!+ '8>

#2%! ?'2* %!'( 0- ) -"&*  3".'!4 F' (':-' " 1"+/ <&03 1 8'2 s B7 +/ #00&>

( -"+'! (xs, ys)E +0 1 8'2 t B7 +/ #00&( -"+'! (xt, yt)E "! " !'$%'-#' 0< 1 8'2!

7 +/ #00&( -"+'!

(x0, y0), (x1, y1), ..., (xn, yn) BC4DME

7/'&' +/' 1 8'2! (xi, yi) "-( (xi+1, yi+1) "&' "(N"#'-+ <0& 0 ≤ i ≤ n − 1 "-(

(x0, y0) = (xs, ys), (xn, yn) = (xt, yt)4 5< 7' 2'+ S &'1&'!'-+ " !%)!'+ 0< 1 8'2!  -

" 1&0#'!!'( <&"3'6 +70 1 8'2! s "-( t "&' !" ( +0 )' #0--'#+'(  < +/'&' '8 !+!

!%#/ " 1"+/ )'+7''- +/'34 =0& "-* 1 8'2  - S6 +/' !'+ 0< "22 #0310-'-+!

OP



 !""# $#% $! &$ &'  ())#% $*#  !""# $#%  !+,!"#"$- .*# '&/# !0 (  !""# $#%

 !+,!"#"$ &' %#1"#% (' $*# "2+3#4 !0 ,&5#)' &$  !"$(&"' 678-

 ! "#$% &'()*'*+,-,&.+

.*# &+,)#+#"$($&!" !0 $*# '#)# $#% ()9!4&$*+' &' +(%# 2'&"9 :($)(3 ;:($)(3

7-<= >?@A= B&$* *#(CD 2'# !0 $*# ,4!C&%#% &+(9# ,4! #''&"9 $!!)3!5 ;EF.A-

.*# 3&99#'$ (%C("$(9# B*#" 2'&"9 :($)(3 &' $*# C('$ (+!2"$ !0 (C(&)(3)#

02" $&!"' &" '(&% $!!)3!5= B*& * ',##%' 2, $*# &+,)#+#"$($&!" ,*('#= ("%

())!B' 0!4 +!4# (,,4!( *#' $! 3# $#'$#% &" ( '*!4$#4 $&+# ',("- .*# %&'(%G

C("$(9# &' $*($ :($)(3 &$'#)0 &' C#4D ')!B= B*& * +#("' B#  ("H$ 9#$ 4#)&(3)#

%($( !" *!B 0('$ $*# ,4!,!'#% ()9!4&$*+' B&)) ,4! #'' $*# &"0!4+($&!" ;("%

$*2' ($ B*($ 2,%($# 04#I2#" D $*# ,!'&$&!"&"9 B&)) B!4JA-

.*# &+,)#+#"$($&!" !0 KLMN &' %!"# B&$* ( OPE ;94(,*& () 2'#4 &"$#40( #A

$! +(J# &$ #('&#4 $! #5,#4&+#"$ B&$*= ("% $! ,4!C&%# ( '&+2)($!4 0##)&"9- M

)!$ !0 B!4J *(' 3##" ,2$ &"$! +(J&"9 $*# OPE &"$2&$&C# ("% #('D $! B!4J

B&$*- Q&$* $*# OPE= $*# 2'#4  (" )!(% C&%#! '#I2#" #' ("% 42" $*# ("()D'&'

B&$* !24 &+,)#+#"$#% ()9!4&$*+'- .*# '!24 #  !%# &'  !++#"$#% $! #"(3)#

024$*#4 #5$#"'&!"' ("% "#B ()9!4&$*+' $! 3# &" !4,!4($#% B&$*!2$ *(C&"9

$! 4#B4&$# $*# #"$&4# ,4!94(+- .*&' ,4!C&%#' 9!!% !,,!4$2"&$D 0!4 024$*#4

#5$#"'&!"' !0 KLMN= (' B#)) (' C#4&1 ($&!" ,!''&3&)&$&#' 0!4 02$24# $#'$ %($(-

M +("2() 0!4 $*# OPE &' ,4!C&%#% &" (,,#"%&5 M-

 ! !" #$%&$' ()%)*%&$'

.*# %#$# $&!" !0 &" !+&"9 +!$&!" &' &+,)#+#"$#% 2'&"9 3( J94!2"% '23$4( G

$&!" B&$* $*# '&+,)#'$ 3( J94!2"% +!%#)= ( '$($& 3( J94!2"%- P'&"9 ,4#G

%#1"#% #"$#4&"9 ("% #5&$&"9 (4#(' !0 $*# ( $&C# )("#= $*#'# (4#(' (4#  4!,,#%

("% 2'#% (' $*# '$($& 3( J94!2"% +!%#)' !0 $*# (4#('- R! ,4#,4! #''&"9 !0

$*# %($( &' %!"#-

S24&"9 $*# +!$&!" %#$# $&!"= $*# 3( J94!2"% &' '23$4( $#% 04!+ $*# #"$#4&"9

(4#(- T!4#94!2"% ,&5#)' (4# %#$# $#% B&$* ( '$($&'$& () $*4#'*!)%= 2'&"9 $*#

:($)(3 EF. 02" $&!"  !"#$%!&'% B*& * &' ( 9)!3() &+(9# $*4#'*!)% 2'&"9 $*#

U$'2H' +#$*!% 6V8- R! %($( C()&%($&!" &' %!"# ("% +!$&!" &'  !"'&%#4#% %#G

$# $#% B*#" #"!29* 0!4#94!2"% ,&5#)' (4# %#$# $#% &" $*# #"$#4&"9 (4#(- .*#

'(+# ,4! #%24# &' 2'#% &" '!+# '#I2#" #' 0!4 %#$# $&"9 $*# !2$9!&"9 +!$&!"-

M W!B  *(4$ !0 $*# +!$&!" %#$# $&!" &+,)#+#"$($&!"  (" 3# '##" &" 1924#

X-Y-

Z<



 !"#$% &'()  *+, -./$0 1%2!-0!3" 0.% 4+0!+3 1%0%-0!+3 /*"+$!0.4' 56 /31 5(

/$% 0.$%7.+*17'

 ! !" #$%&&'& ()%&&'*(%+',- %-. ),(%)'/%+',-

 !" #"$%&'#" $()"&*

5.% 0%42*/0% 4+1%*7 #7%1 8+$ 0.% 4/0-.!3" -+37!70 +8 9%$0!-%7 1%:3!3" 0.%

2+*;"+3/* 7./2%7 +8 0.% %420; -./77!7< +#0%$ =%/4 -+3:"#$/0!+3 /31 0.% $++8

+8 0.% -+30/!3%$7'

5,+ -./77!7 0%42*/0%7 4+1%*7 ./9% =%%3 -$%/0%1> 1%:3!3" 0.% 7./2%7 +8 /

0%$4!3/* -./77!7 /31 / $+/1 -./77!7' 5.% -+30/!3%$ 0%42*/0%7 -$%/0%1 /$% 8+$

(?80 /31 @?80 -+30/!3%$7' A3 %B/42*% +8 / 0%$4!3/* -./77!7 0%42*/0% -/3 =%

7%%3 !3 :"#$% &'C'

D!3-% 1!E%$%30 */3%7 ,!** ./9% 1!E%$%30 2%$72%-0!9% 1!70+$0!+37> 0.% 0%42*/0%7

3%%1 0+ =% 72/0!/**; 0$/378+$4%1 ,!0. 2/$/4%0%$7 7%0 8+$ / 72%-!:- */3% 7+ 0./0

C6



 !"#$% &'() *%$+!,-. /0-11!1 2%+3.-2%1 -,4 /5$$%135,4!," %4"% +-3'

20% 3%$13%/2!6% /-, 7% -//5#,2%4 85$' *0!1 /-, 7% 45,% #1!," 20% /-+%$-

+-2$!9 572-!,%4 8$5+ 20% /-+%$- /-.!7$-2!5,' :!;%$%,2 2%+3.-2%1 <!.. 7%

.5-4%4 !,25 20% 1=12%+ 4%3%,4!," 5, .-,% -,4 4!$%/2!5,' >0!/0 3-$-+%2%$1

25 /0551% ,%%4 25 7% 4%2%$+!,%4 !, 15+% 15$2 58 2$-!,!," 30-1% -,4 58 /5#$1%

- /-.!7$-2!5, 58 20% /-+%$- !1 ,%%4%4 25 572-!, 20% /-+%$- +-2$!9' ?5<%6%$@

1!,/% ,5 /-+%$- +-2$!9 !1 -6-!.-7.% <% #1% 20% 1!+3.%$ -A,% 2$-,185$+-2!5,

!, 20!1 !+3.%+%,2-2!5,' *0!1 !,/.#4%1 $52-2!5,@ 1/-.!," -,4 10%-$!," !, 20%

9B -,4 =B4!$%/2!5,1' *0% -A,% 2$-,185$+-2!5, 0-1 20% "%,%$-. 85$+ CDE

[x′, y′, 1] = [x, y, 1]T F&'GDH

<0%$% [x′, y′] -$% 20% 2$-,185$+%4 !+-"% /55$4!,-2%1@ [x, y] -$% 20% 5$!"!,-. !+B
-"% /55$4!,-2%1@ -,4 T !1 20% 2$-,185$+-2!5, +-2$!9 7#!.2 #3 7= +#.2!3.=!,"

20% 4!;%$%,2 2$-,185$+-2!5, +-2$!/%1 85$ $52-2!5, 1/-.!," -,4 10%-$!,"'

T =





cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1









1 sx 0
0 1 0
0 0 1









1 0 0
sy 1 0
0 0 1









cx 0 0
0 cy 0
0 0 1





F&'GIH

<0%$% θ !1 20% $52-2!5, -,".%@ sx@ sy@ cx -,4 cy -$% 20% 10%-$!," -,4 1/-.!,"

!, 20% 9B -,4 =B4!$%/2!5,1 $%13%/2!6%.=' *0% 2$-,185$+-2!5, !1 -33.!%4 25 20%

2%+3.-2% 6%$2!/%1 7= #1!," 20% J-2.-7 KL* 8#,/2!5,1  !"#$%&' -,4

(M



 !"#$!%&  !"#

$%&'( &)' &(*+,%-(.*&/-+0 &)' &'.12*&' '34', *(' 5('*&'3 67 822/+4 /+ 1/9'2,

6'&:''+ &:- ,;55',,/<' <'(&/5',# $ =-: 5)*(& -% &)' '34' &'.12*&' 5-+,&(;5>

&/-+ /, ,)-:+ /+ 84;(' ?#@#

A/4;(' ?#@B A2-: 5)*(& 3'1/5&/+4 &)' 5-+,&(;5&/-+ -% &)' &'.12*&' '34' .-3>

'2,#

$2,- /+52;3'3 /+ &)' &'.12*&' ,&(;5&;(' /, &)' ('*( .'*,;(/+4 1-/+& *+3 &)'

5-3' '9&(*5&/-+ *('*, %-( &)' 5-+&*/+'( &'.12*&',# C+ * 2*&'( /.12'.'+&*&/-+0

/% '9/,&/+40 &)' ('2*&/<' 1-,/&/-+ ,)/%&, +''3'3 /% &)' 5-+&*/+'( /, &- 6' 2-*3'3

*& &)' %(-+&0 ('*( -( 5'+&'( -% &)' 5)*,,/,0 ,)-;23 *2,- 6' /+52;3'3 /+ &)'

&'.12*&' ,&(;5&;('#

 !"#$%"&' (!)& &*#'$(#%!"

D)' 5-+&*/+'( 5-3', *(' ;,'3 /+ <'(/%7/+4 * 1-,/&/-+ %-;+3 67 &)' 5)*.%'(

.*&5)/+4# D)' '9&(*5&/-+ -% &)' 5-3', /, *+ /+&'(',&/+4 *33/&/-+*2 %'*&;(' -%

;,/+4 * </,/-+>6*,'3 ,7,&'.#

D)' *24-(/&). 6'4/+, 67 '9&(*5&/+4 &)' ,'*(5) *('* -% &)' 5-3' /+5-(1-(*&'3

/+ &)' &'.12*&' ,&(;5&;('0 4/<'+ &)' %-;+3 1-,/&/-+# D)' .-(1)-2-4/5*2 -1>

'(*&/-+ 3/2*&/-+ /, &)'+ ;,'3 :/&) * ,E;*(' ,&(;5&;(' '2'.'+&# D)' .'3/*+

<*2;' -% &)' ,'*(5) *('* /, 5*25;2*&'3 *+3 * &)(',)-23 /, ,'& &- * <*2;' )/4)'(

&)*+ &)' .'3/*+# D)' (',;2&/+4 /.*4' %(-. &)' 3/2*&/-+ /, &)(',)-23'3 *+3

&)'+ * 5-++'5&'3 5-.1-+'+&, *+*27,/, /, 1'(%-(.'3 -+ &)' (',;2&/+4 /.*4'#

D)' %-;+3 6-;+3/+4 6-9', -% &)' 5-++'5&'3 ('4/-+, *(' &)'+ 5)'5F'3 &- )*<'

&)' (/4)& 1(-1-(&/-+, -% * 5-+&*/+'( 5-3'# C% &)' 5-(('5& ,)*1' )*, 6''+ /3'+>

&/8'30 &)' 5-3' /, *,,;.'3 %-;+3 *+3 &)' ('4/-+ 5*+ '*,/27 6' '9&(*5&'3 %(-.

&)' /.*4' ;,/+4 &)' 6-;+3/+4 6-9 *+3 3/,12*7'3# C+ 84;(' ?#?0 &)',' ,&'1,

*(' /22;,&(*&'3#

GG



 !"#$% &'&( )*+"%, -%.!/0!1" 02% /310+!1%$ /3-% %40$+/0!31 +5"3$!02*'  $3*

5%60 03 $!"20( 02% 3$!"!1+5 %40$+/0%- +$%+ 6$3* 02% *+0/2%- .3,!0!317 02%

$%,#50!1" !*+"% +60%$ 02% -!5+0!31 +1- 02$%,235-!1" +1- 81+559 02% !-%10!8%-

/3-% +$%+ :!02 02% ;3#1-!1" ;34 -!,.5+9%-'

 !"#$% !&'#% &'()*!"#

< 1#*;%$ 36 ,!1"5% !*+"%, 2+=% ;%%1 #,%- !1 02% 0%,0 !*.5%*%10+0!31 36 02%

/2+*6%$ *+0/2!1"'

>2% !*.5%*%10%- .$3/%-#$% *3,059 63553:, 02% ,+*% ,/2%*%'

• >$+1,63$* 02% 0%*.5+0% =%$0!/%, :!02 .$%?,%0 .+$+*%0%$,

• @40$+/0 %-"%, 6$3* 02% !*+"%

• A+5/#5+0% 02% -!,0+1/% 0$+1,63$* 63$ 02% %40$+/0%- %-"%,

• A3$$%5+0% 02% -!,0+1/% !*+"% :!02 02% 0%*.5+0% %-"%,

•  !1- 02% *!1!*#* 36 02% /3$$%5+0!31

>2% 0%*.5+0% *3-%5 /+1 02%1 ;% ,#.%$!*.3,%- 31 02% !*+"% 53/+0%- +0 02%

*!1!*#* .3,!0!31 63#1- 03 -!,.5+9 02% *+0/2!1" $%,#50,'

>2% 0%*.5+0% 0$+1,63$*+0!31 .+$+*%0%$, +$% $30+0!317 ,/+5% +1- ,2%+$' >2!,

1%%- 03 ;% ,%0 ;%63$% +19 *+0/2!1" /+1 0+B% .5+/%' C!1/% 02% .$3=!-%- 0%,0

!*+"%, +$% 0+B%1 +0 -!D%$%10 /+*%$+ +1"5%, +1- ,/+5%,7 02% .+$+*%0%$, 2+-

EF



 ! "# $# %&'#(#) *+ ,!( #-./ &0-1#2 3 (#-* &04*#0#) - &!) 5&** )! )##%  /&$

&)  /# $-0# 5-+ "6  /# %&'#(#) 4#($4#. &7#$ ,!(  /# %&'#(#) *-)#$ -)% *-)#

%&(#. &!)$ 06$ "# %# #(0&)#% &) -  (-&)&)1 4/-$#2

8/# #%1#$ -(# #9 (-. #% ,(!0  /# &0-1# 6$&)1  /# :-))+ #%1# %# #. !(2

8/&$ &$ !)# !, "6&* ;&) #%1# %# #. !($ &).!(4!(- #% &)  /# ,6). &!)  !" &)

 /# <- *-" =>82 8/# 4-(-0# #($ 6$#% &$  /# %#,-6* 7-*6# !, !)# ,!(  /#

$ -)%-(% %#7&- &!) !,  /# ?-6$$&-) $0!! /&)1 @* #(A -)%  /#  /(#$/!*%$ -(#

$# -6 !0- &.-**+ "+  /# ,6). &!) 6$&)1  /# ,!6)% 1(-%&#) 0-1)& 6%#$2

8/# %&$ -).#  (-)$,!(0 !,  /# (#$6* &)1 &0-1# &$  /#) !" -&)#% 6$&)1  /#

,6). &!) #$!%&' BCD2 8/# .!((#*- &!) !,  /#  #04*- # #%1#$ &$ %!)# &)  /#

E!6(&#( %!0-&)2

E!( #04 + ./-$$&$ 0- ./&)1A  /#  5!  #04*- # #%1#$ ,!(  #(0&)-* ./-$$&$

-)% (!-% ./-$$&$ -(# .!((#*- #% 5& /  /# %&$ -).# &0-1# -)% 0&)&060 7-*6#$

-)% 4!$& &!)$ ,!( "! / .!((#*- &!)$ -(# ,!6)%2 8/#  #04*- # 0!%#* .!((#;

$4!)%&)1  !  /# *!5#$ 7-*6# &$  -F#) -$  /# 0- ./2

E!(  /# &0-1#$ %#4&. &)1 - $&)1*# .!) -&)#( !( ./-$$&$A  /# .*-$$&@.- &!) &$

%!)# $!0#5/- %&'#(#) *+2 =)  /# .!) -&)#( 0- ./&)1A 5#  /# @($  (+  !

*!.- # - GH, .!) -&)#( -)% &,  /&$ ,-&*$A 5#  (+  ! *!.- # - IH, .!) -&)#(2

8/&$ &$ %!)# "#.-6$# !,  /# 4!$$&"&*& + !, -  5&)*!-% -)%  /# .!) -&)#( .!%#

7#(&@.- &!) 6$#%2 8/&$ 7#(&@.- &!) $ #4 &$ %#$.(&"#% 0!(#  /!(!61/*+ &)  /#

)#9 $#. &!)2

 !"#$# %&"''(' %)"''(*%"+(!, ",# -!'(+(!,(,.

8/# &04*#0#) - &!) ,!( - 4&.F;64 !4#(- &!) &$  #$ #% ,!(  5! $+) /# &.-**+

.(#- #% $#J6#).#$A !)# 5& / - GH, .!) -&)#( -)%  /# ! /#( 5& / - IH, .!);

 -&)#(2 8/# $.#)-(&! .!6*% -*$! "# -  5&) *!-% !,  5! GH, .!) -&)#($ !( -

IK, .!) -&)#( "6  /# #9 #)$&!) &$ J6& # $ (-&1/ ,!(5-(% -)% &$ )! &04*#;

0#) #% /#(#2 8/# $+) /# &. $#J6#).#$ -(# .(#- #%  ! $##  /# 4(&).&4*#$ -)%

0# /!%!*!1+ !, 6$&)1 !)*+ 4-( $ !,  /#  #04*- # #%1#$ ,!( 0- ./&)1A  /# 6$#

!, 5&)%!5&)1 -)%  /# &04*#0#) - &!) !,  /# L-*0-) @* #(2

=) @16(# K2MA - N!5 ./-( ,!(  /# 4!$& &!)&)1 !, - F)!5) .!) -&)#(  +4#

&$ $/!5)2 8/# .*-$$&@.- &!) &$ %!)# "+ ./#.F&)1 ,!(  /# #9&$ #).# !, .!) -&)#(

.!%#$ &)  /# .!((#. 4!$& &!)$2

OK



 !"#$% &'()  *+, -./$0 1%2!-0!3" 0.% 2+4!0!+3!3" +5 / 63+,3 -+30/!3%$ 072%'
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