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Abstract

The accurate calculation of nucleon-nucleon scattering observables from first princi-
ples is an ongoing challenge within nuclear physics. Working within the framework
of chiral effective field theory provides a method for calculating such observables.
This is achieved through the construction of an effective Lagrangian that maintains
the symmetries of quantum chromodynamics (QCD). In this thesis, truncation of
the Lagrangian is performed using a modified Weinberg power counting, introducing
a set of unknown low-energy constants at each order in the chiral expansion.

Bayesian history matching is used to explore the leading order description of the
nucleon-nucleon system. This is achieved through the iterative reduction of the
four-dimensional parameter space, taking a Bayes linear approach. The history
matching implementation is validated on the nuclear liquid drop model. Several
novel methods of sampling are introduced within the implementation with the pur-
pose of capturing correlations between parameters; The generation of ellipsoidal
distributed samples is shown to be the most successful. History matching is subse-
quently applied to the proton-neutron scattering problem. We identify the subset
of parameter space containing all low-energy constants that produce model outputs
consistent with experimental two-nucleon scattering data, accounting for relevant
sources of uncertainty. Non-implausible parameter volumes are obtained across a
range of momentum regulator cutoffs. A set of non-implausible samples are used
to predict the deuteron binding energy. Results indicate that the inclusion of this
observable within the history match could further constrain the volumes.

The analysis performed in this thesis was successful in producing sets of non-
implausible samples. Such sets can be subsequently used as a starting point for
a full Bayesian analysis, with the aim of producing posterior probability distribu-
tions of the parameters. For example, the samples can be used to initialise walkers
within the Markov Chain Monte Carlo method.

Keywords: global parameter search, computer models, history matching, nuclear
physics, liquid drop model, nucleon-nucleon scattering, chiral effective field theory,
modified Weinberg power counting, emulators
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Chapter 1

Introduction

The driving force behind nuclear physics is the goal to understand the properties of
atomic nuclei. The nucleon-nucleon (NN) scattering process provides valuable in-
sight into these properties and the forces which govern them. Scattering phase shifts
and scattering observables can be determined numerically starting from a realistic
model of the nuclear interaction, developed within the framework of chiral effective
field theory (YEFT) [1-6]. This framework originates in chiral perturbation theory
(xPT) [7] and leads to an infinite number of interaction terms. These terms can
be ordered using a power counting scheme, leading to a finite number of terms at
a given order. Modified Weinberg power counting (MWPC), as defined in Refs. [6,
8, 9], is the scheme used within this thesis. However, the use of this framework
introduces a set of unknown parameters named low-energy constant (LEC)s. The
number of LECs depends upon the truncation order of the scheme. In this thesis,
leading order is considered, which for our MWPC implies that a four-dimensional
parameter space must be explored.

The governing of a model by a set of unknown input parameters is not unusual,
particularly in the case of complex computer models. In these cases, the model
can be fitted to experimental data through parameter optimisation, aiming to min-
imise the difference between the model output and the given data. However, such
parameter optimisation can be challenging, particularly in high dimensional cases.
In this project, the problem of multi-parameter optimisation is approached using
the Bayesian history matching method [10, 11]. The use of history matching corre-
sponds to a Bayes linear approach [12] and eliminates the need for a full probabilistic
analysis. This method is an iterative process that allows a set of non-implausible
model parameters to be identified and subsequently used to make model predictions.
However, evaluating the model over a large parameter space to perform a history
match can be computationally demanding. Instead, emulators are incorporated into
the history matching scheme. This allows approximations of the model to be made
and significantly lessens the computational cost.

This thesis is divided into two main areas of study. The focus will first lie on the
investigation and validation of the history matching scheme using the nuclear liquid
drop model as a toy model. This will involve the introduction of several sampling
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designs, defined as types of non-implausible volumes. The purpose of this first area
of study is to answer the following questions:

1. Does the method of history matching, when applied to the liquid drop model,
successfully show a reduction in parameter space? Furthermore, does a set
of optimal input parameters obtained using linear regression fall within the
obtained non-implausible parameter volume?

2. Can alternative sampling methods be introduced to the history matching
scheme, with the aim of successfully capturing correlations between input pa-
rameters?

3. How do the alternative sampling designs perform in terms of sampling ef-
ficiency, when compared to sampling methods typically used within history
matching?

The second area of focus of this thesis will be the modelling of the neutron-proton
(np) system. This will involve the application of history matching to xYEFT at
leading order (LO) in MWPC [9, 13]. The final aim is to locate the region(s) of
parameter space that lead to acceptable matches between model outputs and data.
The analysis will be performed using experimental data on scattering phase shifts
[14, 15] and scattering observables. A history match will be first performed using a
momentum regulator cutoff of A = 450 MeV. The obtained set of non-implausible
samples will be used to predict an observable that was not included within the his-
tory match, in order to investigate the performance of the method. Finally, history
matches will be performed for a range of momentum regulator cutoffs in order to
explore the non-implausible LECs obtained in each case.

Both history matching and yEFT are topics of a wide scope. However, this thesis
is only able to explore a limited number of the possibilities offered by these research
topics. Therefore, potential outlooks and improvements to the current work will be
discussed in the final chapter of the thesis.



Part 1

Theory






Chapter 2

Bayesian History Matching

2.1 An Introduction to History Matching

History matching [10, 11, 16] is a statistical method used to iteratively identify the
set of all acceptable input parameters for a computer model of a physical system.
The goal of history matching may be to locate a parameter volume with the aim
of learning more about the parameters or the model in question. Alternatively,
one may wish to infer a set of optimum parameters through the construction of a
posterior distribution. In this case, the aim of the history match is to reduce the
parameter volume enough so to perform a full Bayesian analysis at the next stage.
One method is to use the remaining set of parameter samples as initial positions
when performing Markov Chain Monte Carlo (MCMC) sampling [17].

The aim is to identify all such non-implausible parameter choices for (a vector of)
given observational data z. Each observational datapoint z;, corresponds to a mea-
surement of the physical system y;, differing by an observational error €, i. The
observational errors are modelled as stochastic variables, such that each error is
specified via its mean Eleeyp, ;| and variance Var|eep, ;). In this thesis, we make the
assumption that Ele.y, ;] = 0, but note that this is not always the case. The relation
between the vectors of quantities is given by

Z =Y+ €exp. (2.1)

The model is unlikely to perfectly represent a physical system, giving rise to ad-
ditional uncertainties. The model is represented as a function of a vector of input
parameters @ that produces a vector of model outputs M (0). It can therefore be
stated that

Y= M<0> + €model T Emethod, (2.2)

where €yodel; i the model discrepancy [18] corresponding to the model output M;,
and specified via Elemoder, i) and Var|emodel, i). It represents uncertainty due to ap-
proximations and simplifications within the model. €nyethod,; is similarly defined as
a stochastic variable with Elemethod, i) and Var|[emethod, i). It is known as the method
uncertainty and the term represents uncertainty arising from the computational



2. Bayesian History Matching

method used to obtain numerical model solutions. Similarly to earlier, we assume
that E[emOdel’ i] =0 and E[emethod, i] =0.

We define Q(z) as the set of all input parameters that lead to an acceptable model
fit through the fulfillment of Eq. (2.2). To identify Q(z), the model must be
evaluated over parameter space. Unless the model solution is available as a closed
form expression, one must choose a reduced area of parameter space to explore.
Even so, this parameter volume may be large. In the case of complex computer
models, a large parameter space may lead to a computer evaluation that is too
costly for full exploration. To counter this, some models allow for the construction
of an emulator. This emulator is used to evaluate an approximation to the model
output M (). The resulting relation is defined by

M (0) = M(0) + €c, (2.3)

where an additional uncertainty €., has been introduced, corresponding to the error
arising due to the use of an emulator. An input parameter vector 8 therefore leads
to an acceptable model fit if the following relation is fulfilled:

z = M(é) + €cxp T Emodel T Emethod T Eem- (2.4)

As described, the uncertainties are modelled as stochastic variables and thus they are
described by probabilistic distributions that can be approximated. In the context of
history matching, the variances of the uncertainties are incorporated into a metric
used to iteratively exclude implausible parameter regions in order to obtain Q(z).
This metric is named the implausibility metric and evaluates the distance between
an expectation value E[M | outputted by the emulator for a given 6 and the obser-
vation z, standardised by the aforementioned uncertainties. Assuming uncorrelated

outputs, the implausibility metric is defined as

2

E[N(0)] -

2 _
I7(6) = max e e =
exp,i model,i method,i em,i

ZLEZ T

(2.5)

Where Z is the set of relevant observables. The denominator is the sum of the

variances of the uncertainties for the ith observable, written as ngpi = Var[€exp,il,
2 _ 2 _ 2
O-modeLi - Var[emOdeLi]? Umethod,i - Var[emethOd,iL and Uem,i - Var[eem7i].

The implausibility metric assigns each set of input parameters 8 an implausibility
value 1(0). An implausibility cut-off can then be imposed. Following Pukelsheim’s
3-sigma rule [19], all input parameters with () > 3 are determined to be implau-
sible and subsequently discarded. Note that a case of 1(8) < 3 does not imply that
0 is plausible but simply that it cannot be ruled out at this stage. Similarly, his-
tory matching is a likelihood free method since the uncertainties are only described
by their expectation values and variances, rather than a fully specified probability
density function (PDF) for each. Therefore, a lower value of 1(8) does not imply
a greater ‘plausibility’ than a higher value would, if both values fall below the cut-off.
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Due to the existence of multiple observables z; € Z, and therefore multiple implau-
sibilities obtained for each observable at a given 8, Eq. (2.5) requires a maximum
implausibility value to be taken. We denote the maximum implausibility by I,,.
An alternate approach is to take the second or third highest implausibility value,
denoted Iy, and I3, respectively, ensuring that errors in uncertainty variance esti-
mates do not lead to unfairly labelling points as implausible.

The iterations of a history match are known as waves. Each wave operates as follows:
1. A conservative number of parameter samples are generated over the non-
implausible parameter volume (),. These samples are chosen using a space
filling design. The model is evaluated for this set of input parameter samples.

2. When emulating the model, we require a set of training data for the emulator.
The previously obtained set of model evaluations, alongside the set of param-
eter samples used to generate them, form the training data. The emulator is
then fitted over the entirety of (), using the training data.

3. A larger number parameter samples are generated within @),, again using a
space filling design. The emulator is used to generate an output for each
sample.

4. The implausibility metric is evaluated for the emulator outputs. The implau-
sibility cut-off is imposed and all input parameters with 7(@) greater than the
cut-off are discarded.

5. The remaining parameter samples define the new non-implausible volume
@n+1, which could be several orders of magnitude smaller than @,,.

6. The waves continue until one of two conditions are met. If the emulator uncer-
tainty falls below the other uncertainties, additional iterations will not further
decrease the size of the non-implausible region and the history match is ter-
minated. Alternatively, if the non-implausible region is empty, the scheme is
ended. If neither of these criteria are fulfilled, the above scheme is repeated,
now sampling over Q1.

In the (n + 1)th wave, the non-implausible parameter volume @), is smaller than
that of the previous wave’s volume (),,. The exact definition of the non-implausible
parameter volume will be explored later in this thesis (see Section 5).

The strength of the history matching scheme lies within its ability to achieve this
volume reduction. This is accomplished through the elimination of parameter space
containing samples deemed implausible through the comparison of model outputs
with observational data. There are several ways in which the non-implausible volume
may continue to shrink after the initial wave:

o In each wave after the first, new samples are generated within a smaller vol-
ume than in the previous wave. Therefore, the density of samples is greater
than in the previous wave, if the total number of samples is kept constant.
The emulator then improves as the model function within the decreased vol-
ume becomes smoother. Consequently, the emulator variance decreases and
samples that were previously non-implausible may be deemed implausible.

« Additional observables may be introduced in later waves. The parameter space
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is now further constrained by these observables.

e One or more parameters may be chosen to act as inactive during earlier waves
and ‘activated’ in a later wave. Since an inactive parameter introduces initial
uncertainty, and this uncertainty is removed once the parameter is introduced.
Samples deemed non-implausible before may now be implausible.

2.1.1 Model Discrepancy

The idea of model discrepancy was briefly introduced in relation to history match-
ing. This section will discuss the concept further.

Models are used to predict the behaviour of a physical system. It is unlikely that
a model will perfectly represent any real physical system, resulting in a systematic
error between the model output and the physical quantity — the model discrepancy.
The model discrepancy is especially relevant in the case of models of a system as
complex as the atomic nucleus. If calculation of the discrepancy was trivial, then
such a value would be incorporated into the model directly. Instead it requires a
more considered approach — the estimation of the probabilistic distribution of the
discrepancy.

In most cases, it is not possible to solve for model parameters analytically. This does
not allow for model outputs to be generated with the explicit goal of comparison
with data, and thus the uncertainty cannot be quantified directly. In reality, one
generally requires the model uncertainty in order to infer the parameters. However,
a deeper consideration of the model itself may reveal simplifications and approxima-
tions that lead to the existence of a discrepancy. As a result, expert opinion is often
a useful way to approximate the probabilistic distribution of the model uncertainty,
as utilised in Refs. [10, 11]. Alternatively, some models may allow the discrepancy
to be estimated through an investigation of the construction of the model. For
example, YEFT offers a systematic way to quantify the model discrepancy via the
knowledge of the magnitudes of truncated orders (see Section 3.2).

There exist alternative, and potentially more robust, methods for the approximation
of model discrepancy. For example, modelling the model discrepancy as a Gaussian
process has been shown to lead to model predictions compatible with observational
data [18]. However, such a method is out of the scope of this thesis.

2.2 Emulation

In order to determine the implausibility over the parameter space, it is required to
evaluate the model over such a space. However, this is infeasible for a computa-
tionally expensive, complex model operating within a high dimensional parameter
space. An alternative approach is the construction of emulators. Emulators, given
a set of training data, can approximate model outputs.
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In several history matching implementations [10, 11, 17] the Bayes Linear approach is
implemented. In this approach, an emulator is constructed that can predict outputs
based only on mean and covariance values.

2.2.1 Gaussian Process Emulators

Gaussian processes provide a powerful approach to approximating model outputs
through the incorporation of prior knowledge. This thesis will provide a brief
overview of the core concepts behind Gaussian process emulators. It will follow
the approach given in Ref. [20] which may be referred to for a more comprehensive
description. To preserve a sense of continuity, the notation used in the following
sections will follow that of Section 2.1 rather than that of [20].

A Gaussian process consists of a collection of random variables such that any finite
subset of variables has a multivariate Gaussian distribution. It is entirely defined by
the mean function (@) and the covariance function k(6,8’) of a real process u(0)
and may be written as

u(0) ~ GP(1(0),k(0,6")). (2.6)

A common choice of covariance function, and that used in this thesis, is the squared
exponential kernel, given by

|‘9—9’||2), (2.7)

cov(u(@),u(ef)> = k(0,60 = Oj%exp<| 502

Where the correlation length ¢ and variance O'J% are hyperparameters. The aim of a
Gaussian process emulator is to infer the posterior distribution over functions given
a training set of input parameters 8, and corresponding function outputs u; = u(6;).
The posterior distribution over outputs u for a set of test inputs @ can be expressed
through Bayes’ theorem. Bayes’ theorem is defined as

likelihood X prior

terior = . 2.8
POSLEHOT marginal likelihood (28)

In the context of our model, this may be written as
p(u | 0:,0,u;) x p(u; | 0,6, u)p(u). (2.9)

Working in a Bayesian formalism allows for the assumption of a Gaussian process
prior over functions in the form of Eq. (2.6). By definition of a Gaussian process,
the joint distribution of the training outputs and the test outputs must be Gaussian.
It can be expressed as

(] s ds)) e

It can then be shown (see Ref. [20] for a detailed derivation) that the posterior has
a Gaussian distribution of the form

p(ul]0,0;,u) = N(M(O) + k(6,0,)k(6;,0,) " (u — 11(6,)),

(2.11)
k(6,0) — k(6,6,)k(6:,6,)"k(6;,6)).



2. Bayesian History Matching

2.2.2 Regression Plus Gaussian Process Emulators

Refs. [10, 11, 17] implement emulators within their history matching schemes that
combine the use of regression and Gaussian processes. In this work, the same ap-
proach is taken, and the construction of the emulator for the ith model output M;
is defined as

The first term is simply a regression term, where [3;; are regression coefficients cor-
responding to low order polynomial functions g;;(€) of the input parameter vector
0. The second term is a Gaussian process. The regression term allows for the global
behaviour of the model to be captured. The Gaussian process term is then used to
emulate the model’s local behaviour, better accounting for the model’s complexity.
In the case of high dimensional parameter spaces, a subset of the parameters may
have the greatest effect on model output. The remaining parameters may then be
classed as inactive parameters. w; is a ‘nugget’ term that may be used to model any
noise arising from the existence of inactive parameters.

Since the Gaussian process is used to model local behaviour, u;(8) is assumed to have
zero mean. The regression term acts similarly to the mean function usually present
in a Gaussian process. Implementing the relation given in Eq. (2.11) alongside Eq.
(2.12) gives the expectation value of the model output, which may be written as

E[M(0)] = 11(6) + k(6, 6,)k(6;,6,)"" (M — 1(6;)) (2.13)
p(0) = > E[Bijlgii(0). (2.14)

Similarly, the variance is given as

Var[M(8)] = Var[z Bii9i;(0)] — k(0,0,)k(6;,0,)""k(0,,0). (2.15)
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Chapter 3
Chiral Effective Field Theory

Quantum chromodynamics (QCD) provides the fundamental theory behind the
strong nuclear force, formulated in terms of quarks interacting via the exchange
of gluons. The theory of QCD is encoded within a Lagrangian. Despite the de-
ceptive simplicity of possessing all QCD information within a single Lagrangian,
performing predictions using QCD has proved to be difficult. Due to the large scope
of QCD, this thesis cannot provide a comprehensive description of the theory. An
overview of QCD can instead be found at [21]. However, the complexity of solving
QCD is introduced to explain the difficultly that nuclear physicists have faced for
decades in the effort to model nuclear interactions. In the high-energy regime, per-
tubative techniques are seen to be effective. However, QCD is non-perturbative in
the low-energy regime in which nuclear physicists are interested [9]. Lattice QCD
[22] offers a method for the computation of low-energy quantities, but is extremely
computationally intensive. Instead, effective theories are currently widely used.

The effective field theory (EFT) approach [23] allows for an approximate description
of a physical system at a given energy scale, taking into account only the degrees of
freedom relevant at the chosen scale. To do so, a separation of scales must be iden-
tified. Alongside a separation of scales, there are several more important properties
of an EFT. Firstly, an EFT must be consistent with the symmetries present in the
underlying theory, typically leading to an infinite number of terms. Furthermore,
the problem of having an infinite number of terms is handled by the idea of power
counting. In this case, an expansion parameter is introduced and each term is de-
pendent on the parameter to a certain order. This orders the terms by their relative
importance and allows for the identification of leading order terms that will have
the greatest influence. The concept of power counting is discussed further in Section
3.1. A second important feature of an EFT is the requirement of renormalizability
at each order [8].

XEFT [4] is an EFT developed according to the underlying theory of QCD, where
nucleons and pions are treated as degrees of freedom. yEFT is named as such since
it is consistent with the broken chiral symmetry of QCD, amongst other symme-
tries. The separation of scales is based on the significant difference between pion
mass m, and the chiral-symmetry-breaking scale A,. The soft scale is therefore

11



3. Chiral Effective Field Theory

approximated as the maximum of either the nucleon momentum p or the pion mass
m, ~ 140 MeV, for low energies. The chiral-symmetry-breaking scale is known as

the hard scale A, <~ 1 GeV.

The Lagrangian is based upon Weinberg’s ‘Folk Theorem’ [1], which motivates the
construction of an effective Lagrangian including all terms consistent with symme-
tries (and broken symmetries). The prediction of low-energy nuclear observables
is then possible through the calculation of amplitudes of Feynman diagrams to a
given order of an expansion in terms of a small parameter. This small parameter is
defined as the ratio between the soft scale and hard scale, and is given by

max (p, 7 )
A )

X

Q= (3.1)

3.1 Power Counting

There exist an infinite number of terms within the effective Lagrangian — clearly
an impracticable feature as one must derive all terms and will subsequently possess
an infinite number of unknown parameters, where such a parameter is known as a
LEC. The solution to this problem utilises the aforementioned separation of scales to
perform an expansion. A power counting scheme was first demonstrated in several
papers by Weinberg [1-3] and has been further developed since [5, 24, 25]. Within
the scheme, contributions to YEFT scale with (Q/A,)”. The value of such a scheme
is that it allows for a truncation of the expansion at a particular order v. Calcula-
tions may be made to a desired precision through the inclusion of higher order terms.

At LO in Weinberg power counting (WPC), the interaction potential in momentum
space is given by

y (01-q)(02 - q)

A
_47](‘7%7—1‘7—2 mgr+q2

The first term is the one-pion-exchange potential. g4 is the axial coupling and f is
the pion-decay constant. o and 7 are the spin and isospin, respectively, where the
subscripts refer to the nucleon in the interaction. The second and third terms act as
NN contact terms and are accompanied by two LECs, Ch s, and Cs s,, acting in the

Vo (o, p) = + Cigy Prg, + Cag, Pus,. (3.2)

1S, and 35, partial waves, respectively!. Pig, and Psg, are projection operators.

The use of WPC has yielded successful results when modelling the nuclear inter-
action. However, WPC must be modified if one wants to achieve renormalisation
group-invariance [6, 8, 9], or RG-invariance. Such a modification is referred to as
MWPC in this thesis. In order to achieve RG-invariance at LO, two additional
counter terms are promoted from higher order. These additional contact terms act
in the 3Py and 2P, partial waves. The LO potential may now be represented by

VEIEWEC(p, p') = Vi%FC(p, p') + (Csp, Pop, + Csp, Pop, )pp/, (3.3)

ITilde notation is used to differentiate Ci s, and Cs s, from the LECs Cig, and Csg, appearing
at next-to-leading order (NLO).

12



3. Chiral Effective Field Theory

where two additional LECs, Csp, and Csp,, have been introduced.

Each of the counter terms of the effective Lagrangian at LO in MWPC is therefore
accompanied by an unknown LEC. I now refer back to Chapter 2, where the concept
of a model, dependent on a set of unknown parameters, is introduced. YEFT may
be considered as such a model which could well represent a physical system with the
inclusion of all symmetry-consistent terms. Precision lost due to the truncation of
YEFT at a finite order in the chiral expansion can be encapsulated within a model
discrepancy term.

Upon possession of estimated parameters, the model may be used for quantitative
predictions of nuclear observables. The inference of LECs is therefore a topic of
much importance in nuclear physics [26, 27]. Working within a Bayesian framework
is a particularly popular approach, as the use of priors on the LECs allows for the
inclusion of theoretical beliefs, such as naturalness arguments [6]. In addition, the
parameters can be constrained according to an abundance of observational data (e.g.
NN scattering observables). Using the NN potential in Eq. (3.3), the Lippmann-
Schwinger equation may be solved (see Section 4.4) allowing for the calculation of
such scattering observables.

3.2 Model Discrepancy

A model discrepancy arises as a result of the truncation of the chiral expansion. This
thesis follows the method of determining the model discrepancy given by Refs. [28,
29]. The truncated YEFT expansion for a predicted observable y, may be written
as

k
k v
yt(h) = Yref Z @, (3.4)
v=0

where y,r is a reference observable value that sets the scale, ¢, are expansion co-
efficients, and the truncation is performed at chiral order k. @ is the expansion
parameter defined in Eq. (3.1). The truncation at k leads to an error given by

K
61(;? = Yref Z CZ/Qua (35)
v=k+1

where K — oo. The expansion coefficients ¢, are unknown but may be assumed
to be independent and identically distributed, and equally likely to be positive or
negative. As such, we may assume a mean zero Gaussian prior on ¢,, written as

c, ~ N(0,2%), (3.6)

where Ecl)le variance ¢ quantifies the magnitude of the coefficient. Conditioning our
k

error ¢, on values for ¢ and @ allow us to construct the PDF for the error
k)=
pr(e 1%, Q. 1) = N(0,0,). (3.7)
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3. Chiral Effective Field Theory

For the purposes of this thesis, the errors are assumed to be uncorrelated. As in
Ref. [30], we now obtain an expression for the model discrepancy variance as

2 2,2 Q2(k+1)
Oth = € Yret 1 — Q2 : (38)

There are no contributions to the potential at ¥ = 1, and therefore the first non-zero
term in Eq. (3.5) occurs at v = 2. Therefore, at leading order, kK = 1 and the model
discrepancy variance becomes

_ Q*
O'gh = CzyrQefl _ QQ' (39)
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Chapter 4

Scattering Theory

In its broadest sense, quantum scattering theory describes a process in which an
initial state undergoes an interaction and is transformed into a final state. An im-
portant motivation behind studying scattering processes in nuclear physics is to gain
insight into the properties of atomic nuclear forces through scattering observables.

In this chapter, the basics of scattering theory are covered. The field of quantum
scattering is complex; To do the topic justice, a more comprehensive exploration of
the theory is required than is possible in this thesis. Therefore, the topics introduced
in the following sections aim to give a brief overview of the theory required for an
elementary understanding of how scattering observables are obtained in the case of
nucleon-nucleon scattering. A deeper exploration of several concepts may be found
in Appendix B. The theory in this chapter primarily follows that given in Refs.
[31-33].

4.1 Scattering Cross Sections

We begin by considering the scattering of a single particle with mass m from a
potential V(7). A complex-valued wavefunction ¢ (7) is introduced to describe the
motion of the particle relative to the target potential. The wave function obeys the
time-independent Schrodinger equation,

Hlip(r)) = Efg(r)). (4.1)
The Hamiltonian H, in canonical coordinates r and p, is

2
H=2 yv@)=Hy+V(r). (4.2)
2m

where Hj is the Hamiltonian in the absence of any interactions. Solutions to Eq.
(4.1) are energy eigenstates. There exist two types of state: Bound states and
scattering states. Bound states are localised to a region of space and have discretised
energies of F < 0. In contrast, scattering states are not localised to any region and

have I/ > 0. In the case of scattering states, the energy eigenvalues take the form

2

D
E,=—. 4.3
k 2m ( )
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4. Scattering Theory

The wave function of a scattering state takes the form

¢(T) = wincident + 7pscattered' (44)

This can be interpreted by imagining a plane wave approaching the potential from
r — —00, scattering off the potential, and ‘spreading’ out into a spherical wave as
r — 00. The outgoing spherical wave will possess a phase and an amplitude, and
thus we can represent the wavefunction as

f(ea 90) eikr

_ iker
U(r) = 74 5

, (4.5)

where f(6, ) is defined as the scattering amplitude. We now introduce the differ-
ential cross section do/dS), defined as

do g0 — Number of particles scattered into df) per unit time

ds2 Flux of incident particles ’ (4.6)

where df) is a solid angle about (6, ¢), and illustrated in Fig. 4.2. The differential
cross section can be related to the scattering amplitude by

do
a0 :|f(0790)|2’ (4.7)

where Ref. [32] can be consulted for a detailed derivation. The total cross section
oot 18 defined as

o = [1£(6,9) 2. (4.8)

The aforementioned scattering observables may also be referred to by the SAID
nomenclature [34]. In this work we will consider total cross section (SGT), differen-
tial cross section (DSG), and polarization of the beam (PB). Details on PB may be
found in Ref. [35].

If a spherically symmetric potential is assumed, the system is rotationally invariant.
As such, we may choose the direction of the incident wave to be along the z-axis and
the scattering problem to now be independent of the azimuthal angle ¢. Therefore,
calculation of the scattering cross section reduces to the problem of calculating f(6).

4.2 Two-Body Scattering

In the previous section, the scattering of only a single particle was considered. The
scenario of interest for this thesis is two-nucleon scattering, and therefore the two-
body scattering problem must be considered. The problem may be simplified by
viewing the elastic scattering of two particles from the centre-of-mass frame of ref-
erence, which reduces the problem to that of a single particle scattered by a fixed
potential under relative coordinates.
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4. Scattering Theory

We consider two particles of mass m; and ms, located at positions r; and r,, re-
spectively. Instead of the particles scattering off one another, the particles may be
viewed as undergoing motion due to an interaction potential that depends on the
distance between the particles r.q as

V(ry,re) = V(rs —ra) = V(ra). (4.9)

It is convenient to express the masses in terms of the reduced mass, defined as

myms
= — 4.10
h = (4.10)

The relative momentum of the system can be expressed as

mipr — MaP2
rel — . 4.11
Prel mi + Mo ( )
We also define the total mass M and total momentum P of the system as
M:ml—i—m2, P:p1 +p2 (412)
The Hamiltonian of the two-body system can be written as
2 2
P D3
H="4+2=4+V(ra). 4.13
2m + 2m + V() ( )

Instead working with the relative and total quantities defined above, the Hamiltonian
becomes [36]

P? Pl
H=— = V(rwe)| = Hem + Hyal- 4.14
oM [zmrel tVir el)} on T (1)
Within the centre-of-mass frame, p; = —p,. Since this thesis considers two-nucleon

scattering, we introduce the notation pxy to denote the reduced mass of the two
nucleons, each with mass my, as

iy = NN TN (4.15)

We use Vyn to represent the potential present in nucleon-nucleon scattering. The
Hamiltonian for two-nucleon scattering is therefore given by

H = p?el

= VAN 4.16
QNNN+ N ( )
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4. Scattering Theory

(a) (b)

Figure 4.1: Two-body scattering, viewed from the centre-of-mass frame, is shown
as equivalent to one-body scattering upon the use of relative coordinates, in (b); An
incoming state with relative momentum p is transformed to an outgoing state with
relative momentum p’ after interaction with a potential V(7).

df
wincident

> V(r)

wscattered

Figure 4.2: Scattering of a single particle from a potential. The wavefunction
consists of an incident plane wave and a scattered spherical wave. With a spherically
symmetric potential, the azimuthal angle is taken as ¢ = 0.

4.3 Partial Wave Expansion

Working in MWPC ensures that the total angular momentum of the system will
be conserved by the interaction. However, mixing of different orbital angular mo-
mentum components is possible due to the tensor operator. The relevant quantum
numbers that we consider in this section are the orbital angular momentum [, the
spin s, and the total angular momentum j. The total angular momentum operator
is denoted J and obeys

J=L+8, (4.17)

where L is the orbital angular momentum operator and S is the total spin operator.
It therefore follows that [37]

j—s| <I1<j+s. (4.18)

18



4. Scattering Theory

Within a two-nucleon system, the total spin operator is given by
S =51+ 5, (4.19)

where S7 and S are the spin operators for each of the two nucleons. Since the spin
quantum number of a single nucleon is 1/2; it follows that the total spin will take
values s € {0,1} [31].

Due to the conservation of total angular momentum, it is convenient to express our
incident wave as a superposition of orbital momentum eigenstates as

eik:-r _ eikrcose — Z(Ql + 1>lel(kw7~)Pl(coS(9) (420)
l

where Pj(cosfl) are Legendre polynomials and j;(kr) is the spherical Bessel function
of order [. The above expression and the following explanations in this section are
influenced by Ref. [31], which can be consulted for detailed derivations.

The scattering amplitude f(6, k) may also be expanded in terms of partial waves as

o0

f(0.k) => (2l + 1) fi(k)Pi(cosh), (4.21)

=0

~

where f;(k) is the partial-wave amplitude. Using the above partial wave expansions,
the asymptotic form of the wave function, given in Eq. 4.4, can now be expressed
as a sum of incoming and outgoing spherical waves as

H(COS@) eik’r e—i(k’r—lﬂ)

¢Oﬂ::§:@l+1y—§ﬁff(1+2ijk» | (4.22)

Taking also spin degrees of freedom into account, the spectroscopic notation
2
s (4.23)

is used to denote the different scattering channels. The orbital angular momentum
[ is typically denoted by a letter:

l=0&S, |l=1P [=2D, .. (4.24)

The relevant nucleon-nucleon scattering channels considered in this thesis (see Sec-
tion 3.1) are:

1Sy 1 s=0,j=0,1=0 (
38, 1 s=1,7=1,1=0 (
Py i s=1,7=0,1=1 (4.27
5Py i s=1,7=2,1=1 (

Spin-singlet channels are those in which s = 0, and spin-triplet are those with s = 1.
Within nucleon-nucleon interactions, both s and j are conserved. Therefore, obeying
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4. Scattering Theory

Eq. (4.18), in spin-singlet channels we must have [ = j, and thus [ is also a conserved
quantity. Within spin-triplet channels, [ # j implies that values of initial [ and final
' may differ, due to the one-pion exchange tensor interaction [38]. This leads to
additional elements within the S-matrix — a matrix that contains information on
the evolution of an initial state to a final state of a system undergoing scattering.
A further explanation of the S-matrix and its role within scattering may be found
in Appendix B.1. The S-matrix is typically denoted! by S and its partial wave
decomposition is expressed using the notation [39]

S p) = (. 1,5,41 S |p.1,5,5) . (4.29)

The channels in which non-diagonal (I # [I') S-matrix elements occur are coupled
channels [37]. There exist two coupled channels of interest for us:

38, — 3D, (4.30)
Py — %[, (4.31)

From Eq. (4.22) it is determined that, in the presence of scattering, the incoming
wave is unaffected and the outgoing wave changes only in terms of its coefficient.
Now taking into account spin, the change in coefficient follows

1 — 14 2ikf7 (k). (4.32)
We now define the [th diagonal element of the S-matrix as
S =1+ 2ikf (k). (4.33)
Since the S-matrix is unitary, the diagonal elements must be
S¥ = 20" (4.34)

where 24; is the phase shift?. For an uncoupled channel, there will be a single phase
shift. In a coupled channel, the phase shifts will be contained within a 2 x 2 matrix.
This now allows f; to be expressed in terms of d;:

y o257
The scattering amplitude is now given by
1 . )
f(0, k)= = > (21 + 1)e™sing;? Py(cosb). (4.36)

=0

We are now in possession of an expression for f(6), allowing the differential cross
section do/dS) to be obtained by taking the modulus squared of Eq. (4.37). In
accordance with Ref. [31], the total cross section is given as

onlk) = [1(6, k) a2 (4.37)

4 o s
= El:(zl + 1)sin®4;7 ; (4.38)

Note that the S representing the S-matrix is not equivalent to the S denoting the total spin
operator, nor the S present in the notation for partial waves with [ = 0.
2The factor of 2 is here by convention.
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4. Scattering Theory

4.4 The Lippmann-Schwinger Equation

It has now been shown that all the information needed to compute scattering cross
sections is available from the scattering phase shifts. To calculate phase shifts, we
saw that the S-matrix is required. The S-matrix is, in turn, related to the T-matrix.
To introduce the T-matrix, we must introduce the Lippmann-Schwinger equation,
which acts as equivalent to the Schrodinger equation in the context of two-nucleon
scattering. The Lippmann-Schwinger equation is [40]

T(p',p)=V(p',p)+ /d3k V(p',k) T(k,p). (4.39)

E—Ek+ie

A brief explanation of how the above equation is obtained may be found in Appendix
B.2.

Solving the Lippmann-Schwinger equation for the T-matrix subsequently allows for
the calculation of scattering observables. Therefore, the partial-wave Lippmann-
Schwinger equation is useful for this purpose. For the T-matrix and the potential,
we introduce the notation

T, p) = 0,0, 54| Tp1,s,j). (4.40)

Vi 0, p) = U, 5,71 VIp 1 s, 7). (4.41)

Note that spin and total angular momentum are conserved in the interaction.

The Lippmann-Schwinger equation in the partial-wave basis can be obtained by
performing partial wave expansions of T and V, where Ref. [40] can be referred to
for a full derivation. The result is

oi o 2 oo 1 o
Ty (0 p) = Vi (0, p) + ;/0 dk k2 V(1 k)mﬂwj(k,p) (4.42)

The S-matrix is defined in terms of the T-matrix as® [41]

W, p) =00 —p) — 2mid(E' — E)T; (¢, p). (4.43)

4.4.1 Solving the Lippmann-Schwinger Equation

Solving the Lippmann-Schwinger equation, Eq. (B.15) requires repeated iteration
of the potential, which subsequently leads to divergent behaviour and an infinite
number of terms. Alternatively, the use of numerical methods, such as matrix repre-
sentation and inversion, may be used to avoid divergences. However, such numerical
methods require discretisation and truncation of the integral.

The solution to both of these problems is approached by introducing a cutoff to the
the potential. The treatment of the cutoff, examined further in Ref. [6], involves

3Several alternative definitions exist. A discussion may be found in [41].
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the introduction of a regulator function f(p,p) as a function of a cutoff parameter
A. Tt is multiplied with V to give

V(p',p) =V, p)f(V,p) (4.44)

f(p',p) is generally chosen to be of the form of an exponential

f.p) =exp| — (/N> = (p/A)*"], (4.45)

where n is a chosen cutoff power. Results obtained when solving for the T-matrix
will obviously be sensitive to the choice of regulator function and A. However, it
is not desirable that predictions of scattering observables depend on such choices.
They should rather be renormalisation group (RG)-invariant. Consequently, the
LECs must account for the introduction of a regulator, and they will therefore be
dependent on A.

A numerical method for solving the Lippmann-Schwinger equation is that of matrix
inversion. Such a method involves the use of Gaussian quadrature, where an integral
of a function is expressed as a weighted summation of the function. The Lippmann-
Schwinger equation expressed in this form is

o si 2 n 2m i
Tll/](p/ap) = Vll’](p/vp) + ; ZZU]Z/{,‘ZZ V(pv ki)pg . k; + iﬁTll’](kivp)’ (4'46)
w =1 i

with k; and w; representing momenta {k;}~% and weights {w;}~%,, respectively, for
a polynomial mesh. In our case, we consider a Gauss-Legendre mesh. NN, is the
number of momentum-grid points, chosen high enough such that the solution is
converged. Further details on the approach may be found in Ref. [39, 40].
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Chapter 5

Defining the Non-Implausible
Volume

A new batch of samples must be generated in each wave of a history match. They
are generated within an increasingly smaller parameter space and according to some
criteria imposed by the non-implausible samples of the previous wave. Two problems
must therefore be addressed:
e In a high-dimensional parameter space, how do we avoid an exponential in-
crease in the number of samples with dimension?
o How do we generate a new set of samples within a wave, based on the set of
non-implausible samples obtained in the previous wave?

We first address the problem of generating samples in a high-dimensional space.
This is often expressed as the curse of dimensionality. One of two opposing obsta-
cles are encountered in such a situation; An increase in the dimensionality of the
parameter space can lead to an exponential increase in the number of samples [42],
resulting in a high computational cost. Conversely, if the number of samples is kept
constant, there will be a growing sparsity of samples. In the case of history match-
ing, this sparsity may lead to a failure to locate particularly small non-implausible
regions. One approach to combat the ‘curse’ is the generation of samples using a
space-filling design, where samples are characterised as well-spaced. In an intuitive
sense, samples are seen as well-spaced if no point in parameter space is too far
from a sample. Latin hypercube (LH) sampling is introduced as one example of a
space-filling design and is the sampling method implemented in this thesis. Details
of its implementation, amongst other such designs and their characterisations of
well-spaced, may be found in Ref. [43].

In the case of LH sampling, N samples are generated within a d-dimensional unit
hypercube, where each sample is a vector x; € [0,1]¢, i = 1,2,..., N. This now
directs attention to the second problem: Which properties of the previous wave’s
non-implausible samples do we use to impose conditions on the generation of new
samples? In other words, how can we transform a set of samples, located within a
unit hypercube, such that the samples lie within the parameter space that contains
the non-implausible samples of the previous wave. Furthermore, how do we apply
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5. Defining the Non-Implausible Volume

such properties to the chosen space-filling design? The problem is addressed by
introducing the concept of a non-implausible volume. It is here important to note
that we define the non-implausible volume in two related, but distinct, ways:

1. A bounding volume located in parameter space. This volume encloses the set
of non-implausible samples obtained at the end of a wave. This is defined to
quantify volume reduction and to aid visualisation.

2. A method of generating samples in a wave based on the non-implausible vol-
ume obtained in the previous wave.

Throughout this chapter, it will be explained how the former definition allows us to
construct the sampling method given in the latter definition. Here we will discuss
four different options for defining the non-implausible volume.

5.1 The Hyperrectangle

Often in history matching literature [10, 11, 17], the volume is defined by simply
determining upper and lower boundaries for each input parameter. The boundaries
can easily be determined in each wave by identifying the minimum and maximum
parameter coordinate in each dimension among the non-implausible samples of the
previous wave. The non-implausible volume can then be defined as the parameter
space that lies within these limits, and will be of hyper-rectangular shape, i.e, an
orthotope..

Generating samples according to such a volume is straightforward; N samples are
generated using a space-filling design within a d-dimensional space, where each sam-
ple is a vector x; € [0,1]4, i = 1,2,..., N. It is then trivial to transform the samples
according to the parameter boundaries. A two-dimensional hyperrectangle bound-
ing volume, constructed around a set of non-implausible samples, is illustrated in
Fig. 5.1.

5.2 The Rotated Hyperrectangle

Correlations between parameters may exist within a model. Quantitatively, the
correlation is characterised by the covariance. The pairwise relationship between a
set of two-dimensional non-implausible parameter samples can also be visualised, as
shown in Fig. 5.1. This correlation information is lost upon the construction of a
hyperrectangle bounding volume enclosing the samples, that is parallel to the pa-
rameter directions. Accounting for correlations therefore motivates the introduction
of another non-implausible volume — a rotated hyperrectangle.

A d x d covariance matrix X represents the covariance between parameters in a
d-dimensional parameter space. An eigendecomposition of 3 may be obtained as

X =VAVT (5.1)
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Where A is the diagonal matrix of eigenvalues \; and V is the d x d matrix where
the columns are eigenvectors of 3. The eigenvectors represent the directions of the
largest variance in each dimension. Since X is a symmetric matrix, the eigenvectors
are orthogonal unit vectors and V' can be thought of in terms of a rotation matrix.
The eigenvalues corresponding to the eigenvectors represent the magnitude of each
variance. /A therefore acts as a scaling matrix. This enables a transformation
matrix to be defined as

T = VVA. (5.2)

The extraction of T now allows for the rotation and scaling of a set of samples
generated using the space-filling design. To generate a new set of samples, a unit
hypercube of space-filling samples is generated. This is transformed such that the
samples are centred on 0: x; € [—1,1]¢. The covariance matrix of the set of non-
implausible samples obtained in the previous wave is computed and T is obtained.
The transformation matrix is then applied to each of the new set of samples 8, =
Tx;. This is the set of samples to be used within the new wave of the history
match. The bounding volume of this set of samples takes the shape of a rotated
hyperrectangle, as represented in Fig. 5.1.

Non-implausible Samples

L_—1 95% Gaussian Iso
-Probability Surface

L=.= Hyperrectangle Rt O

02

Figure 5.1: A two dimensional representation of the boundaries of non-implausible
volumes defined as a hyperrectangle, a rotated hyperrectangle, and a 95% Gaussian
iso-probability surface. The non-implausible volumes shown were constructed using
the plotted non-implausible samples, shown as green circles. Note that an ellipsoid
non-implausible volume would have identical boundaries to the 95% Gaussian iso-
probability surface and only differ in the distribution of new samples within the
volume.
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5.3 The Gaussian

Since the construction of a rotated hyperrectangle requires a covariance matrix and
mean for a set of non-implausible samples, it is also viable to define an alternative
non-implausible volume in the form of a multivariate Gaussian distribution. It
must be noted that this volume-type differs from the others in the sense that a
Gaussian alone does not constitute a bounding volume. We refer back to the non-
implausible volume definitions and note that when referring to the Gaussian volume,
we henceforth refer to:

o A bounding volume defined by the 95% iso-probability surface of the multi-

variate Gaussian distribution.

o A method of generating multivariate Gaussian distributed samples.
In order for all probability mass to be contained within the Gaussian, an integral
over infinite limits is required. Therefore a 95% iso-probability surface is constructed
as a practical approach to define the bounding volume within this thesis. The 95%
iso-probability surface will be used for visual representation and volume calculations.
However, this is no way a hard constraint on the non-implausible volume since the
Gaussian volume is defined only by its covariance and mean. Information on the
non-implausible parameter space excluded by the 95% limit is therefore not lost.
See Section 5.4 for a description of the construction of an iso-probability surface.

The motivation behind such a volume definition is primarily to allow correlations
between parameters to be captured more precisely. However, there is the potential
for a further benefit to be tested upon implementation; There may not exist non-
implausible samples located in all regions of the parameter space contained within
a hyperrectangle bounding volume. Instead, a hyperrectangle could still include re-
gions of implausible parameter space. One may refer to Fig. 5.1, where these regions
lie at the corners of the rotated hyperrectangle. Consequently, this could lead to
an increased number of waves in the history match due to the repeated resampling
of these implausible areas. Furthermore, the final non-implausible parameter vol-
ume obtained through history matching could be larger than the optimal parameter
volume. Defining a Gaussian non-implausible volume potentially accounts for this
issue and motivates a comparison between volume types within this thesis.

It is straightforward to transform a set of space-filling samples to be normally dis-
tributed using inverse transform sampling. Only a mean p and a covariance matrix

3 is required. The method is given in Algorithm 1.

An illustration of the 95% iso-probability surface of a Gaussian non-implausible
volume may be found in Fig. 5.1.
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Algorithm 1 Generation of well-spaced samples with a multivariate Gaussian dis-
tribution.
Input: ¥ (Covariance matrix), g (Mean)

1. Generate N well-spaced samples x;, i = 1,2,...,N. Each sample x; is a d-
dimensional coordinate (z1, 29, ...,x4) in parameter space, where z; € [0, 1],
j=1,..,d.

2. Transform samples according to uw; = F, '(x;), where F, ! is the inverse cu-
mulative distribution function.

3. Compute the Cholesky decomposition L of the covariance matrix ¥ = LL”.
Note that, to ensure numerical stability when computing the Cholesky decom-
position, it may be required to add a small multiple of the identity matrix to
3 [20].

4. Return 6; = pu + Lu;

5.4 The Ellipsoid

History matching is a likelihood-free method. The implausibility measure is used
only to impose an implausibility cut-off and the exact implausibility value that a
sample in parameter space receives is not a reflection of how ‘plausible’ the sam-
ple may be. However, generating Gaussian-distributed samples does, by definition,
constitute a bias towards the mean of the previous wave’s non-implausible samples.
Within a Gaussian, there exists a higher density of samples close to the mean. This
could lead to more non-implausible samples found near the mean, despite this region
of parameter space being no more ‘plausible’ than any other region. Theoretically,
this could also cause the mean of the Gaussian volume to resist changing in subse-
quent waves even if the ‘true’ non-implausible region shifts in position (due to the
introduction of additional parameters or observables).

To avoid bias and yet still retain the ability to capture correlations, samples may be
instead generated to be uniformly well-spaced within an ellipsoid. The ellipsoidal
volume is therefore defined such that there is no higher density of samples in any
particular region (no bias at the mean). The sample generation method chosen
within this thesis requires points to be generated on the surface of a multidimen-
sional sphere [44] — steps 1-2 of Algorithm 2. These points are then redistributed
radially and transformed according to a covariance matrix [45], performed in steps
3-6 of Algorithm 2. Only the covariance matrix 3 and the mean p of a set of non-
implausible samples are needed.

Therefore, the ellipsoid non-implausible volume differs only from the Gaussian in
the sense that the samples lying within the 95% iso-probability surface of the Gaus-
sian are transformed such that they are well-spaced. The bounding volume for both
types of non-implausible volumes is therefore identical.

In order to explain how samples are generated within an ellipse, it is instructive
to first introduce how the 95% iso-probability surface is obtained. The confidence-
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ellipsoid for a Gaussian distribution N (x; u, X) is defined as
(z —p)'27 (z—p) = (5.3)

Values of @ that fulfill this ellipsoid equation have equal probability density. One
therefore wishes to choose a value of ¢ such that the ellipsoid boundary defines a
contour of a given constant probability density, or an iso-probability contour. We
define the probability that a value of x lies within the ellipsoid, for a given value of
¢, to be (1 — «). This allows us to write

Pr{(x—p)'S (@ —p) <} =1-aq, (5.4)

where ¢? is the squared Mahalanobis distance, known to have a chi-square distribu-
tion with d degrees of freedom [46]. x3, can therefore replace ¢* as follows:

Pr{(a: — )Nz —p) < Xia} =1-a. (5.5)

In other words, 100(1 — a)% of the Gaussian-distributed samples will be contained
within the ellipsoid defined as

(. —p)"'S7 (z —p) = Xi, (5.6)

To obtain the 95% iso-probability surface, we set ¢ to be equal to a critical value
of the chi-squared distribution X%,a where o = 0.05. Values for X§70_05 may be easily
obtained by consulting a Chi-Square distribution table [47], given the degrees of
freedom d (the dimensionality of @ in this case). Equipped with X¢21,0.057 well-spaced
samples may be generated within a hyper-ellipsoid according to Algorithm 2.

Algorithm 2 Generation of well-spaced samples within an ellipsoid

Input: X (Covariance matrix), p (Mean), x3, (Critical value of the Chi-Square
distribution at « for d degrees of freedom).

1. Generate N well-spaced multivariate Gaussian samples v;, 2 = 1,2, ..., N. Each

sample v; is a d-dimensional coordinate (v, vs, ..., v4) in parameter space.

2. For each sample v;, compute the ¢*-norm |v;| = (Zﬁzl v,%) 2 and return u; =
’UZ/|’UZ|
Generate N well-spaced scalar points r; =i - Az, i=1,2,.... N. Az =1/N.
Compute y; = uirg/d.
Compute the Cholesky decomposition L of the covariance matrix 3 = LL”.
Return 6; = x4.(Ly;) + p.

SERA S

5.4.1 Space-Filling Design Metric

To ensure that the ellipsoid samples fulfill the requirement to be well-spaced, both
qualitative and quantitative assessments are performed. A set of N = 1000 samples
from a two-dimensional ellipsoid, defined by the mean and (arbitrary) covariance
matrix

1= (0,0), z:(Zi), (5.7)
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were generated using Algorithm 2. In addition, a separate set of N = 1000 sam-
ples were generated following the same procedure yet with the samples v; in step
1 of Algorithm 2 generated randomly, rather than with a space-filling design. The
proposal is that samples generated via a space-filling design for v; will demonstrate
well-spaced behaviour in the ellipsoid. Samples generated with v; taken as random
(independently sampled) should display behaviour indicating otherwise.

A plot of the samples obtained in both cases can be found in Fig. 5.2. Upon vi-
sual inspection, the samples obtained using a space-filling design seem relatively
well-spaced in contrast with the samples obtained through random sampling, which
appear to cluster at the edges.

To perform a quantitative numerical test upon the samples, the joint Shannon en-
tropy of two discrete variables X, Y [48] is introduced as

H(X,Y)=>_ Y P(z,y)log, (P(x1y)> : (5.8)

rzeX yeY

where z and y are samples from X and Y. P(x,y) is the joint probability of x and
y occurring simultaneously. One can relate the discrete variables X and Y to the
situation at hand by constructing a grid of cells within which samples lie. Each
cell has width (Az, Ay) and is denoted by (Z,¢), where Z and § are discrete values
corresponding to the coordinates at the centre of the respective cell. Each cell may
then be assigned a probability defined as the number of samples that lie within
the cell divided by the total number of samples. The cells lying at the boundary
of the ellipse will only partially contain samples; Evaluating a probability over the
entirety of the cell would therefore imply a density of samples lower than the true
value. To avoid the resulting effect on the entropy, the cells lying both outside and
on the boundary of the defined ellipse are removed in this study. This also ensures
that the probability distribution for each ellipse is computed over the same number
of cells. The grid and corresponding probabilities for each cell are shown in Fig. 5.3.

The benefit of such a method is that it allows for the calculation of an ‘optimum’
entropy value — the maximum entropy. Maximum entropy occurs in the case of a
uniform probability distribution, analogous to perfectly uniform samples across the
parameter space. Therefore, the greater H(X,Y') value obtained, the more well-
spaced the samples are.

The described two-dimensional sets of samples were each generated 5000 times and

the entropy calculated for each set. The mean entropy obtained using a space-filling
design was calculated to be 1(h25D ) =7.76. In comparison, the mean entropy obtained

using random sampling was found to be Flrfﬁ) = 7.49. The maximum entropy is

calculated to be Hgg) = 8.64 bits. A histogram of the entropy values in each case
is shown in Fig. 5.4. Similarly, the entropy was obtained for 5000 sets of N = 10°
four-dimensional samples, now using a four-dimensional joint Shannon entropy. Val-

ues obtained are ]rlr(:ﬁ) = 14.5 bits, Hl(st) = 15.0 bits, and H{*D) = 17.3 bits.

max
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The higher entropy values obtained using a space-filling design in both the two- and
four-dimensional examples confirm that it produces samples more well-spaced than
the case of random sampling. Maximum entropy is not reached, which is unsur-
prising since generating space-filling samples using LH sampling is still a technique
involving sample randomisation within grid cells [49]. Evidence of this randomi-
sation is present in Fig. 5.2, where small clusters of samples may be seen in the
space-filling case. Maximum entropy would, most likely, not be reached unless in
the case of uniform sampling. As described earlier in the chapter, this approach is
not feasible as uniformly spaced samples grow too sparse with an increase in the
dimensionality of parameter space.
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Figure 5.2: N = 1000 two-dimensional samples generated using a well-spaced ellip-
soidal sampling method (on the left) and random ellipsoidal sampling (on the right).
Areas of higher sample density are seen when implementing random sampling.

5 Space-filling design} Random sampling}
1
=0
-1
-2
2 -1 0 1 2 2 -1 0 1 2
x x

Figure 5.3: Two-dimensional probability distributions of N = 1000 samples gen-
erated using a well-spaced ellipsoidal sampling method (on the left) and random
ellipsoidal sampling (on the right). The discrete joint probability P(6y,6s) is evalu-
ated over cells of a grid. Note the higher contrast in areas of low and high probability
when using random sampling.

20 Ellipsoid: Space-filling design
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.“c%
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Figure 5.4: Normalised histograms of joint entropy H(X,Y’) values obtained for
5000 sets of N = 1000 two-dimensional samples generated using a space-filling
design and 5000 sets of N = 1000 two-dimensional samples generated using random
sampling.
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Chapter 6
Toy Model

6.1 Parameter Posterior Distributions

Before the application of a challenging method to a problem, there is value in first
validating the method. In order to validate the history matching framework devel-
oped in this thesis, a toy model is used. The toy model is chosen such that there is
a simple linear dependence on model parameters 8. This linear dependence allows
for a ordinary least squares (OLS) regression to be performed so to obtain a set of
optimum parameters 6*.

According to Bayes’ theorem, the posterior distribution for & may be expressed as

p(6|D) o p(D|6)p(0), (6.1)

where D is the set of data. Assuming a uniform prior, i.e. the prior’s contribution
to the posterior is independent of 8 in a certain range, we obtain:

p(0|D) x p(D|6). (6.2)

Assuming a uniform prior, finding the maximum a posteriori (MAP) estimator for
0 is analogous to finding the OLS estimator 8*. We therefore motivate performing
an OLS regression on the toy model as a method to obtain a posterior distribution
for 8. Before the toy model itself is introduced, the procedure for obtaining the
posterior will be outlined. We introduce a model consisting of a functions of which
each function output is dependent on an independent variable x;, a vector of input
parameters 0, and related to an observational datapoint z; with the inclusion of an
uncertainty e;:

zi = f(x;,0) + €. (6.3)

Where ¢; may be a sum of independent errors and the variance of ¢; is 02. The

€;°

function has been chosen to be linearly dependent on 8 and can therefore be written
as a linear superposition. This allows us to write

f(xiv 0) = z:lejgi,j(xi)a (64)
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where M is determined by the truncation of the model, and corresponds to the
number of model parameters. Each g; ; is a deterministic function of x; and together
form the set of basis functions. We define data and parameter vectors as

z = [z1, 29, ..y ZN] (6.5)
0 = (01,0, ..., 00]. (6.6)

S Ot

We also define the N x M design matrix as

g1 G912 - 91.M
G — 921 923 ... G2.Mm _ (6.7)
gn1, 9n2 -+ GgNM

An N x N matrix ¥ is constructed as 3 = diag(o?), where o2 = [0?,03,...,0%] is

the vector of the uncertainty variances for each model output. We can now define
the y? function as

)= { (- 10) = (= 10)) (63

In order to find the optimal parameters, x? is minimised with respect to . This
may be represented as

Ix*
s 2 = 6.9
90 |os- (6.9)
Since the parameters enter linearly in f(6), the obtained solution is
-1
o — (ATA> ATb. (6.10)

Where A = GX /2 and b is a vector containing elements b; = z; /0. The covariance
matrix for the optimum set of parameters 6 is defined as

H = (ATA> o (6.11)

Upon possession of 8* and the matrix H, we may construct an analytically obtained
posterior that is proportional to a multivariate Gaussian. This may be formulated
as

p(8]D) x N(6*, H) (6.12)

where D = z is the set of data. We are now able to formulate the goal of the
toy model validation — To confirm that the non-implausible volume obtained as
a result of the history match contains the optimum set of parameters 68*. It is
also desirable that the 30 region of the analytical posterior falls within the non-
implausible region. Additionally, the analytical posterior allows for confirmation
that the correct correlations are captured within the non-implausible volumes (when
possible).
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6.2 The Liquid Drop Model

As outlined above, we seek a toy model that has linear dependence on model param-
eters. Additional desirable features include a set of observational data corresponding
to model outputs, and quantifiable uncertainty variances. The liquid drop model
[50] fulfills these criteria. It is a simple yet useful model used within nuclear physics
to approximate the binding energy Ep of nuclei. The model is a function of the
number of nucleons in an atomic nucleus A, the number of protons Z, and the num-
ber of neutrons N. The function is linearly dependent on a set of coefficients, and
is given by

72 (N = 2)?
A Ty

A brief description of the terms is as follows:

Eg(N,Z) = a,A + a, A% + a, + ay0. (6.13)

Volume Term

The first term, a, A, is the volume term. Since the nuclear radius grows as r oc A3,
and volume grows as V o r3, it can be said that V oc A. This relation motivates
the naming of this term. The term is motivated by the short range of the strong
nuclear force where nucleons interact only with their nearest neighbours.

Surface Term

The surface term, asA?3, acts as a correction to the volume term. The volume
term operates on the assumption that all nucleons interact with the same number
of neighbours. In reality, nucleons on the surface on the nucleus have fewer near-
est neighbours than those in the centre. This leads to reduction in binding energy.
Since the volume is determined to be proportional to A, the surface term must be
proportional to the surface area, A%/3.

Coulomb Term

The Coulomb term, a.Z%/A'3, arises due to the Coulomb repulsion between pairs
of protons. The electrostatic potential energy is inversely proportional to the radius
of a sphere, giving rise to the term’s proportionality to A='/3. The factor Z? may
also be written as a sum over all pairs of interacting protons

XZ:ZZZ- - Z;, (6.14)

i=1 j#i

which reduces to Z(Z — 1) ~ Z? for large Z.

Asymmetry Term

The asymmetry term, a,(N — Z)?/A, accounts for imbalances between the number
of protons, Z, and the number of neutrons, N. Since some nuclei, typically heav-
ier ones, will contain more neutrons than protons, the repulsion described in the
Coulomb term will be counteracted by attractive proton-neutron interactions. How-
ever, an imbalance between the proton and neutron numbers results in the neutrons
occupying higher energy levels than the protons due to the Pauli exclusion principle.
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This leads to an increase in energy.

Pairing Term

Finally, the pairing term a,o is introduced so to account for the tendency of like
nucleons to couple into pairs, leading to a stable nucleus. The term can be defined
as

A~1/2 if Z, N even,
0=+0 if A=7+N odd, (6.15)
—A"Y2 if Z, N odd.

The first case above corresponds to the fact that, if the proton and neutron num-
bers are even, both protons and neutrons can form pairs. The second case, where
A =7+ N is odd, implies that either Z is even and only protons can form pairs, or
N is even and only neutrons can form pairs. In the third case, neither protons nor
neutrons can form pairs.

The Atomic Mass Evaluation 2016 (AME2016) [51] contains experimental data for
the binding energy per nucleon Fp/A for a wide range of nuclei and provides the
observables to be used within the history match of the liquid drop model.

6.3 Emulation of the Liquid Drop Model

The liquid drop model is neither complex nor computationally expensive to evaluate.
Generally, an emulator would not be needed in the case of this model. However, the
purpose of performing a history match upon the liquid drop model is validation of
the method. Since the use of an emulator is often integral to the history matching
method, it is thought beneficial to the validation to include an emulator at this stage
also.

To emulate the liquid drop model in this work, the approach models the global
behaviour of the function as a polynomial — see Eq. (2.12). Since the model in
question is linearly dependent on 6, constructing a first-order polynomial would
quickly lead to successful output predictions. However, the Bayes Linear approach
also includes a Gaussian process term, w;(6;), to model local behaviour in the model.
A further discussion of the method takes place in in Section 2.2.2. In the case of
the liquid drop model, this term would be of little use after performing a first order
linear regression. In order to better test the capabilities of the Gaussian process —
important for application of the scheme to more complex models — a zeroth order
regression is performed. The outcome provides a mean and variance of the training
output that then allows u;(6;) to capture deviations from the mean.

Since the liquid drop model is a continuous function, the simplest choice of covari-
ance function within the Gaussian process emulator is that of the squared expo-
nential kernel, defined in Eq. (2.7). The covariance function is dependent on two
hyperparameters: the length-scale ¢ and the signal variance UJ%. Varying the hy-

perparameters can affect the predictions of the emulator dramatically and so must
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be chosen with care. Since the liquid drop model is a relatively simple model, we
expect the emulator to be fairly accurate. We therefore consider a single correlation
length for all parameters. In the case of more complex models, considering different
correlation lengths in each dimension may be preferred.

Since w;(f;) models local behaviour, a simple and intuitive choice for o} is the
residual variance of the zeroth-order linear regression. This choice of signal variance
is inspired by the methodology given in Ref. [17].

6.3.1 Inactive Input Parameters

The liquid drop model is constructed such that successive terms are corrections to
the volume term. This allows the binding energy to be calculated, albeit less accu-
rately, if latter terms in the model are neglected. In the case of history matching,
this allows either one or a set of inactive parameters to be defined during initial
waves. The aim of doing so is to explain the dominant variation in model output by
as few parameters as possible. This reduces the dimensionality of the model; Com-
putational cost is lessened and thus denser sampling may be achieved. The inactive
parameters may then be introduced in later waves so that small variations in the
model output are accounted for and non-implausible parameter volumes adjusted
accordingly.

The linear nature of the liquid drop model and the relatively simple physical prin-
ciples that govern the model imply that a, is the sensible choice for an inac-
tive parameter. Fig. 6.1 shows a diagnostic plot used to justify such a choice.
The figure shows binding energy predictions in the case of the five-dimensional
model 6 = {ay, as, ac, s, ap} (blue dashed line) and the four-dimensional model
0 = {ay,as, ac,a,} (red line). In the case of the four-dimensional model, a, is
classed as inactive by setting its value in the model to zero. A regression was then
performed using only the most stable nuclei from the AME2016 dataset (see Section
6.3.2 for a further discussion). Binding energy predictions were subsequently made
using the regression results. The results confirm that the pairing term, governed by
ap, has little effect on the global behaviour of the model. In this case, there exist
only minor local deviations in binding energy between the predictions including all
parameters and the predictions excluding a,. Therefore, a, is implemented as an
inactive parameter in the first four waves of the history match.

The differences in binding energies between the 4- and five-dimensional outputs are
small but not negligible. Therefore, an additional uncertainty must be introduced
into the implausibility measure of the history match (an additional variance in the
denominator of Eq. (2.5)). The uncertainty variance is defined as o2, ;... Since the
pairing term introduces a dependence on whether A is odd or even, it was possible to
calculate the deviance of Eg between the two cases. This allowed for a calculation
of Ginactive = 0.02 MeV /A. Since the liquid drop model is solvable analytically, it
was also possible to calculate the uncertainty between the outputs of the four- and

five-dimensional models directly. This gave a value of gipactive =~ 0.01 MeV /A. Since

39



6. Toy Model

a, is only inactive for the early waves of the history match, a larger cisactive should
not affect the final result. The larger value of gipactive = 0.02 MeV /A is therefore
included within the implausibility measure. The resulting +30inactive Tange is also
shown in Fig. 6.1, confirming that the binding energies of the five-dimensional model
fall within +30;,active Of the four-dimensional output.

6.3.2 Selection of Observables

Several considerations must be taken into account when selecting which observables
to use. Including all nuclei in the AME2016 dataset would incur a notable com-
putational cost, largely due to the fact that the emulator must be trained and run
for each observable separately. Instead, the limitations of the liquid drop model
are considered, i.e., the model is most successful when considering the maxzimum
binding energy for a given value of A. These are the most stable nuclei, lying at
the bottom of the ‘valley’ of stability [52]. Including only these nuclei within the
history match reduces the dataset from 2469 observables to 258. Since nuclei with
A < 20 are not accurately represented by the liquid drop model [53, 54|, they are
also excluded. Although the liquid drop model predictions of nuclei 20 < A < 40
can also be less accurate, the inaccuracy can be accounted for by associating a high
model discrepancy [55] with these nuclei. However, large vales of oy,0q0 may lead
to uncharacteristically large non-implausible volumes being found, motivating in-
clusion of heavier nuclei with lower oogdel.

However, heavier nuclei are not without disadvantages; Only a small change in
the model parameters leads to a significant change in the binding energy in re-
gards to these nuclei. This high sensitivity to input parameters is illustrated in
Fig. 6.2, where the parameters of the model have been perturbed by a small noise
e ~ N(0,0?), where ¢ = 5 x 107%. The mean of the binding energies given by
1000 parameter perturbations was found to follow the experimental data well. The
variance in binding energy increases with atomic number, indicating an increasing
sensitivity to parameters with A.

Nuclei with a high sensitivity to parameter variation require relatively dense sam-
pling in order to find non-implausible parameter samples. To avoid incurring long
computational times due to using a high number of samples over a large initial
parameter volume, only light nuclei are considered in the first wave and heavier
nuclei are introduced in later waves. The goal is to sufficiently reduce the parame-
ter volume in a wave such that denser sampling can occur in the subsequent wave.
This in turn allows heavier (more parameter sensitive) nuclei to be included at each
iteration. Fig. 6.3a shows the observables introduced in each wave of the history
matching scheme. The nuclei included in the first wave are chosen such that the
peak in binding energies as a function of mass number is captured. To further re-
duce the computational cost of including all observables, only every third observable
given in the AME2016 dataset is used. Each observable is plotted with its respec-
tive uncertainty, where the uncertainties are discussed in more detail in Section 6.3.3.
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During the first four waves of the history match, represented in Fig. 6.3a, ap is
inactive. a, is introduced in the fifth wave. As mentioned, only nuclei that result in
the maximum Epg/A for a given A were included in the first four waves. However,
the maximum Ep/A usually occurs for even-even Z and N [50]. Since the pairing
term is dependent on the odd or even nature of Z and N, further observables are
required upon the inclusion of a,. Fig. 6.3b illustrates one observable chosen in wave
4, with A = 100 and Z = 44, resulting in maximum Ep/A. In wave 5, observables
leading to the second and third maximum FEp/A are included. Note that in Fig.
6.3b, these observables also have odd proton number, 7 = 43 and Z = 45, allowing
better evaluation of the pairing term.

In Table 6.1, the number of observables used in each wave is given. Also given
are the intervals of A that these observables fall within. The justification for such
intervals is discussed in Section 6.3.3.

Wave 1 2 3
Nucleon Number 20<A<40 20 A< 140 20< A <200
Number of Observables 10 40 60
Wave 4 5
Nucleon Number 20< A <269 20< A <269
Number of Observables 83 182

Table 6.1: The number of observables used within each wave the history match.
Each set falls within the given intervals of nucleon number A.
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Figure 6.1: Diagnostic plot used to determine the viability of classing a, as in-
active. Model outputs were produced using parameters obtained through a linear
regression trained on observables lying within the bottom of the valley of stability.
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Figure 6.2: An average of 1000 outputs of the liquid drop model, given small
random perturbations to the model parameters. The notation M (6 + ¢€) refers to the
mean of the model outputs. +o is the standard deviation, where 0 = Var[M (6+¢)].
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Figure 6.3: Observables used in waves 1-4 of the history match are shown in (a).
10model €rTor bars are given in Table 6.2. Binding energy per nucleon for nuclei with
A = 100 is shown in (b). The observable in waves 2-4 is in blue and additional
nuclei included in wave 5 are in red.
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6.3.3 Uncertainty Quantification

Observables z; in the AME2016 dataset are given alongside experimental uncer-
tainties corresponding to +10, which may be used directly in the history matching
scheme as Oeypi. Values for oeyp; are very small, approximately six orders of magni-
tude smaller than the value of Eg;/A.

Experimental uncertainties are typically simple to obtain, due to their inclusion
with the data. In contrast, estimating the model discrepancy is more challenging.
As discussed in Section 2.1.1, a commonly used method of determining uncertainties
is through estimation from experts in the field. In the case of the liquid drop model,
the model discrepancy is estimated by expert opinion to be oyede ~ 0.1 MeV /A [56].

Wrongly estimating the model discrepancy — even possible when relying on expert
opinion — can lead to bias and an unrealistic confidence in parameter estimates.
Since the purpose of the toy model is to serve as purely method validation, we have
a rare case of being able to infer parameters analytically and directly determine the
model discrepancy using the model outputs. Although not a viable solution when
handling more complex models, it serves the purpose of confirming or disproving
the expert estimation of the uncertainty.

2 odel, the model discrepancy
is modelled as a normal distributed variable with mean zero and variance o2 4.
02 4ol Can be obtained using the sample variance S?, defined as [57]
2 2 = (Es i/A — EB,i/A)2
Omodel = O~ = : . 6.16
del Z (n —p— 1) ( )

i=1

To obtain an estimation of the uncertainty variance o2

In the above expression, the residual sum of squares between an experimental bind-
ing energy per nucleon Ep;/A and a regression prediction Eg;/A is divided by the
degrees of freedom, (n — p — 1) (where p is the number of model parameters). A
value of S = 0.018 MeV /A was obtained.

The calculation of the sample variance operates under the assumption of homoscedas-
tic errors. In reality, the accuracy of the liquid drop model varies with A and thus the
uncertainties are heterogeneous. In particular, the liquid drop model is unsuccessful
at representing light nuclei [53, 54] which affects any uncertainty quantification per-
formed over the range of nuclei used. Furthermore, the discrepancy was estimated
using only the observables lying at the bottom of the valley of stability. Includ-
ing all observables in the AME2016 dataset would have resulted in a significantly
higher model discrepancy variance. Consequently, a value of o040 = 0.02 MeV /A
intuitively seems low when considering both this fact and the expert-obtained value.

In order to further determine a reasonable value, a literature review was under-
taken. A study [58] taking a similar approach finds a model discrepancy variance
of 0 = 3.698 MeV when investigating the total binding energy Ep over a dataset
covering the range of all nuclei. In comparison, our of opeqe ~ 0.02 MeV /A con-
siders the binding energy per nucleon Eg/A. For heavy nuclei with A > 200, the
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results are comparable. However, using opyoqe = 0.02 MeV /A within the history
match when modelling lighter nuclei may lead to unrealistically designating non-
implausible samples as implausible.

A study [55] to estimate the coefficients of the liquid drop model, also using the
AME2016 dataset, takes the approach of categorising nuclei based on number of
nucleons. Percentage errors on the binding energies are computed over several in-
tervals of A. For A > 200, |dFEg|/Eg is given as 0.2%, which is again comparable to
the sample variance obtained through linear regression. In contrast, a percentage
error of 11% is given for 20 < A < 40.

Care must be taken to not assume that these are ‘true’ model discrepancies. How-
ever, when combined with expert opinion, they do provide an insight into how much
the model discrepancy varies with A. The final model discrepancies used within the
history match are influenced by both expert opinion and the residual method. To
partially account for heteroscedasticity, they are grouped using the same intervals of
A used in Ref. [55]. Then, assuming homoscedasticity within each interval, the un-
certainties are scaled with increasing A. The final model discrepancies used within
the history match of the liquid drop model are given in Table 6.2.

20<A<40 40<A<140 140 < A <200 A > 200
Trmodel (MeV /A) 0.09 0.05 0.04 0.02

Table 6.2: The standard deviation of the model discrepancy op,04e1 used within the
history match, given for various intervals of nucleon number A.

Since the aim of applying history matching to the liquid drop model is only to
validate the method for use in later models, further methods of approximating the
model discrepancy (see Section 2.1.1) are considered outside the scope of this par-
ticular application.

The model discrepancy values decided upon are, of course, an approximation. Ap-
proximations, and underestimations in particular, lead to samples within the history
matching scheme being incorrectly labelled as implausible. We now refer back to
the implausibility measure in Eq. (2.5), where the (first) maximum implausibility
is taken. As a method of safeguarding against such an event, the second maximum
implausibility value is taken instead of the maximum within the history matching
of the liquid drop model.

6.3.4 Analytical Solution

Using the set of AME2016 observables included in wave 5 of the history match,
and the corresponding uncertainties specified in the previous section, a linear re-
gression is performed on the liquid drop model. A multivariate, joint posterior PDF
is obtained following the procedure given in Section 6.1. The uni- and bi-variate
marginalised PDF's between parameters are shown in Fig. 6.4.
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The mode of the one-dimensional marginalised posterior distributions in Fig. 6.4
provide an optimal set of parameters that may be used to validate the history-
matching results. If the history match is successful, then this set of parameters will
fall within the non-implausible volume.

The two-dimensional marginalised posterior distributions provide an insight into the
shape of the non-implausible volume expected from the history match. The aim of
history matching is to find all sets of parameters that provide outputs consistent
with the data, given the uncertainties. OLS, on the other hand, finds the optimal
set of parameters. As a result, history matching will not provide non-implausible
regions of equal size to the analytical posterior distribution. However, the aim of
the history match is to validate that the analytical posteriors lie within the non-
implausible volume. In addition, the posterior distributions do convey the strength
of the correlations between parameters. It is these correlations that we aim to
reproduce with the history match when implementing the rotated hyperrectangle,
Gaussian, and ellipsoid definitions of a non-implausible volume.
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Figure 6.4: Marginalised posterior PDFs for each parameter of the liquid drop
model, obtained through OLS regression.
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Chapter 7
Toy Model Validation

The liquid drop model was introduced as a toy model in Chapter 6. In this chap-
ter, the toy model is used to validate the history matching approach with a focus
on comparing the non-implausible volume definitions described in Chapter 5. In
particular, we perform a quantification of the size of the non-implausible parameter
volumes obtained with each volume-definition. Additionally, we analyse the sample
resolution and optical depth obtained using each volume-definition. These terms
will be further defined in the upcoming chapter.

The history match was run for five waves with the aim of obtaining a five-dimensional
non-implausible parameter volume for the liquid drop model. The initial parame-
ter space searched is defined by minimum and maximum parameter values in each
dimension, given in Table 7.1. The choice of such values was guided by a priori in-
formation about the liquid drop model coefficients. By definition, the volume term
should be positive. The surface, Coulomb and asymmetry terms act as corrections
to the volume term, implying that the corresponding coefficients should be negative.
The pairing term is defined such that it changes sign based on whether A, Z, or N
are odd or even. By convention, the coefficient is positive.

Since the inference of liquid drop model coefficients is a popular subject, the order
of magnitude of the parameters is easily obtained. Refs. [55, 58] may be referred
to for examples of inferred parameter values. Additionally, a regression performed
on the liquid drop model provides a set of optimal parameters bma*. As such, the
initial area of parameter space to search was constructed so that the optimum pa-
rameter values lay near the centre of the range to search. The volumes were chosen
to be large enough that the capabilities of the history matching scheme could be
probed, given that the final volume should be significantly smaller than the initial
volume. The initial parameter space adheres to the a priori knowledge of whether
a parameter was positive or negative.

Due to the possession of only minimum and maximum parameter bounds at the ini-
tialisation of the first wave, hyperrectangle sampling must be used. In subsequent
waves, the procedure diverges according to the chosen non-implausible volume type.
The history match was therefore run using hyperrectangle, rotated hyperrectangle,
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Gaussian, and ellipsoidal non-implausible volumes after the first wave, yielding four
sets of results. The hyperrectangle design is least efficient, requiring N = 1 x 107
samples in each wave (see Section 7.3), whereas N = 1 x 10% samples were used for
all other volume types.

Fig. 7.1 shows hyperrectangle non-implausible volumes obtained at the end of each
wave. Each volume is constructed from the non-implausible samples remaining at
the end of the respective wave and, for waves 1-4, used for sample generation in the
following wave. Also shown are the non-implausible samples remaining at the end
of wave 5. Only the final non-implausible volume is shown in the case of a, since
this parameter was inactive until the last wave.

Upon comparison of Fig. 6.4 and Fig. 7.1, one can confirm that the hyperrectangle
non-implausible volume successfully encloses the set of optimal parameters obtained
through OLS. Furthermore, the final set of non-implausible parameter samples corre-
spond with the correlation behaviour seen in Fig. 6.4. However, the hyperrectangle
volumes constructed around the sets of non-implausible samples observed in each
wave does not capture this correlation information. In comparison, correlation infor-
mation is retained within the non-implausible volumes obtained using an ellipsoidal
definition of the non-implausible volume, shown in Fig. 7.2. Similar plots obtained
for the rotated hyperrectangle and the Gaussian may be found in Appendix A.

ay Qs Qe Qg ap

Gimm (MeV) 0 50 -3 50 0

Gimax (MeV) 40 0 3 0 40

a* (MeV) 158 -183 0.72 -23.3 11.25

Table 7.1: The minimum and maximum bounds of the initial parameter space for
each coefficient of the liquid drop model.
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Figure 7.1: Two-dimensional representations of the non-implausible volumes ob-
tained after each wave of the history match, using a hyperrectangle-defined non-
implausible volume. Also shown are the non-implausible samples remaining after
wave 5. The limits of the axes correspond to the initial parameter space searched.
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Figure 7.2: Non-implausible volumes at each of five waves of history matching,
implementing an ellipsoidal volume. Also plotted are the non-implausible samples
remaining in the final (fifth) wave. The limits of the axes correspond to the initial
parameter space searched.
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7.1 Non-implausible Volume Comparison

It is desirable to efficiently reduce the parameter volume during the history match.
As such, we aim to quantify the volume reduction achieved using each of the non-
implausible volume-definitions and compare the results in order to determine the
most effective choice.

We begin by reminding the reader of the two related, but distinct, ways of defin-
ing a non-implausible volume introduced in Chapter 5. At the end of each wave,
a set of non-implausible samples is obtained. Using the first definition of a non-
implausible volume, one may construct a bounding volume enclosing this set of
non-implausible samples. Upon possession of a bounding volume, one can quantify
the volume of parameter space enclosed within it. Table 7.2 shows each wave with a
volume value given for each of the volume-definitions used, obtained using the set of
non-implausible samples obtained at the end of the respective wave. Since the set of
samples used in the following wave is generated according to the volume-definition
employed (see the second way of defining a non-implausible volume), the values in
the table provide insight into how strongly the sampling designs affect the reduction
of parameter space.

Calculations of hyperrectangle and rotated hyperrectangle volumes are trivial. To
find the volume of a Gaussian or an ellipsoid, one must obtain the eigendecomposi-
tion of the covariance matrix of the non-implausible samples (Eq. (5.1)). Since A,
the diagonal matrix of eigenvalues \;, represents the magnitude of the variance in
the directions of the eigenvectors, the size of the half axes of the ellipsoid can be

calculated as
@i = Xao\ N (7.1)

where Xia is the critical value of the chi-squared distribution. The volume of an
n-dimensional ellipsoid described by Eq. (5.6) is then given by [59]

V= (7.2)

ﬁ I( n/ 2 H i
In the case of the Gaussian volumes in Table 7.2, a value of a = 0.05 was chosen such
that the volume within a 95% iso-probability contour is calculated. In the case of the
ellipsoid, the ellipsoid sampling design used the same value of & = 0.05 and therefore
the same value of x4, in order to aid comparison between the two bounding volumes.

The volumes of the final non-implausible regions are given as a percentage of the
initial parameter space sampled in the first wave. In all cases, the final volume
is notably small and demonstrates a successful location of a small non-implausible
volume relative to the initial parameter space. Volume-definitions that allow for
correlations to be captured lead to smaller values than those of the hyperrectangle.
This is not an unexpected result; Fig. 6.4 indicates that strong correlations between
parameters do exist and thus constructing a hyperrectangle around naturally corre-
lated samples will result in an unnecessarily large volume.
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Interestingly, the ellipsoid-defined volumes are slightly larger than those obtained
with the Gaussian-definition. Since the Gaussian design leads to a low density of
samples far from the mean, non-implausible samples are less likely to be found in
this region of parameter space. This is not a reflection of reality but mainly an
artifact of using Gaussian distributed samples. In the case of the ellipsoid-defined
volume, the uniformity of samples could be preventing a similar outcome. More non-
implausible samples may therefore be found at the edges of the ellipsoid that the
Gaussian-method failed to locate, leading to an increase in the size of the bounding
volume.

However, when constructing the ellipsoid volumes, a cut-off is imposed on the ini-
tially normally distributed samples by choosing X?z,0.05- This implies that there is
always a small subset of parameter samples that may be non-implausible but are
discarded nonetheless. When defining a Gaussian-defined volume, no such cut-off
is imposed and thus no information is lost.! Therefore, the ellipsoid potentially
‘loses’ a small region of non-implausible parameter space. However, in the case of
the ellipsoid, this may be remedied by increasing the choice of X?LCM’ although this
was not deemed necessary in the case of a toy model validation. There is no such
approach available to counter the bias of the Gaussian described earlier.

Volume (%)
Wave Dim. No. Obs. Hyperrectangle Rot. Hyperrectangle

1 4 10 16 0.62
2 4 40 1.1 0.12
3 4 60 0.23 0.06
4 4 83 0.05 8.4 x 1073
5 ) 182 1.4 x 1073 8.7 x 1075
Volume (%)
Wave Dim. No. Obs. Gaussian (95% C.I.) Ellipsoid
1 4 10 0.19 0.19
2 4 40 2.2 x 1073 3.5 x 1073
3 4 60 6.2 x 107* 1.8 x 1073
4 4 83 6.6 x 107 2.4 x 1074
) ) 182 4.1 %107 1.93 x 107°

Table 7.2: Parameter volume remaining at the end of each wave of the history
match of the liquid drop model. The volume is given as a percentage of the initial
parameter volume. For a Gaussian, the volume is calculated for a 95% probability
mass and compared against 95% of the initial parameter volume. The total number
of observables included in a given wave is included in the second column. Also given
is the parameter dimensionality of the history match. Where only 4 parameters
are included in the history match, the fifth-dimension uses a prior over a, when
calculating volume. This prior range is unchanged by the history match until wave

D.

Tn the case of a Gaussian, the choice of x2 ; o5 is only relevant if one wishes to visualise results
in the form of an iso-probability surface.
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The history match was terminated after five waves. Significant reduction of the non-
implausible parameter volume was unlikely to occur after five waves due to the high
precision emulators that had been constructed, leading to gem < Omodel. Although
notable volume reductions were achieved relative to the initial parameter volume
searched, the final non-implausible volumes are not particularly small in size. This
may be explained by performing a principle component analysis.

A principle component analysis aims to decompose the parameter space into uncorre-
lated components. This is done to understand how different directions of parameter
space contribute to variability in model output. To perform the analysis we follow
the procedure in Ref. [58], and a conditioned Hessian is constructed as

- yo1

Hyj = —2——| 7.3
where ¥ is the covariance matrix of the final set of non-implausible samples obtained
with the history match (using a ellipsoidal sampling design). Performing an eigen-
decomposition on }NIij provides a set of eigenvalues h;, i = 1,...,d, where d = 5 is
the dimensionality of the liquid drop model. These eigenvalues are a quantification
of how much each of the d components contribute to the model output variation.
Therefore, a large value of h; indicates that this component has a significant effect on
the cost function x? (Eq. (6.8)). One requires that, for the model output variability
to be captured, that the following cumulative value reaches a threshold. This may
be written as

i1 i
T
The threshold is typically set to Sy, = 0.99 [58]. Fig. 7.3 shows the cumulative
value with components ordered from highest h; to lowest. After the inclusion of only
three components, S3 > Sii,. This implies that 99% of the variation in the output
of the model may be captured by only three linear combinations of the the compo-

nents, i.e., all data can be reproduced by varying the parameter space in only three
directions. This explains the strong correlation structure of the model parameters.

S, = (7.4)

The implication of such a result is that there essentially exist two redundant direc-
tions in parameter space that contribute very little to changes in model output. If
the model output falls close to the observational data at one point, then regardless
of how much parameters are varied along the redundant directions, the output will
always fall close to the data. We refer back to the implausibility measure in Eq.
(2.5) and note that this would lead to consistently low implausibility values for many
parameter values. Therefore, we cannot expect the final non-implausible volume to
be tightly constrained.

7.2 Non-implausible Sample Comparison

Table 7.3 shows the number of samples remaining, a.k.a deemed non-implausible,
at the end of each wave. The number of samples remaining is given as a percentage
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of the total number of samples generated at the start of each wave.

There is no trend immediately visible in Table 7.3 due to the introduction of ad-
ditional observables in each wave. Some of the chosen observables appear to have
a greater effect on model output than others (see Fig. 6.2), and so the number of
remaining samples fluctuates between waves. However, the results confirm that a
number of samples are removed in each wave, and therefore all waves are necessary
within the history match.

More interesting is the comparison between different non-implausible volume types.
Significantly more samples are discarded when defining the volume as a hyperrect-
angle than in comparison to other volume definitions. This can qualitatively be
explained by the ‘empty space’ seen within the non-implausible hyperrectangle vol-
umes in Fig. 7.1. Each wave requires the resampling of this ‘empty space’, despite it
containing samples already deemed implausible. Needlessly resampling an implau-
sible parameter space is both computationally inefficient and reduces the precision
of the emulator that may be obtained if sampling a smaller area.

Samples Remaining (%)
Wave No. Obs. Hyperrectangle Rot. Hyperrectangle Gaussian Ellipsoid

1 10 0.09 0.09 0.09 0.09
2 40 2.0x 1073 0.19 2.69 0.60
3 60 9.0 x 10~* 4.70 44.3 15.5
4 83 1.0 x 1074 1.22 18.7 3.97
5 182 0.06 0.47 6.97 1.51

Table 7.3: Fraction of samples labelled as non-implausible after each wave of the
history match of the liquid drop model. The fractions are given as a percentage of the
initial number of samples at the start of each wave. In the case of the hyperrectangle
non-implausible volume, the initial number of samples used was N = 1 x 10”. For all
other volume types, the initial number of samples used was N = 1 x 105. The total
number of observables included in a given wave is included in the second column.
Since the first wave of the history match requires samples to be generated over a
hyperrectangle of parameter space, the fraction of samples is the same in wave 1 for
all volume-definitions.

Fig. 7.4 illustrates the density of samples obtained in wave 2 through the optical
depth. In each dimension, the optical depth represents the fraction (or ‘depth’) of
the hidden non-implausible volume at a specified parameter coordinate. To compute
the optical depth, an input parameter ¢ is selected and the ¢th parameter range is
divided into a number of bins. Each non-implausible sample, obtained at the end of
a wave, is then assigned to a bin according to its i** element. The same is done for
the total set of samples used in the respective wave. One may then find the ratio
of non-implausible samples to total samples in each bin. This is the optical depth,
conditioned on the input . One may perform a similar analysis in two-dimensions,
conditioned on parameters (i, 7).
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Also indicated in Fig. 7.4 are analytical parameter values obtained through OLS.
Note that the analytical parameter values displayed here are obtained from a re-
gression using only the observables included in wave 2 of the history match. They
are therefore different to those in Fig. 6.4, but more representative of those we may
expect to see in this particular wave. The optical depth peaks close to the analytical
value in all parameter dimensions.

1oL ————————————— ]
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Figure 7.3: The cumulative value of the eigenvalues of the conditioned Hessian.
99% of the variability of the model output is captured by n model components once
S, > 0.99. Here we find that n=3 fulfills this criteria.
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Figure 7.4: Optical depth given for each volume type in wave 2. The optical depth

indicates the fraction of the hidden parameter volume deemed non-implausible, and
is given on a log scale.
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7.3 Sample Resolution

A notable result arising from the study of the different volume types is that of the
sample resolution required for a successful run. It is desirable to analyse the sample
resolution since the aim of history matching is to be able to resolve an interesting
parameter region that may be significantly smaller than the initial parameter space
searched. As introduced in Chapter 5, generating samples across a high-dimensional
space may lead to a sparsity of samples. This may be combated through the use of
a space-filling design. However, there will still be some distance between samples
regardless of the dimensionality of choice of sampling design. Therefore, there is
a risk of failing to locate a non-implausible volume if its size is smaller than the
distance between samples. To ensure that a non-implausible volume is located, if it
exists, then a high enough sample resolution is required. Rather than achieving high
resolution through an increase in total number of samples, we speculated that the
various sampling designs introduced in this thesis differ in their sampling resolution.
We therefore conducted an investigation into the sample resolutions.

Each run of history matching begins with same first wave — samples are generated
across the parameter volume using a hyperrectangle design. The result is the same
set of non-implausible samples obtained at the end of wave 1, regardless of the choice
of non-implausible volume. The samples at the start of wave 2 are generated using
these identical sets of non-implausible samples but now differ according to the sam-
pling design used. This allows for a direct comparison between samples generated
at the beginning of wave 2.

To perform the analysis, a number of samples were generated for each volume type,
using the same initial set of non-implausible samples. The nearest neighbour to each
sample was located. The distance between a sample and its nearest neighbour was
then computed, in the form of a four-dimensional vector. Fig. 7.5 shows the average
distance to nearest neighbour in each dimension and for a given total number of
samples.

Also computed is the analytical length scale, which we define for the purposes of this
analysis as the £30 range for each parameter, obtained through a regression, similar
to that performed in Section 6.3.4, except using only observables included within
wave 2 of the history match. The analytical length scale provides an approximation
to the minimum scale of the non-implausible region that may be obtained in each
dimension. The results of this analysis are presented in Fig. 7.5.

The hyperrectangle-defined volume leads to far sparser sampling than the alternate
volume definitions. In the cases of a, and a. in Fig. 7.5, the average distance be-
tween samples remains higher than the analytical length scale for total number of
samples N < 107. This justifies the choice of using N = 107 samples when imple-
menting a hyperrectangle volume in the history match presented in this chapter. It
also implies that, in general, using a hyperrectangle volume may lead to a failure in
locating a particularly small non-implausible volume.
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Fig. 7.6 shows the number of samples deemed non-implausible after evaluating the
implausibility of the samples generated for Fig. 7.5. As expected, the hyperrectangle-
defined volume locates fewer non-implausible samples than the alternative sample
designs due to the low density of samples around the non-implausible volume.

The remaining volume-types perform notably better in regards to both number of
non-implausible samples obtained, seen in Fig. 7.6, and the sample resolution, seen
in Fig. 7.5. The Gaussian, both according to the 68% and 95% iso-probability con-
tours, achieves the highest sample resolution and requires the least total number of
samples. However, this success is dependent on the non-implausible volume lying
close to the mean of the Gaussian, or at least within the probability contours defined
in the figure.

The ellipsoid achieves a sample resolution that is comparable to the Gaussian, al-
though slightly lower. It can therefore be said that the use of an ellipsoidal design
can help to prevent a failure to locate a small non-implausible region without an in-
crease in the total number of samples. Combined with its similar success in volume
reduction seen in 7.1, its ability to capture correlations, and the removal of the bias
present in the Gaussian, we can conclude that an ellipsoid design appears to be the
most successful of the design types.
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Chapter 8

History Match of YEFT in the
Nucleon-Nucleon Sector

As detailed in Chapter 3, working within the YEFT framework provides a model
allowing for the calculation of NN scattering observables. However, working with
XEFT introduces a set of unknown low-energy constants (LECs). In this chapter,
we aim to apply history matching to the YEFT model at LO in MWPC in the NN
sector. The aim is to obtain non-implausible parameter volumes containing LECs
that produce model outputs consistent with np scattering observables. Implementing
MWPC at LO introduces four LECs. The parameter vector is given by

0 = (Cig,, Csg,, Csp,, Csp,). (8.1)
The corresponding units for each LEC are
(10 GeV™2,10* GeV™2,10* GeV ™, 10* GeV ™). (8.2)

8.1 Computation of Scattering Phase Shifts and
Observables

In order to implement a history match of YEFT, a set of model outputs must be
generated for each sample in parameter space. The code used to compute model
outputs for numerical solutions of the Lippmann-Schwinger equation, see Section
4.4.1, was kindly provided by O. Thim [60]. Constants used within the calculations
are given in Table 8.1.

Constant Value
Axial coupling g4 1.29
Pion-decay constant f, (MeV)  92.1
Nucleon mass my (MeV) 939.57
Pion mass m, (MeV) 138.04

Table 8.1: Constants used within the computation of phase shifts and observables.
These constants are present within the interaction potential at LO in MWPC. Note
that mass and momenta units are typically MeV /c? and MeV /¢, respectively, but
this study implements ¢ = 1.
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8. History Match of YEFT in the Nucleon-Nucleon Sector

Numerically solving the Lippmann-Schwinger equation requires a choice of the num-
ber of momentum-grid points NN, to be made — see Eq. (4.46). This choice must
be carefully considered as high values of NN, result in computationally expensive
calculations. However, overly low values may lead to non-converged results. To
determine an optimal value, calculations of three SGT observables were performed
across energies 12.995 < T1,, < 40 MeV. Table 8.3 can be referred to for the details
of these observables. The calculations were made across a range of IV, values, with
a momentum regulator cutoff A = 450 MeV. The LECs used for the calculations
were chosen as the modes of the posteriors computed in Ref. [61], given by

Chg, = —0.112, Csg, = —0.085, Csp, = 1.632, Csp, = 0.110. (8.3)

The results of the evaluation are shown in Fig. 8.1. Plotted is the relative error
of the output with respect to the total cross section computed at N, = 100. This
metric was chosen as convergence is expected at IV, = 100, and thus values close to
0 indicate that convergence has been achieved.

An acceptable level of convergence appears to be reached at around N, = 50, where
the relative error is ~ 107%. This is ~ 10* times greater than experimental uncer-
tainties and ~ 10° times greater than model discrepancy (see Table 8.3). This is
deemed as acceptable convergence, since any method uncertainty arising from the
choice of N, is insignificant in comparison to other uncertainties. A value of N, = 50
was chosen for all further model runs in this thesis.

Also shown in Fig. 8.1b is the wall time taken to perform a calculation at each
value of N,. A quadratic fit was performed and calculation time is shown to have a
quadratic dependence on N, justifying a conservative choice of N,,.

8.2 History Match Setup

In addition to model outputs, quantification of all relevant uncertainties is required
in order to evaluate the implausibility measure. Experimental uncertainties are
published in the literature. Method uncertainty is taken to be negligible. Model
discrepancy is computed using the method outlined in Section 3.2, where values for
¢ are required. Such values for ¢, inferred across values of 11,1, were provided by
O. Thim [13]. The resulting values for 0,040 may be found in Table 8.3. Note that
the model discrepancy is, by far, the greatest contributor to the total error.

The history match itself is organised into two waves. The first wave introduces
observational data in the form of np scattering phase shifts. In the second wave a
different dataset is used, consisting of np scattering observables. A smaller number
of total samples than used in the toy model validation (Chapter 7) were thought
necessary, due to the lower dimensionality of parameter space. Therefore, a total
of N = 10* samples are used in wave 1, and N = 10° samples are used in wave
2. Since correlations between LECs are not expected in wave 1, a hyperrectangle
non-implausible volume is used.

62



8. History Match of YEFT in the Nucleon-Nucleon Sector

Due to the introduction of a regulator function (see Section 4.4.1), LECs must be
refitted to reproduce the observational data if different values of the momentum
cutoff A are used. At higher values of A ~ 700 MeV, some LECs are seen to diverge.
This behaviour is known as a limit cycle [8, 62]. Refs. [61, 63] use a cutoff A = 450
MeV at which there is no divergent behaviour. Therefore, the history match was
initially run with the same A in order to be able to validate the obtained non-
implausible volume with literature results. Upon validation using A = 450 MeV, the
history match was run for further cutoffs 400 < A < 4000 MeV. This is performed
with the aim of investigating the behaviour of the YEFT model given variation in A.

In order to perform a history match, one must define an initial parameter space to
be searched. To avoid the need for searching an infinitely large parameter space, or
mistakenly searching the wrong area, the volume to search is therefore constructed
so to contain LEC posterior modes computed in Ref. [61]. Ref. [61] also contains
the standard deviations of the posteriors. Since history matching aims to find all
non-implausible parameter space, the initial domains for Ch Sos Cs s, and Cs p, were
expanded to be an order of magnitude greater than the standard deviation of the
corresponding posteriors in Ref. [61]. In the case of Cs p,, the initial domain is two
orders of magnitude greater, such that both the P-wave initial domains are compa-
rable in size.

Since Ref. [61] implements A = 450 MeV, the initial parameter domains are thought
to suffice for A < 600. The initial parameter volume is increased for greater values
of A to account for LECs ‘moving’ through parameter space with increasing A. The
initial parameter ranges to search are shown in Table 8.2.

A Cig, Csg, Csp, Csp,

Oimin <600 -0.16 -0.2 -10.0 -10.0
Oimax <600 0.0 0.1 20.0 10.0
Oimin > 600 -0.3 -1.0 -10.0 -10.0
0i max > 600 0 1.0 20.0 10.0

Table 8.2: The minimum and maximum bounds of the initial parameter space for
each LEC. The use of the notation 6; to denote a parameter follows that used in
Section 2. For cutoffs A > 600 MeV, the initial parameter space was increased to
ensure a non-implausible volume was located. Units for each LEC may be found in

Eq. (8.2).
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Figure 8.2: Phase shift data from the Granada database, corresponding to par-
tial waves 'Sy, 35, 3Py, and ®P,, within np scattering. Since phase shifts are not
available at 7., = 40 MeV, data at this energy was obtained through spline inter-
polation (shown by solid lines) and is indicated in blue.

8.2.1 Wave 1 — Phase Shifts

The lab energies T, considered during the first wave of history matching are
Ti., = (1, 5, 10, 25, 40, 100) MeV. (8.4)

Data for np scattering phase-shifts is taken from the Granada database [14, 15].
Corresponding experimental uncertainties are provided alongside the data in the
form of standard deviations oeyp,, and are small in size. The model uncertainties
used are opedel = 0.3« Yobs for Tiap < 40 MeV and o0de = 0.8 - Yons for Tiap, ~ 100
MeV.

There is no data available within the Granada database for Ti,, = 40 MeV, but
phase shifts at this value are easily obtained through spline interpolation. The data
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8. History Match of YEFT in the Nucleon-Nucleon Sector

used, along with the 711, = 40 MeV phase shift obtained through interpolation, can
be seen in Fig. 8.2. Phase shifts from partial waves 1Sy, 351, 3Py, 3P, are used,
which combined with the six 7., energies gives an observation data vector z of
length 24.

Since each LEC is dependent only on its respective partial wave, the first wave of
history matching was split into four sub-waves. Each of the four sub-waves uses data
from only one partial wave, corresponding to the data shown in each respective sub-
plot of Fig. 8.2. In each sub-wave, a single LEC is active. The LECs not considered
in the sub-wave are inactive parameters and set to arbitrary values. The benefit of
this approach is that each LEC can be constrained independently, requiring fewer
model evaluations in total. The output of each sub-wave is a one-dimensional range
of non-implausible parameter values for each LEC. These ranges are then used to
define a four-dimensional parameter volume to be searched in wave 2.

A generous implausibility cut-off of I5); < 3 was chosen for each of the sub-waves,
where we refer to Section 2.1 in which Iy, was introduced as the second maximum
implausibility value. This choice was motivated by the fact that our assignment of
Omodel 18 uncertain and a further reduction of samples is expected in wave 2.

8.2.2 Wave 2 — Observables

In the second wave of history matching, phase shifts are no longer used as the set of
observational data. Instead, np scattering observables are introduced. The observ-
ables correspond to the total cross section (SGT), differential cross section (DSG),
and polarisation of the beam (PB). The full set of experimental data, consisting of
13 observational datapoints, may be found in Table 8.3. The data spans the energy
range of 0.12 < Ti., < 99 MeV.

Observable Yobs Tran [MeV]  Angle [deg] 0model/Yobs Reference
SGT 120500 mb  0.12 - 0.3 [64]
SGT 2206.0 mb 3.186 - 0.3 [65]
SGT 749.0 mb 12.995 - 0.3 [66]
SGT 321.5 mb 28.0 ; 0.3 [67]
SGT 217.8 mb 40.0 ; 0.3 [67]
SGT 76.0 mb 97.2 ; 0.8 [68]
DSG  8.0lmb/sr  99.0 21.0 0.8 [69]
DSG 214 mb/st  99.0 78.0 0.8 [69]
DSG 950 mb/sr  99.0 149.0 0.8 [69]

PB 0.047 25.0 33.1 0.3 [70]
PB 0.053 25.0 90.3 0.3 [71]
PB 0.170 95.0 29.8 0.8 [72]
PB 0.291 95.0 88.5 0.8 [72]

Table 8.3: np scattering observables used within the second wave of history match-
ing. Each datapoint is given alongside the experimental value y.ps, lab-energy Tt ap,
angle, and the model uncertainty relative to the observational data ouedel/Yobs-
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8. History Match of YEFT in the Nucleon-Nucleon Sector

A summary of both waves of the history match is given in Table 8.4, where the
number of observables used, the number of parameters (dimensionality), and the
chosen implausibility cutoffs can be found. The choice of implausibility cutoffs in
wave 2 is guided by Ref. [11], where a sequence of cutoffs is implemented; Both the
first and second maximum implausibilities, denoted I, and Iy, respectively, are
used with imposed cutoffs of 3.0 and 2.5, respectively.

Wave Sub-wave LECs Dim. No. Samples No. of Observables Cutoffs

IM I2M
1 1 Cis, 1 10* 6 - 3.0
1 2 Css, 1 10* 6 - 3.0
1 3 Csp, 1 10 6 - 3.0
1 4 Csp, 1 10* 6 - 3.0
2 - All 4 10° 13 3.0 25

Table 8.4: Summary of the two waves of history matching of YEFT in the np sector.
Dim. refers to the dimensionality of the parameter space in the corresponding wave
(or subwave).
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8.3 Results for Cutoff A = 450 MeV

A plot of Iy, across parameter ranges, obtained in wave 1 of the history match,
is shown in Fig. 8.3. The non-implausible parameter ranges, corresponding to the
range in which Iy, < 3, is indicated. The lower limit of the Cs s, non-implausible
range reaches the lower limit of the parameter space searched, suggesting that more
negative parameter values may also be non-implausible. However, this was not
thought to pose a problem since a further reduction of this region was expected
when introducing scattering observables to the history match, and thus the history
match was continued into the second wave.

Fig. 8.3 also confirms that the use of only phase shifts in wave 1 successfully reduces
the parameter space. Upon investigation of the non-implausible region achieved af-
ter each sub-wave, seen in Table 8.5, Csp, and Csp, achieve a greater percentage
reduction than Ch Sos Cs s,- We note that the initial ranges for Csp, and Csp, are
at least an order of magnitude greater than those of Ch s, and Cs s,- Therefore, this
is not a particularly surprising result. However, it is still of interest to investigate
model sensitivity to parameters in order to gain a deeper understanding of the pro-
cess occurring in wave 1. This investigation is discussed in Section 8.3.1.

Calculations of the size of the non-implausible volumes remaining after each wave
(or sub-wave) are given in Table 8.5. The final results of the history match can be
seen in Fig. 8.4. We note that the introduction of scattering observables into the
history match does decrease the total non-implausible volume, but only with respect
to Cs s, and Csp,. However, upon plotting the remaining non-implausible samples
(red dots), it does appear that an additional number of samples inside the volume
were deemed implausible, with respect to all LECs.

Wave Sub-wave LECs NI samples (%) NI volume (%)

1 1 Chs, 59.2 59.2
1 2 Css, 41.4 24.5
1 3 Csp, 11.4 2.79
1 4 Csp, 3.0 0.08
2 - All 5.27 0.045

Table 8.5: Quantitative results of the history match of YEFT at LO in MWPC,
performed at A = 450 MeV. Shown are the number of non-implausible (NI) sam-
ples, given as a percentage of the total number of samples generated in the given
wave/sub-wave. Also shown is the non-implausible volume remaining after each
wave/sub-wave. All volumes are given as a percentage of the four-dimensional ini-
tial parameter volume prior to wave 1.

Performing an initial history match at A = 450 MeV provides the benefit of being
able to somewhat validate the results, either with existing literature values [61, 63]
or current ongoing studies [13]. A comparison with such values is shown in Fig.
8.5. These values correspond to modes of LEC posteriors obtained using MCMC

67



8. History Match of YEFT in the Nucleon-Nucleon Sector

sampling. The values are confirmed to fall within the final non-implausible regions
of Cig, and Csg, .

There are no values available for Csp, and Csp, from Ref. [63], since the study imple-
ments WPC, and therefore Csp, and Csp, are only introduced at NLO'. The poste-
rior modes from Ref. [61] agree well for Csp, but fall outside of the non-implausible
region for Csp,. However, this posterior was obtained using only low-energy data
(Trab < 40 MeV) and so some discrepancy is expected. The value from Ref. [13] was
obtained in conjunction with the study performed in this thesis and therefore used
comparable observational data and uncertainties. It falls within the non-implausible
volume in all dimensions.

Plots representing the optical depth and implausibility measure of the non-implausible
volumes obtained at the end of wave 2 may be found in Fig. 8.6. We refer back to
Section 7.2 for an explanation of optical depth, and Eq. (2.5) for the implausibility
measure. We note both a high density of non-implausible samples (indicated by
high optical depth) and low implausibility for less attractive (negative) values of
the LECs, implying that these LECs tend to produce observables more consistent
with data. However, a full Bayesian analysis is required to make a probabilistic
interpretation of these results. We also note that the densest and least implausi-
ble regions lie near the edge of the final non-implausible volume. These particular
volume boundaries are those achieved in wave 1. It is therefore possible that, with-
out the use of phase shifts in wave 1, the final non-implausible volume would be
notably larger. This suggests that phase shifts more strongly constrain the volume
than scattering observables. This is especially notable when considering the more
generous implausibility cutoff used in wave 1 than in wave 2.

!Since several more LECs are also introduced at NLO, posterior modes for Csp, and Csp, are
unsuitable for comparison with MWPC LO results.
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8.3.1 Model Sensitivity to LECs

A sensitivity analysis of wave 1 of the history match performed at A = 450 MeV can
be found in Fig. 8.7, where the variation in model output across the initial parame-
ter range is shown (the filled pink region). Note that, in the case of Csp, and Csp,,
the model output is discontinuous. Also shown are the phase shifts used in wave
1 as yYons With corresponding +30 uncertainties including both o.,s and o0ge. A
random selection of 100 non-implausible samples remaining after wave 1 were used
to generate model outputs (green lines), which are confirmed to fall within nearly
all yons = 30 regions. We note that the use of Iry; > 3 as the implausibility cutoff in
wave 1 explains why not all non-implausible samples leads to outputs inside every
30 range. The choice of initial parameter space to search leads to samples deemed
as implausible for each LEC and across the entire energy range. This confirms a
reasonable choice of parameter space to search. However, the initial lower boundary
of Cs s, does appear to limit the space searched and it is likely that non-implausible
samples would still occur for more negative parameter values in this case. As dis-
cussed previously, it was expected that the introduction of scattering observables
will further constrain Cs s,- As seen in Fig. 8.4, this expectation was shown to be
correct. It is unlikely that any increase in the initial parameter space would have
had an effect on the final non-implausible volume 2.

Introducing scattering observables in wave 2 does not lead to a large reduction in the
non-implausible volume. The only reduction occurs for Cs s, and Csp,. As before,
an analysis of the sensitivity of model output on LECs is performed. Fig. 8.8 shows
the variation in model output across the parameter space searched, and the model
output for 100 of the final non-implausible samples. Low-energy observables, such as
low-energy SGT and PB, appear to lead to higher variations in model output than
the high-energy data. Combined with the lower model uncertainty in these cases,
it is these observables that appear to most constrain the non-implausible volume.
High-energy data does not appear to lead to much reduction in parameter space,
potentially due to the high model uncertainty used for this data. However, the DSG
datapoint at 78° appears to be an exception to this case, somewhat justifying the
inclusion of high-energy data.

2Tt cannot be claimed for certain that non-implausible samples would not have appeared at
more negative values in wave 2, but non-implausible regions at these values likely correspond to
unphysical bound states. They are therefore not particularly ‘plausible’ when considering the
physics. See Section 8.5 for further discussion.
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8.3.2 Prediction of the Deuteron Binding Energy

In order to both validate the non-implausible LEC volume obtained at A = 450
MeV and to illustrate the capabilities of history matching, each non-implausible
LEC sample was used to compute the binding energy of the deuteron. A histogram
of the results is given in Fig. 8.9, with the empirical binding energy also indicated.
Note that the histogram is only an indication of the frequency that a predicted value
appears, and it is not a probability distribution. The empirical value successfully
falls within the range of predicted binding energies, but the histogram tends towards
lower binding energies.

In order to illustrate the reason for both the wide range and the tendency of the pre-
dictions towards lower values, the final non-implausible samples with respect to C's 5
and Ci s, are plotted. There is clearly a much higher density of samples within the
area that produces lower binding energies. As emphasised before, history matching
is a likelihood free method and it is therefore unreasonable to expect precise observ-
able predictions without a probabilistic interpretation of the parameters.

In Fig. 8.10, predictions of the deuteron binding energy and the SGT observable are
given, corresponding to each of the non-implausible samples, at A = 450 MeV. Since
SGT is dependent on more than one LEC, we now see a wider spread of predictions.

Both Fig. 8.9 and Fig. 8.10 suggest that the non-implausible volume would be
further constrained by including the 2H binding energy observable within the history
match. This is illustrated by the 3o region (grey shaded area) shown in both figures,
where 0 = Omodel = 0.3Yobs, With yops being the deuteron binding energy. This
value was chosen to be consistent with the uncertainties used in this history match.
Since the binding energy of the deuteron is primarily dependent on Cs s,, the non-
implausible range of this LEC could be significantly reduced to the region bounded
by the red dashed lines in Fig. 8.9. Additionally, it is likely that the other LECs will
also be constrained as they attempt to reproduce the observable, working within the
reduced Cs s, range, as seen in Fig. 8.10. This is desirable if the aim is to predict more
precise observable values, or to simply obtain a more constrained non-implausible
volume.
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Figure 8.9: Deuteron binding energy as a function of 3S; (dark green curve). The
leftmost plot is a histogram of predicted deuteron binding energies using the set
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observable within the history match.
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Figure 8.10: Deuteron binding energy and SGT predictions given by each remain-
ing non implausible sample after the history match of YEFT at A = 450 MeV. The
blue point corresponds to the empirical 2H binding energy and experimental SGT
values at the corresponding energy.

8.4 Results for Alternate Cutoffs

As detailed in both Section 4.4.1 and Section 8.2, a new history match of the YEFT
model must be performed if the value of A is varied, since the LECs are dependent
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on the choice of A. The history match, as described in the previous section, was run
for 400 < A <4000 MeV. Fig. 8.11 shows the non-implausible ranges for each LEC
at a given A. If multiple modes were seen within the non-implausible volume, then
the range spanned by each mode is plotted and coloured either green or red. Red
regions are labelled as ‘unphysical bound states’, the reasoning of which is discussed
in Section 8.5.
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Figure 8.11: Non-implausible ranges for each LEC, obtained running a history
match for a given momentum cutoff A. Volumes displaying multimodal behaviour
were split into separate regions and visualised accordingly, where unphysical bound
states are indicated in red.

8.4.1 Sensitivity Analysis for Alternate Cutoffs

A further qualitative sensitivity analysis was performed for 400 < A < 600 MeV.
An investigation of low-energy PB is shown in Fig. 8.12. SGT, high-energy PB,
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and DSG sensitivity analyses may be found in Appendix A, in Figs. A.3, A.4, and
A.5, respectively. Observables were computed by varying each LEC independently
across the initial LEC range searched in wave 1, and setting the remaining LECs as
constants corresponding to the sample remaining after wave 2 with the lowest value
of Iy (for a given A). Model outputs that fall outside of the yops £ 30 region would
receive an implausibility above the I, cutoff during the history match. Therefore, a
simplified interpretation of these plots is that the areas of the curves that fall outside
the shaded 3o region are implausible regions. The results confirm those seen in Fig.
8.8, where low-energy SGT, low-energy PB, and the DSG datapoint at 78° appear
to most constrain the history match.

Several important notes must be made about this sensitivity investigation. Firstly,
the z-axis corresponds to the initial parameter ranges searched in wave 1 and LECs
leading to model outputs outside the 30 region may already be classed as implausible
after wave 1. This explains why we do not see a significant reduction in parameter
volume in wave 2, despite some observables showing high sensitivity to the LECs.
Furthermore, the outputs plotted were computed for the LEC with the lowest im-
plausibility and thus samples far from this LEC would produce outputs more often
outside of the 30 region. However, it is likely that in the case of some observables,
e.g. high-energy SGT, sensitivity to LECs is so low and model uncertainty is so high
that these observables rarely, if ever, result in a high implausibility value. Another
important point to note is that the second wave of history matching utilises a second
maximum implausibility cutoff of Iy, > 2.5 (see Table 8.4). As such, some observ-
ables shown will be ‘compared’ to a region smaller than the 3o region visualised.

An interesting feature of Figs. 8.12 and A.4 is the appearance of negative values of
PB at some values of the LECs. PB is defined such that its sign is positive [73], and
it is thought that the negative outputs of our model are an artifact of the truncation
of YEFT. Although this truncation error has been incorporated into the model dis-
crepancy used within the history match, the negative model outputs still fall outside
of the 30 region and may contribute to deeming a sample implausible. Although
out of the scope of this thesis, a further investigation of the model uncertainty may
be appropriate in the case of these observables.

With these considerations in mind, the sensitivity analyses allow us to gain a better
understanding of our history match. In all the sensitivity analyses, the peaks in
model output tend to occur near the centre of the parameter ranges rather than at
the extreme values. This suggests that using phase shifts in wave 1 to constrain
the parameter space was a sensible choice, as it appears that observables in wave 1
would not have led to such a large reduction.

Despite observables not leading to a significant volume reduction in wave 2, the
sharp peaks suggest that many samples within our volume are still being classed
as implausible. This explains the multi-modal regions of parameter space for Ch S
at all A, and Csg, and Csp, at A = 600 MeV. Since the non-implausible volume is
defined only as a hyperrectangle around all non-implausible samples, this behaviour
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is only visible upon investigation of which samples remain after wave 2, as in Fig.
8.4, or if the optical depth is visualised, as in Fig. 8.6. A further discussion of the
multi-modal behaviour takes place in Section 8.5.
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Figure 8.12: PB at a given angle, computed across ranges of each LEC. All values
of PB in this plot were computed at T1,,,=25 MeV.
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Figure 8.13: Ground-state energy of the np system in the 38, and 3P, channels.
Calculations were performed across the explored ranges of Csg, and Csp,, and for a
range of A values.

8.5 Multi-Modal Behaviour

Multi-modal non-implausible regions appear for several of the LECs across all cut-
offs A. We begin by discussing the multi-modal behaviour of Cig,. Due to the
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likelihood-free nature of history matching, probabilities are not assigned to any re-
gion of parameter space. It is therefore not possible to determine which of the two
modes in C s, is the most probable region®. However, we can analyse the regions by
considering the existence of bound states within the relevant channel. A sufficiently
attractive potential will support a bound state. We therefore suggest that a bound
state is occurring when the value of the LEC becomes too negative (attractive).

However, it is known that the only physical bound state occurring in the NN system
is the 35;-3D; deuteron state [31], and thus there is not a bound state in the 1S,
channel. Since multiple modes appear within Ch s, for all A, we conclude that this
bound state is most likely a consequence of using a LO description in MWPC.

Interestingly, additional modes begin to appear for some values of A > 550 MeV,
within Cs s, and Csp,. Since these modes do not appear for all values of A, it is
thought that their existence is due to the use of a regulator function (see Section
4.4.1). We therefore deem these regions as ‘unphysical’, despite the fact that the
LECs produce model outputs consistant with observational data.

To investigate the hypothesis that the multi-modal regions correspond to unphysi-
cal bound states, the binding energy was computed across the relevant parameter
ranges, as shown in Fig. 8.13. If the potential is sufficiently attractive, the eigen-
spectrum of the Hamiltonian contains at least one negative eigenvalue. States in
which £ < 0 are bound states. We consider bound states to be unphysical if we
see an unreasonably high (in magnitude) binding energy (see Section 8.3.2 for the
reasonably sized deuteron binding energy for reference). As seen in the figure, in-
creasing A leads to a steeper gradient in binding energy. This suggests that, for
higher A, less attractive values of the LECs are required for unphysical bound states
to appear. This explains why an increasing number of distinct non-implausible
regions are found for Cs s, and Csp, during high-A history matches.

3The most probable region can be interpreted either as the region most consistent with ob-
servational data, or the region agreeing with the physics upon which yEFT is based. The first
cannot be analysed with history matching alone and requires a full Bayesian analysis. However,
the second interpretation can be analysed.
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Chapter 9

Conclusion and Outlook

9.1 Conclusion

The focus of this thesis has centred on two distinct areas: Validation and improve-
ment of the method of history matching, and the application of history matching to
explore the LO yEFT description of the NN system.

In Chapter 2, the method of history matching was introduced and supplemented
by a discussion on Gaussian process emulators. In Chapter 3, the fundamentals of
YEFT were covered. It was beyond the scope of this thesis to discuss the many con-
cepts at work within yEFT. Instead, the motivation behind the theory was briefly
discussed and power counting was described as a method of constructing a working
model to describe nuclear interactions. Finally, LECs within yEFT were introduced
as a set of unknown parameters and history matching was proposed as a method
of exploring the model performance in the high-dimensional space of the LECs. In
Chapter 4, the basics of scattering theory were covered with the aim of explaining
how scattering observables are obtained from an interaction potential.

In Chapter 5, the limitations of history matching were addressed through the in-
troduction of several novel sampling methods within a subtask of history matching.
The methods were developed to capture correlations between parameters, and did
so within their definition of a non-implausible volume.

In Chapter 6, the nuclear liquid drop model was introduced as a toy model and
used for validation of the history matching scheme. The setup of the validation
was explored in detail. In Chapter 7, the results of the history match of the liquid
drop model were presented. Posterior parameter distributions, obtained analytically,
were confirmed to fall within the acquired non-implausible volumes. The results were
accompanied by an investigation into the sampling density required by each non-
implausible volume definition. It was concluded that an ellipsoidal non-implausible
volume displayed the most promising results; Correlations were successfully cap-
tured, and a higher sample resolution indicated improved computational efficiency.

Armed with a validated history matching scheme, a study of the yEFT model was
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presented in Chapter 8. History matches were performed for cutoffs 400 < A < 4000
MeV and non-implausible volumes were located in parameter space for every case.
The most notable result arising from the analysis was the appearance of multi-modal
regions of parameter space, including domains corresponding to unphysical bound
states. Finally, the non-implausible samples obtained at A = 450 MeV were used
to predict the deuteron binding energy. The results suggested that the inclusion of
such an observable could further constrain the final non-implausible volume.

In conclusion, the history matches performed in this thesis have lead to the success-
ful identification of non-implausible volumes within parameter space, both in the
case of the nuclear liquid drop model and YEFT. The strength of history match-
ing lies in its ability to locate all non-implausible parameter regions' rather than a
single, optimal value typically obtained by Frequentist methods. The simultaneous
appearance of multi-modal regions of parameter space seen in Chapter 8 therefore
represent one of the strongest assets of history matching — insight into the model
itself.

Furthermore, history matching is not bound by the challenges most often encoun-
tered working within a Bayesian framework. It does not require a detailed specifi-
cation of a prior, nor the functional form of the likelihood to be known. However,
global parameter searches are challenging and this thesis identified that the history
matching approach often fails to capture correlations between parameters if imple-
menting hyperrectangle sampling according to upper and lower parameter bounds,
as in Refs. [10, 11, 17]. Promisingly, this thesis suggests that this issue may be suc-
cessfully combated through the construction of rotated hyperrectangle, Gaussian,
or ellipsoid non-implausible volumes. As mentioned above, we recommend the use
of an ellipsoid non-implausible volume for this purpose.

9.2 Outlook

There exist several areas in which the study performed in this thesis could be im-
proved or developed in the future.

9.2.1 Full Bayesian Analysis

One general use of history matching is that of a precursor for a full Bayesian analy-
sis. One may wish to use history matching such that the parameter space is reduced
prior to performing analyses that would be computationally costly to evaluate over
the entirety of the space.

An example of a popular Bayesian analysis is MCMC. A non-implausible volume
obtained through history matching, could indicate where a posterior probability dis-
tribution, obtained through MCMC, may lie in parameter space. Using this knowl-
edge, MCMC walkers can be initialised in the parameter volume obtained from a

! Assuming a high enough sample resolution is achieved, and all relevant areas of parameter
space are explored.
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history match. More specifically, initial walker positions can be set to that of non-
implausible parameter samples. Initialising walkers closer to an expected posterior
mean has the potential benefit of aiding the speed at which convergence of MCMC
is reached.

This potential outlook has been successfully demonstrated in a current study. This
thesis obtained sets of non-implausible samples from the history match of YEFT, at
varying values of momentum regulator cutoff A. At the time of publication of this
thesis, these samples are currently used as initial positions for walkers within an
MCMC analysis of YEFT at LO in MWPC [13]. The current status, and short-term
outlook, of this collaboration is to perform further analysis of the non-implausible
regions in relation to the MCMC results. In particular, the sensitivity analysis
performed in Section 8.3.1 provides some insight into the behaviour of LECs and
the appearance of bound states at higher values of A.

9.2.2 Location of Sample Clusters

A potential improvement to the history matching scheme developed in this thesis is
the implementation of automatic functionality within the history matching scheme
to handle multi-modal behaviour. The benefit of successfully locating clusters dur-
ing a history match is that sub-waves of history matching could be performed on
each separate cluster. This would avoid the construction of a single volume enclosing
all separate non-implausible regions, and prevent needlessly sampling the ‘empty’
space between regions. Furthermore, if performing history matches on each indi-
vidual region, a higher sample density would be achieved. This is also beneficial if
using emulators, since different emulators could potentially be constructed for each
separate and smaller region of parameter space, consequently increasing emulator
accuracy.

Manual identification of multiple modes is difficult in high-dimensional spaces. This
motivates the need for an automatic algorithm. One approach could include the abil-
ity to locate distinct regions in parameter space using a clustering algorithm. Clus-
tering algorithms generally operate by grouping sets of points in a multi-dimensional
space, based on a chosen distance metric. Pre-developed clustering methods exist
within various Python libraries, including scipy. However, these methods generally
require the number of clusters to be known. Alternatively, there are methods im-
plemented within nested sampling that could be used for this purpose [74].

The challenge involved in the implementation of clustering algorithms is ensuring
that regions within parameter space are correctly identified without the need for
checks throughout the history match. The tuning of hyperparameters within the
clustering algorithm would also requires careful consideration, as it would need to
be performed for each wave of a history match.
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9.2.3 Eigenvector Continuation Emulators

Emulators are a core feature of history matching and an essential alternative to
computationally expensive simulations. They are often one of the primary reasons
that an iterative reduction in parameter space can be achieved. A Gaussian process
emulator was implemented during the toy model validation performed in this the-
sis. However, no emulator was implemented during the history match of LECs due
to the limited computational complexity of the calculations required in this thesis,
demonstrated by the small computational time given in Figure 8.1b.

However, the use of emulators within nuclear physics is a fast developing and excit-
ing area and could be a useful addition to the implementation in this thesis. The
inclusion of emulators would speed up the history matching process and could allow
one to include additional low-energy nuclear observables that are more costly to
compute. If one wanted to explore higher orders of MWPC, the dimensionality of
parameter space would quickly increase. In this case, an emulator may prove to be
necessary to achieve realistic computation times.

Eigenvector continuation emulators [75] are an example of a type of emulator that
would be interesting to see included within this history matching implementation.
The use of such emulators has already shown to be successful upon application to
XEFT [26, 76]. Another eigenvector continuation-inspired emulator is detailed in
Ref. [77], where the idea of eigenvector continuation has been used to formulate an
emulator specifically for the two-body scattering problem. It is therefore particularly
relevant to the work performed in this thesis. The Lippmann-Schwinger equation
is solved for a few cases such that a small matrix, e.g., a T-matrix, is obtained.
Using Newton’s variational method [78], an approximation to the entire scattering
T-matrix may then be obtained. Referring back to Chapter 4, it is clear how this
emulator could be directly applied within the history matching implementation to
compute scattering observables.
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Figure A.1: Non-implausible volumes obtained after each wave of history matching
of the liquid drop model, using a rotated hypercube-defined non-implausible volume.
Also shown are the non-implausible samples remaining after wave 5. These figures
are similar to those shown in Fig. 7.2 and Fig. 7.2, with the difference lying in
the choice of non-implausible volume. Refer to Chapter 7 for further details on the
fflevant history match.
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Figure A.2: Non-implausible volumes obtained after each wave of history matching
of the liquid drop model, using a Gaussian-defined non-implausible volume. Each
Gaussian volume has been represented by its 95% iso-probability surface. Also
plotted are the non-implausible samples remaining in the final (fifth) wave. These
figures are similar to those shown in Fig. 7.2 and Fig. 7.2, with the difference lying
in the choice of non-implausible volume. Refer to Chapter 7 for further details on
the relevant history match.
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Figure A.3: SGT at a given 11,5, computed across ranges of each LEC. When one
LEC is varied, the others are set to correspond with the non-implausible sample with
the lowest value of 1), obtained in the history match of YEFT at LO in MWPC.
Observables were computed for A = {400, 500,600} MeV.

IV



A. Additional Figures

o /—\

&
< 0.2
AN e ]
>
0.0 A =400
— A =500
— A =000
—0.21 === Yas 30
1.00
0.75

PB 88.5°

—0.15  —=0.10 —0.05 0.00 —0.2 —=0.1 0.0 0.1 =10 0 10 20 =10 0 10
C1S0[10' GeV=]  €3S1[10' Gev?]  C3PO[10'GeV™]  C3P2 [10' Gev—]
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one LEC is varied, the others are set to correspond with the non-implausible sample
with the lowest value of I;, obtained in the history match of yEFT.
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one LEC is varied, the others are set to correspond with the non-implausible sample
with the lowest value of Ij;, obtained in the history match of yEFT.
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Appendix B

Further Scattering Theory

B.1 The S-Matrix

The S-matrix was introduced in Chapter 4 in relation to both the scattering T-matrix
and scattering phase shifts. The following section aims to provide an intuitive un-
derstanding of the S-matrix, following theory given by Ref. [33].

We consider a time-dependent description of scattering. We introduce the time-
dependent states |¢(t)) that evolve following the time-dependent Schrédinger equa-
tion

0
iho [0(8)) = H[$(?)) - (B.1)

We define the initial state of the system |i)(t = 0)) = |¢), where ¢ = 0 is the time
in which the particle interacts with the potential. The evolution of the system from
an initial state |¢) to a final state [¢(f)) at time ¢ may be described by the time
evolution operator U(t,t = 0). The evolution is therefore represented by

(1)) = U(t,t =0)[v) =™ |4). (B.2)
We consider a particle approaching a potential from distance well outside the range
of the potential, at t = —oo. In the limits of £ =+ —o0 and t — o0, the particle is

far from the potential and thus the time evolution operator reduces to that of a free
particle U(t) = e~*Ho!, We denote the asymptotic states as

WO) T )y W) o [You) s (B.3)

t——o0

where |¢y,) and |1oy) are eigenstates of Hy, and the interacting state [¢) is an
eigenstate of H. In terms of the time evolution operator, this may be written as

U<t7 0) |¢> t——>_—;:> |win> ) U(t7 0) |77Z)> t——;-;? |77Z)Out> ) (B4)
or alternatively as

) = U(0, —00) [¢hin) = Q2 [thn) , 1) = U(0,+00) [thout) = Q- |thout) . (B.5)
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B. Further Scattering Theory

Where Q. are defined as the Mgller operators. We may therefore write that

|¢out> = QT—Q—F |win> . (BG)

One may then define the S-matrix, creating a relation between the in and out asymp-
totic states, as

sS=qq,. (B.7)
The probability for a scattering process is given by [41]
P(|thout) < [¥in)) = | {Yourl S [m) [*. (B.8)

B.2 The Lippmann-Schwinger Equation

This section aims to briefly elaborate on the origins of the Lippmann-Schwinger
equation. To begin, we repeat the Schrodinger equation

(Ho+V)|) = Ely). (B.9)
This can be rearranged to become
1
W)= 16)+ 5=V 0. (5.10)

where |¢) is an initial plane wave state that obeys

Holp) = E9), (B.11)

ensuring that as V' — 0, ¢ — 1. In order to avoid the singularity introduced by
E — Hy, an infinitesimal rotation ie is introduced [39], such that

1

¥ = 19+ T

Vy), (B.12)

The above relation is the Lippmann-Schwinger equation.

The transition matrix, or 7' matriz, is introduced as relating an outbound scattering
state to a plane wave state as [31]

T\|¢) =V ), (B.13)

where [1) is an outbound scattering state with momentum p and |¢’) is a plane
wave state with momentum p’. The momenta under consideration are defined as
the relative momenta of two particles in the centre-of-mass frame, where p = p.a

and p’ = pl,,.

By operating on Equation B.12 from the left with (¢| V', the T-matrix is introduced
into the Lippmann-Schwinger equation and we obtain the operator equation [31]

1
I'=V+V——7—-T. B.14
+ B — H() + i€ ( )
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B. Further Scattering Theory

The plane wave states can be denoted by their momentum as |¢') = |p’) and
|¢) = |p). We now introduce the notation (p’|T |p) = T(p’,p) and (p’|V |p) =
V(p’,p). Representing Equation B.14 in momentum space gives the Lippmann-
Schwinger equation in integral form as [40]

T(k,p). (B.15)

T / — ’ /d3k /ki
(p',p) = V(p',p) + Ve k) e
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