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Joint modeling of longitudinal and Time-To-Event data
A Comparison of Joint versus Sequential Parameter Estimation
SOPHIA AXILLUS
Department of Mathematical Sciences
Chalmers University of Technology

Abstract
Joint modeling is a technique used for parameter estimation in linked models of
longitudinal and Time-To-Event (TTE) data. The goal of this is to reduce bias typ-
ically found when sequentially estimating related parameters by considering errors
caused by both the models, the data, as well as between individuals (inter-individual-
variability) simultaneously. The aim of this thesis was to distinguish scenarios when
the joint model is suitable for use in the case of high frequent sampling.

To represent the longitudinal data, we apply a K-PD model to describe the effect
of an inhibition of a measurable biomarker (response) with added random effects.
This response is then linked to the TTE by using a parametric hazard equation for a
given set of parameters. The set of parameters for these models are estimated with
Maximum Likelihood Estimation for two approaches; a sequential and joint method.
The sequential approach firstly estimates the parameters related to the K-PD model
and then considers the individual simulated response as a covariate in the estimation
of the TTE related parameters. In contrast, the joint model considers two contribu-
tions to the likelihood by including the TTE in order to get the full set of parameters.

The result of this is two algorithms based on the FOCE method. These algorithms
are compared for several datasets with fixed parameter values during different con-
ditions. By comparing metrics such as Relative Estimation Error and Relative
Standard Error, we are able to show that the joint estimation approach provides
less biased estimates for several different sampling frequencies. This is the case for
most parameters but the difference is the largest for the parameters related to the
TTE model. It is therefore concluded that for joint model frameworks using a joint
parameter estimation should be considered. Moreover, we also show that the joint
approach improves estimations when using a linked parametric hazard, especially in
the case of high frequent sampling.

Keywords: joint model, NLME, survival analysis, FOCE, K-PD model.
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Nomenclature

Below is the nomenclature of indices and abbreviations that have been used through-
out this thesis.

Indices

i Individuals
j Time points
k Random effects

Abbreviations

FOCE First Order Conditional Estimate
NLME Nonlinear Mixed Effects Model
ODE Ordinary Differential Equation
PD Pharmacodynamics
PK Pharmacokinetics
K-PD (Pharmaco)kinetics-pharmacodynamics, simplification of a PK-PD

model
TTE Time-To-event
REE Relative Estimation Error
RSE Relative Standard error
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1
Introduction

Mathematical modeling is a useful tool when drawing conclusions from experimental
studies and can be used to find new interesting relationships. It has therefore several
applications in pharmacology and drug development. For example; it can be used
to conduct simulations or experiments which would have been too expensive, be
it because of economical drawbacks or to spare the patient of invasive procedures,
or in the case of comparing different drugs one might wish to account for many
covariates influencing the result in order to draw the most objective conclusion [1].
Newer and more informative models have therefore been used and developed in
order to understand the complexity of disease and treatment [1]. One such form of
modeling is so called joint modeling, where one wishes to understand the dynamics
behind a longitudinally measured response and connect it to an adverse event of
sorts. This thesis, conducted in collaboration with the Fraunhofer Chalmers Centre
(FCC), explores some of the challenges and advantages that joint modeling could
offer to the field of mathematical modeling.

1.1 Background
General research in drug development often involves collecting both longitudinal and
Time-To-Event (TTE) data. Longitudinal data are time series of sampled quanti-
ties, for example blood glucose levels every three months for several years, or lung
peak expiratory flow (PEF) every day over a full year [2, 3]. The TTE data of this
nature could be the time until a complication occurs, such as diabetic retinopathy,
or the progression into a worse state of the disease, such as astma exacerbations
[2, 3]. Joint modeling can be applicable in these cases, since the aim is to investi-
gate an outcome of interest combined with a series of chosen measurements, which
are believed to be involved with the outcome, in an effort to find the relationship
between the two and make future predictions. An example of this is in clinical
trials where a patient is tested frequently over a series of time with the aim of as-
sessing the risk of an adverse event. This makes it possible to gain knowledge of
the risk of the event as well as what could influence this risk, specific to each patient.

In drug development, a common approach is to model the relationship of body
to drug response by applying a so called PK-PD framework for the longitudinal
data and letting the event represent something the drug aims to prevent [1]. As
for PK-PD modeling, the first part is in reference to pharmacokinetics (PK), where
one wishes to model the system’s response to the drug, and the second to represent
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1. Introduction

the pharmacodynamics (PD), which is the drug’s effect on the system [1, 4]. The
system used in PK models are commonly described as compartment models; where
different compartments, e.g. blood stream or organ, interact with one another [1].
As for the PD, since the effect of the drug is of interest one could model either the
stimulation or inhibition of a response which is assumed to remain in a steady state
that is perturbed by the drug [4]. The resulting set of equations are a system of
ordinary differential equations (ODEs) and typically needs to be solved numerically.
To note, since no individual is the same it can also be useful to account for the vari-
ability between individuals by adding so called random effects, meaning that one
or several model parameters is allowed to vary according to a specified probability
distribution, which then turns the equations into a nonlinear mixed-effects (NLME)
framework. Moreover, the longitudinal model can then be joined with the TTE by
connecting the measured response to a parametric hazard function, which describes
the rate of which an event is expected within the next time step.

How the model structure and relevant covariates is decided upon depends on what
the intent is. In some cases it can be beneficial to use a simple model in order to
keep it interpretative and in other cases that might not be an option because of the
behaviour of the data. However, once the structure and covariates are chosen it will
contain a set of unknown model parameters which need to be inferred by data. This
process is called parameter estimation and gives information on what covariates in-
fluence the response variables the most and can also be used to learn if some of them
are uninformative. Parameter estimation is typically performed by using Maximum
Likelihood Estimation (MLE). The aim of MLE is to, given a model structure, find
the parameters that maximizes the probability of the observed outcomes. Once this
process is finished and a suitable model which describes the data is found one can
use this to make predictions about new observations.

There are several ways of approaching the linkage between longitudinal and TTE
data, such as estimating the longitudinal parameters separately and using the model
predictions as a covariate in the TTE model [5]. However, since this approach does
not take the simultaneous variability from both the individuals as well as the predic-
tion error into account it is prone to bias [5]. Joint parameter estimation is therefore
believed to correct for this bias by taking the inter-individual variability, model error
as well as the estimated noise in the data, into account while estimating the TTE
parameters [5, 6]. In practice, this means incorporating the two likelihoods into a
combined one, which is then maximized to obtain the MLE [6]. Previous studies
within joint modeling of different longitudinal models proved this hypothesis to be
true and therefore this thesis aims to further explore the applicability of a joint pa-
rameter estimation for PK-PD modeling with regards to different sample frequencies
[6].

Several applications of PK-PD modeling in various areas such as cardiovascular
disease, oncology, and respiratory diseases has been studied extensively at FCC at
the department of Systems and Data Analysis [3, 7, 8]. The department has also
developed computational methods such as a Mathematica package for parameter
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1. Introduction

estimation and diagnostics in NLME models [9]. As of late, FCC has started study-
ing the analysis of joint longitudinal and TTE data, including a first application to
clinical data on asthma exacerbations [3]. Today, FCCs research in this area is par-
ticularly focused on the opportunities and challenges posed by frequently sampled
longitudinal data together with TTE data.

1.2 Aim and objectives
This Master’s thesis studies strategies of joint modeling of TTE data together with
frequently sampled longitudinal data. Specifically, the aim is to be able to identify
and distinguish scenarios where it is warranted to apply a joint parameter estimation
approach in a mixed-effects framework, compared to the simpler modeling technique
of a sequential parameter estimation, by developing an understanding of the rela-
tionship between estimation method and sampling frequency. This will be achieved
by firstly simulating synthetic data with added random effects and secondly compar-
ing sequential parameter estimation methods to joint approaches. The parameter
estimation algorithms in question, for both cases, will need to be formulated and
implemented as a part of this step. Lastly, this comparison needs to be analyzed in
order to identify situations where a joint model framework is suitable and possible
pitfalls to avoid.
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2
Theory

The background knowledge needed to perform joint modeling is explained below.
Firstly, the modeling framework needed to simulate data is presented. As for the
longitudinal data, the kinetics of the system is presented as a PK-PD model, which
describes the relationship between the drug and bodily response. To describe the
TTE one can model the hazard, meaning the rate of which the individual could
experience an event within the next time step. Secondly, the two different methods
used to perform the parameter estimation are explained by deriving their respective
likelihoods. These likelihoods do not have explicit solutions and therefore, as the
third section, the First Order Conditional Estimation (FOCE) method is introduced.
Lastly, an important measurement when dealing with larger datasets and means
of parameters is one of variability. Hence, a way of calculating the precision of
estimations is presented.

2.1 Drug response modeling in biological systems
Modeling of biological systems can look different depending on the scope of the
problem [1]. Since this thesis focuses on models used for drug development, these
will contain both a system representing the body and another representing the linked
response. The section describes the PK-PD modeling framework and the modeling
of TTE, in discrete time, as well as the mathematical framework of discrete NLME
used for the synthetic data generation and parameter estimations.

2.1.1 PK-PD modeling
In order to explain the complexity existing in biological system it is common to
use so called PK-PD models. PK models usually describe what the body does to
the drug by modeling the absorption and removal of the drug through the system
together with its interacting species [1]. In contrast, PD models describe how the
body responds to the drug [4]. These models are constructed either in continuous
time, using ODEs, or in discrete time, with difference equations, and describe how
the system changes over time. PK-PD systems are commonly described via com-
partment models, where each compartment can be viewed as a box of fully mixed
substance with a certain in- or outflow [10]. These boxes could represent biological
objects such as organs, plasma or tissue. The compartments are also linked via
proportionality constants of different orders, depending on the prior knowledge, and
are then modelled together.
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2. Theory

For a simple example, imagine the two compartment system illustrated in Figure
2.1. This scenario describes a patient receiving an oral dose of a drug that passes
through to the gut before it is absorbed in to the blood and then removed with a
specific rate.

Figure 2.1: Two compartment model describing an oral dosage, D0, passing
through to the gut as an amount Agut before being absorbed through the rate con-
stant ka to the blood stream with concentration Cplasma before being eliminated
with the clearance rate Cl.

This two compartment case can be explained with ODEs to represent the flow
between compartments. The set of equations becomes

dAgut

dt
= −ka · Agut, Agut(0) = D0, (2.1)

Vplasma · dCplasma

dt
= ka · Agut − Cl · Cplasma, Cplasma(0) = 0, (2.2)

where D0 is the given dosage, Agut the resulting amount of drug in the gut, ka is the
rate of which the drug is absorbed to the blood stream where it has the concentra-
tion Cplasma, before it is removed with the clearance rate Cl.

Now introduce a response variable, R, which is in a steady state with no drug
present. Once the drug is added this will perturb the steady state and there will
be a transient decrease or increase in response. These types of models are called
turnover models and can be described using the equation

dR

dt
= kin − kout · R, R(0) = kin

kout

, (2.3)

where kin is a zero-order production and kout the rate of the output [4]. The PK-
PD dynamics described above can then be linked to a decreased response by either
inhibition of the production (via kin) or stimulation of the output (via kout) of R.
For example, an inhibition could be introduced as

k′
in = kin

(
1 − Imax · Cplasma

IC50 + Cplasma

)
, (2.4)
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2. Theory

where Imax is the maximum inhibition response and IC50 the drug concentration
causing 50% of the maximum inhibition. Equations 2.1-2.4 can then be simulated
together to describe the dynamics of the body-drug relationship. An example of
this is illustrated in Figure 2.2.
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Figure 2.2: Simulated PK-PD dynamics for the case described above where the
individual was given a dose of a drug on days 0 and 45, with the intent of inhibiting
the response, and observed over 90 days.

From simulations like this, one can then learn what influences the response and to
what extent. More importantly, data like this can be used for further studies by
linking it to the TTE in joint modeling.
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2. Theory

2.1.2 TTE modeling
To model these events of interest one could make use of TTE data, which are the
documented times for either one or several events occurring. Note that for the
following sections the referenced time will be discrete, meaning that each time point
tj = j ·∆t is dependent upon a sampling frequency, ∆t. The case of one time events
is called Survival Analysis and will be the focus of this thesis. The survival function
S(tj)

S(tj|z) = P (T > tj|z), (2.5)

represents the probability that an event has not occurred at time tj with the true
value of the event time being represented as the stochastic variable T , given the
explanatory variables z [11]. These explanatory variables can be both categorical,
such as age or gender, and longitudinal, such as a measured response over time.
Since the survival function does not cover the actual event time, but rather what
happens before, it is useful to expand it with the hazard function , h(tj|z), which
primary focus is the actual event [12]. The hazard equation describes the rate of
which an event occur, or how large the risk of an event is for a time step of size ∆t.
It is defined as the following

h(tj|z) = P (T = tj|T ≥ tj, z), (2.6)

where h(tj|z) is the probability of an an event occurring at time tj given that the
subject has not experienced an event until this point (T ≥ tj) and the explanatory
variables z [11, 12].

The hazard and survival functions are related by a product of probabilities, see

S(tj|z) =
j∏

l=1

(
1 − h(tl|z)

)
, (2.7)

since each time step is independent of the next. However, because it is not possible
to get an explicit expression for the hazard, as the true function of S(tj) is unknown,
it is common to use a parametrization [11]. This parametrization can be approached
in different ways, what is most important in the case of joint modeling is that it is
linked to the response variables. A common way to describe the parametric hazard
is as

h(tj|z) = f(β0 + βz), (2.8)

where f is a strictly increasing function of the linear predictor β0 + βz, β0 is the
effect given the baseline variables and β the vector of the effects of each of the
variables. Common functions f are, for example, the logistic discrete hazard equa-
tion and the grouped proportional hazards model (discrete Cox model), also called
complementary log-log (clog-log), described below [12].

hlog(tj|z) = exp(β0 + βz)
1 + exp(β0 + βz) , (2.9)

hclog−log(tj|z) = 1 − exp
(
-exp(β0 + βz)

)
. (2.10)

8



2. Theory

Note that both of Equations 2.9-2.10 take values in [0, 1] since they represent prob-
abilities.

Within survival analysis there is also an aspect of censoring, meaning that there
are individuals in the study which the TTE is unknown for. There are different
types of censoring, such as when an individual survives past the observational time,
which is called right censoring, or it could be the case that the individual experi-
ences an event prior to the study, in which case it is called left censoring. As for
the scope of this thesis only right censoring will be considered. The result from a
survival analysis is usually visualized using so called survival plots, see Figure 2.3.
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Figure 2.3: Survival curve for simulated TTE data for 200 individuals over 90 days
with the PK-PD data described in Section 2.1.1.

These dynamics can the be linked and visualized together with the PK-PD data to
get a clear overview of the combined system.

2.1.3 Nonlinear Mixed Effects Modeling (NLME)
The framework described in Section 2.1.1 consists of a set of ODEs and needs to
be expanded in order to apply it to describe a heterogeneous population. This is
because the model as it is only depends on the initial values, input, and the model
parameters where the only source of variability is in the observational model. For
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2. Theory

studies of populations there are more factors which need to be considered when build-
ing the model and estimating model parameters, which will be further explained in
this section. However, as the aim is to link these with the framework described for
TTE modeling in Section 2.1.2, this should be done for discrete time.

Since the approach presented in this thesis focuses on discrete time observations,
consider a model in discrete time with the response variable yi, which is a matrix
of dimension Mxτi where M is the number of sampled quantities and τi the last
observed time point for individual i = 1, 2, ..., N , describing the measured responses
as the following

xi(tj + ∆t) = f
(
xi(tj, ui, θi), tj, ui, θi

)
, xi(0, ui, θi) = xi,0(ui, θi), (2.11)

yi(tj + ∆t) = g
(
xi(tj, ui, θi), tj, ui, θi

)
+ e, e ∼ N (0, Σ), (2.12)

where for individual i at time point tj, ∆t is the step size, xi(tj) is a vector contain-
ing the set of state variables, ui the input (dosage) for the set of parameters θi and
normally distributed errors e with mean zero and covariance matrix Σ.

If the goal is to describe a full population one might run into inter-individual vari-
ability between subjects. A way to represent this variability is to introduce random
effects on specific parameters. These random effects can be assumed to follow nor-
mal distribution to simplify calculations, but they can also be transformed if needed.
For example, the random effects used in this thesis are assumed to follow a multivari-
ate normal distribution with mean zero and covariance matrix Ω. The parameters
would then change as following

θi = θ · exp(ηi), ηi ∼ N (0, Ω), (2.13)

where θ is the vector of parameters shared among all individuals and ηi the random
effects which differ for each individual. A nonlinear model containing this extended
parameter vector of both fixed and random effects is called a nonlinear mixed effects
model (NLME) and requires certain adjustments when estimating the parameters.

2.2 Parameter estimation
Parameter estimation is an important part in order to gain inference on the model.
These estimations can be done using different approaches, such as by using some
type of loss function, but in this thesis they are built upon Maximum Likelihood
Estimation (MLEs). Since the likelihood function depends on the model and model
assumptions, these are separated into three parts; one for the PK-PD model, one
for the TTE model, and one for the joint approach.

The likelihood function describes the joint probability of observed data as a function
of the parameters from the chosen model structure. Generally it can be described as,
for a given discrete observation yi and a discrete random variable Y for individual i

Li(θ|yi) = fθi
(yi) = Pθ(Y = yi), (2.14)

10



2. Theory

where fθi(yi) is the probability mass function. If Y is a continuous random variable,
f is the corresponding probability density. The likelihood is used as a measurement
to describe "How likely the outcome y is given that the true value of the parameter
is θ, when it describes the probability distribution of y". The goal is to find the
set of parameters which maximizes the likelihood and therefore the parameter esti-
mation becomes a problem of optimization. This problem becomes easier by trans-
forming the likelihood into a negative log-likelihood and minimizing said transform,
since logarithms are strictly increasing. The reason for this is because for normally
distributed, or other members of the exponential family, the log-transform of the
probability distribution becomes easier to handle numerically.

2.2.1 Maximum likelihood estimation for NLME
For the models described Section 2.1.3, the likelihood estimation needs to be fitted
for a mixed effects model with parameters θ and random effects ηi. However, since
the values of the random effects are unknown and the goal is rather to find the
distribution, it is ideal to marginalize the likelihood with regards to ηi. Assume the
random effects to be distributed as previously described

ηi ∼ N (0, Ω), (2.15)

where Ω is the covariance matrix of dimension KxK for individual i with K random
effects, with the variance of each random effect on its diagonal. The likelihood then
takes the form

L(θ|y) =
N∏

i=1

∫
p(yi, ηi|θ)dηi, (2.16)

where yi is the set of observations and θ the set of parameters for the effects of the
covariates as well as the standard deviation of yi and the covariance matrix of the
random effects Ω, for individual i = 1, 2, ..., N . By then applying Bayes’ theorem
and realizing that ηi is independent of θ, conditionally on Ω, and the equation takes
the form

L(θ|y) =
N∏

i=1

∫
p(yi|θ, ηi)p(ηi|Ω)dηi. (2.17)

As for the PDFs, assume that the observations and random effects are normally
distributed as follows

p(yi|θ, ηi) = 1
(2π)M/2|Σ|1/2 · exp(−1

2

τi∑
j=1

ϵT
ijΣ−1ϵij), ϵij = yij − ŷij, (2.18)

p(ηi|Ω) = 1
(2π)K/2|Ω|1/2 · exp(−1

2ηT
i Ω−1ηi), (2.19)

where for subject i, M the number of outputs, K the number of random effects and
ϵij the residuals for time point j = 1, 2, ..., τi for an output m = 1, 2, ..., M and τi

11



2. Theory

represents the last observed time point. To simplify, the likelihood in Equation 2.17
can be rewritten by taking the logarithm and the final result becomes

L(θ|y) =
N∏

i=1

∫
exp

(
li(ηi)

)
dηi, (2.20)

li(ηi) = −1
2

τi∑
j=1

(
ϵT

ijΣ−1ϵij + log(2π|Σ|)
)

− 1
2ηi

T Ω−1ηi − 1
2log(2π|Ω|). (2.21)

However, this integral does not have a closed form solution and needs to be approx-
imated.

2.2.2 Maximum likelihood estimation for TTE model
To simplify derivations assume, without loss of generalization, ∆t = 1 such that
tj = j. As described in Section 2.2, what needs to be accounted for is both the TTE
data and possible censoring. Therefore introduce the variable δi, defined as

δi =

1 if τi < C,

0 if τi ≥ C,
(2.22)

where τi is the observed TTE for individual i and C the censoring time which is
assumed to be the end of the study and therefore the same for all individuals. In
other words, δi is one if an event occurs before the study ends and zero otherwise.
Since this is in regard to discrete time the event is defined as the last time point
where an observation was collected. Hence, if an event occurred in the time span
[j, j + 1] then the TTE is τi = j. The probability that an individual i survives
until the time j, each time step being independent of the previous one, becomes
a product of probabilities. By assuming right censored observations, meaning that
the censoring time is the end of the study, the likelihood becomes

Li(θ|yi, τi) = h(τi|yi)δi ·
(
1 − h(τi|yi)

)(1−δi) ·
τi−1∏
j=1

(
1 − h(j|yi)

)
, (2.23)

where h(τi|yi) is the parametric hazard equation for the the observed response vari-
able yi at time τi and the last term represents the probability of the individual
surviving each time step j. Taking the logarithm and product over all individuals
the log-likelihood becomes

l(θ|y, τ ) = log
N∏

i=1
Li(θ|yi, τi) =

N∑
i=1

(
δilog

(
h(τi|yi)

)
+ (1 − δi)log

(
1 − h(τi|yi)

))

+
N∑

i=1

τi−1∑
j=1

log
(
1 − h(j|yi)

)
,

(2.24)
where it is simply to minimize the negative of l to get the optimal values of the
hazard parameters.
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2.2.3 Maximum likelihood estimation for the joint model
In a similar manner to Section 2.2.1, where the likelihood was derived for the longi-
tudinal model, one can get an expression for the likelihood of a joint model of both
the longitudinal and TTE aspects. Again, as in the last section one can assume
∆t = 1 to simplify derivations. Since the random effects, ηi, are still present, the
marginal likelihood is a useful tool and the likelihood becomes

L(θ|y, τ ) =
N∏

i=1

∫
p(yi, τi, ηi|θ)dηi, (2.25)

where yi contains the sampled quantities, τi the recorded TTE for individual i =
1, 2, ..., N , and θ is the set of population parameters for the joint model. The
probabilities are now dependent on both the response variable as well as the TTE,
conditionally on the parameters which has both the covariates for the NLME model
as well as for the parametric hazard. In addition, since the TTE data is independent
of the probability of the observed model there will be a third term added. By
applying Bayes’ rule to the last expression it follows

L(θ|y, τ ) =
N∏

i=1

∫
p(yi|θ, ηi)p(τi|θ, ηi)p(ηi|Ω)dηi, (2.26)

since it has already been established that ηi is independent of θ, conditionally on
the covariance matrix of the random effects, Ω. By taking the logarithm of Equation
2.26, it can be rewritten as

L(θ|y, τ ) =
N∏

i=1

∫
exp

(
li(ηi)

)
dηi, (2.27)

li(ηi) = δilog
(
h(τi|yi)

)
+ (1 − δi)log

(
1 − h(τi|yi)

)
+

τi−1∑
j

log
(
1 − h(j|yi)

)

− 1
2

τi∑
j

(
log(2π|Σ|) + ϵT

ijΣ−1ϵij

)
− 1

2ηiΩ−1ηi − 1
2log(2π|Ω|),

(2.28)

where h is the parametric hazard equation, ϵij the residuals for individual i at time
j = 1, 2, ..., τi, for the response with covariance matrix Σ. Yet again, the expression
derived in Equation 2.27 needs to be approximated in some way.

2.3 First Order Conditional Estimation
Since working with NLME models requires the application of marginal likelihoods
there needs to be an approach to dealing with this when an explicit solution does
not exist. One way of approximating integrals, like the one in Equation 2.27, is via
Laplace’s method with a first order approximation of the Hessian. This is called the
FOCE method and uses two optimization problems to get the maximum likelihood
estimations.
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2. Theory

The aim in Laplace’s method is to approximate the integrand by a Gaussian func-
tion. Since the longitudinal model is already based on normality assumptions this
approximation is suitable. Firstly, approximate li(ηi) by a second order Taylor
polynomial around its maximum η∗

i for each individual i

li(ηi) ≈ li(ηi
∗) + dli(ηi

∗)
dηi

(ηi − ηi
∗) + 1

2
d2li(ηi

∗)
dηikηil

(ηi − ηi
∗)2. (2.29)

This will in turn set the second term (first order derivative) to zero. By applying
this approach to the integral in Equation 2.27, it becomes

L(θ|y, τ ) =
N∏

i=1

∫
exp

(
li(η∗

i ) + 1
2

d2li(η∗
i )

dηikηil

(ηi − η∗
i )2
)

dηi = (2.30)

= { η∗
i not a function of ηi } =

=
N∏

i=1
exp

(
li(η∗

i )
) ∫

exp
(

1
2

d2li(η∗
i )

dηikηil

(ηi − η∗
i )2
)

dηi = (2.31)

= {Gaussian integral } =

=
N∏

i=1
exp

(
li(η∗

i )
)∣∣∣∣∣−∆li(η∗

i )
2π

∣∣∣∣∣
− 1

2

, (2.32)

where |∆li(η∗
i )| represents the determinant of the Hessian of the inner likelihood li.

In the end, the optimal parameters are then found by maximizing Equation 2.32
with respect to θ. This results in two nested optimization problems where for each
evaluation of the outer likelihood, L(θ|y, τi), the MLE of the inner likelihood, li(η∗

i ),
needs to be calculated.

2.4 Precision in parameter estimations
When working with parameter estimations, in order to gain statistical inference, it
is important to add a measurement of variability. A common way of approaching
this is to measure numerical identifiability. The numerical identifiability aims to
investigate, given the model structure and real data with noise, if it is possible to
identify the true value of the estimations [13]. This often requires exploration of
both the model structure as well as an analysis of the sensitivity of the parameter
estimations [10].

One way of combining these two measurements is to use so called coefficients of
variance, which gives an estimation of the dispersion [10]. A parameter with low
dispersion is easily identified and vice versa. These coefficients can be calculated by
noting that, if the problem is of minimization nature, the Hessian of the likelihood
at the optimal parameter values is asymptotically equal to the so called Fisher’s
information matrix, F , which in its turn is asymptotically equal to the parametric
covariance matrix [10]. See Cramér-Rao’s bound [10]

COV(θ̂) ≥ F −1, (2.33)
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where the covariance matrix COV(θ̂) contains the parameter variances along its di-
agonal. Furthermore, the coefficients of variance can then be calculated as following.

%RSE(θ̂p) = 100 ·

√
COV(θ̂p, θ̂p)

θ̂p

, (2.34)

for a parameter θp, as a way to measure parameter Relative Standard Error (RSE)
[10].

Since this thesis is based around synthetic data, one can also make use a more
simple error measurement such as Relative Estimation Error (REE) defined as

%REE(θ̂p) = 100 · θ̂p − θp

θp

, (2.35)

for an estimation θ̂p of the true value θp. In comparison to Equation 2.34 this gives
a measurement which cannot be inflated, or vice versa, for a bad estimation.
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3
Methods

The methodology used in this thesis is based around simulations of a common K-PD
model, with adjustments to the population, parameter values and sample frequency.
The generated data is then fitted using two approaches to MLE in order to gain
insight to what fits which datasets. This section will introduce both the model used
for generating the synthetic data as well as the algorithms used to estimate the
surrounding parameters. All of the code based around these methodologies were
implemented in MATLAB R2021b and can be found in Appendix B.

3.1 Simulation of synthetic data
The design of this thesis consists of simulating data based on a parametrizations
of the PK-PD model with added noise and then estimate the model parameters
with the two different estimation methods. Therefore several datasets with differing
qualitites needs to be simulated, which this section aims to explain.

3.1.1 Model structure
In some situations the data necessary for a full PK-PD model is not available. This
could be the case in, for example, pediatrics where sample collecting is considered
too invasive for the patient. An option is then to implement a so-called K-PD model
structure, which means to approximate the PK part by a biophase and linked excre-
tion rate (one-compartment model) [14]. This biophase refers to the hypothetical
compartment where the drug is active. Figure 3.1 presents the dynamics, where the
bolus drug input is represented by the state A. The biomarker, R is then inhibited
via the infusion rate, IR, by altering the rate of the synthesis of R. The inhibition
is assumed to be according to Michaelis-Menten and the set of equations are given
as

dA

dt
= −KDE · A, A(0) = input(0), (3.1)

dR

dt
= kin

(
1 − IR

EDK50 + IR

)
− kout · R, R(0) = kin

kout

, (3.2)

where KDE is the rate of which A is digested, input(t) represents the times when
the patient takes the drug, EDK50 is the amount of which 50% of kin is inhibited.
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The infusion rate is defined as follows

IR = KDE · A. (3.3)

Since there is no explicit solution to Equations 3.1-3.2, one can use the forward
Euler’s method to approximate one. Assume a set of discrete time point tj = j · ∆t,
for a given sample frequency ∆t, and the system becomes

A(tj + ∆t) = A(tj) − ∆t · KDE · A(tj), A(0) = input(0), (3.4)

R(tj + ∆t) = R(tj) + ∆t ·
(
kin

(
1 − IR(tj)

EDK50 + IR(tj)

)
kout · R(tj)

)
,

R(0) = kin

kout

.

(3.5)

Figure 3.1: Illustration of the K-PD model. The dosage is ingested and active as
the state A via the rate constant KDE, which effects the production of the biomarker
R via the infusion rate IR. This biomarker is assumed to be in a steady-state of
kin

kout
when no drug is present. The inhibition works by decreasing the production of

R by decreasing the rate constant kin.

The nature of this model causes the ratio of kin

kout
to be constant since the variables

are correlated [14]. To avoid this issue the ratio will be set to a constant m = 1 and
only kin will be estimated, reducing the model in Equations 3.4-3.5 by one parameter.

As for the parametric hazard, this will be represented using Equation 2.10 and
linked to the response as following

h(t|R) = 1 − exp
(
-exp(α + βR)

)
, (3.6)

where R is the matrix of all observations for every individual in each time point, α
is the constant risk of an event and β the linked effect of the response. This means
that a large β will cause a strong link between the response and the event. Since this
hazard is calculated in discrete time and each time step can be seen as an interval,
during the simulation the probability of an event occurring is determined by the
value of the hazard at the previous time step.
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3.1.2 Data generation
Simulation of synthetic data was done by iterating the dynamics described in Equa-
tion 3.4-3.5 with the forward Euler method for a given sampling frequency ∆t. For
each time step the hazard was calculated and the occurrence of an event was decided
by a coin-flip approach. The code used for this purpose can be found in Appendix
B.1. Let Rij denote the simulated response for individual i at time tj and let R̂ij

be the corresponding observation with additive noise. The data can therefore be
described as

R̂ij = Rij + ϵ, ϵ ∼ N (0, σ2), (3.7)
where σ is the standard deviation which also needs to be estimated. The time series
for the simulated data will then be data points at tj = j · ∆t for an individual i.

3.2 Parameter estimations
Below are the different methods of estimating the model parameters, presented in the
manner of which they were executed to simulate results using the FOCE algorithm.
The section starts by going through the derivations of the sequential approaches
before moving onward to the joint model estimation. Note, the following derivations
are with respect to the models mentioned in Section 3.1 meaning that there could
be multiple random effects but only a single measured response variable. Also note
that for the following derivations the sampling frequency ∆t will be set to 1 for
simplicity, such that tj = j = 1, 2, ..., τi for an individual i.

3.2.1 Sequential parameter estimation
As previously described in Section 2.2, the aim is to approximate the marginal
likelihood by expanding it using a Taylor polynomial of second order and make use
of the fact that the integral turns into a Gaussian. The end result of this will be
the FOCE algorithm which in turn will be linked to the estimation of the TTE
parameters. For this section let

θ = {θKP D, θT T E}, (3.8)

where θKP D are the parameters related to the K-PD part of the dynamics and θT T E

the parameters used in the parametric hazard equation.

Estimating K-PD parameters
The process of estimating parameters in the longitudinal model involves two nested
optimization problems. For each iteration of computing the outer likelihood, lKP D,
in Equation 2.32 for a fixed value of θKP D, the MLE of the inner likelihood, lKP D

i (η∗
i )

needs to be computed as following

η̂i
∗ = arg max

ηi

lKP D
i (ηi|Ri), (3.9)

where Ri is the vector containing all observations of the biomarker concentration
for individual i. As for the outer maximization problem this requires more com-
putations. In order to describe the derivatives, the following rules were used for a
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square, symmetric, real valued and positive definite matrix A and vector b

y = bT Ab ⇒ dy

dx
= 2bT A

db

dx
+ bT dA

dx
b,

dA−1

dx
= −A−1 dA

dx
A−1.

Since the response is now considered to be univariate, the likelihood described in
Equation 2.21 becomes

lKP D
i (ηi) = −1

2

τi∑
j=1

(
ϵ2

ij

σ2 + log(2πσ2)
)

− 1
2ηT

i Ω−1ηi − 1
2log(2π|Ω|), (3.10)

where ϵij is the residual at time point j and τi the TTE for individual i, σ2 is the
variance of the response. The first order derivative is then described as following

dlKP D
i

dηik

= −1
2

τi∑
j=1

(
2ϵij

σ2
dϵij

dηik

)
− ηT

i Ω−1 dηi

dηik

, (3.11)

in regards to the random effect ηik, where there is no interaction term included since
σ is assumed to be independent of η. The first term can be rewritten as

dϵij

dηik

=
d
(
R̂ij − Rij

)
dηik

= {R only effects A via IR} =

= −
(

∂Rij

∂ηik

+ ∂Rij

∂IRij

dIRij

dηik

+ ∂Rij

∂IRij

∂IRij

∂Aij

dAij

dηik

)
, (3.12)

for the response variable Rij and states IRij and Aij at time point j for individual
i. As for the second derivative with respect to another random effect l, the same
approach is followed

d2lKP D
i

dηikdηil

= −1
2

τi∑
j=1

(
2ϵij

σ2
d2ϵij

dηikdηil

+ 2dϵij

dηil

1
σ2

dϵij

dηik

)
−

ηiΩ−1 d2ηi

dηikdηil

− dηT
i

dηil

Ω−1 dηi

dηik

. (3.13)

Since the aim is to approximate the Hessian, ignore the second order terms to get
the first order estimation given by

Hikl ≈ −
τi∑

j=1

(
dϵij

dηil

1
σ2

dϵij

dηik

)
− Ω−1

lk , (3.14)

which then needs to be evaluated at η∗
i . The outer maximization problem becomes

θ̂KP D = arg max
θKP D

LKP D(θKP D|R) =
N∏

i=1
exp

(
lKP D
i (η∗

i )
)∣∣∣∣∣−H i

2π

∣∣∣∣∣
− 1

2

, (3.15)
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where R is a matrix of the collected response in each time step for N individuals
and |H i| is the determinant of the approximation of the Hessian. By simplifying
and rewriting it as the negative log-likelihood one gets

θ̂KP D = arg min
θKP D

−lKP D(θKP D|R) =
N∑

i=1
−lKP D

i (η∗
i ) + 1

2log
∣∣∣∣∣−H i

2π

∣∣∣∣∣. (3.16)

Estimating TTE parameters
From Section 2.1.2, it is clear that the likelihood for the TTE model is given by
Equation 2.23. Since the population parameters for the K-PD model, θ, as well as
the fixed points for the random effects, η∗, already are estimated one can predict
the response in each time step. Doing so in combination with the given TTE data,
the MLE estimates for the parametric hazard equation are found by maximizing
Equation 2.23 as following

θ̂T T E = max
θT T E

LT T E(θT T E|R, τ ) = max
θT T E

N∏
i=1

h(τi|Ri,τi
)δi ·

(
1 − h(τi|Ri,τi

)
)(1−δi)

·
τi−1∏
j=1

(
1 − h(j|Rij)

)
,

(3.17)

where R is a matrix of each individual response in every time step and τ the vector
of TTE for N individuals.

Implementation for sequential estimation
As previously mentioned, by using the FOCE method there are essentially two
optimization problems; an inner one where the aim is to find η∗

i by maximizing li
for each individual, and an outer one which should maximize the full log-likelihood
for the full population, lKP D. The structure of this implementation is explained in
Algorithm 1. The derivatives needed in Equation 3.10 will be approximated using
explicit finite differences, see Appendix A.1. For the implementation of FOCE in
MATLAB, see Appendix B.2, and for the likelihood of the TTE see Appendix B.3.

Algorithm 1 Sequential FOCE parameter estimation
1: Set start guess: θKP D = θKP D,0, θT T E = θT T E,0

2: Outer problem: θ̂KP D = minθKP D
−lKP D(θKP D)

For every evaluation of −lKP D(θKP D)
3: for all individuals do
4: Set start guess: η = η0
5: Inner problem: η̂∗

i = minηi
−lKP D

i (ηi)
6: end for

7: Simulate: R = R(θ̂KP D, η̂∗)
8: Find: θ̂T T E = minθT T E

−lT T E(θT T E|R, τ )
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3.2.2 Joint parameter estimation
From following Section 2.2.3, the goal is to estimate the joint likelihood described
in Equation 2.26. Once again, the FOCE algorithm is suitable to use since this
integral has no explicit solution. The same derivation regarding the derivatives
described in the previous section is therefore needed with regards to the inner and
outer optimization problems. The joint inner likelihood for an individual i with
TTE τi and a univariate response at time j, denoted Rij, becomes

li(ηi) = δilog(h(τi|Ri,τi
) + (1 − δi)log(1 − h(τi|Ri,τi

))

+
τi−1∑
j=2

log(1 − h(j|Rij)) +
τi∑

j=1

(
−1

2log(2πσ2) −
ϵ2

ij

2σ2

)
− ηT

i Ω−1 dηi

dηik

.
(3.18)

The first derivative of this equation becomes

dli
dηik

= dh(τi|Ri,τi
)

dηik

(
δi

h(τi|Ri,τi
) − 1 − δi

1 − h(τi|Ri,τi
)

)
−

τi−1∑
j=1

(
1 − δi

1 − h(j|Rij)
dh(j|Rij)

dηik

)

− 1
2

τi∑
j=1

(
2ϵij

σ2
dϵij

dηik

)
− ηT

i Ω−1 dηi

dηik

,

(3.19)
where the derivatives in regard to the hazard evaluates to

dh(j|Rij)
dηik

= dh(j|Rij)
dηik

+ dh(j|Rij)
dRij

dRij

dηik

+ dh(j|Rij)
dRij

∂Rij

∂ηik

+ h(j|Rij)
dRij

∂Rij

∂IRij

dIRij

dηik

+ dh(j|Rij)
dRij

∂Rij

∂IRij

∂IRij

∂Aij

dAij

dηik

=

= dh(j|Rij)
dηik

+ dh(j|Rij)
dRij

(
∂Rij

∂ηik

+ ∂Rij

∂IRij

dIRij

dηik

+ ∂Rij

∂IRij

∂IRij

∂Aij

dAij

dηik

)
=

= dh(j|Rij)
dηik

− dh(j|Rij)
dRij

dϵij

dηik

. (3.20)

As for the second derivative, follow the steps which was explained in the previous
section. The final expression can be used to approximate the Hessian and by ignoring
the second order terms it follows

Hikl ≈ −dh(τi|Ri,τi
)

dηik

dh(τi|Ri,τi
)

dηil

 1 − δi(
1 − h(τi|Ri,τi

)
)2 + δi(

h(τi|Ri,τi
)
)2


−

τi−1∑
j=1

 1
(1 − h(j|Rij)

)2
dh(j|Rij)

dηik

dh(j|Rij)
dηil


−

τi∑
j=1

(
dϵij

dηil

T 1
σ2

dϵij

dηik

)
− Ω−1

lk ,

(3.21)

which, as in the case of sequential estimation, needs to be evaluated at the maximum
η∗.
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Implementation for joint estimation
The joint FOCE implementation is similar to its sequential counter part, but it
does not include the last two steps and instead requires some more computations
in order to get the derivatives. It is presented in Algorithm 2. As in Algorithm
1, both the derivatives with regards to the residuals (Equation 3.18) and hazard
will be computed using finite differences, see Appendix A.1 and A.2. As for the
implementation in MATLAB, see Appendix B.4.

Algorithm 2 Joint FOCE parameter estimation
1: Set start guess: θ = θ0
2: Outer problem: θ̂ = minθ −l(θ)

For every evaluation of −l(θ)
3: for all individuals do
4: Set start guess: η = η0
5: Inner problem: η∗

i = minηi
−li(ηi)

6: end for

3.3 Optimization
In order to simplify the process of optimization, the negative log-likelihood was
minimized using the function fminunc (Optimization Toolbox) in MATLAB [15].
The settings were to use the Quasi-Newton method to find the minimum of the
objective function with an optimality tolerance of 1e-6. The Quasi-Newton method
is favorable when the Hessian is too expensive to compute at each iteration and
instead relies on the approximation of the Hessian using the formula of Broyden,
Fletcher, Goldfarb and Shanno (BFGS) [16–19].
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4
Results

The results presented in the following sections will be comparing the two earlier
mentioned approaches: sequential and joint parameter estimation. The first section
gives a brief overview of the qualities of both the K-PD and TTE models, as well as
one example of estimating the parameters. In order to compare the two approaches,
a larger selection of datasets for different sampling frequencies is generated. This
section also contains qualities of the sequential versus joint estimation algorithms
with respect to REE and RSE, as well as information about the computational
times.

4.1 Simulation of synthetic data
The synthetic data was simulated as described in Section 3.1 by using forward
Euler, for details on implementation see Appendix B.1. The parameter values were
chosen such that there would be a slow decline in response and clear linkage to the
survival, see the selected values in Table 4.1. This slow decline is mainly caused by
the relationship between KDE and kin, and keeping the decrease slow will simplify
the parameter estimations for less frequent sampled data.

Table 4.1: Population estimations of a sequential and joint approach for an example
dataset containing 100 individuals, given a dose of 50 mg at day 0 and day 45, and
sampled once every day (∆t = 1) för a total of 90 days.

Parameter Simulated Start guess Mean parameter estimation (RSE)
KDE[d−1] 0.2 0.1 0.2 (2%) 0.2 (2%)
kin[nM.d−1] 0.1 0.2 0.1 (0.2%) 0.1 (0.2%)

EDK50[mg.d−1] 0.1 0.2 0.1 (2%) 0.1 (2%)
α -8.5 -10 -7.8 (7%) -8.6 (7%)
β 6.2 5.0 5.0 (13%) 6.01 (12%)

σ[nM] 0.02 0.5 0.02 (1%) 0.02 (1%)
ωKDE 0.2 0.8 0.2 (7%) 0.2 (7%)

Sequential Joint

The dataset contained 100 individuals receiving a dose of 50 mg on days 0 and 45,
where every individual was sampled once every day (∆t = 1) for 90 days. The
behaviour of this dataset is presented as a response and survival curve in Figure
4.1. The individuals were given the second dosage just before the median response
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reaches its steady state, which causes a more compressed survival curve. As men-
tioned, the hazard parameters were chosen such that the effect of the drug is clearly
noticeable in the survival curve. See that the survival curve clearly slows down dur-
ing time frames where the response is kept at its minimum. Also note that at the
final day, 69 % of the individuals had an event occur to them.

The parameters were then estimated for this simulated dataset using both a se-
quential and joint approach and the results of this can be viewed in Table 4.1-4.2.
Both approaches correctly identified the parameters for the longitudinal model but
the joint estimation had larger success with regards to the hazard parameters α and
β. In contrast, the sequential model identified β as its starting value and overesti-
mated α. This issue is further presented in Appendix C.

0 10 20 30 40 50 60 70 80 90

Time (days)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

R
e

s
p

o
n

s
e

 (
n

M
)

(a) Pharmacodynamics

0 10 20 30 40 50 60 70 80 90

Time (days)

30

40

50

60

70

80

90

100

S
u
rv

iv
a
l 
(%

)

(b) Survival

Figure 4.1: Response and survival curves for a dataset consisting of 100 individuals,
given a dose of 50 mg at day 0 and day 45 and sampled once a day (∆t = 1) over a
90 day period. The gray lines indicate the individual response curves and the black
curve the median response.

As for the RSE, see Table 4.1, there is no significant difference between the estima-
tions, even though it differs for β. For the K-PD parameters, the RSE is very small
and between 0-2 %, which indicates excellent precision. The larger values of RSE is
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for α, β and ωKDE with errors closer to 5-13%, which is still an acceptable range.

To check the normality assumption regarding the random effects, a normal plot
of the optimal η∗ values was created and is presented in Figure 4.2. From these
plots it is noteworthy to see that both the sequential and joint model approach
creates fat tails when fitting the random effects. In other words, the algorithms
struggle to identify very large and very small random effects. Furthermore, see that
the difference between the two approaches is minuscule.

For visualisation, eight randomized individual curves with both added fits were
plotted and can be viewed in Figure 4.3. Again, both of the approaches performed
well and correctly fit the individual data with regards to the K-PD model. This also
goes for the individuals who had an event occur early in the study, meaning that not
as many data points were available for fitting the inter-individual variability, ωKDE.

Table 4.2: REE for a dataset consisting of 100 individuals who where sampled
once every day for the sequential and joint modeling approaches.

Parameter REE (%)
KDE[d−1] -0.6 -0.6
kin[nM.d−1] 0.2 0.2

EDK50[mg.d−1] 0.2 0.2
α -8.4 1.2
β -19.3 -3.0

σ[nM] 0.5 0.5
ωKDE -12.9 -12.9
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Figure 4.2: Normal probability curves with respect to the random effects for the
dataset of 100 individuals generated, using the parameters found in Table 4.1, for a
(a) sequential and (b) joint modeling technique.
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Figure 4.3: Fitted response curves for 8 individuals with a sequential (red) and
joint (blue) modeling approach with population parameters found in Table 4.1.
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4.2 Comparison of the effect of sampling frequency
for the joint and sequential approaches

In order to investigate the effect of different sampling frequencies, 28 datasets with
100 individuals sampled at four different frequencies were computed for the following
scenario: split the population in half such that 50% of the individuals do not receive
treatment (control group). This was done with the aim of trying to estimate the
baseline hazard better. Therefore the following section will compare the effect of
increasing sample frequency with the investigated parameters presented in Table
4.3. The second section will include a section of similar analysis with datasets
simulated for the case of everyone receiving treatment, as well as with the addition
of comparative computational times between the two estimation approaches.

Table 4.3: Parameter values used for simulating data.

Parameter Simulated
KDE[d−1] 0.2
kin[nM.d−1] 0.1

EDK50[mg.d−1] 0.1
α -8.0
β 6.2

σ[nM] 0.05
ωKDE 0.2

The different sampling frequencies investigated were: once every four days (∆t = 4),
once every other day (∆t = 2), once every day (∆t = 1) and lastly twice a day
(∆t = 0.5). In order to avoid local minima the start guesses for each iterations were
set to a random perturbation of 10% to the relative size of the true value of the
parameter. The treatment group received two doses of 50 mg, one on day 0 and one
on day 45, and all individuals were observed for 90 days.

Examples of the data for the four different sampling frequencies can be viewed
in Figure 4.4. These figures show the response curve over time where the blue dots
represent the control group and the grey dots the group who receive treatment.
Note here that the data points which seem to be constant over time in ∆t = 2,
representing the control group, steadily disappears as these individuals drop out
early with the resulting large hazard. As the hazard is relative to the step size (see
Section 3.1.2), these individuals have events occur at a larger rate for smaller step
sizes which turns this into the cluster seen around the beginning for ∆t = 1 and
∆t = 0.5. This can be interpreted as the least frequently sampled groups having a
smaller linkage between the event and the measured response and vice versa fo the
higher sampling rates. See that with the increasing sample frequencies it becomes
easier to read out the shape of the K-PD dynamics, even with the noise present. As
for the case with the least frequent sampling, every four days, it becomes harder to
distinguish the response dynamics.
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The parameter estimation results can be viewed in Figures 4.5-4.7, as well as ad-
ditional material in Appendix D. In Figure 4.5, the REE is presented as boxplots
where the bottom and top edges of the box represent the 25th to 75th quantiles for
each of the sampling frequencies, whisker length was set to one. The joint approach
performs better, meaning there is a smaller variation and mean of error, for most
parameters in the case of high frequent sampling. Most noticeable is the improve-
ment in estimating the hazard parameters α and β. Also note the difficulty that
the algorithms have with the lowest sampling frequency, ∆t = 4. However, even for
this approach it would seem that the joint model technique created closer to true
estimations for the TTE model. For the case with the highest sampling frequency,
∆t = 0.5, both techniques estimate the true values quite well but with the difference
that there is less bias in the joint approach. Furthermore, for the case of ∆t = 2
and ∆t = 1 see that there seems to be a difficulty in estimating the standard devi-
ation of the random effects, ωKDE, which is not present for the other two sampling
frequencies. In contrast, ∆t = 4 and ∆t = 0.5 instead have a larger variation and
mean when determining the standard error of the noise variable, σ.

0 10 20 30 40 50 60 70 80 90

Time (days)

0

0.2

0.4

0.6

0.8

1

1.2

R
e

s
p

o
n

s
e

 (
n

M
)

(a) ∆t = 4

0 10 20 30 40 50 60 70 80 90

Time (days)

0

0.2

0.4

0.6

0.8

1

1.2

R
e

s
p

o
n

s
e

 (
n

M
)

(b) ∆t = 2

0 10 20 30 40 50 60 70 80 90

Time (days)

0

0.2

0.4

0.6

0.8

1

1.2

R
e

s
p

o
n

s
e

 (
n

M
)

(c) ∆t = 1

0 10 20 30 40 50 60 70 80 90

Time (days)

0

0.2

0.4

0.6

0.8

1

1.2

R
e

s
p

o
n

s
e

 (
n

M
)

(d) ∆t = 0.5

Figure 4.4: Examples of data for the four different sampling frequencies. The data
was simulated for 100 individuals, including a control group (colored blue).
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Figure 4.5: REE for the four different sampling frequencies for 28 iterations when
using a joint (orange) and sequential (blue) modeling technique. The datasets were
simulated for 100 individuals, with a control group of 50% and the rest receiving
two doses of 50 mg.

Another view of the estimation errors is plotted in Figure 4.6, where each of the
REE-values for every parameter is added together for the specific sampling fre-
quency. The red line indicates the scenario where the sum of REE is equal for both
approaches. For all four cases, the joint approach produces a lower REE in the ma-
jority of the datasets. There is also a slight trend in the data for ∆t = 4, ∆t = 1 and
∆t = 0.5, suggesting that some datasets might have been more difficult fit for both
models. There is the least difference between data points on each side of the red line
(meaning the models perform more equally) for the most high frequent sampling,
∆t = 0.5, but even so there are 8 points to the left of the line and 20 on the right,
suggesting that joint performs better in estimation accuracy.

To further investigate the precision in the estimations, the RSE was calculated and
can be viewed in Figure 4.7. However, since the optimizer did not always find an
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optimum the approximated Hessian in these estimated parameters was not positive
definite. Hence, the relative standard errors could not be estimated and were there-
fore discarded for the following analysis. As for the values that could be calculated,
then overall there are only slight differences in the joint and sequential estimation
approaches. It is noticeable for α and β for the joint model in the case of higher fre-
quent sampling, where there was a slight increase in variability. Furthermore, note
the seemingly large variability in EDK50, α and β for ∆t = 2. Since the scaling is
different to that of ∆t = 4, this is only an illusion, as they are of comparable size in
actuality.
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Figure 4.6: Sum of the absolute value of REE for the four different sampling
frequencies for 28 iterations. The red line indicates the case where both of the sums,
for the joint and sequential model, are equal. In total, 2 outliers in (a) was removed
for clarity in the plot.
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Figure 4.7: RSE for the four different sampling frequencies for 28 iterations. All
repetition datasets were simulated for 100 individuals, where a control group of 50%
and the rest receiving two doses of 50mg.

4.2.1 Correlations between REE and different parameters

To check if both approaches have difficulties with some datasets, the REE values
were plotted against each other for every parameter and for each sampling frequency.
Below is one example for ∆t = 1. For this specific case it is clear that what causes
this shift towards a larger total REE for the sequential approach lies within the
estimations of α and β. As for the parameters related to the K-PD model, there is
instead a strong correlation between datasets meaning that both the sequential and
joint technique perform equally for these specific parameters.
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Figure 4.8: Total REE for the four different sampling frequencies for 28 iterations.
The red line indicates the case where both of the sums, for the joint and sequential
model, are equal.
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4.2.2 The effect of sampling frequency for populations with-
out a control group

The same analysis described in section 4.2 was carried out for a sample group of
100 individuals where everyone received treatment consisting of a drug of 50 mg on
days 0 and 45. See Figure 4.9 for the total REE for each sampling frequency. Note
that in the order of largest (∆t = 4) to smallest (∆t = 0.5), joint performs better
in: 28, 23, 25 and 21 of the datasets. Overall, this showed similar results to that
which was previously shown, meaning that for all cases the joint approach produces
better estimations and overall lower total REE values.
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Figure 4.9: Total REE for the four different sampling frequencies for 28 iterations.
The red line indicates the case where both of the sums, for the joint and sequential
model, are equal. In total, 7 outliers in (a) and one outlier in (c) were removed for
clarity in the plots.

An equal analysis as explained above was also carried out the scenario of 100 in-
dividuals with no treatment group, for the case of further-from-true start guesses,
presented in Appendix D. There were some exceptions from the previous results in
the case of the sampling frequencies ∆t = 2 and ∆t = 1 where the sequential ap-
proach performed better. This occurred mainly for α and β, as the K-PD parameter
estimations were comparatively similar between methods.
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4.2.3 Computational times
The average computational times for both cases of control group versus no control
group for both the sequential and joint model approaches are presented in Table 4.4.
In total, parameters were estimated for 28 iterations for each sampling frequency.
The sequential approach is about twice as fast as the joint model for lower frequent
sampling, most noticeable is the difference for the case with a control group present.
For 100 individuals, no control group, all computational times are larger compared
to with a control. Overall it is quite clear that the joint parameter estimations is
more time demanding. The difference between the two approaches also decrease
with more dense sample frequency.

Table 4.4: Mean computational times for the four different sampling frequencies for
both the sequential and joint modeling approaches for 100 individuals and averaged
over 28 repeats. For the case with a control group present, 50 individuals received
treatment.

Sampling frequency Average time (standard dev.),
50% control group [minutes]

Average time (standard dev.),
no control group [minutes]

∆t = 4 4.0 (1.8) 2.3 (0.7) 5.6 (1.8) 3.6 (1.0)
∆t = 2 4.9 (0.8) 2.7 (0.7) 8.7 (1.2) 4.5 (1.1)
∆t = 1 8.3 (1.5) 4.6 (0.6) 14.2 (4.8) 7.4 (1.5)

∆t = 0.5 14.7 (2.3) 9.9 (4.4) 22.6 (3.2) 15.8 (9.1)
Joint Sequential Joint Sequential
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To revisit the aim of this thesis: identify scenarios where the joint parameter estima-
tion is suitable and find possible pitfalls of implementation. The results do suggest
that joint parameter estimation is superior, for this model structure of a joint K-PD
and parametric hazard, to that of a sequential approach. Furthermore, specifically
the difference in the two approaches is found in the hazard parameters where the
joint approach has larger success in estimation without loosing too much precision.
This was shown for several sampling frequencies and for settings of populations with
and without a control group. However, both algorithms showed some struggle with
identifying the qualities of the random effects. The following sections will discuss
these main findings.

Section 4.1 showed that both algorithms correctly identified the K-PD parame-
ters. The main difference was that the sequential approach underestimated both
hazard parameters, which the joint approach could correctly estimate. This could
be caused by a number of things. Firstly, if one looks at the baseline hazard at
t = 0, which is determined by α + β, both approaches seems to capture this quite
well. In Appendix C, there were also signs that the hazard parameters could be
correlated, causing different parameter values with the same baseline to give similar
datasets, see Figure C.2. In combination with the fact that we are using predictions
as covariates in the sequential approach, which could alter the likelihood landscape
slightly, this could have caused bias, which has been previously shown [20].

Similar results are shown in Section 4.2, where a more systematic approach is im-
plemented to get a clearer view of the estimation methods. See in Figure 4.6 that
the joint approach produces a lower total REE in the majority of the datasets for all
sampling frequencies. This is also clear from the individual boxplots in Figure 4.5,
with the exception of issues in estimation σ and ωKDE in some cases. The cause of
either a bad estimation of σ or ωKDE, with the basis of different sampling frequen-
cies, could be that it becomes difficult to separate the two. As seen in Figure 4.4,
for the lower sampled cases, we noted that the dynamics change quicker than the
sampling. This could explain the difficulty that arises when estimating the noise.
We do also see the same behaviour of the sequential estimation of α and β, for low
sampled data, where it never captures the true value. This behaviour does however
seem to correct itself when increasing the sampling frequency to ∆t = 0.5. Another
possible explanation is the issue with identifying more extreme values of the random
effects. As was shown in Figure 4.2, both approaches struggle with identifying these
values which will influence the estimation of their variance.
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Previous studies that compares the joint approach to more simpler techniques has
shown that the joint approach creates better estimates for the standard deviation
of the random effects, ω, although be it for a different model and parametric hazard
[6]. In comparison, we managed to show that the joint approach overall produce
better estimates for that hazard parameters for all investigated sampling frequen-
cies. However, in the case of the highest sampling frequency, ∆t = 0.5, see Figure
4.5, the joint approach does produce significantly more stable estimations for both
σ and ωKDE. To conclude, this shows that the joint approach has promising results
which could be applied to a multitude of models.

Important to note in studies of this sort, is that the amount of individuals needed
and generated could influence the results. Since we could see in Section 4.2.3 that
the joint model is overall more computationally expensive and slow, this limited the
amount of simulations run. Because it is inherent that the K-PD model gets more
data in total when working with smaller populations, causing an unfair amount of
data for the hazard parameters. Future work should therefor include similar analy-
ses for larger datasets, i.e more individuals, with more iterations to fully conclude
that the joint estimation technique is indeed superior in the case of a K-PD-TTE
model.
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Conclusion

This thesis has concluded that there is some evidence that the joint likelihood
approach produce better parameter estimations for a joint K-PD-TTE model, in
comparison to a sequential method. More specifically this is seen in the hazard
parameters but an overall improvement of stability in the estimations can be shown.
Additionally, even though there is a slight decrease in precision, shown via larger
coefficients of variance, these differences are not large enough to make an impact.
However, as the joint model is more computationally complex there could be cases
of more simple models where a sequential approach might suffice.

Overall this thesis shows that when possible, a joint modeling approach should be
used for a K-PD modeling framework. Future work could focus on extending these
results for a full PK-PD model, although it is advised to use caution and check for
identifiability. Another important note for future work is to extend the data used
and repetitions done to create more statistical inference of the differences between
a joint and sequential parameter estimation framework.
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A
Derivation of sensitivities

The sections below will present the derivation of the sensitivities used for Algorithm
1 and 2. As for the derivatives where finite differences where applied, the step size
h was set to 1e-6.

A.1 Residual derivatives

This section describes explicitly how the derivatives in Eq. 3.12 are computed. Below
are the two residual derivatives presented in regards to the two different longitudinal
models. The only small difference between them is if the parameterization of the
inhibition via the state IR is applied or not. The model presented in Section 3.1.1
in Eq. 3.4-3.5. The derivatives becomes as following

dϵij

dηik

=
d
(
R̂ij − Rij

)
dηik

= −
(

∂Rij

∂ηik

+ ∂Rij

∂IRij

dIRij

dηik
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∂IRij

∂IRij

∂Aij

dAij

dηik

)
. (A.1)

More specifically each term is given by

∂Rij

∂ηik

= ∂Rij(ηi)
∂ηik

≈ Rij(ηi + h) − Rij(ηi)
h

, (A.2)
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(A.3)

I



A. Derivation of sensitivities

∂Rij

∂IRij

· ∂IRij

∂Aij

· dAij

dηik

≈

(
Rij − Ri,j−1

)
/∆t(

IRij − IRi,j−1
)
/∆t

·

(
IRij − IRi,j−1

)
/∆t(

Aij − Ai,j−1
)
/∆t

· dAij

dηik

=

= −
kin

(
1 − IR(tj−1)/

(
EDK50 + IR(tj−1)

)
− kout · R(tj−1)

KDE2 · Ai,j−1

· −KDE2 · Ai,j−1

−KDE · Ai,j−1
· Aij(ηi + h) − Aij(ηi)

h
=

= −
dkin

(
1 − IR(tj−1)/

(
EDK50 + IR(tj−1)

)
− kout · R(tj−1)

KDE · Ai,j−1

· Aij(ηi + h) − Aij(ηi)
h

, (A.4)

where vKDE is 1 if and only if the random effect is in regards to KDE, otherwise it
is zero.

A.2 Hazard derivatives
The derivatives in regards to the hazard can be computed in a similar manner. See
the following equation which was derived in Section 3.2.2 using the chain rule
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Since no random effects applied to the hazard parameters was investigated, the first
term is set to zero. As for the second term, we can approximate the derivative by
explicit finite differences

dh(j|Rij)
dRij

≈ h(j|Rij + h) − h(j|Rij)
h

(A.6)

The final expression becomes
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h

· dϵij

dηik

. (A.7)
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B
Code

The following sections will contain the code for the major functions used in this
thesis. All the results are based on iterations and modifications of inputs for the
functions below.

B.1 Synthetic data simulation

1 f unc t i on [ u , h , s u r v i v a l ] = simulate_data (N, N_states , t , dt
, U0 , . . .

2 dudt , param , Ndosage , dosage , cont ro l , h_eq ,
include_death )

3 % Simulates data f o r a K−PD−TTE model f o r a g iven model
s t r u c t u r e and

4 % hazard us ing forward Euler
5

6 % inputs : N: number o f i nd i v i dua l s , N_states = number o f
s t a t e s ,

7 % t : time vector , dt : time , U0 : s t a r t va lue s [N, k ] ,
8 % dudt : s e t o f equat ions d e s c r i b i n g K−PD dynamics ,
9 % param : can be i n d i v i d u a l or populat ion parameters ,

10 % dosage : dose o f drug (mg) , c on t r o l : Nx1 o f binary
inputs (1 −

11 % i n d i v i d u a l i s g iven the drug , ze ro otherw i s e ) ,
12 % h_eq : chosen hazard equation , include_death : t rue

i f events
13 % should be simulated , f a l s e o the rw i se .
14

15 % outputs : u : Nxlength ( t ) xk matrix conta in ing the s o l u t i o n s
f o r k s ta t e s ,

16 % ( 1 : A, 2 : R, 3 : IR )
17 % h : va lues o f the hazard
18 % s u r v i v a l : how many s u b j e c t s expe r i ence an event

in each time
19 % step
20

21 % time and dos ing
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22 input = repmat ( [ dosage , z e r o s (1 , f l o o r ( l ength ( t ) /Ndosage ) −1)
] , [ 1 , Ndosage ] ) ;

23

24 % s t a r t i n g va lue s
25 u = ze ro s (N, l ength ( t ) , N_states ) ;
26 u ( : , 1 , : ) = U0 ;
27 h = ze ro s (N, l ength ( t ) ) ;
28 saved_deaths = ze ro s ( l ength ( t ) , N) ;
29 s u r v i v a l = ze ro s ( l ength ( t ) , 1) ;
30

31 h ( : , 1) = h_eq(u ( : , 1 , 2 ) , param) ;
32

33 %Forward Euler
34 f o r i = 1 : l ength ( t )−1
35 % Step forward
36 i f input ( i ) ~= 0
37 u ( : , i , 1 ) = u ( : , i , 1 ) + dosage . ∗ c on t r o l ;
38 end
39 s tep = reshape ( dudt (u , i , param , U0) , [N, N_states ] ) ;
40 u ( : , i + 1 , 1 : ( N_states −1) ) = reshape (u ( : , i , 1 :

N_states −1) , N, N_states −1) + dt∗ step ( : , 1 :
N_states −1) ;

41 step_plus = reshape ( dudt (u , i +1, param , U0) , [N,
N_states ] ) ;

42

43 % Update
44 u ( : , i + 1 , end ) = step_plus ( : , end ) ;
45 h ( : , i +1) = h_eq(u ( : , i +1 ,2) , param) ;
46

47 i f include_death == true
48 % Who died
49 r = rand (N, 1 ) ;
50 death_ind = f i nd (h ( 1 :N, i +1) > r ) ;
51 saved_deaths ( i +1 ,1: l ength ( death_ind ) ) = death_ind ;
52 u( death_ind , ( i +1) : end , : ) = NaN( s i z e ( death_ind , 1) ,

l ength ( t )−i , N_states ) ;
53 h( death_ind , ( i +1) : end ) = NaN( s i z e ( death_ind , 1) ,

l ength ( t )−i ) ;
54

55 s u r v i v a l ( i +1)=length ( unique ( [ nonzeros ( saved_deaths
( 1 : i +1 , : ) ) ; nonzeros ( saved_deaths ( 1 : i , : ) ) ] ) ) ;

56 end
57

58 end
59 end
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B.2 Longitudinal parameter estimation using FOCE

1 f unc t i on [ l o g l i k e l i h o o d , eta_fp ] = FOCE(param , eta_guess ,
dudt , dxdt , R_data , t , . . .

2 N_states , dt , Ndosage , dosage , control_input , R,
chosen_param , h_eq , event_time )

3 % FOCE algorithm , computes the negat ive l o g l i k e l i h o o d o f a
Nonl inear Mixed

4 % E f f e c t s Model by f i n d i n g the f i x e d po in t s o f the random
e f f e c t s and

5 % approximating the marginal l i k e l i h o o d in t h i s po int
6 %
7 % input : params : a px1 vec to r conta in ing the parameters

be long ing to the
8 % KPD model .
9 % eta_guess : s c a l a r , s t a r t i n g guess f o r eta .

10 % dudt : ODE equat ions o f the KPD system .
11 % dxdt : equat ions exp r e s s i ng the r e s i d u a l

d e r i v a t i v e s .
12 % R_data : re sponse v a r i a b l e data c o l l e c t e d .
13 % t : time vec to r r ep r e s en t i ng when the data was

sampled .
14 % N_states : the number o f e lements pre sent in the

KPD model .
15 % dt : time step f o r s imu la t ing data .
16 % Ndosage : time vec to r o f when the drug was

admin i s t rated .
17 % dosage : s ca l a r , r e p r e s e n t s how l a r g e the dose i s .
18 % contro l_input : Nx1 vec to r o f who r e c e i v e s the drug

(1 i f true ,
19 % zero otherw i se )
20 % U0 : i n i t i a l va lue s f o r s imu la t ing the data .
21 % chosen_param : 1xn_p vector , r e p r e s e n t s which

parameters have
22 % added random e f f e c t s .
23 % h_eq : chosen paramater ized hazard equat ion f o r the

s imulated
24 % data .
25 % event_time : Nx1 vec to r o f the index r ep r e s en t i ng

the i n t e r v a l
26 % where each i n d i v i d u a l had an event occur , i f

event_time = t ( end )
27 % then event did not occur .
28 %
29 % output : l o g l i k e l i h o o d : the negat ive l o g l i k e l i h o o d o f the

NLME model .
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30 % eta_fp : the f i x e d po in t s o f eta f o r a g iven s e t
o f parameters .

31

32 i f l ength ( chosen_param ) > 1
33 omega = [ param( end−3)^2 , param( end−2) ; param( end−1) ,

param( end ) ^ 2 ] ;
34 omega_inv = inv (omega ) ;
35 e l s e
36 omega = param( end , : ) . ^ 2 ;
37 omega_inv = inv (omega ) ;
38 end
39 sigma = param( end−length ( chosen_param ) ∗ length (

chosen_param ) ) ;
40 res_sq = @( eta , R_data , param , con t r o l ) Res_sq (param , eta

, R_data , dudt , t , . . .
41 N_states , dt , Ndosage , dosage , cont ro l , chosen_param

, R, h_eq) ;
42

43 i n n e r _ l i k e l i = @( eta , R_data , param , con t r o l ) 0 .5∗sum(
res_sq ( eta , R_data , param , con t r o l ) . / ( sigma .^2 ) + log
(2∗ p i ∗ det ( sigma .^2) ) . . .

44 , 2 , ’ omitnan ’ ) +0.5∗ t ranspose ( eta ) . ∗ param( end , : )
.^( −2) . ∗ eta . . .

45 + 0.5∗ log (2∗ p i ∗ det (param( end , : ) .^2 ) ) ;
46

47 %%%% Inner opt imiza t i on
48 opt = optimopt ions ( ’ fminunc ’ , ’ d i sp l ay ’ , ’ none ’ ) ;
49 f o r i i = 1 : s i z e (R_data , 1 )
50 eta_opt = @( eta ) i n n e r _ l i k e l i ( eta , R_data( i i , : ) ,

param , contro l_input ( i i ) ) ;
51 t ry
52 %eta_opt ( eta_guess )
53 eta_fp ( : , i i ) = fminunc ( eta_opt , eta_guess , opt ) ;
54 catch
55 eta_opt ( eta_guess )
56 di sp ( ’ Warning : e r r o r in FOCE’ )
57 eta_fp ( : , i i ) = eta_guess . ∗ ones ( l ength (

chosen_param ) , 1) ;
58 end
59 end
60

61 %%%% Compute s e n s i t i v i t i e s
62 param_vec = ze ro s ( s i z e (param) ) ;
63 param_vec ( 1 , : ) = 1 ; %KDE
64 new_param = param .∗ ones ( s i z e (param , 1 ) , s i z e (R_data , 1 ) ) ;
65 new_param( chosen_param , : ) = new_param( chosen_param , : ) . ∗
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exp ( eta_fp ) ;
66 i f sum( chosen_param == 2)==1
67 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : ) ’ ) ;
68 e l s e
69 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
70 end
71 [ u0 , ~ , ~ ] = simulate_data ( s i z e (R_data , 1 ) , N_states , t ,

dt , . . .
72 [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s ( s i z e (

R_data , 1 ) ,1 ) ] , dudt , . . .
73 [ new_param ( 1 : 3 , : ) ; [ 0 , 0 ] ’ . ∗ ones (2 , s i z e (

R_data , 1 ) ) ] , . . .
74 Ndosage , dosage , contro l_input , h_eq , f a l s e )

;
75

76 i f l ength ( chosen_param ) > 1
77 f o r l l = 1 : l ength ( chosen_param )
78 de l t a = ze ro s ( s i z e ( eta_fp ) ) ;
79 de l t a ( l l , : ) = 1e −6;
80 new_param_delta = param .∗ ones ( s i z e (param , 1 ) ,

s i z e (R_data , 1 ) ) ;
81 new_param_delta ( chosen_param , : ) =

new_param_delta ( chosen_param , : ) . ∗ exp ( eta_fp (
l l , : ) + de l t a ) ;

82 %Ratio = [R∗ ones ( s i z e (R_data , 1 ) ,1 ) , R∗exp (
eta_fp ( l l , : ) + de l t a ) , R∗ ones ( s i z e (R_data , 1 )
,1 ) ] ;

83 i f chosen_param ( i i ) == 2
84 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : ) ’+

h( i i , : ) ’ ) ;
85 e l s e i f sum( chosen_param == 2)==1 &&

chosen_param ( i i ) ~= 2
86 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : )

’ ) ;
87 e l s e
88 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
89 end
90 [ u_delta , ~ , ~ ] = simulate_data ( s i z e (R_data , 1 ) ,

N_states , t , dt , [ z e r o s ( s i z e (R_data , 1 ) ,1 ) ,
R_opt , z e r o s ( s i z e (R_data , 1 ) ,1 ) ] , dudt , . . .

91 [ new_param_delta ( 1 : 3 , : ) ; [ 0 , 0 ] ’ . ∗ ones (2 ,
s i z e (R_data , 1 ) ) ] , . . .

92 Ndosage , dosage , contro l_input , h_eq , f a l s e
) ;

93 f o r i i = 1 : s i z e (R_data , 1 )
94 u_delta ( i i , ( event_time ( i i )+1) : end , 2 ) = nan ;
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95 u0 ( i i , ( event_time ( i i )+1) : end , 2) = nan ;
96 end
97 ddeta ( : , : , l l ) = dxdt (u0 , u_delta , 1e −6,

new_param , param_vec ( chosen_param ( l l ) ) , [
z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s ( s i z e (
R_data , 1 ) ,1 ) ] ) ;

98

99 end
100 e l s e
101 de l t a = 1e −6;
102 new_param_delta = param .∗ ones ( s i z e (param , 1 ) , s i z e (

R_data , 1 ) ) ;
103 new_param_delta ( chosen_param , : ) = new_param_delta (

chosen_param , : ) . ∗ exp ( eta_fp + de l t a ) ;
104 i f sum( chosen_param == 2)==1
105 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : ) ’+

de l ta ’ ) ;
106 e l s e
107 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
108 end
109 [ u_delta , ~ , ~ ] = simulate_data ( s i z e (R_data , 1 ) ,

N_states , t , dt , [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt ,
z e r o s ( s i z e (R_data , 1 ) ,1 ) ] , dudt , . . .

110 [ new_param_delta ( 1 : end−length ( omega ) +1 , : ) ; [ 0 ,
0 ] ’ . ∗ ones (2 , s i z e (R_data , 1 ) ) ] , . . .

111 Ndosage , dosage , contro l_input , h_eq , f a l s e ) ;
112 f o r i i = 1 : s i z e (R_data , 1 )
113 u_delta ( i i , ( event_time ( i i )+1) : end , 2 ) = nan ;
114 u0 ( i i , ( event_time ( i i )+1) : end , 2) = nan ;
115 end
116 ddeta = dxdt (u0 , u_delta , de l ta , new_param ,

param_vec ( chosen_param ) , [ z e r o s ( s i z e (R_data , 1 ) ,1 )
,R_opt , z e r o s ( s i z e (R_data , 1 ) ,1 ) ] ) ;

117 end
118

119 %%%% Compute Hess ian
120 i f l ength ( chosen_param ) > 1
121 f o r l l = 1 : s i z e (R_data , 1 )
122 f o r j j = 1 : l ength ( chosen_param )
123 f o r kk = 1 : l ength ( chosen_param )
124 h( j j , kk ) =−sum( ddeta ( l l , : , j j ) . ∗ ddeta ( l l

, : , kk ) . ∗ inv ( sigma .^2 ) ,2 , ’ omitnan ’ ) −
omega_inv ( j j , kk ) ;

125 end
126 end
127 %H( : , : , l l ) = h ;
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128 H_det( l l ) = det(−h/(2∗ p i ) ) ;
129 [ ~ , f l a g ] = cho l (−h) ;

%
Check f o r a non−negat ive d e f i n i t e matrix

130 i f f l a g ~= 0
131 di sp ( ’ Hess ian not negat ive d e f i n i t e , opt out

’ )
132 %break
133 end
134 end
135 e l s e
136 H =−sum( ddeta . ^ 2 . ∗ inv ( sigma ^2) ,2 , ’ omitnan ’ ) − param(

end , : ) .^( −2) ;
137 i f H > 0
138 di sp ( ’ Hess ian not negat ive d e f i n i t e , opt out

’ )
139 end
140 f o r l l = 1 : s i z e (R_data , 1 )
141 H_det( l l ) = det(−H( l l ) /(2∗ p i ) ) ;
142 end
143 end
144 %%%% Compute l o g l i k e l i h o o d
145 l o g l i k e l i h o o d = sum(0 . 5∗ sum( res_sq ( eta_fp , R_data , param

, contro l_input ) . / ( sigma ^2) + log (2∗ p i ∗ det ( sigma .^2) )
. . .

146 , 2 , ’ omitnan ’ ) ’+0.5∗ row_prod ( eta_fp , param( end , : )
.^( −2) ) . . .

147 + 0.5∗ log (2∗ p i ∗ det (param( end , : ) . ^2 ) ) . . .
148 + 0.5∗ log (H_det) , 2 , ’ omitnan ’ ) ;
149

150 %%%% Local f unc t i on s
151 f unc t i on r e s i d u a l s = Res_sq (param , eta , R_data , dudt , t ,

. . .
152 N_states , dt , Ndosage , dosage , cont ro l , chosen_param , R,

h_eq)
153 % Cal cu l a t e s the sum of square e r r o r s o f the data

compared to the
154 % simulated model
155 new_param = param .∗ ones ( s i z e (param , 1 ) , s i z e (R_data , 1 )

) ;
156 new_param( chosen_param , : ) = new_param( chosen_param

, : ) . ∗ exp ( eta ) ;
157 i f sum( chosen_param == 2)==1
158 R_opt = R∗exp ( eta ( chosen_param == 2 , : ) ) ’ ;
159 e l s e
160 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
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161 end
162 [ u , ~ , ~ ] = simulate_data ( s i z e (R_data , 1) , N_states ,

t , dt , . . .
163 [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s ( s i z e (

R_data , 1 ) ,1 ) ] , dudt , . . .
164 [ new_param ( 1 : 3 , : ) ; [ 0 , 0 ] ’ . ∗ ones (2 , s i z e (R_data

, 1 ) ) ] , Ndosage , dosage , cont ro l , h_eq , f a l s e )
;

165 r e s i d u a l s = (R_data−u ( : , : , 2) ) . ^ 2 ;
166 end
167

168 f unc t i on ssum = row_prod (A,B)
169 % Computes rowsum of two matr i ce s A and B
170 f o r i i = 1 : s i z e (A, 2 )
171 ssum ( i i ) = transpose (A( : , i i ) ) ∗B∗A( : , i i ) ;
172 end
173 end
174 end

B.3 Sequential hazard parameters

1 f unc t i on l o g l i k e l i h o o d = l ike l ihood_haz (param , R, event_time
, de l ta , h_eq)

2 % Cal cu l a t e s the negat ive l og l i k e l i h o o d f o r the hazard f o r
a g iven

3 % parametr i za t i on o f the hazard , can be changed to l o g i t i f
one p l e a s e s by

4 % a l t e r i n g the h−func t i on .
5

6 % input : param − a px1 vec to r o f the parameters be long ing to
the hazard

7 % R − data conta in ing the response from the KPD
s imu la t i on ( with deaths )

8 % event_time − l a s t recorded data po int be f o r e event
9 % de l t a − binary , 0 f o r no event happening to ind . i ,

1 i f event
10 % occured
11 % h_eq − chosen equat ion f o r the hazard equat ion
12 % output : s c a l a r negat ive l og l i k e l i h o o d
13

14 l o g l i k e l i h o o d = −(sum( de l t a . ∗ l og (h_eq( diag (R( : ,
event_time ) ) , param) ) + . . .

15 (1− de l t a ) . ∗ l og (1−h_eq( diag (R( : , event_time ) ) ,
param) ) + . . .

16 prob_surv (R, param , h_eq , event_time ) ’ ) ) ;
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17

18 f unc t i on ind_sum = prob_surv (R, param , h_eq , event_time )
19 f o r j j = 1 : s i z e (R, 1 )
20 ind_sum( j j ) = sum( log (1−h_eq(R( j j , 1 : event_time (

j j ) −1) , param) ) ) ;
21 end
22 end
23

24 end

B.4 Joint parameter estimation with FOCE

1 f unc t i on [ l o g l i k e l i h o o d , eta_fp ] = JFOCE(param , eta_guess ,
dudt , dxdt , dhdt , R_data , t , . . .

2 N_states , dt , Ndosage , dosage , control_input , R, h_eq ,
chosen_param , event_time , d e l t a )

3 % Joint FOCE algor ithm , computes the negat ive l o g l i k e l i h o o d
o f

4 % a j o i n t K−PD−TTE model .
5 %
6 % input : param : a px1 vec to r conta in ing the parameters

be long ing to the
7 % K−PD + hazard model .
8 % eta_guess : s c a l a r , s t a r t i n g guess f o r eta .
9 % dudt : ODE equat ions o f the KPD system .

10 % dxdt : equat ions exp r e s s i ng the r e s i d u a l
d e r i v a t i v e s .

11 % dhdt : equat ions r e p r e s en t i ng the hazard l i k e l i h o o d
d e r i v a t i v e s .

12 % R_data : re sponse v a r i a b l e data c o l l e c t e d .
13 % t : time vec to r r ep r e s en t i ng when the data was

sampled .
14 % N_states : the number o f e lements pre sent in the K−

PD model .
15 % dt : time step f o r s imu la t ing data .
16 % Ndosage : time vec to r o f when the drug was

admin i s t rated .
17 % dosage : s ca l a r , r e p r e s e n t s how l a r g e the dose i s (

mg) .
18 % contro l_input : Nx1 vec to r o f 0/1 va lue s d e s c r i b i n g

who
19 % r e c e i v e s the drug .
20 % U0 : i n i t i a l va lue s f o r s imu la t ing the model data
21 % h_eq : chosen paramater ized hazard equat ion f o r the
22 % simulated data .
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23 % chosen_param : 1xn_p vector , r e p r e s e n t s which
parameters have

24 % added random e f f e c t s .
25 % event_time : Nx1 vec to r o f the index r ep r e s en t i ng

the i n t e r v a l
26 % where each i n d i v i d u a l had an event occur , i f

event_time = t ( end )
27 % then event did not occur .
28 % de l t a : Nx1 vec to r o f b inary va lue s (0 − no event ,

1 − event )
29 % i n d i c a t i n g which i n d i v i d u a l s had en event occur

during the
30 % observed time .
31 %
32 % output : l o g l i k e l i h o o d : the negat ive l o g l i k e l i h o o d o f the
33 % j o i n t K−PD−TTE model .
34 % eta_fp : the f i x e d po in t s o f eta f o r a g iven s e t

o f parameters .
35 i f l ength ( chosen_param ) > 1
36 omega = [ param( end−3)^2 , param( end−2) ; param( end−1) ,

param( end ) ^ 2 ] ;
37 e l s e
38 omega = param( end , : ) ^2;
39 end
40 sigma = param( end−length ( chosen_param ) ∗ length (

chosen_param ) ) ;
41

42 res_sq = @( eta , R_data , param , con t r o l ) Res_sq (param , eta
, R_data , dudt , t , . . .

43 N_states , dt , Ndosage , dosage , cont ro l , chosen_param
, R, h_eq) ;

44 sim_data = @(param , eta , data , ind , c on t r o l ) simulate_R (
param , eta , data , . . .

45 dudt , t , N_states , dt , Ndosage , dosage , cont ro l ,
chosen_param , R , . . .

46 h_eq , ind ) ;
47

48 i n n e r _ l i k e l i = @( eta , data , param , event_time , de l ta ,
c on t r o l ) . . .

49 −( de l t a . ∗ l og (h_eq( diag ( sim_data (param , eta , data ,
event_time , c on t r o l ) ) , . . .

50 param) ) +(1−de l t a ) . ∗ l og (1−h_eq( diag ( sim_data (param ,
eta , data , . . .

51 event_time , c on t r o l ) ) , param) ) +surviva l_prod (
sim_data (param , eta , . . .

52 data , 1 : 1 : l ength ( t ) , c on t r o l ) , param , h_eq ,
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event_time ) ) + . . .
53 0 .5∗sum( res_sq ( eta , data , param , con t r o l ) . / ( sigma ^2)

+ log (2∗ p i ∗ sigma ^2) . . .
54 , 2 , ’ omitnan ’ ) +0.5∗row_prod ( eta , inv ( omega ) ) + 0 .5∗

log ( det (2∗ p i ∗omega ) ) ;
55

56 %%%%%%% Inner opt imiza t i on
57 opt = optimopt ions ( ’ fminunc ’ , ’ d i sp l ay ’ , ’ none ’ , ’

Opt imal i tyTolerance ’ , 1e−6) ;
58 f o r i i = 1 : s i z e (R_data , 1 )
59 eta_opt = @( eta ) i n n e r _ l i k e l i ( eta , R_data( i i , : ) ,

param , event_time ( i i ) , . . .
60 de l t a ( i i ) , contro l_input ( i i ) ) ;
61 t ry
62 eta_fp ( : , i i ) = fminunc ( eta_opt , eta_guess , opt ) ;
63 catch
64 eta_fp ( : , i i ) = eta_guess ;
65 di sp ( ’ Warning : e r r o r in JFOCE ’ )
66 end
67 end
68

69 %%%%%%% Compute s e n s i t i v i t i e s
70 h = 1e −6;
71 param_vec = ze ro s ( s i z e (param) ) ;
72 param_vec ( 1 , : ) = 1 ; % S p e c i f i c f o r KDE
73 new_param = param .∗ ones ( s i z e (param , 1 ) , s i z e (R_data , 1 ) ) ;
74 new_param( chosen_param , : ) = new_param( chosen_param , : ) . ∗

exp ( eta_fp ) ;
75 i f sum( chosen_param == 2)==1
76 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : ) ’ ) ;
77 e l s e
78 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
79 end
80 [ u0 , ~ , ~ ] = simulate_data ( s i z e (R_data , 1 ) , N_states , t ,

dt , . . .
81 [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s ( s i z e (

R_data , 1 ) ,1 ) ] , . . .
82 dudt , new_param , Ndosage , dosage ,

contro l_input , h_eq , f a l s e ) ;
83 i f l ength ( chosen_param ) > 1 % For s e v e r a l random

e f f e c t s
84 f o r i i = 1 : l ength ( chosen_param )
85 h = ze ro s ( s i z e ( eta_fp ) ) ;
86 h( i i , : ) = 1e −6;
87 new_param_delta = param .∗ ones ( s i z e (param , 1 ) ,

s i z e (R_data , 1 ) ) ;
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88 new_param_delta ( chosen_param , : ) =
new_param_delta ( chosen_param , : ) . ∗ exp ( eta_fp
+ h) ;

89

90 i f chosen_param ( i i ) == 2
91 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : ) ’+

h( i i , : ) ’ ) ;
92 e l s e i f sum( chosen_param == 2)==1 &&

chosen_param ( i i ) ~= 2
93 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : )

’ ) ;
94 e l s e
95 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
96 end
97

98 [ u_delta , ~ , ~ ] = simulate_data ( s i z e (R_data , 1 ) ,
N_states , t , dt , . . .

99 [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt ,
z e r o s ( s i z e (R_data , 1 ) ,1 ) ] , . . .

100 dudt , new_param_delta , Ndosage ,
dosage , control_input , h_eq ,
f a l s e ) ;

101

102 f o r j j = 1 : s i z e (R_data , 1 )
103 u_delta ( j j , ( event_time ( j j )+1) : end , 2 ) = nan

;
104 u0 ( j j , ( event_time ( j j )+1) : end , 2) = nan ;
105 end
106

107 ddeta ( : , : , i i ) = dxdt (u0 , u_delta , h ( i i ) ,
new_param , param_vec ( chosen_param ( i i ) ) , . . .

108 [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s ( s i z e
(R_data , 1 ) ,1 ) ] ) ;

109 ddlambda ( : , : , i i ) = dhdt (u0 , u_delta , h ( i i ) ,
param , ddeta ( : , : , i i ) ) ;

110 end
111 e l s e
112 new_param_delta = param .∗ ones ( s i z e (param , 1 ) , s i z e (

R_data , 1 ) ) ; % For one random e f f e c t
113 new_param_delta ( chosen_param , : ) = new_param_delta (

chosen_param , : ) . ∗ exp ( eta_fp + h) ;
114 i f sum( chosen_param == 2)==1
115 R_opt = R∗exp ( eta_fp ( chosen_param == 2 , : ) ’+

h ’ ) ;
116 e l s e
117 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
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118 end
119 [ u_delta , ~ , ~ ] = simulate_data ( s i z e (R_data , 1 ) ,

N_states , t , dt , . . .
120 [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s ( s i z e (

R_data , 1 ) ,1 ) ] , dudt , . . .
121 new_param_delta , Ndosage , dosage , control_input ,

h_eq , f a l s e ) ;
122 f o r i i = 1 : s i z e (R_data , 1 )
123 u_delta ( i i , ( event_time ( i i )+1) : end , 2 ) = nan ;
124 u0 ( i i , ( event_time ( i i )+1) : end , 2) = nan ;
125 end
126 ddeta = dxdt (u0 , u_delta , h , new_param , param_vec (

chosen_param ) , . . .
127 [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s ( s i z e (

R_data , 1 ) ,1 ) ] ) ;
128 ddlambda = dhdt (u0 , u_delta , h , param , ddeta ) ;
129 end
130

131 %%%%%%% Compute Hess ian
132 omega_inv = inv (omega ) ;
133 i f l ength ( chosen_param ) > 1
134 count = 0 ;
135 test_param = new_param ;
136 f o r l l = 1 : s i z e (R_data , 1 )
137 count = count + 1 ;
138 f o r j j = 1 : l ength ( chosen_param )
139 f o r kk = 1 : l ength ( chosen_param )
140 hess ( j j , kk ) = −ddlambda ( l l , event_time (

l l ) , j j ) . ∗ ddlambda ( l l , event_time ( l l ) ,
kk ) .∗((1 − de l t a ( l l ) ) ./(1 −h_eq(R_data(
l l , event_time ( l l ) ) , test_param ( : , l l )
) ) .^2 + de l t a ( l l ) . / ( h_eq(R_data( l l ,
event_time ( l l ) ) , test_param ( : , l l ) )
.^2 ) ) . . .

141 −dlambda_sum(R_data( l l , : ) , param ,
h_eq , event_time ( l l ) , ddlambda (
l l , : , kk ) , ddlambda ( l l , : , j j ) ) ’ . . .

142 −sum( ddeta ( l l , : , j j ) . ∗ ddeta ( l l , : , kk )
. ∗ inv ( sigma ^2) ,2 , ’ omitnan ’ ) −
omega_inv ( j j , kk ) ;

143 end
144 end
145 H_det( l l ) = det(−hess /(2∗ p i ) ) ;
146 [ ~ , f l a g ] = cho l (−hess ) ;

%
Check f o r a non−negat ive d e f i n i t e matrix
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147 i f f l a g ~= 0
148 di sp ( ’ Hess ian not negat ive d e f i n i t e , opt out

’ )
149 end
150 end
151 e l s e
152 H = −diag ( ddlambda ( : , event_time ) ) .^2.∗((1 − de l t a )

./(1 −h_eq( diag (R_data ( : , event_time ) ) , param) ) .^2
+ . . .

153 de l t a . / ( h_eq( diag (R_data ( : , event_time ) ) , param)
.^2 ) ) − . . .

154 dlambda_sum(R_data , param , h_eq , event_time ,
ddlambda , ddlambda ) ’ − . . .

155 sum( ddeta .^2∗ inv ( sigma ^2) ,2 , ’ omitnan ’ ) −
omega_inv ;

156

157 f o r i i = 1 : s i z e (R_data , 1 )
158 H_det( i i ) = det(−H( i i ) /(2∗ p i ) ) ;
159 end
160 end
161

162 %%%%%%% Compute l o g l i k e l i h o o d
163 l o g l i k e l i h o o d = sum(0 . 5∗ sum( res_sq ( eta_fp , R_data , param

, contro l_input ) . / ( sigma ^2) + log (2∗ p i ∗ sigma ^2) . . .
164 , 2 , ’ omitnan ’ ) ’− transpose ( de l t a . ∗ l og (h_eq( diag (

sim_data (param , eta_fp , R_data , event_time ,
contro l_input ) ) , param) ) ) −. . .

165 t ranspose ((1− de l t a ) . ∗ l og (1−h_eq( diag ( sim_data (
param , eta_fp , R_data , event_time ,
contro l_input ) ) , param) ) ) −. . .

166 surv iva l_prod ( sim_data (param , eta_fp , R_data ,
1 : 1 : l ength ( t ) , contro l_input ) , param , h_eq ,
event_time ) +0.5∗row_prod ( eta_fp , omega_inv )
+ . . .

167 0 .5∗ log ( det (2∗ p i ∗omega ) ) + 0 .5∗ log (H_det) , 2 , ’
omitnan ’ ) ;

168

169 %%%%%% Functions used
170 f unc t i on sim_data = simulate_R (param , eta , R_data , dudt ,

t , . . .
171 N_states , dt , Ndosage , dosage , cont ro l , chosen_param , R,

h_eq , ind )
172 % Cal cu l a t e s the sum of square e r r o r s o f the data

compared to the
173 % simulated model
174 new_param = param .∗ ones ( s i z e (param , 1 ) , s i z e (R_data , 1 )
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) ;
175 new_param( chosen_param , : ) = new_param( chosen_param

, : ) . ∗ exp ( eta ) ;
176 i f sum( chosen_param == 2)==1
177 R_opt = R∗exp ( eta ( chosen_param == 2 , : ) ) ’ ;
178 e l s e
179 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
180 end
181 [ u , ~ , ~ ] = simulate_data ( s i z e (R_data , 1) , N_states ,

t , dt , [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s (
s i z e (R_data , 1 ) ,1 ) ] , dudt , . . .

182 new_param , Ndosage , dosage , cont ro l , h_eq ,
f a l s e ) ;

183 sim_data = u ( : , ind , 2 ) ;
184 end
185

186 f unc t i on r e s i d u a l s = Res_sq (param , eta , R_data , dudt , t ,
. . .

187 N_states , dt , Ndosage , dosage , cont ro l , chosen_param , R,
h_eq)

188 % Cal cu l a t e s the sum of square e r r o r s o f the data
compared to the

189 % simulated model
190 new_param = param .∗ ones ( s i z e (param , 1 ) , s i z e (R_data , 1 )

) ;
191 new_param( chosen_param , : ) = new_param( chosen_param

, : ) . ∗ exp ( eta ) ;
192 i f sum( chosen_param == 2)==1
193 R_opt = R∗exp ( eta ( chosen_param == 2 , : ) ) ’ ;
194 e l s e
195 R_opt = R∗ ones ( s i z e (R_data , 1 ) ,1 ) ;
196 end
197 [ u , ~ , ~ ] = simulate_data ( s i z e (R_data , 1) , N_states ,

t , dt , [ z e r o s ( s i z e (R_data , 1 ) ,1 ) , R_opt , z e r o s (
s i z e (R_data , 1 ) ,1 ) ] , dudt , . . .

198 new_param , Ndosage , dosage , cont ro l , h_eq ,
f a l s e ) ;

199 r e s i d u a l s = (R_data−u ( : , : , 2) ) . ^ 2 ;
200 end
201

202 f unc t i on rowprod = row_prod (A,B)
203 % Computes rowsum of two matr i ce s A and B
204 f o r i i = 1 : s i z e (A, 2 )
205 rowprod ( i i ) = transpose (A( : , i i ) ) ∗B∗A( : , i i ) ;
206 end
207 end
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208

209

210 f unc t i on ind_sum = surviva l_prod ( data , param , h_eq ,
event_time )

211 % Cal cu l a t e s the p r o b a b i l i t y o f s u r v i v a l u n t i l time
tau_i−1

212 f o r j j = 1 : s i z e ( data , 1 )
213 ind_sum( j j ) = sum( log (1−h_eq( data ( j j , 1 :

event_time ( j j ) −1) , param) ) ) ;
214 end
215 end
216

217 f unc t i on to_sum = dlambda_sum( data , param , h_eq ,
event_time , dlambda1 , dlambda2 )

218 % Cal cu l a t e s the sum in the l i k e l i h o o d f o r TTE
219 f o r i i = 1 : s i z e ( data , 1 )
220 to_sum( i i ) = sum( dlambda1 ( i i , 1 : event_time ( i i ) −1)

. ∗ . . .
221 dlambda2 ( i i , 1 : event_time ( i i ) −1) . ∗ . . .
222 1./((1 −h_eq( data ( i i , 1 : event_time ( i i ) −1)

, param) ) .^2 ) ) ;
223 end
224 end
225 end
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C

Possible issues regarding
identifiability

To further investigate the possibility of existing problems with the identifiability in
the parametric hazard, a set of different values α and β were studied more closely.
In total 40 different values of β in the range of [30, 60], with a matched α which
kept the baseline hazard within a value of |α + β| < 3, was investigated. See Figure
C.1 for the range of chosen parameter values. One dataset with 500 individuals who
where sampled once a day was simulated for each parameter combination.

Since the survival curves contain most of the data necessary when estimating the
parameters, with regards to the TTE likelihood, they are a good visual tool to view
the dataset. Therefore the different survival curves were plotted for a set random
seed, in order for the curves to be comparable. The result of this is presented in
Figure C.2, where each color represent one value of the baseline hazard with a spac-
ing of 0.5. This means that the curves at the top, and the bottom, represent the
extreme baseline values of +3 and -3. Note the clustering that occurs for every
baseline value. Each cluster contains at least one value of β in the full range of
[30, 60], which still generate the same results in regards of how many individuals
have an event occur for each time point. These clusters also tend to become more
and more compact with more extreme baselines.
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Figure C.1: Discretization of the different values of α and β which keeps the
baseline hazard in the range of [0.05, 0.99].
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Figure C.2: Simulated survival curves for the parameter combinations seen in
Figure C.1 for 500 individuals who where sampled once a day for 90 days. Each
color represents a different baseline hazard such that |α + β| was kept below 3.

XXI



C. Possible issues regarding identifiability

XXII



D
Sampling frequencies -
complementary results

To test out start guesses further away, the same analysis carried out as in Section
4.2 was carried out but for 18 repeats and 100 individuals where everyone received
the same dosage of 50 mg twice over 90 days. The simulated parameter values as
well as the start guess is displayed in Table D.1.

‘ The different sampling frequencies were: ∆t = 2, ∆t = 1 and ∆t = 0.5, and
the results are displayed as the REE values for each parameter in Figure D.1 and as
the total REE in Figure D.2. For ∆t = 2, joint performs better in 3 of the datasets,
for ∆t = 1 in 8 of the datasets and for ∆t = 0.5 in 16 of the datasets.

Table D.1: Parameter values used for simulating data.

Parameter Simulated Start guess
KDE[d−1] 0.2 0.1
kin[nM.d−1] 0.1 0.2

EDK50[mg.d−1] 0.1 0.2
α -8.0 -10
β 6.2 5

σ[nM] 0.05 0.2
ωKDE 0.2 0.1
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Figure D.1: REE for the two estimation approaches, joint (orange) and sequen-
tial (blue), for three different sampling frequencies for 18 iterations. The repetition
datasets were simulated for 100 individuals where everyone received the same treat-
ment of two doses of 50 mg.
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Figure D.2: Total REE for the three different sampling frequencies for 18 iter-
ations. The red line indicates the case where both of the sums, for the joint and
sequential model, are equal.
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