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Abstract

With the recent advances in Machine Learning, there is a natural interest in inves-
tigating potential application areas where it could contribute to more efficient so-
lutions. This thesis investigates the feasibility of the Deep Neural Network (DNN)
approach implemented in the COMSOL Multiphysics software, for simulations of
high voltage components by comparing respective results with traditional finite el-
ement solutions. The project encompasses a best practice study for DNN model
parameter optimization, by considering electrostatic problems for two cases, utiliz-
ing different representative geometries. In addition, the result from one of the study
cases is further applied for establishing best practices for streamer breakdown de-
tection problems.

The DNN approach was found feasible for applications with relatively low-complexity
geometries and simple physics. However, there are areas of study where it did not
outperform traditional finite element solutions. Thus, when simulating complex ge-
ometries or physics with DNN, the improvement in efficiency compared to using
finite element methods diminishes. From the obtained results, it is apparent that
further studies in the area are necessary to explore advantages and limitations of
the method.
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1

Introduction

1.1 Background

With the recent proceedings in deep learning, there is a natural interest in finding
areas where this technology has the potential to make a change. Today, HV design
usually relies on computationally expensive FEM simulations, and implementing ML
for these simulations might make the process more efficient, maybe even discovering
unsafe conditions missed by human operators.

1.2 Earlier works

While the studies done on ML in conjunction with COMSOL multiphysics may
be sparse, studies have been done in the area of physics informed neural networks
(PINN). An example area of study is insulator diagnostics, where deep learning in
conjunction with imaging has been used to diagnose electric field and temperature
distributions [1]. PINN has also shown potential in being able to estimate physical
parameters, such as charge density distributions, electrical ion mobility and electrode
diameter in a 1-dimensional geometry by being trained on HV measurement data [2].

The idea behind PINN is to set constraints for a NN based on the laws of physics,
making them more ideal for solving physics-based problems. While these constraints
are not seen in COMSOL multiphysics, the NN can still be used to map multivariate
input data to output data, solving problems in its own way.

1.3 Objective

The objective of this thesis is to study ML Surrogate models in COMSOL Multi-
physics, establishing a best practice for working with electrostatic problems, based
on a study using two simple two-dimensional geometries with circular electrodes
surrounded by a grounded rectangular box.

Additionally, the established best practice should be tried on a streamer detection
study, and lastly, conclusions should be drawn from the result around possibilities
and boundaries for the use of ML in HV simulations.
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1.4 Boundaries

e The project uses the built-in ML functionality of COMSOL Multiphysics, not
relying on external simulation tools.

o The models are trained using sparse datasets, only obtained from FEM simu-
lations.

o Complex geometries are not studied as part of this thesis, as the focus is an
initial study of the use of ML models in COMSOL.

e The parameter optimization for the best practice study, does not take into
consideration the interaction effect between different ML parameters.
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Theory

2.1 Machine Learning

Machine Learning (ML) is a subtopic of Artificial Intelligence (Al). Unlike other
types of Al it is based on learning, in contrast to rule-based varieties. This essen-
tially means that the framework does not make use of fixed rules or functions, but
rather on model training in conjunction with other methods such as neurons, for
decision-making.

2.1.1 Datasets

A dataset is a set of data to be processed through the ML framework. Datasets
are commonly split into two or three subsets, in order to enable training. This is
commonly known as a train-test-split.

Dataset

AN

Train Test
/ \ |
Train validation Test

Figure 2.1: The commonly used train-test-split

During initial training phases of ML models, the test data is to be kept unseen
from the model. If the three-subset model with a validation set is used, this subset
may be introduced to the ML model during the training phase, in order to tune
hyperparameters, which are crucial elements for dictating how the model works.
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2.1.2 Overfitting

Quverfitting describes an undesirable case where a model has adapted too well to the
training data, to the extent where it makes inaccurate predictions of the test data.

A 4
A 4

(a) Acceptable linear fit (b) Overfitting

Figure 2.2: Example of overfitting in regression

Figure 2.2 shows a human-interpretable example of overfitting. Assuming the blue
points depict the training set, adding additional datapoints from the test set to
case (a) would still yield an acceptable fit, while in case (b), the regression has
over-adapted to each of the existing datapoints from the training set, resulting in
excessive errors when new (test) points are taken into consideration.

There are a few common methods of avoiding overfitting in ML, reqularization,
dropout and early stopping [3].

2.1.2.1 Regularization

Regularization is a way of counteracting overfitting by penalizing large weights in
the model. This effectively prevents the model from fitting too well to the training
data. Weight decay, as used in this thesis, is a form of regularization.

2.1.2.2 Dropout

In some circumstances, the model becomes too reliant on specific neuron pathways.
This can be mitigated by making use of dropout, a method in which neurons are
randomly switched off during training, forcing the model to make use of alternative
pathways [3].

2.1.2.3 Early stopping

If the performance of the model against the validation dataset starts decreasing dur-
ing training, the training can be stopped at the point where this becomes noticeable.
This is called early stopping [4].

4



2. Theory

2.1.3 Losses

In ML theory, the losses describe the accuracy of model predictions with respect to
the actual data.

2.1.3.1 Loss functions

Loss functions are used in order to quantify training and validation losses. There
are several metrics used to quantify these losses, a common one (used by COMSOL
Multiphysics) being Root Mean Squared Error (RMSE).

RMSE = i (=12 (2.1)

i=1 n

Apart from quantifying the losses, the functions additionally serve as objective func-
tions when training, and are often minimized to produce the best performing model.

2.1.3.2 Convergence plots

A convergence plot can be drawn by applying a loss function when training a model.
Convergence plots can be used to diagnose overfitting, as the validation losses will
show a clear upward trend while the training losses continue decreasing, due to the
model over-adapting (overfitting) to the training data.

Deep neural network training

T T T T T T
107 E \
-
g o
= \
g %
- 2L \
10°g \
: .‘\\
L \.\\
\‘“\\
-3 —
10 E| — Validation loss T~
| — Training loss — T
0 1000 2000 3000 4000 5000 6000 7000

Epoch

Figure 2.3: Example of a convergence plot of a neural network, showing validation
and training losses with respect to the number of epochs trained
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2.1.4 Neural Networks

A Neural Network (NN) is a ML framework used for decision-making by simulating
neurons. It consists of several layers, typically one input layer, one output layer,
and one or several hidden layers between them.

L A B
Ry Al

Input layer Hidden layers output layer

Figure 2.4: Example of a simple five-layer feed forward NN featuring one input
layer consisting of three inputs, three fully connected hidden layers with four neurons
each, and a single-output layer

2.1.4.1 Structure

There is no singular structure of a NN, as it can be configured in ways appropriate
for specific tasks. A feed-forward NN as used in this project, though, consists of a
number of neurons in parallel, which are collectively called layers. These layers are
connected serially, forming the path from input to output.

The first layer in this series is called the input layer, as it is the layer that receives
the input data. In the same sense, the last layer is called the output layer. The
layers in-between are typically referred to as hidden layers, as there is no human
interaction with them.

In Figure 2.4, the layers are fully connected, meaning that each neuron in a layer
connects to all neurons in the preceding layer.

NN can have a rectangular shape where all layers have an equal amount of neurons,
but the layers can also have different numbers of neurons, thereby constructing NNs
of different shapes. They can, as an example, be shaped as a funnel, where the
number of neurons decreases with each layer, or like a bottleneck (also called an
autoencoder) where one or more of the hidden layers have a smaller number of
neurons compared to the rest of the layers.

6
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2.1.4.2 Deep Neural Networks

A deep neural network refers to a NN with two or more hidden layers. While there is
no well-defined boundary that classifies a NN as a deep neural network, it is common
to draw the line at two or more hidden layers.

2.1.4.3 'Training

To be able to make meaningful predictions, a NN needs to be trained, or in other
words, iterated over m epochs, while updating its weights subject to minimization
of the loss function.

2.1.4.4 Activation functions

w1

wa

w3

Wy

o0

Figure 2.5: Schematic of a perceptron, the ML equivalent of a human neuron

Activation functions can be seen as filters used to pass the summed and weighted in-
puts to the output, introducing a non-linearity, increasing the ability of the neurons
to adapt to training data. Different activation functions have different characteris-
tics.

Table 2.1: Table of common activation functions

Activation function Function value

Linear x
ReLU max (0, x)
ELU {1 >0
ale—1), 2<0
tanh tanh(x)
Sigmoid H%
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Linear tanh Sigmoid

1]

Figure 2.6: Graphs of common activation functions

2.1.5 Gaussian Process

GPM is a method that uses a mean function and a covariance function in conjunction
with observations (inputs), yielding an outcome in the form of a predictive function
of the observations. It is useful for interpolation of the values given as observations

[5]-

2.1.6 Polynomial Chaos Expansion

PCE is a method of prediction that works by approximating a relationship to a
known polynomial function. It is a good option in cases with nonlinearity, where
linearization may provide a bad result, and works best for smooth and continuous
functions [6].

2.2 Finite Element Method

The Finite Element Method (FEM) is a widely used numerical method for solving
complex physical problems. These can rarely be solved analytically due to the
complexity from Partial Differential Equations (PDE:s) used to describe physical
laws. Discretization can be used to simplify the problems, which in FEM is done
by dividing up the geometry into smaller finite elements. Then, by approximating
for example the electric field of each finite element, a model can be obtained that
accurately describes the field distribution of the whole geometry [7].

2.2.1 Mesh

Discretization is done by introducing meshing, which for a 2D model consists of a
number of triangles or quadrilaterals, spanning the whole geometry. These poly-
gons represent the finite elements of the domain, and have a node in each vertex.
Higher-order elements may contain more nodes, located along the edges or inside
the element.
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VAV

Figure 2.7: Triangular mesh on an example 2D geometry

2.2.2 Approximation of the elements

To approximate the values of the elements, the desired equations are solved for each
node. Then using shape functions, the desired value can be interpolated over the
element. By using shape functions of different orders, such as a linear shape function
U = ax + by + ¢, or a quadratic shape function U = a;2? 4 b1y? + asx + bay + ¢, the
accuracy of the interpolation can be controlled.

2.3 Streamer discharge

A streamer is a type of electrical discharge where an electron avalanche has ionized
the medium around an electrode, allowing charge to travel through the ionized re-
gion, forming a tree-shaped discharge. The discharge does not bridge a gap between
two electrodes, but rather dissipates into the surrounding media.

In order for a streamer to form, the Raether-Meek criterion, commonly called the
streamer criterion, needs to be fulfilled. This is accomplished when the integral of
the critical region of the critical path (between two electrodes) evaluates to 2 18.3,
or in other words, > In(10%).

/ " dr > In(10%) (2.2)
0

In Equation 2.2, a.g denotes the effective ionization coefficient. It is defined as aeg
= a—1), where « (the ionization coefficient) quantifies the rate of secondary electron
emission, and the attachment coefficient n quantifies the rate of electron capture by
other molecules.



2. Theory

10



3

Methods

The project has two main parts. The first part is a best practice study, where
parameters and settings were explored and optimized. Here, three different ML
methods were tested and compared. The second part is a test of the best performing
ML method using the resulting parameters of the best practice study on a streamer
detection simulation.

3.1 Best practice study setup

This section describes how the best practice study was set up in COMSOL mul-
tiphysics. Introduction to Surrogate Modeling, from the COMSOL documentation,
was used to set up the method of this thesis [8].

3.1.1 Geometries

The ML methods were evaluated on two different two-dimensional geometries.

3.1.1.1 Geometry 1

Geometry 1 is a simple two-dimensional representation of a cylindrical high voltage
(HV) conductor with applied voltage Vj, in a grounded quadratic geometry.

Table 3.1: Parameters for geometry 1

Parameters Values

Vo [kV] 100
lsquare [m] 1
7 [m] Varies
I, [m] 0.15
Figure 3.1: Geometry 1 Ely [H[l]] }/arles
gas |~

3.1.1.2 Geometry 2

Geometry 2 is identical to geometry 1, except for the addition of a resistive layer
to the bottom of the quadratic geometry. [, still denotes the distance to ground
in the y-axis, rather than to the top boundary of the resistive layer. The external
dimensions remain unchanged.

11
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Table 3.2: Additional parameters for
geometry 2

Parameters Values

dsolid [m] 004
€solid ['] )

Figure 3.2: Geometry 2

3.1.2 Physics

The study uses the electrostatic physics module, which essentially solves Gauss’ law
(Equation 3.1) by substitution with Equation 3.2 (derivative of Poisson’s equation
for electrostatics) on the meshed geometry.

V-D=p, (3.1)
E=-VV (3.2)

The quantity of interest is Fy.x, the maximum electric field norm along the conduc-
tor boundary in the geometrical domain.

3.1.3 Mesh

The mesh preset extra fine was used for the entire geometry, apart from the con-
ductor boundary, where the preset extremely fine was used.

-

(T ATATNAT AT

v

(a) Mesh of geometry 1 (b) Mesh of geometry 2

Figure 3.3: Meshing of the geomtries
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3.1.4 Surrogate Model Training

To generate the training (and validation) datasets for the ML methods, the Surrogate
Model Training functionality of COMSOL was used.

3.1.4.1 Dataset quality

In order for the ML model to produce a good result, the input data needs to display
a clear enough pattern representation of the true solution. To ensure this, the input
data was sampled using uniform distributions across the solution domain, or in other
words, each sampled datapoint had an equal probability of being anywhere in these
distribution regions.

To ensure good data sampling in regions of the domain where the output parameter
had a high gradient, with respect to the input parameter, the sampling was split up
into two regions, one for the majority of the solution space, and one for the high-
gradient regions, by running the surrogate model training data generation twice.
The second, improving run of the surrogate model training was done using Improve
and build surrogate model functionality in COMSOL. 50% of the total number of
datapoints was used for each run, and the mathematical distribution of points inside
these reinforcement regions was still chosen to be uniform. This resulted in a dataset
with a more concentrated sampling in the high-gradient regions.

3.1.4.2 Training dataset parameter intervals

The input parameters for the study are conductor radius r, and distance to ground
in the y-axis, ly for both geometries. Their corresponding parameter intervals were
set as shown in Table 3.3.

Table 3.3: Interval for input parameters

Input parameter Geometry 1 Geometry 2
r [m] 0.01-0.25 0.01 - 0.25
l, (first run) [m] 0.0105 - 0.15 0.0002505 - 0.15

l, (second/improving run) [m] 0.01 - 0.0105 0.00025 - 0.0002505

The output parameter was defined as the maximum electric field norm FE,,,, at the
boundary of the conductor.

Figure 3.4, shows the linear interpolation of the 400 point datasets. The x-axis is
the radius of the conductor, y-axis is the distance to ground and the z-axis is the
maximum electric field.
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intli(x.y) intli(x.y)

x'—Ivy " .0.2 S 2 X-—‘Ly . 0.2 015 01 005
(a) Linear interpolation of the 400- (b) Linear interpolation of the 400-
point dataset for geometry 1 point dataset for geometry 2

Figure 3.4: Linear interpolation of 400-point dataset of each geometry

3.1.5 ML methods
Three different ML methods integrated into COMSOL were tested.

The Deep Neural Network functionality was used to train the DNN models, using
the datasets generated by the Surrogate Model Training. This was done by specify-
ing a table containing a dataset generated by Surrogate Model Training, along with
hyperparameters used for the DNN training.

Similarly to what was done for DNN training, the Gaussian Process and Polynomial
Chaos Ezpansion functionalities also made use of the same pre-generated training
datasets. They differ from DNN, as they have fewer hyperparameters, and the
training in itself is substantially quicker. By default, no validation data is used for
GPM or PCE training.

3.2 Quantification of results

The following quantification method was used both for the best practice study and
for the later streamer detection study. The error, the computational time and the
reliability of the model were used to draw conclusions around the optimal parameter
settings.

3.2.1 Prediction error of the ML models

A method of calculating the error of the ML models was determined, to facilitate
comparisons between different parameter settings. The error calculation was pre-
formed by calculating the volumetric L2 norm between the ML model and a reference
dataset consisting of a high number of datapoints, and using a very fine mesh, in
order to reach a high accuracy. The reference dataset does not equal reality, but
represents using a FEM solution of high resolution.

14
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3.2.1.1 Separate reference dataset

In order to define a reference model for each geometry, a separate large reference
dataset was generated using Surrogate Model Training, sampled at 4000 points in
the solution domain and using the same maximum electric field boundary probe
on the conductor as the output and r and [, as the input parameter. The input
parameter intervall are specified in Table 3.4.

Table 3.4: Interval for input parameters for reference dataset

Input parameter Geometry 1 Geometry 2
r [m] 0.01 - 0.25 0.01 - 0.25
l, (first run) [m] 0.0105 - 0.15 0.00025000000000005 - 0.15

I, (second/improving run) [m]  0.01 - 0.0105  0.00025 - 0.00025000000000005

Figure 3.5, shows the linear interpolation of each of the two reference datasets,
where the z-axis is the radius, y-axis is the distance to ground and the z-axis is the
maximum electric field along the conductor boundary.

int2(xy) o int2(xy) o

x10%

X’Ly ot Vn.z 0as 01 008 x.__Ly oas s o015 01 005
(a) Linear interpolation of reference (b) Linear interpolation of reference
dataset for geometry 1 dataset for geometry 2

Figure 3.5: Linear interpolation of reference dataset for each geometry

The reference dataset for geometry 1 consisted of 4000 datapoints with a first run of
2000 points on the majority of the domain and 2000 improving points concentrated
toward high-field regions.

The reference dataset for geometry 2 consisted of 3559 datapoints instead of the
intended 4000, due to an error. The first run consisted of 2559 datapoints and
the improving run consisted of 1000 datapoints. The lower number of improving
points steam from needing a shorter interval in the improving run to capture the
much higher gradient of the high field area. Given the relatively large number of
datapoints and the fact that only the low-field region was affected, regenerating the
dataset because of the error was deemed not necessary.
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The mesh of both the geometries was set to extremely fine, in order for the datasets
to be generated with high accuracy. To allow comparison with the simulated ML
models, the reference models was linearly interpolated into a 2-dimensional surface.

3.2.1.2 Error calculation

In order to quantify the errors of the ML models, the continuous L2 norm (as seen
in Equation 3.3) was used. f denotes the predicted function (the ML solution) or
the interpolation of the training dataset, and f denotes the true function which in
this work is the reference model (linear interpolation of the reference dataset). The
interpolation was used for both the reference dataset and training dataset when
preforming the calculations, since it was used for comparisons of datasets of varying

e - fenl =[] () - ) dedy 33

In COMSOL, a surface integral over a Grid 2D dataset with the same parameter
bound as presented in Table 3.3 (lower bound from second run and higher bound
from first run of /,) was integrated across the solution domain, using the expression

(f(ly,r)— f (1,,7))?. The square-root calculation was then performed externally. Due
to an error, the calculations done for geometry 1 on device 1 uses slightly different
parameter bounds of 0.01026-0.249517 for r and 0.010104-0.149683 for [,, rather
than the parameter bounds described in Table 3.3. Since no error comparisons were
done between different tests and devices, it was determined to have a negligible
impact on the result.

The resulting error from the L2 norm calculation doesn’t indicate a good or bad
model in itself, since it merely describes the volumetric L2 error between the refer-
ence dataset and the ML model as a scalar value. The error calculation was therefore
also performed on interpolations of the training datasets, to allow a fixed point of
comparison, meaning that conclusions can be drawn about the validity of the ML
models, as well as its accuracy compared to interpolation between FEM results.

3.2.2 Computational time

When training a model in COMSOL Multiphysics, the computational time is printed
after the training is completed. This can be used as a metric when judging the usabil-
ity of the ML models. It should, however, be noted that the training time can vary
between devices due to different computational power and other processes running
at the same time, making the training time have limited precisions as a comparison
tool.

The number of epochs could also be a suitable metric since it in most cases is pro-
portional to the training time, with the added benefit that it is constant between
devices. There are, however, some cases where DNN parameters change the train-
ing time per epoch, making it necessary to use identical parameters when using this
metric for inter-device comparisons.
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In combination with the training time differences explained earlier, this resulted in
each individual parameter test being completed on the same device, while multiple
devices were used across the different tests. The aim was to find general trends for
each test instead of using the resulting values for comparisons between tests and
devices. Which device out of the two used during this project was therefore noted
for each test.

3.3 Best practice study

This chapter of the project aims to find a best practice for working with HV problems
similar to those of geometry 1 and 2, by conduction of an optimization test on the
parameters in the ML functions.

3.3.1 Deep Neural Network

As the parameter optimization for the DNN is a high-order multivariate problem,
the optimal solution considering all parameters at the same time is hard to obtain.
The interaction effect of the different parameters were therefore intentionally not
considered. Instead, a methodical process was used, where each parameter was op-
timized using set values for the other parameters, as can be seen in Table 3.14.

Table 3.5: Default values for DNN parameters during optimization

Neurons x layers Learning rate Weight decay Batch size Activation function

10 x 4 1073 0 370 tanh

Some parameters and settings were not optimized, and were therefore set to their
default values, which can be seen in Table 3.6.

Table 3.6: Set values for DNN parameters that were not optimized

Optimizer Loss function Validation data Validation data fraction

Adam Root-mean-square error Random sample of data values 0.1

The same 400-point dataset was used for all tests, except during the optimization of
the batch size, where two additional (200- and 600-point) datasets were used, and
during the training dataset study.

[terations of the same model configuration with different random seeds were tested
in order to eliminate measurement noise, and to obtain a clearer picture of which
configuration performs best, resulting in a best practice value or interval for each
parameter. The random seeds used were five four-digit numbers (2854, 2751, 4827,
9351 and 7284), pseudorandomly generated using a calculator, and 0, the default
random seed in COMSOL.
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3.3.1.1 Number of epochs

The number of epochs were decided with respect to early stopping, which means
that each DNN trial has its own number of epochs in order to combat overfitting.
This was done by training the model two times for each configuration. The first
training was conducted to determine the number of epochs that results in a val-
idation loss minimum, based on the convergence plot. The second training was
then performed using the optimal number of epochs determined in the first train-
ing. A maximum number of epochs was set to 500 000 to limit extensive simulations.

3.3.1.2 Number of neurons and layers

Different numbers of neurons and layers were tested. The main approach was to
optimize a rectangular structured network, consisting of m neurons times n layers.
First, configurations with m = 4,6,8,...,16 and n = 1,2, 3,4, 5 were tested to ex-
plore the performance of the model, using random seed 0. Then higher-performing
variations were run with five additional random seeds (2854, 2751, 4827, 9351 and
7284), in order to produce a mean error per variation. In this extended evaluation,
configurations with m =4,6,8,...,16 and n = 3,4, 5 were considered.

A smaller test of some common DNN architectures was also conducted. The struc-
tures tested were funnel-shaped networks, bottlenecked autoencoder networks, and
the inverses of both. The different shapes were tested with different number of
neurons, which can be seen in Table 3.7, and the configurations were tested using
three different random seeds (0, 2854, and 2751). Device 1 was used for all tests
considering optimization of the number of neurons and layers.

Table 3.7: Tested shape configurations

Structure Number of neurons Structure Number of neurons
64-32-16 16-32-64
32-16-8 8-16-32
Funnel 16-84 Inverse Funnel 1816
8-6-4 4-6-8
64-32-64 32-64-32
32-16-32 16-32-16
Autoencoder/Bottleneck 16-8-16 Inverse Bottleneck 8-16-8
8-6-8 6-8-6
6-4-6 4-6-4

3.3.1.3 Learning rate

The learning rate was initially tested between 107! and 1077, incrementing the
exponent by 1 at each step, for the random seed 0. Based on the performance
observed in this first test, the interval was narrowed, and two additional random
seeds (2854 and 2751) where used to more accurately evaluate the effect of the
learning rate between 107! and 107%. Device 2 was used for the duration of the
whole test.
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3.3.1.4 Weight decay

Different values of weight decay was used, either its default value of 0, or ranging
from 107! to 10~7. In this case, 0 signifies that no weight decay is implemented. This
was done for the random seeds 0, 2854 and 2751. As done with the learning rate,
a second test using additional random seeds (4827, 9351 and 7284), on a narrowed
interval (107 to 1077, as well as no weight decay), was then used to more accurately
evaluate the effect on model performance. Device 1 was used for the duration of the
whole test.

3.3.1.5 Batch size

The batch size (the number of datapoints the DNN trains on at a time during an
epoch) was tested on three different datasets with 200, 400 and 600 datapoints.
Batch sizes used were defined as percentages of the training dataset size, ranging
from 100% to 12.5%, with steps of 2.5 percentage points between 100% and 87.5%,
and steps of 12.5 percentage points between 87.5% and 12.5%. This was done for
three random seeds (0, 2854, 2751). Device 1 was used for the duration of the whole
test.

3.3.1.6 Activation function

The different activation functions, namely Linear, ReLU, ELU, Sigmoid, and tanh,
were tried and evaluated for best performance. The activation function undergoing
testing was applied to all layers, and each configuration was tested using three
different random seeds (0, 2854 and 2751). Device 2 was used for the duration of
the whole test.

3.3.1.7 Training dataset size

To test the optimal number of training points for each geometry, a test was conducted
using training datasets which consisted of 10, 50, 100, 200, 400, 600, 800 or 1000
points together with the default parameter settings. For geometry 2, two additional
dataset sizes of 1200 and 1400 points were also tested. For these tests, new datasets
were generated for all sizes. For each iteration, a batch size of 90% of the dataset
was used. Each configuration was run using 3 different random seeds (0, 2854 and
2751), and all simulations were conducted on device 2.

3.3.2 Gaussian Process

For Gaussian Process, the varied parameters were covariance, mean, optimization
method, number of restart points, maximum number of surrogate evaluations, max-
imum number of optimization iterations, and maximum matrix size. Three different
random seeds were used, the default value of 1014, and the two random seeds 9750
and 7445. The same 400-point dataset as in the DNN optimization study was used
and device 2 was used for the duration of the whole test.
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The test progressed by successively testing a number of variations, one parameter
at a time. From these variations, the best result (least error) of each parameter
variation was selected as the best possible choice. In the end of the simulation run,
a new run using all of these best choices was performed.

Table 3.8 shows the default settings used, while table 3.9 shows the different values
testes for each ML method parameter.

Table 3.8: Default parameter settings for Gaussian Process

Covariance Mean Optim. method Restart points Max no. of SM eval. Max optim. iter. Max mat. size

Matérn 3/2  Constant Direct Auto (8) 10 000 500 2000

Table 3.9: Tested value of each parameter settings for Gaussian Process

Covariance Mean Optim. method Restart points Max no. of SM eval. Max optim. iter. Max mat. size
Matérn 3/2  Constant Direct Auto (8) 10 000 500 2 000
Matérn 5/2 Linear Monte carlo 10 20 000 1000 4 000
Sqared exp.  Quadratic - 20 30 000 2000 8 000

Single lay. NN

3.3.3 Polynomial Chaos Expansion

For Polynomial Chaos Expansion, the room for parameter variation was smaller.
Here, maximum polynomial degree, Q norm, relative tolerance, and maximum ma-
trix size were varied. The same 400-point dataset as in the DNN optimization study
was used. Device 2 was used throughout the test.

The same methodology as was used for finding the best parameter choices in the
Gaussian Process study was also used for this study.

Table 3.10 shows the default settings used, while table 3.11 shows the different values
testes for each ML method parameter.

Table 3.10: Default parameter settings for Polynomial Chaos Expansion

Max degree Q-norm Rel. tol. Max size

Auto Auto 1073 2000

Table 3.11: Tested value of each parameter settings for Polynomial Chaos Expan-
sion

Max pol. degree Q norm Rel. tolerance Max. mat. size

Auto Auto 1073 2000
30 0.3 1074 4000
50 0.5 1075 8000
70 0.7 - -
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3.4 Streamer detection study setup

This section describes how the streamer detection studies were set up in COMSOL
Multiphysics.

3.4.1 Geometry and mesh

For the streamer detection study, the geometry and mesh settings used for geometry
1 were reused, as described in section 3.1.1.1 and 3.1.3.

3.4.2 Physics

The study makes use of the electrostatic and particle tracing physics modules. The
electrostatic module is used in conjunction with a stationary solver to calculate the
electric field across the geometric domain, and the particle tracing is used in conjunc-
tion with a time dependent solver to determine the maximum value of the streamer
integral across the geometric domain (see Equation 2.2) by tracing particles from
the cathode to the anode, where a particle counter is implemented.

A streamer integral value = In(10%) doesn’t hold any scientific importance for this
study, but rather indicates that conditions for streamer formation are present.

The cathode was selected as the two outer boundaries closest to the conductor, and
the particle counter was selected as a semicircular part of the conductor boundary,
rotated to be as close to the corner connecting the cathode boundaries as possible.
This was done to reduce the computational time of the time dependent study, know-
ing that a streamer inception will not happen outside of these regions as the two
possible critical paths are covered.

(a) Cathode (b) Particle counter

Figure 3.6: Boundaries for cathode and particle counter selection
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3.4.3 Surrogate Model Training

The input parameters and their corresponding parameter interval were set as shown
in Table 3.12.

Table 3.12: Interval for input parameters

Input parameter Range
Vo [kV] 60 - 100
l, (first run) [m]| 0.0105 - 0.04

l, (second/improving run) [m] 0.01 - 0.0105

As the output, two parameters of interest were solved for, the first being the max-
imum value of the streamer integral across the domain, and the second one being
the Schwaiger factor (degree of uniformity) 17 = Euve/Emax-

3.4.4 Reference datasets

The radius of the conductor was not set as an input parameter in this study, but
was instead set as values of 0.01 m, 0.12 m and 0.25 m, eliminating the need for
four densely sampled dimensions, and resulting in three different reference datasets.
Both the first run and the improving run consisted of 2000 datapoints, resulting
in a total of 4000 datapoints per reference set. The input parameters and their
corresponding parameter intervals were set as shown in Table 3.13.

Table 3.13: Interval for input parameters

Input parameter Range
U [kV] 60 - 100
l, (first run) [m]| 0.01000005 - 0.04

l, (second/improving run) [m] 0.01 - 0.01000005

The same outputs as for the training datasets were set (the maximum value of the
streamer integral across the domain and the Schwaiger factor).

3.4.5 DNN parameters

Table 3.14, present the DNN parameters used as the default settings during the
streamer detection study. These parameters come from the result of the best practice
study.

Table 3.14: Default values for DNN parameters during streamer study

Neurons x layers Learning rate Weight decay Batch size Activation function

4 x5 1073 0 90% tanh
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3.5 Streamer detection study

3.5.1 Neurons, layers and dataset size study

A study exploring the optimal number of neurons and layers, and the optimal train-
ing dataset size, was done for the streamer detection case. These studies were per-
formed simultaneously by testing a set interval of the number of layers and neurons
for each dataset size. 4-5 layers with 4, 6 and 8 neurons, respectively, was chosen
from the result of the best practice test for DNN structure, presented in section
4.1.1.1. These different DNN structures were tested on dataset sizes of 10, 50, 200
and 400 datapoints.

This was done in order to study DNN’s performance with respect to the sparsity of
the training dataset, while finding the optimal DNN structure for this case.

3.5.2 Degree of uniformity

To study the effects of field uniformity on DNN performance, a Schwaiger factor
(degree of uniformity) study was conducted. As the model considers distance to
ground as an input, the field uniformity will not be constant across a single solution
space even though there exists a separate one for each choice of conductor radius.
Thus, a mean Schwaiger factor is calculated for every such solution, and the error
of the model is studied with respect to it.

The DNN size used during this study was the best performing choice in the dataset

size study, which was presented in Section 4.2.1 (5 layers, 4 neurons each). The
200-point training dataset was used.

23



3. Methods

24



4

Results and discussion

4.1 Best practice study

In this section, the result of the best practice studies are presented and discussed.
The errors of the training dataset interpolations can be found in Table 4.1, and were
used to quantify the validity of the DNN models. As described in Section 3.2.1.2,
devices 1 and 2 had a small discrepancy between their integration domains, leading
to a difference in the error of the training data interpolation.

Table 4.1: 400-point training dataset error

Geometry Training data error
Geometry 1 33 303 (Device 1) and 33 703 (Device 2)
Geometry 2 6 205 562

4.1.1 Deep Neural Network

In this section, the result of the DNN parameter evaluation is presented. The figures

and plots presented in this section are compiled results. The raw data for each test
can be found in Appendices A-G.

4.1.1.1 Rectangular DNN

In Figures 4.1-4.2, the result of the optimization tests is presented with a different
plot for each number of layers. Each plotted line in the figures is the result of a
different random seed, and the black dashed line shows the interpolation error of
the respective training dataset.

Error vs. neurons Geo 1 (3 layers) Error vs. neurons Geo 1 (4 layers) Error vs. neurons Geo 1 (5 layers)
4 [~e0 4few0 2
Qe 2854 ] 4 2854

3 2751 3
....... 4827 e
et I I
2 7284 SO
---- Interp.

Error (10%)
Error (10%)
Error (10%)

T4 6 8 10 12 14 16 6 8 10 12 14 16 T4 6 8 10 12 14 16
Neurons Neurons Neurons

(a) 3 layers (b) 4 layers (c) 5 layers

Figure 4.1: Error plots for geometry 1 using 3 layers (a), 4 layers (b), and 5 layers

()
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When using 3 layers in the DNN, there is a substantial variance in the error between
the different random seeds. This indicates that the DNN complexity doesn’t match
the problem making the model validity quite volatile. When instead using 4 layers
there is still a lot of variance between the different random seeds when using 4 or
12-16 neurons. This could suggest that using 4 neurons has to low complexity for
this problem, and using 12-16 neurons has too high complexity. 6-10 neurons has
less variance, indicating that the complexity of the network matches the problem.
The variance when using 5 layers in the DNN is lower in general, because of the
higher complexity. By using a network with 5 layers and < 10 neurons, the variance
can be minimized, meaning a reliable model with a around a third of the error in
comparison with the training dataset interpolation error.

»108 Error vs. neurons Geo 2 (3 layers) 8 »108 Error vs. neurons Geo 2 (4 layers) «10° Error vs. neurons Geo 2 (5 layers)
3 00 00 00

7 42854 70 2854 7 -0 2854

", 2751 2751 4 2751

4827 [ S 4827 6 fferueee 4827
-0 9351 oo 9351 Y R A 9351
7284 5 7284 7284
- - - Interp. ==-= Interp. - == Interp.

4 6 8 10 12 14 16 4 6 8 10 12 6 8 10 12 14 16
Neurons Neurons Neurons

(a) 3 layers (b) 4 layers (c) 5 layers

Figure 4.2: Error plots for geometry 2 using 3 layers (a), 4 layers (b), and 5 layers
()

The result, when using a 3-layered DNN on the dataset from geometry 2, shows
higher error variance when using a smaller number of neurons, which indicates that
the network complexity is too low for the problem. When using a DNN with 4-5
layers and < 8 neurons, the variance is small, indicating that the network is complex
enough for the problem. The error of the DNN for these DNN dimensions are around
half of the error of the training data interpolation.

4.1.1.2 DNN shape study

Figures 4.3-4.4 and Tables 4.2-4.3 shows the result of the DNN shape studies, for
geometry 1.

5 «10* Error vs. shape Geo 1, mean of 3

7777777777777777777777 I Autoencoder T T T T T I Funnel
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Shape Shape
(a) Autoencoder-type (b) Funnel-type

Figure 4.3: Shape study, geometry 1 (Mean of 3)
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Table 4.2: Result of shape study for geometry 1 (Mean of 3)

Shape Neurons Error Training time [s] Epochs Time per epoch [ms]
64-32-16 10 536 22 31 333 0.70
Funnel 32-16-8 7 567 28 36 667 0.71
16-8-4 11478 53 154 333 0.35
8-6-4 9 335 171 499 333 0.34
64-32-64 10 596 34 37 333 0.93
32-16-32 13 572 94 166 667 0.56
Autoencoder 16-8-16 11 064 34 8 5333 0.40
8-6-8 7174 122 341 667 0.36
6-4-6 6 869 171 497 333 0.34
16-32-64 8 130 20 29 667 0.68
Iverse Funnel 8-16-32 9 701 55 122 667 0.45
4-8-16 11 056 54 161 000 0.33
4-6-8 7490 133 395 000 0.33
32-64-32 13 171 44 51 667 0.79
16-32-16 11 937 34 62 000 0.55
Inverse Autoencoder  8-16-8 15 709 29 79 333 0.37
6-8-6 6 612 35 102 333 0.35
4-6-4 7 608 126 392 333 0.32

For the autoencoder and its inverse used on geometry 1, the result shows a general
trend of smaller errors, together with an increase in training time, when using fewer
neurons. For the two funnel shapes, the error stays somewhat consistent while the
training time increases when using fewer neurons. The errors for both of these types
of shapes are in the same magnitude as the errors of the rectangular DNN models
presented in Section 4.1.1.1, but the autoencoder (or inverse autoencoder) with fewer
neurons produces the lowest errors, and would therefore be the best choice out of
these options.

«10° Error vs. shape Geo 2, mean of 3 %108 Error vs. shape Geo 2, mean of 3
6 I Autoencoder 6r -7 Funnel
[ inverse autoenc. I inverse fun.
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Figure 4.4: Shape study, geometry 2 (Mean of 3)
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Table 4.3: Result of shape study for geometry 2 (Mean of 3)

Shape Neurons Error Training time [s] Epochs Time per epoch [ms]
64-32-16 3 891 345 27 40 800 0.65
Funnel 32-16-8 2 881 930 52 112 467 0.46
16-8-4 3 064 402 78 232 667 0.33
8-6-4 3 609 554 119 337 000 0.34
64-32-64 3 119 792 45 58 667 0.76
32-16-32 3 349 667 81 141 000 0.56
Autoencoder 16-8-16 2 873 264 86 223 667 0.37
8-6-8 2 962 569 129 379 000 0.34
6-4-6 3 058 421 82 246 000 0.32
16-32-64 2 788 231 80 120 333 0.66
Inverse Funnel 8-16-32 3 774 509 96 206 667 0.47
4-8-16 2989 780 132 389 667 0.34
4-6-8 2 988 003 134 390 333 0.34
32-64-32 3 296 249 31 43 667 0.73
16-32-16 3 133 033 50 94 667 0.52
Inverse Autoencoder  8-16-8 2 943 147 7 208 000 0.36
6-8-6 3 050 754 115 336 000 0.34
4-6-4 3 805 048 114 382 667 0.30

For geometry 2, the training time increases with a decrease in number of neurons.
Using an autoencoder or its inverse, with 8 or 16 neurons at maximum width provides
the lowest errors. This could be explained by geometry 2 being more complex, and
therefore needing a more complex DNN architecture. Again, the funnel shapes show
no clear pattern. The magnitude of the errors are, again, in line with the errors of
the rectangular DNN presented in section 4.1.1.1. The shape of the DNN seems to
therefore not affect the model error as much as the number of layers and neurons.

4.1.1.3 Learning rate

The result of the learning rate studies is presented in Tables 4.4-4.5 and Figure 4.5.

Error vs. learning rate Geo 1 Error vs. learning rate Geo 2
@ 0 $ 5[we-0 ?
{0 2854 470 2854 fl
2751 3 2751
-~ Interp. ---- Interp.

sl|--
10%g

Error

10 10° 10 107 102 107" 10°® 10°® 10 107 102 107"
Learning rate Learning rate
(a) Geometry 1 (b) Geometry 2

Figure 4.5: Learning rate study for both geometries, excluding 10~7
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4. Results and discussion

Table 4.4: Learning rate result for geometry 1 (Mean of 3 except for 1077)

Learning rate Error Training time [s] Epochs Time per epoch [ms]

107! 98 370 6 3 533 1.91
1072 8 058 23 33 891 1.50
1073 7 526 130 75 167 1.67
1074 8 883 144 85 833 1.67
1075 11 143 344 176 667 1.92
10-°¢ 35 389 658 391 333 1.66
1077 553 561 767 500 000 1.53

When decreasing the learning rate, the number of epochs increase, as does the
training time, making the time per epoch close to constant during the whole test. A
learning rate of 10~7 was eliminated from further consideration early on, due to its
very slow convergence. The error reaches a minimum when using a learning rate of
1073, The error variance is low for all learning rates with the exception of 10! and
10~7. With this in mind, a learning rate of 107 seems to be optimal for minimizing
the error, but using a learning rate of 1072 could be a better option if low training
time is important, since it still yields a low error.

Table 4.5: Learning rate result for geometry 2 (Mean of 3 except for 1077)

Learning rate Error Training time [s] Epochs Time per epoch [ms]
1071 19 338 441 4 2 052 2.31
1072 4 293 251 242 153 144 1.58
1073 3 148 190 116 70 667 1.69
104 3 364 224 316 190 733 1.59
107° 4 729 060 162 99 000 1.63
1076 3 403 968 734 438 000 1.68
1077 29 848 450 853 500 000 1.71

The error when using different learning rates for geometry 2 has a similar pattern as
for geometry 1, where a very high or very low learning rate gives a high error, and
using 1072 gives the lowest error. The variance is low for all learning rates, except
for 107!, When not considering 107!, due to its very high error, 10~3 also needs the
shortest training time, making it the optimal choice. In contrast to the result for
geometry 1, the error and training time varies without a clear pattern when using
learning rates between 1072 and 107°.
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4. Results and discussion

4.1.1.4 Weight decay
In Tables 4.6-4.7 and Figure 4.6, the result of the weight decay study is presented.
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Figure 4.6: Weight decay study for both geometries

Table 4.6: Weight decay result for geometry 1 (Mean of 3 for 10! to 10™*, mean
of 6 for 1075 to 0)

Weight decay Error Training time [s] Epochs Time per epoch [ms]

1071 421 963 <1 340 0
1072 256 672 0,33 900 0.21
1073 90 474 1 2333 0.44
1074 31 335 15 31 967 0.50
1075 10 859 72 137 117 0.52
10°¢ 8 115 71 154 733 0.47
1077 9 308 93 205 850 0.46
0 7 669 61 132 967 0.46

The results show a clear trend, where the error decreases with a smaller weight
decay, where the smallest error was obtained using no weight decay at all. The
training time increases with a smaller weight decay, with an exception for the case
without weight decay. Therefore, no weight decay seems to be the best choice, since
it produces a low error while having a short training time.
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4. Results and discussion

Table 4.7: Weight decay result for geometry 2 (Mean of 3 for 107! to 10~%, mean
of 6 for 1075 to 0)

Weight decay Error Training time [s] Epochs Time per epoch [ms]

1071 24 902 044 <1 337 0
1072 15 736 691 6 13 700 0.60
1073 4 814 762 8 18 800 0.45
1074 3 424 846 28 60 967 0.46
107° 3 270 067 37 78 867 0.48
1076 4 255 223 74 155 600 0.48
1077 3 085 036 74 156 255 0.47
0 3 052 581 90 195 850 0.46

For geometry 2, the same trend of a decreasing error with a smaller weight decay
can be seen. However, the result shows a smaller relative decrease in error compared
to geometry 1. At the same time, it shows a clear increasing trend for the training
time, making the optimal value for the weight decay vary. If a low error is a critical
target, no weight decay seems to be optimal, while if a shorter training time is a
constraint, a small weight decay (e.g. 1077) could be a better choice.

4.1.1.5 Batch size

The batch size tests were done using multiple datasets with different number of
datapoints. The interpolation error of each dataset can be seen in Table 4.8. The
table also shows the mean error of all the datasets to facilitate comparison, since
the errors presented in Tables 4.9 and 4.10 shows the mean error of the different
dataset sizes.

Table 4.8: Interpolation error of the training datasets, and the mean error for both
geometries

Geometry Training dataset size Training interpolation error

200 52 022
400 33 303
Geometry 1
600 20 606
Mean 35 311
200 8 084 739
400 6 205 562
Geometry 2
600 4 994 297
Mean 6 416 915
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4. Results and discussion

Tables 4.9-4.10 and Figures 4.7 and 4.8 show the results of the batch size studies.
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Figure 4.7: Batch size study, geometry 1
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Figure 4.8: Batch size study, geometry 2

Table 4.9: Batch size result for geometry 1 (Mean of 9, 3 random seeds per dataset
size)

Batch size [% of dataset] Error Training time [s] Epochs Time per epoch [ms]

100 7214 28 64 111 0.43
97.5 7214 28 64 111 0.43
95 7214 28 64 111 0.43
92.5 7214 28 64 111 0.43
90 7214 27 64 111 0.43
87.5 9 197 46 68 022 0.68
75 7 336 35 50 211 0.68
62.5 7 507 33 47 344 0.68
50 7434 33 45 667 0.66
37.5 8 209 37 40 522 0.91
25 8 139 40 36 200 1.10
12.5 8 118 61 29 689 2.08
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4. Results and discussion

While the error does not change significantly when varying the batch size, the mini-
mum error is achieved when using a batch size of over 90% of the number of training
datapoints. The result does not vary with a batch size above 90%, as the validation
data fraction is set to 10%, i.e. 10% of the datapoints are excluded from training,
leaving 90% of the original set. The optimal batch size is therefore > (1—Validation
data fraction).

The time per epoch shows a clear trend where a smaller batch size leads to a longer
training time, which can be explained by smaller batch sizes making the DNN need
more iterations for updating weights per epoch, to train on all the datapoints. A
batch size larger than or equal to 90% is therefore the best scenario in this case, both
when it comes to the error and the training time. The error variance does not show
a clear trend, but seems to get somewhat larger when using a smaller batch size,
again indicating that a large batch size is preferable for the type of problems studied.

Table 4.10: Batch size result for geometry 2 (Mean of 9, 3 random seeds per
dataset size)

Batch size [% of dataset] Error  Training time [s] Epochs Time per epoch [ms]
100 1 961 865 28 63 389 0.44
97.5 1 961 865 28 63 389 0.44
95 1 961 865 28 63 389 0.44
92.5 1 961 865 28 63 389 0.44
90 1 961 865 28 63 389 0.44
87.5 2 356 171 52 78 100 0.67
75 2262 193 54 81 422 0.67
62.5 2 307 299 57 85 222 0.68
50 2 057 583 99 82 300 0.67
37.5 2 276 018 66 75 478 0.93
25 2 680 536 75 69 533 1.09
12.5 2 217 944 169 87 767 1.94

The same trend as for geometry 1 can be seen for geometry 2, where the error is
somewhat better for a batch size larger than or equal to 90 % of the number of
training datapoints. The time per epoch also shows the same pattern, with longer
training times for smaller batch sizes, and the error variance gets larger when using
a smaller batch sizes, leading to the same optimal batch size of larger than or equal
to 90 % of the number of training datapoints or in more general terms, larger than
or equal to (1— Validation data fraction).
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4. Results and discussion

4.1.1.6 Activation function

The result of the activation function study is presented in Tables 4.11 - 4.12.

Table 4.11: Activation function result for geometry 1 (Mean of 3)

Activation function Error Training time [s] Epochs Time per epoch [ms]

tanh 7 525 130 75 167 1.67
Linear 445 012 <1 143 0
ReLU 270 532 2 1850 0.36

ELU 8 024 64 40 000 1.6
Sigmoid 9 210 111 73 333 1.55

When considering the errors, using the activation functions Linear and ReLLU pro-
duces models with very high errors while tanh, ELU and Sigmoid produces models
with low errors in a similar magnitude.

Table 4.12: Activation function result for geometry 2 (Mean of 3)

Activation function  Error Training time [s] Epochs Time per epoch [ms]
tanh 2995 610 116 70 667 1.69
Linear 28 550 315 <1 130 0
ReLU 6 816 011 0.33 434 0.26
ELU 3 044 269 62 38 000 1.62
Sigmoid 2 984 448 88 61 000 1.43

The same conclusion drawn for geometry 1 can be drawn for geometry 2, while using
the activation functions Linear and ReLLU, where the errors are larger for the DNN
model than for the training data interpolation.

To better evaluate the performance of tanh, ELU and Sigmoid, the result of using
each one is presented in Figure 4.9, showing individual results for each random seed.
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Figure 4.9: The three best performing activation functions across both geometries
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4. Results and discussion

For geometry 1, all three activation functions have error variance in the same mag-
nitude, making it possible to draw a conclusion from the mean errors presented in
Table 4.11. To minimize the error for geometry 1, tanh should be used since it has
the lowest error out of the three. However, it has the longest training time, meaning
that ELU is possibly a better choice if a short training time is an important factor.

The difference in error between the different activations functions for geometry 2 are
small, while the relative variance between different random seeds is smaller compared
to for geometry 1, making reaching a conclusion harder. The error difference between
the different activation functions is negligible, making training time a deciding factor,
ELU would therefore be the best option since it has the shortest training time.

4.1.1.7 Training dataset size

Table 4.13 presents the interpolation errors of the training datasets used for the
dataset size study.

Table 4.13: Interpolation error of the training datasets for both geometries

Training dataset size Interpolation error Geometry 1 Interpolation error Geometry 2

10 314 965 22 085 742
50 159 446 15 149 917
100 104 024 12 100 000
200 57 658 8 071 679
400 36 299 6 208 784
600 22 647 4 997 699
800 17 899 4 545 657
1000 16 380 3 845 777
1200 - 3 551 197
1400 - 3223 973

The training data interpolation errors are plotted as a black dashed lines in Figure
4.10, which presents the results of the dataset size study.
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Figure 4.10: Dataset size study
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4. Results and discussion

The DNN error for geometry 1 has a clear trend where both the error and variance
between random seeds decreases when using a larger training dataset size. When
using a dataset size equal to or larger than 200 points, the DNN model is much
better than just using the training data interpolation, meaning that using DNN
provides a better model while using a similar computational load as regular FEM
simulations. From around 800 points and up, the error and variance seem to start
plateauing, meaning that for a target of minimizing error, a dataset consisting of
around 800 datapoints is optimal.

When using less than 1000 datapoints for geometry 2, some error variance can be
found. Although 100 and 600 datapoints produce low errors with low variance, no
certain conclusion can be drawn because of the lack of a clear pattern. By using
1000 datapoints, the resulting error variance is low while also producing a low error.
However, the training data interpolation error at this point is also quite low, which
indicates that using FEM simulations could be more reliable (e.g. more proven to
produce specific results) than using DNN.

The result presented in Figure 4.10 could indicate that DNN perform better and
could therefore be more easily defendable for simpler geometries, as geometry 1
shows greater improvements using a DNN compared to the training data interpola-
tion, while the DNN used on the more complex geometry of geometry 2 has a harder
time outperforming the training data.

4.1.1.8 Optimal DNN parameters

Tables 4.14 and Table 4.15, present the found optimal setting of each DNN parameter
from the best practice study.

Table 4.14: Best performing DNN parameter values for geometry 1

Neurons x layers Learning rate Weight decay Batch size Activation function Trainingdata size

<10 x5 1073 0 > 90% tanh 800

Table 4.15: Best performing DNN parameter values for geometry 2

Neurons x layers Learning rate Weight decay Batch size Activation function Trainingdata size

<8 x 4-5 1073 0 > 90% ELU 1000

4.1.2 Gaussian Process

In Tables 4.16-4.17, the result of the Gaussian Process evaluation is presented. This
section presents a compiled result, and the raw data can be found in Appendix H.

Table 4.16: Gaussian Process best result, geometry 1

Error Covariance Mean Optim. method Restart points

6906 Matérn 5/2 Linear Direct 10

Max no. of SM eval. Max optim. iter. Max mat. size Random seed Training time [s]

10 000 500 2 000 1014 86
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Table 4.17: Gaussian Process best result, geometry 2

Error Covariance Mean Optim. method Restart points

2 960 625 Matérn 3/2 Linecar Direct 10

Max no. of SM eval. Max optim. iter. Max mat. size Random seed Training time [s]

10 000 500 2 000 1014 87

In comparison with the error results obtained using DNN, Gaussian Process produces
errors of the same magnitude. However, the result presented in Appendix H shows
that the best performing DNN outperforms the best Gaussian process model when
considering the errors, while the error variance is lower for both geometry 1 and
geometry 2 when using a Gaussian process model. The training time is similar
in length for both models, making neither ML. method appear superficially better
suited for this application.

4.1.3 Polynomial Chaos Expansion

In Tables 4.18-4.19, the result of the Polynomial Chaos Expansion evaluation is
presented. This section presents a compiled result, and the raw data can be found
in Appendix I.

Table 4.18: Polynomial Chaos Expansion best result, geometry 1

Error Max pol. degree Q norm Rel. tol. Max mat. size Training time [s]

6 840 Auto Auto 107° 2 000 S

Table 4.19: Polynomial Chaos Expansion best result, geometry 2

Error Max pol. degree Q norm Rel. tol. Max mat. size Training time [s]

2 434 564 Auto Auto 1074 2 000 )

The errors using the optimal settings for the Polynomial Chaos Expansion are similar
in size in comparison with the errors using an optimized DNN. The result presented
in Appendix I however, shows high variance when using a Polynomial Chaos ex-
pansion model on geometry 1, where the error are very high in comparison with
DNN with the exception of the optimal parameter settings. The result of geometry
2 presents lower variance, with all resulting error being in the same magnitude of
the best preforming DNN models. The training time is a lot shorter for Polyno-
mial Chaos Expansion compared to DNN. A conclusion on which ML model is most
suitable is therefore hard to reach.
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4.1.4 Comparison between the ML models

All three ML methods have different areas where they outperform the others. By
using the optimal settings, DNN produces the lowest errors out of all ML methods.
Gaussian process has low variance and seems to therefore be able to produce consis-
tently well performing models. Polynomial Chaos Expansion has drastically shorter
training time in comparison with the others.

Only one out of the three ML models was chosen to be tested in the application study
on a streamer detection case. While all three models showed promising results, DNN
was able to produce the lowest errors out of the three models, and was therefore
chosen for further study.

4.2 Streamer detection study

4.2.1 Dataset size study

Table 4.20 shows the dataset interpolation error of each dataset size used.

Table 4.20: Training dataset interpolation error

Dataset size Training interpolation error

10 70.64
20 21.86
200 9.55
400 7.81

These dataset errors are plotted in Figures 4.11 and 4.12, as a black dashed line.
Figure 4.11 presents the result of using 4 layers in the DNN, and 4.12 shows the
result of using 5 layers.
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Figure 4.11: Streamer dataset size study, 4 layers

38



4. Results and discussion

Error vs. dataset size 5L4N Error vs. dataset size 5L6N Error vs. dataset size 5L8N
00 i o0 00

-0 2854 0 2854 -0 2854
2751 2751 in 2751
- -~ Interp. 102 I ---- Interp. --- Interp.

102

Error

IS G
Error
Error

10"

10 50 200 400 10 50 200 400

10 50 200
Dataset size Dataset size Dataset size
(a) 4 neurons (b) 6 neurons (c) 8 neurons

Figure 4.12: Streamer dataset size study, 5 layers

For all DNN structures studied, an increase in training dataset size resulted in a
general trend of decreasing errors. The error variance, however, does not seem to be
universally decreasing with a larger dataset size when using 4 layers. The 5-layered
DNNs show a clear trend with lower errors and less variance when more training
data is provided. Therefore, 5 layers seems to be a better choice for this case, and
by using 4 neurons on each of those layers, the best DNN models can be achieved.

A general conclusion that can be drawn for the result is that, for all combinations
of layers, neurons and dataset sizes, the errors of DNN models are either worse, the
same, or marginally better than the training dataset interpolation error. This shows
that using a DNN does not result in much better models, and in a lot of cases, yields
a worse model than simply using interpolations of the FEM solutions.

Although, geometry 1 from the best practice was used together with similar settings,
the errors of the DNN compared to the training data are comparably worse. The
difference here are a more complex physics being used, indicating that the DNN has
a harder time producing a good model when the output is more complex.

4.2.2 Uniformity study

The results of the Schwaiger factor study are presented in Figure 4.13 and Table
4.21.
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Figure 4.13: Error vs. mean Schwaiger coefficient
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Table 4.21: Schwaiger coefficient and training dataset error per radius

Radius [m] Mean Schwaiger coefficient Training interpolation error

0.01 0.003473 4.7964
0.12 0.02582 9.5532
0.25 0.04927 9.5976

Although the variance is high, the studies show that the DNN marginally outper-
forms an interpolation of the training data for the streamer prediction case with a
mean Schwaiger factor of 77 = 0.025821 (conductor radius 0.12 m).

For the two other cases, n = 0.003473 or 0.04927, there are both superior and infe-
rior DNN solutions in comparison to the training data interpolation. This suggests
that there is no clear advantage in using DNN for these cases.

The study, in its current form, disproves the hypothesis that there is a simple relation
between the field uniformity of a geometry and the DNN error of the streamer
inception case. An expansion of the study could possibly shed more light on the
hypothetical relation, by averaging of a larger number of simulations with a larger
data span.
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Conclusion

5.1 Best practice

In summary, the best practice study revealed that DNN performs better than sim-
ply interpolating the generated training datasets for the simpler (geometry 1) of the
two geometries. As for geometry 2, the more complex geometry, there is no clear
conclusion to be drawn. While some of the DNN iterations perform better than the
interpolation, that is not always the case.

Because of this, the main takeaway from the best practice study is that, for two
similar geometries of different complexity, the DNN performs better on the simpler
one, where it could be a more viable option than classical FEM simulations.

While PCE and GPM produced similar results, DNN had the single best solutions
for the best practice problem.

5.2 Streamer detection

The streamer detection simulations use more complex physics compared to the best
practice study, so while the same DNN setting and a simple geometry (geometry 1)
was used, the result shows that the DNN has a harder time exceeding the training
data interpolation benchmark. In conclusion, the higher complexity of the problem
in this study compared to the best practice study, seems to result in the DNN con-
tributing with less benefit and therefore making it less justifiable to use.

With the amount of data given by the Schwaiger factor study, no clear conclusion
about DNN performance based on field uniformity could be drawn.

5.3 Future works

In order to further build on the findings of this thesis, there are some further studies
that could be conducted.

In this study, the learning rate is set to a fixed value while running the DNN train-
ing. A future study could start with a higher learning rate, and carefully stopping,

decreasing the rate and continuing the training in a way that ensures the model still
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converges. This could be an alternative way of providing a quick convergence while
making sure that the DNN does not miss details in the data.

The PCE and GPM studies were cut short in order to prioritize the DNN studies.
Conducting a multivariate study by optimizing PCE or GPM parameters could open
doors that have been presumed closed.

As for the streamer study, the DNN could be embedded into a COMSOL application
builder program, predicting if a design is safe, uncertain, or strictly unsafe, based on
geometrical and physical parameters. This would make for a simpler process than
running all simulations through a FEM analysis.
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Figure 5.1: Examples of ML prediction of design safety and streamer inception
voltage

The uniformity study was cut short following time constraints. An expansion of the
study, sampling different radii as a quantity of interest in surrogate model training
rather than running discrete solutions, could mean finding a clear pattern connect-
ing field uniformity to DNN performance.

Regarding data quality, alternative ways of sampling reference and training data
could be studied, such as exploring other distributions for enhancement of high-
gradient regions. For geometry 2, it is also unclear whether the boundary to the
resistive layer was sampled densely enough to be a good physical representation,
which could be improved upon in a future study.

As generation of the reference dataset was time consuming, another approach could
be tried, where a smaller reference dataset is generated, and the corresponding points
are sampled from the continuous ML model solutions. The solution could then be
evaluated using a discrete metric, e.g. the discrete L2 norm. While local artifacts
might be missed due to the more sparse sampling, it could be seen as a tradeoff
between accuracy and reference dataset generation time.
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5. Conclusion

Meshing quality plays a big role in model accuracy. A study on the correlation
between meshing quality and DNN performance would be of interest.

Lastly, even though the results of this thesis suggests otherwise, there is still a possi-
bility that ML could help solve problems related to more complex geometries. With
this in mind, further studies looking into different geometries of different complexi-
ties could present a bigger picture.
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A. Raw data - Neurons and layers

Table A.1: Neurons and layers results for geometry 1

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 81 679.25073 2 10 000 0.2
6 28 481.57299 22 95 000 0.2315789474
8 33 271.60952 3 14 400 0.2083333333
1 10 10 393.26705 101 500 000 0.202
12 10 137.55395 93 450 000 0.2066666667
14 8 749.457126 28 130 000 0.2153846154
16 10 255.73011 16 75 000 0.2133333333
4 19 855.47783 38 150 000 0.2533333333
6 8 109.500601 26 80 000 0.325
8 9 419.872611 16 50 000 0.32
2 10 6 831.251715 11 35 000 0.3142857143
12 7 585.578422 8 24 000 0.3333333333
14 8 025.83329 7 250 000 0.308
16 7 001.856897 30 100 000 0.3
4 8 769.20749 19 70 000 0.2714285714
11 628.41348 44 140 000 0.3142857143
8 7 957.512174 69 200 000 0.345
0 3 10 8 105.800392 137 375 000 0.3653333333
12 9 789.024466 11 30 000 0.3666666667
14 10 662.55129 18 45 000 0.4
16 10 114.34625 14 35 000 0.4
4 8 029.445809 126 380 000 0.3315789474
6 171.061497 41 100 000 0.41
8 6 526.714334 15 34 000 0.4411764706
4 10 10 669.1143 16 34 000 0.705882353
12 7 794.870108 86 190 000 0.4526315789
14 8 845.337755 84 170 000 0.4941176471
16 22 479.9911 14 30 000 0.4666666667
4 9 176.164776 [0} 200 000 0.375
6 7 628.237018 143 300 000 0.4766666667
8 10 132.62059 48 100 000 0.48
5 10 13 620.93976 14 25 000 0.6
12 8 119.667481 112 203 000 0.5517241379
14 11 296.017 21 35 000 0.6
16 13 669.30869 48 85 000 0.5647058824

IT



A. Raw data - Neurons and layers

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 8 792.10 81 300 000 0.27
6 6 896.593362 24 70 000 0.3428571429
8 6 477.653896 30 90 000 0.3333333333
3 10 9 309.833511 29 50 000 0.58
12 10 089.5986 33 65 000 0.5076923077
14 24 575.19074 49 100 000 0.49
16 7 456.876021 31 80 000 0.3875
4 6 693.280212 67 200 000 0.335
6 7 638.71717 29 70 000 0.4142857143
8 10 832.35893 24 55 000 0.4363636364
2854 4 10 5 988.906411 46 100 000 0.46
12 6 331.192621 37 80 000 0.4625
14 7 675.350155 30 60 000 0.5
16 6 695.446214 17 35 000 0.4857142857
4 7 984.171842 38 100 000 0.38
6 7 239.060713 29 60 000 0.4833333333
8 7 674.307786 78 160 000 0.4875
5 10 6 540.489278 35 65 000 0.5384615385
12 9 057.648702 80 150 000 0.5333333333
14 7 945.816509 37 60 000 0.6166666667
16 7 471.813702 17 30 000 0.5666666667
4 8 056.053624 112 400 000 0.28
6 8 698.5631 25 70 000 0.3571428571
8 12 038.68764 35 100 000 0.35
3 10 9 853.019842 55 150 000 0.3666666667
12 37 089.08195 23 60 000 0.3833333333
14 6 553.396066 40 100 000 0.4
16 6 233.297683 39 100 000 0.39
4 7 635.836562 69 200 000 0.345
6 8 154.385323 82 190 000 0.4315789474
8 8 508.466372 29 65 000 0.4461538462
2751 4 10 6 718.035427 48 100 000 0.48
12 14 406.24864 32 65 000 0.4923076923
14 19 858.75122 16 30 000 0.5333333333
16 6 931.161519 20 40 000 0.5
4 6 695.072815 80 200 000 0.4
11 591.3761 40 80 000 0.5
8 10 886.68912 31 60 000 0.5166666667
5 10 8 568.605487 43 80 000 0.5375
12 20 634.24338 43 70 000 0.6142857143
14 26 898.51297 31 50 000 0.62
16 10 436.95358 50 85 000 0.5882352941

ITT



A. Raw data - Neurons and layers

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 14 740.42062 47 166 000 0.2831325301
6 5 807.753438 157 449 000 0.3496659243
8 7 455.803109 102 288 000 0.3541666667
10 6 031.003233 41 116 000 0.3534482759
12 8 828.420017 151 396 000 0.3813131313
14 6 387.800874 61 154 000 0.3961038961
16 14 259.03223 159 421 000 0.377672209
4 10 800.46295 158 482 000 0.3278008299
6 7 622.925947 225 498 000 0.4518072289
8 6 320.126581 87 200 000 0.435

4897 10 12 388.70453 215 448 000 0.4799107143
12 11 345.92438 31 64 000 0.484375
14 8 083.068724 112 219 000 0.5114155251
16 6 343.500611 110 228 000 0.4824561404
4 7 727.936335 191 494 000 0.3866396761
6 7 102.253164 219 452 000 0.4845132743
8 8 621.716766 252 500 000 0.504
10 7 412.691819 113 215 000 0.5255813953
12 7 033.917827 57 102 000 0.5588235294
14 16 875.72221 116 189 000 0.6137566138
16 10 551.30324 82 138 000 0.5942028986
4 7 980.225561 67 237 000 0.2827004219
6 8 542.013814 167 493 000 0.3387423935
8 17 554.77143 54 156 000 0.3461538462
10 15 554.74204 180 495 000 0.3636363636
12 10 255.24256 60 169 000 0.3550295858
14 10 903.21054 70 188 000 0.3723404255
16 11 428.91071 56 97 000 0.5773195876
4 15 548.31181 181 500 000 0.362
6 9 119.86842 47 113 000 0.4159292035
8 7 100.985847 48 110 000 0.4363636364

9351 10 6 770.155094 42 90 000 0.4666666667
12 43 922.6593 245 500 000 0.49
14 10 012.4922 37 72 000 0.5138888889
16 40 052.46559 258 500 000 0.516
4 10 093.5623 207 500 000 0.414

7 746.612163 98 194 000 0.5051546392
8 5 889.397253 35 65 000 0.5384615385
10 7 017.90567 27 46 000 0.5869565217
12 8 628.904913 29 53 000 0.5471698113
14 5 620.320276 34 55 000 0.6181818182
16 6 792.127796 43 73 000 0.5890410959

IV



A. Raw data - Neurons and layers

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 13 853.15848 137 496 000 0.2762096774
6 10 070.74972 22 66 000 0.3333333333
8 23 248.87094 173 500 000 0.346
3 10 10 322.79032 13 37 000 0.3513513514
12 7 941.599335 26 71 000 0.3661971831
14 11 825.81921 14 34 000 0.4117647059
16 36 769.55262 61 158 000 0.3860759494
4 6 072.972913 183 492 000 0.3719512195
6 7 983.858716 37 90 000 0.4111111111
8 9 231.792892 97 237 000 0.4092827004
7984 4 10 9 346.871134 78 181 000 0.4309392265
12 13 894.60327 26 58 000 0.4482758621
14 7 622.466792 23 47 000 0.4893617021
16 7073.118124 20 41 000 0.487804878
4 8 628.093648 93 215 000 0.4325581395
6 7 737.247573 250 500 000 0.5
8 11 159.30105 143 276 000 0.518115942
5 10 7 982.606091 48 89 000 0.5393258427
12 7 527.482979 30 54 000 0.5555555556
14 6 973.593048 34 56 000 0.6071428571
16 14 004.64209 22 39 000 0.5641025641

Table A.2: Neurons and layers results for geometry 2

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 3 213 564.999 r 452 000 0.1703539823
6 3173 168.763 32 172 000 0.1860465116
8 3 319 638.535 95 497 000 0.1911468813
1 10 3 133 193.259 87 459 000 0.1895424837
12 3 907 556.781 39 200 000 0.195
14 3 631 941.629 106 500 000 0.212
16 7119 831.459 63 299 000 0.2107023411
0 4 2 849 491.839 102 484 000 0.2107438017
6 2 930 494.839 128 500 000 0.256
8 4 867 031.95 135 500 000 0.27
2 10 4 082 768.668 143 500 000 0.286
12 3 202 342.892 35 117 000 0.2991452991
14 3 071 302.655 70 234 000 0.2991452991
16 3 384 671.328 99 334 000 0.2964071856




A. Raw data - Neurons and layers

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 2 963 393.325 69 250 000 0.276
[§ 7 599 210.485 159 463 000 0.343412527
8 4 633 681.042 176 500 000 0.352
10 3 003 065.101 197 500 000 0.394
12 2 966 462.54 85 222 000 0.3828828829
14 3041 414.145 48 117 000 0.4102564103
16 3 034 254.439 T 190 000 0.4052631579
4 2916 350.459 195 500 000 0.39
3 005 494.968 35 72 000 0.4861111111
8 2 855 573.498 71 152 000 0.4671052632
0 10 3 032 408.284 24 52 000 0.4615384615
12 2990 635.384 95 193 000 0.4922279793
14 3 206 399.85 23 46 000 0.5
16 2 652 847.527 126 250 000 0.504
4 3 057 531.684 223 500 000 0.446
2 972 692.382 240 445 000 0.5393258427
8 2 856 483.853 T 143 000 0.5384615385
10 3 235 583.41 113 196 000 0.5765306122
12 4 843 449.184 72 121 000 0.5950413223
14 4 302 789.793 83 133 000 0.6240601504
16 3 462 513.538 106 184 000 0.5760869565
4 2 976 759.984 84 300 000 0.28
6 2 962 566.455 101 300 000 0.3366666667
8 2 970 555.504 150 461 000 0.3253796095
10 5 354 157.263 74 200 000 0.37
12 3 275 820.508 54 137 000 0.3941605839
14 2 981 979.209 37 89 000 0.4157303371
16 3 228 621.997 46 114 000 0.4035087719
4 2 969 848.481 55 147 000 0.3741496599
2 915 921.81 69 150 000 0.46
8 3 157 055.59 192 462 000 0.4155844156
2854 10 3 136 622.387 81 183 000 0.4426229508
12 3 237 282.811 68 153 000 0.4444444444
14 4 139 927.536 62 129 000 0.480620155
16 3 388 805.099 61 129 000 0.4728682171
4 3 078 749.746 60 136 000 0.4411764706
2 871 689.398 81 150 000 0.54
8 2 983 856.565 68 126 000 0.5396825397
10 3 210 140.184 71 127 000 0.5590551181
12 2 962 093.854 10 17 000 0.5882352941
14 3 758 856.209 93 147 000 0.6326530612
16 2 972 490.538 64 111 000 0.5765765766

VI



A. Raw data - Neurons and layers

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 3 015 393.838 17 65 000 0.2615384615
[§ 2 962 448.312 50 163 000 0.3067484663
8 4 155 237.659 28 88 000 0.3181818182
3 10 2 948 202.842 67 193 000 0.3471502591
12 2 925 799.036 13 37 000 0.3513513514
14 2963 511.431 38 97 000 0.3917525773
16 3 019 867.547 34 89 000 0.3820224719
4 2 947 083.304 54 141 000 0.3829787234
2 962 347.042 44 98 000 0.4489795918
8 2 837 992.248 71 150 000 0.4733333333
2751 4 10 2 915 956.104 45 96 000 0.46875

12 2 588 667.611 51 107 000 0.476635514
14 2 924 397.374 50 104 000 0.4807692308
16 2 830 476.992 69 149 000 0.4630872483
4 2 976 743.187 62 139 000 0.4460431655
4 066 571.037 86 150 000 0.5733333333
8 3 240 370.349 68 122 000 0.5573770492
5 10 2 736 695.087 85 145 000 0.5862068966

12 3 016 255.957 21 35 000 0.6
14 4 118 980.456 78 122 000 0.6393442623
16 2 889 186.737 73 118 000 0.6186440678

4 3 585 944.785 145 500 000 0.9
6 3075 532.474 174 496 000 0.3508064516
8 3 258 834.147 172 494 000 0.3481781377
3 10 2 972 675.563 120 338 000 0.3550295858
12 2 947 592.238 39 111 000 0.3513513514
14 2 670 505.57 69 179 000 0.3854748603
16 3 333 016.652 12 33 000 0.3636363636
4 3003 331.484 67 195 000 0.3435897436

2 959 037.006 13 32 000 0.40625

8 2 875 899.859 55 129 000 0.4263565891
4827 4 10 3 060 702.534 71 157 000 0.4522292994
12 2 619 790.068 68 151 000 0.4503311258
14 3 038 354.818 75 155 000 0.4838709677
16 4 647 580.015 90 197 000 0.4568527919

4 2975 415.937 80 200 000 0.4
2 985 113.063 98 197 000 0.4974619289
8 2 900 896.413 95 191 000 0.497382199
5 10 4 228 593.147 103 193 000 0.5336787565
12 2 810 302.475 101 183 000 0.5519125683
14 3261 134.772 105 182 000 0.5769230769
16 3 187 161.747 112 193 000 0.5803108808

VII



A. Raw data - Neurons and layers

Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 2979 781.871 47 170 000 0.2764705882
[§ 3 010 797.237 171 500 000 0.342
8 2 921 386.657 171 500 000 0.342
3 10 3 040 772.928 132 373 000 0.3538873995
12 3 340 658.618 144 400 000 0.36
14 3 306 962.352 138 361 000 0.3822714681
16 2 872 159.466 78 200 000 0.39
4 3 102 789.068 86 249 000 0.3453815261
3 353 505.628 85 200 000 0.425
8 2 945 046.689 113 275 000 0.4109090909
9351 4 10 2995 696.914 76 167 000 0.4550898204
12 2 981 157.493 52 112 000 0.4642857143
14 2 479 596.741 62 122 000 0.5081967213
16 2 877 968.033 74 119 000 0.6218487395
4 2924 397.374 68 166 000 0.4096385542
3 469 582.107 82 167 000 0.4910179641
8 2 958 259.623 65 130 000 0.5
5 10 4 453 425.648 70 128 000 0.546875
12 3 383 637.096 122 216 000 0.5648148148
14 5 203 268.204 85 141 000 0.6028368794
16 3 674 098.529 112 193 000 0.5803108808
4 2966782.769 T 277 000 0.2779783394
6 2963 410.198 166 500 000 0.332
8 2 927 046.293 171 500 000 0.342
3 10 3 091 698.562 15 44 000 0.3409090909
12 3 129 824.276 96 268 000 0.3582089552
14 4 405 678.154 88 229 000 0.384279476
16 2 955 621.762 71 193 000 0.3678756477
4 2992 156.413 92 164 000 0.5609756098
2 899 379.244 132 322 000 0.4099378882
8 2 919 040.938 93 229 000 0.4061135371
7984 4 10 5404 350.1 65 146 000 0.4452054795
12 2 896 480.623 129 292 000 0.4417808219
14 6 354 604.63 72 142 000 0.5070422535
16 3 691 070.305 94 200 000 0.47
4 2 912 850.837 108 283 000 0.3816254417
2 988 243.631 23 52 000 0.4423076923
8 3 021 837.19 13 29 000 0.4482758621
5 10 2 922 088.294 67 135 000 0.4962962963
12 2 786 646.73 68 133 000 0.5112781955
14 5 987 570.459 73 125 000 0.584
16 4 030 012.407 64 117 000 0.547008547

VIII



B

Raw data - Neurons and layers,
different shapes
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B. Raw data - Neurons and layers, different shapes

Table B.1: Shape results for geometry 1

Random seed Shape Error Training time [s] Epochs Time per epoch [ms]
64-32-16 8 995.220953 23 32 000 0.71875
32-16-8 6 868.842697 11 22 000 0.5

16-8-4 16 762.45805 65 193 000 0.3367875648
8-6-4 8 530.357554 180 498 000 0.3614457831
64-32-64 8 707.755164 23 28 000 0.8214285714
32-16-32 19 602.80592 141 250 000 0.564
16-8-16 9 980.731436 32 82 000 0.3902439024
8-6-8 7 245.964394 11 30 000 0.3666666667
6-4-6 6 709.396396 166 492 000 0.337398374
0 16-32-64 10 816.65383 9 14 000 0.6428571429
8-16-32 8 756.883007 40 90 000 0.4444444444
4-8-16 9 917.459352 28 83 000 0.3373493976
4-6-8 6 675.926902 59 185 000 0.3189189189
32-64-32 19 797.22203 19 26 000 0.7307692308
16-32-16 9 958.915604 15 27 000 0.5555555556
8-16-8 11 523.02044 11 31 000 0.3548387097
6-8-6 6 727.480955 15 44 000 0.3409090909
4-6-4 6 675.926902 55 185 000 0.2972972973
64-32-16 6 546.984038 26 37 000 0.7027027027
32-16-8 7 599.276281 21 43 000 0.488372093
16-8-4 8 868.539902 64 190 000 0.3368421053
8-6-4 6 722.573912 180 500 000 0.36
64-32-64 13 272.52802 47 56 000 0.8392857143
32-16-32 6 314.269554 96 170 000 0.5647058824
16-8-16 15 476.4337 39 94 000 0.414893617
8-6-8 7 556.454195 187 495 000 0.3777777778
6-4-6 6 538.042521 188 500 000 0.376
2801 16-32-64 6 022.707033 27 40 000 0.675
8-16-32 7 500.799957 87 194 000 0.4484536082
4-8-16 6 450.348828 67 200 000 0.335
4-6-8 8 633.828815 184 500 000 0.368
32-64-32 7 045.778878 21 29 000 0.724137931
16-32-16 8 224.354078 43 80 000 0.5375
8-16-8 27 515.45021 48 133 000 0.3609022556
6-8-6 6 845.801633 18 49 000 0.3673469388
4-6-4 6 869.061071 169 492 000 0.343495935




B. Raw data - Neurons and layers, different shapes

Random seed Shape Error Training time [s] Epochs Time per epoch [ms]
64-32-16 16 066.11341 17 25 000 0.68
32-16-8 8 232.618053 51 45 000 1.133333333
16-8-4 8 804.317123 29 80 000 0.3625
8-6-4 12 751.07839 153 500 000 0.306
64-32-64 9 808.465731 32 28 000 1.142857143
32-16-32 14 797.97283 45 80 000 0.5625
16-8-16 7 734.339015 31 80 000 0.3875
8-6-8 6 720.044643 167 500 000 0.334
6-4-6 7 358.872196 159 500 000 0.318
271 16-32-64 7 549.569524 25 35 000 0.7142857143
8-16-32 12 846.01105 39 84 000 0.4642857143
4-8-16 16 799.70238 66 200 000 0.33
4-6-8 7 158.910532 155 500 000 0.31
32-64-32 12 670.04341 91 100 000 0.91
16-32-16 17 628.66983 43 79 000 0.5443037975
8-16-8 8 088.695816 29 74 000 0.3918918919
6-8-6 6 263.784798 73 214 000 0.3411214953
4-6-4 9 279.924569 153 500 000 0.306

XI



B. Raw data - Neurons and layers, different shapes

Table B.2: Shape results for geometry 2

Random seed Shape Error Training time [s] Epochs Time per epoch [ms]
64-32-16 6 259 392.942 29 43 400 0.668202765
32-16-8 2 923 627.883 11 24 400 0.4508196721

16-8-4 3 136 032.525 33 100 000 0.33
8-6-4 2 978 153.791 37 111 000 0.3333333333
64-32-64 3 510 555.512 29 38 000 0.7631578947
32-16-32 3 023 739.407 20 38 000 0.5263157895
16-8-16 2 907 971.802 59 173 000 0.3410404624
8-6-8 3 039 342.034 57 173 000 0.3294797688
6-4-6 2 979 228.088 39 126 000 0.3095238095
0 16-32-64 3 012 673.232 78 124 000 0.6290322581
8-16-32 2 811 938.833 78 170 000 0.4588235294
4-8-16 2 889 039.633 97 300 000 0.3233333333
4-6-8 2 979 026.687 87 283 000 0.3074204947
32-64-32 3 056 043.193 58 85 000 0.6823529412
16-32-16 3 559 072.913 48 95 000 0.5052631579
8-16-8 3 035 160.622 14 41 000 0.3414634146
6-8-6 3 109 083.466 36 109 000 0.3302752294
4-6-4 2995 146.073 146 500 000 0.292
64-32-16 2 808 131.051 19 30 000 0.6333333333
32-16-8 2 804 835.111 52 113 000 0.4601769912
16-8-4 2994 545.041 134 407 000 0.3292383292
8-6-4 3020 910.459 160 500 000 0.32
64-32-64 3 015 659.132 41 55 000 0.7454545455
32-16-32 4 297 790.13 51 90 000 0.5666666667
16-8-16 2 693 807.714 49 136 000 0.3602941176
8-6-8 2927 080.457 171 474 000 0.3607594937
6-4-6 3214 576.177 173 496 000 0.3487903226
2854 16-32-64 2 912 164.144 66 100 000 0.66
8-16-32 5 482 973.646 88 186 000 0.4731182796
4-8-16 3 028 200.786 173 500 000 0.346
4-6-8 2939 574.799 181 500 000 0.362
32-64-32 3 536 947.837 24 31 000 0.7741935484
16-32-16 2 947 795.787 41 77 000 0.5324675325
8-16-8 2905 959.394 35 97 000 0.3608247423
6-8-6 3073 515.902 132 399 000 0.3308270677
4-6-4 5 428 259.39 73 245 000 0.2979591837

XII



B. Raw data - Neurons and layers, different shapes

Random seed Shape Error Training time [s] Epochs Time per epoch [ms]
64-32-16 2 606 511.078 32 49 000 0.6530612245
32-16-8 2 917 327.544 92 200 000 0.46
16-8-4 3 062 629.589 66 191 000 0.3455497382
8-6-4 4829 596.256 161 500 000 0.322
64-32-64 2 833 160.779 64 83 000 0.7710843373
32-16-32 2 727 471.356 172 295 000 0.5830508475
16-8-16 3 018 012.591 150 362 000 0.4143646409
8-6-8 2921 283.964 160 490 000 0.3265306122
6-4-6 2 981 459.374 35 116 000 0.3017241379
271 16-32-64 2 439 856.553 96 137 000 0.700729927
8-16-32 3028 613.544 123 264 000 0.4659090909
4-8-16 3 052 097.639 127 369 000 0.3441734417
4-6-8 3 045 406.377 133 388 000 0.3427835052
32-64-32 3 295 754.845 11 15 000 0.7333333333
16-32-16 2 892 230.973 60 112 000 0.5357142857
8-16-8 2 888 321.312 183 486 000 0.3765432099
6-8-6 2969 663.281 178 500 000 0.356
4-6-4 2 991 738.625 122 403 000 0.3027295285

XIIT



B. Raw data - Neurons and layers, different shapes

XIV



C

Raw data - Learning rate
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C. Raw data - Learning rate

Table C.1: Learning rate results for geometry 1

Random seed Learning rate Error Training time [s] Epochs Time per epoch [ms]

1071 15 978.42295 10 6 300 1.587301587
1072 8 692.698085 60 38 206 1.570433963
1073 8 645.172063 55 33 500 1.641791045

0 1074 8 386.41759 44 29 500 1.491525424
107° 13 885.52376 187 120 000 1.558333333
1076 86 295.42282 315 201 000 1.567164179
1077 553 561.1981 767 500 000 1.534
1071 265 307.3689 3 1 505 1.993355482
1072 6 968.644057 22 17 000 1.294117647

0854 1073 6 668.433099 97 64 000 1.515625
1074 10 851.26721 223 146 000 1.55739726
107° 9 488.413988 404 170 000 2.376470588
1076 9 814.020583 794 473 000 1.6878646934
107! 13 824.25405 6 2793 2.148227712
1072 8 512.167762 76 46 467 1.635569329
9751 1073 7 264.433908 238 128 000 1.859375

1074 7 410.330627 164 82 000 2
107° 10 056.83847 440 240 000 1.833333333
1076 10 056.83847 866 500 000 1.732
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C. Raw data - Learning rate

Table C.2: Learning rate results for geometry 2

Random seed Learning rate Error Training time [s] Epochs Time per epoch [ms]
107! 3 324 154.028 4 3 000 1.333333333
1072 4 293 250.517 310 191 893 1.615483629
1073 3 148 189.956 62 34 000 1.8235229412
0 107+ 3 364 223.536 57 34 000 1.676470588
1075 4 729 059.103 147 91 000 1.615384615
1076 3 403 968.272 792 500 000 1.584
1077 29 848 450.55 853 500 000 1.706
1071 50 855 678.15 2 544 3.676470588
1072 2902 188.829 358 230 315 1.554392897
9854 1073 2 932 422.207 149 98 000 1.520408163
1074 3 845 646.89 836 500 000 1.672
1075 3 965 602.098 181 109 000 1.660550459
1076 3 621 877.966 868 500 000 1.736
1071 3 835 492.146 5 2612 1.91424196
1072 2 702 054.774 59 37 224 1.584998925
9751 1073 2906 217.473 137 80 000 1.7125
1074 4 083 503.398 54 38 200 1.413612565
1075 4 329 896.073 158 97 000 1.628865979
10-¢ 3 239 290.046 541 314 000 1.722929936
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Raw data - Weight decay
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D. Raw data - Weight decay

Table D.1: Weight decay results for geometry 1

Random seed Weight decay Error Training time [s] Epochs Time per epoch [ms]

1071 383 927.0764 <1 405 0
1072 269 603.4124 1 1 600 0.625
1073 87 666.41318 1 2 700 0.3703703704
0 1074 33 615.47263 4 7 100 0.5633802817
107° 13 570.9248 7 13 600 0.5147058824
1076 9 189.885745 39 72 900 0.5349794239
1077 7 996.74934 70 150 000 0.4666666667
0 9 969.353038 16 33 700 0.4747774481
107! 441 655.9747 <1 221 0
1072 275 221.7288 <1 800 0
1073 98 459.12858 1 1 800 0.5555555556
0554 1074 30 624.01019 22 43 800 0.502283105
107° 9 488.361292 24 48 200 0.4979253112
107¢ 6 301.74579 9 19 600 0.4591836735
1077 10 162.1848 69 150 000 0.46
0 5 796.033126 48 99 400 0.4828973843
107! 440 306.7113 <1 393 0
1072 225 191.03 <1 300 0
1073 85 295.95536 1 2 500 0.4
- 1074 29 766.92796 20 45 000 0.4444444444
5
1075 9 951.482302 69 148 100 0.465901418
107¢ 8 221.982729 52 117 900 0.4410517388
1077 6 674.953183 168 380 800 0.4411764706
0 6 287.447813 64 143 500 0.4459930314
1075 10 731.72866 10 19 100 0.5235602094
1897 107¢ 9 001.944234 110 250 000 0.44
1077 8 567.671796 110 250 000 0.44
0 7 844.424772 112 250 000 0.448
1075 11 025.42516 135 300 000 0.45
0351 107¢ 6 208.542502 78 168 000 0.4642857143
1077 8 953.26756 54 112 200 0.4812834225
0 6 769.268794 42 89 800 0.4677060134
1075 10 386.52974 188 293 700 0.6401089547
934 107¢ 9 768.776791 138 300 000 0.46
1077 13 493.33169 89 192 100 0.4633003644
0 9 346.871134 82 181 400 0.4520396913
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D. Raw data - Weight decay

Table D.2: Weight decay results for geometry 2

Random seed Weight decay Error Training time [s] Epochs Time per epoch [ms]
107! 23 093 072.55 <1 400 0
1072 15 238 766.35 15 35 700 0.4201680672
1073 4 660 150.212 7 16 100 0.4347826087
104 3 446 302.366 14 31 300 0.447284345
0 107° 3 293 933.818 35 79 100 0.4424778761
1076 4 504 997.225 107 237 300 0.4509060261
1077 3204 372.013 23 53 100 0.4331450094
0 3 033 891.89 23 51 600 0.4457364341
107! 26 356 972.51 <1 240 0
1072 16 788 091.02 2 4 300 0.4651162791
1073 4 715 506.335 16 36 200 0.4419889503
104 3 479 655.155 37 80 900 0.457354759
2804 10° 3 216 364.407 10 20 800 0.4807692308
1076 4 135 698.248 97 200 000 0.485
1077 3 149 682.524 92 191 530 0.4803425051
0 3 117 948.043 80 183 200 0.4366812227
107! 25 256 088.37 <1 370 0
1072 15 183 214.42 1 1 100 0.9090909091
1073 5 068 629.006 2 4100 0.487804878
104 3 348 581.789 33 70 700 0.4667609618
2151 10~° 3292 719.241 51 107 100 0.4761904762
10-6 4 699 148.859 11 23 400 0.4700854701
1077 3 018 592.387 94 199 100 0.4721245605
0 2910 790.271 45 95 700 0.4702194357
1079 3 274 751.899 83 183 400 0.4525627045
10-6 4 895 916.666 72 147 800 0.4871447903
82 1077 3 114 578.623 53 111 500 0.4753363229
0 2 854 365.078 139 294 900 0.4713462191
1070 3 216 675.302 24 45 800 0.5240174672
0351 1076 2999 533.297 133 282 500 0.4707964602
1077 3 028 613.544 131 279 700 0.468358956
0 2 995 696.914 7 167 300 0.460251046
1073 3 325 958.508 18 37 000 0.4864864865
106 4 296 044.693 21 42 600 0.4929577465
T8 1077 2 994 378.066 49 102 600 0.477582846
0 3402 792.97 173 382 400 0.4524058577
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E. Raw data - Batch size

Table E.1: Batch size results for geometry 1 using different random seeds

Random seed Datapoints Batch size Error Training time [s] Epochs Time per epoch [ms]
200 6 936.713919 17 49 900 0.3406813627
195 6 936.713919 17 49 900 0.3406813627
190 6 936.713919 18 49 900 0.3607214429
185 6 936.713919 18 49 900 0.3607214429
180 6 936.713919 17 49 900 0.3406813627
200 175 9 683.491106 29 49 900 0.5811623246
150 6 644.170377 28 49 800 0.562248996
125 7 744.67559 28 49 200 0.5691056911
100 7 631.448093 26 44 900 0.579064588
5 11 559.41175 35 43 300 0.8083140878
50 9 075.516514 49 48 600 1.008230453
25 8 697.528385 45 23 500 1.914893617
400 9 969.353038 15 33 700 0.4451038576
390 9 969.353038 15 33 700 0.4451038576
380 9 969.353038 15 33 700 0.4451038576
370 9 969.353038 15 33 700 0.4451038576
360 9 969.353038 15 33 700 0.4451038576
400 350 19 906.02924 70 97 000 0.7216494845
300 9 220.086767 40 55 800 0.7168458781
250 8 219.367372 27 40 900 0.6601466993
200 8 190.177043 23 36 300 0.6336088154
150 9 088.564243 27 30 400 0.8881578947
100 9 757.253712 41 36 600 1.120218579
50 7 047.765603 22 10 400 2.115384615
600 7 033.633485 36 74 000 0.4864864865
585 7 033.633485 36 74 000 0.4864864865
570 7 033.633485 36 74 000 0.4864864865
555 7 033.633485 36 74 000 0.4864864865
540 7 033.633485 36 74 000 0.4864864865
600 525 7 125.587695 25 33 300 0.750750750
450 5 677.235243 42 56 200 0.7473309609
375 6 109.909983 67 89 200 0.7511210762
300 5 949.453756 7 97 800 0.7873210634
225 5 914.304693 28 26 000 1.076923077
150 7 027.090436 10 8 900 1.123595506
75 5 634.80257 29 14 100 2.056737589
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E. Raw data - Batch size

Random seed Datapoints Batch size Error Training time [s] Epochs Time per epoch [ms]
200 8 428.404357 14 44 000 0.3181818182
195 8 428.404357 14 44 000 0.3181818182
190 8 428.404357 14 44 000 0.3181818182
185 8 428.404357 14 44 000 0.3181818182
180 8 428.404357 14 44 000 0.3181818182
200 175 6 272.001276 48 86 900 0.5523590334
150 9 924.061668 12 21 900 0.5479452055
125 9 381.524396 9 17 000 0.5294117647
100 9 744.382997 9 17 000 0.5294117647
75 10 181.35551 11 14 000 0.7857142857
50 8 978.028737 11 10 700 1.028037383
25 6 510.529932 58 29 500 1.966101695
400 5 776.504133 47 99 500 0.472361809
390 5 776.504133 46 99 500 0.4623115578
380 5 776.504133 46 99 500 0.4623115578
370 5 776.504133 45 99 500 0.4522613065
360 5 776.504133 44 99 500 0.4422110553
2854 400 350 6 452.363908 63 89 200 0.7062780269
300 5 840.54792 65 91 200 0.7127192982
250 8 690.512068 22 31 000 0.7096774194
200 8 474.491135 17 27 500 0.6181818182
150 7 089.569804 80 93 200 0.8583690987
100 6 847.992407 103 92 600 1.112311015
50 15 189.79921 171 83 400 2.050359712
600 6 900.579686 9 18 000 0.5
585 6 900.579686 9 18 000 0.5
570 6 900.579686 9 18 000 0.5
555 6 900.579686 9 18 000 0.5
540 6 900.579686 9 18 000 0.5
600 525 6 086.131776 71 95 100 0.7465825447
450 6 209.428315 41 54 900 0.7468123862
375 7 027.019283 59 78 100 0.7554417414
300 6 231.452479 73 90 600 0.8057395143
225 6 519.355796 58 54 900 1.056466302
150 6 153.373059 72 61 800 1.165048544
75 6 396.092557 132 61 200 2.156862745

XXV



E. Raw data - Batch size

Random seed Datapoints Batch size Error Training time [s] Epochs Time per epoch [ms]

200 7 315.873154 26 74 600 0.3485254692

195 7 315.873154 26 74 600 0.3485254692

190 7 315.873154 26 74 600 0.3485254692

185 7 315.873154 26 74 600 0.3485254692

180 7 315.873154 26 74 600 0.3485254692

200 175 10 987.26536 23 39 300 0.5852417303
150 8 270.671073 4 6 400 0.625

125 7 719.261623 4 6 300 0.6349206349

100 8 274.297553 3 5 700 0.5263157895
75 8 714.585475 3 4 000 0.75

50 10 032.94573 3 2 800 1.071428571

25 8 573.680657 17 8 200 2.073170732

400 6 287.447813 64 143 500 0.4459930314

390 6 287.447813 64 143 500 0.4459930314

380 6 287.447813 64 143 500 0.4459930314

370 6 287.447813 64 143 500 0.4459930314

360 6 287.447813 64 143 500 0.4459930314

o751 400 350 9 922.247729 74 103 600 0.7142857143

300 8 173.126697 68 96 300 0.7061266874

250 6 393.27772 68 99 800 0.6813627255

200 6 313.952803 29 44 200 0.6561085973

150 8 667.087169 76 85 400 0.8899297424

100 9 061.898256 62 54 500 1.137614679

50 8 721.467766 67 32 100 2.087227414

600 6 274.551777 21 39 800 0.527638191

585 6 274.551777 21 39 800 0.527638191

570 6 274.551777 21 39 800 0.527638191

555 6 274.551777 21 39 800 0.527638191

540 6 274.551777 21 39 800 0.527638191

600 525 6 334.666526 14 17 900 0.782122905

450 6 061.517962 15 19 400 0.7731958763

375 6 279.012661 12 14 600 0.8219178082

300 6 093.603203 39 47 000 0.829787234

225 6 144.021484 15 13 500 1.111111111

150 6 314.269554 11 9 300 1.182795699

75 6 292.932544 11 4 800 2.291666667
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E. Raw data - Batch size

Table E.2: Batch size results for geometry 2 using different random seeds

Random seed Datapoints Batch size Error Training time [s] Epochs Time per epoch [ms]
200 4 314 626.287 22 61 900 0.3554119548
195 4 314 626.287 21 61 900 0.3392568659
190 4 314 626.287 21 61 900 0.3392568659
185 4 314 626.287 21 61 900 0.3392568659
180 4 314 626.287 21 61 900 0.3392568659
200 175 6 238 188.84 35 60 600 0.5775577558
150 4 229 420.764 55 95 300 0.5771248688
125 6 071 984.848 23 37 800 0.6084656085
100 3 145 504.729 31 52 800 0.5871212121
75 3 774 519.837 34 38 900 0.8740359897
50 4 499 333.284 99 89 700 1.10367893
25 5 301 131.955 162 80 300 2.01743462
400 3 033 891.89 22 51 600 0.4263565891
390 3 033 891.89 23 51 600 0.4457364341
380 3 033 891.89 22 51 600 0.4263565891
370 3 033 891.89 25 51 600 0.484496124
360 3 033 891.89 26 51 600 0.503875969
0 400 350 3 362 736.98 62 93 800 0.6609808102
300 3 044 158.34 92 142 300 0.6465214336
250 3 356 486.258 91 141 400 0.6435643564
200 3 088 672.854 84 144 000 0.5833333333
150 3 238 054.972 96 118 600 0.8094435076
100 7372 313.07 107 105 100 1.018078021
50 3278 109.211 297 150 000 1.98
600 2 960 135.132 52 105 800 0.4914933837
585 2960 135.132 51 105 800 0.4820415879
570 2 960 135.132 52 105 800 0.4914933837
555 2 960 135.132 54 105 800 0.5103969754
540 2 960 135.132 52 105 800 0.4914933837
600 525 4 325 968.1 14 19 300 0.725388601
450 2 886 936.092 40 55 800 0.7168458781
375 2961 131.54 6 7 500 0.8
300 2 900 120.687 7 8 900 0.7865168539
225 3 822 302.971 49 46 000 1.065217391
150 3 236 510.467 51 45 700 1.115973742
75 3 036 593.486 113 52 400 2.15648855
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E. Raw data - Batch size

Random seed Datapoints Batch size Error Training time [s] Epochs Time per epoch [ms]

200 6 562 011.887 7 18 600 0.376344086
195 6 562 011.887 7 18 600 0.376344086
190 6 562 011.887 7 18 600 0.376344086
185 6 562 011.887 7 18 600 0.376344086
180 6 562 011.887 7 18 600 0.376344086

900 175 6 438 322.763 50 85 800 0.5827505828
150 4 753 525.008 19 32 400 0.5864197531
125 7 509 660.445 33 55 900 0.5903398927
100 2777 192.827 43 71 700 0.59972106
75 7 334 575.652 22 25 600 0.859375
50 3 063 919.059 60 56 400 1.063829787
25 3 063 919.059 61 56 400 1.081560284
400 3 117 948.043 80 183 200 0.4366812227
390 3 117 948.043 78 183 200 0.4257641921
380 3 117 948.043 81 183 200 0.442139738
370 3 117 948.043 82 183 200 0.4475982533
360 3 117 948.043 83 183 200 0.4530567686

9854 400 350 3 452 680.118 89 133 700 0.6656694091

300 4 768 228.182 86 126 600 0.6793048973
250 2 778 398.819 84 126 500 0.6640316206
200 2 843 343.103 59 98 600 0.5983772819
150 4 266 263.002 178 200 000 0.89
100 3428 702.378 64 60 300 1.061359867
50 3170 331.213 272 141 800 1.91819464
600 2 897 654.224 50 97 600 0.512295082
585 2 897 654.224 50 97 600 0.512295082
570 2 897 654.224 48 97 600 0.4918032787
555 2 897 654.224 55 97 600 0.5635245902
540 2 897 654.224 58 97 600 0.5942622951

600 525 2 687 787.194 83 99 700 0.8324974925
450 3 844 736.662 27 32 800 0.8231707317
375 3 850 194.8 42 51 200 0.8203125
300 3 556 543.266 25 30 200 0.8278145695
225 4 118 980.456 55 47 000 1.170212766
150 3 588 175.024 98 76 100 1.287779238
75 3964 719.41 211 99 900 2.112112112
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E. Raw data - Batch size

Random seed Datapoints Batch size Error Training time [s] Epochs Time per epoch [ms]
200 2421 136.097 10 27 700 0.3610108303
195 2 421 136.097 10 27 700 0.3610108303
190 2421 136.097 10 27 700 0.3610108303
185 2 421 136.097 10 27 700 0.3610108303
180 2 421 136.097 10 27 700 0.3610108303
200 175 2 632 204.399 44 73 300 0.6002728513
150 3 897 435.054 6 10 200 0.5882352941
125 3 064 082.244 50 85 100 0.5875440658
100 3 869 625.305 5 8 600 0.5813953488
75 5 310 461.374 66 80 500 0.8198757764
50 5 102 646.372 44 41 200 1.067961165
25 5014 179.893 176 89 000 1.97752809
400 2 910 790.271 44 95 700 0.4597701149
390 2 910 790.271 44 95 700 0.4597701149
380 2 910 790.271 45 95 700 0.4702194357
370 2 910 790.271 43 95 700 0.4493207941
360 2910 790.271 43 95 700 0.4493207941
o751 400 350 3 180 094.338 74 109 400 0.676416819
300 4 354 537.863 131 195 500 0.6700767263
250 3 744 195.508 93 138 400 0.6719653179
200 4 718 050.445 80 129 600 0.6172839506
150 3417 455.194 101 121 300 0.8326463314
100 2 758 495.967 205 193 100 1.0616261
50 3 176 003.778 384 192 300 1.996879875
600 2 949 288.05 10 17 800 0.5617977528
585 2 949 288.05 10 17 800 0.5617977528
570 2 949 288.05 11 17 800 0.6179775281
555 2 949 288.05 10 17 800 0.5617977528
540 2 949 288.05 10 17 800 0.5617977528
600 525 3 020 529.755 69 85 500 0.8070175439
450 4577 116.997 59 73 700 0.8005427408
375 2 816 256.38 50 61 200 0.8169934641
300 4 406 585.98 9 10 600 0.8490566038
225 3497 427.626 9 7 700 1.168831169
150 3993 119.082 79 66 200 1.193353474
75 2 938 503.02 5 2 200 2.272727273
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E. Raw data - Batch size
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Raw data - Activation function
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F. Raw data - Activation function

Table F.1: Activation function results for geometry 1 using different random seeds

Random seed Activation function Error Training time [s] Epochs Time per epoch [ms]
tanh 8 645.172063 55 33 500 1.641791045
Linear 439 704.4462 <1 160 0
0 ReLU 393 903.5415 <1 1 0
ELU 8 620.32482 64 40 000 1.6
Sigmoid 9 402.659198 173 120 000 1.441666667
tanh 6 666.783332 97 64 000 1.515625
Linear 440 261.2861 <1 140 0
2854 ReLU 393 903.5415 <1 1 0
ELU 6 963.906949 63 40 000 1.575
Sigmoid 9 854.643575 80 50 000 1.6
tanh 7 264.433908 238 128 000 1.859375
Linear 455 071.423 <1 130 0
2751 ReLU 23 788.0222 6 5 548 1.0814708
ELU 8 488.10933 65 40 000 1.625
Sigmoid 8 371.439542 80 50 000 1.6

Table F.2: Activation function results for geometry 2 using different random seeds

Random seed Activation function Error Training time [s] Epochs Time per epoch [ms]
tanh 3 148 189.956 62 34 000 1.823529412
Linear 28 106 227.07 <1 160 0
0 ReLU 6 816 010.563 <1 1 0
ELU 3 055 830.493 37 26 000 1.423076923
Sigmoid 2 984 459.75 44 33 000 1.333333333
tanh 2 932 422.207 149 98 000 1.520408163
Linear 29 154 930.97 <1 110 0
2854 ReLU 6 816 010.563 <1 1 0
ELU 3 002 598.874 98 58 000 1.689655172
Sigmoid 2 982 465.423 118 80 000 1.475
tanh 2 906 217.473 137 80 000 1.7125
Linear 28 389 786.9 <1 120 0
2751 ReLU 6 816 010.563 1 1 300 0.7692307692
ELU 3 074 377.986 52 30 000 1.733333333
Sigmoid 2 986 419.261 103 70 000 1.471428571
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Raw data - Dataset size study

Table G.1: Dataset size study result for geometry 1

Dataset size Random seed Error Training time [s] Epochs Time per epoch [ms]
0 537 354.6315 <1 8 0
10 2854 476 214.2375 482 498 069 0.9677374018
2751 364 307.5624 333 343 625 0.9690796653
0 159 445.9156 18 17 251 1.043417773
50 2854 35 571.05565 62 57 826 1.072182063
2751 87 653.29429 966 438 940 1.289470087
0 49 739.32046 271 178 508 1.518139243
100 2854 54 183.94596 132 101 786 1.296838465
2751 79 053.14668 63 53 046 1.187648456
0 15 526.75111 323 198 307 1.628787688
200 2854 5 742.560405 62 49 763 1.245905593
2751 7728.001035 58 43 252 1.340978452
0 6 404.451577 63 41 694 1.511008778
400 2854 8 075.270893 550 331 216 1.6605478
2751 9 596.092955 716 419 687 1.706033306
0 5 544.005772 61 35 000 1.742857143
600 2854 5 709.465824 813 434 351 1.871758094
2751 7 236.297396 606 345 433 1.75431994
0 5 523.857348 134 66 027 2.029472791
800 2854 5 408.604256 58 30 819 1.881955936
2751 4 803.228081 676 336 759 2.007370256
0 4 995.397882 1039 498 128 2.08580927
1000 2854 5 336.197148 1027 499 915 2.054349239
2751 4 877.909388 198 87 171 2.271397598

XXXIIT



G. Raw data - Dataset size study

Table G.2: Dataset size study result for geometry 2

Dataset size Random seed Error Training time [s] Epochs Time per epoch [ms]
0 31 197 916.6 <1 1 0
10 2854 12 697 243.8 197 243 622 0.8086297625
2751 20 781 963.33 8 10 751 0.7441168263
0 9 713 032.482 587 433 170 1.355126163
50 2854 5 051 435.44 157 112 880 1.390857548
2751 8 189 139.149 8 5 128 1.560062402
0 3 037 383.743 547 437 402 1.250565841
100 2854 3 917 652.358 6 6 111 0.9818360334
2751 2 846 945.732 280 202 571 1.382231415
0 6 775 691.847 33 27 620 1.194786387
200 2854 5 936 328.832 38 27 839 1.364991559
2751 2 361 651.964 42 34 462 1.218733678
0 3 876 854.395 471 295 857 1.591985317
400 2854 5 231 156.66 277 176 833 1.566449701
2751 4 733 603.279 637 394 973 1.612768468
0 2 918 646.947 220 115 745 1.900730053
600 2854 2 783 037.908 194 125 512 1.54566894
2751 3023 574.044 376 202 246 1.859122059
0 2 831 695.605 284 141 909 2.001282512
800 2854 5 592 047.925 930 498 962 1.863869393
2751 4 302 673.587 714 381 927 1.869467202
0 2 978 909.196 230 118 374 1.942994239
1000 2854 2974 726.878 669 342 393 1.953895085
2751 3 243 609.101 1049 489 844 2.14149811
0 2 985 481.536 312 149 864 2.081887578
1200 2854 2 961 114.655 839 329 004 2.550120971
2751 3 138 502.828 258 124 955 2.064743308
0 3 194 996.088 1294 498 989 2.593243538
1400 2854 3 027 837.512 99 45 207 2.189926339
2751 4 572 636.001 319 14 6286 2.180659803
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H. Raw data - Gaussian Process

GPM results for geometry 1 using different random seeds

Table H.1
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H. Raw data - Gaussian Process

GPM results for geometry 2 using different random seeds

Table H.2
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H. Raw data - Gaussian Process
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Raw data - Polynomial Chaos
Expansion

Table I.1: PCE results for geometry 1

Error Training time [s] Max pol. degree Q norm Rel. tolerance Max mat. size
20 284.23033 <1 Auto Auto 1073 2 000
7 832.368735 <1 Auto Auto 1074 2 000
6 839.517527 5 Auto Auto 107° 2 000
20 284.23033 <1 Auto Auto 1073 4 000
20 284.23033 <1 Auto Auto 1073 8 000
20 298.02946 <1 30 0.5 1073 2 000
20 298.02946 <1 50 0.5 1073 2 000
20 298.02946 <1 70 0.5 1073 2 000
21 278.15781 <1 30 0.3 1073 2 000
20 339.37069 <1 30 0.7 1073 2 000

Table 1.2: PCE results for geometry 2

Error Training time [s] Max pol. degree Q norm Rel. tolerance Max mat. size
2 633 059.057 1 Auto Auto 1073 2 000
2 434 563.616 5 Auto Auto 1074 2 000
2 434 563.616 5 Auto Auto 10°° 2 000
2 633 059.057 1 Auto Auto 1073 4000
2 633 059.057 1 Auto Auto 1073 8 000
2 656 219.117 1 30 0.5 107° 2 000
2 656 219.117 1 50 0.5 1073 2 000
2 656 219.117 1 70 0.5 1073 2 000
2 633 590.705 <1 30 0.3 1073 2 000
2 658 119.636 2 30 0.7 1073 2 000
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[. Raw data - Polynomial Chaos Expansion
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Raw data - Uniformity study

Table J.1: Uniformity study result

Radius Random seed Error Training time [s] Epochs Time per epoch [ms]

0 5.02533581 43 33 608 1.279457272

0.01 2854 4.720487263 10 8 318 1.0221207
2751 5.491538946 9 6 017 1.495762008
0 9.130115005 113 84 413 1.338656368
0.12 2854 6.700447746 291 147 799 1.968890182
2751 5.66762737 689 425 769 1.618248393
0 9.905604474 42 26 131 1.607286365

0.25 2854 9.227350649 40 26 931 1.48527719
2751 8.347275004 31 18 874 1.642471124
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J. Raw data - Uniformity study
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Raw data - Streamer Dataset size
study

Table K.1: Dataset size study result

Dataset size Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 44.69563737 2 6 100 0.3278688525
4 6 107.3359213 <1 80 0
8 146.6151425 27 99 400 0.2716297787
0 4 36.9945942 4 11 800 0.3389830508
5 6 60.73631533 5 17 600 0.2840909091
8 181.256724 <1 42 0
4 36.18563251 <1 950 0
4 6 51.04311903 <1 843 0
10 0851 8 119.9749974 <1 397 0
4 29.29573348 1 1900 0.5263157895
5 6 40.79583312 <1 319 0
8 188.4887265 <1 989 0
4 75.40092838 140 500 000 0.28
4 6 79.82606091 143 500 000 0.286
. 8 104.2928569 137 500 000 0.274
201 4 32.06711711 24 74 100 0.3238866397
5 6 234.2071732 167 500 000 0.334
8 83.6247571 171 500 000 0.342
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K. Raw data - Streamer Dataset size study

Dataset size Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 26.43369062 103 366 400 0.2811135371
4 6 14.7424557 3 11 400 0.2631578947
8 13.28570661 1 4300 0.2325581395
0 4 11.47039668 63 157 600 0.3997461929
5 6 42.91037171 5 14 300 0.3496503497
8 11.1350797 2 6 200 0.3225806452
4 10.79212676 1 4400 0.2272727273
4 6 31.86063402 6 18 600 0.3225806452
0 0851 8 87.13208364 162 500 000 0.324
4 11.90462095 24 70 600 0.3399433428
5 6 18.31065264 20 56 900 0.3514938489
8 80.51024779 74 219 700 0.3368229404
4 12.10082642 1 4400 0.2272727273
4 6 17.72032731 1 4 500 0.2222222222
. 8 11.02950588 2 4700 0.4255319149
2ot 4 16.75977327 15 45 800 0.327510917
5 6 14.86909547 2 5900 0.3389830508
8 15.06651917 2 6 500 0.3076923077
4 6.89492567 47 150 600 0.3120849934
4 6 8.877612292 146 434 400 0.3360957643
8 10.60754448 4 12 500 0.32
0 4 9.115042512 31 88 700 0.3494926719
5 6 10.94760248 4 11 200 0.3571428571
8 9.982835269 19 52 900 0.359168242
4 8.59982558 164 500 000 0.328
4 6 10.15086203 8 24 800 0.3225806452
500 0851 8 9.111695781 18 53 100 0.3389830508
4 9.463297523 149 399 900 0.3725931483
5 6 20.60121356 59 155 000 0.3806451613
8 11.24410957 70 185 800 0.3767491927
4 11.52085066 79 214 900 0.3676128432
4 6 8.468529979 69 207 700 0.3322099182
8 8.429175523 97 272 100 0.3564865858
27 4 10.18871925 70 193 700 0.3613835829
5 6 12.53475169 26 67 800 0.383480826
8 11.27785441 39 105 100 0.3710751665
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K. Raw data - Streamer Dataset size study

Dataset size Random seed Layers Neurons Error Training time [s] Epochs Time per epoch [ms]
4 6.599090846 164 473 000 0.3467230444
4 6 17.95912025 214 499 900 0.4280856171
8 15.90503065 149 347 100 0.4292711034
0 4 5.38729988 173 443 900 0.3897274161
5 6 10.98954048 135 275 400 0.4901960784
8 10.86185988 7 13 600 0.5147058824
4 5.4886246 83 236 700 0.3506548373
4 6 7.735761113 7 16 200 0.4320987654
100 0851 8 8.616960021 33 77 300 0.4269081501
4 6.352479831 37 95 000 0.3894736842
5 6 9.999649994 5 9 600 0.5208333333
8 8.299337323 11 19 200 0.5729166667
4 8.452810184 34 109 400 0.310786106
4 6 9.876183473 120 303 300 0.625
. 8 8.253241787 83 198 700 0.4960727573
2ot 4 5.13234839 169 455 500 0.3710208562
5 6 9.876183473 87 139 200 0.625
8 8.253241787 120 241 900 0.4960727573
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