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Abstract

In this project the interaction between a dense plasma and a high-intensity laser
pulse was studied through Particle-in-cell simulations. Nonlinear behavior in the

plasma particle dynamics caused the ultra-relativistic particles to generate
radiation of intensities much greater than that of the incident radiation. The
possibility to boost laser intensities with a factor ∼ 103 could open up for the

probing of nonlinear effects in vacuum.
To explain the results a theoretical model called the Relativistic Electronic Spring

Model was extended slightly to explain the behavior of the plasma particles
during the interaction with the high-intensity laser of arbitrary polarization.
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1 INTRODUCTION

1 Introduction

The interaction between plasma and high-intensity laser pulses is an exciting re-
search area where modern state-of-the-art lasers are approaching the ability to
produce laser intensities of 1023 W/cm2. This is more intensity than if all the sun-
light that hits the surface of the earth is focused onto the tip of a hair. Increasing
these laser intensities could open up for the possibility of probing nonlinear effects
in vacuum such as vacuum polarization and relativistic ion plasmas [1].

1.1 Background and objective

The Condensed Matter Theory group at Chalmers University of Technology re-
cently demonstrated that the irradiation of a plasma surface can convert a p-
polarized laser pulse from femto- to attosecond range and increase the intensity
of the pulse significantly. This is due to relativistic effects in the motions of the
plasma particles.

The purpose of this study was to develop code to simulate these high intensity
laser-plasma interactions (I ∼ 1022 W/cm2) for an incident pulse of arbitrary
polarization to see if it is possible to obtain even greater amplification than in the
case of a p-polarized pulse. To ensure that the simulation results were reliable, the
development of a theoretical model of the particle dynamics was developed.

1.2 Comments regarding the project

Throughout this project Heaviside-Lorentz units have been used; both in the sim-
ulations and in the theoretical model. All equations and derivations in this thesis
are therefor given in these units with the speed of light c = 1, elementary charge
e = 1 and electron mass me = 1.

Plasma simulations can be very time consuming − even when performed in
only one spatial dimension. Since arbitrary polarization yields endless parameter
combinations that can be simulated, the large scale simulations were focused on
linear and circular polarization of the incident laser pulse. Other, more arbitrarily
polarized waves, were simulated mainly for the purpose to compare the results with
those obtained from the theoretical model developed describing the interactions.

1.3 Disposition of thesis

The theory section of this report covers two main topics. First, information on
high intensity laser-plasma interactions together with the derivation of a theoret-
ical model called the Relativistic Electron Spring model for an Incident Wave of
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1.3 Disposition of thesis 1 INTRODUCTION

Arbitrary Polarization (RES-AP) in Sec. 2.2.2. Secondly, general theory regard-
ing Particle-In-Cell (PIC) simulations for relativistic plasma particles is covered
in Sec. 2.3.

The Simulation section (Sec. 3) aims to describe more specific parts regarding
the performed PIC simulations in this project and the different experimental setups
simulated. The results from these simulations are presented and analyzed in Sec.
4 and 5 and are compared to the results expected from the RES-AP model.
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2 THEORY

2 Theory

In Sec. 2.1 a general introduction to plasma is given together with the derivation
of a theoretical physical model (RES-AP) for the particle dynamics in relativistic
laser-plasma interactions. Plasma physics are usually simulated using Particle-in-
cell codes, and the code used in this project is described in Section 2.3.

2.1 Plasma

Solid, liquid, gas and plasma are the four fundamental states of matter. Extreme
heating of a gas causes the molecules to ionize and allows for the electrons to move
freely and separated from the ions which gives the particles a net charge 6= 0. A
gas consisting of charged particles like this is called a plasma.

2.1.1 Physical equations

The equations governing the motions of plasma particles are the Lorentz force in
Eq. (1)

F =
dp

dt
= q (E+ v ×B) (1)

combined with Maxwell’s equations (in Heaviside-Lorentz units) in vacuum:

∇ ·B = 0 (2a)

∇×E = −1

c

∂B

∂t
(2b)

∇ ·E = ρ (2c)

∇×B =
1

c

∂E

∂t
+

1

c
j (2d)

where F is the force acting on a particle with charge q in an electric field and
magnetic field of strenghts E and B respectively [2]. Together with externally
applied fields the charged particles in the plasma give rise to the electric and
magnetic fields due to their charge and motion. This makes the description of
plasma particles and their movements very complex, since each individual particle
will affect all the other particles by a force depending on its relative position,
charge and velocity.

In this project the intensities of the laser are so great that the interaction with
the plasma will make the particles move at velocities very close to the speed of
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2.2 Physical model of high intensity laser-plasma interactions 2 THEORY

light c. Relativistic effects plays a key role in the laser-plasma interactions and it
is necessary to introduce the Lorentz factor γ defined as

γ =
1

√

1− v2/c2
(3)

where v is the velocity of the plasma particle.

2.2 Physical model of high intensity laser-plasma interac-

tions

To justify the results from the PIC simulations a theoretical model describing the
laser-plasma interaction in the simulations was necessary. One model describing
the interaction between a uniform, high-density plasma and a p-polarized laser
pulse at oblique incidence is called the Relativistic Electronic Spring (RES) model
[3]. This model has been extended slightly in this project to include an arbitrary
pulse polarization (RES-AP).

The experimental setup that is simulated is described further in Sec. 2.2.1
together with necessary transformation properties when shifting from a stationary
laboratory frame R to a moving frame of reference R′. The RES-AP model is
derived in Sec. 2.2.2.

Parameters linked to the incident laser are denoted with the subscript L whereas
the subscript T is linked to the Lorentz transformation. Unprimed variables corre-
sponds to the stationary reference frame and primed to the moving reference frame.
The subscript 0 corresponds to the initiatal or unperturbed value of a parameter.

2.2.1 Oblique incidence

Consider a dense plasma in two dimensions with an incident laser pulse at an angle
θ to the normal of the sharp plasma boundary. To avoid a computationally heavy
2D PIC simulation a change from a stationary reference frame R to a moving
reference frame R′ can be made to turn the simulation into a much simpler 1D
problem [4]. A shift by vT = c sin θ in the y-direction makes the laser normally
incident to the plasma boundary as shown in Fig. 1. In this frame all entities
(such as field amplitudes and plasma density) are considered uniform in the y- and
z-direction at any given position x.

The Lorentz transformations from the stationary frame R to the moving frame
R′ are given by
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2.2 Physical model of high intensity laser-plasma interactions 2 THEORY

x

y

R

θ

Vacuum Plasma

v = c sin θ

x

y

R′

vp = c sin θ

Vacuum Plasma

Figure 1: Illustration of the experimental setup as well as the transformation from
the stationary reference frame R to the moving frame R′.

t′ = γT (t− βT
y

c
) (4a)

x′ = x (4b)

y′ = γT (y − βT ct) (4c)

z′ = z (4d)

with

βT ≡ vT
c
= sin θ, γT ≡ 1√

1−β2

T

= 1
cos θ (5)

These transformation Doppler-shifts the wavelength of the incident laser as

λ′ = γTλ = λ/ cos θ (6a)

ω′
L = ωL/γT = ωL cos θ (6b)

The electromagnetic fields of an arbitrarily polarized laser pulse transforms as

E =









−Ey,0 sin θ

Ey,0 cos θ

Ez,0









→ E′ =









0

Ey,0 cos θ

Ez,0 cos θ









(7a)

cB =









Ey,0 sin θ

−Ey,0 cos θ

Ez,0









→ cB′ =









0

−Ey,0 cos θ

Ez,0 cos θ









(7b)
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2.2 Physical model of high intensity laser-plasma interactions 2 THEORY

where Ey,0 and Ez,0 are defined as the maximum field amplitude of the transverse
waves oscillating in the x,y-plane and z-direction respectively in R. The field
quantities are typically given in dimensionless units as

ai =
eEi

meωLc
, i = x,y,z (8)

where ai ∼ 1 corresponds to ultra-relativistic particles. The Lorentz transforma-
tion will also affect the simulations due to contraction in the spatial y-direction by
a factor γ−1

T . This transforms the particle density as

n′ = n cos−1 θ (9)

If the plasma density n is greater than the critical density nc the pulse will not
be able to penetrate the plasma and will instead be reflected at the boundary. It
is defined as

nc = ω2
L

meε0
e2

(10)

and hence depends on the laser frequency.
These transformations - and turning the 2D problem to a 1D problem - have

been used in all simulations for this project. The RES-AP model is also developed
for one spatial dimension in this moving reference frame R′.
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2.2 Physical model of high intensity laser-plasma interactions 2 THEORY

2.2.2 Derivation of the Relativistic Electron Spring model for arbitrary

polarization

The model derived is based on the Relativistic Electron Spring model developed
in [3], which describes the dynamics of the boundary layer for a p-polarized laser
interaction. This model was extended to describe the plasma interaction of a pulse
with an arbitrary polarization and is called the RES-AP model.

The model describes the physical properties of the interaction in the moving
reference frame R′ and hence only depends on one spatial dimension. It is devel-
oped for dimensionless time t and position x according to

t = ω′
Lt̂

x =
ω′

L

c
x̂

(11)

which relates time and coordinate to the period time T ′
L and wavelength λ′

L of
the incident laser. The position x, time t and velocity βx,y,z are given in R′ but
the primes have been dropped in the derivation of the model for aesthetic reasons.
The variable a′L,z(x,t) corresponds to the dimensionless field amplitude of the in-
cident laser’s z′-component at a given position x and time t in frame R′, where
max(a′L,z(x,t = 0) = a′z,0). Furthermore, a′0 is defined as

a′0 = max
(√

a′2y,L(x,t = 0) + a′2z,L(x,t = 0)
)

(12)

i.e. the maximum field amplitude in the y′,z′-plane of the incident laser pulse. For
a wave of linear polarization a′0 = a′y,0 and for circular polarization a′0 = a′y,0 = a′z,0.

The Relativistic Electron Spring model is based on three main assumptions
about the system:

1. The plasma electrons are assumed to be part of one of two groups: one inside
an infinitely narrow layer around a moving position xs, where all electrons
at position x ∈ (0,xs) have gathered, and one group for electrons at x > xs

with an unperturbed plasma density n′
0.

2. All the electrons in the boundary layer have the same dimensionless velocity
βx, βy and βz. Since these electrons are ultra-relativistic it is assumed that
1 ≈ β2

x + β2
y + β2

z at all times.

3. The electrons in the boundary layer at x ∈ (0, xs) move collectively so that
their motions generate radiation that compensates for the radiation of the
incident pulse, i.e. the electrons move as if they were generating the radiation
of the incident laser wave.

7



2.2 Physical model of high intensity laser-plasma interactions 2 THEORY

Assume a system in the moving frame R′ with a laser pulse of arbitrary po-
larization (as described in the Eq. (7)), incident angle θ and unperturbed plasma
density n′

0. When the pulse collides with the plasma the electrons close to the
boundary will be pushed back due to the ponderomitive force. These electrons
will accumulate and form a thin layer with its boundary at position xs(t) and an
electron density much greater than the unperturbed density n′

0. This means that
energy from the incident pulse is transferred and accumulated in this ultra-thin
boundary layer [5]. When the electric field amplitude at xs starts to decrease, the
accumulated energy in the plasma causes the ultra-relativistic electrons to begin
accelerate collectively towards the incidence pulse and in the process emit short
bursts of high-intensity radiation with much shorter wavelength than that of the
incident pulse. A sketch of the electron density at a boundary displacement of xb

(xb(t = 0) = 0) is shown in Fig. 2 with the laser pulse moving in the positive
x-direction.

xxb xs
0

n0

ns

n Ls

Figure 2: Sketch illustrating the electron density at the displacement xb(t) of
the plasma boundary during laser interaction in accordance with the assumptions
made for the RES-AP model. The gray area represent the ion density as well as the
electron density before the laser collision. Ls(t) = |xb(t) − xs(t)| and ns(t) are the
thickness and electron density of the boundary layer at time t.

For an incident p-polarized polarized wave (i.e. E ′
z,L = B′

y,L = 0 ⇔ a′z,L = 0
at t = 0) this roughly means that the plasma electrons will accumulate energy in
the electric field through charge separation by moving the plasma boundary xb in
the positive x-direction and increasing the electron density n′ in a thin boundary
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2.2 Physical model of high intensity laser-plasma interactions 2 THEORY

layer. When the peak of the incident sinusoidal laser wave reaches the shifted
plasma boundary at xb(t) the ultra-relativistic electrons move at a speed very
close to c in the y-direction which consequently means that the βx ≡ vx

c
≈ βz ≈ 0

since β2
x + β2

y + β2
z < 1. When the electric field starts to decrease at xb the kinetic

energy of the electrons will be shift from βy to βx so that βx → −1 and in this
process emit radiation of short duration and extremely high intensity. This is
described by the RES model and the shape of the radiation is dependent of both
θ and S.

For an arbitrarily polarized wave a′z,L can be non-zero and have a phase shift
of Ψ relative a′y,L which makes the particle dynamics a bit more complex. Assume
a right-going circular polarization, i.e. a′y,L lagging Ψ = π

2
behind a′z,L and a′y,0 =

a′z,0 = a′0. When a′z,L(xb,t) = 0 at the plasma boundary xb, a
′
y,L(xb,t) = a′0 and

the electron velocity |βy| → 1 which means that βx 6→ −1. This counteracts the
giant pulse generation, but means that more energy potentially can be transferred
to the plasma boundary since not all energy is released in each wave cycle.

2.2.3 Dynamics of boundary electrons

The third of the three assumptions behind the model states that the perturbed elec-
trons forming the boundary layer should compensate completely for the incident
radiation. Putting up a coupled expression for this compensation the following
equation obtained:

a′y,0
a′0

sin(t− xs +Ψ)Wy(t,xs,Ψ) =
S

2 cos3 θ

(

sin θ − βy(t)

1− βx(t)

)

xs(t) (13a)

a′z,0
a′0

sin(t− xs)Wz(t,xs,Ψ) =
S

2 cos3 θ

(

βz(t)

1− βx(t)

)

xs(t) (13b)

where Eq. (13a) and Eq. (13b) corresponds to the E ′
y and E ′

z fields respectively.
The sine functions represents the field amplitude of the incident wave at time t and
the position of the boundary layer’s moving point xs(t). The functions Wy, Wz are
window functions determining the length and shape of of the pulse components,
and S ≡ n0

nca0
is the similarity parameter [6].

For a right-going circularly polarized wave the E ′
y sinusoid initially has a phase

shift of Ψ = π
2
relative the E ′

z sinusoid. This is illustrated for a right-going cir-
cular polarized wave in Fig. 3 where the dashed lines corresponds to the window
functions Wy, Wz.

The expression inside the parentheses in Eq. (13) corresponds to the radiation
from the ions (with velocity sin θ in the moving frame, c = 1) and the electrons in
the boundary layer respectively. It can be shown [5, 7] that the radiation emitted
from a moving layer with surface charge σ is, in Heaviside-Lorentz units, given by:

9
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Figure 3: Illustration of how an incident left-going circularly polarized wave of
two cycles length. The dashed lines represents the window functions described in
Eq. (13) and the solid lines are the incident wave.

a+y (t) =
σ

2

(

βy(t)

1− βx(t)
− sin θ

)

(14a)

a−y (t) = −σ

2

(

βy(t)

1 + βx(t)
− sin θ

)

(14b)

a+z (t) = −σ

2

βz(t)

(1 + βx(t))
(14c)

a−z (t) =
σ

2

βz(t)

(1 + βx(t))
(14d)

where a+y (a+z ) is the y-component (z-component) of the radiation emitted in the
positive x-direction and a−y (a−z ) in the negative direction. The surface charge layer
constitutes of the electrons accumulated up to x < xs as stated in the first main
assumption in the beginning of this section. This gives an expression of σ as

σ[xs(t)] =

∫ xs(t)/ cos θ

−∞

N(χ)dχ ≈ n0
xs(t)

cos θ
Γ = a0

n0

a0 cos2 θ
xs(t) = a′0

S

cos3 θ
xs(t)

(15)
which together with Eq. (14a) are used for the expression for the wave compensa-
tion in Eq. (13).

The position xs(t) is coupled to the velocity according to

d

dt
xs(t) = βx(t), xs(t = 0) = 0 (16)
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with the initial condition that an electron in the boundary layer is positioned at
xs(t = 0) = 0 at t = 0. The particles are assumed to be ultra-relativistic and the
relation between the velocities can be written as

γp =
1

√

1− (β2
x + β2

y + β2
z )

(17)

where γp is the relativistic factor and becomes an additional parameter in the
theoretical model. A specific values of γp can for instance be obtained through
PIC-simulations with using the same values of S and θ.

Combining Eqs. (13), (16) and (17) a complete system of ordinary differential
systems that describes the motion of an electron in the boundary layer is obtained.
The radiation generated by the plasma boundary layer a′y,g and a′z,g at position
xs(t) is then given by

a′y,g[ξ(t)] = a′0
S

2 cos3 θ

(

βy

1 + βx
− sin θ

)

xs(t) (18a)

a′z,g[ξ(t)] = −a′0
S

2 cos3 θ

βz

(1 + βx)
xs(t) (18b)

where ξ = xs(t) + t is the retarded time which is convenient since the radiation is
not emitted from the same position for all values of t but from the position xs(t).

Setting a′z,0 = Ψ = 0 corresponds to a p-polarized wave and turns the equations
above into the original RES model.
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2.3 The Particle-in-cell method

Simulating plasma particles requires the implementation of the Lorentz force in
Eq. (1) and solving Maxwell’s equations in Eq. (23) numerically for each single
particle. For plasmas with densities between n = 1022 − 1024 particles/cm3 this
would be incredibly computationally heavy or even impossible to compute, why it
is necessary to simplify the numerical problem.

Plasma simulations is commonly performed by using the Particle-In-Cell (PIC)
algorithm.

2.3.1 General outlines of the Particle-in-cell method

The basic idea of the PIC method is that letting so called macroparticles repre-
sent a large number of real plasma particles, and thus being able to significantly
reduce the number of computational particles. This is possible since the Lorentz
force (1) depends on the charge-to-mass ratio, which remains the same for the
macroparticles.

The general principle of the algorithm is shown in Fig. 4 below.

Update momentum
ui from Fi, move xi

Interpolate from
particles to grid:
(x, u) → (ρj , jj)

Update (Ej, Bj)
from (ρj , jj)

Interpolate from
grid to particles:
(Ej, Bj) → Fi

t

Figure 4: Flow chart of Particle-In-Cell algorithm.

Each macroparticle i has a position xi and a momentum ui. These are used
to compute the charge density ρj and current density jj on every grid-point j at
a mesh. Maxwell’s equations (23) are solved on this grid, and from the obtained
electric and magnetic field E and B the Lorentz force acting on each macroparticle
is computed.

The Particle-in-cell algorithm hence contains two interpolation processes; one
from the particle positions to the grid to compute the electromagnetic fields and

12



2.3 The Particle-in-cell method 2 THEORY

one interpolation from the grid back to the particle’s positions. This procedure
can be done in different ways and is described in Section 2.3.2. The updating of
the electromagnetic fields by solving Maxwell’s equations is explained further in
Section 2.3.4, and the rather tricky computation of the Lorentz force is described
in Section 2.3.5.

2.3.2 Interpolation

The choice of interpolation scheme in the PIC algorithm from particle position to
the mesh-grid is a trade-off between numerical accuracy and computational speed.
The easiest method would be Nearest Grid-Point (NGP) interpolation, where the
charge cloud would be assigned to the gridpoint closest to the corresponding par-
ticle. This method is very straightforward and easy to implement, but due to
the simplicity of NGP it yields high levels of noise − especially if the number of
macroparticles per cell is low.

A 1D example of a first-order weighting scheme is the cloud-in-cell (CIC)
scheme and is shown in Fig. 5 with a mathematical description in Eq. (19).

”Charge cloud”

x

j − 1 j j + 1
xi

∆x

j:th cell

Figure 5: Sketch of the Cloud-in-cell interpolation scheme.

qj = qc
Xj+1 − xi

∆x
(19a)

qj+1 = qc
xi −Xj

∆x
(19b)

where qc is the total cloud charge, Xj is the position of the j:th grid-point and the
particle position xi ∈ [Xj , Xj+1].

13



2.3 The Particle-in-cell method 2 THEORY

When performing the second interpolation (i.e. when interpolating from the
electromagnetic fields from the grid to the particles) there is a risk of a particle
exerting a force on itself. However, if the same interpolation scheme is used this
is avoided [8]. Hence, the grid-to-particle interpolation becomes

E(xi) = Ej
Xj+1 − xi

∆x
+ Ej+1

xi −Xj

∆x
(20)

where Ej is the electric field strength at grid-point j. The same equation holds for
the magnetic field B.

The CIC scheme costs more computationally than NGP, but since noise is
reduced the number of grid-points as well as macroparticles necessary to avoid
non-physical effects in the PIC simulation are also reduced. It is possible to use
quadratic or cubic splines as higher-order weighting which would further reduce
the noise but again requires more computations. The CIC scheme has been used
in the PIC simulations in this project.

2.3.3 Numerical methods

PIC simulations involves the solving of Maxwell’s equations. There are number of
different ways to solve PDE:s numerically such as finite element method (FEM)
and spectral method which typically involves using Fast Fourier Transform. In this
project the finite difference method was used.

Solving Maxwell’s equations for an electrostatic problem (i.e. ∇×E = −∂B/∂t ≈
0) the equations to be solved are:

E = −∇φ

∇ · E =
ρ

ǫ0

(21)

which are combined into Poisson’s equation

∇2φ = − ρ

ǫ0
(22)

For a one-dimensional problem in the x-direction, assume the charge density
ρj is known at each grid-point j with equal grid-spacing ∆x. The problem is
discretized as a central-difference so that

Ex = −∂φ

∂x
→ Ex,j = −φj+1 − φj−1

2∆x
(23a)

∂2φ

∂x2
= − ρ

ǫ0
→ φj−1 − 2φj + φj−1

(∆x)2
= −ρj

ǫ0
(23b)

14



2.3 The Particle-in-cell method 2 THEORY

for all j so that j∆x ∈ [0,L] which is the computational domain. Known boundary
conditions at x = 0, L makes for equally many equations as unknowns and a
solvable system.

2.3.4 Integration of field equations

The updating of the electric and magnetic field stance from the time derivatives
of E and B in Maxwell’s equations that are given by (in Heaviside-Lorentz units):

∂B

∂t
= −c∇×E (24a)

∂E

∂t
= c∇×B− j (24b)

To update the fields a leap-frog scheme can be used. Assuming a 1D problem
in the x-direction the equations in (24) is updated from time step tn (tn− 1

2

) to tn+1

(tn+ 1

2

) for the electric (magnetic) field according to

B
n+ 1

2

z,j+ 1

2

− B
n− 1

2

z,j+ 1

2

∆t
= −c

En
y,j+1 − En

y,j

∆x
(25a)

En+1
x,j+ 1

2

− En
x,j+ 1

2

∆t
= −j

n+ 1

2

x,j+ 1

2

(25b)

En+1
y,j − En

y,j

∆t
= −c

B
n+ 1

2

z,j+ 1

2

− B
n+ 1

2

z,j− 1

2

∆x
− j

n+ 1

2

y,j (25c)

at grid-point j, where the different field quantities are evaluated at the grid as
shown in Fig. 6. The transverse fields are updated analogously.

The processes described above can be solved in a numerically stable way on
a 1D grid [9, 10]. By adding and subtracting Maxwell’s equations in Eq. (24)
elementwise it is possible to obtain

(∂t − c∂x)(Ey − cBz) = −jy (26a)

(∂t + c∂x)(Ey + cBz) = −jy (26b)

(∂t − c∂x)(Ez + cBy) = −jz (26c)

(∂t + c∂x)(Ez − cBy) = −jz (26d)

that are combined together as
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n

j j + 1/2 j + 1

Ey Ex, Ez

∆x

n+ 1
2

j j + 1/2 j + 1

By, jy Bz, jx

∆
t/2

Figure 6: Field components on time and space grid in leap-frog scheme, where the
electric field is computed on integer time steps and the magnetic field on half-integer
time steps.

(∂t ± c∂x)F
± = −1

2
jy (27a)

(∂t ∓ c∂x)G
± = −1

2
jz (27b)

where F+ and G− are defined as right-going and F− and G+ as left-going field
quantities and are given by

F± =
1

2
(Ey ± cBz) (28a)

G± =
1

2
(Ez ± cBy) (28b)

These can be computed separately, and to obtain the electromagnetic fields
again

Ey = F+ + F−,cBz = F+ − F− (29a)

Ez = G+ +G−,cBy = G+ −G− (29b)

Eq. (24a) is discretized as

F±(x±∆x, t +∆t)− F±(x,t) =
1

2
j±y (x± ∆x

2
, t+

∆t

2
) (30)
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where j±y is the averaged current that is space- and time centered. Eq. (29a) is
discretized analogously. The grid spacing ∆x is given by ∆x = c∆t which is a
necessary condition due to vacuum dispersion according to [9, 10]. The other left-
and right-going field quantities are discretized analogously. Updating the fields at
grid point j from time step tn to tn+1 is computationally carried out by

F±
j (n+ 1) = F±

j∓1(n)−
∆t

4
(j−y,j∓1 + j+y,j) (31a)

G±
j (n+ 1) = G±

j±1(n)−
∆t

4
(j−z,j±1 + j+z,j) (31b)

where j−y,j is the current density in the y-direction at grid point j computed from
the particle positions and velocities at time tn and tn+ 1

2

respectively. The current

density j+y,j is computed from the the particle positions after the particle push at
time tn+1 and their respective velocities at time tn+ 1

2

.

2.3.5 Computation of the Lorentz Force

In electromagnetic cases the cross-term in the Lorentz force F = qE+ u×B

γ
(where

u ≡ γv) is not very straightforward to compute. Using finite differences turns the
relativistic version of the Lorentz Force (Eq. (1)) into

un+ 1

2 − un+ 1

2

∆t
=

q

m

[

En +
1

c

un+ 1

2 + un+ 1

2

2γn
×Bn

]

(32)

where un+ 1

2 and γn are unknown. To compute this the Boris method is often
used [9], which separates the electric and magnetic contributions to the force by
defining

un− 1

2 =u− − qEn∆t

2m
(33a)

un+ 1

2 =u+ +
qEn∆t

2m
(33b)

which is an advancement of the momentum ∆t
2
. Putting these expressions of un− 1

2

and un+ 1

2 into Eq. (32) yields

u+ − u−

∆t
=

q

mc

[

u+ + u−

2γn
×Bn

]

(34)

which cancels out E and left is a rotation of (u−+u+). This rotation is computed
in two steps as
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u′ =u− + u− × t (35a)

u+ =u− + u′ × s (35b)

where

t =
qBn∆t

2γnmc
(36a)

s =2
t

1 + t2
(36b)

The Lorentz factor γn in the equations above is given by

γn =

√

1 + (
u−

c
)2 (37)

Once u+ is computed Eq. (33b) is used to obtain un+ 1

2 . Note that Eq. (32)

requires Bn at integer time steps rather than Bn+ 1

2 obtained from the leapfrog
scheme. Time averaging of the magnetic field is performed by

Bn =
Bn− 1

2 +Bn+ 1

2

2
(38)

which gives Bn at integer time steps.
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3 Simulations

The experimental setup that was simulated in this project is illustrated in Fig. 1:
a short high-intensity laser pulse of of a few wavelengths was irradiated onto a slab
of plasma with an incidence angle θ to the normal of the plasma boundary. The
incident wave interacted with the plasma particles and in the process they emitted
radiation of a certain characteristic.

The dynamics of the plasma particles depend mainly on the incidence angle θ,
the phase-shift Ψ and three ratios. One is the ratio between the plasma frequency
ωp and the laser frequency ωL. The second is between the amplitude of the incident
electric field a0 and the laser frequency ωL, and the third is the ratio between the
amplitudes of the electromagnetic field components. The following parameters are
sufficient in determining the three ratios described above:

� S = n0

nca0
, known as the relativistic similarity parameter. The field ampli-

tude in relativistic, dimensionless units is defined as a0 = a0(ay,0,az,0,Ψ) =

max
(√

a2y,L(x,t) + a2z,L(x,t)
)

.

� Iλ2 = a20 · 1.37 · 1018µm2/cm2, which decides the intensity of a p-polarized
pulse. Setting a0 = 85 yields a laser intensity of ∼ 1022 W/cm2 for for a p-
polarized laser with a wavelength of λ = 1µm [10]. The intensity is doubled
for a circularly polarized wave since the pulse amplitude does not oscillate
in time [5].

� ay0/az,0 determines the polarization of the wave together with Ψ. For Ψ =
π/2, ay,0/az,0 = 1 corresponds to circular polarization, ay,0/az,0 6= 1 to ellip-
tical polarization and az,0 = 0 to p-polarization.

A few different experimental setups was simulated throughout this project.
The general simulation was of the laser-plasma interaction of a short laser pulse
with intensity I, angular frequency ωL with an incidence angle θ to the normal of
the plasma boundary (see Fig. 1). The amplification a′i,g/a

′
0 (for i = {y,z}) of the

emitted pulse was computed as a function of incident angle θ and the similarity
parameter S. This was done for an incident pulse of linear as well as circular
polarization. Simulations were run for arbitrary polarization as well but with a
fixed S and θ with the aim to study the agreement with the RES-AP model.

3.1 Particle-in-cell simulations

All PIC simulations were carried out with a code written in Fortran 90 in this
project. It is a 1D PIC code that can be used to simulate high-intensity laser-
plasma interactions at oblique incidence and arbitrary pulse polarization. The
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3.2 Simulations of the RES-AP model 3 SIMULATIONS

particles were initially distributed uniformly in the plasma domain with assigned
particle velocity-components from a relativistic Maxwellian distribution which were
Lorentz transformed into the moving frame as in Sec. 2.2.1.

Simulations scanning the parameter space spanned by S ∈ [0.1,4] and θ ∈
[0◦,80◦] were performed for a pulse of p-polarization as well as left- and right-
going circular polarization. The incident pulse had a length of 2λ′

L (3λ′
L) and the

simulations were run for 2.5 (4.5) wave periods for a p-polarized wave (circularly
polarized wave). The length of the plasma L at t = 0 was initiated to L = 2λ′

L

(L = 4λ′
L). These parameter values were chosen so that the plasma density close

to the non-active boundary was remained unperturbed for each choice of S, θ and
that at least two uniform wavelengths of the laser had interacted with the plasma.

In this project only two values of the laser intensity was used in the PIC simula-
tions: a0 = 85 (a0 = 42.5 for circular polarization) and a0 = 191.1 corresponding to
intensities of 1022 W/cm2 and 5 ·1022 W/cm2 respectively, which are the intensities
state-of-the-art facilities are able to produce today.

3.2 Simulations of the RES-AP model

The differential equations in the derived physical model RES-AP were simulated
using Matlab. The Euler method was used to update the position of the particle
in the boundary layer from Eq. (16). The velocities were obtained by minimizing
Eqs. (13) on a grid using the relation given in Eq. (17). The relativistic factor
parameter γp was set to γp = 5.
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4 RESULTS

4 Results

The results from the numerical simulations are presented next to those expected
from the Relativistic Electron Spring model described in Sec. 2.2.2. Results from
simulations is also presented with the aim to justify the assumptions made when
deriving the RES-AP model.

4.1 Linear polarization

Snapshots of the electric field a′y,g/a
′
0 for a p-polarized wave at three different stages

are shown in Fig. 7; one at t′ = 0, one at the maximum displacement of the plasma
boundary t′ = 1.44T ′

L (T ′
L is the period time of the incident wave in the moving

frame) and one at the last time step of the simulation at t′ = 2.5T ′
L. The incidence

angle and similarity parameter used for Fig. 7 were also the parameters generating
the maximum field amplification (θ = 62◦ and S = 0.375). The plasma density at
the same time steps are shown in Fig. 8.

Depending on the values of {S,θ} the shape of the back-radiated pulse varied.
Three different types of pulse shapes were observed and examples from the PIC
simulations are shown in Fig. 9.

The maximum amplification of the re-emitted pulse for two different intensities
I = 1022 W/cm2 and I = 5 · 1022 W/cm2 are shown in Fig. 10, where both
intensities yields similar results in the {S, θ} plane with maximum amplification
obtained at θ = 62◦ and S = 0.35.

As illustrated in Fig. 7 and 9 the duration of the backscattered pulse is con-
siderably shorter than that of the incident wave.

4.2 Circular polarization

Simulations were performed for incidents waves of both left- and right-going cir-
cular polarization. They yielded very similar results why only results from the
right-going case are presented.

A corresponding figure for right-going circular polarization as in Fig. 7 illus-
trating the time evolution of the simulation is shown in Fig. 11.

The maximum amplification of the y- and z-components of the electric field as
a function of θ and S are shown in Fig. 12.
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Figure 7: Shows the state of the normalized y-component of the electric field at
three different stages in the moving frame. The first plot is at t = 0 at the start of the
interaction, the second is at the maximum displacement of the boundary layer, and
the third is after 2.5 wave periods of the incident pulse have passed. The results are
obtained from a PIC simulation with ay,0 = 85 (corresponding to I = 1022 W/cm2

for λ = 1µm), plasma thickness L = 2λ′, ∆t = ∆x = 0.05ωp, similarity parameter
S = 0.375, incident angle 62◦ and 50 particles per cell.
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Figure 8: Plasma density for the same three time steps as in Fig. 7. Note
the boundary layer present at the maximum displacement (green). The results are
obtained from a PIC simulation with ay,0 = 85 (corresponding to I = 1022 W/cm2

for λ = 1µm), plasma thickness L = 2λ′, ∆t = ∆x = 0.05ωp, similarity parameter
S = 0.375, incident angle 62◦ and 60 particles per cell.
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Figure 9: Pulse shapes of back-radiated pulses at T = 2.5T obtained from PIC
simulations for different combinations of incident angle θ and similarity parameter S.
The simulation parameters used were ay,0 = 85 (corresponding to I = ·1025 W/cm2

for λ = 1µm), plasma thickness L = 2λ′
L, ∆t = ∆x = 0.1ωp for 30 macroparticles

per cell.
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Figure 10: Electric field amplification obtained for ay,0 = 85.0 (left) and ay,0 =
191.1 (right) corresponding to I = 1022 and I = 5 · 1022 W/cm2 respectively for
λ = 1µm. Results obtained from PIC simulations with varying incident angle θ
and similarity parameter S. The simulation parameters used were plasma thickness
L = 2λ′

L, ∆t = ∆x = 0.1ωp for 30 macroparticles per cell.
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Figure 11: Shows the state of the normalized y- (black) and z-component (gray)
of the electric field at three different stages in the moving frame. The first plot is at
t = 0 at the start of the interaction, the second is at the maximum displacement of
the boundary layer, and the third is after 2.5 wave periods of the incident pulse have
passed. The results are obtained from a PIC simulation with ay,0 = 85 (correspond-
ing to I = ·1022 W/cm2 for λ = 1µm), plasma thickness L = 2λ′, ∆t = ∆x = 0.05ωp,
similarity parameter S = 0.375, incident angle 62◦ and 60 particles per cell.

26



4.2 Circular polarization 4 RESULTS

Maximum field amplification

In
ci
d
en

ce
a
n
g
le

θ
(◦
)

S
0.5 1 1.5 2 2.5 3 3.5 4

0

10

20

30

40

50

60

70

Maximum field amplification

In
ci
d
en

ce
a
n
g
le

θ
(◦
)

S

 

 

0.5 1 1.5 2 2.5 3 3.5 4

0

10

20

30

40

50

60

70

a
i,g

/a
0

0

1

2

3

4

5

6

7

Figure 12: Maximum amplification of y- (left) and z-component (right) of electric
field obtained from PIC simulations with varying incident angle θ and similarity
parameter S for a right-going circular polarized laser. The simulation parameters
used were ay,0 = az,0 = 42.5 (corresponding to I = ·1022 W/cm2 for λ = 1µm),
plasma thickness L = 4λ′, ∆t = ∆x = 0.1ωp for 40 macroparticles per cell.
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4.3 Comparison of PIC simulations and theoretical model

Simulations of the dynamics of the RES-AP model were performed and compared
to the results obtained from the PIC simulations. In Fig. 13 and 14 the reemitted
pulses are shown from a p- and a circularly polarized wave respectively, and the
maximum amplification as a function of S and θ obtained from the RES-AP model
is presented in Fig. 15 and Fig. 16

The dynamics of the boundary layer obtained from the RES-AP model is plot-
ted together with the plasma density from the PIC simulations in Fig. 17 and
18.
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Figure 13: The y-component of electric field obtained from PIC simulations (solid)
and the RES-AP model (dashed) for a p-polarized laser. The simulation parameters
used were θ = 12◦, S = 2, ay,0 = 85.0 (corresponding to I = 1022 W/cm2 for
λ = 1µm), plasma thickness L = 2λ′, ∆t = ∆x = 0.05ωp for 50 macroparticles per
cell. For the RES-AP simulation γp = 5 was used.
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Figure 14: The y- (top) and z-component (bottom) of the electric field obtained
from PIC simulations (solid) and the RES-AP model (dashed) for a right-going
circularly polarized laser. The simulation parameters used were θ = 12◦, S = 2,
ay,0 = 85.0 (corresponding to I = 2 · 1022 W/cm2 for λ = 1µm), plasma thickness
L = 2λ′, ∆t = ∆x = 0.05ωp for 50 macroparticles per cell. For the RES-AP
simulations γp = 5 was used.
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Figure 15: Maximum amplification of the y-component of the electric field ob-
tained from the RES-AP model with varying incident angle θ and similarity pa-
rameter S for a p-polarized wave. The relativistic gamma parameter was set to
γp = 5.
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Figure 16: Maximum amplification of the y- (left) and z-component (right) of
electric field obtained from the RES-AP model with varying incident angle θ and
similarity parameter S for a right-going circular polarized laser. The relativistic
gamma parameter was set to γp = 5.
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Figure 17: The time evolution of the plasma density obtained from PIC simula-
tions compared with the dynamics of the boundary layer obtained from the RES-AP
model (black line) for an incident wave of p-polarization. The PIC simulation pa-
rameters used were θ = 12◦, S = 2, ay,0 = 85.0 (corresponding to I = 1022 W/cm2

for λ = 1µm), plasma thickness L = 2λ′, ∆t = ∆x = 0.02ωp for 100 macroparticles
per cell. For the RES-AP simulations γp = 5 was used.
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Figure 18: The time evolution of the plasma density obtained from PIC simula-
tions compared with the dynamics of the boundary layer obtained from the RES-AP
model (black line) for an incident wave of right-going circular polarization. The PIC
simulation parameters used were θ = 12◦, S = 2, ay,0 = az,0 = 85.0 (corresponding
to I = 2 · 1022 W/cm2 for λ = 1µm), plasma thickness L = 2λ′, ∆t = ∆x = 0.02ωp

for 100 macroparticles per cell. For the RES-AP simulation γp = 5 was used.
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For lower plasma densities (corresponding to lower values of ∼ S < 0.5) it was
observed that the plasma boundary could be pushed back further and further in
each wave cycle but that the boundary layer splits up in the process. For these
parameter values the results from the RES-AP model did not always correspond
very well with the PIC simulations. These two phenomenas are illustrated in Fig.
19 and Fig. 20.

The effect of the choice of the relativistic factor γp in the RES-AP simulations
is illustrated in Fig. 21. A sufficiently large γp yielded a good curve fit but also
increased the maximum amplification in the asymptotic regions.
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Figure 19: The time evolution of the plasma density obtained from PIC simula-
tions compared with the dynamics of the boundary layer obtained from the RES-AP
model (black line) for an incident wave of right-going circular polarization. The PIC
simulation parameters used were θ = 12◦, S = 0.2, ay,0 = az,0 = 85.0 (corresponding
to I = 2 · 1022 W/cm2 for λ = 1µm), plasma thickness L = 4λ′, ∆t = ∆x = 0.02ωp

for 100 macroparticles per cell. For the RES-AP simulation γp = 5 was used.
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Figure 20: The y- (top) and z-component (bottom) of the electric field obtained
from PIC simulations (solid) and the RES-AP model (dashed) for a right-going
circularly polarized laser. The simulation parameters used were θ = 30◦, S = 0.2,
ay,0 = az,0 = 85.0 (corresponding to I = 2 · 1022 W/cm2 for λ = 1µm), plasma
thickness L = 4λ′, ∆t = ∆x = 0.1ωp for 50 macroparticles per cell. For the RES-AP
simulation γp = 5 was used.
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Figure 21: The y-component of the electric field obtained from PIC simulations
(solid, black) for a p-polarized incident laser and the RES-AP model (dashed) for
different values of γp. The parameters used in the PIC simulations were θ = 12◦,
S = 0.2, ay,0 = 85.0 (corresponding to I = 1022 W/cm2 for λ = 1µm), plasma
thickness L = 5λ′, ∆t = ∆x = 0.05ωp for 50 macroparticles per cell.
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5 Discussion

The results from the Particle-in-cell simulations were in general in good agreement
with the theoretical model and are discussed further in Sec. 5.1 and Sec. 5.2. The
possible ways to improve the accuracy of the simulations are covered in Sec. 5.3
and future simulations are suggested in Sec. 5.5

5.1 PIC simulations

Irradiating the plasma boundary with p-polarized laser generated a greater max-
imum amplification of the incident wave than circularly polarized (CP) laser did.
This can be explained intuitively by that polarization the incident sinusoidal a′y,L
and a′z,L fields are shifted with Ψ = π/2 in respect to each other, which means that
a′z,L|a′y,L=a′

0
= 0 and a′z,L|a′y,L=0 = a′0. When a′y,L(t,xb) → 0 at the plasma boundary

is when βx → −1 for the p-polarized wave. However, in the case of a CP wave
|βz| is forced → 1 as βy → 0 which interferes with βx → −1 since |v| < c. The
asymptotic shape of the re-emitted pulse that is obtained from a p-polarized wave
and gives rise to the greatest amplifications in the {S,θ} plane is not as prominent
in the CP case.

For a circularly polarized wave the plasma electrons are pushed tightly together
throughout almost the entire time of interaction. The last λ′/4 of the pulse when
a′z,L = 0 is when the velocity of the electrons are free to approach βx → −1 and
possibly generate a short, greatly amplified pulse. An example of this is seen in
Fig. 14 and 18 at t′ ≈ 3T ′. When either a′y,L or a′z,L 6= 0 at the plasma boundary
the energy from the incident circularly polarized wave is transferred to the plasma
particles without the possibility to release the energy until the last λ′/4 of the
pulse remains and a′z,L = 0. For lower values of S (and hence a lower plasma
density) the incident wave can in fact push back the boundary further and further
in every cycle of the wave and thus accumulate even more energy in the plasma.
This phenomena is discussed further in Sec. 5.5

5.2 Comparison with the theoretical model

The general impression was that the RES-AP model was in good agreement with
the Particle-in-cell simulations performed, especially when it came to describing
the characteristics of the emitted radiation (Fig. 13 and 14). Both the y- and
z-components of the radiation pattern looked very similar to the ones obtained
from the PIC simulations. It had limitations however in predicting the maximum
amplitude from the radiation bursts. For many choices of (θ, S) the bursts showed
asymptotic behavior, and the amplitude of those were highly dependent on the
choice of Lorentz factor γp. The value of γp should ideally be a function of S, θ and
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a0, since all of these parameters affect the energy transferred to a plasma particle
and by that the velocity of the particles. Increasing a0 for instance corresponds
to a greater intensity of the incident wave which results in velocities even closer
to c which means that γ increases as a0 increases. In Fig. 10 it can be seen that
a0 = 191.1 gives a greater maximum amplification than a0 = 85 which is connected
to the increase in relativist effects the greater particle velocities give rise to. In the
RES-AP model this is explained by that Eq. (18) becomes singular as βx → −1
and the greater γp is the closer βx can get to −1. The difficulties in assigning γp
which affected the particle dynamics at the singularity point βx → −1 (see Fig.
21) made it problematic to construct corresponding plots to Fig. 10 and 12 for the
RES-AP model.

It should be noted that the dynamics of the boundary layer is not affected
by the value of γp, given that it is sufficiently large. The effect of γp is seen
clearly in Fig. 21, where γp = 2 gives radiation peaks that doesn’t correspond to
those obtained from the PIC simulations. This means that the movement of the
plasma boundary is incorrect, and can be explained by the fact that γp = 2 gives

a maximum electron speed of |β|max =
√

3/4 ≈ 0.866 which heavily affects the
dynamics. For γp = 5 and γp = 10 the layer dynamics are very similar to the PIC
results since the radiation peaks occurs at the same positions. This is due to that
γp = 5 and γp = 10 corresponds to maximum particle velocities of |β|max ≈ 0.980
and |β|max ≈ 0.995 respectively and the most prominent difference between the
radiation patterns are the maximum values of the radiation pattens in the singular
points. By looking at Eq. (13) and Eq. (18) it is easy to explain this behavior.
For Eq. (13) describing the boundary dynamics the factor 1

1−βx
is present and how

close βx → −1 does not affect this factor very much as long as βx gets sufficiently
close to −1. The value of the factor 1

1+βx
on Eq. (18) depends heavily on how

close βx gets to −1, which explains the vast difference in amplitude in the singular
points.

The system of equations in the RES-AP model (13) assumes that all the elec-
trons in the boundary layer move collectively when emitting the radiation and
that it completely compensates for the incident radiation. In Fig. 17 and 18 it is
seen in the density plots that there has formed a single boundary layer in the CP
case that is not as distinct in the p-polarized case. One of the main assumptions
in RES-AP model is that all electrons left of a moving boundary point is pushed
together to form a single boundary layer and move collectively. That behavior is
clearly seen in the circularly polarized case and is why the re-emitted radiation in
Fig. 14 is much smoother and coherent than for the p-polarized wave in Fig. 13.
The maximum field amplification obtained from the PIC simulations (Fig. 10 and
12) and the RES-AP model (Fig. 15 and 16) showed a better agreement for the
CP wave than for the p-polarized wave, and the poor agreement is a consequence
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of the too generous assumptions in the RES model discussed above.

5.3 Comments about the Particle-in-cell simulations

In this project a few approximations were made due to numerical reasons. The
ions were assumed stationary because of the difference in mass by a factor ∼
Z ·103 which would slow down the acceleration of the ions greatly. Hence it should
not have affected the overall radiation characteristics (pulse shapes, boundary
dynamics, etc.) but it is possible that the ions small movements could have a small
effect on the electron velocity when approaching βx → −1 and could therefor alter
the maximum field amplification slightly. For these short pulses the ions would not
have the time to move a noticeable distance compared to the electrons, which could
be shown numerically. However, for longer laser pulses of several wavelengths the
ions would be able to shift their positions during the interaction. This would mean
that the ions would oscillate at a frequency different to the one of the electrons,
which could give rise to interesting phenomenons.

The particles were initially uniformly distributed in the plasma domain, which
meant that the incident laser interacted with a sharp plasma boundary which is
not very realistic. However, combining the results with the ones obtained from
the RES-AP simulation - as well the arguments made when deriving the model -
it should be clear that the high-intensity bursts of radiation comes from the rela-
tivistic motion of the particles and are not caused by the sharp plasma boundary.

The incident laser pulse were constructed by sinusoidal waves of one single
frequency and the length of a few wave periods (see Fig. 3). A realistic laser
pulse would not be 2λ long and completely sinusoidal. It would be longer and the
shape of the pulse would not be step functions (as the dashed lines in Fig. 3) but
have a rise time and a fall time. It was observed in the simulations that in the
p-polarized case it did not matter how many λ:s the incident pulse consisted of
in regards of giant pulse generation: the emitted radiation pattern was periodic.
For the circular polarized case the plasma interaction of the last λ/4 of the pulse
(where Ez(xb) = 0) was often the event that emitted radiation of greatest intensity
(as in Fig. 14). This behavior might hence not occur when a more realistic laser
pulse collides with the plasma. Because of that the maximum amplification in Fig.
12 was not extracted from the radiation generated in the interaction with last λ/4
of the pulse.

5.4 Comparison with previous results

The results from the PIC simulations for the p-polarized laser pulse correspond very
well with previous results [3]. The maximum amplification boost takes place at an
incidence angle θ = 62◦ and similarity parameter S = 0.375 for a laser intensity
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of 5 · 1022 W/cm2 just as in [3]. These parameters gave a pulse amplification of
ay,g/a0 ≈ 6.5 and shortened the duration of the pulse by a factor ∼ 10−1 resulting
in a radiation boost of Ig/I0 ∼ 103.

The Particle-in-cell code used in this project was developed independently of
the one used in [5] where for instance a different numerical method was used for
the field integration scheme. The fact that the results obtained in both research
projects where so similar gives credibility to the results.

5.5 Future work

The generation of the high-intensity bursts of radiation has been showed through
simulations in [3] and in this project, and it would be very interesting to see ex-
perimental results of the project. The experimental setup that has been simulated
in the project with ideal laser pulses and uniform plasmas would differ in reality.
More simulations should be made prior to performing this experimentally using
more realistic pulse shapes and plasmas.

In this project only linear and circular polarization was simulated, but it is
possible that an even greater field amplification can be achieved by another choice
of polarization. The simulations would be time consuming, but the RES-AP model
can be used to find areas in the (S,θ, ay,0/az,0,Ψ)-space where the re-emitted pulses
have asymptotic shapes. These areas would be the most likely to generate short-
ened, amplified pulses.

The RES-AP model proposed is still not perfect even tough it described the
layer dynamics very well for most {S, θ}. The main assumption that all electrons
located ∈ (0,xs) forms a boundary layer and moves collectively gives a fairly good
approximation but it is seen in for instance Fig. 17 that the electrons tends to split
up into several layers. Incorporating this into the model would improve the results
and give a better estimation of the layer dynamics as well as the emitted radiation.
An analytic expression for the relativistic factor parameter γp as a function of
S, a0 and θ would probably make for a better prediction of the maximum field
amplification.

In Sec. 5.3 it is discussed the effect of the the last λ/4 of the pulse, and
how most of the energy accumulated in the plasma is released when interacting
with this last part of the pulse. This opens up the concept of using two pulses
to irradiate the plasma. The first pulse would be of circular polarization with
the purpose to push the plasma boundary further and further back in each wave
cycle and thus transfer more and more energy to the plasma. A second, linearly
polarized wave would act as a ”trigger” and make the plasma quickly release all its
potential energy. Studying this numerically would require investigating the effects
of additional parameters such as time gap between the two pulses and the ratio
between the wavelengths of the two lasers. Together with the parameters S, θ
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and a0 it means that it would require very time consuming computations. To be
able to carry out this study a parallelized PIC code would be necessary to run the
simulations on a computing cluster.
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6 Conclusion

In this project a Particle-in-cell code was developed to simulate laser-plasma inter-
actions of laser intensities between 1021 − 1024 W/cm2. Simulations with varying
incident angle θ, similarity parameter S, incident field amplitude a0 were performed
with incident lasers of p- as well as circular polarization. Linear polarization of the
incident wave yielded a greater amplification of the re-emitted pulse than circular
polarization. The greatest amplification was obtained at an incident angle θ = 62◦

and similarity parameter S = 0.375 which agrees with previous studies [3]. The
results seems very promising as a route towards pulse intensities of 1025 W/cm2

and the possibility to probe nonlinear effects in vacuum.
A theoretical framework describing the dynamics of these interactions was also

developed by extendeding the Relativistic Electronic Spring model to apply to inci-
dent waves of arbitrary polarization. The theoretical model was in good agreement
with the PIC simulations performed for linear and circular polarization.

The project verified previous simulations and the RES model derived in [5]
by being able to reproduce the results. Future work would include extending the
RES-AP model further, by for instance a better approximation of the γp parameter
and by not limiting the electrons to move collectively in a single boundary layer
in the model since PIC simulations showed that the boundary layer often split up.
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A ADDITIONAL SIMULATIONS

A Additional simulations

To ensure that the RES-AP model agreed with the Particle-in-cell simulations for
an arbitrarily polarized incident wave the results in Fig. 23 and 22 are included.
The simulations performed were of a pulse with θ = 12◦, Sy = 2, ay,0 = 85,
az,0 = ay,0/1.5 and Ψ = π/3.
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Figure 22: The y- (top) and z-component (bottom) of the electric field obtained
from PIC simulations (solid) and the RES-AP model (dashed). The simulation
parameters used were θ = 12◦, S = 2, ay,0 = 85.0, az,0 = ay,0/1.5 (corresponding to
I = 1022 W/cm2 for λ = 1µm), plasma thickness L = 2λ′, ∆t = ∆x = 0.05ωp for 50
macroparticles per cell. For the RES-AP simulation γp = 5 was used.

Fig. 24 the interaction of the entire circularly polarized pulse is considered when
extracting the maximum amplification of the field (as opposed to Fig. 12 where
only the homogeneous part of the wave is considered) is shown. An additional area
of amplification of the y-component is obtained that is not present in Fig. 12 for
θ < 20◦. This area in the S,θ-plane would be interesting to investigate further if
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Figure 23: The time evolution of the plasma density obtained from PIC simula-
tions compared with the dynamics of the boundary layer obtained from the RES-AP
model (black line). The simulation parameters used were θ = 12◦, S = 2, ay,0 = 85.0,
az,0 = ay,0/1.5 (corresponding to I = 1022 W/cm2 for λ = 1µm), plasma thickness
L = 2λ′, ∆t = ∆x = 0.05ωp for 50 macroparticles per cell. For the RES-AP simu-
lation γp = 5 was used.

it would be possible to combine a circularly polarized and a p-polarized wave to
boost the amplification of the giant pulse even more.
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Figure 24: Maximum amplification of y- (left) and z-component (right) of electric
field obtained from PIC simulations with varying incident angle θ and similarity
parameter S for a right-going circular polarized laser. The simulation parameters
used were ay,0 = az,0 = 42.5 (corresponding to I = ·1022 W/cm2 for λ = 1µm),
plasma thickness L = 4λ′, ∆t = ∆x = 0.1ωp for 40 macroparticles per cell.
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