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Learning using Privileged Time Series
Theory and applications of long-term prediction with
Markov-Gaussian-linear dynamical systems
Rickard Karlsson & Martin Willbo
Department of Computer Science and Engineering
Chalmers University of Technology and University of Gothenburg

Abstract
In this thesis, we study the impact of having privileged information, in the form
of intermediate time series, available during the training of models for long-term
prediction. An algorithm which incorporates these time series is presented, and
we prove that it is more efficient when the time series are drawn from a Gaussian-
Linear dynamical system in comparison to a linear baseline model without access
to the privileged information. Notably, the main analysis tool which we use is Rao-
Blackwell’s theorem. Using synthetically generated data, we validate the theoretical
results and characterize the algorithm’s behavior, but also test the limits of the
algorithm by evaluating it on synthetic data where the assumptions of the theoretical
analysis are violated. Furthermore, the applicability of the algorithm is investigated
on real-world datasets for forecasting air quality in Chinese cities and predicting
Alzheimer’s disease progression. We show that our approach is preferable to classical
learning in most settings, especially when data is scarce. Furthermore, empirical
results are used to discuss the trade-off between bias and variance when using the
proposed algorithm. We conclude that learning with privileged information in time
series data for long-term prediction is beneficial and a highly interesting subject
for further research. Proposals are given for future work, such as extensions to
non-linear models or investigating how privileged time series could be beneficial for
latent variable systems.

Keywords: Machine learning, linear dynamical systems, privileged information, time
series, Alzheimer’s disease, Rao-Blackwellization.
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1
Introduction

The amount of available data and computing resources has grown immensely over
the last decade, which has lead to an increased interest and new advances in data-
driven algorithms in many domains. There are, however, still many areas where
sample sizes are low due to the collection of data being expensive or non-trivial.
Healthcare and medicine are good examples of this. On top of small datasets, typical
characteristics of healthcare data are high dimensionality coupled with other issues
such as missing values that can make the construction and training of predictive
models difficult [1]. Therefore, it is of great interest to use algorithms that are sample
efficient, i.e learn from few examples but still have a high predictive capacity. In this
thesis, we study a way to increase the sample efficiency of algorithms for long-term
prediction tasks in particular.

A long-term prediction task adheres to the setting where we are interested in pre-
dicting an outcome happening in the future, and there are many applications where
the ability to such predictions is relevant. Going back to the healthcare example; in
medicine prediction, diagnostic, or prognostic tasks are usually addressed after some
preliminary tests taken at the time of a patient’s admission. The results of these
tests make up a patient’s so-called baseline data, and the accuracy of predictive
models based on the baseline data can be crucial when it comes to assessing and
controlling patients’ mortality rates and overall well-being long term. But notably,
for patients who are admitted to the hospital, or otherwise scheduled for examina-
tions following a medical procedure, additional measurements are performed. Their
progress is measured in medical records that contain information regarding their
state at multiple points in time, so-called post-baseline data. This information is
not known in advance for newly admitted patients. Nonetheless, finding ways to use
the post-baseline data during the training of a predictive model could potentially
lead to better sample efficiency.

Having access to post-baseline data during the training of a predictive model is a
case of learning using privileged information (LuPI) [2, 3] or side information [4].
The post-baseline data is labeled as privileged information since it is not available
during the prediction stage. In this thesis, we investigate the described setting
in a formal manner. More specifically, we study if it is possible to use privileged
information in time series to train a predictive model with better performance than

1



1. Introduction

a model that does not have access to privileged information during training. This is
done by theoretical and empirical studies. The main tool for the theoretical studies
is the Rao-Blackwell theorem [5, 6].

Our main contributions are the following: (1) We prove theoretical guarantees that
privileged information in time series is always desirable under certain conditions
regarding the data distribution; (2) to the best of our knowledge, we showcase a
novel approach of using so-called Rao-Blackwellization for statistical analysis of a
predictive model; (3) we perform an extensive set of experiments on both synthetic
and real-world datasets, namely prediction of Alzheimer’s disease progression and
air quality forecasting, where we show that including privileged information when
training a model is beneficial in most cases, but we also provide insights when this
approach fails; and (4) we give a proposal for interesting future work on this topic.

1.1 Context
Improving sample efficiency focuses on getting the most out of every sample during
training. Multiple ways have been proposed to improve this aspect of machine
learning algorithms. For example, data augmentation has become standard in image
classification, where synthetic images are created by applying transforms that could
rotate or distort the image without changing its inherent meaning and label [7].

An alternative way for improving sample efficiency is to include additional informa-
tion in the training data that is relevant to a particular learning task. This idea
constitutes the learning using privileged information (LuPI) framework [2, 3, 4].
An example from image classification which uses privileged information is a dataset
containing images of birds that were accompanied by texts describing the attributes
of the birds. Then, an algorithm which made use of these additional texts during
training learned faster than the baseline algorithm with no access to the privileged
information [8]. Another example is if knowledge is available about the similarity
between different training samples, then this can be exploited during training to
achieve a better sample complexity by matching such samples with each other [3, 9].

In this thesis we focus on long-term prediction. That is, given the past and present
observations of a time series we perform predictions for outcomes into the future,
where there is a clear chronological order between the input and outcome in the data.
There are several challenges with long-term prediction such as rising uncertainties
and accumulating errors as the prediction horizon increases. Two approaches of
how to perform long-term prediction are direct and recursive approaches [10]. An
example of a recursive approach is using a Recurrent Neural Network (RNN) for
the prediction of Alzheimer’s disease progression. Learning a model for disease
progression from available data and using predicted values as input make predictions
about points arbitrarily far out into the future possible [11]. A direct approach in
contrast does not use predicted values during prediction. Instead one model per
wanted prediction horizon need to be trained. It can be shown that this approach
is preferable when using least-squares support-vector machines [10].

2
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Baseline 
variable 

Intermediary variables
(Privileged information)

𝑋! 𝑋" 𝑋# 𝑋$ 𝑌

Outcome
variable

Available at 
test stage

Available at 
training stage

Figure 1.1: A visualization of the data in the setting with privileged time series.

Another difficulty with long-term prediction is that it limits the amount of data that
can be used from a given data set for classical supervised learning. For example,
consider a data set with points collected over ten years. If a seven year prediction
horizon is wanted, only the first three years of the set can be matched with a target.
The data between input and output can however be used as privileged information. If
the intermediate data is used to create soft targets, with the objective of the learning
algorithm to minimize a convex combination of the real and soft target losses, one
can show that the sample efficiency can be improved in certain scenarios [12].

A special case of model-based reinforcement learning can be seen as a recursive
approach to long-term prediction with privileged information. The special case being
one available action and rewards being given only at a fixed future time point. The
intermediate data points is then used to estimate the state-transition model. This
approach is viable if the transitions can be simulated with sufficient fidelity [13, 14].

1.2 Problem

We formalize the problem of learning a model f(X1) ≈ Y using the post-baseline
data as an instance of learning using privileged information (LuPI) [2, 3], also known
as side information [4]. Hence, we will refer to the post-baseline data as privileged
time series data from now on.

At training time, we observe a discrete time series of length T with measurements
written as (X1, . . . , XT ) where Xt is measured at a time step t = 1, . . . , T . Each
sample can be seen as a trajectory of length T with a future outcome Ytraining. At
test time, we have a different set of samples containing only the initial time step X1
and we wish to predict the corresponding outcome Ytest. In other words, we do not
have access to any information into the future for t > 1 when the model is being
evaluated at test time. This setting is visualized in Figure 1.1.

Given an algorithm that utilizes privileged information as described above the prob-
lem is to compare the algorithm’s predictive accuracy and sample complexity com-

3



1. Introduction

pared to a baseline model which observes the same number of training samples but
do not have access to data for t = 2, . . . , T during training. More specifically, we
attempt to answer the following questions in this thesis:

1. Can we use privileged time series for long-term predictions to achieve better
sample efficiency when training a predictive model compared to a model which
does not have access to the privileged information?

2. Specifically, under what conditions can we expect, and potentially guarantee,
that the privileged information improves a model’s predictive performance in
terms of it’s risk?

3. What is the predictive performance of the algorithm, which uses this privi-
leged information, on both synthetic and real-world data sets for long-term
prediction problems?

1.3 Limitations
The aim of this thesis is to compare the performance of algorithms that either
have or do not have access to privileged information in addition to baseline data
during training time. However, learning using privileged information is a general
concept that encompasses many different tasks. Hence, we only consider the setting
with a particular and explicit relationship between the input X1, output Y and
the privileged information X2, . . . , XT . More specifically, when the data represents
states at multiple points in time where each state at time t only depends on the
previous state at time t− 1. This is also known as the Markov property and will be
described in the next chapter in more detail.

To study when privileged information is beneficial from a theoretical point of view,
we will make further assumptions about the problem setting to simplify the analysis.
For instance, we will assume linear transitions in the time series which enables the
use of theory from linear statistical models that have been studied rigorously in the
past. However, this means that the theoretical analysis does not necessarily apply
to less restrictive settings. This limitation is difficult to circumvent, although it
motivates why experiments on real-world data sets will be important to evaluate
the validity of those assumptions.

Regarding the empirical study, there are two main lines of work. Firstly, as already
mentioned, we will use real-world data sets to evaluate the models which we want to
study. However, the goal is not to make comparisons to state-of-the-art applications
since this thesis do not directly work on more practical applications as it requires
a different type of effort. Instead, we emphasize that the experiments will aid with
an analysis of the proposed algorithms. Secondly, we will use synthetic data to
strengthen this analysis. In particular, such experiments can mainly be used to
validate the results from the theoretical analysis since it possible to enforce any
assumptions about the underlying data distribution.

4



1. Introduction

1.4 Outline
In this chapter, we have introduced and motivated the problem that is studied in
our thesis. Following in Chapter 2, we will define the problem formulation mathe-
matically and provide the necessary background to understand our attempt to solve
it. In Chapter 3, we present the main theoretical results from our work. Afterwards,
Chapter 4 and 5 present the experimental setup and results, respectively, to sup-
port our findings from Chapter 3 as well as answer our research questions. Finally,
Chapter 6 and 7 discuss our results, give suggestions for future work and provide a
conclusion for our thesis.

1.5 Notation
• If X is a random variable then a lower letter indicates a value taken by that

random variable. Furthermore, datasets are written with bold letters, i.e. X,
which can also be a random variable. It represents a matrix where samples
are listed as row entries and each column corresponds to a feature.

• We denote n and d as the number of samples and input features, respectively.

• Subscript indices, such as Xt, usually denote time, unless otherwise stated.

• The transpose of a vector or matrix X is denoted with X>.

• X ⊥⊥ Y |Z means that X is independent of Y given Z which is a set of random
variables that may be empty.

• If we have some value we wish to estimate a parameter θ, then θ̂ denotes the
estimator.

• X → Y means that Y is seen as a function ofX, which can be non-deterministic.

• If X is a vector or a matrix, then ||X||2 indicates the L2-norm of X.
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2
Background

In this chapter we introduce the background for the thesis. It starts by stating the
problem that we investigate formally. Then, the necessary theory is described in
detail.

2.1 Problem formulation

Let us define the target variable Y ∈ Rk with k features, and the explanatory
variable X1 ∈ Rd having d features. Note that k = 1 unless stated otherwise. The
task of interest is to learn a function f(X1) = E[Y | X1] where X1 is an observation
at time t = 1 and Y is a future outcome for some t > 1. We assume that there is a
distribution D such that (X1, Y ) ∼ D(X1, Y ). In traditional supervised learning, we
could select the function based on n samples of (X1, Y ) from the distribution that
minimizes some loss L(f̂(X1), Y ). But we are considering a scenario where there
is additional data (X2, X3, . . . , XT ) ∼ D(X2, X3, . . . , XT ) for up until a final time
step t = T . Without loss of generality, we assume that Xt ∈ Rd for t = 1, . . . , T .
However, the data are neither the input or output to the function f which we want
to learn. In addition, it is not available during test time since the future is unknown
when we make a prediction from time t = 1. This type of data is called privileged
information and can contain valuable clues to improve the learning of f .

The goal is still to learn a function f(X1) = E[Y | X1] when we have access
to privileged time series datasets ∀t : Xt = [X(1)

t , . . . , X
(n)
t ]> ∈ Rn×d and Y =

[Y (1), . . . , Y (n)]> ∈ Rn×1. These represent n trajectories of length T with a cor-
responding outcome Y , and we wish to find a function that minimizes the same
loss L(f̂(X1), Y ) as before. However, whether the privileged information is benefi-
cial or not depends how it relates to the input, X1, and the output, Y . This can
vary greatly depending on the application. Consequently, we have to assume the
structure of the privileged information a priori.

To define the underlying distribution D that generates the privileged time series
data, we will define it as a Markov chain. This can be seen as a graph,

X1 → X2 → · · · → Xt → · · · → XT → Y (2.1)

7



2. Background

where variables are represented as nodes and the arrows between pairs of nodes
indicate conditional dependencies.

For a Markov chain, we have the Markov assumption that any state at time step t
is only dependent on the state of the previous time step t− 1, i.e.

p(Xt|Xt−1, Xt−2, . . . , X1) = p(Xt|Xt−1) .

Consequently, D = p(X1, X2, . . . , XT , Y ) can be factorized into

D = p(Y |XT )
T∏
t=2

p(Xt|Xt−1)p(X1) .

This modularity shows the intuition for how to sample from the distribution D. We
would start by sampling X1 according to p(X1) and, then, sample Xt iteratively
based on the previous value Xt−1 according to p(Xt|Xt−1). Afterwards, when we
have sampled up until XT , the outcome depends only on XT according to p(Y |XT ).
In other words, if we know XT that means that the target variable only depends
on XT . Lastly, note that this implies also that Xtc is independent of future values
where t > tc.

Although the Markov chain describes the system well from a probabilistic point-
of-view, we are also interested in the functional relationships between the variables
(X1, . . . , XT , Y ). Hence, it is helpful to complement the graph with a set of so-called
structural equations [15]. This set can be defined in the following way:

X1 := f1(U1)
X2 := f2(X1, U2)
...
Xt := ft(Xt−1, Ut)
...
XT−1 := fT−1(XT−2, UT−1)
XT := fT (XT−1, UT )
Y := fY (XT ) + UY

(2.2)

where the set of functions F = {f1, . . . , fT , fY } belong to some functional class
F . Note that we have added explicit noise variables U1, . . . , UT , and UY which are
independent and have distributions DU1 , . . . , DUT

and DUY
respectively.

2.2 Learning using privileged information
Supervised learning in the classical machine learning paradigm is concerned with
learning a model f : X → Y predicting an outcome Y ∈ Y given explanatory
variables X ∈ X , which are distributed according to a distribution X × Y ∼ D,
where there is a target concept c : X → Y , which is considered the true function.

8
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The goal is to select a function f ∈ F that approximates c, which is done by
minimizing the generalization error given some loss L : Y × Y → R,

R(f) = EX∼D [L(f(X), c(X))] .

In many situations the distributionD is unknown which makes a direct minimization
of the generalization error infeasible. However, we have often access to data which
are assumed to be sampled from this distribution. Let X = [X(1), . . . X(n)]> and
Y = [Y (1), . . . Y (n)]> be matrices that contain n samples fromD, such that X ∈ Rn×d

and Y ∈ Rn×1. Then, a quantity that is available to the learner in a supervised
setting is the empirical error, or the empirical risk, which can be thought of as an
approximation to the generalization error,

Remp(f) = 1
N

N∑
i=1
L(f(X(i)), Y (i)) . (2.3)

Hence, the task for a learning algorithm is to select a hypothesis f that minimizes
the empirical error (2.3), formulated as

f̂ = argmin
f∈F

Remp(f) . (2.4)

Learning with privileged information, also known as side information, involves hav-
ing access to additional information during training that is relevant to the mapping
one wish to learn [2, 3, 4]. This practice can be likened to a teacher-student setting
where the student’s goal is to master a problem with help from a teacher, in machine
learning this is usually a function. For this purpose the student is given examples,
but the student can ask the teacher for aid and the teacher can bestow the student
with tools and help the student to better learn from the examples. The teacher
can indicate which examples are similar to each other, or gives strong clues that
lead to the correct answer. In machine learning this could be for the algorithm to
better generalize to out of sample data. During a test, however, the student has to
solve the problems without the additional clues from the teacher∗. Hence the name
privileged information, it is only available during the training stage.

Similar to the classical paradigm of supervised machine learning, learning with priv-
ileged information shares the goal of finding a hypothesis f that minimizes an ob-
jective function L given the dataset (X,Y). This problem is alternatively stated to
(2.4) in (2.5) to ease the notation of learning with privileged information but the
expressions are equivalent,

argmin
f∈F

Lf (f | (X,Y)) . (2.5)

∗The attentive reader might notice that this is what the front cover picture refers to.
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Instead of the tuple (X,Y), the learning algorithm have access to a triple (X,Z,Y)
available during training time where Z contains Z ∈ Z—the privileged information—
which is only available during training time. It optionally results in a second opti-
mization problem (2.6). Note that here there is one sample of privileged information
per sample of the explanatory variables X, but this does not necessarily have to be
the case.

argmin
f∈F ,g∈G

LZ (f, g | (X,Z,Y)) (2.6)

In the classical machine learning paradigm for a supervised learning setting the
objective Lf is chosen as to suit the task at hand. For example, mean-squared error
is a typical choice for the objective function for a regression task. This is no different
for the exact form of the objective LZ and auxiliary function g. These objects are
partly informed by the privileged information Z and prior assumptions about how
the data are related to X and Y .

For the problem presented in Section 2.1, the structure of the time series data
(X1, . . . , XT , Y ) is described with a Markov chain, see equation (2.1). In this case, a
direct pattern prior is reasonable, as described by [4]. To simplify an example of how
learning with privileged information can be used for the problem in Section 2.1,
we denote the time series data with (X,Z, Y ) where Z is the privileged information
such that

X → Z → Y .

The direct pattern prior assumes that the privileged information Z represents inter-
mediate results from the computations of the function f : X → Y . In other words,
one can see the function f as being a composite function of two functions φ : X → Z
and ψ : Z → Y . That is, Y = f(X) = ψ(φ(X)) = ψ(Z). The second optimization
problem (2.6) can then be expressed as LZ = L(φ | (X,Z)) where the loss L is
suitably chosen. The primary objective (2.5) is then to minimize L(ψ | (Z,Y)).
where again the loss L is suitably chosen.

Example 1. To understand how privileged information can be helpful, we give an
example to build intuition for it, inspired by [4]. Consider that we have the variables
(X,Z, Y ) such that Z is a function of X and Y is a function of Z. These relations
are assumed to not be known in advance. Hence, we want to learn the mapping
f(X) = Y from some examples as seen in Table 2.1. Without knowing Z, we could
have many hypotheses for what the function f is. However, if Z is known, then
it might become easier to guess. In that case, we might suspect that Z = X2 and
Y = Z+3 based on the examples. This would mean that Y = X2+3, which happens
to be correct. Had we only observed samples from X and Y , this relationship may
not have been as easy to catch.
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Table 2.1: Training data in Example 1 where Z is privileged information in a
system X → Z → Y .

X Z Y
1 1 4
2 4 7
3 9 12
4 16 19

2.3 Linear regression
Regression is one of the main tasks in supervised machine learning. The goal is to
predict the real-valued target Y ∈ R1 given a particular value of features X ∈ Rd.
This can be formulated as

Y = E[Y | X = x] + ε (2.7)
where we have some additive noise ε ∼ p(ε). Then, the task is to infer E[Y | X = x]
for any x given these an observed dataset (X,Y).

Generally when considering equation (2.7), assumptions are made about the func-
tional class of E[Y |X = x] and the distribution p(ε). This leads to the most common
variant of regression, namely linear regression. For this case we make the following
assumptions:

1. Linear sufficiency: It is sufficient to model Y fromX with a linear relationship†.

2. Zero-mean noise: E[ε] = 0

3. Uncorrelated errors: Cov(ε(i), ε(j)) = 0 for any observations i, j = 1, . . . , n
such that i 6= j.

4. Homoscedastic noise: The noise is independent of X, meaning that
Var(ε|X) = σ2 In where In is the n-dimensional identity matrix.

5. No measurement error in X.

In this case, we say that E[Y |X = x] = θ>x where θ ∈ Rd is the unknown model
parameter. The problem can be re-formulated as

Y = θ>X + ε .

Additionally, although the assumptions does not state this, it is common to assume
that the noise is Gaussian, i.e. that we have ε ∼ N(0, σ2 In) ‡.

†This is not the same as saying that X is linear. Instead. we say that Y is linearly dependent
on some vector representation of X.

‡This is usually motivated by the fact that the combined sources of noise in nature are Gaussian
due to the Central Limit Theorem.
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Although the assumptions for linear regressions with Gaussian noise are relatively
restrictive, there are several benefits with using linear statistical models. They
have closed-form solutions that helps theoretical analyses. In addition, they can
still be extended to other noise distributions, which is known as generalized linear
models [16]. Lastly, they can also be applied to nonlinear problems with the so-called
kernel trick that utilizes a kernel space so that the linear model learns a nonlinear
relation in that space instead [16]. However, we will not study in-depth any of these
extensions to non-linear models.

2.3.1 Ordinary least squares estimator
To infer the parameter θ given a dataset (X,Y), we want to find the maximum
likelihood estimator (MLE) defined as

θ̂ = argmax
θ

L(θ; X,Y)

where L(θ; X,Y) = p(X,Y|θ) is the likelihood of the observed data given the un-
known parameter. With Normal-distributed noise, the likelihood is

L(θ; X,Y) = 1
(2π)n

2 |Σ| 12
exp

(
−1

2(Y −Xθ)>Σ−1(Y −Xθ)
)
.

To maximize this, it is convenient to instead consider minimizing the negative log-
likelihood − logL(θ; X,Y). Note that this does not change the optimum due to
the monotonicity of the logarithmic function. Writing out the log-likelihood and
disregarding unnecessary constants which do not depend on θ, we get the following

− logL(θ; X,Y) ∝θ
1
2(Y −Xθ)>Σ−1(Y −Xθ)

= 1
2(Y −Xθ)> 1

σ
In(Y −Xθ) (assuming Σ = σ In)

∝θ
1
2(Y −Xθ)>(Y −Xθ)

= 1
2 ||Y −Xθ||22 .

Hence, we want to solve θ̂ = argmin
θ
||Y −Xθ||22, which can be done by setting the

derivative to zero with respect to θ,

δ

δθ

(1
2 ||Y −Xθ||22

)
= X>(Y −Xθ) = 0 .

This equation is also known as the normal equation. Since this is a strictly convex
problem, there is a unique solution that returns the MLE estimator, also known as
the Ordinary Least Squares (OLS) estimator,

θ̂ = (X>X)−1X>Y . (2.8)
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Fixed design setting

The target Y is a random variable with the Normal distribution N(Xθ, σ2 In) if
we have assumed Gaussian noise. Meanwhile, it is common to assume that X is
non-random and fixed which is known as the fixed design setting, where X is also
known as the design matrix. This becomes important, among other things, when
considering the statistical properties of the OLS estimator.

An important property of the OLS estimator is unbiasedness, which can be shown
in the following way,

E[θ̂] = E[(X>X)−1X>Y]
= (X>X)−1X> E[Y]
= (X>X)−1X>Xθ
= θ .

We used that X is not random in the second equality and E[Y] = Xθ in the third
equality.

In addition, the OLS estimator has the variance

Var(θ̂) = Var
(
(X>X)−1X>Y

)
= (X>X)−1X>Var(Y )((X>X)−1X>)>

= (X>X)−1X>σ2 In((X>X)−1X>)>

= σ2(X>X)−1

since Var(Y) = σ2 In.

Random design setting

In certain settings we might not be able to assume that X is non-random. For exam-
ple, let X be the age of a person and Y their height. If we want to find out how age
and heights are related we have to randomly select a group from the general popu-
lation and record both these attributes. Then, since we pick the people at random,
the recorded age X in our data have been randomly selected as a consequence.

WhenX is random, which is known as the random design setting, the OLS estimator
is still unbiased but its variance is different. In this setting, the variance of the OLS
estimator is

Var(θ̂) = σ2 E[(X>X)−1] (random design setting) .

We refer the reader to [17] for proofs of these statements.

An important difference between the fixed design and random design setting is that
the former restricts an analysis of the prediction error of θ̂>X to the randomness
from the noise ε. This is known as the in-sample error, which is different from
the generalized risk EX,Y [L(θ̂>X, Y )] where the randomness of X is also taken into
account.
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!

"

(a) Underfitted model

!

"

(b) Correct model

!

"

(c) Overfitted model

Figure 2.1: Example of where the middle figures shows the correct model f(X)
and the red dots are the training sample. The left-most model is too inflexible
(underfitting) while the right-most model is too flexible (overfitting).

2.4 Bias-variance decomposition

In machine learning and statistics when investigating the generalization of a trained
model f̂ onto unseen data the sources of errors can be attributed to either the
variance or the bias of the model. The former refers to error that comes from
significant fluctuations due to overfitting to spurious noise, while the latter refers
to systematic errors that could be due to an inflexible or misspecified model, also
known as underfitting, see Figure 2.1. When fitting a model f̂ given a data set
from some distribution D with mean squared error (MSE) as the loss function, it is
possible to decompose the prediction error for some, potentially unseen, point x0 of
the learned model into bias and variance error terms which make these sources of
errors explicit.

Assuming that Y = f(X) + εε where E[ε] = 0 and Var(ε) = σ2. Additionally, if
considering the MSE loss, we can derive an expression of the expected prediction
error consisting of three terms for any input point x0,

MSE
(
f̂(X = x0)

)
= EY |X=x0

[(
Y − f̂ (x0)

)2
]

= σ2
ε +

[
EY |X=x0

[
f̂ (x0)

]
− f (x0)

]2
+ EY |X=x0

[
f̂ (x0)− EY |X=x0

[
f̂ (x0)

]]2
= σ2

ε + Bias2
(
f̂(x0)

)
+ Var

(
f̂(x0)

)
= Irreducible Error + Bias2 + Variance .

(2.9)

The first term is the random variation of the target Y around its true mean E[Y |
X = x0] = f(x0). This is sometimes called the Irreducible Error since it is not
possible to avoid this term no matter how well we estimate f(X = x0). The second
term is the squared bias, this is a measure of how the average of the estimation
differs from the true mean. The third and last term is the variance. This is the
square of the expected deviation of an estimate f̂(X = x0) from its mean [18].
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2.5 Gaussian-linear dynamical system
A dynamical system is a time-dependent system consisting of a transition model
gt that describes how a state variable Xt evolves over time. In addition, if Xt is
not observed directly, then there may exist an observation model ht which describes
another variable Zt serving as an observation Xt. This is formulated as

Xt = gt(Xt−1, εt, Vt)
Zt = ht(Xt, δt, Vt)

(2.10)

where εt and δt are noise variables. Meanwhile, Vt can be some external input
into the system, which often appears in e.g. control theory where such models are
commonly used. Lastly, note that the expression for Xt share many similarities with
the set of structural equations in (2.2), because ft can be seen as a transition model
as well.

We will describe a simpler variant of the state-space model known as the Gaussian-
linear dynamical system, as described by [16]. In this case, equation (2.10) can be
re-formulated as

Xt = A>t Xt−1 +B>t Vt + εt

Zt = C>t Xt +D>t Vt + δt

where εt ∼ N(0, Qt) and δt ∼ N(0, Rt). The parameters At, Bt, Ct and Dt are
linear mappings in the transition and observation models, while Qt and Rt are
the covariance matrices for the noise variables. These parameters can either be
dependent or independent of time, which is called a non-stationary or stationary
system respectively.

Learning the parameters (At, Bt, Ct, Dt, Qt, Rt) from observations (Z1, . . . , ZT ), which
is called system identification [19], has been studied extensively. One of the most
common methods for this task is to use a Kalman filter [16, 19].

In certain settings some of the parameters might already be known which makes the
inference problem easier. We will consider a case where Bt = 0, Ct = I, Dt = 0
and Rt = 0. This means that the state Xt = Zt is fully observable and that there
is no external input signal§. Hence, At and Qt are the only unknown parameters.
However, we can set Qt = I without loss of generality since we can learn a modified
At that captures information about the noise’s covariance [16].

For a fully observable system with observations (X1, . . . ,XT ), the parameter At can
be inferred by computing the maximum likelihood estimator

Ât = argmax
At

L(At; Xt−1,Xt) t = 2, . . . , T

which equates to a linear regression problem. With Gaussian noise, Ât is given by
the OLS estimator, see equation (2.8).

§It is not necessary to remove the external signal, but it makes the notation more convienent.
Still, the special-case with external signals is briefly discussed in Chapter 3.
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Meanwhile, if At is time-independent, we can compute

Â = argmax
At

L(A; X1, . . . ,XT )

which is the same as minimizing the sum of residuals

Â = argmin
A

T∑
t=1
||Xt −Xt−1A||22

once again due to the assumption about Gaussian noise [16].

Stability of system
A system can be characterized as stable or unstable depending on how the sys-
tem evolves as t grows very large. One way to define stability is by saying that
if limt→∞ ||Xt|| = ∞ then the system is unstable. This is closely related to the
properties of the transition parameter A and its eigenvalues as we will demonstrate.

If we ignore the system noise ε and write Xt as a function of X1, we get that

Xt = (At−1)>X1 . (2.11)

Assuming that A ∈ Rd×d is diagonalizable, A can be decomposed as A = UΛU−1

where U is a matrix with its eigenvectors as columns and Λ is a diagonal matrix
with the eigenvalues as the entries along the diagonal, i.e. Λii = λi for i = 1, . . . , d.
We insert this decomposition into equation (2.11) and notice that

Xt = ((UΛU−1)t−1)>X1 = (UΛt−1U−1)>X1 .

If λi > 1 for some i, then ||Xt|| will become very large as t grows meaning that the
system is unstable. Similarly, we can also see that if λi < 1 for some i, then ||Xt||
will keep shrinking as t increases [16].

2.6 The Rao-Blackwell theorem
The Rao-Blackwell theorem, named after the mathematicians Calyampudi Radhakr-
ishna Rao and David Blackwell, is a well-known theorem in statistics that despite
its simplicity leads to surprisingly powerful results [5, 6].

We consider to have a parameter θ for the distribution of a dataset X ∼ P (X; θ) that
we wish to estimate with an estimator θ̂. Furthermore, we have another statistic
T (X) which is function of the data. If the statistic T (X) is sufficient, meaning that
θ̂ ⊥⊥ X|T (X), then it is possible to find an estimator θ̂RB which is uniformly better
than θ̂ with respect to any convex loss. Moreover, the estimator has the closed form
expression θ̂RB = E[θ̂|T (X)]. Finding such an estimator with better loss is also
known as Rao-Blackwellization.

The Rao-Blackwell theorem is proven with the help of Jensen’s inequality which is
stated in the following lemma, a proof can be found in [5].
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Lemma 1 (Jensen’s inequality). For any convex function f(X) where X is a random
variable with expectation E[X] = µ, then

f(E[X]) ≤ E[f(X)]

with equality only if X is a constant equal to µ, i.e. X is a degenerate random
variable.

Then, [5] describes the following theorem known as the Rao-Blackwell theorem.

Theorem 2 (Rao-Blackwell). If we have an estimator θ̂ for a parameter θ and there
is a sufficient statistic T (X) for θ. Then, there exists an estimator θ̂RB = E[θ̂|T (X)]
such that

E[L(θ̂RB, θ)] ≤ E[L(θ̂, θ)] (2.12)

for any convex loss L.

There will only be an equality if θ̂RB is constantly equal to θ̂.

Proof. Since L is a convex function we can use Lemma 1 and write

L(θ̂RB, θ) = L
(
E[θ̂|T (X)], θ

)
≤ E

[
L(θ̂, θ)|T (X)

]
where θ is constant and thus can be moved inside the expectation as well. Then, we
take the expectation over T (X) of both the right and left sides above. We get that

E[L(θ̂RB, θ)] ≤ E
[
E
[
L(θ̂, θ)|T (X)

]]
= E[L(θ̂, θ)]

where the second step comes from the fact that EX [X] = EY [EX [X|Y ]] for two ran-
dom variables X and Y . Thus, we have shown that the inequality in equation (2.12)
holds. Equality happens only if the distribution of θ̂RB is degenerate. �

Rao-Blackwellization has been used in various contexts, for example to reduce vari-
ance in Markov Chain Monte Carl sampling procedurs [20], which can be applied
to state inference in dynamical systems [21]. It has also been used to improve goal
percentage estimates in basketball [22].
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3
Learning using

Privileged Time Series

This chapter describes the Learning using Privileged Time Series (LuPTS) predic-
tion algorithm, which uses privileged information in the time series setting that has
been presented. We begin with the assumptions that are made to construct the
algorithm, then, we present a theoretical analysis of the algorithm.

3.1 Assumptions
In the previous chapter we formulated the underlying process for (X1, . . . , XT , Y ) ∼
p(X1, . . . , XT , Y ) as a Markov chain which defines the conditional probabilities be-
tween the variables. In addition, we stated in equation (2.2) that there is a functional
relationship between them. We will now explicitly state all the assumptions that are
made to construct an algorithm for learning the conditional expectation E[Y |X1]
with privileged time series.

Assumption 1 (Markov property). The conditional probability of state Xt given
the states from previous time steps only depends on the most recent state Xt−1, i.e.

P (Xt | Xt−1, Xt−2, . . . , X1) = P (Xt | Xt−1) .

Furthermore, the outcome Y only depends on the state at time T ,

P (Y | XT , XT−1, . . . , X1) = P (Y | XT ) .

Assumption 2 (Linearity with additive isotropic Gaussian noise). The relationship
between Xt and Xt−1, for t = 2, . . . , T , is

Xt = A>t Xt−1 + εt

where εt ⊥⊥ Xt−1, Xt is a random variable independent of Xt−1. Similarly, we have

Y = β>XT + εY

where εY ⊥⊥ Y,XT . In addition, εt and εY are distributed according to N(0, σ2
t Id)

and N(0, σ2
Y ) respectively.
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Note that these two assumptions corresponds to a Gaussian-linear dynamical sys-
tem. Additionally, the isotropic Gaussian noise fulfills the necessary conditions for
ordinary least squares regression, which are stationarity, mean-zero and homoscedas-
ticity. Given these assumptions, we can state the following set of equations that
describe the variables in the privileged time series setting. This is a re-formulation
of equation (2.2). 

X1 := U
X2 := A>2 X1 + ε2
...
Xt := A>t Xt−1 + εt
...
XT−1 := A>T−1XT−2 + εT−1
XT := A>TXT−1 + εT
Y := XTβ + εY

(3.1)

3.2 Algorithm
All the necessary groundwork regarding the distribution of the data p(X1, . . . , XT , Y )
has been laid down in previous sections. We will now construct an algorithm, called
the Learning using Privileged Time Series (LuPTS) algorithm, which uses the priv-
ileged time series data (X2, . . . , XT ) during training time, to predict f̂(X1) ≈ Y at
test time without access to the privileged information.

The task of the LuPTS algorithm is to infer the set of parameters Θ = {A2, . . . , AT , β}
that describes the linear relationships found in equation (3.1). Before explaining
how to infer these parameters, we will first explain the algorithm step by step in
less technical terms.

During the training stage, the algorithm is given a dataset (X1, . . . ,XT ,Y) and
outputs an estimation Θ̂ of the parameters. The estimated parameters are selected
by minimizing an empirical loss

Θ̂ = argmin
Θ

n∑
i=1
L (fΘ|(X1, . . . ,XT ,Y))

where fΘ is a linear function parameterized by Θ. Then, during the prediction stage,
given new input X1, the algorithm first predict X̂2. Then, given X̂2, it predicts X̂3
and so on. Finally, it is able to predict Y by nesting the functions. For the LuPTS
algorithm, the prediction becomes

fΘ̂(X1) = (Â2Â3 . . . ÂT β̂)>X1 = Ŷ .

In our work, we will consider the mean squared error as the loss function, which is
motivated by the assumption about Gaussian noise. The procedure in inferring Θ̂
will be explained further in the next section. The resulting Algorithm 1, however,
is presented here.
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Algorithm 1 Learning using Privileged Time series (LuPTS)
Require: Dataset (X1, . . . ,XT ,Y)
1: for t = 2, . . . , T do
2: Ât = (X>t−1Xt−1)−1X>t−1Xt

3: end for
4: β̂ = (X>TXT )−1X>TY
5: return {Â1, Â2, . . . , ÂT , β̂}

3.2.1 Inferring model parameters
The parameters are inferred by computing the MLE estimator for each parameter.
As shown before, the MLE estimator can be computed by minimizing the negative
log-likelihood. Due to the Markov property assumption, we can factorize the joint
probability density which means that the negative log likelihood can be expressed
as

− log p(X1, . . . ,XT ,Y|Θ) = − log
(
p(Y|XT , β)

T∏
t=2

p(Xt|Xt−1, At)p(X1)
)

= − log p(Y|XT , β)−
T∑
t=2

log p(Xt|Xt−1, At)− log p(X1) .

The first equality comes from the Markov property, while the second one comes from
the properties of the logarithmic function. This means that the MLE estimator is
given by computing

Θ̂ = argmin
Θ

− log p(Y|XT , β)−
T∑
t=2

log p(Xt|Xt−1, At)− log p(X1) .

Note that the likelihood can be seen as several components and that p(X1) can be
ignored when maximizing this as it does not depend on any distribution parameter.
The terms inside the sum correspond to the state transitions where the transi-
tion Xt−1 to Xt only depends on the transition matrix At. Hence, we infer At by
minimizing each term − log p(Xt|Xt−1, At) respectively. Similarly, − log p(Y|XT , β)
corresponds to the mapping from the last state XT to the outcome Y , hence we
select β̂ that solely minimizes this term.

Due to the assumption about linearity and Gaussian noise, the MLE estimators are
the same as the OLS estimator introduced in the previous chapter,

Ât = (X>t−1Xt−1)−1X>t−1Xt, t = 2, . . . , T
β̂ = (X>TXT )−1X>TY .

Note the similarity to the direct mapping of learning with side information. The
optimization problem for finding the state transitions matrices At could correspond
to the side objective LZ and the optimization problem for finding the linear mapping
between XT and Y would be the primary objective Lf .
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3.2.2 Introducing an additional assumption:
Stationary state transitions

So far we have assumed that the transition parameters At can change over time.
However, we will now consider a special-case for the LuPTS algorithm where we
assume that At is independent of the time, meaning it is stationary.

Assumption 3 (Stationarity). For any time steps t, t̃ = 2, . . . , T where t 6= t̃ we
have that p(Xt|Xt−1) = p(Xt̃|Xt̃−1), implying that At is time-independent.

There are two main motivations for why this assumption is of interest. First, the
stationarity assumption is commonly considered in literature regarding time series or
linear dynamical systems. As mentioned by [19], time-invariant systems are usually
justified for practical applications due to their convenience and applicability. Hence,
assuming stationarity is reasonable to consider in this line of work as well. Second,
and more interestingly, if the assumption holds then the statistics for estimating
the single transition matrix is expected to improve. In the non-stationary case, we
have n samples to estimate each At for t = 2, . . . , T , and the number of parameters
we need to estimate grows with T . But if there is a constant A for each transition,
we have n × (T − 1) samples instead to estimate a single parameter. Note that
these would not be independent samples, still the amount of available samples for
A increases with the sequence length T which could be beneficial.

Referring back to Section 2.5, we showed that the transition matrix in a stationary
Gaussian-linear dynamical model can be estimated by maximizing the likelihood
from data. This lead the following equation:

Â = argmin
A

T∑
t=2
||Xt −Xt−1A||22 .

Note that problem is convex, hence we can set the derivative with respect to A to
zero to find the MLE estimator,

T∑
t=1

2X>t (Xt+1 −XtA) = 0

⇒
T∑
t=1

X>t Xt+1 =
T∑
t=1

X>t XtA .

Then, we compute the inverse of the left-hand side in the above equation and per-
form left-multiplication with it to both sides, which gives the following closed form
expression for the MLE,

Â =
(

T∑
t=1

X>t Xt

)−1 T∑
t=1

X>t Xt+1 .

A stationary variant of the LuPTS algorithm is described by Algorithm 2. The
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prediction made by this algorithm becomes

fΘ̂(X1) = (ÂT−1β̂)>X1 = Ŷ .

Algorithm 2 Stationary variant of Learning using Privileged Time series (LuPTS)
Require: Dataset (X1, . . . ,XT ,Y)
1: Â =

(∑T
t=1 X>t Xt

)−1∑T
t=1 X>t Xt+1

2: β̂ = (X>TXT )−1X>TY
3: return {Â, β̂}

3.3 Statistical analysis
As the outline of the LuPTS algorithm has been explained, we will now study it
theoretically, but before that, we will characterize the variance in the distribution
p(X1, . . . , Y ). Then, we will show our main results that the LuPTS algorithm is
guaranteed to have improved parameter recovery and prediction error on average
than the baseline algorithm under the assumptions we have made. Lastly, we discuss
various remarks on the theory and briefly touch upon how a more general and non-
linear variant of the LuPTS algorithm could work.

3.3.1 Characterization of system variance
So far, we have considered regression from X1 to Y . But one interesting question to
also answer is whether it is better to predict Y based on a state Xt further into the
future, i.e. t > 1 compared to from state X1. Even if the LuPTS algorithm does
not perform a direct prediction from Xt to Y , but instead it predicts Y based on an
estimation X̂t, this gives us an indication of how helpful it is to make a prediction
from a state which is “closer” to Y in time.

Given the assumptions outlined in Section 3.1, the LuPTS algorithm (and any OLS
estimator) is unbiased. This means that any prediction error stems from its variance.
Hence, predicting from a state further into the future is easier if the variance Var(Y |
Xt) is less than Var(Y | Xt−1).

We show this to be true by first outlining how Y can be described as a function of
Xt, for any t = 1, . . . , T , in Lemma 3. We get a characterization of the irreducible
error and therefore an expression of the variance in Y given Xt, t = 1, . . . , T . Finally
we give an indication of how this variance depends on system stability.

Lemma 3. Given the system described in Section 3.1, we have that,

Y = (
T∏

k=t+1
Akβ)>Xt + ε̃t, t = 1, . . . , T

where
ε̃t = β>C(t) + εY
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and

C(t) =

0, t = T.∑T
j=t+1

[∏T
k=j+1Ak

]>
εj, 1 ≤ t < T.

, t = 1, . . . , T .

Note, ε̃t is a scalar which should not be confused with εt which is generally a vector.

We were interested in showing that Var(Y | Xt) ≤ Var(Y | Xt−1). From Lemma 3,
we have

Var(Y | Xt) = Var


 T∏
k=t+1

Akβ

>Xt + ε̃t | Xt

 = Var(ε̃t)

where the second equality is because Xt is constant and independent of the noise.
Furthermore, we can show that

Var(ε̃t) = Var(ε̃t−1)− Var
( T∏

k=t
Akβ

)>
εt

 ≤ Var(ε̃t−1)) .

The inequality is possible since variances are always non-negative. Since Var(ε̃t−1) =
Var(Y | Xt−1), we have shown that

Var(Y | Xt) ≤ Var(Y | Xt−1) .

Note that equality only holds if

Var
( T∏

k=t
Akβ

)>
εt

 = 0

which happens if the noise εt has zero variance. If the variance is non-zero, we
can conclude that it is strictly better to predict Y from Xt than from Xt−1 for all
t = 2, . . . , T .

Remark. Note that these arguments also hold for the stationary case. The only
difference being that Ak = Ak′ for k, k′ = 2 . . . , T .

Furthermore, given the characterization of stable and unstable systems presented in
Section 2.5, one can reason about how these systems properties affect the variance
of Y given X1. In Corollary 4, this is outlined for the case of a stationary system.
When the spectral radius of the transition matrix is larger than unity the spectral
radius of the powers of A increases with the exponent, leading to larger variance in
Y given X1.

Corollary 4. Given C(t) in Lemma 3 and that we can decompose A into UΛU−1

one can for stationary systems write:

C(t = 1) = (I +
T−2∑
j=1

Aj) = (I +
T−2∑
k=j

UΛjU−1) .
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3.3.2 Variance reduction using Rao-Blackwellization
In this section, we will consider the setting where the model specification is correct,
meaning that we have data from a Markov Gaussian-linear dynamical system, as
described in Section 3.1. Using arguments from the Rao-Blackwell theorem [5, 6], we
will show that the non-stationary LuPTS estimator θ̂LuPTS, which is the output from
Algorithm 1, has improved statistical properties compared to the baseline estimator
θ̂Baseline = (X>1 X1)−1X>1 Y. To do this, we go step by step through the necessary
lemmas which lead to our main results in Theorem 5.

We define the expected mean squared loss for the parameter recovery MSE(θ̂) :=
ED[||θ̂ − θ||22] and the expected risk R(θ̂) = EX1,Y [(θ̂>X1 − Y )2] which is the mean
squared prediction error. Then, we state the following.

Theorem 5. Let D = (X1,X2, ...,XT ,Y) be a random dataset where θ̂Baseline :=
(X>1 X1)−1X>1 Y and θ̂LuPTS = Â2 . . . ÂT β̂ is the output of Algorithm 1 (non-stationary).
If the data is generated from the Markov-Gaussian-linear system described in Sec-
tion 3.1, θ̂LuPTS is unbiased, and

MSE(θ̂LuPTS) = MSE(θ̂Baseline)− ED[Tr(Cov(θ̂Baseline | θ̂LuPTS))] , (3.2)

where the expectation is taken over random datasets D, since both estimators are
functions of them. Further, it holds for the expected risk that over new, unseen
samples (X1, Y ),

ED[R(θ̂LuPTS)] = ED[R(θ̂Baseline)]− ED,X1 [Varθ̂Baseline
(〈θ̂Baseline, X1〉 | θ̂LuPTS)] . (3.3)

Since the variance and covariance are non-negative, θ̂LuPTS is at least as good as
θ̂Baseline in both metrics. These statements holds for any input distribution p(X1).

The proof of Theorem 5 is similar to the proof of Theorem 2. In our case, we use the
fact that the output of Algorithm 1 is a Rao-Blackwell estimator, which is stated
as E[θ̂Baseline | Â2, . . . , ÂT , β̂] = A2 . . . ÂT β̂. However, this is not a trivial fact and
we need to prove it first. We give a full proof to Theorem 5 later on in this section,
after having showed the necessary building blocks in form of two lemmas.

Theorem 5 states that LuPTS is expected to better in comparison to baseline on av-
erage across datasets of the same size, in terms of parameter recovery and prediction
error. Specifically, LuPTS will be better than baseline when there is uncertainty in
θ̂Baseline given θ̂LuPTS. In other words, if there are multiple datasets that lead to the
same estimator θ̂LuPTS but different θ̂Baseline, then we can expect θ̂LuPTS to perform
better.

Note that due to both parameter estimates being unbiased, equation (3.4) states
that the variance in the estimation by LuPTS will always be equal to or lower than
the baseline estimation. This is clear from equation (2.9), since the difference in
mean squared error comes from a difference in the variance when the bias term is
zero as the irreducible error is the same for both algorithms.
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Figure 3.1: A display of the main idea behind the proof of Lemma 6. The wide
dotted line is Â>t Xt−1 and the solid line is A>t Xt−1, the colored markers are different
samples from two separate datasets. Note that the two different colors are mirrored
along the line of best fit. Both datasets return the same OLS estimator Ât, and we
claim that they have the same probability to occur.

Building blocks for Theorem 5

As stated already, to prove Theorem 5, we need to prove two lemmas. The first
one is a general statement for any Markov-Gaussian-linear dynamical system with
isotropic noise.

Lemma 6. Let D = (X1,X2, ...,XT ,Y) be a random dataset generated from the
Markov-Gaussian-linear system described in Section 3.1 and let K = (Â2, . . . , ÂT , β̂)
be the output from Algorithm 1 (non-stationarity). Then, for any t = 2, . . . , T , we
have that

E[Xt|Xt−1, K] = Xt−1Ât and E[Y|XT , K] = XT β̂ .

The entire proof is found in Appendix A.2, but we present a proof sketch below.

Proof sketch. We will talk about the left statement in the lemma, but the same
arguments applies to the right. Due to the isotropic noise, we can argue that, for
any residual Rt, there exists two different datasets Xt = Xt−1Ât + Rt and X̃t =
Xt−1Ât − Rt which lead to the same OLS estimator Ât. In addition, we show that
these have the same probability of occuring. Hence, due to symmetry, the expected
value lie exactly in between them, which is Xt−1Ât. Figure 3.1 shows what this
looks like for the one-dimensional case where the differently colored samples belong
to two separate datasets.

Lemma 6 says that the expected state at t, across datasets of the same size for
which Algorithm 1 returns Â2Â3 . . . ÂT β̂, is equal to the estimated state at t given
the previous state at t− 1. It can be used to prove a second lemma stating that the
output of LuPTS (Algorithm 1) is a sufficient statistic and, indeed, Rao-Blackwell
estimator.
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Lemma 7. Let D = (X1,X2, ...,XT ,Y) be a random dataset generated from the
Markov-Gaussian-linear system described in Section 3.1, (Â2, . . . , ÂT , β̂) be the out-
put from Algorithm 1 (non-stationarity), and θ̂Baseline := (X>1 X1)−1X>1 Y. It holds
that,

ED[θ̂ | Â2, . . . , ÂT , β̂] = Â2 . . . ÂT β̂ .

Proof. Let smaller letters (x1, . . . ,xT ,y) indicate a value of the random dataset D
and B = (x>1 x1)−1x>1 , then we have,

E[θ̂|K] =
∫
p(x1, . . . ,xT ,y|K)θ̂dX1 . . . dXTdY

(a)=
∫
p(y|xT , K)

T∏
t=2

p(xt|xt−1, K)p(x1|K)θ̂dX1 . . . dXTdY

(b)=
∫
p(y|xT , K)

T∏
t=2

p(xt|xt−1, K)p(x1|K)By︸︷︷︸
=θ̂

dX1 . . . dXTdY

(c)=
∫ T∏

t=2
p(xt|xt−1, K)p(x1|K)B

[∫
yp(y|xT , K)dY

]
︸ ︷︷ ︸

=E[Y|xT ,K]=xT β̂

dX1 . . . dXT

=
∫ T∏

t=2
p(xt|xt−1, K)p(x1|K)BxT β̂dX1 . . . dXT

(c)=
∫ T−1∏

t=2
p(xt|xt−1, K)p(x1|K)B

[∫
xTp(xT |xT−1, K)dXT

]
︸ ︷︷ ︸

=E[XT |xT−1,K]=xT−1ÂT−1

β̂dX1 . . . dXT−1

=
∫ T−1∏

t=2
p(xt|xt−1, K)p(x1|K)BxT−1ÂT−1β̂dX1 . . . dXT−1

(c)=
∫ T−2∏

t=2
p(xt|xt−1, K)p(x1|K)B

[∫
xT−1p(xT−1|xT−2, K)dXT−1

]
︸ ︷︷ ︸

=E[XT−1|xT−2,K]=xT−2ÂT−2

ÂT−1β̂dX1 . . . dXT−2

= · · · = (recursively)

=
∫
p(x1|K)Bx1︸ ︷︷ ︸

=I

Â1 . . . ÂT−1β̂dX1

(d)= Â1 . . . ÂT−1β̂
∫
p(x1|K)dX1 = Â1 . . . ÂT−1β̂

where we have used the Markov assumption in (a), the definition of the OLS esti-
mator θ̂ in (b) and then recursively utilize Lemma 6 in (c). Finally, in (d), we can
move the estimators outside the integral as we have conditioned on them. �

Proof of Theorem 5

Now, having showed Lemma 6 and 7, we are ready to present the proof of Theorem 5.
As a reminder, the statement is the following.
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Let MSE(θ̂) := ED[||θ̂ − θ||22] be the expected mean squared loss for the parameter
recovery, and R(θ̂) = EX1,Y [(θ̂>X1 − Y )2] the expected risk, which is the mean
squared prediction error.

Theorem 5. Let D = (X1,X2, ...,XT ,Y) be a random dataset where θ̂Baseline :=
(X>1 X1)−1X>1 Y and θ̂LuPTS = Â2 . . . ÂT β̂ is the output of Algorithm 1 (non-stationary).
If the data is generated from the Markov-Gaussian-linear system described in Sec-
tion 3.1, θ̂LuPTS is unbiased, and

MSE(θ̂LuPTS) = MSE(θ̂Baseline)− ED[Tr(Cov(θ̂Baseline | θ̂LuPTS))] , (3.4)

where the expectation is taken over random datasets D, since both estimators are
functions of them. Further, it holds for the expected risk that over new, unseen
samples (X1, Y ),

ED[R(θ̂LuPTS)] = ED[R(θ̂Baseline)]− ED,X1 [Varθ̂Baseline
(〈θ̂Baseline, X1〉 | θ̂LuPTS)] . (3.5)

Since the variance and covariance are non-negative, θ̂LuPTS is at least as good as
θ̂Baseline in both metrics. These statements holds for any input distribution p(X1).

Proof. Unbiasedness of θ̂LuPTS follows from Lemma 7 since θ̂Baseline is also unbi-
ased. The remaining result follows from Lemma 7 and standard Rao-Blackwell
arguments [5, 6],

MSE(θ̂LuPTS) = ED[‖θ̂LuPTS − θ‖2]
= ED[‖E[θ̂Baseline | θ̂LuPTS]− θ‖2]
= ED[‖E[θ̂Baseline − θ | θ̂LuPTS]‖2]

= ED

 d∑
j=1

(E[θ̂j,Baseline − θj | θ̂LuPTS])2


= ED

 d∑
j=1

(
E[(θ̂j,Baseline − θj)2 | θ̂LuPTS]− Var

[
θ̂j,Baseline | θ̂LuPTS

])
= ED[E[‖θ̂Baseline − θ‖2 | θ̂LuPTS]]− ED

 d∑
j=1

Var
[
θ̂j,Baseline | θ̂LuPTS

]
= MSE(θ̂Baseline)− ED

[(
Cov

[
θ̂Baseline | θ̂LuPTS

])]
.

Recall that X1 represents a new test point, independent of the dataset D. For the
second result, we note that for any estimator θ̂,

ED[R(θ̂)] = ED[EX1,Y [(θ̂>X1 − Y )2]] = EX1 [ED[EY |X1(θ̂>X1 − Y )2 | X1]] .
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Then, if θ̂ is unbiased, for the Gaussian linear model Y = θ>X1+ε with ε ∼ N(0, σ2),

ED[EY |X1 [(θ̂>x1 − Y )2 | X1 = x1]] =ED[(θ̂>x1 − ED[θ̂]>x1)2]︸ ︷︷ ︸
= variance

+ (ED[θ̂]>x1 − θ>x1)2︸ ︷︷ ︸
= bias2

=0

+σ2 .

The variance term can then be rewritten as, since ED[θ̂] = θ,

ED[(θ̂>x1 − ED[θ̂]>x1)2] = ED[〈θ̂ − θ, x1〉2] .

Then, since θ̂LuPTS is an unbiased estimator of θBaseline,

ED[R(θ̂LuPTS)] = EX1 [ED[〈θ̂LuPTS − θ,X1〉2]] + σ2

= EX1 [ED[〈E[θ̂Baseline | θ̂LuPTS]− θ,X1〉2]] + σ2

= EX1 [ED[E[〈θ̂Baseline − θ,X1〉 | θ̂LuPTS]2]] + σ2

= EX1 [ED[E[〈θ̂Baseline − θ,X1〉2 | θ̂LuPTS]
− Var(〈θ̂Baseline − θ,X1〉 | θ̂LuPTS)]] + σ2

= ED[R(θ̂Baseline)]− ED,X1 [Var(〈θ̂Baseline − θ,X1〉 | θ̂LuPTS)] .

In the last step, we make use of the fact that θ̂Baseline is unbiased and

ED[R(θ̂)] = EX1 [ED[〈θ̂ − θ,X1〉2] + σ2 .

�

As pointed out already, the proof uses standard arguments from literature [5, 6].
Worthwhile to also mention is that it should be possible to reformulate Theorem 5
to other convex losses, as touched upon in Section 2.6. For example, we could
consider the mean absolute error ||θ̂ − θ||2, or potentially the logistic loss function
if extending the theorem for classification tasks. Note that we can not necessarily
guarantee, however, that changing the loss function would lead to a gap between
LuPTS and baseline in the equations in Theorem 5. And even if it exists, it might
look different.

In the following subsections, we will present a set of remarks and comments which
relates to Theorem 5, discussing various aspects and interpretations of it.

Remarks on the error gap in Theorem 5

As a reminder,

ED[Tr(Cov(θ̂Baseline | θ̂LuPTS))] and ED,X1 [Varθ̂Baseline
(〈θ̂Baseline, X1〉 | θ̂LuPTS)]

are the gaps between the error of the baseline and LuPTS models. Although we
have already discussed how these depend on the uncertainty in θ̂Baseline given θ̂LuPTS,
in this section, we will give two remarks to build further intuition for these.
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Connection to second moment. To give an example for the two-step case with
T = 2, i.e. θ̂LuPTS = Â2β̂ we can show another way to interpret the covariance
Cov(θ̂Baseline | θ̂LuPTS).

Let B = (X>1 X1)−1X1, then we have,

CovD
(
θ̂Baseline|θ̂LuPTS

)
=

(a)= ED
[
(θ̂Baseline − E[θ̂Baseline|θ̂LuPTS])(θ̂Baseline − E[θ̂Baseline|θ̂LuPTS])>|θ̂LuPTS

]
(b)= ED

[
(θ̂Baseline − θ̂LuPTS)(θ̂Baseline − θ̂LuPTS)>|θ̂LuPTS

]
(c)= ED

[
(B(Y −X2β̂))(B(Y −X2β̂))>|θ̂LuPTS

]
(d)= EX1,X2

[
B EY

[
(Y −X2β̂)(Y −X2β̂)>|θ̂LuPTS,X1,X2

]
B>|θ̂LuPTS

]
(e)= EX1,X2

[
B EY

[
(Y −X2β̂)(Y −X2β̂)>|β̂,X2

]
B>|θ̂LuPTS

]
(f)= EX1,X2

[
BVarY

(
Y|β̂,X2

)
B>|θ̂LuPTS

]
where (a) comes from the definition of conditional variance; (b) uses Lemma 7; in
(c) we use the definition of the OLS estimators; (d) is iterated expectations; (e) is
possible due to the Markov assumption since Y ⊥⊥ Â2,X1|β̂,X2; and, finally, (f)
uses, once again, the definition of conditional variance since we know E[Y|X2, β̂] =
X2β̂ from Lemma 6.

We see that the gap depends on VarY
(
Y|β̂,X2

)
, which is related to the second

moment of Y conditioned on β̂ and X2. Even though we can not show how this term
depends on sample size, dimensionality or other problem parameters, an analogy can
perhaps be made to Lemma 6 where we showed what the first moment is. Hence,
learning more about the second moment seems to be of interest to understand the
gap better. This remains as an open question to be answered.

Dependence on system and outcome noise Using a different lens, we can show
how the system and outcome noise are key components to the difference between the
LuPTS and baseline estimators, θ̂LuPTS and θ̂Baseline. We can express the difference
between the estimators explicitly in the case where T = 2. With H1 = (X>1 X1)−1X>1
and H2 = (X>2 X2)−1X>2 , we have,

θ̂LuPTS − θ̂Baseline = H1X1AH2X2β︸ ︷︷ ︸
θ

+(H1X1AH2εY −H1εY ) + (H1ε2H2X2β −H1ε2β)︸ ︷︷ ︸
=0

−H1X1Aβ︸ ︷︷ ︸
θ

+H1ε2H2εY = (AH2 −H1)εY +H1ε2H2εY .

Whenever εY = 0, both remaining terms are 0, irrespective of other factors. If
ε2 = 0 and A is invertible, both terms are 0 as well (when ε2 = 0, X2 = X1A
and AH2 = H1). In other words, in the case where either the dynamics or the
outcome are noiseless, the LuPTS estimator reduces to the OLS estimator. More
importantly, if neither noise term is 0, the difference will generally not be 0 . As a
consequence, Cov(θ̂Baseline | θ̂LuPTS) > 0, and LuPTS is strictly better than baseline.
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Remarks on limitations and potential extensions of Theorem 5

The main limitation of Theorem 5 is that we make strong assumptions on the struc-
ture of the time series, i.e. Markov and linear transitions with additive, isotropic
Gaussian noise. Even though we will see that the LuPTS algorithm works well on
real-world tasks where these assumptions necessarily do not hold in Chapter 5, we
will make a few remarks on possible ways to extend the theory.

Anisotropic noise The isotropic noise assumption, i.e. all covariances of the
noise can be written as Cov(εt) = σ2

t Id, is necessary to prove Lemma 6. However,
the assumption is mostly made to make the analysis easier. For the anistropic case
with Cov[εt] = diag(σ(t)

1 , . . . , σ
(t)
d ). Then, Lemma 6 is still feasible using a similar

analysis. We have made a remark regarding this under the proof of the isotropic
case in Appendix A.2.

Non-linear models It is not trivial to generalize Theorem 5 to a non-linear setting
as we rely heavily on the definition and theory for OLS estimators. Hence, we do not
see a straightforward way to apply the Rao-Blackwell arguments in the non-linear
case. Still, it is possible to reason about non-linear models in the context of time
series with privileged information, which we discuss further in Section 3.3.3 and
Chapter 6.

Stationary dynamics As pointed out already, Theorem 5 only applies to Al-
gorithm 1. Although the stationarity assumption is a further restriction, it is of
interest to still understand how the stationary variant of LuPTS would compare to
both the non-stationary variant and baseline. Potentially, it could be better than
both of them if the stationary assumptions holds. However, the dependence between
samples at each time step makes Lemma 6 more difficult to prove for the stationary
case. Currently, we do not have a clear idea of how to approach it differently, but it
is left as an interesting direction for future work.

Introducing interventions As mentioned in Section 2.5, it is common when
studying linear dynamical systems to include an externally controlled signal Vt−1
such that

Xt = A>t Xt−1 +B>t Vt−1εt

where Bt is the linear parameter which accounts for the control signal. This could,
for example, be used to model a physician who intervenes and changes the treatment
dose for a patient for some time step t > 1 after baseline. In our analysis, we have
considered that Bt = 0. However, it is trivial to extend Theorem 5 to this setting if
Vt is known. We can introduce

X̃t =
[
Xt

Vt

]
and Ãt =

[
At
Bt

]
.

Then, we have
X̃t = Ã>t X̃t−1 + εt
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which is formulated precisely as those linear dynamical systems that we are studying.
Instead of inferring At, we learn Ãt but the same theory still applies.

Adversarial example The OLS estimator θ̂Baseline is the optimal unbiased lin-
ear estimator between the samples (X1, Y ) with respect to variance, as it is the
minimum-variance mean-unbiased estimator of θ [17]. However, when having privi-
leged information, this result do not necessarily apply as we have the intermediate
variables (X2, . . . , XT ). Still, evaluated using only (X1, Y ), baseline will always have
a better or equal training error compared to the LuPTS algorithm (LuPTS is, how-
ever, expected to perform better on unseen data). This comes from the fact that the
OLS estimator is the best solution to the least squares loss on the observed data.
Consequently, it has an interesting implication. Although highly unlikely, if the test
set is very similar or identical to the training set, then baseline will probably per-
form better (or at least equally well) on that particular example. This also gives the
hint that when the sample size n is very large, we should expect that the difference
between LuPTS and baseline should be very small since there are few unseen data
points that could appear.

Algorithm 3 Generalization of Learning using Privileged Time series (LuPTS)

Require: Dataset {X(i)
1 , . . . , X

(i)
T , Y (i)}ni=1. Function classes F , G. Loss function L.

1: for t = 1, . . . , T − 1 do
2: f̂t = argmin

ft∈F

1
m

∑m
i=1 L(ft(xi,t), xi,t+1)

3: end for
4: ĝ = argmin

g∈G

1
m

∑m
i=1 L(g(xi,T ), yi)

5: return ĥ = ĝ ◦ f̂T−1 ◦ ... ◦ f̂1

3.3.3 Extensions to non-linear models
The theory which has been presented up until this point has been for linear esti-
mators. However, non-linear models are also of great interest due to their greater
flexibility. But, unfortunately, the variance reduction using Rao-Blackwellization is
not trivial to generalize to non-linear estimators. With that said, we can still reason
about a more general variant of LuPTS.

Under the Markov assumption, defined in Section 3.1, it is natural to consider the
following generalization of the LuPTS algorithm to non-linear estimators: (a) For
each time step t in the series, fit an estimator of the transition from Xt to Xt+1,
denoted f̂t; (b) fit an outcome model predicting Y from XT , denoted ĝ; lastly (c)
return ĥ = ĝ◦ f̂T−1◦· · ·◦ f̂1 as the hypothesis. Predictions by the algorithm becomes
ĥ(X1) ≈ Y . The steps described in this paragraph are outlined in Algorithm 3, where
it is necessary to define the loss function and the functional classes ∀t : ft ∈ F , g ∈ G
that we use to model the dynamics and outcome respectively.
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In the general case, without assumptions on the data-generating process or the
hypothesis classes F and G, we may bound the expected risk of the LuPTS algorithm
in terms of the risk accumulated in simulating the system dynamics through f̂ , and
that of the outcome model ĝ. This is stated by the following theorem.

Theorem 8 (Error decomposition). Let f̂ = f̂T ◦ f̂T−1 ◦ · · · ◦ f̂2 be the estimated
system dynamics and ĝ is the the estimated outcome model which maps from XT to
Y , then we have

E
[(
ĝ(f̂(X1))− Y

)2
]
≤ E

[(
ĝ(f̂(X1))− ĝ(XT )

)2
]

+ E
[
(Y − ĝ(XT ))2

]
+ 2

√
E
[(
ĝ(f̂(X1))− ĝ(XT )

)2
]
E
[
(Y − ĝ(XT ))2

] (3.6)

where E
[(
ĝ(f̂(X1))− ĝ(XT )

)2
]
is the mean squared error in Y that stems from

errors in the learned dynamical system while E
[
(Y − ĝ(XT ))2

]
is due to the error

in the model ĝ.

Proof. Proof as seen in [23].

E
[(
ĝ(f̂(X1))− Y

)2
]

=E
[(
ĝ(f̂(X1))− Y + ĝ(XT )− ĝ(XT )

)2
]

=E
[(

(ĝ(f̂(X1))− ĝ(XT ))− (Y − ĝ(XT ))
)2
]

=E
[(
ĝ(f̂(X1))− ĝ(XT )

)2
]

+ E
[
(Y − ĝ(XT ))2

]
− 2E

[(
ĝ(f̂(X1))− ĝ(XT )

)
(Y − ĝ(XT ))

]
≤ E

[(
ĝ(f̂(X1))− ĝ(XT )

)2
]

+ E
[
(Y − ĝ(XT ))2

]
+ 2

√
E
[(
ĝ(f̂(X1))− ĝ(XT )

)2
]
E
[
(Y − ĝ(XT ))2

]
The first equalities follow from simple algebra, and the inequality in the last step is
possible because Cauchy-Schwarz inequality for random variables. �

Although the bound on the risk for the LuPTS can not directly be compared to
that of the baseline model, it does, however, give an indication of how the risk of
the LuPTS model depends on the estimation of the dynamics f̂T−1 ◦ · · · ◦ f̂1 and
outcome ĝ. In cases where the outcome model is estimated perfectly, the LuPTS
model can still have an arbitrarily bad prediction error if the estimation of the
dynamics is poor. In addition, we could anticipate that the expected risk associated
with the estimated dynamics grows with T as the problem becomes more difficult.
Meanwhile, the outcome model ĝ does not depend on sequence length T as it always
consists of one estimated function.
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4
Experimental setup

This chapter describes the setup of the experiments which are performed. In Sec-
tion 4.1, the implementation is outlined and in subsequent sections, Section 4.2.1,
4.2.2 and 4.2.3 the datasets used in the experiments are presented and it is described
how the datasets were pre-processed for the experiment in Chapter 5.

4.1 Implementation

The LuPTS algorithm outputs several OLS estimates. To be exact, one for each
state transition At using variables from the time series as appropriate, and one for
the outcome model β. The stationary variant of LuPTS is similar, the difference
being that there is only one estimate for the state transition A. The baseline model
used for comparison is also an OLS estimate, given only the baseline and outcome
variable. All OLS estimates were implemented using the LinearRegression class
found in the Python module scikit-learn [24]. The LinearRegression implementation
used for both of the LuPTS algorithms and the baseline model were unregularized.

When extending the algorithm to binary classification tasks the outcome model in
the LuPTS algorithm and the baseline model used for comparison are replaced with
the LogisticRegressionCV implementation in scikit-learn. The L2 regularization
parameter for these were tuned, for values from 1×10−4 to 1×104, using 5-fold cross
validation on the training portion. Regularization was used as unregularized logistic
regression does not converge if the problem happens to be linearly separable [25].

For regression tasks the models were evaluated with the coefficient of determination
(R2) and for classification tasks the models were evaluated with the the Area Under
the Receiver Operating Characteristic Curve (AUC).

For the real-world datasets presented in Section 4.2, pre-processing steps were per-
formed in preparation to use the data for training and evaluating the algorithms.
Generally, these steps covered selection of time points from the time series in the
datasets. That is; which time point was to be treated as the baseline features
(X1), what were the time points that are to be considered privileged during training
(X2, . . . , XT ), and what would represent the outcome (Y ). Additionally, missing
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values in the training portion were imputed by mean imputation and the training
portion was then standardized. These steps were implemented using the SimpleIm-
puter and RobustScaler classes found in scikit-learn [24]. Note that for the synthetic
data pre-processing was not necessary by construction.

All procedures for pre-processing real-world datasets, generating synthetic datasets,
training and evaluating models were implemented in Python with the help of stan-
dard scientific modules such as NumPy and scikit-learn. The experiments were run
on mid-tier laptops generally utilizing one CPU core. Running times for all exper-
iments under this setup rarely exceeded a couple of minutes. The source code is
available in a GitHub repository∗.

4.2 Datasets
The following section provides a description for the datasets used for experiments.
First, the generative procedure for the synthetic data is explained and, then, the real-
word datasets are presented. In addition, an explanation about the pre-processing,
training and evaluation is given.

4.2.1 Synthetic data
As a reminder, the Gaussian-linear dynamical system of interest is

Xt = A>t Xt−1 + εt, for t = 2, . . . , T
Y = β>XT + εY .

(4.1)

To verify and further investigate the theoretical results which have been presented,
a sample procedure was used to generate a synthetic dynamical system on this form
where the assumption under consideration holds, namely the Markov property and
linearity with additive Gaussian noise. The parameter At ∈ Rd×d and β ∈ Rd×1

were generated in the following way: For each t = 2, . . . , T , all elements in At are
sampled independently from a Normal distribution N(µ = 0, σ = 0.2), except for
the diagonal elements of At which were set to 1. If the system was stationary, the
sampling procedure for At had to only be performed once. The linear parameter
for the outcome model β was sampled from the same distribution, i.e. βj ∼ N(µ =
0, σ = 0.2) for j = 1, . . . , d.

The eigenvalues (λ1, . . . , λd) of At has an influence on the systems behavior and
stability. To ensure a desirable behavior of the system, the spectral radius ρ(At)
was enforced to a specific value after the sampling procedure. This was done by
factorizing At into its spectral decomposition UtΛtU

−1
t and computing Λ(new)

t =
κ

ρ(At)Λt. Then, an update At = UtΛ(new)
t U−1

t was performed where κ is the new
spectral radius of At. If κ = 1 then a stable system is achieved, but it is also
possible to get dampening (κ < 1) and unstable (κ > 1) systems. Generally, κ = 1.5
was used since unstable systems are easier to learn [26].

∗https://github.com/RickardKarl/LearningUsingPrivilegedTimeSeries
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Figure 4.1: Three different instances of linear dynamical systems synthetically
generated by the procedure described in Section 4.2.1, but with various spectral
radii. The outcome is not included in these figures, and note the different scales on
the y-axis.

In addition to the parameters At and β, another key characteristics of the synthetic
system is the distribution of the input X1 and Gaussian noise variables εt, εY . All
were Normal distributed, p(X1) = N(µ = 0, σ2 = 5 Id); the system noise variables
p(εt) = N(µ = 0, σ2 = 1) for t = 2, . . . , T ; and the outcome noise variable p(εY ) =
N(µ = 0, σ2 = 1).

In Figure 4.1, a dampening, stable and unstable system are generated with the
procedure described here. Note that the variances in the final time step vary greatly
depending on the stability of the system.

Breaking the Markov assumptions

Another similar system to (4.1) was considered where Y has a direct dependence on
X1, which breaks the Markov assumption. In this case, a parameter δ was introduced
such that Y = XTβ +X1δ + εY where δ is generated in the same way as β.
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4.2.2 Alzheimer’s disease progression modeling
Alzheimer’s is the most common cause of dementia and it is a progressive disease
which worsens over time [27]. Predicting the progression of Alzheimer’s is both
helpful for the patient and clinicians studying the disease. For the patient it can aid
in planning for the future, and for clinicians studying and working on treating the
disease it is beneficial at an early stage to be able to predict if a patient is likely to
develop Alzheimer’s in the future. A treatment and the study of treatment effect is
anticipated to be most fruitful if applied early in the disease progression [28].

The Alzheimer’s Disease Neuroimaging Initiative (ADNI)† database was launched
in 2003 as a public-private partnership, led by Principal Investigator Michael W.
Weiner, MD. The primary goal of ADNI has been to test whether serial magnetic
resonance imaging (MRI), positron emission tomography (PET), other biological
markers, and clinical and neuro psychological assessment can be combined to mea-
sure the progression of mild cognitive impairment (MCI) and early Alzheimer’s
disease (AD). Subjects in ADNI are followed over several years with measurements
taken at three months intervals.

The potential performance increase of having privileged information during training
was investigated for disease progression prediction measured by two subject out-
comes. The first was to predict a patient’s Mini Mental State examination (MMSE)
score four years from baseline measurements, the second was to predict a patients
AD diagnostic status four years from the same baseline. To be more specific, out-
comes (Y ) are observed at a fixed follow-up time (48 months) after baseline (X1)
were taken in the ADNI study. Privileged information was collected at intermedi-
ate follow-up measurements, these were restricted to follow-ups at 12 months, 24
months and 36 months after baseline. Patient features were selected from three sets
of demographic, cognitive test scores and bio-marker features present in the ADNI
dataset. Examples of such are age, ADAS11 score and APOE4 gene expression. We
refer the reader to Appendix B.1 for a full list of the features used for the Alzheimer’s
disease progression modeling tasks.

Pre-processing

There is a significant amount of missing values in the observations from the ADNI
dataset, which is demonstrated by Figure 4.2. The missingness varies with the time
of measurement, as does which subjects are present at certain follow-ups. Hence, a
subset of the subjects in the study needed to be selected in order to carry out the
experiments. This meant that subjects without an observation of the target outcome
at the follow-up at 48 months were excluded. Furthermore, it was required that the
subjects with an observation of the target at this time point also were present at
the intermediate follow-ups used as privileged information, which were 12 months,
24 months and 36 months after baseline. Categorical features, such as biological
sex and APOE4 gene expression, were one-hot encoded. Finally, if any feature had
more than 70% of the observations missing for the selected subjects at any of the

†adni.loni.usc.edu
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time points in consideration they were excluded. The features excluded as a result
of this were FDG, ABETA, TAU and PTAU.

Data exploration

The selection criteria described in the pre-processing drastically reduced the number
of subjects in the study which could be used for training and evaluation. The number
of subjects present at the follow-up at 48 months after baseline were relatively small
compared to the total number of subjects in the study, this number is then further
decreased when selecting subjects with a measurement of the target outcome. For
the MMSE prediction task, it resulted in a dataset with n = 502. Similarly, for the
AD diagnosis prediction task, it resulted in a dataset with n = 504, out of which
133 had progressed into AD. This is also seen in Figure 4.3.

M
M

SE
PT

G
E

N
D

E
R

AP
O

E
4

AG
E

PT
E

D
U

C
AT

FD
G

AB
E

TA
TA

U
PT

AU
C

D
R

SB
AD

AS
11

AD
AS

13
AD

AS
Q

4
R

AV
LT

_i
m

m
ed

ia
te

R
AV

LT
_l

ea
rn

in
g

R
AV

LT
_f

or
ge

tt
in

g
R

AV
LT

_p
er

c_
fo

rg
et

tin
g

LD
E

LT
O

TA
L

TR
AB

SC
O

R
FA

Q
M

O
C

A
E

co
gP

tM
em

E
co

gP
tL

an
g

E
co

gP
tV

is
sp

at
E

co
gP

tP
la

n
E

co
gP

tO
rg

an
E

co
gP

tD
iv

at
t

E
co

gP
tT

ot
al

E
co

gS
PM

em
E

co
gS

PL
an

g
E

co
gS

PV
is

sp
at

E
co

gS
PP

la
n

E
co

gS
PO

rg
an

E
co

gS
PD

iv
at

t
E

co
gS

PT
ot

al
Ve

nt
ri

cl
es

H
ip

po
ca

m
pu

s
W

ho
le

B
ra

in
E

nt
or

hi
na

l
Fu

si
fo

rm
M

id
Te

m
p

IC
V

bl
m12
m24
m36
m48

0.0 0.2 0.4 0.6 0.8
Fraction of samples missing observations

Figure 4.2: Ticks on the y-axis represent different times of measurement with bl
for the baseline measurement and m12 the follow-up 12 months after baseline etc.
The fraction of observations with missing values per feature for the different time
points of the selected subjects.

As previously mentioned there are some missingness in the observations. In Figure
4.2, the fraction of observations missing values per feature is shown for the different
time points. The figure shows for the MMSE prediction dataset, but is representa-
tive for AD diagnosis task as well since there was a substantial overlap of subjects
between them.
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Figure 4.3: Ticks on the x-axis represent different times of measurement with bl
for the baseline measurement and m12 the follow-up 12 months after baseline etc.
The total number of subjects are outlined at any given time point in the study and
the number of those which were selected during pre-processing. Left: MMSE as
target outcome. Right: AD diagnosis as target outcome.

4.2.3 Forecasting air quality in Chinese cities
Megacities in China such as Beijing and Shanghai are experiencing chronic air pol-
lution with large concentrations of fine particles [29]. Due to the serious health risks
caused by the pollution, it is of great interest to monitor the air quality and predict
how it might change in the very near future [30]. This experiment was based on
the task to forecast the PM2.5 concentration, that is particles with a diameter of
less than 2.5 µm, in different Chinese cities for the next couple of hours into the
future. The PM2.5 dataset contains hourly meteorological recordings between the
years 2012 and 2014 of the fine particle pollution in Beijing, Chengdu, Guangzhou,
Shanghai and Shenyang [31]. In addition to the PM2.5 concentration levels in the
air, the data contains 7 features such as temperature, humidity and combined wind
direction, see Table 4.1 for the complete list.

The task can be described as following: At time t = 1 the features X1 were observed,
which also contained the current PM2.5 air concentration, in one of the five cities.
Based on this information, it is of interest to predict what the PM2.5 concentration
will be T + 1 hours into the future. The privileged information in the training
data corresponded to the intermediate measurements X2, . . . , XT where the spacing
between any adjacent time steps t and t+ 1 was one hour. This task was performed
separately for each city, as their data look different from each other due to, among
other things, geographical differences.

Pre-processing

Due to the prevalence of missing values for the PM2.5 concentration levels in the
dataset, the first pre-processing step was to extract all non-overlapping sequences
of length T that had no missing values for the PM2.5 concentration. In addition, a
rule was enforced that there must be at least a gap of six hours between adjacent
sequences to decrease correlations between them. Finally, dummy encoding was
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Table 4.1: Features in the PM2.5 dataset.

Feature Type
Temperature Numerical
Humidity Numerial
Dew Point Numerical
Pressure Numerical
Cumulated wind speed Numerical
PM2.5 concentration Numerical
Season Categorical
Combined wind direction Categorical

used for the categorical features in the dataset. Standardization and imputation
were applied during the training stage in the experiments.

Data exploration

To understand the PM2.5 dataset better, a plot is included with correlations between
the set of features contained in (X1, Y ). This is seen in Figure 4.4. Interestingly,
there seems to be mainly three strongly correlated features with the target concentra-
tion at t = 24, which are the dew point, temperature and the baseline concentration
level at t = 1.

With the pre-processing described in the previous subsection, the number of avail-
able samples will depend on the chosen time horizon T and also be different for each
city as they have a varying degree of missingness in the target variable. The number
of samples that were obtained for different settings are found in Table 4.2. Natu-
rally, the number of available samples decreases when T increases. Additionally, in
Figure 4.5, a few examples of the PM2.5 concentration levels are displayed over the
span of 24 hours in Beijing.

Table 4.2: Each entry contain the number of total samples for a particular city
when pre-processing the data with respect to a fixed time horizon T .

City T = 5 hours T = 11 hours T = 23 hours
Beijing 3543 2442 1466
Chengdu 2022 1392 844
Shanghai 2343 1609 961
Shenyang 1487 1008 594
Guangzhou 2246 1530 923
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5
Results

The results presented in this chapter are structured in the following way: First,
the synthetic experiments are presented in Section 5.1, and then the results for the
real-world tasks in Section 5.2.

In all plots, Baseline refers to OLS or Logistic Regression (depending on the task),
LuPTS refers to the output of Algorithm 1 (non-stationarity) and Stat-LuPTS to
the output of Algorithm 2 (stationarity).

5.1 Synthetic experiments

The main purpose of the synthetic experiments is to answer two questions: (1)
Can we validate the theory presented in Chapter 3 and investigate the gap between
baseline and LuPTS and how it varies depending on problem parameters? (2) What
happens to the LuPTS algorithm when the underlying assumptions do not hold?
Section 5.1.1 and Section 5.1.2 addresses question (1) and (2), respectively.

For all experiments, the following default values were used unless otherwise stated:
n = 1000, T = 10, d = 25, κ = 1.5, and Var(εt) = Var(εY ) = 1 for t = 1, . . . , T − 1.
Finally, the input distribution was p(X1) = N(µ = 0, σ2 = 5 Id). 200 iterations were
performed in each experiment, and a new system was generated in each iteration.
The size of the test set was equal to the size of the training set.

5.1.1 Validation of theory
In this section, experiments are presented that investigate the theoretical results
from Chapter 3. In particular, they verify that Theorem 5 holds, and investigate
how the gap between the baseline and LuPTS depends on problem parameters.

Parameter recovery

Figures 5.1a, 5.1b and 5.1c present the relative mean squared error ||θ − θ̂||22/||θ||22
across multiple iterations of the parameter estimates for the baseline and LuPTS
on a synthetic system. The impact of varying the number of training samples n,
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Figure 5.1: Parameter recovery when varying one parameter at the time, while the
others remained fixed to their default values. Relative MSE used as metric (lower
is better); shaded region corresponds to one standard deviation over 200 iterations.

sequence length T , and variance of system noise on the MSE while keeping the other
two fixed were investigated. It was noted that the LuPTS parameter estimates were
closer to the true parameter values (indicated by a lower relative MSE) compared
to the baseline estimator. The gap size between the methods seemed to vary greatly
with respect to any of the problem parameters shown. In Figure 5.1b, the difference
between the algorithms increased for larger T , which can be explained by the fact
that there will be more uncertainty between X1 and Y as T gets larger. Notably,
when the variance of the system noise was set to zero (Figure 5.1c), no difference
between LuPTS and the baseline method was observed. This result agrees with how
the MSE gap in Theorem 5 depends on Var(θ̂Baseline | θ̂LuPTS), which is only non-zero
if there is uncertainty in the baseline estimate for a given estimate by the LuPTS
algorithm.

Impact of system’s stability

An investigation was done on how both the baseline and LuPTS algorithm performed
on different linear dynamical system by varying the spectral radius. It affects the
stability of the system, and can impact the algorithms capability to learn the dy-
namics as will be seen.

Let the spectral radius ∀t : ρ(At) = κ. A stable system has κ = 1, while an
unstable/dampening system has κ < 1 and κ > 1, respectively. Figure 5.2 presents
the relative MSE (y-axis) for parameter recovery when κ was varied (x-axis). LuPTS
performed better than baseline for all values of the spectral radius, but they both
got better when the radius increased. The observation that unstable systems were
easier to learn overall has also been pointed out by [26].
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Figure 5.2: Parameter recovery (relative MSE) when varying spectral radius
ρ(At) = κ. A stable system has κ = 1, while an unstable/dampening system
has κ > 1 and κ < 1, respectively. Baseline ( ) and LuPTS ( ); shaded region
corresponds to one standard deviation over 200 iterations. Lower is better.

5.1.2 Violation of assumptions
In the following section experiments are shown that investigate what happens when
breaking one of the following assumptions¨: the Markov property, linearity or sta-
tionarity.

Breaking the Markov property assumption

Another linear parameter δ was introduced such that Y = XTβ+X1δ. The response
became directly dependent on X1. This means that Y is dependent of another
variable beyond the previous state XT , hence the Markov property does not hold.
To investigate the impact of this violation, the ratio of the norms ||δ||2||β||2 was varied.
A larger ratio would lead to a larger deviation from the assumption while if δ = 0
then the ratio is zero and the Markov property holds. Figure 5.3 shows the results
that were obtained.

It was observed that predictions from LuPTS get worse in terms of R2 score (y-axis)
as the ratio (x-axis) grew. Albeit the bias, however, for small positive ratios it could
be seen that LuPTS still performed as well as baseline. This might be explained
by that the privileged information still contains useful knowledge which offsets the
bias when it is small. However, the conclusion is that if the assumption about the
Markov property is not true, then LuPTS should likely not be used.

LuPTS and non-linear dynamics

For investigating how the LuPTS algorithms performed when the assumption of
linearity is broken, simulations of the non-linear Lorenz equations (5.1) were used.
To compute the state St = (u, v, w)t, t = 1, .., T in the system, odeint from SciPy [32]
was used with 0.01 time increments. Hence, state S0 was observed at time 0, state
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Figure 5.3: Adding a direct linear relationship between X1 and Y , larger value on
x-axis leads to more substantial violation of the Markov assumption. Baseline ( )
and LuPTS ( ). R2 used as metric (higher is better); shaded region corresponds
to one standard deviation over 200 iterations.

S1 was observed at time 0.01 and so forth. In Figure 5.4 an example of a trajectory
of the system is shown, note that the x-axis represents state index t and not the
time increments. For the experiments the parameters of the Lorenz system were set
to σ = 10, ρ = 28 and δ = 8

3 .

du
dt = σ(v − u)

dv
dt = u(ρ− w)− v

dw
dt = uv − δw

(5.1)

The outcome Y remained a linear function of the last state with additive Gaussian
noise as in Section 4.2.1, i.e. Y = β>ST + εY where β and εY were sampled from
the same distributions as the other synthetic experiments. The same was true for
how the initial state S0 was sampled as well.

Figure 5.4 shows the results of the baseline and LuPTS models for the Lorentz
system. Note, a training size of 200 samples were used to produce the results. As
can be seen, the baseline and both LuPTS variants had equal predictive strength
but as the sequence lengths grew the performance of both LuPTS variants worsened,
especially for Stat-LuPTS. The conclusion is that assuming linear estimators for the
state transitions in this given situation was not ideal, and the experiments highlight
a weakness of the LuPTS algorithm.

Investigating stationarity LuPTS

All synthetic experiments presented up until this subsection have been with non-
stationary systems. Even though there are not the same theoretical guarantees for
the stationary variant of LuPTS as with the non-stationary algorithm, an empir-
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Figure 5.4: Left: Example trajectory from the Lorenz system. Right: R2 score
for the baseline and LuPTS models for varying sequence lengths. Shaded region
corresponds to one standard deviation over 200 iterations.

ical investigation was done to observe how it compared to the other algorithms.
Two experiments were performed, one experiment where the stationary assumption
held and one when it was violated, while observing the parameter recovery of each
algorithm.

When the stationary assumptions held (Figure 5.5a), LuPTS did better than baseline
as before. But more importantly, Stat-LuPTS was closer to the true parameter
estimate than both of them. Meanwhile, as expected, when breaking the stationary
assumption (Figure 5.5b), Stat-LuPTS performed significantly worse while LuPTS
and baseline remained about the same.

These experiments indicate that the stationary variant of LuPTS is preferable when
the stationarity assumption is true.

5.2 Real-world tasks

In this section, results are presented from the experiments with the Alzheimer’s
disease progression dataset (Section 5.2.1) and the air quality PM2.5 dataset (Sec-
tion 5.2.2). These experiments are motivated by a set of questions. Firstly, to verify
that the LuPTS algorithm also works on real-world tasks that stretches outside the
theoretical scope that has been considered so far. Secondly, to investigate how the
amount of available privileged information in a particular task affects the LuPTS al-
gorithm, in particular for low-sample settings. Thirdly, for the Alzheimer’s disease
progression task, testing an extension of the LuPTS algorithm to a classification
task. Lastly, to study the bias-variance trade-off in the LuPTS algorithm, which is
done mainly with the air quality forecasting task.
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Figure 5.5: Parameter recovery with or without stationarity when varying the
number of training samples n. R2 used as metric; shaded region corresponds to one
standard deviation over 200 iterations.

5.2.1 Alzheimer’s disease progression modeling

Results are shown for the two tasks outlined in Section 4.2.2. For both the regression
and classification task, an increase in predictive performance was observed when us-
ing LuPTS compared to the Baseline. This increase was further nuanced in the case
where more intermediate time points are used as privileged information, especially
for the LuPTS algorithm that assumes stationarity.

The datasets for each task were split into a training and test sets using 2-fold
repeated cross validation with 50 repetitions resulting in 100 iterations total. For
each iteration the baseline and LuPTS models were trained using a differing number
of training samples sampled from the training set constituting the training portion.
The models were then evaluated on the held-out test set and results were averaged
over all iterations per training portion sample size.

Predicting Mini Mental State Examination score

For the Mini Mental State Examination (MMSE) score prediction task, LuPTS
improved predictive performance over the baseline model for all training set sizes, as
shown in Figure 5.6a and 5.6b, with the most noticeable improvement for small sizes.
In addition to improved mean R2 score the LuPTS model also had the added benefit
of lower variance, with similar observations for how this depended on the training
set size. This improvement is further increased when including more time points
as privileged information during training. When using more than one intermediate
time point as privileged information, using Stat-LUPTS resulted in even more of
an improvement, over both the baseline model and non-stationary LuPTS. This
can be seen in Figure 5.6b where the improvement in predictive performance was
substantial, both in mean R2 score and variance reduction.
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(b) Three privileged time points.
m12, m24, m36.

Figure 5.6: MMSE prediction task. Follow-up measurements used as privileged
information per experiment outlined in subfigure captions, m12 corresponding to
follow-up 12 months after baseline etc. R2 used as metric (higher is better); shaded
region corresponds to one standard deviation over 100 iterations.

Predicting Alzheimer’s disease diagnosis

The observations from the results of the Alzheimer’s disease (AD) diagnosis predic-
tion task, shown in Figure 5.7a and 5.7b, were similar to the ones of the MMSE
prediction task. Using LuPTS improved the predictive performance over the base-
line model. In contrast, the improvement was most apparent for large training set
sizes. As for the MMSE prediction task; using more than one intermediate time
point as privileged information further increased the improvement, especially for
Stat-LuPTS. Notably, the LuPTS algorithm also had a substantial performance
increase for small training set sizes.

Qualitative trajectory investigation

In Figure 5.6 and 5.7, it was shown that using LuPTS resulted in increased predictive
performance over the baseline model for the Alzheimer’s disease progression tasks.
Given that the outcomes are predicted from the last time point of an estimated
time series, X̂T , one question of interest is how well the LuPTS algorithm models
the time series.

In Figure 5.8, the actual time series data (ground truth) and the corresponding
predicted trajectory for all subjects in the test set are shown for the MMSE feature.
As before, only half of the dataset was used for training. The LuPTS model managed
to roughly capture the characteristics of the subjects MMSE progression over time.
Additionally, the LuPTS seemed to capture the decline in subjects’ MMSE score
over time with the exception for subjects with a large deviation between baseline and
follow-up measurement at 36 months. In Figure 5.9, the corresponding trajectories

51



5. Results

100 150 200
Number of training samples

0.80

0.82

0.84

0.86

0.88

0.90

0.92

0.94
AU

C
Baseline
LuPTS

(a) One privileged time point. m24.

100 150 200
Number of training samples

0.80

0.82

0.84

0.86

0.88

0.90

0.92

0.94

AU
C

Baseline
LuPTS
Stat-LuPTS

(b) Three privileged time points.
m12, m24, m36.

Figure 5.7: AD diagnosis prediction task. Follow-up measurements used as privi-
leged information per experiment outlined in subfigure captions, m12 corresponding
to follow-up 12 months after baseline etc. AUC used as metric (higher is better);
shaded region corresponds to one standard deviation over 100 iterations.

are shown for the ADAS11 feature. The results are similar in nature to the MMSE
predicted trajectories with the LuPTS models being largely able to capture the
dynamics of the time series with the same exception.

The MMSE and ADAS11 trajectories are examples of when the LuPTS models
captured the dynamics of the data relatively well. In Figure 5.10 a trajectory of the
EcogPtMem feature is shown and compared to the LuPTS models predictions, note
that the feature value range is a result that mean imputation was performed before
standardization in tandem with a large amount of missingness. It is clear from this
example that the LuPTS model did not learn the dynamics of the data, all features
considered, with high fidelity. It can be seen that the subject progression (green)
differed significantly from the predicted trajectories (red and black).

Note that the trajectories shown in Figure 5.8 and 5.9 indicate that the LuPTS model
has qualitative limitations as a generative model. In particular, the actual scores
shown in the figures are constrained to a particular range of values. Meanwhile, the
predicted trajectory from the LuPTS is not bounded. For example, if the prediction
would continue beyond the 36 months mark and further into the future, then, some
subjects’ MMSE score could potentially reach far outside the defined range of that
clinical test. This would not have any semantic meaning for a working clinician.
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Figure 5.8: MMSE feature progression. bl corresponds to the baseline measure-
ment, m12 to the follow-up 12 months after baseline etc. Top left: Subject pro-
gression. Top right: Predicted progression LuPTS. Bottom: Predicted progression
LuPTS assuming stationarity.
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Figure 5.9: ADAS11 feature progression. bl corresponds to the baseline measure-
ment, m12 to the follow-up 12 months after baseline etc. Top left: Subject pro-
gression. Top right: Predicted progression LuPTS. Bottom: Predicted progression
LuPTS assuming stationarity.
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Figure 5.10: EcogPtMem feature progression. bl corresponds to the baseline mea-
surement, m12 to the follow-up 12 months after baseline etc. Top left: Subject
progression. Top right: Predicted progression LuPTS. Bottom: Predicted progres-
sion LuPTS assuming stationarity.

5.2.2 Forecasting air quality in Chinese cities

The dataset was split into a training and test set portion consisting of 80% and
20% of the data respectively. The training procedure on the dataset for the fore-
casting task was the following: The number of training samples were varied, and
for each sample size, data points was randomly sampled from the training set with-
out replacement. Then, before training the algorithms on this set, standardization
and mean imputation were applied when applicable. Each algorithm were evaluated
after training on a held-out test set which was the same for every run, and the
corresponding R2 score was noted. This process was iterated 200 times per sample
size.

The PM2.5 concentration was forecasted for several time horizons, mainly due to
two reasons. First, predictions further into the future are more challenging. Second,
for longer horizons, more time points can be used as privileged information. The
included time horizons were 6, 12, or 24 hours into the future. At time t = 1, the
features X1 were observed, which also contained the current PM2.5 concentration.
Based on this information, PM2.5 concentration was to be predicted T +1 hours into
the future. The intermediate measurements X2, . . . , XT was considered privileged
information where the spacing between any adjacent time steps t and t+ 1 was one
hour.

In the following paragraphs, results are presented from the forecasting task. For
each experiment, results are showed for the different cities contained in the dataset.
However, to emphasize the observations that answers our questions, as well as to
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improve the reading experience, some figures have been moved to Appendix B.2.
However, the most important findings are found in this section.
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Figure 5.11: Shanghai: Changing the time horizon to predict the PM2.5 concen-
tration levels. R2 used as metric (higher is better); shaded region indicates one
standard deviation across 200 iterations.

The first results are found in Figure 5.11 and 5.12, which display the R2 score for the
different time horizons for Shanghai and Shenyang, respectively. In all experiments,
the maximum amount of privileged information were included, i.e. all intermediate
hours in between the baseline and outcome measurement. For the 6 hour forecast
(Figure 5.11a and 5.12a), improved performance was observed when using both
LuPTS variants for all sample sizes. However, there seemed to be no difference be-
tween Stat-LuPTS and LuPTS. Also, note that both of them performed particularly
well in the low-sample regime. For the 12 hour and 24 forecast, the results depicted
another picture of both LuPTS and Stat-LuPTS. For Shanghai (Figure 5.11b and
5.11c, respectively), the results were very similar to what was observed for the 6
hour forecasting task. The only difference is that LuPTS actually performed slightly
worse on the 24 hour forecast when the number of training samples was very large,
which will be discussed why in a subsequent paragraph. For Shenyang, however,
both Stat-LuPTS and LuPTS performed significantly worse on the task with all,
except for very small, tested number of training samples (Figure 5.12b and 5.12c).

In addition to the above results, results are displayed in Table 5.1 for all cities with
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Figure 5.12: Shenyang: Changing the time horizon to predict the PM2.5 concen-
tration levels. R2 used as metric (higher is better); shaded region indicates one
standard deviation across 200 iterations.

experiments performed in a low-sample regime of n = 100. Foremost, note that
both LuPTS variants performed better in terms of R2 score, and there was a large
variance reduction for many of the cities compared to baseline. Also, XGBoost [33],
a tree-based gradient boosting algorithm, was included as a reference which can
be compared to the linear models. For all cities, XGBoost performed significantly
worse than both baseline and the LuPTS variants.

As observed before, the LuPTS variants performed slightly worse on the 24 hour
forecast when the number of training samples was large (Figure 5.11c). This stems
from a trade-off between bias and variance for the LuPTS algorithm. In the next
experiments that shall be presented, this will be highlighted further.

Bias-variance trade-off when varying sequence length and privileged in-
formation

The time horizon have already been adjusted in the previous experiments, but these
experiments will investigate what happens when adjusting the available amount of
privileged time points in between the baseline and outcome measurements. For
example, it would be possible to only include measurements from every third hour,
or even less often. In Figure 5.13, the results are for the three forecast horizons
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Table 5.1: Results from evaluation in the low-sample regime n = 100 with T = 6
for each Chinese city. Average R2 score with standard deviation in parenthesis from
200 iterations. Higher is better.

Method Beijing Chengdu Guangzhou Shanghai Shenyang
Baseline 0.61 (0.04) 0.56 (0.09) 0.36 (0.10) 0.50 (0.12) 0.62 (0.08)
LuPTS 0.62 (0.04) 0.61 (0.06) 0.44 (0.07) 0.58 (0.06) 0.67 (0.04)
Stat-LuPTS 0.62 (0.04) 0.61 (0.06) 0.44 (0.07) 0.57 (0.07) 0.67 (0.05)
SelectBest 0.61 (0.04) 0.58 (0.09) 0.40 (0.09) 0.56 (0.07) 0.64 (0.08)
XGBoost 0.48 (0.10) 0.43 (0.17) 0.29 (0.17) 0.38 (0.35) 0.38 (0.11)

in Shenyang with different numbers of evenly spaced time points used as privileged
information.

As noted before, for the 6 hour forecasting task (Figure 5.13a), LuPTS performed
better. But more importantly, adding more privileged time points was beneficial.
However, the results for the longer time horizons were different (Figure5.13b and
5.13c). LuPTS performed worse than baseline but, in addition, increasing the num-
ber of privileged time points had a negative impact on the performance. This may
be due to the learned dynamical system being biased, and consequently, the bias
compounds when the predicted “roll-out” is longer. This argument also explains why
using more privileged time points would be subpar if the bias was large already. On
the other hand, adding more privileged information reduced the variance.

Testing a model selection procedure

As seen in Figure 5.11b and 5.11c, it is possible that LuPTS can perform worse
on certain tasks. Hence, it would be of interest to be able to decide on before-
hand whether to use baseline or LuPTS. One way to approach this is to split the
training set into two parts, one which is used to train both the baseline and LuPTS
algorithm while the other part is held-out as a validation set. Then, select the
algorithm which performed best on the validation set and re-train that algorithm
on the entire training set again. This is precisely what the SelectBest algorithm did
in the experiments shown in Figure 5.14.

In the experiments, SelectBest closed some of the gap between baseline and LuPTS.
However, for the more extreme case with Guangzhou (Figure 5.14b), the variance
became very large. This was also noticeable for Beijing, although not as discernible
(Figure 5.14a). One reason for why SelectBest had such a large variance could be
due to the small sample sizes, as it limits the size of the validation set. To conclude,
it appears that the model selection procedure performed by SelectBest could bring
some benefits, but that, in its current form, it should not be considered as an robust
alternative to alleviate the problem of deciding which algorithm to use.
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Figure 5.13: Shenyang: Changing the amount of privileged information for the
LuPTS for different time horizons, where X in LuPTS_XPTS indicates the num-
ber of privileged time points. R2 used as metric (higher is better); shaded region
indicates one standard deviation across 200 iterations.
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Figure 5.14: Forecasting 24 hours into the future, where SelectBest is the best-
performing of the two algorithms based on a held-out validation set. R2 used as
metric (higher is better); shaded region indicates one standard deviation across 200
iterations.
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6
Discussion

In this chapter, we shall briefly discuss the things that we necessarily have not
mentioned or inspected thoroughly due to our limited scope, but which could still
be of interest. Throughout this chapter, we also propose some directions for future
work which we believe are relevant and compelling to pursue.

6.1 Limitations with the theory and algorithm

Our theory relies on a set of key assumptions, mainly that we have a Markov-
Gaussian-linear dynamical system. These assumptions have made the theoretical
analysis more convenient, and we have proved guarantees under these conditions.
However, we acknowledge that these are also very strong assumptions that necessar-
ily do not match complex processes in the real-world. From Chapter 5 we showed
that LuPTS can perform well even if the assumptions are not enforced, but it is
still important to remember that we are limited in what we can claim about the
algorithm overall.

Linear models, although an idealization of the real-world, are not necessarily bad.
Particularly in the a low-sample setting, they can work efficiently. In Section 5.2.2,
we showed how a tree-based model did not performs as well as the linear baseline.
Still, considering non-linear and non-parametric models is a relevant topic as they
have many benefits as well. Theorem 5 is, however, not easily extended to these
types of methods since the Rao-Blackwellization relies heavily on the fact that we
can compute the expectation over a closed-form expression of the estimator. This
is generally not possibly for all models. Because of this, other theoretical tools
may have to be used to study a non-linear variant of the LuPTS algorithm. There
is extensive theory on deriving generalization bounds on the expected risk for non-
linear classes [34]. Another approach is to use kernel methods which can be combined
with linear estimators to learn non-linear relationships [16]. Ideally, we would still be
able to answer the question whether privileged information is beneficial to improve
the sample efficiency, but for a broader class of functions.

Although the Markov assumption has been one of the main restrictions under con-
sideration, loosening it could be possible. An interesting extension in particular is
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to generalize our results to any type of graph structure, i.e. going beyond a chained
sequence, and consider general Bayesian networks instead. However, going in this
direction would also raise the question about in which scenarios it is both useful and
reasonable to assume that the data have a more complicated graph structure.

Finally, we have restrictions of the noise in the theory, which is assumed to be
isotropic and Gaussian. In Chapter 3, we discussed the former and concluded that
it is possible to introduce anisotropic noise instead, but that it is inconvenient to
deal with. Regarding other variants of noise, we could formalize the problem with
generalized linear models [16] which can incorporate correlated noise. For non-
Gaussian noise, however, it does not appear trivial to extend the theory. Mainly,
the proof of lemma 6 depends on this assumption in multiple places, e.g. that the
distribution of the OLS estimators are Gaussian as well due to Gaussian noise.

6.2 Extensions of the theory and algorithm
In our work, we have mainly focused on answering the question whether privileged
information is beneficial to improve the sample efficiency when compared to not
having it. We formulated this as finding out what the gap was between these two
methods. But there are many more interesting questions which could be asked with
respect to using privileged information for time series data.

Related to the gap in Theorem 5, we could try to understand it further by charac-
terizing it with respect to the the number of training samples or problem dimension.

We could also characterize the LuPTS algorithm’s performance when using privi-
leged information by finding a lower bound and upper bound on its risk, i.e.

lLuPTS ≤ R(f̂LuPTS) ≤ uLuPTS

where lLuPTS and uLuPTS could be functions of the training sample size, number of
features and more. Continuing with this, we could compare these bounds to other
bounds for a baseline algorithm without access to the privileged information,

lBaseline ≤ R(f̂Baseline) ≤ uBaseline .

The bounds lBaseline and uBaseline would also be functions of the same problem pa-
rameters. Then, ideally, we would be interested in knowing if uLuPTS ≤ lBaseline holds
for some given functional class that fLuPTS and fBaseline belong to.

Another example could be to use the LuPTS algorithm for causal questions. Es-
pecially in the case where T = 2 for LuPTS, i.e. we have a two-step regression
problem, similarities can be made to instrumental variable (IV) regression, also
known as two-stage least squares [35]. In this case, the assumed structure of the
data closely resembles what we have been studying. In literature, however, IV is
commonly used to correct for bias when estimating effects from causal variables, e.g.
the treatment effect from a particular medication. Meanwhile, questions regarding
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LuPTS have been mainly revolved around variance reduction. Still, there are po-
tentially interesting links which can be explored between these two areas. Lastly,
it is also interesting to consider if using privileged information in time series can
improve the identification of causal effects in general.

6.3 Bias-variance trade-off
For the analysis and theory presented in Chapter 3, the underlying distribution for
the data followed the assumptions, i.e. Markovian and linear with additive, isotropic
and Gaussian noise. In this well-specified setting, the improvement in performance
using the LuPTS model is realized by variance reduction only, since the baseline
model and LuPTS are both unbiased in this setting and share the irreducible error
emanating from noise in the dynamics and outcome.

In misspecified settings, however, we could argue that the LuPTS model is more
sensitive to bias in contrast to the baseline model. More specifically, it is exposed
to bias from a misspecified dynamical system which the baseline model is not. This
was demonstrated when we performed, among other things, an experiment breaking
the Markov assumption in Section 5.1.2. Furthermore, an additional example of
how LuPTS could suffer from bias was observed for the air quality forecasting task
(Section 5.2.2). In that case, more privileged information seemed to increase the
bias of the model, while at the same time reducing the variance. Interestingly, this
depicts a picture that the usefulness of privileged information can vary, which leads
us to propose the following conjecture: If the LuPTS is well-suited for a particular
task where the chance of bias is small, then, adding more privileged information is
better. Otherwise, privileged information is necessarily not useful.

Related to the bias-variance trade-off, a connection can be made to regularization
where the same type of trade-off is well-known when using e.g. lasso and ridge
regression [16]. It is therefore interesting to consider the usage of privileged infor-
mation as a form of regularization, but additionally, it would also be of interest to
investigate how these traditional forms of regularization could be combined with
LuPTS. This would likely lead to an even larger bias in the algorithm, while also
leading to a further reduction in variance. But potentially, for the right tasks, this
could reduce the prediction error overall.

6.4 LuPTS for practical usage
An aspect that has been out of the scope of this thesis is how to make the concept
of learning using privileged time series more applicable. Our focus has been on a
theoretical and empirical understanding of asking whether privileged information
is beneficial or not, but we have not dedicated enough effort to build an algorithm
with the highest achievable predictive performance. However, this question could be
relevant if we would wish to deploy the algorithm for a real-world task. A natural
extension is to use other functional classes, such as non-linear models that might
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prove more flexible. In particular, recurrent neural networks [36] can be used to
simulate a trajectory, and there is work on using another variant of deep neural
networks to model differential equations [37] which encompass a wider range of
dynamical systems. With that said, we should still emphasize that a linear model
can still be useful. In fact, the ease of implementing and training linear models
could be seen as a strength with respect to practical usage.

On top of that, ensuring safe usage of the algorithm is crucial. As we have seen
in some experiments, LuPTS can fail, which in high-stakes applications, such as in
healthcare, would not be acceptable. Hence, an important question to address is
to have a robust approach to deciding when privileged information should be used
and when it should not, as we showed that this is not trivial with the SelectBest
algorithm in Section 5.2.2. Another idea that could be tested is to have a regularized
model with a feature vector containing both the the baseline variables X1 and the
predicted variables X̂t, and we could apply a feature selection procedure to select
the most predictive features.

Additionally, another important aspect is how to deal optimally with missing values
in the data, in particular if it is the privileged information which is mostly missing.
For example, it is common in longitudinal datasets to have censoring, where there is
time periods with partially unobserved data points but the outcome is still known.
An interesting question is how to use the intermediary privileged information to
learn the dynamics despite of partial censoring.

Lastly, it is of further interest to investigate how the LuPTS generalizes to clas-
sification tasks as we noted that it could work for predicting Alzheimer’s disease
progression.

6.5 Ethical aspects
Although the LuPTS algorithm presented in this thesis shows promise and, in many
cases, improvements in predictive performance for the real-world tasks, caution
should still be taken before deploying this algorithm in high-stakes settings without
a thorough investigation of its efficacy. Implementations can have a wide-reaching
effect depending on where it is applied. Especially for the clinical task presented
in this thesis since around 35 million people worldwide suffer from Alzheimer’s dis-
ease [27].

6.6 Future work
We briefly mention a couple of areas, some of which have been discussed in this
chapter, for future work.

There are many possibilities to extending the theory presented in this thesis, but
also more generally for Learning using Privileged Time Series. As already proposed
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earlier in this chapter, investigating theory for non-linear models could be studied in
this context and would be promising for complex real-world tasks. Other extensions
such as non-Gaussian noise or different graph structures than a Markov chain are
also of interest.

Investigating the idea of privileged information with time series in more practical
applications would be a relevant topic as well. For example, how to better deal with
missingness or implementing non-linear models in this framework.

Another direction of research is to investigate a mixture of linear dynamical systems
that interacts with a latent variable. For example, a latent variable could be the
unobserved variable representing the sub-type of a particular disease, which lead
to different paths of disease progression (i.e. “dynamics”) within a group of people
affected by the disease. The latent variable may be easier to infer with the help
of the privileged time series. In addition, there might still be a potential gain in
sample efficiency when learning the actual predictive model using LuPTS.
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7
Conclusion

In our thesis, we began by asking the question whether privileged information can
be used in a context with time series data. In particular, we wanted to investigate an
algorithm for Learning using Privileged Time Series (LuPTS) that utilizes privileged
information and decide if it performs better than an algorithm without access to
this information. To answer the question, we set out two main lines of work: (1)
to study the algorithm theoretically to understand if we could find appropriate
conditions where privileged information is guaranteed to help; (2) investigate how
the algorithm performs on real-world tasks.

To summarize what we have done, we have first proved, in the case for Markov-
Gaussian-linear dynamical systems, that LuPTS is better than ordinary least squares
regression without access to privileged information, both in terms of expected pa-
rameter recovery and prediction risk. Importantly, we use an approach based on
Rao-Blackwellization to study a predictive learning algorithm, which to the best of
our knowledge is novel. In addition, we have performed an extensive set of experi-
ments on both synthetic and two real-world datasets. As demonstrated throughout
Chapter 5, LuPTS performs better than baseline in most cases, particularly in the
low-sample regime, but we have also highlighted when and why it fails. We can
conclude that the concept of learning using privileged time series is a promising and
continually interesting topic to explore further.
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A
Proofs of theorems and lemmas

A.1 Proof of lemma 3
Lemma 3. Given the system described in Section 3.1, we have that,

Y = (
T∏

k=t+1
Akβ)>Xt + ε̃t, t = 1, . . . , T

where
ε̃t = β>C(t) + εY

and

C(t) =

0, t = T.∑T
j=t+1

[∏T
k=j+1Ak

]>
εj, 1 ≤ t < T.

, t = 1, . . . , T

Proof. The statement follows from the structural equations in 3.1.
Y = β>XT + εY

= β>(A>TXT−1 + εX) + εY

= · · · =

= (
[ T∏
k=t+1

Ak
]>
Xt + β> (εT + A>T εT−1 + · · ·+ (At+2 . . . AT )>εt+1︸ ︷︷ ︸

C(t)

) + εY

=
[ T∏
k=t+1

Akβ
]>
Xt + β>C(t) + εY

=
[ T∏
k=t+1

Akβ
]>
Xt + ε̃t

�

A.2 Proof of lemma 6
Lemma 6. Let D = (X1,X2, ...,XT ,Y) be a random dataset generated from the
Markov-Gaussian-linear system described in Section 3.1 and K = (Â2, . . . , ÂT , β̂)
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A. Proofs of theorems and lemmas

be the output from Algorithm 1 (non-stationarity). Then, for any t = 2, . . . , T , we
have that

E[Xt|Xt−1, K] = Xt−1Ât and E[Y|XT , K] = XT β̂ .

Proof. We will first talk about how to show E[Xt|Xt−1, K] = Xt−1Ât and then
explain how the same arguments are applied to proving E[Y|XT , K] = XT β̂.

Let Rt = Xt−Xt−1Ât be the residual of the OLS estimate Ât. We will show that for
all Rt, we have that p(Xt = Xt−1Ât + Rt|Xt−1, K) = p(X′t = Xt−1Ât−Rt|Xt−1, K),
which implies the statement in the lemma if we assume isotropic Gaussian noise.

To show this, we first use Bayes formula:

p(Xt|Xt−1, K) = p(K|Xt,Xt−1)p(Xt|Xt−1)
p(K|Xt−1)

= p(β̂, ÂT , . . . , Ât+1|Xt)p(Ât|Xt,Xt−1)p(Â1, . . . , Ât−1|Xt−1)p(Xt|Xt−1)
p(K|Xt−1)

where we have used the Markov property in the second equality which implies the
following statements:

Â1, . . . , Ât−1 ⊥⊥ Xt|Xt−1

Ât+1, . . . , ÂT , β̂ ⊥⊥ Xt−1|Xt

Ât ⊥⊥ Â1, . . . , Ât−1, Ât+1, . . . , ÂT β̂|Xt,Xt−1.

For p(Xt|Xt−1, K) = p(X′t|Xt−1, K) to hold, we look at the factors that depend on
Xt. This tells us that we need to prove the following three statements:

(a) p(Xt|Xt−1) = p(X′t|Xt−1)

(b) p(Ât|Xt,Xt−1) = p(Ât|X′t,Xt−1)

(c) p(β̂, ÂT , . . . , Ât+1|Xt) = p(β̂, ÂT , . . . , Ât+1|X′t)

We will now prove each of these statements:

Statement (a): We first define ε′t = ε− 2Rt where we have that Xt = Xt−1Ât + ε.
Then, note that Xt−1At + ε′t = Xt−1Ât − Rt = X′t which means that showing (a)
equates to showing that p(ε) = p(ε′t), since the noise is independent of Xt−1. For
Gaussian noise, these probabilities are determined by the inner product of the noise,
hence it is sufficient to prove

ε>ε = ε′
>

ε′

We have that

ε′
>

ε′ = ε>ε− 4ε>Rt + 4R>t Rt
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and thus, we need to show
R>t (ε−Rt) = 0 .

By definition,
Rt = Xt −Xt−1Ât

and so

R>t (ε−Rt) = R>t (Xt −Xt−1At − (Xt −Xt−1Ât)) = −R>t (Xt−1(At − Ât)) = 0

since R>t Xt−1 = 0 is a property of the OLS estimator. This proves statement (a).

Statement (b): Now, we see that

Â′t = (X>t−1Xt−1)−1X>t−1X′t
= (X>t−1Xt−1)−1X>t−1(Xt − 2Rt)
= Ât − 2(X>t−1Xt−1)−1X>t−1Rt = Ât .

since, again, X>t−1Rt = 0. This implies that the distribution of Ât is the same if
conditioned on Xt or X′t, which proves statement (b).

Statement (c): We can factorize p(β̂, ÂT , . . . , Ât+1|Xt) as

p(β̂|ÂT , . . . , Ât+1,Xt)p(ÂT |ÂT−1, . . . , Ât+1,Xt) . . . p(Ât+2|Ât+1,Xt)p(Ât+1|Xt)

Let Ck = (Âk, Âk−1, . . . , Ât+1) for k = t + 1, . . . , T . Then, we can summarize the
problem as the following: we need to show that each factor in the above equation
are the same for both Xt and X′t, i.e.,

p(β̂|CT ,Xt) = p(β̂|CT ,X′t)
p(Âk|Ck−1,Xt) = p(Âk|Ck−1,X′t), k = t+ 2, . . . , T
p(Ât+1|Xt) = p(Ât+1|X′t)

These equations could be seen as the distributions of OLS estimators with a (condi-
tional) random design or, for the third one, with a fixed design matrix. As we assume
mean-zero and uncorrelated Gaussian noise εt ∼ N(0, σ2

t I) and εY ∼ N(0, σ2
Y ), the

distribution of OLS estimators (see Chapter 14 in [17]) is known as,

β̂|CT ,Xt ∼N
(
β, σ2

Y E
[(

X>TXT

)−1
|CT ,Xt

])
Â

(row i)
k |Ck−1,Xt ∼N

(
A

(row i)
k , σ2

k E
[(

X>k−1Xk−1
)−1
|Ck−1,Xt

])
, k = t+ 2, . . . , T

Â
(row i)
t+1 |Xt ∼N

(
A

(row i)
t+1 , σ2

t+1

(
X>t Xt

)−1
)

where i = 1, . . . , d represent the rows of Âk, this corresponds to the different features
which are predicted. Hence, it is sufficient to show that

E
[(

X>k−1Xk−1
)−1
|Ck−1,Xt

]
= E

[(
X>k−1Xk−1

)−1
|Ck−1,X′t

]
, k = t+ 2, . . . , T
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and the special case where X>t Xt = X′>t X′t. For the latter, we have

(Xt−1Ât ±Rt)>(Xt−1Ât ±Rt) =
= (Xt−1Ât)>(Xt−1Ât)± 2(Xt−1Ât)>Rt + R>t Rt

= (Xt−1Ât)>(Xt−1Ât) + R>t Rt

where we have used that the cross term (Xt−1Ât)>Rt = Â>t X>t−1Rt = 0 because
X>t−1Rt = 0. As the cross term is the only thing which differs in X>t Xt and X′>t X′t,
it implies that they must be equal.

For E
[(

X>k−1Xk−1
)−1
|Ck−1,Xt

]
with k = t + 2, . . . , T we use the same expression

as before but observe the following recursive relationship between the inner product
of Xk and Xk−1:

X>k Xk = (Xk−1Âk)>Xk−1Âk + R>k Rk = Â>k X>k−1Xk−1︸ ︷︷ ︸
Inner product

Âk + R>k Rk

Hence, we get that

X>k−1Xk−1 =
k−1∏
i=t+1

Â>i (X>t Xt)
k−1∏
i=t+1

Âi +
k−2∑
j=t+1

R>j Rj

k−1∏
i=j+1

Âi + R>k−1Rk−1

We see that X>k−1Xk−1 is directly dependent on X>t Xt where the residuals and OLS
estimators are fixed as we condition upon them. Since we already have shown that
X>t Xt = X′>t X′t, that means that

E
[(

X>k−1Xk−1
)−1
|Ck−1,Xt

]
= E

[(
X>k−1Xk−1

)−1
|Ck−1,X′t

]

for k = t+ 2, . . . , T . This proves statement (c).

Since we have proven all three statements that were presented in the beginning of
this proof, we have shown that p(Xt = Xt−1Ât + Rt|Xt−1, K) = p(X′t = Xt−1Ât −
Rt|Xt−1, K).

Finally, to show that E[Y|XT , K] = XT β̂, we can use the same arguments as before
to show p(Y = XT β̂ + RY |XT , K) = p(Y′ = XT β̂ − RY |XT , K) although only
statements (a) and (b) are necessary for this case. �

Remark on anisotropic noise For the anisotropic case, the analysis becomes
slightly different. The noise in the data Xt is εt = [εt,1, . . . εt,n]> ∈ Rn×d. The
rows corresponds the the noise in a particular sample, while the columns are for the
different features. Furthermore, the covariance of the ith feature is Cov(ε(column i)

t ) =
σ2
t,iIn for i = 1, . . . , d where In is the n-dimensional identity matrix. With anisotropic
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noise, we have σt,i 6= σt,i′ for i, i′ = 1, . . . , d. Then, the above lemma will be feasible
using a similar analysis as we can show that,

Â
(row i)
k |Ck−1,Xt ∼ N

(
A

(row i)
k , σ2

k,i E
[(

X>k−1Xk−1
)−1
| Ck−1,Xt

])
k = t+1, . . . , T

Then, the analysis follows as in Lemma 6.
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B
Additional experimental results

B.1 Alzheimer’s disease progression modeling

The dataset used for the experiments on Alzheimer’s disease progression was the
ADNIMERGE set from the Alzheimer’s Disease Neuroimaging Initiative (ADNI).
All the features used for the experiments are found in Table B.1. Note that it is
the tags used in the dataset that are listed. In Table B.2 and B.3 are the results
from the experiments presented in Section 5.2.1 listed numerically, rounded to two
decimal points.

Table B.1: Features used for the ADNI experiments

Feature tags

AGE PTGENDER PTEDUCAT
APOE4 FDG AV45
ABETA TAU PTAU
CDRSB ADAS11 ADAS13
ADASQ4 MMSE RAVLT_immediate

RAVLT_learning RAVLT_forgetting RAVLT_perc_forgetting
LDELTOTAL TRABSCOR FAQ

MOCA EcogPtMem EcogPtLang
EcogPtVisspat EcogPtPlan EcogPtOrgan
EcogPtDivatt EcogPtTotal EcogSPMem
EcogSPLang EcogSPVisspat EcogSPPlan
EcogSPOrgan EcogSPDivatt EcogSPTotal
Ventricles Hippocampus WholeBrain
Entorhinal Fusiform MidTemp

ICV
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Table B.2: MMSE prediction experiment results, average R2 score with one stan-
dard deviation in parenthesis from 100 iterations. Left: One privileged time point
used. Right: three privileged time points used.

Samples Baseline LuPTS

80 -0.02 (0.34) 0.14 (0.24)
100 0.12 (0.29) 0.27 (0.17)
120 0.27 (0.14) 0.36 (0.1)
140 0.36 (0.08) 0.42 (0.06)
160 0.39 (0.08) 0.44 (0.05)
180 0.42 (0.06) 0.46 (0.05)
200 0.44 (0.05) 0.48 (0.04)
220 0.45 (0.05) 0.49 (0.04)

Samples Baseline LuPTS Stat-LuPTS

80 -0.02 (0.34) 0.25 (0.16) 0.39 (0.09)
100 0.12 (0.29) 0.34 (0.11) 0.43 (0.06)
120 0.27 (0.14) 0.41 (0.06) 0.46 (0.05)
140 0.36 (0.08) 0.44 (0.05) 0.47 (0.04)
160 0.39 (0.08) 0.46 (0.04) 0.47 (0.04)
180 0.42 (0.06) 0.48 (0.05) 0.49 (0.04)
200 0.44 (0.05) 0.48 (0.04) 0.49 (0.03)
220 0.45 (0.05) 0.49 (0.03) 0.5 (0.03)

Table B.3: AD prediction experiment results, average AUC with one standard
deviation in parenthesis from 100 iterations Left: one privileged time point used.
Right: three privileged time points used.

Samples Baseline LuPTS

80 0.86 (0.04) 0.85 (0.04)
100 0.86 (0.06) 0.87 (0.04)
120 0.88 (0.03) 0.9 (0.03)
140 0.89 (0.03) 0.9 (0.02)
160 0.9 (0.02) 0.91 (0.02)
180 0.9 (0.02) 0.92 (0.02)
200 0.91 (0.02) 0.92 (0.02)
220 0.91 (0.02) 0.92 (0.02)

Samples Baseline LuPTS Stat-LuPTS

80 0.86 (0.04) 0.87 (0.04) 0.9 (0.03)
100 0.86 (0.06) 0.89 (0.03) 0.91 (0.02)
120 0.88 (0.03) 0.91 (0.02) 0.92 (0.02)
140 0.89 (0.03) 0.91 (0.02) 0.92 (0.02)
160 0.9 (0.02) 0.92 (0.02) 0.93 (0.02)
180 0.9 (0.02) 0.92 (0.02) 0.93 (0.02)
200 0.91 (0.02) 0.93 (0.02) 0.93 (0.02)
220 0.91 (0.02) 0.93 (0.02) 0.93 (0.02)
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B.2 Forecasting air quality in Chinese cities
In Section 5.2.2, we showed the experiments with different time horizons for Shanghai
and Shenyang. The same experiments for the other cities are provided here, see
Figure B.1, B.2 and B.3.
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Figure B.1: Beijing: Changing the time horizon to predict the PM2.5 concentration
levels. R2 used as metric (higher is better); shaded region indicates one standard
deviation across 200 iterations.
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Figure B.2: Chengdu: Changing the time horizon to predict the PM2.5 concen-
tration levels. R2 used as metric (higher is better); shaded region indicates one
standard deviation across 200 iterations.
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Figure B.3: Guangzhou: Changing the time horizon to predict the PM2.5 con-
centration levels. R2 used as metric (higher is better); shaded region indicates one
standard deviation across 200 iterations.
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