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Combined braking and steering maneuver for collision avoidance
VILGOT LÖÖF WETTERVIK, GUSTAV MATTSSON,
Department of Electrical Engineering
Chalmers University of Technology

Abstract
In modern vehicles today, safety features such as Automatic Emergency Braking
(AEB) and Automatic Emergency Steering (AES) are important for collision avoid-
ance and reducing traffic fatalities. AEB and AES are constrained by their inability
to handle complex scenarios. Therefore, further development is required to explore
new ways to avoid collisions in complex scenarios.

This thesis proposes two algorithms, Rule-based and Spline-based. Both utilize com-
bined braking and steering with multi-target threat assessment for collision avoid-
ance. The Rule-based algorithm relies on multi-target threat assessment and free
space calculations, to determine when to steer or brake. The Spline-based algo-
rithm samples several quintic spline trajectories every time step. If the algorithm
finds collision-free, dynamical feasible trajectories, the safest trajectory is selected
with a cost function.

Both algorithms manage to generate collision-free trajectories and prevent collisions
if the trajectory is dynamically feasible. The two algorithms in some test scenarios
choose different combinations of braking and steering, to avoid collision.

Keywords: Multi-target threat assessment, collision avoidance, quintic splines, dy-
namical feasibility
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

AEB Automatic Emergency Braking
AES Automatic Emergency Steering
COG Center Of Gravity
MPC Model Predictive Control
SAT Separating Axis Theorem
SBST Spline-Based-Search-Three
TTC Time To Collision
VCS Vehicle Coordinate System
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Nomenclature

Below is the nomenclature of indices, parameters, and variables that have been used
throughout this thesis.

Indices

k Index for iteration step
t Index for time step

Parameters

BTN Brake threat number
STN Steer threat number
TTC Time to collision number
SAT Collision number

Variables

s Distance manual calculation [m]
v0 Initial speed [m/s]
t Time [s]
a Acceleration [m/s2]
v Vehicle velocity [m/s]
Rlat Lateral distance required for the host vehicle to traverse in order

to safely overtake the vehicle ahead [m]
t2
c Time to collision[s]

Lf Length from Center Of Gravity to the front [m]
Lr Length from Center Of Gravity to the rear [m]
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δ Steering angle of host vehicle [degree]
Lw Wheelbase [m]
c Curvature [1/m]
αr Rear tire slip angle [degree]
αf Front tire slip angle [degree]
M Mass of vehicle [kg]
Cr Rear cornering stiffness [N/degree]
Cf Front cornering stiffness [N/degree]
R Trajectory radius for small slip angles [m]
L Length of vehicle [m]
arec,lat Host vehicle required lateral acceleration [m/s2]
amax,lat Host vehicle maximal lateral acceleration [m/s2]
arec,long Host vehicle required longitudinal acceleration [m/s2]
amax,long Host vehicle maximal achievable longitudinal deceleration [m/s2]
h Host vehicle heading [degree]
w Host vehicle yaw rate [degree/s]
T Time[s]
vx Host vehicle longitudinal velocity [m/s]
vx Host longitudinal velocity [m/s]
vy Host vehicle lateral velocity [m/s]
x Host vehicle longitudinal position [m]
y Host vehicle lateral position [m]
plong,t Target vehicle longitudinal position [m]
plat,t Target vehicle lateral position [m]
p0lat,t Target vehicle lateral position [m]
θt Target vehicle heading [degree]
θ0t Target vehicle initial heading [degree]
θ̇ Target vehicle yaw rate [degree/s]
dlong Longitudinal distance between host and target vehicle [m]
vlong,rel Relative longitudinal velocity between host and target vehicle [m/s]
vrel Relative speed between host and target vehicle [m/s]
arel Relative acceleration between host and target vehicle [m/s2]
d0 Distance separating host and target vehicle [m]
ay,min Host vehicle minimum lateral acceleration [m/s2]
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ws Host vehicle width [m]
Px Longitudinal distance between host and target vehicle [m]
Py Lateral distance between host and target vehicle [m]
γmin Host vehicle minimum yaw rate [degree/s]
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1
Introduction

The introduction provides a brief overview of the report’s topic. Furthermore, the
introduction presents the background of today’s vehicles emergency systems and
different trajectory-finding algorithms.

1.1 Background
The number of vehicles has increased every year. According to the World Health
Organization, more than 50 million people get injured and 2.5 % die yearly due to
traffic accidents [1], more than 50 % of the fatalities include pedestrians, cyclists
and motorcyclists [2]. In 2023, the Swedish police reported 229 traffic fatalities
connected to road traffic accidents. The percentage of collisions resulting in death
regarding rear-end collisions was 3.49 %, pedestrians 10.0 % and oncoming vehicles
21.8 % [3]. This highlights the importance of vehicle safety and investigating the
potential of combining braking and steering from safety interventions, such as AEB
and AES, together with a trajectory planner which could reduce those numbers.

In modern vehicles, Automatic Emergency Braking (AEB) has become a standard
safety feature, driven by governmental and industrial priorities for collision preven-
tion. AEB is designed to intervene as a last resort by automatically applying brakes
when a collision is imminent [4]. However, at high speeds, AEB’s effectiveness is
limited because stopping distance scales quadratically with velocity, requiring more
deceleration space as speed increases. In contrast, lateral displacement for steer-
ing evasion grows approximately linearly with speed. This means that while both
braking and steering require longer maneuvers at higher speeds, braking demands
disproportionately more distance, making AEB interventions increasingly insuffi-
cient compared to steering avoidance in critical high-speed scenarios [5]. To avoid
false activations, AEB systems are often calibrated conservatively, but this conser-
vative logic can delay braking until the stopping distance exceeds available space,
leaving steering as the only viable option.

The counterpart functionality, Automatic Emergency Steering (AES), aims to avoid
collisions by executing a steering maneuver closer to the potential collision time.
This has proven to be successful even for distracted drivers [6]. However the AES is
frequently constrained by the presence of other road users and physical road bound-
aries.
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1. Introduction

In previous studies, different trajectory-finding algorithms have been applied to
guide autonomous vehicles. There are some diverse types of trajectory finding algo-
rithms which are often split into two categories: global and local trajectory planning.
Global trajectory planning aims to find the shortest trajectory between start and
goal, by knowing the map and obstacles in advance. Local trajectory planning is
real-time trajectory planning in the local environment, often used when avoiding
dynamic obstacles [7]. Examples of local trajectory planning are Model Predictive
Control (MPC), State Lattice and Spline-Based-Search-Three (SBST).

In previous research, MPC has been utilized for collision avoidance. MPC is a multi-
variable control [8], which applies a model to compute optimal control sequences-
based future events in the finite prediction horizon. The MPC navigates the drivable
area with dynamic obstacles in the scene and makes the vehicle drive along the driv-
able area. A drawback is that it is time-consuming to compute a trajectory because
of the large number of parameters the MPC can be optimized over [9]. The pa-
rameters optimized are vehicle dynamics parameters such as jerk, longitudinal and
lateral accelerations. Other parameters such as relative speed between targets and
host vehicle, proximity to other objects and road boundaries are also optimized [10].
Sampling time is another parameter that can affect the computational time. Due
to the need for real-time capabilities, a high sampling rate is necessary.

Similar to the MPC, the State Lattice [11] has been widely applied in the field of
trajectory predictive algorithms. It is a graph-based trajectory planning algorithm
that takes the vehicle dynamic constraints and kinematics into account. The sam-
pled state space contains the position, orientation, and steering angle of the vehicle,
which are connected through controllable edges. These edges can be computed of-
fline and stored in lookup tables to make it possible for efficient real-time planning.
In complex scenarios, it can handle several objects, but the main drawback is the
precision of the State Lattice which is directly related to the resolution of the lattice.

In addition to MPC and State Lattice, in [12] studies about emergency collision
avoidance systems have also been conducted. This type of system generally strug-
gles with decision-making and maneuvering at high speed. In the study, different
methods are presented to address this problem. One method utilizes maximum
braking and steering maneuvers, and another method applies steering maneuvers
combined with longitudinal motion planning to avoid collisions in complex scenar-
ios. Scenarios in [12] were simulated 4000 times with different initial velocities and
distances. The algorithm avoided collisions in 89 % of the cases. Failures mostly
occurred because of the noticeably short distance to the car in front, and no feasible
gap could be found at that time.

Aside from MPC and State Lattice, braking-steering maneuver, SBST [11] is a fast
real-time trajectory planner. It utilizes cubic splines, constructed by polynomials,
and the basis is the 3D derivative of the position and jerk, which is constant through
the segment. The jerk can switch the sign and amplitude between the segments,
which results in a minimized jerk, resulting in an optimal path. Aside from cubic
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1. Introduction

splines, quintic splines can be applied with the aim of smoothening the path further
and eliminating irregularities in the jerk. However, smoothening comes at the ex-
pense of a slight increase in jerk. [13] proposes quintic polynomials instead, which
are computationally fast and widely used for trajectory planning.

1.2 Contribution
The project proposes two algorithms, both, combining braking and steering for col-
lision avoidance in traffic scenarios where AEB and AES indicate a crash is unavoid-
able. The first algorithm, referred to as the Ruled-based algorithm, is introduced in
Section 2.8.2, utilizing trajectory predictions, Section 2.3, to predict object’s trajec-
tories. They are evaluated with three threat assessments to estimate when to steer
or brake, Section 2.4.1-2.4.3. The other is a Spline-based algorithm, presented in
Section 2.8.4, where quintic splines are assessed together with the same set of threat
assessments previously applied, Section 2.4.1-2.4.3. Together with a cost function,
Section 2.8.3.3 to select a feasible trajectory.

To analyze the two proposed algorithms, five different scenarios are generated. Sce-
nario one represents a single target case and scenarios two to five represent multi-
target cases.

1.2.1 Scope
In this thesis, five real-world scenarios are proposed. The scenarios are designed
for the host vehicle to have a possible collision-free trajectory, explained in section
2.9.1. They are employed to test the two developed collision avoidance algorithms to
evaluate their ability to avoid collision with other targets in the scene. The following
scenarios are proposed:

1. Single-lane driving, expanding into multilane driving on the highway with one
target in the scene. AES and AEB are not available.

2. Multi-lane driving on the highway, with two targets in the scene. AES and
AEB are not available.

3. Multi-lane driving on the highway, with three targets in the scene. AES and
AEB are not available.

4. Urban driving, with two pedestrians in the host lane and one target in the
adjacent lane in the opposite direction in the scene. AES and AEB are not
available.

5. Multi-lane driving on the highway, with two targets in the scene. AEB is not
available.

In scenarios where braking occurs, the applied constant braking is 8m/s2.
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1. Introduction

1.2.1.1 Scenario one, one target vehicle, braking

In the first scenario, a target vehicle travels ahead of the host vehicle at a constant
velocity. As it reaches the end of the guardrails, the target vehicle suddenly initiates
braking. This maneuver results in a blocked path for the host vehicle. In this
situation, AES is unavailable, and the braking alone is insufficient to prevent a
collision. Additionally, AEB is also not available.

Fig. 1.1: Scenario 1, the target (blue) in front of the host (red) suddenly brakes,
guardrail to the left and right, road splits up from a single lane into two lanes.

1.2.1.2 Scenario two, two target vehicles, one braking

Similar to the first scenario, a target vehicle is traveling ahead of the host vehicle
at a constant velocity. Simultaneously, another vehicle is maintaining a constant
velocity in the adjacent lane, thereby obstructing the potential for an AES maneu-
ver. When the lead vehicle suddenly decelerates, the host vehicle’s braking alone
proves insufficient to prevent a collision. Furthermore, AEB is not available in this
situation.

Fig. 1.2: Scenario 2, the target (blue) in front of the host (red) suddenly brakes,
incoming target (blue) in the adjacent lane.

1.2.1.3 Scenario three, three target vehicles, one braking

Similar to the second scenario, a target vehicle is traveling ahead of the host vehicle
at a constant velocity. In the adjacent lane, two additional target vehicles are also
moving at constant velocities. At the moment of interest, one of these vehicles
obstructs the possibility of executing an AES maneuver. The lead vehicle in front of
the host vehicle suddenly decelerates. In this situation, braking alone is insufficient
for the host vehicle to avoid a collision, and AEB is not available.

Fig. 1.3: Scenario 3, the target (blue) in front of the host (red) suddenly brakes,
and two incoming targets (blue) in the adjacent lane at constant velocity.
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1. Introduction

1.2.1.4 Scenario four, one target vehicle and two pedestrians

In contrast to scenarios one through three, the target vehicle in this case is traveling
in the opposite direction at a constant velocity in the adjacent lane. Additionally,
two pedestrians are entering the roadway at constant walking speeds, one positioned
ahead of the other. The combined presence of the oncoming vehicle and the pedestri-
ans obstructs the host vehicle’s ability to effectively employ either an AES maneuver
or an AEB intervention.

Fig. 1.4: Scenario 4, two pedestrians (green) walk out onto the road in front of the
host (red), target (blue) approaches the host in the adjacent lane in the opposite
direction.

1.2.1.5 Scenario five, two target vehicles, two braking

Similar to scenario two, this case involves two target vehicles: one directly ahead
of the host vehicle and another in the adjacent lane, both traveling at a constant
velocity. In this scenario, the target vehicle in the adjacent lane is positioned further
ahead than the one directly in front of the host. When the lead target vehicle
suddenly brakes, relying solely on braking would lead to a collision, as AEB is not
available. The target vehicle in the adjacent lane is also braking. However, evasive
steering remains a viable option due to the available lateral and longitudinal margin
relative to the target vehicle in the adjacent lane

Fig. 1.5: Scenario 5, the target (blue) in front of the host (red) suddenly brakes,
target (blue) in the adjacent lane.

1.3 Thesis outline
Following the introduction, Chapter 2, Algorithm development and functional de-
scription, presents the methodology applied in this thesis and outlines the previous
research. In addition, it presents two algorithms and how they are designed. Sim-
ulations and results of the algorithms, combined with Analyses, are presented in
Chapter 3, Results and Analyses, followed by Chapter 4, Conclusions.
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2
Algorithm development and

functional description

This chapter introduces the methodology applied throughout the study. The struc-
ture of the chapter reflects the sequential process used in the development and
evaluation of the algorithms. Section 2.1 explains which methods were utilized as
inspiration for the development of the two algorithms. Following Section 2.2, outlines
an overview of the key features of the algorithms. Section 2.3 outlines the prediction
of trajectories for both the host and target vehicles. Section 2.4 details the threat
assessment approach, including the specific metrics employed. Section 2.5 explains
the method for calculating the available free space around the host and target vehi-
cles. It explains the conditions under which steering becomes available for the host
vehicle. Section 2.6 provides an overview of the host vehicle’s dynamic model and
physical characteristics. Section 2.7 describes the collision detection method, in-
cluding how collision checks are conducted. Section 2.8 introduces the two proposed
algorithms, emphasizing their core components and operational principles. Lastly,
Section 2.9 describes the framework used to generate various scenarios for testing.

2.1 Method selection based on previous research

The two algorithms proposed in this report are inspired by prior work mentioned in
Section 1.1, particularly the developments in emergency collision avoidance systems
[12] and the application of quintic polynomials for trajectory planning [13]. The rule-
based decision-making framework from the emergency collision avoidance system
described in [12], inspired the Rule-Based Algorithm, disregarding the MPC. This
is based on the disadvantages with MPC, outlined in [10]. To further enhance
trajectory smoothness, quintic splines, as proposed in [13], are adopted in this report
in place of cubic splines for the Spline-based algorithm.

2.2 Algorithms overview

An overview of both algorithms and their key components are presented in Fig. 2.1a
and Fig. 2.1b.

7



2. Algorithm development and functional description

(a) Rule-based algorithm. (b) Spline-based algorithm.

Both algorithms are expected to generate a dynamic feasible trajectory that should
avoid collision with all target vehicles and objects in the scenarios mentioned in
Section 1.2.
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2. Algorithm development and functional description

2.3 Trajectory prediction
Trajectory predictions compute the trajectories for all targets on the road, including
the host vehicle. It is implemented in both algorithms, displayed in Fig. 2.1a and
Fig. 2.1b, block "Trajectory prediction". The host vehicle heading [14], is calculated
by

h(k + 1) = h(k) + wT (2.1)
where w denote the yaw rate, T represent time and the longitudinal velocity is

vx (k + 1) = vx (k) · cos (wT )− vy (k) · sin (wT ) + at · T · cos (h (k) + wT ) (2.2)
and the lateral velocity

vy (k + 1) = vy (k) · cos (wT ) + vx (k) · sin (wT ) + at · T · sin (h (k) + wT ) (2.3)
which are applied to compute the longitudinal position

x (k + 1) =

x (k) + ((vx (k) · sin (wT ) + vy (k) · (cos (wT )− 1)))
w

+

(at · (cos (h (k) + wT )− cos (h (k))) + at · wT · sin (h (k) + wT ))
w2

(2.4)

and the lateral position
y (k + 1) =

y (k) + ((vy (k) · sin (wT )− vx (k) · (cos (wT )− 1)))
w

+

(at · (sin (h (k) + wT )− sin (h (k)))− at · wT · cos (h (k) + wT ))
w2

(2.5)

To predict the targets trajectories [15], longitudinal position of the targets in the
scene is computed accordingly

positionlong, t =
(
vtt + att

2
)

cos
(
θt + θ̇tt

)
+ position0 long, t (2.6)

together with the lateral position
positionlat, t =

(
vtt + att

2
)

sin
(
θt + θ̇0tt

)
+ position0 lat, t (2.7)

and the heading
θt =

(
θ̇tt + θ0t

)
(2.8)

2.4 Threat assessment
Threat assessment is calculated based on the trajectory predictions detailed in Sec-
tion 2.3 portrayed in Fig. 2.1a and 2.1b, block "Threat assessment" for both algo-
rithms. This process incorporates information about surrounding obstacles. Threat
assessments are initiated for both the target directly in front of the host vehicle
and all other surrounding targets. The threat assessment metrics applied include
the Steering Threat Number (STN), Braking Threat Number (BTN), and Time To
Collision (TTC) [16]. STN will indicate when to steer, BTN indicates when to brake
and TTC indicate when a collision occurs.
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2.4.1 Time To Collision
TTC is calculated to estimate the temporal interval remaining before a potential
collision occurs between the host vehicle and the target vehicles

TTC = dlong

vlong,rel

(2.9)

where dlong represents the longitudinal distance between the host vehicle and the
target vehicles, and vlong,rel denotes the relative longitudinal velocity between the
host and the target vehicles.

TTC can be computed considering varying accelerations

TTC = −vrel

arel

±
√

v2
rel

arel

− d0

arel

(2.10)

where vrel and arel represent the relative speed and acceleration, respectively, be-
tween the host and target vehicles, and d0 denotes the distance separating them.

2.4.2 Brake Threat Number
BTN is computed to determine whether the minimum longitudinal acceleration is
sufficient to prevent a collision. It can be derived as

BTN = arec,long

amax,long

(2.11)

where arec,long represents the minimum longitudinal acceleration required to ensure
that the relative velocity between the target and host vehicles becomes zero at
the moment of impact vt − vh = 0, and amax,long denotes the maximum achievable
longitudinal deceleration of the vehicle.

2.4.3 Steer Threat Number
STN is calculated to determine the latest possible time at which the host vehicle
must execute a steering maneuver to avoid collision with the target or targets ahead

STN = arec,lat

amax,lat

(2.12)

where arec,lat represents the required lateral acceleration to avoid collision described
in (2.26), amax,lat denotes the maximum lateral acceleration described in (2.18).

10
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2.5 Free space calculation
Based on the location of the static obstacles, gaps are calculated where steering is
possible. The free space between the target vehicles is computed based on the tra-
jectory prediction mentioned in Section 2.3. By combining the free space calculation
of static and moving objects, a possible safe steering opportunity is calculated.

2.5.1 Steering blocked calculation
Steering blocked calculates when steering will be available for the host vehicle. Based
on the static obstacles and predicted trajectories, Section 2.3, of the moving objects
around the host vehicle, the algorithm outputs points in time where steering would
possibly be available. Together with the free space calculations, Section 2.5, a deci-
sion can be made to potentially steer.

2.6 Dynamic feasibility and vehicle model
Vehicle dynamics are utilized to generate host vehicle trajectories Section 2.8, in
both algorithms displayed in Fig. 2.1a, block "Dynamic feasibility" and incorporated
in 2.1b, block "Quintic spline trajectory generation". To describe the host vehicle,
the motion of the linear bicycle model is utilized. A visualization of the model is
portrayed in Fig. 2.2, [17].

Fig. 2.2: Bicycle model, describing the dynamics of the host vehicle.
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The length from the Center Of Gravity (COG) to the front is Lf and the length
from COG to the rear is Lr. δ represents the steering angle of the car and it can be
approximated with

δ = Lwc + αf − αr (2.13)

where Lw denote the wheelbase Lr + Lf and the curvature

c = 1
R

(2.14)

The rear tire slip angle αr can be computed with

αr = MLf

LwCr

v2

R
(2.15)

where M is the mass of the vehicle, Cr is the rear cornering stiffness and v is the
velocity of the vehicle. The front slip angle αf can be computed similarly

αf = MLr

LwCf

v2

R
(2.16)

where Cf is the front cornering stiffness, together with the variables described in
(2.15). According to [18], the maximum lateral acceleration a normal car can handle
is 0.7g = 6.87m/s2. The maximum lateral acceleration will be utilized to check
dynamical feasibility. From the bicycle model, it is possible to approximate the
trajectory radius

R = Lw

δ
(2.17)

where Lw is the wheelbase of the car [19]. Maximum lateral acceleration can be
calculated with

amax,lat(t) = v2
0

R(t) = c(t)v2
0 (2.18)

where v0 represents the initial velocity.

The geometry of the vehicle is approximated as a rectangular form, characterized
by a width W and a length L, as depicted in Fig. 2.3. Within this representation,
H denotes the host vehicle, indicated in red, while T signifies the target vehicle,
marked in blue.

Fig. 2.3: Vehicle model, describing the host and target vehicle exterior.
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2.7 Separating Axis Theorem

To check if a collision occurs when the host follows the trajectory, Separating Axis
Theorem (SAT) for collision detection will be applied [20], portrayed in Fig. 2.1a,
block "SAT", and utilized in Fig. 2.1b, block "Spline selection and cost function".
The shape of the host and target vehicles are approximated as rectangles, mentioned
in Section 2.6. The corners of both rectangles are projected onto the axes Y1 and X1
that are parallel to the edges of red rectangle H, an example of this is illustrated in
Fig. 2.4, (a circle on the X1 axis indicates separation is possible) [15]. Overlaps are
observed on axis Y1 but not on axis X1, indicating the presence of a separating axis
perpendicular to X1. As a result, no collision is detected. Projecting the corners onto
axes Y2 and X2 is unnecessary since a separating axis has already been identified.

Fig. 2.4: Separating Axis Theorem (SAT).

The implemented SAT assumes that the target vehicle is moving in a straight tra-
jectory, aligned with the world axes Y1 and X1, no rotation occurs. Because of
this, the SAT does not have to check the target rotated axes, which results in a
faster computation. It checks overlap over four axes, two axes from each vehicle.
Because for rectangles, checking one pair of perpendicular axes per rectangle (4 axes
total) covers all possible separating directions in SAT, since opposite-edge normals
are redundant due to symmetrical projections. Pseudo code of the SAT method is
presented in Algorithm 1.
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Algorithm 1: Separating Axis Theorem (SAT).
Input:
host ← vertices of host rectangle (4 × 2 matrix);
target ← vertices of target rectangle (4 × 2 matrix);
yaw_host ← orientation angle of host rectangle (radians);
Output:
flag ← interSection status (1 = true, 0 = false);
axisX2 ← [1, 0] ; // Target’s x-axis
axisY2 ← [0, 1] ; // Target’s y-axis
axisX1 ← [cos(yaw_host), sin(yaw_host)] ; // Host’s rotated x-axis
axisY1 ← [-sin(yaw_host), cos(yaw_host)] ; // Host’s rotated y-axis
axes ← [axisX2; axisY2; axisX1; axisY1];
flag ← 1 ; // Assume interSection initially

for each axis in axes do
projA ← host × axisT ;
minA ← min(projA);
maxA ← max(projA);
projB ← target × axisT ;
minB ← min(projB);
maxB ← max(projB);
if maxA < minB or maxB < minA then

flag ← 0 ; // Separating axis found
return flag;

end
end
return flag;
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2.8 Trajectory generation

In the following Section a detailed explanation of how the trajectories of both algo-
rithms are generated and selected. Fig. 2.5a illustrates the trajectory generation of
the Ruled-based algorithm and Fig. 2.5b illustrates the trajectory generation of the
Spline-based algorithm.

(a) Rule-based trajectory generation. (b) Spline-based trajectory generation.

Fig. 2.5: Trajectory generation block of both Rule and Spline-based algorithm.
The whole block schemes of both algorithms are presented in 2.1a and 2.1b.

2.8.1 Ruled-based trajectory generation
Trajectories are generated as proposed in Fig. 2.5a, block "Trajectory generation".
If the host vehicle is predicted to collide based on threat assessment, Section 2.4,
free space is calculated as described in Section 2.5. If free space is found, steering
angles and time to steer are calculated with Algorithm 2. The algorithm will only
steer if there is no other vehicle in front or no other collisions will be caused based
on threat assessments, Section 2.4.

If the free space calculation estimates a free space further ahead in time, the host
vehicle will max brake and then steer if possible, based on free space and threat
assessments. The brake and steering signals will be converted to trajectories with
the trajectory prediction equations mentioned in Section 2.3
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Algorithm 2: Ruled-based steering signals
Input:
target_width
host_vehicle_properties
TTC ← threat_assessments
v ← vehicle_speed
Output:
(steering_angle, time_to_steer_one_direction)
if STN=<1 then

required_width = target_infront_width + safety_margin
required_acceleration = 2·required_width

T T C2
vehicle−in−front

R = v2

required_acceleration
// R is the turning radius and v is host vehicle

speed
steering_angle = wheelbasehost

R

steering_ratio = max_steering_wheel_anglehost

arctan( 2·wheelbasehost
turning_circlehost

)·57.2957

steering_wheel_angle = steering_angle · steering_ratio

angle_to_clear_object = arccos(1−
target_infront_width

2
R

)
time_to_steer_one_direction = R∗angle_to_clear_object

v

end

2.8.2 Ruled-based algorithm overview
Trajectories are generated as proposed in Fig. 2.5a, block "Trajectory generation",
for the host vehicle. Based on trajectory predictions, Section 2.3, and threat as-
sessment, Section 2.4. These data are utilized together with the road map, road
measurements from IPG carmaker, and static obstacles to identify unobstructed
space between targets. This is to examine when steering potentially will be avail-
able.

If no trajectory is initially found, occurring in complex scenarios, where multiple
maneuvers are required to avoid collisions successfully, trajectories with different
lateral accelerations are sampled utilizing

ay,min = γminvx = v2
x(ws + 2Py)

P 2
x + P 2

y −
w2

s

4

(2.19)

ws denotes the width of the vehicle. Px represents the longitudinal distance between
the target and the host vehicle, and Py indicates the relative lateral distance between
the host and the target vehicle. Additionally, vx denotes the longitudinal velocity
of the vehicle. The minimum yaw rate required to satisfy the collision avoidance
condition can be expressed as follows

γmin = vx(ws + 2Py)
P 2

x + P 2
y −

w2
s

4

(2.20)
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where the dynamically feasible trajectories, Section 2.6, and do not collide, checked
by SAT, Section 2.7, for the host vehicle is selected.
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2.8.3 Spline-based trajectory generation

An overview of the Spline-based algorithm trajectory generation is displayed in Fig.
2.5b, highlighting the features of the "Trajectory generation" block. The following
Sections 2.8.3.1 - 2.8.4 explain the included parts of the Spline-based algorithm
trajectory generation.

2.8.3.1 Spline tree

The spline tree, displayed in Fig. 2.5b, block "Spline tree", are constructed of six
dimensional nodes n = (x, y, θ, p, t, R). x represents the longitudinal position, y the
lateral position, θ the heading, p the parent node, t the end time of the node, and
R represents the turning radius. The tree is initialized with the host vehicle state
as the root, and k number of starting nodes are randomly generated, each with the
root representing the parent to initialize n number of starting trajectories. Nodes
are then randomly generated with random parents until a certain number of tra-
jectories have reached a maximum time threshold. Nodes in the tree structure are
randomly generated based on vehicle dynamics and the road map with Algorithm
3.

Algorithm 3: Random new node
Input:
roadmap;
amax ← maxlat_acc;
p← parent_node ;
v ← vehicle_speed;
maxtime ← max_time;
Output:
random_node ← n;
while N ̸= 0 do

alat ← alat ∼ U(−amax, amax);
R← v2

alat
;

t← t ∼ U(0, 1) · maxtime

2 ;
angularvel ← v

R
;

x← R · sin(angularvel · t);
y ← R · (1− cos(angularvel · t));
x = x · 2 + px;
y = y · 2 + py;
if y is inside roadmap then

n← (x, y, θ, p, t, R);
break

end
end
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2.8.3.2 Quintic spline trajectory generation

Based on the spline tree algorithm, Section 2.8.3.1, trajectories are generated by
connecting the nodes with their parent node, displayed in Fig. 2.5b, block "Quintic
spline trajectory generation". The lateral and longitudinal motion between each
node and parent are described with quintic polynomial trajectories [13] as follows{

x = a5t
5 + a4t

4 + a3t
3 + a2t

2 + a1t + a0

y = b5t
5 + b4t

4 + b3t
3 + b2t

2 + b1t + b0
(2.21)

The coefficients are calculated based on the boundary condition which is a combina-
tion of the initial and final states. The twelve unknown coefficients are determined
by six boundary conditions for each direction. With x(ti) = xi and y(ti) = yi, the
quintic polynomial model can be described by combining the boundary conditions
as (xsẋsẍsxeẋeẍe)T = MA

(ysẏsÿsyeẏeÿe)T = MB
(2.22)

where xs, ys represent the initial state and xe, ye represent the final state. M
represents the time parameter state matrix and can be described as

M =



t5
s t4

s t3
s t2

s ts 1
5t4

s 4t3
s 3t2

s 2ts 1 0
20t3

s 12t2
s 6t1

s 1 0 0
t5
e t4

e t3
e t2

e te 1
5t4

e 4t3
e 3t2

e 2te 1 0
20t3

e 12t2
e 6t1

e 1 0 0


(2.23)

The generated quintic polynomial for every parent node pair is then connected to
form a quintic spline trajectory.

2.8.3.3 Spline selection and cost function

Each trajectory generated, described in Section 2.8.3.2, is evaluated with the Sep-
arating Axis Theorem, Section 2.7, to filter out trajectories that are predicted to
cause a collision. The remaining collision-free trajectories are then further evaluated
with the threat assessments, Section 2.4.

All of the remaining quintic spline trajectories are further evaluated or filtered based
on the minimum distance threshold allowed to the other objects and then by the
minimum number of nodes, with

min(trajectorynumber−of−nodes) (2.24)

The remaining quintic splines are the ones with the least amount of turns and
a safe distance to the surrounding target vehicles and objects. To select the the
most suitable trajectory, the trajectory with the highest safety distance to all target
vehicles and objects are selected.
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2.8.4 Spline-based algorithm overview
Trajectories are generated as proposed in Fig. 2.5b. Trajectories for each object
in the scenarios are predicted as in Section 2.3. For each time step, a spline tree
is constructed, Section 2.8.3.1, then converted to quintic spline trajectories, Sec-
tion 2.8.3.2, followed by threat assessment evaluation, described in Section 2.4. The
generated splines are evaluated based on the cost function, Section 2.8.3.3, and eval-
uated with SAT, Section 2.7, to remove splines that collide with other objects. To
speed up the computation, the steering blocked algorithm, Section 2.5.1, calculates
which time step to initialize the spline tree. Spline-based algorithm trajectory gen-
eration is described with Algorithm 4, outputting a collision-free trajectory.

Algorithm 4: Spline trajectory generation
Input:
predicted_trajectories;
maxtime;
nhost_start ← (x, y, θ, p, t, R);
Output:
collision_free_trajectory

time ← steering _blocked(predicted_trajectories );
host_plong ← brake(time);
while time<maxtime do

nhost_current ← update(x, y, θ, p, t, R);
tree← Spline_tree(nhost_current);
trajectories← Spline_generation(tree)
for each trajectory in trajectories do

valid_trajectories← SAT (trajectory)
end
collision_free_trajectory ← cost_function(valid_trajectories);
if collision_free_trajectory then

return
end

end

2.9 Test and verification
The performance of the two algorithms are tested through simulations, conducted
in IPG CarMaker. The initial conditions for the scenario generation are described
in Section 2.9.1.

2.9.1 Scenario generation
The scenarios in Section 1.2.1 are generated through manual calculations, an illus-
trative example of which is provided in Appendix A. The scenarios are designed
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to make it possible for the algorithms to generate trajectories that avoid collisions
with combined braking and steering, where AEB and AES fail by themselves. Ini-
tial speed and constant lateral acceleration are determined for the host and the
target object in front of the host. The longitudinal positions are determined by the
equation

s = v0t + at2

2 (2.25)

such that a collision would occur with max brake. Static obstacles and target vehicles
are placed in positions to block the host vehicle for a certain amount of time. Then
when there is space to turn, to avoid collision the lateral required acceleration is
required to be less than 0.7g = 6.87m/s2. areq,lat can be formulated as

areq,lat = 2 · Rlat

t2
c

(2.26)

where Rlat represents the lateral distance required for the host vehicle to traverse to
safely overtake the vehicle ahead and t2

c denotes the TTC.
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3
Results and analyses

This Chapter presents the starting conditions and the calculated threat assessments,
Section 3.1. Followed by an evaluation of the two proposed algorithm’s performance,
the Ruled-based algorithm, Section 3.2, and the Spline-based algorithm, Section
3.3. Finally, Section 3.4 discusses the decisions made by both algorithms and their
performance differences.

3.1 Scenario testing conditions

The properties of the car used are presented in Table 3.1.

Table 3.1: Properties of car used in simulations.

Car length
[m]

Width
[m]

Steer ratio
[rad]

Wheel base
[m]

Max brake force
[N ]

4.936 1.868 21.933 2.975 0.843

Table 3.2 together with Table 3.3 describe the initial scenario conditions with host
and targets vehicles initial speeds and the initial calculated threat assessments,
Section 2.4.

Table 3.2: Each scenario’s initial velocities for target vehicles and their initial
threat assessment metrics are BTN, STN, and TTC.

Scenario
Speed host
vehicle
[km/h]

Speed target
vehicle i.f.o host
[km/h]

Acceleration
target vehicle
[m/s2]

BTN STN TTC
[s]

1 90 70 -8 1.059 0.2216 1.18
2 90 70 -8 1.059 0.2216 1.18
3 100 70 -8 1.021 0.1318 1.53
4 50 7 -8 4.417 0.2174 0.75
5 90 70 -8 1.059 0.2216 1.18
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Table 3.3: The initial speeds of adjacent lane target vehicles in scenarios two to
five.

Scenario

Target one
adjacent lane
speed
[km/h]

Target one
adjacent lane
acceleration
[m/s2]

Target two
adjacent lane
speed
[km/h]

Target two
adjacent lane
acceleration
[m/s2]

2 100 0 - -
3 90 0 90 0
4 70 0 - -
5 70 -8 - -

By examining the BTN values from Table 3.2, it is not possible to avoid collision
by only braking, because BTN > 1. This is shown in Fig. 3.1, where the host and
target vehicle intersect when applying AEB, indicating a collision.

Fig. 3.1: Visualization of only utilizing AEB in scenario three.

In addition, a maneuver utilizing AES would result in collisions or become dynam-
ically infeasible. The time for steering available is calculated with free space and
steering blocked calculations, Section 2.5.
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Table 3.4: Represent the STN values if steering would be available, - represent
crash before available steering.

Scenario Steering available
[s] STN

1 0.83 2.3811
2 - -
3 - -
4 0.41 1.454

For scenario five, Fig. 1.5, there are no cars directly blocking the host vehicle, but
the car in front in the adjacent lane is also braking. If only AES is utilized collision
would occur in adjacent lane.

Table 3.5: BTN value for adjacent lane target, after AES maneuver.

Scenario BTN
5 1.059

3.2 Ruled-based algorithm evaluation
Based on the results in Table 3.6, the Rule-based algorithm managed to find collision-
free trajectories for scenarios one to five, for lower speeds, highlighted in a green
"Yes", indicating it is a feasible trajectory. In scenarios one to four the algorithm
fails to predict collision-free trajectories, highlighted in a red "No", for speeds larger
than the initial speeds, indicating it is not a feasible trajectory. This is because there
are no dynamically feasible trajectories for speeds larger than the initial speeds,
which can be examined in column areclat

, Table 3.6. If the algorithm can’t find any
dynamically feasible trajectories, meaning areclat

> 6.87 m/s2, the host vehicle will
max brake and rear end the target vehicle in front, resulting in a collision.
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Table 3.6: Ruled-based algorithm performance across different scenarios. The data
in the table is extracted from Carmaker and Matlab, where the Speed represents
the initial speed of the host vehicle. areclat

is the required lateral acceleration of
the host vehicle to execute the collision avoidance maneuver. areclong

is the required
longitudinal acceleration to avoid a collision by braking. BTNinit is the initial Brake
Threat Number and STNinit is the initial Steer Threat Number.

Scenario Speed
[km/h]

Collision
avoided Feasible areclat

[m/s2]
areclong

[m/s2] BTNinit STNinit

1 90 Yes Yes 6.625 -8.760 1.059 0.222
100 No No > 6.87 -10.81 1.306 0.315
110 No No > 6.87 -13.12 1.586 0.437

2 90 Yes Yes 5.601 -8.760 1.059 0.222
100 No No > 6.87 -10.81 1.306 0.315
110 No No > 6.87 -13.12 1.586 0.437

3 100 Yes Yes 2.994 -6.84 1.021 0.132
110 No No > 6.87 -10.22 1.235 0.172
120 No No > 6.87 -12.16 1.470 0.218

4 50 Yes Yes 5.372 -10.09 4.417 2.137
60 No No > 6.87 -14.53 5.755 2.519
70 No No > 6.87 -19.77 7.344 3.014
80 No No > 6.87 -25.82 8.952 3.429

5 90 Yes Yes 3.045 -8.760 1.059 0.222
100 No No > 6.87 -10.81 1.306 0.315
110 No No > 6.87 -13.12 1.586 0.437

The threshold values used to determine dynamic feasibility are general for normal
cars. Incorporating models such as tire friction, road friction, and load transfer could
possibly result in a more exact dynamic feasibility estimation, which potentially
leads to a more realistic result for a real-world application.
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3.2.1 Visualization Rule-based algorithm trajectory selec-
tion

Trajectory result from scenario three with the Rule-based algorithm. Fig. 3.2 rep-
resents the generated trajectory explained in Section 2.8.1.

Fig. 3.2: Ruled-based collision avoidance algorithm trajectory, 90 km/h.
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3.3 Spline-based algorithm evaluation
The Spline-based algorithm works for all scenarios, where the maneuver is dynam-
ically feasible, highlighted in a green "Yes", based on the result in Table 3.7. Visu-
alization of the spline selected for scenario three is presented in Fig. 3.3 to 3.5. In
scenarios one to four, the algorithm fails to predict collision-free trajectories, high-
lighted in a red "No", for speeds higher than the initial speeds, Table 3.2. Similar
to the Rule-based algorithm, if the algorithm can’t find any dynamically feasible
trajectories, the host vehicle will max brake and rear end the target vehicle in front,
resulting in a collision.

Table 3.7: Spline-based algorithm, performance across different scenarios. The
data in the Table is extracted from Carmaker and Matlab, where the Speed repre-
sents the initial speed of the host vehicle. areclat

is the required lateral acceleration of
the host vehicle to execute the collision avoidance maneuver. areclong

is the required
longitudinal acceleration to avoid a collision by braking. BTNinit is the initial Brake
Threat Number and STNinit is the initial Steer Threat Number.

.

Scenario Speed
[km/h]

Collision
avoided Feasible areclat

[m/s2]
areclong

[m/s2] BTNinit STNinit

1 90 Yes Yes < 6.87 -8.760 1.059 0.222
100 No No > 6.87 -10.81 1.306 0.315
110 No No > 6.87 -13.12 1.586 0.437

2 90 Yes Yes < 6.87 -8.760 1.059 0.222
100 No No > 6.87 -10.81 1.306 0.315
110 No No > 6.87 -13.12 1.586 0.437

3 100 Yes Yes < 6.87 -6.84 1.021 0.132
110 No No > 6.87 -10.22 1.235 0.172
120 No No > 6.87 -12.16 1.470 0.218

4 50 Yes Yes < 6.87 -10.09 4.417 2.137
60 No No > 6.87 -14.53 5.755 2.519
70 No No > 6.87 -19.77 7.344 3.014
80 No No > 6.87 -25.82 8.952 3.429

5 90 Yes Yes < 6.87 -8.760 1.059 0.222
100 Yes Yes < 6.87 -10.81 1.306 0.315
110 Yes Yes < 6.87 -13.12 1.586 0.437

Similar to the discussion in Section 3.2, investigating factors such as tire friction,
road friction, and load transfer models could play an essential role in a more exact
dynamic feasibility estimation. This is further discussed in Section 4.2.
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3.3.1 Visualization Spline-based algorithm trajectory selec-
tion

Result from scenario three with the Spline-based algorithm. Fig. 3.3 represents the
generated quintic splines trajectories explained in Section 2.8.3.2.

Fig. 3.3: Generated splines.

Fig. 3.4 represents trajectories that can avoid collisions with all target vehicles and
road objects in the scenarios, Section 1.2. How these trajectories are selected is
described in 2.8.3.3.

Fig. 3.4: Collision-free paths.
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Fig. 3.5 represents the algorithm-selected trajectory based on the cost function,
Section 2.8.3.3.

Fig. 3.5: Spline selected based on cost function, 90 km/h.

Fig. 3.6a and 3.6b present the selected trajectory and the target vehicle trajectories
in scenario three, Section 1.2.

(a) 3D view. (b) 2D view.

Fig. 3.6: a) Represent the trajectories in time and b) represent the position.
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3.4 The algorithms decision-making

The two different algorithms utilize different decision-making to predict collision-
free trajectories, an overview of both algorithms is presented in Fig. 2.1a and 2.1b.
In some scenarios, both algorithms result in different maneuvers. From scenario
five the Rule-based algorithm collision avoidance maneuver is presented in Table 3.8
and visualized in Fig. 3.7. By examining the variable SteerAng, second column,
and Brake variable, third column, the values describe when steering and braking
are initiated. The collision avoidance maneuver for the Spline-based algorithm is
presented in Table 3.9 together with a visualization of the trajectory in Fig. 3.8.

Table 3.8: Time is in seconds, SteerAng is the steering wheel angle in radians,
Brake is how much the brake pedal is pushed in a scale from zero to one.

Time [s] SteerAng [rad] Brake
0.000 0.000 0.000
0.100 0.524 0.000
0.719 0.524 0.000
0.819 0.000 0.000
0.919 -0.524 0.000
1.538 -0.524 0.000
1.637 0.000 0.000
1.638 0.000 1.000
1.738 0.000 1.000
3.990 0.000 1.000

Fig. 3.7: Rule-based algorithm collision-free trajectory.
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Table 3.9: Time is in seconds, SteerAng is the steering wheel angle in radians, and
Brake is how much the brake pedal is pushed on a scale from zero to one.

Time [s] SteerAng [rad] Brake
0.000 0.000 0.000
0.010 0.000 0.000
0.020 0.383 0.000
0.750 0.383 0.000
0.800 -0.383 0.000
1.540 -0.383 0.000
1.560 0.000 0.000
1.570 -0.230 0.000
2.540 -0.230 0.000
2.640 0.230 0.000
3.620 0.230 0.000
3.690 0.000 0.000

Fig. 3.8: Spline-based algorithm collision-free trajectory.

As can be seen in Table 3.9 and visualized in Fig 3.8 the generated trajectory by
the Spline-based algorithm tends to only use steering to avoid collisions. The Rule-
based algorithm on the other hand generates a trajectory that steers and then brake
presented in Table 3.8 and Fig 3.7.

Because both algorithms result in two different maneuvers as mentioned previously,
both algorithms result in different performances. Comparing the columns "Collision
avoided" in Table 3.10 and Table 3.11 for both algorithms, it is evident that the
Spline-based algorithm outperforms the other. The reason for this is that the Spline-
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based algorithm finds a trajectory with a required lateral acceleration areclat
< 6.87

m/s2 for all speeds in scenario five, compared to the Rule-based. This highlights
the robustness of the Spline-based algorithm compared to the Rule-based algorithm.
However the robustness comes at the expense of computational time.

Table 3.10: Ruled-based algorithm performance across scenario five.

Scenario Speed
[km/h]

Collision
avoided Feasible areclat

[m/s2]
areclong

[m/s2] BTNinit STNinit

5 90 Yes Yes 3.045 -8.760 1.059 0.222
100 No No > 6.87 -10.81 1.306 0.315
110 No No > 6.87 -13.12 1.586 0.437

Table 3.11: Spline-based algorithm, performance across scenario five.

.

Scenario Speed
[km/h]

Collision
avoided Feasible areclat

[m/s2]
areclong

[m/s2] BTNinit STNinit

5 90 Yes Yes < 6.87 -8.760 1.059 0.222
100 Yes Yes < 6.87 -10.81 1.306 0.315
110 Yes Yes < 6.87 -13.12 1.586 0.437
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4
Conclusion

4.1 Contribution
Do the developed algorithms avoid colliding with other road users and objects in
situations where AEB and AES would not? Yes, both algorithms will guarantee to
avoid collisions in the scenarios mentioned in Section 1.2.1, if the generated trajec-
tory is dynamically feasible.

4.2 Future work
For further development of the two algorithms, several key aspects need to be con-
sidered to make both algorithms more robust and adaptable to real-world dynamics.

4.2.1 Other road geometry
This thesis only considered straight roads when testing. Road curvature would be
more suitable for real-world applications. A further development of this project
would take the road curvature into account when generating trajectories, to make
sure the host vehicle is able to safely continue after the predicted trajectories horizon
and not end up with a heading pointing straight forward in a curve.

4.2.2 Prediction model for pedestrians
In this thesis a basic model has been applied to estimate pedestrian’s position,
section 2.3. This is not very accurate, because pedestrian’s movements are difficult to
predict. A better model would result in safer and more robust trajectories generated
by the two algorithms.

4.2.3 Road friction and tire models
While this study has focused primarily on kinematic relationships, it has intention-
ally excluded dynamic factors including road surface conditions, tire-road friction
characteristics, and load transfer. Future research should incorporate these vari-
ables to enhance the accuracy of braking distance calculations and better quantify
the lateral required acceleration during steering maneuvers before reaching oversteer
conditions.

35



4. Conclusion

A more comprehensive analysis is required to account for load transfer effects, as
these significantly influence the available friction during both braking and steering
maneuvers. Specifically, investigating how load transfer dynamics affect a vehicle’s
steering capability under varying weather conditions would provide valuable insights
into the practical limitations of collision avoidance systems.
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A
Appendix 1

Fig. A.1

The guardrail terminates at a distance of 25 meters, indicating that a lane change
maneuver may become feasible approximately 20 meters from the host vehicle’s
initial position. The time required for the host vehicle to traverse the longitudinal
distance of 20 meters can be calculated based on its velocity and acceleration

20 = 25t− 8t2

2 ⇒ t = 0.942s (A.1)

starget = 10 + 19.444 · 0.942− 8 · 0.9422

2 = 24.76720648m (A.2)

At t = 0.942 seconds, the longitudinal distance to the target vehicle is calculated to
be 4.767 meters, while the host vehicle speed at this instant is calculated to

vhost = 25− 8 · 0.942 = 17.464m/s (A.3)
Target speed is calculated to

vtarget = 19.4444− 8 · 0.942 = 11.9084m/s (A.4)
TTC to target in front of the host can be calculated as follows

17.464 · t− 8t2

2 = 4.767 + 11.9084 · t− 8t2

2 ⇒ t = 0.858053s (A.5)

The host required lateral acceleration results in

arec,lat = 2 · 2
0.8580532 = 5.43m/s2 (A.6)

Analyzing the result: areq,lat < 0.7g, which implies the required acceleration is
feasible to handle by a normal car.
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