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Abstract
While the construction of the free group on an arbitrary set is trivial in classical set-

theory, in absence of decidable equality this is not so. This is the case in univalent 

mathematics, where not every set a priori has this property. Existing work uses the 

Church-Rosser property to get around this, while we propose a different appraoch. First, 

the free group is constructed for finite sets in the expected manner. This construction 

is then used as, secondly, the free group of an arbitrary set X is constructed as a 

filtered colimit of finite sets with maps into X. This necessitates showing that this 

comma category of finite sets is filtered, where coequalizers are given by induction on 

the cardinality of finite sets, as opposed to the conventional approach using quotients. 

Finally, we show that the resulting free group functor is indeed the left Kan extension. 

We formalize the resulting univalent construction in Agda.
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Chapter 1

Introduction

Groups are a fundamental concept in mathematics [1, 2], capturing the ideas of symme

try and transformation. Given a set 𝑋, the free group on 𝑋 is the most general group 

generated by 𝑋, satisfying only the group axioms. Classically, the free group can be 

constructed using words in 𝑋 ∪𝑋−1, with reduction rules that rely on the ability to 

decide when two elements are equal.

In homotopy type theory (HoTT) [3, 4, 5], however, the situation is more subtle. Types 

can have higher-dimensional structure, and, crucial in this context, equality in sets (0-
types) is not necessarily decidable. This lack of decidable equality poses a challenge for 

constructing free groups, as many classical arguments and reduction procedures depend 

on comparing elements for equality.

For example, in a common construction of the free group in the classical setting, 

one reduces words by canceling adjacent inverse pairs 𝑥𝑥−1, which requires knowing 

whether two elements are equal (𝑦 =? 𝑥−1 in 𝑥𝑦). In HoTT, this is not always possible, 

so alternative approaches are needed.

Previous work, such as Escardó’s construction in the TypeTopology library [6], adapts 

classical ideas to the univalent setting by using quotients of lists and reduction relations, 

thus avoiding the need for decidable equality. It uses a technique first given in [7] 

published in 1988; Escardó notes that it is remarkable that no decidable equality is 

required with this approach.

In this thesis we present an alternative approach, using a categorical framework and 

reasoning. The free group on an arbitrary set 𝑋 is constructed as a filtered colimit [8, 9] 

of finite sets mapping into 𝑋, sending (𝐴, 𝑓) to the free group on 𝐴. This relies on the 

presence of the free group functor on finite sets, which in HoTT is relatively straight-

forward since finite sets have decidable equality.

Our construction is formalized in Agda [10] and is designed to be both constructive 

and compatible with the univalent foundations of HoTT. This approach provides a new 

perspective on free groups in HoTT, while opening the door to similar constructions 

for other algebraic structures. To generalize this more robustly one might want to use 

reasoning from functorial semantics, and employ a strategy as described in Chapter 5.

The thesis is organized as follows:

• In Chapter 2, we review the necessary background in HoTT and discuss related work 

on free groups.

• In Chapter 3, we present the construction of the free group, first for finite sets and 

then for arbitrary sets via filtered colimits.
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• In Chapter  4, we discuss the implications and potential generalizations of our 

approach.

• In Chapter 5, we outline directions for further research.

We hope this work contributes to the understanding of algebraic structures in HoTT 

and demonstrates the utility of categorical methods in the study of free groups.
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Chapter 2

Context & Related Work

The construction of free groups in HoTT is complicated by the lack of decidable equality 

for arbitrary sets. In classical mathematics, as already mentioned, the free group on a 

set 𝑋 can be constructed using words in 𝑋 ∪𝑋−1, but this approach does not directly 

generalize to the univalent setting.

Previous work, such as Escardó’s construction in the TypeTopology library [6], provides 

a quotient-based approach that avoids the need for decidable equality, based on [7] 

and the Church-Rosser property [11]. As expected, 𝑠 reduces to 𝑡 (𝑠 ▷ 𝑡), where 𝑠, 𝑡 :
𝐹 (𝐴) ≔ [𝟚 × 𝐴], given that

∑
𝑢,𝑣:𝐹(𝐴),
𝑥:𝐴

(𝑠 = 𝑢⧺ 𝑥 ∷ 𝑥−1 ∷ 𝑣) × (𝑡 = 𝑢⧺ 𝑣).

They go on to prove that the Church-Rosser property holds for this relation; that is, 

given 𝑠 ▷ 𝑡1 and 𝑠 ▷ 𝑡2, 𝑡1 is already equal to 𝑡2, or there exists a common term 𝑡 such 

that 𝑡1 ▷ 𝑡 and 𝑡2 ▷ 𝑡. This can be visualized as follows:

𝑠

𝑡1 𝑡2

𝑡

The actual type of the free group is then [𝟚 × 𝐴] quotiented by the symmetric, reflexive 

and transitive closure of ▷.

Our approach instead leverages the machinery of filtered colimits: we construct the free 

group on 𝑋 as a colimit over the category of finite sets mapping into 𝑋. Note that in 

a classical setting, one can work with a colimit over the category of finite subsets of 𝑋, 

but the constructive/univalent approach with arbitrary sets (mapping into 𝑋) is equally 

valid and is what we are forced to do in the absence of decidable equality.

Filtered colimits are an important concept in category theory, especially because they 

interact well with finite limits. In this thesis, however, we do not rely on this property 

in our explicit construction, or in verifying the group laws and universal property for 

the free group. While the commutation of filtered colimits with finite limits provides a 
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general categorical reasoning for such constructions, our development is self-contained 

and highlights the explicit nature of the construction.

This approach is formalized for the most part in Agda, and is amenable to further 

generalization, as discussed in the future work section.

We now briefly explain the challenge that homotopy type theory (HoTT) presents for the 

construction of free groups. In HoTT, types can have different truncation levels, which 

describe the complexity of their identity types. Of particular interest for this thesis are 

sets (also called 0-types): types where, for any two elements 𝑥, 𝑦, the type 𝑥 = 𝑦 is a 

proposition (i.e., there is at most one way to witness their equality).

Unlike in classical set theory, equality in sets in HoTT is not necessarily decidable. That 

is, given 𝑥, 𝑦 : 𝐴 for a set 𝐴, we cannot in general decide whether 𝑥 = 𝑦 or 𝑥 ≠ 𝑦. This 

lack of decidable equality poses a challenge for constructing algebraic objects such as 

free groups, since many classical constructions rely on being able to compare elements 

for equality. In our case, the conventional, classical construction of the free group on 

some set depends on canceling adjacent inverse pairs. Given a word 𝑤1𝑥𝑦𝑤2, we need 

to be able to tell whether 𝑦 = 𝑥−1 in order to either reduce to 𝑤1𝑤2, or do nothing. As 

we are in the framework of HoTT, where decidable equality is not necessarily available 

for an arbitrary set, an alternative approach is needed.

Unlike in Escardó’s construction, our approach instead uses categorical reasoning and 

filtered colimits, as detailed below.

A filtering of a category 𝒞︀ consists of:

• An object in 𝒞︀.
• For any objects 𝑋,𝑌  in 𝒞︀, morphisms 𝑓𝑋 : 𝑋 → 𝑍 , 𝑓𝑌 : 𝑌 → 𝑍;

• For any parallel morphisms 𝑓, 𝑔 : 𝑋 ⇉ 𝑌 , a morphism ℎ : 𝑌 → 𝑍 such that ℎ𝑓 = ℎ𝑔.

Note that in the univalent context one would usually truncate these conditions to 

propositions. We do not truncate here because it allows us to make use of some concrete 

data given by the satisfaction of these conditions later on. From here on, when we say 

a category is filtered, what we really mean is the notion given here.

Intuitively, a filtered category is one in which we can always find a common upper bound 

for objects and morphisms. Filtered colimits are particularly well-behaved: their key 

property is that they commute with finite limits in 𝐒𝐞𝐭 (and other categories), though 

our construction does not rely on this property explicitly.

Consider the comma category 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋, whose objects are pairs (𝐴, 𝑓) with 𝐴 a 

finite set and 𝑓 : 𝐴 → 𝑋. This category is filtered: the finite coproducts are obvious, 

and the coequalizers are usually constructed using quotients. For the latter we use a 

different approach than usual, and construct them by induction on the cardinality of 

finite sets. We then consider the diagram 𝐽 : (𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋) → 𝐆𝐫𝐩 sending (𝐴, 𝑓) to 

the free group 𝐹Φ(𝐴) and morphisms to the induced group homomorphisms. Since 
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finite sets have decidable equality, the construction of this diagram is straightforward. 

Our approach defines the free group on any set 𝑋 as the colimit of this diagram:

𝐹(𝑋) = colim
(𝐴,𝑓): 𝐅𝐢𝐧𝐒𝐞𝐭 ↓𝑋

(𝐽(𝐴, 𝑓) = 𝐹Φ(𝐴)).

We conclude by showing that this object indeed is the colimit, and that 𝐹  is the left Kan 

extension of 𝐹Φ along the inclusion 𝜄 : 𝐅𝐢𝐧𝐒𝐞𝐭 → 𝐒𝐞𝐭.

As far as the author knows, this approach is novel in the univalent setting, especially 

given the formalization in Agda.
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Chapter 3

Construction

We proceed by giving the construction of the free group on any set; in particular, we are 

splitting this into two steps:

1. We first construct the free group on any finite set.

2. We then construct the free group on any set 𝑋, as the filtered colimit of 𝐽 :
(𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋) → 𝐆𝐫𝐩.

3.1. Free Group on Finite Set 𝐴
We denote 𝐹Φ : 𝐅𝐢𝐧𝐒𝐞𝐭 → 𝐆𝐫𝐩 as the functor we are endeavouring to construct, to 

distinguish it from the later one, 𝐹 : 𝐒𝐞𝐭 → 𝐆𝐫𝐩, for arbitrary sets.

We take letters to be in the coproduct 𝐴+𝐴, where 𝜄𝑙(𝑥) is simply the embedding of 𝑥, 
and 𝜄𝑟(𝑥) is 𝑥−1, where inversion is defined as expected. The underlying set of 𝐹Φ(𝐴) 
we define to be [𝐴 + 𝐴]; this works because truncation-level 0 is closed under [−].

Definition 3.1. (Reducedness of words)

A word 𝑤 in 𝐹Φ(𝐴) is said to be fully reduced if there are no reducible adjacent letters 

in it. More concretely, we define it as follows by induction:

is-red([]) ≔ 𝟙
is-red(𝑥 ∷ 𝑤) ≔ is-good(𝑥,𝑤) × is-red(𝑤)

is-good(𝑥, []) ≔ 𝟙

is-good(𝑥, 𝑦 ∷ 𝑤) ≔ 𝑦 ≠ 𝑥−1

All of the operations defined on 𝐹Φ(𝐴) from here on have to respect this property. Note 

that is-red is a family of propositions.

Definition 3.2. (Unit of 𝐹Φ(𝐴))
The unit 1 : 𝐹Φ(𝐴) is defined to be the empty list [].

Note that 1 is trivially a reduced word.

Definition 3.3. (Consing letters onto words)

Given a letter 𝑥 and word 𝑤, we define the consing of 𝑥 onto 𝑤, denoted 𝑥 ∙ 𝑤, as 

follows:
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𝑥 ∙ [] ≔ 𝑥

𝑥 ∙ (𝑦 ∷ 𝑤) ≔ {𝑤 if 𝑦 = 𝑥−1
𝑥 ∷ 𝑦 ∷ 𝑤 otherwise

Lemma 3.4. (Consing preserves reducedness)

If 𝑤 is reduced then so is 𝑥 ∙ 𝑤.

Proof. If 𝑤 =. [], this holds trivially. Given 𝑤 =. 𝑦 ∷ 𝑤, if 𝑦 = 𝑥−1 this reduces to 𝑤 which 

we know to be reduced; if 𝑦 ≠ 𝑥−1 then this is precisely what we need in order for 𝑥 ∷
𝑦 ∷ 𝑤 to be reduced. ⁠ □

Lemma 3.5. (Conditional equality of consing)

If 𝑥 ∷ 𝑤 is reduced, then 𝑥 ∙ 𝑤 = 𝑥 ∷ 𝑤.

Proof. If 𝑤 =. [], this holds trivially. On the other hand, if 𝑤 =. 𝑦 ∷ 𝑤, we then know 𝑥 ∷
𝑦 ∷ 𝑤 to be reduced, giving us 𝑦 ≠ 𝑥−1. ⁠ □

Definition 3.6. (Multiplication)

Given two words 𝑤1, 𝑤2, we define their multiplication 𝑤1𝑤2:

[]𝑤2 ≔ 𝑤2
(𝑥 ∷ 𝑤1)𝑤2 ≔ 𝑥 ∙ 𝑤1𝑤2

Lemma 3.7. (Multiplication preserves reducedness)

If 𝑤1 and 𝑤2 are reduced then so is 𝑤1𝑤2.

Proof. If 𝑤1 =
. [], then []𝑤2 =

. 𝑤2, which we assume to be reduced. Otherwise, we want 

reducedness of

(𝑥 ∷ 𝑤1)𝑤2 =
. 𝑥 ∙ 𝑤1𝑤2,

given to us by inductive hypothesis and Lemma 3.4. ⁠ □

Definition 3.8. (Inversion)

Given a word 𝑤, we define its inverse 𝑤−1 as follows:

[]−1 ≔ []

(𝑥 ∷ 𝑤)−1 ≔ 𝑤−1𝑥−1

Lemma 3.9. (Inversion preserves reducedness)

If 𝑤 is reduced then so is 𝑤−1.

Proof. []−1 =. [] is trivially reduced. Otherwise, we want reducedness of 𝑤−1𝑥−1, given 

to us by inductive hypothesis and Lemma 3.7. ⁠ □
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We proceed to show that 𝐹Φ(𝐴) in fact is a group. Reducedness of words is always 

assumed from here on.

Lemma 3.10. (Left & Right Unit)

1 is a left and right unit of multiplication: 1𝑤 = 𝑤 = 𝑤1.

Proof. The left case 1𝑤 =. 𝑤 holds by computation.

For the right case, when 𝑤 =. [], we have

[]1 =. 1 =. [].

Else, note that (𝑥 ∷ 𝑤)1 =. 𝑥 ∙ 𝑤1, and so by inductive hypothesis and Lemma 3.5 we 

are done. ⁠ □

Lemma 3.11. (Consing twice)

If 𝑦 = 𝑥−1 then 𝑥 ∙ 𝑦 ∙ 𝑤 = 𝑤.

Proof. When 𝑤 =. [], then

𝑥 ∙ 𝑦 ∙ [] =. 𝑥 ∙ 𝑦 ∷ []
= [].

Otherwise we want 𝑥 ∙ 𝑦 ∙ (𝑧 ∷ 𝑤) = 𝑧 ∷ 𝑤. Consider when 𝑧 = 𝑦−1; we have 𝑧 =
(𝑥−1)−1 = 𝑥, and so

𝑥 ∙ 𝑦 ∙ (𝑧 ∷ 𝑤) = 𝑥 ∙ 𝑤
= 𝑧 ∙ 𝑤
= 𝑧 ∷ 𝑤.

When 𝑧 ≠ 𝑦−1 it is the case that 𝑥 ∙ 𝑦 ∷ 𝑧 ∷ 𝑤 = 𝑧 ∷ 𝑤. ⁠ □

Lemma 3.12. (Associativity of consing and multiplication)

It is the case that 𝑥 ∙ (𝑤1𝑤2) = (𝑥 ∙ 𝑤1)𝑤2.

Proof. When 𝑤1 =
. [], this holds by computation. If 𝑤1 =

. 𝑦 ∷ 𝑤1, we first consider the 

case when 𝑦 = 𝑥−1; by Lemma 3.11 we get

𝑥 ∙ (𝑦 ∙ 𝑤1𝑤2) = (𝑥 ∙ 𝑦 ∷ 𝑤1)𝑤2.

If 𝑦 ≠ 𝑥−1, by computation it is the case that

(𝑥 ∷ 𝑦 ∷ 𝑤1)𝑤2 =
. 𝑥 ∙ (𝑦 ∙ 𝑤1𝑤2).

⁠ □

Lemma 3.13. (Associativity of multiplication)

It is the case that 𝑤1(𝑤2𝑤3) = (𝑤1𝑤2)𝑤3.

Proof. If 𝑤1 =
. [] this is trivial. Else if 𝑤1 =

. 𝑥 ∷ 𝑤1, this is provided by Lemma 3.12 as 

well as the inductive hypothesis, as follows:
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(𝑥 ∷ 𝑤1)(𝑤2𝑤3) =
. 𝑥 ∙ (𝑤1(𝑤2𝑤3))
= 𝑥 ∙ ((𝑤1𝑤2)𝑤3)
= (𝑥 ∙ (𝑤1𝑤2))𝑤3
=. ((𝑥 ∷ 𝑤1)𝑤2)𝑤3.

⁠ □

Lemma 3.14. (Left & Right Inversion)

We have 𝑤−1𝑤 = 1 = 𝑤𝑤−1.

Proof. Beginninig with 𝑤−1𝑤 = 1, if 𝑤 =. [], this holds trivially. When 𝑤 =. 𝑥 ∷ 𝑤, the 

proof is given by Lemma 3.13 and the inductive hypothesis, like so:

(𝑥 ∷ 𝑤)−1(𝑥 ∷ 𝑤) =. (𝑤−1𝑥−1)(𝑥 ∷ 𝑤)

= 𝑤−1(𝑥−1 ∙ (𝑥 ∷ 𝑤))

= 𝑤−1𝑤
= 1.

For the other case of 𝑤𝑤−1 = 1, if 𝑤 =. [], this is again trivial. When 𝑤 =. 𝑥 ∷ 𝑤, the 

proof is again given by Lemma 3.13 and the inductive hypothesis, like so:

(𝑥 ∷ 𝑤)(𝑥 ∷ 𝑤)−1 =. (𝑥 ∷ 𝑤)(𝑤−1𝑥−1)

=. 𝑥 ∙ (𝑤(𝑤−1𝑥−1))

= 𝑥 ∙ ((𝑤𝑤−1)𝑥−1)

= 𝑥 ∙ 𝑥−1
= 1.

⁠ □

Theorem 3.15. (𝐹Φ(𝐴) is a group)

The set 𝐹Φ(𝐴) ≔ ∑𝑤: list𝐴+𝐴 is-red(𝑤) where the unit is given in Definition  3.2, 

multiplication in Definition 3.6, and inversion in Definition 3.8, is a group.

Proof. This is witnessed by Lemma 3.13, Lemma 3.10 and Lemma 3.14, in combination 

with ∑-induction and the fact that is-red is a family of propositions. ⁠ □

We proceed by showing that 𝐹Φ(𝐴) indeed is the free group on 𝐴.

Definition 3.16. (Sending 𝐴 to 𝐹Φ(𝐴))
The map 𝜂Φ𝐴 : 𝐴 → 𝐹Φ(𝐴) is straight-forwardly given by

𝑥 ↦ [𝑥].

This is trivially a reduced word. Note also that 𝜂Φ𝐴 is a monomorphism, due to injec

tivity of introduction rules/constructors.
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Definition 3.17. (Extending map into group)

Given 𝑓 : 𝐴 → 𝐺 from a finite set into a group 𝐺, we define the extension of 𝑓 , 
denoted 𝑓Φ : 𝐹Φ(𝐴) → 𝐺 as follows:

[] ↦ 1

𝑥𝑤 ↦ 𝑓(𝑥)𝑓Φ(𝑤)

𝑥−1𝑤 ↦ 𝑓(𝑥)−1𝑓Φ(𝑤).

Lemma 3.18. (Pseudo-functoriality of 𝑓Φ)

It is the case that

𝑓Φ(𝑥 ∙ 𝑤) = 𝑓Φ(𝑥)𝑓Φ(𝑤).

Proof. When 𝑤 =. [], we have

𝑓Φ(𝑥 ∙ []) =. 𝑓Φ(𝑥)

= 𝑓Φ(𝑥)1

= 𝑓Φ(𝑥)𝑓Φ([]).

Otherwise, when 𝑤 =. 𝑦 ∷ 𝑤, consider first when 𝑦 = 𝑥−1. We have

𝑓Φ(𝑥 ∙ (𝑦 ∷ 𝑤)) =. 𝑓Φ(𝑥 ∙ (𝑥−1 ∷ 𝑤))

= 𝑓Φ(𝑤)

= 1𝑓Φ(𝑤)

= 𝑓(𝑥)𝑓−1𝑓Φ(𝑤)

=. 𝑓Φ(𝑥)𝑓Φ(𝑦 ∷ 𝑤).

Lastly, if 𝑦 ≠ 𝑥−1 we have

𝑓Φ(𝑥 ∙ (𝑦 ∷ 𝑤)) = 𝑓Φ(𝑥 ∷ 𝑦 ∷ 𝑤)

=. 𝑓(𝑥)𝑓Φ(𝑦 ∷ 𝑤)

=. 𝑓Φ(𝑥)𝑓Φ(𝑦 ∷ 𝑤).

⁠ □

Lemma 3.19. (𝑓Φ is a group homomorphism)

It is the case that 𝑓Φ(𝑤1𝑤2) = 𝑓Φ(𝑤1)𝑓Φ(𝑤2).

Proof. When 𝑤1 =
. [], we have
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𝑓Φ([]𝑤2) =
. 𝑓Φ(𝑤2)

= 1𝑓Φ(𝑤2)

= 𝑓Φ([])𝑓Φ(𝑤2).

When 𝑤1 =
. 𝑥 ∷ 𝑤1, by Lemma 3.18, Lemma 3.47 and the inductive hypothesis, we have

𝑓Φ((𝑥 ∷ 𝑤1)𝑤2) =
. 𝑓Φ(𝑥 ∙ 𝑤1𝑤2)

= 𝑓Φ(𝑥)𝑓Φ(𝑤1𝑤2)

= 𝑓Φ(𝑥)𝑓Φ(𝑤1)𝑓Φ(𝑤2)

=. 𝑓Φ(𝑥 ∷ 𝑤1)𝑓Φ(𝑤2).

⁠ □

Theorem 3.20. (𝐹Φ(𝐴) is the free group on 𝐴)

𝐹Φ(𝐴) is the universal group generated by 𝐴; any other map 𝑓 : 𝐴 → 𝐺 into a group 

factors uniquely through 𝜂Φ𝐴.

Proof. Given such a map 𝑓 : 𝐴 → 𝐺, we obtain 𝑓Φ : 𝐹Φ(𝐴) → 𝐺 as in Definition 3.17. 

𝑓Φ is a homomorphism due to Lemma 3.19.

𝑓Φ indeed lets 𝑓  factor through 𝜂Φ𝐴, because 𝑓Φ(𝜂Φ𝐴(𝑥)) =
. 𝑓Φ(𝑥) = 𝑓(𝑥). Given any 

other homomorphism 𝑢′ : 𝐹Φ(𝐴) such that 𝑢′ ∘ 𝜂Φ𝐴 = 𝑓  we can identify 𝑓Φ and 

𝑢′. Firstly, 𝑓Φ and 𝑢′ clearly identify at [] =. 1; otherwise we have 𝑓Φ(𝑥 ∷ 𝑤) =.

𝑓(𝑥)𝑓Φ(𝑤) = 𝑢′(𝜂Φ𝐴(𝑥))𝑢′(𝑤) = 𝑢′(𝑥𝑤) by the inductive hypothesis and that 𝑢′ also 

is a factor of 𝑓 . ⁠ □

Finally we want to give the map component of the functor 𝐹Φ : 𝐅𝐢𝐧𝐒𝐞𝐭 → 𝐆𝐫𝐩.

Definition 3.21. (Action of 𝐹Φ on maps)

Given any map 𝑓 : Hom𝐅𝐢𝐧𝐒𝐞𝐭(𝐴,𝐵) we construct a homomorphism 𝐹Φ(𝑓) :
Hom𝐆𝐫𝐩(𝐹Φ(𝐴), 𝐹Φ(𝐵)). Consider the following diagram:

𝜂Φ𝐴

𝜂Φ𝐵 ∘ 𝑓

𝐴 𝐹Φ(𝐴)

𝐹Φ(𝐵)

By Theorem 3.20 we thus get the homomorphism 𝐹Φ(𝑓) : 𝐹Φ(𝐴) → 𝐹Φ(𝐵).

Theorem 3.22. (𝐹Φ is a functor)

The constructed map on finite sets (Theorem 3.15) and maps between them (Defin

ition 3.21) is a functor from 𝐅𝐢𝐧𝐒𝐞𝐭 → 𝐆𝐫𝐩.

Proof. Consider the following diagram:
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𝜂Φ𝐵 ∘ 𝑓

𝜂Φ𝐶 ∘ 𝑔

𝜂Φ𝐴

𝜂Φ𝐵

𝐹Φ(𝑓)

𝐹Φ(𝑔)

𝐹Φ(𝑔 ∘ 𝑓)

𝜂Φ𝐶 ∘ 𝑔 ∘ 𝑓

𝐴 𝐹Φ(𝐴)

𝐹Φ(𝐵)

𝐹Φ(𝐶)

𝐵

It is a simple computation to show that 𝐹Φ(𝑔) ∘ 𝐹Φ(𝑓) ∘ 𝜂Φ𝐴 = 𝜂Φ𝐶 ∘ 𝑔 ∘ 𝑓  in order to use 

uniqueness of 𝐹Φ(𝑔 ∘ 𝑓). ⁠ □

Lemma 3.23. (𝐹Φ is faithful)

The free group functor 𝐹Φ : 𝐅𝐢𝐧𝐒𝐞𝐭 → 𝐆𝐫𝐩 is faithful.

Proof. Assume that 𝐹Φ(𝑓) = 𝐹Φ(𝑔) for some 𝑓, 𝑔 : 𝐴 → 𝐵 between finite sets. Given 

some 𝑥 : 𝐴 we want to show that 𝑓(𝑥) = 𝑔(𝑥). By Theorem 3.22 we get that

[𝑓(𝑥)] =. 𝜂Φ𝐵 ∘ 𝑓
Φ
([𝑥]) =. 𝐹Φ(𝑓, [𝑥])

=. 𝐹Φ(𝑓, [𝑦]) =. 𝜂Φ𝐵 ∘ 𝑓
Φ
([𝑦]) =. [𝑓(𝑦)]

and so we’re done. ⁠ □

3.2. Free Group on Set 𝑋
Given an arbitrary set 𝑋 without the assumption of decidable equality, we cannot 

proceed like in the previous Section 3.1. We instead construct the free group as a filtered 

colimit.

3.2.1. Comma Category 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋
Recall the comma category 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋 (also category of elements of the presheaf 

Hom𝐒𝐞𝐭(𝜄(−),𝑋)). As objects we have pairs (𝐴, 𝑓) where 𝐴 is a finite set, and 𝑓 : 𝐴 →
𝑋; a morphism from (𝐴, 𝑓) → (𝐵, 𝑔) is a map ℎ : 𝐴 → 𝐵 such that 𝑓 = 𝑔 ∘ ℎ. Because 

maps into sets are sets, equalities between morphisms reduce to equalities between the 

maps.

In particular, this category is filtered. To show this, our approach is going to be the 

following:
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1. For each of the coproduct and coequalizer cases we are going to give only the objects 

and morphisms in 𝐅𝐢𝐧𝐒𝐞𝐭;
2. We show that these objects and morphisms are the coproduct/coequalizer in 𝐒𝐞𝐭;
3. Finally we go back to 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋 to show filteredness.

Lemma 3.24. (𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋 has an object)

There is an object (𝐴, 𝑓) in 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋.

Proof. We simply take 𝐴 ≔ ∅, and let 𝑓 ≔ ¡ : ∅ → 𝑋. ⁠ □

Lemma 3.25. (𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋 has upper bounds of objects)

For any (𝐴, 𝑓), (𝐵, 𝑔) there exists an object (𝐶, ℎ) and morphisms 𝜄𝐴 : (𝐴, 𝑓) →
(𝐶, ℎ), 𝜄𝐵 : (𝐵, 𝑔) → (𝐶, ℎ).

Proof. We pick 𝐴+𝐵 in 𝐅𝐢𝐧𝐒𝐞𝐭, along with the appropriate inclusions 𝜄𝐴, 𝜄𝐵. This is 

clearly the coproduct in 𝐒𝐞𝐭 as well, and so we use its universal property to acquire a 

map 𝑓 + 𝑔 : 𝐴 + 𝐵 → 𝑋 so that (𝑓 + 𝑔) ∘ 𝜄𝐴 = 𝑓  and (𝑓 + 𝑔) ∘ 𝜄𝐵 = 𝑔. ⁠ □

Lemma 3.26. (Decidable subtypes of finite types are finite)

Given a finite type 𝐴, and a decidable subtype 𝑃(𝑥) (valued in Prop) for all 𝑥 : 𝐴, 

∑𝑥:𝐴 𝑃(𝑥) is a finite type as well.

Proof. Because 𝐴 is finite, we get that 𝐴 ≃ [𝑛].

Consider when 𝑛 =. 0, and thus 𝐴 ≃ ∅; ∑𝑥:∅ 𝑃(𝑥) is also empty, and thus equivalent 

to [0].

When 𝑛 =. 𝑛 + 1, note first that 𝑃 ∘ 𝜄[𝑛] is a decidable subtype of [𝑛] valued in Prop; 
thus we get that ∑𝑥:[𝑛] 𝑃(𝜄[𝑛](𝑥)) ≃ [𝑚]. Note that

∑
𝑥:[𝑛+1]
𝑃(𝑥) ≃ ∑

𝑥:[𝑛]
𝑃(𝜄[𝑛](𝑥)) + 𝑃(𝜄𝟙(⋆))

and so we may consider whether 𝑃(𝜄𝟙(⋆)).

If 𝑝 : 𝑃 (𝜄𝟙(⋆)), then we let ∑𝑥:[𝑛+1] 𝑃(𝑥) ≃ [𝑚 + 1], and otherwise just 

∑𝑥:[𝑛+1] 𝑃(𝑥) ≃ [𝑚]. ⁠ □

Lemma 3.27. (Finite coequalizer in 𝐒𝐞𝐭)
For any two maps 𝑓, 𝑔 : 𝐴 → 𝐵 between finite sets, there is a finite coequalizer ℎ :
𝐵 → 𝐶 (meaning 𝐶 is finite) such that this is the coequalizer in 𝐒𝐞𝐭.

Proof. We are going to use the fact that 𝐴 ≃ [𝑛] for some 𝑛 : ℕ, to give a coequalizer ℎ :
𝐵 → 𝐶 in 𝐒𝐞𝐭 (where 𝐶 is finite).

When 𝑛 =. 0, because any two maps out of ∅ are identifiable, there is nothing to 

coequalize in 𝑓, 𝑔. The coequalizer is id : 𝐵 → 𝐵, and clearly any other coequalizer will 

uniquely factor through this.
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𝑓

𝑔

id

ℎ
ℎ

∅ 𝐵 𝐵

𝐶

If 𝑛 =. 1, because (𝟙 → 𝐵) ≃ 𝐵, 𝑓  and 𝑔 are each picking out one 𝑏 : 𝐵; let them be 

denoted as 𝑏𝑓 , 𝑏𝑔. Now, if 𝑏𝑓 = 𝑏𝑔, then 𝑓 = 𝑔, so there is nothing to coequalize; the 

coequalizer is id : 𝐵 → 𝐵 again. On the other hand, if 𝑝 : 𝑏𝑓 ≠ 𝑏𝑔, they need to be 

coequalized in some finite set; let this be ∑𝑏:𝐵 𝑏 ≠ 𝑏𝑔. This is finite because decidable 

subtypes of finite sets are finite as well (Lemma 3.26).

The coequalizer ℎ : 𝐵 →∑𝑏:𝐵 𝑏 ≠ 𝑏𝑔 itself we define as follows:

𝑏𝑔 ↦ (𝑏𝑓 , 𝑝)

𝑏, 𝑞 : 𝑏 ≠ 𝑏𝑔 ↦ (𝑏, 𝑞)

It certainly sends 𝑏𝑓 , 𝑏𝑔 to the same first component, and we disregard the second 

because it is a proposition.

Given any other coequalizer ℎ′ : 𝐵 → 𝐶 , we set the factor to 𝑢 ≔ ℎ′ ∘ 𝜋1. For any 

𝑏 = 𝑏𝑔 we have ℎ′(𝑏𝑔) = ℎ′(𝑏𝑓) = ℎ′(𝜋1(ℎ(𝑏𝑔))); conversely, for any 𝑏 ≠ 𝑏𝑔, we have 

ℎ′(𝑏) = ℎ′(𝜋1(ℎ(𝑏))).

To identify 𝑢 with any other factor 𝑢′ such that 𝑢′ ∘ ℎ = ℎ′ = 𝑢 ∘ ℎ , it suffices to show 

that ℎ is surjective and thus an epimorphism (right-cancellative). The fiber over any 

(𝑏, 𝑝) is given by 𝑏, and precisely because 𝑝 : 𝑏 ≠ 𝑏𝑔 it is the case that ℎ(𝑏) = (𝑏, 𝑝).

𝑓

𝑔

ℎ

ℎ′
ℎ′ ∘ 𝜋1

𝟙 B ∑𝑏:𝐵 𝑏 ≠ 𝑏𝑔

𝐶

Finally, if 𝑛 =. 𝑛 + 1, consider the following diagram:

𝑓

𝑔

𝜄𝟙

𝜄[𝑛]

[𝑛 + 1] 𝐵

[𝑛]

𝟙

By inductive hypothesis we get a coequalizer ℎ1 : 𝐵 → 𝐶1 for 𝑓 ∘ 𝜄[𝑛] and 𝑔 ∘ 𝜄[𝑛]:
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𝑓

𝑔

𝜄𝟙

𝜄[𝑛]

ℎ1
[𝑛 + 1] 𝐵

[𝑛]

𝟙

𝐶1

Due to having already shown the 𝑛 =. 1 case, we get a coequalizer ℎ2 : 𝐶1 → 𝐶2 for ℎ1 ∘
𝑓 ∘ 𝜄𝟙 and ℎ1 ∘ 𝑔 ∘ 𝜄𝟙:

𝑓

𝑔

𝜄𝟙

𝜄[𝑛]

ℎ1 ℎ2
[𝑛 + 1] 𝐵

[𝑛]

𝟙

𝐶1 𝐶2

We pick ℎ2 ∘ ℎ1 as our coequalizer for 𝑓  and 𝑔, because we’ve shown that both ℎ2 ∘ ℎ1 ∘
𝑓  and ℎ2 ∘ ℎ1 ∘ 𝑔 agree on 𝜄𝟙 and 𝜄[𝑛].

Given any other morphism ℎ : 𝐵 → 𝐶 such that ℎ ∘ 𝑓 = ℎ ∘ 𝑔, by the universal property 

for ℎ1 we get a unique factor 𝑢1 : 𝐶1 → 𝐶 so that 𝑢1 ∘ ℎ1 = ℎ. Then, by the universal 

property for ℎ2 we get a unique factor 𝑢2 : 𝐶2 → 𝐶 such that 𝑢2 ∘ ℎ2 = 𝑢1.

𝑓

𝑔

𝜄𝟙

ℎ1 ℎ2

ℎ

𝑢1
𝑢2

𝜄[𝑛]

[𝑛 + 1] 𝐵

𝟙

𝐶1 𝐶2

𝐶

[𝑛]

Assume any other factor 𝑢′ : 𝐶2 → 𝐶 such that 𝑢′ ∘ ℎ2 ∘ ℎ1 = ℎ. Uniqueness of 𝑢1 gives 

us that 𝑢′ ∘ ℎ2 = 𝑢1, which in turn gives us 𝑢′ = 𝑢2 by uniqueness of 𝑢2. ⁠ □

Lemma 3.28. (𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋 has upper bounds of morphisms)

For any two parallel morphisms ℎ1, ℎ2 : (𝐴, 𝑓) ⇉ (𝐵, 𝑔) there exists a morphism ℎ3 :
(𝐵, 𝑔) → (𝐶, ℎ) such that ℎ3 ∘ ℎ1 = ℎ3 ∘ ℎ2.

Proof. Due to Lemma 3.27 , we get a coequalizer (in 𝐒𝐞𝐭) ℎ3 : 𝐵 → 𝐶 so that ℎ3 ∘ ℎ1 =
ℎ3 ∘ ℎ2. Because 𝑔 ∘ ℎ1 = 𝑓 = 𝑔 ∘ ℎ2, by the universal property we get a unique factor 
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ℎ : 𝐶 → 𝑋 so that ℎ ∘ ℎ3 = 𝑔, precisely what we need to make this a coequalizer in 

𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋.

ℎ1 ℎ2
𝑓

𝑔

ℎ3
ℎ

𝐴

𝑋𝐵

𝐶

⁠ □

Theorem 3.29. (Filteredness of 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋)

The category 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋 is filtered.

Proof. This follows from Lemma 3.24, Lemma 3.25 and Lemma 3.28. ⁠ □

3.2.2. Some Properties Of Filtered Categories

We proceed by showing two key properties of filtered categories in general.

Lemma 3.30. (Filtered diamond completion)

Given any maps 𝑓 : 𝐴 → 𝐵1, 𝑔 : 𝐴 → 𝐵2 in a filtered category, there is an object 

𝐶 along with maps 𝜑1 : 𝐵1 → 𝐶,𝜑2 : 𝐵2 → 𝐶 so that the following diagram com

mutes:

𝑓 𝑔

𝜑1 𝜑2

𝐴

𝐵1 𝐵2

𝐶

Proof. We begin by acquiring an upper bound 𝐸1 and maps 𝜑1 : 𝐵1 → 𝐸1, 𝜑2 : 𝐵2 →
𝐸1. But then we have parallel maps 𝜑1 ∘ 𝑓, 𝜑2 ∘ 𝑔 : 𝐴 ⇉ 𝐸1, and so get a coequalizer 

𝛾 : 𝐸1 → 𝐸2. Thus we pick 𝐸2 as the object and maps 𝛾 ∘ 𝜑1, 𝛾 ∘ 𝜑2. ⁠ □

Lemma 3.31. (Filtered scissors completion)

For any maps 𝜑1 : 𝐴1 → 𝐵, 𝛿1 : 𝐴1 → 𝐶,𝜑2 : 𝐴2 → 𝐵 and 𝛿2 : 𝐴2 → 𝐶 in a fil

tered category, there is an object 𝐸 along with maps 𝜓1 : 𝐵1 → 𝐸,𝜓2 : 𝐵2 → 𝐸 so 

that the following diagram commutes:
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𝜑2

𝛿2𝜑1

𝛿1

𝜓1

𝜓2

𝐴2𝐵

𝐶𝐴1

𝐸

Proof. By Lemma 3.30 we can complete the diamond for 𝐴1 and get maps 𝜙𝐵 : 𝐵 →
𝐸1, 𝜙𝐶 : 𝐶 → 𝐸1 so that 𝜙𝐵 ∘ 𝜑1 = 𝜙𝐶 ∘ 𝛿1. This then gives us two parallel maps 𝜙𝐵 ∘
𝜑2, 𝜙𝐶 ∘ 𝛿2 : 𝐴2 ⇉ 𝐸1, so we acquire a coequalizer 𝛾 : 𝐸1 → 𝐸2. ⁠ □

Lemma 3.32. (Filtered diamond-scissors completion)

Given any filtered diagram

𝜑𝐵 𝜓𝐵

𝜉𝐶

𝜁𝐶2

𝜁𝐴

𝜁𝐶3

𝜑𝐴 𝜓𝐶

𝐴 𝐵 𝐶

𝐶2 𝐶3

𝐶1 𝐶4
we can find a completing object 𝐷 and maps from 𝐶1, 𝐶2, 𝐶3 and 𝐶4 into 𝐷 so that 

the resulting diagram commutes.

Proof. One first uses Lemma 3.31 on the following subdiagram:

𝜉𝐶

𝜁𝐴

𝜁𝐶2 ∘ 𝜑𝐴

𝜁𝐶3 ∘ 𝜓𝐶

𝐴 𝐶

𝐶1

𝐶4
We acquire maps 𝛿1 : 𝐶1 → 𝐷1 and 𝛿4 : 𝐶4 → 𝐷1. The only non-commuting subdia

gram left is the inner one starting at 𝐵:
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𝜑𝐵

𝜓𝐵

𝜁𝐶2

𝜁𝐶3

𝛿4

𝛿1

𝐶2

𝐶3

𝐵

𝐶1

𝐶4

𝐷1

But because we are in a filtered category we can obtain a coequalizer for these maps and 

we’re done.

⁠ □

3.2.3. Construction of 𝐹(𝑋)
Consider the diagram 𝐽 : (𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋) → 𝐆𝐫𝐩, defined as follows:

ℎ 𝐹Φ(ℎ)

(𝐴, 𝑓)

(𝐵, 𝑔)

𝐹Φ(𝐴)

𝐹Φ(𝐵)

Our aim is to construct the free group on 𝑋 as precisely the filtered colimit of this 

diagram:

colim
(𝐴,𝑓): 𝐅𝐢𝐧𝐒𝐞𝐭 ↓𝑋

(𝐽(𝐴, 𝑓) = 𝐹Φ(𝐴)).

Consider the following type:

𝐹Ρ(𝑋) ≔ ∑
𝐴: 𝐅𝐢𝐧𝐒𝐞𝐭

(𝐴 → 𝑋) × 𝐹Φ(𝐴).

This is essentially 𝐅𝐢𝐧𝐒𝐞𝐭 ↓ 𝑋 where the objects are decorated with a term in the free 

group constructed in Section 3.1. Next consider the relation on this type given by

(𝐴, 𝑓, 𝑢) ∼ (𝐵, 𝑔, 𝑣)
≔

‖




∑

𝐶: 𝐅𝐢𝐧𝐒𝐞𝐭,
ℎ:𝐶→𝑋

∑
𝜄𝐴:(𝐴,𝑓)→(𝐶,ℎ),
𝜄𝐵:(𝐵,𝑔)→(𝐶,ℎ)

𝐹Φ(𝜄𝐴, 𝑢) = 𝐹Φ(𝜄𝐵, 𝑣)

‖





where ‖−‖ is the type former for propositional truncation. We can think of this as 

filtering the terms 𝑢 and 𝑣 into a common finite set 𝐶 so that they coincide there.



20 | Construction

Lemma 3.33. (∼ is an equivalence relation)

∼ is reflexive, symmetric and transitive.

Proof. It is clearly the case that (𝐴, 𝑓, 𝑢) ∼ (𝐴, 𝑓, 𝑢) by picking (𝐴, 𝑓) along with the 

identity morphism(s).

If (𝐴, 𝑓, 𝑢) ∼ (𝐵, 𝑔, 𝑣), all the data for (𝐵, 𝑔, 𝑣) ∼ (𝐴, 𝑓, 𝑢) is already given.

Assume that (𝐴, 𝑓, 𝑢) ∼ (𝐵, 𝑔, 𝑣) and (𝐵, 𝑔, 𝑣) ∼ (𝐶, ℎ, 𝑖) and consider the following 

diagram:

𝑓

𝜑𝐴 𝜑𝐵 𝜓𝐵 𝜓𝐶

ℎ
𝛿1 𝛿2

𝑔

𝐴, 𝑢 𝐵, 𝑣 𝐶, 𝑖

𝐷1 𝐷2

X

In particular we have that 𝐹Φ(𝜑𝐴, 𝑢) = 𝐹Φ(𝜑𝐵, 𝑣) and 𝐹Φ(𝜓𝐵, 𝑣) = 𝐹Φ(𝜓𝐶 , 𝑖). By 

Lemma 3.30 we can extend it as follows:

𝑓

𝜑𝐴 𝜑𝐵 𝜓𝐵 𝜓𝐶

ℎ
𝛿1 𝛿2

𝑔𝜁1 𝜁2

𝜀

𝐴, 𝑢 𝐵, 𝑣 𝐶, 𝑖

𝐷1 𝐷2

𝑋

𝐸

We pick 𝐸 along with maps 𝜁1 ∘ 𝜑𝐴 and 𝜁2 ∘ 𝜓𝐶 ; due to functoriality in combination 

with 𝜁1 ∘ 𝜑𝐵 = 𝜁2 ∘ 𝜓𝐵 we get

𝐹Φ(𝜁1 ∘ 𝜑𝐴, 𝑢) = 𝐹Φ(𝜁1, 𝐹Φ(𝜑𝐴, 𝑢))

= 𝐹Φ(𝜁1, 𝐹Φ(𝜑𝐵, 𝑣))

= 𝐹Φ(𝜁1 ∘ 𝜑𝐵, 𝑣)

= 𝐹Φ(𝜁2 ∘ 𝜓𝐵, 𝑣)

= 𝐹Φ(𝜁2, 𝐹Φ(𝜓𝐵, 𝑣))

= 𝐹Φ(𝜁2, 𝐹Φ(𝜓𝐶 , 𝑖))

= 𝐹Φ(𝜁2 ∘ 𝜓𝐶 , 𝑖).

⁠ □
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We proceed by constructing “raw” group operations on 𝐹Ρ(𝑋) to then show that these 

are group operations up to ∼.

Definition 3.34. (Unit of 𝐹Ρ(𝑋))
We define 1 : 𝐹Ρ(𝑋) to be (∅,¡, 1), where ¡ : ∅ → 𝑋.

Definition 3.35. (Inversion of 𝐹Ρ(𝑋))
Given (𝐴, 𝑓, 𝑢) we define its inverse by

(𝐴, 𝑓, 𝑢)−1 ≔ (𝐴, 𝑓, 𝑢−1).

Definition 3.36. (Multiplication of 𝐹Ρ(𝑋))
Given (𝐴, 𝑓, 𝑢) and (𝐵, 𝑔, 𝑣), by Theorem 3.29 we get an upper bound (𝐴 + 𝐵, 𝑓 +
𝑔). We thus define the multiplication:

(𝐴, 𝑓, 𝑢)(𝐵, 𝑔, 𝑣) ≔ (𝐴 + 𝐵, 𝑓 + 𝑔, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣)).

Lemma 3.37. (Left & Right Unit (∼))

For any (𝐴, 𝑓, 𝑢) it is the case that

1(𝐴, 𝑓, 𝑢) ∼ (𝐴, 𝑓, 𝑢)
∼ (𝐴, 𝑓, 𝑢)1

Proof. For the left case, we want an upper bound for the objects

(∅ + 𝐴,¡+ id, 𝐹Φ(𝜄∅, 1)𝐹Φ(𝜄𝐴, 𝑢)), (𝐴, 𝑓, 𝑢).

We simply pick (𝐴, 𝑓); from ∅ + 𝐴 → 𝐴 we use ¡ + id and id from 𝐴 → 𝐴; by functo

riality and computation we get 𝐹Φ(𝜄∅, 1)𝐹Φ(¡+ id ∘ 𝜄𝐴, 𝑢) = 𝐹Φ(id, 𝑢). The maps into 

𝑋 are given by 𝑓  and ¡ +𝑓 .

¡ + id id

𝑓¡+𝑓 𝑓

∅ + 𝐴,𝐹Φ(𝜄∅, 1)𝐹Φ(𝜄𝐴, 𝑢) 𝐴, 𝑢

𝐴

𝑋

For the right case we want an upper bound for the objects

(𝐴 + ∅, id+¡, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄∅, 1)), (𝐴, 𝑓, 𝑢)

which we arrive at by similar reasoning. ⁠ □
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Lemma 3.38. (Left & Right Inverse (∼))

For any (𝐴, 𝑓, 𝑢) it is the case that

(𝐴, 𝑓, 𝑢)−1(𝐴, 𝑓, 𝑢) ∼ 1

∼ (𝐴, 𝑓, 𝑢)(𝐴, 𝑓, 𝑢)−1

Proof. An upper bound for

(𝐴 + 𝐴,𝐹Φ(𝜄𝑙, 𝑢−1)𝐹Φ(𝜄𝑟, 𝑢)), (∅, 1)

is obtained by picking (𝐴, 𝑓):

𝑓 + 𝑓

¡

¡

id+ id

𝑓

𝐴 + 𝐴,𝐹Φ(𝜄𝑙, 𝑢−1)𝐹Φ(𝜄𝑟, 𝑢) ∅, 1

𝑋

𝐴

Functoriality and group laws again give us

𝐹Φ(id+ id, 𝐹Φ(𝜄𝑙, 𝑢−1)𝐹Φ(𝜄𝑟, 𝑢)) = 𝐹Φ(id+ id ∘ 𝜄𝑙, 𝑢−1)𝐹Φ(id+ id ∘ 𝜄𝑟, 𝑢)

=. 𝐹Φ(id, 𝑢−1)𝐹Φ(id, 𝑢)

=. 𝑢−1𝑢
= 1
= 𝐹Φ(¡, 1).

The right case is worked out in a similar manner. ⁠ □

Lemma 3.39. (Associativity of Multiplication (∼))

For any (𝐴, 𝑓, 𝑢), (𝐵, 𝑔, 𝑣), (𝐶, ℎ, 𝑖) it is the case that

(𝐴, 𝑓, 𝑢) ((𝐵, 𝑔, 𝑣)(𝐶, ℎ, 𝑖))
∼

((𝐴, 𝑓, 𝑢)(𝐵, 𝑔, 𝑣)) (𝐶, ℎ, 𝑖).

Proof. Consider the following diagram:
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𝛼1 𝛽1 𝛼2 𝛽2

𝜙1 𝜙2𝜑1𝜑1
𝜑2

𝐴, 𝑢 𝐵, 𝑣 𝐶, 𝑖

𝐴 + 𝐵,𝐹Φ(𝛼1, 𝑢)𝐹Φ(𝛽1, 𝑣) 𝐵 + 𝐶,𝐹Φ(𝛼2, 𝑣)𝐹Φ(𝛽2, 𝑖)

𝐴 + (𝐵 + 𝐶),

𝐹Φ(𝜙1, 𝑢)𝐹Φ(𝜙2, 𝐹Φ(𝛼2, 𝑣)𝐹Φ(𝛽2, 𝑖))

(𝐴 + 𝐵) + 𝐶,

𝐹Φ(𝜑1, 𝐹Φ(𝛼1, 𝑢)𝐹Φ(𝛽1, 𝑣))𝐹Φ(𝜑2, 𝑖)

Note that we omit the maps into 𝑋 in the diagram to save space, and as they are easily 

worked out.

By Lemma  3.32 we get maps 𝛿1 : 𝐴 + (𝐵 + 𝐶) → 𝐷, 𝛿2 : (𝐴 + 𝐵) + 𝐶 so that the 

diagram commutes.

𝛼1 𝛽1 𝛼2 𝛽2

𝜙1 𝜙2𝜑1𝜑1
𝜑2

𝛿1 𝛿2

𝐴, 𝑢 𝐵, 𝑣 𝐶, 𝑖

𝐴 + 𝐵,𝐹Φ(𝛼1, 𝑢)𝐹Φ(𝛽1, 𝑣) 𝐵 + 𝐶,𝐹Φ(𝛼2, 𝑣)𝐹Φ(𝛽2, 𝑖)

𝐴 + (𝐵 + 𝐶),

𝐹Φ(𝜙1, 𝑢)𝐹Φ(𝜙2, 𝐹Φ(𝛼2, 𝑣)𝐹Φ(𝛽2, 𝑖))

(𝐴 + 𝐵) + 𝐶,

𝐹Φ(𝜑1, 𝐹Φ(𝛼1, 𝑢)𝐹Φ(𝛽1, 𝑣))𝐹Φ(𝜑2, 𝑖)

𝐷

It remains to show that

𝐹Φ(𝛿1 ∘ 𝜙1, 𝑢)𝐹Φ(𝛿1 ∘ 𝜙2 ∘ 𝑓2, 𝑣)𝐹Φ(𝛿1 ∘ 𝜙2 ∘ 𝑔2, 𝑖)
=

𝐹Φ(𝛿2 ∘ 𝜑1 ∘ 𝑓1, 𝑢)𝐹Φ(𝛿2 ∘ 𝜑1 ∘ 𝑔1, 𝑣)𝐹Φ(𝛿2 ∘ 𝜑2, 𝑖)

which follows from the commutativity of the diagram. ⁠ □

Lemma 3.40. (∼ is a congruence on 𝐹Ρ(𝑋))
The equivalence relation ∼ is a congruence relation on 𝐹Ρ(𝑋); for any 𝑔1 ∼ 𝑔2 and 

ℎ1 ∼ ℎ2 it is the case that

𝑔1ℎ1 ∼ 𝑔2ℎ2.

Proof. Consider the following diagram:
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𝜑𝐴 𝜑𝐵 𝜓𝐶 𝜓𝐷

𝜄𝐴 𝜄𝐷
𝜄𝐶 𝜄𝐵

𝐴, 𝑢 𝐵, 𝑣 𝐶, 𝑖 𝐷, 𝑡

𝐷1 𝐷2

𝐴+ 𝐶,
𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐶 , 𝑖)

𝐵 +𝐷,
𝐹Φ(𝜄𝐵, 𝑣)𝐹Φ(𝜄𝐷, 𝑡)

Again note the absence of the maps into 𝑋.

We take the upper bound for the multiplications to be 𝐷1 +𝐷2 and first define the 

inclusion 𝛿1 : 𝐴 + 𝐶 → 𝐷1 +𝐷2 as

𝜄𝐴(𝑎) ↦ 𝜄𝐷1(𝜑𝐴(𝑎))

𝜄𝐶(𝑐) ↦ 𝜄𝐷2(𝜓𝐶(𝑐))

and 𝛿2 : 𝐵 + 𝐷 → 𝐷1 +𝐷2 as

𝜄𝐵(𝑏) ↦ 𝜄𝐷1(𝜑𝐵(𝑏))

𝜄𝐷(𝑑) ↦ 𝜄𝐷2(𝜓𝐷(𝑑)).

By functoriality and computation in combination with 𝐹Φ(𝜑𝐴, 𝑢) = 𝐹Φ(𝜑𝐵, 𝑣) and 

𝐹Φ(𝜓𝐶 , 𝑖) = 𝐹Φ(𝜓𝐷, 𝑡) we get the equality of terms we want in 𝐷1 +𝐷2:

𝐹Φ(𝛿1, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐶 , 𝑖)) = 𝐹Φ(𝛿1 ∘ 𝜄𝐴, 𝑢)𝐹Φ(𝛿1 ∘ 𝜄𝐶 , 𝑖)

=. 𝐹Φ(𝜄𝐷1 ∘ 𝜑𝐴, 𝑢)𝐹
Φ(𝜄𝐷2 ∘ 𝜓𝐶 , 𝑖)

= 𝐹Φ(𝜄𝐷1 , 𝐹
Φ(𝜑𝐴, 𝑢))𝐹Φ(𝜄𝐷2 , 𝐹

Φ(𝜓𝐶 , 𝑖))

= 𝐹Φ(𝜄𝐷1 , 𝐹
Φ(𝜑𝐵, 𝑣))𝐹Φ(𝜄𝐷2 , 𝐹

Φ(𝜓𝐷, 𝑡))

= 𝐹Φ(𝜄𝐷1 ∘ 𝜑𝐵, 𝑣)𝐹
Φ(𝜄𝐷2 ∘ 𝜓𝐷, 𝑡)

=. 𝐹Φ(𝛿2 ∘ 𝜄𝐵, 𝑣)𝐹Φ(𝛿2 ∘ 𝜄𝐷, 𝑡)

= 𝐹Φ(𝛿2, 𝐹Φ(𝜄𝐵, 𝑣)𝐹Φ(𝜄𝐷, 𝑡)).

⁠ □

As the underlying set of 𝐹(𝑋) we now use 𝐹Ρ(𝑋)/∼.

Definition 3.41. (Unit)

The unit 1 : 𝐹(𝑋) is defined to be [(∅,¡, 1)].

Definition 3.42. (Inversion)

Given any (𝐴, 𝑓, 𝑢) we define its inversion as follows:
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[(𝐴, 𝑓, 𝑢)−1]

Due to Lemma 3.40 this agrees on equivalent objects.

Definition 3.43. (Multiplication)

We define multiplication in two parts.

First, assume a fixed (𝐴, 𝑓, 𝑢), to construct the map [(𝐴, 𝑓, 𝑢)](−) : 𝐹(𝑋) → 𝐹(𝑋) 
as follows:

(𝐵, 𝑔, 𝑣) ↦ [(𝐴, 𝑓, 𝑢)(𝐵, 𝑔, 𝑣)].

Next, we want to define (−)(−) : 𝐹(𝑋) → 𝐹(𝑋) → 𝐹(𝑋); so we give

(𝐴, 𝑓, 𝑢) ↦ [(𝐴, 𝑓, 𝑢)](−)

where the given map is the one constructed in the previous part.

Both the outer and inner maps send equivalent objects to the same term(s) due to 

Lemma 3.40.

Lemma 3.44. (Surjectivity of [−])
For any 𝑎 : 𝑋/∼ there merely exists a 𝑥 : 𝑋 such that 𝑎 = [𝑥].

Proof. Consider the following triangle:

𝑓
𝑔 ℎ

[−]
𝑋 𝑋/∼

Prop𝒰︀
where

𝑓(𝑥) ≔ 𝟙
𝑔(𝑎) ≔ 𝟙
ℎ(𝑎) ≔ ∃𝑥:𝑋𝑎 = [𝑥]

Both of 𝑔, ℎ make the triangle commute, and by the universal property we have 𝟙 =
∃𝑥:𝑋𝑎 = [𝑥]. ⁠ □

In particular, if we have 𝑃 : 𝑋/∼ → Prop𝒰 and a map 𝑓 : ∏𝑥:𝑋 𝑃([𝑥]) then we can 

construct 𝑓 ′ : ∏𝑥:𝑋/∼ 𝑃(𝑥) with Lemma 3.44 (by transport). We will use Lemma 3.44 

and this consequence silently from now on (in particular when showing that the group 

laws hold for this type).

Lemma 3.45. (Left & Right Unit)

For any 𝑔 : 𝐹(𝑋) it is the case that
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1𝑔 = 𝑔 = 𝑔1.

Proof. Follows from Lemma 3.37. ⁠ □

Lemma 3.46. (Left & Right Inverse)

For any 𝑔 : 𝐹(𝑋) it is the case that

𝑔−1𝑔 = 1 = 𝑔𝑔−1.

Proof. Follows from Lemma 3.38. ⁠ □

Lemma 3.47. (Associativity of Multiplication)

For any 𝑔1, 𝑔2, 𝑔3 : 𝐹 (𝑋) it is the case that

𝑔1(𝑔2𝑔3) = (𝑔1𝑔2)𝑔3.

Proof. Follows from Lemma 3.39. ⁠ □

It remains to show that 𝐹(𝑋) in fact is the free group on 𝑋.

Definition 3.48. (Sending 𝑋 to 𝐹(𝑋))
The map 𝜂𝑋 : 𝑋 → 𝐹(𝑋) is given by

𝑥 ↦ [(𝟙, 𝑥, ⋆)].

Theorem 3.49. (𝜂𝑋 is injective)

𝜂𝑋 : 𝑋 → 𝐹(𝑋) is injective.

Proof. Assume given 𝑥, 𝑦 : 𝑋 that

𝜂𝑋(𝑥) = 𝜂𝑋(𝑦) ≃ [(𝟙, 𝑥, ⋆)] = [(𝟙, 𝑦, ⋆)]
≃ (𝟙, 𝑥, ⋆) ∼ (𝟙, 𝑦, ⋆).

Consider the given diagram:

𝜄1 𝜄2

𝑓
𝑥 𝑦

𝟙, ⋆ 𝟙, ⋆

𝐴

𝑋

We have that 𝐹Φ(𝜄1, ⋆) = 𝐹Φ(𝜄2, ⋆). Because 𝐹Φ(𝟙) is the trivial group, this gives us 

that 𝐹Φ(𝜄1) = 𝐹Φ(𝜄2), and because 𝐹Φ is faithful (Lemma 3.23) we get that 𝜄1 = 𝜄2. 
Because 𝑓 ∘ 𝜄1 = 𝑥 and 𝑓 ∘ 𝜄2 = 𝑦 this gives us 𝑥 = 𝑦. ⁠ □



Construction | 27

Lemma 3.50. (Underlying 1)
For any 𝐴, 𝑓  we have

(𝐴, 𝑓, 1) ∼ (∅,¡, 1).

Proof. We simply pick 𝐴 as the upper bound, and the self-evident maps:

id ¡

𝑓
𝑓 ¡

𝐴, 1 ∅, 1

𝐴

𝑋

⁠ □

Lemma 3.51. (Underlying multiplication)

For any 𝐴, 𝑓, 𝑥 ∷ 𝑢 it is the case that

(𝐴, 𝑓, 𝑥 ∷ 𝑢) ∼ (𝟙, 𝑓(𝑥), ⋆)(𝐴, 𝑓, 𝑢)

Proof. We pick 𝐴 again; the maps and their commutativity warrant some further 

explaining. First note that

(𝟙, 𝑓(𝑥), ⋆)(𝐴, 𝑓, 𝑢)
=.

(𝟙 + 𝐴, 𝑓(𝑥) + 𝑓, 𝐹Φ(𝜄1, ⋆)𝐹Φ(𝜄𝐴, 𝑢)).

The map from 𝟙 + 𝐴 → 𝐴 is given by 𝑥 + id, and from 𝟙 + 𝐴 → 𝑋 by 𝑓(𝑥) + 𝑓 .

id 𝑥 + id

𝑓
𝑓 𝑓(𝑥) + 𝑓

𝐴, 𝑥 ∷ 𝑢 𝟙 + 𝐴,𝐹𝜄𝟙(⋆)𝐹𝜄𝐴(𝑢)

A

X

Showing that

𝐹Φ(id, 𝑥 ∷ 𝑢) = 𝐹Φ(𝑥 + id, 𝐹Φ(𝜄𝟙, ⋆)𝐹Φ(𝜄𝐴, 𝑢))

reduces to showing

𝑥 ∷ 𝑢 = 𝑥𝑢
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which is the case since 𝑥 ∷ 𝑢 is reduced (Lemma 3.5). ⁠ □

Lemma 3.52. (Underlying 1 and multiplication)

For any homomorphism ℎ : 𝐹(𝑋) → 𝐺 it is the case that

ℎ([(𝐴, 𝑓, 1)]) = 1

and

ℎ([(𝐴, 𝑓, 𝑥 ∷ 𝑢)]) = ℎ(𝜂𝑋(𝑓(𝑥)))ℎ([(𝐴, 𝑓, 𝑢)]).

Proof. Due to Lemma 3.50 we get [(𝐴, 𝑓, 1)] = 1, and so ℎ has to send this to 1. Similarly, 

due to Lemma 3.51 we get that [(𝐴, 𝑓, 𝑥 ∷ 𝑢)] = [(𝟙, 𝑓(𝑥), ⋆)(𝐴, 𝑓, 𝑢)], so the second 

equality holds by functoriality. ⁠ □

Definition 3.53. (Extending map into group)

Given any 𝑗 : 𝑋 → 𝐺 into a group 𝐺 we define 𝑗 : 𝐹 (𝑋) → 𝐺. Consider the follow

ing diagram:

𝑓

𝜂Φ𝐴

𝜂𝑋

𝑗

𝑗 ∘ 𝑓Φ

𝐴 𝐹Φ(𝐴)

𝑋 𝐹(𝑋)

𝐺

We give

[(𝐴, 𝑓, 𝑢)] ↦ 𝑗 ∘ 𝑓Φ(𝑢).

Given any (𝐴, 𝑓, 𝑢) ∼ (𝐵, 𝑔, 𝑣) we want that 𝑗 ∘ 𝑓Φ(𝑢) = 𝑗 ∘ 𝑔Φ(𝑣). Let (𝐶, ℎ) be the 

upper bound of 𝐴 and 𝐵, and consider the following commutative diagram:
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𝜂Φ𝐶

𝜂Φ𝐴

𝜂Φ𝐵

𝑗 ∘ ℎΦ

𝑗 ∘ 𝑓

𝑗 ∘ 𝑔
𝑗 ∘ 𝑔Φ

𝑗 ∘ 𝑓Φ

𝜑𝐵

𝜑𝐴

𝑗 ∘ ℎ

𝐹Φ(𝜑𝐴)

𝐹Φ(𝜑𝐵)

𝐴

𝐶

𝐵

𝐹Φ(𝐴)

𝐹Φ(𝐶)

𝐹Φ(𝐵)

G

Because 𝐹Φ(𝜑𝐴, 𝑢) = 𝐹Φ(𝜑𝐵, 𝑣) it suffices to show that

𝑗 ∘ 𝑓Φ = 𝑗 ∘ ℎΦ ∘ 𝐹Φ(𝜑𝐴)

= 𝑗 ∘ ℎΦ ∘ 𝐹Φ(𝜑𝐵)

= 𝑗 ∘ 𝑔Φ.

All of these maps are homomorphisms, so it suffices to show the equalities under 

postcomposition with 𝜂Φ𝐴, 𝜂Φ𝐵 respectively. We show the reasoning for the first case 

(𝑗 ∘ 𝑓Φ = 𝑗 ∘ ℎΦ ∘ 𝐹Φ(𝜑𝐴)), since the second (𝑗 ∘ 𝑔Φ = 𝑗 ∘ ℎΦ ∘ 𝐹Φ(𝜑𝐵)) is analo

gous; consider

𝑗 ∘ 𝑓Φ ∘ 𝜂Φ𝐴 = 𝑗 ∘ ℎ ∘ 𝜑𝐴
= 𝑗 ∘ ℎΦ ∘ 𝜂Φ𝐶 ∘ 𝜑𝐴
= 𝑗 ∘ ℎΦ ∘ 𝐹Φ(𝜑𝐴) ∘ 𝜂Φ𝐴,

making use of existing commutativity in the diagram.

Lemma 3.54. (𝑗 is a group homomorphism)

It is the case that 𝑗([(𝐴, 𝑓, 𝑢)][(𝐵, 𝑔, 𝑣)]) = 𝑗([(𝐴, 𝑓, 𝑢)])𝑗([(𝐵, 𝑔, 𝑣)]).

Proof. To show that 𝑗 is a group homomorphism, we are interested in the following 

equality:
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𝑗([(𝐴, 𝑓, 𝑢)][(𝐵, 𝑔, 𝑣)]) =. 𝑗([𝐴 + 𝐵, 𝑓 + 𝑔, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣)])

=. 𝑗 ∘ 𝑓 + 𝑔Φ(𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣))

= (𝑗 ∘ 𝑓 + 𝑔Φ ∘ 𝐹Φ(𝜄𝐴))(𝑢)(𝑗 ∘ 𝑓 + 𝑔Φ ∘ 𝐹Φ(𝜄𝐵))(𝑣)

=? 𝑗 ∘ 𝑓Φ(𝑢)𝑗 ∘ 𝑔Φ(𝑣)

=. 𝑗([(𝐴, 𝑓, 𝑢)])𝑗([(𝐵, 𝑔, 𝑣)]).

Thus, because the maps in question are homomorphisms, it suffices to show that

𝑗 ∘ 𝑓 + 𝑔Φ ∘ 𝐹Φ(𝜄𝐴) ∘ 𝜂Φ𝐴 = 𝑗 ∘ 𝑓Φ ∘ 𝜂Φ𝐴

and

𝑗 ∘ 𝑓 + 𝑔Φ ∘ 𝐹Φ(𝜄𝐵) ∘ 𝜂Φ𝐵 = 𝑗 ∘ 𝑔Φ ∘ 𝜂Φ𝐵

To make use of the universal property of the free group on finite sets, consider the 

following diagram:

𝜂Φ𝐴 𝜂Φ𝐴+𝐵

𝑗 ∘ 𝑓 𝑗 ∘ 𝑓 + 𝑔
𝑗 ∘ 𝑓Φ 𝑗 ∘ 𝑓 + 𝑔Φ

𝐹Φ(𝜄𝐴)

𝜄𝐴

𝐹Φ(𝐴)

𝐴 𝐴 +𝐵

𝐹Φ(𝐴 + 𝐵)

𝐺

By Theorem 3.20 we get the first desired equality:

𝑗 ∘ 𝑓 + 𝑔Φ ∘ 𝐹Φ(𝜄𝐴) ∘ 𝜂Φ𝐴 = 𝑗 ∘ 𝑓 + 𝑔Φ ∘ 𝜂Φ𝐴+𝐵 ∘ 𝜄𝐴
= 𝑗 ∘ 𝑓 + 𝑔 ∘ 𝜄𝐴
=. 𝑗 ∘ 𝑓

= 𝑗 ∘ 𝑓Φ ∘ 𝜂Φ𝐴.

The other equality is given similarly. ⁠ □

Theorem 3.55. (𝐹(𝑋) is the free group on 𝑋)

𝐹(𝑋) is the universal group generated by 𝑋; any map 𝑗 : 𝑋 → 𝐺 into a group factors 

uniquely through 𝜂𝑋 .

Proof. Given any 𝑗 : 𝑋 → 𝐺 into a group 𝐺, let 𝑗 : 𝐹 (𝑋) → 𝐺 be as defined in Defin

ition 3.53, being a group homomorphism (Lemma 3.54).
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We finally show that 𝑗 is unique. For any other 𝑗′ : 𝐹 (𝑋) → 𝐺 such that 𝑗′ ∘ 𝜂𝑋 =
𝑗 we show that 𝑗 = 𝑗′ by homotopy. Given [(𝐴, 𝑓, 𝑢)] we induct on 𝑢. If 𝑢 =. [] then 

𝑗 and 𝑗′ have to agree due to Lemma  3.50. If 𝑢 =. 𝑥 ∷ 𝑢 the left side computes to 

𝑗(𝑓(𝑥))𝑗([(𝐴, 𝑓, 𝑢)]). Due to Lemma 3.52 and the inductive hypothesis we get

𝑗′([𝐴, 𝑓, 𝑥 ∷ 𝑢]) = 𝑗′(𝜂𝑋(𝑓(𝑥)))𝑗′([(𝐴, 𝑓, 𝑢)])

= 𝑗(𝑓(𝑥))𝑗([(𝐴, 𝑓, 𝑢)]).

⁠ □

Definition 3.56. (Action of 𝐹  on maps)

Given a map ℎ : 𝐸 → 𝐷 between arbitrary sets, there is a group homomorphism 

𝐹(ℎ) : 𝐹(𝐸) → 𝐹(𝐷), constructed by the universal property for quotients. We 

define 𝐹(ℎ) by

(𝐴, 𝑓, 𝑢) ↦ [(𝐴, ℎ ∘ 𝑓, 𝑢)]

Two objects (𝐴, 𝑓, 𝑢) ∼ (𝐵, 𝑔, 𝑣) are sent to equivalent objects (𝐴, ℎ ∘ 𝑓, 𝑢) ∼ (𝐵, ℎ ∘
𝑔, 𝑣) by action of ℎ on paths.

We have that

𝐹(ℎ, [(𝐴, 𝑓, 𝑢)][(𝐵, 𝑔, 𝑣)])
=

𝐹(ℎ, [(𝐴, 𝑓, 𝑢)])𝐹(ℎ, [(𝐵, 𝑔, 𝑣)])

by computation and the homotopy ℎ ∘ 𝑓 + 𝑔 = ℎ ∘ 𝑓 + ℎ ∘ 𝑔:

𝐹(ℎ, [(𝐴, 𝑓, 𝑢)][(𝐵, 𝑔, 𝑣)]) =. 𝐹(ℎ, [(𝐴 + 𝐵, 𝑓 + 𝑔, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣))])

=. [(𝐴 + 𝐵, ℎ ∘ 𝑓 + 𝑔, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣))]

= [(𝐴 + 𝐵, ℎ ∘ 𝑓 + ℎ ∘ 𝑔, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣))]
=. [(𝐴, ℎ ∘ 𝑓, 𝑢)][(𝐵, ℎ ∘ 𝑔, 𝑣)]
=. 𝐹(ℎ, [(𝐴, 𝑓, 𝑢)])𝐹(ℎ, [(𝐵, 𝑔, 𝑣)]).

Lemma 3.57. (𝐹  is a functor)

𝐹 : 𝐒𝐞𝐭 → 𝐆𝐫𝐩 is a functor.

Proof. 𝐹  clearly preserves both identities and composition due to it only acting on the 

inner maps 𝑓  in [(𝐴, 𝑓, 𝑢)]:

𝐹(𝑓 ∘ 𝑔, [(𝐴, 𝑓, 𝑢)]) =. [(𝐴, 𝑓 ∘ 𝑔 ∘ 𝑓, 𝑢)]
=. 𝐹(𝑓, [(𝐴, 𝑔 ∘ 𝑓, 𝑢)])
=. 𝐹(𝑓 ∘ 𝑔, [(𝐴, 𝑓, 𝑢)]).

⁠ □
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Theorem 3.58. (𝐹(𝑋) is the colimit)

𝐹(𝑋) is the colimit of 𝐽 .

Proof. Given any (𝐴, 𝑓) we define the leg 𝜑(𝐴,𝑓) : 𝐹Φ(𝐴) → 𝐹(𝑋) as

𝑢 ↦ [(𝐴, 𝑓, 𝑢)].

For this to be a homomorphism we require that

𝜑(𝐴,𝑓)(𝑢1𝑢2) =
. [(𝐴, 𝑓, 𝑢1𝑢2)]

=? [(𝐴 + 𝐴, 𝑓 + 𝑓, 𝐹Φ(𝜄𝑙, 𝑢1)𝐹Φ(𝜄𝑟, 𝑢2))]
=. [(𝐴, 𝑓, 𝑢1)][(𝐴, 𝑓, 𝑢2)]
=. 𝜑(𝐴,𝑓)(𝑢1)𝜑(𝐴,𝑓)(𝑢2)

which we give by the following diagram:

id+ id id

𝑓 + 𝑓 𝑓
𝑓

𝐴 + 𝐴,𝐹Φ(𝜄𝑙, 𝑢1)𝐹Φ(𝜄𝑟, 𝑢2) 𝐴, 𝑢1𝑢2

𝐴

𝑋

Given any ℎ : (𝐴, 𝑓) → (𝐵, 𝑔) we want the commutativity of the following diagram:

𝜑(𝐴,𝑓) 𝜑(𝐵,𝑔)

𝐹Φ(ℎ)
𝐹Φ(𝐴) 𝐹Φ(𝐵)

𝐹(𝑋)

We want that [(𝐴, 𝑓, 𝑢)] = [(𝐵, 𝑔, 𝐹Φ(ℎ, 𝑢))]. It is the case that (𝐴, 𝑓, 𝑢) ∼
(𝐵, 𝑔, 𝐹Φ(ℎ, 𝑢)), due to:

ℎ

𝑓
𝑔

id

𝑔

𝐴, 𝑢

𝐵

𝑋

𝐵,𝐹Φ(ℎ, 𝑢)

Given any other cocone (𝐶, 𝜙) we define 𝑗 : 𝐹 (𝑋) → 𝐶 by
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(𝐴, 𝑓, 𝑢) ↦ 𝜙(𝐴,𝑓)(𝑢).

Given any (𝐴, 𝑓, 𝑢) ∼ (𝐵, 𝑔, 𝑣) as in:

𝜄𝐴 𝜄𝐵

𝑓 𝑔
ℎ

𝐴, 𝑢 𝐵, 𝑣

𝐷

𝑋

where 𝐹Φ(𝜄𝐴, 𝑢) = 𝐹Φ(𝜄𝐵, 𝑣) we want that

𝑗([(𝐴, 𝑓, 𝑢)]) =. 𝜙(𝐴,𝑓)(𝑢)

=? 𝜙(𝐵,𝑔)(𝑣)

=. 𝑗([(𝐵, 𝑔, 𝑣)]).

Note that we have 𝜙(𝐴,𝑓) = 𝜙(𝐷,ℎ) ∘ 𝐹Φ(𝜄𝐴) and 𝜙(𝐵,𝑔) = 𝜙(𝐷,ℎ) ∘ 𝐹Φ(𝜄𝐵), and so it 

suffices to have 𝐹Φ(𝜄𝐴, 𝑢) = 𝐹Φ(𝜄𝐵, 𝑣) which we do.

For any other 𝑗′ : 𝐹 (𝑋) → 𝐶 such that 𝑗′ ∘ 𝜑(𝐴,𝑓) = 𝜙(𝐴,𝑓) = 𝑗 ∘ 𝜑(𝐴,𝑓) we can identify 

with 𝑗 as follows:

𝑗([(𝐴, 𝑓, 𝑢)]) =. 𝑗(𝜑(𝐴,𝑓)(𝑢))

= 𝑗′(𝜑(𝐴,𝑓)(𝑢))

=. 𝑗′([(𝐴, 𝑓, 𝑢)]).

⁠ □

Theorem 3.59.

𝐹 : 𝐒𝐞𝐭 → 𝐆𝐫𝐩 is the left Kan extension of 𝐹Φ : 𝐅𝐢𝐧𝐒𝐞𝐭 → 𝐆𝐫𝐩 along 𝜄 :
𝐅𝐢𝐧𝐒𝐞𝐭 → 𝐒𝐞𝐭:

𝜄 𝐹 = Lan𝑖(𝐹Φ)

𝐹Φ
𝐅𝐢𝐧𝐒𝐞𝐭 𝐆𝐫𝐩

𝐒𝐞𝐭

Proof. We begin by constructing the natural transformation 𝛼 : 𝐹Φ ⇒ 𝐹𝜄, by simply 

reusing the legs from Theorem 3.58:

𝛼𝐴 ≔ 𝜑(𝐴, id).
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This is a homomorphism because 𝜑(𝐴, id) is (Theorem 3.58). For this to be natural we 

need to show that 𝐹(𝑓) ∘ 𝛼𝐴 = 𝛼𝐵 ∘ 𝐹Φ(𝑓), which amounts to showing that

𝐹(𝑓, 𝛼𝐴(𝑢)) =
. 𝐹(𝑓, [(𝐴, id, 𝑢)])
=. [(𝐴, 𝑓, 𝑢)]

=? [(𝐵, id, 𝐹Φ(𝑓, 𝑢))]

=. 𝛼𝐵(𝐹Φ(𝑓, 𝑢))

which we give by the following diagram:

𝑓 id

id
id𝑓

𝐴, 𝑢 𝐵, 𝐹Φ(𝑓, 𝑢)

𝐵

𝐵

Assume another 𝐺 : 𝐒𝐞𝐭 → 𝐆𝐫𝐩 along with natural transformation 𝜂 : 𝐹Φ ⇒ 𝐺𝜄. To 

construct 𝜎 : 𝐹 ⇒ 𝐺, consider 𝜎𝑋 : 𝐹 (𝑋) → 𝐺(𝑋) where we are given [(𝐴, 𝑓, 𝑢)]; 
applying 𝐺(𝑓) ∘ 𝜂𝐴 : 𝐹Φ(𝐴) → 𝐺(𝑋) to 𝑢 gives us what we want.

For any (𝐴, 𝑓, 𝑢) ∼ (𝐵, 𝑔, 𝑣) we need to show that 𝐺(𝑓, 𝜂𝐴(𝑢)) = 𝐺(𝑔, 𝜂𝐵(𝑣)). Notice 

first the upper bound:

𝜙𝐴 𝜙𝐵

𝛾
𝑔𝑓

𝐴, 𝑢 𝐵, 𝑣

𝐶

𝑋

We have the following chain of equalities:

𝐺(𝑓, 𝜂𝐴(𝑢)) = 𝐺(𝛾 ∘ 𝜙𝐴, 𝜂𝐴(𝑢))
= 𝐺(𝛾,𝐺(𝜙𝐴, 𝜂𝐴(𝑢)))

= 𝐺(𝛾, 𝜂𝐶(𝐹Φ(𝜙𝐴, 𝑢)))

= 𝐺(𝛾, 𝜂𝐶(𝐹Φ(𝜙𝐵, 𝑣)))
= 𝐺(𝛾,𝐺(𝜙𝐵, 𝜂𝐵(𝑣)))
= 𝐺(𝛾 ∘ 𝜙𝐵, 𝜂𝐵(𝑣))
= 𝐺(𝑔, 𝜂𝐵(𝑣)),
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using 𝜂 : 𝐹Φ ⇒ 𝐺𝜄 and the upper bound of 𝐴,𝐵. This is a homomorphism because

𝜎𝑋([(𝐴, 𝑓, 𝑢)][(𝐵, 𝑔, 𝑣)]) =
. 𝜎𝑋([(𝐴 + 𝐵, 𝑓 + 𝑔, 𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣))])

=. 𝐺(𝑓 + 𝑔, 𝜂𝐴+𝐵(𝐹Φ(𝜄𝐴, 𝑢)𝐹Φ(𝜄𝐵, 𝑣)))

= 𝐺(𝑓 + 𝑔, 𝜂𝐴+𝐵(𝐹Φ(𝜄𝐴, 𝑢))𝜂𝐴+𝐵(𝐹Φ(𝜄𝐵, 𝑣)))
= 𝐺(𝑓 + 𝑔,𝐺(𝜄𝐴, 𝜂𝐴(𝑢))𝐺(𝜄𝐵, 𝜂𝐵(𝑣)))
= 𝐺(𝑓 + 𝑔 ∘ 𝜄𝐴, 𝜂𝐴(𝑢))𝐺(𝑓 + 𝑔 ∘ 𝜄𝐵, 𝜂𝐵(𝑣))
=. 𝐺(𝑓, 𝜂𝐴(𝑢))𝐺(𝑔, 𝜂𝐵(𝑣))
=. 𝜎𝑋([(𝐴, 𝑓, 𝑢)])𝜎𝑋([(𝐵, 𝑔, 𝑣)])

due to naturality of 𝜂 and 𝜂𝐴+𝐵 being a homomorphism.

Naturality we give by 𝐺(ℎ) ∘ 𝜎𝑋 = 𝜎𝑌 ∘ 𝐹(ℎ) where ℎ : Hom𝐒𝐞𝐭(𝑋, 𝑌 ), as follows:

𝐺(ℎ, 𝜎𝑋([(𝐴, 𝑓, 𝑢)])) =
. 𝐺(ℎ,𝐺(𝑓, 𝜂𝐴(𝑢)))
= 𝐺(ℎ ∘ 𝑓, 𝜂𝐴(ℎ))
=. 𝜎𝑌 ([(𝐴, ℎ ∘ 𝑓, 𝑢)])
=. 𝜎𝑌 (𝐹(ℎ, [(𝐴, 𝑓, 𝑢)])).

To proceed we want to show that 𝜎 ∘ 𝛼 = 𝜂; to do so we give 𝜎𝐴 ∘ 𝛼𝐴 = 𝜂𝐴:

𝜎𝐴(𝛼𝐴(𝑢)) =
. 𝜎𝐴([(𝐴, id, 𝑢)])
=. 𝐺(id, 𝜂𝐴(𝑢))
= 𝜂𝐴(𝑢).

We finish by showing that given any other 𝜎′ : 𝐹 ⇒ 𝐺 such that 𝜎′ ∘ 𝛼 = 𝜂, we have 

𝜎 = 𝜎′:

𝜎𝑋([(𝐴, 𝑓, 𝑢)]) =
. 𝐺(𝑓, 𝜂𝐴(𝑢))
= 𝐺(𝑓, 𝜎′𝐴(𝛼𝐴(𝑢)))
= 𝜎′𝑋(𝐹(𝑓, 𝛼𝐴(𝑢)))
=. 𝜎′𝑋(𝐹(𝑓, [(𝐴, id, 𝑢)]))
=. 𝜎′𝑋([(𝐴, 𝑓, 𝑢)]).

The reader may note that we have not given any “equality of equalities” here, justified 

by the fact that the maps in question are sets. ⁠ □
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Chapter 4

Discussion

In this thesis, we have constructed the free group on an arbitrary set in HoTT, using a 

categorical approach based on filtered colimits. This construction avoids the need for 

decidable equality, which is an unavoidable hurdle in the univalent setting, and instead 

leverages the structure of finite sets and their colimits.

One of the main contributions of this work is the explicit and constructive nature of the 

construction. Rather than relying on abstract categorical reasoning, we have provided 

direct proofs of the group laws and the universal property for the free group, both in 

the case of finite sets and in the general case. While this approach is very concrete, in 

the future we would like to generalize this to a more abstract approach, as outlined in 

Chapter 5.

The use of filtered colimits highlights the utility of categorical reasoning in constructive 

mathematics. By constructing the free group as the colimit of free groups on finite sets, 

we obtain a relatively modular framework. This method can potentially be generalized 

to other algebraic structures, such as rings, modules, or monoids, having the functor for 

the finite sets as a hypothesis.

Our formalization in Agda demonstrates the feasibility of this approach in practice. The 

process of formalization also revealed subtle points in the construction, such as the 

careful handling of morphisms in the filtered diagram as in Section 3.2.2, and the explicit 

construction of the colimit as in Theorem 3.58. These insights may be valuable for future 

work on formalizing other algebraic or categorical constructions in HoTT.

Finally, this work opens several avenues for further research. The categorical perspective 

adopted here suggests connections to universal algebra and functorial semantics, which 

may yield new insights into the structure of algebraic theories in HoTT (see Chapter 5).

In summary, this thesis demonstrates that categorical and constructive methods provide 

a robust foundation for algebraic constructions in HoTT, and that filtered colimits are a 

useful tool for overcoming the limitations imposed by the need for decidable equality. 

The results and techniques developed here hopefully advance the understanding of free 

groups in HoTT and may potentially contribute to integrating categorical methods with 

type theory.
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Chapter 5

Future Work

In the future, one could explore an alternative to our approach, more abstract in nature, 

proceeding as follows:

First, filtered colimits commute with finite limits in 𝐒𝐞𝐭 (and in many other categories). 

This means that taking a finite limit (such as a pullback or equalizer) of a diagram of 

filtered colimits, yields the same result as first taking the finite limit in each diagram 

and then forming the filtered colimit.

Next, the forgetful functor 𝑈 : 𝐆𝐫𝐩 → 𝐒𝐞𝐭 creates filtered colimits. That is, given a 

filtered diagram of groups and group homomorphisms, the colimit in 𝐒𝐞𝐭 (of the under

lying sets) can be equipped with a unique group structure making it the colimit in 𝐆𝐫𝐩. 
This property allows us to lift constructions from sets to groups when working with 

filtered colimits.

Finally, note that 𝑋 is a filtered colimit of finite sets. The universal property of this 

colimit gives the universal property of the group given by 𝑈  creating filtered colimits.

Putting these facts together, we can argue as follows:

• Because filtered colimits commute with finite limits,

• If we can provide the free group for finite sets mapping into 𝑋,

• And because 𝑈 : 𝐆𝐫𝐩 → 𝐒𝐞𝐭 creates filtered colimits, we get the a unique group 

structure on 𝑋;

• Due to 𝑋 being a filtered colimit of finite sets, the aforementioned group is indeed the 

free group on 𝑋.

This approach is more abstract, making the proof potentially more modular. One could 

investigate whether similar arguments apply to other algebraic structures (like rings, 

modules, etc.). This could lead to a broader generalization of the results and new 

insights into the structure of algebraic theories. In particular, one might extend this to 

locally presentable (or even accessible) categories and try to generalize this to arbitrary 

algebras.
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