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Towards flux-tunable superconducting coplanar waveguide resonators for inductive coupling to
levitated superconducting particle
AVAN MIRKHAN
Department of Microtechnology and Nanoscience - MC2
Chalmers University of Technology

Abstract
Superconducting magnetic levitation is a promising technique to study potential limits of quan-
tum mechanics for mesoscopic objects due to the levitated object being extremely isolated from
the environment. Using optomechanics techniques, the centre-of-mass motion of a levitated par-
ticle can be controlled and cooled down to its motional ground-state thereby bringing it into
the quantum regime. This would enable macroscopic quantum experiments as well as ultra-
sensitive force and acceleration sensing. In order to realize this, the motion of the particle’s
centre-of-mass would be coupled to a flux-tunable superconducting resonator, which would al-
low control of the particle motion through the state of the resonator. This thesis investigates
the microwave properties of superconducting coplanar waveguide (CPW) resonators. At first,
non-flux tunable CPW resonators were fabricated from Aluminum and Niobium and measured
in a cryostat at mK temperatures. The best performing CPW resonators achieved unloaded
quality factors of ∼ 105 and ∼ 106 at 106 average number of intra-cavity photons for Aluminum
and Niobium, respectively. The quality factors of these resonators were found to be one order
of magnitude lower for Al, but higher for Nb, when compared to the state-of-the-art. Subse-
quently, flux-tunable resonators were fabricated by embedding a SQUID into Aluminum-based
CPW resonators. The flux tunability of these resonators was studied and was found to be much
lower than expected. The reason for the low tunability was due to the fabrication process of the
Josphson junctions of the embedded SQUID, in which the junction width was too wide causing
an excess amount of aluminum to have deposited onto the substrate. Based on these identified
issues, suggestions have been proposed to improve upon the fabrication of flux-tunable CPW
resonators, such that in the future the desired frequency tuning through a change in magnetic
flux can be observed.

Keywords: superconductivity, resonators, levitation, microwave engineering, magnetic flux, qual-
ity factors, quantum mechanics, flux modulation.
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1
Introduction

1.1 Background
The theory of quantum mechanics describes extremely precisely the most fundamental particles
that are encountered in our world. Quantum superposition, entanglement and quantum tunnel-
ing, as foreign as they are to the understanding of the classical world, are some of the predictions
that enabled technologies such as quantum computing and quantum sensing. However, there
still are fundamental questions that need to be answered in the context of quantum mechanics,
one of them being: Does a boundary between quantum mechanics and classical mechanics exist,
and if so, where is it and what causes this boundary to appear?
There have been multiple approaches [1] to realize macroscopic quantum states, such as matter
wave interferometry [2] and large spatial superposition states [3]. Recent works [4] suggest
that a micrometer-sized particle could be used to generate large, and massive quantum spatial
superpositions. To achieve this, the center-of-mass motion of the particle has to be in the ground
state energy level. Assuming that the particle motion is thermally driven, the average number
of phonons in the motion of the particle can be estimated from the following equation

〈nphonon〉 = kBT

~ω
, (1.1)

where kB and T are the Boltzmann constant and the temperature, respectively, ~ is the reduced
Planck constant and ω is the frequency of the particle’s center-of-mass motion. To reach the
ground state, that is 〈nphonon〉 < 1, given a frequency in the range of kHz, the ground state of the
center-of-mass motion of the particle would have an equivalent temperature on the order of nK.
Conventional cooling techniques, such as dilution refrigeration, reach down to mK temperatures
at lowest, which is not enough to cool such a system to the ground state. Thus, other means are
required to further cool down the center-of-mass motion of such a particle.
Ground-state cooling has been achieved for the center-of-mass motion of a 150 nm diameter SiO2-
particle [5], and matter-wave interferometry has been demonstrated for a molecule with a mass
of 2.5×104 atomic mass units [6]. However, no ground-state cooling or quantum states have been
demonstrated for particles in the micrometer scale, due to the larger amount of decoherence that
comes with increasing size. Optical levitation is by far the most mature and successful levitation
technique. However, it can levitate particles no larger than a few micrometers, because larger
particles absorb enough laser power to melt and sublimate [7]. Magnetic levitation provides
advantages over optical levitation in that respect [8]. First, the trapping can be made completely
passive by use of persistent currents, which removes the shot noise of lasers. Second, it is not
limited in the particle size that can be levitated, so more massive systems are well within reach.
And finally, a magnetically levitated particle can be coupled to superconducting circuits, which
can be used to control the particle motion and achieve ground-state cooling [8].

1.2 Aim
In this thesis, the first aim is to compare the microwave properties of Al and Nb-based supercon-
ducting CPW resonators. Al is a type-I superconductor, for which TC = 1.2 K is well above the
base temperature achieved in a dilution refrigerator. By fabricating Al-based CPW resonators,
it would be possible to indirectly couple the resonators to the center-of-mass motion of the par-
ticle. Nb, a type-II superconductor, has both higher TC and much higher first critical field than
Al. This is of interest, as Nb CPW resonators could withstand magnetic fields that are used to

1



1. Introduction

levitate the particle, without destroying superconductivity. This could open the possibility to
couple directly to the center-of-mass motion of the particle. Furthermore, oxide-base Josephson
junctions, fabricated from Al/Al2O3/Al are used to form DC SQUIDs, in order to embed these
into Al-based CPW resonators. The Josephson inductance will change as magnetic flux (Φ) is
threaded through the SQUIDs, thus modulating the resonance frequency of the CPW resonators.
The second aim of the thesis is to characterize the flux tunability of SQUID-based Al CPW res-
onators, in order to determine ∂ω/∂Φ of the single-photon coupling rate to the center-of-mass
motion of the particle.

Figure 1.1: Schematic of the thesis aim, with a superconducting resonator circuit with an
embedded SQUID, coupled to the levitating superconducting particle in a harmonic trap.

The thesis outline begins with Chapter 2 - Theory, in which the basics of superconductivity
are presented, followed by a description of superconducting resonators. These two concepts are
combined, to detail how flux-tunability can be used to modulate the resonance frequency. Lastly,
superconducting levitation is presented, together with a brief introduction on two different cou-
pling mechanisms. Chapter 3 - Methodology presents how the simulation of the superconducting
resonators is set up. The cryostat used for the experiments is explained, alongside the measure-
ment set-up. The device fabrication of both CPW and FTR is also presented in this chapter,
followed by how the experimental procedure of the measurements are done. Chapter 4 - Results
briefly presents measurements done to determine jc of Al. The rest of the chapter is split into
two halves: The first one showing the characterization of the CPW resonator, the latter half
showing the attempt to modulate the frequency of SQUID-based Al CPW resonators through
tuning the flux. The thesis is summarized in Chapter 5 - Conclusions, together with proposed
future work.

2



2
Theory

This chapter is divided into four sections: The first one will introduce the basic concepts of super-
conductivity and the physics of Josephson junctions and superconducting quantum interference
devices (SQUIDs). The second will describe the physics, design and architecture of supercon-
ducting co-planar waveguide resonators. This is followed by the third section describing how
flux tunability of a resonator is achieved by embedding a SQUID into it. Lastly, a description
regarding levitation of a superconduting particle.

2.1 Superconductivity
Superconductivity appears as temperature falls below the critical temperature, TC , which is dif-
ferent for each superconducting material [9]. As materials become superconducting, the electric
resistance abruptly vanishes and magnetic fields are expelled from the interior of the material,
behaving like a perfect diamagnet. In other words, the magnetic flux density B = 0 inside the
material. This effect is known as the Meissner-Ochsenfeld effect, see Figure 2.1.

(a) T > Tc. Normal conducting state. (b) T < Tc. Superconducting state.

Figure 2.1: Illustration of the Meissner-Ochsenfeld effect of a superconducting sphere. (a)
Magnetic flux threads through the sphere as T > Tc. (b) When cooled below Tc, magnetic flux
is expelled from the superconductor.

There are two characteristic length scales for superconducting materials: The London pene-
tration depth, λL, and the coherence length, ξ [9]. λL describes the depth which an external
magnetic field penetrates into a superconductor and decays by a factor of e−1. ξ describes the
average distance between two electrons that form a Cooper pair inside a superconductor.
Depending on whether λ/ξ is smaller or larger than 1/

√
2, a superconductor is either of type-I

or type-II, respectively [9]. In type-I superconductors the magnetization, M, will oppose the
applied magnetic field, H, until it reaches the critical field, Hc. As Hc is reached, supercon-
ductivity abruptly disappears, see Figure 2.2a. Type-II superconductors also behave as type-I
superconductors up to a critical field. However, the behavior of their magnetization differs from
type-I superconductors. As the applied field increases up to a lower critical field, Hc1, the Meiss-
ner effect behaves just as a type-I superconductor. Between Hc1 and the upper critical field,
Hc2, however, magnetic flux penetrates into the superconductor in the form of magnetic flux
vortices, called Abrikosov vortices. Superconductivity vanishes for fields larger than Hc2, see
Figure 2.2b.
As a material transitions to its superconducting state, the electrons undergo a phase transition
into Cooper pairs, and all pair-forming electrons are subsequently described by a single wave
function [10]

3



2. Theory

(a) (b)

Figure 2.2: Magnetization versus applied magnetic field of (a) a type-I and (b) a type-II
superconductor. (a) For type-I superconductors, the material becomes normal conducting when
the applied magnetic field is higher than Hc. (b) For type-II superconductors, magnetic flux
will penetrate the material if the applied magnetic field is higher than Hc1. The superconductor
is in a vortex state between Hc1 and Hc2. The material is normal conducting above Hc2. Dotted
line is the response of an equivalent type-I material, shown for reference.

ψ = n1/2eiθ(r), (2.1)

where n is the concentration of Cooper pairs and θ(r) is the phase of the wave function. Given
an applied magnetic vector potential A, the velocity v of the Cooper pairs can be described
as

v = m−1 (−i~∇− qA) , (2.2)

where m and q are the mass and charge of a single Cooper pair, respectively, and ~ is the reduced
Planck constant. This gives an expression for the electric current density with the form

j = qψ∗vψ = nq

m
(~∇θ − qA) . (2.3)

It is observed that j is obtained from the probability density of the wave function. Equation
(2.3) describes the flow of electric current that arises from Cooper pairs under a magnetic field.
When looking at a superconducting loop, a current can be induced within it by applying a
magnetic flux on the area enclosed by the ring. However, well inside the superconducting ring,
j is zero due to the Meissner-Ochsenfeld effect. Integrating j along a closed path, C, inside the
ring yields

nq

m

(
~
∮
C

∇θ · dl− q
∮
C

A · dl
)

= 0, (2.4)

where dl is a line element of the ring. The integral of the phase gradient gives the phase change
(θ2 − θ1) accumulated over one full revolution around the ring. Due to the wave function being
continuous inside the entire ring, the phase difference must equal 2πn, where n is an integer,
otherwise the wave function would be discontinuous. Then, the integration of A becomes∮

C

A · dl =
∫
C

∇×A · dσ =
∫

B · dσ = Φ (2.5)

where dσ is the area enclosed by the ring. Thus, Equation (2.4) can be rewritten as

nq

m
(2π~n− qΦ) = 0 =⇒ Φ = 2π~

q
n. (2.6)

Thus, the magnetic flux Φ through a superconducting loop is quantized in multiples of 2π~/q,
the magnetic flux quantum (Φ0)

Φ0 = h

2e ≈ 2.067 833...× 10−15 Wb. (2.7)
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2.1.1 Josephson Junctions
Whenever two superconductors are separated by an insulator, such as an oxide layer, which
is shorter than the coherence length of the superconductors, Cooper pairs will tunnel through
the insulator. This phenomenon is known as Josephson tunneling [9], which is the foundation
of the DC-Josephson effect. In the DC Josephson effect, electric current flows through an SIS
(superconductor-insulator-superconductor) junction in the absence of any electric or magnetic
field. The DC current, I, across a junction depends on the phase difference between the Cooper
pair wave functions at the two sides of the junction, according to

I = Ic sin(∆θ), ∆θ = θ2 − θ1, (2.8)
where θ1 and θ2 denote the phase in the superconductor before and after the junction, respec-
tively, see Figure 2.3. The critical current, Ic, is the maximum current that can be passed
through a Josephson junction (JJ) at zero-voltage.

Figure 2.3: Schematics of a SIS junction. (left) The phase difference changes as wavefunction
of the Cooper pairs tunnel through the junction. (right) The Cooper-pair density distrubution
around the junction.

2.1.2 RF & DC SQUID
A superconducting quantum interference device (SQUID) is a superconducting loop containing
at least one JJ. SQUIDs are categorized into two types depending on the number of JJs: RF
and DC SQUIDs, which contain one and two JJs respectively, see Figure 2.4.

(a) (b)

Figure 2.4: Schematics of an (a) RF SQUID and (b) DC SQUID with an applied current.

By integrating Equation (2.3) along the dashed line in an RF SQUID depicted in Figure 2.4a,
where j is zero, from A to B excluding the gap, the phase gradient will be expressed as

~
∫ A

B

∇θ · dl = ~

(∮
∇θ · dl−

∫ B

A

∇θ · dl

)
= −2e

(∮
A · dl+

∫ B

A

A · dl
)
, (2.9)

since ~∇θ = −2eA, that is, the change in phase is proportional to the applied magnetic field.
For revolutions along a closed path ∇θ = 2πn. From Equation (2.5), it is known that the closed

5



2. Theory

integral of A is equal to the magnetic flux threading the area enclosed by the superconducting
loop, such that (2.9) will express as

2πn+ (θA − θB) = −2πΦ
Φ0
− 2e

~

∫ B

A

A · dl. (2.10)

If we choose the gauge for A such that the integral
∫ B
A

A is zero (which does not change the
system because A is gauge invariant), the phase difference θ = θA − θB will be [11]

θ = 2πn− 2πΦ
Φ0

. (2.11)

Thus, the current in an RF SQUID becomes

I = Ic sin(θ) = Ic sin
(

2nπ − 2π Φ
Φ0

)
= −Ic sin

(
2π Φ

Φ0

)
. (2.12)

If an external magnetic flux, Φext, is applied, the total flux Φ threading the superconducting
loop will be the sum of Φext and a self-induced flux created by the current circulating inside the
SQUID, expressed as

Φ = Φext + LI. (2.13)

Substituting Equation (2.13) into (2.12), yields the current that circulates inside the SQUID

I = −Ic sin
[
2πΦext

Φ0
+ βL

I

Ic

]
(2.14)

where βL is the screening parameter defined as

βL = 2πLIcΦ0
. (2.15)

If Equation (2.12) is substituted into (2.13), the magnetic flux in the SQUID would be expressed
as a function of externally applied flux:

Φ
Φ0

= Φext
Φ0
− βL

2π sin
(

2πΦ
Φ0

)
. (2.16)

Equation (2.16) describes how the flux inside the SQUID-loop behaves in terms of the externally
applied flux. Note that the equation is self-consistent, and only if β ≤ 1 will it yield single-valued
results. However, if β > 1, (2.16) it will become a multiple-valued function, which will lead to
hysteretic behavior, see Figure 2.5.

(a) (b)

Figure 2.5: Φ as a function of Φext for (a) βL = 1 and (b) βL > 1, where the hysteretical
behavior appears.

Due to the multiple-valued property from the hysteretic behavior, it becomes impossible to
determine how applied flux affects the flux inside the SQUID-loop. Hysteresis in SQUIDs are
thus undesired, as they will be inoperable.
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When there are two JJs in a superconducting loop, the Cooper pair wave function starts inter-
fering with itself [11]. The phase at the JJs for a DC SQUID can be derived in the same way as
for the RF SQUID case. The total current deep within the superconducting loop is zero, such
that the integral of the phase around the loop, excluding the junction gaps, becomes

∮
∇θ · dl− (θD − θA)− (θC − θB) = −2e

~

(∮
A · dl−

∫ A

B

A · dl−
∫ C

D

A · dl
)
. (2.17)

Evaluating (2.17) similarly as in Equation (2.10) leads to

θ2 = θ1 − 2π Φ
Φ0
, (2.18)

with θ1 and θ2 being the phase difference across each junction. Φ is pointing inwards in Figure
2.4b, just like for the RF SQUID. If we assume that the JJs are symmetric, it follows that
IC1 = IC2 = IC and the DC Josephson effect would then be expressed as

ITot = I1 + I2 = IC1 sin (θ1) + IC2 sin (θ2) = IC(sin (θ1) + sin (θ2)). (2.19)

Plugging in Equation (2.18) into (2.19) it is found that

ITot = −2IC sin
(
θ1 + θ2

2

)
cos
(
θ1 − θ2

2

)
= −2IC sin

(
θ1 + π

Φ
Φ0

)
cos
(
π

Φ
Φ0

) (2.20)

The sine-term is phase dependent, while the cosine-term is solely dependent on the magnetic
flux. Maximizing Equation (2.20) with respect to θ1 yields the maximum value for the critical
current of the JJs, denoted IM :

|IM (Φ)| = 2IC
∣∣∣∣cos

(
π

Φ
Φ0

)∣∣∣∣ . (2.21)

Equation (2.21) is valid under the assumptions that the JJs are symmetric and that no flux is
self-induced in the SQUID-loop. Assuming Φ = Φext yields a relation of how the current in the
loop is affected by externally applied fields, see Figure 2.6. It can be seen that for integer values
of Φ0, IM will reach its highest values. This current modulation can be used to modulate the
frequency of a SQUID-cavity, see Section 2.3.

Figure 2.6: |IM | as a function of Φext/Φ0. IM reaches peak values at integer values of Φext/Φ0
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2. Theory

2.2 Superconducting Resonators
In this section, the physics of superconducting co-planar waveguide resonators is discussed.
Scattering parameters for a feedline and resonator will be explained through the concept of
impedance and the ratio of the impedance of these two components. Furthermore, quality
factors are introduced as a measure of loss of a resonant circuit and will play a central role for
superconducting CPW resonators. Lastly, an expression for the number of intra-cavity photons
in a resonator will be derived.

2.2.1 Co-planar waveguide resonators
A co-planar waveguide (CPW) is formed by a central conductor of width W , separated from
the ground plane on either side by a width S, made from the same superconducting material,
standing on a non-conducting substrate [12], see Figure 2.7

S SW

Figure 2.7: Cross-section of a co-planar waveguide. The central conductor, of width W , is
separated from the ground plane on either side by a width S. The substrate is illustrated as
yellow and the superconductor as gray.

All CPW resonators have a resonance frequency, ω0, given by

ω0 = c
√
εeff

2π
λ0
, (2.22)

where c is the speed of light and λ0 is the wavelength of the fundamental mode of the resonator.
εeff is the effective permittivity given by εeff = (ε1 + ε2)/2, where ε1 ≈ 1 for air and ε2 = 11.6
is the relative permittivity of the Si-substrate [13], assuming that the electric field penetration is
50 % in air and 50 % in the substrate respectively, in Figure 2.7. c/√εeff is the phase velocity,
νp, of the electromagnetic waves propagating along the CPW. Thus, νp depends on the material
properties according to

νp = 1√
LC

(2.23)

where L and C are the inductance and capacitance per unit length, respectively. Using conformal
mapping, it is possible to express L and C as [14], [15]

L = µ0

4
K(k′)
K(k) , C = 4ε0εeff

K(k)
K(k′) (2.24)

where µ0 and ε0 are the permeability and the permittivity of vacuum, respectively. K is the com-
plete elliptic integral of the first kind, in which the geometric arguments k and k′ are described
as

k = W

W + 2S , k
′ =

√
1− k2. (2.25)

ω0 will thus depend on the geometry of the CPW, as

ω0 = 2π
λ0
√
LC

. (2.26)
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2.2.2 Transmission line impedance
The characteristic impedance of a transmission line is a complex number, which can be derived
from the telegrapher equation [16]

Z0 =
√
R+ iωL

G+ iωC
, (2.27)

with R as the resistance per unit length of the transmission line, G the conductance of the
dielectric per unit length, and L and C inductance and capacitance per unit length. In this
expression, the real numbers correspond to the losses of the circuit.
The complex propagation constant, γ, of the electromagnetic wave in the system is expressed
as

γ =
√

(R+ iωL)(G+ iωC) = α+ iβ (2.28)

where α and β are the attenuation and propagation constants, respectively.
When considering a system with near zero losses, the characteristic impedance can be approxi-
mated to

Z0 '
√
L

C
. (2.29)

Transmission lines are usually designed such that Z0 is 50 Ω, which is the optimal trade-off
impedance between loss and maximum power transfer for coaxial cables [17]. For a low loss
case, Z0 depends on L and C, which are mostly determined by geometric quantities. α and β
become

α ' 1
2

(
R

Z0
+GZ0

)
, β ' ω

√
LC = ω/ν, (2.30)

where ν is the phase velocity of electromagnetic waves in the transmission line. α is a measure of
attenuation inside the transmission line, due to conductor, dielectric or radiation losses [16]. β
describes the wave propagation inside the transmission line. The overall loss of the transmission
line is measured by the unloaded quality factor, Qi, which is the ratio of the energy stored inside
the transmission line to the power lost over one period:

Qi = ω
average energy stored
energy loss/second = β

2α. (2.31)

Therefore, for low losses, Qi will be higher. The index i stands for internal quality factor of a
transmission line.

2.2.3 Quarter-wave resonators
A quarter-wave resonator is a CPW in which one end, closest to the feedline, is kept open, and
the other is grounded, that is, terminated with zero load. Quarter-wave resonators are preferred
over half-wave resonators in this project, as the elbow coupling is easier to design (see Figure
2.8 compared to the finger design in a half-wave resonator [12]. Additionally, the current is
the highest at the ground-end, which is relevant when designing flux-tunable resonators, see
Section 2.3. The impedance, ZTLR, for such a resonator in terms of Z0, is expressed as follows
[16].

ZTLR = Z0 tanh(γl) = Z0
1− i tanh(αl) cot(βl)
tanh(αl)− i cot(βl) , (2.32)

where l is the length of the resonator.
For unloaded quarter-wave resonators (i.e. disconnected from the environment), the resonance
frequency is ω1/4. The detuning, that is, the difference between probing frequency and ω1/4, is
defined as

δω1/4 = ω − ω1/4. (2.33)

At near resonance, δω1/4 ∼ 0, Eq. (2.32) simplifies to

9
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ZTLR = Z0

4Qi
π − i

8Q2
i

π

δω1/4
ω1/4

1 + 4Q2
i

(
δω1/4
ω1/4

)2 . (2.34)

A resonator can be coupled capacitively to a feedline, see Figure 2.8.

Figure 2.8: (left) A meandered quarter-wave CPW resonator. One end is capacitively coupled
to the feedline and the other end is shorted to ground. The central conductor for the resonator
and transmission line have the same width and spacing between the central conductor and ground
plane. (right) Schematic of the equivalent circuit of a resonator coupled to a feedline.

The total impedance of the resonant circuit, Z, is thus expressed as

Z = ZTLR − i
1

ωCC
, (2.35)

where CC is the total capacitance between the resonator and the feedline, see schematic in
Figure 2.8. Note that the impedance of a loaded resonator (i.e. a resonator coupled to a
feedline) depends on the inductance and capacitance of the CPW resonator. By changing the
geometric dimensions of the resonator, such as the central conductor width, spacing between
the central conductor and ground plane, length of the coupler or the meandered regions of the
resonator, the capacitance and inductance can be modified. Z can thus be matched to Z0 in
order to maximize the transmission from feedline to resonator.
The average energy stored in the resonator is given by its inductance and capacitance. As
electromagnetic waves travel through the resonator, the average energy stored capacitively in
the meandering of the resonator expresses as

EC = 1
2Cr〈V

2〉, (2.36)

where Cr is the total capacitance in the resonator and 〈V 2〉 is the mean square voltage. CT can
be calculated as

Cr = Cl = l

νZ0
= 2πl
ωλZ0

= π

2ωZ0
(2.37)

where l is the resonator length, ν = ωλ/2π and λ is the wavelength. In this calculation, the
fundamental frequency is defined as λ = 4l, for a quarter-wave resonator. The power that is
transmitted between feedline and resonator is found through

P = 〈I2〉Z0 = 〈(ωCCV )2〉Z0. (2.38)

The ratio between the incoming energy in the feedline per cycle and the energy stored in the
resonator is quantified by the external quality factor, known here as the coupling quality factor,

10
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QC . Taking the average energy stored inductively in the resonator into account, results in
doubling of the energy E = 2EC , such that E and P can be substituted in to the definition of
quality factors, see Equation (2.31):

QC = ω
E

P
(2.39)

QC = ω
1
2

〈V 2〉π
Z2

0 〈(ωCCV )2〉
= π

2Z2
0ωC

2
C

. (2.40)

It is now possible to determine the total impedance by plugging Equations (2.34) and (2.40) in
(2.35) such that Z is

Z

Z0
=

4Qi
π − i

8Q2
i

π

δω1/4
ω1/4

− i
√

2QC
π

[
1 + 4Q2

i

(
δω1/4
ω1/4

)2
]

1 + 4Q2
i

(
δω1/4
ω1/4

)2 . (2.41)

By definition, the imaginary part of Equation (2.41) is zero at resonance [16]. Solving Im(Z) = 0
for δω1/4/ω1/4, the normalized detuned resonance frequency can be determined to δω1/4/ω1/4 =
−
√

2/(πQC). Since a load is added by capacitively coupling the feedline and the resonator, the
resonance frequency of the loaded CPW resonator, ω0, will be lower than the unloaded resonance
frequency ω0 < ω1/4. ω0, defined in Equation (2.22), can be expressed as

ω0 = 2π√
LrCr

(2.42)

Lr = 8l
π2L, Cr = 1

2Cl

where Lr and Cr are the total inductance and capacitance of the resonator coupled to a feedline,
respectively. The pre-factors for Lr and Cr account for the electric field distribution inside the
CPW resonator [12]. The normalized detuned resonance frequency will thus be redefined as
δω1/4/ω1/4 = δω0/ω0 −

√
2/(πQC), where δω0 = ω − ω0. For a loaded CPW resonator at near

resonance where δω0 ∼ 0, Equation (2.41) will be expressed in terms of ω0 according to

Z

Z0
=
√

2QC
π

2Qi δω0
ω0
− i

1 + i2Qi δω0
ω0
− i2Qi

√
2

πQC

. (2.43)

Equation (2.43) quantifies the impedance mismatch. In an ideal case, Z = Z0 = 50 Ω such that
the transmission between the two lines is maximum.

2.2.4 Scattering parameters
The input and output of a feedline can be modelled as a two-port network. The transmission and
reflection of the traveling waves in the feedline can be expressed through the scattering matrix
[S]:

[S] =
(
S11 S12
S21 S22

)
, (2.44)

where the indices signify ports 1 (feedline input) and 2 (feedline output). Expressing the two-
port network in terms of impedance, the scattering from ports 1 to 2, S21, is generally expressed
as [16]

S21 = 2Z12Z0

(Z11 + Z0)(Z22 + Z0)− Z12Z21
. (2.45)

Assuming that the impedance of the feedline and the ports are the same, that is Zi,j = Z, S21
can be simplified to

S21 = 2
2 + Z0

Z

(2.46)
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which is the same as for S12. Using Equation (2.43), it is found that S21 at resonance will
yield

S21(ω0) = QC
QC +Qi

. (2.47)

The loaded quality factor is a reciprocal sum of the external and unloaded factors:

1
Ql

= 1
QC

+ 1
Qi
. (2.48)

Thus, it is possible to express the scattering parameter from ports 1 and 2 at near resonance in
terms of quality factors:

S21 =
S21(ω0) + i2Ql δω0

ω0

1 + i2Ql δω0
ω0

. (2.49)

This expression quantifies the transmission coefficient of a propagating wave in the feedline past
the resonator [18], see Figure 2.9.
A resonator circuit coupled to a feedline can be represented as a three-port network, shown in
Figure 2.9, which illustrates the feedline input and output ports as 1 and 2 respectively, while the
resonator is represented as port 3. The arrows indicate the directions of the scattering.

Figure 2.9: Network representation of the feedline in- (1) and out-port (2), as well as the
resonator (3). The scattering is also depicted.

The scattering matrix for the three-port network is 3-dimensional [16]. In this network repre-
sentation, the scattering parameters S21 = S12 as they quantify the transmission between port
1 and 2. Because the three-port network is reciprocal S31 = S13 and S32 = S23. The dimensions
of the coupler are assumed to be much smaller than the wavelength, resulting in the ports 1 and
2 appearing symmetric in relation to port 3, such that S13 = S23 = S31 = S32. It is possible to
express the power leaked from port 3 into port 1 and 2 as [19]

P = 2fE(|S13|2 + |S23|2) (2.50)

Substituting (2.50) into the definition of the coupling quality factor, see Equation (2.39), results
in QC as an expression of the scattering parameters [19]

QC = ω
E

P
= π

2|S13|2
, (2.51)

under the assumption S13 = S23.

2.2.5 Resonance Circles and model fit
The resonator circuit and scattering parameters describe an ideal resonator. Non-ideal resonators
account for impedance mismatches between the impedance of the feedline and the resonator.
Additionally, resonator coupling is a combination of both capacitive and inductive coupling,
which results in more complex behavior. A generalized resonator model has been proposed
in [20], where QC is expressed as a complex coupling quality factor, QC = |QC | exp (−iφ),
taking both inductive and capacitive coupling into account. φ quantifies impedance mismatches
between the feedline and the resonator. This model is expresses the scattering parameter S21
as [21]
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Smodel
21 = aeiαe−iωτ

[
1− (Ql/ |QC |)eiφ

1 + 2iQl δω0
ω0

]
. (2.52)

where a and α signify the background amplitude and phase shift, respectively, which originate
from losses caused by the environment and electric cabling connected to the measurement in-
struments. τ is the electric propagation delay coming from the same cabling. All contribute to
non-ideal behavior of the system.
This is illustrated in Figure 2.10, for two example resonators with similar parameters (Ql = 15
000, |QC | = 20 000, ω0 = 2π × 6 GHz). In Figure 2.10, the graphs on the left show magnitude
and phase response of |S21| as a function of probing frequency for ideal and non-ideal resonators
(top and bottom, respectively). The abrupt change in |S21| and ∠S21 as the probing frequency
reaches resonance, ω = ω0, is caused by absorption of photons into the resonator.
The graphs on the right are resonance circles of the S21 transmission, with the imaginary com-
ponent as a function of the real component. A symmetric circle is formed for the ideal resonator
in the magnitude and phase response because of the perfect impedance match. For the non-
ideal case, the circle is heavily distorted due to significant impedance mismatch and attenuation.
Experimental data is fitted with a fit routine [21] based on Equation (2.52). In this routine, imag-
inary and real parts of S21 data are fitted to this model, from which the impedance mismatch,
resonance frequency and quality factors of the resonator can be extracted.
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Figure 2.10: (top) Scattering magnitude and phase response for an ideal resonator, along with
the resonance circle. The diameter of the circle is determined by the quality factor ratio Ql/|QC |
and the resonance frequency corresponds to the point where Im(S21) = 0 (Model parameters:
τ = 0 ns, φ = 0, a = 1, α = 0). (bottom) The response data and circle are skewed due to
environmental damping effects. Impedance mismatch results in an asymmetry of the resonance
dip in the |S21| curve, while the resonance circle distortion is caused by the electric delay from
the cabling (Model parameters: τ = 100 ns, φ = −0.5, a = 0.1, α = 0.01).

2.2.6 Derivation of intra-cavity Photon number
Figure 2.9 shows how the scattering of the ports. Back-scattering is assumed to be low enough
such that a negligible amount of photons is transmitted backwards (from right to left in the
schematic). Thus, the signal at port 2 will be an expression of the waves coming from ports 1
and 3. This signal can be described in terms of voltages and scattering parameters as

V1 = V1S21 + V1S31 + V3S23 =⇒ V1S21 = V1(1− S31)− V3S23, (2.53)

in which V1 and V3 are the voltages at ports 1 and 3 respectively.
The ratio of power incident from feedline to resonator, Pin and power inside the resonator Pr
is:

Pr
Pin

= V 2
3 /Z

V 2
1 /Z0

, (2.54)

where Z and Z0 are the impedance of the resonator and feedline, respectively. The ratio V3/V1
is found from Equation (2.53), where at resonance, the scattering parameters are described from
Equations 2.47 and 2.51. Thus, the ratio will be expressed in terms of the quality factors:

V3

V1
= Ql
Qc

√
2Qc
π
− 1. (2.55)

Assuming that the system is critically coupled, that is Qi = QC , the ratio of voltage amplitudes
between the two ports approximates to
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(
V 2

3
V 2

1

)
≈ 2
π

Q2
l

Qc
. (2.56)

Plugging the voltage ratios into Equation (2.54) gives

Pr
Pin

= V 2
3 /Z

V 2
1 /Z0

= 2
π

Q2
l

Qc

Z0

Z
(2.57)

It is possible to express Pr, assuming the resonator is driven at resonance, in terms of the
average energy multiplied by the resonance frequency. Together with Equation (2.57) it is found
that

Pr = ω0〈Er〉 =⇒

〈Er〉 = Pr
ω0

= 2
π

Q2
l

Qc

Z0

Z

Pin
ω0

. (2.58)

The average number of photons inside the resonator can be determined through dividing Equa-
tion (2.58) by ~ω0

〈np〉 = 〈Er〉
~ω0

= 2Z0Q
2
l

πZQc~ω2
0
Pin. (2.59)

This equation makes the following assumptions: the resonator is driven at resonance and crit-
ically coupled. Furthermore, it is to be noted that Pin is the power incident from feedline to
resonator.

2.3 Flux-tunable resonator
Embedding a DC SQUID into a superconducting quarter-wave CPW resonator enables tuning
of the resonance frequency of the resonator via an externally applied flux. This can, for example,
be used to detect and measure motion of mechanical resonators that generate magnetic signals
on the SQUID through flux-coupling. In this section, the physics and function of flux tunable
resonators are discussed.
In a quarter-wave superconducting CPW resonator, the current wave anti-node of the modes is
found at the point where the resonator is grounded. Combining a SQUID and CPW resonator,
by embedding the SQUID at this anti-node, forms a flux-tunable resonator (FTR) and enables
modulation of the resonance frequency of the resonator by tuning Φext of the SQUID loop.
The normalized eigenfrequency ωc/ω0 of a FTR is determined by solving a dispersion equation
[22]

πωc
2ω0

tan
(
πωc
2ω0

)
= (2π)2

Φ2
0
LrEs(Φext) (2.60)

with ω0 being the resonance frequency of the resonator without the SQUID and Lr the to-
tal inductance of the CPW resonator. Es is the flux dependent energy of a DC-SQUID [23],
determined by

Es(Φext) = Φ2
0

(2π)2
1

LS(Φext) + Lg/4
, (2.61)

which depends on the geometric inductance of the DC-SQUID loop as the JJs with the Josephson
inductance, LJ(Φext) are connected in series to a loop segment each with an inductance Lg/2.
The SQUID-inductance, LS(Φext) = LJ(Φext)/2 is defined as

LS(Φext) = Φ0

4πIc0| cos(θ(Φext))|
, (2.62)

where Ic0 is the unmodulated critical current of the junction and θ(Φext) = πΦext/Φ0 under the
condition that no hysteresis is present.
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Figure 2.11: Schematic of a flux tunable resonator. LS is the SQUID-inductance given by LJ
and Lg.

A Laurent expansion of the left-hand side of Equation (2.60) for ωc/ω0 ≈ 1 gives

πωc
2ω0

tan
(
πωc
2ω0

)
≈ − 1

ωc
ω0
− 1 − 1 +O

(
ωc
ω0
− 1
)
. (2.63)

Substituting the left-hand side of Equation (2.60) with (2.63), neglecting higher order terms and
solving for ωc results

ωc(Φext) = ω0

(
Lr

Lr + LS(Φext) + Lg/4

)
. (2.64)

Equation (2.64) describes how the resonance frequency of a flux tunable resonator changes as a
function of applied external flux. This dependence is depicted in Figure 2.12. It is observed that
Ic plays a central role in the tuning. Small critical currents would result in a higher Josephson
inductance, thus decreasing ωc, and vice versa. Ideally, the current should be low enough that
ωc(Φext = 0) = ω0 but high enough to significantly tune ωc, see Section 2.4.2.

Figure 2.12: Frequency modulation as a function of externally applied flux for varying values
of critical current of the JJ. For small Ic0, ωc never reaches ω0 due to LJ being large. On the
other hand, large Ic0 results in very sharp, but localized modulation of ωc around nφ0/2.

2.4 Superconducting levitation
In the following section, requirements to enable magnetic levitation of superconducting particles
are described, and inductive coupling between a levitating superconducting particle and a FTR
is discussed.
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2.4.1 Magnetic levitation of a superconducting particle
Levitating superconducting particles using magnetic fields is an approach which enables extreme
isolation of mechanical resonators with relatively large masses [24]–[26]. Due to the Meissner-
Ochsenfeld effect, superconductors behave as perfect diamagnets, that is, their magnetic sus-
ceptibility is χ = −1. For a superconductor in a magnetic field B, the potential energy is
[27]

U(r) = mgz − 1
2VM(r)B(r) = mgz − χ|B|2V

2µ0
, (2.65)

where m and V are the mass and volume of the particle respectively, z the coordinate in the
vertical direction, µ0 and g the magnetic permeability of vacuum and gravitational acceleration
respectively. Particles will thus levitate at a point, rlev, where the gravitational and magnetic
force on the particle are in balance, Ftotal = 0, such that

Ftotal(rlev) = −∇rU = χV

µ0
B∇rB−mgêz = 0, (2.66)

meaning, levitation occurs when B∇rB = −ρgµ0êz. êz is the unit vector in the vertical direction
and ρ is the density of the particle. For levitation to be stable, the local energy minimum at
r = rlev must fulfill

∂2U(r)
∂x2 > 0, ∂

2U(r)
∂y2 > 0, ∂

2U(r)
∂z2 > 0, (2.67)

with x and y denoting the horizontal and z the vertical directions [27]. These conditions imply
that the particle will be subject to a restoring force when displaced in any direction.

2.4.2 Coupling of a levitating superconducting particle to a flux tun-
able resonator

Detecting the amplitude of the centre-of-mass motion, xamp, of a levitated superconducting
particle is essential for cooling it down to the motional ground state [28]. In order to cool the
center-of-mass (COM) motion of the particle down to its ground state, the detection has to be
sensitive enough to measure amplitudes equal to the zero-point fluctuation of the COM motion
of the particle.
Passive cooling with a dilution refrigerator to mK temperatures is not sufficient to reach the
ground state, as the effective temperatures of the ground state of motion of the mechanical modes
are in the order of nK. Therefore, active cooling is needed to reach the ground state. Active
cooling can be done via coupling the COM motion of the particle, directly [29] or indirectly [25],
to a FTR. In a direct coupling approach, the magnetic signal of the levitating particle signal
modulates the frequency of the FTR directly. In an indirect coupling approach, an intermediate
coil is used to transport the signal to the SQUID. The single-photon coupling, g0, describes
the cavity frequency shift due to the COM motion of the particle when the cavity is populated
by a single photon. The particle motion modulates the resonance frequency of the FTR, ωc,
according to [29]

g0 = ∂ωc
∂x

xamp = ∂ωc
∂Φ

∂Φ
∂x

xamp, (2.68)

where ∂ωc/∂Φ is the flux modulation of the FTR resonance frequency, ∂Φ/∂x is the flux captured
by the pickup loop per unit of displacement of the levitating particle, and xamp is the amplitude
of the COM motion of the resonator. For the desired coupling rate, ∂ω/∂Φ has to be in the
order of GHz/Φ0 and the variation of this modulation should be less than 10% [30]. Measuring
this ∂ω/∂Φ is the goal of this thesis.
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The concepts behind the simulations of the CPW resonators are introduced in this chapter, fol-
lowed by a presentation of the cryostat and experimental setup used in this thesis. Furthermore,
the fabrication procedure of the samples, in terms of superconductor deposition, lithography
and etching, is described, along the steps that are required to fabricate flux-tunable resonators.
Lastly, the experimental procedures that are utilized are also discussed.

3.1 Simulation of superconducting resonators
In order to model the propagation of electromagnetic fields in different materials, numerical
simulations are performed on ANSYS HFSS. The simulation is done by discretization of the
geometry using finite element method (FEM) to solve Maxwell equations. A file of the sample
design containing eight superconducting resonators is imported to HFSS ANSYS. In the simula-
tion model, the chip is modelled to be a 2D surface with no thickness, which is placed on top of
a 3D box acting as the substrate. A uniform mesh grid is then assigned to the ground layer. The
geometrical dimensions of superconducting resonators range from millimeter (length of the CPW
resonator), to micrometer (dimensions of the CPW cross-section), for which smaller dimensions
require finer mesh elements. As finer mesh grid for the entire sample implies more accurate
and detailed simulation, a higher memory usage and more computational power is required. To
reduce the necessary memory usage, a 3D mesh box is created around only one resonator that
is to be analyzed resonator, together with a portion of the feedline, with a length based mesh
constraint ≤ 20 µm, see Figure 3.1a. Half the mesh box lies in the substrate and the other half
in the air to simulate the electric field in a 3D space. A lumped element is placed on either side
of the feedline, which dictates the direction of the applied signal, to which the impedance is set
to be Z0 = 50 Ω. For a FTR, there is an additional lumped-element at the open end of the
resonator, to which the inductance and capacitance of the SQUID is assigned.

Figure 3.1: (a) Simulation of the ground plane. The bounding box is enclosing the resonator
and a portion of the feedline. The mesh grid of inside the bounding box is much finer compared to
the grid in the entire ground plane. (b) Normalized electric field distribution over one resonator.
The electric field is normalized to 4× 1011 V/m. The voltage distribution is concentrated along
the meandered resonator and is weakest at the ground-end.
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In order to simulate the chip as a superconductor, the ground plane and the resonator are
assumed to be a perfect conductor. The Meissner-Ochsenfeld effect and properties, such as λL
or ξ, are thus not considered in this simulation. Simulating the chip as a perfect conductor means
that conductivity is infinite. As the mesh grid is defined, the Maxwell equations are ready to be
solved via FEM. Solving the Maxwell equations yield the electromagnetic field distribution of
the feedline and the resonators, as well as across the resonators themselves. ω0 and QC of each
resonator are also obtained from the simulations.

3.2 Cryogenic measurements
Superconducting materials require cryogenic temperatures. Therefore, to measure and charac-
terize superconducting devices, it is essential to cool down to cryogenic temperatures. Cryostats,
such as dilution refrigerators, are necessary tools to conduct these experiments. The working
principle of a dilution refrigerator is presented in this section alongside the experimental setup
used to characterize the resonators, as well as the fabrication and measurement methods.

3.2.1 Cryostat
The experimental set-up is inside a BlueFors dilution refrigerator, which has six stages, each
hanging from another. The temperature of these stages decreases from room temperature at the
very top to mK at the very bottom, see Figure 3.2.

Figure 3.2: A schematic representation of the dilution refrigerator and the experimental set-up.
The stages are: Room temperature (RT), 50 K, 4 K, Still (∼ 800 mK), Cold plate (CP, ∼100
mK) and Mixing chamber (MXC, ∼15 mK). The CPW-devices are mounted inside a sample
holder which is electrically shielding the devices, while a can around the sample holder provides
the magnetic shielding. Port 1 sends signals to the device and port 2 receives signals returning
to the VNA.

The primary cooling method of the refrigerator is adiabatic compression and expansion of 4He
using a pulse tube cooler [31]. This process can cool the setup from room temperature to roughly
4 K. Cooling below 4 K requires dilution cycle of 3He/4He-mixture. As the pulse tube cools the
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fridge below 4 K, the 3He/4He-mixture that circulates in the lower plates condenses. Pumping
the mixture evaporates 3He, as it has higher vapor pressure than 4He. This evaporation results
in further cooling of the mixture to 800 mK. At this temperature, a phase separation occurs
such that the heavy 4He settles to the bottom of the mixture container, and lighter 3He floats
on the top. From this point onwards, mostly 3He with trace amounts of 4He will circulate in the
dilution circuit of the fridge. When 3He is pumped back into the liquid mixture, it dilutes inside
the 4He at the MXC-stage. This dilution is endothermic and absorbs heat from the MXC-stage,
cooling it to about 10 mK.

3.2.2 Setup

The setup used in the experiments uses two separate electrical lines, see Figure 3.2. One line
starts and ends at the VNA, which is used to measure the microwave properties of devices. This
line is the microwave (RF) line and is shown as the solid black line labeled as ”Port 1” and ”Port
2” in Figure 3.2. The other line, the direct current (DC) line, is connected to a coil on top of
the sample box, containing the CPW-devices.

Microwave signals are sent from the VNA to the device inside the cryostat. The signal is
attenuated by adding room temperature attenuators between the VNA and the cryostat, reducing
the input power. Inside the cryostat, further attenuators are found at each stage which attenuate
the signal and thermal noise from the respective stages, resulting in a total attenuation of 66
dB inside the refrigerator. The output line from the device to the VNA contains the following
elements:

1. A bandpass filter at the MXC-stage. This attenuates any signals outside the 4-8 GHz
frequency band.

2. A Circulator at the CP, whose purpose is to block reflected signals that might otherwise
propagate back to the sample.

3. A high electron mobility transistor (HEMT) at the 4 K stage. The HEMT is a low-noise
amplifier that amplifies the signal by 40 dB.

4. Two room-temperature amplifiers outside the fridge. Each amplifier amplifies the signal
by 26 dB.

The sample is inside a niobium can, covered with cryoperm tape and aluminum tape. Cryoperm,
a Fe-Ni alloy, functions as a ferromagnetic shield, whereas both aluminum and niobium are
superconductors, providing further magnetic shielding. The sample itself is contained in a sample
holder made from Cu, which is inside the magnetic shield (see Figure 3.3). The sample is glued
inside and grounded to the sample holder via Al wirebonds. The sample holder is electrically
grounded and provides a vacuum beneath and above the sample to avoid parasitic capacitance.
The sample holder fully encloses the sample, protecting it from electromagnetic radiation by
absorbing incoming photons, that are transformed into heat in the sample holder. The heat is
transferred to the sample stage and away from the sample, thereby isolating from electromagnetic
waves.

The sample is wirebonded to an SMA connector pin, which is in turn connected to the VNA via
the RF line. The purpose of the DC line is to supply a current to the coil, used to flux bias the
SQUIDs of the flux-tunable resonators, see Section 2.3.
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(a) (b)

Figure 3.3: (a) The sample holder for the CPW and FTR devices. SMA connectors are
attached to both sides of the box. (b) Magnetic shield can. The arrow points to where the
sample holder lies within the can.

3.3 Device fabrication
The fabrication of the critical current density bridges, the linear CPW resonators and the FTR
start with metal deposition and patterning of the ground plane. An additional step is the
fabrication of JJs which is unique for FTRs. The fabrication procedure for the bridges and
CPWs are as follows:

1. Cleaning of 2-inch wafer substrate. The wafer is submerged in HF to strip the oxide layers
off the substrate.

2. Deposition of superconducting thin-film ground plane
3. Lithography and etching

*4. Shadow Evaporation
*5. Lithography and etching of contact pads
6. Dicing the wafer into separate 7×5 mm chips

Steps 2 and 3 will be discussed more in detail in Section 3.3.1. Steps *4 and *5 are part of the
fabrication process of the FTRs, which will be discussed in Section 3.3.2. The fabrication is done
in the Nanofabrication Laboratory at MC2, Chalmers.

3.3.1 Fabrication of critical current density bridge and CPW
Thin-film superconducting devices are fabricated by deposition of superconducting metals and
patterned via lithography and etching. This section covers deposition via sputtering and the
metal layer patterning via lithography and etching.

3.3.1.1 Superconductor deposition

Al or Nb are deposited by sputtering. In sputtering, atoms are ejected from a source metal when
they are bombared with ionized gases, such as Ar, onto a 2-inch Si-wafer. Al is a commonly
used type-I superconductor for fabrication of superconducting circuits, due to Tc being higher
than the temperatures of commercial dilution refrigerators. Nb is also of interest as Tc and Hc

are higher than those of Al, potentially allowing for direct coupling to the levitating particle in
a high magnetic field due to its tolerance to higher magnetic fields than Al. 300 nm Al or Nb
are deposited for the bridges used for characterizing the critical current density, jc. 150 nm Al
or Nb are deposited for the bare superconducting CPW.

3.3.1.2 Lithography and etching

A positive photoresist layer is spin-coated on the metal thin-films. The exposure of the patterns
is done via a laser writer. After developing the exposed resist, residual photoresist is ashed using
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oxygen plasma. Al is wet-etched by submerging the wafer in an Al etchant bath. Nb is etched
with Cl ions via reactive ion etching.

(a) (b)

Figure 3.4: (a) Bridges of different widths. (b) A λ/4 CPW coupled to the feedline.

3.3.2 Fabrication of flux-tunable resonators
The ground plane and the CPW resonators and feedline are fabricated via physical vapor depo-
sition (PVD) and etching as described above. In PVD, metal atoms are evaporated via electron
beam from a source metal, and condensed on the target. Shadow evaporation and the contact
pad lithography is described in this section.

3.3.2.1 Shadow evaporation

The JJs are fabricated at the gap terminating the CPW resonators at the ends away from the
feedline, via shadow evaporation [32]. The shadow evaporation process allows for control of
the oxide layer thickness of the junctions in vacuum, in a single deposition step via PVD. The
wafer is spin-coated twice, initially with a thicker, followed by a thinner photoresist. The thicker
photoresist is overexposed such that an undercut is formed. The thinner resist then functions
as a cover for when the junction is deposited. First, the JJs are patterned via electron-beam
lithography (EBL). Next, the wafer is placed under high-vacuum where the source metal, Al, is
aligned perpendicular to the device. By tilting the device at a certain angle, the first junction
electrode is deposited. The electrode is then subject to a high precision oxidation, designed to
form an insulating oxide layer of thickness 1 nm. The device is then aligned back to its planar
state, rotated and again tilted to deposit the second junction electrode, see Figure 3.5.

Figure 3.5: Schematic overview illustrating shadow evaporation.

3.3.2.2 Lithography and etching of contact pads

Two contact pads are then patterned, again via EBL, where 150 nm Al is deposited, via PVD,
on top of the electrodes, see Figure 3.6. Both resists are then removed by lift-off.
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Figure 3.6: A fabricated SQUID-cavity connected to the central conductor of the CPW. The
junction electrodes are 400 nm in width and the loop size is 30× 30 µm2.

3.4 Measurement Setup

3.4.1 Determination of critical current density

In order to determine jc, the bridges are glued on top of a sample holder, which, via wirebonds,
are connected to the DC-line (see Figure 3.2). Current is then supplied to the bridge using
the DC current source via the DC-line. A RuOx temperature sensor is attached next to the
sample holder to monitor change in temperature, see schematic in Figure 3.7. The current
is continuously increased until Ic is reached, thereby destroying superconductivity, which will
result in a sharp increase in temperature at the MXC-stage. Dividing the measured Ic by the
cross-section results in jc. Measuring jc of thin-film superconductors is necessary in order to
determine the maximum power that can be tolerated before becoming normal conducting.

Figure 3.7: Schematic of the experimental setup to determine jc. A DC source supplies current
to the samples, which are near a RuOx-temperature sensor.

3.4.2 Resonator characterization

Superconducting resonators, both linear and flux-tunable, are characterized by measuring the
transmission scattering parameter to determine properties such as ω0 and quality factors. The
frequency modulation of flux-tunable resonators is also studied, as this is one of the factors
that determines the coupling rate between the levitating superconducting particle and the FTR
frequency.

3.4.2.1 Resonance frequency and quality factor

The goal of characterizing the superconducting resonators is to identify ω0 for each resonator and
compare to them with the designed frequencies. This is done by scanning over a wide frequency
span of 4-8 GHz from the VNA at relatively high powers and identifying sharp drops in the
microwave transmission spectrum, see Figure 3.8.
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Figure 3.8: The scattering parameters of an ideal resonator described in Section 2.2.5

The aim of these measurements is to determine the power dependence of ω0 and quality factors
in terms of the number of intra-cavity photons. The quality factors of both linear and flux-
tunable CPW resonators are important because they will determine the sensitivity with which
the particle motion can be detected. The input power is continuously decreased while the
transmission scattering parameter data is recorded, which is then processed with the fitting
procedure described in Section 2.2.5 from which Qi, Qc and ω0 can be calculated. The intra-
cavity photon number is found by using Equation (2.59), so that the change of quality factors as
a function of photon number can be determined. The experimental setup is depicted in Figure
3.9

+40 dB+26 dB+26 dB

-66 dBRT attenuators

Dilution Refrigerator

VNA

Figure 3.9: Schematic of the setup for measuring microwave transmission spectrum. The
measured samples and microwave components are inside the dilution refrigerator.

3.4.2.2 Flux tunability

The first task is to identify ω0 of the flux-tunable resonators (FTR) with no modulation. This is
done in the same way as described in section 3.4.2.1. In order to characterize the flux tunability,
an electric current is applied to the coil resting on top of the FTR. Figure 3.10 shows the
schematic of the experimental setup. By increasing the applied current, ω0 of the FTRs will
change as illustrated in Figure 2.12, with which the current bias corresponding to the interval
−1/2 ≤ Φext/Φ0 ≤ 1/2 is found. By expressing ω0 as a function of Φext and simply taking the
derivative, we can calculate ∂ω0/∂Φext, which is one of the factors that is needed to determine
the particle-to-FTR coupling rate.

25



3. Methodology
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Figure 3.10: Schematic of the setup for identifying the flux tunability.
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Results

This chapter is briefly introduced with the results of the measurement for jc of the Al super-
conducting bridges, followed by a comparison to previously reported values. This introduction
is followed by the results of the linear CPW resonator characterization in Section 4.2, which
constitute half of the chapter. The calculated and measured values of Al and Nb resonators are
presented, with comparison to the state of the art for each material. Analytic results as well as
experiments and characterization of Al FTR are shown in the latter half of the chapter.

4.1 Superconducting properties of Al
The temperature at the sample stage was measured via a RuOx-sensor, as a function of applied
current on the Al sample. A sharp temperature increase can be observed at I ≈ 10mA for the
bridge width of 300 µm, see Figure 4.1. As the sputtered thickness is 300 nm, jc is determined to
be approximately 1.11× 108 A/m2. The determined jc is smaller by 2 to 3 orders of magnitude
than previously measured values for structures with similar cross-sections, that were evaporated
rather than sputtered [33]–[35]. The difference in deposition could be a possible explanation for
the lower jc value.
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Figure 4.1: Sample temperature as a function of applied current for a bridge with cross-section
of 300× 0.3 µm2. An abrupt increase in temperature is observed around 10 mA.

4.2 CPW Resonator characterization
In the case of Al, the CPW resonators were measured at a range of 20 to -25 dBm output power
from the VNA with no attenuation, shown in Figure 4.2a. At low powers, the S21 response at
resonance is symmetric. However, as the power increases, the electromagnetic fields increase
as well, decreasing the density of Cooper pairs and thus, increasing the kinetic inductance [36].
Thereby the resonance frequency shifts to lower frequencies, see Equation (2.42), as shown for
the range of -25 to -5 dBm in the power sweep. At even larger powers, superconductivity breaks,
causing the kinetic inductance to suddenly vanish, shifting the resonance frequency up (0 to 20
dBm). At that point, the peak shows a positive non-linearity, meaning that the dip is assymetric
and is skewed towards higher frequencies. As the VNA cannot interpret multivalued results, this
expresses as an abrupt increase in the transmission response.
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Figure 4.2: (a) Power sweep of an Al CPW resonator at ω0 ≈ 2π× 5.15 GHz from 20 dBm to
-25 dBm VNA output power. ω0 shifts for varying powers. Superconductivity is broken at high
powers. (b) Unsuccessful and successful model fits of measurement data for 20 and -15 dBm,
respectively.

The data fits for ω0 ≈ 2π × 5.15 GHz between 20 dBm and -15 dBm, respectively, are shown in
Figure 4.2b. It is observed that the model, the red dashed line, is unsuccessful and does not fit
the measured resonance dip for 20 dBm. However, for symmetric resonance dips, as for the -15
dBm case, the fit matches the measurement data as intended.
Measurement experiments for Al and Nb CPW resonators were performed as described in Section
3.4.2, using the experimental setup presented in 3.2.2, however, without any room temperature
amplifiers. Each sample was designed with eight resonators. Figure 4.3 shows the S21 trans-
mission data of the Al and Nb samples. The obtained signal contains the transmission of the
entire system, that is from the VNA to the samples, where on that signal the signatures of the
resonators are observed as dips. The measurements for the Al samples had a VNA output power
of 0 dBm which was attenuated with 35 dB room temperature attenuators, whereas the Nb
measurements were done with an output power of 20 dBm and 60 dB room temperature attenu-
ation. The arrows indicate the frequencies in which the resonances of the CPW resonators were
determined. All eight resonance dips of the CPW resonators on the Al chip were found in the
measurement. However, the arrow with a star indicates a frequency response in which none of
the resonators were designed for. The origin of this response was not further investigated. Seven
out of the eight resonance frequencies were measured for the Nb sample. The broad resonance
around 7.1 GHz is attributed to the feedline. This is due to impedance mismatch between the
feedline and wirebonds that connect the samples to the RF lines. This in turn ”buries” the
resonance dip of that resonator within that frequency range.
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Figure 4.3: 4 to 8 GHz measurement of the Al and Nb resonators. The black arrows mark
the resonance frequencies of the CPW resonators. The arrow with a star is not a resonance
frequency of any Al CPW resonators.
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The analytic, simulated and experimental values of ω0 and QC , as well as the experimental
values for Qi, for the Al and Nb CPW resonators, as a function of the inverse resonator length,
are shown in Figure 4.4. The analytic values for ω0 and QC are calculated via Equations (2.42)
and (2.39) respectively. The simulated values for ω0 and QC are extracted from ANSYS HFSS
simulations described in Section 3.1. The experimental values for ω0, QC and Qi are obtained
via the fitting procedure described in Section 2.2.5.
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Figure 4.4: Analytic, simulated and measured resonance frequencies (ω0), coupling (Qc) and
measured internal (Qi) quality factors for CPW resonators of different lengths and materials,
as a function of inverse resonator length. The experimental values correspond to 108 and 106

average number of intra-cavity photons for Al and Nb, respectively. The values obtained from
simulations are independent of the superconducting material, as opposed to the analytic and
experimental values.

It is observed that ω0 is proportional to inverse resonator length, for the analysis, simulation
as well as the experiments. This is due to the inductance and capacitance being bound to the
geometry, mainly the length, of the resonators. The experimental and simulated frequencies
match well with the analytic evaluation.
Analytically, QC decreases slightly for higher values of ω0, according to Equation (2.40). Sim-
ulations and experimental results, however, do not show any clear dependence on frequency.
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Decreasing the error tolerance in the simulation, could potentially yield in more accurate results,
however no clear conclusion can be drawn from the simulated or experimental values.
Only experimental results are presented for the internal quality factor, Qi, as they cannot be
easily calculated. It is observed that Nb CPW resonators have larger Qi compared to Al, where
previously reported values indicate that Qi for Al is larger than Nb, see Figure 4.6. Qi for
both Nb and Al decreases for higher ω0. However, the change in Qi is more pronounced in Nb
compared to Al, which remains fairly constant at approximately 1× 105.
The upper graph in Figure 4.5 shows QC as a function of the average intra-cavity photon
number, for Al and Nb. For Nb, QC shows a weak dependence on 〈nph〉, where a decrease in QC
can be observed at lower powers. Al resonators, show similar results, however the decrease is
more pronounced.: QC decreases with decreasing number of circulating photons. This result is
unexpected, seeing as QC is bound to the design of the resonators and should remain constant,
regardless of power. The source of the decrease for both Al and Nb stems from insufficient
mathematical fitting, where the entire measurement data was not fitted perfectly, yielding in
the observed decrease. The fitting can be improved through increasing measurement parameters
in the VNA, such as adjusting the IF bandwidth and thereby improving the signal-to-noise
ratio.
The lower graph in Figure 4.5 shows Qi for Al and Nb as a function of the average intra-cavity
photon number. It is expected that the measurements should reach powers corresponding to
〈np〉 ≈ 1, see Figure 4.6. The measuremets for Al and Nb, however, do not reach this low power,
as room temperature amplifiers were not available at the time of the experiments for neither
Al nor Nb. The RT amplifiers would amplify the signals returning from the samples to the
VNA and would increase the signal-to-noise ratio. Qi is higher for Nb than Al. A similar trend
is observed for both materials: At the regime where a high number of photons is circulating
inside the resonator, Qi is constant and decreases for lower number of photons. The decrease in
Qi can be explained in terms of loss mechanisms: Material defects present in the native oxide
present at the interface between the substrate and superconductor, or the interface between
superconductor and vacuum, create two-level systems (TLS), which interact with the resonator
and absorb photons from it. As the power circulating in the resonator is increased, TLS begins
to saturate and so the fraction of energy lost from the resonator decreases, in other words,
Qi increases [37]. At larger powers, the TLS are all fully saturated and the Qi value reaches
its maximum and stays constant. As 〈np〉 decreases, the TLS competes with the resonator to
absorb photons, and losses from TLS become more dominant, lowering Qi. It is expected that, at
lower photon numbers, the decrease will halt and Qi will become constant again as the thermal
fluctuations from the environment dominate compared to the power from the photons inside the
resonator.
Figure 4.6a shows measured Qi for superconducting Al CPW resonators evaporated on sapphire
[38]. For high power, where TLS-losses are saturated, Qi ≈ 8×105 where it decreases to Qi ≈ 2×
105 at around 〈np〉 = 10. The previously reported values are ten times larger than the measured
Al CPW resonators in this work. This is attributed to the difference in deposition, where
sputtering introduces more defects in the interface between substrate and superconductor, such
as parasitic TLS, compared to evaporation. Furthermore, by cleaning samples with hydrofluoric
acid (HF) strips native oxide layers from the substrate [39], or through ultrasonication [38], would
also increase Qi. Furthermore, depositing on sapphire would also result in a larger Qi.
Qi for the measured Nb CPW resonators is twice higher than previously reported values, as
shown in Figure 4.6b [40]. The highest reported Qi is for 200 nm thick Nb thin-film sputtered
onto 500 µm Si/SiO2 substrate, where Qi ≈ 7× 104 for 〈np〉 = 106. This is smaller by an order
of magnitude compared to the Qi at equal 〈np〉 for the measured Nb CPW in this work.
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Figure 4.5: Quality factors of Al and Nb resonators from 4 to 8 GHz as a function of intra-
cavity photon number. (upper) The coupling quality factor is roughly constant for Nb, but
decreases for lower powers for Al. (lower) The internal quality factor showing the losses. Both
Al and Nb show similar trends.

(b)(a)

Figure 4.6: (a) Qi as a function of circulating power and equivalent average number of intra-
cavity photon numbers for superconducting Al CPW resonators on sapphire [38]. (b) Qi as
a function of circulating power, with the equivalent average intra-cavity photon number, for
superconducting Nb CPW resonators (hollow blue squares) deposited on top of a Si-substrate.
[40].
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4.3 FTR characterization and flux tunability

The analytic calculation of the flux modulation can be seen in Figure 4.7. For ω0 ≈ 2π × 7.25
GHz, it can be observed that ∂ω0/∂Φ ≈ 2π × 3.64 GHz/Φ0 at 0.8×Φ0, marked by the tangent
line. The dimensions assumed for this FTR were: width of 800× 800 nm for the JJs, a SQUID-
loop area of 10× 10 µm2, where Ic0 = 704 nA, corresponding to LS = 1438 pH.
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Figure 4.7: Analytic determination of the frequency modulation of the FTR for an external
flux in the interval of [−Φ0,Φ0]. The frequency modulation, ∂ω0/∂Φ is marked as the dotted
red tangent line at 0.8× Φ0

The FTR experiments were conducted in the same setup as the bare CPW resonators. The
flux tunability experiment is described in Section 3.4.2.2. The samples were designed with eight
resonators, wherein half of the resonators were linear and the other 4 were flux-tunable. Figure
4.8 shows S21 transmission data of the resonators as a function of frequency at 20 dBm power
from the VNA, with an attenuation of 60 dB. Four resonances were identified as linear resonators,
indicated with black arrows, and only one FTR was found, indicated with the diamond marked
arrow, where ω0 ≈ 2π × 6.29 GHz.
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Figure 4.8: S21 transmission data of the FTR device made out of Al, as a function of frequency,
measured at -106 dBm total power. Five resonance frequencies were detected, indicated by the
arrows, out of which one is flux tunable, marked with the arrow with a diamond. The response
at 7.4 GHz is the feedline frequency.

The flux tunability of the FTR is shown in Figure 4.9. The S21 transmission data as a function
of frequency was recorded for bias currents from -500 to 500 µA applied to the flux-modulation
coil. A tunability in the resonance frequency of the FTR is observed, however, it is very weak
and does not modulate ω0 more than by ∼ 2 MHz.
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Figure 4.9: S21 transmission as a function of frequency and biasing current. The resonance
frequency is tuned at approximately ω0 = 6.29× 2π GHz.

An additional experiment was conducted based on the flux tunability observed in Figure 4.9,
where the tuning of ω0 = 2π× 6.29 GHz at varying powers over one flux quantum is depicted in
Figure 4.9. The inset shows the current range from -165 to -345 µA, where one Φ0 corresponds
to 105 µA as shown in the graph. The frequency modulation is shown to be at most 1.2 MHz,
where ω0 = 2π × 6.2898 GHz. There is no sign of any dependence on applied power.

Figure 4.10: Frequency modulation of ω0 = 2π×6.29 GHz over one Φ0, at varying power. The
respective biasing current applied is also shown. The inset shows the corresponding portion of
the S21 transmission data in Figure 4.9.

The weak frequency modulation attributed to the misformation of the fabricated JJs at both
sides of the SQUID, see Figure 4.11.
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(a) (b)

Figure 4.11: (a) SEM image of the SQUID-loop. (b) SEM image of the JJs. The deposited
edges of the junctions are connected.

The projected features formed due to over-etching of the thicker resist layer. The over-etching
causes an undercut where the metal gets deposited, forming the features as shown in Figure
4.11b. This increases the width of both the junctions in that region, enough to create an electric
short. These features will thus carry a portion of the current applied to the loop and bypass the
junctions, while a portion of the current still runs through the junction as intended. The current
bypassing the junctions, Ishort, will be much larger than Ic across the junctions. A modified
form of SQUID inductance (Equation (2.62)), which accounts for Ishort, illustrates the frequency
modulation of such a shorted SQUID:

LS(Φext) = Φ0

4πIc| cos(θ(Φext))| − 1
2

I2
short

Ic| cos(θ(Φext)|

.

Additional experiments were attempted with samples with larger loop-areas (20 × 20 µm2 and
30 × 30 µm2) and smaller junction widths (600 and 400 nm), however none of the resonance
frequencies of the FTRs were detected in the measurements. This is because of longer oxidation
times in the shadow evaporation step, where the oxide layer of the junctions should be 3 to 4 nm.
A thicker oxide layer decreases Ic, which will decrease ω0, as per Equations (2.62) and (2.64).
The larger oxide layer was found to decrease ω0 of the FTRs by a factor of ∼ 2, which resulted in
the resonance frequencies to be in the 2-4 GHZ range, which is beyond the measurement range
of the setup as both the HEMT and bandpass filter amplifies and allows, respectively, signals
that are in the 4 to 8 GHz range.
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In this last chapter, the results of the thesis is summarized along the conclusions that can be
drawn. The conclusions lay the ground work for proposed future work, presented in Section
5.2.

5.1 Summary
In the thesis work I have succesfully fabricated superconducting strips made of Al, where jc was
determined to be 1.11×108 A/m2, by measuring the temperature as a function of applied current
of a bridge with the dimensions 300× 0.3 µm2, which is lower than for literature values.
Furthermore, I have fabricated Al and Nb resonators and characterized their microwave proper-
ties. I managed to successfully identify the resonance frequencies of seven out of eight resonators,
for both the superconducting materials. The measured data was subsequently treated through
an fitting algorithm to evaluate the quality factors. QC for both Al and Nb CPW resonator
is in the order of 105, in which the Nb ones are constant regardless of the number of photons
circulating in the resonator as opposed to Al, which shows a decrease of circa 10%. Qi for both
metals decreases by about 10% for a decreasing number of photons. Nb shows Qi = 106 at high
powers, compared to Al for which Qi = 105, which are close to the Qi of the literature.
Lastly, I characterized the flux tunability of an Al sample, containing four flux-tunable and four
linear CPW resonators. From the measurements, five resonance frequencies were detected, out
of which only one belonged to a FTR. The applied magnetic flux, albeit showing clear signs of
frequency tunability, only decreased the resonance frequency by 1.2 MHz for one half Φ0. This
frequency tunability is very small, as literature indicates a modulation in the orders of GHz. It
is suspected that the difference in frequency modulation comes from the current in the SQUID
not passing through the JJs. This additional leakage current resulted from a small bridge at the
JJ, which formed during a non-perfect fabrication step.
The measured values for ω0 and QC of the CPW resonators are in good agreement with the
analytic calculations and simulations of the CPW. This implies that the analytic models and
simulation give good estimates for the design of FTRs given the same underlying assumptions
as for the linear CPW resonators.
The flux tunability is one of the parameters required to determine the single-photon coupling
rate, g0, between the FTR and a levitating superconducting particle. However, the unexpectedly
low frequency modulation found in the experiment is far from sufficient. The size of the JJs must
therefore be reduced in order to ensure that no short is present between the junctions.

5.2 Future work
For future work, the first step is to fabricate functional FTRs, which show a frequency tuning in
orders of GHz. The fabrication has multiple areas of improvement, such as evaporating the entire
ground plane in order to increase the quality factors, as opposed to sputtering it as done for the
FTR used in this work [41]. Additionally, using different substrates, for example sapphire, or
cleaning the samples with HF would also improve the quality factor [39]–[41].
The magnetic trap which traps the superconducting levitated particle can generate magnetic
field with strengths in the order of 10 mT, which higher than HC for Al, thus, breaking su-
perconductivity [42]. As Tc and Hc for Nb are larger than Al [43], promising possibilities are
found in terms of direct coupling a FTR fabricated out of Nb, to the levitating particle. Figure
5.1 shows a proposed schematic set-up for such a direct coupling experiment. The quadrupole
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magnetic field traps the particle, for which the modulated magnetic field caused by the particle
motion is fed directly to the FTR.

©

-66 dB

+40 dB+26 dB+26 dB

RT attenuators

VNA

Dilution Refrigerator

Figure 5.1: A proposed experimental setup for the direct coupling experiment. The levitat-
ing superconducting particle is trapped inside a quadrupole magnetic field. The field that is
modulated by the particle motion is directly fed to the FTR.
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A
Appendix A

A.1 Full derivation from ZTLR to S21(ω0)
In this appendix chapter, the full derivation to Equation (2.59) is presented, starting from
Equation (2.32)

ZTLR = Z0 tanh(γl) =

= Z0 tanh((α+ iβ)l) = Z0
tanh(αl) + tanh(iβl)
1 + tanh(αl) tan(iβl) =

= Z0
tanh(αl) + i tanh(βl)
1 + tanh(αl)i tan(βl) = Z0

tanh(αl)− 1
i cot(βl)

1− tanh(αl)
i cot(βl)

=

= Z0
1− i tanh(αl) cot(βl)
tanh(αl)− i cot(βl) . (A.1)

The fundamental wavelength is l = λ0/4 such that βl at near resonance will be

βl = ω + δω

ν

λ0

4 = 2π(ω + δω)
λ0ω

λ0

4

= π(ω + δω)
2ω = π

2

(
1 + δω

ω

)
, (A.2)

where δω is the detuned frequency near resonance. Plugging in above expression for βl in cot(βl)
gives

cot(βl) = cos(βl)
sin(βl) =

cos
(
π
2
(
1 + δω

ω

))
sin
(
π
2
(
1 + δω

ω

)) = −
sin
(
π
2
δω
ω

)
cos
(
π
2
δω
ω

) = tan
(
−π2

δω

ω

)
≈ −π2

δω

ω
(A.3)

in which the small-angle approximation was utilized in the last step of the evaluation. From
Equation (2.31) it is known that Qi = β

2α , such that tanh(αl) under the small-angle approxima-
tion gives

tanh(αl) = tanh
(

β

2Qi
l

)
= tanh

(
1

2Qi
π

2

(
1 + δω

ω

))
≈ 1

2Qi
π

2

(
1 + δω

ω

)
(A.4)

Considering an unloaded resonator for which the resonance frequency is ω1/4, such that δω =
δω1/4, Equation (A.1) will then express at near resonance as

ZTLR = Z0
1− i tanh(αl) cot(βl)
tanh(αl)− i cot(βl) = Z0

1− i
(

1
2Qi

π
2

(
1 + δω1/4

ω1/4

))(
−π2

δω1/4
ω1/4

)
1

2Qi
π
2

(
1 + δω1/4

ω1/4

)
− i
(
−π2

δω1/4
ω1/4

) , (A.5)

for which,
(

1 + δω1/4
ω1/4

)
≈ 1 since δω1/4

ω1/4
� 1. With this approximation, it is found that
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ZTLR = Z0
1 + i

(
1

2Qi
π2

4
δω1/4
ω1/4

)
1

2Qi
π
2

(
1 + i2Qi

δω1/4
ω1/4

) = Z0

4Qi
π + iπ2

δω1/4
ω1/4

1 + i2Qi
δω1/4
ω1/4

≈ Z0

4Qi
π

1 + i2Qi
δω1/4
ω1/4

= Z0

4Qi
π − i

8Q2
i

π

δω1/4
ω1/4

1 + 4Q2
i

(
δω1/4
ω1/4

)2 , (A.6)

which is the same as Equation (2.34). The total impedance is expressed in Equation (2.35). By
plugging in QC from (2.40) into (2.35) the following is derived

Z

Z0
=

4Qi
π − i

8Q2
i

π

δω1/4
ω1/4

1 + 4Q2
i

(
δω1/4
ω1/4

)2 − i
1

Z0ωCC
=

4Qi
π − i

8Q2
i

π

δω1/4
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1 + 4Q2
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(
δω1/4
ω1/4

)2 − i
√
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(A.7)

=

4Qi
π − i

8Q2
i

π

δω1/4
ω1/4

− i
√

2QC
π

[
1 + 4Q2

i

(
δω1/4
ω1/4

)2
]

1 + 4Q2
i

(
δω1/4
ω1/4

)2 , (A.8)

which is the same as Equation (2.41). It is known that at resonance, Im(Z) = 0, meaning

4Q2
i

√
2QC
π

(
δω1/4

ω1/4

)2
+ 8Q2

i

π

(
δω1/4

ω1/4

)
+
√

2QC
π

= 0,

whereby solving for δω1/4/ω1/4 gives
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π

√
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±

√
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under the assumption that 1/4Q2
i is negligibly small.

To reach Equation (2.43), the denominator of (A.7) is factorized such that
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√
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which is the same as (2.43). Thus, an expression is found for Z/Z0 in terms of ω0 at near
resonance.
S21(ω0) is found by simplifying (A.9) through multiplying the expression with the complex
conjugate:
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√
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√
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√
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√
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√
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Assuming resonance, the above expression can be simplified to
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√
2QC
π

2Qi
√

2
πQC
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(
−2Qi

√
2
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)2 ≈ Z0

√
2QC
π

2Qi
√

2
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i

2
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,

under the approximation 1 � 4Q2
i

2
πQC

. Plugging in the above expression into the definition of
S21 yields the following

S21(ω0) = 2
2 + Z0/Z

= 2
2 + 1√

2QC
π

2Qi
√

2
πQC

4Q2
i

2
πQC

= 2
2 + 4Q2

i
2
π

2Qi 2
π

= 1
1 + Qi

QC

= QC
QC +Qi

,

which is Equation (2.47).
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B.1 Current density and CPW resonator fabrication

B.1.1 Aluminum
a) Wafer cleaning

(i) Take 2” Si wafer with 〈111〉 orientation & high resistivity (ρ = 10 kΩ · cm)
(ii) Clean with acetone & IPA
(iii) Blow dry with N2
(iv) Dip in 2% HF solution for 1 min
(v) Quick Dump Rinse in fresh DI water

b) Ground plane deposition
(i) Sputter Al in FHR-MS150

Thickness: 150 nm
Pressure: 8 µbar
Deposition rate: 2 nm/s
Deposition time: 75 s

c) Ground plane patterning
(i) Spin coat S1805 [600 nm]

Time: 60 seconds
Speed: 4000 rpm
Acceleration: 2000

(ii) Resist baking
Time: 2 minutes
Temperature: 120 °C

(iii) Expose on DWL Laser Writer (Heidelberg 2000)
Focus: 40%
Intensity: 70%
Transmission: 100%

(iv) Develop in MF319 for 90 seconds
(v) Descumming with Oxygen Plasma

Time: 10 minutes
Power: 40 W

(vi) Aluminum Etch for 120 sec at 40 °C
(vii) Clean with Remover 1165 followed by Acetone & IPA on hotplate at 80 °C for 5

minutes & Ultrasound for 5 minutes

B.1.2 Niobium
a) Wafer cleaning

(i) Take 2” Si wafer with 〈111〉 orientation & high resistivity (ρ = 10 kΩ · cm)
(ii) Clean with acetone & IPA
(iii) Blow dry with N2
(iv) Dip in 2% HF solution for 1 min
(v) Quick Dump Rinse in fresh DI water

b) Ground plane deposition
(i) Sputter Nb in FHR-MS150

Thickness: 150 nm
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Pressure: 0.3 µbar
Deposition rate: 8 nm/s
Deposition time: 20 s

c) Ground plane patterning
(i) Spin coat S1805 [600 nm]

Time: 60 seconds
Speed: 4000 rpm
Acceleration: 2000

(ii) Resist baking
Time: 2 minutes
Temperature: 120 °C

(iii) Expose on DWL Laser Writer (Heidelberg 2000)
Focus: 40%
Intensity: 70%
Transmission: 100%

(iv) Develop in MF319 for 90 seconds
(v) Descumming with Oxygen Plasma

Time: 10 minutes
Power: 40 W

(vi) Aluminum Etch for 120 sec at 40 °C
(vii) Clean with Remover 1165 followed by Acetone & IPA on hotplate at 80 °C for 5

minutes & Ultrasound for 5 minutes
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